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ABSTRACT
On the unirationality of Del Pezzo surfaces over an arbitrary field.

Marta Pieropan

Given a variety over a field k that is rational over an algebraic closure
of k one can wonder whether it is rational also over k. This topic, that we
will address as the question about descent of rationality, can be included
in the more general context of descent for field extensions, i.e. the plan
of establishing under which conditions properties that are valid over an
extension of a field k£ hold also over k.

To approach the descent of rationality we need some knowledge in de-
scent theory, that is discussed, together with the main properties of rational
points, in Chapter 2.

Given a rational variety over an infinite field k, the Zariski density of its
set of rational points is a consequence of its rationality. Then we see that,
in the case of infinite fields, the density of the set of rational points and,
in particular, the existence of a rational point, is a necessary condition for
rationality. In this thesis we will study some families of varieties for which
the existence of a rational point is also a sufficient condition to rationality.

The simplest example of such varieties is given by the so called Severi-
Brauer varieties, i.e. any variety of dimension n that becomes isomorphic to
the n-dimensional projective space over an algebraic closure of the ground
field. Indeed a Severi-Brauer variety of dimension n is rational over the
ground field % if and only if it is isomorphic to P} if and only if it has a
rational point. This result is a theorem of F. Chatelet (1944), in Section 3.3
we present the proof given in [Gil], 5, §5.1, Theorem 5.1.3.

The isomorphism classes of Severi-Brauer varieties are strictly connected
to the Brauer group of the ground field, as we will see in Section 3.3, this
connection helps in some cases to prove the existence of a rational point,
indeed if the Brauer group of the ground field is trivial, every Severi-Brauer
variety has a rational point.

In Chapter 3 we give the classical definition of the Brauer group via
central simple algebras, then following [Sel|, X, §5 and §6 we prove that it
is isomorphic to a certain cohomology group and we describe its connection
with Severi-Brauer varieties.

The second example we consider is given by Del Pezzo surfaces, which
are surfaces that become isomorphic, over an algebraic closure of the ground
field, either to P! x P! or to a blowing-up of the projective plane with center
r < 8 rational points satisfying some geometric conditions. In particular,
Severi-Brauer surfaces are just a particular case of Del Pezzo surfaces.

Del Pezzo surfaces are characterized by the fact that their anticanonical
divisor —K is ample, indeed they are, by definition, all the nonsingular
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surfaces satisfying this property. They are classified by the self intersection
of the anticanonical divisor, which is is an integer between 1 and 9, called
the degree of the surface.

A Del Pezzo surface that over an algebraic closure of the ground field
becomes isomorphic to P! x P! has degree 8, while a Del Pezzo surface
that over an algebraic closure of the ground field becomes isomorphic to a
blowing-up of the projective plane with center r points has degree 9 — r.
In particular Severi-Brauer surfaces are the Del Pezzo surfaces of degree
9. So the degree classifies somehow how far is the surface from being a
Severi-Brauer surface.

In Chapter 4 we study the main properties of Del Pezzo surfaces: after
the definition and some basic examples, we study the classification over an
algebraically closed field following [Kol|, III, §3, and we give a detailed
description of the structure of the (—1)-curves. In Section 4.4 we prove that
the same classification remains valid also over a separably closed field, i.e.
that the descent from an algebraic closure to a separable closure of a field
works well in the case of Del Pezzo surfaces. While in Section 4.3 we see
that over an arbitrary field the situation is more complicated.

In Chapter 5 we investigate the descent of rationality for Del Pezzo
surfaces over an arbitrary field. Following [Man], IV, §29, Theorem 29.4 we
prove that a Del Pezzo surfaces of degree > 5 is rational if and only if it
has a rational point. Following [Ko2|, we prove that a Del Pezzo surface of
degree 3 is unirational if and only if it has a rational point. Then, combining
these two results, we prove that unirationality, provided the existence of a
rational point, holds also in degree 4.

In the last Section we give a brief account of the last results of research in
degrees 1 and 2. C. Salgado, D. Testa and A. Vérilly-Alvarado have proven
unirationality for Del Pezzo surfaces of degree 2 that contain a rational point
satisfying some geometric conditions, and there is hope that the same result
holds also without the additional conditions on the point. R. van Luijk and
C. Salgado have proven that, under some special conditions on the surface,
the set of rational points of a Del Pezzo surface of degree 1 over a number
field is Zariski dense. While unirationality remains an open problem.
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Chapter 1

Background

In this chapter we recall the main definitions and results in Algebraic
Geometry and Group Cohomology that are used in the rest of the text.

Section 1.1 contains general facts in Algebraic Geometry. The main ref-
erences are: [Har| for the geometry of algebraic varieties, [Dol] for weighted
spaces and Section 7.6 in [Bos] for Weil restriction.

Section 1.2 contains specific results about the geometry of nonsingular
surfaces and their birational classification, the main reference is Chapter V
in [Har].

Section 1.3 contains some facts in Group Cohomology that are used in
Chapter 3, the main reference is [Se2].

1.1 Generalities

Definition 1.1 (Variety). A variety over a field k is an integral, separated
scheme of finite type over Spec(k).

Let X be a variety over a field, we denote by Ox its structural sheaf.
For any point z € X, we denote by Ox , the stalk of Ox at . Ox is a
local ring, we denote by m,, its maximal ideal and by k(z) its residue field.

Definition 1.2 (Divisors). Let X be a nonsingular variety over a field k,
we define the group of divisors of X to be the free abelian group generated
by the closed integral sub-schemes of codimension 1 in X.

A divisor D is principal if there exists a nonzero rational function f
on X such that D = ), vy (f)Y, where Y runs over the closed integral
sub-schemes of codimension 1 in X and vy is the valuation of the discrete
valuation ring Oy ,, where 7 is the generic point of Y.

The set of principal divisors is a subgroup of the group of divisors of X
and the quotient is called the group of classes of divisors of X. Two divisors
C, D said to be linearly equivalent, C' ~ D, if they belong to the same class.

A divisor )y nyY is effective if ny > 0 forall Y. If D =)y nyY is
an effective divisor we define the support of D to be the closed subscheme
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union of the Y’s such that ny # 0.
Let D be a divisor of X, the linear system |D| associated to D is the
set of effective divisors of X linearly equivalent to D. The linear system

| D| can be identified to the projective space associated to the k-vector space
H°(X,O(D)) (see [Har], II, 7, Proposition 7.7).

Definition 1.3 (Picard group). Let X be a ringed space, an invertible sheaf
on X is a locally free sheaf of Ox-modules of rank one. Let Pic(X) be the
set of isomorphism classes of invertible sheaves on X.

Proposition 1.4. Let X be a ringed space, then Pic(X) is an abelian group,
called the Picard group of X, and Pic(X) = H*(X,0%).

Proof. See [Har], 11,86, Proposition 6.12, and III, §4, Exercise 4.5. O

Proposition 1.5. Let X be a nonsingular variety, then to every divisor D
of X can be associated an invertible sheaf O(D) such that: D is principal if
and only if O(D) = Ox; if D is effective then O(—D) is the ideal sheaf of
the support of D; the map that associate to each divisor its invertible sheaf

mnduces an isomorphism between the group of classes of divisors of X and
Pic(X).

Proof. See [Har], 11, §6, Propositions 6.11, 6.15, 6.18. O

Throughout this paper Pic(X) will denote both the Picard group of X
and the group of classes of divisors of X, under the identification provided
by Proposition 1.5. With an abuse of notation we will identify also a divisor
with its class, writing D € Pic(X), where D is a representative for its class.

Definition 1.6 (Canonical sheaf). Let X be a nonsingular variety of di-
mension n over an algebraically closed field k. Let Q2x /. be the sheaf of
relative differentials of X over k (see [Har], II, §8, p. 175 for the definition),
then Qy/; is a locally free sheaf of Ox-modules of rank 2 by Proposition
8.15 in [Har|, II, §8. We define the canonical sheaf of X to be the invertible
sheaf wx := A"{2x ;. The divisor class on X whose associated sheaf is wx
is called the canonical divisor of X and it is denoted by Kx.

Theorem 1.7 (Serre’s duality). Let X be a projective nonsingular variety
of dimension n over an algebraically closed field, let £ be an invertible sheaf
on X, then

H(X,Z)2H" (X, 2 @0, wx), i=0,1,2.
Proof. See [Har], 111, 7, Corollary 7.12. O

Definition 1.8. Let X be a projective variety over a field & and % a
coherent sheaf of Oy-modules on X, we denote by H*(X,.#), i > 0, the
Cech cohomology groups of .# on X.
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For all i > 0, let h*(X,.%) := dimy H'(X,.Z). If D is a divisor on X, let
hi(X, D) := h*(X,0(D)) for all i > 0.

Let x(F) := Y 50(—1)'h'(X,.F) be the Euler characteristic of .Z. The-
orem 5.2 in [Har], III, §5 says that h'(X,.%#) and x(%) are integers. In
particular x(F) = ZO<i<dimX(_1>ih’i<X7 F).

The arithmetic genus of X is p,(X) := (—=1)3 X (x(Ox) — 1).

Definition 1.9. Let X be a variety over a field k. A sheaf % of Ox-
modules is generated by global sections on X if for every x € X the image
of HY(X,.7) in the stalk .%, at x generates .7, as Ox z-module.

An invertible sheaf .Z on X is ample if for every coherent sheaf .% on X
there is a positive integer nz such that .# @0, £®" is generated by global
sections on X, for all n > n#.

An invertible sheaf % on X is very ample if there is a morphism ¢ :
X — P} for some n, such that ¢ gives an isomorphism of X with an opens
subscheme of a closed subscheme of P} and ¢*(Opr (1)) = .Z.

We say that a divisor D on X is generated by global section, or ample,
or very ample, if O(D) is.

Proposition 1.10. Let X be a variety over a field k, let £ be an invertible
sheaf generated by global sections s, ...,s, € H*(X,.Z), then there exists
a unique morphism of k-varieties ¢ : X — P} such that ¢*(Opp (1)) = &

and s; = ¢*(x;), Vi = 0,...,n, under this isomorphism. Moreover every
morphism X — 7 arises in this way.
Proof. See [Har], 11,§7, Theorem 7.1. O

Proposition 1.11. Let X be a variety over a field k, let £ be a very ample
invertible sheaf on X, then £ is ample and generated by global sections.

Proof. £ is ample by Theorem 5.17 in [Har], II, §5, while it is generated by
global sections by Proposition 1.10. O

Proposition 1.12. Let X be a proper variety over a field k, let £ be a very
ample invertible sheaf on X, then the morphism ¢ : X — P} associated to
£ in Definition 1.9 is a closed immersion.

Proof. See [Har], 11, §4, Exercise 4.4. O

Proposition 1.13. Let X be a proper variety over a field k, let £ be a
very ample invertible sheaf on X, then H°(X, %) generates the graded ring
@mono(X, D?@m).

Proof. Let ¢ : X — P} be the morphism associated to £ in Definition 1.9,
then ¢ is a closed immersion by Proposition 1.12 and ¢*(Opr (1)) & &, then
LEM = ¢*(Opp(m)) for all m > 0 and

HO(X,2%™) = H (B}, ¢ (£9™)) = HO (P}, Oyxy(m)
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Since HO (P}, Oyx)(1)) generates @0 HO (P}, Oy x)(m)), then also H(X, Z)
generates ®,>oHY(X,.£%™). O

Proposition 1.14. Let X be a variety over a field k, let £ be an invertible
sheaf on X, then £ is ample if and only if there is a positive integer n such
that L™ is ample if and only if there is a positive integer m such that L&™
is very ample.

Proof. See [Har], II, 7, Proposition 7.5 and Theorem 7.6. O

Proposition 1.15. Let ¢ : Y — X be a closed immersion of proper varieties
over a field k, let £ be an ample invertible sheaf on X. Then ¢*(L) is an
ample invertible sheaf on Y .

Proof. See [Har], 111, §5, Exercise 5.7. O

Proposition 1.16. Let X be a projective variety over a field k, let £ be
an ample invertible sheaf on X, then H(X, £~1) = 0.

Proof. See [Har], III, 7, Exercise 7.1. O

Proposition 1.17. Let ¢ : S — R be a surjective morphism of graded rings
preserving degrees, then ¢ induces a closed immersion Proj(R) — Proj(5).

Proof. See [Har], 11, §3, Exercise 3.12. O

Proposition 1.18. Let k be a field and S = ©p,>05m a graded ring which is
a finitely generated k-algebra, then Proj(S) = Proj(®m>0Sma) for all d > 0.

Proof. Let d > 0 and S¢ := @©,,>0Sm4. For any f € S,,, m > 0, let S{%} be

the ring of degree 0 elements of S [%], then S{ %} and Sd{f%} are isomorphic
and the isomorphisms are compatible on the open coverings of basic open
sets Spec(S{%}) and Spec(Sd{#}) of Proj(S) and Proj(S%) respectively.

Glueing these isomorphisms we conclude that Proj(.S) = Proj(S9). O

Proposition 1.19. Let X be a projective variety over a field k, let £ be
an ample invertible sheaf on X, then X = Proj(®m>oH (X, £%™)).

Proof. By Proposition 1.14 there is a positive integer d such that Z®¢ is
very ample on X, then by Proposition 1.12 it induces a closed immersion
¢ : X — P} for some n. With the same argument used in Proposition 1.13
we see that HO(X, £9™) = HO(¢(X), Oy(x)(m)) for all m > 0, then

X = ¢(X) = Proj(@m=0H"(¢(X), Oy(x)(m))) = Proj(Bm>o H (X, £%™%))

and by Proposition 1.18 we get X = Proj(®,,>0H%(X, £%™)). O
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Definition 1.20 (Weighted projective space). Let k be a field and n > 0, the
polynomial ring S = k[zg,...,zy] is a graded ring generated by the degree 1

elements 2, ..., Zn. Let Sig.. a,) = k[zg", . ., xp"] be the graded subring of
S generated by the elements z(°, ..., z%". We define the weighted projective
space associated to (ao, - .., an) to be Pg(ag, ..., an) = Proj(S(a,,...a,)), it i

a normal, projective variety of dimension n over k (see [Dol], §1.2 and 1.3,
Proposition 1.3.3).

For all m € Z, denote by Op, (4.....a,.) (M) the coherent sheaf of Op, (4, ...a,)-
modules on Py (ap, . . . , an) associated to the graded S, .. q,,)-module Sy, . q,)(m).

Proposition 1.21. Let k be a field, then for every positive integer m such

that a;|m fori=0,...,n we have that Op, (q,.... 4,,)(M) is an ample invertible
sheaf on Py (ag, ..., ay).
Proof. See [Del], Corollaire 1.6 and Proposition 2.3. O

Proposition 1.22. Let k be a field. FEvery irreducible hypersurface X
in Pr(ag,...,an) s given by an irreducible homogeneous polynomial g €
S . In that case we denote by deg X the degree of the polynomial g.

Oa---7a'n)

Proof. Let g,h € S(4,....a,) b€ two homogeneous polynomials, let X,Y
be the subvariety of Pg(ao,...,a,) associated to g,h respectively. Since
Px(ao, . ..,ay) is projective, we can assume that X,Y are two varieties in
Pfﬁv for some N, then if X # Y we have that X N'Y has dimension n — 2
because X and Y are irreducible (see [Har|, I, §7, Theorem 7.2). Thus we
have proved that if X is an irreducible hypersurface in Pg(ao,...,ay) then
X is defined by only one homogeneous polynomial in S(g. .. a,)- 0

Definition 1.23. Let k be a field and X an irreducible nonsingular hyper-
surface in Pg(ag,...,ay), for all m € Z we set Ox(m) := Ox ®0¢, (ay

O]P’k(ao,...,an)(m)'
Proposition 1.24. Let k be a field and X an irreducible nonsingular hyper-

surface in Pi(ag, ..., a,), then wy' = Ox (Y1 ja; —deg X). If Y1 ga; —
deg X > 0 then w)_(l s ample.

Proof. By Theorem 3.3.4 in [Dol], §3.3, we have that wx = Ox(deg X —
Y ity @i). Since wy is an invertible sheaf, we have that w;(l = O0x(Xigai—

deg X). Let m := Y 1" ja; —deg X, if m > 0, then Ox(mag - -+ - ay) is
ample by Propositions 1.21 and 1.15, then also w)_(l >~ Ox(m) is ample by
Proposition 1.14. [

Definition 1.25. Let f : X — X’ be a morphism of varieties over k, f is
birational if there are nonempty open subsets U C X and V C Y such that
flu : U — V is an isomorphism.

If f is birational then then X and X’ have the same dimension.
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If f is a blowing-up (see [Har|, II, §7 for the definition), then f is a
birational morphism (see [Har], II, §7, Proposition 7.16).

We say that f: X — X' is a monoidal transformation if it is a blowing-
up with center a closed point of X’.

Definition 1.26. Let X,Y be two varieties over a field k, a rational map
X --» Y is an equivalence class of pairs (U, f) where U is an open subset of
X and f: U — Y is a morphism, and where (U, f), (V, g) are equivalent if
floav = gluav.

A variety X over a field k is said to be unirational if there exists a
dominant rational map P}, --» X defined over k.

Definition 1.27. Let f : X --» X’ be a rational map of varieties over a
field k, f is a birational map if there are nonempty open subsets U C X and
V C Y such that f|y : U — V is an isomorphism.

We say that X and X' are k-birationally equivalent if there exists a
birational map X --» X’ defined over k, i.e. if there are nonempty open
subsets U C X and V C X’ with U 2V as k-schemes.

A variety X over a field k is k-rational if it is k-birationally equivalent
to P}, where n = dim X.

Remark 1.28. Birational equivalence is an equivalence relation, in particular
we have the following results. Let X,Y be two varieties over a field k.

If X and Y are k-birationally equivalent, then X is rational over k if and
only if Y is rational over k, and X is unirational over k if and only if YV is
unirational over k.

If there is a dominant rational map X --» Y over k and X is k-rational,
then Y is unirational over k.

Proposition 1.29. Let X be a variety of dimensionn over a field k, suppose
that there is a dominant rational map f : A7* --» X for some m > n, then
X is unirational over k.

Proof. See [Ko2], Lemma 11. O

Definition 1.30 (Weil restriction). Let L/k be a finite Galois extension
and Y a scheme over L, then we denote by Ry, /,(Y), if it exists, the Weil
restriction of Y with respect to the field extension L/k (see [Bos|, 7, §7.6
for the definition). If it exists, Ry /,(Y) is a scheme over k and there is a

bijection Homy(X, Ry x(Y)) = Homp (X Xgpee(r) Spec(L),Y).

Proposition 1.31. Let L/k be a finite Galois extension, then for all n >

0 we have that Ry (A7) and Ry (P}) ewist, Ry (A7) = AECL:k]n and

SRL/k(IP’Z) s a proper variety over k birationally equivalent to IF’ECM]".
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Proof. The existence comes from Theorem 4 in [Bos|, 7, §7.6. The isomor-
phism Ry /(A7) = ALM]" is shown in the proof of Theorem 4 in [Bos], 7,
§7.6. The Weil restriction Ry, 3, (P}) is a proper variety over k by Proposi-
tion 5 in [Bos|, 7, §7.6, moreover open immersions are invariant under Weil
restriction (see [Bos], 7, §7.6, Proposition 2), then if we take an open im-
mersion A7 — P}, which exists by the definition of the projective space, we

have an open immersion Ry, ;,(A}) — MR/ (P}) and in particular an open
immersion AECL:H" — Rp/(Pr), then Ry (P7) is a variety of dimension

[L : k]n which is birationally equivalent to IP’ECL:M". O

1.2 Geometry of surfaces

Definition 1.32 (Surface). A surface over a field k is a geometrically inte-
gral, nonsingular, projective variety of dimension 2 over k.

Definition 1.33 (Curve). Let X be a surface, a curve in X is a closed
subscheme of codimension 1 in X, in particular a curve in X is an effective
divisor of X.

Proposition 1.34. Let C be an integral curve over an algebraically closed
field, if po(C) =0 then C = Pj.

Proof. See [Liu], §7.4.1, Proposition 4.1. O

Definition 1.35. Let X be a surface over an algebraically closed field and
C, D two curves in X having no common irreducible component. Let P €
C' N D and f,g local equations of C,D in Ox p. We define (C.D)p to be
the dimension of Ox p/(f,g) as k-vector space. If (C.D)p = 1 we say that
C, D meet transversally at P. We say that C' and D meet transversally if
they meet transversally at P for every P € C' N D.

Theorem 1.36 (Intersection pairing). Let X be a surface over an alge-
braically closed field. There is a unique pairing Pic(X) x Pic(X) — Z, called
the intersection pairing and denoted by C.D for any two divisors C, D, such
that:

i) if C, D are two curves in X having no common irreducible component,

it) if C, D are nonsingular curves in X meeting transversally then C.D =

#(C'ND);
iii) C.D = D.C for all divisors C, D € Pic(X);

iv) C.(D+ D')=C.D+ C.D' for all divisors C, D, D" € Pic(X);
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v) C.D = x(Ox) — x(O(C)) — x(O(D)) + x(O(C + D)) for all divisors
C, D € Pic(X).

Proof. See [Har], V, §1, Theorem 1.1, Proposition 1.4 and Exercise 1.1. [

Proposition 1.37 (Adjunction formula). Let X be a surface over an alge-
braically closed field, let C' be an irreducible curve in X, then

2p,(C) —2=C.(C+ Kx) (1.1)
Proof. See [Se3], IV, §8, Proposition 5. O

Theorem 1.38 (Riemann-Roch). Let X be a surface over an algebraically
closed field, let D be a divisor on X, then

1O(X, D) — h'(X, D) + h(X, Kx — D) = %D.(D — Kx)+14pa(X) (12)

i.e., in other words, x(O(D)) = 3D.(D — Kx) + x(Ox).
Proof. See [Har], V, §1, Theorem 1.6. O

Theorem 1.39 (Nakay-Moishezon criterion). Let X be a surface over an
algebraically closed field, a divisor D on X is ample if and only if D* > 0
and D.C > 0 for all irreducible curves C' in X.

Proof. See [Har], V, §1, Theorem1.10. O

Definition 1.40 (Numerical equivalence). Let X be a surface over an alge-
braically closed field, we say that two divisors C;,Cy € Pic(X) are numeri-
cally equivalent, write Cy = Cy, if C1.D = Cs.D for all divisors D € Pic(X).
Numerical equivalence is an equivalence relation in Pic(X) and the subset
of divisors numerically equivalent to 0 is a subgroup of Pic(X), we denote
the quotient by Num(X ). Num(X) is a finitely generated free abelian group
(see [Har], V, §1, Exercise 1.8), we define p(X) to be the rank of Num(X).

Theorem 1.41 (Hodge index theorem). Let X be a surface over an alge-
braically closed field, let H € Pic(X) be an ample divisor and D € Pic(X)
such that D.H = 0 and D # 0, then D?> = 0. In particular if D1, ..., D,
is a basis of Num(X) ®z R that diagonalize the intersection pairing, and
D1 is ample, then the intersection pairing restricted to RDo & --- & RD,, s
negative defined.

Proof. See [Har|, V, §1, Theorem 1.9 and Remark 1.9.1. O

Proposition 1.42. Let X be a surface over a field k, let H be an ample
divisor generated by global sections on X, then H induces a finite morphism
¢ X — P? such that ¢(X) spans P}, where n = hO(X,H) — 1. If k is
algebraically closed we have also H? = deg ¢ - deg ¢(X).
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Proof. Choose a basis sq,...,s, of the k-vector space H’(X,O(H)), then
H is generated by the global sections s1, ..., s, and we ca apply Proposition
1.10. Let ¢ : X — P} be the morphism induced by H and the choice of
S1...,8n. Suppose that there is an irreducible curve C' in X such that ¢(C)
is a point in P}, take a hyperplane in [P}’ which misses that point, then its
inverse image under ¢ is an effective divisor D ~ H such that D N C = ),
then D.C' = 0, which contradicts the fact that H is ample, as D.C' = H.C
by Theorem 1.36 and H.C' > 0 by Proposition 1.39. Then ¢ is a projective
morphism with finite fibers and by Stein factorization (see [Har], III, 11,
Exercise 11.1) we conclude that ¢ is a finite morphism.

Let use the notation introduced in the proof of Theorem 7.1 in [Har],
I1, §7. Suppose that ¢(X) is contained in a hyperplane of equation agzy +
-+ apxy, = 0 in Py, then the image of agzo + -+ + a,x, has to be 0
under the maps Alyo,...,yn] — H°(X;,Ox,) for i = 0,...,n, that gives
ap = -+ = ap = 0, by how those maps are defined. Then ¢(X) cannot be
contained in a hyperplane of P}, hence it spans P}..

Let assume that k is algebraically closed. Since ¢ is finite and X is
nonsingular, then ¢(X) is a nonsingular closed subvariety of dimension 2 in
IP}. By Bertini’s theorem (see [Har|, II, §8, Theorem 8.18) we can find two
hyperplanes Hi, Hy in P}, not containing ¢(X), such that Hy N Hy N ¢(X)
is a nonsingular subvariety of dimension 0, i.e. a finite set of points, and
then deg ¢(X) = #(Hy N Hy N ¢(X)). Moreover, since ¢ is finite, we can
choose Hy, Hs such that #¢ 1(Hy N Hy N (X)) = dego - #(Hy N Hy N
(X)), but ¢~ (Hy N HyN (X)) = ¢~ (Hy) N¢~L(Hz) and we can choose
Hjy, Hs such that ¢! (H;) is a nonsingular curve in X, for i = 1,2, moreover
¢~ (Hy), ¢! (Hs) are linearly equivalent to H and meet transversally, then
#¢~1(Hy N Hy N ¢(X)) = H? by Theorem 1.36 and we get that H? =

deg ¢ - deg ¢(X). O

Proposition 1.43. Let X be a surface over an algebraically closed field k
and H a very ample dwisor on X, let ¢ : X — P} be the closed immersion
induced by H, then if C is a curve in X we have that deg ¢(C) = H.C'.

Proof. See [Har], V, §1, Exercise 1.2. O

Definition 1.44. A (—1) curve of a surface X is a curve F in X such that
E=~Pl and E? = 1.

Proposition 1.45. Let X be a surface over an algebraically closed field, let
P be a closed point of X and f : X — X be the monoidal transformation
of X with center P, let E be the exceptional divisor of f. Then we have the
following properties:

i) E is a (—1)-curve;

i) PicX 2 PicX ® Z;
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ii) if C, D € Pic X, then (f*C).(f*D) = C.D, (f*C).E = 0;
iii) Kg = f*Kx + E and K% = K% —1;

i) if C € Pic(X) is an effective divisor and P has multiplicity r on C,

then f*C = C + rE, where C 1is the strict transform of C under f.
Proof. See [Har], V, §3, Propositions 3.1, 3.2, 3.3 and 3.6. O

Proposition 1.46. Let f : X — X' be a birational morphism of surfaces
over an algebraically closed field, let n(f) be the number of irreducible curves
C in X contracted by f (i.e. such that f(C) is a point). Then n(f) is finite,
f can be factored into a composition of exactly n(f) monoidal transforma-
tions.

Proof. See [Har|, V, §5, Corollary 5.4. O

The motivation of Definition 1.44 is the fact that the exceptional divisor
of a monoidal transformation of surfaces is a (—1)-curve. The following
theorem says that in fact every (—1)-curve on a surface X is the exceptional
divisor of some monoidal transformation of surfaces X — X'.

Theorem 1.47 (Castelnuovo’s contraction criterion). Let X be a surface
over an algebraically closed field, if E is a (—1)-curve on X, then there exists
a surface X' and a point P on X' such that X is isomorphic to the monoidal
transformation of X' with center P, and E corresponds to the exceptional
divisor.

Proof. See [Har], V, §5, Theorem 5.7. O

Definition 1.48 (Minimal surface). A surface X over a field k is minimal
over k if any birational morphism of surfaces f : X — X’ over k is an
isomorphism.

Proposition 1.49. Let X be a surface over an algebraically closed field,
then X is minimal if and only if X contains no (—1)-curves.

Proof. It is a consequence of Theorem 1.47. ]

Theorem 1.50. Every surface over an algebraically closed field k admits a
birational morphism to a minimal surface over k.

Proof. See [Har], V, §5, Theorem 5.8. O

Definition 1.51. Let X be a surface over a field k, a divisor D on X is nef
if D.C' > 0 for every curve C' in X.

Theorem 1.52. Let X be a minimal surface over an algebraically closed
field, then X satisfies exactly one of the following conditions:
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i) Kx is nef;

ii) p(X) = 2 and X is a P -bundle over a projective nonsingular irreducible
curve C;

iii) p(X) =1 and —Kx is ample.
Proof. See [Kol], III, §2, Theorem 2.3, or [Has], Corollary 2.20. O

Theorem 1.53 (Castelnuovo’s rationality criterion). Let X be a surface
over an algebraically closed field, then X is rational if and only if b (X, Ox) =
h*(X,0(2Ky)) = 0.

Proof. See [Kol], III, §2, Theorem 2.4. O

1.3 Group cohomology

Definition 1.54. Let G be a group. A G-group is a group A endowed
with an action of G compatible with the group structure of A, let denote
the action by g : A — A for all g € G. An abelian G-group is called a
G-module.

Let A be a G-group. We define H(G, A) :={a € A: g(a) = a,Vg € G}
to be the maximal subgroup of A on which the action of G is trivial.

Let use the notation A = (A, -, 1) for the group structure of A. We define
H(G, A) to be the set of maps ¢ : G — A such that »(gg’) = ©(g)-9(0(g"))
for all g, ¢’ € G, modulo the equivalence relation ¢ ~ 1) if and only if there is
an element a € A such that ¢(g) = a™!-9(a) - g(a) for all g € G. H(G, A)
is a pointed set with the constant map 1 as special element.

If A is a G-module we can define the cohomology groups H*(G, A) for
i > 0, as the right derived functors of the left-exact covariant functor A —
H°(G, A) from the category of G-modules to the category of abelian groups.
In particular the first cohomology group coincides with the H' (G, A) defined
above.

Proposition 1.55. Let k be a field, L/k a Galois extension and k a sepa-
rable closure of k containing L. Then there is an exact sequence

0 — H*(Gal(L/k),L*) — H*(Gal(k/k),k") — H*(Gal(k/L), k")
which gives the transition maps of the direct limit in the following equality

H*(Gal(k/k),k") = lim H*(Gal(L/k),L*)
L/k finite
Galois
Proof. See [Sel], X, §4, Proposition 6 and compare [Sel], X, §3 with [Se2],
I, §2.2, Corollary 1. O
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Proposition 1.56. Let L/k be a finite Galois extension and G = Gal(L/k),
then HY(G,GL, (L)) = {1} for alln > 1.

Proof. See [Sel], X, §1, Proposition 3. O

Proposition 1.57. Let G be a group and 0 - A — B — C — 0 an exact
sequence of G-groups such that A is contained in the center of B, where the
center of B is the set {x € B : xb = bx,VYb € B}. Then there is an exact
sequence of pointed sets

0— H%G,A) — H°(G,B) — H°(G,C)
— HY(G,A) - HY(G,B) — HY(G,C) — H*(G, A)
Proof. See [Se2], I, §5.7, Proposition 43. O

Corollary 1.58. Let L/k be a Galois field extension and G = Gal(L/k).
Then for any positive integer n there is an exact sequence of pointed sets

0 — HY(G,PGL,(L)) — H*(G, L")

Proof. The action of G on the coordinates of matrices gives to GL, (L) and
PGL, (L) a natural structure of G-groups, then we have an exact sequence
of G-groups

0— L — GL,(L) — PGL,(L) — 0

where L* maps into the center of GL,,(L), then by Proposition 1.57 we have
a long exact sequence of pointed sets

.- — HYG,GL,(L)) — HY(G, PGL,(L)) — H*(G, L)

but H'(G,GL,(L)) = 0 by Proposition 1.56, then we have the desired exact
sequence: 0 — H1(G, PGL, (L)) — H?*(G, L*). O



Chapter 2

Field extensions and rational
points

This chapter introduces some notions and results that are necessary to
deal with the questions discussed in this paper.

In Section 2.1 we present some properties of varieties that are stable
under field extension.

In Section 2.2 we define the set of rational points of a variety and we
prove its main properties.

In Section 2.3 we introduce the language of Galois descent.

Notation. For any variety X over a field k and any field extension K/k
we set Xg 1= X Xgpec(k) Spec(K), in particular if z € X is a point then
TK = T XSpec(k) Spec(K) is the inverse image of x under the projection
Xk — X.

2.1 Under field extension
Let k be a field and K an extension of k.

Proposition 2.1. Let X be a nonsingular, projective, geometrically integral
variety over k, then Xk is a nonsingular, projective variety over K.

Proof. X is a separated, projective scheme of finite type over K because
separated morphisms, projective morphisms and morphisms of finite type
are stable under base extension, moreover X is integral as X is geomet-
rically integral, and dim Xx = dim X, thus X is a projective variety of
dimension 2 over K. X is nonsingular if and only if the base extension to
the algebraic closure is nonsingular if and only if X is nonsingular. O

Proposition 2.2. Let X be a projective variety over k, ¥ be a coherent
sheaf on X, then F @1, K is a coherent sheaf over X and H (X, F Q1K) =

13
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HI(X,F) & K, ¥i> 0.
In particular W (X, Z @p K) = h{(X,.F), Vi >0, and x(F x K) = x(F).

Proof. Since k is a field, .# is flat over Spec(k) and also K is a flat k-algebra,
moreover X is projective, hence proper, over Spec(k), then by Corollary 5
in [Mum], II, §5, p. 53, we have H (Xg,.# ®, K) = HY(X, %) @ K,
Vi > 0. O

Proposition 2.3. Let X be a projective variety over k and £ be an invert-
ible sheaf on X. Then £ ® K is an invertible sheaf on Xi, and £ is very
ample on X if and only if £ Qi K is very ample on Xg. In particular £
is ample on X if and only if £ ® K is ample on Xk .

Proof. The cohomological criterion for ampleness (see [Har], III, §5, Propo-
sition 5.3) says that . is ample if and only if for any coherent sheaf #
on X there exists a positive integer ng such that H(X, .7 ®p, £") = 0
Vi > 0 and Vn > ng. Let suppose that .Z ®; K is ample on Xk, let # be a
coherent sheaf on X, then . ®j, K is a coherent sheaf on X, since . ®;, K
is ample there exists a positive integer ng such that for all n > 0 and all
1 > 0 we have:

H'(Xg, (F @ K) @0y, (£ @, K)") =0

but (F @ K) ®oy,. (£ @k K)" = (F Qoy £L") ® K, so by Proposition
2.2 we conclude that H (X, Z @0, L") @ K = 0,Vi > 0 and Vn > ng, and
in particular H (X, .7 ®0, L") = 0,Vi > 0 and ¥n > ng. Thus . is ample
on X.

Suppose now that . is ample on X, to prove that £ ®; K is ample
on X it is enough to prove that one of its positive powers is very ample.
Without loss of generality we can assume that £ is very ample, let j :
X — Pfcv be the closed immersion associated to .Z (it is closed because X is
projective over k), since closed immersions are stable under base extension,
we have a closed immersion jx : Xg = X XpN IP’% — IP’% In particular
j}(OP%(l)) = (j*(OPév(l))) ®r K =2 Z ® K (see [Har], II, §5, Exercise
5.11), thus .Z ®;, K is very ample on Xg. O

Proposition 2.4. Let X be a surface over k, let £, # be two invertible
sheaves on X, then the formula

LM =x(Ox)—x(ZL) = x(A)+ x(ZL @0y ) (2.1)

gives a symmetric bilinear form Pic(X ) xPic(X) — Z and for every algebraic
extension K of k we have (£ @y K).(M @1 K) = L. .

Proof. Let K be an algebraic extension of k, then . ®; K and .4 ® K are
invertible sheaves on X by Proposition 2.3. We have also

(Z @k K) ®oy, (M @ K)= (L @0, M) 3y K
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then, using Proposition 2.2, we obtain
(L K).(M @ K)=L. M (2.2)

Now, let K be an algebraic closure of k, then from the discussion above and
Theorem 1.36 we have that the map Pic(X) x Pic(X) — Z induced by the
formula (2.1) is a symmetric bilinear form. O

Proposition 2.5. Let X be a nonsingular, projective, geometrically integral
variety, then Ox, = Ox Qp K, wx, S wx Qi K. If X is a surface we have
also K%K = K_?{

Proof. Let {U; = Spec(A4;)}icr be an open affine covering of X, then V =
Vi := Ui Xgpec(k) Spec(K) = Spec(A; @y, K)}ier is an open affine covering
of Xk, so Ox, is the glueing of {Oy; }icr over the open covering V, which
is isomorphic to Ox Q. K.

Let Qx/ be the sheaf of relative differentials of X over k. Let U be an
open affine subset of X and V' = U Xgpec(r) Spec K, by Proposition 8.2 A in
[Har], §8, and what we proved above, we have that:

Qv = Quk @0y Ov = Quji ®o, Ov Q) K = Quyy Qp K

Moreover, we have wx = A? Qx/k, and:

2 2 2
wv = N\ Qv = N Quje ©x K) = (\ Quj) 01 K = 0y @ K

Then, with a glueing argument as above, we can conclude that Qx, /x =
QX/k R K and Wx, SEwx O K.

Moreover, using the formulas (2.1) and (2.2), we get that K)Q{K = K%.

O

2.2 Rational points

Definition 2.6. Let X be a variety over a field k, the set of k-rational points
of X is the set X (k) := Homy(Spec(k), X) of morphisms from Spec(k) to
X as k-schemes.

Notation. We recall the notation introduced in Definition 1.1. For any
variety X over a field and any point € X, we denote by k(z) the residue
field of Ox at x.

Proposition 2.7. Let X be a variety over a field k, to give a morphism
Spec(k) — X is equivalent to give a point x € X and an inclusion k(z) — k.
So X (k) is the set of points x € X such that k(x) = k.

Proof. See [Har], II, §2, Exercise 2.7. O
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Corollary 2.8. Let X be a variety over a field k and let K/k be any field
extension, then we have an inclusion X (k) C Xi(K).

Proof. Let € X(k), then k(x) = k by Proposition 2.7. We have x =
Spec(k(z)) = Spec(k) and Spec(k(Xk)) = vk = Spec(k ® K) = Spec(K),
then k(zx) = Spec(K) and zx € Xg(K) by Proposition 2.7. Moreover,
if 71 X — X is the projection, we have that xx = 7~ !(z), thus the
map X (k) — Xg(K) sending x to zk is injective and we get an inclusion

X (k) C X(K). 0

Proposition 2.9. Let X be a variety over a field k, x € X is a closed point
if and only if k(x) is a finite extension of k. So X (k) is a subset of the set
of closed points of X.

Proof. Without loss of generality we ca assume that X is affine. Let A be a
k-algebra of finite type, let X = Spec(A), take a point x € X and let p be
the prime ideal of A corresponding to the point x. Then k(z) = Frac(A/p)
is a finite extension of k if and only if Frac(A/p) = A/p (see [Lan], IX, §1,
Corollary 1.2), if and only if p is a maximal ideal, if and only if = is a closed
point in X. O

Proposition 2.10. Let X,Y be two varieties over a field k, then
(X Xgpec(k) Y)(k) = X (k) x Y (k)

Proof. Let mx, Ty be the projections of X Xgpecx) Y with respect to X, Y
respectively. An element in (X Xgpec(r) Y)(k) is @ morphism of k-varieties
[ Spec(k) — X Xgpec(k) ¥, and we have that the pair (7x o f, 7y o f) is an
element in X (k) x Y (k). Moreover if (gx,gy) € X (k) x Y (k) then gx, gy
are morphisms that make commutative the following diagram

Spec(k)
gy

gx X XSpec(k) Y Y

-

X Spec(k)

then, by the universal property of fibred product, there exists a unique
morphism of k-varieties f : Spec(k) — X Xgpecr) ¥ such that my o f = gx
and 7y o f = gy, then f € (X Xgpee(r) Y) (k) and (7x o f, my o f) = (9x, gv)-
Thus we have a natural bijection (X Xgpecr) Y) (k) = X (k) x Y (k). O
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Example 2.11. Let k be a field. Let A} be the n-dimensional affine space
over k, then A7 (k) can be identified with the set k™ of coordinates on AJ.

If X is an affine variety over k, we can write X = Spec(k[z1,...,x,]|/I)
and think of X as a closed subvariety of A}. Then X (k) can be identified
with the subset {v € k™ : f(v) =0,Vf € I} of k™.

Example 2.12. Let k be a field. Let P} be the n-dimensional projective
space k, then PP(k) can be identified with the set (k"1 \ {0})/k* = {(vo :
1) € P(K™TH)} of homogeneous coordinates on P7.
If X is a projective variety over k, we can think of X as a closed sub-
variety of P} for some n, let I be the homogenous ideal of k[xo,...,xy)
corresponding to X, then X (k) can be identified with the subset

{(vo: - :vp) €PE"Y 2 f(vo,...,vn) =0,Vf €T} =
=({vek™: f(v) =0,Vf € I}\0)/k"

of the set of homogeneous coordinates of P..

Remark 2.13. Let X be a variety over a field k and K/k any field extension.
After Examples 2.11 and 2.12 we see that the inclusion X (k) C X (K) given
in Corollary 2.8 is not just an injective map, but a real inclusion on local
coordinates (over an affine open covering), compatible with the inclusion

kC K.

Remark 2.14. From Examples 2.11 and 2.12 we get that A} (k) and P} (k)
are nonempty over any field £ and for all n > 0. The property of having
rational points holds for all varieties over a separably closed field, as stated
in Proposition 2.20. We will see later examples of varieties without rational
points over some non separably closed fields.

Example 2.15. Let k be a field, L/k a finite Galois extension and Y a vari-

ety over L. Then, if the Weil restriction Ry, (Y') exists, we can identify the

set of L-rational points of X with the set of k-rational points of Ry, (Y). In-
deed, Y (L) = Homp(Spec(L),Y) and (R (Y))(k) = Homy(Spec(k), R /1(Y))
by Definition 2.6, and there is a bijection

Homy(Spec(k),Rp,,(Y)) = Homp(Spec(L),Y)

by Definition 1.30. Moreover this identification is functorial in'Y (see [Bos],
7, 87.6 for more details).

Proposition 2.16. Let X be a variety over a field k. If k is algebraically
closed, then X (k) is the set of closed points of X.

Proof. Without loss of generality we can assume that X is affine, then
Proposition 2.16 is a consequence of Hilbert’s Nullstellensatz in its weak
form (see [A-M], 5, Exercise 17). O
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Proposition 2.17. Let X be a variety over a field k. If k is algebraically
closed, then X (k) is dense in X.

Proof. Without loss of generality we can assume that X is affine. From
Proposition 2.16 we have that X (k) is the set of closed points of X. Let A
be a finitely generated k-algebra such that X = Spec(A), since the Jacobson
ideal of A, i.e. the intersection of all the maximal ideals of A, is zero (see
[A-M], 1, Exercises 2, 3 and 4), then for all a € A there is a maximal ideal
m of A such that a ¢ m, then the closed point corresponding to m belongs
to the basic open set Spec(A[L]). Thus the set of closed points of X is dense
in X and also X (k) is dense in X. O

Definition 2.18. Let k be a field and X C A}, Y C A} two affine subva-
rieties, let (ai1,...,0an),(B1,...,Bm) be the coordinates induced by A}, A7
on X,Y respectively. We say that a map f : X (k) --» Y(k) is defined
by rational functions on the coordinates if there are m rational functions
fi,oooy fm € k(z1,...,2,) and a nonempty open subset U C X such that

(@) = (fi(@),..., fm()) for all @ = (ov,...,an) € U(K).

Proposition 2.19. Let X,Y be two affine varieties over an algebraically
closed field k, let f : X (k) --» Y (k) be a map which can be defined by
rational functions on the coordinates, then f induces a rational map of k-
varieties X --+ Y whose restriction to X (k) is f.

Proof. Without loss of generality we can assume that X = Spec(k[z1,...,z,]/I)
and Y = Spec(k[y1,...,Ym]/J), where I, J are the ideals defining X C A}
and Y C A]" respectively. Under the identification introduced in Example
2.11, choose a system of coordinates on X and Y:

X(k)={a=(a1,...,an) €K" : g(a1,...,0p) =0,Yg € I'}
Y(k):{ﬁ:(ﬁl,...,ﬁm)Ek":h(ﬁl,...,ﬁm):O,VhEJ}

Let fi,..., fm € k(x1,...,zy,) be the rational functions defining f, say
fz‘ = gi/hi with gi,hz‘ S k[xl,...,xn] such that ng(gz}hi) =1 for i =
1,...,m. Let d = [[[", hi € k[z1,...,z,] then df; € k[z1,...,z,] for all
i=1,...,n and U = Spec((k[z1,...,2,)[3])/I) is the largest open subset
of X such that f(a) = (fi(a),..., fm(a)) is well defined for all a € U(k).
Thus U is nonempty by Definition 2.18.

Let define a morphism of rings ¢ : k[y1, ..., ym)/J — (k[z1,...,z,][3])/1
by o(yi) = fi(z1,...,zy) fori =1,...,m. We note that ¢ is well defined, in-
deedif h € J, then ¢(h) = h(v(y1),.-.,¢(Um)) € I, as h(fi(a),..., fm(a)) =
0 for all @ € U(k) by the definition of f. Let F': U — Y be the morphism in-
duced by ¢. For any a € U(k) let mq be the ideal defining « as closed point
of X, mg is generated by {x; —c; : i =1,...,n}. One can easily verify that
oy — fila)) = fi(z) — fi(a) € my for all j = 1,...,m. Let my) be the
ideal of k[y1,...,ym]/J generated by y; — fj(a),j = 1,...,m. Since my)
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is a maximal ideal contained in ¢~!(mq), we have that ¢! (ma) = my(a)
is the ideal defining f(a) as closed point in Y. Thus Flyg) = flym). The
rational map X --+ Y represented by F' is the desired map. O

Proposition 2.20. Let X be a variety over a field k. If k is separably
closed, then X (k) is dense in X.

Proof. See [Bor|, AG, §13, Corollary 13.3. O

Proposition 2.21. If k is an infinite field, then P} (k) is dense in P,
vn > 0.

Proof. Let U be a nonempty open subset of P}, since P} is irreducible we
have that U is dense in P}, then it is enough to prove that U(k) is dense
in U. Let k[zo,...,z,] be the polynomial ring defining P}, let U be the
complement in P} of the closed subvariety defined by the homogeneous ideal
generated by zg in k[zo,...,z,), then U = Spec(kly1,...,yn]) = A}. So it
is enough to prove that Aj}(k) is dense in A}, Let f € klyi,..., ). Since k
is infinite there is an element v € k™ such that f(v) # 0, let x € X (k) be the
rational point corresponding to v under the identification stated in Example
2.11, then x belong to the basic open set Spec(klyi, .. . ,yn][%]) O

Proposition 2.22. Let X, Y be irreducible varieties over a field k, let
f:X --»Y be a dominant rational map defined over k. If X (k) is dense
in X, then also Y (k) is dense in Y.

Proof. Let U C X be an open subset on which f is defined, then U(k) =
UNX(k) is dense in U. Since f is dominant, f(U(k)) is dense in the image
of f, which is dense in Y, so f(U(k)), which is a subset of Y (k), is dense in
Y. Then Y (k) is dense in Y. O

Corollary 2.23. Let X be a variety over an infinite field k, if X is unira-
tional over k, then X (k) is dense in X.

Proof. Apply Propositions 2.21 and 2.22. O
Remark 2.24. In particular we see that, in the case of a variety X over
an infinite field k, X (k) # 0 is a necessary condition for rationality and

unirationality. In Chapters 3 and 5 we will study some families of varieties
for which this condition is equivalent to unirationality.

2.3 Galois descent

Let k be a field and k a separable closure of k.
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Notation. We recall the notation introduced at the beginning of Chapter 2.
Let X be a variety over k and K/k a field extension, then X = X Xgpec(r)
Spec(K), moreover we set X := Xz. If 2 € X(k), then 1 = & Xgpec(r)
Spec(K) € Xk (K) (see Corollary 2.8) and in particular 7 = z € X (k).

Definition 2.25. Let K/k be any field extension, let Y be a variety over
K, we say that Y is defined over k if there is a variety X over k such that
Xg 2Y as K-varieties.

Let X, X’ be varieties over k, let f : Xx — X/ be a morphism of K-
varieties, we say that f is defined over k if there is a morphism ¢ : X — X’
such that f = g x Idgpec(k)-

Proposition 2.26. Let K/k be an algebraic field extension and Y a quasi-
projective variety defined over K, then there is a finite extension k' /k, with
k' ¢ K, such that'Y is defined over k.

Proof. Since Y is quasi-projective, then it can be covered by finitely many

open affine subsets {U; }i=1,... m. Fixi € {1,...,m}, then U; = Spec(K|[z1,. ..

for some n and some ideal I of K[xy,...,z,]. Since K[zy,...,z,] is a
noetherian ring, we have that I is generated by finitely many polynomials
fi,... fr € K[z1,...,2,]. Let k; be the extension of k generated by the
coefficients of fi,..., fr, then k;/k is a finite extension and

Ui = Spec(ki[xh R xn]/(flv ce 7f7‘)) X Spec(k;) SpeC(K)

i.e. U; is defined over k;. Let &’ be the subfield of K generated by k1, ..., kn,
then k'/k is a finite extension, as k' is generated over k by finitely many
algebraic elements. For ¢ = 1,...,m we have that U; is defined over k', let
U/ be the variety over k' such that U/ .- = U;. It is easy to see that we can
glue U7, ..., U], to obtain a variety X over k' such that Xx =Y. O

Definition 2.27. Let k be a field, L/k a Galois extension and G = Gal(L/k).
For all g € G let denote by ¢ : Spec(L) — Spec(L) the k-automorphism of
Spec(L) given by the automorphism g=! : L — L.

Let X be a variety over k. For all ¢ € G and all affine open subset
U = Spec(A) of X, let denote by gy : U, — Uy, the automorphism given by
the automorphism ¢~' : A®; L — A ®}, L, which is induced by the natural
action of G on L. We denote by g : X — X the automorphism obtained
glueing the automorphisms gy over an open affine covering of X.

Remark 2.28. The above definition gives an action of G over Xy, that we
call the natural action of G over Xy. Moreover, for all ¢ € G we have a

] /1)
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commutative diagram

X1, Xz

.

Spec(L) —— Spec(L)

where the vertical arrows are the morphism that define the L-scheme struc-
ture on X7.

Remark 2.29. In the situation of Definition 2.27, if we identify Uy (L) to
the set of coordinates on Uy, as in Examples 2.11, we have that the natural
action of G over Uy, restricted to Ur(L) coincides with the action of G on
the coordinates of the L-rational points on Uy,.

Moreover the natural action of G over X7, = X Xgpec(x)Spec(L) coincides
with the natural action of G over the right factor, i.e. for all g € G there is
a commutative diagram

XLL’XL

| |

X —X

where the vertical arrows are the projections on the left factor. And X (k)
is the set of points in X, (L) that are stable under the natural action of G
on X L-

Proposition 2.30. Let L/k be a finite Galois extension of fields and G =
Gal(L/k), let Y be a quasi-projective scheme over L and suppose that there
is a collection of endomorphisms {ag,g € G} of Y as scheme such that
Qg gy = Qg, O g, for all g1, g2 € G and the following diagram

Qg

Y Y

Spec(L) LA Spec(L)

commutes for all g € G, where g : Spec(L) — Spec(L) is the automor-
phism associated to g € G induced by the natural action of G over Spec(L).
Then there exists a quasi- projective scheme X over k such that there is an
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isomorphism of L-schemes f:Y — X and the following diagram

Qg

Y Y

f f

XLL’XL

commutes for all g € G, where g : X1, — X, is the automorphism associated
to g € G induced by the natural action of G over Xp.

Proof. See [Bos|, 6, §6.2, Example B. O

Proposition 2.31. Let X be a quasi-projective variety over a field k and
L/k a Galois extension. If Z is a closed subvariety of X such that Z is
invariant under the natural action of Gal(L/k), then Z is defined over k.

Proof. By Proposition 2.26 we can assume that L/k is finite, then apply
Proposition 2.30 to Z with the family of endomorphism {¢g: Z — Z,g € G}
given by the natural action of G. The hypothesis of Proposition 2.30 are
satisfied by Remark 2.28. 0

Definition 2.32. Let X,Y be two varieties over a field k, L/k a Galois
extension and G = Gal(L/k). Let Homp(Xy,Yr) be the set of morphisms
from X to Yy, as L-schemes.

For all f € Homp(Xp,Yz) and all g € G we set g.f :=go fog~!. This
defines a action of G over Hom (X, Y7) called the natural action of G over
Homp(Xp,Yr).

Proposition 2.33. Let X, Y be two varieties over a field k, L/k a Galois
extension and G = Gal(L/k). Let f € Homp(Xr,Yr), then f is defined over
k if and only if f is fixzed by the natural action of G over Homp(Xp,Yr).

Proof. 1t is an easy consequence of Definition 2.32 and Remark 2.28. O

Remark 2.34. Let X be a variety over a field k, L/k a Galois extension and
G = Gal(L/k). Let .# be a quasi coherent sheaf of Ox,-modules on Xy.
The natural action of G over X gives for any g € G an automorphism
of X as scheme, so in particular an automorphism of the structural sheaf
Ox,, that induces an automorphism g : # — .#. We can conclude that we
have a well defined action of G over .Z.

Proposition 2.35. Let X be a surface over a field k, L/k a Galois extension
and G = Gal(L/k). Then the natural action of G over X, induces an action
of G over Pic(Xp) and the intersection pairing Pic(Xp) x Pic(Xp) — Z
defined by the formula (2.1) is invariant under the action of G, i.e. for any
L, M € Pic(X) and any g € G we have (9(L)).(9(A)) = L. .
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Proof. Let g € G, since g : X7 — X is an automorphism, we have that if
C'is an integral curve in X, then g(C) is again an integral curve in X;. So
G induces an action on the group of divisors of X.

Let f be a rational function on X, C' an integral curve in X and
n its generic point, then Ox, ; is a discrete valuation ring whose field of
fractions is the field of functions of C, let denote by vc the valuation of
Ox,n- Ox,n is a subring of its completion which is isomorphic to L[[t]],
the formal power series ring in one variable over L (see [A-M], Theorem
11.22 and Lemma 10.23). For every g € G, let g(n) be the generic point
of g(C), then Ox, () is isomorphic over L to the subring g1 (Ox, ) of
L[[t]]. Under these identifications, f is an element in the field of fractions
of L[[t]], which is the ring of formal Laurent series L((¢)). Then f ca be
written uniquely as f = Zn>n0 ant", where ng € Z, a, € L for all n > ng
and a,, # 0. The action of G over L((t)) gives g~ (f) = Y n>no g Yan)t"

for all g € G, since ¢~ : L — L is an automorphism for all g € G, we have

that vy (g7 (f)) = no = ve(f) for all g € G.

Let D be the principal divisor associated to f, then D = 3"~ vc(f)C,
where C' runs over the integral curves in Xy, by definition (see Definition
1.22). If g € G we have that (D) = Y vc(f)g(C) = Y vy (9~ (f))9(C),
then g(D) is again a principal divisor of X. Thus the action of G on the
group of divisors of X, induces an action of G over Pic(Xy).

Now we want to prove that the intersection pairing defined by (2.1) is
invariant under the action of G over Pic(X). Since the above defined action
of G over Pic(Xy,) is compatible with the group structure of Pic(Xy), and
since every divisor of X can be written as formal sum of integral curves, it
is enough to prove that the intersection pairing is invariant under the action
of GG in the case of two integral curves. Let C, D be two integral curves in
X, and consider .Z = Ox, (C) and A4 = Ox, (D).

From Proposition 2.4 we know that the intersection pairing is invariant
under field extension. Let K be an algebraic closure of L, then combin-
ing Proposition 2.4 and Theorem 1.36 we get Z.# = Ck.Dg. The ac-
tion of G over L extends to an action of G over K, which is the action
induced on K as L-vector space. So, without loss of generality, we can
assume that Cg, Dk are irreducible, without common irreducible compo-
nents and meet transversally (see [Har], V, §1, Lemma 1.2), then Cx.Dg =
>-pecxnpg (Cx-Di)p = #(Ck N D), again by Theorem 1.36.

Let g € G, since g : X — X is an automorphism, we have that g(Cg)
and g(Dg) are irreducible and ¢(Ck) # ¢(Dk), then g(Ck) and g(Dk)
have no common irreducible components.

Let P be a closed point in X, we have that P € X (K) by Proposition
2.16, and k(P) = K by Proposition 2.7. Then Ox, p is a subring of its
completion which is isomorphic to K{[u, v]], the formal power series ring in
two variables over K (see [A-M], 11, Remark 2 after Proposition 11.24). Let
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fc, fp be local equations of Ck, Dk in Ox, p, they can be seen as formal
power series in K[[u,v]]. The action of G over K induces an action of G
over K[[u,v]]. Then for any g € G, we have that the local equations of
9(0), g(D) in Ox,. p correspond to g~ (fc), g7 (fp) in K|[u,v]]. Moreover
we have that g (Ox,.p) is the local ring Ox, ¢(p) in K|[[u,v]].

Fix g € G. Ox, p/(fc, fp) has dimension 1 as K-vector space if and
only if mp is generated by fc, fp, where mp is the maximal ideal of Ox,. p,
if and only if ¢g7'(fc), 97 (fp) generate g~(mp), but g~ (mp) = Mg (p)
is the maximal ideal of g_l(OXK’p), then P € Cg N Dk if and only if
g(P) € g(Ck)Ng(Dk), and g(Ck),g9(Dk) meet transversally. Thus we
have

9(Ck).9(Dk) = > (9(Ck)-9(Dk))p =
Peg(Ck)Ng(Dk)

= #(9(Ckx) Ng(Dk)) = #(Cxk N Di) = Cx.Dk

Since g(Ck) = g(C)k, as they are defined by the same equation g~1(f¢)
in K[[u,v]], and similarly g(Dg) = g(D)k; using the invariance of the inter-
section pairing under field extension (proved in Proposition 2.4), we conclude
that

9(L).g(M) = g(C)k.9(D)k = Cr.Dx = LM
L]

Corollary 2.36. Let X be a surface over a field k, L/k a Galois extension
and G = Gal(L/k). The natural action of G over X induces an action
over the set of (—1)-curves of Xr,.

Proof. Let g € G and let E be a (—1)-curve of Xy. By Proposition 2.35
we have g(F)? = E? = —1, then it is enough to prove that g(E) is L-
isomorphic to Pi. Let take an isomorphism f : C — ]P’lL defined over L. Since
Pl = I[D/llC X Spec(k) Spec(L), we have a well defined natural action of GG over
P! as in Definition 2.27, then we have isomorphism go fog™!: g(E) — P}
defined over L. Indeed from the commutative diagram in Remark 2.28
applied to X7, and ]P’lL, we get a commutative diagram

9(C) C Spec(L)
gofo 971 k fk Idl
Pl 7 Pl Spec(L)
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Definition 2.37. Let X be a variety over k, a sub-variety of X is said
Galois invariant if it is invariant under the natural action of I'y, := Gal(k/k)
over X.

Remark 2.38. In general, if X is a variety over k, L/k is a Galois extension
and Z is a sub-variety of X, we say that Z is Galois invariant if Z is
invariant under the natural action of 'y, over X, i.e. if Z is invariant under
the natural action of Gal(L/k) over X|.

Proposition 2.39. Let X be a surface over a field k. If {E1,...,E.} is a
Galois invariant collection of pairwise disjoint (—1)-curves in X, then there
exists a surface X' over k and a birational morphism X — X' defined over
k, such that its extension X — X' is a birational morphism contracting
exactly Ey, ..., E,.

Proof. Let H be a very ample divisor on X, such that H is very ample on
X, we have that H is invariant under the action of I'y, then H.E; = H.E}
for all i, € {1,...,7} by Proposition 2.35, and H' = H+>_|_,(H.E;)E; is
['g-invariant, hence defined over k by Proposition 2.31. Since Ef = —1 and
E;E; =0 for all 4,5 € {1,...,r},i # j, we have that H'|g, = Op, for all
i=1,...,r. Following the proof of Theorem 1.47 (see [Har], V, §5, Theorem
5.10), we can show that H' is generated by global sections on X, so we get a
birational surjective morphism ¢ : X — X’ := Proj(}_,~q H*(X,O(nH"))),
where X’ is a surface. We note that since H' is defined over k, also X' is
defined over k, moreover, since ¢ is a k-isomorphism of X \ {E1,..., E.}
onto its image and it contracts every F;, for ¢ = 1,...,r, and the collection
{E1,...,E,} is Ty-invariant, we can conclude that ¢ is fixed by the action
of I'y, and then defined over k by Proposition 2.33. O

Proposition 2.40. Let X be a surface over a field k, then X is minimal
if and only if X admits no Galois invariant collection of pairwise disjoint
(—1)-curves.

Proof. Suppose that X is not minimal and let ¢ : X — X’ be a bira-
tional morphism to a surface X’ non isomorphic to X. By Proposition
1.46, X admits a (—1)-curve E; contracted by ¢ and contains only finitely
many such curves, let {Ej,..., E.} be the orbit of F; under the action of
[y = Gal(k/k). Then, by Corollary 2.36, {E1,..., E,.} is a Galois invariant
collection of (—1)-curves on X. By Hodge index theorem (Theorem 1.41),
we have that the intersection form on ZE; + - - - + ZFE, is negative defined,
so, for all 4,5 € {1,...,r},i # j, the determinant of the matrix

Ej.E; E}
is positive, that means 1 — (Ei.Ej)2 > 0, and in particular E;.E; = 0 for all
1,] € {1,...,T},’i # 4, since EZE] € Z,Vi,j € {1,...,7“}. Thus E; ﬂEj =0
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foralli,j € {1,...,r},i # j, and finally {E1, ..., E,} is also a set of pairwise
disjoint curves.

Conversely, suppose that {E1, ..., E,} is a Galois invariant collection of
pairwise disjoint (—1)-curves, by Proposition 2.39 there is a surface X’ over
k and a birational morphism X — X’ which is not an isomorphism, thus X
is not minimal. O

Proposition 2.41. Let X be a variety over a field k, © € X a closed point
such that k(z) is a separable extension of k and L/k a Galois extension such
that k(x) C L. Then xy, C X, is the disjoint union of [k(x) : k] closed points
and the blowing-up of X with center xy, over L is a succession of monoidal
transformations with these points as centers, composed in any order.

Proof. Without loss of generality we can assume that X is affine. Let X =
Spec(A) where A is a k-algebra of finite type, let m be the maximal ideal
of A defining z, then k(z) = A/m, then x = Spec(A/m) = Spec(k(x))
as subscheme of X. Since the extension k(z)/k is finite (see Proposition
2.9) and separable we can apply the primitive element theorem, so k(z) =
Ek[t]/(P) for a suitable monic polynomial P € k[t] of degree [k(x) : k]. Since
k(x) C L, the polynomial P splits in [k(z) : k] distinct linear factors over L.
Then we have k(z) @ L = Hyi(f):k] L and z, = Spec(k(z) ®; L) is a union
of n = [k(x) : k] distinct closed points z1, ..., 2, of X.

Let f : X’ — X be the blowing up of X with center z, then by
the universal property of blowing up, we can factor f through successive

monoidal transformations f; of center x;, for i = 1,...,n. So we get a
diagram:
o ook
N /
X/

where ¢ is a birational morphism which does not contract any curve, hence
an isomorphism. Thus we have that f is the same as f, o--- o fy. O



Chapter 3

Severi-Brauer varieties

Severi-Brauer varieties are the first example of varieties over a field k
that are rational over an algebraic closure of k and for which we know a
criterion for their rationality over k. In Section 3.3 we will prove that a
Severi-Brauer variety is rational over the ground field k if and only if it is
isomorphic to some [P} if and only if it contains a k-rational point. Moreover
we will give a condition on the field & which assures that every Severi-Brauer
variety over k is rational over k.

The first two sections of this chapter are devoted to the classical defini-
tion of the Brauer group of a field k as the group of equivalence classes of
central simple algebras over k£ and to its identification with a certain coho-
mological group. Even though that identification is a very classical result,
we will give a sketch of the proof because it similar to the proof, given in
details in the third section, of the identification between the set of isomor-
phism classes of Severi-Brauer varieties and a subset of the Brauer group,
which is a more relevant result in our context. Actually, there is a closed
connection between central simple algebras and Severi-Brauer varieties, but
it will not be developed in this paper.

3.1 Central simple algebras

Let k be a field, a k-algebra is a vector space over k equipped with a
bilinear binary operation compatible with scalars that makes it a ring. The
dimension of a k-algebra is the dimension of the underlying vector space.
Throughout this chapter a k-algebra will be a finite dimensional k-algebra.

Definition 3.1. A ring is simple if it is non zero and it has no nontrivial
two-sided ideals.

Definition 3.2. A k-algebra A is a division algebra if every non zero element
of A is a unit.

Remark. In particular a division algebra is simple.

27
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Definition 3.3. Let S be a subset of a ring R, the centralizer of S in R is
the set Cr(S) == {z € R: zs = sx,Vs € S}. In particular C(R) := Cr(R)
is called the center of R.

We note that every k-algebra contains £ in its center.
Definition 3.4. A k-algebra is central if its center is k.

Proposition 3.5. Let D be a division algebra, then the algebra M, (D) of
n x n matrices over D is simple and the center of My (D) is identified to
the center of D under the canonical embedding D — M, (D) given by scalar
matrices.

Proof. For 1 < 4,5 < n let e;; be the n x n matrix whose entries are all
zero except the (4, j)-th which is 1, then {e; ;}1<i j<n is a basis of M,(D).
Let I be a nonzero two-sided ideal of M, (D), let a = (a;;)i<ij<n € I be
a nonzero element, then for e; ; € {e; j}1<i j<n there exists a matrix b € I
such that e; ja = be; ;, which gives that a;j = 0 for all k # j, so we conclude
that a is a nonzero scalar matrix. Since D is a division algebra we have that
a is also invertible in M, (D), so I = M,(D).

We know that the center of M, (D) is contained in the subring of scalar
matrices, and in fact in its center. Scalar matrices can be identified with
the elements of D under the canonical embedding D — M, (D), so the
center of M, (D) is contained in the center of D, while the other inclusion
is trivial. O

Definition 3.6. Let A be a ring, a simple A-module is a nonzero A-module
with no nontrivial submodules.

Proposition 3.7 (Schur’s Lemma). Let A be a k-algebra and S, S’ two
simple A-modules, then any nonzero morphism of A-modules S — S’ is
an isomorphism. Moreover End4(S), the group of endomorphisms of S as
A-module, is a division k-algebra.

Proof. See [Lan|, XVII, §1, Proposition 1.1. O

Proposition 3.8 (Double Centralizer Theorem). Let E be a central simple
algebra, let A be a simple sub-algebra, then Cg(Cr(A)) = A.

Proof. See [Jac], §4.6, Theorem 4.10. O

Theorem 3.9. Let A be a simple k-algebra, then A is isomorphic to My (D)
for some n and some division k-algebra D.

Proof. Let S be a simple A-module (for example a minimal left ideal of
A), let E := Endy(S) be the group of endomorphisms of S as A-module.
By left-multiplication we get a homomorphism A — FE which is injective
because it is nonzero and its kernel is reduced to 0, as the image of 1 is
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Idg and A is simple. So A is a simple subalgebra of E and Cg(A4) = E.
By Proposition 3.7 we have that E is a division algebra, so § =2 E™ as
E-algebra for some n. By Proposition 3.8 we have A = Cg(Cg(4)) =
Endg(S) = Endg(E™) = M, (D), where D = E°PP is the division algebra E
with reversed multiplication. O

Proposition 3.10. A k-algebra A is central simple if and only if it is iso-
morphic to M, (D) for some n and some central division k-algebra D.

Proof. Let A be a central simple algebra, by Theorem 3.9 A is isomorphic to
a finite dimensional matrix algebra over a division algebra D, from Propo-
sition 3.5 we get that the center of D is the same as the center of A, namely
k. The converse comes from Proposition 3.5. O

Theorem 3.11. Let A be a central simple k-algebra and B any k-algebra.
If J is a two sided ideal of A®y B, then J = ARy I for some two sided ideal
I of B.

Proof. See [Jac], §4.6, Corollary 1. dJ

Proposition 3.12. The tensor product of two central simple k-algebras is
a central simple k-algebra.

Proof. Let A, B be two central simple k-algebras, from Theorem 3.11 we
have that any two-sided ideal of A ®; B is of the form A ®; I where [
is a two sided ideal of B, since B is simple we get that also A ®; B is
simple. Moreover C'(A ® B) = C(A) ® C(B) = k since A and B are both
central. O

Proposition 3.13. Let A be a central simple k-algebra and L/k a field
extension, then A ® L is a central simple L-algebra.

Proof. L is a field, hence simple, then as in the proof of Proposition 3.12 we
get that A®y, L is simple, moreover C(A®y L) = C(A) @, C(L) = k®, L =
L. O

Proposition 3.14. Let A be a k-algebra and L/k a field extension such that
A®y L = M, (L) for some n, then A is a central simple k-algebra.

Proof. Suppose that A is not simple, let I be a nontrivial two-sided ideal of
A, then I ®; L is a nontrivial two-sided ideal of A®y, L which contradicts the
fact that M, (L) is simple by Proposition 3.5. Thus A is simple, moreover
C(A) is a field extension of k, i.e. a k-vector space, but C(A) ®; L =
C(M,(L)) =L, so C(A) = k. O

Proposition 3.15. Let A be a k-algebra, then A is central and simple if and
only if there exists a finite Galois extension L/k such that A®jy L = M, (L)
for some n.
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Proof. For the direct implication see [Bou|, VIII, §10, n°5, Corollaire 3. The
converse comes from Proposition 3.14. 0

3.2 Brauer group

Definition 3.16. We say that two central simple k-algebras A and B are
similar if A®y M, (k) = B®y M, (k) for some n and m, and in that case we
write A ~ B. It is easy to see that similarity is an equivalence relation, we
define Br(k) to be the set of central simple k-algebras modulo similarity.

Proposition 3.17. Br(k) is a group with respect to ®j,.

Proof. Since My, (k) ®j My, (k) =2 My, (k) for all n,m, if A, A’ B, B’ € Br(k)
such that A ~ A" and B ~ B’ then A®;B ~ A'®yB’. Since ARy M, (k) ~ A
for all n, then the class of k is a neutral element. Let A°PP be the algebra
A with reversed multiplication, then A ®j APP = M, 2 (k) for some n (see
[Jac], §4.6, Theorem 4.6), so the class of A°P is an inverse to the class of

A. O

Let L/k be a field extension, we have that (A ® M, (k)) @k L = (A ®j
L)®p M,(L) and (A®, B)®r L = (A®y L) ®1 (B ® L), for all central
simple k-algebras A, B and all n. Then the extension of scalars A — A®y L
induces a well defined group homomorphism Br(k) — Br(L).

Definition 3.18. Let L/k be a field extension, we denote by Br(L/k) the
kernel of the morphism Br(k) — Br(L) and we say that an element A €
Br(k) is split by L if A ®; L is a matrix algebra over L, i.e. A € Br(L/k).

From Proposition 3.15 and the above definition we get that

Br(k) = lim Br(L/k) (3.1)
L/k finite
Galois
For every Galois extension L/k let fix the notation H?(L/k) := H?(Gal(L/k), L*).
Let k be a separable closure of k, from Proposition 1.55 we know that for
every finite Galois extension L/k we have an exact sequence

0— H*(L/k) — H*(k/k) — H*(L/L)

and that
H*(k/k) = lim H*(L/k) (3.2)
L/k finite
Galois
Proposition 3.19. Let L be a field and ¢ an automorphism of My (L) as
L-algebra. Then ¢ is an inner automorphism, i.e. there exists T € GL,(L)
such that ¢(A) = TAT L for all A € M,(L).
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Proof. By linearity ¢ is completely determined by its action on rank one
matrices in M, (L), moreover any rank one n X n matrix can be represented
as zy’ where x,y € L™ are considered as n x 1 matrices over L, and every
product xy' is a rank one n x n matrix.

Let fix two nonzero elements u,y € L", then uy' is a nonzero matrix in
M, (L), then also ¢(uy') is nonzero in M, (L) as ¢ is injective, let z € L™
such that ¢(uy')z is nonzero. Let define Tx := ¢(xy')z for all z € L™, then
the linearity of ¢ give that T is a linear endomorphism of L", moreover
Twu # 0 by the choice of z, so T' is nonzero. Let A € M, (L) and x € L™, we
have

TAx = ¢(Azy')z = $(A)d(ay')z = ¢(A)Tx

and we get that TA = ¢(A)T. If v € L™, since Tu # 0 and ¢ is surjective,
there exists A € M, (L) such that ¢(A)Tu = v but we have also TAu =

#(A)Tu = v, so we get that T is surjective and hence invertible. So we
conclude that ¢(A) = TAT ! for all A € M, (L). O

Proposition 3.20. Let L be a field, then Auty (M, (L)) = PGL,(L) for all
n.

Proof. The morphism of groups GL, (L) — Autr(M,(L)) that sends an in-
vertible matrix 7" to the induced inner automorphism of M, (L) is surjective
by Proposition 3.19. Moreover, if 71T, € GL,,(L) induce the same automor-
phism of M, (L), we have Ty AT, ! = Ty AT, for all A € M, (L) , which is
equivalent to T;lTlA = AT{lTl for all A € M, (L), then T;lTl has to be
a scalar matrix, i.e. 75 is a nonzero scalar multiple of T7. Thus we have
proved that in fact Autr (M, (L)) = PGL,(L). O

For every finite Galois extension L/k let Br,(L/k) be the set of A €
Br(L/k) such that A ®; L = M,(L). For every n we have Br,(L/k) C
Br,1(L/k), then Br(L/k) = lim Br,(L/k).

Proposition 3.21. Let L/k be a finite Galois extension and G = Gal(L/k),
then for all positive integers m there is a bijection between Bry,(L/k) and
HY(G, Aut(M,(L))), where Auty(M,(L)) is the group of automorphisms
of My, (L) as L-algebra.

Proof. For a definition of H'(G, Auty,(M,(L))) see Section 1.3. Let define
a map 0 : Br,(L/k) — H'(G,Aut;(M,(L))) in the following way: to an
element A € Br,(L/k), which is a division k-algebra of dimension n?, we
associate an L-isomorphism M, (L) — A ®; L and we set §(A) to be the
map 07 : G — Auty,(M,(L)) that sends g € G to 0;(g) :== fogo fog™l
An easy computation shows that each §; and 6 are well defined, see [Der],
83 for the details. Another easy computation shows that 6 is bijective, see

[Der], §3, Proposition 3.1 or [Sel], X, §2, Proposition 4. O
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Proposition 3.22. Let L/k be a finite Galois extension, then there is an
isomorphism Br(L/k) — H?(L/k).

Proof. Let G = Gal(L/k). For every positive integer n there is an injective
morphism of pointed sets H (G, PG L, (L)) — H?(L/k) by Proposition 1.58,
while Proposition 3.21 and Proposition 3.20 give a bijection Br,(L/k) —
HY(G,PGL,(L)), so we have an injection 6, : Br, (L/k) — H?*(L/k). One
can easily show that the d,, are compatible with the inclusions Br,(L/k) C
Bry1(L/k), so we get an injective map 4y, : Br(L/k) = lim Br,(L/k) —
H?(L/k) that is in fact a morphism of groups. Moreover one can show that
d|1:) is surjective (see [Der], §3, Theorem 3.2), then 4, is also surjective and
hence an isomorphism. ]

Proposition 3.23. Br(k) = H%(k/k).

Proof. The isomorphisms dy, for L/k finite Galois extension, are compatible
with the inclusions Br(L/k) — Br(L'/k) and H?(L/k) — H?*(L'/k) for
L C L' finite Galois extensions of k. So by the equalities (3.1), (3.2) and the
properties of directs limits, we have an isomorphism Br(k) — H?(k/k). O

Proposition 3.24. i) If k is algebraically closed, then Br(k) = 0.
i1) If k is separably closed, then Br(k) = 0.
i11) If k is a finite field, then Br(k) = 0.

i) If k is an extension of transcendence degree 1 over an algebraically
closed field, then Br(k) = 0.

v) If k is the mazimal unramified extension of a p-adic field, then Br(k) = 0.

vi) If k is an algebraic extension of Q containing all the roots of 1, then
Br(k) = 0.

Proof. i) and ii) come from Proposition 3.23, using the fact that if k is a
separably closed field, then I'y, = 0 and in particular H2(k/k) = 0.

For the rest, see [Sel], X, §7, Exemples de corps a groupe de Brauer
nul. O

3.3 Severi-Brauer varieties

Let k be a field and K an algebraic closure of k.

Definition 3.25. A variety X over k is a Severi-Brauer variety if Xx = P,
where n is the dimension of X.

If X is a Severi-Brauer variety of dimension n over k and k’/k is an
algebraic extension such that Xj = P}, we say that X splits over k', or,
alternatively, that k' is a splitting field for X.



3.3. SEVERI-BRAUER VARIETIES 33

Let see two examples of Severi-Brauer varieties.

Example 3.26. For alln > 0 and for all field extensions k' /k, we have that
P X Spec(k) Spec(k') = P},. Then P} is a Severi-Brauer variety of dimension
n over k that splits over any algebraic extension k' /k.

Remark 3.27. From Example 3.26 we get that if X is a Severi-Brauer over k
that splits over an algebraic extension k'/k, then every algebraic extension
K" /K is a splitting field for X.

Example 3.28. Let X be an irreducible conic in P2, if X(k) # 0 then the
parametrization of X with the lines passing through a k-rational point of X
gives an isomorphism X — IP)}C. Since X s defined by a polynomial of degree
2 then there is a quadratic extension k'/k such that Xy has a k'-rational
point, then X is a Severi-Brauer variety of dimension 1 that splits either
over k or over a quadratic extension of k.

Theorem 3.29. Let X be a Severi-Brauer variety over k, then X splits
over k if and only if X (k) # 0.

Proof. If X has dimension 0, then the result is trivial. Let suppose then
that X has dimension n > 1. If X = P} then X (k) # () by Example 2.12.

Conversely, if X (k) # 0, let © € X (k) and f : X’ — X be the monoidal
transformation of center z, let E be the exceptional divisor associated to f,
then £ = PP~ ! (see [Sha], II, §4.3). We have that X = P%, let consider
zx as a point in P (K). Let fx : Xjo — P be the extension of f to K,
then fg is the monoidal transformation with center xx, so we can consider
X as a subvariety of P x ]P’?{_l. Let denote by xq,...,z, be a system of
homogeneous coordinates on P and yo, . . ., y, coordinates on IP”}{_I, without
loss of generality we can assume that X/ is defined by the equations z;y; =
zy; fori,j € {0,...,n—1}. Let m: X' — IE’”IL(_1 be the morphism induced by
the projection on the second factor, we have that 7|g, : Ex — P’I‘(_l is an
isomorphism, indeed it is the extension to K of the isomorphism F =2 szl,
moreover, from the equations of X, it easy to see that the fibers of w are
lines of P% contained in X’. Let L be a hyperplane in E = szl, then
m(Lg) is a hyperplane in IP’}‘(_I. Since fx is the morphism induced by the
first projection of the fibred product P} x IP’"Kfl and it is an isomorphism
outside Ef, then fx(rm~!(n(Lk))) is a hyperplane in P%.

Let H be an ample divisor on X, let d be the degree of Hg in P and
H':= f*H — dE, then H} is a divisor on XJ.

If [ is a fiber of 7, then H' induces a divisor of degree 0 on [, then
Ox (H')[1 2 Oy and in particular Oy, (H') is generated by global sections
on [. Thus Hj is generated by global sections on Xk and it induces a
morphism ¢ : X} — IP’%. which is the extension to K of the rational map
¢ : X’ — P induced by H'. Then ¢ is indeed a morphism.
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We have also Ox; (H')|g, = Op, (H .Ex) = Opy(d), then ¢ factors
as composition of 7 followed by the d-uple embedding of IE”’;(_1 in IP’%. Let
D = f(yv~Y((L))), then Di = fr (7~ (7(Lg))) is a hyperplane in Xy =
P%, hence a very ample divisor.

By Proposition 2.3 we have that D is very ample on X, let ¢ : X — P} be
the closed immersion induced by D (by Proposition 1.12), then its extension
oK + X — P is the closed immersion induced by Dg. Since Dk is a
hyperplane in Xy = P%, we get that ¢ is an isomorphism, then m = n
and also ¢ is an isomorphism. O

Corollary 3.30. Let X be a Severi-Brauer variety over k, then there is a
finite Galois extension L/k such that X splits over L.

Proof. Let k be a separable closure of k, we use the notation introduced at
the beginning of Section 2.3. By Proposition 2.20 we have X (k) # 0, let
take a point z € X (k). By Proposition 2.26 there exists a finite extension
K'/k, k' C k, such that z is defined over k. Since k' C k we have that &’
is separable over k. Let L be the normal closure of k¥’ over k, then L is a
finite Galois extension of k and z is defined over L. Let x € X, be the point
such that T = z, then k(x) = L by Proposition 2.41 and = € X (L) by
Proposition 2.7. Thus X,(L) # () and X splits over L by Theorem 3.29. [

Remark 3.31. After Corollary 3.30 and Remark 3.27 we have that a variety
X over k is a Severi-Brauer variety if and only if there exists a finite Galois
extension L/k such that X = P}, where n is the dimension of X.

For all positive integers n, let SB, be the set of isomorphism classes
of n — 1-dimensional Severi-Brauer varieties over k. For every finite Galois
extension L/k and every positive integer n, let SB,,(L) be the set of Severi-
Brauer varieties X € SB,, such that X & Pz_l, then

SB,= lim SBy(L) (3.3)

L/k finite
Galois

We note that for all finite Galois extension L/k we have a special element
IP’Z’fl € SB,(L) that makes SB),(L) a pointed set, and by Example 3.26 the
transition maps in the direct limit (3.3) are morphisms of pointed sets.

Proposition 3.32. Let L be a field, then the group of automorphisms of
]P”z_1 as scheme over L is isomorphic to PGLy (L), for all positive integers
n.

Proof. See [Har], II, §7, Example 7.1.1, the proof given there works also if
L is not algebraically closed. O
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Proposition 3.33. Let L/k be a finite Galois extension and G = Gal(L/k),
for all positive integers n there is an isomorphism of pointed sets

Or.n : SBn(L) — HY(G, PGL,(L))

Proof. Let fix a finite Galois extension L/k and a positive integer n, let
define 0y, : SB,(L) — HY(G,PGL,(L)) in the following way: to each
X € SB,(L) we associate an isomorphism of L-schemes f : P}™' — X
and set 0, to be the map 0 : G — PGL,(L) that sends g € G to

07(g9):==ftogofog

1. We prove that the map 6 is well defined: from Definition 2.32 we have
that go fo¢g™' = ¢.f is a morphism of L-schemes from szl to Xr,
and in fact an isomorphism, as ¢, g~! are bijective maps. Then, for all
g € G, 0¢(g) is an automorphism of szl as L-scheme, i.e. an element
of PGL,(L), as stated in Proposition 3.32.

2. We prove that 0y, ,, is well defined: let X € SB, (L) and f : Pz_l — Xy
an isomorphism associated to X, then for all g1, g2 € G we have

0r(g1) 0 91.07(92) = f L ogi.fogi.(f " oga.f) = 0p(g192)

so 0y € HY(G, PGL,(L)).

Let f; : }P’Zfl — X, i=1,2, be two isomorphisms associated to X, then
fz_l o f1 is an automorphism of IP”L‘_I, i.e. an element of PGL, (L), by
Proposition 3.32. We have that for all g € G

(f5 tof1) tobs,(9)og.(fa ' fr) = fi tofao(fy togofaog™togofy tofiog™t = b4, (g)

then 07, ~ 0y, and they are the same element in H'(G, PGL,(L)).
Let choose the identity map Id of ]P’z_l as isomorphism associated to
IP’Z_l € SB,(L), then 014(g) = Id for all g € G, so 614 is the special
element of H'(G, PGL,(L)) and 0, is a well defined morphism of
pointed sets.

3. We prove that 0y, ,, is injective: let X1, Xo € SB, (L) such that 07, ,(X;) =
01n(X2), by part 2. we can choose the associated isomorphisms
fi PPt — Xy, i=1,2, such that 0y, = 0y,, i.e.

9f1 (g) = efz(g)v Vg e <

filogofiogl=fylogofrog™, VgelG <=

faofit=gofrofitog =g (faofih), VgeG

then fyo fi ¢ 1, — Xoy, is an isomorphism defined over k, then X3
and Xy are the same element in SB,,(L) and 6, ,, is injective.
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4. We prove that 0y, , is surjective: let ¢ € H (G, PGL, (L)), for g € G let
g: ]P)Zfl — szl be the morphism of schemes induced by ¢~ : L — L.
Since ¢(g) : IP“LZ_1 — }P’z_l is a morphism of L-schemes for all g € G,
we have that the following diagram

g)og
pr-1 ©(9) po-1

| L

Spec(L) LN Spec(L)

commutes for all g € G. Moreover, if g1, g2 € G we have

©(g192)°(g192) = ©(g1)°(g1-¢(g2)) 0 (g91°92) = (¢(g1)0g1)°(p(g2)092)

then }P’}j_l with the collection of endomorphisms {¢(g)og, g € G} verify
the hypothesis of Proposition 2.30, so there exists a variety X over k
and an isomorphism f : P’z_l — X, such that fop(g)og = go f, then
X € SBy(L) and 0y = f~logofog~t = f~lofop(g)ogog™" = p(g)
for all g € G, s0 0, 1.(X) = .

O]

Proposition 3.34. For any positive integer n there is an injective morphism
of pointed sets SB;,, — Br(k).

Proof. Let fix a positive integer n. By Proposition 1.58 we have an injective
morphism of pointed sets 6, 1 : HY(G, PGL,(L)) — H*(L/k). Then 6,1, o
On.1, : SBn(L) — H?(L/k) is an injective morphism of pointed sets. For all
L C L’ finite Galois extensions of k, the morphisms 0,1, © 0y 1, 0,1/ © 6y 1
are compatible with the inclusions SB,(L) C SB,(L') and H?*(L/k) C
H?(L'/k), then, taking the direct limit in the equations 3.3 and 3.2, we get
a well defined injective morphism of pointed sets SB,, — H?(k/k), where k
is a separable closure of k. Moreover H?(k/k) = Br(k) by Proposition 3.23,
then we obtain an injective morphism SB,, — Br(k). O

Corollary 3.35. If Br(k) = 0, then every Severi-Brauer variety over k
splits over k.

Proof. Indeed if Br(k) = 0, then also SB,, = 0 for all n > 1 by Proposition
3.34. Then for all n > 1 there is only one isomorphism class of Severi-
Brauer varieties of dimension n, i.e. every Severi-Brauer of dimension n is
isomorphic to P}.. O

Remark 3.36. For each of the fields £ listed in Proposition 3.24 and for every
n > 0, we have that, up to isomorphism, P} is the only Severi-Brauer variety
of dimension n over k.



Chapter 4

Del Pezzo surfaces

Del Pezzo surfaces are the second example of varieties over a field k
that are rational over an algebraic closure of k£ and for which we know some
sufficient conditions for their unirationality over k.

This chapter is devoted to the classification of Del Pezzo surfaces by
degree. We will prove that over an algebraically or separably closed field
they are rational, in particular they are, up to isomorphism, either ]P’,l€ X IP’}C
or a blowing-up of IP’% in at most 8 k-rational points that satisfy some special
conditions, but over an arbitrary field this is not always the case, in Section
4.3 we give some counter examples. The properties of Del Pezzo surfaces and
their (—1)-curves over an algebraically or separably closed field are studied
in detail in Sections 4.2 and 4.4, while the question about their rationality
or unirationality over an arbitrary field is investigated in the next chapter.

4.1 Definition and examples
Let k be a field.

Definition 4.1. A surface X over k is a Del Pezzo surface if its anticanonical
divisor —Kx is ample.

In this section we see some examples of Del Pezzo surfaces. By Propo-
sition 2.3 we can assume, without loss of generality, that k is algebraically
closed. This fact will be better explained in Section 4.3.

Example 4.2. The projective plane IP’% 1s a Del Pezzo surface. Indeed,
we have that Pic(Pi) = 7 and any invertible sheaf on IP)% 1 isomorphic
to (’)Pi(n) for some n € Z (see [Har|, II, §6, Proposition 6.4), moreover
Opi (n) is ample if and only if n > 0 (see [Har], I, §7, Example 7.6.1). Now,
wpz = (’)Pz(—?)) (see [Har], II, §8, Example 8.20.1), then O(_Kpi) = Opz (3)

s ample and IP’% 1s a Del Pezzo surface.

37
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Let H be a line on P3, then its associated sheaf is Opi(l)’ which is a

generator of Pic(P?) and H? =1 (see [Har], V, §1, Example 1.4.2), we have
seen that _Kpi 1s linearly equivalent to 3H, then Kﬂgi =9H? =09.
Example 4.3. Let X be a Del Pezzo surface, let f : X — X be a monoidal
transformation with center a closed point P € X. Let use Proposition 1.45
and Theorem 1.39 to understand in which cases X is again o Del Pezzo
surface. We will see in Lemma 4.20 that the converse always works.

Since ng = Kg{ — 1, a necessary condition is that Kg( > 2. Let E be

the exceptional divisor associated to fin X, let C be an irerducible curve in
X, let m be the multiplicity of f(C) at P and f*f(C) = C +rE for some
r < m, then

—K3.C=(["(=Ex)=E).(f f(C)=rE) = =Kx.f(C)—r > —=Kx.f(C)-m

which is positive if —Kx.f(C) > m. So we see that X is a Del Pezzo
surface if and only if —Kx.C' > m for every irreducible curve C in X with
multiplicity m at P.

If X = }P’z, then the condition —Kx.C' > m for every curve C in X with
multiplicity m at P is verified, indeed if C is an irreducible curve of degree
d>11in IP)%, we have that m < d and then *KPi-C =3d > m.

Similarly, one can prove that if X is a blowing-up ofIP’i with center a set
of closed points Py, ..., P, € IP’%, with 0 < r < 8, that verify the conditions in
Definition 4.21, then X is a Del Pezzo surface with K)Q( = 9—r. In Theorem
4.22 we will see that over an algebraically closed field all non minimal Del
Pezzo surfaces are of this type.

Example 4.4. ]P’,lC ><]P’,1c 18 a Del Pezzo surface. Indeed, ]P’,lf ><]P’,£, 18 1somorphic
to a quadric surface in 3 via the Segre embedding (see [Har], I, §2, Ezercise
2.15), so wptyp1 = Opiyp1(—2) (see [Har], II, §8, Ezample 8.20.3) and
(’)(—Kp}cxpk) = Opip1 (2) is ample by Proposition 1.15 as Oﬁ”i@) is ample
on P (see [Har], II, §7, Ezample 7.6.1). Thus Pt x Pi is a Del Pezzo
surface. We have also Pic(P x P}) & Z & Z (see [Har], II, §6, Example
6.6.1) and Kﬁixpi = 8 (see [Har], V, §2, Corollary 2.11).

Example 4.5. A nonsingular intersection of two quadric hypersurfaces in
IP’% 1s a Del Pezzo surface. Let QQ1, Q2 be two quadric hypersurfaces in Pi such
that X = Q1NQ)2 is a surface, without loss of generality we ca assume that Q1
and Q2 are nonsingular. We have that wg, = Og,(—3), Og,(X) = Og, (2)
and so wx = wQ, ®o,, 0g,(X) ®o,, Ox = Ox(-—1) (see [Har], II, §8,
Ezample 8.20.1 and Proposition 8.20). Then Ox(—Kx) = Ox(1) is ample
by Proposition 1.15 and X is a Del Pezzo surface.

Example 4.6. A cubic surface is a Del Pezzo surface. Let X be a cubic
surface over k, i.e. a nonsingular projective variety of dimension 2 and
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degree 3, then X is a hypersurface in ]P’z, indeed if we take a closed immersion
X — P} withn > 3, than there are two hypersurfaces S1,S2, of degree dy,d2
respectively, in P} such that X C S1 NSz, then deg X = 3 is a multiple of
dyda, then there is i € {1,2} such that d; = 1, then S; = IP’Z_l and X C S;.
Thus by induction on n we can prove that there exists a closed immersion
X — P}. Then X is a cubic surface in P3. We have wxy = Ox(-1)
(see [Har], II, §8, Example 8.20.3), then O(—Kx) = Ox(1) is ample by
Proposition 1.15 and X is a Del Pezzo surface.

In the next examples we need the notions of weighted projective spaces
and degree of a hypersurface in a weighted projective space, see Definition
1.20 and Proposition 1.22 for the definitions.

Example 4.7. A nonsingular irreducible hypersurface of degree 4 inP(1,1,1,2)
18 a Del Pezzo surface. Indeed if X is a monsingular irreducible hypersur-
face of degree 4 in Pr(1,1,1,2), we have that w;(l >~ Ox (1) is ample by
Proposition 1.24.

Example 4.8. A nonsingular irreducible hypersurface of degree 6 inPy(1,1,2,3)
1s a Del Pezzo surface. Indeed if X is a monsingular irreducible hypersur-
face of degree 6 in Pi(1,1,2,3), we have that w)_(l =~ Ox(1) is ample by
Proposition 1.24.

4.2 Classification over an algebraically closed field

Let X be a Del Pezzo surface over an algebraically closed field k, and let
K := Kx be its canonical divisor.

Proposition 4.9. H°(X,0x) = k, HY(X,0x) = 0, H*(X,0x) = 0, in
particular x(Ox) = 1.

Proof. Since it is a surface, X is irreducible and projective over k, hence
connected, thus H°(X,Ox) = k.

Since —K is an ample divisor, Proposition 1.16 gives H*(X, K) = 0,
then H?(X,0x) = H°(X, K) = 0, by Serre’s duality (Theorem 1.7).

For H'(X,Ox) = 0, see [Kol], III, §3, Lemma 3.2.1. O

Corollary 4.10. X is a rational surface.

Proof. Since —K is ample, then also —2K is ample by Proposition 1.14,
then h°(X,O(2K)) = 0 by Proposition 1.16. Moreover, from Proposition
4.9 we have that h'(X,Ox) = 0, then we can apply Theorem 1.53. O

Lemma 4.11. We have h?(X,—mK) = 0 for allm > 0, and h°(X, —mK) >
K? for all m > 1.
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Proof. By Serre’s duality (Theorem 1.7) and Propositions 1.14 and 1.16 we
have h?(X,—-mK) = h°(X,(m + 1)K) = 0 for all m > 0. Then by the
Riemann-Roch formula (1. 38) we get hO(X, —K) > im(m+1)K?+1 > K?
for all m > 1. O

Lemma 4.12. If C is a curve in X such that O(—C) = O(K), then C is
connected.

Proof. We have an exact sequence:
0—-0O(K)—0Ox —0c—0
which gives a long exact sequence of cohomology groups:
0— HYX,0(K)) — H'(X,0x) — H*(C,0¢) — H(X,O(K))

Since H°(X, O(K)) = 0 and, by Serre’s duality (Theorem 1.7), H*(X, O(K)) =
HY(X,0x) =0, then H*(C,0¢) = H°(X,0x) = k and we conclude that
C' is connected. O

Lemma 4.13. A general member of | — K| is irreducible and reduced.

Proof. Let D = Y7, a;C; € | — K| be an effective divisor not irreducible
and reduced, with n; > 0 and C; integral curve for all i = 1,...,s. Then by
the adjunction formula (1.1) we have

204(C;) — 2 = Ci.(C; + K) = Ci.(Cy — Z K) =
= —Z (—K) <0
J#i @i

foralli=1,...,s, indeed since O(K) is the ideal sheaf of >"7 | C;, we have
that >7_; C; is connected by Lemma 4.12, then if D is not irreducible we
have >°.; Z‘C' .C; > 0. Moreover C;.(—K) > 0 by Theorem 1.39, then if
D is irreducible but not reduced we have “— 1C’ ( K) > 0. Soif D is not
irreducible and reduced p,(C;) =0 for all i = 1,...,s and Proposition 1.34
gives C; @ Pi foralli=1,...,s

Let fix ¢ € {1,..., s}, from the long exact sequence of cohomology asso-
ciated to the exact sequence

0— Ox — O(C;) = Oc¢,(C;) = 0

we get that hO(X C;) < h%(Ci, O, (Ci))+h° (X, Ox). Remark 1.3.2 in [Har],
IV, 1, gives h%(C;, O¢,(C;)) = C2 + 1, then using also Proposition 4.9 and
the adjunction formula (1.1) we conclude that h°(X,C;) < C?+2 = —K.C;.
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Since there is a closed immersion C; — Z;zl a;C;, we have an injection
of sheaves O(K) — O(—C;) and then O(C;) — O(—K), which induces an
injection ¢; : H%(X,C;) — HY(X,—K). The injection ; corresponds to
the map that sends an effective divisor C/ linearly equivalent to C; to the
effective divisor D+a;(C!—C;) € |-K]|. Let D' € |—-K|, if gcd(ai, . .., as) =1
we can find integers by, ..., bs such that > > ; a;b; = 1. Let C! := C;+b;(D—
D'), then

@f:1¢i : 69?:1*[_10()(7 CZ) - HO(X7 _K)
sends @f_,C} to D+ "7, a;bj(D' — D) = D', thus &;_,¢; is surjective and
we have

S S
WX, -K) <) BU(X,Ci) < —K.) Ci<(-K)*=K?
i=1 i=1
that contradicts Lemma 4.11.

Let Y be the fixed component of | — K| and U = X \ Y, then O(—K)
is generated by global sections on U (see [Har], II, §7, Lemma 7.8) and,
by Proposition 1.10, it induces a morphism ¢ : U — IP’éV for some N, such
that qS*(Oszv(l) ~ Op(—K). Since —K is ample we have that K? > 1
(see Theorem 1.39), then Lemma 4.11 gives h%(X,—-K) > K? > 1, i.e.
hY(X,—K) > 2. Thus for a general D € | — K|, Y is strictly contained in
the support of D. Write D = Dg+ D1 where Dy, D, are effective divisors on
X such that: if Y has dimension 1, the support of Dy is Y and the support
of D1 does not contain any irreducible component of Y; if Y has dimension
<0, Dg=0and D; = D. Since Y is strictly contained in the support of D
we have that Dq # 0 for a general D € | — K|, and in particular Dy NU # ()
for a general D € |— K|. Thus Oy (—K) 2 Oy and ¢(U) has dimension > 1.
Let Z be the closure of ¢(U) in PY. If Z is a curve, by Bertini’s theorem
(see [Har], II, §8, Remark 8.18.1) a general hyperplane of PY meets Z, and
in particular ¢(U), in a nonsingular finite set of points, then for a general
divisor D € | — K| we have that D; is reduced. If Z is a surface, a general
hyperplane of ]P’fgv cuts on Z, and in particular on ¢(U), a reduced divisor,
then then for a general divisor D € | — K| we have that D; is reduced.

Thus for a general D = 37, a,C; € |- K| we have that D; =Y 7_, a,Cj,

r < s,isreduced, then ged(aq, ..., a,) = 1 and in particular ged(ay, ..., as) =
1. Thus we can apply the above reduction ad absurdum to D and conclude
that a general D € | — K| is irreducible and reduced. O

Proposition 4.14. For allm > 0 we have h%(X, —mK) = tm(m~+1)K?+1,
Y (X,—mK) =0 and h*(X,—mK) = 0.

Proof. Let m > 0. Lemma 4.11 gives h?(X,—mK) = 0.
Let C € | — K|, by Lemma 4.13 we can assume that C' is an integral
curve. We have an exact sequence

0 — O(=mK) — O(—(m + 1)K) — Oc(—(m + 1)K) — 0 (4.1)
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that gives an exact sequence of cohomology groups
HY(X,—mK) — H'(X,~(m + 1)K) — H'(C,~(m + 1)K]0)

From the adjunction formula (1.1) and Theorem 1.36 we have 2p,(C) —2 =
C.(C+K)=—-K.(—K + K) =0, then C is an integral curve of arithmetic
genus 1. Let D be a divisor on C such that Oc(—(m + 1)K) = O¢(D).
Since deg D = (m+1)C? > 0 we have D # 0, then, by Exercises 1.5 and 1.9
in [Har], IV, 1, we get h%(C, —(m + 1)K|¢) < deg D + 1 and h*(C, —(m +
)K|c) = h°(C,—(m +1)K|¢c) —deg D < 1, thus H'(C, —(m + 1)K|¢) =0
for all m > 0.

For m = 0 we apply Proposition 4.9, then, by induction, we can conclude
that h!'(X, —mK) = 0 for all m > 0.

The Riemann-Roch formula (1.2) and Proposition 4.9 give now

(X, —mK) = %(—mK).(—mK — K)+x(0x) = %m(m +1)K?+1

forallm >0 OJ
Proposition 4.15. Let R = @,>0H°(X, -mK),
if K2 =1, then ®m<sH(X,—mK) generates R;

if K? = 2, then ®p,<2H°(X,—mK) generates R and —K is generated by
global sections;

if K? >3, then H*(X,—K) generates R and —K is very ample.

Proof. Let define a(1) =3, «(2) =2 and a(n) = 1forn > 3. Let C € |- K|
be an integral curve of arithmetic genus 1 as in the proof of Proposition 4.14.
Let m > 0, from the sequence (4.1) and Proposition 4.14 we get an exact
sequence

0— H°(X,—mK) — H*(X,—(m +1)K) — H(C,—(m + 1)K|¢) — 0
(4.2)
Since h%(X,0x) = 1 and H’(X,—K) > 2 by Propositions 4.9 and 4.14,
we have that H°(C,—K|c) # 0. Let D be an effective divisor on C such
that Oc(—K) = Oc¢(D), let Q = @ycqx2)yH (X, —mK), then Qlc =
69mga(KQ)}IO(CS *mK|C') = 69mgoz(KQ)}IO(Cv mD)

Since degmD = mK? for all m > 0 and according to Corollary 3.2
in [Har], IV, §3, we have that mD is very ample for mK? > 3, so we see
that a(K?)D is very ample on C, then by Proposition 1.13 we have that
HO(C,a(K?)D) generates H(C,da(K?)D) for all d > 0. Let D’ be the
support of D, then D’ is a finite set of closed points of C, the exact sequence

0 — Oc(mD) — Oc((m+1)D) — Op((m +1)D) — 0
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gives an exact sequence
0 — H°(C,mD) — H°(C,(m+1)D) — H*(D',(m+1)D) -0  (4.3)

for all m > 1, because H!'(C,mD) = 0 for all m > 1 (via [Har], IV, §I,
Theorem 1.3 and Proposition 1.5) as in the proof of Proposition 4.14.

Since D' is a finite set of points we have H°(D', (m + 1)D) is the direct
sum of the stalks of Op/((m+1)D) at the points of D’. By Corollary 3.2 in
[Har], IV, §3 we have that mD is generated by global sections on C' if mK? >
2, then Op/((m+1)D) is generated by the image of H°(C,2D)® H°(C,3D)
for all m > 1. So we can conclude that Q|c generates H°(C,mD) for all
m > 0, by induction on m in the sequence (4.3). Then, by induction on m
in the sequence 4.2, we conclude that ) generates R.

If K? =2, then —K|¢ is generated by global sections (see [Har], IV, §3,
Corollary 3.2), then from the sequence (4.2) with m = 0 we get that also
— K is generated by global sections.

If K? = 3, we have that —mK is very ample for some positive integer
m, by Proposition 1.14, but Q = H'(X, —K) generates H°(X,—mK), as
we have proved, then also —K is very ample. ]

Proposition 4.16. If K2 < 4, then X = Proj(@,>0H°(X,-mK)) is a
non minimal surface. In particular

if K2 =4, then X is a complete intersection of two quadric hypersurfaces
mn IP’% and a line ofIP’i is contained in X if and only if it is a (—1)-curve
of X;

if K? =3, then X is a cubic surface in IP’% and a line of ]P’z s contained in
X if and only if it is a (—1)-curve of X;

if K2 =2, then X is a hypersurface of degree 4 in Py(1,1,1,2), moreover
there is a finite morphism X — ]P’% of degree 2 and ramified on a
quartic curve in ]P’z;

if K> =1, then X is a hypersurface of degree 6 in Py(1,1,2,3).

Proof. Since —K is an ample invertible sheaf on X, we have that X &
Proj(®m>0H°(X, —mK)) by Proposition 1.19.

Proposition 4.15 says that if K2 > 3 then —K is very ample, then,
applying Propositions 1.12 and 1.42, —K induces a closed immersion ¢ :
X — P, where n = h°(X, —K) — 1 = K? by Proposition 4.14, ¢(X) spans
PP and K? = deg¢ - deg ¢(X) = deg ¢(X) as ¢ is injective.

If K% = 4, then ¢(X) is a surface of degree 4 in P} not contained in
any hyperplane of IP’%, then there are two hypersurfaces @)1, Q2 of degrees
di,ds > 11in P,‘i such that ¢(X) C @1 N Q2, then deg ¢(X) is a multiple of
dydsy, but deg ¢(X) = 4, then the only possible choice is dj = d2 = 2. So
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Q1, Q2 are two quadric hypersurfaces of IF’% and by Exercise 6.5 in [Har|, II,
§6 we have that ¢(X) = Q1 N Q2.

Let C be an integral curve over X, by Proposition 1.43 we have deg ¢(C') =
—K.C. Then ¢(C) is a line in P} if and only if deg ¢(C') = 1 and ¢(C) = P},
if and only if K.C = —1 and C = P;. By adjunction formula (1.1) this is
equivalent to C? = —1 and C 2 P}, thus ¢(C) is a line in P} if and only if
Cis a (—1)-curve.

If K? =3, ¢(X) is a surface of degree 3 in P}, then it is a cubic surface.
Let C be an integral curve over X, by Proposition 1.43 we have deg ¢(C') =
—K.C. Then ¢(C) is a line in P$ if and only if deg ¢(C) = 1 and ¢(C) = P},
if and only if K.C = —1 and C = P}. By adjunction formula (1.1) this is
equivalent to C? = —1 and C 2 P}, thus ¢(C) is a line in P} if and only if
C'is a (—1)-curve.

If K2 = 2, by Proposition 4.14 we have that h°(X,—K) = 3 and
(X, —2K) = 7, then H°(X,—K) generates a subspace of dimension 6
of H(X, —2K). Let sq, s1,52 € H*(X, —K) be a basis of H(X, —K), since
R := ©n>oH(X, —mK)) is generated by @®,,<2H°(X,—mK) by Proposi-
tion 4.15, there is an element t € HY(X,—2K) such that sg, s1,s2,t gen-
erates R as k-algebra. Using the notation introduced in Definition 1.20
we can define a surjective morphism of graded rings preserving degrees
v Suai2 = klxo, 1, 29,23 — R by ¢(x;) = s; for i = 0,1,2 and
¢(x3) = t. By Proposition 1.17 ¢ induces a closed immersion f : X —
Py(1,1,1,2) such that wy' = f*Op, (1.1,1,2)(1). By Proposition 1.24 we have
that wy' & f*Op, (1112 (5 — deg f(X)), then deg f(X) = 4, i.e. f(X) is
given by a homogeneous polynomial g € S 119) of degree 4. Without
loss of generality we can write g(zo, 1, T2, 23) = (23)? — h(z0, 21, 72) Where
h € klxo, x1,z2] is a polynomial of degree 4.

Proposition 4.15 says that —K is generated by global sections, then we
can apply Proposition 1.42, so —K induces a finite morphism ¢ : X — P,
where n = K2 as before and ¢(X) is a nonsingular surface in P2, then ¢ is
surjective and of degree 2. Since ¢ is the restriction to X of the projection
P(1,1,1,2) --» P% from the point (0,0,0,1), then we easily see that the
ramification locus of ¢ is the quartic curve in }P’i defined by the homogeneous
polynomial h(xg,x1,x2).

If K? = 1, by Proposition 4.14 we have that h%(X, —K) = 2, h°(X, —2K) =
4 and h%(X,—K) = 7, then H°(X,—K) generates a subspace of dimen-
sion 3 in H%(X,—2K), and @®p,<aH"(X,—mK) generates a subspace of
dimension 6 in H(X,—3K). Since @p<3H°(X,—mK) generates R =
®m>0H’(X, —mK) by Proposition 4.15, we can choose s, s1 € H*(X, —K),
u € H°(X,—2K) and v € H°(X, —3K) such that s, s1,u,v generate R as
k-algebra. Using the notation introduced in Definition 1.20 we can define
a surjective morphism of graded rings preserving degrees ¢ : S(1123) =

k[mo,x1,$%,x§] — R by ¢(x;) = s; for i = 0,1, d)(x%) = u and gb(azg) = 9.
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By Proposition 1.17 ¢ induces a closed immersion f : X — Pg(1,1,2,3)
such that w;(l = f*Op,(1,1,2,3)(1). By Proposition 1.24 we have that w;(l =
f*Op,(1,1,2,3) (7 — deg f(X)), then deg f(X) = 6.

For the non minimality see [Kol], ITI, §3, Corollary 3.6. O

Proposition 4.17. If p(X) =1 then X = P2.

Proof. Let H be a generator of Num(X) such that —K = rH with » > 0.
Since —K is ample, then by Propositions 2.3 and 1.39 also H is ample and
H? > 0, and since H is a generator, every curve C € |H| is irreducible and
reduced. Let C be a curve in |H|, by the adjunction formula (1.1), we have

204(C) —=2=C.(C+K)=(1-r)H*><0 (4.4)

which gives 1 <r < 3.
If r > 1, then p,(C) = 0, and C = P}. We have an exact sequence:

0—-0x —0(C)— Oc(C)—0 (4.5)

The invertible sheaf O(C) is generated by global sections on X \ C, more-
over O¢(C) = Op (H %) is very ample as H2 > 0, hence generated by global
sections on C, and H'(X,Ox) = 0 by Proposition 4.9, then O(C) is gen-
erated by global sections also on C'. So H is generated by global sections
on X and by Proposition 1.42 it induces a finite morphism ¢ : X — P},
where n = h%(X, H) — 1, then ¢(X) is a surface that spans P} and H? =
deg ¢ - deg ¢(X).

We have h'(X,0x) = 0 by Proposition 4.9, and h'(C,Oc(C)) = 0
by Theorem 5.1 in [Har], III, §5, as O¢(C) = OPi(Hg). Then by the long
exact sequence of cohomology groups associated to the sequence (4.5) we get
HY(X,0(C)) =0, and in particular h' (X, H) = 0. We have h°(X, K —H) =
h9(X,—(r+1)H) = 0 by Proposition 1.16, then the Riemann-Roch formula
(1.2) gives

(X, H) = %H.(H — K)+x(0x) = %(r +1)H? +1

If r =3, we have H2 = 1, n = 2 and deg¢ = 1, sogb:XHIP%isan
isomorphism.

If r = 2, we have H? = 2, n = 3, deg ¢(X) = 2 since ¢(X) spans P3,
and deg¢ = 1. Then ¢(X) : X — ¢(X) is an isomorphism and ¢(X) is
a nonsingular quadric in P}, then p(¢(X)) = 2 (see [Har], II, 6, Example
6.6.1), which contradicts the fact that p(X) = 1.

If r = 1, then —K is a generator of Num(X). By Theorem 5.14 in [Kol],
II, §5, there is a rational curve C' in X such that —K.C < 3, since —K is
ample and it is a generator of Num(X), we have that C' = —mKx for some
m > 0, then K? < mK = —K.C < 3, then X contains a (—1)-curve by
Proposition 4.16, which contradicts the fact that p(X) = 1.

Thus the only possibility is r = 3 and X = P O
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Lemma 4.18. Every irreducible curve E in X with E?> < 0 is a (—1)-curve
and —K.E = 1.

Proof. The irreducibility of E gives p,(F) > 0 with equality if and only if
E =~ P! Since —K is an ample divisor, from Theorem 1.39 we have that
K.FE < 0, then the adjunction formula says

—2< 2 (E)—2=E.(E+K)< -2

so E? = —1, po(E) = 0 and K.E = —1, which implies that £ = P} and
—-K.E=1. O

Proposition 4.19. Let X be a minimal Del Pezzo surface over k, then
either p(X) =1, X 2 P2 and K? = 9, or p(X) = 2, X @ PL x P} and
K?=3.

Proof. Let C be an irreducible curve in X, since —K x is ample, by Theorem
1.39 (Nakay-Moishezon criterion) we have Kx.C' < 0, so K x is not nef. Then
condition 4) in Theorem 1.52 does not hold for minimal Del Pezzo surfaces.

After Theorem 1.52, Proposition 4.17 and the above discussion, we have
that either p(X) =1 and X 2 P? or p(X) =2 and X is a P} bundle over a
projective nonsingular irreducible curve C.

In the first case, Pic(P?) & Z and KI?Q =9 from Example 4.2.

In the second case, X is a minimal rgtional ruled surface, i.e. a Hirze-
bruch surface F,, = ]P’(OP}C @ Op: (n)), for some n > 0,n # 1. According to
Lemma 4.18 and to [Bea], IV, Propositions IV.1 we have that n = 0 and
X = P; x Pi. Then Pic(P} x P}) ¥ Z & Z and Kﬁzixpi = 8 from Example
4.4. O

Lemma 4.20. Let f : X — X' be a birational morphism of surfaces, if X
s a Del Pezzo surface, then also X' is a Del Pezzo surface.

Proof. By Proposition 1.46 f can be factored into a finite number of monoidal
transformations, then, without loss of generality, we can assume that f is a
monoidal transformation. Using Proposition 1.45 and the fact that Kgf > 0,
as —Ky is ample, we have (—Kx/)? = K%, =K% +1> 0.

Let E in X be the exceptional curve of f, from the adjunction formula
we get —Ky.E = FE? —2g(E)+2=1, as Eis a (—1)-curve. Let C be any
irreducible curve in X', using again Proposition 1.45 we have:

—Kx.C=(—f"Kx).(f"C)=(-Kx + E).(f'C)=—-Kx.(f*C) =
= Kx.(C+rE)=—-Kx.C+r(—Kx.E)
where C is an irreducible curve in X and r > 0. Thus —Kx,.C' > —KX.C~' >

0, because of the ampleness of —Kx. By Theorem 1.39 (Nakai-Moishezon
criterion) we get that —Kx/ is ample and so X’ is a Del Pezzo surface. [J
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Definition 4.21. Let 1 < r < 8, r closed points Pi,..., P, in ]P’z are in
general position if they satisfy the following conditions:

i) P; # P; for all 4,5 € {1,...,r},i # J;
ii) if r > 3, no three of them lie on a line;
iii) if » > 6, no six of them lie on a conic;

iv) if r = 8, there is no cubic which contains all P, ..., Py and is singular
at one of them.

Theorem 4.22. Either X = Pk X Pk or X arises as a blowing-up of IP’% m
r < 8 points in general position. In the last case K?> =9 — r.

Proof. Let X be a minimal Del Pezzo surface, by Proposition 4.19 we have
that either X = IP’% or X = IP’,IC X }P’,}:. Let now X be a Del Pezzo surface
which is not minimal, by Theorem 1.50 there exists a birational morphism
f : X — X’ to a minimal model, X’ is a minimal Del Pezzo surface by
Lemma 4.20, so X’ is isomorphic either to IP’% or to IP),lg X IP’}C.

If X is the blowing-up of IP’,IC X IP’,IC with center a closed point P, let E be
the exceptional divisor and FE7, Fs the strict transforms of two distinct lines
Ly, Ly passing through P. From Proposition 2.3 in [Har|, V, §2 we have
L? = 0 in P} x P}, while Proposition 1.45 gives E? = L? + E? = —1 and
E1.Ey = L1.Lo+E? = 0, then E1, F5 are two disjoint (—1)-lines in X. So, by
Theorem 1.47, we can contract them with a birational morphism ¢ : X —
X" which is the composition of two successive monoidal transformations.
Proposition 4.19 gives p(X’) = 2, then, using Proposition 1.45, we have
p(X)=p(X')+1=3and p(X") = p(X’') —2 =1, thus X” is minimal and
X" = P2, again by Proposition 4.19.

Then, without loss of generality, we can suppose that there is a bira-
tional morphism f: X — IP’%. By Proposition 1.46, f can be factored into
composition of » > 1 monoidal transformations f; : X; — X;_1 with center
Qi € X;_1, for i = 1,...,r, where r is the number of curves contracted
by f, Xog = ]P’i, X, 2 X and we can identify f with fi o---o f.. Applying
Proposition 1.45 r times, we get K2 = K[?,Q —r=9—r, but Kg( > () because
—Kx is ample, so we conclude that r < S.k

Let PL = Q1 and for ¢ =2,...,r let P; € ]P’% be the image of @); under
the map fro---0 fi_;. Then {P,..., P.} is a collection of r closed points
of IP%, 1 <r <8, we want to prove that they are in general position.

We note that, according to the universal property of blowing-up, f is
independent of the order of composition of the f;, ¢ = 1,...,r. So it is
enough to verify the cases below. Moreover we note that by Lemma 4.20 X;
is a Del Pezzo surface for all ¢ = 0,...,7. Fori=1,...,r let F; C X; be
the exceptional divisor of f;.
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Let suppose r > 2 and P; = P», this means that Qo € Fq, let m > 1 be
the multiplicity of @2 on E7, then by Proposition 1.45 the strict transform
of F1 under fs is El = f3E1 — mkEsy, a curve with self-intersection E~12 =
E? +m?E2 = —(1 + m?) < —2, which contradicts Lemma 4.18 for the Del
Pezzo surface Xs.

Let suppose that » > 3 and that P, P>, P3 lie on a line L in ]P’i, from
[Har], V, §1, Example 1.4.2, we have that L? = 1. The strict transform L of
L under f := fj o foo fg is a curve in X3, using Proposition 1.45, we have
L=f*L— (foof3)*Ey — fiFy — E3 and [? = L? + E} + E3 + E2 = -2,
which contradicts Lemma 4.18 for the Del Pezzo surface Xs.

Let suppose that = > 6 and that Pp,...,Ps lie on a conic C in P?,
from [Har], V, §1, Example 1.4.2, we have that C? = 4. As above let C
be the strict transform of C under fi o ---o fg, C is a curve in Xg with
C? = C? + B} + --- 4+ EZ = —2, which contradicts Lemma 4.18 for the Del
Pezzo surface Xg.

Let suppose that » = 8 and that Pi,..., Pg lie on a cubic C' in IP%, such
that C' has multiplicity m > 2 at Ps. From [Har|, V, §1, Example 1.4.2,
we have that C2 = 9. As above let C' be the strict transform of C under
fio---ofg, Cisa curve in Xg with C? = C*’+E?+- -+ E24+m?E; < -2,
which contradicts Lemma 4.18 for the Del Pezzo surface Xg. ]

Definition 4.23. Let X be a Del Pezzo surface, we define the degree of X
to be K?2.

Remark 4.24. After Theorem 4.22, we see that non minimal Del Pezzo sur-
faces can be classified by their degree and that there are only two non
isomorphic minimal Del Pezzo surfaces.

Proposition 4.25. Let f : X — Pi be a blowing-up with center r closed
points in general position Py,..., P, € IP’%, 1<r <8 Fori=1,...,r let
E; be the inverse image of P; under f and L be the inverse image of a line
n Pi which does not contain any of the P;, i =1,...,r. Then:

i) Pic(X) X ZLSZE, & - & ZE,;
i) L>=1, E?= -1, L.E;=0, E;.E; =0, Vi,j € {1,...,r},i # j;
i) Kx = —-3L+FEy+---+ E,.

Proof. Since the image of L is a line in P, then it is a generator of Pic(P}) =
7, so we get 1) applying Proposition 1.45. Moreover L does not meet any FEj;,
1 =1,...,r, because its image in IP’% does not contain any P;, i = 1,...,r,
and E; does not meet Ej for all 4,5 € {1,...,r}, i # j because the points
Py, ..., P, are pairwise distinct. Applying again Proposition 1.45 and the
previous observation, we have ii). For iii) we have that wpz = Op2 (—3) by
Example 4.2, and O(f.L) = OPi(l)’ so Kpz = —3L and, applying Proposi-
tion 1.45, Kx = -3L+ FE1+---+ E,. ]
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Proposition 4.26. Let X be a blowing-up of IP’% i r points in general
position, 1 < r < 8. Then the (—1)-curves in X are exactly of the following

types:
type a: the inverse image of one the r points;
type b: if r > 2, the strict transform of a line containing two of the r points;

type c: if r > 5, the strict transform of a conic containing five of the r
points;

type d: if r > 7, the strict transform of a cubic containing seven of the r
points, with multiplicity 2 at one of them;

type e: if r = 8, the strict transform of a quartic containing all the 8 points,
with multiplicity 2 at three of them;

type f: if r = 8, the strict transform of a quintic containing all the 8 points,
with multiplicity 2 at six of them;

type g: if r = 8, the strict transform of a sextic containing all the 8 points,
with multiplicity 2 at seven of them and multiplicity 3 at the remaining
one.

In particular a non minimal Del Pezzo surface X contains only finitely many
(—1)-curves, as listed below:

degree of X 8§ 7 6 5 4 8 2 1

number of (—1)-curves 1 8 6 10 16 27 56 240

Proof. Let f : X — ]P’i be a blowing-up with center r closed points in
general position Pp,..., P, € P%, 1 < r < 8 With an argument as in the
proof Theorem 4.22 we can easily see that type a, type b, type ¢ and type d
curves are all (—1)-curves in X.

Let E be a (—1)-curve in X, according to Proposition 4.25 we ca write,
up to linear equivalence, E = dL — %, | m;E;, where d > 0 is the degree of
the image fyF of E in Pi and m; > 0 is the multiplicity of P; on f.FE, for

t=1,...,r. From Lemma 4.18 we have —Kx.E =1, so
T T
E*=d>-> mj=-1  and ~Kx.E=3d-) mi=1
i=1 =1

which gives

Zm?:dQ—i—l and Zmi:3d—1 (4.6)
i=1 i=1
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Using the Cauchy-Schwartz’s inequality we have:

(&) < () (5) -~ (&)

and in particular (3d —1)? < r(d? 4+ 1), so (9 —r)d?> —6d + 1 —r < 0, which

gives
4 BV
- 9—r
and the following upper bounds for d:

r 1 2 3 4 5 6 7 8
d< 01112 2 37

We can interpret the above list as follows: if Kg( = 8 then » = 1 and
X contains only (—1)-curves of type a, if Kx < 7 then r > 2 and X may
contain (—1)-curves not of type a. Let suppose Kx < 7 and let E be a
(—1)-curve not of type a, then E is the strict transform of a rational curve
f+E of degree d in P%.

If d = 1 then (4.6) gives m? + - +m2 =2 and my + -+ +m, = 2, s0
FE is of type b.

If d = 2 then (4.6) gives m? +---+m? =5 and mi +--- +m, =5, so
FE is of type c.

If d = 3 then (4.6) gives m? + - +m?2 =10 and my + -+ +m, = 8, so
FE is of type d.

If d = 4 then (4.6) gives m? +---+m?2 =17 and my + - - - +m, = 11, so
FE is of type e.

If d = 5 then (4.6) gives m? +---+m?2 = 26 and my + - - - +m, = 14, so
E is of type f.

If d = 6 then (4.6) gives m? +---+m?2 = 37 and my +--- +m, = 17, so
E is of type g.

If d = 7 then (4.6) gives m? +--- + m?2 = 50 and m; + - -- + m, = 20,
but the two equations have no common solution (mq,...,m,) with r = 8
and m; > 0 for alli =1,...,r, so there are no (—1)-curves with d = 7.

Moreover, the number of (—1)-curves in X, can be calculated by the
following formulas:

)+ 0+ 6)() ferst

r+E)+EFC-0E+E+E ) ifr=8

Proposition 4.27. Let X be a Del Pezzo surface of degree K? > 3, let
f: X' — X be a monoidal tranformation with center a closed point x € X.
Then X' is a Del Pezzo surface if and only if x does not lie on any exceptional
curve of X.
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Proof. If K? =9 it is trivial, see also Example 4.17.

If X = P,lg X IP’,lC see the second paragraph of the proof of Theorem 4.22.

If X is a non minimal Del Pezzo surface and z lies on a (—1)-curve E
of X, let E be the strict transform of F under f and E’ be the exceptional
divisor on X’ corresponding to f. Then by Proposition 1.45 we have that
FE? = E? 4+ E”? = —2 and by Lemma 4.18 we conclude that X’ is not a Del
Pezzo surface.

Conversely, if X is a non minimal Del Pezzo surface and X’ is not a Del
Pezzo surface. By Theorem 4.22 we have that X is, up to isomorphism, a
blowing-up of IP’% in r <7 points P4, ..., P, in general position, say g : X —
P2, Let P41 = g(z), then go f : X’ — P2 is a blowing-up with center
Py, ..., Pry1. Again by Theorem 4.22 we have that Py, ..., P,y are not in
general position. We have three possible cases:

i) if Pr41 = P; for some i € {1,...,7}, then = belongs to the inverse image
of P; under g, which is a (—1)-curve of X by Proposition 4.26;

ii) if Pry1 # P for all i = 1,...,7 and P41 lies on a line L; j containing
two distinct points P, P; for some 4,j € {1,...,r}, then 2 belongs to
the strict transform of L;; under g, which is a (—1)-curve of X by
Proposition 4.26;

iii) if P4y # P; for all i = 1,...,7 and P,4; lies on a conic C' passing
through five of the Py, ..., P, then x belongs to the strict transform
of C' under g, which is a (—1)-curve of X by Proposition 4.26.

O

Remark 4.28. From Theorem 4.22 and Proposition 4.27 we get that X is a
Del Pezzo surface over k if and only if X = }P’,l§ X ]P’,%/, or X arises as blowing-up
of ]P’% in 7 < 8 points in general position.

Proposition 4.29. Let f: X — IP’% be a blowing-up with center r closed
points in general position Py,...,P, € P21 <r < 8. Fori=1,...,r, let
E; be the inverse image of P; under f. Fori,j € {1,...,r},i <j, let L; ; be
the strict transform under f of the line containing P; and P;. Ifr =5 let C

be the strict transform under f of the conic containing Py, ..., Ps. We have
that
i) B, ..., Ey, are pairwise disjoint;

ii) if r > 2, then L; j and Eg are disjoint if and only if i # s # j, otherwise
they meet in exactly one point;

iii) if r > 2 and L;j, Ley are two distinct curves, then L;; and Lg; are
disjoint if and only if {i,j}N{s,t} # 0, otherwise they meet in exactly
one point;
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i) if r =5, then C meets E; in exactly one point for all i =1,...,5, while
C and L; j are disjoint for all i,5 € {1,...,5},i < j.

Proof. i)Ifi,jel,...,ri# j, Proposition 4.25 says that E;.E; = 0, then
E; and Ej; are disjoint.

i) Ifi,5,s € {1,...,r},i # j, since P;, ..., P, are in general position and
f(L;j) is the line containing FP;, Pj, then f(L;;) contains Ps if and
only if s =7 or s = j, and in that case the multiplicity of f(L; ;) at
Ps is 1 as L; ; is nonsingular. Then by Proposition 1.45 we have that
if i # s # j then L; j.E; = 0, i.e. L;; and Ey are disjoint, otherwise
L; ;. Es =1,ie. L;; and E; meet in exactly one point, as they are two
distinct curves in X.

iii) Suppose that i, j,s,t € {1,...,r},i < j,s <t,(i,7) # (s,t). By defini-
tion we have that f(L; ;) and f(Ls.) are two distinct lines in P?, then
they meet in exactly one point, say P. Since F;,..., P, are in general
position, we have that P € {Py,..., P,} if and only if {4, j}N{s,t} # 0.
Then by Proposition 1.45 we have that if {i,j} N {s,t} # 0, then
L;;.Lsy =0,ie. L;; and Ly, are disjoint, otherwise L; ;.Ls; = 1, i.e.
L;; and Ls; meet in exactly one point, as they are two distinct curves
in X.

iv) If r =5,leti € {1,...,5}, since f(C) contains P; with multiplicity 1 by
definition of C, then by Proposition 1.45 we have that C.E; = 1, i.e.

C and E; meet in exactly one point, as they are two distinct curves in
X.

Ifi,j e {1,...,5},i < j, from the definition of C' and L; ; we have that
f(C) and f(L; ;) meet in exactly two points, counted with multiplicity,
which are P;, P;. Then by Proposition 1.45 we have that C.L; ; = 0,
i.e. C and L;; are disjoint, as they are two distinct curves in X.

O

4.3 Del Pezzo surfaces over an arbitrary field

In this section we give a list of properties, already proven for Del Pezzo
surfaces over an algebraically closed field in Section 4.2, that hold true for
Del Pezzo surfaces over any field. Then we consider properties that do not
remain valid over an arbitrary field and we give some counter examples. We
start with a very useful remark.

Remark 4.30. Let X be a surface over a field k. According to Propositions
2.3 and 2.5 we have that the following statements are equivalent:

i) X is a Del Pezzo surface of degree d;
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ii) there exists an extension K/k such that Xy is a Del Pezzo surface of
degree d;

iii) Xk is a Del Pezzo surface of degree d for all field extensions K over k.

After Remark 4.30 it is clear why the surfaces described in Examples
4.2, 4.3, 4.4, 4.5, 4.6, 4.7 and 4.8 are Del Pezzo surfaces independently of
the choice of the ground field k.

Let k be a field and K an algebraic closure of k.

Proposition 4.31. Let X be a Del Pezzo surface over k. Then
i) B°(X,0x) =1, (X, 0x) = 0,h*(X,0x) =0 and x(Ox) = 1;

i) hO(X, —mKx) = im(m+1)K%+1, M (X, —mKx) = 0,h*(X,—-mKx) =
0 for all m > 0;

Proof. After Remark 4.30 we have that Xg is Del Pezzo surface, then com-
bining Propositions 2.5, 4.9, 4.14 and 2.2 we obtain the result. 0

Proposition 4.32. Let X be a Del Pezzo surface over k,
if K§( =9, then X is a Severi-Brauer surface;

if K)2( =4, then X s a complete intersection of two quadric hypersurfaces
mn Pﬁ and every line of IP’% contained in X is a (—1)-curve of X;

if Kg( = 3, then X is a cubic surface in }P’z and every line of ]P’z contained
in X is a (—1)-curve of X;

if Kg( =2, then X is a hypersurface of degree 4 in Px(1,1,1,2), moreover
there is a finite morphism X — IP’% of degree 2 and ramified on a
quartic curve in P?;

if K% =1, then X is a hypersurface of degree 6 in Px(1,1,2,3).

Proof. If K% =9, by Remark 4.30 and Theorem 4.22 we have that X =
}P’%(, then X is a Severi-Brauer surface.

By Remark 4.30 and Proposition 2.2 we see that Proposition 4.15 holds
over any field, then the embeddings that are given in Proposition 4.16 are
defined over k.

If K§< =4, then X is a surface in IP’%, let @1, Q2 be two hypersurfaces in
IP’% such that X C Q1 N @2, then Q; k is a hypersurface of IP"}( fori=1,2
and Xg C Q1.x N Q2x. By Proposition 4.16 we have that Qi x, Q2K
are quadric hypersurfaces and Xx = Q1,x N Q2,x, then @1, Q2 are quadric
hypersurfaces in IP’% and X = Q1 N Qa.

Let Y3 =P}, Y2 =P(1,1,1,2), Y1 =Px(1,1,2,3). If K% <3, since X
is a geometrically integral hypersurface in vE% , by Proposition 4.16 we have
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that X is defined by an irreducible homogeneous polynomial of the desired
degree with coefficients in k, then X is defined by the same polynomial and
we can conclude.

The assertions about the lines come from Proposition 4.16 and the fol-
lowing remark: if F is a k-rational curve in X such that Ef is a (—1)-curve
in Xg, then E is a (—1)-curve in X (it is an immediate consequence of
Proposition 2.4 and Theorem 3.29).

If K)Q( = 2, the finite morphism ¢ : Xg — }P’%{ of Proposition 4.16 is
induced by —K x,., then it is the extension of the finite morphism ¢ : X — IP’%
indced by —K. Since ¢ has degree 2, then also ¢ has degree 2, moreover
¢ is ramified over a curve of degree 4 in IP’%( which is the ramification locus
of ¢ extended to K. Thus ¢ is ramified over a quartic curve of degree 4 in
P2 O

Proposition 4.33. Let f : X — X' be a birational morphism of surfaces
over k. If X is a Del Pezzo surface then also X' is a Del Pezzo surface.

Proof. Let fr : Xg — X} be the extension of f to K, Xk is a Del Pezzo
surface by Remark 4.30, then X/ is a Del Pezzo surface by Lemma 4.20. So
X' is a Del Pezzo surface over k, again by Remark 4.30. O

Proposition 4.34. If X is a blowing-up of ]P’% inr < 8 k-rational points in
general position, then X is a Del Pezzo surface of degree 9 — r over k.

Proof. We have that Xg is a blowing-up of IP’%( in r < 8 points in general
position, so X is a Del Pezzo surface of degree 9—r over K by Remark 4.28,
then X is a Del Pezzo surface of degree 9 — r over k by Remark 4.30. O

In general Theorem 4.22 does not hold over an arbitrary field. In Section
4.4 we will prove that it remains valid if the field is separably closed, while
here we give some counter examples.

We start with two examples of Del Pezzo surfaces over Q that are not
rational over Q.

Example 4.35. Let X be the quadric surface in ]P’% defined by the homoge-
neous polynomial x% + 22 + 23 + :v% € Q[xg, z1, z2,x3]. We have that X is
a surface and X¢c = PL x P{ (see [Har], I, Exercises 5.12 and 2.15), then
X is a Del Pezzo surface by Remark 4.30. Moreover X is minimal over Q
as Xc is minimal over C. It is clear that X has no Q-rational points, then
X is not rational over Q by Remark 2.24. In particular X is a minimal Del
Pezzo surface of degree 8 which is not isomorphic to I%) X IP’}@.

Example 4.36. Let X be the hypersurface of Pg(1,1,1,2) defined by the
polynomial x§ + 2 + x5 + (23)? € Q[xo, 71, 22, 23]. X is a Del Pezzo surface
of degree 2 over Q (by Example 4.7 and Remark 4.30) without Q-rational
points, then X is not rational over Q by Remark 2.24.
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The next example shows a Del Pezzo surface of degree 7 over Q which
is rational over QQ, even a blowing-up of IP’(Q@, but cannot be represented as a
blowing-up of IP’?Q in two Q-rational points.

Example 4.37. Let Py = (1:i:0:0),P, = (1:—i:0:0) € P%, then P,
is not defined over Q for i = 1,2. We have that {P1, P2} is T'g-invariant,
hence defined over Q by Proposition 2.31. Let Z be the closed subvariety of
}P’?@ such that Z¢c = PiUP,, then Z is a closed point in IP’%Q, as it is an integral
subvariety of dimension 0. Let X be the blowing-up of IP’(%Q with center Z.
By Proposition 2.41 we have that X¢ is a Del Pezzo surface of degree 7 over
C, then by Remark 4.30 X is a Del Pezzo surface of degree 7 over Q, but
it is not a blowing-up of IP’?Q i two Q-rational points, because Py, Py are not

defined over Q.

4.4 Classification over a separably closed field

In this section we prove that the classification of Del Pezzo surfaces given
in Section 4.2, for an algebraically closed field, holds also over a separably
closed field.

Let k be a separably closed field, if k is perfect then k is algebraically
closed and there is nothing to prove. Then we can assume that k is a non
perfect separably closed field of positive characteristic p. Let denote by K
an algebraic closure of k, then K/k is a purely inseparable extension.

Proposition 4.38. Let X be a projective variety over k and k' /k an alge-
braic extension, then the projection X — X is a homeomorphism at the
level of topological spaces.

Proof. Since X is projective, then there is a positive integer n and a closed
immersion ¢ : X — P} which extends to a closed immersion ¢y : Xpr — P}
and we have a commutative diagram

where the vertical arrows are the projections. Thus we see that it is enough
to prove that the projection P}, — P} is a homeomorphism at the level of
topological spaces.

Let prove it first for &’ = K. The projection P} — P} is surjective and
closed, let 7 : P% — PP} be its associated continuous map of topological
spaces, then 7 is surjective, closed and sends closed points to closed points.
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Now we prove that if m were not surjective, than = would be not surjective
at the level of closed points. If y € P% is any point, its closure @ in P} is
a subvariety of P, then is contains at least one closed point. If y, 2 € P%
such that 7(y) = 7(z) = = € P}, then n({y}) = {#} = 7({z}) because
m is a closed morphism of topological spaces, but 7 sends closed points
to closed points, then there are closed points y' € @ and 2’ € @ such
that 7(y’) = m(z’). Thus it is enough to prove that 7 is injective at the
level of closed points. By Proposition 2.16 we have that the set of closed
points of P} is the set of its K-rational points. Let take a closed point
x = (g : - ap) € PL, without loss of generality we can assume that
ap # 0 and in particular ag = 1, then x corresponds to the maximal ideal
m' = (x1 — a1, ..., Tn — anxo) of Kxg,...,xy]. The projection Py — P}
is induced by the natural inclusion of graded rings ¢ : k[xo,...,zn] —
K[xo,...,zy]. Since K/k is a purely inseparable extension in characteristic
p, for ¢ = 1,...,n there are positive integers s; such that afsi € k, let
take s1,...,sS, to be minimal with that property. For ¢ = 1,...,n, we
have that (z; — a;z0)P" = :vfsi — afsixgsi € k[xo,...,x,] and that s; is
the minimal positive integer such that (z; — a;z0)P™ € k[zo, ..., 2,]. Then
mg = (a7 — ol — a2 2P is an ideal of [xo, . . ., 2] such
that p(m,) C m’. Since K/k is purely inseparable, then the closed subset of
P defined by the ideal of K|z, ...,zy]| generated by ¢(m;) is the closed
point z, then m, is a homogeneous ideal of k[zo, . .., x,] such that its radical
Rad(m) is the maximal ideal that defines the closed point m(x). Since
the extension K /k is purely inseparable, then the map that associates to a
closed point z € P (K) the homogeneous ideal m, of k[zo, ..., xy] defined
as above, is injective. Now, if ,y € P} (K) are two points such that 7(z) =
n(y), then Rad(m,) = Rad(my). Since ¢ is an inclusion we have that
©(Rad(my)) defines the same closed subset of P} as ¢(my), i.e. the closed
point x as we have seen above. The same holds for ¢(Rad(m,)), then we
conclude that x = y and that « is injective. Thus 7 is a bijective closed
continuous map of topological spaces, then it is a homeomorphism.

If k¥'/k is an algebraic extension, let K be an algebraic closure of k
containing k', then we have a commutative diagram of projections

Tk

Pk Pi

A

n
k./

We have that 7 and 7 are homeomorphisms at the level of topological
spaces, because of what we have proves above. Then at the level of topo-
logical spaces we have that m = 7y, o 71',;/1 is a homeomorphism. O
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Proposition 4.39. Let X be a surface over k such that Xg contains a
(—1)-curve E', then X contains a (—1)-curve E such that Ex = F'.

Proof. By Proposition 4.38 the projection 7 : X — X is a homeomorphism
at the level of topological spaces, then then E := w(FE’) is an irreducible
curve in X

Since closed immersions are stable under base change, we have that Fx
is a curve in X and, by the universal property of the fibred product, there
is a closed immersion E' — FEk. Since 7 is a homeomorphism at the level
of topological spaces, then we can conclude that Ex is an irreducible curve
in Xx and that B’ is the curve Ex with the reduced induced structure.
Then Ef is linearly equivalent, as divisor on Xg, to nE’ for some positive
integer n. The adjunction formula (1.1) gives p,(Ex) =1 — "2% <0, but
pa(EK) > 0 as Ek is an irreducible over an algebraically closed field. Then
n =1and Ex = E' is a (—1)-curve in X, in particular 2 = —1 and
Fr = IP’}(. By Proposition 2.4 we have that E? = E%( = —1, by Proposition
2.20 we have that E(k) # 0 and then Theorem 3.29 says that £ = P, thus
Eis a (—1)-curve in X. O

Theorem 4.40. Let X be Del Pezzo surface over k, then either X = IP’,lC ><IP’,1C
and Kgf =8, or X arises as a blowing-up of IP’% i r < 8 k-rational points
i general position and Kg( =9—r.

Proof. By Remark 4.30 we have that Xg is a Del Pezzo surface over K,
then Theorem 4.22 says that X is either P}( X ]P’}( or a blowing up of IP’%{
in r < 8 closed points.

If X = IP’%{, then X is a Severi-Brauer surface, by Proposition 2.20
we have that X (k) # ), then Theorem 3.29 says that X splits over k, i.e.
X = P2

If Xk is not a minimal surface, then it is a blowing-up f : Xg — IP%{
with center » < 8 closed points in general position, we prove by induction
on r that these r points are k-rational and f is defined over k. Let E' be a
(—1)-curve in X which is contracted by f, by Proposition 4.39 there is a
(—1)-curve E in X such that Fx = E’. Let H be a very ample divisor on
X, then by Proposition 2.3 H is very ample on Xy, let H = H+ (H.E)E.
Following the proof of Theorem 1.47 (see [Har|, V, §5, Theorem 5.10) we
can show that H/; is generated by global sections on X, then it induces a
birational surjective morphism ¢ : Xx — X’ := Proj(@m<0) H*(Xx, mH}.),
where X' is a surface, ¢(E’) is a point and ¢ is an isomorphism of Xx \ Ex
onto its image. Since HJ is defined over k we have that X’ and ¢ are
defined over k, then since E’ is defined over k and it is contracted by ¢ the
closed point ¢(E') is defined over k, i.e. it is k-rational. By Lemma 4.20 we
have that X’ is a Del Pezzo surface of degree K2, = Kg( + 1, then it is a
blowing-up g : X' — IP’%( with center r — 1 points in general position. By the
inductive hypothesis we have that these » — 1 points are k-rational and g is
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defined over k, then also g(¢(E’)) is a k-rational point of P and f =go ¢
is defined over k. Thus X is a blowing-up of IP’% in r < 8 k-rational points
in general position and K)2( =9 — r by Theorem 4.22 and Remark 4.30
Suppose now that Xy = ]P’}( X ]P’}(, then Kg( = 8 by Proposition 4.19 and
Remark 4.30. By Proposition 2.20 we have that X (k) # 0, take x € X (k)
and let f : X’ — X be the monoidal transformation with center z, let denote
by E the inverse image of x by f, then E is a (—1)-curve in X. Since f
extends to a monoidal transformation fx : Xj. — Xk, by Proposition 4.27
and Remark 4.30 we have that X’ is a Del Pezzo surface of degree 7, then by
what we proved above X' is isomorphic to a blowing-up of ]P’i in two points
and by Propositions 4.26 and 4.39 X’ contains exactly three (—1)-curves: E,
Ey, Es. Let D = f(E1)+ f(Es), then D is an effective divisor on X and the
associated linear system |D| induces a rational map ¢ : X --» P} for some
n, let ¢ : IP’}{ X IP’}( --» [P be its extension to K, then ¢k is the rational
map induced by the linear system |Dg|. Let p; : Pk x PL — PL i =1,2
be the two projections, as in the second paragraph of the proof of Theorem
4.22 we have that fx(E;r) = p; "(Pi(rk)),i = 1,2 are two lines passing
through the point g, then ¢ is the Segre embedding IP’}{ X IP’}{ — }P"}{ (see
[Har|, II, §7, Example 7.6.2). So also ¢ is an embedding and ¢(X) is the
image of the Segre embedding 1 : IP’,lf X Pi — IP’%, then X is isomorphic to
IP’/,lC X IP’/,l€ via the isomorphism 1~ o ¢. O

Remark 4.41. After Theorem 4.40 and Proposition 4.39 it is easy to check
that Propositions 4.16, 4.19, 4.25, 4.26, 4.27 and 4.29 hold also over a sepa-
rably closed field.



Chapter 5

Unirationality

This chapter is devoted to study the rationality and unirationality of
Del Pezzo surfaces over an arbitrary field k. We will prove that a Del Pezzo
surface of degree > 5 with a k-rational point is rational, while Del Pezzo
surfaces of degree 3 and 4 with a k-rational point are unirational. In both
cases, if k is infinite, we can conclude that the set of k-rational points is
dense.

In Section 5.5 we will mention the last developments of research for Del
Pezzo surfaces of degree 1 and 2. In particular some conditions for uni-
rationality of Del Pezzo surfaces of degree 2 and some conditions for the
density of the set of k-rational points for Del Pezzo surfaces of degree 1.

Let k be a field, k a separable closure of k and I'y = Gal(k/k). Let
X be a Del Pezzo surface over k. For any point x € X we denote T =
T Xspeck Spec(k). If z € X (k), then T € X (k).

Remarks 1.28 and 4.41 will be tacitly used throughout this chapter.

5.1 Points on the (—1)-curves

Definition 5.1. Let X be a Del Pezzo surface over k, let L/k be a Galois
extension and = € X (L). We say that x is a point

of type 0: if T does not lie on any (—1)-curve of X;
of type 1: if 7 lies on exactly one (—1)-curve of X;
of type 2: if T lies on the intersection of exactly two (—1)-curves of X;

Proposition 5.2. If X (k) contains a point of type 1, then there exists a
birational morphism X — X' over k, where X' is a Del Pezzo surface over
k, K% = K% +1 and X'(k) # 0.

59
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Proof. Let © € X(k) be a point of type 1 and E the (—1)-curve of X
containing . By Remark 2.29 we have that 7 is fixed by the natural action
of 'y over X. Moreover E is the only (—1)-curve of X that contains T
and the natural action of I';, over X permutes the set of (—1)-curves of
X by Corollary 2.36, then E is Galois invariant, and hence defined over
k by Proposition 2.31. By Proposition 2.39 there exists a surface X’ over
k and a birational morphism f : X — X’ over k, which is a monoidal
trasformation contracting E over k. X’ is a Del Pezzo surface by Lemma
4.20 and K%, = K% + 1 by Proposition 1.45. Moreover f(E) is a k-rational
point, because both f and E are defined over k. Then X'(k) # 0. O

Proposition 5.3. If Kg( >4, any closed point of X 1is either of type 0, or
of type 1, or of type 2.

Proof. By Theorem 4.40 we have that X is a blowing-up of IP’% inr <5
points in general position. By Proposition 4.26 we have that X contains
only (—1)-curves of type a, b or ¢, and no more than one curve of type c.
By Proposition 4.29 we have that: if Ey, Fy, E3 are three distinct (—1)-
curves of type a, then E1 N Ey,NEs = (; if Ey, Ey are two distinct (—1)-
curves of type a and L is a (—1)-curve of type b or of type ¢ in X, then
EiNEyNL=0;if Eisa (—1)-curve of type a and Ly, Ly are two distinct
(—1)-curves of type b in X, then EN Ly N Ly = 0; if E is a (—1)-curve of
type a, L is a (—1)-curves of type b and C is a (—1)-curve of type c in X,
then ENLNC = 0; if Ly, Ly are two distinct (—1)-curves of type b and C' is
a (—1)-curve of type ¢ in X, then Ly N Ly N C = {). Since there are no more
possible combinations of three distinct (—1)-curves on X, then we conclude
that X (k) contains only points of type 0, 1 or 2. O

5.2 Degree > 5

Proposition 5.4. If K% =9 and X (k) # 0 then X = P2.

Proof. X is a Del Pezzo surface of degree 9 over k by Remark 4.30, then
X = P2 by Theorem 4.40, then X is a Severi-Brauer surface over k and we
conclude by Proposition 3.29. O

Proposition 5.5. If Ki =8 and X is a not a minimal surface, then X is
k-rational.

Proof. X is a Del Pezzo surface of degree 8 by Remark 4.30, then by Theorem
4.40 and Proposition 4.26 it contains a unique (—1)-curve E, which is Galois
invariant by Corollary 2.36 and defined over k& by Proposition 2.31. By the
same argument used in the proof of Propostition 5.2, E/ can be contracted by
a birational morphism f : X — X', where X’ is a Del Pezzo surface over k,
K%, =9, f is a monoidal transformation defined over k and f(E) € X'(k).
Then X' Pz by Proposition 5.4 and we conclude that X is k-rational. [
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Remark 5.6. We have proved that there are no minimal Del Pezzo surfaces
X over k such that X is non minimal. So a Del Pezzo surface X over k of
degree 8 is minimal if and only if X = ]P% X }P’%

Moreover, we have proved that, up to isomorphism, there is only one
non minimal Del Pezzo surface of degree 8, which is the blowing-up of P?
with center a point.

Proposition 5.7. If Kg( =17, then X is k-rational.

Proof. From Theorem 4.40 and Proposition 4.26 we know that, up to iso-
morphism, X is a blowing-up of IP’%, say f: X — IP’%, with center two distinct
points Py, Py € IF’%, and X contains exactly three (—1)-curves: two type a
(—1)-curves Ej, Ea, which are the inverse images under f of P;, P, respec-
tively, and one type b (—1)-curve E, which is the strict transform under f
of the line L containing P;, P» in ]P’%. By Proposition 4.29 we have that
FE4, E5 are disjoint, while E meets both F; and F,. Since the natural ac-
tion of I'y over X induces an action on the set of (—1)-curves and respects
the intersection pairing (see Corollary 2.36 and Proposition 2.35), we have
that {E1, E2} is a Galois invariant pair of disjoint (—1)-curves, then f is
defined over k£ by Proposition 2.39 and is induced by a birational morphism
g: X — X’ where X’ is a Del Pezzo surface of degree 9.

Since {E1, E2} is Galois invariant and f is defined over k, we have that
{P1, P,} is a Galois invariant pair of points, then also the line L is Galois
invariant, hence defined over k by Proposition 2.31. So X’ contains a k-
rational curve C such that C 2 L and in particular X'(k) # (. Then X’ =
JP’% by Proposition 5.4 and X is k-rational as it is k-birationally equivalent
to X’ through g. O

Remark 5.8. We have proved that there are no minimal Del Pezzo surfaces
of degree 7 over k, for any field k.

Proposition 5.9. If X =P x IP’% and X (k) # 0, then X is k-rational.

Proof. Let fix a point © € X (k) and let f : X’ — X be the monoidal
transformation with center . Then f extends to a monoidal transformation
X — ]P% X }P% with center Z. By Proposition 4.27 we have that X’ is a Del
Pezzo surface of degree 7, then X' is a Del Pezzo surface of degree 7 over
k, by Remark 4.30 and it is k-rational by Proposition 5.7, then also X is
k-rational because f is a birational morphism over k. O

Proposition 5.10. If K% =6 and X (k) # 0, then X is k-rational.

Proof. By Theorem 4.40 we have that X is, up to isomorphism, a blowing
up of ]P’%, say f: X — IP’%, with center three distinct, not aligned closed
points Py, Py, P3 € IP’%. For i = 1,2,3 let F; be the inverse image of P; under
f, fori,j e {1,2,3}, i < j, let L;; be the strict transform under f of the
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line passing through P;, P; in IP’%. By Proposition 4.26 we have that the
(—1)-curves of X are exactly Fy, F2, E3,L12,L13,La3.

Let x € X (k), by Proposition 5.3 we have that x is either a point of type
0 or of type 1 or of type 2.

If z is a point of type 1, then Proposition 5.2 says that X is not a minimal
surface over k.

If x is a point of type 2, without loss of generality we can assume that
T = Ey N L. Since T is fixed by the natural action of I'y, over X, then
{E1, L2} is Galois invariant, and we easily see (using Proposition 2.35,
Corollary 2.36 and Proposition 4.29) that the action of I'y on the set of
(—1)-curves of X is given by exactly two permutations: the identity Id and
the permutation o such that o(E1) = L2, 0(E2) = L1 3, 0(E3) = Ly 3 and
0? = 1d. Then {E», L1 3} is a Galois invariant pair of disjoint (—1)-curves
(again by Proposition 4.29), and X is not a minimal surface over k, by
Proposition 2.40.

If X is not a minimal surface, then it is k-birationally equivalent to a
Del Pezzo surface X' of degree > 7 with a k-rational point, X’ is k-rational
by one of Propositions 5.4, 5.5, 5.7, 5.9, then also X is k-rational.

If z is a point of type 0, let X' — X be the monoidal transformation
with center z and g : X’ — X its extension to k. Let Py = f(T) € ]P’%, then
fog: X - }P’% is a blowing-up of IP’% in Py, Py, P3, Py and X’ is a Del Pezzo
surface of degree 5 by Proposition 4.27, then X’ is a Del Pezzo surface of
degree 5 by Remark 4.30. For 7,5 € {1,2,3,4},i < j, define F; and L; ;
as above, replacing X by X’ and f by f o g. By Proposition 4.29 we have
that Ly 4, L4, L34 are pairwise disjoint and {Lj 4, Lo 4, L34} is the set of
(—1)-curves of X’ that meet E4. Since g is defined over k and z € X (k),
we have that E, is Galois invariant and k-rational, then {L; 4, Lo 4, L34} is
Galois invariant and (by Proposition 2.39 and Lemma 4.20) there exists a
Del Pezzo surface X” over k of degree 8 and a birational morphism X’ — X",
Since Fjy is k-rational and contained in X', we have that X'(k) # 0 and also
X" (k) # 0, then we get that X" is k-rational by Proposition 5.5 or 5.9. But
X and X" are k-birationally equivalent, then also X is k-rational. ]

Remark 5.11. In particular we have proved that if X is a Del Pezzo surface
of degree 6 over k with a k-rational point z € X (k) such that Z lies on a
(—1)-curve of X, then X is not minimal over k.

Proposition 5.12. If K% =5 and X (k) # 0, then X is k-rational.

Proof. By Theorem 4.40 we have that X is, up to isomorphism, a blowing
up of P2, say f: X — P2, with center four distinct, closed points in general
position Py, Py, P3, Py € IP’%. For i =1,2,3,4 let E; be the inverse image of
P; under f, fori,j € {1,2,3,4}, i < j, let L; j be the strict transform under
f of the line passing through F;, P; in JP’%.
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By Proposition 4.26 we have that X contains exactly ten (—1)-curves:
four type a (—1)-curves Ey, Eo, E3, Ey4 and six type b (—1)-curves L; j,i,j €
{1,2,3,4},i < j.

Let z € X (k), by Proposition 5.3 we have that z is either a point of type
0 or of type 1 or of type 2.

If « is a point of type 1 then Proposition 5.2 says that X is not minimal
over k.

If x is a point of type 2, without loss of generality we can reduce to two
cases: T=F1NLygorT= LN L3a.

Ifz = F; ﬂLLQ, then {El, LLQ} is Galois invariant and also {EQ, L173, L174, L374}
is Galois invariant, as it is the set of (—1)-curves of X that meet E; or Lo
but are not Eq nor Ly 3 (see Proposition 4.29). Moreover {Ey, L1 3, L1,4, L34}
is a set of pairwise disjoint curves by Proposition 4.29, then Proposition 2.40
says that X is not minimal over k.

Ifz = L1 2NL3 4, then {L; 2, L3 4} is Galois invariant and also { E'1, Eo, E3, E4}
is Galois invariant, as it is the set of (—1)-curves of X that meet Ligsor L3y
but are not L o nor L34 (see Proposition 4.29). Moreover {E1, Ey, E3, E4}
is a set of pairwise disjoint curves by Proposition 4.29, then Proposition 2.40
says that X is not minimal over k.

If X is not a minimal surface, then it is k-birationally equivalent to a
Del Pezzo surface X' of degree > 6 with a k-rational point, X’ is k-rational
by one of Propositions 5.4, 5.5, 5.7, 5.9, 5.10, then also X is k-rational.

If z is a point of type 0, let X’ — X be the monoidal transformation
with center z and g : X’ — X its extension to k, X’ is a Del Pezzo surface
of degree 4 over k by Proposition 4.27 and Remark 4.30. Let Ps = f(Z) €
}P’%, then fog: X — }P’% is a blowing up of }P’% in P, Py, P35, Py, P5s. For
i,7 € {1,2,3,4,5},i < j, define E; and L, j as above, replacing X by X’ and
f by f og, moreover let C be the strict transform under f o g of the conic
containing Py, Py, P3, Py, P5. Since z € X (k) we have that Ej5 is defined over
k and k-rational, then X' (k) # 0. Moreover Es is Galois invariant, then also
then set {L1 5, Lo, L3 s, Las, C}, of the (—1)-curves of X' that meet Es and
are not I, is Galois invariant. Moreover L1 5, Lo 5, L35, L4 5, C are pairwise
disjoint by Proposition 4.29, then by Proposition 2.39 there is a Del Pezzo
surface X" over k of degree 9 and a birational morphism X’ — X”. Since
X'(k) # 0 then also X" (k) # 0, then X” = P2 by Proposition 5.4 and X is
k-rational as it is k-birationally equivalent to X”. O

Remark 5.13. In particular we have proved that if X is a Del Pezzo surface
of degree 5 over k with a k-rational point z € X (k) such that 7 lies on a
(—1)-curve of X, then X is not minimal over k.
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5.3 Degree 3

Let X be a Del Pezzo surface of degree 3 over k. By Proposition 4.32 X is
a cubic surface in Pz. Throughout this section we consider X as hypersurface
in IP’% defined by a polynomial of degree 3.

Definition 5.14. Let L/k be a Galois extension, for any point y € X (L)
let Cy be the intersection of X with its tangent plane at y.

Lemma 5.15. Let L/k be a Galois extension and y € X (L) a point of
type 0, then Cy is an integral plane cubic curve with a double point aty and
Cy 1is rational over L.

Proof. Let H be the tangent plane of X at y, we can choose a system of
homogeneous coordinates xg, x1, 2,3 on ]P’% such that y = (1 : 0: 0 : 0)
and H is defined by the equation x3 = 0. Then xg, x1, x5 are homogeneous
coordinates on H = IP’%. Since X is defined by an irreducible homogeneous
polynomial of degree 3 in xg,x1, x2, 23, then Cy is defined, as hypersurface
in H, by a homogeneous polynomial of degree 3 in xq, z1,x2, thus Cy is a
cubic plane curve, with multiplicity 2 at y as Cy is contained in the tangent
plane of X at y. Since y is a point of type 0 and every line of IP’% contained in

X is a (—1)-curves by Proposition 4.16, then C,, is irreducible and reduced.
Thus €}, is an integral plane cubic curve with a double point at y.

The parametrization of C, with the lines of H that contain y gives a
birational equivalence between C, and IP’lL. Thus Cy is rational over L. L[]

Lemma 5.16. If L/k is a Galois extension andy,y’ € X1 (L) are two points
of type 0 such that y & Cy and y' & C,, then there is a dominant rational
map

¢ICyXCy/ ——-)XL

Proof. By Propositions 4.16 and 4.26, X, contains only finitely many lines
of IP)%, Cy and Cy are integral cubic curves by Lemma 5.15, then only finitely
many points in Cy(L) and only finitely many points in Cy (L) lie on a line
of IP’% contained in X7. Moreover Cy N Cy is a finite set of closed points
as Cy # Cy by hypothesis. Then, for a general u € Cy,(L) and a general
u' € Cy (L) we have that u # u’ and the line I( . of P? passing through u
and v’ is not contained in Xz. The line l(u,ury intersects X, in exactly one
more closed point f(u,u') € X (L).

The map f : Cy(L) x Cy(L) --» X1 (L) that sends a general couple
(u,u") € Cy(L) x Cyy (L) to the point f(u,u’) is defined by rational functions
on the coordinates on an open affine subset of C, x C,/, then f induces a
rational map ¢ : Cy x Cy --» X, by Proposition 2.19.

To prove that ¢ is dominant, without loss of generality we can assume
that L is separably closed. Take z € Cy(L), z # y, such that f is well
defined at (z,7') and let x = f(z,y') € XL(L).
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Let H be the tangent plane of X, at y, let 7 : IP’% --+» H be the projection
from x. Then f~!(z) is the set of pairs (u,u’) € Cy(L) x Cy (L) such that
m(u') = u, and f~!(z) has the same dimension as Cy N 7(Cy). Since both
Cy and 7(C,) contain z but with different multiplicities, then C, # 7(C,),
and their intersection has dimension 0. Thus f~!(z) has dimension 0. Since
L is separably closed, we have that f~!(z) is dense in ¢~!(z) by Proposition
2.20, then also ¢~ !(z) has dimension 0 and we conclude that ¢ is dominant
by Exercise 3.22 in [Har], II, §3. O

Proposition 5.17. If X (k) # 0, then X is unirational over k.

Proof. Let z € X (k).

Let suppose first that & is an infinite field. Then a general line [ contain-
ing x in IP’% is not contained in X and intersect X in three distinct closed
points T, z, 2’ such that z, 2" are of type 0. Then z ¢ C,, and 2’ ¢ C, indeed:
if, for example, z € C,/, then [ is contained in the tangent plane of X at 2’
and intersects X in 2z’ with multiplicity > 2, which contradicts the fact that
[ meets X in three distinct points.

If z, 2’ are defined over k, there are 5,3’ € X (k) such that 7 = z,¢/ = 2.
Cy and C?’J are k-rational by Lemma 5.15, then Cy x Cy is k-birationally
equivalent to }P’}C X IP’}C and hence k-rational. Lemma 5.16 gives a dominant
rational map Cy x Cyy --» X, then X is unirational over k.

If 2,2’ are not defined over k, then there is a quadratic extension L/k
such that z,2’ are defined over L and conjugate under the natural action
of Ty, over X. Let y,y/ € Xr(L) such that § = 2,9/ = 2/, then y,y’ are
conjugate under the natural action of G = Gal(L/k) = Z/2Z over X, and
also Cy and C; are conjugate under the natural action of G over X,. For any
u € Cy(L), let v’ € Cy(L) be its conjugate under the action of G over X.
Looking at the definition of the map f in the proof of Lemma 5.16, we see
that, since u and u’ are conjugate under the action of G, ¢(u,u’) is a closed
point defined over k. Moreover Cj is rational over L by Lemma 5.15, then
we get amap ¢ : P} (L) --» X (k) that sends u € Gy, to f(u,u’) and is defined
by rational functions on the coordinates on an open affine subset of ]P’i. In
particular we get that X (k) contains infinitely many k-rational points and
then there is a point in the image of GG such that its inverse image under g
has dimension 0 (see the proof of Lemma 5.16). By Example 2.15, we have
a functorial identification P} (L) = (R (P}))(k), then g induces a map
(Rp/k(PL)) (k) -—» X (k) defined by rational functions on the coordinates on
an open affine subset of R, /k(Pi). Then, by Proposition 2.19 we obtain a
rational map Ry, /k(}P’i) --+ X defined over k which is dominant as there is
a point in X whose inverse image is nonempty and has dimension 0. Since
Rk (IP’IL) is birationally equivalent to IP’% over k by Proposition 1.31, we can
conclude that X is unirational over k.

If k is a finite field, we could not find a line ! that intersect X in two
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points that satisfy the hypothesis of Lemma 5.16 (see Example 5.18), then
we work with all the lines passing through z at the same time.

Without loss of generality we can choose a system of homogeneous coor-
dinates xq, 1, T2, x3 on IP’% such that x = (1:0:0:0) and that the tangent
plane H of X at x is defined by the equation x3 = 0. We can work on the
open affine subset P \ {zg = 0} which we denote by A} with coordinates
z1, 2,23, then x is the point (0,0,0) in A3, H is the plane of equation
x3 = 0 and X is defined by the irreducible polynomial

f(z1, 22, 23) = fi(x1, 22, x3) + fo(x1, 22, 23) + f3(21, 22, T3)

where f; € klx1,x9,x3] is a homogeneous polynomial of degree i, for i =
1,2,3, and fi(z1,22,23) = 3. The lines through z in A} \ H can be
parametrized by (uy,uz) € AZ(k) as follows: let l(,, ,,) be the line con-
taining = and the point of coordinates (u1,ug,1), then the points of Luy uz)
have coordinates (Aui, Aug, \) for A € k. Let deonte by k(u,uz) the field of
rational funtions in i, us with coeflicients in k.

L(uy uz) intersects X in two more points Z(uruz),1s #(ui,uz),2, esides x, of
coordinates z(y, u,); = (A1, Ajuz, Ai) for i = 1,2, where A1, Ay € k(u1,u2)
are the zeros of the following quadratic polynomial in A

fi(ur,uz, 1) + A fa(ur, ug, 1) + A f3(ug, ug, 1)

which is irreducible as f(x1,z2,x3) is. Then A, Ay are in a quadratic exten-
sion Ly, u,) of k(u1,uz) and they are conjugate over k(ui,uz), in particular
we have z(y, )1 and 2(y, u,)2 are conjugate over k(ui, uz).
The tangent plane H, of XL<u1,u2> at apoint z = (21, 22, 23) € XLWMQ) (L(uyus))
in A%(ulm) has equation Z?Zl (867{(2)) (x; — 2z;) = 0, then the points in H,
have coordinates (v1, ve, v3(v1,v2)), where

-1 2

ae=a+ (3260) 3 (5LE) -2

i=1

The general line through 2z in H, can be parametrized by v € Ly, 4,) as
follows: the points of the line h, , passing through z and (v, 1, v3(v, 1)) have
coordinates

(21 + p(v = 21), 22 + (1 — 22), 23 + p(vs(v, 1) — 23) (5.1)

For i = 1,2, vi,ve € k(ui,ug), let h(m,ug,m,vz),i = hz(ul,ug),w”l‘*‘)‘w? be
the general line through z(,, 4,); in the tangent plane of XL(uwz) ab Z(uy ug),i-
To obtain a parametrization of C(y, 4,); = Cz(uwzm with the lines through
ui,uz),i 0 the tangent plane of XL(u1,u2) ab 2(uy up),i» We intersect XL(UMQ)
with the general line Ry, yy0,,00), @8 follows: we take 2 = 2(y, 4,); and we

substitute the parametrization (5.1) in f, so we get a polynomial of degree

ot
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3 in u, with coefficients in L, ,,), which has a double zero y = 0 and the
third one can be written as rational function in the variables wq, us, v1, v2,
with coefficients in k.

Since 2(y; uy),1 a0d 2(y; uy),2 ar€ conjugate over k(ui, uz), then also Cy, 4,) 1
and C(y, u,),2 are conjugate over k(ur,uz).

For any point y1 € Ciu; us)1(Liurus)) 16t ¥2 € Cluyug)2(Liuyuz)) be
its conjugate, then the third intersection point with X Liuy u) of the line
passing through y; and ys is defined over k(u1,uz2) and its coordinates are
rational functions in wuy, w9, v1,v9 with coefficients in k. So we get a map
g : Spec(k[u1, ug, v1,v9])(k) --+ X (k) which is defined by rational functions
on the coordinates, by Proposition 2.19 it induces a rational map

Qﬂ : Ai = Spec(k[u17u27v1>v2]) - X

defined over k. The map g comes from the map defined over the infinite
field k(ul, UQ)

(Spec(k[v1, va])k(uy ug)) (R(ur,u2)) == Xp(uy ug) (k(ur, ug)) (5.2)

which is dominant from the above argument for infinite fields. Then ¢ is
dominant and, by Proposition 1.29, we get that X is unirational over k. [J

The next example shows that over a finite field & we can find a Del Pezzo
surface that has no type 0 k-rational points and such that the construction
of the morphism that gives unirationality over infinite fields in the proof of
Proposition 5.17 does not apply.

Example 5.18. Let k = Fy be the field with two elements, let X be the cubic
surface in IP’]%Z defined by the homogeneous polynomial x + 3 +x3+x3, then

X(Fy)={(1:1:0:0),(1:0:1:0),(1:0:0:1),(0:1:1:0),
(0:1:0:1),(0:0:1,1),(1,1,1,1)}

it is immediate to see that each point in X (IFy) lies on one of the following
lines of IP’I%2

{azo—I—xl:O {a:0+:c2:0 {xo—l—xg:O

o+ 23 =0 r1+2x3=0 T1+2x9=0

it 1is easy also to verify that the three lines of IP}%2 listed above are contained
in X, then they are three (—1)-curves on X by Proposition 4.32. Thus X is
an example of a Del Pezzo surfaces over a finite field k such that X (k) # 0
and all its k-rational points lie on a (—1)-curve.

Let L/k be a quadratic extension, then L = Fy = Fy[t]/(t2 +t +1). Let
a be a root of t2 +t+1 in L, then, up to a permutation of the coordinates
of P3| the points of X1,(L) are the following five:

(1:1:1:1),(1:1:0:0),(1:1:a:a),(a:a:0:0),(a:a:a:a)
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and they lie on the line of P3 of equations xo + 1 = 0 and x5 + 23 = 0,
which is contained in Xy, and is a (—1)-line of X1,. Thus we can conclude
that all the L-rational points in X, are contained in a (—1)-curve and hence
all the lines in IP’%2 passing through a Fo-rational point of X intersect X in
two more points that are not of type 0.

5.4 Degree 4

Proposition 5.19. Let X be a Del Pezzo surface of degree 4 over k. If
X (k) # 0, then X is unirational over k.

Proof. Let x € X(k), by Proposition 5.3 we have that x is either a point of
type 0 or of type 1 or of type 2.

If z is a point of type 0, let X’ — X be the monoidal transformation
with center z, and F the associated exceptional divisor in X’. We have that
X' is a Del Pezzo surface of degree 3 over k by Proposition 4.27, moreover
E is k-rational, then X'(k) # () and X’ is unirational over k by Proposition
5.17.

If x is a point of type 1, then Proposition 5.2 says that there is a Del
Pezzo surface X’ of degree 5 over k such that X'(k) # 0 and a birational
morphism X — X’. Since X' is k-rational by Proposition 5.12 we have that
also X is rational (and then unirational) over k.

If z is a point of type 2, without loss of generality we can assume that
T = E'NE where E' is a (—1)-curve of type a and E is a (—1)-curve of type
b or of type ¢

From Remark 4.30 and Theorem 4.40 we have that X is, up to isomor-
phism, a blowing-up of IP’%, say f: X — IF’%, with center five closed points
in general position Py, P, P35, Py, P5 € IP’%. For i =1,2,3,4,5 let E; be the
inverse image of P; under f and L the inverse image of a line not containing
any of the P;,7 =1,2,3,4,5. Without loss of generality we can assume that
E’' = E; and then f(Z) = P.

If Fis a (—1)-curve of type b, without loss of generality we can assume
that £ = L;5 is the strict transform under f of the line /; 5 containing
P, and Ps in IP%. Let C be the conic in IP’% containing Pi, Py, P3, Py and
tangent to /15 in P;. Let C be the strict transform of C under f, then
C=2L—F,—Fy—F3—FE,in Pic(X). By Proposition 4.25 we have that
Li5=L—FE —FE5and —K+ = 3L~ E; — Ey— E3— E4— Es5, so we see that
C = —Kx — L5 — Ei in Pic(X). Since 2 € X (k) we have that {Fy, L 5}
is Galois invariant, since wy = wx ®; k we have that also K+ is Galois
invariant, then (’)Ygé) is Galois invarian by Proposition 2.35, in particular
the linear system |C| associated to C' on X is Galois invariant.

Without loss of generality we can identify X with its image under the
closed immersion X — ]P’% induced by —K+ as in Proposition 4.16. By
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Propositions 1.43 and 4.25 we have that degé’ = —Ky.é’ =2, then C is a
conic in IP’%, irreducible as it is the strict transform under f of the irreducible
conic C.

Moreover (:”.L1,5 = 1 by Proposition 4.25, then C and L1 5 meet in a
point, since C is tangent to I 5 in P; we have that C intersect Lis in a
point of Fy, which can be only T by Proposition 4.29.

Let g € T, since |C| is Galois invariant, we have that g(C) is linearly
equivalent to C. Suppose that g(é’) + C, since g(é)é = C? = 0, we have
that g(é’) and C' are disjoint by Theorem 1.36, but C' contains the point T
which is defined over k, thus we get a contradiction. Then g(C) = C for all
g € Ty, i.e. C is Galois invariant, hence defined over k by Proposition 2.31.
Let D be the curve in X such that D = C. We have that D is an irreducible
conic over k with a k-rational point, then D = ]P>,1~C by Example 3.28.

Let n be the generic point of D. The field extension k(n)/k is purely
transcendental of degree 1, and we have a morphism j : Spec(k(n)) — X
corresponding to 7, let j X Idgpec(y) @ Spec(k(n)) — Xy, be the induced
morphism, its image y is a closed rational point in Xy, (k(n)) (by Proposi-
tion 2.7), whose image under the projection Xy — X is 7.

Xi(y) is a Del Pezzo surface of degree 4 over k(n) by Remark 4.30. Since
C is not a (—1)-curve in X and y is not a closed point defined over k we
have that y is a point of type 0 on Xj,. Then Xy, is unirational over
k(n) by what we have proved above, i.e. there is a dominant rational map
Pi(m ==+ Xj(y), we compose it with the projection Xy, ) — X, which is
surjective, and we get a dominant rational map of k-schemes Pi(m --» X.
Let denote by K(X), K (Pi(n)) the function fields of X, Pi(n) respectively.
Since the above rational map is dominant, we have a an induced morphism
Spec(K (Pz(n))) — Spec(K (X)) defined over k, which corresponds to a mor-
phism of k-algebras K(X) — K (]P’i(n)). Since k(n)/k is an extension purely
transcendental of degree 1, we get that the function field K (IP’%(”)) of Pi(n)
is a purely transcendental extension of degree 3 over k. Then by Theorem
4.4 in [Har], I, §4, we obtain a dominant rational map P§ --» X and by
Proposition 1.29 we have that X is unirational over k.

If E is a (—1)-curve of type ¢ of X, then it is the strict transform under
f of the conic C containing Py, P, P3, Py, P5 in IP’%. Let [ be the tangent
line of C' at P; in IP’% and let [ be the strict transform of L under f. Since
Py, Py, P3, Py, Ps are in general position, then C is an irreducible conic and [
does not contain any of the P;,7 = 2, 3,4, 5, then [=L—E. By Proposition
4.25 we have that F = 2L—E1—E2—E3—E4—E5 and _KY = 3L—E1—E2—
E3 — Ey — Es, then | = — K — Fy — F in Pic(X). Since z € X (k) we have
that {E£1, E1} is Galois invariant, moreover also K+ is Galois invariant,
as wy X w, @ k, then Oy(i) is Galois invarian by Proposition 2.35, in
particular the linear system |I| associated to [ on X is Galois invariant.
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Without loss of generality we can identify X with its image under the
closed immersion X — IP% induced by —K+ as in Proposition 4.16. By

Propositions 1.43 and 4.25 we have that degl~ = — y.lN = 2, then [is a
conic in IP)%, irreducible as it is the strict transform of a line under f.

Moreover I.E = 1 by Proposition 4.25, then [ and E meet in one point,
since [ is tangent to C' in P; we have that [ intersects F in a point of Ej,
which can be only T by Proposition 4.29. Since I2 = 0, the same argument
used in the previous case gives that [ is defined over k. Let D be the curve
in X such that D = [. We have that D is an irreducible conic over k with a
k-rational point, then D = ]P’/,lc by Example 3.28.

Then we can proceed as in the previous case to conclude that X is
unirational over k. O

5.5 About degrees 1 and 2

This section gives a short presentation of the latest results for Del Pezzo
surfaces of degree 1 and 2. For proofs and details we refer to the people who
are working on these topics.

Concerning unirationality of Del Pezzo surfaces of degree 2, we report
the newest results of Cecilia Salgado (Leiden University), Damiano Testa
(University of Warwick) and Anthony Varilly-Alvarado (Rice University).
Their work consists in correcting and improving Manin’s Theorem 29.4 in
[Man].

Let X be a Del Pezzo surface of degree 2 over k. By Proposition 4.32
there is a finite morphism ¢ : X — IP’% of degree 2 and ramified on a quartic
curve C' in IP’%.

Theorem 5.20. If X contains a k-rational point P which does not lie on
»~Y(C), nor P lie on the intersection of four (—1)-curves of X, then X is
unirational over k.

For finite fields, they are working on a lower bound on the size of k,
which assures that X has a k-rational point that satisfies the hypothesis of
Theorem 5.20.

Concerning Del Pezzo surfaces of degree 1, Cecilia Salgado and Ronald
van Luijk (Leiden University) have approached the problem of density of
rational points, producing the following result.

Let X be a Del Pezzo surface of degree 1 over a number field k. By
Proposition 4.32 X is a hypersurface of degree 6 in Px(1,1,2,3). Let de-
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note by wg, w1, x,y the coordinates on Px(1,1,2,3), then X has a model in
Py (1,1,2,3) given by the equation y? = 23 + f(wq, w1 )x + g(wg, w;) where
f, g € k[wo,w1] are homogeneous polynomials of degree 4 and 6 respectively.

Letm: X --» ]P’,}/, be the restriction to X of the projection Py (1,1,2,3) --»
P} on the first two coordinates. Then (0:0:1: 1) is the only point on X
on which 7 is not defined, let £ — X be the monoidal transformation with
center (0:0:1:1) and let 7 : £ — PL be the induced morphism.

Theorem 5.21. There is an explicit elliptic threefold T --+ £, such that if
the fiber T has infinitely many k-rational points for some point Q € E(k)
of infinite order on a smooth fiber of 7, then X (k) is Zariski dense in X .

Corollary 5.22. Let M be the moduli space of Del Pezzo surfaces of degree
1. Then the set {X € M(Q) : X(Q) is Zariski dense in X} is dense in
M(R).

The converse of Theorem 5.21 is conjectured to be true, but not known
yet.
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