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1. Introduction

Let (X1, X9;), 1 <i < n, be independent and identically distributed (iid) nonnegative random
vectors, each having a bi-variate distribution function (d.f.) F(-,-) and representing a bi-variate
failure or survival time, such as those for ‘twins’ or two components of the same machine. Suppose
further that these vectors are subject to random censoring from the right by another, independent
set of iid random vectors (Y1, Ys;), 1 <14 < n, each having d.f. G(-,), so that we can only observe
(014, 02i, Zix, Z2i), 1 <1 <mn,where d;; = 1{X;; <Yj;}, Z;; = min(X;;,Y}:), j=1,2, 1 <i<mn,and
1(A) denotes the indicator function of the event A. Our goal is to estimate F'(-,-) or equivalently,
its survivor function F(-,-) := P{X; > -, Xy > -} based on the observed data, i.e., to obtain the
bi-variate version of the celebrated Kaplan-Meier estimator.

This problem has a surprisingly long history; see Prentice et al (2004), Gill et al (1995) for
more references. Notable among the estimators are those derived by Dabrowska (1988) and van
der Laan (1995). Note that the former can assign negative values to some events whereas the
latter is inexplicit, although asymptotically efficient under some strong conditions such as complete
observation of the censoring variables. Gill et al (1995) show that three estimators proposed in the
literature, including that of Dabrowska (1988), are efficient under complete independence (of all the
X’s and Y’s) and continuity.

In Section 2 of this paper we show that a bi-variate (in fact, multivariate) survivor function
is an eigenfunction corresponding to eigenvalue unity of the cumulative hazard function (looked
upon as an integral operator). The estimator is then obtained in Section 3 as a solution to the
empirical version of the eigenfunction equation, which is a matrix eigenvector problem. Section 4
gives the general solution to the eigenfunction problem. In Section 5, the estimator is linearized by
the functional A-method, and its influence function is shown to be asymptotically efficient.

It must be mentioned that one version of the empirical matrix eigenvector problem (Eq.(2.1),

Section 2) was also obtained by Prentice et al (2004). However, their solution was incorrect.



2. The integral equation

Let F(zy,...,2m) = P{X1 > x1,...,X,, > ,,} be the survival function of an m-dimensional
random vector X = (Xy,...,X,,), m > 1. Then F(-,...,-) satisfies the integral equation
_ _ dF (t1,. .. tm)
F(xi—, ..., xp— :/ Fti—, ... tym—)= = 2.1
( ! ) [£1,00) X+ X [Ty ,00) ( ! )F(tl—,,tm—) ( )

Let us look at m = 2 only for the sake of convenience. Now for censored data, we have

AF(tta) 7@(t1—,t2—)7dF(t1,t2)
F(ti—,ta—)  Gt1—,t2—)F(t1—,ta—)’

where G(+, ) is the censoring distribution. Thus Eq.(2.1) becomes

_ dH (ty,t5)
Fa;—,a;—:/ Fti— ty— ) 72 2.2
( ! 2 ) [z1,00) X [22,00) ( ! 2 )H(tl—ﬂfg—) ( )

and F'(-,-) can be estimated as a solution to the empirical version of Eq.(2.2):

_ dHM (ty,t5)
an—,x—:/ Bty —, ty—) e P 72) 2.3
( ! 2 ) [x1,00) X [22,00) (1 2 )Hn(tl—,tg—) ( )

where as usual, H (t1,to) = n =10 01:00:1{Z1; < t1, Zoy < to}, and H, (t,ts) = n 1 S0, 1{Z; >
t1, Zai > ta}.

Equations (2.1) and (2.3) obviously represent eigenvalue problems, i.e., F'(z,—, 15—) and F,(x1—, z5—)
are eigenvectors corresponding to the eigenvalue 1 for the integral operators [|. o)y, o) (dF (t1, ty)/F(ti—, ta—))
and J|. ooyxp.o0) (AHL (t1, t2) / Hy(t =, t2—)), respectively.

To solve Eq.(2.3), we may assume that the estimator gives mass p; > 0 to the observation
(Z1iy Z2i), 1 <1< n,so that

Fy = Fo(Z1i—, Zoi—) = >_ aijp;,
=
where

1 if le 2 Zh', ZQ] 2 ZZ’L'
;5 = .
/ 0 otherwise;

Further, let bl = AH,rlll(Zli, ZQ@)/Hn(le_a ZQz_) = n_1511(52i/[:[n(Z1i—, Z27,_) Then EQ(23), with

r1 = Z1iy To = Lo, 1 < i < n, may be rewritten as

n
doap; =
j=1

Fo(Zip—, Zogp—)airby,
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Equation for p = (py,...,p,). In matrix notation, Eq.(2.4) becomes

Ap=ABAp, > pi =1, (2.5)

i=1
where A = ((a;5)), P = (p1,--.,pn), B =diag (by,...,b,). Now order (Zy;, Zy;), 1 <i <mn, in the
increasing order of the first coordinate, i.e., as (Zy;.p, Z[gim]), 1 <1 <n, where Z11.,, < -+ < Zinm
and Zpp;.,;, 1 <4 < n, are the corresponding concommitants. Then, with any suitable convention

for breaking ties, A becomes an upper-triangular matrix, i.e.,

0 ifj<i
lor 0 ifj>i

Note that for univariate ordered data, a;; = 1 for all 7 > 4. Thus A now becomes invertible, and
Eq.(2.5) becomes
p=BAp, Zpi =1. (2.6)

=1

REMARK 2.1. Equation (2.6) is also obtained, by a different heuristics and in a more complicated
form, by Prentice et al (2004), as follows: they start with the motivation, theoretical hazard =~

empirical hazard. This leads to the equation
Pi -1 7 _

- =N 51i52i/Hn(Zli_7 Z2i_) = by,

Zj:l Qi;Pj
which is exactly Eq.(2.6). However, they put a;; = 1 — d;;, where d;; = 1{Z; < Zy; or Zsj; < Zy;},
and rewrite the equation as (I+BD)p=b, where b = (by,...,b,). Further restriction to only the
non-zero components of b, say b = (by,...,bs), and the corresponding p = (p1,...,ps) gives an
equation of the form

Ap =1,

where 1 = (1,...,1). From this they conclude that there always is a solution for p in Eq.(2.6), and

the latter is unique. Section 2 below shows very clearly that neither conclusion is true.

Equation for F = (F},..., F,). Since obviously F = Ap, and also

_ _ dHM (ty,t5)
1=ﬂoﬁ&—:/ Fo(ti— to—) =—————=,
( ) [0,00) % [0,00) (h=t2 )Hn(tl—, ta—)

we may write Eq.(2.5) alternatively as

F = ABF, Y bF, =1, (2.7)

i=1



3. Solutions to Equations (2.6) and (2.7)

Equation (2.6). Put 61;05; = ;. Under the ordering that led to Eq.(2.6), we then have BA =
((bias;)), where

0ii; B 0iij _ 0; i
nH,(Zvi—, Zoi—)  Sopey W > Zviy Zog > Zoi} Do ik

biaij =

In particular, BA too is upper-triangular with diagonal elements (b; = 6;/ > 1_; ay, 1 < i < n),
which are of course the eigenvalues of BA. Hence there are three possibilities with Eq.(2.6):
1) b, = 1 FOR SOME ig, b; < 1 FOR i # ip: UNIQUE SOLUTION.

This is equivalent to 6; = 1, a;x = 0, k > @, uniquely for i = ig. In this case Eq.(2.6) has
only one linearly independent solution p (i.e., the eigen-subspace of BA for eigenvalue 1 has
dimension 1), hence a unique solution with > | p; = 1. This solution is obtained as follows:
without loss of generality (WLOG), assume ig = n, i.e., b, = 6, = 1. (If ip < n, interchange
Row-ig and Row-n in BA.)

Then we have, for 1 <i<n—1,
n
pi=b; Y ayp;,
j=i

which gives

b; "
pi = T > ayp;
i j=it1
= ¢ [L+> ayej+ ) > aiagcicr+
7> 7> k>i
+i 1041042 - - - An—27—1Cit1 - - - Cn—1| Dn, (3.1)

where ¢; = b;/(1 — b;) = 6;/(nH, (Z1;—, Zayi—) — 0;), 1 <i<n—1, and

n—1
1+ Z ¢ + Z CiCjQy + Z CiCiCLQ;; ik + .-

1=1 1<j 1<j<k

“+cp... Cp—1a12a23 . .. an_g,n_l] (32)

Note that we got Eq.(3.2) using the condition > | p; = 1.

In the univariate case, a;; = 1 for j > i so that b; = §;/(n —i+ 1), and

pn = I [14¢] = ?;f[l—bj],
pi = apallj=iall4¢] = BT -0, 1<i<n-—1,

which is exactly the Kaplan-Meier estimator.



2) b = 1 FOR i € I, WHERE [ = {iy,...,i.}, 7 > 2, AND b; < 1 FOR i ¢ I: MULTIPLE
SOLUTIONS.

In this case we do not have a unique solution to Eq.(2.6), satisfying >" ,p; = 1, but r > 2
linearly independent solutions. We can, however, enforce a unique solution by imposing the

restriction
pil R pir‘ (33)
Assume as in Case-1 that i, = n, WLOG. Note that ¢; = b;/(1 — b;) is not defined for i € I,

but by Eq.(3.1)—(3.2) it is clear that Eq.(3.3) is ensured if we let ¢; = 1, ¢ € I. Thus the
modified solution is again given by Eq.(3.1)—(3.2), putting ¢; = 1, a; =0, k > 1, fori € I.

3) by <1 FOR 1 <i<mn: NO SOLUTION.

In this case 1 is not an eigenvalue of BA, and Eq.(2.6) has no non-zero solution. We can,
however, produce a pseudo-solution that leads to a defective estimator, i.e., one satisfying
>y pi < 1. Augment the vector p = (p1,...,pn) to P = (P1,. .., Pny Pnt1), the matrix B to
B = diag (b1, ..., bn,byyr1) where b, 1 = 1, and the matrix A to A= ((aij)) (n41)x(n+1) Where
Aipe1 =1for 1 <ie<n+1, ayy1; =0 for 1 < j < n. Then the equation

p=BAp

obviously satisfies the condition of Case-1 with n replaced by (n+1). Hence its unique solution
is obtained from Eq.(3.1)—(3.2) with n replaced by (n + 1). Note that in this solution p,1

represents the excess mass and (py, ..., p,) the defective estimator.

In the univariate case defective estimator is obtained when 9, = 0, and the excess mass is

given by (following Case 1)

o1 = /T2 [1 + ¢
= ?:1[1 - b]] =1- ?zlpia

Equation (2.7). To avoid unnecessary repetitions, let us consider only Case-1, namely, b, = 1,

b; < 1for 1 <i<mn-—1, which gives a unique solution. Eq.(2.7) can be written as

Fi = Zaijbjﬁ’j, 1 < 1 < n,

j=i

which in this case leads to the solution

Fio= (1=0)7" Y aybF

j=it+1

= (L=b)7 |1+ age; + D0 ayauccr +
7>t >0 k>i

F 41 0ip 1,342 - Op—20—1Cip1 - - Cp—1) Iy 1 <0< =1, (3.4)



where, as before, ¢; = b; /(1 — b;) = 0;/(nH,(Z1i—, Zai—) — &), 1 <i <n—1, and

n—1
Fo = 1/{14) e+ cca+ Y cicicpaijaz, + -

i=1 1<j 1<j<k
+C1...Cp_1Q12003 . . . an_gm_l] (35)

Note that we got Eq.(3.5) using the condition 37, b;F; = 1.

4. General Solution to the Eigenvalue Equation (2.1)

Let us consider the general eigenvalue problem in Eq.(2.1) above:

(o) = [ 10z a0 35, (4.)

with the initial condition ¢(0) = 1. Here ¢t = (t1,%2) and x = (21, ) represent vector variables, and

the inequality is defined in the coordinate-wise sense.

Uniqueness of the solution. Since F(x—) is always a solution to Eq.(4.1), it is clear that we have
a unique solution, under ¢(0) = 1, if every solution is of the form c¢F(x—), i.e., the eigen-subspace
corresponding to the eigenvalue 1 is of dimension 1.

However, it is not hard to see that uniqueness fails if there are more than one point x satisfying
0 < P{X =z} = P{X > x}, because for every such point Eq.(4.1) is of the form: ¢(z) = ¢(x).
Note that in 1-dimension there cannot be more than one such point. Hence we have the following

result:
THEOREM 4.1. Denote Ap(z) = P{X = z}, and suppose that the set,

N(F):={z|0 < Ap(z) = P{X > x}},

contains at most one point. Then every solution to Eq.(4.1) is of the form ¢(x) = cF(z—).

PRrOOF: Put r(x) = q(z)/F(x—), then Eq.(4.1) can be written as

_J{t > 2}r(t)dE (1)
~ e

r(z)

First assume 7(z) is a simple function, of the form r(z) = %, ¢;14,(z), where U;4; = IR?, A; N
Ay = for j # j. Then the equation further reduces to: ¢ = Z;‘le ¢jpj(x) for x € A;, where

pi(x) = P{X € A;N[x,00)}/F(z—), so that 35_, p;(z) = 1. Further, for all z & N(F), p;(z) > 0

k

for at least two indices 1 < j < k. Now we have 0 = >°7_,(¢; — ¢)p;(z), hence taking ¢; = min; ¢;

we get ¢; = -+ - = ¢,. The case of a general r(z) follows.(??)0



Solution in 1 dimension. In 1-dimension we may write Eq.(4.1), for any M > x such that
F(M—-) >0, as

dF(t)
F(t-)
= F(M—)+i/-~/1{M>tn2m >t >} F(M-)

iterating the previous equality; (4.2)

Flz—) = /1{M St > e} F(t-) +F(M-),

dF(t,)  dF(t))
F(t,—) F(ti—)

now using the initial condition F(0—) = 1 we get

-1

so that
.. dF(t)
" F(ti-)
tn) " dr(h)
(tn F(tl_)

1+2;;°:1f---f1{M>tnz--
L+ [ J M >ty > -

| \/

F(z—) =

(4.3)

"lj\& ’11\&.

o}
0}

| \/

EXAMPLE 4.1. If F(x) =1—¢e** 2 >0, A > 0, then ?I(Z_ = Adt, and Eq.(4.3) reduces to, for
any M > z,
_ M —
Py = PO — )
exp(AM)

= exp(—Az).

Solution in 2 or more dimensions. In 2 or higher dimensions Eq.(4.2) no longer holds because
of the loss of the linear order in these dimensions. However, denote M > z if M; > z; with strict

inequality for at least one j = 1,2. Then for any M > x with F'(M—) > 0,
Fy(z) = P{M > X > 2}, F(z) = Fy(z) + F(M—).

Then obviously limy; ..o Fys(z) = limy oo Fiy(z) = F(2), and for M > z,

_)1+§/.../1{M>tn2 >t1>a:}
1

Fi(a—) = /1{M>t2x}FJ\J/}(t—)

AF(t,)  dF(h)
Fita-) " Fiy(ti-)

iterating the previous equality. Next, using the initial condition Fy;(0—) = F(M—) + F(M—) we
get

n _ [1+Zzo:1f"'f1{M >ty 22l 2 ZL‘} dF(tt:)) pjlti(ttllz)]
Fyp(z—) = [F(M =) + F(M~)]

ESNEIHUESSSIEE S




Hence finally,

Z L+ [ J UM >ty > o > 1y > w280

F(x—) = lim F}, = lim Fltn— Fltio)!
(z=) = M—0o0 mle=) = M—oo 145 [ [I{M >t, > >t > 0} dF(t") : ;‘fﬂ(fi))
(4.5)

EXAMPLE 4.2. Let F'(x1,z9) = Fi(x1)Fy(x3), where Fj(z) = 1—e~%7, j = 1,2. Then the right-hand
side of Eq.(4.5) reduces to

. [i Al o)) e = aW] / [i (M) (AzMz)T]

M—oo —0 r! o rl l
= e—>\1$1€—)\2m2 lim <[i 6_)‘1(M1—3U1)6—A2(M2—x2) ()‘1 (Ml - xl))T ()\Q(MQ — ZL‘Q))T‘| /
M—oco = o] -
i e*)\lM1ef)\2M2 (/\1M1)r ()\2M2)r
r=0 rl r!

e MTeTNm2 — P15y 1y),

since the limit in the first equality above equals one. (77)

Alternative form of solution. Consider only the 2-dimensional case. Take M > 0 and a partition
0=s510 <5811 <+ <818y =M, 0=59 < 591 < -+ < San, = My. Then a discretized version of
Eq.(4.4) for this partition would be

E; =Y FiA;, ZFA =1 (4.6)

j>1

where 7 = (Z.laiQ)a .] = (j17j2)7 1 S Z.lajl S Nla [ = 1727 F’Z = F(Sli1;82i2)a and

A, = dF(t)/F(t—).

[5157 581,57 +1) X [5255 152,50 +1)

Now Eq.(4.6) can be solved as in Eq.(3.4)—(3.5) to get

(1—A)™ {1 + Yot N > o > o> > i} A TAL
=, ; (4.7)

Fi= .
1+Zr211{N>j7'>“'>j1}1_XjT"' —Aj

Letting the partition-size go to oo we get the following expression from Eq.(4.7) (remember that

a > bif a; > b; with strict inequality for at least one j = 1,2):

_ 00 dF (ty,) dF(t1)
. (1— Ap(z)) 1[1+Zn:1f---f1{M>t > o>ty > Rl AR

M—o0 L+ S 1{M >ty > > 2 O}ldiznt)n) 152(;%81)

Y

(4.8)
where Ax(z) = [(,y dF(t)/F(t—). The equivalence of Eq.(4.5) and (4.8) can be seen via the well-
known expansion: (1 —z)™' =14z + 2%+ --- for |z| < 1. Eq.(4.8) was also obtained by Prentice

et al (2004) in an incorrect form.



5. Influence function of the estimator

Note that Equations (2.3)—(2.6) and their solutions are completely dimension-free, i.e., is valid
for A; := (0145, 0mi)y Zi = (Zi4y. ..y Zmi) for m > 1, with the definitions §; = = IIj%, 0; and
ay. = 1{Z > Z;} where the inequality is defined in the coordinate-wise sense. Hence in this section
we shall use scalar notation also for vector variables, with the above interpretation.

Now to derive the influence functions for the estimators F,(x) and [ pdF, for a given o(-), let
P denote the distribution of (d, Z) and P, the empirical distribution of (¢;, Z;), 1 < i < n. Also, let
T,(P) := F(x—), T,(P) := [ pdF, and let T,,(P,), T,,(P,) be their estimators, respectively, obtained
via Eq.(2.6). Thus we rewrite Eq. (2.2) and (2.3) as the eigenvalue problems

T.(P) = /1{t>x}Tt( )dH(H<>>

nr) = [rezaneE)gel 0

with the initial conditions To(P) = 1, To(F,) = 1.
Note also that, for a function ¢(-) satisfying p(x) = 0 if & [0, 7] for some 7 with H(7) > 0,

dH" (1)

i)
nn) = [eone)gl )

T,(P) = [¢®T(P)

Section 4 shows that the functional T}, (P) = T,,(H', H) is Hadamard differentiable, i.e.,

lim [T, (H" + eh!', H + eh.) — To(H", H)] /=

e—0

exists if hl* — h'', h. — h, in the domain of sub-probability measures on R'}".

The influence functions for T,(FP,), T,(FP,) can now be derived as

Lo(Py) =Y 1.(6:,Z;) /n = lir%[Tx(P +e(P, — P)) — T,(P)]/e, (3)
i=1 o
and L,(P,) = Y1 1,(0;, Z;) /n similarly.
Now let P.,, = P+¢(P, — P) = (1 —¢)P + ¢P,, and note that

HL(t) = H"(t) corresponding to P., = (1 —e)H"(t) + cH)'(t),

H.,(t) := H(t) corresponding to P., = (1 — &) H(t) + eH,(t).
Then from Eq.(10),

lim[7T,(P.,) — T.(P)]/¢c

e—0



= llm 1{t >z} |T}(P:

dH (1) dHY (1)
D e ] e
~T(P)) dHL (1)
€ H.,(t-)

T,(P.
_ lin%/l{t > gy LiFen)

i [ 140> amie) | g - G0 e o
Since
[qﬂs}n(t) A (Ui i) d
He,(t=)  H(t=) (L—e)H(t=) +eHu(t=)  H(t—=)]""~
it follows from Eq.(13) that the influence function L,(P,) of T,(P,) = F,(x—) satisfies the linear
equation
L(P) = [1{t=a)L(P )%
1= oy (py ) (22_@—;( J A0,
since T;(P) = F(t—), this simplifies to
Lu(P) = [ 14t 2 aba(R) s = [ 140 2 0} [dg(;f? ~ () g@@] 5
Further, using Eq.(2) the influence function L, (P,) of T,(P,) = [ ¢dF, is given by
Leo(Pn> = lii%[Tw<Ps,n) - T@(P)]/g
= i [ (0 [T 7~ TP ) e
~ [eone g
v f ol | G - Aty ©)

Now from Theorem 4.1, Eq.(5) does not have a unique solution in general, because the corre-

sponding homogeneous equation, [(x) — [ 1{t > x}(t ) = 0, has the general solution cF(z—)
for any scalar ¢ (i.e., F((z—) is the eigenvector spanning the 1-dimensional eigenspace).

However, a unique solution, which gives the unique influence function, is obtained if we impose
the initial condition Ly(F,) = 0; this is the natural condition to impose in view of the uncensored
case, where we know that .

L,(P) =n"") 1{X; >z} — F(z—).
i=1
Thus in view of Theorem 4.1, and focusing only on the special case where F(), G(-) have

densities f(-), g(+), we rewrite Eq.(5) as a Volterra integral equation:

- / Lo(P)K (z,dt) = z,(z) (7)
Lo(P) = 0, (8)

10



where

K(z,dt) = 1{t > 2}dF(t)/F(t), K(0,dt) = dF(t)/F(t)

and

o) = [ 10z 0| 0 - a0 D).

THEOREM 2. Under continuity of F(-), G(-), the influence function for T,(P,) is asymptotically
efficient and is given by the unique solution to Eq.(7)—(8):

Lo(Pn) = ax(Py) — F(x)GO(Pn)

where

0P = 2u@) 3 [ [ ) @) K ) )

PROOF: It is easy to see that the infinite Neumann series in a,(P,) is convergent, so that a,(F,) is
finite, and it is a solution to Eq.(17). In view of Lemma 1, a general solution to Eq.(7) is therefore

of the form
LS(P,) = a.(P,) + cF(z).

Setting L§(P,) = 0 gives ¢ = —ao(P,), hence the unique solution to Eq.(7)—(8) is given by L,(P,).

As for asymptotic efficiency, L,(P,) obviously belongs to the closed linear span of the empirical
process {z,(x), * > 0}, which obvioulsy belongs to the tangent space of the model at P, hence so
does L,(P,).

To complete the proof, we need to verify Eq.(3.7), Theorem 3.1, of van der Vaart (1991), which
in this case boils down to

AL, (P,) =n"") 1{X; >z} — F(x), (10)
i=1

where A is the score operator:

and
is the dual of A.

To verify Eq.(10), note that L,(P,) is of the form L,(P,) = >, L.(;, Z;)/n. We thus need to
look only at

E[L.(0;, ;)| Xi] = Ela.(9;, Z;)| Xi] — F(x)Elao(d;, Z;)| Xi]

for each fixed 7, 1 < i < n. Let us consider only the bi-variate case, i.e., m = 2 and X; = (Xy;, X9;).

Now

Bla,(6:, 2)|X.] = Bl (@)|X:] + i [+ [ Bl XK @ dyy) - K (g dy).

11



where
i) = 6122@2):1:} - [1z = 01> x}d;g));

further, for an arbitrary h(d;, Z;) we have

ETh(61i, 021, Zhiy Z9i)| Xi]
= /[h<17 L, Xq4, Xo) 1H{X1: <1, Xoi <y} +h(1,0, Xui, y2) 1{X1: < w1, Xoi >y}
+h(0,1, 91, Xo)) L{X1; > y1, Xoi <y} + h(0,0,y1,92)1{X1; > y1, Xo; > 2} dG(y1,y2),

so that

Elz(2)|Xi] = 1{X; > 2} — /1{Xi > 1{t > x}if((t’;) —1{X; > 1) — /1{Xi > 1V K (z, dt).

Plugging the expression for F[z;(x)|X;] back into that for Efa,(;, Z;)|X;] we see that the successive
terms in the infinite series cancel each other out, so that we are left with

Ela,(6;, Z;)|X;] = 1{X; >z} and Elao(d;, Z;)|X;] = 1{X; >0} = 1.
Hence finally,
E[L.(6;, Z:)| Xi] = Ela.(0i, Z:)|Xi] = F(x)Elao(0i, Z;)|X,] = {X; > a} — F(x),
and Eq.(10) is verified.O
We now calculate the influence function in a few special cases.

EXAMPLE 1: UNCENSORED DATA. In this case H!'(-) = H,(-) = F,(-), the usual empirical d.f.,
G=1, H'(:)= H(-) = F(-), F = H, so that Eq.(17) reduces to

iy = Foe) = [ 102 R 5

Lo(Pa) = [ 1{t = 2} Lu( )

which gives the general solution LS(P,) = F,(x—) + cF(z—), and under Ly(P,) = 0, the unique

solution

Lo(P,) =F,(z—)— Fla—)=n""! zn: HX; > a2} — F(o—).

i=1

The same also follows from Theorem 2 as a,(P,) simplifies to F,(z—).

EXAMPLE 2: INFLUENCE FUNCTION FOR T,(P,) = [ ¢dF,.
From Eq.(6) and Theorem 2, we get for a ¢(-) with compact support,

= [t -~ aim) [ ewaro+ [ o0 [T - a0
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EXAMPLE 3: UNIVARIATE CENSORED DATA. Here for r > 1,

/ /K x,dyr) - - K(Yr, dyr) 20 (yr)

= //1{x<y1<<yr}1;f(§1(?yl . .f(yr)

~—
—_
I
!
~~~
<
S
S~—

(/1{75 >y} [d}é’igﬂ - H”(t)f((t))b dy, ... dy,
—log F'(t) + log F(z))" dHM(t) . dF(t
_ /( g ()T! g F(x)) 1{752:6}[ G‘(t;)_H”(t)‘(i))]
w0 that Fla) AHY (1) P (1)
and hence
LP) = au(P) = Flalao(P) = - [ Flaife <o) |50l - g an

In order to derive the general expression obtained by Stute (1995) (Eq.(1.7), Theorem 1.1),
consider a general ¢(-) with compact support. Then from Eq.(6) and Eq.(11),

L, (Fn)
= - [0 (/ Us<1} df(s() o s >HC<ZF>§25>D o
+ [t [ 1O g ‘gé))] (12)
Consider the second inner integral in the first term of Eq.(12):
o,

_ —n—lz/l{s < t/\Z,-}GéJ;;SQ)(S)

:—nlz (tANZ)FEtNZ) P +1

+ / 1{s < t} H(s) é?é‘?(s)

— —(H.(t)/H() —n-lz (1{z, < t}/H(Z) +

+/1{3 <t} E{(S)G‘(s)) (13)

where we have used integration-by-parts in the third line; now put Eq.(13) into Eq.(12) to get
Lo(P) =n"' Y [0ip(2) /G(Zi) + (1 = 6:)v0(Zi) = To(Z:)] = Er(9),
i=1
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where v, (Z;) = S,(Z;)/H(Z:), Up(Z:) = [1{Z; > s}[S,(s)/(H(5)G(5))]dG(s) and S,(s) = [1{s <
t}o(t)dF (t). This is exactly the expression obtained by Stute (1995).

EXAMPLE 4: BIVARIATE CENSORED DATA WITH INDEPENDENT COMPONENTS.
Let us consider the bi-variate situation where F(x1,x2) = Fi(z1)Fo(22), G(y1,y2) = G1(y1)G2(y2),
where F(-), G;(-), j = 1,2, are the marginal distribution functions. In this case,

fi1(th) fa(ta)

Kl dh) =1tz ot 2 eb iy —p 450~ s

dtldtg = K(ZEl, dtl)K(ZEQ, dtg)

Hence
gy :ch(P>
= i /(U {tj >z} (- 10gFj(tj)+10gFj($j))r)

dFl( 1)dF2(t2)]

~ g )

dH!M(t1,15)
[(?1(t1)6?2(t2)

This, however, does not seem to simplify any further.
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