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Generalized order statistics constitute a unified model for ordered random
variables that includes order statistics and record values among others. Here,
we consider concomitants of generalized order statistics for the Farlie-Gumbel-
Morgenstern bivariate distributions and study recurrence relations between their
moments. We derive the joint distribution of concomitants of two generalized or-
der statistics and obtain their product moments. Application of these results is
seen in establishing some well known results given separately for order statistics
and record values and obtaining some new results.

1. Introduction. The Farlie-Gumbel-Morgenstern (FGM) family of bi-
variate distributions has found extensive use in practice. This family is char-
acterized by the specified marginal distribution functions Fx(z) and Fy (y)
of random variables X and Y, respectively, and a parameter «, resulting in
the bivariate distribution function (df) given by

(1L1)  Fxy(z,y) = Fx(2)Fy(y)[1 + o1l = Fx(z) {1 - Fy(y)}]

with the corresponding probability density function (pdf)

(1.2) fxy(x,y) = fx(@) fy ()1 + a{2Fx(z) — 1}H{2Fy (y) — 1}].

Here fx(z) and fy(y) are the marginals of fxy(z,y). The parameter « is
known as the association paprameter, the two random variables X and Y
are independent when « is zero. Such a model was originally introduced
by Morgenstern (1956) and investigated by Gumbel (1960) for exponential
marginals, the general form in (1.1) is due to Farlie (1960) and Johnson and
Kotz (1975). The admissible range of association paprameter ais —1 < a <
1 and the Pearson correlation coefficient p between X and Y can never
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exceed 1/3. The conditional distribution function (df) and probability density
function (pdf) of Y, given X, are respectively,

(1.3) Fyix(ylz) = Fy(y)[1 + ofl — 2Fx (2) {1 = Fy(y)}]
and
(1.4) frix(zly) = fr(W)[1 + af{2Fx(z) — 1}{2Fy (y) — 1}].

Suppose X (1,n,m, k), X(2,n,m,k),..., X(n,n,m, k) (k > 1, mis a real
number > —1), are n generalized order statistics from an absolutely contin-
uous (with respect to Lebesgue measure) df F'(z) and pdf f(z). Their joint
pdf fia  n(x1,%9,...,2,) can be written as [see Kamps (1995), pp. 50-51]
(1.5)
kTT 21 o TS (F ()™ f () (F ()" f (20),
Fl0) <z <m<...<z, < F1(1)

0, otherwise

where F(z) =1—F(z) and v =k+ (n—j)(m+1), j=1,2,-- ,n.

The generalized order statistics were introduced by Kamps (1995) as a uni-
fied model for ordered random variables which includes among others order
statistics, record values and k-record values as special cases. If m = 0 and
k =1, then X(r,n,m, k) reduces to the r-th order statistic and (1.5) gives
the joint pdf of the n order statistics X, < X5, <... <X, ,. Ifk=1and
m = —1, then (1.5) gives the joint pdf of the first n upper record values from
a sequence of id random variables with df F'(x) and pdf f(x). For details of
order statistics and upper record values, the reader may refer to David and
Nagaraja (2003) and Ahsanullah (2004), respectively.

Integrating out xy, 22, ..., %1, Tpry1, ..., and z, from (1.5), we get the
pdf frnme(x) of X(r,n,m, k), 1 <r <mn [see Kamps (1995), p. 64] as

(16) () = (g () f(@)gh (F (),

T
where ¢,_; = 1= 75,

o) = o) =) = { T T R
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and

——L (1 —z)™ m#£ -1

— m+1 ’

fin () { —In(1 — x), m=—1, x €[0,1).

Note, since limmﬁ_l[ﬁ(l — (1 —2)™Y] = —In(1 — z), we will write
gm(z) = [m(l — (1 —z)™)], for all x € [0,1) and for all m with g_;(z) =

limay,—_1gm(x).

The joint pdf of X (r,n,m, k) and X(s,n,m, k), 1 <r < s <mn, is given
by [see Kamps (1995), p. 68]
(1.7)

Fromma(,0) = gt (P ()i (F(@)

X[ (F'(y)) = han(F @) HE (@) f (9), & <.

For more details of generalized order statistics the reader is reffered to the
monograph of Kamps (1995).

Let (X;,Y:), i = 1,2,... be a sequence of #d bivariate random variables
(X,Y) with an absolutely continuous (with respect to Lebesgue measure)
df Fxy(x,y). Denote by Yirnmpy, 1 <7 < n the Y value associated with
X(r,n,m,k). We call Y}, m ) the concomitant of the r-th generalized order
statistic. The pdf and df of Y}, ,m ), 1 <7 < n, denoted by gjr.nmi(y) and
Glrnm ) (V), Tespectively are given by

(18) Gt ) = [ Frx(le) frmma(@) da
and
(19) G[r,n,m,k](y> = /foo FY|X(y‘x)fT,n,m,k(x> diL‘,

where f,,mx(z) is the pdf of X (r,n,m, k), 1 <r < n. An excellent review
on concomitant of order statistics is given in David and Nagaraja (1998) and
Bhattacharya (1984).

In this paper, we study the properties of Y}, associated with the
FGM distributions given by (1.1) and obtain recurrence relations between
moments and moment generating functions (mgf) of concomitants. Finally,
we present the joint distribution of concomitants of two generalized order
statistics and their product moments.

2. Concomitants of generalized order statistics. For the FGM
distributions with pdf given by (1.2), utilizing (1.4) and (1.6) in (1.8), one
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obtains the pdf of Y, , m i
(2.1)
Jirnmk)(y) = S Syl — ol = 2Fx (2) H{2Fy (y) — 1}]

x e (Fa(@) e [ (0= (Fa)™ )] fx(w) da
= Iv(y) — a(2Fy(y) = D) fy(y) [1 = 255 17 Fx (o) (Fa)r
(ks (1= ()™)Y~ fxle) da]

Consider

I = = 1>'f  Px(@)(Fx @) [0 = Fx @) )] fx(@) do

= 1 & X Fx () [0 - Fx(@)™ )] fxle) de.

Making transformation u = Fx(x), we get

Cro1 Lor o1 may ]
Tt o e

Further, making transformation t = 1 — u™*!, we get

Cr—1 Lo Yr=m
1:1—(T_1)(m+1 /Ot Y1 —t)mer dt

Cr—1 Y —m
=1 B 1
=D\ (m+ 1) (T’m+1+ )

Cr—1 Yr—1 — M .
— - B =1 — (m 41
(r— 1! (m+ 1) (7’, m+1 ),usmg,fy Y1 = (m 1)

e TORCsEY

(r = Dm + 17 (r + 2257)

Cr1 (r = DT (55)

—1—

(r=Dim +1)7 (r + 2257 = D0 + 2257 = 2) - O )T ORET)

Cr—1

Dt D (e 1)
=1—-C(r,n,m,k), say

Hence, from (2.1), we get
(2.2)
Irnmu (y) = fr(y) —a2Fy(y) = 1) fr @)L = 2(1 = Cr,n,m, k))]
1

= fyr(y) +a@Fy(y) = 1) fy(y)C*(r,n,m, k),
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where C*(r,n,m, k) = 1 —2C(r,n, m, k). The above expression of g, mx(y)
does not depend on Fx(z) at alll Observing that 2Fy (y) fy (y) is the pdf of
Y59, the second order statistic of a random sample of size two of Y variate,
We find that the distribution of the r-th concomitant depends only on the
marginal distribution of Y and the distribution of Y55. From (2.2) we now
have

(2'3) 9lrn,m,k| <y> = fY1,1 (y) + aC” (Tv n,m, k) [fY2,2 (y) - le,l (y)]

Writing 2Fy (y) — 1 = Fy(y) + Fy(y) — 1, in (2.2), we obtain

(2'4) g[r,n,m,k] (y) = fY1,1<y> - %C*(T, n,m, k)[fYI,Q (y> - sz,z (y>]

3. Moments and moment generating function of concomitants.
Using the results of the previous section, we derive the moments and mgf of
Yirnm as follows.

From (2.3), the [-th moment of Y}, ;, .4 is

l 9]
M[(T?n,m,k] = E{}/[i’,n,m,k]} = f—OO ylg[ﬁn,m,k’] (y) dy

(3.1)
= (1= aC*(r,n,m, k)ut’) + aC*(r,n,m, k)uy,

where ,ugl,)l = F{Y'} and ,ug)z = E{Y],}. Thus ufj)nmk] is known for all r, n, m

and k if we know ,ugl)l and ,ug)z In general, if h(y) is a measurable function

of y, then

(3.2)

E{h(Yjnmp} = (L—aC*(r,n,m, k) E{h(Y11)}+aC*(r,n,m, k) E{h(Y22)},

provided the expectations exist.
In particular, the mgf of Y|, ,, 4 is given by

(3.3) M[m,m,k}(t) =(1—aC*(r,n,m,k)) My 1(t) + aC*(r,n,m, k)M (1),

where M, (t) = E{exp(tY)} and Mso(t) = E{exp(tYas)}.

4. Recurrence relation between moments of concomitants. In
this section we shall present several recurrence relations between pdf’s, mo-
ments and mgf’s of concomitants. From (2.34), we have

(4'1) g[nn—l,m,k](y) = fY1,1 (y) + aC” (T’ n— 17 m, k)[fY2,2 (y) - fY1,1 (y)]
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Evidently
(4.2)
g[r,n,m,k] (y) - g[r,nfl,m,k} (y) - OZ[C*(T', n,m, k) - C*(Ta n— 17 m, k)]
X [fY2,2 (y) - le,l (y)]
It follows from (2.4) that

(43) 9lr—1,n,m,k| (y) = fY1,1(y) + aC*(r - 17 n,m, k)[fY2,2 (y) - fY1,1(y)]'

Consider the difference
(4.4)
i (Y) = Gr—1mmp(y) = a[C*(r,n,m, k) — C*(r —1,n,m, k)]

X [fY2,2 (y) - fY1,1 (y)]

Analogously, one can write for 1 <i; <n—r
(4.5)
lrn,m,k] (y) - g[r,n—il,m,k’](y> - Oé[C* (Tu n,m, k) -Cr (7’, n — 7:17 m, k)]
X [fY2,2 (y) - fY1,1(y)]
and for 1 <5, <r—1
(4.6)
Glr,n,m k] (y) - g[r—jl,n»m,k](w = O‘[C* (71, n,m, k) -Cr (7’ — Ji,n,m, k)]
X [fYZ,Q (y) - fY1,1(y)]'
For1 <i;<ipa<n—rand1<j; <js <r—1onehas
(4.7)
g[r,n,m,k] (y) - g[r—j1,n—i1,m,k] (y) = 04[0*(7”7 n,m, k) - C*(T’ - jla n— il, m, k)]
X [fYZ,Q (y> - fY1,1 (y>]
and

(4 8) 9lr—j1,m—i1,m,k] (y) —  Glr—ja,n—iz,m,k] (y) = O[[C*(T‘ - jl; n— ila m, k)
- C*<T - j27 n— i27 m, k)][szz(y) - fY1,1 (y>]

Utilizing equations (4.5)-(4.8), we have the following theorems.

THEOREM 4.1. Let 1 <41 <ixs <n—rand 1 <j; <jo<r—1. Fora
bivariate random variable (X,Y) having pdf (1.2), the following recurrence
relations between moments of concomitants are valid:

l l * * .
luE'r,)n,m,k} - /’Lfr?n—il,m,k} = a[C’ (T7 n,m, k) - C (T’, n—1un,m, k)]

0

(4.9) "
X [M2,2 - M1,1]
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(4.10) ”Evlz)n,m,k} - Nfi)_jl,mm,k] = a[C*(r,n,m, k) — C*(r — j1,n,m, k)]
X[y — i)
and
(4.11)
’u[(f“)nmk] o ufi)fjl,nfihm’k] = a[C*(r,n,m, k) — C*(r — j1,n —iy,m, k)]
x [y — i)

In general it is true that

(@) (0

M gym—ivmd] —  Fijom—ismp = alCT(r = j1,n — i1, m, k)

@) (1

(4.12) |
- C*(T - j27 n— i27 m, k)][/’LZ,Q - :ul,l]'

THEOREM /.2. Under the conditions of Theorem 4.1, the relation between
mgf’s of concomitants are
(4.13)

My (t) = Mypp—ivmpg(t) = o[C*(r,n,m, k) = C*(r,n —i1,m, k)]

X [Ma(t) — Myia(t)]
(4.14)
My pmi(t) = Mp—jy nmpg(t) = o[C*(r,n,m, k) — C*(r — j1,n,m, k)]
X [Ma(t) — My, ()]
and

(4.15)
Mpypmg(t) = Myp—jim—ivmp () = a[C*(r,n,m, k) — C*(r — ji,n — i1, m, k)]

X [MQ,Q(t) — Ml’l(t)].
In general

(4.16)
M[T‘*jl,nfh,m,k}(t) - M[T*jz,nfiz,m,k} (t) = Oz[C'* (T - j1> n—1ig,m, k)

— O*(T — jg,n — iQ, m, k)][MQQ(t) — Ml?l(t)].

We have from (4.4),
(4.17)
9lrn,m, k| (y) - g[?‘*l,n,m,k](y> = Oé[C*(’f‘, n,m, k) - C*(’I“ - ]-7 n,m, k)]

X [fY2,2 (y) - fY1,1 (y)]
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=af{1-2 ) U T 25 e

(v14+1)(y2+1)--
X[fY22( ) - fY11( )]
_ Yiy2Yr— Y
= U G Do D G e DD )

[fY2,2 (y) - fY1,1 (y>]

= 20‘[(714-1)(72-7—11“)/2 (’;/: 1+1)(vr+1) HfY22( ) fY1,1 (y)]

If h(y) is a measurable function of y, then
(4.18)

E{h( [ryn,m,k] )} E{h( [r—1 nmk})} = 2a[(Vl+1)(72'7‘11’;/'2'.'-(.:;::114‘1)(%4‘1)]
x[E{h(Ya2)} — E{h(Y1,1)}]-
Hence, if we know E{h(Yj nmu)}, E{h(Y22)} and E{h(Y11)}, then we can
recursively calculate E{h(Yj2nmi)}, EXPYisnmi)}ts - E{PYinnmi) }-

Furthermore, we have from (4.5) with iy = 1,
(4.19)

g[r,n,m,k] (y) - g[r,n—l,m,k] (y) = OZ[O*(Ta n,m, k) - O*(Ta n— ]-7 m, k)]
X [fY2,2 (y) - fY1,1 (y)]

Consider
C*(ryn,m,k) — C*(r,n—1,m,k) = [1—2 Y12 Y

(71+1)(72+1)---(%+1)]

o [1 ) 'YT’YS“"Y: ]
(H+D (3 +1)- (v +1)
—_ 2[ MV Y12 Yr

(D3 +D- (1) (m+D(e+D)- (7r+1)]'
Note that, v, = k+(n—r)(m+1) and hence, v = k+(n—1—r)(m+1) = y,41.
We now have
C*(r,n,m, k) — C*(r,n—1,m, k) =

2[ Y23 Yr41 . Y1v2 Y ]
(24+1) (v34+1) - (yr+1+1) (11 +1)(y2+1) - (+1)

[ Y23 yr (Yr41—71) ]
(D) (v2+1) - (vr+1) (v 41+1)

= —2r(m+ Dl snerie- o e -

Hence, from (4.19), we get
(4.20)

g[rvn»mvk} <y) - g[T,nfl,TTL,k] (y) = a[_ZT(m + 1){ (71+1)(72+¥§7?(§?—7—1)("{T+1+1) }]
X [fY2,2 (y> - fY1,1 (y)]

5. Applications. The corresponding results for order statistics (with
m = 0 and k£ = 1) and record values (with m = —1 and k = —1) for the
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bivariate FGM distributions (1.1) can easily be deduced as special cases of
the results in Sections 2, 3 and 4.

5.1. Order Statistics.

Consider a random sample (X;,Y;),i = 1,...,n from a bivariate distribu-
tion. If the pairs are ordered by their X variates, then the Y variate associ-
ated with the r-th order statistic X, ,, of X will be denoted by Y},.,,;,1 <7 <n
and called the concomitant of the r-th order statistic. The pdf of Y}, ,,, de-
noted by gp..(y), is given by [David and Nagaraja (1983)]

G @) = [ Frix(le)frnl) da,

where f,.,(x) is the pdf of X, ,. Concomitants of order statistics have found
a wide variety of applications in different fields. The most important use of
concomitants arises in selection procedures when k (1 < k < n) individuals
are chosen on the basis of their X values. Then the corresponding Y values
represent performance on an associated characteristic. For example, X might
be the score of a candidate on a screening test and Y the score on a later
test.

If we take m = 0 and k£ = 1, then

C*(r,n,m,k):1—20(r,n,m,k):1—2l vzt ],

(m+D(2+1)-(n+1)

where v, =k + (n —7)(m+1) =n —r + 1, reduces to

(5.1) C*(rm,0,1) = 1 — 2C(r,m, 0,1) = — ("‘27““) |

n+1

Hence, from (2.34), the pdf of the concomitant of the r-th order statistic
Y}, is given by [Nair and Scaria (1999)]

n—2r+1

(5.2) I (Y) = fri,(y) —a ( n+1

) @) = s, @),

which does not depend on Fx(x). The [-th moment and mgf of Y}, ,, k) can
be deduced from (3.1) and (3.3), respectively

) n—2r+1>} ) (n—2r+1) )
. = |1 - _
(5.3) Hir.n) { t+a ( ntl Hip — @ nt1 H22



and

where ug’)m] = B{Y],,} is the l-th moment of Y}; ,,,j and M{; ) (t) = E{exp(tYjim)}
is the mgf of Y}; ;. Thus ufﬁ?n] (M. (t)) is known for all 7 and n if we know
pih and ply (My(t) and My (1)),

Furthermore, we can deduce several recurrence relations between pdf’s,
moments and mgf’s of concomitants of order statistics from the results of
Section 4. We have the following theorems.

THEOREM 5.1. Let 1 <1 <ips <n—rand1<j; <jo<r—1. Fora
bivariate random variable (X,Y) having pdf (1.2), the following recurrence

relations between pdf’s of concomitants of order statistics (with m = 0 and
k =1) can be deduced using equations (3.9)-(3.12).

9irn](Y) = Gorn—in](y) = a[C*(r,n,0,1) — C*(r,n —1i1,0,1)]

(5.5)
X [fYQ,Q (y) - fY1,1(y)]’

(56) Glrn] (y) - g[rfjh"](y) = &[C* (Ta n, 0, 1) - C*(T —J1,n,0, 1)]
X [fY2,2 (y) - le,l(y)]

and

(5.7)

9lr,n] (y) - g[rfjl,nfil](y) = CK[C*(T, n, 07 1) - C*(T - j17 n— il? 07 1)]
X [sz,z (y) - fY1,1 (y)]

In general it is true that

Ir—jrm—is)¥) = Gr—jpn—iz)(y) = [C*(r — j1,n —i1,0,1)
- C*(’l“ - j2, n— i27 07 1)“fY2,2 (y) - fY1,1 (y)]

In particular with i3 = 1, (5.5) reduces to

(5.8)

(5.9) Iirn)(Y) = Gpr-1(y) = @ [n( o 1 [fyan(y) = frin ()]

n+1)
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Moreover, from (5.9) by induction we get the following identity

(510) g[r,n}(?/) - g[r,r} (y> = [( 2T(n — T)

7“—1—1)(7@4—1)] [fyz,z (y) - fY1,1 (y)]

Furthermore, with j; = 1, (5.6) reduces to

2a
(5'11) 9lr,n] (y) - g[?“fl,n](y> =\ 77 [fYQ,Q (y) - fY1,1<y)]v
n+1
which is independent of 7.
If we change n to 2n41 and 7 to 2r, then (2225 becomes (2051=+) =

(%) and hence from (5.2)

9 (Y) = G2ron+1)(Y)

which in turn implies
G[rn) (y) = 9[2r,2n+1](y) = J[4ran+3] (?/) = J[8r,8n+7] (y) = etc.

(512) - g[2kr72kn+2k71] (y), fOl" kf - 07 1, 2,

In general if A is a rational number such that A and (n + 1)\ are integers,
then

(5.13) G+ 12-11Y) = G (V)

This covers the previous result (5.12).

THEOREM 5.2. Under the conditions of Theorem 5.1, the relation be-
tween moments of concomitants of order statistics are given by

(5.14) Hign) = Mgy = @[C*(r,n,0,1) = C*(r,n — i1,0,1)]
‘ OREN0
X[Hm M1,1]a
o _,0 C* 0.1) — C*(r — j;,n,0,1
(5.15) Hirn) = Mgy = 01C7(rm,0,1) = €7 (r = g1, m, 0, 1)]
: [ l
x [ — ]
and
O 0 = alC*(r,n,0,1) — C*(r — ji,n —i1,0,1
(5 16) Firm) = Hp—jin—i] = Oz[ <T’n’ ) ) (T Ji, =, Y, )]



In general

! ! * ] ]
:u[(r)—h,n—h] - Mfr)—jg,n—iﬂ = Q[O (T —Ji,n =1, O’ 1)
(l)]

(5.17) Y
C*(T - j27 n— i27 07 1)][”2,2 — 1

In particular with i; = 1, (5.14) reduces to

0 0 2r
5.18 — —a| "
( ) lu['r,n} /’L[r,n—l] « [n<n + 1

Moreover, from (5.18) by induction we get the following identity

1) e 2r(n —r) R0
(5.19) Ppn] = Mg = O l(r—kl)(n—i-l)] (22 — il

Furthermore, if h(y) is a measurable function of y, then from (5.11) we get

2x

(5:20) E{h(Ye)} = BV 1)} = (- ) [B{AOG2)} = BV},

which does not depend on r. Hence, if we know E{h(Y}1 )}, E{h(Y22)} and
E{h(Y1,1)}, then we can recursively calculate E{h(Y2))}, E{h(Y3))},- -,

THEOREM 5.3. Under conditions of Theorem 5.1, the relation between
mgf of concomitants of order statistics are given by

M[T,n] (t) - M[T,n—iﬂ(t) = Oé[C* (Tv n, 07 1) - C*(Ta n — 7;17 07 1)]

(5.21)
X [Maa(t) — Mya(t)],

(5.22) My (t) = My—jy m(t) = a[C*(r,n,0,1) — C*(r — j1,n,0,1)]
X [Mao(t) — My, ()]

and

(5.23)

My )(t) = Mp—jyn—iyg(t) = o[C*(r,n,0,1) = C*(r — ji,n — 1,0, 1)]
X [MQ’Q(t) — Ml,l(t)]-
In general
M[T*jlyn*il](t) - M[T*jmn*iﬂ (t) = (I[C*(’I“ - jla n —11,0, 1)

(5.24)
— O*(T — jg,’l’L — 7:27 0, 1)][M2,2(t) — Ml’l(t)].
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Balasubramanian and Beg (1997) studied the concomitants of order statis-
tics for Morgenstern type bivariate exponential distributions. Their results
can be obtained from the results of this section with Fx(z) =1 — exp(—x),
x> 0and Fy(y) = 1—exp(—y), y > 0. Recently, Bairamov and Bekci (1999)
have studied distribution and recurrence relations between moments of con-
comitants of order statistics in the bivariate FGM distributions with uniform
marginals. Their results are special cases of the results of this section with
Fx(z) =2z, 0 <z <1and Fy(y) =y, 0 <y < 1. The results on concomi-
tants of order statistics corresponding to other marginals in FGM family can
be obtained from the results of this section. More recently, Bairamov et al.
(2001) have studied the concomitants of order statistics of the bivariate FGM
distributions with uniform marginals by introducing additional parameters.
For some subset of the parameters their results can be obtained from the
results of this section.

5.2. Record Values.

Consider (X1,Y7), (X2, Y3),... a sequence of iid bivariate random vari-
ables. Variate Y; corresponding to X; = R, (r-th upper record) which will
be represented by Y|, is the concomitant of the r-th upper record. The pdf
of Y|g,] is given by

o) = [ fix(ylo)fn (2) do,
where fg (z) is the pdf of R,.

If we take m = —1 and k = 1, then

YiY2 Ve
C*(r,n,m,k) =1—-2C(r,n,m,k) =1—2 ,
e i) =12 |

where v, = k+ (n —r)(m + 1) = 1, reduces to

) 1
(5.25) C(rn,~1,1) =1-20(r,n, ~1,1) = 1~ o —.

Hence, from (2.3), the pdf of the concomitant of the r-th record Yz, is given
by

626 gm0 = Fra) o (1= 55 ) ra) = ),
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which does not depend on Fx(z). The I-th moment and mgf of Y{g ] can be
casily obtained from (3.1) and (3.3) respectively

l 1 I 1 !
(5.27) pip g = [1 —a (1 - 2“)] i+ a (1 - 2H) 15

and

(5.28) Mg, (t) = [1 _a (1 _ 21_1)] Mia(t) + a (1 _ 21_1) Mas(t),

where ,ugr] = E{Y[ZRT}} is the [-th moment of Y|g,j and Mg, (t) = E{exp(tYir,])}
is the mgf of Y[g,j. Thus /VLEQT} (Mg, (t)) is known for all r if we know ,ugl)l
and 13} (My () and My s(1)).

Furthermore, we can deduce several recurrence relations between pdf’s,
moments and mgf’s of concomitants of record values from the results of
Section 4. We have the following theorems.

THEOREM 5.4. Let 1 < j; < jo < r—1. For a bivariate random variable
(X,Y) having pdf (1.2) the following recurrence relations between pdf’s of
concomitants of record values (with m = —1 and k = 1) can be deduced using

equations (4.6) and (4.8).
g[R'r](y) - g[erjl](y) = Oé[O*(T7 n, _17 1) - C*(T’ - j17 n, _17 1)]

(5.29)
X [fY2,2 (y> - fY1,1 <y>]

and in general
Ir_ )W) — 9r,_;,)(y) = a[C*(r — ji,n, —1,1)

- C*(T - j27 n, _17 1)][fy2,2 (y) - fY1,1 (y)]
In particular with j; = 1, (5.29) gives

(5.30)

1

27»—1) [fY2,2 (y> - fyl,l(y)].

(5.31) IR (W) = g1, (y) = @ (

THEOREM 5.5. Under the conditions of Theorem 5.4, the relation be-
tween moments of concomitants of record values are given by
l l * * .
paby =i,y = alC(rn,=1,1) = C*(r = jin ~1,1)]

l l
x [ — )

(5.32)
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and in general

l l % .
pp = plp o =aolC(r—jin,—1,1)

T*jﬂ T*J’z] -
% . l l
— C*(r — joym, =1, D)) — u].

In particular with j; = 1, (5.32) reduces to

(5.33)

l l a l l
(5.34) Hipy = Bin, = (zr_l) (b — pia):

Moreover, if h(y) is a measurable function of y, then from (5.31) we get
«

(535 E{h(Yin))} = E{h(Yin )} = (575 IE(R(Y22)} — E{h(¥i)})

Hence, if we know E{h(Y[g,})}, E{h(Y22)} and E{h(Y11)}, then E{h(Y[r,))}
is known for all 7.
Furthermore, from (5.34) by induction we get the following identity

! ! 1 ! !
(5.36) pfiy =l + o (1= 55 ) 1 = A

THEOREM 5.6. Under the conditions of Theorem 5.4, the relation be-

tween mgf’s of concomitants of record values are given by
(5 37) M[Rr}(t) - M[Rr—jl](t) = a[C*(r7n7_171) - C*(T _jlana_lvl)]
. X [Ma(t) — My, (t)]

and in general
(5.38) Mg, (8 = M{RTjQ]gt) = a[C*(r — ji,n,—1,1)
= C°(r = jan, =1, D] [Maa(t) = Mia(t)]

If we take m = —1 and k is a positive integer greater than 1, then we get
the corresponding results of k records.

5.3. Relation between distributions of the concomitants of recard values
and order statistics.

The two expressions (5.2) and (5.26), for the concomitant of the g-th

record and the concomitant of the r-th order statistic respectively are equiv-

alent if
[1 1 } . {n — 2r + 1]
20—1] n+1
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or,

r:(n+1){1—21q].

Since r is an integer, 29 should divide (n+1). We can in fact take n+1 = 29,
then r» =27 — 1. Hence

(5.39) iR (Y) = gpa-1,20-1)(y)-

Thus, the distribution of concomitant of the ¢-th record of X is the same as
that of the concomitant of the maximum order statistic of 29 —1 observations
of X for the MGF distributions given in (1.1).

6. Joint distribution of two concomitants. In this section, we derive
the joint distribution of concomitants of two generalized order statistics.

Let Yjrnm i and Y nmi be concomitants of the r-th and s-th general-
ized order statistics, respectively. Then the joint df and pdf of Y., s 4 and
Y(s,n,m k) are respectively given by
(6.1)

G[r,s,n,m,k] (yl; 92) - [ [ FY|X (yl‘xl)FY|X(y2‘x2)fr,s,n,m,k($l7 33’2) d$1dx2
and
(6.2)
00 x9
g[r,s,n,m,k](y1>y2) = /_ /_ fY|X<y1|x1)fY\X(yQ‘x2)fr,s,n,m,k<xlax2> dzydxs,

where f, s nmi(21,22) is the joint pdf of (X(r,n,m, k), X(s,n,m,k)), 1 <
r<s<mn.

We first prove a lemma which will be useful in the sequel.

LEMMA 6.1. Let p and q be real numbers, then using notations of the
previous sections, it 1s shown that
(6.3)

by = e I P Pa) P Fae) [1 = F(an)]
* [(Fxlon)™ = (Fx (o)
X (Fx(22)) " N (Fx(22)) fx (1) fx (22) daydy

_ Y1y2ys
(v1+p+q) (ve+p+q) - (vr+p+a) (vr+1+9) - (vs+a) |
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PROOF. Making transformations u = (Fx(z1))™" and v = (Fx(xq))™"!
in (6.3), we get

Cs—1 Lopw _
_[ — / / m—+1 1 j— r—1
b T oD —r—Dim 1y o VAT

X (1 — v)* Ly st/ L) gy,

Further, using transformation v = ut, the above equation gives

Cort Lot 5 1, s—r—1
L, = / / re L
e (r—Dls—r—Dlim+ 1) Jo Jo " o

Ys+1+4a

X (1 —t)* " (ut) m1 u dtdu

1 Jr+p+q

= R _C:—_l CESY /0 (1—u)""tu B

x /01(1 — ) L g
T = D(s —C{j_—l Di(m + 1)sB (T’ W) b (5 B T%H)
_ Cs1 D(r)l (=T (s — )L (2)
= D(s—r—=1D!(m+1)s I(r+ A (s — r + 2
B Cs1 (r—1l(s—r—=1)

(=D~ Dl + 1) (B (2sa) - (52)

o 1

(TR - G
T2 s

m+r+a)e+rp+q)- - (n+rp+)V1+a9) (s +4q)

Utilizing (1.3) and (1.7) in (6.1) and simplifying, we get
Grsnmp (Y1, 42) = Fy (1) Fy (y2) {1 +aFy(ys)
{2 [0 S22 Fx () froomm b (21, 2) dandry — 1}
(6.4) +aFy (1) { 1% [7202F x(21) = 1) frammi (21, 72) da1divs |
+042FY(y1)FY(y2){ S I3 (2F x (1) — 1)(2F x (22) — 1)
X fr.smmk(T1,T2) dxldeH
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= Fy(y1) Fy () [1 + aFy (2){2 /2%, [72% Fx(2)

X frammk(@1, 02) driday — 1}

+aFy (y1){2 /7% 7% Fx (1) frommn (21, 72) dandry — 1}
+0?Fy (y1) Fy (12){ [2% [72[4F x (21)Fx(w2) = 2F x (1) — 2F x(w2) + 1]
X frsmm (71, T2) drydas )|

= Fy(y1)Fy (1) [1 + aFy (1) 2001 — 1] + aFy (31)[2110 — 1]
+0?Fy (1) Fy (y2)[4111 — 2L 0 — 2001 + 1]

Substituting values of I 1, [1 o and I 1, respectively, from Lemma 6.1 in (6.4),
we obtain the joint df of Y., 1 and Yis . m i,
(6.5)

G[r,s,n,m,k] (yla 3/2) = FY(yl)F (yQ) {1 + aFY(yQ)[Q{ (m+1)( Fy;;il)’ys(%_&_l)} - 1}
+aFy () A gt m ) — U

T Fy (1) Fy (v2) I a6t 57

- {(71+1 ?vl;{il)%(wrl)} { 1+1)E{1;2r1)% %+1)} + 1]}

The pdf corresponding to (6.5) is
(6.6)

rsmmu (U1 92) = () fr(2)[1+ a(2Fy (1) = D[2{ popiile 5} —
+a(2F () — D gty mm ) — 1
+Oé2(2f(y1) - 1)(2F(?J2) -1)

YiY2 YrYr+1 s
R w2 2o e )

_ My2- Y Y1y2s
Urmatim ! — Uemmearm) + 1)

6.1. Applications.

The joint df and pdf of concomitants of the r-th and s-th order statistics,
Y}, and Y, ), can easily be deduced from (6.5) and (6.6) respectively, with
m=0,k=1land y;=n—j+1

First we evaluate 11, I1p and I ; for order statistics.

I M2 VYL s _(n—s+1)
0,1 — =

Mm+Dr+1)-(p+ D)+ 1) (3 + 1) (n+1)

Y
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MY Y _(n=r+1)
(m+ DO+ (w+1) (n+1)

Il . = Y1Y2 Ve 1VrYr+1 0t Vs—17s
’ (Mm+2)re+2) (a1 +2) (0 +2)(Vrrr + 1) - (s + 1)
(n—s+1)(n—r+2)
(n+1)(n+2)

We now have

-2 1
2[01_1:u’
’ (n+1)

-2 1
2[10_1:w
’ (n+1)

and

AL, — 2Ly, — 2L +1 = 4 l(

(n—r+1)

- [

_ 2(n-s+1) [2(n—r—|—2) 11
(n+1) (n+2)

_ 2n—r+1) )
(n+1)

_ m=2HD) o9t 2r

(n+1)(n+2)

(n—2s+1) 2r(n — 2s)
(n+1) (n+1)(n+2)

Substituting the above values in (6.5) and (6.6), we get the joint df and pdf

of Y}, n) and Y ), respectively [Nair and Scaria (1999)]

(n+1)(n+2)

(6.7)
Gron(y,92) = Fr(un)Fy (1)1 + aFy(y0) "5 + aFy (1)
n—2s+1 Fnl Fnl n—2s+1 2r(n—2s
xUEESE + 0Py () Py ({2 — o
and
_ Sl (n—2r+1)
Grsm(W1,92) = f (1) fy (u2)[1 + @(2Fy (1) — 1) 2255
(6.8) +a(2Fy (y2) — 1) (n(:j:;l) +a?(2Fy (1) — 1)(2Fy (y2) — 1)
(n—2s+1) 2r(n—2s)
{ (n+1) n+1)(n+2)}]
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Also, the joint df and pdf of the concomitants of the r-th and s-th record
values, Y(g,) and Y[, can be deduced from (6.5) and (6.6), respectively, with
m=—1,k=1and v; = 1.

First we evaluate Iy, 11 and I for record values.

Toy — Y12 Ve Vet s _ 1
oD+ D) (e D (e F 1) (s 1) 28
oD+ (1) 2

and
Il L = Y12 Vr—=17VrYr+1 0t Vs—17s
’ Mm+2)(re+2) (v +2)(n+2) (s + 1) (s +1)
1
37“25—7"'
We now have
1
2[071—1:F—1,
1
2_[170 - 1 — F - ]_
and
4] 21 21+ 1= 1 ! ! +1
1,1 0,1 1,0 - 3Jros—r—2 2s—1 or—1 '

Substituting the above values in (6.5) and (6.6), we get the joint df and pdf
of Yig, and Y|g,), respectively
(6.9)

Gl (U1, 92) = Fy (1) Fy (o) [1 + oFy (y) {55 — 1}
+aFy (1) {52 — 1} + & Fy (y) Fy (y) {55 — 57 — 57 + 1}]
and

G (U1,92) = fr () fr(92) [1 + @@Fy (91) = D{z — 1}
(6.10)  +a(2Fy(y2) = D{z — 1} +a*(2Fy (1) — 1)
X (2Fy (y2) — D{zgrz — 307 — 51 + 1}

7. Product moments of Y}, 1) and Y., 1. With the joint density
Gir,s.m,m,k) (Y1, Y2) Of Vi m ) and Yis pm i), the product moments
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E{YD Y 2} denoted by 2 1y 1, > 0, are given by
Il o] o)
(71> ufr,ls,fz),m,k] = /—oo /—OO g[T’S’n’m’k}(y17y2) dyldy2

Utilizing (6.6) in (7.1) and simplifying, we get

Il
”fr,ls,fgmvk] - ”’lll,lﬂlf,l + a[ﬂlll,lﬂlf,l - “lll,lﬂl22,2][2]0,1 —1]

(7.2) + 04[/1111,1Ml12,1 - /ﬁl21,2/il1271}[211,0 —1]
+ Pl — pio) [y — pEo)[Ali — 200y — 2110 + 1].
(

Furthermore, using (3.1) and (7.2), the covariance of Y}, m ) and Yy, m i)

(73) Cov (Yv[r,n,m,k}u Yv[’/‘,n,m,k}) = Hr,s;nmk] — Hrnm k] M[s,nmk], T 7£ S
The joint mgf of Y}, ;, s and Y. m 4y, 1S given by
(7.4)
M[r,s,n,m,k} (tb t2> = K {eﬂ’fp (tlyv[r,n,m,k:} + t2}/[s,n,m,k})}
I250 J250 exp{tiyn + toya } g snam i (Y1, Y2) dyrdys.

Utilizing (6.6) in (7.4) and simplifying, we get
(7.5)
M[’r,s,n,m,k] (tla t2) = MYLl (tl)MYLl (tZ)

—|—C¥[My171 (tl)MYI,l (tQ) - MYl,l (tl)Myz,z (tZ)]pIO,l - 1]
+a[My, , (t1) My, , (ta) — My, ,(t1) My, , (t2)][2110 — 1]

+a?[My, , (t1) — My, , (t1)][My, , (t2) — My, ,(t2)][4111 — 2Lo1 — 2110 + 1].

Differentiating (7.5) with respect to t; and t3, [; times and [y times, respec-
tively, and putting ¢; = to = 0, we get (7.2).

From (7.2) and (7.5) one can deduce product moments and joint mgf’s
for order statistics (with m = 0 and k = 1) and record values (with m = —1
and k = 1), respectively.

REMARK. We can obtain results for concomitants of generalized order
statistics, order statistics and record values corresponding to different bi-
variate distributions of FGM family by specifying the respective marginal
distributions from the general results of this paper.
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