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Herein, we analyze an efficient branching particle method for asymp-
totic solutions to a class of continuous-discrete filtering problems. Sup-
pose that ¢ — Xy is a Markov process and we wish to calculate the
measure-valued process t — () = P(X; € |o{Y;,, t < t}), where
try = ke and Y;, is a distorted, corrupted, partial observation of X, .
Then, one constructs a particle system with observation-dependent
branching and n initial particles whose empirical measure at time ¢,
uy, closely approximates ;. Each particle evolves independently of the
other particles according to the law of the signal between observation
times tg, and branches with small probability at an observation time.
For filtering problems where ¢ is very small, using the algorithm consid-
ered in this paper requires far fewer computations than other algorithms
that branch or interact all particles regardless of the value of e. We an-
alyze the algorithm on Lévy-stable signals and give rates of convergence
for EV/2[||up — uﬂ]i], where || - ||y is a Sobolev norm, as well as related
convergence results.
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1. Introduction. The filtering problems in many key, contemporary fields such as mathemat-
ical finance and communication networks initially appear to be resolved by the celebrated math-
ematical solutions of the Duncan-Mortensen-Zakai and Kushner-Stratonovich equations, which
have been known for over three decades. However, upon further reflection one realizes that these
equations are neither computer workable nor applicable at large. More theory is required keep-
ing: a) the ultimate computer enduse, and b) some real world applications in mind. Many of the
corresponding filtering problems are large enough that the mere storage of the exact solutions is
impractical. We require more implementable, practical methods of filtering, where the solutions
are almost optimal and can be stored. The introduction of particle approximations is natural
under these criteria.

The general problem of continuous-discrete filtering for Markov processes is concerned with
extracting information about a continuous-time Markov process ¢ — X; called the signal based
on the current record of discrete-time observations {Y;, , t, <t} that are probabilistically linked
to the signal. The goal of filtering is to estimate past, present, or future values of ¢ (X;) based on



our observation record {Y;,, t; < t}. Direct implementation of the mathematical solution to these
filtering problems usually requires the on-line solution of an infinite dimensional (often parabolic)
equation (see however Kouritzin (2000) for counter examples where such infinite-dimensional
equation solution is not required), which is impossible to either implement precisely or store. For
these reasons, one may be forced to approximate. One exciting method of approximation for
continuous-discrete filtering problems was recently studied by Del Moral and collaborators (see
Del Moral (1996) for one of the earlier works), where, instead of solving a parabolic equation on-
line, one simulates particles so that the empirical measure of the particles is a good approximation
to the solution of the differential equation. Then, to account for the incoming observations, one
allows the particles to redistribute themselves to locations favored by the observations. This
second branching or interacting step is devised to ensure that new information obtained through
the observations can be incorporated into our conditional probability law of the signal given the
observation record. A thorough account of this interesting interacting particle method can be
found in Del Moral and Miclo (2000).

More recently, algorithms have been considered in Ballantyne, Chan and Kouritzin (2000) and
Del Moral, Kouritzin and Miclo (2001) that do not disturb most particles at each observation
time and thereby introduce far less resampling noise. Indeed, the huge performance gained by
only resampling those particles that need to be resampled was quantified experimentally in the
former paper and theoretically in the latter. Herein, we further develop and study the cautious
branching particle approach in Ballantyne, Chan and Kouritzin (2000), which was motivated
in part by particle system approximation scheme suggested by Sherman and Peskin (1986) for
deterministic reaction-diffusion equations and by the earlier branching particle method of Crisan
and Lyons (1997). To make our presentation clear, we choose to introduce and analyze our method
on Lévy-stable signal processes, however, this particle approximation method is extendable well
beyond our current setting as experiments have demonstrated.

Lévy-stable processes are one of the most basic and important classes of Markov processes.
They are widely used in various economic and physical systems. In particular, the use of Lévy-
stable processes in mathematical finance and communication networks has recently become more
popular. For instance, Lévy-stable models have been applied in the fields of portfolio theory,
asset, and option pricing (cf. Marinelli and Rachev (2002), Cartea and Howison (2004) and
the references therein); and Lévy-stable processes have been used to modeling teletraffic and to
approximating network traffic (cf. Garroppo, Giordano, Pagano and Procissi (2002) and Mikosch,
Resnick, Rootzén and Stegeman (2002)). These vital applications are motivation for us to analyze
our method on Lévy-stable signals.

We let (2, F,P°) be a complete probability space and E° be expectation with respect to
PP. Suppose that X is a R%-valued Lévy-stable process on (€2, F, P°) with index a € (0, 2] and
spectral measure I' (cf. Samorodnitsky and Taqqu (1994)), i.e. X is a stochastic process on R%
such that X has independent increments, and there exists a finite measure I' on the unit sphere
Sy, of R% such that for any 6 = (0y,...,04) € R" and 0 < s <t < 00

In E°[exp{if'(X; — X,)}]
—(t—s) del |0 2|*(1 — @ sign (0'z) tan(%"))I'(dz) for a # 1,
B { —(t =) [g, 10"2|(1 + % sign (¢'2) In |¢=|)T(dz) for v = 1.

Hereafter, we use ' to denote the transpose of a vector. We let 0 < ¢ < 1, define t, = ke



for k = 1,2,..., and suppose that V is a standard R%-valued Brownian motion on (€, F, P°)
independent of X. Then, we consider calculating the conditional probability law of signal X,
given the multi-dimensional observations {Y;,, tx < t}, defined by

}/;k = Y;fk—1 + h(th>(tk - tk’—l) + (Vtk - %k—1) )

via change of measure and particle approximation.

Our particle approximation scheme can be summarized as follows: We consider a branching
particle system which starts off with n particles and each particle has the “opportunity” to branch
and die every € seconds. A particle reaching = at time ¢;— branches with small probability and
in this unlikely event that the particle does branch it either just dies or is replaced by two or
more independent particles starting at (¢, z). Efficiencies are gained at observation times in two
ways: The vast majority of particles do not branch at branching times for small €, which reduces
computation related to duplicating or removing particles, and branching decisions only depend
on the very particle that may or may not branch so decisions require little processing. On the
other hand, the number of particles in our scheme does not stay constant but rather is a non-
trivial martingale. Still, there are effective ways to control the number of particles in practice,
by introducing additional births and deaths that do not bias estimates, and thereby to keep the
computations essentially constant over the various observation times.

Suppose that ¢, denotes the Dirac delta measure at x and

[l

n _- 1
3D e 0

is the empirical measure of the particle system if there are ||u?|| particles {X;"",. . ., XtH“?”’n} alive
at time ¢. Then, among other things, our results will imply that

1
— "dx) — E° [p(X)| {Ys,, t <t 0 2
g [ P) = ()| (¥, < 1)) — )
in probability, as € — 0, n — oo, with a rate of convergence for all continuous bounded ¢ so long
as inf. ,{e'/?n} > 0. Indeed, we establish much more in terms of estimates on the error in (2)
and types of convergence, including 2"4-mean and almost sure.

2. Notation, Results, and Algorithm. In the current section we set our main notation,
state our results, and give our particle system algorithm to asymptotically solve our filtering
problem. The proofs of the stated results are given in a later section. During the course of a
proof we use the same symbol ¢ for constants, although the exact value of the constant may
change. We show the dependence of ¢ on relevant parameters unless suppression causes no
confusion. Throughout this note, we take | - | to be both Euclidean distance as well as absolute
value (depending on context). We fix a constant 7" > 0 and let 0 < & < 1. To conserve space, we

define
(vph= [ elanaa)

for all signed Borel measures A and |\|-integrable functions . Next, we let B,(R%) denote the set
of all measurable bounded functions on R%. For ¢ € B,(R¥), we let |||/« denote its supremum
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norm. We denote by £ the generator of the signal X, and define
T = {QD € Bb(Rdl) Ly € Bb(Rdl)}.

Then, one can check that 7 contains all finite multivariate trigonometric series. Further, we let
S(R) denote the set of all rapidly decreasing functions on R% and assume that h = (hy, ..., hg,)’
with h; € S(R%4) for each 1 < i < dy. Finally, we let |u]| denote the greatest integer not more
than a real number u, let [u] denote the least integer not less than u, and adopt the convention
that a product over zero or a negative number of elements is one.
We define filtration
V=o{V,, ti <t} VN

for the observations Y, where A is the collection of P%-mnull sets of (€2, F). Motivated by the
reference probability measure method for filtering, we define a new probability measure via

dP |

apy nr,

where
[t/e]

n; - H exp {_h/(th)(V;tk B ‘/21%1) N (h/h)(th)(tk - tk—l)
k=1

2

},ogth. (3)

We define X* = o{X,,0 < s < t}VN and find that {n;, ¢ € [0, 7]} is an { Y7V }o<i<r-martingale
with respect to P°. Under P, {Y;, —Y,,_,,k=1,2,....|T/e]} is a sequence of N(0,el,,) random
vectors independent of X and the law of X remains unchanged. Yet, by (3) it follows that

R'h)(Xy,) (s — ti-1) } ‘
2

[T /e] (
it =] exp{h’(xtmk Y-
k=1

We let E be expectation with respect to P and define (1, p) = E [o(X;)n; '[V] for 0 < ¢ < T
Then, it follows from Bayes’ rule that for any ¢ € By(R%)

0 a EleXn:' 1V EloXon 1V G, e)
B lexoly] = En 1y ERZY] (D)

by the X7 Vv Yt-martingale property of n; ! with respect to P. For the processes that we will work
with later, one may always assume that X is cddldg and, hence, that y is also (cf. Yor (1977)).
We always work with this cadldg version.

First, considering the optimal solution to the filtering problem, we have the following lemma
whose proof is sketched in the Appendix.

LEMMA 1. Suppose that pg is the distribution of the initial signal state. Then, {p,t > 0} is
the unique measure-valued, {Y'}i>o-progressive process satisfying

t
(e, ) = (o, ) +/ (s, L) ds
0
[t/e]

+) <utk—,so lexp {(Y;ik —Y;,_,)h— W} - 1} > (4)

k=1
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forall p € T.

Moving to our particle approximation, we recall that ||x}|| and u} denote respectively the
number of particles alive and the empirical measure for the particles as in the introduction. Once

we have particles {X b n}”Mt | t > 0, we can form our approximation to yu; via empirical measure
(1). Therefore, our pressing need is to find a good generation method for the particles. We
suggest using the algorithm below to produce particles whose empirical measure is shown in the
sequel to converge nicely to {p, t > 0}.

To ease the notation in what follows, we define

6i(x) = exp {(Ytk Vi i) - BB

2

. . [ ei(2) if gj(x) <0,
DY ( Z(S’“ ou(x) and &(r) = {gk(:x) — |oi(x)]  otherwise.

Moreover, due to the fact that we have both continuous and discrete components to our systems
it will be convenient in the sequel to interpret dx. in two ways:

/ 5k5(t)dt:{1 if kEE and 25,% jg {1 if kG{i,i—{—l,...,l},

0 otherw1se 0 otherwise.

Next, we let {p'}r,, {X'}2,, {Ui7k}22:1 denote respectively n independent random vectors

each with the distribution 1, a sequence of independent R%-valued Lévy-stable processes with
index o and spectral measure I', a sequence of independent uniform random variables all on

the same probability space (2%, F*, P*) and form the product probability space (Q,]:" , P) =
Q2O Fe F P’ P*). Let E be expectation with respect to P. Then, to construct our

particle system to approximate p;, we do the following:
1. Let ||p2|| = n and XJ™ = p' for i = 1, ..., ||u2|| (*Assign initial particle locations*)
2. For k =1,2,... do the following:

(a) Set X" = thknl—l—(X’ sz )
as signal®)

(b) Fori=1,...,[lug_ || do

yon [t,i) € [tp_1,tx) x {1, ..., ||uf ||} (*Evolve particles

I (X m)) > 0 (*Branch*)

A. Replace particle Xf;cn_ with m = Lgi(szn_)J + 1 particles Xt(z’l)’n, e Xt(i’m)’n
at site X"

B. Add 1 more particle Xt(z’mﬂ)’ at site X;™ if UF < of (X;™) — Lo (X{™))

. Otherwise
A. Make no change if U > |Qk(Xm )|

B. Kill Xm_ if Uik < |of(X7" )| (*Particle will just be removed*)



3. Relabel the alive particles to be {sz”}l‘jfk I so that H I H is the number of particles alive

Our main contributions can be considered as the popularization of this algorithm and its
analysis. As we already mentioned, U"* < \gk (X m)

hence branching or killing, will seldom

occur at a particular observation for small € > 0. In preparation to listing our main analytic
results, we wish now to assert that our empirical measures or particle density profiles

”Mt I

Zam

do henceforth pertain only to the particles {X Z"}”Mt : t > 0, generated by this algorithm. We
define new filtrations {F'},.,, {G'},~, to keep track of current information in our empirical
measures and our whole particle system construction via

Fo= (e {xin

>0

lwslls <t +a} v,
g = ﬂJ{X;’”,z’: 1,

il s <t+6}vYT Vo {U* tp <t i=1,2
6>0

Y

Further, we interpret our particle system approximation as a (purely atomic) measure-valued
cadlag process through the following stochastic equation

PROPOSITION 2. Suppose that {u}, t > 0} is the particle density profiles constructed by the
preceding algorithm. Then

Lt/e]

(1t o) <H0a¥7>+/ (1s, Lo) ds+z<uk5 , 0ip) + M ()

(6)
for all o € T, where {M} () }i>0 is a cddldg {G'} - -martingale. We define EV to be expectation
taken only with respect to the {U"*}. Then

1 1t/e) lIug, Il
EYA{[IM™(0)];}

[ (XY, = [ (X))
Lt/sJ
+- Z<Mks (€8] =

Moreover, we have that

(€0)°) %)

Lt/e]
E

r

2 e — BT M) })
=|s/e]+1

[t/e] 3 8%

< ! 3 .

c(r)(|Whllos Vv 1)2 Z i pr
=|s/e]+1

(o, E102.2)7) lli
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for any { fi},; C R, where r > 2 and c(r) > 0 is a constant independent of dv, da, €, n, t, s, .

This representation lemma differs from standard formulations because it contains both con-
tinuous and discrete time components. It is possible to come up with a more complete martingale
problem description by considering more general functionals F'({u},p)) instead of just (uy, ).
However, our representation is sufficient for our purposes. To prove Proposition 2, we need the
following Lemma 3. The proofs of Lemma 3 and Proposition 2 are given in the Appendix.

LEMMA 3. Suppose r > 1. Then, there is a constant c¢(r) > 0 independent of dy, ds, €, x, k
such that X .
Elop(@)|"] < c(r)[|h'h|5e

forallz € RM and k=1,2,...

By Lemma 1, {y, t > 0} is the unique measure-valued, {)*};>o-progressive process such that

t
(He, o) = (po, ) + / (is—, B5p) ds (9)
0
for all ¢ € T, where
Bip = Lo+ DYE. (10)

Note, here and in the sequel, integrals like fg (us—, BSp) ds should be interpreted in the Lebesgue
-Stieltjes sense including jumps at ¢ but not at 0 (owing to the fact that DY? is a purely atomic
measure and not a function). We let v < —d; /2 and define

A2 =
e = [

AO) = (9, N), e p(z) =e ", VO eR™,

where A denotes Fourier-Stieltjes transform for signed measure A. In the sequel, we use |¢| £2(+)
(l¢ll2) to denote the L?-norm of a function ¢ in L*(R%;~(df)) (L?*(R%;dA)). We denote ||T|| =
['(Sy,). For m € N, we define

5O (6. 4(d0) = (1+ |0,

(B = sup IT (=l +1)| D7hef o (11)
1<i<ds,|T|<m 1<j<dy )
where 7 = (71,...,74) with 7; € Z, is amulti-index, |7| = ?1:1 7 and D7 =071/ (0ai! - 0agy')

Now, we can state our main result.

THEOREM 4. Let {u}', t > 0} be our particle density profile as described above. Suppose that
v < —(di/2+2a) and 0 < ¢ < 1, n € N satisfying = = inf_,{e'/?>n} > 0. Then, there is a
constant ¢(Z,dy, a, ||T'||, ((h)) (@, —24+2) > 0 independent of €, n, t, s such that

C(E; d17 «, ||F||’ <<h>>[d1*2’Y]+2) {(t _ 8)

Sl n n 2
Ea[|(pf — pue) = (g — o) [[5] < T I
£8N2

(ERE)R=I(ERENN

7

N

+(t—s)

N

+€



forall0 <s<t<T.

COROLLARY 5. Let {u}, t > 0} be our particle density profile as described above. Suppose
that a = 2, v < —(d1/2+4), 3> 1/4 and 0 < ¢ < 1, n € N satisfying = = inf. ,{e"/?n} > 0.
Then, there is a constant c(3,Z,dy, |||, ((h))a,—2y1+2) > 0 independent of €, n such that

n n C(ﬂ7E>d1>HFH><<h>>d—2 2)
B sup (=) — (= w2 | < s
0<s<t<T ern

. (13)

REMARK 6. For the interacting mechanism chosen in the works of Del Moral (1996), the
number of particles remains constant and particles redistribute themselves around existing par-
ticle sites according to a multinomial distribution at observation times. Specifically, suppose

{thk’ﬁ, ey X;i’f} denotes the n particle locations used to approximate the filtering problem solu-
tion just prior to ty, {Wkl”, ..., W} are the normalized weights for the particles, and {thk’”, .

X"} is the system immediately following the interaction. Then, the Xti;”’s are obtained from the
with probability W} independent of

X7 ’s by having each Xtil;" choose starting location X j,;n

bo— . -
all other particle decisions. Each weight W™ is a function of all the previous generation particles
{thk’ﬁ, . X&’f}, the current observation Y}, , the conditional distribution of the observation given

the current signal state X, , and the conditional distribution of signal X}, given all the previous
observations {Y;,, j < k}. Clearly, > i W™ = 1 and the event {XZ};" + Xti;c"_} has probabil-
ity 1 — W;”(w) so the expected number of branches or jumps created at an observation time is
n — 1 even when the observation interval or the time between jumps is very small. Moreover, as
mentioned in Crisan, Del Moral and Lyons (1999), the decision of where each particle will jump
to requires sampling all particles, and the overall result is that a large amount of computational
work must be done at observation times.

REMARK 7. In Crisan (2003), rates of convergence for a branching particle approximation
to the solution of the Zakai equation are deduced. For a class of test functions, exact rates of
convergence are established for the filtering model with diffusion signal and continuous observa-
tions. The analysis in Crisan (2003) hinges on a powerful representation formula of the variance
of the branching mechanism in terms of the local time of an exponential martingale, which is quite
different from the analysis in this paper. Throughout this paper Fourier analysis is used, which
enables us to obtain powerful rates of convergence in Sobolev norms. (We refer the interested
reader to Blount and Kouritzin (2001) and references therein for some other works via Fourier
analysis, which are close in spirit to our approach.) The analysis of the existing interacting and
branching methods for continuous-discrete filters is rather complicated as is evidenced by limited
number of existing estimates especially involving the time intervals between observations. As
suggested in Crisan (2003), the continuous observation time set-up makes the branching method
converge slower. Our Theorem 4 and Corollary 5 reveal the subtle relationship between the num-
ber of initial particles and the length of the time intervals between observations. In particular,
the convergence of the algorithm is ensured if infayn{el/ ?n} > 0. In a forthcoming work, we look
forward to further developing the spectral method in this paper to obtain rates of convergence
for more general (not necessary diffusion) Markov processes and other recently developed particle
filters.



3. Proofs of Theorem 4 and Corollary 5.

3.1. Auziliary Results Used to Establish Theorem 4 and Corollary 5.

LEMMA 8. Let Z be a R™ -valued Lévy-stable process on (Q, F, P) with inder a € (0,2] and
spectral measure . We define Z;(0) = e_¢(Z;) and ||[Z(0)]¢]| = [ReZ(0)]; + [ImZ(0)];, VO € R:,
0<t<T. Then, for0<s<t<T

B[][z0],

Suppose > 1. Then, there is a constant c¢(r) > 0 such that for any 0 < s <t <T
& [([fz0] - 20 |
< c(r)(t —s) [(/s |9’Z|°T(dz)> \/ (/S |6"z|°T(dz)> ] . (15)

|z,

PrOOF. For 0 < s <t < T, welet {7/",j = 0,1,...,kn,}7_, be a refining sequence of
partitions for [s,t] with s = 70" < 7{" <--- < 7" =t and define

} 2t — s) /S 10/ 2|°T(d2). (14)

Moreover, if a = 2, then

[Z(G)LH — 9 /S 160/ 2|2D(d2). (16)

krn N 2
7Tmt = Z Z 1<9) ) 6<7T;n,t) = 1?}%?5 (ij - Tjrril)'
=1 Sishm
Then, we find by direct calculation that
= i E m
5(W;1,§gg0 [WS,J
km
- B o (e (2 - ) (2= 22)]

2 (1—ep { = =) fy, 1021T(d2) }
-cos((]" —11"y) de |(9’z|0‘ sign (0'z) tan(%")I'(d ))) for a # 1,

= lim A ’
o) =0 | 370 2 (1 —exp {—(T]’” fs |0/ 2|T"(d=) }
| cos((7]" — de 7T|0’z\ sign (9’ )In |0'z|T (dz))) for a =1

= 2(t — 8)/3 0'2|°T (dz).



By (14), to prove (15), we may assume without loss of generality that » € N. By the independence
of the increments of Z, we find that

z[([[lze), | - lzo],
= lim EA[(WZQ)T]

3(my)—0
- B e (o - 2n) v (2 - 22) ]

[l (o (2 - 20) ren (2 - 2. )}, o)

1
Note that for a; > 1, 1 < j <k,

£ [{j_ (-0 (2= 22 ) (2= Zp))} ]

=0
_ Jso 12q+1—a;)0'z|*(1 — i sign (2 + 1 — @;)0') tan %)F(dz)}] } for o # 1,
J@J@q+l—aﬂ%m1+%Swn«m+w—aga@hummru@ﬂ} for o — 1

e e,

(ﬂ—ﬂﬁ/Km+%%Wﬁﬂm
Sa,

}+o«¢—ﬁgﬁ

ngﬁ—ﬁJLWWﬂM+OWﬁﬁ%W. (18)

Thus, by (17) and (18 we find that
zo] )]

r
< U
- 6(7r;1751—>0 Z <a1, - ,akm)

al+-Fag,, =T
O yeeey [o7 7 €24

. H [c(r)(ij — ijl)/s 0'2|°T'(dz) + O ((ij — ijl)z)]

a;>1

§c@ﬂﬁ—@[<ﬁ muwru@>\/<é wwwru@>].
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If a = 2, then we find by the independence of the increments of Z that

e |(1lzo] - Jfzo] | == [, e
- 5(7}61'}?—@@ (ngt — ;22 (1 — exp {—(T]m —7") /Sdl ]9’z|2F(dz)})>

km

= lim ZE 2exp q —(7j" — ijl)/ 0/ 2)°T(dz)

0 ) =0 5] Sa,
2
— (6,9 <ZT]T" — ZT]@1> + ey (ijm — Z.,-Jvril)>:| }

km

=, lrlnn)q Z [4exp {—2(7';” - ijl)/ ]«9/z|2F(dz)}

To,t d

—0 <
1

7j=1
—gexp {_2(ij _ T;nl)/ |0'z|2F(dz)}
Sa,

+2 (1 + exp {—4(7’}” — ijl)/s |9'2]2P(dz)}>]

Therefore, (16) follows.

LEMMA 9. Suppose r > 1 and 0 < ¢ < 1, n € N satisfying = = inf. ,{e'/?>n} > 0. Then,
there is a constant c(r,Z) > 0 independent of dy, ds, €, n such that the empirical measure of our
particle system satisfies

L n r — r
sup B [ 1)7] < elr, ) (W Rl v 1)

0<t<T

PRrROOF. By (6), (56) in the Appendix, Lemma 3 and induction, one finds that supy<;<s
E (4, 1)"] < co. We define
G = I€il — (6" (19)
From (6)-(8) with ¢ = 1, noting that {Z,Et:/ij (pi._, 0p) }e>0 is an {F;_}i>o-martingale and us-
ing Burkholder’s inequality, independence, Jensen’s inequality, Lemma 3, Minkowski’s integral
inequality and (19), we find that

T

t/e]

< ¢(r) {E' g, )] + E Z <#Za—> Qi>

N (E [ BV {mMr (1)} 1 B UW”(l)h — BV {[M™(1)],} D }
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1¢/c)
=c(r) QL+ E || D (k. 0h)
k=1

1t/e) 2 .
1 - n & n n ; n 2
+ 7E|: Z<sza—> k> +E |:’[M (1)]t_EU{[M (1)]1‘,} 21
nz k=1
. e
<ot H IWRIEes S B (e 1)]
k=1
¢ 5—1 _r . - - |t % 7 ~ r
5 s B 0] - a0t | ]S s E[W?v”?}}
€ n2 0<s<T €1 M2 0<s<T

where we have assumed without loss of generality that » > 4 above. Applying the discrete version
of Gronwall’s inequality, one thus discovers that

sup B[, 1)7] < e(r)(IWh]l v 1% (1+ — sup E[wwﬂ)

r r
0<t<T €1N2 0<t<T

1
E2

up E[wm)%).

< e(r)(|[I'hlls Vv 1)2 (1 + = (
€4n2 \o<t<T

Therefore,
2

€dn2 e2n’

/ L / T r
cpsfsicd | SIS | () ([ v 1)5

sup £ [{f',1)"] < ;
0<t<T

< o(r, E)(IW'hlle v 1)

The following maximal inequality is a consequence of a theorem of Longnecker and Serfling
(1977) (cf. also Kouritzin and Heunis (1994)) and is used in (13) above.

LEMMA 10. Let 0 < U; < Uy < oo and suppose that {Qy, Uy <t < Us} is a process assuming
values in some normed vector space (Z,||||) with the following conditions: (i) t — Qi(w) is right
continuous on [Uy, U] for almost all w, (ii) There exist constants pn > 1 and v > 0 such that
EQ: — Qsll”] < [h(s, )] for all Uy < s < t < U,, where h(t,s) is a nonnegative function
satisfying h(s,t) + h(t,u) < h(s,u) for all Uy < s <t < u < Us. Then, there exists a constant
A, depending only upon i, v such that

E| sup [|Q = Qs[]"| < Apuy [P(Uy, Un)]"

U1 <s<t<Usz

PROOF. Let {tﬁ, i=0,1,.., nl}zl be a refining sequence of partitions for [Uy, Us] with U; =
th <ty <--- <t =1U, and define

T =Qu — Qu |, 9i(i,5) = h(th,tiy) Vi, j ke {l,..,m}, i <]

12



Then, we can apply Theorem 1 of Longnecker and Serfling (1977) to find that there is a constant
A, depending only upon p, v such that
J V]

E l

v
s [|Qy - @y

= sup T,
Up<tl<ti<Us I<i<g=m ||, 20
j 14
< 2| sup Tk
1<i<m || 7=

< Ay la(1,n))"
= Ay [W(U, Un)]"

The lemma therefore follows from monotone convergence and the observation that right continuity
guarantees that

l—o00
S osup [|Qr = Q"

U1 <s<t<Us

sup Qs - Qy

U1§té<t§-§U2

3.2. Proof of Theorem 4. Recalling (5), (6), (9) and (10), we find that pu™ — p satisfies

(i = g, ) = g — pro, / (e = psms Bigp) ds + M ()
for all ¢ € T, where M} () is the martingale of Proposition 2. We define

fs 02|*(1 + i sign (0'z) tan(%F))I(dz)  for a # 1,
o) = { fs 0/2|(1 — 2 sign (0'z) In |6'z])T(dz) for o = 1.

Then, using ¢ = e_gy, we find that

<:u? — Ht, €,9> = <lug — Mo, 679>
t
4 / (W — pe €(0)c_g + DYZe_g)ds + M(6), V0 € R™. (20)
0

Hereafter, to ease the notation, we let M2(6) = M7 (e_y). We define

[[x®],

= [Ref(m(e)}

= [ReM"(H)]t + [ImM”(Q)L,

+ [ImX@n(e)} L XI(0) = eg(XP).

t

[ o)
t
Then, from Proposition 2 and (19), we find that {M}(8)};s0 is a complex martingale with
_ Xin(0)]
] n2 Z ZZ:: (H tey1 AL

[l )
Lt/EJ

+-— Z<Mks Gi) - (21)

t

ERZAL

e

Ly

13



Next, we divide (u} — put, e_p) into components:

(i’ =y, e—g) = i’ (0) + 07 (0) + X7 (6) -

Here, we define

ar (9) = /0 (0)ir (0) ds + M (0), (22)
Xi (0) = (¢ e-o) (23)
with t
(X7 ) = (g — po, ) +/0 (X4 ,Bip)ds, VoeT, (24)
and
o7 (0) = (g — e, e—g) — 0y (0) — X3 (0) . (25)

Note that in the above definition, x} is just the unnormalized filtering process p; with the initial
distribution puf — po. We define

AL [an N
Ay = B (6 = a2l

a ~n N
Ay = B (|l = 2113

- L [hen An
Ag = B3 (IR} = %2320y -

Then, )
BE (1 — o) — (2 — p)I2] < Ay + Ay + Ay (26)

by Minkowski’s inequality. In the following, we will estimate A;, 1 <1 < 3, one by one.

(a) Estimation of A;.

One finds from Proposition 2 that the following Wiener integral makes sense and from (22)
as well as integration by parts that

t
ar (6) = / exp {(t — 5)0(6)} AN (). (27)
0
Fixing a r > 2, one finds from (27) that for 0 < s <t <T
2r]

Ejay 9) — a2 (0)]

= E ||fexp {(t — $)0(0)} — 1] a7 (6) + / exp {(t — 7)¢(6)} dM(6)

Yet, using Burkholder’s inequality, we find that

[I () iy (0)[*]
{IeXp{t—S (o)} — 1

</Osexp{—2(s—7)/s |9'z|ar<dz)}dH[M"(e)L
(/:exp{—Z(t—T) /S yefz\ar(dz)}dH {M”(@)L

14
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E

]
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We define

1 [7/¢] H“&H , lp1 AT )
pee(o) = L (e ) = ealxiy = [ e an)
k=0 =1 b
and
| Lre) iz

M0(9 Z zz <Xm_,e,9> [SZQn(fk(Xln)) Wuirepgximny ~ 5k(X“"‘)}

Then, M™<(0) and M™(6) are respectively the evolving and branching portions of the martingale
M™(0). Considering (21) and separating 4" (§) into parts driven by M™¢() and M™*(0), we
find from double use of Hélder’s inequality and Lemma 8 that the evolving part of (28) satisfies

Er[r“() e O]
e(r) {lexp{(t = 9)0(0)} — 11 B ||| [7m(0)]

|
+ (E /St exp {—47‘(75 —7) /Sd1 |9'z|°T(dz)} d H [Mn’e(Q)L ]) 3
. (E {(H [Mn’e(e)}t >2T1D;}r

< I sy £ (Gt 071 Lo 106 = 9000}~ 11 v 161

n 0<7<T

+ (1 — exp {—47"(t - S)/S |9’Z\°T(dZ)}> [(161% v 16]*) (¢ — S)]é}

S M Sup E
n 0<7<T

=

o)

S

1
-

1
T

[, 1)TLA01 V1617 ) (01 0] + 1) (2 = s)}7 (29)

Furthermore, using the last two claims of Proposition 2 and (19), we find that the branching part
of u} (6) satisfies

r

Ls/e)

+n'E Z exp {Z(ks —5) /S |9’z|°T(dz)}

k=1

15



(el -2 [[l#e], J)I])
+exp{—2rt/ |82|‘”F(dz)}

Lt/e]
: (E exp{le/ |0'z|°T (dz) }<,uk LG
S dy

k=ls/e|+1 ]
e

+n"E > exp {21%/5 |9'z|aF(dz)}
(o], -2 {|leeel DY
c(r)(IW'hllo v 1)2

< )? {|exp{<t DO)) — 11

( ] e sup B, 1>T1>

Ls/e]
Z <ﬂk; Ck
k_
L£) , : ’
1 S 7 n r
> @) |+ (Y- 2]) e Bl G0
3 9 0<7<T
Using Jensen’s inequality applied to normalized sums and Lemma 3, we find from (30) that
1 2r
gt | o) -t )]

k=[s/e]+1
c(r)(|Whllos V 1)5 sup E7 [, 1)']

S ST oy ta-aon -1 (5 (12)”
e () ()Y

c(r, a, [T IN(IH Al v 1)7 OEUETE%KM?, 1)"]
<r< 1 a 2
< ; ez (LA[10]%In[6][(t — s)])

£2n

r—1 1
t o r+1 t 2
B o (1]
€ € € €
Piecing together (29), (31) and Lemma 9, one has that

A e e B [T VD) E T 1
B4 [jap (0) — iz (o)) < 2 MDA VDR T (1912

- g2n




Then, using Minkowski’s integral inequality and (32), we find that
L AN T Sl AT AT T
£ [lar - atl,) < ([, B a0 - a2 0F ] ~(a0))

E.dy,a, T, WA t o
clr,Zody, T, [170] )[Nt—sﬁfﬂé({ﬁ—m)
cins € €

IN

Moreover, we find from (33) that

. o(r,E,dy, o, |IT || 17’ hlloc)
sup Er |:||u7||L2(7)] S r—1 (34)

0<T<T eTns

(b) Estimation of A,.

In the sequel, we use * to denote the convolution of functions. By our assumption that
h € S(R%), one finds that ¢ € S(R%) for k € N. We define the function

U-(0) =exp{€(O)T}, VOER" 7R

and the operators

A= (B L Buf = G S 50)= [ eole)gila)dn, keN

lt/e]—1
Lt/EJ
f=t ) A k:brgm{wk} VB f,
1t/e] -1
Tisf = 2] AL k:¥]+1{wsAk} (e 41)esf (35)

for f € L?*(R%;~(df)), with the interpretations that the products go from right to left as one
goes from the bottom. We find by (20) and (22)-(25) that

o7 (0) = / (£(6) + (DY 07 )(6))ds + / (DY 5@ )(6)ds.

Hence, 0}' (f) is given by
t/e]

ZT&/:J (36)
Moreover, we find for 0 < s <t < T that

|07 (0) — 05 ()] < [[Ths — th—s] 07 (O)] + | [tr—s — 1] 07 (6)]
[t/e)

t/e| ~n
+ Y TiFa ). (37)
k=|s/e|+1

17



Yet, recalling (35) and defining

i)

we see that forany § e R4, 0< s < T

and forany e R", 0 <u<ov<T

s t
= wt—l&BleT(lfl)E,Sf(9)7 Vi = ’75-‘ + 17 tey \‘EJ ) (38)
t/e]
[ﬂs wt s @ Z TtlsA;L
I=[s/el+1
lv/e] el
Z Tvll)cas AZsf 9)
k=|u/e]+1

are sums of respectively forward martingale and backward martingale differences. Thus, we find

that
1t/e] ,
- ~n 2 7 7l am
Bl - wdoof) = Y E|[maof] (39)
I=|s/e|+1
e ? w/el 2
B X mfwoof |- X B of|. (10)
k=|u/e]+1 k=|u/e|+1 -

For @w € R%, we define

me () = (L+[-F) 721+ +wf’)2.

X
2

Then, by Minkowski’s integral inequality, classical multiplier theorem [see Stein (1970, Theorem
3.2)], Jensen’s inequality, independence, the assumption on h, (11) and Lemma 3, we find that

B (1B 32|

<

IN

IN

IN

A

=F

E

E

C(dl)E

/Rdl

[ ai@e— =)0+ o) 2 de]

([, a-ir-a+ WP)g”de)Q]
(/Rdlléf( )|‘”mw’f'<1+|'\2>3\|2dw)2]
([ e iotyioc) i)

o dj+2-2y
Blla B g 1

() E (1165111 —2ps0] £ [||f||iw}
(i, (M) -2r12)2 2 |1 3oy (41)

18



for any f € L2 (Q,Pl_,LQ(Rdl;fy(dﬁ))>, where ||| - |||jg,—21)+2 denotes the standard Sobolev
(W2[d172v}+2_) norm. Moreover, using (38), the fact that |1.(f)] < 1, independence, (41) and

recursion, we find that

~ 1
max B2 [ TISA:’ ]
5 (el

< n ~n (|2
< me {etdn, () ay-2142) B [Tyt 3|

= max J{c(dl,(<h>)[dl 29]42) /]R [Ws (1-2)e (9)‘2

[ nss]t

[NIES

+ |Bl71w€T(l—2)e,sﬁg<0) |2] V(de)}i

< e {eld (nria)e (L el (A n-2e9) B [T ]

-

[

= [ﬁjgl?z}i B {C(dh ((h)) s —2y142)e (1 + e(d, <<h>>[d1—2'y]+2)€)l_1 E [Hﬁ?“%?(v)] }2

< c(dy, () ay-2s2)e B [ 1021132, - (42)

Now, in a similar manner to (42), we find from (34) with r = 2 and Jensen’s inequality that

2
max L3 'TUL,;J U, < c(da, <<h>>[dr27]+2)5%E% [Hag”%%v)]
[ 2] +1<k<] 2] L2(3)
=, di, o, [T, (A e, - s
< C( ) 1,04,” ||7<l< >>[d1 27]-&-2)68' (43)
n2
Hence, combining (40), (43) and (36), we find that
2
1t/2) - 3 1
. = r _ 2
|| ¥ g | < fE b O (11 2y
nz 19 19
k=|s/e|+1 L2()
S c(E, dy, a, [T (€h)) s ~24)2)
Jok [||vt ||%zm} < T d=211+2). (45)

Replacing v(df) with (|0]*In|0|)?v(df), noting that v < —(d;/2 + 2a) by the assumption, and
repeating the above arguments, one finds that

c(E,d, o, ||, <§ Didi—2+2) (46)

1
esn

24| [ (ormis) i) <

Now, it follows by (39), (42) and (45) that

3

I [H T)s— ] @suim)] < (8, dy, a, ||F||a<§h>>[d1—2v]+2)58 (FJ _ FJ);, (47)

n

19



Finally, using the bound |¢,_,(0) — 1| < ¢(a, [|T]))(|0]* In |0])2|t — 5|2, (37), (44), (46) and (47),
one finds that

(t—s)+e

Sl ~n ~n C<Ead17a7 HFH7<<h>>d —2 +2)
Bz |6 — o ||%2('y) < T 1 =2
£3n2

(SIS
N
—_—
oM |+
IR

|
E—
™| ®»
|
~_

I
| I |

—~

N

(0.¢]
SN—

(c¢) Estimation of As.
Note that the solution x}'(6) defined by (24) and (23) can be written as

[t/e]
Xt (0) =9 |« TT (A} (s = o, e0)

k=1
and

E: [[{1f — 1o, e—o) ] <

Then, one finds similarly to (48) that

B2 = €21ay) < S50 1T, <é<h>>[d1_w+2>€é [a 5+ (H - Hﬂ  (49)

. VneN, §eR™.

Sel e

N

n £

Therefore, (12) follows from (26), (33) with r = 2, Jensen’s inequality, (48) and (49).

3.3. Proof of Corollary 5. Since a = 2, we find by (28) and (16) that
Sl anse An,e T
B [Ja< (0) — aze (0))" |

S

< gy B [y <exp{—<t—s> / |9'z|2r<dz>} —1)
0<7<T Sd,
.</Osexp{_2(s—7)/s \e'zyQF(dz)}d(T/S |<9'z]21“(dz)>>
+ (/ exp{—Z(t—T)/S |0'Z|2F(dz)}d(7'/s |0'z|2F(dz))> }T

< % OEEETEA% [(p2,1)7] (1 — exp {—Z(t —5) /S |9'z|2f(dz)}>
< WD wup & (21770 - )10 (50)

Replacing (29) with (50), we find similarly to (33) that

T e ] By [T 1A o)
B a7 — a3 | < 1

(- s

— Nl
™M | o+
[

|
JE—
o | ®»
| I
\/

N
| I |



Letting 7 = 2, we then find that for any 5 > 1/4

=, dy, [T, | Rlle) T 1
C( ) Y1, H ||27 H || ) [85@— 8)2
En

e (- 20) v (|- 12)]

=.d r h'h 0 1
< C( ; 1,” ||27H || >[<€2(t—8)2

(R (R

Thus, by Lemma 10, we find that

N|w

(8,2, dy, T, [Wh] )

. ) . A1 N N
Bl sw il | < 8] s jar -] <

0<s<t<T 0<s<t<T efn
Similarly, by (48), (49) and Lemma 10, we find that
: e T CBE du, IT )y 2ag2)
E| su o — |3 < AR . St
LSK%TH t s||L2(7)_ > B

and

. 1 _ e(B,Z,di, 1T, ({h)) i —241+2)
15 su on am2 < ) = ) ) 1—47 .
Lgsgguxt | < o

Therefore, (13) follows from (26), (51), (52) and (53).

4. Appendix: Proofs of Lemma 1, Proposition 2 and Lemma 3. In the current
section we give the proofs of Lemma 1, Proposition 2 and Lemma 3. We realize that similar
results are well-known in a variety of settings and only give them for the sake of completeness.

Proof of Lemma 1. For ¢ € T, we have that

o(X)) — p(Xo) = / Lo(X)ds + My(0).

where M,(p) is an X'-martingale. Then,

t t
(X, ! :%0(X0)+/ Ew(Xs)n;lder/ Nt dM(p)
0 0

Lt/¢)
T Z @(th)nt;l |:1 — &Xp {_(Ytk - Y;fkﬂ)/h(th) +

k=1

(te — tk—1)2<h/h>(th) H .

By the independence of X and Y under P, we find that M;(y) is also an X* Vv Y -martingale so

{fo dM( |yt} = 0. Hence,

t
(e, 0) = (o, ) +/ (s, L) ds
0
1t/e]

+) <utk,90 {1 — exp {—(Ytk —Y;, ) h+ WH >

k=1
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On the other hand, we obtain from the definition of u; and the stochastic continuity of X that
for any continuous bounded function ¢ on R%, and k > 1

<utk, @ [1 — exp {—(Ytk =Y ,)h+ WH >

_ EX {@(th) {1 ~exp {_(Y;tk Y, Yh(X,) + (= tia) (W'h)(X5,) H

2
~f1“p{0z—yan%@n»—<“—thﬁw%xXM}}

1 2
5 ) o i - Y
e {1,y - et

= lim <ut, @ [exp {(Y;tk - Y, )h— W} - 1} >
= <utk—, @ [exp {(Ytk =Y )'h — W} - 1] > , (55)

where E¥ is expectation taken only with respect to X. Further, (55) holds for any ¢ € By (R%)
by the monotone class theorem. Substituting (55) into (54), we get (4).

The uniqueness of y; can be proved by the action of £ on the trigonometric polynomials and
induction. In fact, suppose that {u,t > 0} and {1, ¢t > 0} satisfy (4), and u; = vy for t < ¢, for
some k£ > 0. Note that

- (del |0/ 2|*(1 4 i sign (0'z) tan(%))['(dz) ) e_g fora#l,

Le_g = .
—(fsd 0/2|(1 — 2 sign (0'z) In |0'z])T(d= ))e 0 for a = 1.

From (4), one finds that for any € R, t, <t < tj44

</1Jt7e*9>
_ (e, , €_g) exp {— t—ty) fs 10" 2|*(1 + i sign (0'z) tan(%F ))F(dz)} for a # 1,
(e, , €—g) exp {— fs 10/2|(1 — 2 sign (0'z) In \9’2|)F(dz)} fora=1
= (1, e_g).

Since the set of trigonometric polynomials is measure-determining, p; = v, tp, <t < txy1. Hence,
by (4), we find that p, ,, =14, ,,. Therefore, the uniqueness of p, follows by induction.

Proof of Lemma 3. Let W be a standard R%-valued Brownian motion on (Q, F, ]5) We fix

an ¢ € R and define -
t
2t = exp {miynta) - P
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Then, E|¢i(z)]"] = E[|Z* —1]"] for any k € N. By Burkholder’s, Minkowski’s integral and
Jensen’s inequalities we find that for any 0 <t < ¢

BIZE — 1] < ()| WhILE (/ <Zx>d)g]
<c ||hh||§o{ Z””—l)st)z +5;}
< e(r)|W'h|E { IZx—1|T])§ds)g+55}

< cwnl / 125 - 11]ds + <7},

where we have assumed without loss of generality that » > 2 above. Applying Gronwall’s in-
equality, one then discovers that

sup E[|ZF —1]") < c(r)|[W'h||2e?

0<t<e
and the lemma follows.

Proof of Proposition 2. 'To ease the notation in the sequel, we let & = &;. For p € 7, we
define

e/} 111 | vy |
S Z( i) =i - | cwxqz’”)du)

k: 0 i=1 ty
[

t/e]
+% > 2; <6XZ;:;’ 90> [329” (€r(X2)) Lvirep g ximn} — (X5 )] . (56)
k=1 1=

tp—

Then, we find from our algorithm and (1) that (6) holds. Recalling that the {U**} are independent
and compensating the square of the jumps in the second term of (56), we find that { M7} (©)}i>0
is a cddldg {G'},.,-martingale satisfying (7).

Now, turning to bounding the difference between the quadratic variation [M™()]; and the
expected quadratic variation EV[M"(¢)],, we define

i . 1 . i,n
AP = — <5X§;”—’SO> [Slgn (&(X5)) Liinep e ximyny — Sk(Xe )

n
Letting {fx}22; C R, recognizing the martingale transform, and using Burkholder’s and Jensen’s
inequalities we bound

T

[t/e]
Ell 3 s (M@ - B (M (),.))

k=|s/e|+1
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2 2
| e eI LR
1D >IF1 D SRS E S
k=|s/e]+1 i=1 =1
2 94 2|%
| e o - [l
<anp|| g || 2| ey A
k=|s/e|+1 i=1 i=1
T_ 2 2T
[t/e] 7 e RIS G
)| D f > RE AR BV Y Ak . (57)
k=|s/e]+1 k=|s/e]+1 i=1 i=1

However, defining the filtrations {]:,Z’er}z:l

and {]—',?f_}oo via

m=1

Jq:-m+ K gtk— \/O{Ui7k, 1 < m}’ f}?f_ igtk— \/O’{Ui7k, 1> m}a

(5o (5]

i=1 i=1

we find that

is an {}",?:;}::1 -martingale and m — A%* Z;ﬁn AT* is a backward {.7-",’;1}::1 -martingale for
each i. This means we can again apply Burkholder’s, Jensen’s and 2ab < a® + b? inequalities and
uses the independence of {U"*} to find that

[ e\
E Z Ak | — gU Z Aik Gte—
=1 i=1
Ml ] i . .
() |57 30 B[4 = BY[(A)][+ [2amh 30 a0 g
=1 - =1
2M—H ) . » o
SC(T)HMZC—HT_ Z {EH(AZ’k) [(Alk ” gtk_} Z Az,kAJ,kr"gtk—]}
i=1 =1
oz || i T
< )t 30 (B0 [[(a)’ = [ ]+ - ) (B [ (4)7))
=1

5 ooy -2 [+ (2 [ )
||utk,|| r
< c(r) “N?k—“r_l Z {EU H(Am)Q _jU [(Aug)z} }
(87 [(a])} Poas )

i=1
24




Now, || _|| = n(uf _, 1) and it follows by direct calculation of EV|| (Ai”“)2 — KV [(A’k)2]|’"] that

n
oz -

(m (u 1)) D0 (4= BV (4] |

i=1

_ I i n r—1 M?k_>’¢’2r{|1_3|fk|+2513\T ‘fk’ >:|
= B e ()]

Next, conditioning on o {“Zf}7 using the independence of the increments of Y and Lemma 3, we
find that

n
o |

(1)) 30 [y = B [y

Wh|Zet , .
< WP p 1)) gl (59)

By Lemma 3 and the fact that {EV[(A"%)2]} = (|¢&| — &)~ p? (X)), we find that

n
o5,

gty 30 {8 [y} | < SO g o

=1

Then, substituting (59) and (60) into (58) and (57), we find that

T

Lt/¢]
Bl S i (M @) - BV {IM (0)})

k=|s/e|+1

Lt/<) B

>R

k=|s/e|+1

MR
m
=

c(r)(1h'Allee v 1)

(s, 117 el

0<r<T

3
%

for some constant ¢(r) > 0 independent of dy, do, €, n, t, s, ¢.
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