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Abstract

Behavior of the Posterior Distribution of Common Mean in Case of

two Normal Populations

Jun Zhao

In this thesis we consider the estimation of common nean of two normal popula-
tions and investigate the theoretical behavior of the posterior density, its mean and
variance when the scale parameter of the prior is extremely large or small. We further
investigate the behaviour of the posterior and its mean and variance when the dis-
tance between the mean of the normalized likelihood and the mean of prior becomes

large. The choice of prior distribution considered is from normal and t-densities.
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"Chapter 1

Introduction

1.1 Introduction

Let (Xy,...,Xm) be a random sample from N(0,0?), and (Y1,...,Y,) be that
from N(0,02). The problem of statistical inference on the parameter 8 is known as
the common mean problem and arises usually in combining information from two
independent sources. This problem was first considered by Fisher (1935) and was
later generalized by Cochran (1937) for k& > 2 normal populations and it subsequently
attracted enormous attention of researchers. The reader is referred to Ahmad et al.
(1991) for a short review concerning estimation of 0. The reader may further be
referred to the paper by Chaubey and Gabor (1981) for providing another look at

Fisher’s solution and related references. Box and Tiao (1973) have discussed Bayesian



inference concerning 6, using a non-informative prior. In this thesis we concentrate on
the Bayesian inference about the common mean # for two normal populations. The
motivation for the approach pursued here comes from the paper of Fan and Berger

(1991) which considers the case of single normal population.

1.2 Form of the Likelihood Function

Denoting the sample observations by (z1,...,zm,) and (y1,...,¥x) from the two
normal populations respectively, we may easily write the general likelihood function

for 0 given (o? and ¢?) as
1(8lo1, 02,3,5) = L(0)1(0), (1.2.1)

where 1.(0) = (2n '%"afmezp{—z'%%'ﬁ} is the likelihood function of 8 with
respect to sample of X-observation and [,(8) = (27)~ 705 "ea:p{—z:—:ﬂz%’—ﬁ} is that
for the sample of Y-observation.

However, when o, and o, are unknown, the likelihood function of & can be defined
by integrating the above likelihood function with respect to the noninformative prior

o7 %05%do?o? for (0?,02) giving:



- =0 "=( "'0)
10z,5) = [C(2r) " oi™0; ezp{ 2?'; 2 _ ’uyg’ }Yoi%032do0?
(z-8)?

= f(;’°(27r)""5101' ezp{ —-'-ﬂ,;;,—}daf
x fo=(en)~o;"eap{ - Ee= ™ }4o7

\/_Km-l( + m(o—i) )—m/2 X yn n-l(l + ﬂ(a 1'7’27)—"/2

(m-1)si

= fact(ELYm) fumt (B2 /R),
(1.2.2)

l l

where 7 = =i and ¥ *1 ¥ and s} = (m-1)"'TR, (z: — z)? and
= (n—-1)""TL, (vi—-7)’ and f,(t) = K, (1+% £)-% represents t—density function

with degree of freedom v, the constant K,.; being given by

. I'(z)
K,., = I‘(“ \/(u (1.2.3)

1.3 Form of the Posterior Distribution

To be able to perform Bayesian inference on 6, we need to specify a prior distri-
bution for it. In what follows, we consider the choice between two priors, namely, the

normal prior and the t-prior and analyze the resulting posterior.



Let p(0) denote the prior density for §. Then the general form of nosterior distri-

bution of 4 is given by the following probability density function:

o L(0)L,0)0)
"(012,9) = 1601, 0)(0)d8"

for o, and o, known,

and

5y = 002, 3)0(0)
") = 0B, 90

We will assume p(6) to have one of the following two forms:

for o, and o, unknown,

< 1 > Normal prior

p(6) = (2m)Vorteap(- Loy

< 2 > t-prior

K:-l(l + (0 — p)? )z,

p(0) = T (I-1)72

(1.3.1)

(1.3.2)

(1.3.3)

(1.3.4)

where the parameter u represents the best prior guess for 8 and the scale parameter

T measures the accuracy of p.

1.3.1 Normal Prior

a) if oy, 0, known:

When the prior is normal density as given (1.3.3), we can easily get the posterior

distribution function corresponding the nature of normal distribution:




”(0|51 37) & N(o(u,i:,ii)’ a(zp,z'f,)) (1.35)

where
l — -
0 Akt T+l SRS
|fl = ? a ’f,- =l ) -2
e T kT

b) if a1, o2 unknown:

From (1.3.2), we get posterior density:

—12)2 o_.i.? -m [} 2 -n
eap{- U742 }(1 + BEE) (1 + i) 2

- m(0—% n(0-9)? . (1.3.6)
Jo el‘p{—(ezr‘;)’ 1+ ("5‘3_1)3; )=m/2(1 + (_;(‘Q_T:)l%g,)—n/zdg

n(0lz,§) =

1.3.2 t¢-Prior

a) if 0y, 02 known:

when the prior is given by a t-distribution as in (1.3.4), the form of posterior is

given as:
—u)2 ;. 6-0;2 ¢))?
1+ g_—,‘;z;yj Wezp{—(T;S—‘”)—}
1r(0|:i:,37) = T (0_0(’;'_:)))2 , (137)
Jol1 + {T=f) 1/ 2eap{— =542= }do
where
_ mo3E 4 noly N (4
@9 = o2 + no? Uz0) = no} +mo3’

Obviously, ;) is between Z and .



b) if oy, o2 unknown:
In this case, the posterior does not have simple form. The nature and behavior of
these complex forms are discussed in the chapter IV of the thesis.

The posterior has following form:

m(0—-5)3\.. n0-"2_n 0—1)? | _
(L+ Tiin) ™ 2(1+ G5l) ™2 (1 + ()
Jo(L+ FaZig)/2(1 + R /2(1 + )12

Comparatively, this formula is much more complex than the other formulas above.

(0], §) =

(1.3.8)

We will do more analyzing on it.

1.4 Some Notations

We will discuss behavior of the posterior distribution along with its mean and
variance in following chapters. We introduce some notations in the following section
which will be used throughout the thesis.

Define E'(6) for i > 0 as follows. When o, and o5 are known,

- fe 0‘1(0'0’1, 0, , g)do

E\(0') = AT 1.4.1
) = MOl 0n %, 3)d0 (1.4.)
and when o, and o3 are unknown,
. 0% 7)dO
E'(0) = o 010012, §)d (142)

— fel(01z,9)do

6



Thus the mean and the variance of the normalized likelihood, denoted by 6.

and V() respectively are given by;

bz = E'(8), (1.4.3)

and

View) = E’(oz) - [EI(B)]Q- (1.4.4)

Further define the mean §f; ) and the variance V[ ) of the posterior distribution

as follows;
E"(6') = /a o' (6|3, §)d6: (1.4.5)
and
6ty = ET(0), (1.4.6)
Vow = E(8) ~ [E7(O)P. (147)

1.5 Summary of the Thesis

For the case of known variances of the two normal populations, the posterior
distribution for a given normal prior is still normal (see equation 1.3.5). Hence, it

is easy to study the properties and characteristics of the the posterior distribution



in this case. For example, it is unimodal; and when T converges to infinity, 8, s
converges to 0z ), etc.. We may be interested to investigate how far such propertics
hold in other cases when the posterior is not as simple as in the above case. This
needs a careful consideration and analysis.

In Chapter 2, we consider the behavior of posterior with normal prior when o,
and o; are unknown. The shape of posterior is not always unimodal. Some numerical
examples are provided to demonstrate this property. The behavior of posterior mean
and variance is investigated when the parameter 7 of normal prior tends to zero or
infinity. Similar analysis is carried out in Chapters 3 and 4 for the case of ¢t-prior with
known and unknown variances respectively. Theoretical conditions of unimodality of
the posterior are also obtained. Fan and Berger (1991) have given similar conclusions

for single sample.



Chapter 2

A nalysis of Posterior with
Unknown Variances under Normal

Prior

In this chapter, we consider the case of a normal prior when variances o7 and o,
are unknown. The behavior of the posterior is discussed when the variance of prior
distribution is either extremely large or small respectively.

Intuitively, the larger the variance of normal prior is, the smaller the influence to
posterior is. From the Theorem 2.1, we can see this characteristic; i.e., the posterior
density tends to the normalized likelihood function and as a consequence of this result,

the mean and variance of the posterior tend respectively to 6(zy) and V{z,,).



We introduce the normalized likelihood m..,) given by

miza) = Ciy [, 1012,9)p(6)d0.

where
Coan = [, 01, 3)d0.
Theorem 2.1
)
. myz,

Jim, ey = 1

(i)
711."010 r(0|2,§) = C(:__fy)l(OI:I:,g}).

(iii)

1'1590 6(3-31) = b(zy)-
(iv)

lim Ve = View-

First we prove the following lemmas which are used in the proof of the above as
well as the theorem 2.2.
lemma 2.1

[ 1911(012,7)d0 < o0. for i =0,1,2.
Proof:

10



set

_ m
= m— 1)

_ n
nEmo)

iK1 /AKny

n =
3182

Without loss of generality, let (a,b) C R such that

mn

oyt < MLy oy € (o,
- 1

(r —1)s}

1+

2
(14 ___(mm”1)82)—m/2 > (14 n(lzyl + a;) o7k )% otherwise.
—1jsy s3

where constant a and b can be infinite.

We have known the fact that when v > k,
k k n’ 1)/2
Eu(lnl) = [ Inla+ L)y < o (2.1)

Set n=0-3%

For i=0,1,2,

Jo 1011(012,9)d0 = [, In+ &[* fm-a(E V) fa-r (2 V/R)dy
< Syl + 121 frner( ZVR) frer (B2 /R)dn

a0 (D3 fiapy + Jiamye 1l Fn-r (ZV/) fr (B2 /)dy
(2.2)

11



The first part of (2.2) is finite, that is,

Jiay 1V et (2 /) frma (B2 V/R)d
= Cn Jiapye 11 (L + nt®) "™ (L + en(n - d)?)~"/?dn
< emn [2[In = d| + di(1 + ca(n - d)?)~"dy
==T% = o Do) B ICH(L + eal®) G

EOCEEL o ho)dr 20 — Vel 2 1ML+ 5E57) 7 e

——————— n—-1

< tmn Sl D ¥((2n = Veal™H fo I + 555) 7 g
(2.3)

by (2.1), since k <j <1 <2< 2n -1, (2.3) is finite.

Similarly,

/ ) |7I|jfm-1(l\/ﬁ)fn—1(n——i\/77)dﬂ< o0 (2.4)
ab)e 81 82

Combining (2.3) and (2.4), we conclude that the expression in (2.2) is finite.

lemma 2.2. Recall (1.3.2), at point 0 = §;4),

12



Siz0y — 1)?
P(bz) = (21)7/ 2'r"ezP{—(_.Lﬂ__’iz_},

272
then
b)
lim _p0) =1
e p(‘s(r.v))
Proof:

(2m) /171 egp(- =22}

: p(6) = I
hnLr—’oo P(‘s(s.y)) hnlar—.oo (21{)—!/21—1 EJ:p{—(‘!’g’!—W;
. 0-p2)2 —(65.4)~12)2
= hm,_.ooe:cp{_‘ #) 2(73 ) u)}
= 1.
. . 0l7,§ ~12.—-1,, r_(68=m)?
i s Y = i, oD Derp oS

¢ —p)e
Gongp(am)11r=t e - e TP

ezp{— {88l
= Gy Jo 01, 9) limy oo —25 L) dp

erp{—ﬁ%?,’l‘)_}

= Cply Jo (013, 5)d0

Proof of theorem 2.1;

13




(i)

: Mzy) —
hrn'rqus(z.u) -

(11):

limr—»oo “(oli” g) =

(iii):

Y |

Jo M01)(2m) 1171 exp(~ 1228 ) a0
(Grg y=n)?

C(,.v)(TK)-‘IzT-lctp{— gx;!r) ] }

ll T=00

R exp{- ‘—:L}
C(_ftv) Jo 1(012,§) llmf-‘°° : 0

p{~ gy
City o 1615, 5)d0
1.
Cipig (017, §)limy o 22 i, 0L
Ciyl(612,9).

limymo0 67y = JoliMr—co 07(0]2, §)d0

(iv):

liln"_’oo ‘/(:ay)

= CZy o 0101, 5)d0

= 6(: 'y) '

= limy—co E™(6?2) — lim,_,.[E"(0)]?
= [V(r'v) + 5(2=,v)] - 6(22-:1)

= V(z:.y) ’

14



where
lim, o E™(0?) = lim,oo [ 0%x(0)Z,5)d0

= CZ\,f0%1(68],5)do

= Vewnt 63:,,,)-

In above theorem gives the behavior of the posterior when the variance of the
prior is extremely large, however, if the variance of prior is very small, the posterior
will concentrate on point g. So the mean of posterior is close to the mean of prior and

the variance of posterior is close to zero. These are explained in the following theorem.

Theorem 2.2
(i)
lim mey) = Oty e (i) fua(E=E V)
(ii)

li_r.rtl) 7(0|%,§) = 6(p), where §(x) denotes a point mass at p.

(iii)

i 6y = £
(iv)

li_r‘xcl, View =0
Proof:
Set n = &=

15



limrsomzy) = lime—o f,Ciyll + 71|, §)(2r) " Pezp{~T Jdn
= Ol Jolimeol(u + 0|2, §)(27) " eap{~ T Jdn
= C(-;_-?y)fm—l(e_::e‘\/m)fn_l(i'—?ﬁ) fn(27r)-l/2€zp{_n;}dn

Cioy frm-1(EE /M) far (L2 /)

i

(ii):
P(10: —pl>€) = fio_upe C(lfy)’(olf,17)(27f)"/26$P{"&2—”E}d0
= CGL) Simtsern W + T018,§)(27) " Pexp{- L }dy

= Oy Tintseml(i + 7118, 5)(2) " 2eap{~1 ) dy

so, lim,o P(|0, — u| > €) =0,

where [I(jni>e/-J (1t + ml:i,g})ea:p{-—-";ﬂ < e:cp{—f’;}lu,,p,/,).
so lim,_,o P(|0, — p| =0) =1,

which equivalent to lim,_¢ 7(0|Z, §) = 6(p).

(ii):

lim, o 67, ,y = limr—aml,y o 0C 7L, 101, 7)p(8)d0

= limr o0kt yy Jo(k + TN + 7012, §)(27)~2eap{ - L }dn

16



_ fJ h‘mn-o(u+'m)l(u+‘mli‘-ﬁ)(2")'1/2¢zl’{-'933}'1'1
- Im-1(EYm) fn1 (L V)

_ Jypimas Gt V) s (B 2m)H Pep( = B Y
= Tt () o (V)

il
®

(iv):

By Lemma 2.1

lim,o E7(0?) = lim—om{l,, fo 0°C,1(01%, §)p(6)d0

= limr—o by mizhyy Sy (1 + 70)21(pe + 76|2,§)(27) " 2eap{~ % }dy

J tim e o(wT0) U+ 78)2,3)(2m) " 2ep{~ Ydn
= Im=1 CZEVm) for (EE V)

J, 18 Fmn (222 V) (LAY (2m) = 2ep{ - B Jan
I BT o (BT

So,
lim, o VZ, = lim,.o{ E(6)? — [E™(0))*}

= 0

17



At the end of chapter2, we give figure 1 and figure 2 to show that the shape of

posterior can have one or two peaks.

2e-071

1.5e¢-07 1

le-07-%

Se-20-1

theta

Figure l: 2=0,m =2,5, =32, =1,n=6,3,=4.5,71=3,u =26

18



2e-07
1.5 07
l1e-07 1
S5e-08 1
b 2 1} [] []
10
theta 1

Figure 2: 2=0,m=10,8; =12, =5n=8,3, =19, 71=21,4 =8
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Chapter 3

Analysis of Posterior with t-Prior

and a%, a% Known

In this chapter, first, we discuss about the shape of the posterior and the condition of
unimodality. Then we discuss about the natures of mean and variance of the posterior
when 7 tends to infinity and zero.

Recall from (1.3.7)

. . 0—p)?._ 0—03z5) e
7(0|%,§) < [1 + Z(TT’;%] '/zea:p{—-(-——z—(-fﬁ?l-} ' L(0|z,y)

Without loss of generality, assume Z < § < g, which implies that

20



3.1 The Unimodality Condition of Posterior Dis-

tribution

Intuitively, the shape of posterior could be unimodal and bimodal. Figure 3 and
figure 4 show these natures respectively. Comparing these two figures, we can see
changing ¢ from 10 to 20 changes bimodal to unimodal. Now we analyze the property
theoretically.
Without loss of generality, set 8z = 0. Do first derivative on log of L(0|%,§) with
respect to 0:

SlogL013,5) = #l-1log(1 + {hk) ~ ]

(3.1.1)

— I(6- ]
= ~lemrgoy + ]

%29
It is clear that x(0|Z, §) is monotone increasing when @ < 65 5, and it is monotone

decreasing when 6 > u. This mean the peaks of the shape of posterior can only appear
between p and 0(z5). Second, for any fixed 8y > 0, 2logL(0|%,7) tends to negative
when g tends to infinity, which implies the posterior is monotone decreasing at the

point 6o. Now let ZlogL(0|%,7) = 0, we obtain the following equation,

03 — 2u0* + [lo* + (1 - )72 + 4%)0 — lo*u = 0.
Set r = ~2u, s = lo* + (I = 1)72 4+ p?, and t = —lo?y, let p = 94'—;—"—’- and
q= %’-’; ~ % +t, D= (E)*+ ()% then we obtain

21




0.014'
0.0151

=

0.0051

0.0015 4

0.0011

0.0005 A

Figure 4: o(z,4) = 3.5,7 = 1,4 = 20,0(2.5) = 0,1 = 2
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1
D= ﬁg[Am‘ + Agpi® + Az

where

A, =27(1 - )% > 0,

27

Bq = 54(1 = 1’7" ~ 135(1 ~ 1)ir"0® — 10"

and
Az = 21Po® 4 81(1 — 1)i*1%0* + 81(1 — 1)%Ir0? + 27(1 — 1)3+°

The necessary and sufficient condition of unimodality for posterior is that D is
great than zero. From the results above, D will be always positive for any value of
0 when pu tends to infinity, because D is dominated by the coefficient of u?. So the
posterior is unimodal and the peak is close to 0z 5) when the u is far from the 0z ).
Also, the degree of freedom influence the shape of posterior. Figure 3 and figure 5

show these influence when [ is changed from 2 to 3.

3.2 Behavior of Posterior Mean and Variance as

T Tends to Infinity and Zero.

Before we obtained the prior density, we may known nothing about the distribution
of parameter §. We may made the prior density by some way, for exampie, by expert
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0.0151

Figure 5: 0(z5) = 3.5,7 = 1,0 = 10,025 = 0,{ =3

prediction. However after we obtain two observations from two different samples,
we may have more information about the distribution of 6. So that the posterior is
affected more by likelihood function is more reasonable and understandable. On the
other hand, if we knew much about prior distribution, the posterior will be affected
more by the prior distribution. From this point of view, we discuss about the case
when the 7 is extremely small. As we will see from theorem 3.2.2, the behavior of
posterior will be fewer influenced by the likelihood function.

We have seen that 7 can influence the shape of posterior density in section 3.1.
From figure 6 and figure 7, we can see posterior distribution is close to likelihood

distribution when 7 tends to infinity, and to a point mass at ¢ when 7 tends to zero.
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0.0041

0.0021

Figure 6: o(z5) = 3.5,7 = 0.3, 0 = 10,055 = 0,1 =3

Figure 7: o(z5) = 3.5,7 =20, p = 10,0z,5) = 0, = 3
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Under this view, we obtain the similar result as in chapter 2 with same idea. Some
proof here are omitted.

lemma 3.2

im PO
e p(6(¢w))

Proof: 2
(o= )1 —tf2
[l+u_))r 1Y
e sy -n) -1
R e

i p(8) T
llmr—soo p(6(,.”) = hrn,r

. 2
[14lims o0 U’_l‘)‘r )i
. {4 \ —u)é _

[14limy oo (‘,‘_"”f ]2

Theorem 3.2.1

(i)
~ 0-8cs 0))?
" f9(27r)“1/20(5fﬁ)ezp{_%ﬁL}p(o)do 1
im , 1
e p(a(l"!l))

(i)

im (0|, § ~1/2,- 0 —0iz.5))°
i 7(018,9) = (2r) P gigespi- U0l

T—00

).
20(;.5)
(iii)

lim 6(;.y) = Oiz.a)-

T =400 (zw) —
(iv)
lim V"

— 2
Sm Vi) = 9.5
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Proof of (iv):

Similar as Theorem 2.1 d), only to find the tendency of expectation of 2.
My oo E7(02) = lim,o fo 07 (0]Z, §)d0
= [o0*lim,_ o w(0|Z,5)d0

= [o0?(2r) V0 )emp{—-g-—a&-’—l’-)—}dO

%(2.9)

— 2 2
= Ozg) + 0zg)

Theorem 3.2.2
(i)
) _ 0 - 0(z)?
Ty
l/l -1 (” 0(itll))2
= (2r) ol eapl -~ o)
xty)
(i1)

1i_r’r(1) 7(0|%,y) = 6(u), where §(u)denotes a point mass at u.
(iii)
m 6.0y = b
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(iv)
.],i_'.% Vew =0-

Proof:

(i):

Similar as the proof of Theorem 2.2, set 7 = 222, by (1.3.7)

lim, o fg(27)"Y 2a'éfg)emp{—£g;—f(§ﬁ)’)—2}p(0)d0
= [, lim,_.o(27r)“/20('fl'g)emp{—(—rl’%(;ﬁ’)—"’))—?}ls’l_,(l + )~y
= (2m) V207l eap{— 00 Y lim, Lo f, Kioa(1 4+ 25) "/ 2d
= (2m)V 2ol emp{ el

(ii):

Similar as theorem 2.2 (ii) and by (1.3.7) and in the proof of (i),

K

-1 -1/2 -1
I {2 -
M) /e (nl>e/m)( ™) O(z,5)¢TP

(0 + 1 - 02.))° T

(£.)

P(|0-u| > €) =

where [I(jnise/r)(1 + ,3__31-)“/ <1+ l—";f)"" 2, and the right hand side is integrable,
therefore lim,_o P(|0 — u| =0) = 1.
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(iii):

lim,_0 6{,'!,) = litm,.o fo O7(0|%,5)d0
= [fglim,_om(0|%,§)d0
= Jo0ly=s,,d0
= p

1 if0=246

where I(g-_-s(“)) = v
0 if 0 6
(iv) :

lim, o E™(0%) = lim,o fo 0?7 (0]%, §)d0
= [folim,_00%r(0|Z,7)dl
= Jo0*L=5,,)d0
= p,

So

lim-,-..,o I/(:.V) b=

lim,_o{ E*(6)% — [E™(0)]*}
lim, o E"(0)? — lim,—.o[E"(0)]?

0.
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Chapter 4

Analysis of Posterior with

Unknown Variances under ¢-Prior

4.1 Introduction

Tn this chapter, we consider the case of unknown variances for the two normal
populations along with a t-prior. The likelihood function to be considered in this
case is thus taken to be as in the equation (1.2.2). The posterior therefore consists
of a multiple of three t—density functions. Section 4.2 provides analyses similar to
those given in previous chapter where the prior is taken to be normal. In section 4.3,
we discuss the behavior of posterior mean and variance under the condition L — oo

where, L = min(l” - ila l/‘ - ﬁ')-
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2.50-07

2.‘07J~

1.5e¢-07 ¢

1e-074

sa-o08 }

theta

Figure 8: s, =18,m=3,2=0,5=23n=3,§=4,7=1.0, 4 =26,l =5

4.2 Analysis of Posterior Distribution

In this section we provide extensions of the analysis given in chapter 3. First, we
investigate the shape of the posterior distribution with respect to its unimodality and
then we provide its limiting behaviour as the scale parameter of the prior distribution
tends to zero or infinity.

Intuitively, since the posterior is a multiple of three unimodal densities it could
have one, two or three peaks between z and p, figure 8, figure 9 and figure 10 demon-

strate these facts.

The following theorems, namely, theorem 4.2.1 and theorem 4.2.2 provide the be-
havior of the posterior density function as 7 — oo and 7 — 0 respectively. We note
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6e-07

4e-071

2e-071

theta

Figure 9: s, =18,m=5,2=0,5,=23,n=5, =4, 7r=10,u=16,1=5

2.5e¢-051

2e-0%1

1.5¢-05¢

le-05T

Se-06 T

theta

Figure 10: s, =1.8,m=3,2=0,8,=23,n=3,§ =4,7=1.0,u = 12,1 = 11
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0.008¢1

0.004

0.002¢

10 12

Figure 11: 8, =18m=3,2=0,5,=23,n=3,§ =4,7 = 50,4 =12,/ =11

that this is parallel to the conclusions obtained under the normal prior.

Theorem 4.2.1
(i)
m

lim —&¥_ -1,

7% p(6(z,y))
(ii)

,.l_l_,rg W(oli’ g) = C(::}y)l(olia g)

(iii)

lim 8¢ ) = bz
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(iv)

]im ‘/(;’V) = ‘/('t'y)'

T—00

Theorem 4.2.2

(i)
lim m ey = C(;! \/_ )fn_n( s/_ )-
(ii)
li_r%n(Ol:i', y) =6(p), where §(u) denotes a point mass at p.
(iii)
By ey =
(iv)

o
imVien =0

The proof of these theorems follows along the same lines as in chapter 2 after
noting the fact that [1 + {,9_:1?)%]”/’ increases monotonically to 1 as 7 —+ co. We may
further compare figure 12 and figure 9 demonstrating that the posterior distribution

tends to prior distribution when the variance of prior tends to zero.
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I

) 2 4 [3 [] 10 12 14 16 18

Figure 12: s, =1.8,m=3,2 =0,8,=23,n=3,5=4,7=01,p=16,l=5

4.3 Behavior of Posterior Distribution as L — oo

This is another interesting case to be analyzed as this portrays the case prior
guess is extremely divergent from the evidence obtained by the sample means. In the

analysis which follows we may assume without loss of generality that Z < § < pu.

Define:

(1) ¢(z) = O*(z) if Je < 0o such that lim;_,o ﬂ;—”l = ¢;

(ii) ¢(z) = 0*(1) if 30 < ¢ < oo such that lim,_,,, ¢(z) =¢;
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(ili) ¢(z) = O(z) if ¢ < oo such that lim,_, i&f-)- <e

(iv) ¢(z) = o(1) if limy—eo £2 = 0.

4.3.1 Behaviour of the Posterior PDF

We obtain in this case that the posterior density tends to the prior density if the de-
grees of freedom of the prior is larger than the total sample size, otherwise it tends to

the normalized likelihood function. This observation is given in the following theorem.

Theorem 4.3.1

(i) If L < m + n, then

~

Jim 7(012,9) = Gl 01&,3) a5

(i) f I > m + n,then

fim x(02,5) = p(0)  as
Proof:
(i):
V Borelset ACR
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Lo, 1050000 = poe)O'1) [ 101,50 (a3.)

foon, MO POD = fors Ao (VRO [ plO)d0 (432)

NR,

Janrsang 1(012,§)p(0)d0 < [renpe 1(012, 7)p(6)d6
(4.3.3)

Co+ Do + Eg < (Ao + Bo)o(l1)

then from (4.4.13) and above three equations,

Jam(012,§)d0 = [fpop, 7(013,§)d0 + fpnp, 7(012,5)d0 + [4nrenns T(01F, §)d0

PU6is.) Janny Cy! CIERNOHCE It (EVT rr (EVA) [y, 2(0)4610*(1)
oty s (/) et (A 782 ) IOT(D)

Define.

_ P(‘s(z.y))
C:.'v)fm-l (;I-‘;\/m)fn—l ( ;I;‘\/h_) + 2(6(z.4))

wy
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by the definition and the lemma 4.4.7,
RHS = [uws fun, Oy 01, )d8 + (1 ~ 1) Fynm, P81 )010*(1)
= J4Ciy)l(612,§)d8 whenL — oo
(i1):
Similarly to prove (ii), notice if { > m+n, wy, — 0,and ANR; -+ Awhen L — oo

and [4np, 1(0|2,7)d0 < 1.

4.3.2 The Behavior of the Posterior Mean

It may be difficult to calculate the posterior mean becausc of computational dif-
ficulties. Here we provide an approximation and study its behaviour for large L. It
is interesting to note that the given approximation is between &z, and p, hence it
may be close neither to §y) nor to p. We further investigate the question of ”how

close the posterior mean is to Fisher’s solution?”.
Theorem 4.3.2

Recall from (1.4.5),
6 = E7(6) = /_  6n(0]2,5)d0

Let
3(",,1,) = bz yywr + p(1 — wy)
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then

160y = el = o(1) (4.3.4)

Proof: ( See Appendix <A-2> )

Now we study the behaviour of 3(,_,,) for both m and n extremely large. It is easy
to see that in this case 5(”3’!,) tends to é.,) which lies between Z and § (see lemma 4.3.1
(iv)). It is further observed that the Fisher's solution as investigated in Chaubey and
Gabor(1981) also lies between Z and §, hence we study its closeness to §4). Chaubey
and Gabor (1981) got the MLE estimator from the likelihood function (8], ) which
is written in form

~

0 =ui+ (1 —0)j

where
m?/5(z; — 0)?
m?/5(z, - )2 + n?/S(y; — 0)?

W=

Theorem 4.3.3
For large m and n

Sa) = 0 = ivd

Proof:
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To prove the above theorem, we first establish the following lemma giving some

basic properties of §4).

lemma 4.3.1
(i) Obviously, §;,) =Zifz =7.
(ii) From the discussion of Professor Y.P.Chaubey and G.Gabor (1981),if n = m,

s? = s2, the function [(0]|%, 7) is symmetric, i.e.

1018,3) = fnr L ) 1oL ),
so we gel (5 = L
(iii) if moD® = en» We also have b(zy) = =y

(iv) 6(z,y) lies between Z and 3.
Proof:

Setn=0—4, £ =0-3, then

L

101,9) = fmrs Ao V) = St LEE VR o1 L)
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80

b(zy) = C(::}y) fq'lfm-l(n,%i\/"—")fn—l(f;)dﬂ'*'g

= Cily Je&fma1 (VM) faa (52 VR)dE + 3

Now

o fm-1 (B2 /) s (2 /)
= 5" + Lol fo1 (B2 Vm) famr (L V)
= f(;x, nfm—l(%i\/ﬁ)fn-l(;ﬂ,'\/ﬁ)d” —féx’ ”fm—l(%:'é\/ﬁ)fn—l(;%\/ﬁ)dn
= 05 Mhar( 2V oot (2 ) = frnma (22 /) dg < 0
because of fm-l(lff”-\/n‘z), fa-1(Z/n), 1 are non-negative when 5 € (0, )
and fr1(Z2 /M) < frnor (L2V), 50 by < 7.
Similarly 6(;y) > &.

End of proof of lemma.

Without loss of generality, set C(;) = 1. Note §;,) — 7 = (1 —b)d; 0—-5=—wd
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6-6 = [5(0-0)0i7,5)do
LD [ (B A (S5 ) dg
ZEIS fon fre1 (V) frs (2 /m)dn + od

set,
A L [ nfner (B M) fus(LvR)dn
= CmallZ0 + 7ML + enln + )21+ cun?] iy
and
Bi = /o 7(1 +can®) (1 + cm(n + d)?) ™/ 2dy
B2 = /o (1 +ean®) 41 + em(n — d)?) ™ 2dy
then

A=A1—A2

when m and n are large enough,
(1 + em(n £ d)2]~™/2 = e imem(nd)’

[1 4 can?] /% = e~ 3menr”
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then

lie

where

After making a transformation 7 — § — z where { = n %

[ peHlmem(n?£3nd+d)+nennl gy

o 7 ne~Hmemtmen) o B dy

mcm+ncn

el (n £ pepd)em Fmemtnea)r ZIIE) (4.3.5)

_mcmd__ — 3 (mem+ncn)(nt —emd_)2
mcm+nc,,)fo e 2\ mem T R e m +ncn d’)]

memd
cl ql q: cl mem+nen q2

_.memne d?
cl =¢ ?chm-}ncni

mcmpd
mem+ncn a'nd z

Vmcn + neqé, we can define q; and ¢; of equation (4.3.5) as following:

-le—%(mcm+ncn )~ (memd)?

q1 = (mep + ney,)
@ = j:’ memd e’%(m""‘*""”‘)fzdf

mey +ncn

22
(Vmcem +neg) ™ [ megd e~ Tdz
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Hence

where i=1,2.

SO

1Al =

note

where

A = Cl[(mcm+ncn)"le‘‘1‘(""""*"C")"("“""“)2

2
mcmd 00 Y
T iy [t o o]

crrmlAl - A2|

memd

memd Ty -4 o

ot e men 7 B € T 2 et
d -22/2

Cmn €1 (mc::ncn)”’ JZe™ I*dz

meemd /95,
Cmn € (memncn )72 2
cmncimemd - VaymU (2 )(2)midey (n-1)s3
(mem+nca)¥? = T(EEN(EF)r[m3(n-1)s3 +n? (m—1)s3}377

2

d
e(m,n)7

e

I(
I(

)

|~

—+1 ast — oo.

.
Nll
—

)

Since 02 < 0o and 0? < 0o, we have s} < oo and 8} < co.
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_ Jaymmin-)
e(m,n) = [m2(n — 1)si 4+ n?(m — 1)s3}3/2 —0 and & -0

as m—oo and n— o0

SO

A = s(m,n)g-"éd

= 6(,_.‘!,) -0=1wd

By the way, when the m or n are large,

. . _mcmgﬂ—.ﬂz _ncugﬁ-ﬂz
1(0)%,y) = cmne™ 7 € 2

using MLE method, we get the approximation estimator:

~ me _ ne -
0= = i+ 2
me,, + nc, mey, + ne,
where
—Mem 2 m?(n-1)s3
memtnen  mé(n-1jsftn?(m~1)sf
4
1 if the speed of m — oo is faster than of n — oo

= ;fé;{ if the speed of m — oo is equal to of n — oo

0 if the speed of m — oo is slower than of n — oo

\

4.3.3 The Behavior of Posterior Variance

The posterior variance should tend to infinity intuitively when L tends to infinity.
Theorem 4.3.4 shows this fact and give an approximate estimator of the posterior
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variance.

Theorem 4.3.4
Set

V(L) =wraz + (1 —wg )by + we (1 - wL)L2

where a; and b, are defined in lemma 4.4.6.

then

o(l) ifl#fm+n
Wiz — O*()Y(L)] = (4.3.6)
O*1) ifl=m+n

Proof: ( See Appendix <A-3> )

The last theorem 4.2.5 show the variance of posterior is portion to .2

Theorem 4.3.5

P

v(;.y) = -

limL—ooosupr 2 1

Proof: ( See Appendix <A-4> )

4.4 Some Lemmas

This section presents some lemmas which are used at various places in the proofs.
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Figure 13: Intervals R; Integrations

Set d = |z - §|, which is constant after obtaining two sample observations from
X- and Y-distribution respectively.

set,

2 + min(m + n, 1)

1>r> manti=1

where r is a fixed constant. No doubt when L is large enough, it makes following
inequality existed:

L">d L>2,

All succeeding discussion are based on above assumption.

Let

Ry E{0:10— byl < L7}
R ¥1{0:10-p <L)
R R— (R URy)

Assume < § < p. Here we divide the real line into three parts, the length of R,
and R, are less than double L.

Before proving some theorems, we need following lemmas provided.
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Set

, =1 -
M) = \/Zl\t-l('—t—)tns: !

lemma 4.4.1

For 5 € [0,00), and constant v greater than zero,

fir(EE VD) = 200" (1) + ) (14.1)
Proof:
Frna (V) = VK (= 1)P2S7(E - 1)SE + t(n + v)?] 2

= yolt + &051-4 (g 4 )

Note
(t- 1)5: -t (L= 1St -4
<
[+ SR < (1 it <
then (4.4.1) is existed.
lemma 4.4.2

(i) fm+n>i+1 then

| ln+ Sl 3)dn = OF(L7tmn-10) (4.4.2)

/Lr (=1 + 8z) &, §)dn = O* (L~0mn=1-) (4.4.3)
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where 2 2 0.

(ii)fm+n=i+1and i=3ori =4, then

r

L
[ 7t + Sl g)dn = 0°(1nL") (4.4.4)

o 5o * L
/0 7' l(—n + bz )%, §)dn = O*(InL")

(iii)if m+ n =17 =4. then

r

Lr
[ 0tn + ez, 5)dn = 0%(L) (4.4.5)

L. ~ - *(JT
[ =0+ 8l 9)dn = O*(L")
Proof:

(1) proof of (4.4.2):

From one side,

°°'~ ~ o~ OO’, +6=' —j +5-’ —i'
/U 'l + 6|2, §)dn 2 /I 0 fm—l('n_%l})—"—\/ﬁ)fn—l(l_'(—;f‘)_"\/ﬁ)dn
using (4.4.1)

RHS

O0*(1) [ n'(n + b(zgy — )™ "dn

= O*(L—r(m+n—1-i))

(4.4.6)

From the other side,

® i ~ - ® Tl+5z. -y +62, -y
/L, n'l(n + &)lZ, §)dn < /L 7 fm—l('—'(s—ly')—g'\/ﬁ) f,,_,(-"—-—‘s;!’-——\/ﬁ)dn
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set { = 1 — 4, then

RHS = [57.5(C +8) fmet (S22 V) foma (02 V)G
= O*()JF-5(¢ +9) (¢ + Be) ™ dn

< O*(l) Ef_g(C + 6(:.v))‘_m—nd’1

(4.4.7)
= 0*(L—r(m+n—] -i))

Combine (4.4.6) and (4.4.7), we get (4.4.2). Similarly to prove (4.4.3)

(ii) proof of (4.4.4):

B+ delE, 9dn = (fF+J7 U0 + 8z)|2, §)dn

IA

O*(1) [ n'(n + 8oy — §) ™ "dp + O*(1)  (14.8)
< 7 (4 8y —§)dn+ OX(1) = O*(Inl)

converse, set 1 =( +§
& U (n + bz )|, §)dn

= (J% + O + 9 fn (222 ) fot (22 /) + O*(1)

= O (1) JE"UC + 9)(C + boay + ) ™(C + bz)) ™ dC + 0*(1)

> O*(1) J& (¢ + bz gy + d) "¢ = O*(InL") (4.4.9)
(4.4.8) and (4.4.9) implies(4.4.4).

proof of (4.4.5) is similar.

lemma 4.4.3
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As in lemma 4.4.2, we set 8 = n + &), get following conclusions:
(i)
Jr, 10018,5)d0 = Ciyy — [Z U + 8|2, §)dn — [ U(n + 6z )|, §)dn

= C(x,y) _ O*(L-r(m+n-l))

(ii)
/R: (0 = 62)){(81%, §)d0 = O*(L™"(m+n=D)
(iii)
/R,(o = 812y 1017, §)d0 = Ci) Vi) — O*(L~"m47-3))
(iv)

ifm4n>5and i=3,or m+n>5andi=4byl)of lemma 4.4.2, then
I, (0 — 8z )'1(0|2, §)dO
1 b(a, -Lr [e] i ~ o~
= Clam B0 — §ep) — [[25" = Jyo y+17)(0 = 8z 1(0)2, )8

= Cley) E(0 — §(z))° — O*(L77Om4n=1-0))

if m+n =4 and i =3, by 2) of lemma 4.4.2, then
Jri (8 = 8(e,)°1(013, §)d0
= L2010 + S|, §)dn + o U0 + 8z |8, F)din

= O*(InL")
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if m+n=1=4, then

/R - 8zy)1(0]2, §)d0 = O*(L")

ifm+n=>5andi=4,then

/H (0 = 8(zy))41(012, §)dO = O*(InL").
1

lemma 4.4.4

For 6 € R,
P(0) = p(8z,))0* (1)1 = (8 ~ (2 ))O* (L") + (0 = §2,))O*(L™?)]

Proof:

step 1) Do derivative to p(0) w.r.t. 6.

ap(6) (0

9 = PO)—g=nyrso=r]

9%p(8) _ 10— E=1)lr3 41(0—p)? ~21(0-p)?
5 = pO) i) — PO R

- (141)(0-u)2~(1-1)Ir?
= p(o)_('[(_l-l g (e
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step 2)

Plsg)) _ [ (=1)r2+L2 /2 _ L vy
P(5(:':)) - [(1—1)72+(u—6(,',))?] /= 0*((——",,_5(2.”)) ) = 0*(1)

similarly, for any 0y € R,, ;(%%’-3)—) = 0*(1)
step 3) Fxpanding p(0), by the Taylor theorem, 30, € R, such that

p(0) = p(b(z.)) + (0 — b(z,3))P (O)lo=s(s py + 2:(0 — 6z))*D" (0)o=s0

I(85,9)—8) h(8o) I(141)(80—u)? —(1-1)ir?
= p(a(’:vy)){ 1+(0_6(1|y))[— (1_1)12(.’.(‘:5)(::)_”)2]+%(0“—6(1,y))2ﬂ6((_:%$'Tﬁ%ﬁ?}'{]l_}

= (Bes)O*(D[1 = (0 = Be)O"(L™) + (6 ~ 8e)*0* (L),

lemma 4.4.5.
For 0 € R,

z

Sl

8

» ) = fm-,(;%v’rﬁ)(l = (8- wO*(L™)0*(1)

«

furt 22V = fam (VRN - (0 - )0 (E0)0* ()
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Proof: Similar as proof of lemma 4.4.4.

lemma 4.4.6

Set
—_ 1 —
To = Cty VK (Y sp Ky (S (= 1)Ky
Let
A% o / (0 = 8z.5y) 1(0], §)p(6)d0
(zw) R WY )
B ¥ o / (0 — p)'1(0)3, §)p(0)d0
t T Y(z) Ra H s Y)p
def oy [Oz) Cene
Ci=Cham (8 — 6(z,0))'1(02, 5)p(0)dO
_L"
Dt [T (0= 6y U(0)3, §)p(0)d0
(=) /s(,,,,-w( (=) 101, 5)p(0)
y def -1 [ irors
E:= Cy [, 0~ wYHOIZ, §)p(0)d0
where : 2> 0.

For the fixed d and large L, L™ > d, i=0,1,2, we have following conclusions.
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A; = p(b(z.y)0*(1)as. (4.4.10)

where

a; = C(;,-fy) fR, (0 - 6(z,y))il(0|5’s g)

X [1 - (0 - 6(,'”)0*([:-1) + (0 - 6(,'!,))20*(L_2)]d0

a0 = 1+ Vizy) 0 (L7?) — Ch,, O (L77m4D),

a; = C(;Ty)o*(L-r(m+n—2)) _ O*(L—I)V(z'y).

4

View) = Ciay O (L™ +7=3))y — E(0 — 6, y)°0*(L7!) if m+n>5

@2 = { Vi) = C3lyOH(LTm0=9) — B0 — §5,PO*(L7Y) if mtn =5

\ Vizw) — C(';fy)()*(L"'('"*"“:’)) — O*(L™YInL") fm+n=4

(ii)
-1 L L N
B( = C(z'y)fm_l(;l—\/m)fn_l(8-2-\/7;)0 (l)b, (4411)

where
bi= [ (0= )Tt = (0= WOHL™) + (0 - WO (L)]p(0)d0
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14+ O(L-"-D) 4+ O(L7?) if1>3

bo =
14 O(L-0-1) if1<3
O(L™) if1>3
b=1{ O(LMn(L)) ifl=3

o(L™) if1=2

;

Vi + O(L-"0-3) if >3

b=\ O(in(L)) if1=3
| OL") if1=2
(iii)
|Ci| < O*(L-rlim+nti=1)-i)
(iv)
|Di| < O*(L"ltmenti=1)=y
(v)

|El| < O*(L—r[(m+n+l—l)—i])

Proof:( See Appendix <A-1>)

From the lemma 4.4.6,

Ao = p(a(z,y))O*(l)
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By = Gl Fmer (VA faea(SV/R)O*(1)
Co = O(L™"m+m+=1))
Do = O( L—r(m+n+1-1))
Eo = O( L—r(m+n+l-—l))

lemma 4.4.7
As L — oo for i, j, k> 0, then

wh, [1 —wr )’ L*

,

yi LE-3tmAn=i(1 4 0% (L=tm4=0) 4 jOX(L7?)) il <m 4 m

=\ A1+ 7)) LE1 4+ 0% (L) iflem+m  (4412)

‘ A Lkl () 4 O (L-U-tmta)) 4 50%(L72%)) ifI>m+m

where
3 Km—l(%)m/z—l(m _ l)mlzl(n_l(g:_)n/'.’—-l(n _ 1)11/2
n= ki (1 = 1)i/271=1
Proof:

By defined wy, and notice that f,(L) = K,_,»%(1 + vt?)"7{~* we have
(!m-l(ii—-MI"_’(%m)Jll +
Cla.)PlO(z))

'y'{L""("'""‘"‘)(l-{-jO*(L"’))
[Tn L PO LT+

fm—l(%ﬁ)!ﬂ—l(%ﬁ)]_(;’.}j) Lk

1 y rk
wL(l - wL)JL Cx,v)P(8(z,5))
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if |l = m + n then

L*(14+j0*(L-2))

: irk _ M
wi(l-wfL* = Einson-mre

A (14m)~HILk1450%(L-?))

[+ 0 LT

= Y1 +m) LA+ ;04(L7Y)

if | < m+ n, then

', —_ A LA=3min=D(14j0*(L~2))
wi(l —w)’ L [ LT =D O (LT ¥ n=T )4

= LD 4 O L)L+ O (L)

= V{Lk—j(m-{-n—l) [1 + jOt(L—'Z) + O*(ll-(m+n—l) )]

if I > m+ n, then

. k—3(mtn=l) i0*(1,-?)
i _ 1Tk 7ML (1+70*( )
wL(l 'U)L) L 'Y;+J L-—("H-"*')("H)[l+O*(L"'")+L"("‘""‘"))]'+’

— ,.h—l'Lk—i(l-m—n)[l + 7:0*(14-2) + 0*(11—(l-m—-n) )]

lemma 4.4.8

For fixed d > 0, when L — oo,

M(z,y) = IC(;fy,fm-x(-é\/vi)fn_l(s—l;\/r’z) + p(6(z))10*(1) (4.4.13)
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Proof:

By the definition of Intervals R; Integration,
M(z,y) = Ao+ Bo + Co + Dy + Eo.

It is easy to see

fm—l(;Ll‘\/ﬁ) = O*(L—m)a

fn_l(s%s/ﬁ) = 0" (L™),

and
P(8ew)) = O*(L7Y),
then
CotDo+Eo < 0(L-f(m+n+l—l))
Ao+Bo - [C(-’I'y)fm—l(l—l;-\/_ﬂf".q(%m-{-p(s("v))]()*(l)

_ O(L—r(m+n+l—l))

—  Oo*(Lmtn))30+(L—T)

= o(1)
So

Mzy) = (Ao + Bo)(1 +0(1)) = [CGLfm-1(F VM) fam1(EVR) + P(8z))]0"(1)

= 0*(L—(m+n)) + O*(L—l)
(4.4.14)

59



Appendix

<A-1>: Proof of Lemma 4.4.6
Proof of (i)

1) By the Lemma 4.2.1.4, for i=0, 1, 2

Ai = Cryp(b(z )0 (D), (0 — bz)'1(012, §)d0
— O*L™) Jp, (0 = b(z,)) ' 1012, §)d0

+ OM(L?) fn, (0 = b)) *21(0], 5)do)

By the lemma 4.4.3

a0 = ClylClay) — O(L7Em4m=0) — O*(L~1)0*(L77tm-2))
+ O*(L)(Clag)View) — O*(LTtm4n-9)]
= 1= C(:v}u)o*(l’_r(mﬂul)) - C(:v)o*(L-l-r(mM-z)) + O'(L_Q)V(:.v)

_ 0*(L—2—r(m+n—3))

= 1= G0 (Lmn0) 4 ON(L7)Viaw)

z 'V)
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= G0 (L™ D) - Gl O L™ (Cla Vi) = O*(L7747-))

O*(Inl") ifm+n=14
+ CiyO (L)
Cem B0 = be))* — OLT™9) if m+n 25

= C(_x}v)O*(L—r(m“-z)) - O*(L_I)V(r,y)

= Ve = OO (L7tm49)

4

E(0 — 84))%Cey — O* (L") if m4-n > 5
_ C&L,O*(L“I)J (zw)) “(zw)

‘ O*(InL") ifm4+n=4
(
o*(L") ifm+n=4
+ CiyP* (L) { 0*(inL") ifm+n=5

| Clea)B(0 — bay)* — ONL™"™+5)) ifmtn > 5
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proof of (ii):
By the lemma 4.4.5 for i=0, 1, 2,
B; = Ciy (0 = B) fnar (£ V) faar(EV/R)

X (1= (0-p)O*(L7") + (0 - u)*0*(L72))0*(1)p(8)d0

set
b= [ (0= )1~ (0 = WO (L) + (8- WO (L™)}p(0)ds

then by Fan and Berger(1991), (4.4.11) is obtained.

proof of (ii1)
Set
n=0—bzy)
then
ICi| = GGy S 7'1(n + &) Z, )P0 + biey))dn]

S Cigy J7 1'l(=n + 6212, §)p(=7 + §(zp)d7
by lemma 4.4.1, definition yo and i ~n - < 0,
rightmost < 7o [P 9'(p — d)"™p~"~'dy

. < 1 ir(n~d)y-mmldy

(L' -—d!""""""“’l
Yo

mintl—-i—1

)

= Ot(L—-r[(m+n+l—~l)-|’])
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proof of (iv)
Set 5 = 0 — 6= ,). Before proving d), we first see two facts:

fact (1)

+6z. - 2_ (T —T r T
s+ (1(_?)72”)1 2 <OML™) for Ve (LT, pn— L7 — 6z y))-

It is easy to see
N = (¢~ bz)) € (L = p + b(zy), —L")

which implies 1+ (_r;:(a%%)%ﬁ >14 (ITL:;}T

then
(n =+ &zn)*\~ i, _
1 ' /2 =y o rl
I+ e ) <Utgope) ™ =0
fact (2)
(” £ 5(3' = d)i-—(m+n)+l _ (Lr _ d)l‘—-(m+n)+l .
: L~r(min=-1-i) =0 (1)
indeed,
~L" -6y y—d v=(m+4n)+1 v—(m+n "
T — = ey 0*()
— O*(L(r—l)(m+'n-—l—i))
< 04Q1)
and

(Lr — d)i-(m+n)+1 _ (Lr —-d

L_r(m+n-1—i) — I )l—(m+n)+f = 0*(1)
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Now

- =L"=b(z4) ¢ o o~
IDil = 1CG, e " 0il(n + bzwy|E,§)P(n + b(zy)dn]

=L =42 i-m —-nyx(J-r
Yolpr Y g™ (g — d)T"O*(L7)dy

IA

0*![4“"! i LT —§ x,
?—g(m+n)+l (7' —d)! (m+n)+lllz' v

IN

*(f—ri . ,
— %ﬁn)_ﬁ-%[(” I £ 6(,_-‘”) _ d)t—(m+n)+1 ~ (L -~ d)l-(m+n)+l]

= O* (L—r(m+n+l—l-i) )

proof of (v)

Set 5 =8 — p, then it can be proved as the same way as of c). Note that

mantl—122424+2-1=5>4, i=0,1,2

<A-2>: Proof of theorem 4.3.2

Without loss of generality, set C(z,y) = 1.
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set
A e /R (0= Beywr = p + (612, 7)P(0)d0
B mily [ (0 By - i + pur)I(8)5,)p(6)d0
0" mily [, (0= Biesyn = 1 + pur )01, 5)p(6)dd
then

16¢z.) = 3&.34)' =A"+B'+C*
step 1) consider C* first:
S(zm-L" -
L0770 = Bpywr + i+ wi)i(6)2, 5)p(0)d0

= Ci + (b(z,y) —#)(1 —wr)Co

and
/G(fu(g = Sz, + 1+ por)l(012, 9)p(6)d0
= Di+(8z.) —#)(1 —wr) Do
and
-/::L'(o = begyor + p + pwr)l(6|2, §)p(0)do
= By = (8e) — m)wrEo

then we get

MmEy|C*| = |Cr + D1+ Er 4+ () - #)[(1 — ) (Co + Do) ~ wy, Eo)|

7aN

IC11+ D1 + |Es| + (= 8z))[(1 — wL)(|Co} + | Do) + wy|Eo}]
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Using lemma 4.4.6 and lemma 4.4.7,

sifm+n=1

mey)|[C| < OY(L77™H=2)) 4 O%(L)O*(Lrimnti-1))
(A-21)
= QO L'-rlminti-1))

eifm+n>I

m(r,y)lc‘l _<_ O*(I/_r(m+"+l"2)) + 0*(L)O*(L—r(m+n+l-l))(0*(L-r(m+n-—l) + 0'(1))

—_ O*(Ll—r(m+n+l—l))
(A -22)

sifm+n<l

Mz, |C°] < OF(LI-Timnti=1)y (A -2.3)

By (A-2.1), (A-2.2) and (A-2.3), and lemma 4.4.8,

|C'| < m(—;:l’v)o*(Ll—r(m-q-nH—l))

< O (Ll+min(m+n.l)—r(m+n+l- l))

= o(1)
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step 2) consider A* and B*,

[4* + B*| = m{,|A1+ (6 — #)(1 — wi)Ao
+ Bi1~ (§z) — #)wiBol
= O*(1)le1wy, + aowr(§(zy) — p)(1 — wi)
+ (1= w)b = (1 — wr)(b(zy) — p)wrbol
= O*(1)|erwg + (1 —wr)by

+ (1 = wi)(b(z,0) — #)wi(ao — bo)

o if [ = m + n, this implies | > 3,
ap — bp = O*(L~?) — O*(L~"-1)

then using (4.4.12), note [ > 4,

|A' + B-l = O*(L—r(m+n-2)) + O*(L—l) - O*(Ll—r(l—l))

o(1)

(A-2.4)

i

e if I > m + n, similarly
|A* + B*| = o(1) (A-2.5)
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o if | < m + n, then ag — bg = o(1) and

lA- + B" = O*(L—r(m+n-2)) . 0*(L—l) + O*(L-(m{-n—'))O*(L)
Oo(L™) if1>3
+ OML~™N) 1 o(LIn(L)) ifI=3 (A -2.6)

o(L™1) if 1=2

\

= ofl)

By (A-2.4), (A-2.5) and (A-2.6),
A"+ B" =o(l).

step 3) By step 1) and 2), theorem 4.3.2 is proved.

«A-3>: Proof of theorem 4.3.4
Without lose generality, set Cz,y) = 1, d(c,y) = 0.

step 1) To prove

(

O*(1) + O*(L*m+n=0)  ifl<m +n

(L) =1 0*(1) + 0*(L?) ifl=m+n

L O*(1) + O*(L*-t-m-")  ifI>m+n
By (4.4.12)
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oif[=m+n,
U(L) = 0*(1)[az + b2 + L*] = O*(L?) + 0*(1)
o if | <m+ n, then
wy, = 0*(1), 1—w,=0*(L 1)

and

‘I’(L) = 0*(1) + O*(LQ—(m+n—l))

o if | > m + n, which implies ! > 3, then
wp =L~ 1wy = 0*(1)

and

‘I’(L) = 0*(1) + O*(L2—(l-m-—n))

step 2) By theorem 4.3.2,
Vo = B0 - o) ~ olD)
and

O _ A 2 — -1 _ - 2 ~ -
EN(0 = 8 = miylf, + [+ [ 10— 11 = wn) 101, 9)p(0)a0
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step 3) Similar as C* obtained in <A-2>

el &

+

+

mityl[C2 = 2(1 —wp)uCy + (1 — wp)u?Co

Dy — 2(1 = wr)uDy + (1 —wi )’ 42 Do

Ey + 2w pEy + wlptEp)|

Mgy |C2+ Dg + By + O (L)~ (1 — wr)(Ci + Dy) + wi By

O*(L?)[(1 — wi)*(Co -+ Do) + w7 Eo]|

By the lemma 4.4.8 and lemma 4.4.6, we have

C. < Ot(Lmin(m-{-n.I))Ioi(L—r[(m+n+l-—l)—2]) + O*(L)[(l - wL)Or(L—r[(m-i-v&l—l)-—l])

+wLO*(L—r[(m+n+l-l)—l])]+O*(L2)[( l_wb)zo*(L-r(m+n+l-l))+wioa( [J-r(m+n+l—-|) )“

e if [ = m + n then by definition of r and w;, we get

IC‘I < 0*(Lmin(m+n,l))[O*(L—r[(m-}-n+l—l)-2]) + O*(Ll—r[(m+n+l—l)—1]) + Oi(ll'l—r(m+n+l—l))]

= of1)

— Ot(Lmin(m-i-n,l)+2—r(m+n+l—1))

e for < m + n and | > m + n we similarly get

IC.] < o(1)
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step 4) Similarly, we get
At B & mylfp, + )0 — p(1 — wi)) (012, §)p(6)db

= mlA2 = 2(1 —wi)pAi + (1 — w )’y Ao + B,
+ 2wrpB; + w}p? Bo)
= O*(1){wraz +(1 —wy)by + w1 — wr)u? + p(1 — wr)wr(by — a1)
+ #2[(1 - wr)wpao + wi(1 — wy)be] — w1 — wi)p?)
= O*(){¥(L) +O0*(L)(} — wr)wr (b — a1)
+ O*(L*)(1 ~ wp)wg[(1 ~ we)ag + wrbo — 1]}

Let

AE O'(L)(1 = wr)wi(b = ar) + O*(L)(1 = wr)wi[(1 — wi)ao + wrbo — 1]

o if { > m+n, by (4.4.10) and (4.4.11)
(1-wp)ag+wrby—1 = (1 —wp)O*(L™"™m=1) 4 (1 — wy)O(L™?)
+ w0 (L~0-1) + w O*(L2)
= O(L~"tm+n=1)) 4 O*(L=2) 4 O*(L~-U-m-n)-rli-1))
then
A = ONLI-m=)OHL) ~ (L tmn=D)
+ 0L U-m=m)[0*(L-?) — O*(L-"(m+n=1)) 4 O*(L-(-m=n)=r(i-1))]

= ofl)
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oifl=m+n

(1-wr)ao+wrbo—1 = (1 —wp)O*(L~"™1) 4 (1 — w,)0*(L~?)
+ wO*(L7"1) +w, 0*(L7?)
= O*L~rU-Y) 4+ 0*(L?)
then
A = OY(L)O(L™) = OX( L™= + O(LA)[O*(L~"U=Y) + O*(L?)]
= 0*(1)
¢ if [ < m + n, the discussion is similar as of { > m + n, we get A = o(1).

So we get

O*(1){¥ + 0*(1)} ifi=m+n
A+ B = { (1}

O*(){¥+0o(1)} ifi#m+n

that means

o*(1) ifl=m+n
Au + Bst + C- = 0*(1)‘I’(L)

o(l) fl#m+n

So Theorem(4.3.4) is proved.

<A-4>: Proof of theorem 4.3.5
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Without loss of generality, set §(zy) =0, and Ciz) =1

The proof is divided into two parts, the first part is to prove the limit of supremum
of V7, great than LTz; the second part is to prove the inverse.

Part i) To prove

| 7 1
umb—ooosupr—(f;l—) 2 Z

Choose
1, = Kop™B0

Define

(0 — ”’)2 )—1/2
— 1-3

K
P(0) = =0+

1\’0 = [

I(l—l(l - 1)1/2 (\/ﬁ)m—l(ﬂ)n—ll'fl:r
Kma Kui(m = 1)™2n = 1)/2" s, S

m /2, S5\ (m=1)/2; 5 \(n—
ko = (m—1) ”(n —-1) /2(_7;!{)("1 l)/2(;l)( 1)/2

then
Km—-l Kn-l

-1 __
I{O = kO Kl-l(’ _ 1)1/2

Kiy(1 = 1)Ky = koK1 Ky

Set
ifl-(m+n)<2

i
3

1=tmin) ¢ _ (m4n)>2

1~

€ =

3



if

if

if

So,

let

then

l—(m+n)<0, then

m+n—1
1-1

0<l-(m+n) <2, then

g TR0 :-:ll— d < ;, and 7, < Kop'™;

l—(m+n)>2,  then

l—e= 1.:—_7_1—;—{ >0, andr, = Kop'™*
7,
=iz = 0(l)

. def .
A= /|0|5“1—}¢0 1(62,§)p-. (0)d0

> def i1l =
B'. - v/|.9—“|5“1-;¢ 0 l(0|z1y)p-r.(0)d0

o def

/molsﬂ‘-i'}u{lo—ulsm-i'}r

[, 61012, 9)p..(0)d0 = 4 + B; +C;
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<0< 3’ and T, < I\'w?T = Kop™;

9

0'1(01z,3)p-. (0)d0



step 1)  To prove

A; Kiy (1 = 1)278 u = (B + o(1))

(A-4.1)
= koKpn1 Knp ) (EG 4+ o(1))
Obviously, for z = 0,1,2
0<| 6'1(6], §)d8] = o(1) (A-4.2)
loj>u* 4

we just prove case i = 2,
Jos =3 UG GND S emne™ T2 [y [(0 - §)7 +25(6 — 9) + 3°)(8 - §) """ df
S 0(1) + c"‘"cr_nm/zcr‘:"/2 f0>p1—§¢(0 - 37)2_m_"d0
= 0*(”(1-¢/2)(3—m-n))

= (1)

The expectation of samples likelihood function could be written in following form:

[, =0
E6 = * bzy) =0 ifi=1 (A-43)
| View) + 00y = Vi ifi=2
By (A-4.2)
fmsy"}‘ 0'1(0|3,5)d0 = (fo —jiol)u,_},]B"l(olia §)do
= Ef +o(1)
Now for 1 = 0,2
B = fygebe VIO, D ()0 (-4t

Kiy
*

T,

eyt FUOIE, D)L + )20
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Note |6] < p!~%¢, from (A-4.4),we can get following inequalities:

Kioy,o (e m ™ ) parpoi Kioa o (=P i
' < A < /2 i
'r. 1+ =1 )"AEf +o(1)] £ A < = 1+ =172 )~4[E8' +o(1))
where
eyt = K(z)—lyz'-}g‘,ﬂ(l-l)-l = Ky tmtn)
KK (- 1) = koK1 K
since

K 1-e/2y2, _ _ -1)r2 — -
;.1(1_*_ (#:::1’11)1'3) ) 2 — 1(1_1(1_1)1/2,’.: 1# 1[51“1! A +(1 +p /2)2] 2

= K (1-1)3"u"0(1)
then

Ar = K (1-1)2r17 /(B0 + o(1))0*(1) (A —4.5)

1

For case i =1,

ai=1"

1—-¢/2

0u(613, )p.(0)d0 — [ OU(—01&, )pr.(~0)d0)

—-¢/2
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then

_“l-¢/2)2 1—-¢f2

0<|A;l < B+ )

— (14 LB [ gy gz, )
< Kiy(l— )22 071 4 o)) 27" 01(0)2,5)d0 (A —4.6)

01(0)3, §)d0

— (1—0(1)) f£" 61(-0)z,5)de|
= Ki(l - 1)1 uo(1)

lef2

where, by Lemma 2.1, | [ 01(+0|%, §)d8] < oo implies

1=-cJ2

o) [* oUx01z,§)d0 = o(1)

and by Ef = §, =0,
I‘l—(/2 0
/ 01(6|%, §)d9 + 01(0)3,5)d0 = o(1)
0 _“1—¢I2

From (A-4.3), (A-4.5) and (A-4.6), we get (A-4.1).

step 2)  To prove

B! = koK1 K™ (1 + 0(1)) (A-4.7)
Fori=0
b=t £ \~1/2
flo—#|>u‘_}' p,.(O)dO === ]i¢|> 1::/2 K(_1(1 + T——l) dt
= o(1)
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because of El:i =&m 2 o*(1)ut/?

then
_/lo_“|<“1—§¢ pTo(o)do =1- 0(1) (A - 4.8)
For:=1

Since p,, () is the symmetric of function with respect to g,

‘/IO—#IS#"'i‘ Op-.(0)d0 = u

For i =2

set t = &£, expand (u + t7.)% note

2
/I etz 2K (L =) 2y =,

Soa-4 PP (0)d0 = p2(1=0(1)) + Kima7i(I = 1) [ a-us 15 (14 ) e

|g|<&____.

= (1= 0(1)) = Kimam2(I = 1) [, - (1 + 757)7/2dl

|<E____...

+ K731 - l)f 1-es2 (1 + ) 3+1dy

TP i
S WP = Kaard( = 1)1 = o(1)) + Kioar2 (1= 1) [y oo 1l
= p(1-0(1)) + 2K (I = 1)rp =2
< #¥(1+0(1))
(A -1.9)
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Combining (A-4.8) and (A-4.9), we obtain

Josy ooy 9 (0100 = w1+ (1) (A—410)
Now

Cran
T el T T I A T e a T T Jpuig-te OO0

<B' <

Cmn
[L+ em(p — pt =<2 = 2P|P2[L + ca(p — pt=e/2 — §)? |2 /o —ulguike 0'pr.(6)d0

and

& — -m/2, —n/2 -m-n__1__
[1+cm("iul-zIQ_i-.)z]mﬁlﬁ_*_cn(uiul-(/Z_g)ZIHIZ - cmn H-o(l)

= Km-1Knykop™™ "5

oD
(A —4.11)

(A-4.10), (A-4.11) implies (A-4.7)

step 3) To prove

L.

1-¢/2

[T T O (00 = (4 + BD)o) (A= 412)

Jd—e/2
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For 1=0,1,2

a)

FE T U0 D)p (O] < K1 4 BBtz miaonis [ giemong
- K“’(l + (u-(l-‘u‘l‘):_/‘:)’)-x/z -m/2 _"lgp(‘—:iﬁ':::-nv:.—lni-l)
< Cl;:n'%:ﬂ""

(A —4.13)
where
o > Kb ‘I“z ‘c";':c_ n/:?n[“2 + (1_“:’51_/2_] 2
and
a = —(1—-¢/2)(m+n)+1—¢/2

= —li-(1-¢/2)(m+n=1)

< 0
b)

1 —cf2
-—¢/2

6'1(6|%, §)p-, (0)db

—¢/2

< e A (1172 4 ) 5T (0 — g)mndp
72 -1)-i/2¢,,  c=m/2emnl2 7!
= Kl—l[m + (l - 1) ] Ca m+n- i1 (u)—¢/2)

Xu(l-—e/2)(i—m-—n+l)[(1 -2 _ﬁ( )i--m—n+1

_ (#¢/2 —-1-= _Ergm)i-m-n+l]
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< K[l + (1= 1) Pemer™ ez 2K (1 4 o(1))

] 8 —(m4n-1)(1-¢/2)- 55+ %!
X mFn—ie1 pm¥n i e

< G bmn
(A —4.14)
where
c2 > K,-I[Wffw + (1= 1) emue 2 KT+ o(1))
and
a; = —(m+n—-1)(1—-¢2)~Zi+%l

< 0

c)
Similar as b), we can get

o0 ; .. # N
/,,+,,1_./2 OUOIZ, )P (O)d0 < o™ (A —4.15)

where
& 2 cm,,c;mﬂc;n/zKl_l[(_“i_L:”!v+I_ZIT]—1/2K(I)—1(1+#—¢/2_ E)i—m—n-l—l

(1+0o(1))

> 0

X
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a3 = de+l—-m-n
< oy
< 0

Combine (A-4.13), (A-4.14) and (A-4.15),

1-¢/2 p—pl—e/2

Ui ™ 4 [+ [ aeen @0 008 e T, e
Al+Bt - B.

3
— Doiey S

KoRm—1Rn-1(1 Fo(1))

= o(l)
Which implies (A-4.12)

step 4) Using (A-4.12),

[ 0101, .. (0)d0 = (43 + B7)(1 + (1)

step 5) Now we define my, ) and 6, ) and V[, as following formula:

mh,y = (As+ Bg)(1+o(1))

= 2.y Kn_rkop~ ™™ (1 4 o(1))
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5 def (A} +Bl“)(l+o(l))
(z.y) m(m’)

— Km_1Kn_1kou= ("M o(1)+u(1+0(1))]
2Km-1Kn-1 ko#"('"*")(l+0(l))

= £(1+0(1))

. def  (A3+B3)(1-+0(1)) »
‘/(Z'.V) - m(.z.v) _[6("-!/)]2

= £(1+0(1))[ g2 + 2(1 4 0(1)) - 1

2
= (1+0(1))
Nolte L=pu here,
. vr Vi
Izm,‘_,ooSup,—%’—yl > lim, (Z’“) =
T 1

Part ii) To prove

V‘Il'
limy, .o Sup; (E') <1

4

Set I=(-p%p+p?), where0<gq= ';,1- <1l

Define

e = [ ~(6z,5)do}"
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) er(0)3,§) if6el
7 (0|%,§) =

0 ifoel
E™¢ = /e *(0)3,§)d0 = c /] 0'r (0|2, §)d0

51y = /e 07°(0|3,5)d0

Vi = [ 0 (013, 9)d0 - ([ 07°(013, 5)doy’

step 1) Note that

T ) I = ) B i = O B

(0%, §) = 1 nol A —4.16
(0| ') fe(sg + %)-mn(s% + 1-_(%;_!{)_’_)-7;/2(1.2 + (%—__t;ﬁ)-l/zdo ( )
and
b 2 -— n(é—1ij - -— posy
Jo(s? + mEELy-m/2(2 1. 200l )-n/2(r2 y ol y-1i24
2 (124 £5)702 f3 (83 + 2U=RE)m/2(sh 4 2E2Il)n/2dg
2 —
> k('r2+ i—-Ll 1/2
(A—4.17)

84




where k is a positive value just less than [} (s3+ ﬂ,g-'—:%ﬁ)""/z(s%+ 1(,f—_'_!;-’)i)"‘/zd()

step 2) From Theorem 4.3.2,
by = #(1 = w1), 05wy <1,and |6, = 84| = o(1),

so when L is large,

0 S 66"'!/) S l‘

step 3) To prove

lflc 0‘(3% + !.".g%f.ﬁ)—mﬂ(s% + 1_1_(2:_!3)3)—11/2(1.2 + (e‘:,;)z)_,ndo

S (7.2 + %)—I/Z#r(i-m—nﬁl)vi, for i=1,2

(A - 4.18)

when i=]

| [y 0(s3 + M)-—m/ﬂ(s';‘ + ﬂ%—__x;l):)—nﬁ(,rz + (0‘:;;!’ )_l/zdol

m-1

< :‘?o(s'f + mmgo tf[’)—m/z(s% + nggts;;!’ )-n/z(.rz + golt;;[“ )—1/2d0
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m(0—-2)2\— n(6—7)? -n —-u)\o
+fu+u" (sl + —S:—:TL) m/2(3¥+JHL) ,2(7'2+ “)I—-‘";L) '/2d0

< (B

m -m =\=-n n-1)s?y _n
x [(r2+ L3H2)=1/2 122 9(f 4 7)™ (1 + SE=I)=m/2(0 + §) (1 + Sildy /2o

2

sf(m=1)\_m Z\—-n s nfi
(4 )7 122,000 - 3) 7 (14 G ~/3(0 — ) (1 + S5l /2 d0)

< (1.2 + (#';tfﬁ )_1/2( m';l )m/2(_n_;—1)n/2 f:;) 91-m-n g

+(T 4 & — ) l/2(m— )m/2(n— )n/z “+uq(0—ﬂ)l_m_"d0

< (T + 2q) l/2(m- )m/2(n-—1 )"/2 !!q(Z-—m—n)

m+n—2

+(r? 4 15) R (medym/3(nol /2 et T

m+n-2

= (72 + £5)7 (=222, (m 4 0 — 2)!

n

X Afu@mm) 4 (u -t - )P
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vy = (ﬁ’_n:l)mﬂ(g;_l_)n/?(m +n- 2)—1[1 + (1 + pl—q _ gu—q)Z—m—n]
= (2 (m = 21 o)

when i=2, similarly,

2 m(f — z)? -m/2 n(0 J) -n/2(,2 4 (0 — p)? ~1/2
[ o6t + BTyt 4 Iy en oy SR g
2
<(r+ Tl‘:fi 12 ya(3-m=n)y,

where

o= (BB a4 3741 4 o1)

step 4) From (A-4.16), (A-4.17), (A-4.18), for i = 1,2,

N ~ o~ v g(1-m~—=n4s) 29\ _
| J1e 0'n (0|2, 5)dO] < —’E,th—,z_)_—:/,( -l"‘“—1 iz

k‘,p(l-—q)l#q(l—m—n+i) (A - 4.19)

IN

= kiﬂl-}q(l—m-n-ﬂ')

where k; = %
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step 5) By (A-4.19), when i=2,

Ay%wmmwgmw

where

Iy

when i=1, using 0 < 4(;, ) < g, and (A-4.19)

I[fl 07('(0|£,37)d0]2 - (6?::,31))2'

where

IA

1+¢(3—m—n)

-q+1

1
l

1

pr =k

| fy- 67(012,5)d0)] x 267, ) — - Ow(012, §)d0)

k1ﬂ1+Q(2—m—")(2}l + klyH-q(Z—m—n\)

(2’61 + k?)”2+q(2-—m—n)

np

24+¢(2-m—n)

2+54(-2)

2/l

h
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P1=2k + kf

step 6) Now, from (A-4.16), (A-4.17)

Jrem0l2,5)d0 _ [, =(0]z,9)d9
J; =lz,5)d0 = fo' x(0|2,5)d8

Y 2 =1\ n-1\n
< k—l(Tz_*_l_;_a__l)l/z(mTl) nlz(_Tl_) /2
x[(.,.2+ Qu;tfzﬁ )-1/2 f;;: 0-"-do + (7.2+ {5_’_‘; -1/2 foo (0_ g)—m—nd()}

ptp?

= k(724 2,_J_il)z/zv(mT-l )m/2(1;|_-_1_ yM2[(r2+ !u‘l'f{t)')—llz gu':);;'::" +(r? g_é%)-llzgu'&u"";ﬂn):""“]
< k"(m-}-n _ 1)—1(7.2 + 7%)1/2(@'_"—1)17;/2(%)7;/2(7.24_ lﬁ_’_"l_)-—l/2”q(l—m-n)

X[+ (19 + 1= £y

< pop
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where

- L1 _1\1 m-1 m/2n—1n/2 1—¢ _il—m—n
o= 73m 4= 1 (A (e 1= Ly

b = 14q(1-m—-n)<1-3¢

So Ve >0 3IM > 0 such that when |u| > M,

flc 7!‘(0':;2, ﬂ)do
[y =(0|%,7)dé

. . . 1 .
This implies 1 < ¢ < 1=

(1-¢€) = (1-€)(Jfre7(0]2,§)d0 + J; 7(8]Z, §)d0
(1~ €?) J;=(0]2,5)d0

J;=(0),9)d0

IA ]

IA

c—l

IA

1

step 7) To prove

IV(:‘.V) — V(:,v)
p2

converges to OQas g — oco.
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Now

fo 01 (0]2,§)d0 — [o 6*m*(0),5)d0 < Jo 0°n(0)2,§)d0 — [, 0% (0|3, §)d0

= [..0%n(0|3,5)do
< po?
(A —4.21)
and
. . 0%x (0|3, §)d0
2 . 2. > 2 __fl ? 49
/e 6% (0|3, §)d0 /e 0%x" (0|, y)d0 > f(_) 6%x ()%, §)d0 PRV (A-4.22)

Since € could be arbitrary small, from (A-4.21) and (A-4.22), we get the following

limit form

|E*(0%) — E™(0*)l = |J;- 0= (0]2,5)d0|

< lpap®®] + o(1)
also, from (A-4.20)

|(67))? = (65| < Pra +o(1)

So
limyoo S/ E0l < lim, o w7 fo 67 (013, 5)d0 — Jo %77 (012, 7)d0]
+ I(&("’::,y))2 - (6‘(":;,1;))2”

limy o0 = 2[p2p"? + p11"]

IN

IN

= 0

because of I; < 1, i=1,2.

9



step 8)

Since any distribution on an interval ( 0, v ) has variance less than or equal to 5’41,

then V7
Vi = L2u(0-67(3,9)7(01%,5)d0 + [+ (0 - 6™ (2, §))*x*(6|2, §)dO
2 2 q)2
< (n:) + (u+:‘) < (u+'t;n )
step 9)

. v . v
limy oo Sup, 5% = limy_oo[Sup,-57 + 0(1)]
< limy oo [Sup, 4L + 0(1)]

= 1

From the result of part i) and part ii), we get Theorem 4.3.5.
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