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Abstract

Cooperative and Consensus-Based Control for a Team of
Multi-Agent Systems

Iman Saboori, Ph.D.
Concordia University, 2016

Cooperative control has attracted a noticeable interest in control systems
community due to its numerous applications in areas such as formation flying
of unmanned aerial vehicles, cooperative attitude control of spacecraft, ren-
dezvous of mobile robots, unmanned underwater vehicles, traffic control, data
network congestion control and routing. Generally, in any cooperative con-
trol of multi-agent systems one can find a set of locally sensed information, a
communication network with limited bandwidth, a decision making algorithm,
and a distributed computational capability. The ultimate goal of cooperative
systems is to achieve consensus or synchronization throughout the team mem-
bers while meeting all communication and computational constraints. The
consensus problem involves convergence of outputs or states of all agents to
a common value and it is more challenging when the agents are subjected to
disturbances, measurement noise, model uncertainties or they are faulty.

This dissertation deals with the above mentioned challenges and has de-
veloped methods to design distributed cooperative control and fault recov-
ery strategies in multi-agent systems. Towards this end, we first proposed a
transformation for Linear Time Invariant (LTT) muli-agent systems that fa-
cilitates a systematic control design procedure and make it possible to use
powerful Lyapunov stability analysis tool to guarantee its consensus achieve-
ment. Moreover, Lyapunov stability analysis techniques for switched systems
are investigated and a novel method is introduced which is well suited for de-
signing consensus algorithms for switching topology multi-agent systems. This
method also makes it possible to deal with disturbances with limited root mean

square (RMS) intensities. In order to decrease controller design complexity, a

il



method is presented which uses algebraic connectivity of the communication
network to decouple augmented dynamics of the team into lower dimensional
parts, which allows one to design the consensus algorithm based on the so-
lution to an algebraic Riccati equation with the same order as that of agent.
Although our proposed decoupling method is a powerful approach to reduce
the complexity of the controller design, it is possible to apply classical pole
placement methods to the transformed dynamics of the team to develop and
obtain controller gains.

The effects of actuator faults in consensus achievement of multi-agent sys-
tems is investigated. We proposed a framework to quantitatively study actua-
tor loss-of-effectiveness effects in multi-agent systems. A fault index is defined
based on information on fault severities of agents and communication network
topology, and sufficient conditions for consensus achievement of the team are
derived. It is shown that the stability of the cooperative controller is linked to
the fault index. An optimization problem is formulated to minimize the team
fault index that leads to improvements in the performance of the team. A nu-
merical optimization algorithm is used to obtain the solutions to the optimal
problem and based on the solutions a fault recovery strategy is proposed for
both actuator saturation and loss-of-effectiveness fault types.

Finally, to make our proposed methodology more suitable for real life sce-
narios, the consensus achievement of a multi-agent team in presence of mea-
surement noise and model uncertainties is investigated. Towards this end, first
a team of LTI agents with measurement noise is considered and an observer
based consensus algorithm is proposed and shown that the team can achieve
H, output consensus in presence of both bounded RMS disturbance input and
measurement noise. In the next step a multi-agent team with both linear and
Lipschitz nonlinearity uncertainties is studied and a cooperative control algo-
rithm is developed. An observer based approach is also developed to tackle
consensus achievement problem in presence of both measurement noise and

model uncertainties.
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Chapter 1

Introduction

1.1 Motivation

In recent years, the number of applications in which interactions between hu-
man and agents are not possible has been increased, and it motivated many
researchers to solve these types of complicated engineering problems and appli-
cations. Towards this end, one can transform the problem into a distributed
network of smaller and simpler autonomous subsystems which can operate
without humans involvement. The collective behaviors of animal groups in
nature, shown that distributed decisions made by each individual for its own
position, direction and speed of motion can make the whole group to behave
like a single entity, which has its own rules of motion and decision making.
Examples of such a collective behavior can be seen in birds formations, flocks
of birds, schools of fish and mammal herds, see Figure 1.1. Inspired by these
natural collective behaviors of animals in their groups, scientists and engi-
neers are encouraged to network group of systems to let them exchange their
information. Afterward, each agent use its locally available information and
a cooperative control strategy to react in such a way that the overall team
perform required tasks without a need to use external supervisor.
Cooperative control of multi-agent systems covers a wide range of appli-
cations such as autonomous underwater vehicles [2-4], unmanned aerial vehi-
cles [5-7], mobile robots [8-10], and satellite clusters [11-13]. However, each

of these areas has its own specific difficulties but some common underlying



Figure 1.1: Collective behavior of animals groups. [1]

characteristics can be identified. Many practical and theoretical challenges
are involved in cooperative control of multi-agent systems. Instead of a single
system we have a system of subsystems which need to communicate together
while the communication bandwidths are limited. It is a difficult task to de-
termine which agents to communicate at each time and what to communicate.
Moreover there is a compromise between individual’s goals and the team goal.
In multi-agent systems, there are a number of research problems that have
resulted in development of many useful tools and theories. Among different
problems in the multi-agent systems research area, consensus problem is one

of the most favorable, which is to provide a distributed way, with minimal



computation and communication requirement to find the average of a shared
quantity in a network of agents or computational units. Here, agents are
usually coupled since they are performing the operation without directly in-
fluencing each other. Each agent in the team makes its own decisions by using
only limited data obtained by its own measurements or communication with
neighboring agents.

Despite dedication of a large body of works to study multi-agent networks
and cooperative control there are still unsolved problems in this area among
them are uncertainties and failure in the agents, limited communication and
actuation capability. Most of introduced consensus algorithms are focused on
systems with single-integrator or double integrator kinematics agents while
practical application usually consist of LTI and nonlinear dynamical systems.
Another important issue in control systems is the safety and reliability. In
many cases, the loss of performance or stability may cause serious damage,
especially in safety critical systems such as robots in hazardous areas, airplanes
and spacecraft. To avoid this problem, some methods are developed to design
fault tolerant controller for a single system, which maintains its performance
and stability in the event of malfunction in the components of systems.

In the case of cooperative systems, the occurrence of faults in any of team
members may affect the consensus achievement of the team. Hence, in the
same way, it is desirable to develop fault tolerant consensus algorithms. Actu-
ator fault is a common type of fault among different types of faults in systems
that can occur and they mainly include loss of effectiveness and saturation
faults. Clearly, there are many scenarios that the team consensus could not be
maintained in the case of occurrence of actuator faults in some members, but it
could be possible to recover the team consensus in some scenarios. Motivated
by these short comings the current thesis addresses a distributed consensus
algorithms for multi-agent teams in presence of disturbance signals, measure-
ment noise, and model uncertainties including Lipschitz nonlinearity. We are
also addressed consensus algorithms that could tolerate different actuators

faults.



1.2 Literature Review

Cooperative control of autonomous multi-agent systems has been extensively
investigated in the past few years [14,15] and the works in this field can be
categorized in two general areas [16]. The first category is consensus based
formation of mobile agents including mobile robots [17], unmaned arial vehicles
(UAVs) [18], satellites [19], aircrafts, autonomous under water vehicles (AUVs)
[20] and automated high way systems. The second category is non-consensus
based cooperative control algorithms such as task assignment [21], payload
transport [22], role assignment [23], air traffic control [24], and search and
timing. The consensus problem involves convergence of the outputs or states
of all the agents to a common value [25]. It implies that each agent has
access to other agents state, known as the neighboring agents by using either a
communication network or sensing devices [15], [26]. Depending on the amount
of data exchange between systems and the available data of the other systems,
centralized or distributed cooperative control strategies can be used [27]. The
centralize strategy relies on the assumption that each team member has the
access to all the other team members data and in the distributed strategy it is
assumed that it has only access to data of some neighboring team members.
Usually, it is preferred to use distributed algorithm to achieve consensus.

To model the agents communication network, agents are usually represented
by nodes in an undirected or directed graph and edges between the two nodes
represent the data exchanges between the corresponding agents.

Over the past decade the consensus problem has been studied extensively
in the literature due to its applications in numerous areas such as cooperative
control of unmanned aerial vehicles [28], formation of mobile robots [29], un-
manned undersea vehicles distributed control [30], and sensor networks [31],
among others and different aspects of the consensus achievement of multi-
agent systems has been investigated including consensus problem of first-order
or second-order integrators with fixed and switching graph topologies [32],
communication delay [33] , graph connectivity preservation [34], reference sig-
nals [35]

However, most of the work in this area have considered the agents dy-

namics as either first-order or second-order integrators [36-39]. Although, in



these works interesting results have been obtained mostly in absence of distur-
bance signals and actuator faults. However, development and investigation of
consensus achievement of multi-agent systems with switching topologies and
directed information flow graphs in presence of disturbance signals, model un-
certainties, measurement noise, or actuator faults have not been investigated
extensively in the literature [40].

In the literature, both fixed [41] and switching [42] communication network
topologies are investigated and consensus problem under both directed [43]
and undirected [44] are studied. However, problems that consider directed
and switching communication networks are more general and more practical.
A number of interesting results have been published [45] by assuming that
all agents are healthy and no anomalies, faults, or failures are present in the
agents.

In following subsections, a detailed literature review on consensus achieve-

ment in teams is presented.

1.2.1 Consensus Achievement of Healthy Teams

The consensus of high-order integrator systems with time-delay and switching
in the communication network topologies is also addressed in [46].

In [47], the consensus of a leaderless team of high-order integrator agents is
investigated and necessary and sufficient conditions for convergence is studied.
Although, a large class of LTI systems including the single input systems can
be transformed into a collection of high-order integrators, this may not be
practical for all LTT systems.

An optimal consensus seeking in a network of multi-agent systems based on
the LMI approach is presented in [48] for a team of LTI systems. Although,
the agents can be heterogeneous, it is shown that in the proposed optimal
design procedure the solution of the Riccati equation does not guarantee the
consensus achievement and LMI formulation was used to achieve the consensus
seeking requirements.

In [49], a team of LTI agents is designed to accomplish consensus over a
common value for the agents’ output by using the cooperative game theory

and design requirements for the entire team are developed by using the LMI



formulation of the minimization problem.

A semi-decentralized controller is designed in [50] for a team of LTT agents
to accomplish cohesive motion with consensus on an agreed upon trajectory
in both leaderless and modified leader-follower structures.

The consensus problem of a team of homogeneous LTT agents with a fixed
topology directed information flow graph is addressed in [51]. To achieve
this goal a set LMIs which are dependent on the eigenvalues of the Laplacian
matrix should be solved. Since, the exact values of the Laplacian matrix
are depend on the overal structure of information fellow graph, it cannot be
computed based on the local and neighboring agents’ data and should be pre-
determined in a centralized manner. In [52], synchronization control in arrays
of identical output-coupled LTT systems is addressed and sufficient conditions
for the existence of a synchronizing control input are analyzed. It is shown that
for marginally stable systems that are detectable a synchronizing controller
exists if the directed information flow graph describing the communication is
fixed and connected. Here, the effects of disturbance in agents are not studied.

Consensus problem of homogeneous LTT system is investigated in [53] and
an LQR-based consensus algorithm is proposed for fixed topology information
flow graph. Again, the effects of disturbance in agents are not studied. The
H,, consensus problem in a homogeneous team of LTI systems is addressed
in [54] for undirected and fixed topology flow graph. To achieve this goal, a
set of n — 1 LMIs, which are dependent on eigenvalues of the Laplacian ma-
trix should be solved. Here, n is the number of agents in the team. Again,
due to dependency of LMIs on eigenvalues of the Laplacian matrix, the con-
troller cannot be designed based on the local and neighboring agents’ data
and should be pre-determined in centralized manner. In [55], the consensus
problem of multi-agent team of LTT systems under fixed topology directed in-
formation flow graph is studied. To design the consensus algorithm knowing
the exact values of the Laplacian matrix eigenvalues is needed and the effect
of disturbances is not taken into account.

In [56], the consensus problem in a team of identical LTT agents with time-
delay is investigated and an algorithm is proposed based on the solution of
certain LMIs.



In [57], an H,, consensus algorithm for a team of homogeneous LTT systems
is proposed. The topology of the information flow graph is assumed to be
switching and a quadratic Lyapunov function is used to show the convergence
of the H,, consensus algorithm. Although, the authors investigate consensus
in a switching topology of multi-agent systems, the switching strategy cannot
be arbitrary and should be pre-assigned.

An Ly — L, consensus control is proposed in [58] for a team of high-
order integrators with directed and switching topology information flow graph.
However, in that work the disturbance signal is limited to L signals and for
designing the consensus protocol a set of LMIs should be solved for all the
information flow graph topologies. This implies that details on all the infor-
mation flow graph topologies should be known a priori and before the design
of the controllers, which imposes in many cases impractical limitations and
constraints on the use of this strategy. Furthermore, the algorithm becomes
computationally infeasible if the number of network topologies is large.

In [59] a “practical consensus” protocol for a team of LTI systems with
directed information flow graphs is presented. In this work “practical consen-
sus” implies that the consensus error remains bounded in presence of an Lo
or L., disturbance signal, however the communication network topology is as-
sumed to be fixed. The sufficient conditions to design the consensus protocol
is presented by a set of LMIs. Although, the disturbance signal could be an
L, signal, arbitrary switching in the network topologies are not considered.

H, and H,, consensus approaches have been investigated in [60] for a team
LTT systems. To design the consensus protocol the consensus problem is trans-
formed to design an Hy or H,, controller by stabilizing n different LTT systems
that their dynamics depends on the eigenvalues of the network Laplacian ma-
trix. However, the communication network topology is assumed to be undi-
rected and fixed and the disturbance signals are assumed to be L.

H, consensus control for a team of LTI multi-agent systems under undi-
rected information flow graph is addressed in [61], and based on the solutions
of two LMIs, a distributed output feedback protocol is proposed.

In [43], the authors solve the H., consensus problem for a team of LTI

multi-agent systems with a directed and fized information flow graph topology.



The H, robust control problem of an uncertain linear switched systems
with dwell time is presented in [62] and a bounded real lemma is proposed
based on the solutions of a set of LMIs. A quadratic Lyapunov function
is presented to guarantee the stability and H,, performance of the overall
closed-loop system.

The algorithm, presented in [63], solves the H,, consensus problem of a
homogeneous team of LTI systems under an undirected and fixed information
flow graph. To obtain the state-feedback gains of the distributed consensus
controller, a set of LMIs should be solved.

The disturbance rejection problem in the coordination control of a group
of autonomous LTI systems subject to external disturbances is studied in [64]
for a class of undirected network topologies, that are said to possess a desired
level of disturbance rejection. It is shown that the H,, problem of the multi-
agent systems can be solved by analyzing the H,, control problem of a set of
independent systems whose dimensions are equal to that of a single node. The
solution also depends on the network topology and certain criteria are derived
in terms of LMIs.

The L, norm gain computation method for a switched linear system is
presented in [65], when the time interval between switchings is sufficiently large
and the stablizing and anti-stablizing solutions of a set of algebraic Riccati
equations for the systems being switched satisfy certain inequalities.

Sufficient conditions for the stability of linear switched system with dwell
time in presence of external disturbances is presented in [66]. To achieve this
goal, a piecewise quadratic Lyapunov function is considered, which is non-
increasing at the switching instants. A set of LMIs are presented to determine
this piecewise quadratic Lyapunov function.

In [67], the output consensus problem of a team of heterogeneous LTI
single-input single-output systems under a fixed information flow graph is
studied and the effects of a calss of model uncertainties is investigated. A
distributed controller with internal dynamics is proposed which is use only the
outputs of the agents.

The output-feedback consensus problem for a homogeneous team of LTI

systems in absence of external disturbance is studied in [68].The information



flow graph topology is assumed to be switched fast enough and an averaging
approach is used to model the communication network.

In [69], an output-feedback distributed algorithm is presented to solve the
consensus problem of a team of identical LTI systems under a fixed topology
communication network and in absence of the disturbance. An LMI approach
is used to obtain the controller gains.

Beside numerous work in the literature such as [25], [70], [71], [35] address-
ing consensus algorithms for teams of single and double integrator by using
the common assumption that the underlying communication /sensing network
is connected for all time, i.e. there exists an expanding tree in the graph associ-
ated with the network. In some papers such as [72], [73], [74], the connectivity
preservation of the network while it achieves consensus is also considered.

In [34], [75] potential functions are proposed that increase but remains
bounded when two connected agents reach the sensing threshold. The main
shortcoming of these works is that there is no relationship between the agents
actuation capabilities and this bound. The reference [72] addresses the con-
nectedness issue in multi-agent rendezvous and the formation control problems
over dynamic interaction graphs by adding appropriate weights to the edges
in the graphs. The nonlinear feedback laws that are based on weighted graph
Laplacians are introduced and they are shown to be able to solve the ren-
dezvous and formation-control problems while ensuring connectedness. They
have also not considered any bound on the control inputs in their works. In [34]
a general class of distributed potential-based bounded control laws with con-
nectivity preserving property for single-integrator agents is proposed. The
main idea of the proposed approach is to design the potential function such
that when two agents are going to loose a connection the gradient of the po-
tential function lies in the direction of that edge in order to shrink it.

In [76] the rendezvous problem with connectivity preservation having double-
integrator dynamics using hysteresis functions are presented. A class of bounded
potential functions are constructed to guarantee the connectivity, but as in pre-
vious works they cannot define a specific bound based on the agents actuation
constraints.

In [77] a distributed control framework based on potential fields is presented



for multi-agent flocking problem that simultaneously addresses the desired
velocity alignment as well as the connectivity preservation of the underlying
network that is necessary for alignment. Double integrator models of agents
and design of nearest neighbor control laws are presented.

A distributed H,, consensus of multi-agent systems with a class of Lipschitz
like nonlinearity the agents dynamics is presented in [78]. The communica-
tion network topology is assumed to be undirected and fixed and sufficient
conditions to design the consensus algorithm are derived as a set of LMIs.

In [79], the consensus problem for a team of homogeneous third-order non-
linear systems under a fixed undirected flow graph is investigated. It is as-
sumed that the dimension of control input of each agent is three and the
nonlinearity function in agent’s dynamics satisfies a Lipschitz-like condition.
Although, the information flow graph is assumed to be undirected, the pro-
posed consensus algorithm solves the leader-follower consensus problem.

In [80], a consensus algorithm is developed for a team of heterogeneous
affine nonlinear systems with a switching topology information flow graph. It
is assumed that the dimension of the control input and states of each each
agent are the same. Moreover, the nonlinear function which maps the control
input to the state derivatives in the dynamics of the system is invertible.
Therefore, the approach is not general and cannot be applied to a large class
of real systems.

Consensus problem of a team of nonlinear systems by using a linear con-
sensus algorithm and feedback linearization technique is presented in [81]. The
main idea is that a diffeomorphism transformation exists so that the nonlinear
system can be transformed into the form of LTI systems by using feedback
linearization technique. Therefore, a consensus algorithm for the LTT systems
can then be applied to achieve consensus of the original nonlinear system that
is feedback linearized.

The work in [82] studies the decentralized consensus problem of a class
of nonlinear multi-agent systems with Lipschitz nonlinearity and undirected
communication topologies. To achieve this goal, a consensus algorithm is
presented which uses relative states of the neighboring agents to design a

controller. A set of n — 1 LMIs having the same dimension as that of a single

10



agent should then be solved where n is the number of agents in the team.

The consensus problem for multi-agent systems having LTI and Lipschitz
nonlinear dynamics is addressed in [83]. Distributed relative-state consensus
algorithm using an adaptive law to adjust the coupling weights between the
neighboring agents are designed for both the LTI and Lipschitz dynamics,
under which consensus is achieved for undirected information flow graphs.
Since, directed graphs are not supported, an extension to the case with a
leader-follower is also presented. It is worth noting that in contrast to the
earlier results the proposed consensus algorithm is fully decentralized and there
is no need to use any global information.

In [84], the synchronization problem for a team of nonlinear systems is
investigated. Here, again the topology of information flow graph is assumed
to be fixed and undirected and nonlinear dynamics of agents is Lipschitz and
QUAD. The QUAD condition is an assumption on the nonlinear vector func-
tion f which satisfies (7—y)” [f(2)— £ (y)] — (z—9)" Az—y) < —w(z—y)" (z—y)
for some arbitrary A and w.

A synchronization method for a class of second-order multi-agent systems
with a Lipschitz like nonlineary is studied in [85]. In their work, the multi-
agents team has a leader follower architecture and the proposed controller
uses an observer to estimate agents’ states based on their output variables
and finally by mean of Lyapunov analysis it is shown than the overall team is
synchronized in a finite-time.

Containment control of second-order Lipschitz nonlinear multi-agent sys-
tems is investigated in [86] and both static distributed controller for teams
with directed communication networks and adaptive controller for teams with
undirected network topologies are presented and it is analytically proved that
all followers will asymptotically converge to the convex hull which spanned by
states of the leaders.

In [87] a team of first-order nonlinear systems under both fixed and switch-
ing topology communication networks is considered and a consensus controller
design is proposed and finally necessary and sufficient conditions are presented.
In their work, the nonlinearity can be discontinues.

A cooperative containment control of a second-order linear multi-agents

11



system with multiple leaders under directed and fixed topology communication
network in presence of unknown disturbance signal is presented in [88].

An adaptive distributed consensus algorithm for a class of multi-agent sys-
tems with bounded nonlinearities is proposed in [89]. Agents are modeled as
high-order systems, communication network is undirected, and it is assumed
that the nonlinearities are non-identical.

In [90] a distributed formation controller based on linear extended observers
for a team of second-order nonlinear systems is presented. In their work, it
is assumed that the team has a virtual leader and properties of dynamics
nonlinearity implies some limitations on acceleration and velocity of the agents.

A first-order nonlinear multi-agents system is studied in [91] and a con-
sensus algorithm based on sampled-data information is presented. To analyze
stability of their proposed algorithm first dynamics of sampled-data team is
converted to an equivalent nonlinear system with varying time delays and
time-delayed systems stability analysis tools are utilized.

A cooperative-learning algorithm for a team of identical nonlinear systems
with undirected communication network is presented in [92]. In their work,
radial basis function neural network is used to approximate dynamics nonlin-
earity and it is stated that if the agents exchange their RBFNN information
with each other and use it in their learning rules the overall learning perfor-
mance of the team will improve dramatically.

In [93] a cooperative learning algorithm for updating RBFNN weights for a
team of nonlinear systems is presented. In their work, dynamics of the agents
are identical but the reference signals are assumed to be different and tracking
performance of the agents is guaranteed.

Consensus achievement problem in a leaderless homogeneous team of agents
with Lipschitz nonlinearity under directed and switching topology communi-
cation network is studied in [94]. In their work, necessary and sufficient con-
ditions for designing a distributed consensus algorithm is presented as a set of
LMIs.

12



1.2.2 Cooperative Fault Tolerant Consensus

Fault diagnosis and isolation (FDI) of single and multi-agent systems have
been extensively studied in the literature.

Among different actuator faults types, due to the physical limitation and
constraints of practical systems, saturation fault is probably among one of
the most common phenomena and its classical examples do include limits in
deflections of control surfaces of UAVs, the voltage limits on electrical motors
and flow rates of hydraulic actuators [95].

Fault detection and isolation (FDI) of single and multi-agent systems have
been extensively studied in the literature [96-103]. In [104], fault detection
problem in Markovian jump systems is studied. In [97], an adaptive observer-
based technique is used to detect occurrence and estimate the severity of ac-
tuator faults in LTT systems.

In [105], Kalman filter is used to diagnose and isolate the faults in the sys-
tem. To identify faults with very small amplitudes, a statistical local approach
is used in [98]. A robust decentralized actuator fault detection and estimation
technique based on sliding-mode observers is presented in [106].

Fault detection, isolation, and estimation of networked sensing systems
with incomplete measurements is investigated in [107]. In [99], a consensus
based overlapping decentralized fault detection and isolation approach is pre-
sented. Development, design and analysis of actuator fault detection and
isolation for a team of multi-agent systems is presented in [100]. In [102], a
decentralized robust fault detection and isolation filter design technique for a
non-homogeneous team of multi-agent systems is proposed.

In the area of fault tolerant cooperative control few work are available in
the literature.

A multi-agent team with partial information exchange is considered in [50]
and based on the solution of a set of LMIs, an optimal output consensus algo-
rithm is proposed for both leader-less and modified leader-follower structures.
The effect of the float fault in actuator of some of the agents is also investigated
and robustness of the proposed consensus method is demonstrated.

A cooperative hierarchical actuator fault accommodation for formation fly-

ing vehicles with absolute measurements is presented in [19]. The agents are
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modeled as LTT systems and it is assumed that local fault recovery module can
detect the loss-of-effectiveness actuator fault and partially recover the faulty
agent. Based on the solution of a set of linear matrix inequalities (LMI), a
decentralized formation level fault recovery module is designed to boost the
overall performance of the team.

A hierarchical actuator fault accommodation framework for formation fly-
ing satellites, which are modeled as double integrators, is proposed in [108].

A modified leader-follower problem for a team of double integrators is
studied in [109] and an optimal control-based approach is used to design a
semi-decentralized cooperative controller. Furthermore, the performance of
the team in presence of actuator float faults in some agents is investigated.

In [18], a multi-agent team of moving vehicles is considered and its per-
formance analysis in presence of actuator faults is investigated. The team
structure is assumed to be a modified leader-follower and its goal is to ac-
complish a cohesive motion. A semi-decentralized cooperative controller is
designed and is shown that occurrence of loss-of-effectiveness faults in the ac-
tuators does not deteriorate the stability nor the consensus seeking goal of the
team.

A connectivity preserving consensus algorithm in presence of actuator sat-
uration is presented in [110].

An output feedback consensus achievement algorithm for a team of LTI
system with switching communication topology based on the solution to a set
LMIs is presented in [111].

In [44], a hierarchical cooperative actuator fault accommodation in for-
mation flight of unmanned vehicles using relative measurements is addressed
for LTT systems and a centralized and decentralized consensus algorithms are
proposed.

The developed hierarchical design method in [44] consist of three mod-
ules, namely the low-level fault recovery (LLFR), the formation-level fault
recovery (FLFR) and the high-level (HL) fault recovery. In the LLFR stage
it is assumed that all actuator faults are detected by the FDI module and
their severites are estimated exactly. Using these estimates of fault severities,

an optimization problem is provided and based on its solution, the gains of
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the consensus algorithm are reconfigured. To guarantee the consensus achieve-
ment of low-level fault recovered multi-agent team, an LMI approach was used.
Since, in practice it is not possible to exactly estimate the fault severities, the
performance of the low-level recovered multi-agent team is then monitored by
a high-level module and the FLFR module is activated whenever a loss of per-
formance is detected at the low-level. In the FLFR step it is assumed that
only one of the estimated fault severities is inaccurate and it is shown that by
adjusting the parameters of the optimization problem, the consensus error of
the multi-agent team remains within a predefined bound.

A cooperative hierarchical actuator fault accommodation for formation fly-
ing vehicles with absolute measurements is also presented in [19,112] and
in [113] using relative measurements. The agents are modeled as LT1 systems
and it is assumed that local fault recovery module can detect the loss-of-
effectiveness actuator faults and partially recover the faulty agent. Based on
the solution of LMIs, a decentralized formation-level fault recovery module is
designed to enhance the overall performance of the team.

In [114] global consensus problem for second-order multi-agent systems is
studied and a cooperative algorithm is proposed which results in consensus
achievement of the team in presence of random directional communication

link failures.

1.3 General Problem Statement

The main objective of this work is to explore consensus-based cooperative con-
trol of multi-agent systems. A multi-agent system is a team of independent
autonomous systems that are employing a distributed control algorithm to
fulfill a common goal as an entity. Despite dedication of a large body of works
to study multi-agent networks and cooperative control there are still unsolved
problems and challenges in this area mainly maintaining the safety and reli-
ability of the team while dealing with actuator failures, model uncertainties,
measurement noise, and disturbances. In many cases, the loss of performance
or stability may cause serious damages, especially in safety critical systems

such as robots in hazardous areas, airplanes and spacecraft. To avoid this
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problem, some methods are developed to design fault tolerant controller, noise
and disturbances rejection methods, and robust controller against model un-
certainties for a single system, which maintains its performance and stability
in the event of malfunction in the components of system, environmental dis-
turbances, sensor noise and model uncertainties.

In the case of cooperative systems, the effectes of these parameters on any
of team members may affect the consensus achievement of the entire team.
Hence, in the same way, it is desirable to develop consensus algorithm that
are tolerant against faults and model uncertainties and also distributed distur-
bance and noise rejection methods. Actuator fault is a common type of fault
among different types of faults that can occur in systems.

Motivated by these short comings in this thesis we first study effects of
disturbances on consensus achievement of an LTI multi-agent system and our
objective is to propose a transformation and a framework which aids us me-
thodically design cooperative controllers in first place and makes it possible
to use powerful Lyapunov stability analysis tool to guarantee its consensus
achievements in the presence of disturbances while the communication net-
work topology is directed and switching. Next, effects of actuator faults in
consensus achievement of a multi-agent team is studied and the goal is to pro-
pose a novel consensus algorithm which can deal with actuator saturation and
preserves the connectivity of the communication network. The other objective
of this thesis is to propose a framework to quantitatively studies the effects
of actuator fault in consensus achievement of LTT multi-agent systems which
leads us to formulate an optimization problem and design a cooperative fault
recovery strategy to improve the performance of the team. The next problem
that we tackle in this work is to study consensus achievement of multi-agent
systems with measurement noise and uncertainties including Lipschitz non-
linearites in the presence of disturbances with directed switching networks.
Finally, a cooperative-adaptive consensus algorithm for a class multi-agent
systems with unknown nonlinearty under undirected and switching topology

communication network in presence of unknown disturbances is presented.
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1.4 Thesis Contribution

The main contributions of this thesis are presented as follows:

1. The main challenge to systematically design consensus algorithm for gen-
eral LTT multi-agents systems is that the controller should guarantee the
stability of overall team but at the same time it should not be asymptot-
ically stable. One of the contributions of this thesis is that we proposed
a transformation which lets us map dynamics of the multi-agent sys-
tem with a directed information flow graph to another LTI system. As
a result one can design an state feedback controller that asymptotically
stabilizes the transformed LTT system and use it as distributed consensus
algorithm. Consequently, it allows us to use classical controller design
techniques to perform stability analysis methods such as Lyapunov func-
tions, and there is no need to solve any set of LMIs in the cooperative
control design procedure. Although, using our proposed transformation,
it is possible to design the controller for transformed LTT system, however
dimensions of transformed LTI system for a team consisted of n agents
is n times larger than the dimensions of each agent. It could dramati-
cally increase the computational complexity of controller design. One of
the contributions of this work is to propose a method to use algebraic
connectivity of communication network and decouple dynamics of the
transformed system into two parts. This will let one deal with equations
with the same dimensions as each agents. It becomes more clear when
knowing that the time-complexity of solving an LMI is O(N®) [115],
and time-complexity of solving an algebraic Riccati equation (ARE) is
O(N*) [116], where N is dimension of the equations.

2. Dynamics of multi-agent systems with switching topology communica-
tion network even with L'TT agents is no longer time invariant. Therefore,
design and stability analysis tool for LTI systems may not be useful. It
is more challenging when the effects of the disturbances are taken into
account. Developing a Lemma which lets us use Lyapunov functions to
analyze stability and disturbance attenuation performance of multi-agent

teams, is one of the main contributions of this thesis. It is worth noting
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that our proposed Lemma lets us design cooperative controllers and per-
form stability analysis for multi-agent systems with switching topologies

in the presence of either Ly and finite RMS disturbance signals.

. One of the main contributions of this dissertation is to propose a frame-
work that lets us quantitatively measure effects of actuator faults of the
agents on the consensus achievement of multi-agent system. It is shown
that convergence of consensus algorithm is guaranteed as long as the
overall fault index of the team is within a bound. It will let us deal
with concurrent faults in multiple agents and since it also depends on
some controller parameters one can develop fault recovery algorithms
that force healthy agent to dedicate more control effort and compensate
for that of faulty agents. To achieve this goal, we formulate an opti-
mization problem that lets us design aforementioned recovery strategies

while consensus achievement of the team is guaranteed.

. Another contribution of this thesis is in the development of distributed
consensus algorithm for teams of multi-agents with bounded RMS mea-
surement noise and model uncertainties including Lipschitz nonlinearity.
Here, we presents criterion for observer and controller gains that let us
extend our proposed methods for state-feedback cooperative control de-
sign and use it to systematically solve the consensus achievement problem

of multi-agent teams in presence of noise and uncertainties.

. Finally, a cooperative-learning method is proposed which can be used
for cooperatively online-updating of a general function approximator pa-
rameters, including RBF neural networks. It means that, all agents will
exchange their learning information among each other and will use infor-
mation from neighboring agents in their learning rules. In addition, we
proposed a consensus algorithm based on aforementioned cooperative-

learning method for a team of nonlinear systems.
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1.5 Thesis Outline

The remainder of this thesis is organized as follows. In Chapter 2 the back-
ground information about topics that are required in later chapters are pre-
sented. We start with algebraic graph theory and afterwards we present ma-
trix analysis methods for graphs. It is followed by preliminary definitions in
cooperative control and consensus achievement in multi-agents systems. Fur-
thermore, Kronecker product and its properties are presented. Finally this
chapter concludes by presenting Lyapunov stability analysis technique.

Chapter 3 the consensus problems with H,, and weighted H,, bounds for
a homogeneous team of Linear Time Invariant (LTT) multi-agent systems with
a switching topology and directed communication network graph are studied.
It begins with a brief preliminaries on algebraic graph theory and several lem-
mas that we have developed for this work. The formal problem statement of
the chapter is presented afterwards and it is followed by our proposed consen-
sus algorithm design methodology. Numerical simulations that support our
proposed theoretical results conclude the chapter.

Next, a cooperative actuator fault accommodation strategy is studied in
Chapter 4. The multi-agents system is considered to be a team of LTI multi-
agent systems and information flow graph is directed and switching topology.
The effects of two types of actuator faults, namely loss-of-effectiveness fault
and saturation fault are investigated and it is assumed that the faults can
simultaneously occur in more than one agent and the exact estimate of the
fault severities are not available.

Chapter 5 studies the disturbance attenuation properties of consensus achieve-
ment algorithms for a multi-agent team with output measurement noise and
teams of agents with model uncertainties including Lipschitz nonlinearity. The
communication network topology is assumed to be switching. The teams are
homogeneous and the information flow graph is directed and the effectiveness
of the proposed consensus algorithm is illustrated by performing numerical
simulations. Furthermore, a cooperative-adaptive consensus algorithm for a
team on multi-agent systems with unknown nonlinearity is proposed in this

chapter.
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Finally, conclusions and suggestions for future work are provided in Chap-
ter 6.

20



Chapter 2
Background Information

In this thesis, we study consensus-based cooperative control of multi-agent
systems which consist of a group of dynamical systems with ability to exchange
information among each other. In the cooperative control our goal is to design
a distributed control strategy to allow each agent determines its control signal
only based on its own local information and limited information provided by
others, while the overall multi-agent system as a single entity performs its
desired objectives. Towards this end, having knowledge about information
flow path and its dynamics is important and graph theory is one of the best
ways to model it. Graph theory and algebraic graphs are deeply investigated
in the literature [1,70,117]. In section 2.1 some important definitions and
principal properties of algebraic graphs, which are required in remainder of
this thesis, will be presented from [1]. In algebraic graph theory, we associate
some matrices to each graph and therefore matrix analysis methods will help
us to have better understanding and a tool to integrate graph topology in
cooperative control design procedure. This topic is covered in section 2.2 and it
is followed by basic definition of cooperative control and consensus achievement
of multi-agent systems in section 2.3. Kronecher product of matrices and its
properties play an important role in stability analysis of cooperative control
strategies using Lyapunov stability analysis. In sections 2.4 and 2.5 these

topics are presented.
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Figure 2.1: Visual representation of a graph

2.1 Algebraic Graph Theory

A graph G mathematically is defined as a tuple of nodes or vertices set )V and
edges or arcs set €. In our work, V is set of all agents. Now, let v;, v; denote
agents which are exchanging information and information flow from v; to v;.
We say that there is an edge from v; to v; and denote it as tuple (v;, v;) which
is an element of set £. To visually represent a graph, nodes are drawn as dots,
little circles, or numbers and whenever there is an edge from node v; to v; it
is shown by drawing an arrow v; to v;. Figure 2.1 shows visual representation
of a graph. In this thesis, we do not consider information flow from an agent

to itself and assume that underlying information graph is simple.

Definition 2.1. Graph G is simple if and only if for any node v; € V, (v;,v;) ¢
E.

For each edge (v;,v;), node v; is called parent and v; is called child, and

we say that the edge is an outgoing edge of v; and an incoming edge of v;.

Definition 2.2. The in-degree of a node is defined as number of edges that
are incoming with respect to that node and the out-degree is the number of its

outgoing edges.

The neighboring set of node v;, which is denoted by N is defined as set of
all nodes v; with edges outgoing with respect to v; and incoming with respect

to v;. Cardinality of neighboring set of a node is equal to its in-degree.
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Definition 2.3. A balanced graph is a graph that in-degree and out-degree of

all its nodes are equal.

A graph is called bidirectional if for a pair of nodes any edge (v;, v;), there
exists edge (vj,v;), otherwise it is called directed graph or digraph. A graph is
weighted if one assigns a real positive number a;; to any edge (v;, v;). If a graph
is bidirectional and for any pair of edges (v;,v;) and(v;,v;), the associated
weights a;; and a;; be equal, the graph is called to be undirected. A directed
path from node v, to v, is a sequence of nodes v,, v1, ..., Un, Uy, such that edges
(Vay v1), (V1,02), ..., (U, vp) exist, and the number of these edges is equal to the
length of the directed path. Node v; is connected to node v; if there exists a
directed path from node v; to node v; and the distance from node v; to v; is

defined as minimum length of all directed paths from v; to v;.
Definition 2.4. A loop is a directed path from a node to itself.

A graph is called strongly connected if all of its nodes are connected to
each other and it is called connected if it is also bidirectional. A bidirectional
graph is a tree if it is connected and only one path exists between any of its

two distinct nodes.

Definition 2.5. A graph is called directed tree if for all nodes except one node,

which s called root, has in-degree equal to one.

In other words, a graph is a (directional) tree if it is (strongly) connected
and has no loops. Graph G = {V, £} has a spanning tree Gsr = {V, g7}, if
Gsr is a directed tree and Egr C £. In this case, there is a directed path from
the root node to any other node in the graph. A graph may have more than

one spanning tree and therefore more than one root node.

Definition 2.6. The set of roots of all spanning trees of a graph is called root
set or leader set of the graph.

Any strongly connected graph has a spanning tree and its nodes set is its
root set as well. Figure 2.2 and Figure 2.3 show two different spanning trees
of our example graph, that is presented in Figure 2.1. As it can be seen in

Figure 2.2, node 1 is the root of spanning tree and in Figure 2.3 it is node
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Figure 2.2: Spanning tree of a graph.
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Figure 2.3: Spanning tree of a graph.

2. There are also other spanning trees for this example graph and since it is
strongly connected, any of its node can be root of a spanning tree of the graph.

The structure of a weighted graph can be represented by a matrix, which is
A = [a;] and it is called adjacency or connectivity matrix. Here, a;; denotes
the weight of edge (v;,v;). As mentioned earlier, in our work graph is simple
and therefore a;; = 0. By using algebraic graph theory, one can study all the
properties of a graph by only looking at its associated adjacency matrix. Two

of these properties are weighted in-degree of node v; that is defined as follows:
degm(z) = Z aij
J
and its weighted out-degree which is defined as follows:

degout(i) - Z Qi
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Graph diameter and in-volume of a graph are other important properties of a

graph.

Definition 2.7. Graph diameter refers to the longest directed path between

two of its nodes

Definition 2.8. In-volume of a graph is defined as summation of in-degrees

of all graph nodes.

A graph is called weighted balanced if in-degree and out-degree for all of its
node are equal and a graph is undirected if its adjacency matrix is symmetric.
If non-zero weights of a graph are 1, weighted in-degree and in-degree of a
node, weight out-degree and out-degree of a node, and weighted balanced and
balanced graphs are equivalent. Another matrix that we may assign to a
weighted graph is Laplacian matrix and it is one the most important matrices
in studying of multi-agent systems. It is denoted by £ = D — A, where D
denotes diagonal weighted in-degree matrix. Therefore, summation of all rows
of a Laplacian matrix is zero. The adjacency and Laplacian matrices associated

with our example graph shown in Figure 2.1 are given as follows:

(00010 1] 2 0 -1 0 —1]
10000 1 0 0 0
A=]10100 0], =0 -1 1 0 0
10100 1 1 2 0
0001 0| 0 0 0 -1 1

In order to study important properties of Laplacian matrix and to understand
how it can be used in the cooperative control design procedure, let us trans-
form Laplacian matrix into its normal Jordan form £ = MJ M, where M
denotes the transformation matrix. The main diagonal elements of matrix J
are eigenvalues of Laplacian matrix and columns of the transformation ma-
trix are their associated right eigenvectors [118]. If a Laplacian matrix has
a repeated eigenvalue );, the size of its corresponding Jordan block is called
geometric multiplicity of eigenvalue \; and the summation of size of all its

Jordan block is said to be its algebraic multiplicity.

25



Definition 2.9. An eigenvalue is called simple if its geometric and algebraic

multiplicity is equal to 1.

Without loss of generality, let us assume all eigenvalues of a Laplacian
matrix are ordered such that [\ < [\ < ... < |Ay|. For undirected graphs,
since Laplacian matrix is symmetric, all the eigenvalues are real number and
can be ordered as A} < Ay < ... < Ay

One of the key properties of Laplacian matrix is that 0 is one of its eigen-
values and vector 1 = [1,1, ..., 1]T is its associated eigenvector and it can be
proven by using the fact that summation of all rows of Laplacian matrix is
equal to zero. Therefore, Laplacian matrix cannot be full rank and at the best
it can be N — 1. In fact rank of a Laplacian matrix is N — 1 if and only if its
associated graph has a spanning tree [25,119]. Considering the fact that main
diagonal elements of a Laplacian matrix are not negative and using Gersgorin
circle criterion, one can obtain more information about its eigenvalues. Gers-
gorin circle criterion explains that eigenvalues of a matrix M = [m;;] € RNV

in complex plane are located in union of following circles [120]

i#]

In Laplacian matrix ¢; = ), £ ¢;; and therefore the union of its Gersgorin
circles is a circle with radius A and its center is located on real number axis
at A, where A denotes maximum in-degree of associated graph nodes. Figure
2.4 depicts these circle in a complex plane. If we normalize adjacency matrix
of a graph, which means summation of all rows are equal to 1, eigenvalues of
Laplacian matrix are within a circle centered at 1 with radius of 1. In this
way it will be easier to compare eigenvalues of two different graph and study
effects of their topology on their eigenvalues.

As it can be seen in Figure 2.4 real part of all eigenvalues of Laplacian
matrix are not negative and therefore \y = 0 and Ay # 0 if and only if
its associated graph has a spanning tree. In fact A\, is the most important
eigenvalue of this Laplacian matrix in designing cooperative control algorithm
and determine their performance and convergence rate. The larger value of

g, the faster convergence rate of the algorithm is.
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Figure 2.4: Union of Gersgorin circles for Laplacian matrix [1].

Definition 2.10. The second eigenvalue )\, is called Fiedler eigenvalue of
Laplacian matriz and has an intrinsic relation with the graph topology and its

connectivity.

It is also known as algebraic connectivity of the graph [121]. There are
some upper and lower bounds of Fiedler eigenvalue for undirected graphs in
the literature [122-124]. Definition of some of aforementioned lower and upper

bounds are listed below: N

N -1
Ny > !
2= Diam(G)Vol(G)

Ao <

inin (2.1)

(2.2)

where dp,;, denotes minimum in-degree of graph nodes, Diam(G) denotes di-
ameter of graph G and Vol(G) denote in-volume of the graph.

There are also some useful inequalities Fiedler eigenvalue in case of directed
graphs, but those are more complicated [125,126]. To show intrinsic relation
between eigenvalues of Laplacian matrix and its associated graph topology
and give a feeling about it a set of various types of graphs which are usually
appear in cooperative systems are presented in Figure 2.5 [1].

If the weight of existing edges of graphs shown in Figure 2.5 are set to 1,
the eigenvalues of resulting Laplacian matrices are presented in Table 2.1. As

it can be seen in Table 2.1

e for all of the graphs A\; = 0,
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¢) Complete graph ) Directed tree (formation graph)

(e) Undirected star ) Directed star
(g) Undirected cycle (ring) ) Directed cycle ) Undirected path

Figure 2.5: Various graph topologies [1].
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e all eigenvalues of undirected graphs are non-negative real numbers. How-

ever, it is possible to have a directed graph with all real eigenvalues,

e all non-zero eigenvalues of fully connected or complete graph with N
node are equal and are N [127]. It is easy to verify from inequality
(2.1) that the most connected graph has the maximum possible value of
Ao =N,

e Non-zero eigenvalues of directed trees are equal to 1 [128]. Since, directed

start is directed tree all of its eigenvalues are equal to 1 as well,

e Undirected start has an eigenvalue equal to /N all other non-zero eigen-

values are equal to 1 [128],

e Eigenvalues of directed cycle are located evenly on a circle with radius

of 1 and center at 1 in complex plane.

2.2 Matrix Analysis of Graphs

As it is seen in previous section there is deep connection between graphs and
matrices and matrix analysis techniques are helpful to reveal different proper-

ties of graphs and their topology.

Definition 2.11. A row/column permutation matriz T, is a matriz square
matriz which has exactly one element equal to 1 in each row and column and
all other elements are equal to 0 [129).

Definition 2.12. Square matriz A is said to be reducible if there exist a
row/column permutation matriz T such that TATT be a lower block triangular

matriz. A matriz is called irreducible if it is not reducible.

Theorem 2.1. Graph G with adjacency matriz A is strongly connected if and
only if A is irreducible [130].

Definition 2.13. Matriz A is called nonnegative and it is denoted by A > 0
iof all of its elements are nonnegative, and it is said to be positive if all of its

elements are positive. Positive matrices are denoted by A = 0.
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Note that a positive matrix is not necessarily positive-definite matrix and

it is not required to be even be a square matrix.

Definition 2.14. A nonnegative matriz is a row stochastic matrix if all row
summation of its elements are equal to 1 and it is doubly stochastic if both

itself and its transpose are stochastic matrices.

Theorem 2.2. A nonnegative matriz is row stochastic if and only if it has an

eigenvalue equal to 1 and vector 1 = [1,1,...,1]7 be its associated eigenvector
[1].
Theorem 2.3. Stochastic matriz A € Rn X n has following properities [181]:

o p(A) =1, where p(A) is spectral radius of the matriz.

o [f A is adjacency matriz G, then rank(A) = n — 1 if and only if matriz

G has a spanning tree.

o If A is adjacency matriz G, then \; = p(A) = 1 is the only eigenvalue of
A with magnitude equal to 1, if graph G has a spanning tree and a; > 0
for all 7.

Definition 2.15. A minor of matriz A € R™*" is a the determinant of a k Xk
matriz which is resulted by eliminating m — k rows and n — k columns of A,
and is denoted by [Alz,7 where T C {1,2,....,m} and J C {1,2,...,n} are sets
of remaining rows and columns. [Alz.7 is called a principal minor of matriz
A if sets T and J are equal [130].

Definition 2.16. A leading principal minor of a matriz A, is a principal

minor of A associated to a square upper-left sub-matriz of A.

Definition 2.17. Square matrix A € Rn x n is called an Z-matriz if all its

off-diagonal elements are nonpositive.

Definition 2.18. Square matrix M € Rn x n is called an M-matriz if it is a
Z-matriz and all its principal minors are non-negative and it is a non-singular

M-matriz if all its principal minors are positive.

Theorem 2.4. Consider Z-matriz M € R™*", following statements are equiv-
alent [130]:
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e M is a non-singular M-matriz.

All leading principal minors of M are positive.

Real part of all eigenvalues of M are positive.

Matriz M is invertible and all elements of M~' are nonnegative.

There exist vectors v and w with all positive element such that all ele-

ments of vectors Mv and MTw be positive.

e There is a diagonal positive definite matriz S such that MS + SM7 is

positive definite.

Theorem 2.5. Consider Z-matrix M € R™*", following statements are equiv-
alent [130]:

o M is a singular M-matriz.
o All leading principal minors of M are nonnegative.
e Real part of all eigenvalues of M are nonnegative.

e [or any diagonal positive definite matrix B, matriz B + M 1is invertible

and all elements of (B + M)~" are nonnegative.

o There exist vectors v and w with all positive element such that all ele-

ments of vectors Mv and MTw be nonnegative.

e There is a diagonal matriz S, which has all nonnegative elements, such
that M S + SMT is positive semidefinite.

Theorem 2.6. Irreducible M-matriz A € R™*™ satisfies following statements
[130]:

o rank(A)=n—1
e There exist a vector with all positive elements v such that Av = 0

Theorem 2.7. For any singular but irreducible M-matriz A and positive con-

stant € matric A — diag{0,0, ..., €} is a nonsingular M-matriz [152].
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Corollary 2.1. Consider singular and irreducible M-matriv A € R™" and
nonnegative constants €;, for i = 1,...,n, where at least one of ¢; > 0, then

matriz A — diag{ey, €a, ..., €, } is a nonsingular M-matriz [152].

2.3 Cooperative Control and Consensus Achieve-

ment

In this section the correlation between algebraic graph theory and cooperative
control of multi-agent is presented. To introduce multi-agent system we first

need to define agents.

Definition 2.19. An agent is a dynamical system with a state vector which
evolves through time based on its past value and a control input vector. Here,
the state of the agents is not dependent on any other agent, but control input

1s a function of the agent and some other agents state vectors.

Since the state vector of agents are decoupled and the interaction between
agents are through their control inputs, basically without a common control
strategy and information exchange among different agents, they are completely

independent systems.

Definition 2.20. A multi-agent system is a set of agents that are exchange
information and collaborate to each other based on a common control strateqy

to achieve a goal as a single entity which cannot be done by each agent alone.

The connection between multi-agent systems and algebraic graph theory
is their necessity to exchange information which can be best modeled by an
information flow graph G. Let label each agent with a number and let each
node in graph G represents an agent and each edge from node v; to node v,
shows information flow from agent ¢ to agent j. Note that the exchanged
information can be whole state vector of agents (agent state) or a function of

that (agent output).

Definition 2.21. A multi-agent system is called homogenous multi-agent sys-
tems if the dynamics and the exchanged information of all agents are the same,

otherwise it is called heterogeneous multi-agent system.
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Definition 2.22. [t is said that a multi-agent system follows a distributed
control strategy with topology G if the control input of each agent be a function
of its own state (or output) and states (or outputs) of other agents that are in

in-neighbor set of the agent in the graph.

In this thesis, distributed control strategy some times is also called coop-
erative control or multi-agent controller. It is also worth noting, the multi-
agent systems and notations here are mainly used in control systems commu-
nity [133,134] and is different from those used by computer science commu-
nity [135]. In this sense the main concern of cooperative control strategies is

to solve consensus problem.

Definition 2.23. Consensus problem in multi-agent system is to find a dis-
tributed control strategy that cause all agents to agree on a common value for
a variable of interest. This value is usually called the consensus value and can

be state, output, etc of agents.

2.4 Kronecker Product and Its Properties

The Kronecker product of two matrices, namely A = [a;;] € R™*" and B =

b;;] € NP9 is a mp x ng matrix, that is denoted by A ® B and is defined as
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follows [136]:

a11b11

a11b21

Clnbpl
as1011
2191

ARB =
Cl21bp1

am1b11

m1ba1

am1 bpl

a11b12

a11ba2
allpr
as1b12
a21ba2
a21 bp2
Apm1b12

A1 D22

am1 bp2

Clnblq

anbzq
anbpq
21 blq
21 b2q
ao1 bpq
am1 blq

Qm1 b2q

Qm1 bpq

G1nb11

1,21
alnbpl
a2,b11
25,021
aanpl
amnbll

Amn b21

Amn bpl

G1nbl2

a1n,b22
alnbp2
a2,012
25,022
a2nbp2
a'mnb12

Amn b22

Amn bp2

alnblq

alnb2q
alnbpq
a2nb1q
a?anq
a?nbpq
amnblq

Amn b2q

amn bpq

Some times for simplicity following notation is used to define Kronecker prod-

uct of two matrices:

A®B =

CLHB algB
CLQlB a22B

Am1 B CngB

alnB
CLQ”B

A B

The Kronecker product has some interesting properties that are used in this

thesis, including [120]:

A (B+(C)=A®B+A®C
(A+B)eC=AC+B®(C

(@A) @ B=A® (aB)=aA®B

(AB)(C=A® (B ()

(Ao B)Y' = AT @ BT
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(A® B)® (C ® D) = AC ® BD (2.8)

And also if A and B are (semi-)positive definite matrices, then A ® B is a

(semi-)positive definite matrix.

2.5 Lyapunov Stability Analysis

In this section essential definitions and theorems on Lyapunov stability anal-
ysis method, that will be used frequently in the remainder of the thesis, are
provided from [137].

Definition 2.24. Consider following autonomous system

&= f(z) (2.9)

where x € R™ is the state vector of the systems and f : D — R" is locally
Lipschitz map from domain D C R™ into R". T € D is called an equilibrium

point of autonomous system (2.9), if f(z) = 0.

In this section it is assumed that f(0) = 0 and therefore, origin is an

equilibrium point of above autonomous system.

Definition 2.25. The origin is called a stable equilibrium point of system
(2.9), if for any € > 0, there exist a 6 = 6(€) > 0 such that

[(O)| <0 = [lz@)] < eVt =0

Definition 2.26. An equilibrium point is called unstable if it is not stable.

Definition 2.27. An equilibrium point is said to be asymptotically stable if it
is stable and there exist a 0 > 0 such that

J2(O)] < 6= Jim x(t) = 0

Theorem 2.8. Origin is a stable equilibrium point of autonomous system (2.9)
if there exist a continuously differentiable function V : D — R, which is called

Lyapunov function, such that
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e V(0) =0 and V(xz) >0 for allz € D — {0},
o V(z) <0 forallxzeD.

Theorem 2.9. Origin is an asymptotically stable equilibrium point of au-

tonomous system (2.9) if there exist a Lyapunov function V(x), such that
e V(0)=0 and V(z) >0 for all z € D — {0},
o V(z) <0 forall z € D—{0}.

Theorem 2.10. Origin is an asymptotically stable equilibrium point of linear
system

T = Ax
if and only if real part of all eigenvalues of matriz A are negative. In that case

matriz A is said to be a Hurwitz matriz.

Theorem 2.11. Matriz A is a Hurwitz matriz if and only if for any symmetric
positive definite matrix () there exist a symmetric positive definite matriz P

that satisfies the following equation, which is called Lyapunov equation.
PA+ ATP =—Q

Definition 2.28. Consider continuous function o : [0,a) — [0,00). [t is
called a class KC function if it is strictly increasing function and a(0) = 0. If
a = oo and lim, ., a(r) = oo then function « is said to belong to class Ko

functions.

Definition 2.29. Continuous function /3 : [0,a) x [0,00) — [0, 00) is called a
class ICL function if

o for each s > 0, function B(r,s) is a class K function with respect to r,

e for each r € [0,a) function [((r,s) is decreasing with respect to s, and
limg o B(r,8) =0

Definition 2.30. Origin is an equilibrium point of nonautonomous system
(2.10) at t =0
T = f(t,x) (2.10)

37



if, for any t >0, f(t,0) = 0 ,where function f : [0,00)x D — R" is a piecewise
continuous in t and locally Lipschitz in x on [0,00) x D, D € R", and 0 € D.

Definition 2.31. Consider equilibrium point of nonautonomous systems (2.10)

at x = 0. it is called a

o stable equilibrium point of the system if, for each € > 0 there exist a

to > 0 and § = 0(e, ty) such that

lz(o)ll <0 = llz@)] <e,  VE>1o

e unstable equilibrium point of the system if it is not stable,

o uniformly stable equilibrium point of the system if for any to > 0 it s
stable,

o asymptotically stable equilibrium point of the system if it is stable and
there ezist ¢ = c(tg) > 0, such that for all ||x(to)| < ¢

lim ||z(0)|| =0

t—o00

o uniformly asymptotically stable equilibrium point of the system if it is
uniformly stable and there exist ¢ > 0, independent of ty, such that for
all ||z(to)|| < ¢ and for any n > 0

T =T) >0 st @l <n V> t+T(n)

e globally uniformly asymptotically stable equilibrium point of the system

if it is uniformly stable, 0(€) can be chosen such that
lim §(¢) = oo
€E— 00

, and for any c¢,n > 0

AT =T(c,n) >0 st |z@®)| <n, Vt>to+T(c,n)
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Throughout this thesis whenever origin is an uniformly stable or uniformly
asymptotically stable equilibrium point of a nonautonomous for simplicity we

said that system is stable or asymptotically stable.
Theorem 2.12. Consider nonautonomous systems (2.10). Its euilibrium at
origin s
o uniformly stable if and only if there exist a class IC function o and ¢ > 0
such that for any ty > 0 and ||x(to)| < ¢

lz@I < allz)l), vt >t

e uniformly asymptotically stable if and only if there exist a class ICL func-

tion B and ¢ > 0 such that for any to > 0 and ||z(ty)| < ¢

le@I < Bzl ¢ =t0), ¥t =10

e globally uniformly asymptotically stable if and only if for any x(to) the

above inequality holds.

A special case of asymptotic stability that is used in this thesis is exponen-

tial stability concept.

Definition 2.32. Origin is an exponentially stable equilibrium of nonautonomous
system (2.10) if there exist ¢, k, and X > 0 such that for all ||z(ty)| < ¢ fol-

lowing inequality holds:
2] & ||2(to)|| e ")

Furthermore, if it holds for any x(ty), the origin is globally exponentially stable.
Theorem 2.13. Consider nonautonomous system (2.10), its equilibrium point
at origin 1s

e uniformly stable if there exist a continuously differentiable function V

[0,00) x D — R, which is called a Lyapunov function, such that for any
t >0 and any x € D the following inequalities are satisfied:

Wi(z) < V(t,z) < Wa(z) (2.11)
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ov. oV
En + 8xf(t’$)_0 (2.12)

where Wi(z) and Wy(x) are continuous positive definite function on D.

e uniformly asymptotically stable if there exist a Lyapunov function that
satisfies above mentioned assumptions, inequality (2.11) holds, and there

exist a continuous positive definite function Ws(x) on D such that

ov. oV

2 < _

5 + E f(t,z) < —Ws(z)

e cxponentially stable if there exist a Lyapunov function that satisfies above

mentioned assumptions, and positive constants k1, ko, k3 and a such that

the following inequalities hold

kx| < V(E, ) < ko f|2]®

ov. oV a
4y <
o e (t3) < ks ol

2.6 Summary

This chapter summarized some basic definitions and theorem that are required
in remainder of thesis. First, some useful definitions and properties of graphs
and algebraic graph theory was presented. It was followed by matrix analysis
and cooperative control of multi-agents systems, and finally stability analysis
methodology was presented.

In the next chapter we study the consensus problems with H,, and weighted
H, bounds for a homogeneous team of LTT multi-agent systems with a switch-

ing topology and directed communication network graphs.
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Chapter 3

H~, Consensus Achievement of
Multi-Agent Systems with
Directed and Switching
Topology Networks

In this chapter the consensus problem with H,, and weighted H,, bounds for
a homogeneous team of LTI multi-agent systems with a switching topology
and directed communication network graph are studied. Sufficient conditions
to design distributed controllers are proposed based on state feedback cor-
responding to bounded Ly gain and RMS bounded disturbances. Based on
the solution of an algebraic Riccati equation that circumvents the need to
solve Linear Matrix Inequalities (LMIs), a design methodology is proposed to
properly select the controller gains. The stability properties of the proposed
controllers are then investigated based on Lyapunov stability analysis. The
effectiveness of our proposed consensus algorithms are then illustrated by per-
forming simulations for diving consensus of a team of Unmanned Underwater
Vehicles (UUVs).

Towards this end, based on two quantitative measures of the Laplacian
matrices, a transformation is introduced and a novel method is proposed to
guarantee the H., performance of the overall system in presence of bounded

RMS disturbance signals. In our approach, a piecewise quadratic Lyapunov
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function is used which is determined by solving a set of algebraic Lyapunov
equations and an Algebraic Riccati Equation (ARE).

The main contributions of our work in the context of the mentioned in the
literature are as follows: (a) the communication network topology is directed
and can switch arbitrarily, (b) the proposed algorithms can solve the H,,
and the weighted H,, consensus problems for disturbance signals that have
bounded RMS and are not limited to only Lo signals, (c) the existence of the
consensus algorithms are guaranteed if an LTT system can be state feedback
stabilized with a bounded Ls norm gain, and finally (d) there is no need to
solve any set of LMIs and instead the controllers can be designed by solving
an ARE. It is worth noting that the time complexity of solving an LMI is
O(n*p?) [115], where n is the number of agents in the team and p is the number
of states of each agent, therefore it is not always computationally feasible to
design a consensus algorithm for teams with large number of agents or agents
with large number of states by using these techniques. However, ARE can be
solved with time complexity of O(p*) [116] and the existence of a solution can
be guaranteed.

The remainder of the chapter is organized as follows. In Section 3.1, brief
preliminaries on algebraic graph theory and several lemmas that we have de-
veloped for this work are presented. The problem statement is provided in
Section 3.1 and the consensus algorithm design methodology is proposed in
Section 3.3. Section 3.4 provides numerical simulations that support our pro-

posed theoretical results, and finally Section 3.5 concludes the chapter.

3.1 Background and Preliminary Results

In this section, first we present some basic concepts and notations of algebraic
graph theory and switching systems which will be used for stability analysis
of our proposed consensus algorithms. More information on algebraic graph
theory is available in [70]. We then present some relevant preliminary results
of ours that will be used in development of the main result of this chapter in

Section 3.1.

Definition 3.1. The information flow digraph (directed graph) G(t) is defined
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as set G(t) = {V,E(t)} with the node set V = {1,2,...,n} and the edge set

E(t) = {(i,))li,j € V}.
Here, any i € V is called a node of graph G(t) and any 2-tuple (i,7), where i
and j are nodes of graph G(t), is called an edge of the graph between nodes i

and j if (i,7) € Eg(t).

Definition 3.2. The digraph G(t) is called strongly connected if and only if

for any there is a path between any two distinct nodes of the graph.

Definition 3.3. The edge between nodes i and j is undirected if and only if
for any i,j € V where i # j and (i,j) € Eg(t) then (j,1) € Eg(t), otherwise it

15 called a directed edge.

Definition 3.4. The sequence of 2-tuples (i, k1), (k1, k2), ..., (kp, j), where i, ky,
ko, ..., ky, j are nodes of graph G(t) is called a path from node i to node j if all
of 2-tuples in the sequence are edges of the graph.

Definition 3.5. The digraph G(t) is an undirected graph if and only if all its

edges are undirected.

Assumption 3.1. Throughout this chapter, it is assumed that there is no edge

from a node to itself.

Definition 3.6. The communicating/sensing matriz of graph G(t), which is
denoted by S(G(t)), is defined as S(G(t)) = [si;(t)] € R™*", where:

sij(t) =

{1 i#j and (i,§) € E(t)
0 i=j or (i,j) ¢ &(t)

Definition 3.7. The set of neighbors of the node i of graph G(t) is denoted by
N;i(G(t)) and is defined as follows

Ni(G(1)) ={il (i, )) € E(t)}

Definition 3.8. The Laplacian matriz of graph G(t) is denoted by L(G(t))
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and is defined as L(G(t)) = [6;;(t)] € R™*™, where

(1) =\~ 1747 and  jENI(G(D)) (3.1)
0 i#j and j¢Ni(G(t))

and |N;(G(t))] is the cardinality of Ni(G(t)) and k;(t) is the degree of the i*"

node.
Remark 3.1. In this chapter, we set rk;(t) = |N;(G(1))].

Lemma 3.1. Since the row sum of the matriz L(G(t)) is zero, it has an eigen-

value at Ay = 0 and its associated right eigenvector is 1 = [1,1,...,1]T € R™.

Let us define the set I as the collection of all digraphs with the node set
V. Since the number of all possible digraphs with the node set V is n(n — 1),

therefore let us define the set
Iy ={1,2,...,n(n—1)}
and the injective mapping function
F@) Iy —T

Definition 3.9. The piecewise constant switching signal o(t) is defined as the

following function
o(t):[0,00) = Z,,

where the set I, C Ly

Definition 3.10. Throughout this thesis, G, is defined as G,y = F(o(t)),

where o(t) is a piecewise constant switching signal.

Remark 3.2. In the remainder of the chapter and for brevity, G, denotes Gy
and L, denotes L(G,).

Definition 3.11. The instant t >= 0 is a switching instant of piecewise con-

stant switching signal o(t) if it is not continuous at t = t.
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Definition 3.12. The dwell times T, 7o, ... of piecewise constant switching
signal o(t) are defined as T, = t), — tx—1 where to = 0 < t; < ty < ... denote
the switching instants of o(t). The dwell times are periods of time when the

multi-agent team uses the information flow graph.

Definition 3.13. Function N,(T1,T5) indicates the number of switching in-
stances of o(t) in the interval (T1,Ty) and function N,(t) is defined as N,(t) =
N,(0,1).

Definition 3.14. [138] Consider piecewise constant switching signal o(t),
Ta > 0 and Ng > 0. If for any Ty > 17 > 0, the following inequality holds

T, — T

N,(T1,Ty) < Ny +

Ta

then 7, is called the average dwell time of switching signal o(t). In this thesis

we set Ny = 0.

Below, we introduce and present several of our lemmas that will be used in
the remainder of the chapter for stability analysis of our proposed consensus

algorithms.

Lemma 3.2. Given any vectors Xy, ...,x, € RP and corresponding to the Lapla-

cian matriz L defined in (3.1) the following equation holds:

n n n—1
Z einj — Zganj = Z hij(xj — Xn) (32)
j=1 j=1 j=1

where hijj = li; — lpj and 1,5 = 1,...,n — 1.

Proof. Knowing that for ¢ € V we have:

i gij - 0
j=1

one can conclude that:
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Lemma 3.3. Consider the matrix H which is defined as:
H =H(G) = [hy] € RO,

where h;j = l;; — Uy, as defined in Lemma 3.2. If the graph G has a directed

spanning tree, the real parts of all the eigenvalues of the matrix H are positive.

Proof. Knowing that L has zero row sums, 0 is an eigenvalue of L and since
it is diagonally dominant and has non-negative diagonal elements, it follows
from Greshgorin’s disc theorem that all the non-negative eigenvalues of L have
positive real parts. Furthermore, using Remark 1 in [15] and the fact that G
has a directed spanning tree, 0 is a simple eigenvalue [25]. Therefore L has
n — 1 nonzero eigenvectors with positive real parts and to complete the proof,
it is sufficient to show that all the nonzero eigenvalues of L are eigenvalues of
H.

Consider A € C as a nonzero eigenvalue of L and the vector y = [yy, ..., yu]? €
C" as its associated eigenvector. Let us define y* = [y1 — Yn, o, Yn_1 —
yo)T € C"L. Since A is a nonzero eigenvalue,therefore y* # 0. Consider

w = [wy,...,w,1]7 € C" ! and let w = Hy*. We have to show that w = \y*,
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that is

n—1 n—1 n—1
j=1 j=1 J=1
n—1 n—1 n—1 n-1

= b = )bt — D buy T D gt
j=1 j=1 Jj=1 J=1

= Z gijyj — Un Z gij — Z gnjyj + gnjyn Z gnj
j=1 j=1 j=1 7=1

= Z &jyj - Zgnjyj = AYi — A\Yp = )\yf
j=1 j=1
This completes the proof of the lemma. [

Lemma 3.4. Consider the matrices H, = H(G_) as defined in Lemma 3.3.
If all the graphs G, for all o € I, have directed spanning trees, then for any

positive constant € which satisfies the following inequality

0 <e<2min{Re(\(H,))}, (3.3)

0€Ly

there exist symmetric positive definite matrices Py, , Qp, € R""2""1 such that
Py, H, + H: Py, — Py, = Qu, >0 (3.4)

Proof. From Lemma 3.3, it follows that the real part of all the eigenvalues of
H are positive. Let us select real constant € such that satisfies the following
inequality (3.3). Therefore, the real part of all the eigenvalues of the matrix
H, — el are positive and it concludes the lemma [137].

|

Remark 3.3. In an undirected graph the term Re(Amin(H,)) is equal to and
i a directed graph is larger than or equal to the algebraic connectivity of the
graph [125]. In other words, € is a measure of the minimum connectivity of all
the information flow graphs of the agents in the team and the smaller € implies

that the graphs are less connected.

Lemma 3.5. Consider a piecewise constant switching signal o(t) with an av-

erage dwell time 1,. For any time T > 0, let us define N = N,(T), to = 0,
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tnir =T and let 0 < t] < ty < ... < ty denote the switching instances of
o(t). Consider a set of continuous, differentiable and positive definite func-
tions {V;(x)|i € Z,}, and assume there ezists y > 1 such that for anyi,j € I,

Vi(z) < uVj(x)

Let the function &(t) be defined as follows
£(t) = ek (t=tk)

where k = N,(t) and &), = 2w

tk+ . Given the function V;(x), let us now define

a piecewise continuous functzon V Vow(x). We can guarantee that:

part a) The following inequality holds for any 6 > l"(“

—/ V + 6V, ) dt + %VG(O)(:E(O)) >0

part b) The following inequality holds:

I : 1
f / u_N”(t)Va(x, t)dt + TVU(O) (.CE(O)) 2 O
0

Proof. part a) From the definition of £(¢) it is easy to verify that

1< (1) <p
and
lim £(t) = p

for any £ =0, ..., N. Let us define
1/%15@)({/ +Sv)dt I 1/T§(t)<V +5v)dt
T o o = m = o o
T th T—)tk+1 T tr

Since for any time ¢t € [tg,tx11), k = 1,..., N, the switching signal is o(t) =
o(tr), we have V,(.) = V,q4,(.). In addition, in the time interval [ty, ;1]

the topology of the information flow graph changes once. By considering that
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Ny = 0 and using Definition 3.14 one can conclude that 7, <t — tx. Given

that p > 1, we have
5> In(p) _ _In(p)

> = .
Ta tpy1 — Tk

Therefore, by replacing £(t) from its definition into the above equation we

obtain:

1 bt . _
- /t £(t) (vc,+5v(,) dt
1 thia k+1
=—/ f(t)(V (t) + 0KV tk)dt+—/ )6 — 8 Vg dt

k-‘r .
> —/ ) (Vo) + 04V m) dt

tk+1 d
— o0kl el IctV dt
Te /tk dt ( tk))

1
= Etm Ok (= tk) fvcr(tk) (z(t)) ’tTk

- % (Vo) (@(ths1)) = Vo (2(t)))

Now, by using the above inequality , one obtains:

- / V 1oV, ) dt
/ ) (Vo + v, ) at

0tk

I
Nl -
MZ

k

%
N[ =
(1~

(WVo(r) (@ (i) = Vo (z(tr)))

— = Vartto) (2 (to)) fz WVotton) (@ (tr) = Voo ((tr)))

ﬂ|’—‘ e

1
+ M?VU(tN)<x(tN+l))

> (Voo (2(T)) = Voo ((0))

Since V) (z(T)) > 0, this concludes the proof of part a).
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part b) For any £ =0,..., N, let us define

1 [ : I :
_ [ p N OV dt = lim —/ NV d
T 2% Tt 23
We have:
L
— NV dt
T /0 a
N t
1 kL
= fz / RV, dt
k=0 tk
|
= = 21 Vet (@(t) = Vot (2(t))
k=0
Lo v 1
2 h Vot (@(T)) = Vo) ((0))
Since V1) (2(T)) > 0, this concludes the proof of part b). |

Lemma 3.6. Consider a set of vectors wy,...,w, € Re, then the following

inequality holds:
n—1 n
D lws —walP <Y il
i=1 i=1
Proof. 1t is straightforward to see that we have

1
—wlw, —wlw; < (n— Dwlw; + —1wgwn (3.6)
n —

By adding w!w; + wlw, to both sides of the inequality (3.6), one obtains:

n
l|w; — wal* < nw! w; + mwgwn

Therefore, we have:

n—1 n—1
S i = wall® < 0 Sl ol
1=1 1=1

which concludes the proof of the lemma. [ |

Lemma 3.7. Consider a piecewise constant switching signal o(t) with an av-

erage dwell time 7, a set of continuous, differentiable and positive definite
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functions {V;(x(t),t)|i € Z,}, where x(t) € R? is the state of the following
system

#(t) = f(a(t),1) (3.7)
Assume that the following conditions are satisfied

1. There exists real constant 6 > 0 such that for antt > 0 we have

Va(t) (C(](t), t) < _5V0(t) ("L‘(t% t)a

2. There exist real constants ay > 0 and as > 0 such that for any t > 0 we

have
ar|lz(t)|[P < Vo (a(t),t) < asf|z(t)]]?,

3. There exists real constant > 0 such that for any t; > 0 and to > 0 we

have

Vo (@(t), 1) < 1Vos) (2(t2), t2)),
If the average dwell time 1, > lng“), then system (3.7) is exponentially
stable.

Proof. For any given t > 0, we let N = N, (t), which is defined in Definition
3.13,tg =0and 0 < t; < ty < ... < ty represent the switching instants of o(t)
over the interval (0, ), as per Definition 3.12. During the time interval [ty, tx +
1), where 0 < k < N, the Lyapunov function V, is continuous. Therefore, for

any ¢ € [tg, 1 + 1), by using condition 1 one can conclude that
Vo(2(¢),¢) < eV, (x(ty), 1) (3.8)
Now, let us define V) (t,,,) as follows

Vot (2(tyr)s pr) = im Vo, (2(2), 1)

tﬁt,;+1

Therefore, from condition 3 one can conclude that the following inequality
holds for any 0 < k < N

Vo) (@ (k1) tern) < Vo) (@(ga), tiya) (3.9)
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By using induction the following inequality is obtained from inequalities (3.8)
and (3.9)

Vo (x(t),t) < uNe_‘StVU(O)(a:(O), 0) = e_5t+ln(“)NVg(o) ((0),0).

Now, from condition 2 we know that o ||2(¢)]]* < V) (x(t),t) and V) (x(0),0) <

as||(0)]]?, one can conclude that the following inequality holds
Qo _ n
lz()]* < o PTHGON]2(0)]? (3.10)

To show the exponential stability of system (3.7), we need to show that there
exist M*, m* > 0 such that for ant ¢ > 0, the following inequality holds [137]

@)l < M e™™[|z(0)]]

From Definition 3.13 one can conclude that N = N, (t) < % Therefore, by
using the fact that 7, > %, it can be concluded tha,t there exists 0* > 0
such that for any ¢ > 0 we have

0" <9 —In(pu)N

Therefore, inequality (3.10) results in:

=D </ —e7=*T]|2(0)]]
g

and this guarantees the exponential stability of the system (3.7) and concludes

the proof of the lemma. [ |

Now we are in a position to present the problem statement and main result

of the chapter.

3.2 Problem Statement
Consider a team of n homogeneous agents modeled as
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where x; € R? is the state of the i agent, A € RP*P, B € Y™, B, € NP9,
w; € N7 is the external disturbance, u; € ®™ is the control input to the i
agent, and the matrix A is not Hurwitz (See Remark 3.5 below).
Assumption 3.2. The quantity RM S(w;) corresponding to the disturbance w;
that is defined below exists for all the agents and is finite, that is

1 T
RMS(w,;):\/zli_r& (T/o |]w§||dt) <00 i€V

Definition 3.15. The control u; is said to solve the consensus problem if

zi=x; —x, — 0ast —oo,Vie {l,...,n—1} (3.12)

Remark 3.4. It should be emphasized that z; in the above definition will not
be used subsequently in the consensus design and there is mo restriction in
specifically selecting and labeling the n'™ agent as the reference state. In other
words, z; will only be used subsequently as a tool for analysis and as a metric

representing the consensus error indication.

Remark 3.5. Note that the team reaches the trivial consensus solution x; = 0
in case the matrix A is Hurwitz. In this chapter, it is assumed that at least one
of the agent’s eigenvalues is on the imaginary axis and the team could then
achieve a non-trivial consensus solution. In multi-agent system applications
such as teams of deep-space spacecraft, unmanned aerial vehicles, unmanned

underwater vehicles and mobile robots, this assumption is valid in practice.

Definition 3.16. The control u; solves the consensus problem with an H.,
norm bound v, if i) The control u; solves the consensus problem for w; =0 for
i=1,...,n, and 1) If z;(0) =0 for i =1,....n — 1, then for any T > 0

1 [T 2 I [T 2
TZ/O 2] dt<7p?2/o i 2t (3.13)
=1 =1

Definition 3.17. The control u; solves the consensus problem with a weighted

Ho, norm bound v, and rate o if

e i) The control u; solves the consensus problem for w; =0 fori=1,...,n,

and
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e i) If z(0) =0 fori=1,....,n— 1, then for any T > 0

1 [T 2 2L~ [T 2
—at
fZKe\WMK%T24HMﬁ (3.14)
i=1 i=1

Let us define the control signal u; as

U = — Z K(x; — ) (3.15)
JEN;
where K € R™*P is the relative state control gain matrix that is to be selected
to achieve the given design specifications.
Consider the piecewise constant switching signal o(¢) : [0, 00) — Z,, and the
switching topology information flow digraph G,. Let us define H, = H(G,).
Assume that V¢ > 0, the digraphs G, have directed spanning trees. From

Lemma 3.4, it follows that for any real positive constant e,

0 < e < 2min{Re(A\(H,))} (3.16)

0€Ls

there exist symmetric positive definite matrices Py, ,Qg, € R" "1 such

that
Py H, + H," Py, — el = Qp, > 0.

Let us now define 31, 8, and pu as follows

Bl - Hlln Amzn(PHl)a

i€ly
Po = 1;2%?} Amam(PHi)a (3.17)
n= @

b1

To summarize, above we have defined all the parameters and matrices that
are associated with the multi-agent team and their fundamental properties
will now be used in the next section where our proposed consensus algorithm

is presented.
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3.3 Main Result

In this section, a design procedure for the consensus strategy of a multi-
agent team based on solution of an algebraic Riccati equation is proposed and
the main result of the chapter is presented as a theorem.

Theorem 3.1. Consider a team of n homogeneous agents where the dynamics
of each agent is governed by (3.11), and let the pair (A, B) be stabilizable and
consider a piecewise constant switching signal o(t) with an average dwell time
Ta. Assume all the graphs G, have directed spanning trees for o € I, and let €
and v be defined as in equations (3.16) and (3.17), respectively, and let vy, be
a positive constant. If there exists positive constant v such that the following

linear system is state feedback stablizable with Lo gain bounded by ~

| ledpar <o [ falpar
0 0

then there exist symmetric matrices Ry > 0 and Q o > I such that the following

implying that

algebraic Riccati equation has a symmetric positive definite solution to Py
[139]:

PyA+ A"Py — PyBR'BT* Py + v ?PyB,BI Py = —Q4
By selecting the relative state cooperative control gain K as:
1
K=-R,'B"P,4 (3.18)
€

then the distributed control law (3.15):

part a) solves the H,, consensus problem for system (3.11) with a bound

nu?
1 — ks

Yo =7

for T, > %; where 0 < ks < 1 and 6 = iﬁl’l—(&l?’ and

part b) solves the weighted H., consensus problem for system (3.11) with a
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bound vy, = y\/nu and rate o = % for T, > %, where § = —i:;’;((%ﬁg

Y

Proof. Let us define the augmented team state vector as x = [z, 2T .. 2T]T

cey n

so that the model corresponding to the agents governed by (3.11) concatenated
together can now be rewritten in the following form:

x=1®Ax—L® BKx+ 1 ® B,w (3.19)

Let z; = x; — z, and @W; = w; — w,, for i = 1,...,n — 1, and define the vectors

z=[z,.. 2 " and @ = [@7,..,&F )7 € R~V Using Lemma 3.2 we
have:
z=1®Az— H® BKz+ 1 ® B,w (3.20)
and
n—1
i = Az, — BY  £,;Kz + B, (3.21)
j=1

Now, by adding and subtracting I ® %EBK z to the right hand side of

equation (3.20), it can be rewritten as
. 1 1 -
ZII@(A—§€BK)Z—(HU—§EI)®BKZ+I®BWM (3.22)
Now, consider the following piecewise quadratic Lyapunov function
Vo = Vouy(2) = 2" Py, © Paz (3.23)

The time derivative of V, along the trajectories of the system (3.22) is given
by

V, =2" Py, @ (PaA+ A"Py)z — 2" Py, ® PABR,'B" Psz

1
+ 2" Py, @ PAB,& + &" Py, ® B," Paz — =2'Qu, ® (PABR,;' BT P4)z
€
It is easy to verify that the following inequality holds:

2" Py, @ PAB,& + &' Py, ® B,"Pyz < v 22" Py, ® PABB" Pyz + v*0" Py, @ 1%
(3.24)
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Since Qpy, > 0 and P4BR,;'BTP, > 0, using the above inequality we
obtain:

V, < —2"Py. @ Quz + 20" Py, @ I

Therefore, for w = 0, we have:
Vo < —2" Py, ® Qaz (3.25)

Knowing that —Q4 < —Apin(Qa)l = —0Anae(Pa)l < —JPy4, and

5 — Amzn(QA)
)\ma:c(PA) ’
we have:
V, < =6z Py. @ Pyz < =6V, (3.26)

It is easy to check that the following properties are satisfied:

1. V,(t) < =0V, (t) for all t > 0 as per equation (3.26)

2. ag]lz||* € V,(t) < asl|z|]? for all ¢ > 0, where oy = BiAmin(Pa) and
g = PoAmaz(Pa) as per equation (3.23)

3. V,(t1) < pV,(ty) for all £,y > 0 as per Lemma 3.5.

In(w) < In(u)
s 2

from Lemma 3.7 one can conclude the exponential convergence of z — 0 as

Based on the above conditions and knowing the fact that 7, >

t — oo. Therefore, the control law (3.15) can solve the consensus problem for
the multi-agent system (3.11) in absence of the disturbances.

part a) To show that the proposed algorithm solves the H,., consensus
problem, based on Definition 3.16, we have to prove that it can solve the
consensus problem in absence of disturbances, as done above, and show that
in presence of the disturbance signals w; the inequality (3.13) holds for any
T > 0if z(0) =0, 7= 1,...,n. Towards this end, let us define ty; = T and
the function &(¢) as £(t) = e~ where k = N,(t) and 8, = —=_ We

tpy1—tlg "
now need to show that:

2
- . ~ ~ ")/ . _
'z —n 2T + 4 <VU + (5Vg> <0 3.27
S njifBay? (3:27)
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By using the results in part a) of Lemma 3.5, the following inequality is ob-

tained:

1 T
f/ E()z" zdt — §(t)n_1u_1'y§o~JTcht
0
A 2 2
< = )27z — LoTo + —L
A <) ( np niByy?

(Vg + 5VU>) dt <0

By invoking Lemma 3.6, and knowing that 1 < £(¢) < p, and using the above

inequality one obtains:

1 T ) 1 T )
- . < = ,
7 [ eikar < 7 [ emipa

1

,LL_ T ) ,U/_l T ) 1 T )
<k _ 5| 12dt < BE— - - 4
<t [ enairar < [ eliaia < 3 [ e

Therefore, the inequality (3.13) is satisfied. Now, by substituting V, and V,

into the inequality (3.27), multiplying its left-hand side by £ 5 27 and noting
_ P
that 0Py = ks0Pa < ksAmin(Qa)l < ksQ 4, one obtains:

nfay?
2

p

2Tz — BchDT&J + Vg + 6V,

2 .
< nMQ%ZTPHU ® Iz — V0T Py, @ I + V, + ksoV,
o

2
<z'Py,® (—QA + ”Mﬂ—Qf + k65PA) z
Vo

2
<z'Py, ® (—(1 —ks)Qa + n,u2%]) z

p

2
< (1—kZ'P - 2T g
<( 5)Z Ha®( Qa+np (1_]%)75 >Z

Therefore, since 7, = v\/E and Q4 > I, the inequality (3.27) is satisfied
and this concludes the proof of part a).

part b) Based on Definition 3.17 and noting that the control law (3.15)
solves the consensus problem in absence of disturbance signals, one needs to
show that the inequality (3.14) holds for any 7> 0 and 2;(0) =0,i=1,...,n

to prove that the algorithm solves the weighted H,, consensus problem. We
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now need to show the validity of the following inequality:

2 2
22 = 2215]12 + —2—V, < 0 (3.28)
n nBay?

By using the results in part b) of Lemma 3.5, one obtains:

2 [ (e - i) a

1 2 pr ~ 12 73 ) )
z Vo ldt <0
<7 [ w0 (1 - e+ ey

in(p)

Since N,(t) < % and a > lnT(:‘), we have e™® < e” 7 < pNe® and by

invoking Lemma 3.6, one obtains:

I I
[ e s [0 e
0 0
1 T,.)/’g ) 1 T
<= | 2lo|Pdt < = *[|w||?dt
7| Rsipa < £ [ gl

which implies that the inequality (3.14) is satisfied. By substituting V, into

nﬁﬂ

the inequality (3.28) and multiplying its left-hand side by , one obtains:

n/BQ'Y 5

p

— B 72w w + Vg
7 :
<np—z" Py, @ Iz —*&" Py, @ 1o+ V,
Yo

2
< ZTPHU ® (—QA+nu12]) z<0
Tp

Therefore, since v, = v/ni and Q4 > I, the inequality (3.14) is satisfied and
this concludes the proof of part b). [ |

3.4 Simulation Results

The effectiveness and performance capabilities of our proposed consensus de-
sign methodologies are now demonstrated through the following numerical

simulations. Towards this end, first the diving consensus problem of a team
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of four unmanned underwater vehicles (UUVs) is considered. These UUVs are
5.3 meters long and weigh 5.4 tons and their linearized diving dynamics can

be represented as #; = Az; + Bu; + Byw;, i = 1,...,4 [140], where:

—-0.7 =03 0 0.035 0
A= 1 0 0],B= 0 ,B,=10.1
0 -1 0 0 0

and where x; = [q;,0;,d;]", d; denotes the depth, 6; denotes the pitch angle,
¢; denotes the pitch angular velocity, and v denotes the nominal value of
the surge linear velocity and for simulations is set to 0.3m/s. The control
u; denotes the deflection of the control surface from the stern plane and wj
denotes the external disturbances. The three digraphs associated with the
switching communication network of the team are shown in Fig. 3.1, where
the switching signal is changing every 20 seconds. The value of the constant
¢ in Lemma 3.4 is set to minye;, { Re(A(H,))} = 1.382 and is computed based
on the network topologies shown in Fig. 3.1. Furthermore, the other design
parameters are selected as Qu, = Qa = I, 7, = 10, 81 = 0.1577, B, = 1.2633
and RM S(w;) = 1.

The depth and the control effort of the agents are depicted in Figures
3.2 and 3.3 for the weighted H,, scheme and in Figures 3.4 and 3.5 for the
H,, scheme. Quantitative comparisons between the two control strategies
are shown in Table 3.1. It follows that the weighted H,, design approach
can achieve the same minimum dwell time constraint by utilizing less control
effort, however the H,, design approach has a faster settling time. It is worth
noting, the consensus error in Table 3.1 is dimensionless.

Second, to compare our proposed H., schemes with another work in the
literature, the method presented in [58] is chosen for comparison which can
be applied to multi-agent teams with directed and switching information flow
graphs. However, the method in [58] can only be applied to a multi-agent of
high-order integrators. Therefore, we consider a new team that consists of 3"
order integrator agents. For such a team we take for each agent B = B,, =
0,0, 1]7 with the same communication network topologies as depicted in Fig.
3.1. Moreover, the same feedback gain K = [2.2905,4.5878,3.4494] is used
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Table 3.1: The controller parameters and comparative performance of the
resulting two control strategies.

H, Performance | Weighted H,, Performance
Ry 0.001 0.005
~ 0.2791 2.0397
ks 0.85 -
J 0.1356 0.1108
Ta 18.05 18.78
K 34.9664 13.7931
37.7672 11.6912
-30.1026 -10.3274
Control effort (max) 17.64 deg 5.22 deg
Control effort (Ly norm) 90 22.29
Consensus error (RMS) 3x107% 3.5 x 107%
Settling time 11 sec 13 sec
1 2 1 2
4 3 4 3 4 3

(a) (b) (c)

Figure 3.1: Communication network digraphs for a team of 4 UUVs.

for the method in [58] and the one proposed in our work. The quantitative
comparison between the two methods is now provided in Table 3.2. This table
shows that the method proposed in [58] does lead to a less conservative 7,
but at the expense of significant increase in the computational time even for
a small team of 4 multi-agents in comparison to our proposed method. This

performance is as expected as we have stated in the Introduction section.

3.5 Summary

In this chapter, H,, and weighted H., consensus problems for a team of ho-
mogenous LTT multi-agent systems are investigated subject to switching topol-

ogy and directed communication network graphs. A novel design procedure is
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Figure 3.2: Depth of the agents using the weighted H., method.
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Figure 3.3: Control effort of the agents using the weighted H., method.
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Figure 3.4: Depth of the agents using the H,, method.
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Figure 3.5: Control effort of the agents using the H., method.
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Table 3.2: The comparison between our proposed H,, method and the method
in [58].

Our Ho, Performance | Method in [58]
Yo 7.1818 5.6664
Computational time (best case) 0.0014 sec 1.0462 sec
Computational time (worst case) 0.0076 sec 1.0748 sec
Computational time (average) 0.0018 sec 1.0532 sec

proposed based on the solution of an algebraic Riccati equation and sufficient

conditions are presented based on state feedback stabilizability of an LTT sys-
tem with a bounded Ly gain. The stability of the overall closed-loop switched
system is shown based on Lyapunov analysis. Finally, the effectiveness of our
proposed two consensus schemes are illustrated through simulations that are
applied to a switching network of four unmanned underwater vehicles as well as
a team of four 3" order integrator multi-agent systems. The simulation results
also demonstrate that our proposed consensus algorithm design methodology
is quite computationally feasible in comparison to the methods proposed in
the literature.

In the next chapter we address cooperative actuator fault accommodation
strategy for a team of LTI multi-agent systems assuming the information flow

graph is directed and switching.
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Chapter 4

Actuator Fault Accommodation
Strategy for a Team of

Multi-Agent Systems Subject to
Switching Topology

In this chapter a cooperative actuator fault accommodation strategy is studied.
The multi-agents systems is considered to be a team of LTI multi-agent systems
and information flow graph is directed and switching topology. The effects
of two actuator fault types, namely loss-of-effectiveness fault and saturation
fault are investigated and it is assumed that the faults can simultaneously
occur in more than one agent and the exact estimate of the fault severities are
not available. However, the faults can be detected and isolated by an Fault
Detection and Isolation (FDI) module and it also can provide an inaccurate
estimate of the fault severities.

Our proposed fault accommodation strategy is based on a weighted con-
sensus algorithm in which the level of control effort that each agent contributes
to the consensus achievement of the team is proportional to its weight. In the
proposed weighted consensus algorithm, the agents control gains are selected
based on the solution of an algebraic Riccati equation (ARE) and whenever,
a fault is detected by an FDI module these control gains in our proposed

weighted consensus algorithm are modified based on inaccurate estimates of
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fault severities.

Due to the fact that in practice an FDI module cannot exactly estimate
the fault severities, the faulty agents could not contribute as much as the
healthy agents to the consensus achievement of the team. This consequently
could affect the overall team performance and mission reliability. To overcome
this drawback, the agents weights in our proposed consensus algorithm are
reconfigured to compensate for the lack of control effort in the faulty agents
by increasing the weight of healthy agents to allocate higher control efforts.
Towards this end, a non-convex optimization problem is formulated and a
steepest descent gradient algorithm is used to obtain a sub-optimal solution.
Based on this solution the agents weights are then reconfigured. Furthermore,
a method is also proposed to implement our recovery strategy for dealing with
actuator saturation.

In comparison to the work in the literature in our fault accommodation
strategy the dynamics of the agents is considered to belong to general LTI
systems, the faults in agents can occur simultaneously and in more than one
agent, and an accurate estimate of fault severity is not required. Furthermore,
in our proposed solution, the communication network is directed, the network
topology can switch arbitrarily, and the proposed recovery strategy can be
implemented even if the fault severity estimate of more than one agent is
inaccurate.

The remainder of the chapter is organized as follows. The model of multi-
agent systems and the information flow graph are presented in Section 4.1.
The problem statement and our proposed fault recovery strategy are devel-
oped and presented in Section 4.2. Section 4.3 provides numerical simulation
results that support our proposed theoretical results and compares the perfor-
mance of our proposed solution with the centralized and decentralized fault
recovery approaches that are available in the literature. Finally, the chapter

is concluded by a conclusions in Section 4.4.
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4.1 Multi-Agents System Model

Consider a team of n homogeneous multi-agent systems where each agent is

modeled as follows

where z; € R? denotes the state of the i"* agent, A € RP*P, B € RP*™ and

u; € N™ denotes the control input of the i** agent.
Assumption 4.1. The pair (A, B) is controllable.

Throughout the chapter it is assumed that actuators may not function
ideally and their desired output value and actual control efforts supplied by
them may be different. Let us denote the desired output of the actuator of the
i'" agent by u} and its actual value by u;. In a healthy agent the real actuator
output is the same as its desired value, but in a faulty agent these quantities

are not the same and it can be represented as follows:

where u? denotes amount of the control effort of the agent if it was healthy
and u/ denotes the difference between u; and u?. Now, let us rewrite the

dynamical model of the multi-agent team as follows:
i = Az; + Bul + Bul, ieV (4.2)

In this chapter, the type of actuator faults that we consider belong to the
loss-of-effectiveness (LOE) and actuator saturation faults. The LOE fault can
be formally formulated as

ui = (I = Fu; (4.3)

where F; is a diagonal matrix representing the unknown fault severity of the
actuators. In this chapter it is assumed that none of the actuators is fully

nonfunctional and therefore I — F; > 0. To formally represent the actuator
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saturation fault let us define a diagonal matrix U; as:
Ui - [Uila Ui27 ceey UZ ]T

where U;1, Ujo, ..., Uy, > 0 correspond to the positive saturation bound of the

i'" agent actuator and m is the dimension of control input. Moreover, let us
* ]T

_ T * * * s
denote u; = (w1, Uia, ..., Ui ]" and uf = [ul}, uly, ..., ul ], For j =1,...,m the

relationship between wu;; and uj; is now represented by:

Uij if U;j > Uij
uj = uy i =Uy <wuj; < Uy (4.4)
_Uij if Uz(j < —Uij

Remark 4.1. In this chapter, it is assumed that an actuator fault is detected
and isolated by using an FDI module according to standard results in the lit-
erature [100]- [103] and only an approximate and inaccurate estimate of the

fault severity is available.

The agents have only access to measurements that are relative to their
neighboring agents for designing their distributed control strategies to achieve
consensus. In the case that the actual states of the agent can be measured,
one can construct the relative states. A formal definition of the consensus

achievement is presented next.
Definition 4.1. The control input u; solves the consensus problem if
|z, — ;]| > 0ast — o00,Vi,j € {1,...,n} (4.5)

Remark 4.2. Consider the multi-agent system (4.2). Note that for any vector

signal Z(t), one can write
|z = 2l = [l =7 = 25 + 2] = ||z = z[| < |zl + []2]]

where
2] | = [|zi — Z]|.

Therefore, if ||zi|]| = 0 as t — oo,Vi € {1,...,n} then the multi-agent system
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(4.1) achieves consensus.

To describe the set of neighboring agents and the information exchange
protocol of the team, let us define the information flow digraph (directed
graph) as G(t), the node set V and the edge set £g(t) as per Definition 3.1. In
this chapter, it is assumed that there is no node with an edge to itself. The set
of neighbors of an agent i is denoted by N;(G(t)) as per Definition 3.7. The
Laplacian matrix £(G(t)) and the node degree x; defined as per Definition 3.8
and |N;(G(t))| denotes the cardinality of N;(G(t)).

Assumption 4.2. Throughout this chapter, it is assumed that the digraph
G(t) is always strongly connected. This implies that at any time any node can

be reached from any other node by a directed path in the graph.

Definition 4.2. We denote a(G(t)) by
a(G(t)) = min {real(A(L(1)))N£(L)) # 0} (4.6)

The quantity a(G(t)) in undirected graphs is equal to and in directed graphs
is larger that or equal to the algebraic connectivity of the graph [125]. In other
words, the smaller a(G(t)) then the less connected is the graph.

Since the information flow graph G(t¢) is always strongly connected, the
agents can reconstruct the Laplacian matrix of the communication graph on-
line by using distributed algorithms such as the one proposed in the Proposi-
tion 3.1 in [77]. Therefore, a(G(t)) can be computed and constructed on-line
and there is no need to determine it in advance and off-line.

Consider piece wise continuous signal ¢(¢) as per Definition 3.9 and func-
tion N,(71,T5) as per Definition 3.13 and let 7, be the average dwell time of
switching signal o(t) as per Definition 3.14.

In the remainder of the chapter and for brevity, G, denotes G, as per
Definition 3.10, L, = L(Go)), % = (Gyq)) and N;(t) = Ni(Gow)).-

Let us define the matrix H,, which in the remainder of the chapter will be

utilized for the stability analysis of our proposed algorithm, as:

A
H, = L, +2=211" (4.7)
n

69



where 1 = [1,1,...,1]7 € " and A, denotes the maximum in-degree of all the

graph nodes over time. We are now in a position to state our first result.

Lemma 4.1. If the digraph G, is strongly connected, then the real parts of all
eigenvalues of the matriz H, which is defined by equation (4.7) are positive

and greater than or equal to a(G(t)).

Proof. Let G} be a graph that its corresponding Laplacian matrix L is equal

to
L, 0

—2A,17 24,

L =

g

Since the graph G, is strongly connected, the graph G! has a directed spanning
tree. Using Remark 1 in [15], one can conclude that the real parts of all nonzero
eigenvalues of the matrix L} are positive, and A = 0 is a simple eigenvalue of
L.

It can be observed that A = 2A, is an eigenvalue of L’ and its eigenvector
is [07'1]7. Now assume that A # 2A, € C is an eigenvalue of £, and the

T

vector [v,7'v,]7 is its corresponding eigenvector, where v, € C" and v, € C.
Since A\ # 2A,, therefore v, # 0, and since

.| o1 b,
L = =
[ UZ ] [ )\UZ ]

one can conclude that A is also an eigenvalue of the matrix L,.

L,v,
—2A,1%0, + 27,0,

On the other hand, assume that A € C and v, € C" is the eigenvalue and
the corresponding eigenvector of L,, respectively. According to Theorem 2

in [141], real(\) < 2A, where it is always possible to define v, as follows:

2

=—— = 1Ty,
A, — N "

v,

Therefore, ) is an eigenvalue of L* and [v,7v,]” is its associated eigenvector.

By applying Lemma 3.3 to L} one can now conclude proof of the lemma. MW

Using Lemma 4.1, it follows that all eigenvalues of the matrix H, — na,I

are in the right-half plane, where n < 1 is a positive constant. Therefore, there
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exist symmetric positive definite matrices Py, , Qy, € 3" " such that
Py H, + H," Py, —2naPy, = Qy, >0 (4.8)

We now define the parameters 3,1, 08,2 and pu, as follows:

601 - )\min(PHa)a

602 = /\ma:c(PHa)a (49)
e
o Bal

We are now in a position to define all the parameters and matrices that
are associated with the information flow graph. Their fundamental properties
will be used in the next section where our proposed consensus algorithm and

fault recovery strategies are presented.

4.2 Problem Statement and Main Results

In this section, first a weighted consensus algorithm is proposed for consensus
achievement of the multi-agent team (4.2) in presence of LOE actuator faults
and switching network topology. The proposed consensus algorithm is based
on the assumption that is presented in Remark 4.1 and uses inaccurate esti-
mates of the fault severities for implementing the desired control laws to the
actuators. To make our proposed algorithm more useful in real-world appli-
cations, the actuator faults could indeed occur in some agents simultaneously.
However, depending on how inaccurate the faults severities estimations are,
the consensus achievement of the multi-agent team could be affected. A fault
index is therefore defined here to quantitatively measure the effects of inac-
curate estimations. Subsequently, based on this fault index an optimization
problem and an algorithm to reconfigure the weights of the agents in the con-
sensus algorithm are proposed. Finally, below it is also shown how our active
fault recovery scheme can also be used to improve the consensus achievement

performance of multi-agent team in presence of actuator saturation.
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4.2.1 Weighted Consensus Strategy

Consider the multi-agent system (4.2) and let F; denote the estimate of the
fault severity of the i** agent and F=F —.7:} denote the FD estimation error.
The objective of our proposed weighted consensus algorithm is to design the
desired control signal u} for the 7" agent such that the actual actuator output

u; is the same as ul, that is
up = (1= F)~'u) (4.10)

For a healthy agent or when the fault severity is estimated accurately u; = u”.

Remark 4.3. In this chapter, it is assumed that none of the actuators is fully
non-functional and FDI module uses this fact, therefore all the matrices I—F,
are invertible. Unsurprisingly large values of fault severity estimations in some
actuators due to either high degrees of fault severities or estimation error, will
result in ill-conditioned matrices and makes recovery procedure ineffective.
However, in case of an inaccurate fault severity estimation that is of our
main interest here there is an error between u; and ul* as given by ufc according

to:

uj = =F(I = F) 'y

Let us also define a fault factor matrix F; as given by
F; = diag(fi, ..., fim) = =F:(1 = F;)~! (4.11)

Now we specify our proposed weighted consensus achievement algorithm

as follows:

uf = —G; Y K(x; — ;) (4.12)
JEN;

where K € R™*P is the relative state control gain matrix and

R

Gi=
2nae | N ()]

(4.13)

is the weight associated with the i agent and ; is the in-degree of the i

node of the information flow graph. The value of k; is set to 1 for the healthy
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agents. Subsequently, we will propose a reconfiguration strategy in order to

adjust these values when the FDI module detects a fault in the team.

Definition 4.3. Associated with the faulty multi-agent team (4.2) we define

the team fault estimation error index as follows:

. Kiv/Ho | 1
Finde = Fillmax——— /1 TA7 71 4.14
d ;H || na, +|-/\/;(t)‘ ( )

Now, we are in a position to present the main result of this section.

Theorem 4.1. Let the faulty multi-agent system (4.2) satisfies Assumption
4.1, and a piecewise constant switching signal o(t) and the information flow
graph G, satisfy Assumption 4.2. Let o, be defined as in equation (4.6) and
the team fault estimation error indexr F,q, be defined as in equation (4.14).
Consider the positive definite matrix QQ o and let Py be the symmetric positive

definite solution of the following algebraic Riccati equation:
PyA+ A"Py — PA\BB"Py+Qa =0 (4.15)

Let the relative state cooperative control gain K in equation (4.12) be selected
as
K =B'P, (4.16)

Then there exist Fax > 0 and 7, > 0, such that if the team fault estimation
error index Fiq, satisfies Fiuge < Fax and the average dwell time of o(t) is

Ta, the multi-agent system (4.2) achieves consensus.

Proof. Consider the augmented vectors x = [z, ..., 21]"

19 n

yUf = [U{T7 e Usz]T
and the block-diagonal matrix F' = diag|Fy, ..., F},]. The multi-agent system

(4.2) model can be rewritten as follows:

1
>‘<:I®Ax—2 L, ® BKx+ I ® Bug (4.17)

(e

Let us define z; = x; —  for ¢ = 1, ..., n, where the state vector = is governed
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by the following dynamical equation

. Since (L, ® BKg)x = (L, ® BKg)z+ (L, ® BKr)(1® z) = (L, ® BKR)z,

from equation (4.17) one can obtain:

. 1
i:>‘<—(1®a§):(I®A)x—2 (Ly ® BKR)z+ I ® Bus

o

- (I®A)1®1)— nA” (117 ® BKR)z

[

A,
((L(, +2=%110 ® BKR) z+ 1 ® Bus
n

= ®A)z-

2na,

Now, by adding and subtracting %I ® BKz to the right-hand side of equation
(4.19), one obtains

1
i:[®(A—§BK)z— (Hy —na,l) ® BKz+ 1 ® Bus (4.19)

2nay,

Now, consider the following piecewise quadratic Lyapunov function candi-
date
V, =V, (z) = 2" Py, ® Pyz (4.20)

Taking time derivative of V, along the trajectories of the system (4.19) and
using the equations (4.16) and (4.8), one can obtain:

T (PH(, ® (PA(A - %BKR) F (A %BKR)TPA>) ,

T
_2;a ((PHJ<H0'_77050])+(HU_TIOZO—I>TPHU) ®BKR)Z
+2" (Py, ® PaB) us + us’ (Py, ® B"Py) z (4.21)

=2 (Py, ® (PaA+ A"Py — PABB"P,)) z
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T
+22" (Py, ® PyB) us — (Qu, ® (PaABB"P4)) z

Let us define diagonal matrix Ty = diag[y11, -, Yiks - Ynm), Where v =

IV (1) +1 :
k;. Noting that
2Mae \/601502|Ni(t)| ’ &

(Le ® BTP))z

Hr= 2nay,

it is easy to verify that the following inequality holds:

277 (P, © PaB) ut < 2" (Py, @ PsB) FiT,F (Py, @ BTP))z

T ipaz? (Lo ®Pab) F31,'F5 (L, @ BTPy) 2

Knowing the fact that for any two matrices A € R™*™ and B € R"*P we have

AB =3"" | col;(A)row;(B), one can obtain:

(Pu, ® PaB) F3T,F3 (Py, @ BTPy)

— Z Z Vi fik (row; (Py,) @ row] (B" Py))

i=1 k=1

(row;(Py,) @ rowy(B” Py))

n

= Z Z%’kfz‘k (row] (Pp, )row;(Py,))
i—1 k=1

® (rowf(BTPA)rowk(BTPA))

|| Fi| lmaxkiy/ INi ()] + 1 T ,
; 2, 501&2‘/\[( I (row; (Py, row;(Py,))

® P,BBT P,

Z gdl’ row! ( Py, )row;( Py, ))@PaBBT Py
— o2
Endx

B 2502
and

1
P ®PyBBTPy < §FmdeHa®PABBTPA

1

a7 (LT @ P4B) F2T;'F3 (L, @ BT Py)
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1 n m

= oz 2 2 ik (10wl (L) @ row] (BT Py)
g =1 k=1

(rowi(Lo) ® rowk(BTPA))
" ||Fi||max B01602|-/\/;(t)|
<
- ; 2nagri/INi ()] + 1
® (PaBB"Py)

(row; (Lo )row; (L))

Using the fact that:
1

|[row; (Lo )|| = kiy [1+ m

The following inequality holds:

VBB o~ (1l [N+ 1 ,
STZ< e\ N )I@’(PABB )

o 1
= %le ® (P4aBB"P,) < 5 Finas P, © P,BBTP,

Now, by substituting the above inequality into equation (4.21) we have:

Vo < -7 ((PH[, X QA) + (QHU & PABBTPA)) z

2nay,
+ Fyanz” (Py, @ PABBT Py)z (4.22)
< —ZT (PHg ® (QA — FmdeABBTPA)) z

Since matrix P4BBT P, is positive semi-definite, then there exists a Fyax > 0
such that:
QA_FmaJ:PABBTPA ZQ >0

where () is a positive definite matrix. Now, let us define

Amaw(PA>

0 = min
Given that

— (P, ® Q) < =Amin(Q) (P, @ 1) <
- 6/\maa:(PA)<PHJ & ]> S _5PHU & PA
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we have:

V, < —0z2' Py, ® Paz < =0V, (4.23)
It is easy to verify that the following properties are satisfied:
1. V,(t) < =0V, (t) for all t > 0,

2. Bullz|)? < V,(t) < Bol|z]|?* for all t > 0, where 81 = By1Amin(Pa) and
52 - BJQAmax(PA)a and

3. V,(t)) < pV,(ty) for any t,,t, > 0, where p = %

By selecting 7, > lng“ ) and given that N = N,(T) < %, one can verify
that 0*T" < 0T — In(u)N holds for any T > 0, where §* is a positive constant

equal to 0 — In() Therefore, we have:

12(T)]| < \g

and this guarantees the exponential convergence of z — 0 as t — oo. Using

2(0)]] (4.24)

Remark 4.2, one can now conclude that the proof of the theorem is complete.
[ |

4.2.2 Consensus Control Reconfiguration Strategy

To improve the reliability of the team with respect to fault severity estimation
errors that are provided by the FDI module, a consensus control reconfigu-
ration strategy is now proposed. Inspired by the team fault estimation error
index as stated in Definition 4.3, in this section our objective is to minimize
k; for the faulty agents while maximizing a,. In other words, our goal is to
increase the connectivity of the information flow graph while decrease the role
of the faulty agents.

To formally present our proposed reconfiguration strategy, let us define the
vector K = [k1, ..., kn)T and define L(K) = [€;;(k;)], where £;;(k;) defined as in
equation (3.1). Also, let ax = a(L(K)), Hx = Li + 2%11T, where Ax de-
notes maximum in-degree of all nodes of a graph with a Laplacian matrix equal
to Li. Consider ¢,, = C(||F||), where C(||F||) is a positive and increasing

function of the fault estimate of the i*" agent.
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In our proposed reconfiguration strategy we need to obtain a solution to

the following optimization problem:

oTK
Minimize /jix (4.25)
K (67
where C' = [Cuyy Cryyoos G| 15 g = :\\““?"—8;8, and P is the solution to

PxHy + HEPc — 2nax = Qp,. In general, the above optimization problem
has no analytical solution and should be solved by numerical methods. Fur-
thermore, since it is a non-convex optimization problem, in general it cannot
be guaranteed that the resulting numerical solution is the global one. How-
ever, even sub-optimal solutions can improve the fault recovery performance
of the team.

There are various numerical methods available to solve the above opti-
mization problem. In this chapter, Nelder-Mead simplex method presented
in [142] is used to to obtain find sub-optimal solutions to problem (4.25). In
other words, a set of sub-optimal values for k; is obtained that can be used to
reconfigure the weights of agents in the consensus control algorithm that is de-
fined in equation (4.13). In the reconfigured consensus algorithm the healthy
agents are allocating higher control efforts and the consensus achievement of
the team is less dependent on the control efforts of the faulty agents and
therefore, it leads to improving the fault recovery performance of the team.

Since the new set of agent weights are the solution of an optimization prob-
lem, it can be argued that the fault recovery performance of the team has been
enhanced by using the reconfiguration strategy, however the amount of quanti-
tative improvement is dependent on the information flow graph structure and

can be determined only after solving the optimization problem (4.25).

Remark 4.4. To select ¢, in the optimization problem (4.25) without consid-
ering the severity of faults, it is possible to set it to 1 for faulty agents and set

it to O for healthy agents.
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4.2.3 Consenus Achievment of the Multi-agent Team in

Presence of Actuator Saturation

Our proposed reconfiguration strategy in the previous subsection can also be
used to improve the consensus achievement performance of the multi-agent
team due to presence of actuator saturations faults. Towards this end, consider
that the agents actuators are subject to saturation faults, which is formally
presented in equation (4.4) and and let us define 4; as minimum of the elements
of U; for each agent. Now, we implement the consensus algorithm (4.12) and
set uf = u”. By following along the same lines as in the proof of Theorem 4.1

one can verify that the following inequality holds.

1
h
It < g I 1+ e Tl

Therefore, if one can guarantee that the inequality below holds

SRS (4.20
where C' is set to
Il [, | L]
277;;1 ] /\f1 277;; 1+ m] (4.27)
and K = [ky,..., k)7, is satisfied for i = 1,...,n then one can conclude

that all actuators in all agents are in their linear operation region and are not

saturated.

The above results are now summarized in the following lemma.

Lemma 4.2. Consider the multi-agent team (4.2) that satisfies Assumption
4.1 and its actuators are subject to saturation faults as defined in (4.4). Con-
sider a piecewise constant switching signal o(t) and let the information flow
graph G, satisfies Assumption 4.2. Let o, be defined as in equation (4.6) and
consider the vector K = [k, ..., kn|T and positive definite matriz Q 4, and let

Py be the solution of the algebraic Riccati equation (4.15) and the relative state
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cooperative control gain K is defined as in equation (4.16). Assume that the

wnitial conditions of the multi-agent team satisfy

-1

12(0)]| < <o;/<: o if:éf.f:;) (4.28)

where C is defined as in equation (4.27), and let the control signal ul
defined in equation (4.12) be used as the desired control signal for the agent.
Then there exists T, > 0, such that if the average dwell time of o(t) is 7,, the

multi-agent system (4.2) achieves consensus.

Proof. From equation (4.9) it follows that uai\"l:‘:—g:)) = % > 1 and there-
fore from condition (4.28) one can verify that the inequality (4.26) holds. This
implies that at ¢ = 0, none of the actuators are saturated. Thus, follow-
ing along the same lines as in the proof of Theorem 4.1 and using the same
Lyaponuv function and noting that all the actuators are in their linear oper-
ating region at the initial conditions, one can verify that the inequality (4.24)

holds. Using condition (4.28) and the inequality (4.24), for any ¢ > 0 we have:

(0%

20l < (CT’C)_l

and from the above inequality one can conclude that the inequality (4.26)
is always satisfied and none of the actuators are saturated. Therefore, the

multi-agent team achieves consensus. [ |

It should be pointed out that improving the tolerance of the multi-agent
system and extending the acceptable initial condition boundary is an impor-
tant issue. The idea here is to adjust the agent gains in our proposed weighted
consensus algorithm such that agents with larger saturation bounds contribute
more control effort towards the consensus achievement of the multi-agent team.
As can be seen in the condition (4.28), the acceptable boundary for the initial
conditions is proportional to the inverse of ,ug%d’c, and therefore our pro-

posed solution to the optimization problem (4.25) can maximize this bound.
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Figure 4.1: Clockwise ring topology of the information flow graph.

4.3 Simulation Results

To show the effectiveness of our proposed fault accommodation method, a
multi-agent team of LTI systems consisting of 10 agents having the following

representation is considered

01 0 0 0 0
-1 0 10 10 0 0
A - s B =
00 0 O 10
00 0 O 0 1

Due to the term /1 + m in equation (4.14), the worst case scenario
to consider is when |N;(t)| = 1. Therefore, to demonstrate the performance

capabilities of our proposed fault recovery strategy, the information flow graph
topology is selected to be clockwise or counter-clockwise ring topologies that
switches every 10 seconds between them. Figure 4.1 shows the clockwise ring
topology.

The design parameter 7 is set to 0.95, Qy = I and Q4 = 10I. The relative
state cooperative control gain is then computed and the resulting matrix is

given by:
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Norm ofthe agents states

time (sec)

Figure 4.2: Norm of the agents states corresponding to the healthy team.

1.7017 2.6654 6.9806 3.8183
1.7017 2.6654 3.8183 6.9806

and G; = 2.7558 for i = 1,...,10. The initial states of the agents are chosen
randomly in the interval [—2, 2]. Figure 4.2 shows ||z;|| corresponding to all

agents and Figure 4.3 shows the consensus error of the team, which is defined

n n
oD el

i=1 j=i+1

as follows

and finally Figure 4.4 illustrates the control signals of the agents. It follows
that the team reaches consensus and ||z;|| remains bounded for all agents and
the average consensus team error over H0sec is 1.566.

Now assume that at ¢ = 1sec the 1%, 37 5 7t and 9" agents simulta-
neously face actuator faults with severities of 50% and let the FDI module
detects the faults and estimates their severity as 95% of the actual fault sever-
ities. Figure 4.5 shows the team consensus error when only our proposed

consensus algorithm without reconfiguration strategy is used to accommodate
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Figure 4.3: Consensus error of the healthy team.
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Figure 4.4: Control signals of the healthy team
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Figure 4.5: Consensus error of the team in presence of faults (95% estimated
accurately by the FDI module ) by invoking our proposed consensus scheme
without reconfiguration.

the faults and Figure 4.6 shows the control signals.

Now consider that the estimate of fault severity is less accurate and it is
estimated to within 30% of the actual fault severities. It follows from Figure 4.7
that the team now cannot achieve consensus without using the reconfiguration
strategy. Figure 4.8 shows the control signals of the agents.

To implement the reconfiguration strategy, C'is selected as stated in Section

4.2.2 according to:
1

1= [|lF]]

C(I|1 %)

and the step size s, is set to 0.95. The weights of the agents as defined in
equation (4.13) are obtained based on the solutions to the optimization prob-
lem (4.25) associated with the clockwise and counter-clockwise ring topologies.
By applying Matlab fminsearch function as implementation of optimization
method presented in [142], the resulting values for the agent weights are ob-
tained as 1.67,3.84,1.72,3.73,1.82,3.86,1.86, 3.86,1.75,3.86 for first to 10™
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Figure 4.6: Control signals of the team in presence of faults (95% estimated
accurately by the FDI module ) by invoking our proposed consensus scheme
without reconfiguration.
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Figure 4.7: Consensus error of the team in presence of faults (30% estimated

accurately by the FDI module) by invoking our proposed consensus scheme
without reconfiguration.
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Figure 4.8: Control signals of the team in presence of faults (30% estimated
accurately by the FDI module ) by invoking our proposed consensus scheme
without reconfiguration.
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Figure 4.9: Consensus error of the team in presence of faults (30% estimated
accurately by the FDI module) by invoking the reconfiguration strategy.

agent, respectively. As stated in Section 4.2, the optimization problem is non-
convex and therefore one cannot generally guarantee that the above solution
is the global minimum of the optimization problem (4.25). However, it can
be shown that the fault tolerant performance of the multi-agent team is sig-
nificantly improved. Figures 4.9, 4.10 and 4.11 depict the consensus errors
of the team, the norms of agent states and control signals after applying the
reconfiguration strategy, respectively. In this case, the average of the team
consensus error over 50sec is 1.966.

It can be observed that the consensus error converges to zero and the norm
of agents states remain bounded despite a large amount of uncertainty in the
estimation of the fault severities.

Next we compare our proposed algorithm with the work in the literature
on centralized and decentralized fault recovery methods as presented in [44].
It is worth noting that in both fault recovery strategies in [44] the communi-
cation network topology should be fixed and although the developed recovery

algorithms can deal with faults in more than one agent and one can reconfigure
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Figure 4.10: Norm of the agent states in presence of faults by invoking the
reconfiguration strategy.
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Figure 4.11: Control signals of the team in presence of faults (30% estimated
accurately by the FDI module) by invoking the reconfiguration strategy.
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Figure 4.12: Consensus error of the team in presence of faults (30% estimated
accurately by the FDI module) by invoking the centralized fault recovery ap-
proach developed in [44].

the controller gains based on the estimate of the fault severites, however the
effects of inaccurate estimates in more that one agent was not investigated.

For comparison with the centralized approach it is assumed that all agents
have access to the relative state measurements of all the other agents. In other
words, the information flow graph is undirected and fully connected. In [44]
following the fault occurrence and based on the estimate of fault severities
the solution of an LMI optimization problem is obtained and a new set of
controller gains is computed. Figures 4.12 and 4.13 show the consensus error
and control signals of the team as a result of the application of this control
strategy. The centralized fault recovery strategy yields an average of the team
consensus error over H50sec of 1.3388.

For comparison with the decentralized fault recovery approach that is de-
veloped in [44], the topology of the information flow graph remains unchanged
and only the controller gains are updated to reconfigure the consensus algo-

rithm. In [44] the agents control gains are fully independent from each other

90



10

Control signals of faulty agents.

0 2 4 6 8 10
time (sec)

Figure 4.13: Control signals of the team in presence of faults (30% estimated
accurately by the FDI module) by invoking the centralized fault recovery ap-

proach developed in [44].
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Figure 4.14: Consensus error of the team in presence of faults (30% estimated
accurately by the FDI module) by invoking the decentralized fault recovery
approach developed in [44].

and are obtained based on the solution of an LMI optimization problem. Fig-
ures 4.14 and 4.15 show the consensus error and control signals of the team
as a result of the application of this control strategy. The average of the
team consensus error over 50sec is 17.964 for the decentralized fault recovery
strategy.

As can be observed from results in Figures 4.12 and 4.14 and the average
team consensus error, the rate of convergence of the consensus error using our
proposed method is significantly faster than the rate of convergence of the
decentralized fault recovery method that is developed in [44]. Not surprisingly
the performance of the centralized method is the best even when compared to
the performance of the healthy team that uses only the ring communication
network topology where the network is not fully connected. Notwithstand-
ing the above benefit, due to communication limitations and constraints it
is not always feasible to use the centralized method when the number of the

agents is too high. Table 4.1 summarizes the above simulation results and
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Figure 4.15: Control signals of the team in presence of faults (30% estimated
accurately by the FDI module) by invoking the decentralized fault recovery
approach developed in [44].
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Figure 4.16: Norm of the agents states in presence of actuator saturation faults
without using our proposed reconfiguration strategy.

presents quantitative comparisons between our proposed strategy and the one
developed in [44].

Finally, to demonstrate the capabilities and effectiveness of our proposed
method to deal with actuator saturation fault, next we consider the same
multi-agent team and communication networks and assume that the actuators
of 1th 3th 5t 7th and 9" agents are saturated and their associated satura-
tion bounds is given by [ 1 1 |. By employing the same design parame-
ters 7, Qy and Q4 and the same consensus algorithm numerical simulations
for the team of multi-agents are conducted. The states of the agents and
consensus errors are shown in Figures 4.16 and 4.17, respectively. As can
be observed the multi-agent team cannot achieve consensus by using the
recovery control strategy in [44] and as shown in Figure 4.18 actuators of
faulty agents are saturated. To recover the multi-agent team, the vector C
in the optimization problem (4.25) is set as per described in Section 4.2.3 to
[0.1422 0 0.1422 0 0.1422 0 0.1422 0 0.1422 0 ]*. The solution to

the optimization problem (4.25) is now computed and the resulting agent gains
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Figure 4.17: Consensus error of the team in presence of actuator saturation
faults without using our proposed reconfiguration strategy.
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Control signals of faulty agents.

Figure 4.18: Control signals of the agents affected by actuator saturation faults
without using our proposed reconfiguration strategy.
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Figure 4.19: Norm of the agents states in presence of actuator saturation faults
by invoking our proposed reconfiguration strategy.
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Figure 4.20: Consensus error of the team in presence of actuator saturation
faults by invoking our proposed reconfiguration strategy.
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Figure 4.21: Control signals of the agents affected by actuator saturation faults
by invoking our proposed reconfiguration strategy.

are obtained as 1.25,5.27,1.20,2.57,1.17,5.08,1.20,5.01, 1.25,5.21 for first to
10" agent, respectively. Figures 4.19, 4.20 and 4.21 show the simulation re-
sults of the recovered multi-agent team that confirms that the team achieves
consensus and none of the actuators are saturated. Table 4.2 provides the
comparative summary of the faulty multi-agent system with and without the

control recovery implementation subject to saturation fault.

4.4 Summary

In this chapter, a fault tolerant consensus scheme for a team of LTT multi-agent
systems is developed under switching topologies and directed communication
network graph. A weighted consensus algorithm is proposed for consensus
achievement of the multi-agent system based on an inaccurate estimate of the
fault severities. Moreover, a control reconfiguration strategy is also proposed
to improve the fault tolerance capabilities of our proposed consensus strategy.

The faults can occur simultaneously in any number of agents and there is no
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Table 4.2: The comparison between consensus performance of the team in
presence of actuator saturations

Without using control By invoking control
reconfiguration strategy | reconfiguration strategy
Control effort of
faulty agents (max) 1 08268
Control effort (Ly norm) unstable 10.28
Consensus error (RMS) unstable 2.036
Settling time (sec) unstable 21.7

need to have an accurate knowledge of the fault severities. Two kinds of faults
are considered, namely a loss-of-effectiveness and a control saturation in the
actuators. The stability of the overall closed-loop switched system is shown
by using Lyapunov analysis. Finally, it is shown how to remedy the actua-
tor faults and saturations in the multi-agent team and improve the consensus
achievement performance by employing our proposed reconfiguration strategy.
The effectiveness and capabilities of our proposed consensus algorithms are
illustrated through numerical simulations to a team of ten multi-agent sys-
tems where the performance of our proposed methods is compared with the
performance of centralized and decentralized fault recovery methods that are
available in the literature.

In the next chapter we address the disturbance attenuation properties of
consensus achievement algorithms for a multi-agent team with output mea-
surement noise and teams of agents with model uncertainties including Lips-
chitz nonlinearity. Furthermore, we propose a cooperative-adaptive consensus

algorithm for a team of multi-agent systems with unknown nonlinearity.
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Chapter 5

Consensus Achievement of
Multi-Agent Teams In Presence
of Measurment Noise and

Model Uncertainties

In this chapter, the disturbance attenuation properties of consensus achieve-
ment algorithms for a multi-agent team with output measurement noise and
teams of agents with model uncertainties including Lipschitz nonlinearity are
investigated. The communication network topology is assumed to be switch-
ing. The teams are homogeneous and the information flow graph is directed.
The sufficient conditions to design observers and distributed controllers are
presented. Based on the solution of two algebraic Riccati equations and with-
out need to solve linear matrix inequalities (LMIs), design techniques are pro-
posed. The stability of the proposed controllers are investigated based on
Lyapunov stability analysis. The effectiveness of the proposed consensus al-
gorithm is illustrated by performing numerical simulations.

Furthermore, a cooperative-adaptive consensus algorithm for a team of
multi-agent systems with unknown non-linearity in presence of unknown dis-
turbance signals is presented. In this proposed cooperative learning method
each agent shares the knowledge learned about the non-linearity with its neigh-

boring agents to improve the overall performance of the team.
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5.1 Consensus Achievement in Presence of Mea-

surement Noise

In this section we consider LTT multi-agent systems and assume that agents
only have access to the their measured outputs which is contaminated by noise.
First, we present the problem statement of this section and based on a new
variable that is presented we drive the overall dynamics of the team. Further-
more, the main result of this section is presented as a theorem and validity of

our analytical results are verified by performing numerical simulations.

5.1.1 Problem Statement And The Main Result

To formally present the problem statement of this section we consider a multi-
agent system with NV agents where their dynamics is described by the following

equations:

(5.1)

yi = Cxi + vy

where A € RP*P. B € RP*™ C' € NP, By € RP*? denote real matrices,
and x; € R and u; € R™, y; € N, w; € NI, and v; € R" denote state, control
input, output, disturbance, and measurement noise of the ¥ agent, respec-

tively. We also assume that the dynamics of all agents satisfy the Assumption
5.1.

Assumption 5.1. In this section it is assumed that the matriz A is not Hur-
witz (see Remark 3.5), the pair (A, B) is controllable, and the pair (A,C') is

observable.

In the remainder of this section, our objective is to design a distributed
cooperative control law u; for the agent to ensure that the team while achieves
output consensus as per Definition 5.1 and can reject effects of input distur-

bances and measurement noise as per Definition 5.2.

Definition 5.1. The control input u; solves the output-consensus problem if
|y — y;]| = 0 ast — 00,Vi,j € {1,...,n} (5.2)
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Definition 5.2. The multi-agent system (5.1) achieves Ho, output consensus

in presence of disturbance input and measurement noise with bounds v, and

Yo if

e it achieves output consensus as per Definition 5.1 when there is no dis-

turbance, nor measurement noise,

e and there exists a positive constant & such that for any T > 0 in pres-
ence of disturbance input and measurement noise, the following inequality
holds:

L & [ e wlar) <523 & [l
— = i — Y > = Wi
n - —~ T 0 4 Yi f)/p. T 0
=1 j=i+1 =1
N AR
i=1 0

Before we continue, let us define the relative state as Z; = > jen; Ti — T
and the relative output as ; = > jen; Yi — yj for the it agent.
To design the consensus algorithm, let us introduce the following aug-

mented system which represents the dynamics of the entire multi-agent system

{x:([@A)x+(I®B)U+(I®B2)W (5.3)

y=I®C)x+v

where x = [x1, ..., x,) T, u(x) = [ur, ooy un)T, w0 = w1, ooy wn)T andy = [y1, ..., yn) "

Now let us introduce the relative state vector = = [T ....ZT]T and relative
the output vector Y = [VI, ..., YT]T. By replacing these vectors into equation

(5.3) one can obtain:
== (L, ®I)x (5.4)

V=(Lo®I)y=IRC)=Z+ (Ly @)V

where L, is the Laplacian matrix of the communication network as per Defi-

nition 3.8. From equation (5.3) we have:

= = (Ly®@Dx = (Ly@A)x+(Ly@B)u+(L,@By)w = (IQA)Z+(Ly®@B)u+(Ly®By)w
(5.5)
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In order to use the same framework which we developed in the Chapters 3
and 4 to design the consensus algorithm for the team, we need to estimate the
relative states of the agents. Towards this end, the relative states of the team

can be estimated by using the following observer:
E=I®AZ+(Ly,@Bu+(IGO)Z—-(I®G)Y (5.6)

where = denotes the estimated relative state and the matrix (¢ denotes the
observer gain. Let us denote the estimation error by e = = — =. Therefore, we

have:

e=1®(A+GC)e— (L, ® By)w — (L, ® G)v (5.7)
Consider the following Lyapunov function candidate

V, =e"(Py, ® P,)e (5.8)

The time derivative of (5.8) along the trajectories of equation (5.7) is given
by:

V, =e"(Py, ® (P,(A+ GC) + (A+ GC)'P,))e — 2" (Py, L, ® P,Bs)w

—2¢"(Py, L, ® P,G)v
(5.9)

Knowing that for any positive definite matrices P; and Ps, the vectors v; and

vy, and a positive constant v, the following inequality then holds:
0< (v (PL@Ps) — v '03) (v(P @ P oy — 7 's)

One can verify that in view of the above the following inequality is now valid:
201 (P1 @ P2)oa < 7o) (PiP] @ PaPy ) o1+ 7 20g 0, (5.10)

One can also verify that the following inequality holds for any positive con-
stants g by using the above inequality and by setting v = vr+/Amin(Phr, )
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2e’ (Py, Ly ® P,By)w
< Auwin(Pr, )~ 95" (Pir, Lo Ly Pri, ® PoBa By Po)e + Awin(Prr, )y w
< fioAmax(LE Lo )vr " (Pu, ® P,BaBj P,)e + Amin(Pr, ) V5w’ w
(5.11)
Similarly, for any positive constant 7, by taking v = 7,4/ %/\min(PHo) we

have:

QGT(PHULU ® POG)V

1
< “Muin(Pr,) 1, %" (Py, L, LY Py, ® P,GGT P,)e 4+ 2\ min(Pu, )72 v

2
1
< =
2

/’I/UAmaX(LZLU)f)/;QeT(PHU ® POGGTPo)e + 2)\min(PHJ)73yTV
(5.12)
Using the above inequality one can verify that the following inequality

holds for positive constants vg and 7,:
V, < el (Pu, ® (P,(A+GC) + (A+GO)'R,))e
+ o Amax(LE Lo )5 " (Pu, ® PoByBj Po)e + Anin(Pu, )Jvpw™w  (5.13)

1
+ St max(L Lo )y, *e" (o, © PuGGT Po)e + 2in(Pra, )i v

Now, let P4 be a solution to the following algebraic Riccati equation

—Q, = P,(A+GC) + (A+GC)'P, + 6P,
(5.14)

1
+ froAmax (LE Ly) (57;2P0GGTPO + > P,ByBy PO)

where (), denotes a positive definite matrix and ¢ denotes a positive constant.

Therefore, we have:
Vo < —€"(Pu, @ (Qo+6P,))e + Anin (P, )72 9] > 4+ 2Amin (P, )77 || 2 (5.15)

Let us propose our distributed consensus control algorithm as

1 . 1
(I ®BTPy)Z = — (Ly ® BT Py)x — 5

“ora 2na ” (I®B'Py)e (5.16)

u=
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where 0 < 7 < 1 is a real constant, o, is a connectivity measure of the
communication network and defined in Definition 4.2, and P, is a positive

definite matrix.

Lemma 5.1. Consider the vectors xy,...,T,, T € R? and let us define z; =

r; — T fori=1,...,n, then the following inequality is satisfied:

0<> D M=l <n) il (5.17)
i=1

i=1 j=i+1

Proof. We have:

n n n n
DD lzm—wlP= Y la—zlP=

i=1 j=it+1 ) i=1 j=i+1n ) (5.18)
(=D llzlP=> > (&2 +2=)
i=1 i=1 j=i+1
and we know that
n T n n
<Z ) (Z ) =l
i=1 i=1 i=1
+Z Z zisz—l—z;‘-in >0
i=1 j=it+1
which concludes the proof of the lemma. [ |

Remark 5.1. Consider the multi-agent system (5.3) and assume that v = 0.

Note that for any vector T(t), one can write
lyi=y;ll = ||Cai=Cuj|| = ||Cai=Co—Cr;+C1]| = [|[C2i=Cz| <[|Cz]|[+]|Cz]|

where,

Therefore, if z; — 0 as t — oo,¥i € {1,...,n} then the multi-agent system

(5.3) achieves consensus.

Similar as in Chapter 4, let us introduce the virtual agent with the following
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dynamics:

. A -
T=Az— —2BBTP, T— 5.19
o Z( ) (5.19)

where A, is the maximum degree of the Laplacian matrix L,.

Now, let us define the vector z = [zy, ..., z,]7. This implies that z = x—1®Z
where 1 = [1, ..., 1]7. Tt can be verified that for any matrix M € RP*? we have
Mz, = Mx; — Mz, therefore I @ Mz = I ® Mx1 ® Mz. Furthermore, one

can verify that the following equation holds:
(Lo @ M)z= (Ly @ M)x — ((Ly1) ® M)z = (L, ® M)x (5.20)

Using the above equation and dynamics of the augmented system (5.3) one

can obtain:
, - 1 e
z=(I®(A- §BB Py))z — 2 ((Hy, —nay,l) @ BB Py)z
7 5.21
— (I ® BB"Py)e + (I ® By)w 2
o, A 2

where z = x — 1 ® Z. The time derivative of the Lyapunov function candidate
Vi =12"(Py, ® Py)z (5.22)

along the trajectories of the equation (5.21) yields:

: 1
Va=2"(Py, @ (PAA+ ATP, — PA\BBTP,))z — 5 2" (Qu, ® PABBTP,)z

1

Nce

o

2" (Py, ® PyBBT Py)e + z(Py, ® PyBs)w
(5.23)
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Using the inequality (5.10) one gets:

1
7" (Py, ® PA\BB"P,)e
N0

z(Pf, ® PyByBj Pa)z + Ain(Pa, )2l |w|

VA S ZT(PHU ® (PAA + ATPA — PABBTPA))Z —

_m
)\min(PHJ)

+ 2)\min(PHg)ZT(I X CTC)Z — QAmin(PHU)ZT(] & CTC)Z

+

(5.24)

Assume that P4 is a solution to the algebraic Riccati equation (5.25)
PyA+ ATPy — PABBT Py + 11,752 PaBy Bl Py +2C7C = —Q4  (5.25)

where (04 is a positive definite matrix. We have:

1
7" (Py, ® PA\BBTP,)e
1% (5.26)
+ Amin(Pr, ) (V2| |w|* — 2271 © C"Cz)

Vi <—2"(Py, @ Qa)z —

Now, let us consider the following piece-wise quadratic function as our

Lyapunov function to analyze the consensus achievement of the overall team:

V, =V,(z,e) = 2" (Py, ® Py)z+ e’ (Py, ® P,)e (5.27)

Note that V, is the sum of piece-wise quadratic function V, as per equation
(5.8) and piece-wise quadratic function V4 as per equation (5.22). Therefore,
one can use inequalities (5.15) and (5.26) to obtain the time derivative of the
Lyapunov function (5.27) along the trajectories of the multi-agent system (5.1)

and can verify that it satisfies the following inequality:

1
2" (Py, ® PyBB” Py)e

— &' (Pu, @ (Qo+0P,))e + 2hmin(Pu, ) (ViIIVII* +2llwl|* — 2T @ CTC2)
(5.28)

Similar to results in Section 5.2, one can verify the integrity of the following

V, =Vu+V, < —2"(Py, @ Qa)z —

inequality

V., < =6V, + 2 min (Pr,) (73||1/||2 + 75w =T ® CTCZ) (5.29)
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if the following matrix is positive semi-definite:

— P L p,BBTP
Qf‘ S et 4 >0 (5.30)
ey LABB™ Py Qo

Furthermore, from the Schur complement condition for positive semi-definiteness

we know that a block matrix

A B
BT ¢C

is positive semi-definite if A is positive definite and C — BT A~'B is positive
semi-definite. Therefore, 6 should satisfies the inequality (5.31)

J < Aumin(@) (5.31)

)\maX(PA)
and the following inequality should hold:

Q > >\max<PABBTPA)2

o 5.32
o 477205(27)\min(QA - 5PA) ( )

To formally present the main result of this section, we propose the following

theorem.

Theorem 5.1. Consider the multi-agent system (5.1) which satisfies Assump-
tion 5.1 and let the matriz G is the observer gain. Assume all the graphs G,
have directed spanning trees where o(t) be a piecewise constant switching sig-
nal with average dwell time 1, and let p, be defined as per equation (5.31). If
the algebraic Riccati equation (5.25) has a unique positive definite solution Py
for a positive constant vg and positive definite matriz Q4 and positive definite
matriz P, is the solution to the algebraic Riccati equation (5.14) for a posi-
tive definite matriz Q, that satisfies the inequality (5.32), then the distributed
consensus control presented in (5.16) solves the Hy, output consensus problem
of the multi-agent team as per Definition 5.2 with bounds v, = ygr./lt and
Yo = Yo/, where i is defined as per equation (5.38).

Proof. From (5.29) it is clear that the following inequality holds when w = 0
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and v = 0:
V, < =6V, (5.33)

Furthermore, using (5.27) one can verify that V, satisfies the following inequal-

ities
ar(l[z|* + llel*) < Vo < as([lz][* + [le][*) (5.34)
where
ay = nzin {Amin (P, ) Amin (Pa), Amin(Pr, ) Amin (Py) } (5.35)
and
ay = max { Amax (P, ) Amax (Pa)s Amax (Pr, ) Amasx (Fo) } (5.36)

Finally, the inequality (5.37) holds for any ¢;,t, > 0, this is

Vo(t1) < puVo(ts) (5.37)
where
_ X
n= (5.38)

Noting that the Lyapunov function (5.27) satisfies conditions (5.33), (5.34),

and (5.37) therefore, using Lemma 3.7 one can conclude that the vector z

In(p)
-

To show the H,, output consensus of the multi-agent team, using Lemma

exponentially converges to zero if the average dwell time 7, >

3.5 for any 7' > 0 and any given initial condition we have:
I : 1
~ | ¢ (v(, n 5v0) dt + —V,(0) >0 (5.39)
T J, T

where ((t) = %) and §; and t;, are defined in Lemma 3.5.

From (5.29) it is easy to verify that the following inequality holds:

Z"(I®CTC)z — vawlw — v + (V, 4 6V,) <0 (5.40)

2>\min(PHa)
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Noting that ((t) is always positive gives us:

T 1 T T
7| cwaruecter— g [ et [ coniy

: ;o (5.41)
_ t)(V,+0V,) <0
S ), <O+
Using the inequality (5.39) we have:
17 17 17
7| cwFuecTon - [ it [ coniy
1
V,(0) <0
2>\min<PHg)T ( ) o
(5.42)

Using the fact that 1 < ((¢) < p for any ¢ > 0 one can verfiy that:

L[y mz [T w2 (" 1

= I2CTC)z < —R/ r —”/ Ty oV, (0) (5.43
T/o z' (I® )z < T ), ww—l—T i yu+}\min(PHU)T (0) ( )
Now, using the above inequality and Lemma 5.1, one concludes the proof of
the theorem. [

5.1.2 Simulation Results

The effectiveness of our proposed consensus algorithm design methodology is
now demonstrated by performing the following numerical simulations. To-
wards this end, the diving consensus of a team of four unmanned under-
water vehicles (UUV) similar to those studied in Chapter 3 is considered.
The linearized diving dynamics of the UUVs can be represented as z; =

Azx; + Bu; + Bow;, y; = Cx; + v; , where:

—0.7 —03 0 0.035 0
A= 1 0 0]|,B= 0 ,B, = 0.01 (5.44)
0 ug 0 0 0
and
C = [ 00 1}

110



x; = [qi,0;, z:])7, z; denotes the depth, 6; denotes the pitch angle and ¢; denotes
the pitch angular velocity, and uy denotes the nominal value of the surge
linear velocity and is set to 0.3”*. The control input w; is the deflection of the
control surface from the stern plane and w; is the external disturbance. Units
of z;,0;,qi, up and u; are m, rad, rad/sec and deg, respectively. The digraphs
associated with the communication networks of the team are shown in Figure

5.1. The values of «, are computed based on the network topologies shown in

A & 1 2

4 3 a 3

Figure 5.1: Communication networks digraphs.

Figure 5.1. For the graph in the left side it is equal to 1.25 and for the graph in
the right side it is 1. Furthermore, the design parameters are selected as Qg =
I, Qa=61,vg=0.6,7v, =230 and n = 0.5. The poles of observers are set to
-0.9, -.95 and -1. The resulting observer gain is G = [ —1.41, 3.07, —2.17 ]

and the controller gain becomes K; = [ —2.66, —1.93, 2.33 } and Ky =

[ —3.33, —2.41, 2.92 |. Figures 5.2 and 5.3 show the angular velocity and
pitch angle of the agents, respectively. The depth of the agents, which is
the output signal is shown in Figure 5.4. Figure 5.5 shows the feasibility of
the resulting control signal. The disturbance signal w; is a combination of
several sinusoidal signals with different frequencies where their phases and
frequencies are selected randomly and with RMS of 1 and a pseudo-random
signal with RMS of = 0.1 is used to simulate noise signal and these are applied
to the agents to justify the H,, performance of our output-feedback distributed
controller. The estimation errors are shown in Figure 5.6 to illustrate the
performance of the presented observers.

One of the most recent works in the field of output-feedback consensus
achievement for homogenous LTT multi-agent systems is presented in [143].
In this work, based on solution to an algebraic Riccati equation a distributed
cooperative consensus controller with the disturbance rejection property is pre-

sented. However, in comparison to our proposed method, the method in [143]
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Figure 5.3: Pitch angle of the agents.
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Observer errors
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time

Figure 5.6: Observers estimation errors.

is limited to fixed communication topologies and does not consider the mea-
surement noise. In order to compare the performance of our proposed method
with their presented method, we consider the same numerical example pre-
sented in [143] and increase the disturbance coefficient D. The team consists

of a leader and 4 follower agents having the following dynamics:

?

yo = Cxy y, = Cux;

where 1z is the state of the leader, yq is the output of the leader, x; is the state
of the " agent, y; is its output, u; is its control input, w; is its disturbance

signal and matrices A, B, C, D are:

A=

,B:[,Cz[l 0.6],1): [0‘01]
1 -1 0

Figure 5.7 shows the topology of the communication networks used by

the agents to exchange information. We used the same design parameters
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4 3

Figure 5.7: Communication network topology [143].

that are presented in [143] and performed the numerical simulations using a
combination of several sinusoidal signals with different frequencies with RMS
of 1 as the disturbance signal. Figures 5.8 and 5.9 depict the outputs and the
control inputs of the agents by using the presented method in [143]. Since,
matrix A is not stable, as can be seen in Figure 5.8, the output of the agents is
increasing. We applied our proposed method to the same multi-agent system
and used Qg = I, Q4 = 3.5, n = 0.55 and g = 1.3 as design parameters
and placed the observer poles at —1.58. The resulting observer gain matrix

obtained is G = [—1.7602, —0.9383] and the controller gain matrix is given by:

—7.9491 —3.2304
—3.2304 —4.6658

We used the same initial conditions and disturbance signals and repeated
the numerical simulation by using our proposed method. The resulting agents
outputs are shown in Figure 5.10 and the control inputs are depicted in Figure
5.11. Furthermore, in Table 5.1 a quantitative comparison between maximum
of the control inputs, L, norm of the control inputs, RMS of the consensus error
and the settling time of these two approaches are presented. As illustrated
in these figures and the comparison table, the settling time of our approach is
not significantly slower than their method. However, the control effort that is
required by our method is less than the one in the method of [143] and RMS

of the consensus error of our proposed method is also smaller.
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Figure 5.8: The outputs of the agents by using the method in [143].

Control inputs of the agents
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Figure 5.9: The control inputs of the agents by using the method in [143].
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Figure 5.10: The outputs of the agents by using the method in [143].
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Figure 5.11: The control inputs of the agents by using the method in [143].
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Table 5.1: The comparison between our proposed method and the method
in [143].

Control effort | Control effort | Consensus Settling
(max) (L norm) | error (RMS) | time (sec)
Our proposed method 0.7742 9.71 4.81 1.8981
The method in [143] 3.8675 18.49 6.05 1.85814

5.2 Consensus Achievement In Presence of Model

Uncertainties

In this section we study a team of multi-agents with model uncertainties in-
cluding Lipschitz nonlinearities. In the first step, we propose a distributed
consensus algorithm in absence of the measurement noise and in the next step
we present an approach to tackle the consensus achievement problem of the
team in presence of both model uncertainties and measurement noise. Finally,

we performed numerical simulations to support our analytical results.

5.2.1 Problem Statement and Main Result

In this section we extend our proposed method to design a distributed consen-
sus algorithm for a multi-agent team of N agents with model uncertainties,
including Lipschitz nonlinearity, as presented in equation (5.46) to guarantee

it achieves H,, consensus as per Definition stated next.

In the above equation, A € RP*P, B € RP*™ B, € RP*? are known real
matrices, time varying matrix AA(t) € RP*P represents unknown linear model
uncertainties, the function f : ’? — R? is unknown non-linearity and, z; € R?,
u; € R™ and w; € N? are state, control input and disturbance of the i'* agent,

respectively.

Definition 5.3. The multi-agent system (5.46) achieves Hy, consensus with
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bound vy, in presence of the disturbance if it achieves consensus when there is
no disturbance and there exists a positive constant 6 such that for any T > 0

i presence of disturbance the following inequality holds:

1 [ 1 /7 o= 1 (7 , . 0
S 7 M= agldt ) <2302 [ PtV (@1(0), e a(0)
i=1 j=i+1 0 i—1 0
(5.47)

where V(.) is a positive definite function and x1(0),...,2,(0) are the initial

states of the agents.

Assumption 5.2. In this chapter it is assumed that the matrix A is not
Hurwitz (see Remark 3.5), and the pair (A, B) is controllable.

Assumption 5.3. The vector function f : RP — RP satisfies the following

Lipschitz condition:

[1f (1) = @) < yellwy — o] (5.48)

Assumption 5.4. The model uncertainty matric AA(t) can be represented

as:
AA(t) = ELA4(t) B

where Er, € RP*" and Er € NP are known constant matrices and the un-

known matriz A4 (t) € R™*" satisfies the following inequality for any t > 0:

As()Aat) <1 (5.49)
In the remainder of this section A 4(t) will be denoted by A 4.

To design the consensus algorithm, let us introduce the following aug-
mented system which represents the dynamics of the entire multi-agent sys-

tems
>'<:I®Ax+[®(ELAAER)x+f(x)+I®Bu+I®ng (5.50)

where x = [z, ..., z,]7, f(x) = [f(x1), ..., f(zn)], and w = [wy, ..., w,] 7.
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The following equation gives our proposed consensus control law

1
w=—————B'P, (x; — x5) (5.51)
2770(0|/\/;| J;Ni ’

where N is the set of neighboring agents, 0 < 7 < 1 is a real constant, a, is
a connectivity measure of communication network and defined in Definition
4.2, P, is a positive definite matrix. As can be seen the overall structure of
the above controller is the same as that of the previous ones. However, the
way that we compute the matrix P4, which determines the controller gains, is
different and will be addressed in the remainder of this chapter and will let us
deal with model uncertainties and nonlinearites.

To facilitate dealing with the Lyapunov stability analysis, similar to the
previous chapters in the remainder of this section we will use augmented con-
trol law which is denoted by u = [uy, ..., u,|T. Using the Laplacian matrix
presented in Definition 3.8 one can obtain the following control law for the

augmented system (5.50):

1

L,® BTP 5.52
2na, © AX ( )

u=—

Furthermore, in order to evaluate the consensus achievement of the team
using Lyapunov method, similar to Chapter 4, we use a virtual agent as a
reference to measure the consensus error of the team and we will denote its
state as T. As stated in Remark 4.2, the dynamics of the virtual agent could
be chosen arbitrarily and it is shown that if the resulting consensus error
converges to zero, the team will achieve consensus. However, selecting the
following dynamics for the virtual agent in the remainder of this section will

help us achieve our goal, namely:

) A, -
i= A+ E A Eri + f(z) — BB"Py» (T — ;) (5.53)

NN, =

Following along the same lines as in Section 5.1 and noting that:

(Ly @ M)z = (L, @ M)x — (L,1) ® MZ = L, ® Mx
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By using the above virtual agent dynamics and the dynamics of the augmented

system (5.50) one can obtain the following consensus error dynamic equation:

Ly ® B'Pyz + I @ Byw + f(x)

) 1
izk—l@iz[@Ax—{—[@ELAAERX—Q

A,
NNy

— 1R AT —1Q E; A ERT — 11" @ BBTPyz — f

(5.54)
where f = 1 ® f(z). Using the matrix H, as defined in equation (4.7) and

some algebraic manipulations we have:

1 20,
(Ly + - 11" @ BT Pyz + I ® Byw

Z:]®AZ+]®ELAAERZ—2
+f(x) —f

1
(H, —na,l) @ BT Pyz

1
=I®(A- 5BBTPA)Z +1® EL A Erz —

o
+ I ® Bow +f(x) — f

(5.55)

Now, to guarantee that the team achieves consensus, we need to show that

the above consensus error dynamics converges to zero. Towards this end, let

us define the following Lyapunov candidate function:

V, =2 Py, ® Paz (5.56)
The time derivative of (5.56) along the trajectories of the dynamical system
(5.55) is given by:

1

U2y

2'Qu. ® (PABBTP,)z

VU:ZTPHL,@ (PAA+ATPA—PABBTPA)Z— 5

+ 22" Py, ® PaBow + 22" (P, @ Pa)(f(x) — ) + 2" Py, ® PAE,AyEpz
+ 2" Py, @ ELATET Paz
(5.57)
One can determine that the following inequality holds for any positive definite

matrices P; and Py and vectors v; and vy:

201 P1 @ Pavy < 407 (PiP] @ PaPy ) b1+ "0 0y (5.58)
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Using the inequality (5.58) one can verify that the following inequality
holds:

Vg S ZTPHG & (PAA+ATPA - PABBTPA)Z

2
L T p2 2 Amin (Pr, ) 7112
+ —LE7'PE ® Piz+ | [f(x) — f|
Amin(PHg> He 4 'V%
A Amin (P
+ ,Y—AZTPIQ{U ® PAELAANET Pz + —m‘“<2 H")ZTI ® ErE}z
)\min(PHg> "}/A
—2
+ Sn(Fn]? Fhe ® (PaB2BF PA)2 + Auin( Pl
) (5.59)

Now, using Assumptions 5.3 and 5.4 and after some algebraic manipulations

one can get:

V, <2'Py, ® (PaA+ ATPy — PABB"P,) z
+ poViz" Py, @ P3z + Apin(Pr, )z" 2
+ 1igyaZ Pr, ® PAELETL Paz +yx%2" Py, ® ErEhz (5.60)
+ 11575 °2" Pu, © (PaBy B3 Pa)z + Auin (Pri, )@
— Amin(Pr, )27 2 4+ Auin (P, )2” 2

where ¢ is a positive constant, p, is defined as follows

o )\max(PHU)

y = ————_ 207 5.61
a Amin(PHU) ( )
We require P4 to satisfy the following equation:

PyA+ ATPy — PABBY Pa + p157: PaPa + j1575> PaB2 By Py (5.6

11 PAELET Py + 432 EREl + 6Py + 21 = —Q4
where () 4 is a positive definite matrix. Now, we have the following inequality:
V, < —2"Py, ® Qaz — 62" Py, @ Paz  +Auin(Pr,) (V7||w]|* — |12]*) (5.63)

The main result of this section can be formalized int the following theorem.

Theorem 5.2. Consider the nonlinear multi-agent system (5.46) which satis-
fies Assumptions 5.2, 5.3 and 5.4. Assume that all the graphs G, have directed
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spanning trees where o(t) is a piecewise constant switching signal with average
dwell time T, and let p, be defined in equation (5.61). If the algebraic Riccati
equation (5.62) has a unique positive definite solution Py for a positive con-
stant yr and positive definite matrix Q) 4, then the distributed consensus control
presented in (5.51) solves the H,, consensus problem of Definition 5.3 for the
multi-agent team with a bound v, = Yr\/@t, where p is defined in equation
(5.69).

Proof. In the first step, we need to show the multi-agent system (5.46) achieves
consensus in absence of disturbances i.e. z — 0 as ¢ — oo. Consider the
piecewise quadratic Lyapunov function (5.56). From (5.63) it follows that the

following inequality holds when w = 0:
V, < =4V, (5.64)

Furthermore, using (5.56) one can verify that V, satisfies the following inequal-

ities
]|z <V < anllz]? (5.65)
where
] = min{/\min(PH(,)/\min(PA>} (566)
and
s = max { Amax (P, ) Amax(Pa) } (5.67)

Finally, the inequality (5.68) holds for any ¢;,t, > 0

Vo(t) < pVy(ts) (5.68)
where
&%)
=— 5.69
= (5.69)

To show that inequality (5.47) in Definition 5.3 holds, one can use Lemma

5.1 and prove that the following inequality holds:
T
0

1 [ 1
T/o zhzdt < ﬁf/ wlwdt + ;V(:L‘l((]), ey 2 (0)) (5.70)
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Using the function £(¢) and its properties as per defined in Lemma 3.5 and
setting 0 = Apin(Py,) !, one can verify that the inequality (5.70) holds if the

following inequality is valid:

%/\mm(PHd)/o §(t) ("2 —yjw'w) dt — —g( Wo <0 (5.71)

where Vo = V(21(0),...,2,(0)). Noting that the Lyapunov function (5.56)
satisfies the conditions (5.64),(5.65), and (5.68) from Lemma 3.5 we have:
l/Tg(t) (V +(5V>dt+l§( )V > l/Tg(t) (V +5V>dt—l—lvo >0
T Jo 7 7 T T 7 7 T
(5.72)
Therefore, one can show that the inequality (5.71) is valid if the following

inequality is satisfied:

Fhwin(Pa) [ €0) (272 = 327) e = (Ve

< —/ Auin(Pi1,) 272 = Y2 Ain (P, )" + V, + 0V, ) dt <0
(5.73)
This can be verified by using the inequality (5.63). Therefore, one can conclude
proof of the theorem. [ |

5.2.2 Output Consensus Achievement in Presence of

Model Uncertainties and Measurement Noise

In this chapter, first we studied the output consensus problem for multi-agent
systems in presence of measurement noise. Next, we proposed a distributed
state-feedback cooperative consensus controller for multi-agent systems by
considering the model uncertainties. Now, in order to show extendability of
our proposed technique, we present the steps leading to design of an output-
feedback consensus controller for the following multi-agent system in presence

of measurement noise and model uncertainties, namely:

{ & = (A+ AA(t)2; + f(2:) + Bu; + Bow; (5.74)

yi=Cxi +y
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In the above equation, A € RP*P, B € RP*™ By € RP*4 C' € NP are
known real matrices that satisfy the Assumption 5.1. The time varying matrix
AA(t) € RP*P represents unknown linear model uncertainties that satisfy the
Assumption 5.4. The function f : R” — RP is an unknown non-linearity and
x; € NP that satisfies the Assumption 5.3, and y; € R, u; € R, v; € R
and w; € N7 are the state, output, control input, measurement noise and the
disturbance of the i*" agent, respectively.

Similar to the last section, one can define an augmented system where its
dynamics is governed by equation (5.50) and similar to Section 5.1 let the

augmented measured output be denoted by y and represented as follows:

y=I®C)x+v

By following along the same strategy as in Section 5.1 one can define the

relative state vector = as:

= = (L, ® I)x (5.75)

where x is the state of the augmented system. Let us use the same state
observer that we designed in Section 5.1 and presented as equation (5.6) to
estimate the relative state and denote it by =. By using the same virtual agent
dynamics as presented in equation (5.53), the augmented system equation
(5.50) and considering the equation (5.20), one can take the time derivative of

= and obtain:

E=(Ly® A)x+ (I @ (ELAAER))z+ (L, @ I)f(x) 4+ (L, @ B)u+ (Ly ® By)w

(5.76)
where u is the augmented control law and is defined as follow:
! (I ® BTP,)= (5.77)
u—= — i .
2nay, A

where 0 < 7 < 1 is a real constant, «, is a connectivity measure of the
communication network, that is defined in Definition 4.2, and P, is a positive

definite matrix.
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Now, if e = =—= denotes the estimation error, one can obtain the following

error dynamic equation:

¢=(I®(A+GC))e—(I @ (ELAAER)) z—(Lo®I)(f(X)—F)—(Ly®Ba)w—(Ly@G)v
(5.78)

To obtain the above equation we used the fact that:
(Lo ® D)f = (Lo @ I)(1® f(7)) = Lo(1® f(2)) = 0

Consider the Lyapunov function candidate (5.8) where one can verify that
its time derivative along the trajectories of the estimation error dynamics is

as follows:

V,=e" (Pu, ® (P,(A+GC) + (A+GC)'PR,)) e — 2¢" (Py, L, ® PyBo)w

—2¢" (Py, Ly ® P,G)v — 2e" (Py, @ P,(ELAAER))z — 2e" (Py, L, @ P,)(f —f)
(5.79)

After some algebraic manipulations and using the inequality (5.10) one can

verify that:

V, <e' (Pu, ® (P(A+GC) + (A+ GC)'PR,)) e

Anli\xrii%ﬁ;j;RQ eT(PEIJ ® P,ByB3 P,)e + Q%VT ((LZLU) ® I) y
T (1) @ D)o+ Ml @ PAGTR e
ﬁijﬁ}f}ﬁg) e7 (P2 @ P,E A AL ETP,)e + Vgiii(f;}f;ég) 27(I © ErEL)z
TS P 2 o))

(5.80)

Now, let P4 be a solution to the following algebraic Riccati equation

—Q, = P,(A+GC)+ (A+ GO)'P, + 6P, + jo YA max (ERER)P,EL EL P,

1
+ o Amax(LE Ly) <§7;2POGGTPO +v5>P,ByBy P, + 7§P0P0>
(5.81)
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where (), is a positive definite matrix and J is a positive constant. Using the

above Riccati equation one can verify that the following inequality holds:

V, < — e (Py, ® (Qo+P,)) & + Amin(Pur, ) (1 +722) | 2|2

(5.82)
+ i (Prr, )Yz WP A+ 2010 (Prr, )0 1]

At this point one can follow along the same lines as presented for the
observer-based consensus algorithm design presented in Section 5.1 and the
controller design procedure for a team with model uncertainty in absence of
measurement noise in Section 5.2.1 to design an observer-based distributed
controller that guarantees H., output consensus achievement of the multi-

agent system in presence of measurement noise and model uncertainties.

5.2.3 Simulation Results

In this section we modified the case study that we selected to perform our
numerical simulations in the previous section to show performance and effec-
tiveness of our approach and also make it comparable with previous results
that we obtained. In this section, our team consists of 4 agents with the fol-
lowing dynamics and we use the same communication network topology as in

the previous section shown in Figure 5.1, namely.

where Er = I, £, = 0.001/, matrices A, B, and B, are defined as in (5.44),
the function f(.) and A are defined as follows:

0 0 sin(2t) 0
A= | sint) 0 0 . fla)=0001 | B
0  cos(t) 0 lfmg

The design parameters are selected as Qg = I, Q4 = 14.51, vg = 0.75,
v = 0.0013, n = 0.97, and 6 = 0.23. The resulting agent controller gains
become Kj = | ~32.90 —26.74 3561 | and K> = | —8.45 —6.68 7.96 |.
Figures 5.12 and 5.13 depict the angular velocity and pitch angle of the agents,
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Figure 5.12: Angular velocity of the agents.

respectively. The depth of the agents is shown in Figure 5.14. Noting that
the control input signal u; is in fact the deflection of the control surface of
the 7" agent which is measured in units of degrees, the resulting control signal
depicted in Figure 5.15 is feasible. Similar to the previous section, disturbance
signal is a combination of several sinusoidal signals with different frequencies

where their phases and frequencies are selected randomly with an RMS of 1.

Furthermore, to compare the performance of our proposed distributed con-
sensus algorithm design procedure with the work in the literature, we chose
one of the most recent work in this field presented in [94]. Similar to our
proposed approach, this work deals with consensus achievement of leader-
less high-order multi-agent systems with Lipschitz nonlinearity and switching
topology communication networks. However, their approach requires solving
a set of computationally expensive LMIs and does not consider linear model
uncertainties and disturbance signals. In contrast, our proposed method is
based on the solution to an algebraic Riccati equation and can deal with lin-

ear model uncertainties and disturbance signals. We applied our method to
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Figure 5.13: Pitch angle of the agents.
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Figure 5.14: Depth (output signal) of the agents.
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Figure 5.15: Control inputs of the agents.

the same numerical simulation example presented in [94]. In their work, the

authors considered a team of 4 agents with following dynamics:

where

01 0 0
I C P 1 [P TN R

where v, = 0.05. In [94], it is assumed that the communication network topol-

ogy is selected among the graphs presented in Figure 5.16 and the piece-wise
constant switching signal is illustrated in Figure 5.17. The agent controller
gain that is calculated based on their proposed method is K = [4.95461.1727].
Figures 5.18 and 5.19 show the first and second states of the agents, respec-
tively.

We have applied our proposed method to the same multi-agent system
(5.84) with v, = 0.075 and used the same communication network and switch-

ing signal depicted in Figures 5.16 and 5.17, respectively. The controller gains
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Figure 5.16: Communication network topologies that are used in [94]
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Figure 5.17: Switching signal that is used in [94]
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Figure 5.18: Trajectories of the first states in Example 1 of [94].
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Figure 5.19: Trajectories of the second states in Example 1 of [94].
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First states of agents
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Figure 5.20: Trajectories of the first states of the agents using our proposed
method.

obtained for different communication graphs G; to G4 are K; = [—3.9452 —
4.3882|, Ky = [—4.3717—4.6469], K3 = [—4.8118—4.9099] and K, = [—4.7976—
4.9015], respectively. Figure 5.20 shows the trajectories of the first states of
agents and in Figure 5.20 the second states of the team are illustrated.
Furthermore, the quantitative comparison between our proposed method
and the method in [94] is presented in Table 5.2. As seen in these figures and
Table 5.2, although the settling time of our proposed consensus algorithm is
more than that of the method presented in [94], our proposed method can

guarantee consensus achievement of the team with larger Lipschitz constants.

5.3 Cooperative Adaptive Consensus Achieve-

ment of Nonlinear Multi-Agent Systems

In this section we consider a more general class of nonlinear multi-agent sys-
tems and design a cooperative adaptive algorithm for online approximation

of nonlinearity in dynamics of agents and based on that we will propose a
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Figure 5.21: Trajectories of the second states of the agents using our proposed

method.

Table 5.2: The comparison between our proposed method and the method

in [94].
Control effort | Control effort | Consensus Settling
(max) (Lz norm) | error (RMS) | time (sec)
Our proposed method
(v = 0.05) 37.11 205.17 34.81 0.75
The method in [94]
(41, = 0.05) 115.83 284.31 32.13 0.70
Our proposed method
(v = 0.075) 70.01 271.87 28.36 1.00
The method in [94]
(v = 0.075) 115.83 284.35 32.13 0.70
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controller that guarantees uniformly ultimately bounded (UUB) consensus
achievement of the team.
First, consider a multi-agent system consisting of N agents with the fol-
lowing dynamics:
t; = Ax; + Bu; + Bfi(x;) + Baw; (5.85)

where A € ®P*P, B € RP*™ By € RP*? are real matrices, f; : P — R™
is an unknown nonlinear function, and x; € R®? and u; € R™, and w; € N7
are state, control input, and disturbance of the i'* agent, respectively. It
is assumed that states of all agents are measurable and the pair (A, B) is
controllable. The communication network among agents is considered to be
undirected and connected. Furthermore, we consider a virtual leader with the
following dynamics and assume its state is accessible to at least one of the

agents and its dynamics is governed by the following equation:

$g = A.%’g (586)

Therefore, all agents directly or through other agents can access the virtual
leader information through the communication network. Now, let us define

the consensus error of the i** agent as follows:

JEN;
where N is the neighboring set of the i'* agent and [; is equal to 1 when the
agent has direct access to the virtual agent and it is zero otherwise. Using the
above definition, the multi-agent team achieves consensus if e;, for i = 1,....n
converges to zero.

For the case of a known nonlinear function f;(.), the controller design proce-
dure is straightforward. Inspired by this fact, for the case of unknown function
fi(.), numerous methods are proposed in the literature to estimate the func-
tion and control the overall system. However, in most of these approaches
only local information is used for function approximation despite the fact that
in multi-agent systems each agent has access to information of its neighboring
agents. To resolve this drawback, in this section we propose a cooperative

learning algorithm for our function approximation phase. We assume that

135



the nonlinear function f;(.) can be approximated by using a class of general
function approximator that is formally formulated according to the following

assumptions.

Assumption 5.5. There exists a compact set 2 C RP and a smooth matrix
function ® : Q — R™! where | > 1 known as the basis function, such that the
unknown nonlinear function f; : RP — R™ satisfies the following equation for

any x € 2,

filz) = ®(2)W; + &i(x) (5.88)

where the vector W; € R! represents the parameters of the approzimator and

gi(z) € RP denotes the approrimation error.

Assumption 5.6. For the nonlinear function f;(.) and the general function
approzimator denoted by equation (5.88) in Assumption 5.5 there exits an

optimal W} which s defined as follows:

W =g in, {sup 1) — 2o Wi} (5.89)

WieR! ( zeQ

and the approximation error is bounded by €, which is defined as

e, = sup || fi(z) — ()W (5.90)

e

Assumption 5.7. In the function approximation presented in Assumption
5.5, the approximation error bound € defined in Assumption 5.6 can arbi-
trarily become small if the dimension of the basis function ® denoted by [ in

Assumption 5.5 1s sufficiently large.

Remark 5.2. In the remainder of this section we will use radial basis func-
tion (RBF) neural networks (NN) approach for the function approximation.
However, we are not limited to RBF neural networks and many other function
approximation techniques can be employed as long as they satisfy the assump-

tions presented in this section.

For the RBF neural networks, the matrix function ®(x) = [®y(z)...P;(x)]

is defined as ®;(z) = e;¢;(x), where the constant vector e; € RP has a non-zero
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element equal to 1 and the scalar function ¢; is a Gaussian function as follows

lle—&;ll

bilw) =

and where & and n; are the center and variance of the node, respectively.
Let us define e = [el,...,el|T) x = [oT, .. 2L]T, x, = [2], ..., 2]]T, £, =

- Cp n

diag{ly,...,1,} and let L, be defined as per Definition 3.8. One can obtain:

e= (Lo ®@I)x+ (L, @ I)(x — %)

Lemma 5.2. Assume L, € R™™" is a Laplacian matriz associated with a
connected undirected graph and £, € R™" is a non-zero diagonal matriz with
non-negative elements. The matrix H, = L, + £, 1s symmetric and positive

definite.

Proof. Let the non-negative numbers [y, ..., [, denote diagonal elements of the
matrix £, and G denotes the undirected graph associated with the Laplacian
matrix L,. Now, let us construct the new digraph G* by adding a node to the
graph G and without loss of generality label it as the node n + 1. Let L* be

its corresponding Laplacian matrix that is defined as follows:

—1

L*

Note that the graph G is undirected and connected and at least one of the real
numbers [y, ..., [,, is positive. Therefore, the digraph G* has a directed spanning
tree and node n 4+ 1 is its root. Furthermore, the matrix H, is symmetric and
its eigenvalues are real. Now, by using the Lemma 3.3 and knowing that the
digraph G* has a directed spanning tree and all eigenvalues are the matrix H,

are real, one can conclude the proof of the lemma. [ |

Using the above lemma one can obtain the dynamics of the consensus error

variables as follows:
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e=(H,® Dx— (£, ® I)%

Using Assumptions 5.5 and 5.6 and equations (5.85) and (5.86), one can

verify the validity of the following dynamic equation:

é=(H,A)x—(L£,0A)x+(H,2B)®W*+(H,®B)e+(H,®B)u+(H,® By)w

(5.91)
where W* = [W;T, ... W*T]T denotes the optimal approximator weights, ¢ =
el ... eT]T denotes the optimal appoximation errors, w = [wi,...,wI]T u =
[ul', ... ul]T, and the matrix ® is defined as follows:

@1(1’1) O
0 0 @,(x,)
Now, let us consider the following controller:
1 5 -

2¢,

where W; denotes the estimate of the optimal RBF neural networks weights
that are used by the ' agent, ¢, is a positive number that satisfies the in-
equality H, — e,1 > 0, and finally P4 € RP*P is a symmetric and positive

definite solution to the following Riccati equation

PyA+ APy — PyBBY Py + j1s7-?PABBY Py + 157, ? PABy Bl Py = —Q4

(5.93)
where ()4 is a symmetric postive definite matrix, 7., and ~,, are positive con-
stants and p, = max, f\‘::"—gj)) By substituting equation (5.92) into equation

(5.91), one obtains:

1 1
é=I®A— -BB"Py)e — —(H, — ¢, @ BBTP,)e
2 265 (5.94)
— (H, ® B)®W + (H, ® B)e + (H, ® Ba)w
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where W = W—W* and W = [IW], ..., WZ]T. Now, let us present the following

learning law:

W=T (©7(H, @ BT Py)e — W) (5.95)

where I' € ">l is a diagonal positive definite matrix and denotes the learning

gain, n is a positive constant and denotes the learning factor.

Remark 5.3. Whenever all the nonlinear functions fi(.), ..., fn(x) are identi-
cal, the optimal approximator weights WL ... W*T are the same and equal to
W*. Therefore, in principle all the estimated weights W; should converge to
the same value. We can use this fact to our advantage and let the team share

their learned knowledge by using the following cooperative learning law
W=r <¢T(Hg ® B"Pa)e = ne(Lo @ )W — n\iv> (5.96)

where the positive constant 7. denotes the cooperative learning factor. Note
that W; — Wj =W, —W*+ W* — Wj =W, — V~V] Therefore, one can verify
the validity of the following equation:

~ ~

(Lo @ W = (Ly @ )W
Remark 5.4. In the remainder of this section, instead of using the learning
law (5.95) we use the cooperative learning law (5.96) and set 1. to 0.

Theorem 5.3. The consensus error defined in (5.87) for the nonlinear multi-
agent team (5.85) with the virtual leader (5.86) is uniformly ultimately bounded
if the undirected switching topology communication network G, is connected,
the controller (5.92) and the learning rule (5.96) are employed, all the nonlin-
ear functions f;(x) satisfies Assumptions 5.5- 5.7, the pair (A, B) is control-
lable, and the following inequality holds for all w;:

sup {fJwi(t)][} < =

where w is a positive constant.

Proof. Consider the following Lyapunov function candidate:
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-1 1~ _
Vie,W) = 5eT(I ® Py)e + 5WTP—lw (5.97)

By taking the time derivative of the above Lyapunov function along the tra-

jectories of the augmented equations (5.94) and (5.96), one can obtain:

: 1
V=e'(I®PyA+A"PA—- P,BB"Py)e — 2—eT(Ha —¢,1 ® PyBBTPy)e

€o
— e’ (H, ® PyB)®W + e’ (H, ® P4B)e + e (H, ® PyBs)w
+WToT(BTPy @ H,)e — n.WT (L, @ )W — nWTW
<e'(I® PAA+ A"PA— P,BB"P,)e + e’ (H, ® PyB)e

+e'(H, ® PyBy)w — n ;W (L, ® I)W — gW"W
(5.98)

Using the inequality (5.10), we have:

V <e'(I ® PyA+ ATPA — PABBT Py + 1157 2PABBY Py + 11,72 P4 By BI Py)e
+2eTe +2wlw — W (Ly @ W — nWTW
(5.99)

After some algebraic manipulations one can verify that for any matrix M the

following inequality holds:

OWT MW = 2(W — WH)T MW = 2WT MW — 2W*T MW
= 2W MW — 2W T MW + W MW — W Mmw?
= WI MW + (W — WHT MW — W) = W MW (5.100)
= W/ MW + WX MW — W MW
> W MW — W Mw
Using the above inequality and substituting equation (5.93) into the inequality
(5.99) one obtains:
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V<—e'IT®Qae+~2"e +7 2w w—nW (L, ® )W

1 s, 1
— 5anW + 5nw*TW*

~ I T
< —e"(I@ Qa)e —n W' (Lo @ HW — SWIW (5.101)

1 *
+llell” +ASlwll® + Snllwe®

Using the above inequality one can verify that V' < 0 as long as the pair (e, W)
is outside the compact set ® = 0, N O,,, where ©, and ©,, are compact sets

defined as follows:

" C S 2
O = {(e,W) [ el < m} Ow = {(e,W) W < \/;} (5.102)

where C = nv.ei” + ny2w? + Ln|W*||2. Therefore, the overall multi-agent
system is uniformly ultimately bounded. Furthermore, one can verify that V'
is negative definite outside the compact set ©, and therefore an attractive set.
Therefore, the upper bound of |le|| can be arbitrarily reduced as C decreases

Or Amin(Q4) increases and this concludes the proof of the theorem. [ |

Remark 5.5. Although, our proposed cooperative learning based consensus al-
gorithm guarantees that the estimation error of the RBF neural network weight
remains bounded, however our method cannot guarantee that the upper bound
of the estimation error of the NN weights can be arbitrarily reduced without

invoking the persistent excitation (PE) condition [144).

Simulation Results

To show the effectiveness of our proposed learning based consensus algorithm
we performed numerical simulations for a team of four agents where their
dynamics is governed by equation (5.85), with matrices A, B, and B, defined
in (5.44). In our simulations, each agent uses an RBF neural network with
5 neurons to learn the nonlinear function f(z). Figure 5.22 depicts the two

undirected graph that are used by the agents to exchange information and the

141



leader leader

4 3 4 3

Figure 5.22: Communication networks topologies.

communication network topology of the team changes smoothly between these
two networks every 30 seconds. The disturbance signals w; are combinations
of a number of sinusoidal functions with different frequencies, amplitude of 1
and random phases. The matrix I" in the learning rule (5.96) is set to 207, the
learning constant n = 0.0001. Furthermore, in the algebraic Riccati equation
(5.93) the constants 7. and 7, are set to 10 and the matrix Q4 = 2/. The

resulting control gains K, = %BTPA1 and Ky = ﬁBTPA2 are as follows:

K, = [ _12.8491 —9.0439 11.7027}

Ky = [ —16.9637 —11.9357 15.4936 ]

In our numerical simulation, the initial values for the RBF neural network
weights and initial states of the leader and other agents are selected randomly.

To demonstrate that our proposed learning based consensus control algo-
rithm capable of dealing with different nonlinear functions, in the first step
we perform our numerical simulations on a team with the following different

nonlinear functions:

0 0
filw) = | M| @) = —fia), fy(e) = | B9 | fi(e) = — fa(a)
0 0

(5.103)
To make it easier to observe the effects of the neural network correction
term in performance of the team, first we performed the simulations by ignor-

ing the neural network output and by using u; = —iBTPAeZ- as the control
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Figure 5.23: Depth of the agents with different nonlinearities and without
using a neural network-based control approach.

law. Figure 5.23 shows the trajectories of the agents’ depth where clearly the
consensus is not achieved.

In comparison Figures 5.24, 5.25, 5.26 show different states of the agents
and Figure 5.27 illustrates the consensus error signal by using the entire control
law (5.92) with the neural network term and employing the learning law (5.95)
with no cooperative learning term. As can be observed, the team achieves UUB
consensus.

The control inputs of the agents is depicted in Figure 5.28 and finally Figure
5.29 shows the trajectories of the RBF neural network weights. In Table 5.3
the quantitative differences between these two scenarios are illustrated.

To show the importance and the performance improvement of the team
by using the cooperative learning and make it easier to compare the non-
cooperative learning-based and cooperative learning-based methods, in the
next step we consider that the nonlinearity of all agents are identical and
equal to the function fi(z) in equation (5.103). The depth of the agents

and the neural network weights for the team with identical nonlinearities and
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Figure 5.24: Pitch angle of the agents with different nonlinearities and by
using a neural network-based control approach.
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Figure 5.25: Angular velocity of the agents with different nonlinearities and
by using a neural network-based control approach.
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Figure 5.26: Depth of the agents with different nonlinearities and by using a
neural network-based control approach.
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Figure 5.27: Consensus error of the team with different nonlinearities and by
using a neural network-based control approach.
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Figure 5.28: Control inputs of the agents with different nonlinearities and by
using a neural network-based control approach.
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Figure 5.29: Neural network weights of the team with different nonlinearities.
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Table 5.3: Quantitative comparison results for the team with different nonlin-
earities with and without using the neural network-based control approach.

Settling time | Consensus error | Consensus error
(sec) (Ly norm) (steady state RMS)

The team by using
the neural network-based 27.09 19.60 0.0047
control approach

The team without using
the neural network-based 170.22 1.9048
control approach

without using the cooperative learning term are shown is Figures 5.30 and
5.31, respectively.

We now set the cooperative learning constant 7. to 0.1 and repeated our
numerical simulation by using the cooperative learning law (5.96). In Figures
5.32, 5.33 and 5.34 the states of the agents are depicted, and the consensus
error of the team is shown in Figure 5.35, and the control inputs are illustrated
in Figure 5.36. As can be seen the team achieves consensus faster in comparison
with the non-cooperative learning-based approach. Figure 5.37 depicts the
neural network weights. It clearly shows how sharing the learned knowledge
between the agents affects the trajectories of the estimated weights and causes
the agents to reach a consensus on the neural network weights. Table 5.4
shows the quantitative comparison between the performances of the team with
identical nonlinear functions under different control and learning laws. It can
be observed the the settling time for the cooperative learning method is much
faster in comparison with the non-cooperative learning method.

As stated earlier in this section, our proposed method is not limited to
the RBF neural networks and is capable of dealing with different function ap-

proximation techniques. To demonstrate this, we assume that the structure
l—mg

of the nonlinear function is known and f;(x) = r;®;(x;), where ®;(z) = 3,
2

but the parameter x; is unknown and is required to be estimated. Let us
denote the estimated values of the parameters by Aq,...,54. Using our pro-

posed method, one can update the values of & = [, ..., 54]7 by employing the
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Figure 5.30: Depth of the agents with identical nonlinearities and without
using the cooperative learning term.
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Figure 5.31: Neural network weights of the team with identical nonlinearities
and without using the cooperative learning term.
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Table 5.4: The simulation results for the team with identical nonlinearities.

Settling time
(sec)

Consensus error
(Lg norm)

Consensus error
(steady state RMS)

The team without using the
neural network-based control
approach

191.840

1.6860

The team without using the
cooperative learning method

29.998

19.632

0.0072

The team by using the
cooperative learning method

9.819

18.121

0.0022
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Figure 5.32: Pitch angle of the agents by using neural network and without
employing the cooperative learning term.
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Figure 5.33: Angular velocity of the agents by using neural network and with-
out employing the cooperative learning term.
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Figure 5.34: Depth of the agents without using neural network and without
employing the cooperative learning term.
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Figure 5.35: Consensus error of the team by using neural network and without
employing the cooperative learning term.
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Figure 5.36: Control inputs of the agents by using neural network and without
employing the cooperative learning term.
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Weight of RBF neural networks.

100 150 200
time

Figure 5.37: Neural network weights of the team and without employing the
cooperative learning term.

following cooperative adaptive law:
=T (¢"(H, ® B"Pa)e — n.(L, ® )i — i) (5.104)

In the above adaptation law, we used the same design parameters as those that
are stated for the RBF neural network simulation scenarios to make compar-
ison between the two approaches meaningful. The numerical simulations for
both scenarios using non-cooperative adaptive and using cooperative adaptive
laws are performed. For the first scenario, the depth trajectories of the agents
are shown in Figure 5.38. Figure 5.39 illustrates the applied control signals.
Finally, the estimated parameters for the four agents are shown in Figure 5.40.
In Figures 5.41, 5.42 and 5.43 the agents depth, control signals and esti-
mated parameters for the second scenario are depicted, respectively.
Although, our approach cannot guarantee that persistent excitation condi-
tion is always satisfied, as can be seen in Figures 5.40 and 5.43, our proposed
adaptive methods correctly estimate the unknown parameter values. Further-

more, the settling time, the Ly norm of the consensus error, and the RMS value
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Figure 5.38: Depth of the agents by using the non-cooperative adaptive
method.
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Figure 5.39: Control inputs of the agents by using the non-cooperative adap-
tive method.
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Figure 5.40: Estimated parameters by using the non-cooperative adaptive
method.
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Figure 5.41: Depth of the agents by using the cooperative adaptive method.
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Figure 5.42: Control inputs of the agents by using the cooperative adaptive
method.
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Figure 5.43: Estimated parameters by using the cooperative adaptive method.
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Table 5.5: The comparison between cooperative and non-cooperative adaptive
methods.

Settling time | Consensus error | Consensus error
(sec) (L2 norm) (steady state RMS)
The non-cooperative
adaptive method 80.89 27.56 0.0097
The cooperative
adaptive method 24.11 18.07 0.0079

of the steady state consensus error for both adaptive approaches are presented
in Table 5.5. It is shown that the settling time of the cooperative adaptive

method is faster than that of the non-cooperative adaptive approach.

5.4 Summary

In this chapter effects of measurement noise and model uncertainties includ-
ing Lipschitz nonlinearity on consensus achievement of multi-agent systems
and their disturbance rejection capability was studied. In the first section, we
proposed an observer based cooperative algorithm for output consensus of a
team of LTI agents with a measurement noise. Next, consensus achievement
problem for a homogenous team of multi-agent systems with unknown linear
and Lipschitz nonlinearity model uncertainties is studied in the second section.
Furthermore, an observer design procedure is proposed to show how one can
deal with both model uncertainty and measurement noise at the same time.
Finally, a novel cooperative-learning based consensus algorithm is presented
and its shown that it guarantees UUB consensus achievement error for a class
of nonlinear multi-agent systems with undirected and switching topology com-
munication network. In this chapter, by using Lyapunov stability analysis and
the method developed in Chapter 3 the disturbance rejection property of the

overall team was also demonstrated.
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Chapter 6
Conclusions and future work

In this thesis consensus based cooperative control of multi-agent system is ad-
dressed and its different aspects namely, consensus achievement in teams of
LTT systems with directed and switching topology communication networks in
presence of disturbances, fault-tolerant cooperative control and fault recovery
of multi-agent systems for actuator saturation and loss-of-effectiveness fault,
and observer based consensus achievement of multi-agent systems with mea-
surement noise and a finally, cooperative control of team of agents with model
uncertainties including nonlinear multi-agent systems are studied.

First, H,, and weighted H., consensus problems for a team of homogenous
LTT multi-agent systems subject to switching topology and directed commu-
nication network graphs were investigated. Then, we proposed a novel design
procedure which is based on the solution of an algebraic Riccati equation.
Sufficient conditions provided based on state feedback stabilizability of an LTT
system and utilizing Lyapunov analysis the stability of the overall closed-loop
switched system was asserted. Comparing to other existing methods in the
literature, our proposed methodology proved to be more feasible in terms of
computational complexity. The disturbance rejection property of the overall
system was demonstrated by employing Lyapunov stability analysis and the
proposed procedure.

We developed a fault tolerant consensus scheme for a team of LTI multi-
agent systems under switching topologies and directed communication network

graph. This is a weighted consensus algorithm for consensus achievement of
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the multi-agent system based on an inaccurate estimate of the fault severities.
Moreover, to improve the fault tolerance capabilities of our proposed consen-
sus strategy a control reconfiguration strategy was proposed. The faults can
occur simultaneously in any number of agents and there is no need to have an
accurate knowledge of the fault severities. Two kinds of faults namely, a loss-
of-effectiveness and a control saturation in the actuators were considered. The
stability of the overall closed-loop switched system was shown by using Lya-
punov analysis. Finally, it was shown how to remedy the actuator faults and
saturation in the multi-agent team and improve the consensus achievement
performance by employing our proposed reconfiguration strategy. The effec-
tiveness and capabilities of our proposed consensus algorithms were illustrated
through numerical simulations to a team of ten multi-agent systems where the
performance of our proposed methods was compared with the performance of
centralized and decentralized fault recovery methods that are available in the
literature.

Finally, effects of measurement noise and model uncertainties including
Lipschitz nonlinearity on consensus achievement of multi-agent systems and
their disturbance rejection capability was studied. An observer based coop-
erative algorithm for output consensus of a team of LTI agents with a mea-
surement noise is proposed and numerical simulation is performed to show its
effectiveness. It is followed by, studying consensus achievement problem for
a homogenous team of multi-agents with unknown linear and Lipschitz non-
linearity model uncertainties. Furthermore, an observer design procedure is
proposed to show how one can deal with both model uncertainty and mea-
surement noise at the same time. Finally, a novel cooperative-learning based
consensus algorithm presented and its shown that it guarantees consensus
achievement error of a class of nonlinear multi-agent systems with undirected

and switching topology communication network is UUB.

6.1 Future work

Based on the work that has been done in this thesis and the obtained results,

in the following some of the potential areas of study and suggestions for future
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work and research directions are presented:

1.

One of the fast growing research areas in consensus based cooperative
control is event-driven consensus algorithms. In this thesis we developed
a transformation and a stability analysis lemma to tackle H., consensus
problem of LTI multi-agent systems. Extending these results and make
them suitable to design event-driven consensus algorithms in presence
of disturbances will make them more capable to deal with real world

practical scenarios.

. Applying our algorithms to real multi-agent systems and addressing real-

time issues.

. We defined a fault index to quantify effects of the severities of agents

actuator faults on stability of our proposed consensus controller and
developed a framework to convert the fault tolerant cooperative control
into an optimization problem and proposed a fault recovery strategy
based on their solutions. However, it is an open problem to find the best
numerical method to solve this or find a better approach to define a fault
index or to formulate an optimization problem which has more efficient

numerical solution.

Extend our results to address data-based FDI methods, fault detection
delay, and also consider other types of actuator faults including the ones

due to age and fatigue.

In this thesis, we used our proposed method to decouple communication
network topology from agents dynamics and only use algebraic connec-
tivity of the network and agents dynamics to design consensus algorithms
to minimize the design procedure computational complexity. However,
one may duplicate our results by employing classical pole placement tech-
niques and make a comparison between the two to find out which one is

less conservative.

Throughout this dissertation, we assumed that there is no delay in the
communication network and furthermore we assumed that all the infor-

mation that is sent to an agent is always received by it and no data loss is
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considered. The effects of these two issues can be studied and addressed

in future work.

. Another interesting problem in multi-agent systems research domain
that is not addressed in our work, is consensus achievement of non-
homogeneous teams. In the first step, one can consider output consensus
of non-homogenous LTI multi-agent systems and in the second step one

can try to extend it to teams of nonlinear or time-varying systems.

. In the literature, connectivity preserving and obstacle avoiding consensus
algorithms are mainly addressed for single and second order multi-agent
systems and extending these algorithms to teams of more general LTI

systems is a step in generalizing multi-agent research area.

. The cooperative adaptive consensus control is a new topic and in this
work we only addressed a class of general function approximators includ-
ing RBF neural networks. These results could be extended to other types

of learning methods such as multilayer perceptron (MLP) networks.
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