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Abstract

We study asymptotic stability of the optimal filter with respect to its initial conditions. We show
that exponential stability of the nonlinear filter holds for a large class of denumerable Markov chains,
including all finite Markov chains, under the assumption that the observation function is one-to-one
and the observation noise is sufficiently small. Ergodicity of the signal process is not assumed.
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1. Introduction

In this note, we consider the stability problem of the nonlinear filter for discrete-time finite
or countable state Markov chains. Let (X,,),>¢ be a time-homogeneous Markov chain on the
denumerable space S with transition matrix ¢) = (¢;;)jes. Hereafter we suppose that S = Z,
the integer space, or S = {1,2,...,m} for some m € N. The information about the signal
process (X, )n>0 is obtained through the observation process (Y, )n>1 as follows.

Y, =h(X,)+0oV,, n>1, (1)

where h is a real-valued function defined on S, (V,,),>; is a sequence of i.i.d. random variables
with the density function g, and o > 0 is a constant. For simplicity, (V,,),>1 is assumed to be
independent of (X,,),>0. We suppose that (X,,),>0, (Vi)n>1 and (Y;,)n>1 are all defined on the
same probability space (€2, F, P).
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The optimal filtering problem consists of computing the conditional law of X,, given the
o-algebra FY = o(Yy,...,Y,,), that is, computing 7, := (7,(i),7 € S)*, where m,(i) is defined
by

T (i) =P (X, =i|F)), i€S.
We use D,, to denote the diagonal matrix with D,,(i,7) := A, (i) := g((Y, — h(i)) /o), i € S.
Define
P = DpQph_y, n 21, (2)

where Q* is the transpose of @ and py = u = (u(i),7 € S)* is the distribution of X. By Bayes’
rule, we have that

™ = /sl (3)

Hereafter, we use |lv|| := > ,.¢|v(i)| to denote the total variation norm of a finite signed
measure v on S, and use 7# instead of 7, to emphasize the dependence on the initial distribution
p. Note that (3) is well defined since P(]|p”|| = 0) = 0.

Let p/ # p be another probability measure on S satisfying p << p/. We denote the
corresponding solutions of (2) and (3) by p* and 7/, respectively. Note that (3) remains well
defined P-a.s., since P(||p|| = 0) = 0. Denote by E the expectation with respect to P. Then,
the filter (or the filtering process) is called stable if for any bounded function f on S it holds
that

— 0 asn — oo.

Elxti(f) = (/)| = E

[ famstan) = [ sy (as)

Since the actual initial distribution of the signal process (X,,),>0 is rarely known, it is important
to study the stability of the filter from an applications point of view.

Recently, there is an increasing interest in considering the stability problem of the nonlinear
filter for Markov signals. The first result was obtained by Ocone and Pardoux (1996). They
used results of Kunita (1971) to show that the optimal filter forgets its initial distribution in
an LP sense when the signal process is ergodic. However, the paper doesn’t provide a rate of
convergence and needs to be revised, in view of the recently spotted gap in the proof of Theorem
3.3 of Kunita (1971) (see Baxendale, Chigansky and Liptser (2004) and Budhiraja (2003)).
Some new approaches based on, for instance, the Hilbert projective metric and the related
Birkhoff’s contraction coefficient (Atar and Zeitouni (1997a, b)), the semi-group techniques
and Dobrushin ergodic coefficient (Del Moral and Guionnet (2001)), have been introduced to
study the stability problem. Most of the known results, under different assumptions, lead to
the stronger exponential convergence of the total variation norm (in this case, the filter is said
to be exponentially stable):

1 /
limsup —log |7 — 7l || <0 P —a.s. (4)

n—oo n



We refer the interested readers to Atar and Zeitouni (1997a, b), Baxendale, Chigansky and
Liptser (2004), Chigansky and Liptser (2004) and Chigansky (2005) for the recent results on
nonlinear filtering for ergodic signals on finite or compact state spaces, and to Atar (1998),
Budhiraja and Ocone (1999), LeGland and Oudjane (2003) and Stannat (2004a, b) for the
cases of non-ergodic signals or noncompact state spaces.

In this note, under the assumption that A is one-to-one and o is sufficiently small, we show
that (4) holds for a large class of denumerable Markov chains (X,,),>0, including all finite
Markov chains. The main results, Theorems 2.1 and 2.2, and some examples are given in
Section 2. The proofs of the main results are given in Section 3.

2. Results and examples
To simplify notation, in the sequel, we respectively denote pt, 7#, pg', w;;’ by pns T, Pl -

Theorem 2.1. Let (X,,),>0 be a Markov chain on Z with the transition matrix @ = (gi;)i jez
and the initial distribution p. Define the observation process (Y;,),>1 by (1). Suppose that the
following conditions hold.

(i) There exists a sequence {ay}32 . of nonnegative real numbers such that

(o]
Qitki < ay forall ¢,k €Z and Z ap < 0.

k=—o00
(ii) Define
Oy = {(io,il, .. ) : ij S Z,qim“ > 0,Vj > 0 and M(Zo) > O} (5)

Then, there exists a constant K such that for any path (g, 1,...) € Qx,

n—1
1
liminf — [log H qij,in] > K.
§=0

n—oo Mn

(iii) There is a constant ¢ > 0 such that for any i,j € Z,i # j,
(i) = h(j)] = c.

(iv) The density function g is bounded on R satisfying [~ |log(g(z))|g(x)dz < oo and
limg—o0 g(z) = 0.
Then, for any probability measure i/ on Z satisfying u << y’, we have that

1
lim limsup — log |7, — m,|| <0 P —a.s.
n

=0 poco

Theorem 2.2. Let (X,,),>0 be a finite Markov chain on {1, ..., m} with the initial distribution
. Define the observation process (Y;,),>1 by (1). Suppose that h is one-to-one and g satisfies
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condition (iv) of Theorem 2.1. Then, for any probability measure p’ on {1,...,m} satisfying
<< ', we have that

1
lim limsup —log |7, — m,|| <0 P —a.s.
n

=0 pnoco

Remark 2.3. (i) Suppose that there exists an integer M > 0 such that for any ¢ € Z,{j :
¢i; >0}y C{j:|j—1 <M} Define

SRR
W = 0, otherwise.

Then, condition (i) of Theorem 2.1 is satisfied.

(i) If a :==inf{g;; : ¢;; > 0,4, € Z} > 0, then condition (ii) of Theorem 2.1 is satisfied with
K :=loga.

(iii) The counterexample given in Kaijser (1975) (see also Example 5.1 of Chigansky and Liptser
(2004)) indicates that if the observation function h is not one-to-one, then the filtering process
can be unstable even if the signal process is ergodic and o = 0.

(iv) Condition (iv) of Theorem 2.1 is satisfied for a large class of functions such as the density
functions of normal, uniform and Pareto random variables, etc.

Remark 2.4. Here, we recall some known results on the exponential stability of the nonlinear
filter for discrete-time finite Markov chains. Let (X,),>0 be a finite Markov chain with the
transition matrix (). Suppose that the observation process (Y,),>1 is defined by (1). If (X,,)n>0
is ergodic and (V,,),>1 is a sequence of i.i.d. standard Gaussian random variables, then

(i) If all the entries of @ are strictly positive, then the filter is exponentially stable (see Theorem
1.2 of Atar and Zeitouni (1997a)).

(ii) If o is sufficiently small and there exists a state i such that {j : h(j) = h(i)} consists of a
single point, or if ¢ is sufficiently large, then the filter is exponentially stable (see Theorems
1.3 and 1.4 of Atar and Zeitouni (1997a)).

(iii) If h is one-to-one, then the filter is exponentially stable. This result also holds for more
general observation noise (V,,),>1 (see Lemma 4.1 of Chigansky (2005)).

In the following examples, all the filtering processes are exponentially stable under the
assumption that h and g satisfy conditions (iii) and (iv) of Theorem 2.1.

Example 2.5. (Simple random walk) Let the Markov chain (X,,),>0 in Theorem 2.1 be a
simple random walk on Z, i.e. (X,,),>0 is a Markov chain on Z such that

qii+1 =Dy Gii—1 = 1 - D, VZ € Z7

where 0 < p < 1 is a constant. Then conditions (i) and (ii) of Theorem 2.1 are satisfied. Note
that the transition matrix () doesn’t satisfy the “non-mixing” condition in Chigansky and
Liptser (2004). Since (X,,)n>o is periodic and even transient if p # 1, (X,)n>0 is non-ergodic.



Example 2.6. Let (X,,),>0 be the Markov chain on Z with the transition matrix Q) = (¢;;): jez,
where

qoo = 1,
o =p", g =1-p" ¥n#£0,0<p<1.

Then condition (i) of Theorem 2.1 is satisfied with the sequence {a; := p/*|,k € Z}. In the
following we show that condition (ii) of Theorem 2.1 is also satisfied.

Let Qx be defined as in (5). For any path (ig,i1,...) € Qx, there are two cases:
Case 1. There exists a jo € Z4 such that 7;, = 0. Then, by the definitions of ) and Qx,
i; =0,Vj > jo and thus g;, =1,Vj > jo. Hence

n—1
|
hrrlriggfﬁ lloqu%‘viHl] = 0.

Jj=0

7Z'j+l

Case 2. There exist an ¢ € Z\{0} such that i; =4,Vj > 0. Then

n—oo M n—oo Mn

n—1 n—1
1 1 4 ‘
liminf — [log H qiﬂ-jH] = liminf — [log H(l - pl)] = log(1 — Py > log(1 — p).

j=0 7=0

Set K :=log(1 — p). Then condition (ii) of Theorem 2.1 is satisfied.

Example 2.7. Let (X,,),>0 be the Markov chain on Z with the transition matrix @ = (¢i;)i jez,
where

qoo = 1,

nn—1 = Py Qnn—2 = p27 <oy Qnl = pnila qno = pn’ Qnn = 11— Zpia
=1

1
qQ—n,—j = Qqnj, VnZl, OS]STL, 0<p<§

Similar to Example 2.6, one can show that conditions (i) and (ii) of Theorem 2.1 are satisfied.

3. Proofs
Proof of Theorem 2.1. By Lemma 2 of Atar and Zeitouni (1997b), we have that

lon A Pl
(6)

1700 — moll < T
T el

where p, A pl, is the matrix with entries
(on A ) (05 5) = pu(@)pi(7) = pu(G)P(4), Vi, j € Z
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and

lon APl =" (o AP, 5) =D (pn A P (i, ).

i,jE€Z 1#]

First, we show that

hm lim sup — log lpn A Pl = —o0. (7)
n

n—oo

By (2), we have that

puli) = ( > peili+ k>q> o (2

k=—oc0
Then

/

(o A py,) (1 P (3) = puld) Py (7)

. < Z . ) ( i G l)qﬂj) , (Yn —Oh(z')> . (Yn _Jh(j)>

k=—o00 l=—o00

_ (Z pr-1(J + l)%+m) ( i P (i + k)q,-+k7i> g (Y"_Th(])) g (Yn—Th(Z)>

l=—00 k=—o00

=9 (Yn _Uh(i)) g <Yn _Uh<j)> [ f: Qith,iGj+,5Pn1 (1 + K)ply_y (7 +1)

k,l=—oc0

Z Qj-‘rl,jQi-‘rk,ipn—l(j + Z)P;L—l(i + k)

lk=—o0

= () (1) S devtstyets (s Ao )i kg D) )

k,l=—oc0

Denote the supremum norm of g by ||g||oc. Then, we obtain from (8), conditions (i) and (iii)
that

lpn A
= D 1o A ) (i 5)]
]
> Gikiirri (o A gy )i+ E,j+ 1)

o (M) (B2MD) S s Al i+ D)

] k,l=—o0

IN

6



_ 53CMWEZQ(K“;M0)9<Kf;Mﬁ>K%qﬂwLJ@+kJ+UI

kl=—o0 1#£]

< lgllos <| sup. |g(x )\) (Z ak> [on—1 A Py ll-

—20‘ k=—00

By induction, we get
n

lon A pull < | 19l ( sup Ig(x)l) (Z ak) oo A Pl (9)

"ﬂzg k=—o00

It follows from (9) and condition (iv) that

lim lim Sup log lon A P

=0 poco

2
- - 1
< lim limsup |log | [|g]|e ( > ak> + log ( sup !g(w)l) + —log|lpo A pi

o—0 5500 e — oo ‘w|_%

= —00.

Next, we show that

imsup (<ol ) < <K + [ [logloaDlsto)te P (10
For n > 1 and i € Z, we have that

pa(D) =D polio)Gigsis -+ Gin i D1 (1) -+ Loy (i) ().
§0reensfin—1

Then

onll = pali) = pu(Xa) = po(Xo)dxo.x, ++ €xusxn D1 (X1) -+ An(X,), (11)

i€Z

where
Aj(X;) =9(V;), 1<j<n. (12)

Let Qx be defined as in (5). Then, one finds that P o X !(Qx) = 1. Thus, we obtain by (11),
(12), condition (ii) and the law of large numbers that P-a.s.,

li f—1
+17Ilr_1)£ nog(Hg )

n—1
1
liminf —log ||p.|| > llmlnf— [loquX X1
n—oo N
j=1

n—oo M

> K- / [ Tog(g(x))\g(z)dz.



Hence (10) holds.

Note that
il =" P, (6) = P (Xn) = p(Xo)xouxs « Gy xn D1 (X1) -+ A (X).
i€Z
Define
QiX = {(io,il, .. ) : ij S Z7qij,ij+1 > (0,Vj >0 and /L/(Z[)) > O}

Since u << i/, Po X }(Qy) = 1. Similar to (10), one can show that

lim sup (—% log ||p'n||) <K+ [ losy@lgeds P -as (13)

n—oo o0

By (6), (7), (10) and (13), we find that P-a.s.,

1 1
lim lim sup — log [|m, —m,[| < lim limsup —(log||pn A p,,[| = log || pnl —log [[,,]])
n

n
=0 pooo N =0 poo

= —OO’
which completes the proof.

Proof of Theorem 2.2. Define ¢ := inf{|h(i) — h(j)| : 4,5 € {1,...,m},i # j}. Since h is
assumed to be one-to-one, ¢ > 0. For i, j € Z, define

_ ) oay, ifijedl,... m},
@i = 0, otherwise.

Moreover, define p,(i) =0 for i € Z\{1,...,m} and n € Z,. Then, for i = 1,...,m, we have

that
pali) = ( Z_ Pn—1(i + k) Cjiﬂm') g (YYL_Th(Z)) )

k=—m+1

Similar to (8), for any ¢,5 € {1,...,m}, we have that
(on A PR, )

=g (M) g (B [ S Gttt Ay )i+ kg4 D)

g g
kl=—m+1
Then
Y, — h(i Y, — h(j “ o
VAR S = T U())[ > Mows s+ b5+ 1)
i#j kl=—m+1

|x|220

< m(m—1)|gll ( sup Ig(x)|> lon—1 A P ll-
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Similar to (5), define
Qx = {(io,il, .. ) : ij S {1, . ,m},qim“ > (0,V7 >0 and M(ZQ) > O}
Then, one finds that P o X'(Qx) = 1. Define o := inf{q;; : ¢;; > 0,4,5 € {1,...,m}}. Then

a > 0. Thus, for any path (ig,i1,...) € Qx,

1 n—1
lim inf — [log H Qi i

n—oo M :
j=0

> loga.

The remainder of the proof is similar to that of Theorem 2.1, we omit the details here.
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