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‘ o CALTBRATION ‘OF THE GE(LI)" ‘L,
. N GAMMA RAY SPECTROME TER
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zcha was useﬁ to calibrate a gamma ray spectrometry

* gystem based an '@ 30 ce Ge(Li) detector. Dnmputer ‘codes
were aavised to handle complex peaks nn nnn—llnear '
bdcfbrounds. An improved ‘energy value of 186.14 % 04 Kev .
was Eetermlned'For the *** Rn transition, ~Intensity of
the 76.6 Kev K x-rayg of daughter products was found to
be 44.03 * 2.12 (with respect to 100 for the 609. 19 Hev

line ‘from 2!4Bi), thereby extending the range of usefulness

)

of **°Ra as a calibration.standard, . . .
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.- 1,INTRODUCTION / -

!

‘o anirmnméptal radiation manitnring reqﬁ.gms pccurnte_knamled}ge

nf" nanma spectsa of naturatly oteyring fadionue]idos. f\mong these,

) "‘Ra is A major constituent of bacRnround sppctrum.‘ 'Heing ) , )

Already- wi rie]y ueod as a gamma sgurce 'in many undernrﬁduafe -~

labératnrins . 12¢Ra is qammg acceptance as a research 1ahoraf0r

-l

- . - -
- [ hY

Mmrenvpr hpcanqp of ‘mur interést| in pnmmnmenhﬂl mnmmrinq,

standard

we dnmdeﬁ tr;r use **“Ra as .a callhration snnrce for the GP(LI)

Y

R defpc‘rnr. : - - . \ T ) .
o When qtuﬁy;nq radium r*chay some prnhlems mpr@' Pncountc’red : T
. (1), The enerqy of the 186 Kev decay llne was nnt knuwn to enouygh - : L

,, precision, - \ Coe . oL \

(2) The X~Tay ens’rnies ahd relatlve 1n'rens1'ries harl nmt .yet been. )
. reparted, - s Lo ;’/ . ‘ S
(3) Data for the namma ray intpnsities vqmpd ércmrdlnq to authors
{sar Ch. 7 '

ble thus tlp’rprmnpd fo upgrade

l. . - ..'| " . R -,
. A
Ra Nlus thp entli'e sysfem of - T

ral:hra‘rlon with extra SOUI‘L‘PB. . ' B T L7 v .

- )

in 9qu111hrium mth 1‘rs Hhcév prnduc’rs emits

e .

. n rae-: um qnurrp
at leaqt b’7 gAmma TAays. nf’ different enprnlps 133 thln the range 1F‘6 to -
2648 HPV.

106 Keli line nqmg savpral sources uu.th accurately known qamma ray-

Amnnn the interise tranq;hnns, wiR rn-investinated the

A computer program pprf’ormed a "

af the pesk posit;: ons, yielding 4 calibration !

enernies im the same erergy range. .

lrast squares{fit

[

) : cnryn‘mhich. determised thd Btudied  transition enoray with good e e
prnrnqwnn.'4 . ' ’ . ’
) o . Lo 216 o .
\ : The mAin nnrposn nf this work is to extenrd Wpo use of Ra as .
. "3 mph’rwn r'f‘fampncv cali hratmn c,nurrp dnun tn '7h.6 Key (thp average -

engrqy of YR

$ -

RA Kg- x-t;ays) tn be ahlp to quantltatlvel\/ detsct X-Tays

) add low, enprny gamma rays.. RS

/

- : . . ! . .
. ,
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o e .
- Several mcthods to ﬂatermine the areAs nf peaks are deqcrihed ’

. whin, Ph. 5 L Tndividndl peaks merp°F1*+Pd by SPETTY, B.program. simllar
to the eilﬁtnng SPEC used in the nurlpar physics laEqutory. In -

ThPy‘dprfCB‘mainly from’ GAUSS 2, descriped in Ch. 6,7 ©

. ) M1th sources of krnoum, 1nt9nsg§nps(§1nfﬂ stanhdard sourres etc. ),

. prder to handle complex peaks other rag;ines had to be Fnrmulatedﬁ

nne can determine the absolute ﬂpfentor effléanry. The- absulute -
efficiency A s the. rat1n of the total tmunts in fhe qppctrnm paak

oq in t1me t nior tha rorrpspnnd1ng total d1sinfparat*on: nf the source

. - . ~

in time . .o . . .

. .

Our mathod of dotermininé rplatide intensities has practical

v -

?dvnntaqpq hver fha standard sourte techn1qgﬁ.descr1bpd ahnvp -
© mainly 1va311h111ty, ﬁhd~0f cuurse, cost! - ' . '
| F1na11y a dJsruqs1on an experteﬁ errnrs is presented in Gh 7 .

This murk cnntr1huES§ to estahliqh1ng the mer1t af’ thp'methods

.- cused hy uq.and conclusinns are’ drawn. -

"




e £.PROBABILETY TQEDRV AND NUCLE/R PARTICLE DETECTION

2.1. Restri c:ted Statpmcnt oF Pr;ahlem

"+ Consider an expariment 4n \uhich only the accurence or «
nunnccurgence of an event is recnrrled Assume that m a counting
devlce for the debection Df‘ radmactive‘ dismt@gratinn there are

‘\ anctl\/ N radmactlvp atorns present in & sample at the gtart of the s -

count@g nermd and that each ‘has the same probapility p of

disintegrating and producing’ a count during the chunting interval,

'~ Let g'=1 -~ p ctf'note the probabillty that the event will~ f‘ail to occur.

¢ - If the event occurs at a given trisl, it mlll be celled a ‘success, .

3
.

otherwise s failure. N 1ndependent trials are made and let N denots Y
< thg number of successes btained in the N trlals. ~Then mhat is the
C v .- prababﬂlty P that exactly n counts will be ohtamed durlng the -
, ' ountmg period. // X
. Fnr the purpose of deriving the desirpd Fnrmula we first .

determine the prnhablllty ‘of obtalmng n cnnsecutlve successes

- t followed by N - n .consedutive- f‘allures.,’ Since the N eBvents, are T
+ £ 1ndependrnt the probability is: d
) [ - B ~ ’——nﬂ_—"" ﬂ_:‘n_' ’ N -N s
~ AeDeeePebee..q- = pq (2 1)

" The p;obablht\/ of obtaining premsely n. succ‘esseq and N -"n .
«fai 1u&‘es in some pther order. Uf’ occurence is the same as in this
partlcul—xr erpr because the p's and q s are merelv rearranged to
correqpond tn the Dther arder, In arder to solve the prnblem,, it is
therefore necessary to count Ethez number of orders.

.' " The numbar nf- aorders is the number of permutations possiﬁlg with

N letters of whish n are alike (p's) and the remaining N - n are

. . [
alike (q's). The number of such permutations is equal to:

conoequenﬂ\] 1t As necessary to add p .Q°  as man§ times as there dre .
different orders in which the deslred rq;sxult can nccur. Slnce (2 =)

v glves tha ndnher of sucﬁ Urders, “the nrnhahlllt\; of obtamlng n. -

-

. ne oo - ‘(2.2)
\ nt(N - ! ' , ' - .
- LAY
| © Now, the pmhnhillty that one or the other of a set of mutually ‘
i LN
L " exclusive pvpntq m111 ocdur 15 the sum_of thmr separa’c% probab1litles; .
. “_ !




. & ' /' ' . ' ‘ d i g . -
' ' SUCCESSeS: in some order is therei‘or/c -niven hy multmlyx ng o
*

the qu’mmt\r in (2.2). The resulting prm‘ahllity, whwh is that of -

V- “b\/

¢ S . obtaining n successes in N 1r|d¢=.nendent ,,trmls' of an ‘experiment for
’ J/ . whi.éh'-p is the prohability of vuct:a"s in'‘a qihrjle ‘trial, ddfines wha't-‘

' ‘ " s known cg the Binomial or Hprnomlll f‘requan:y Funcfiun.

Ao

. 0 WA . - o
,.‘P“‘ = N\ ("‘") ' . (?'3) -
h‘ (N=-n)\
p is thesprodunt of the ennnratc pmbahlltles that, o q:umn atnm wi ll

Bonququantly,

. dis 1nt=’qra’rp, t1mpr‘ the prohahn 111'J that the given dlsmtpquiMDn unll
be dekected in the glvs'n tlmp interval, .In gcnarw] oi fher qr both of
the 30 smmrate Factors may be vexy small 50 thmL nis usnally very o

.Jnal‘r It is of interestTo c.mnsmpr sohe-of the propgrtiss of Lhe
r

dl&trg.hdtjon. ‘%mcs some resul b rrstt b obtained L
- : Z_Ph = [p-t-(l \’3] h (2.4,

Thp term R, 1s the (n + 'l)th t&rm in the above-indicated hihomial

.

Jexpansion. The mean vjlue ’SJ =7

i

’

- | B
, Cw BN = to*\!\pn \,NZ \;“(‘-\')'?, = pN

il

° - MI
where M =N = 1 g0t m = (n = 1) ‘ M "f)\’ : .
: - — : . , .
Thus - Ve w=n ' = Ny " (2.5) .
Simjlarly n-” is of gnterect s -
s o T P 2 LwPa Ng»[ (mn\" (\—\'}
' ) - TS S ol (M- ...\\
o = . ..
. . v “i = Nv ZLW?&.\) ?y:\ = Np[i 'Pw; '\‘Z M?«.} = NF{."‘\‘MYX
oo W = Np[Ne +(\-vﬂ - (2.8)
y ¢ [y

where G refers to o giffrrent tetal M pather than N .
Th= munni\j W= T is the mean valug’ Fnr the ,number of counts
mpnctﬂd from the me:afsnrernf"at It is also 0{‘ interrst to dptermne v
“‘lF' 'wourd hy which '*ru/ glvr'p me; 1su1:~emnnt m"ay he expecterl to dP\'J ate
From 'thq moa. value.,  The u(‘r'nuf\l ¢ ‘usad 'to dﬁnnts’ 'this is called the

1 '

standard. deviation and & tha le[lé'{‘ :mn of the mqt“mmmn,. .

¢

G reprasonts Lhe mnt mean sguare devighinn a !

‘ T e (e P 5 LR '“Z;“"“*?:—“‘R

o

AL
o e (W) , e
T

“

—

° 3 g . 4 PR o " . b
from thes tdnfinition of nt o and . hig result is quite genecol.

Far, the Biromiul distributlon o .




-----

1_‘ '.,)' ) . . .
. . 9‘0 = W &\ - \,) . " ”
» o = [uli-¥V}% - @ '
o " .+ This shows that if p 1S small, the s‘tandard deviation is equal to u . »
o oThus 11’ 100. counts are expected on the averige, the actngl value of/ a .

. glven cohnt has a gnod chance of dif ering from this by about £10/or -

' 1D°6, whereas for 10° tounts the devibfion is' . D.1% ' If p is near
unlty G‘«u"f Thls @111 happen for .counting mnly when a shorg-lived - 1

admactlve m’ltE’I‘lal is counted over several half‘ lives and with high
(wunlty') .detection ef‘FlcienQy. ‘The smmf’wance of the decreased

uncertainty from u%.is that “now mast of the active atbms orlglnaclly .

present are coynted, and are not Jjust & sm'lll sample. - . T =

’
Pl

-
A 3

'2.“ FPoisson Distrihution - . - . " - K
“_~ . When p is very small and N is very 1ame and. n«N ‘(‘2 3) bec:omes N
simplified hy the substitutmns ‘ .o ‘ ’ v

% NN-1) .. (N “*") “”N i y (\"\"‘\N-“ -s't.-h(“_“)' & J“

, and \5 N \L gl\,lng -« . -
' ‘ * N P" = e/ nY’ . (AD Ty
¢ .

1 which-is -knoun. ag the Podsson distribution,® This _distribution is much

@ { . - ' . . ,
Vo more general than (2.3) since,as shown below, it may be derived xwithnut )
A _ dssuming thet I\ 15 the same fop each atom. ' b _
A - ' : - ' " .o v

). .’ o -« 5' @ T .
R , 2, 3. Gereral Statemort of Prablem 2 o , . L

' : The' dcrlimtmn .of (2.9) may‘ be made very general usﬁ‘g the lam of .
AR :‘l'arge numbers. ] Thp omgmal prob]rem requ:red a constant pmhabili{:y p
™~ S for, all atomg. ‘ In general, Ahere is a rertaln prohablllt\/ (which-is o .
- - usually zemj that arn/ glven atom in “the unl\n?rée will dlolntegrate Qnd C /
“be detected hy produmng a courtt durimg the mpasurmg -1nterval. If P,
S T . represpnts the prrzhablllty that the ith atom in the universe will
’ . produce 3 count durmg the measuring mterval, uhat is thn prnt\ahihty (.
. Py that exactly n ‘countg will be abtained? | We assume p‘«\ an \'\\9‘«\
‘ in gnneral, let 4 \ . . 3‘
. o “ ) . w o= };\a; ' ¢ 1D) "
' The dPrivafinn of the general term A, may be understood mpre r(adllé
by convlderlnq R ,.s.first.  The prubamllty that no’ counts are. U
*Dbtalned ‘is the produdt of - the separate prubabllltlas (1 - p\,) that N \ vy

each atom shall nive no ‘eount’, °

. 3 - . .
- +
. .
. . . . ‘
. . N .
- .
o - a o Ot e o - - - . -




¢ SR . R -’ZP . - Py
\ ' - b , - N . Y . .
Thus P, = ﬂ U-\h 'z" R\ AN Co=e . .
3 LY
The pm‘m ullty P, “of ]u.,,t ane” count is nht'unpn‘ By.an extension nf’ the

o 7 .
reasaning .for R Cos

, o -l n, ) - R = ) ’ -u. -\u
o LA T R A S M Zr.-—-
v . .
. . T e | T
. _ " The ters P; c,t@\:e is the [JI'[]h"!hlllt\/ that the Jth ctom will aive an,
', @ffect ond the term (\PP)) ﬂ(\ -p) is thp prnhahllgtf\/ thnt 11 the Test’
~ ' * “do not.  In the stm, mc‘n term has t o F?ctor (1- ,\ Since PS «\

nooligibld orfor results from Dm’nL ng.thig factor., Similarly the - ¢
4 . -

LE 2

C‘

oo ‘ probability P, is Z {
S T YU bar L ¥
L . - ‘ Poy, Il(\-:\n) (°.11).
' N ‘ {/-— ' - q?h -V-\T L TR Q "A.) C" Yo, ) '
. - where- a,,az,... #e p independont subs rrlpt qnml’*r tor § and i

, ahove. I wp.« We - can nPnlncf the (1 - p) terrs, . 1o-ohtain '

~ T RFRW = L £ Lo Lfa, Lty = Vo .9 L
The qlgﬂTFlPrjﬂ[‘P ol the vgprarwte ltarm i equntegn (7 9) are now
apparent. e is thp prrxllﬂblllfy Hmt ';J,l other atomns rJD “not give a

\
comnt,wthearremgemm nt-Fﬁc*ﬁm*—-\b—«PPf%s@an——U%pmdL.cf s.af the

epartate Z-P; terms for Pﬂnh ol thﬂ n chosen atome.  Actually (2.11)
shauld dmit the terms m mach, qu gorm’bpmm nry tn the particular

-
atoms Grsﬂ.ecteg) tiy the precrding sum tetms, For Mp «| this neglechs
: - :

) . few teems in the infinite sims to give nenligible error, $ )
. ‘J‘ - o .
4 - ’ ' . <
. ) J -, s ) o . , " 5
o ° . . 4 - . . ts
. 2.k, f’mpnrtlns.d‘f\{?omsnn Digtribution ,
! Sinte Lio. Poisanf dis tnhgt]mu‘ h as hpon stown to apply nuite
’

. gennrall\, tn rnunﬁr’ prnh] amg 1nvnl\unq small «:'ar‘rhng 1 € piggt und

) * b,V it is of i ntm‘r'f* Lo drrive some of the m‘nnprfmq nf thig
P distribution, sim3 lor to those of (2.4-2.8) for (2,.3). ,
o * 2: P = 63-“ U:‘ = e-“: e-‘(.‘L =1 . . 17)
' SRR TS PR SRR e
. — -t -~ Y,
W = Lwb o= & Law o= w
. , t L. . - ° " ~ o w! t (“_‘).
. (S — 4 ‘ . ’
o ’ . wn :’.““N ) (? 13)
~ '4, ro ? co - -
L] I 3 —\ v
. w E'ZV\‘LP\,\ = we wrl) e’ [“iu, -\.i_ }
' ° L
. . . ,
- o 1 . .
L n = L 4u ‘ . (2.11‘)
' . ’ : " . »n . ¢ _. : BN u} »r t
/ , using (2.7), we obtain 6=w or ] s
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r N Co . o
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eatteanadia i




) - . ) ] )
- ‘ ro t o 2 ¢ 7
o ~ R - 9
- ° ' L 4
» N . , T
4 ® '/,_ ! ) v h .
. o= o ' T(2.15) ‘ ‘e
v o . v a s .
s for the Oingpial distribotion whenegt . ' BT |
“’ ~ « v : . ' -
2.5, Inverse Prollem for Countinn e

The tesnll of the direct nvnh]pm as giveh, hy (2. 9) may be wr1ttnn
) ?(w) é.;ue/n\ ‘ °

showinn that it is a funr%lnrxhath G? n the number of cnunts arfnwl?y

PFC“JVPd and af u-“ilvy ' , the mpdn expnntad numhﬁr nf counts. In
‘practrcp when rmuntung, the directly mpaunrnﬂ nuantity is n and thn . ?
des;red quantity’ is"u. The- inverse problem may be stated thusly: for .
an actual cnunt n, what is the p PDbjhllltv that thg actual value u lies -
betueen u ghd (u + di)? The Jus Llflcaticn For such a quest?bn-lins-in,
the aqsu ption that, in prjnsiplo‘ thg experimegnt can be rpbnated as
many rlvgs as dosired to obtaln u with any dusired dLCHF?CU by |
increasing the total vollme of data, o C .
" et F(x)'heﬁourhfregugncy function, if one wenys tho probﬂhlllfy« ‘
that x Gill afsums somevatrue i the-interval-Ffrom-x to Xt X, it is '
given by ‘the integral ., . 2 S ' o i
. . (@ o
the m nean value thaoren of 1ntpgzal caloculus may be epplied here under
the aasumptlnn that ‘(x) is a continuous function to give the valwe ~' '

: !Y(x +9Ax) ' o<e<\ ‘ , /
ile con now ur1%o thol (2.9) is a} 0 the snlufwmn nf the inverse 0 /‘/;
prohWPm vhen writben , . &

I P, (W) du /= w e‘ du ‘ T (2.16) - //
should be noted that n is cmna!rni 1rm u variahle in (2. 1QX/ -
xdﬁl? N\uvas fixed and n varishle in (2.9). Also n is vqr1ah1p Jh I ,
inf%ﬁ%% xieps while U is ﬁnntjnuou sly variahle, The DTDDPrthS of .
(7.19) nrv’nnalyvﬁd' - ' “ s .
- j?mam = e g L (2.7
jx 3 A$$ncsv.dnf1n3*vnn of n! for ﬂ11 Vm{;”” qg (ﬂhwﬂm .unrflnn).
;hjs shows anrrly nnil U?D“Fh"‘liy thah U has some valie. v
T L‘ w P (w) du *‘._r,} o e de = (‘1\"\‘_\‘9_! '-’-Y"'H) (2.18%)
TI® most probable valve u, of v is the maximm of (2.16) as a
‘seen fron the distrithtion's arape. Hcﬁch ' L. . o=
; 0 =47 W —gives’ w, =W Loy
o dw b . )




This result’ qhoms that 'LhP mest prnmh]e' y'ﬂnn oF u is the maasured

value n. Slmilm‘ly o S "y \> Lu.‘) ‘A\f = (wn-)\ ' ..\\\_ e
‘o . - ' ! ' ) ’ : L .
T' by ‘(2.20) . ' R
1 — . - € = -
? 3 ang 6 =W ‘Ar o

E 4

|

| .
’_ (? 21)’ ° . Fa B
[ This result is siml T o 12.15) chent ‘rhgf gn + 1) i used ms’rmxi
\ }

‘ of u.’ f‘]nt_mhrm Mt A qnnctmn hp’rumpn n "md (v + 1) is not ' ]
importnﬁi;, : ’ S o . ‘ ,
. I | o n o L -
?.6. Gaussian Distribution B . ' R
o Ihformvafmn concerning the ghape nf‘ (2.9) . Jé obtained ch\/ ‘ '
) N examlnlng the ratio of the nth\‘rgrm to the precedmg torm ’ ' o - ‘
r : VA i, SR ¢ X+ )

This .;haw;. that F’“ Jnrrpésafr with n for wowand denreasas with n

for nYu . For whuw, thP torhva dr'r'rpaae VOI'\_/ ra nldlv with n sinoo mch 'z

T T T rpmisonly e :mﬂ%rof‘mr‘t - qf‘ the- pmcmm__nmel Similarly, for

‘v VA(((L ,the terrn_ rapidly den rrnsp in size ms N 1 decTraged,. | FTom
'(2.22)“,- the maximug occurs for no= u ; therefore Pw = Pu~ are the | o
maximum values.- The Tunction F’“ has a fl’}t may imhm HP']T‘ Pu And drops

" rapidly on ‘thpr sido,  Most of the arved of a plot of F’h VS N 0oCirs
betwsen (u -¢) and (u +¢6) uherk ot from (2:15) VThe value of B,

is abtained i a cppvezmant form hy roplacing n! hy use df Stirling's

! . -

If‘ormula .o ) v o on ) . : _—
S Coow) = @we) () o (7.23) - .
which Feh"éad\;‘ f‘nr:.t; = .10 i ffers f‘f"nm n! by .}mfs Lhan D.B%. l»Jennbl.ni N
. using (2.23) . .‘ o« o -y
: ‘ Pu = ute ful= (zwu) - (2.204).
hen uPMl,it is customary to cvaluate the probability P;‘ by assuming‘
. that & Gaussiar‘w distribubion function applies. llihan; suitahle
apprmxlmgtiﬁns are mAade it s poss:ihlrz tn exdress (2.9) as a Gaussian .
‘ " functinn es shoun helow. To do this, we use . I ' ‘
(n =) . (2.25)
as fundamental variable and et f(x) =2 B, define FIx)Tlx = probability |
R ﬂ + for x to lie between x and (x +'0x). Wz assume fnch*nnvr,mQucP that
. % is )"IDSJtl\IP. - " ; - .
’ ' . ‘ ’ N ' ., . ]
, 1 1 - ‘ ) L J




EE ‘ wex  _g , C . ) Ca
i —‘("\ Pugy = L e /(UL )= ‘_Pu(}k/uﬂ\..(u./u.n)
T we consider the nAses where x| «w

' RN | ‘ ,
. : ' . - \'b“ = (21‘.“)' z\: (H \/u.) (V¥ llt\.) (\ + x/u)l . . .

smce XKW e may use (\*!..)x V™ to give
_(\*‘Lh x) Y

- = _(xd ' )
_‘,(x) = (2wu)” . o= (a%w) e G fox
. - * R - . .
) -V, X/ML " -‘/1 )
-ﬂ(x) (2Fu)™"* (z‘i‘c’) (2.26)
o ThlS is the cnmmnnly-usgd Gaussmn which shows that f(x) decreases
ramdly f‘nr x| )cri . Expressed in terms of standard units t x/a'
. . ._*1. ) i ‘
, <P(t) dt = §dx = @F)% <1 dt (2.27) o
‘The inverse problem with (2. 16) as the solution, may also be C

expressed” approximately by a Gaus\man distri‘hutmn when uHa and lu-nl «n
Let v B (U - n) and {w(Y)dy = W" dr = (L) - AY,'-':W\-YQ,As ‘1
& ) . ( q.’T “\ 1. ( ) L’.ﬂ‘“) A \\

4

\m(’_“_:_\:l_)“ =\‘(\m(\+!.) = V\[" =L (L)' ]»Ly —y/ 1w

SN ‘. i Yy - Y/z o
<. S0 ey e O ey T,

. The behavior &f Py(u) is not symmetric in n and U BXCEPt to thE .~ -

»

deqrep that both can he appraoximatel exp;%sspd as Gauss1an )
distributions for u and n large and \p-nl<«& wn T e
¢ . In Fig. 2.7, B, (u) has been plotted as a. #antian of u for
n=0,12,4,8,16 and in Flg. 2.2 Pu(u) has been nlotted as a function
of n foru = 01, ﬁ‘h 8,16 . A lopgarithmic scale is used .for the
ordinate which Ghnuld oive the curves-a parabolic shape if the Gaussian
. distribution were to apply rlgnrously. In F}g._Z 3'the Gausgian
- ‘distribution is nlotfed in a similar fashion. ‘ o ‘ '

¢ ’ ’
¥
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Po(uddu is the probabilityythat the\tme mean is hgturen
v and (u +-du) when n counts are actually obtained. .
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N " Py(u) is the prabohility tha' exastly n counhs will ;
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A . 3.5TATISTICAL CHARACTERIZATION OF DATA

't‘ € F ' ) . . :

“ y . . . ) . .
The aver-all results of-a series of n independent measurements
Xy 3%anees L of any physical® quantity are summarized in the farm uF

L4 a

‘ .a flew stgtietical parametena. These are: . “ -

1. The experimenter s estimate of the true value of %, expressed
as the mean value X, /u '

2. The breadth or diepersinn fuund;amdng the ‘individual measure-
ments (8xpreseed as the‘veriance d‘, af as the standard devie-
tion o). . - . , '
* 3, The extent to which the indlvidual measurements agree with the.
presumed Frequency distributiun (expressed as a test of goodnees )

" of Fit). -

N

3

i

3.1. Mean Yalue . T, - .

value-of-the-true mean value m which characterizes the "infinite -

In any finite series of measurefients we can never find thene:ffi;

population" (i.e. an infinlte Smount) of UéEET“LﬂTthUUgh“trE‘txuu ey}
mean value is constant, gur 1ndividual meas remente are distributed rf
it

about this mean ig . manner given by the particulsr frequency distr

bution whlch deecrlbes the process being studied. i
The trug mean m is that value of xfor which the first mument
" of @ frequency distribution is zero. Thus \T, : ~

Kzro0
L (x-m)P =0
defines the mean,- uhe;e F is the probability ofthe observetion X
Genmetricelly, m is the "center of gravity" of the distribution,
The best estimate of m in a Flnite saries of ohservations is the
- 51mple arithmetic average % of tir n independent meaeuremente,
see n
Xuxu | Xn -Ls;*h - v . ' .

©* .
i

The "sample mean" X approaches the true mean m as number .of observa-

tions n is ircreased. . .
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. »
3. 2. Varionce

The breadth df the statlstlcal diétrlbutlnn of the individual
readings about the true mean 1s expressed by the yariance o”,or by
the squdre root of the uarlanca whlch is called the standard devia-
tion o,0f the distribution. For a particular mean m, a small variarice . ‘
G’correspundslto a sharply peaked Q1stm1but10n, whereas a large c' .
denotes a broad, flattened distribution. )

For any fr§nuency distribution, the variance is defined es the
. average value of the sguare of the individual-deviations (x-m) from.
the true mean, for an infinitely large number uf nbservatluns. Thus \\\:

“ ¢’ = L Gewy % R ¢ 2 )
or, in terms of a very large series of n independent measurements

o (n)>1i af x, e Y_'\ .
— P s
. =L L0C (3.4)

’ the variance is thus the second moment of the frequency distribution

]

& “taken ahout the true mean, m. Geometkically, if a sheet of metal is

sut—in the shape of the distribution, the variance is the "moment of

-

inertia’ pf the sHEBt TaREM ahumt-ar-axtsef-s-m—m-and p#;a11n1 to
. ¢ R

the fregquency axis: ;

v ' . v
- -

L 3,3, Somple Variance ' , ‘
In a fiwite series of n observations we can never determine:fz —
exactly, just as we can never determine m exactly. Our es stimate of
the true varlanCJ'G‘nF the distribution must therefore be based.on
our 1mparFPct %stlmafe x of m. UWe define accordingly, a sample,va-
rlanse S th“e m is replaced by X.Thus the experimental data give
‘ ,_Z(x -%Yy .. (3.5)
) _ . be: 1ntroduca brléfib\the cnncept of the expccted va%ye and same “
‘ ’ prupertles. “The expected value nf a random varieble is its mean
" . "value .. _ E(x] = ZX“M v
o Co : " x=0 . \

the following properties can be derived ; if c is-a constant and g a ¢

’ variable or a Tunction " . '

/ Efeq] = cElq] | ,
E{q+9.] = Efal *EL44) y




] T e fcrok into the distribution of a sample mean X basad on a ran \
' dom sampla of size n from a papulatinn (normal or not). ‘
If x has a frequency function f(x) with mean m and atandard
+ . -deviation o lat us ‘conslider a random sample of ags n from this .
’ populatign, Tha mean ofs auch a sapple :
X = _(x thpt ot Ry) . .‘,«.‘t&,‘.
is a random variable QBcauaa the variables x, ,x,,...x,\ corresponding
« to the n.trials of the sample’are random variables. Using the proparh. )
_ ties of E it follows that . - L e , \ - .
L . Elx ] E[-v:("‘*"“' A xa)) ’
. ‘[_ E[x;]
But since the samplmg 1a randum this implies, by daf‘inition,

-~

- &

o 7 that all the variables have the same f‘raquancy f‘unction Jnamely that \
of x, consequently EUx] = ELx] = w
hence E(%] = LT EMx) = L i.\y.

- o . = W . ' , L
‘ This shows thatlthe mean of X is the same as the mean of x, ) .
whather-x-i6--a-nermal-variable-ar-Rgby— ~l>e¢rwua~aans~i:der~—-—m—~»—‘w~——r~—~vw~~-—"w
e LT wX = X{t Xk -\"‘v. ,

it is the sum of n indepjndant variables all of which have the same
. - frequency Function.and cgnsequently the same var}\ance o”, "Knowing
that the variance of a sym of independent random varlablas is equal

to the sum of the vapianca of the variables1 it follows ‘that

C'hu = wo (3.6)
| ¢ . nX now being our variable, wa rewrite the definition of variance as: )
' Gty = ELw? -ELwd]" = E[ W% - 2w €081 +(EL1)'] o
o .
> = E[ _ “le[*lE‘“‘a *@[“*3\ . ’ ' Y2
. . WELF] -2 (BT + ECRD)? I

:’wq o -eoa)| .

\ * \‘
: .

but the term in brackats !15 the variance of X since

oh = LR -ER1 T o EOF) - 2E05) €A AEC)

1 ' ‘
. = =) -(EU‘}) C L
[ A}
thué ' 5':-{, = “V:G';&r 3 ‘ (3;7)
W ©
(]
s k%' ) ’ :
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’ :‘ v . - ’ ’ ! * .
— ' Therefore equating (3.6) -and (3.7)) yields.the formula : ‘
-, . . ' u‘c‘?_. - G“/V\ { . '\! ¢ g
" this is ¥n important result as we shell gea next, ) '
‘ Let us consider’ tha expected value of a sample varisnce St based . .
on a rabdom sample of s \Yze\\\‘ From the properties of E and tha defi-
A nition of & it follows that * ' R
o Lo Ecs]=Et'iu—‘1\] . o |
* L 3
now with the help of the subetitutinn o (x-RY = (R - R-wy .
o ELS' = E% t {Lx..-vw\ - (%= ‘M\}c} ¢ . 3 ' '
' = E[§ Tii-wr'] +E 4 m B : LE(E- T
expanding L (x - m) in the third term : . s . g

l./

‘ € - Z(xa—\m\ ‘im-f-m = vk T = WE-w) .

U TS EQE - QT geewi] « EUGwr] - 2E(meewY]
J- . /‘- L= E[-é‘-‘l:(h'\"\\z _l)-"_“)z] ) - b

2 1 PR B 3
. = ¢ -a =t LD
5 , -
r—rs’,ﬂ '\\jﬁ‘l ' " _
Then'uu?~best estimate of the true variance o of fha distribution 1in

terms of our total fimite number n of observations, x‘,xl,...x“ 152

) . Y . ¢t = L=% ) 3.8
RN L= Z(x\x) (3.8)

1

\

1
\
|
|
|
,
3 h Standard Deviation 1' i g - :ﬁ
|
|

The breadth of a distribution of data is best visualized in. .

/

terms of some statlst1c which has the same dlmensiun s-the mean

value. This parameter is the square rout af the varlance, called the -
. . standard deviationc”,of the distribution, '
The expected valug of the standard deviatien cos;esponds tu an o

-

inflnite population of data. In a finite eample of n independent
v ubservat1onsf the best estimate of this standard deviation‘is to be ) s
obtalned by evaluatlng the individual deviations (x; -x) from the sample .
mean X and then computing from (3 8) the’ estimated atandard deviation
of the parent distribution. This %is : ) {

~ B ‘ c,?_( Z_(x‘-x)) 3w

©




But we are 1nterested in uncertalnties of the final rasults, the

averages of @ f’inlte number h af‘sthe rgadmgs. From the previous
#mnmr’rant result: 0'1-:0; and using (3. 8) our best estimate f’nr the
étandard error of the mean 48

B ' % (3.0 L -

. &% = ( Z(n—x) ) e o,
; ’ ; : “L““ﬁ ®

3.5. Chl-—Square Test R _ ot ‘

.

a

" The mnst useful statistical test for the "goodnpss af Fit"
hetuepn data and hypothesis 15 based on the sn-:e%ed’x distribut,inn.
The X' test may be most simply statéd as the: quantl v~

)_'_ ( (ohserved value) - (expected ‘value) ). C (3.1 ‘ . - ‘
tet {axpected value) . '

- N -

w\weré the summation is over the total numbet of independent" ’
classifitation, n, in which the data.have been tjrébped.._ .The phserved
value also should be subdivided i}v{n at legst five clasaif‘icatd,ons,

“each containing at least five évants. The expected values ars’

computed\r“mm any -a priori assumed f‘requpncv dlstribution .. ° | .

Bimemidl,—Reiesen—Gaussian ete, .0 One nhsprues 7 zero X.For @

PO

perfect fit, and in comparing tuwo differgnt fittings the lesses the - ¢
xlvalue, the’ neﬂter the Fit. :

a 4

* veda
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Mter the drifting-process is

‘. . iR ‘ < ) {‘, } ,,,
) s . . o
vy .a' 7 . . _,' ) o 17 .
. T - . .'"' . “ .' ) ) ’ ’? ,\ .
N S \ " A
C W IHE GOMMA-RAY SPCOTRM | C v |
, : - T e L ) o '
b1, The fasic Detestor RELE ' '
The Ge(Li) detactur‘i~ tﬂnlcally construrted frnm a pre 51nglp

crystal of p t\pp germanium doped mlfh nﬂlllum or zinc. -The perarqflnn

of the lnaf (for plapar detectors)onr the cylinder (for roaxial’ .

R . Cnts . . .
detectors as in our case), ol high Sesistivity p type germanium g
. P4 * S ~

tone hy the zone refining techningues, Lithium iong are then

introduced onto the °urFaCP of” the germanium har nrnﬁurinm an n type, .
N

Thes P ions 'eivp’ 1han parmitted to drlft 1nrn the ncrmanwum ~

b en P

under the JnFluonrp m@?ﬁ strong electric Tield.

region,
The 1ithium EtDmu

thpn campensate QT Ne %ﬁ@\179 the p type impurities in fhplmprmanlum
nsatdd material

thUa producing intrinsic or &os 1n the drifled region.

i omp]Pme, thcre rpmﬂanﬁ a high
éﬁhcentrﬁtihn of 1ithium atoms 1% the snqurp. The In’rlnqlr rpnxnn -
howsver, hecomes the active volume ol the dgtector. -.

Tho fetertor is tlen reve?sc hiasnd for the electraon-bole

- 4

/ <

collection. This lype of drirteo hPLPPEnr 1S 1~.ux1uj LA B5-3R .
kS \ , .

(=i ~-) mav1cm. , . S

4,2. Tho. Dasit\Inler-ction™’ )
In arder 'to prepoare fDr a dispussion of thg main feaiures

ﬂetail tha thrneﬁ

of a .

omflete spectrim, 11 ib‘nQCLSSﬁ Ty 10 corsider in somn

@

. ‘. .
3n nle intsrantions invnlved in the detection UF oatmd radiation.

ey e H
Aare ol

Thege interaclions

(1) the phntoelcntriﬁ RFcht , ) .
(h) the Compion offect . , .
. (¢) pair production: .
Tho gamtas etrilking the detector interact by, one of these .
processns, diving kinetic enargy to an electron mhizh then lnses it
in collisiang with sqcll nlectrons in the narmeniom Labticn,  Thid )
leoves © tr:>1 af e?cctrnn—hnlc asirs tn the intrinsic regicﬁ. Since

there, is n electrin F111d present, bhece glechrans are agneleraterd :

¢--\

tn the pﬂsatlve terminal gnd the halos to the negoatiuwe PP;m3n?I In

‘a pond dolectnr, chorge oo olMenson oooors hn‘urc sionificant o

.

3

rccnmbinﬂtion,-aﬂd T rmunt of chnrcn collected at fhe imputinf 1hL
- - . N v @ »
\
. / ]
B .o ~— "f .
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charge uPnFltiVB preampllfler is s,%ﬁrsct measurement of the number,
of-slectron-hole pairs produced Since this process requires
. ﬁpprox1mately 24 o9 Qy/etéctron-hnle pair, it is aleo a direct
meaauremsnt of the kinetic erfergy dsposiﬁed in the intrin51c region
- by phd%oslectrnns, Compton electrons, positron~-electron pairs
produced in pair productlon. .
For the phutoslectrlc eFFect the energy glven{EDg phDhDélPCtan
is - -

T—-h\’-Eb - 7 -~
- where T is the kinetic energy of the dhotoelectron _hw the energy oF

the incoming phagan,

and Ey is the binding energy nf the electron

)

‘'shell from which the photoe]ectrnn has come.

As the photon Bnergy is

increased, the phutoplsctruns come from deeper and deeper i” the atom
unbn@ the rsmoval of a K electron is most llkely. This 1ntcractxpn
leaves a vacancy in the K shell, giving risﬂ\tg chaMcteristic x-ray

\
emigsion or Auger electrans,

Since these ldtter radiatiops come
within the detector itself, and the photoelectric cross section is
very: high at thsse lower energies, this energy is also given to Dther.
photoelectrons of lesser energy. Thg ultlmate Tesult is to convert .

all of the photpn energy to the kinetic snergy DF eisctrons whlch in
‘turn qive it uﬁ in the Furmstlon of electron hole peirs.

. ’

Thus if this were the only process involved, a source of

monoenergetic phoions such as a’gamma- ray soutce would give a simple

> sharp lire on a pul e-height analyzer, broadened onLy by statistical

‘(/ con51derat10ns; Gince the process is governsd by the photoelectyic, /

. crass section, the number .of photons .undergolné photoelectric
interactiuns aﬁd thus becoming,a part of the photopeak on a display of

cuunt rate vs pulse height decreases apprux1qstely as3

“ . "C' oC

dhsre T is the photcefectric absorption cross section,.and Wy the

(kv) .

%

L]

.f. pqﬂton encrny.‘

¢

v
A

&

.&'

A serond interaction taklng place in the crystal is the Comptnn

o éffsct. In this 1ntcract10n only a sértfbn of the grigimal photon

>

energy is given, in this case, to a lonssly b%pnd or "free electron”

and a lomefipngrqy photon emer
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. . . @
‘where w, ¢ is the rest energy of the electron, But T =L’v-\ny' and

19

L by = TEb | ' T(b,1)

where Wy and hy' are the energies of the iHc::ming photon, and -
acatterad phutnn respectively and T is the kinetic energy given to the
elkctron, Let $ and 6 be ‘the arigles of compton glectron and scattered
photon with respect to the 1ncuming photon, canservalion of momentum

- gives the fallouing relations

- o \nv/c = (W'/c)ces 8 * wv casd (4.2)
(\rw'/c‘.\sme .= Mvs'ws¢ " . ﬂ______(ﬁ'.}_)
(u;\-u -3) cnh be splved to yield thé energy of 'the scettered phaton’ ~
. W' =_hy - T T s

. V4 hy (1-0s8)/ w .t

wae uhtam the following relation’, <
T = hy X\+Y_moc /(i wsé)\nv]} - (0.5)

From (L4.4) we see that no minimum kinetic energy exists and that

~

T-+0 as O0->0. A maximum does exist, however,” at © = 180°. This is

L

the case of a head-on collision with an electron, with the scattered

phaton going back at © = 180°-and the elpctron going directly forward,
This.gives ‘ . e -

Tenax = \'_\+ (wod/2Wy)])™ (6.6)

The thenretical 'shape of this distribution has h)zen derived by .
Davisson and Evanss. «Once the photon energy is given up tp electrons .
in the-detector the detectmn prucess is 1dent1cal to the descrlptmn

given in the photaotlectric nmcess, except. that assum1ng 1nf’m1’rely

good resolutmn, the pulse height distribution would look like the

iheureticql distribution shown in Fig. 4.2 .

IF we comhine the results of the Cnmpton effect with the ; ’-
phaotoelectrin effect, we gét the main f‘eaturES of the gamma-ray »
spectrum from n source with a single gamma energy. In Fig., 4.3 we
have a ‘®*’ s spectrum where we note the very pronounced Compton edge
Dt Twax = 1;78 kev and the approxlmate corr®lation between this N
distribution, ahd the shape of Fig. 4.2 . . »

As the energy of. the photon increases eair production starts and,
becomes increasifyly probable above 1.027 Mev. 'The initial gamma must B
Dpave at leeet this energy because it takes tu‘gice .5’i1 Mev 'tb create

both positron and electron. In this process the pair.is created and .

-

]

% T
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" be three times the sim unrer the Comnton distribution, .

i that only the Kinghin erergy—T*—sand-T=result-in—the production. nf

~Comptan interactinons and the sum of caunts under the photopeak wrnled

<
—
N
-
o
1]
.

tho kinetic energy'af the two members is dissipated in' the detectar . ‘
accarding to the following relation |
Wy = o2z + VT 41T .
Since the fate af all positrons is annlhllatlon, as soon as tha i .
posikron slows dnun it'is captured hy an electron and annlhllated,
typically vieldinn twn .51{ Mev phatons noing in opposite directions o
to'coqssrve mamentum,  In a small detector these annihilation photons

usuaIiy escape the detector .without further interaction and thes result

——————
"~ . -

electron~holn pairs and thus a peak (since the proéeao ngns rise to

- r. °

a unique energy at hy - 1, D?? Mev).' . . C

n Fin. b.1 the rPldthP cross SLPleﬂS ‘are shawn for

photorlectric, Cnmptnn and pair prndu tlun in nprmanxum.'fThE
absorption cross sectinn is @ measore of the relativo P“Ohahlllty that

an interaction mlll takao place in the detector. Tt is' thesn

neababilitins that, far the most partﬁ determing the shape of* the

shsarved sprotrum,  For example, a pamma with an eNergy nf 100 Kev has .
an ahsorption crpss section of about 55 barns s/atom 'for the

photonlectric process and the correspondinng Compton crnss section is

aghaut 18 harns/otom.  There is ne pair production.  This means that at @

a

100 Kev ihere are three times as many photorlectric interactions as
L4

Rut’ the éﬁape of a npactruT changes rrastically from 108 Kev to -
1 Mev . For a gamma of 1 Mev the ratio of Cqmbknn tross section to
photnelecitic cross secticon is abaut 90, thus explaining th& large ™
sompton distribution at higher gamma eneroies. '

In Fig, 4.4 pe sumnrize various impovtant jnteractions taking
place in a O=(Li) ﬂ?tenior‘(ﬁr in a Sodium Indide dotector, oo, that
mﬁttnr) We now relate each Fpaﬁugp of the spoctrum in Fig. 4.5 with
‘pne of the intercclions shown in Fig. 4., /’/~ :

Thp tuo tntal energy peaks aen at 1358.5 Pnd 2753%.9 tev ,
resnechively., For a small detector,tho counts under each of thene

wnuld he mwipng primarvly to intéractions of tvpe ‘N . For larger

———

rietectors, additional rnntr1hut10ns'are aﬂp hy any sfries of proonsses

whirh vause all of the ne mma anrnv to he dppnswild in thp cryefa)

]
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Thus 1nfpr wetions of type C become mnrexlm rt7n$ as the 51zp nf the

.

dptecfor increaoses,

| ' For a small dotector, and for Ypa whe TP there are equal number -

s

| .~ of pamas of each crergy, the ratio of the areas under the fmo praks
‘ should be the retios af fhe phntonlertr;r Cross SPPtanS.

Joo fhp left of ench DF the tutql enargy DPHkQ’la a anptan edqp‘
resulting frnn interactions of type B . The enerqgy nf the "&dge" is "
obtained using (4.6) giving 2520 amd 1153 Wev respectively. Tua: ]
double escApe penks are prominenf,and Inrated at 1731 and 346 kev W

M ,tﬁey correspand to interactions of type D . ‘For small detectors, the
‘s . ’ ?atim af counts under the double escape pesks is the ratio Df*ﬁhc'

p11r -productinon crnss sections, In thc'uppcfrum the increeso in lhe

' . pm1r-producfzcn crass section with\1ncreasnng enargy is uvtl shnwn. s

. Interactions nf type £, for single escape, althnuqh rar# are v1 ihle -
at 2242 Kev ; To the left of this peak at 2071 Kev we can LqTe]y sea
Ctgq hinl of the Corntnn erige associatéd with events aof tépe F (i.e the
Compion edoe of the 2071 Kev pook). The hackscatter ek, resulting
from events of type G and.H is diffuse and located at ahout 220 Kev , T 3
v O locate the backscatter p88k6 me ‘regall that a monomnergetic N . { .
Qamma~ray hdvzqg enargy by prmdnrpe A [nmn1on edrne and a backscatter A

peak in the specirum ab emsergies ~ : . e

Ec=FEy - Fb - B CHY)]
' antd Eg Ey L ’ .
! L 1 + 3.91E¥ : . » - v

vhere By is expressed in Mev . Eg is nolhing olse but the minimua

i

o value of  (4.4h) which is 2 180° scottered phuton. Thé hroadened noborn
" of this prak i5 the result nf move thin one TR mi-TAY BNSTQY Prosentc v
. in tho source and the fact that nnf Aall bar;::jtaxn‘ is ﬁ;/ﬁrpc1"plv
100°, Ule also note the prqsnnnm of a enall amount of pplr—prndﬂntlmﬁ“t f:
’ in the detector ennlosnze ond envirnnm&nt, or interactian af type T

giving A '—1“1»)11 noak 2t 511 Kev L - - : R Y . :

4

. 7 L. This is hm thr niantitative IUFHtLOW of the yn;xou% fealures

! -
of the Gﬁ(tl)'datec;ﬂ? spectrum gives us an understanding of the hasin

v

. interaction of Lhe gemmas and matter, .
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ﬁ_re:mljﬁu,n of l‘r”h) detectdrs, “thz are gevoral rhﬂn'w"ls nn «ach

I3

SEORFLATTAN DF THE ANALYTTS FuncTioy - °

‘4
v

In qnnpral the Lasic Function used to it the full énergv neak
can be hfljltizen in terms of a Gaussian plus four exponentials. At low
enargy the miﬁth of the Roussian is determined by the electronic noise
of the "\]Sfﬁ'/fh’./ R%/tha/p/—\erq\/ nf the r_]amma-ra\) increases, the_ width
becmmeﬁ’Térqu Froq chatidtlcab proresses connacted with ‘;;;;

sarntion in the dPhPFfD‘. find when a cubic backqround is.used, from

Fig. 5,0 we can write the function adopted for - single full enerqgy’ ) !
paﬁk As follnws ~ 4 ' ' ”; . -
= axbx rcds dod v qep(Ay) & £ wep (MaX) XU ¢ % (ea
v T E = a+\_>x"rcx"+&'>@ r ooy *(X't‘)l/?-‘:'l X2 € X CxRI
F=o+bx vex 4 dx"’ * K ey (-Xbx) ‘N xm'g X { XR2 .
There are thirteen porometers in the function F e ) °

v
mean @F Gaussian | 5 standar\deviation o2 5 decay lennth low enarov \,
L4

becay lenglh chargn collectian s docay length high energy Ay 3 posk 0
1ceAay YAy 3 D

; three nren .

[N

he1ght paromirter b four backorovind parameters a,b,e,d

1

" parameters f,o,k . ’ S ' SR

3

5.%. Background Enyation . . ‘ : /

’

5 . . Y. :
Some acthars 480 3 gtraight ‘line fdv the bnackground § this proves
tn be a gond approximatinn in the high emergy rend on of the spectouer’
Gr uwhere poaks o H,ﬁ?r ta be on o flat background. "It is however no

longer valid in regions close/nn a Gomntmn~edge‘nr hockscatter poek,

“ 4% . - ~ . s g
Furthermore ‘a quadratic hagkgrrund as used hy % Uarnell ard J,Trischuk
viae Tound to e inodequate. Me thus Lurn to g methord . af baseline -

¢
construction dovellorod Sy D fuittmor . Due tn the evcellent ZatelnglV
»

B
!

side b \j;é peeks of intareot ubwrh in oot practical cos@s do nut— -

contain{any other pDTkP. Ih thasoe rpqwnn n seeand degree palynnmial

is fitted tg the #pasured values with Jeast-oquares techninues using

2¥ 4+ 1 anrl QH + 1 rmnints around the contres x, = g - 1, @and
SN t veoTe L

Xg ™ Xp ? rasrastively, vwhore xg is the locetion of the penk

(sen Fig, 5. ?)

‘ ) .
» The basoline iz thon constructod in such a woy that at % and xg
it has the seme rfannitude (p

Nl slopes (o ,n ) o8 the Fitter

LR

3
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[ ‘e’ Measured ppints
! | — Fitted polynomial .
. | Aaseline
. ’.)I/ ) \‘ - .
‘g
€
g
' %
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e
o
V) oo
)
‘ L3
‘ I . k———*———-( | l | Channel . .
Ke Ky . ‘“LJ’“’R R_, n number » .
f‘ T . 4
. ' Fig. 5.2
Y Penk nres de’rermina+ion Xy and Xq @TE ‘the bpundaries

' of the pmk region used for peak area ralculatmn
T=N4+8=LY(1) = total peak ares, B = base area,

»

[ g
N

N = (net) peak area,

2
-
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- A / ’ o ' ,
pol ynnmhla. lmpﬂost po ynomial 's?ztist‘ying these conditions is ’

- . 4

the fulluwlng cubf o ‘

b\(x) = v‘q,_ (x "\-3 * [ ..”.qR "7', o\" + 3(Pa-%) ] (x-% Y
. Lol ‘ (\'\.*‘\Rya K
» Fl%t e + thl t) 3 . -
(Leta 3> (0 +LR)‘-X (x- %) . .
The net count in the ppak is : oL
9 ’ : (} ’O
E[Y(») —\»m} . 5 (5.1
Now thc;\mlum (p\_,rr Y and \the deri. vatives - (q‘_,qa) of the fi}‘,tinq o
pul\/nomn’?]séi.ﬁn ke PXUI‘E‘\;aEﬁ ’35 Function of thr' measured counts: (u51nn

smonl,hlng constangs)y Tnr M= L R " S *

._Q /[ KM(KM"'\)' 7.K +|)1 2-;\ LY(’(M“‘"> . ’ .

‘ |
" and for HM:.'? L= K ‘
3
‘, 4; ‘ Sé,t(ﬂ Yo + \&_ Yy +\+7Y2 tiztYg 8774_ -\-47.‘/;- ny‘,-737'7) |
‘ 4 0 \
for My = 17 T v . T g
%, i
b = ’S%s’(%ﬁ”n FTBY, XISV, 4 FOYL £ 63 Ve £ S4Yg £ 43V £30Y RISV |
a Cve aYe M) T
where > = 2‘ (xn‘*'\-) +Y(x" =), ("\.”: oll,t.'_ ...N) : .

Peak apens are nearly independent of the fitting redions,
provider that : '

1

(a) sufficient points are used to reduce shhqh cal fluntuations »

LE. KKy S IR G : :
(b) the Fi H’inn Tegions zre outside the peak tH he dntnrmined ) ‘ .
1,1a > 3FUMM CFUHM is the Full widthdof the peak at half | ¢

the weinun Faight)-

1.8

»

(£) the Fitting Tegions do not Ysontain any other pesk.

226

“Quitther's wethod wins more) suscessful for fitting sinple Ra

praks on =z non lincar backgroun: art the prprprimg methods, bui Failed

226

when ceoei é@d bo fil the complex Ra peaks HE 1378.7 and 1385 Kev .

hlP cnuld havs dis r‘a:dprl fhhqm tun weak intemsity pzoks Trom m@ ,
an'ﬂyulf #oxcopt For thp Tact that the 2% Ra - -ray poaks alsg appeornd
cnmplex _zn naturs, “‘mu since the detereinalion of the avcas of thege
K-line is a maioy CU!‘ID"I"I of ours in our relative intensity a)ihratm;;
ucj; hatl to praceod to 'mr)tht-r mr’rf"nd The next epproach that wn tried
wag a simple cubic b“ackr‘rnnnd whwh .used wikh appropriate core in
aAach naae, nave cned results, . » -

.
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*5.2» Expondntinl Tails,

-There are two di.tinct”nffect that may give rise to-exponential
tails : pile-up and incomplete charge rn]ﬁectlun. i
| _ The long tail ohs ervod on the low energy side af the Gaussian in
Fig. 5.1, *for XL1 £ X <}XL2 ,yis attrnhutpd to incomplete charge

collectinn af Pole-rlectron pairs due to racnmblnatlun and trapplng,

' this tail is represented by L exyp (X X) .

Vo File up effects occur in the amplifier and are 51muldted by the

low antl high energy exponentials; q e (Mx) ) Joxe (-)\3)()

These cffncts, pile up amd rpromhinat10n~trapp1nn nocur through

i the mholp spectrum but are ofrmain cangern 1o us in .the full energy
peak rejinh where ’thy ininrfere unth quantita tl\/'np?.,ur‘?mnnts uf‘
arega, Nt low counting rate, pulse pile up is minimized while for -
nadprhuu ta high counting rate distortions become @ proklem. In our
taae mn,had tn make some runs at’ 35% dead time in.nrder to reduce the
tima of dear=tion DF 1hP runs anrl achieve Spwrtrum -nAain stahilization.
The rrnson for thPL runs at high counting vates is due to temd?raLure
related nain shifts in th2 ADC electronics, which we tried to 7 -

~ . § :
comnensztn for. . X

9.. . qéy .

’ﬂnders AwEs a pra&tnce. approach tn the pulse pile up

probdem,  Pulses Trom the pulse neneralor are admixed 4o the gamah-ray

. .spectrun at o fixed repetition rate. Meking two runs, at low and high

countingActe it &nu he demonstrated that: the dlStDFtlUH due to pulse
pi e up will bLe qu?vnlent For all pnGEBﬂoq&a ip a 5pehfrum and also
rqu1valpht ta the distorbion of the pulser peak,  Wo can sum Lhe
cndnnnlq which gt low counting rate confpin the pulser pulses and use
this sum, divided by the repetibion Tate,wns‘measurpmnnt ol the

"oulser tima" of Lhe cmuntinﬁ interval, At hioh cnunt rﬁins, the same
4
fraclion of timing pulses will he lost from the pu15ﬁr pesk area as
N -

« are lost from the phnfop&aks of the garma-rays. -

While this method is appealing, it does nnt take incomplete
charge collection into acrount which is the prpﬂnminnnt effect -in our
resc. e have tﬁé follbwinQBSituntinn : ihe detectnr is nXpos ed.to
radintion snd incurs radiation damage in its sansitive region. This
damann rnsultq in crystal dislorations jnd dnfects whzch constitute

9.
rEraps Fnr Viterated charagns” . Thesn dmrprts are Pumulmtva and




. . “ ‘- . . .t . ’ : }
incroace thp aneing ‘of nur six VBrlI‘ old detector. The nrnsence of . = J//
the’rhnrgb traps rnduues the charge cnllpct1nn efficiericy of the b
detettor and thus the size of thn pulse pquivalpnh tn the g.amma—ray g % /

~

_enerqgy. . .o v

Marisrut‘rim

and Vulp perfnrm evparuvely. sgcond and f irst

R { C\f‘)’.‘lV"Ll\IP smnnthn" ("IVEII"]'_]“LHQ ned ghhormq points) of the function

‘\ ' B tn Fit the perks, Even so, in their lengthy computer tqutines -
“prnvn sion is not made for the 1ong tail dus to- inrnmplptL rhﬁrqe

" collection. Dur final approach is Ymmilar to that of Dannelly- 12 and _

o ﬂu1tfnarq,3, and is the following @ once we have determined visually o
v _ peak boundaries, the [‘duqs:Lan part Tf‘or 'X. tmtmg, fhn exponential .

f‘grmq Teft and right of‘ the peak, we draw thp h'ackgmund -and cnnmdnr

.

" (5:1) 'as giving the net area under the peak

.
9 ® - o .
IS

5.3. Ghi=Smnare Trst Disnussion

‘ . - ™ cninparing_ differant Fits nfr}he poak,, tr\we 'X.l test wﬁs_;used 4An,
order to decide which Fit is bost. When we epproximate ;the ne Ra,
x-rays hy [‘auqsmn" and try to h"xndht the complex peak uith a
e computer program, it has been seen fhat the classicpl X° valup\ 85 'in
‘ (3. 11) denonds on heights of the Pxp:c,'r'rom* or. Cnmputpd vatues. To
minimize Fluctuntions it was Necessary them to removr this dependnncp
and the variance, i.e. the numerator of (3.11) was uspcl instead, as

VoA Figure of Merit for Goodness of Fit.’.' This First ﬂpprngnh was

_ 3 ' suceessfully appl.ie‘r! when dealing with one peak at & fime (i,8. when *
L0 . . using the same raw data). ) - S
" - Fof Puiss"cm gtatistics, ve have frof (3.11) the conventional ‘
T T : A Y ' e T
. B ,'-.‘ . ')& DN ._(YL.—\’JZ e .
e Ay PLo T :
. mherp N = pumber nf channels enrlnaa ng the peak. Thls can t}e réwrlﬂén
xﬂ 2 AYV/pL s G A
‘ © where oYy are called residuals. e . -
The relative error g per channel is \AYJ/?.. ,and’ — »
).o. = L LAY AY R Y > N
A .

is the average rP]AtLVP m*rm' per peak r‘hanrwl

If we pvaluate (5.2), it has units .o xy /y Luhere x :"Ch;ﬂnﬂ\?l na.

.

. ; +

( " . N -
- N N .




-~ * .

. . . | ) - , R
antd y = Cnunts/chq‘pnel or xy Area under the peak counts, )
ﬁcu:Kf‘or two peaks with Equa‘lly good fits (same relative error

L. per channel egy), the one with the largest area will ,q,we a larger'x

iy}

‘ In (5.3) homever,ﬂthera are no uhits thus (5.3) ‘should e’ 1ndependent =
: ‘of area, meamng that if a Gausman Cutp -(x-pm /26' is considered,
Y ‘ ‘ 8, will be independent crf’..hgth varmtinnsgn peak, Height L ur )
.t widther .- . ‘
“ Aut (5.3) 1s not’'yet the 1clea1 Figure of Merit for Gondness of‘ ® \
R Fit because statlstlcal scatter is greater at the tails than at the )
?
- ) cenj:rmd’t& .. It-is due tg the counts/channel being larger at p than ° .
. ‘ at the tails. Furthermore e, = |a¥\/p, is greateét at the tails °
. sﬁﬁce here =y >0'.. Therefore the major contribution to By in (5.3)
‘:, © comes from the peak tails where the fit is ponrest due to statistical
‘ scatter. ’ , ‘ "
F oy . -
- . lUe propose the following remedy : in (5.8) (e replace the L
Q ' . . ° 5
o N denominator ‘by the average or expected value of p. \ The single
- . .
" . Gaussian/function Ce,sc\»--(x--p.)"/zcr-z , has first to be norrnali’zgd in order
e ' ‘. . . to yield the‘{.requency, function., RepIaEing Xx-m by x to simplify the .
\ . ' tntegration, we obtain :. ’ ‘ . .
2 oo oL L jceyp~x/zc~du = 2cro"f wP‘Y °‘Y = /W Co” ’ '
- % Hence thp/nnrmallzed G ?sian, or Frequencyof‘unctmn iS
- . -t .L. q/ﬁf—-ra,, "QX\'»‘ XI/ZG_
) =
| . . From* the def’imtmn of th,é' expected value, we have a
- s (e d e My ae [Ta ‘
| . = P 3 X = e < ‘= x !
: . -, PA s_.oo ke J . " Tawmo X E e b )
‘ ./. _ . ' - . R ‘
| % = ¢z - : (5.4) , .
: For & complex peak formed by two Gaussian functions, having the | ’
: le o game G . 0 e . TSR 2P T ‘
L[c.{“"'\/w}m,e(’”"/ ]ch:g_, ‘
® . -? ot e ' o |
Y "‘ ' * . ' v ! ’ ) /irﬁ' O‘:(C("’Cz) :
- - , B . " . ’ 4 . - . \ \ |
’ “'\ r‘ 4 ° ‘1
L N . Hence, the. eﬁ%ected valuP of p becu es - o
’ '.'.v:/’" - - %= 2 - )(-t f * . - R 2
: N ST 5 [‘-': 1x-paY /26" - clo“ N)/zg][ . ( )/z“ p e #1) /200 ) ) |
. °'(Cn<4) v (k) - )
’ . R ® 5 = 3 ~
S et s, LN
- - M . = v ] C w5 \,}
. \ }—E ‘ 7;‘,7‘, O’(cl-ﬂ_t\[é; + j e dx (5.5)
~ ST A (e e RS et '
Cel A efena) e o
b 4 ’ a -

. ”’ . - ”
> . A

o ¥
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Considering the term in the thlrd 1ntegra1
' X1 >/2<r -cx (L9 /zcr* - [-/ch[u 2(wa A 9]

but

2oy x S X - px = &(x-e/,n-t%;
o= 2[)( - Eu‘;\‘z‘ - (_P.u+ tz)‘

: . ’ \" . .o 2 ‘)
let VA - W, o Lo , .
L o

o [

we have * o 4 2 . ® _ ,
v * - (M ) VA, e ‘
. . " - —J . . C.
. B v -
Thus (5 5) becnmes ' Y .
: b -~ © - T kS s
_';v- C' : +_ Sy ¥ 2 cCr & (s -F-z/),/ﬁv' o n-wm——-—»—-‘»m—‘m

~

T (C\¥CY T 72 (i) ‘e v Cy
" hence. we obtain a dependence nnly on the difference between the two
centrolds, and not on their positions . - Lt o
? Qur Drl,qmal noal, ~5uas to formulate GAUSS 2 ,the program tn Fit
complex peaks with “tuwo Gauss:ans having the same cr . Since then
however, other programs were ext\rapolater{' and we have formed :
. SPETTY which fits a single Gaussian and uses (5.4) as pverage valie
of p, GAUSS 6 which deals with two Gaussians having twb dif‘f'Erér;t c's
anp for which the malculation of the value of p“f‘ullcws, o

¢

[C ead fael o ol "‘V“’]d = [T (s +&S3) oot

the avgnaqe value of p is ° S ©
3o 2 (Te g O-r¥/act ~(x- 1 /2; ‘ |

P = 2J[C'° PG e o
°o i ’ '

\ - e >
\ IO o “ -
\ [ c e (x-pYy /203 v Ca e_—(x-—}ta)z/z_g.-;] d"
AN [ (cEirasy) 7 (€% + &) |
‘ \, ¢ ) - (.
EY \ : ' . .

after some simplification we obtain ;
P : a/2676

P (/'ci - +C* ) ) *Laaac & (/ l)/[(c.cr.+<:,cr';)(c.r rG)4] C
' [Sorg 1 &% rd

where & rdbresents @ @ [T G‘.p., - (}&.c’.-'rp. G )/( a“+
Depending an the prngram, we will use one. of the previous p

values, to perform a Flgure of Merit of Goodness nf‘ Fit accarding to

the formula . - ‘

-
2

e
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: : : ’ ' s
. s i
" - LY Y A -
¢ - W Y 4 (5.6)
. , - . . . .
.. . ... Ue ssy.ou.that. (5.6) .is an. gffective.-Figure aof Merit.. - . .
. R . ' .
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- . & 6.0k :F’LEX FEAK FTTTING PROGRAYM GAUSS 2 o
| ., . RN L . °
. 6.1. Main Proorg ) : ’
. . . ¥
\. ~t . wo survnarize the m11n program by omphasizing the method far

\ "T‘meq data 1o the bm)zc: analytic function (i.e. background

where the oohslants cy enter mon lirenrly intn\t‘he ‘f‘:gnc/ﬁ aral -
expression.  IT The canstanto o7 word—known—then—34- wcmln-hg._nnmﬂﬂp
[

“mintrtictod) ' ’ -
Y= CeRp =¥ ,'-"-.;r;‘a-" + _’,;""s'?-(x-,u-\‘/onz' (6.1
: ', The Following s the gensral me gthod For Fitting data to a non Va
L linepr furition, Let us codsider the function " .
Y = FU%,C) ,0gyeeey My ' ' : o

i
to Torm 2 sot of true residunls for eech oboervod Yo ¢

. . & c 7

' L8, ) - Yi Yw (6.2)

W{q =z -&(%5 &, \M) Y.. [
- " Here FO% % ,000,%,) i8 thn actuml valuve Tor a given x, and Yi is ythn
ohaorved value, Howevar, if estimates of the 13T ampbers &y can he
phtal ﬁ”l fy \Jnrno merthod, then the cmxﬁpnfpd. resn)u..}s can he calculated
) . n . -

-\ . Ry = f“(x,, 28 G eer st ~ Vi i=1,n (6.3)

for n(x,Yy) dota pairs.  The problen is tn olitain improved valuns

T -—-- of the peranelers cp using-a riifFerenti:1-—cr3rmctiorv techrigue bagserd |
! on leest SqUAres. Fivst, ue p/nawl the Tunction f(xy,0 0y eae,Cu)
) ahnut the r‘3 . us'ing the following lincag Taylor-serigs expansion '
- - N
-(-(X Qe ,nCm) = -"()‘ & ’E}! )+ ?.&(_C‘—C\)iv...?&(‘_ (_M} (. 14 |
. ® . Npbpwe define - . : N
sc', = ¢ -} L T 2‘&.\ o (s —
, ' Doy e tx=Xi £y B
“ o SBubtreocting Yy from both sides of (D) and usi ng he defind h'm (6. 5)
} . v
. . . {(_‘)t,c.,c; wlwm) = Y3 .‘.()s ey - Cw) =Yy +2LS¢,‘.. +')é_§(_“<_6 () .

Combining (6.2),  6.3), (6.6) gives: ,
| \ i e R +/§£}_§c 4.’)‘ g(_l . -1'—2_&‘__ Cua (6.7)
Mg v mant tn minimize the sum nf thP f"n"rn nf th resirdudls g -

o Q= Y e W[R +';>)g.Sc. # N s(z...asﬂsc}ce .8)

. ' / . t"k C o

»




v

Takinn the partial ﬂvrwvailvv nF Q m:fh TES pact,to ecach Spi, ond

L]

o ”Ptt\ﬂﬂ it aqual to zern, we obtain a.system of m equations @ .
2 ‘\ZZ + 0 Sei 4+ ... i Sc ')&‘.. =0 )
lleI L dan ) '5{1 M] ey : (6.9)

- . a PO . s

.y - .
TR v o Sout o 26 Sel PR =0
A R i i

T . R
o -

Rearranning (6.9) GlV””

b1 e,y ")c‘ v ")c_.“ )G. (g ’}C‘

T | | . (6.10)

.

o “Zqi“ Wi Se, + Z 26 U Sep e Z&\:SCM ZR Qc

. =
oT Pe, Do =t ey Do . i

Z ?&‘_ St.‘ -+ i ?_L ')-‘-u Scl Z__j_ ")&‘- SC..,,~ == —-)_R 3&; .

Thesz cnuations (6, 10) aTe lincar in fhn correcticns S‘i , and we may -

therefore deal with the problem from this point ornward.hy the method "

1[} ]‘\

of le=st smuares o At tQis point the main progran cnlls the

subriukine 055 2 4o solve the m equations inom unknowns,  Now, hask

Az in in the main program, r\ncr’ the Scs s have heen cnmpmcd in BG&S 2

vwe testiF any SL is Yarger thﬂn desired. Singe tho answer to this

S question 75 in ovr hands, the test Fails to bo satisfactory and NG

N

- merr'““*o**—tﬁwﬂw,mﬁw—%wreﬁpv_ﬁ—m&ﬁ‘hmﬁarafﬁas—asﬂf‘ﬁa tepati }a"&~~ .

U

e
&

inao-Lhe -rour ¢4 —“'-CT +Sc+~e=3~0ur Anittel-values e s

:
.

~
.

z
i

Tn the prmcrzt cane, 100.<1‘m3 at (6,1) nur c?’ rrgroximatinns Pra
.C,,.\,,G’ D,}L,_. Nate {hat the sta!“;{drrl dD\n' ating
g For both Gaussians.  This assumphion is based on the followino

is takon to be the

s

< arouments,  On previous exporimerts in hanedf) L{.ing complax peaks thoka

. s s . B . !
wers na cionificant differences- betuceh the twn respensive 67s . Als

* cthrouahnut sho effort, the goal of mhintairdng tho nember of erquations

1o a2 ninimum was considared tmporbant. Flnl‘ﬁ.':ergmxjt?;v note that we are

Fitting the ralta tn the biosic analytic function (6.1) only, and not bn

A ~ th2 superpnsiLinn of the Baussiang plus the hackground (on eshtimate of
'H'K’ hack t“'rumd Leing done previously by annther projram). « Ay duing

» 1.h|q v hova rrduceds the nine stmultaneous equotions Lo Five (the
hnckgr;}u{\:! buing uut'ic). Had we not had this prenmn«‘lqation‘ rothing -~
wauld bave kepl us From throwing in twa lell- oide ard tun rinbt h..Pp

cexponontials to eAach pnak pnding up with the imor acticel coso of

W
}
|
|




v

e v '

solving more than twenty Pquatmn simult’mnouslyl Thus [AUSS o deala
s s e i Tive—d ntlepcnndgnt_eqnnimns whaoe_ceefficients. d; and hy ,are

a

formed in the ,fm].ounng manner .

e QY easInl es TR SCIRRE IRE

. ‘ D
0-1-‘ 1= Quyg O, = 2(3 z Qg = Z'b 'P_E a - {'&'?L a =Vq ! -
S 24 as =L 2%
£ ‘ ] ’S?) .’S]E 3¢ Sp & . op,’i%‘ ,
P Dy F Qyn Oaq = o i J
) : as afy = L(RY e = LR3 o= L2¢ %
— e D M O
., ) O..‘4_‘ = Y4 Dga = Fua - Q”"3 = Q z
" o . X 34 Qg = I@L} ars = DX 2
ad =10 - a ) WD
\ s Qgqg = 28 Qep, = Ouye 2
: ‘ : | Ggq = Oay ogy = QL\
M= SLRE B
Qc ‘
Dba o= ~LRIODP o T
e . ' &
ba = —7RiDE .
,.-%A_L _______ . ) ) o~ .
by = -LR2L . S
. . 2D . ,
bs = -ZR\.QE . ..
- QH’L <& ¢
! i ~ __ !
,  for clarity we can tearronge the equations to sbtain a symmetric
1 . ’
. matrix form
L] ) '. 1
’a“ B Bn Py Big Se .
. 1]
By B Hpy Tay For So ¢
: t Py Bay By H44 g Ope =
\ah' 2P Dy Han Aas SD I
s . v ¢ . < .
. . Big Bagp Aye Fas Hes P2 -
¥ . . -
. 14 - .
-~ N . . N o
6.2. Suhrnntine GSS 2 R
: The suhroutine consists of a pmgrm that performs a least squares (&
e ;vD'Lynom: AT s T Tt ete +e—Fit any polynomial from First 'to
. ﬁf‘th tdanree,  Tha sibrontine is cal]ed tmicn from the main program:?
(a) theo irsh entry is to perform’a 1pasl souares it in order o
. .
nsEain the cihic eouation of the hacknraund ’ /
. . « . N
(h) th= snonnd entey ig tn snlve five simultaneous linear eqgmbions /
in five unknguns. . '
. t
We rom divide the sybroutine in two mris
‘a.""a\ -
, ( 1. Devemloping the grefficinnts and cnnstan‘f terns of fhr' N ‘noring)
erjuations, Y . . : , . -
P:\/af'-ﬂ enndengation, elimination and hack substitution. A
) } R
- , .
. ’ )
\
! / » »

bt

L ame .V —



Part 1.

“guailable in eny book on mumeMcal analysis

&

v - ,

3

The fnrmalism For applyinng the methord of least sguares i$

15

In this nase, with a

cubic bacgknround, the calculations result in fnur,qprmal equations,

These are 1n penaral, *

”’where NUMBER =number of data pairs.

4 HUMBER

I=t

_Z (ZL XILH 2

0

NUHBER

3t
L

R V= V..

A

This can be put in matrix form

where the first elements on the left form tha qquFicients Ngq -

AxC-=

)

[

C are* the unknowns, Lhe terms on the right form thé constants By «
Part 1. is best expl innﬂ in delail by 100§1ng at the block
dlégrdms in Fig. 6.1 6.2,6.3 . )

(S5 3

Jart

numerical

»

2.

)
P

|

\

N \

In this et we invesbigate ibe method dvvised for tho

snlution of simultaneous linear Pquatlbnq.

four simultsncovs equations when called Trom "Part 1 or fiuve

simultaneons

by determinnnts sre quite cumbersome in our case ahd we rule ot fh

noss

—
Mility of using Cromer's Rule which is sim

equations when galled from the main program.

nle Dnly when the

numhbe?r af equaciong ohoes
includes e ctop 9nowghich one
hocomes vory small

v Yy 1

compnter and prevents

Gnurﬁ_ellm1q%L;ﬂ-; _The thonrey Tor rn]vwnn N simltaneous linear

e twﬂrhfnrp turn o the simmler and more teliable method of

nnf exceedthroe,

A

lde .either have'

Solutions
{

*
rﬁan‘.rwmr'e‘Pu]P”“

unt divide by a determinant, which aoften

Furthér*gxecutinn.

therehy producing a singularity vhich halts thi

eabions

e

-

tet the N oarknmanag
-

lis]

-

-

in M arkrmugng fnllows o

1 .
Bz Xy Xgyeees Xy and 1et the equslions be

H 4o ='h -
W ¥k g X o ees F ByXy T ' \
gy X Mg 4 vee + BygXy = Dy
. . . [ ., o » L . . - - . . [ 4 *
.'1 1 4 ) ’
A - . - by \
GN‘ 4y + N2 a - sae -k NNXN = g” \
postnn that the pouations have haen qn nrderer that iy %:ﬂ R

define N - 1 mulbipliers

»



A} o
? —o 39
} s .
. Fromm = 3 )
. * .‘\‘
‘ i =1 '
\ 2 | M
.- —1i=i+ 1P =0 .
i . 4 /
, oo 1 =N h
* . . - ’ ) ‘_ '\' '{ *
PL:" = P 1"4'- Xs : j= j + 1
i
o3 - -«
k =k + 1 '
e v . ‘ '
) 3.. .3 \
’ no )
-~ ) yes RS
o to Fig. 6.2 - 4 }
] . ~ o
= Fig. 6.1 L
“ Forming the different powers Py of Xj .-_«_The' subscripts
', j varying from NL1 to Nl{(hnints taken to tha left of
SOTVE) AT K UATVIRG TrOMAR - MRE—(points—taken—te———— b
. the right of curve). o ' ' !
7 .




#s

[y

" From Fig. 6.1 .

I _ - S S
v - N = M.+ :l
4= 1 v
‘ |
i=1+1F} » J=1 . ‘ ‘ ’
L k‘=l‘i+ -2 =34+ 1L0 :
. O R
- A,, = MIMRER N
- . .
! 4
R ) - | /
] . . ¢‘
.-
B . to Fig. 6.3 ‘
~ . Fig. 6.2
Forming the coefficients of the.four equations by
assigning the P, to the matrix elements 9‘3 ‘
» ' e . .

1 N
™
. y
’
[
¢ - .
.
‘\*- «
° i
r o
L}
\
~
~
L 4
\
o ’\\
- “
! . v o
B N
e T ! - -
- N - -~
! [
2 )
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» ~ ~J
Yy i - 41
- . . T Vs
P From Fig. 6.2 *
T -' T T BL;“: "U“"‘ S m s e T s ot T pmme e T ""'—'T“ o el e
J = NL1
.. = s
-1BL.=‘BL,_+Y_3 L i=3+1 . )
* v
i=2
BLy = 0
l &
j= N1
s .
- BLy = ALy + ¥ (Xp¥
& ' yes
- . . .BR'\ = D .
. i . : ‘ j = NR1 . ,
- Ao T
. ’ L BRy = BRy + Yy (Xpo¥
. :‘ i= ‘
:. « .
1
1 -
, to pivotal
' . ' . _ , condensation .
' ' Fig. 6.3 '
o Forming the first constant term 8, , and the following
o7 * €
: terms H,, By, By . .
’ /
- ¢ * /




} Q-u/O-u »

:" ang .lsubtmrt my tlmes 1.hp f‘lrgt equation f‘rnm the ith equatinn. If we

w\. E™1 ?\-8 49.3, “' . . v

T e T T - - ~—-———-w~—-—m—~~\-m—ﬁﬁ e e e o
- . . define : L. I
, Lo ’ ' . L. . .
“ ay = QLy =MLy Vo=l %y M -
- N T IR IR
we see that - - . . v ‘ :
> . Vi . 2 . .
‘ 0—"\ = O w o= 2,. -N
. |
; - Thetransformed equations age , C . ' ;e
‘ By Xy + By Xg + oear + By Xy = D )
7 v ® .
' 0 +aux,‘+...+az““=bz )
-go.ncv--oo-.ooo, ’ 1 «
0 N - by '
} e aw w= by ‘
we continue in this way. At the Kth stage we eliminate x, by defining : ’
. multipliers (k) ’n . PR
. . oM" vy L= Kl N (6 2)
. (%-1) ' ‘
(k-1) - . Qug C ‘ -
thI‘P Oyg#0 - Then .. : | ) ’ ’
. A (x K-t K-\ K-t '
’ oty = 0‘1.(3 ‘\-—wx\ \ (s) ) -
. ‘ ° - - 6.3 ) -
\;.(k\ - b.LK—‘\ (v.-\) by (®-0 <. . ( . ) . :
. fFor i'= K + 1,...N and for j = Kyonoll .
The mdnx H t?vee, on consecutive 1ntegs‘\r values For 1 through anr o
'
1nr‘1urlmn N - 1. Nt the point where B = N - 1 uwg are ellminatlng
X et From the last egustion, - :
‘ Tha final trmngul'xr set of Pquahnns is glver\ by
Ki
c"X| +‘H~&xz+... + a Xy S T . (5%;)'
* / lexz + ese + leYN = b?. *
.', e ® o e v % s e - - Q F‘
’ , o (o N1y % -
- I : .
ThP hlock diagrem for the elimination process is shown in Fiag. G.l
) it f’anva the descriphion f‘au‘T\/ closely, with two exceptions. Thrzv-' . R
. , hox marked + containinog “"arrange Tows, qf’rh'ﬁ“ aKK#: " refers to a .
' process tn be discussed later, AS P shall see, possihle round. off | '
errors in the values of the unknowns can he asubstantially reducerd h\/ a
) judicigus choice of T interc!)ﬁnge.' The srennd~difference between - .
. b Y
the hlnck disgram and the description above is thal we have userd one ,
. . . "
Ve word, FACTOR, for all multipliers in the block diapram For we naver
. . .

. W *




used;pdre-than one multlplier at 4 time. .
"&
In reating the block diagram, note the meaninos assigned to the

-

suhscripts i,k

K efars to the rumber of the egquation being auhtracted from other -
equatinns , it is alsog the number of the unknown being eliminated
from the last N - K equatlons. . . -

i refers to-the numhgr UF the equatlon from which an unkrown is ‘ v

currently being eliminated. . , *

- j .refFers to the number of & culumn.

. The bhack substitution can be descrlbed‘as Folloms Hal . P

. {N-1) (N=1) . .
X, = &/ .. | -1

W-2) (N -1y (N"-) : .. IR

. X”_ _(g - Opey,n u )/ et 'N-"' ] i ) . ‘,;

A\ ]
o“ ¢ e e e ¢ 8 & @

5“‘ {i-n Y (-0
Xj ( —Qju Xy — ... - “_\ﬂ X_\An)/
FUI‘j N"?,ooo,1 ’
The hlock diagram shown in Fig. GRS‘DDrresponds to the back

substitution. ‘
Now, ule recall- that we may have to rearrange rows at each gtage
DF the elimination process in order to av01¢ division by zero. Also . e
‘it can be seen that at each sﬁége in the process the calculations use *
the numbeg; calculated in the previuus stage. Fur large matrices
mhere a considerable number of arithmetic operations is involved, this
‘'is the classic situation in which error magnlflcatqon can take place16
and we take all the possible steps to mipimize the‘build;up of errors. ” .
From (6.2) and (6.3) we see that one operation mhich OCCurs

many times is multiplication by mL . In multlprJng the numher any . - -

—-—&*“=aeeumulatedhprrn#:mhiﬁh—ls-present m%%ésa%sa-mﬂitipliedwhy L ; e

therefore these multipliers should he made as small as possible, and

certainly: less than D?B, so that the errors are not magnified by
the multlpllcaflon. -~

o This is easily achleved if the pivotal element \a \is the
largest df all the elements ‘a \ in the‘fame colimn for L)K 'in ‘ y
(6.2), then

\vwﬁf'” \ 4 :

Dur rule is then to rearrange the last N - K '+ 1 rows so that the

€

-

o . AN
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K= 1o

JP1 = K + 1
AL
A =5 BP
I
Arrange

P IT'DWS 80

Ay # 0
fl 1
FACTOR = aix/3xx

0
BP1

Ay - FACTOR.ay;

r

yes -
= by - FACTOR.by

‘Block diagram of the method
Gauss @lféination.




From . - *

Elimination

e . ” Cau = b,‘/am‘ / X

?
:
no

l ! - -

SUM = SUM + ayeny e

Cy = by - SUM/aW

M - Ji=1i-1

yes

Return- to

Main Program

-
g

Block diagram of the hack substitution,, |

in Gauss eliminmation _ : -

R
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S largest - -in ehsulute value - af the coefficient in the Kth column iB
v o« inthe Kth voy. This s referred’to as DlVDtEl condensatinn.
“ u, . A hlbck diapram of the testlnu and ﬁf necessary the interchanging
- 4? is Shown in Fig. 6.6 . It shoulq,be thnuqht.nf as replecing the box
‘ > marked‘t in Fig, 6.4 , In studyinézFig. 6.6 ,we recall from Eﬁg. 6.4

# . . .
p that as we enter tiiis phase K hag some value and i has just been set

L o« to K+ g . We begin bQ setting an auxiliary sﬁﬁﬁcript 1 ggual to K.

The Plrstécompar81enn is then getween a thefglement Just .helow,
the dlagbnjl term Apyr and eLK,mhlch Ys- Bk * If a&K 1s found to be
larde 1n ahsulute valug, we set 1 = 1, The subscript 1 therefore
ff elw s reprrgents the row number of the element in the Kth column
‘ that 15 so. far-ﬁhe largest one tested The-subsctipt 1 runs through
all values from K + 1 to N, 1nclusive. Thus at the end,of this 1oop
1 identifies thé'largeet éiement the oMt we want Fur a‘K after
interchanging if necessary. b ! . -
hoctvally, the urlginal aK‘ cgyid already!ma the largest MB '
interchanging in that case. * .
" Before returning to the nein elimination‘pracess, it is necessary

N to set , hark to the value it had hefbre we used it_as a suhscript

- 'in the test;nd laop. This is easily dune : 1n the main block diagram,
f Flg. g.L4 , tha value of § had just-been made K+ 1 , which we repeat
) %ﬁ‘ here. . ‘ : . , I
’ R\ : Interchanglng is done on palrs of values, pne From roy M and one
. . o from row 1 ,uhatever 1 may he. The interchange of eemphpalr of valuee

requ1res a sthree-step prucess :

.
s 9 hd

1 we move the First:value tu a temporary storage lacation which

we call TEMP : , ' ‘ .
- R
2 ua mnvp the second valup tn the anatlnn or1g1nallv nccupled by
[
- the first v »
» Yo - S 12l

3 we move the first value, whith is now in TEMP, to the location
- nrigiﬁally occupied by the second ' o o
] . . Y . . LY .
v ) This operatldn.myst he dong on.e§§\pelrs in the Q&e ruws;~uhich
ot 15 carried out by a loop using j as a aubscrlpt Flnally the tmo

cnnstant ‘terms are 1nferchanged and the frocess is complete.
LAV The listing % GﬂUSq is 1n thHe Appendix.

¢ ° . /n Lo .

‘th;rofnre 1hmed1atly test for this p0551b111ty and omit the -
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Interchange . ' ; .
ayy and ayy | S | - ' N
. yes ' . ) )
) Interchange - R L >
by and'b; . ._
1 T
o= K E 1 fe— " -

M L3
. N [ -
. + ' .

Fig. 6.6 o -
S t—————

Blonk dianram of the process of choosing the Kth row

and performing a row interchange if necessary, )
Yoo, t
. t. v ) .
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)
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L
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‘ . 7.RESULTS

e ‘ )
.
. >

7.1. Enpray Dalibration .

We consider the Tirst five principle gamma-rays from decay of
radiun and daughters, in Wallace and Conte's tah1e1?.- Comparing these
Rnérﬂies with Nuclear Dnta.Tah)esjﬁ, we .ohsarve tho same onorgies
excepl. for the First gamma~raﬁ, which is listed 186.0 Kev in Ref, 18
insttad of 1P5.7 Kev in ReF.17 . Maranver while other energips are
accurateiy known to five didits, this decay line is enly known to
four. This prompied our search for on adequate enerny calibration
method in Prdnr tn gquote the 186 Kev line with a prerision of five
dinits. S

There are many metheds for obtaining accurate eneroy calibratinn,

(1) Using a precision nulser. A pulse generator is calibraterd hg
setting pulse heinhts to coincide with gamma-ray lines of known
nnergins; wherety in Lurn the pulser calibirates the speclrum.

(2) A single source whith hBas many transition lines over the
rbgion of internst oan also be userd, ) , s

(3) Arplying the mixed source mebhnd where the transition lines

nf saveral sources can he user.

In all cases, as many points as we can obtain are nneded for
accured calibration,  Now methor (1) rovealed to us that the ADC wAs
not lineer pver 95% of scale as specifier, and thot thermal drift
céused enargy ooin veriations affected us,  In order to eliminate
these snaTny gain variations the "Analog to Digital Converter” (ADC)-
was sealed off in e plastic enclosure,

5t111, the drvift” though 3ghstantiﬂllﬁ vecduced, was not kotally .
rempved, e resnlve then to drop the First methnd :ﬁﬂ ont mainly for
the third one duz to lack of sources hovino the rerminite nﬂmma—rﬂysc
in the 200 Kav reqion,  Tn the mixed sOUrne methntl e rasolved to moké
sho*t run= for susteined Rnnréy ncnufahy. .

. The noxb sten is the Gaussian Titlof the penks (honee givion their

perbroid ansibion) hy a neanram thal putrmetically annlvses the entire

2

ano~tekm, called SPEL . Onne this is done, one looks for best fits

Al paters the Gentroids ond the relstive energies into'a least

squaras ovrve Titting program.

T

'
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For™ 8a, 7 s, “°Lo and *Ra, polynomial Fits above order thres
were trisd, but 1}.tle improvement was noted beyond the cubic. -The
nverabyfgaviahion ovur o reginn of 276 to 1332 Kav was .N132 Koy for o
cubic Fit, 0214 Kev for a quadratic fit and .125 Kev for the linear |
fit.® Repoating thn(éxpariment, this time without the ***Ra source
we obtained similor results. UWe decided thus to use a ruhic as our
energy calibration -curve. ) ’ '

For iwn months this method was to be used extensively in
numetous tuns.  We summas ve the effort bere and retrace the main
features., Shown in Table 7.1 ave the energies and relabive intensitics
of the gamma-rays for the sonrces used (Tntensities are peak areas).

Congiderinn runs with enly one source,‘tbﬂa; anr excluding tho
M6 Kav peak from the lesst snuores fit, the cuhic nrnducnﬂ\enerqinsl
that oscillated betunen 186,18 Kev and. 186,16 Kov.  In the Tollowing
mixed sonrces nethords the 186 Kev penk is excluded a5 hefore Crom.the
leant smiaces fit, For these sources : 5789, e, ‘¥7Cs, the energf
ahtained varind hohbueen 196,125 ond 105,137.Kev,  Using ®*Ta, 226 Ra,

37 0s the ennray value was beteeen 406,16 and 106,10 Fov.  Tn Tuns

W0s values were betueen 195,15 and 185,14

. . L

snunlving '$¥EL, **Ra,
1 C s N . . " ' ’

Bev,  Finnllv in ming with ‘7LU, 12 Ra, 11°Rn,‘$7C3 ag snurces, and

% . . 19
with the "**0a cnergy valueg teken from Aubin and Monaro , the

- ¥ .
oneaies nhilained were 1ﬂﬁ;1% tn 186,16 liev,

We therefore claim the volun nf 186,10 Lt .04 Kev as beinng the
\
first principle nenma-ray From radiom decay and rdavghters.

\
\

“7.2. Rolative Dotoctor Ffficinnoy

We intended to usn_tgn x-zay in variur decay in order tn extend: bo
lower aneraips the use nf **¢Ra as an“effiriang orlihralion SONCE.
Mallagn ord Conte claim that hanause of complex anectral heckarnunds,

e - .
anrl thr rrpidly channing efficiency nf the detector in this eneroy
roninn, Lhe x;rnys wete too remote (from the efficienoy enrresponding
to the 180 Kev nawma-ray) fer calﬁhﬁhtiqn purpNses.
. ‘

At ynelnr N0 Bev, for reliable x-ray or cama-ray poak arpa— "
calculatinns, wa bave 1o take imto consideration two kinds UF:
attenuations : air absorption and ahsorption doe to the material

. .

>
surrannding the sourro,
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ENERGIES  RELATIVE ENERGIES RELATIVE
in Kev' - INTENSITIES in Kev INTENSTTIES .
o g o o | oo ” S
- 186.0 . 767 - . 67,75 119 - ‘
241,92 17.21 100,10 ° L0.65 '
295.22 L, 41.86 152,43 20.7 ,
351,99 8140 - - 222,10 2.8 .
_ 609.4 10 - T AT : ) v
) 76BN 11.68 123,10 111.32 |
T X 247,92 19,13
S 112004 32.56 591,71 . . 1663
" ‘eze2 0 .88 - 7 o :
1377.8 . 10.70 " 6B1.EL . 10D ’
1385.4 2.40 gt T
©1729.9 7.4 1732 ° 99.88
1764 .7 38.60 ' 1332.5 *100
2118.9 .02 ‘ ] :
2204.5 . 13. 56. . p
204.8.0 a2 e s
57[30’? i °
122,07 87 ] | . - cy
- 136,53 m o \
es” *Ref., 18 ‘ ”
810 % , —
276.3 75 ®Ref. 19 ‘ :
302.7 19.6 v
355.9 62 R
.. 3837 9.4 ‘ B

Erergies and Relative Intensities of gamma-rays for - Ra, >'Ca,
g y ,

B3, t8ag.  teep V3T G0
’ ’ ’ ' 7 A
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- We know that interaction of gamma-radiztion or x-rays with

matter is characterized by thé fact that each photon is remaved ’
individually from fﬁe incident boam ik ;:singin reent, Thus the
number 05 photons remnved 811, i1s propnrtional to the thicknoss
trygversed, bx, and the nuphor ol incident ﬁhntdhs; £

AR = —pBAx , (7.1

«  uwhere p the proportionality cst. is salled the attenuation comfficient,

+

If the radiation is homogenecus, W is a constent ond the integretion

'

h of (7.1) yields . -
' l B = Boc\k? (—}L%) ° N ,(702)

. a
sinte % 1o exprgssert hore in omoand since px must be dimensionless,

! R < . . Y. - "
the attonuption coefficient W is pxpressed in.fm , Frofi a table of

gamna-ray ationustion confficients for rry Hirzn, ﬂ/f , the mass -
shsnrplion cocfficient, (uwhers p is the air density) Yo photon encroy
ware Mntled in Drdmr\ig hbterminn air ahgnrplion at the x-ray oneraios
_ of 6 pa. L ,
allace end Coote's estim@te of the x-rays, primarily Ke's and Kp's —

AN
~ = .

- » of#76,1 ond 87,0 Kev coild fnb e duplicated, A thorough oxaminatinn |
of ths.article entitléd *2€pa + (chain of ﬁaughteré) by Martin and . .
Blichert-Toft in Nuciéar ﬁata,Tables 1970 shows x~rays Trom t:ﬁnsitiong
in Bi,Po,Rn. These are shown in table 7.2 ,
\ SR !
. S ENERGY TN HFV o INTERSTTY ,
Xk - .07692 . 22,3 : .

oL " transition in Bi- ’
08117 \// 1.26
transition in PR’ _
Los7e T 0:73 :
tronsition in Rn
TFth.7.7 o . ‘ v

X£ trancsitions of vadium deony And daughtera,

2 Netails on the veridus Ke's (cnerpies ong intensities) ave

M <

. » 21 . -
nhtainahle fron the Tehle of Isntnres® . They are tabolated in
Jayvle 7.3 whore prernies are in ¥ev and intensities shown in

nerenthnoens. //
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7 ELEMENT by Ke, TR
A3 A1 . M.81 77,11 87.2 ' A9.8
. (s o () (o) c
L ‘ o
8L Pa 76.86  79.29 ° ©  B9.6  92.4 ]
' . (56)  (100) (36) (11 1
- R ' ‘ , L N j
86 R 81.07 83.78 9.7  97.6
) (56)  ¢100) (7)1
Tahle 7.3 A T
.K transitions for Bi, Po, Rn . > -
. - ) ‘
The x-rny pecks afércomplex and separated 1n‘two,K¢sFor the \

lower engrgics,Kgs for the highef.
from weighte

the average Xa energy is 76.29 Kev.

Some We valies are now calculated

averages. Taking into account transitinﬁé in Bi only,

3

Taking into account tranmsitions

in hoth Bi and Po yields an energy of 76.41 Kev , while including

transitions in Bi, Po and Rn,

6ﬁta1n 76.52 Kev for the experlmcntal Ku value

the average energy is 76,60 Kev.

When using the energy calibration meté%d described in 7.1. we

A 0.08 Kev
discrepancy (or twice the error for the 186 Kev 1ine) may ‘be due

mainly to : errors in intensities as quoted by Martinm and Blichert-

Toft; also x-rny intensities being weaker than the gammn-ray s' they

necessitate lonner ru1§ (hence increased thermal drift).

The

espertive mass ahsurptlon rcoefficients v/f for the average x-rav :

energ1cs~ﬂre-*~'167—cm /g for the 76.60 Kev reg1nn—and——%5B—cm—fg—————————~———————
for the, ’RH 12 ¥ev region,

Wr can rourite (7.2) as !

B = Booxp(-p/p -p.x)

(7

\

.3)

whora p thn density of air will depend owethe condi tions of each run.

The mass of dry air is given by

where

V.
a

lI

76
volume expreqsed in cm? X )

€7,

4

L)

'1.293 g/cm , the density at standard conditions (° C, 76 cm)
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M= pressure én cm of Hg -
T = absolute temperature in °K
from (7.4), the density far nir’for individual runs is @
on .,o..\'\.pl.f . ‘
v = 7% T (7.5

"Some sources are encaps sulated in plastic, so that scattering in

the material 5urr0ynd1ng them has to be considered? For the *°Ra

x-rays, threé runs were performed and the fitted areas for the X« peak

averaged. Taking the same source, we now add an extra layer of
; .

fiaterial of game thickness in front of the source and average again

- .

the KeCarea ovcr —three rums, : e

£y

lwth nanly ane thickness the number of recurded photons is -
E,|‘L. B, wp (-px)

with twice the thickness this number heqomés . \\L\\\\
Ba = Be o (-20%) : |

ue evaluaté the ratio ’ .
By /87 =gk ¢7:63
the term nn the right could be called an “"attenuation FacEPr“ This -

S,

Factor yielded A value of 1.0062 . Now rewriting (7.2) as

B, = Bap(px) .
the intoming number of .photons B, ,can easily be obtained from the
attenuated number B times the empirically found "attenuation factor",
exp(px). ’

In many namma decay transitipns electrons are emitted along with
gahma-rays. The electran is ejeJied\thropgh thé pruceés of internal
conversion, by the direct transfer of éncrgy from the’nucleus'to the
electron throunh the Coulomb interactisdn between the two. The ratio

of the prohahility for émitting an rlectron from a given shell to the

prohahility for emitting a gamma-ray is called the internal conversian
coefficiertd. Furthermore «, is the value of & for the emission of a
K shell elertron. Also, the fludrescence yield for the K atomic stell

wyr—ig defined as the probability that a wdcancy in that shell will

rosult in the emission of an x-ray. b
‘The method used in the calibration of the relative detection
efficiency for the Ge(Li) detector is the pair point methbod.” This

method relies on the values of relayive gamma ray emission rates T“

~




ang TX* for pnirs of

enerqy peak areas A(E ) and A(Fz)

gFmm: TAYS

: rom a comppralson of the full

the relative dnfmrfxnn eFF1c1enry RDF(F‘,Ek) con be determined

T%‘
Tp

hance . - RDE(E,,E))

Tha UTOhdJWllu far K x-~-Tay rml wsion following en interssl conversion

.RDE(E ,)

i

Il

A(E )
A(El)
ACEY) - T
AER) Ty

Ty (I) is relnted to the prubﬁbillty for gamma Ty by
¢ ‘ Tee(TE)/Tyg = oy Wy

where o, is the Jintrrnal PﬁPVPfBTUﬂ"EUPFFICT?ﬂ*““HQ«UJﬁl%mth B LA

]
flucrrscance vield.

MNow Lha poak arnss of the 1§ x-rays ond gurnﬁ-rwyi

(7.7

and vsing the known emigsion rnueé

are relatod tn the relative dotoction. PFFlPTPﬂClrs in Lhte R@yner
- Tkx(TF) RDE(X)
. TK.RDF({)

where Ay is the araa of tm3H¢ + the area of trﬂiépreak\ h@ retate.

nouwt the relakive detcction efficiency of the x-ray tn the RDE of the

gamma-ravs hy ¢
3 PDE(X) =

ROCY)

= Ay

(Ax/N 3)

!

T~‘ /TK"(TI’

In this modified D?l; pnlnt techrinue we try: two

s

(7.8)

sputees which

invalve de-oxniteation From mnly nne level in the douvghter nuclous

187 .
©3y4y ond M 0s.  The daughter nuclei are. 20271 and '*70a,

Ener;ics in Kev and telative intensities of th@ Ke ¥=Tays taker from

Ref. 21 are shown $n Tagle 7.4 below »
. 3 . .
- . ¢, -
. ‘ Z fLE E‘-‘f\.‘T Huy K wy 1 @ H.Q'l Wy
oy T 20.83 72,87 B2.5  8h.9 .95
T (55)  (100)  (35) (111
56, . Pa 31,82 32,19 36,4, 3.3 .8n
1/ s2) (M. (28)  (R) ™
»~ , >

a

Tablo 7.b

¥
¥

oy

wmt—
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The Tespective Ky spectra of 20371 and '¥Ra are shoun in Fig. 7.1,7.2.

While Tl x-rays were fitted the more compressed.'*’fa x-rays proved

to he a pmhlém. This is mainly due to the existence of backscatter

.peaks in the backgrnund; Using (4.7) the Kan and Ky, contribute

respectively to backscatter peaks of 31.81 anr 28.53 Kev., The

proximity of thess energies with those of the Ka's, madg accurate .

background sihtraction impossible, and *0s could not be used as a

reliahle source.

" One of our gnals is to extend to lo

as a cal'ibrat;ion SOUTCE.

"7 RDE for enmergies belo

{

) . 16
)er energies the use of = Ra

ke

" The graph im Fig.” 7.3 shows ir?"de'ta.il’the

vy 609 Hev.'r
e start €o plot! the graph using

épy runs and applying the

pait point methnd, Yhe 609 Kev pesk is assigned a KOE of 1 and is

trfpperk to which ‘all others are compared. The RDE curve also

. depends on whose relative peak intensities are uséd. A comparaison

of RDE values Aaccording to several authors i's shoun in Table 7.5

heTow.

ENERGBY
in Keu
186.14

Y. 241,92

295,22
351.99
609.4

Nt this point two possibilities occur : either the curve goes

RDE

WALLACE-COATE

L,268
3,140
2.350
1,966

1
\

s

RDE

17 18

N.DATA™ ™
‘5.515
- 3,527
2.685
2.106
1

Table 7.5

RDE o
GROMIU”
. bbb
3,747

2.799
2.160
1

RPE . .

—

MOuATS>
5.159

~. 3,770

2,712 -
2,151
1

\

throunh Reft 17 values which appear-to he on theit own, or through

‘the three nthRr Refs, vallles which groun at systematically higher

values. In Ref. 17 relative intensities were ohtained from“an average .

of the results- of four detectnrs, niving credence to the results,

»

Y From here on, whenever gquoting runs for each source, three runs
) . ‘

are performed each time and the tohinlated ROE stands for the

average vilue.
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t‘w YF e do” r)ut adopt Wallace and Conte's data, ome juswification

. wili he requi red To do so on a solid haq.is 'me, perform 154 fu ‘
rbns and use thp relative intensities as niven’ bxf\Auhm and 'l~<
Monar 19. L\galn we apply the palr\pnint method basing ourselves
onléqu‘BZ HP\/ transitian, ‘Since the RDE of % is already &

°assigned tg the 609 Keu ].IHP, the SCJ? Hav (for either ROE. cur\/e)

N}

{ " has 3 RDE value nf‘ 1.064 )7 The ,DthPI‘ PF\B'I‘C)]F’S are plotted with

“
Nl —

Se

respect to this value’accbrdmg to Tahle 7.6 o '
« > - - . © v " ﬁ ’ !'

[
- . -

. ENERGY , " CRDE AR ) , -
« in fev . FOR e 9. ASSIGNED DN GRAPH
U P2 X 1 R AL R Y .
e roo792v. . 3,648 3,763
A sgrpr v . Ty . 100 -, )
P oene - ) SN VT: TR /851 IV ]
P "h ‘ ‘ ' " ' Table "7,6'
A R g -t
Thp lasf ’rmrrf-itmn E ROE is prtted ora the D-2, SMev BNergy Trance
o+ Qraph oF‘ M‘Ra shown in Fig. 7.4 . The crucral 207.92 Kev transition
-~ causes ug to use th upper curve drawn fhpnuqh Mowatt's \/alues. In’
nrder to drhw a smmth curye in the rPgmn where the RDE curve turné
Y- over, morp\qﬂ's are needed an-ther graph of Fig. 7.3 ., e note
| ; that ‘”Tj has tq\ny uset‘ul tranSLtlnns in the 84 to 264 Key rangp. B
Spmesqf these Apnear as _complex. peak/ but £an be dealt with by our-
. ‘douhle peak Fitting pragram G[\USS 2 . Usmg Whites! average relatlva

1nten51t1832u, and hasmg Durselveq on the 264 H%v- transition, the

¥ ' . RDE valqu ATE nbtalned in Table 7.7 K f o

The 1n+pnsp Hp\l tréngition of‘ 5s Eu cm]ld not be Ffltted°

N NP\/PI‘thE’lC"’"" 0 rin have a point as low as 24,7 Kev ., Ns pn extre
,"° . c%ec:k sinnp fho r;mrce is rearﬁlv 'wallahlp we performed sieraf
T runs af WAz L The avvraqe 0,89 9 Kev peak is cOmpared to-the & oy
- 1 3%5 'J Kev h”ma]tmn. Frnm ,tables of Ref. 25 we offtain Table 7.8 .

"cr'u‘}"ﬁr”ty ‘ginrn 1Y encrny cnmmdeﬁ uuth tbp HP' X-TAy* DF ‘“lﬂ . .
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Pinally ~pplying the modified pair point method to-the *Hg runs

we ohtain Tahle.7.9

ENCRBY
jn Kev

0.83
1 279.2

Table 7.9

4

_ RDE

ASSTGNED NN GRAPH
4,42 T

2.97
N

I
J

P

We restrict ourselves to the Ke peak since it showed less variastion

%rnm-its aﬂ!ragq»RDE value., Now from the RDE curve ghtained in this

o . 63
ENERGY ROE . RDE
Lin Hov FOR 742 ASSIGNED N GRAPH *
Al (71 2,035 6.56 3
- N 152,429 1.92G 6.21 1
156.389 - 1.961 ' 6.326 A
179,392 1,628 5,249
222.104 1.228 3.9 )
¥ 229.317 L f.au5. L.016
t266.068 . c1 3,225 -
Y Nomplex Peak -
he]
h Table 7.7 . /)
ENERGY " RELATIVE RDE - __ RDE
L in Kev INTENSITIES ~ FOR Ba®’ - ASSTGNED ON GRAPH
79.6 A . f,«
an.a9 3,106 6.59
81.9 53,73 '
355,90 . 100 .1 “l. 2,12 -~
) Table 7.8
¢ %




L4 .| *
<4 .
’

way-we can de{grmine "the relative emission rate" or relative-

. intensity of thc K«'s of Y pa decay. For a K energy of 76.60 Kev

a RDE of 5.4 & obtained from ‘the grapﬁ. Whatever the reference the J
609 Kev transition in 16pa 15 the main one, and has a relative ,
intMsity of 100 . Hence replacing in (7.8) the RDE of the Ka's ,
RDE(X) by 5.0 vields an average value for relative intensity of 44,03,

‘Durihg the course af this work an updated Nuclear Data Tables25

becéme available, At this time Mouwait was believéd to bave the most -

116

precise dath on Ra relative intensities availahla. It is i

~.

noteworthy that he.was cited as. a reFerghceiin Ref, 25 .” However ' "
Ref. 25 is ap average of many unrks (one pfivately communfgatad,
another concgrning Rn decay without error eyaluation for intensities)
© it is felt tfat Mowatt's values remdin the best Far the 186-609 Rev
region., . ’ : ;- . ' )
nbbve 60‘ Kev, however, Mowatt contributes-orly one point and '

so Ref. 25 can be considered as data indebendent from Mowatt's,

_ We now consider the choices available for the higher eneray. . -
region. The references left are Wallace andezjté17 and thégﬁhuraugh

‘under 603 Kev .-

makes us cautious abtout Ref. 17 . In this lower ermergy region

table of BrnmquZ . What we have mﬁtnessed fo

Ref. 22 cgreed well with Mowatt except For the 186 Kev transition.
In Table 7.10 , we guote enefgies from RéF. 25 . The relative
intensities andoRDE values GF‘ReF. 22 and Ref. 25 are shown, for
energies of 609 Kev and over. . .

As ohserved, the RDE values of Gromow and Ref, 25 are quite clese
except for over 2 Mev where Gromom's values tend to curve down. For‘
tGis erergy region we check mith‘DzHElepuv, a reference of Gromow,

The latter's relative intensities are closer to those of Muclear Data .
and thisecausecd us to choose Ref, ZSURDE‘values for the .609-2.448 Mev

region, v ’ .
In Fig. 7.5 fhe cubic background.nf'x-rays for radium decay is -

shown, while Fig. 7.6 shows the complete spectrom of ltfﬂé.
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Shoun are the complex K«'s and ’Kp'a x-ray peaks '

nf‘ radiv.ju decay, with a cubic background Fittad e .'
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Complete 2 °Ra spectrum, note the ;
13.4 expan ion factor at channel 480

Fig. 7.6
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where ¢

19

o f

. . v
‘ ’
Do ENERGIES NUCLEAR DATAZ>
i "in Mev RELATIVE - RDE
INTENSITIES
> 6092 100 1
) - .7A04 ‘ 10.99 .78
oy L9341 . 6.90 .620
' 1.1203- 30,06 477
- 1.2381 . 12,81 433
1 - 13778, 8. 6“}10 42 - ,393
§ ¢ 1.3853 . 1,78 o
) 1,729 6.3b .298
11,7645 o360 .28
) © 2.1184 2{5& .231
" 2.2061 - 10.95 < .2M
2.L476 3.41 .196
' /

« Table 7.10

Comparing two references' relative intensities amde®OE .for
¢ .

point, eliminating a gap left by the

four extra p01nts on the graph in the .360 -

\

i . GROMOW

RELATIVE
INTENSITYES

100

10.60

6.99
29.41
12.75

9.04
1.66 §~

10.70

-]

6.58, .
34,36,
.2.61
11,38
*3.799.

K3

the 0766 - 2.%&76 Mev energy calibration range
down to the .0766 Mev emergy of the K, peak,
impoffant regidn where the’RDf turns over, from 0847 to
1794 Mev, and finally '‘**Eu in order to obtain the .1231 Mev

e

-

,

=~

22

RDE

1

775
.612
.536
U35

.«383

.287
.284

© 225

Rép= ‘us

‘817, for tke

a. Aﬁ%ther very

This source will yield

intensities and their errors, for the pair point method.

.203 -

. 176

Upon examination of Fig. 7.4 , three squrceé are needed for

eful

\\ convenient source for use,>if oné is .to use a fourth source, is
A ‘{ "’ﬁh. This'snurce has @ long half-life (2.7 years) and several

' ' majnr transit10ns from .176 to 671 Mev,
.600 Mev region
Ra left’'a void, However, since the RDE curve\ag slawly
v1rv1nn over the void, it was felt unneécessary to ise a fourth

source in this work., We list in Table .11 energles, relative

—

ue
R

a

)



e () R ‘ &

© ENERGIES RELATIVE ,  ~ RELATIVE
in Kev INTENSITIES ERRORS
"Ral®. 186.18 B.20 £ ,12 146%
. 242, 16.1 & .21 1,30%
- 295.2 41,45 + .56 1.35% —
. 351,96 79.7 £ 1.1 1.38% \
609.19 00 —
e ® s 123,32 £ 3.3 2.97%
591,71 w63 £33~ 2.2 g

Ta B4.678 bl 4,8L% -
Y e—
264.068 0.7 £ .4 30 T .

; No errors available for “**Ba rel}K/e intensities. ’

p .
(@ger, 23 ) - -
(Brer, 19 - .
(c) .
_ Ref., 24 . : ' ss.
\\ Table 7.11
. — ..

: \ Let us consider the general problem of propagatiof of errors.
If G\is to be calculated from measurements designated M\, /..M., we
can write it as f(M,,M,,...M) and we mean by J%/3W, the partial
derivative with /éspe;:t to the variable My. Pugh and winslow26 PTOVE
the following ;elation where thé’“’va@ueé of o (standard aeviat.ion_) are
for the averaqu 3y M MyyeesMy .

;‘or ;he spxe - 2% m) ( ) f&% 7‘\ e . ' ..

ial case in whlch

e

G =M., (7.10)

if one applles (7.9) to the case c;f" three variable factors, wse nt?t'ain,
C’Q = (o,\"\‘- M M o';y*'(\: ", M\:““\cs b'z) +('—“\\‘\1“‘;‘ )
Dividipg the left-hand side of this relation by the square of the
left-hand side of (7.10) and the rlght-—hanri side htj the square of the s
. rlght ~-hand side of (7.10), the Tesult is
(sula) = gac'./ﬂ.) *(Bo/Ma) * (e M) (7.11)
where the Gy /c,, cf/n, etc., are the relative or fraction ErTogs.

‘ 1

» t
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We now evaluate possible errors affecting the afficiency curve

_ inFig. 7.3 - o, ' ‘ »
For 'Eu 123 Kev pesk, its ROE(E,) is related to the ROE(E,) -
\ at 597 Kev. UWe reurite (7.7) as ' \
LT ReE(R) = ROE(ENLALED L TEY (79

. A(ELY T(ED) T
There are’fjtlrec.f‘acturs or terms on the right-hand side ;nf‘ (2.12).
" ?Dnge the-error for each factor is determined, we utilize (7.11) to
obtain the rplative detector efficiency of RDE(E,). '
(1) The uncertainty in the first term.of (7.12) is Mowdtt's average
, error of 1,37% far the 609 to 186 HKev z:egicm. .
—— —————7—(2) The uncertainty in the second term stems from the statisticsl

¢ " fluctuations of the area ratios. Applying (3.10) the relative errors

amounted to 1.05% . . -
A (3) The third term has uncertainties on the two transmission®
prohabilities (or relative intensities) ; for the 121.10 and 5%1.71 Kev . v

lines they are respectively 2.97 and 2.26% ¢4 From (7,11), T(Ey)/T(E,) ‘ |
has then an estimated relative error contribution of : -
_ ( 2.9+ (2.26) A< 3,73% .
e,
! lle use nu'(? 11) and 1nsert the errors of each term to obtain
‘ ' the estimated relative error of the RDE for the 123,10 Kev line.
This is f -7 ' -
C (L3P (1,050 + (3,730 M = 42119 ' :
R ) , - Considering ' 7, 81,68 Kev transition, the RDE is calculata
. in the same manner and yields an estimated relative error of 6.61
For the K«, transition of 2°*Hg decayJthe RDE(X) is obtained
: .-\,51 RDE(X)

Y

'using (7.8), this yields an estimated relative erro

-

. of 2;‘37,6 . TN o , P -
Slnce the 76.60 Kev . energy of *Ra decay is he’rmeen the 84,66t Kev
trarzmtlnn in '®*7a and the 70.83 Hev J{-c‘ eneray of *** Hg decay, the’ ™ f

RDE for this region will be kndwn ta @3 Ayerage uncertainty of h L9% . R

In Fig. 7'3 the RNE value for ¥«'s is graphically dptermmed as S‘l» .

H

\ Now wsing. (7,7) we obtain

ROE(Ey,Ey) = 5.4 =_Ax Ty _— 13)
x . Ax Ty. ° P(J';\

o




s ‘t;efore, to evaIuate errors for the area ratio, we apply ( 3,10)_and
_a-relative error of ‘{.75% is obtaingd, However, we rewrite (7, as
T - RoE(EyEy). 7.y
< e / TL o
lsing ('7 1), thc relat:ﬁe uncertainty of Ty /T, squared is equal to the
sum of the squares af the relatwe errors of each factor in the
right-hand side of (7.1). Thus for the relative transitmn rate,

the estimated relative error i gy ——/—i——— - -

COC e (LTS YR = LBy
And the Ke's’ rrlative emission rate hecomes s b4 ,03 & 2,12 , ,
Some authors determine the shape m“ the efficiency cunpve by
developing =, Fq;'mula for it. Both Harvey7 and Freemanza advﬁcate
. semiempirical Formuhe for their relative ef‘f‘imency curve. '
ﬁ:rtunately mhpn ccnsmered by St;z\/f‘arth2 , these formulae yield .
ef ficiency curves that.are either too low or not 1-n agreement with
. the experimental curve. Furthermaore they are’restricted to a SDD tH
1503 kev energy r"mge. A f‘unctlonal a’ependence of our _curve uould be
N quite complex, and it was not attempted, although a quadratic in
log £ vs 1ng RDE would, suf‘f‘lce abqve 200 Kev, .
7.3. Cenclusion ¥
To summarﬁze! the doubl® Gaussian fitting routzlrlwes performed well
mha’tever ‘the sittiation. Furthermore, whether the ;Jnres‘nlvgad peaks
<'rested on a straight or complex background, nbeak argas proved to be
very consisteont for the several runs and compareld quité’_ favorably
' with the tHeoretical relative intenéitigs.‘ Another use .of routines .
rcan he found in energy calibration uhere exact centroid position of
[;eaks is important. Our 186.14 ¥ .04 Kev.energy i; be#ng qiverr—
| crediﬁility"pv the re‘c:‘ent].y published 186.1 Kev enerqy of Ref, 25 over
the previously nuoted energy of "186.0 Kev . Finally due to our )

reliance on other authors relative intensity values, our worst error

. of G.61% in relative efficiency is stlll wcll ahead of‘ 15"1 errors
as.quoted by Dunnclly12 . ' i

.«
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' . e e M ) & . N ,‘" N
. .\y " , "'f T ‘ “‘j:' - ‘.— ~_.‘ bt — E .
\ i a ! o ‘ -/ . ' - o ) " ]i T
.' o, " yt ) o \)“. ’ i JA‘.“
‘PROGR USS2(TAPEI TAPE2, OUTPUT) . S
® . DIMENSMEEEX(2048), Y (2048) , YC(IOO) ,PX(100),B(6),C(6),D(6,6)y l ®
- +PUL100),DPU(100)e o |
y .- COMMONZ 175 Y M, NUMBER ,NL1 NL2 NR1,NR2;B,C, D :
@ - 100 FORMAT(/6X,F441,15) . . | ®
* t50NFORMAT 10F7.) S AL L
. 151 FORMAT(6XF2.,F6.) R : -
o 575 FORMAT(9(/6X14)) = : - @
S\. 576 FORMAT(4(6XE13.7/)) W s, - |
. ) REA,D(I,IOO)SIGMAQ\N C , D e . | ,
SIGI=SIGMAO o o _ . ®
* " e, A e )
READ(I b75)NL],NLd NPT NF}I y NP2 NVF(,N“? NR25 K ¢ — —
_'  READ(2,150)(Y(I),I=1, NS . . o Je
‘ DO 10 =1, e e T T
X(I)=I - , . 'y L
10 CONT INUE! PRRN .- > b @
7 'NUMBER=NL2- —NL 1+NR2-NR [ +2 C ' ‘ . ‘ L
' TF(NXX) 366,365,366 , Do : l
L. 366 READ(I,S?G)(C(I) 1=1,4) s e
GO TO 266" - ' S |
36,; M=3 . : _ ] - T , |
TeALL ‘658 , : ¢ . 1’
266 DO 48 I=bLt, NR2 . e - | ”
XI=X(D) : -
YI=Y(D - . - NG
\ ch y=YI-C(1)- C(Z)*XI—C(B)*XI**Z*-C(4)*XI**3 S | ‘
- CONTINUE - . ~ 3 / o °
= co YC(NPT) *- ‘ . E
. DO=il(NP2) . : : {
o xmUdPEX@R ) o, : . . ;
XHU2=X(NP2) . . , N ‘ J .
, . SIGMAO=SIGI ™" . s S 0 S !
- JX=1 ¥ ol .t ~ & . . ..Q._.l‘
.3 - M*“D ' o ’ ° ' . . ’ !
15 DO- 20 I-—1 M .
yB(I)-oo L . \ SO L |
C(1)=0.0 v ‘ ' L W R T
DO 20 J=1,M o . A PY
v 20 D(1,J)=0.0 L S | |
\*0 \ “~ . . ° < e
* DO 30 I=NPL,wPR ! Lo *. ‘ Cs | °.
©XI=X(1) : ‘ . , | €
¥ yCr=Yc(1) e %
.. ARGI=(XI- L XHUL 4w/ (2. OXSIGHAORSD) © ;o e
' ' ARG2= (X I-XMU2) 4p( 2. QX STGMAO*#2) o ST s |
DPDC=EXP(-ARG1) > - : e S |
DPDD=EXP(-ARG2) . A R : e
A= CO*(XI-XMUI)/SIGMAO**Z b : _ *\‘D K J
A2=DOX ( XI~XMU2) ZSTCMAO**2 - e 1
DPDMUI AT XEXP(—ARGI) : ' . 3 9 ‘ °®
. - . 'r " e g l :
- P 1
—— \ \ ¢ . 1 ii .
i -
< A : | [

’,




2 S$53 Li53 . » : .
O I LS o Mua=AZHENe (~ARGD) oy el ,
& | BI=CO*(XI-XHU 1 bk*2/SIGMAOR* 3 N
[ 1 ' T B2=DO*(XI=XMU2) *%2/SIGMAO**3 o
: *  'DPDSIG=BI*EXP(-ARG1)+B2¥EXP (-A G?L . SRR ST
' PXI=COEXP(-ARGH)+#DOXEXP(-ARG2) ~~ | " - |
JRI=PXI-YCI _ o L o
Tk PN ‘ . ‘- ' - '
e BU= B(1)-RIXDPDC . beoo b ) 0 N o
\ 77 B(2)=B(2)*RI*NPRSIG oo ‘
. .=7 B(3)$B(3)-RI*DPBMUI Lo
~ .. B(4)=B(#)-RI*DPDD. .
L  BU5I=B(5)= ~RI*DPDMU2 -

.. - ' : i ; ' - ’ 4 . : . - ' , (/(’
ANEIPN D(l 1y=Q(1{1)+DPDCHR2 g SR . ,
. DU 2)=0C1, 23 +DPDSIG*DP.DC O e
. D(1,3)=D(1,3)+DPDMUI*DPDC - | ‘ ’ . ‘
N ' D(l,4)—D(l 4)#DPPD*NPNC ; - |
' ] D 5)—D(|,b)+DPDMU2*DPDC . . L. .'( ‘
. " *® “ . T . o v

.. D(2,2)=D(2, 2)+DPD€IG§*2 ' e L

© B(2,3)=D(2,3)+DPDMU I *DPPSIG 0.

f‘,

e,

o .0

a.. -
[ ]

Led

D(2,4)=D(2,4)+DPDD*DPDSIG -

*

D(313)= D (3, RADPDHY | *%2 o B
D(3,4)=D(3,4)+DPDD*DPDMU 1 LN o,
DL3,5)=D(3,5) +DPDMUL*DPDMUL . . \
* : '

G
. l)(4-,é) =pD(4, 4)+DPDD**2 . . A , -

-, D(4,5)=D(4, b)+DPDHU?*DPDB Ce T L

P ' 2 <
e O . o
L .

L 4 -

-
. . i
.
~
»

. ~ * Yy ) L J ”
‘ 'T30 Do, )= D(b,b)+DPDHU2**Q . v
. *

>

Dy 40 I=1,4- ““ Co | - . Y
DO 40 J=1,4 - 3 M :
40 D(J, 1)=D(I, J) oo~ T e -
1‘* . .q .1 . . N - . .
(CALL GSS . .. , _
- DELC=C&J). ‘ A
‘DELSIG=CY2). ~
DELMU 1=C(3)" o ‘ '
' DELD=C(4a ‘ . S
o' DELMU2=C(5) . > - > L
ﬂ) PRIAT 741,JX ) ‘
. 741 FORMAT(//*DbLﬁ/DELSIG/DELMUI/DELD/DELWU?*IOX*ITERNTHUQ
TAK2) . ,
CPRIWT 742,D \s,DELsm DELMU ! DELD,DELMuz L /

’ 749 FORMAF( (E11.3)) - - - 2
. * 4 . . . /~f"J ‘(

TEST=0.00001 + CoT O T
= AXE=50.0 oo b
T TEORISIO 4142 Vo _ N
¢ . oELTS=-E 'S1G i T S

'
. . ¢
N . L4 ‘
. ' v ‘- ‘
* L N ~ & .
. - v . Ao,
. ' <
.. N . B
' ! - » ~
. ‘ -
. M » ~
*
A .
.

-,

. Y P

A

@

o

5

e o o

» -
- .
. - -
P
- .
-~ -
»
-
-
-

‘* v
%
L3

+ . *
e e e e —— e - ,_._._.__._._,,_-Q____-___._—_.‘
s

L) ” - »
{ .
. . B - o

b0 2= D2,5)+DPDMU2DPDSIG - # - A . o

‘l'
l 1
»

r
<@
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e @

e e e e e e -
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- e .
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S3n3.L3v3 .
*. GO TO 3 . '

* 2 DELTS=DELSIG - . \ NP

“'55 3 IF(DELTS-AXE)31,86, 86 o . 4

a

31 IF(DELTS-TEST)4 4,

T K

Y’

4 JIF(DELMU1)6,6,7  *. "
G,DELTMI*—DELMUI«

G0 TO 8 v N .
7 DELTMI=DELMU] o e

, 8 IF(DEETNI—TEST)O 9,11 ‘ ,
* - —
9. IF(DELMUZ)IIO 110,132 ¢
11O DELTM2= —DELMUZ : -
GO TO 113 L \.
112 DELTM2=DELMU2 )

J13 IF(DELTMZ—TEST)IZO 120, 11 L )
*

o IF(DELC)IZ? 122,123 Sy
r _DELTC=-DEIf - L)
: 123 DELTC=DELC -
124 IF(DELFC T\§E)I3O ljo
*

130 TFCDELD)!BI 131,132 .
131, DELTD=-DELD . .
GO IO 133 P “
132 DELTD=DELD . - )
133 IF(DELPD.GT.1000%)G0 TO 5 '
IF(DELTD TEST)5,5, | I s

ll‘SIbHAO SIbMAO+DbL€IG
SIGTEST=ABS(SIGMAQ)
I+ (SIGTEST~0.2)5,5, 1/ ]
17 XMUI=XMU1+DELMUI o
XMU2=XMU2+DELMU2 . =~ ° T
CO=CO+DELC |, Y .
DO=DO+DELD ' . ;
IF(JX=39)16,16, b
16 JX=JX+]
C G0 TOC 15 <
5 RYZ=2%0%ALOG(2.0) -
FrWHM=ABS (2. O*SIGMAO*SQRT(XYZ ) -
IF€FAHM.GT . 50.0.0R. FWHM.LT.§.5)G0 T0 86
COUNTS=AREA=0.0 o
DO 232 I=nL1,nNR2 ,
XI=X(T) \
S YI=Y(D)
ARGI=(XT=XMU1)*x*2/(2, o*smyxose*z)
ARGA= (X T=XMU2)*%2/(2,0%STGMAO**2)
§I-c0*5xv( -ARG| J+NO*EXP (~ARG2) 4
PXCI)=P :

A%

U =P D 4Y (D)= Y (1) ) '
I | ' . - Yoo
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5153 1353 <\ / '.5. : , .
. opu(t) =Y{1)=-PUCI) ‘ . \)- :
IF(I.LT.NL2.0R.I:GT . NRRIGO 0 232 ' - .
* . COUNTS=COUNTS+YC(D) 5, . : ] . -~
1232 COWTINUE - - Kk '
AREA=2. b0663*(LO*SIGMAO+DO*SIGMAO) . ,
CHISA=0.0 - : ' ;
: DO 275 _1=NPL,NPR . : '
' NP GSS=NPR=-NPL+I . ,

. IF(CO.LT#SL0)G0 TO 86 _ ~ : \ 0
x JE(DO.LT.5.0)G0 TO 86 ‘ . Lo
VAR=(YC(I)=PX (1)) %% ) . _ .
VAR2=SART (VAR) . . +. - . S
VARI=VARI+VAR s C ’
STU=2<0 e, : o

STU2=SORT (5TU) X v
+ DENOM1 = (CO**2+D0%+%) / (STU2% (CO+DO))

DENOM2=EXP (~(XMUI=XMU2) #%x2/ (4 ,0%S IGMAO**2)) - . .
. DENOM3=DENOM| +((STU2%CO*DO) /(CO+DA) ) *DENOM2 g
‘ : SET3VAR2/ (NPGSS*DENOM3) \ : -
: +CHISQ=CHISO+SET - : ¢ -
A VTF(CHISN.GT. 10.0)G0 TO 86 . -~ :
p 275 CONFINU&
* »
86 PRINF 800 ' RN 1
8O0 FORMAT (//3X ,xFdHi*, 4X ,*CHISQ/VARI*, TX tMUI/MU2* 5X,
+xCD/DO% , 9X, xCOUNTS/ AREA :
PRINT 810, EWHM,CHISO, %MU1 )0, COUNTS
810 FORMAT (/2X,F7.3, F13.883F13.3)"
;,/” - PRINT 820,VARI,XMU2,P0, ARA
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820" PORMAT(IOX E12. 6 2X 33 3)
& PRINT 82}
821 FORMAT (2/2X#CH, #%5X, *Y(I)*BX *PX(I)*IOX *DY(I)*!OX
i +% YL(I)*) . s e
. PRINT 822,(X¢1),Y (L)Y, PUCTY, DPU(I) YC(I) I=NPL,NPR) . ‘
T o822 PORMAI(F4 n,F10. o 3F15,3) ‘ .
END ) N
SUBROUT INE GSS ' o
DIMENSION PC12),AC6,6),B(6), C(6),X(2048) Y(?O48) PL(IZ).
+PRO12),BL(12), BR(IZ) &
COMMUN/l/X,Y,M,NUMBER.NL!,NLZ.NRI,NRZ.B.C,A o
EQUIVALENCE (PL,BL),(PR,BR).
JFMLENQ.DYIGO TO 100 o .
IF(M.EQ.3)GO TO 10 o . < ‘ )
# . ! . ¢ . € ¢
10 M2=M*2 " . | SO
DO 13 I=1,M2 ' ' : ,
- PL(I)=0.0 s o . .
DO 11 J=NL1,dL2 : : ‘ ‘ i

*

F

:
’

Y PLCD)=PLEII X () **D - ,
L@ PR(I)=0.0 . '
DO 12 K=NRI,dR2 -
12 PRCI)=PRCT)+X(K) %% - .
13 P(I<=PL(I)+PR(I) . :
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5353‘{.352 v , R
., N=M+1] : .
Y DO 30 -I=1,N

®

¢

. N

¢ ’\ 20,303 B
. IF(K)29,29,28 , : \

® . Gk

o

o

®

°

°

¢ 29 A(1,1)=NUMBER
30 CONTINUE

© BL(1J=0.0
: DO 21 J=NLI L2
.21 BL()=BLIDW W)
/  BR(1)=0.0" ,
. DO 22 J=NRI,NR2 %,
.22 BRODI=BRU1I+Y(J) .
e BOIY=BLUIM#BR(1) - - == -
*
DO.25 1=2,8 S
BL(I)=0.0 . -

. DO _23aJ=NL1,NL2 -
23 “BL(1)= BL(I)+Y(J)*(X(J)**(I-I))
BR(1)%0.0 94‘
° DO 24 J=NR1!,NR2 P
24 BRCI)=BR{I)+Y(J)*(X(J)** I~r)o
‘ 25 BCI)=BL(I)+BR(I) :
NH 1 =M .
] GO TO ‘101
*

b 100 N-—-M .
NM,I =M ‘ .
v 101 DO'SOO K=1, NMI
KP1=K+1 /.

®
® L=K .
DO 400 I=API1,N . * - ‘ ‘
® . %+ IF(ABSF(A(I, K)) -ABSFCACL, K))),gqo,4oo.401
. 401 'L=2] i, -
- 400 CONTINUE ™ & - -
P " "IF(L=K)500,%00,405 T
405 DO 410 J=K,Hd
TEMP=A(K,J) ’ e
: A(K,J)=A(L,J) N
@ .- L
®
e
®
@
o

410 ACL,J)=TEMP » { ' o
TEMP=B(K) L T T T
} ' B(K)=B(L) | Hk? ¥ :
" -+ - B(L)=TEMP, % : ' .oy
\ 500 DO 300 I=KPlyN~ - /oo ®

FACTOR=ACT, K)/A(A K) 4 L o
ACI,K)=0.0 DA ) Tote

o y

,Do 30! J= KPI N,

301 ACI,J)=A(I CTOR*A(K, Jv;
... 380 B(I)= =B(I)-FA TOR*B(K)




cli=B(N ZA(N,N) o “ .

*
I=NM?4 ! N [y ¢ h
710, fPI“I+I - '

- ——5UM=050 — e ’~;fL9
DO 700NEIPk,N ° . \ ;
S -
700 SUM=SUM+A(I,J)*G(J) .

C(D=(B(1)-SUM) /AL, Do
i=I-1 - .
IF(1)900,900,710 4

® O ®
. «
|
R
1

Yoo
/

* ¢

900 IF(MEQ. 3)GO\T0 930

RETURN ~ .. AR

930 PRINT 726 Lo \

. »
- [V
g @

: = ,726 FORMAT (//*THE BACKGROUND EQEATION IS &%)
. PRINT ;950,C(1),C(2),C¢3),C(4) s o
', 950 H)RMAT(*Y = *,E1F.3 *f*,Elt.3 *X +* EQT e F1RXT2 Ak
L J AR T . -
. RETURN ) f_.' g P, e
'? . g =0 . . , 4 T 3 ~
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