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ABSTRACT

COMBINATIONAL PPAM SIGNALING AND PWM EQUALIZATION
OVER A FIBER OPTIC CHANNEL

Tino Zottola

The performance of a comblnational PPAM modulation scheme over an optl~
cal channel Is evaluated and compared to conventional PAM and PPM schemes.
Then the comblnational PPAM scheme 1s examlined In two different scenerios:
with the conventlional integrate-and-dump recelver and with the proposed ratio

recelver tallored to the new comblnational PPAM wave shape.

An equalizer for a PWM optical channel with Polsson statistics and additive
white nolse I1s presented. A linear equallzer 1s found using the zero forcing (LE-

ZF) and mean square error (LE-MSE) criterion.
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CHAPTER ONE

INTRODUCTION

It can be sald the era of optical flber communicaton began In 1880 when
Alexander Graham Bell used hls photophone to communicate using light over a
distance of a mile. In the last 20 years fiber optic technology has been developing
at an Incredible rate. In thls short time It has evolved from a laboratory curlos-
Ity to an Integral part of many modern communlications. In 1967 rudlmentary
fiber optic cable had a prohibitive loss of 1000 dB/km. This high attenuation can
be attributed to the crude reflning technlques, of the yet undeveloped technology,
used to make fiber optlc cable which left a high concentration of Impurities In the
glass fiber. This factor llmited the cable’s usefulness to very small distances
Indeed. Modern fiber optlc cable can be manufactured with an attenuation as low
as 0.2 dB/km, which makes 1t an excellent contender for long haul applications.
Furthermore, new solld state devices such as laser LEDs (Light Emitting Diodes)
and APDs (Avalanche Photo-Dlode) detectors give moderu flber optlc systems
bandwlidths In the glgahertz range. Hence, many North Amerlcan telecommunl-
catlon companles are currently replacing many of thelr transcontinental

microwave links with optical fiber networks.

Communications via optic fiber 1s quickly replacing conventional microwave
links and copper wire trunk llnes in many applications. Optlc fiber offers many

advantages over its competitors. These advantages Include the followlng:

(1) The attenuation of optic fiber Is considerably less than that of similar
lengths of coaxlal cable or twisted palr. Modern optic fiber has a loss of less
than 1 dB/km. Therefore optic fiber can span greater distances than copper

wire before a repeater statlon Is required. This translates Into lower Installa-
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()

(4)

(5)

(6)

tlon and malntanence costs.

Optical fiber provides a high level of security since tapping into optlcal flber
requires physical contact with the fiber. Hence this loss of optical power can
easlily be detected at the recelving end. Whereas copper wire based trunk
lines can easlly be eavesdropped upon by elther capacltive or Inductlve
plckup devices and hence escape any detection since no physlcal contact Is

ever made.

Simllarly the electromagnetic leakage previously described also Introduces
another problem In copper wire based systemn, namely crosstalk. This Is the
undesired transfer of signal from one wire to 1ts nelghbouring wires. Due to
the closed construction of flber optic cable, which 1s attributed to the clad-
ding around the cable, emissions from optical flber sytems are virtually non-
existent. Similarly the same construction of optlcal flber also makes It

Immune to the effects of external electromagnetic Interference.

The Inert nature of glass makes optic filber immune to environmental abuses.
This makes optic fiber much more rugged than more volatlle copper wire

systems.

One of the most Important features of optic fiber is its ablilty to handle very
large bandwidths with ease. Just one percent, of the frequency of light used
over optic fiber, Is capable of accommodating over 5 mlillon simultaneous

television channels.

The small size of optic filber allows a greater number of communication cir-
cults to occupy the same space of a copper wire trunk. Typical fiber optic
cable Is slightly thicker than a human hair and can carry thousands of tele-

phone calls.



Fiber optic cable Is not without some problems. One maln problem 1s that
fiber optic systems are not as easy to install and modlify as copper wire ones. Spe-
clal connectors, speclal tools, and procedures are required to Install to route,
splice, and allign the optic fiber cables. Furthermore, fiber optic connectors and
splices Introduce a smzil loss In optical signal flow. But the advantages far
outwelgh the dlsadvantages and hence optlc fiber remalns qulte a formidable
opponent for copper wire systems.

The focus of this thesls wlll be on some unexplored areas of fiber optlc tech-
nology. The performance of conventional digital modulation technlques such as
PAM (Pulse Amplitude Modulation), and, PPM (Pulse Position Modulation) will
compared with that of the proposed comblnational PPAM (Pulse Position-
Amplitude Modululation) scheme. The performance of the combinational PPAM
scheme will be evaluated and compared using a conventional recelver and the
proposed ratlo recelver. The combinational PPAM system will be compared with
the performance of purely PAM and purely PPM systems under slmilar condl-

tlons and with equal data rates and equal power budgets.

The detectlon and equalization of a PWM (Pulse Width Modulation) optical
system wlll be examlned. Methods for equalization of PAM slgnals by Messer-
schmitt [1] and for PPM signals by Gagllard! [2] have been described. Only
PWM equallzatlon apparently 1s not found In current llterature. In chapter 4
these formulatlons are used as basls for solving equalizer coefliclents for a PWM

optlcal fiber system.



CHAPTER TWO

FIBER OPTIC COMMUNICATIONS

2.1 Introduction

An optlcal filber communication system consists of three major sections: The
transmitter, the optical fiber medium, and ihe recelver. The transmitter and

recelver sectlons are shown 1n figures 1 (A) and 1 (B), respectively.

The transmitter section consists of a data source, an optional data encoder,
and an optical source. The data can be passed through a data encoder If iImprove-
ments of the system performance are desired, at the expense of system complex-
1ty. The optical source Is In turn modulated by one of many different technlques
such as OOK, PAM, PWM, or PPM. The optlcal source is usually an LED for
low to medlum capacity systems and a laser for high capacity systems. The use
of lasers is becoming wldespread In all systems, due to cheaper laser dlodes as a

result of CD (Compact Disk) player mass production.

The recelver conslists of an optical detector such a PIN dlode for bandwidths
not more than a few hundred megahertz and the APD dlode for bandwldths In
the glgahertz range. The detector 1s followed by a low pass filter, an amplifler, an
equallzing filter, and then the decislon loglc. The optical detector Is a photosensor
used to convert the weak optical signal from the flber into an electrical signal.
The photosensor must have the following chara~teristics: high sensitivity, high
nolse Immunlty, and practical design for manufacturing. The amplifier must be
capable of boosting the nanowatt output of the photosensor to a level sultable
for the decision logle. The equalizing fllter 1s used to compensate Incoming pulses
distorted by ISI. The declslon logic 1s comilgured to match the modulation

scheme used at the transmitting end.



2.2 Data Encoding

Although an encoder 1s not absolutely necessary, It 1s sometimes used to

enhance the performance of a flber optic system.

An encoder can take the form of a Manchester encoder. The Manchester
encoder requlres twice the bandwidth, that the same unencoded slgnal occuples.
At the expense of bandwldth, the bi-blt structure of the Manchester waveform
allows for easy clock extraction by the recelver’'s Manchester decoder. This Is pos-
slble because transltlons are always present In middle of the Manchester symbol,
Therefore the clock can always be derlved, even when a long serles of zeros or
ones are sent. Thls 1s not the case with conventional RZ and NRZ systems. At

the expense of system bandwldth, a simple clock extraction scheme is obtalned.

The scenerlo where a long string of zeros or ones exlsts makes the task of
synchronization difficult. One alternative method to ellminate this scenerio and
to make clock recovery easler Is to scramble the transmitted slgnal by multipling
It with a pseudo-random code string. The long string of zeros and ones Is gone
and the recelved scrambled slgnal Is fed into a PLL (Phase Lock Loop) to obtaln
a clock signal. Then the scrambled signal 1s multiplled once again with the same
pseudo-random string used at the transmlitter to recover the original data. At the
expense of more complex circultry, system bandwldth 1s used much more

efficlently then was the case with the Manchester scheme.

Encoders can be used for reasons other than easy clock extractlon. For
example a delay or Miller encoded slgnal Is used to improve the spectral charac-
teristles of the transmitted slgnal. A Mlller encoded signal occuples less
bandwldth than an unencoded signal. This Is accomplished by a reduction of the
number of transitions In the encoded slgnal. A "1™ Is represented by a signal

transition at the midpolnt of the blt Interval. A "0” Is represented by no



transition unless 1t 1s followed by another "0", In which the signal transitlon

takes place at the end of the blt Interval.

Data can also be encoded for Improved rellability. At the expense of redun-
dant Information, an ECC ( Error Control Coded ) signal allows for the detection
and correction of a limited number of corrupted blts at the recetver. The simpll-
est ECC scheme 1s an ASCII byte where a one parity bit Is tagged onto a seven
bit symbol. If odd parlty 1s used, then an elghth bit is added to make the sum of
the seven bits and that of the parlty bit odd. If even parity Is used then the sum
1s made even. Of course with such a simple scheme, If more than one error occurs
the coding is rendered lneffectlve. With all ECC schemes when an error Is

detected, retransmission of the corrupted data 1s required, which reduces system

throughput.

Sometimes data Is encoded for securlty reasons. If a flber optlc line 1Is
tapped by an unauthorized party, scrambling provides a certailn level of security.
Such a scheme 1s deslgned such that an extremely large number of Incorrect keys
are possible to deter eavesdroppering. The recelved data will be meaningless to

anyone, except the user who has the corresponding decryptlon key.

Therefore at the expense of bandwldth, which Is plentiful In flber optlc sys-
tems, the overall performance of the flber optic system can be Improved by one
or more of the previously described methods. In the cases of the scrambled signal
and the Miller encoded signal, at the expense of more complex equipment, a rell-
able clock extractlon or a reductlon of system bandwicth are obtalned, respec-

tively.



2.3 The LED Optical Source

One of the key components In an optlcal fiber system Is the optical source
which converts our electrical signal Into a corresponding optlcal signal. In short
haul systems the LED Is used extentslvely. It offers the following advantages: low
cost, simple to fabricate, simple Interface clrcultry, and temperature Insensitivity.
However, since LEDs are an Incoherent source of light, thelr coupling efficlency Is
much less that of coherent devlces such as lasers. Furthermore, LEDs have a

maximum bandwidth of no mors than two to three hundred megahertz.

The LED consists of PN junctlon between two electrodes. The PN Jjunction
radlates l1ght In the form of photons which are generated by the recombination of
the Injected hole and electrons carrlers. Normally there exists an energy barrler
which Inhlblts recombination, but when the dlode PN junction 1s forward blased,
the hole and electron carrlers have sufficlent energy to cross the energy barrler

and recomblne as shown {n Figure 2.

The energy of the radlated photons Is proportional to the energy required to
free the valence electrons required for recombination with a corresponding hole,
The light total energy emitted ts directly related to the number of valence elec-

trens that recombine In given interval of time.

The quantuni efliciency of an LED Is typlcally less than & percent. This low
eflictency stems from the 'nternal reflections and absorption of emitted light that
take place In the LED device. Light Is emitted from the PN Junction I1n random
directlons which also contributes this low efliclency. Efliclency can be improved
several fold by surrounding the emitter junction with a transparent dome. This
dome structure discourages Internal reflections and facllitates the light emisslon
from the LED Junction. This form of constructlon ralses the LED efficlency to at

least 15 percent.



2.4 The Laser Optical Source

The laser semiconductors have many redeeming characteristics that make
them more desirable than LED optlcal source in long distance and high capacity

fiber optic systems. They include the followlng:

(1) A laser's emisslons spread over only a narrow band of wavelengths, hence
the problem of pulse dispersion is greatly reduced and therefore ISI 1s minim-

1zed to a greater extent than typlcal LED devices.

(2) Lasers are highly directlonal, thus transfer efficlency to the optlc fiber is

great Improved and very little optical power Is wasted.

(3) Most Importantly the modulation bandwidth of lasers Is very high, extending
into the gigahertz reglon, whereas the bandwidth of LED devlces 1s less than
a few hundred megahertz. Hence, lasers complement the high bandwidth of
optic iber and APD devices qulte nlcely.

However lasers do have the problem of belng difficuit to construct and hence
are rather expenslve. Furthermore the proper operatlon of a laser 1S qulte
dependent on environmental temperature. But thelr superlor performance

overshadows these short comings.

Laser actlon takes place In three steps: absorptlon, spontaneous emisston,
and stimulated emission as shown In flgure 3. Laser emlssion Is possible when a
semi.onductor has a carrler populatlon inversion. This semiconductor has two
energy levels, an upper energy level E, and lower energy level E, . The higher
level has a probabllity of belng occupled by electrons greater than that of the
lower level. The probabllity of a photon of energy E = h v Inducing an electron
downward exceeds the probabllity of an upward transition ( l.c. photon absorp-

tlon ). Wheu electrons fall to a lower level a photon is released ( l.e. spontaneous



emission ). When a photon causes the electron to fall, this I1s known stimulated
ermlisslon. Hence, thls original photon produces an addditlonal photon. Then
these two electrons In turn produce four. This multiplcation prbcess continues
until all possible photons have been emitted. Then the fallen electrons return to
thelr original levels and the process repeat Itself as long as the laser semlconduc-
tor materlal Is forward blased. Hence, the name LASER comes from the ancro-
nym for Light Amplification by Stimulated Emission of Radlation. In summary
Inltlal photons causes low energy electrons to rise to higher level, then a second
group of photons causes the elevated electrons to drop and emit photons. Hence
by the time the photons exit the laser semiconductor a vast quantity of photons
Is present. Since all photons are stimulated by previous electrons, the new and
old photons are all In phase (l.e. coherent). The advantage of having a coherent
light source 1s that an Intense and highly directlonal beam s delivered with

minimumal pulse dispersion.
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2.5 The Theory of Light Transmission via Fiber Optic Cable

Light always travels In stralght parallel rays unless a change In the medium
Is encountered. At the medlum boundary two things can occur. First a portion of
the llght rays are reflected Into the original medlum. The angle of the reflected
llght rays Is equal to the angle of incldence with respect to the normal of the
medlum boundarles. Secondly, llght rays can cross the into the second medlum.
These rays are sald to have been refracted silnce the rays have changed thelr
angular position In the new medium. An illustration of these two phenomena s
shown In figure 4. The angle of refraction with respect to the normal of the
medium boundarles can be glven by the ratlo of thelr refractlve indexes by Snell's

law 1n equation (2.4.1).

Sin8, =n,

Sin6,  n, (2.4.1)

When the first medlum has a much greater refractive Index than that of the
second medium and when #; 1s sufficlently large, a situatlon occurs where the
refracted rays are propagated along the medlum boundarles (l.e. §, = 00° ). The
polnt where 0,- causes thls to occur Is called the critical angle. This phenemona is

better known as total Internal reflectlon. Total Internal reflection happens when

0; 1s equal to or greater than the critical angle.

Typlcal fiber optlc conslsts of three maln components., The Inner core 1s
fabricated from silica glass and Is where the optlcal signal propagates. Then this
sliica core 1s covered with another layer called cladding. The purpose of the clad-
ding 1s to contain the optic signal within the inner glass sllica core. This cladding
Is In turn covered by an outer protective jacket. It's primary purpose s to insu-

late the sllica glass fiber fom the external environment.
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The refractive Index of the core material Is much greater than that of the

cladding around the core. Hence all light rays are contained within the fiber, Pro-

pagation takes place via multiple Internal reflecttons. All light rays having

angles between 90° and the critlcal angle are permitted to propagate, while all

other rays greater than the critical angle are severly attenuated. These allowed

directlons of propagation correspond to the modes of the optlcal wavegulde. Two

classes of optlcal fiber exist: single mode and multi-mode fiber.

(1)

(2)

Single mode flber causes the optical signal to travel by only one path. It has
the advantage of having a high bandwidth and having minimal pulse distor-
tlon. However it difficult to Interface with optical devices and 1s hard to

spllice because of the critical allgnment between flber and devlces required.

Multi-mode fiber allows the optical signal to travel via manv different paths
en route to it's destinatlon. Multl-mode optic fiber has the advantage of
belng easlly Interfaced to the optlcal perlphals and can be easlly spliced.
However 1t Introduces conslderable pulse spreading and hence Is limited to
low frequency appllications only. It easy Installation makes 1t quite a popular

cholce In low cost and lnexpenslve systems.

As In any communlcation medlum optical fiber attenuates the signal that Is

propagating through It. There are several phenomena responsible for thls loss:

absorptlon, scattering, and radlation.

(1)

Absorption losses are due to Impurltles remalning after the refilnement of the
glass sillca. The Impurltles Include water lons and metals such as Iron. The
minimization of the lmpuritles Is critical. To obtaln losses as low as 10
dB/km the Impuritles present should less than a few parts-per-billlon since
thelr effect Is accumulative. Absorption losses baslcally "steal” energy from

the optlcal signal and convert it Into any form such as heat.
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(2) Scattering losses (also knowa as Ralelgh Scattering) are to due minute incon-

(3)

sistencles In the refractive Index along the flber. The small changes tend to
disperse the optical signal. Since 1976 when quality fiber optic cable with
extremely small absorptlve loises was avallable, scattering losses account for

most of the losses In modern day fiber optic cable. Such losses are susceptible

to thermal varlations.

Radlation losses are due to minute holes In the cladding which permit signal
leakage. This Is predominate where the fiber optic cable Is sublect to strain
and pressure. Radlatlon losses are qulte common at locatlons along tne fiber
where there are many bends and turns. The protective Jacket on .- clad-

ding helps minimlze these losses somewhat.
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2.6 The PIN Diode

In low cost fiber optlc systems the PIN diode 1s a popular cholce. The PIN
dlode used In fiber optlc systems Is an improved version of the conventlional PIN
photodiode. The typical PN conslsts of a photosensitive PN junctlon between two
electrodes. Durlng normal operation the PN Junction Is reversed blased. This
reverse voltage produces an electric fleld whicl. causes the holes to be attracted to
P side and the electrons to be attracted to N slde of the device. When thls Junc-
tlon Is exposed to a photons whose energy Is greater the band gap energy level
that exlsts at the PN boundary the hole and electron carrlers traverse the boun-
dary. And as the photons Impary thelr energy to the carrlers, a reverse displace-
ment current 1s generated. This resulting current 1s proportional to the optlc

energy Incldent on the photodetector surface.

The PIN dlode differs from its PN counterpart as shown in flgure 5. The
depletion (absorption) reglon in the PN diode Is conflned to the PN boundary. In

the PIN dlode the depeletion reglon runs the full length of the device.

The depeletlon reglon, better known as the I (Intrisic) region, is a lightly
doped region In contrast with the highly doped P and N regions. The PIN
derives Its name from this structure conslsting of these three main areas, This
large I reglon means more Incident light Is absorbed by the device and translates
Into a more efficent and senslstive photodlode. However this Increase In length
results 1n a larger distance for the hole and electrons to travel, which slows down
the response time of the device. But since the extra tlme s only a few

nanoseconds It can be neglected for most low to medium data rate applicatlons.

The PIN dlode suffers the lack of one Important feature, whicb !5 the lack of
a galn mechanism. This limits PIN devices to low nolse environments. This is

where APD diode comes Into play.
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2.7 The Avalanche Photo Diode

The emphasis of the thesls will be on APD (Avalanche Photo-Dlode) based
detectors since thelr superlor performance makes them a loglcal cholce over other
alternatlves such as the PIN dlode. The APD offers a large bandwldth, low nolse,
and Inherent amplification through its avalanche mechauism. These are all highly

deslrable propertles for a photosensor.

The average current produced by the APD detector iIs directly proportional
to the Incident optical power on the detector surface. The APD Is blased In such
a fashlon as to produce a high electric fleid throughout the semliconductor sub-
strate which In turn sets up the conditlons necessary for the avalanche effect. The
construction of the APD is shown 1n figure 8 (A) and the electric fleld distribution

1s shown In figure 6 (B).

The electrons flow In the high electric fleld where they experience lonlzing
collisions which generate a source of secondary electrons for each primary elec-
tron. The photo-electric converslon Is a two stage conversion process. First, a
photon counting takes place where incident photons are converted into a primary
detector current. Second:iy, each primary electrons then produces a large number
of secondary electron-hole palrs via the avalanche mechanism of the APD dlode.
Both the new electron and hole may go on to produce cven further excitatlons.
Accordingly this effect also multiplles the shot nolse generated during the photo-
electric process. It is this multipllcatlon mechanism which makes the APD detec-
tor far more desirable over devices such as the PIN dctector. The lack of an
amplificatlon mechanism in the PIN dlode makes Its low output current highly
susceptable to nolse. The APD Is solld state predecessor of the archale vacuum

tube photomultiplier which also has an electron multipiication mechanlsm.
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For each photogenerated primary carrler an average of G carrlers are pro-
duced for each primary electron at the end of multiplicatlon process. Signal
current 1s mulitiplled by a factor of G and rms shot nolse level Is Increased by a
factor of GF /2, Noise factor F Is greater than unity and 1s an increasing func-
tion of G. For any glven avalanche dlode there exists an optimal value of G for

the best overall SNR (Signal to Nolse Ratlo) that can be obtalned.
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2.8 Avalanche Multiplication Theory

APD have lonlzatlon coefliclents for electrons a, and for holes o, assoclated
with them. The term «, and ¢, represent the probablliity that a glven carrler
will exclte an electron-hole pair In unit distance. The ratlo k¥ = a, /a, 18 usually

In the range of 0.01 to 100 and depends on the material and doping proflle of the
APD device.

A high voltage, In the nelghbourhood of several hundred volts, 1s applied to
the APD device to generate the high electric fleld necessary to enable the hole-
electron carrlers to experlence lonizing collislons and begin the avalanche effect.
The negatively charged electrode of the APD device 1s referenced by z =0, while
the positively charged electrode Is referenced by £ =w. The distance w 1S the
wldth of the high electric fleld region. The distance of the hole-electron palr Inl-
tlating the avalanche 1s given by 1/a;, from the z ==0 electrode or by 1/a, from

the z =w electrode.

An electron current 3, (0) In the steady state situation crosses the depletion
layer of width w at plane x = 0. For any polnt z, where 0<r <w, the rate of

carrler generation 1s given by (2.8.1) as described by Gowar [3].

di, (z)
dz

=a,1,(T)+ a; 4 (z) (2.8.1)

The sum of electron and hole current at every point 1s glven by

I =1i,(z) + % (z) = constant (2.8.2)

where I 1s the total current flow In the semiconductor. If there Is no hole 1njec-
tlon at £ = w and f,(w) =0, then i, (w) = I. Equation (2.8.1) can be put In

the following standard form.
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di, (z)
dz

- (a, - Qy )’e (z ) = Q) I (2.8.3)

Solving for this first order differentlal equation, the electron curreni is given by

i,(0)+fahIexpl ~f(a, —ay )dz' ]dz
0 0

t.(z) = (2.8.4)

expl—f(a,—ah)dz'}
0

Multiplicatlon factor for Injected electrons I1s deflned as the ratlo of electrons

after the avalanche to electrons before the avalanche.

te (W)
, = = L _ 2 (2.8.5)
t. (0) s, (0)
By substituting (2.8.4) Into (2.8.5) the result becomes
1
G, = (2.8.8)
w w z
exp| - [ (a,-a,) dz| - fayexp| - [ (a,-04) dz' |dz
o 0 0
Further simplification results In the following
1
G, = (2.8.7)

w

z
1—faeexp[-f(a, -a, )dzs' |dz
0 )

Breakdown of the APD semliconductor material occurs as G — oo and hence

fexpl—f(a,—a,,)dz']dz=1 (2.8.8)
0 )

If we Include carrler generatlon G,(z) and hole Injectlon f, (w ) when
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a, = a, then total current flow Is

i, (0) + i (w) + [eG, (z)dz
I = — (2.8.9)
1- fa,dz
0

The current ] becomes critically dependent on electric fleld strength when k = 1
and when G > 10. When 1t assumed that avalanche occurs In the reglon of uni-

form electric fleld, then a, and a, are Independent of £ hence from Gowar (3]

= (1-k)
©  exp(-(1-k)a, w)-k (2.8.10)
As k — 1 then G, -1
1-a,w

Two factors lmlt the Increase of the multiplication ejection factor G, from con-
tinulng Indefinitely. The first factor Is the serles resistance R, of the bulk sem-
lconductor between the junctlon and dlode terminals. Secondly, the rise 1n tem-
perature from the Increased dlsslpatlon as the total current rises has an effect.
This reduces the values of a, and a; and ralses the junction breakdown voltage
thus llmiting current I. It also Increases the rate of thermal generatlon of car-
rlers and hence dark current. Multiplication factor G, expressed in terms of

applied terminal voltage 1s (2.8.11) from Gowar [3].

_ 1
[1 - (Vapp - IR" )/ VB

(2.8.11)

e

where R' = R, + Ry, s the sum of the serles resistance and effectlve thermal
resistance. Vp 1s the breakdown voltage of the semiconductor. The Index n 1s a

function of deslgn detalls and dlode material.
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2.9 APD Bandwidth

The bandwidth of an APD Is determined by three parameters overall.
(a) electron transit time across the drift reglon, (¢, ), = wo/v,,,
(b) time required for the avalanche to develop, {4, where ¢4 1s function of k.
(c) the transit tlme of the last holes produced In the avalanche back across the

drift reglon, (4, )y = wy/v, .

where w, Is the distance of the drift reglon and where v,, and v,, are the elec-

tron and hole carrlers drift velocitles, respectively.

When k& = 0 an avalanche develops within the normal electrons translt time
across wy /v,, . Assuming wy <<w, and k >0 for a large G and where 0<k <1.

The term w, 1s the width of the avalanche region.

ty = Gkwy /[v,, (2.9.1)

the overall response time Is glven 74pp .

(wo + Gkwy)  (wo+ wy)
Tapp = - + — (2.9.2)
se sh

The - 3 dB bandwldth for typlcal APDs has been approximated by Gower [3] as

0.44
TAPD

AS (adB) = (2.9.3)
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2.10 APD Detector Noise

The notse factor F' and its variation with multipiication factor G s of great
importance when optimizing the optical fiber recelver. The relatlonship between

these two parameters Is given by (2.10.1.) .

F~=QG* (2.10.1)

The Index z varles from 0.2 to 1.0 and Is dependent on the APD material and
the carrler type lnltlating avalanche. According to Mc Intyre [38] when electrons

Initlate the avalanche the nolse factor Is glven by (2.10.2) .

G. - 2
-(-—°0-—22— ] (2.10.2)

e

F, =G, [1-(-k)

and wheu the holes Inltlate the avalanche the nolse factor becomes (2.10.3) .

k) (G - 1)
+(1k)(h 1)

Fy =Gy |1 2.10.
To evaluate nolse generation we consider the multiplication factor G (z)
z w
G(z)=1+ [a,G(z' )dz' + [a, G(z' )dz' (2.10.4)
0o z

The first term represents the Initlal electron generated in the photo-electric
conversion process. The second term descrlbes the multiplication of holes at = as
they travel back to z = 0. Whereas the third term describes the electrons as

they travel from point z to polnt w. Differentlation of (2.10.4) ylelds

dG (z)

e (a, ~ )G (2) (2.10.5)



Solving for this first order differentlal equation

G(z)= G(0) exp[ —_[(a, - ay, )dz’ ]
0

from equation (2.8.5) G (0) = G,
Forzx = w

w

f(ae - )G (z)dz
0

Gw)=1+

1-k

where k = a; /a, = constant

Gw)=1-k(G(0)-1)

k

w
2{&,, G*(z)dz —

Therefore avalanche nolse Is based on two phenomena.

(a) That carrier palrs generated at £ wlll be multiplied by G (z).

— [G'-’(o) - Gz(w)]
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(2.10.8)

(2.10.7)

(2.10.8)

(2.10.9)

(b) That carrler pairs generated at z are created in Independent random

processes, and thus carry full shot nolse.

Mean square shot nolse per unlt bandwidth assoclated with a randomly gen-

erated Is 2eT . Thus mean square nolse spectral denslity Is

(I4) = 2¢I

The current of electrons generated In element dz at z Is

di,(z) = o, t, (z) + o) 1 (z)dz

(2.10.10)

(2.10.11)

Of course an equal current of holes exists, but it was chosen arbitrarlly to work
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In terms of electron current. Total mean square nolse spectral denslty (I,))? In

the avalanche reglon is glven by

(In ) = 2¢fG¥(z )i, (z )dz (2.10.12)
0

Recall total current I =4, (x)+ 4 (z)= G(0)i,(0)=14,(w) and since

t; (w) = 0 then

d"e (z)
e a, I (2.10.13)

(ag - ay )i, (z) =

Thus mean square nolse spectral denslty is

k Gﬁ(o) _ Gz(w)

"ne —_2)
(Ip)° = 2¢l|G (0) + Ty 1-F)

(2.10.14)

The mean square nolse generated In the multiplication process (/,;)° must be
added to the multiplied mean square nolse fed in on the Initlal electron current.

Uslng equation (2.10.10) and the fact I = ¢, (z)+4; (z) = G (0)i, (0) results In

G 2(0)(I,1 )* = G*o0)2¢i, (0) = 2¢IG (0) (2.10.15)

The nolse factor F=F, s defined as the ratlo of the total nolse to this multl-

plied shot nolse such that

(I )
F, = +-2-c—la-a—)- (2.10.16)
Thus
2 2
F, =141+ %6 0Q-Cw) (2.10.17)

(1-£)G (0)




Using equation (2.10.8)

kG 2(0) - G%w) = k(1-k )G 2(0) - 2k (1-k )G (0) - (1-k )?

By substituting G, for G (0)

(Ge - 1)2
F,=G.[1- (l_k)_—G_2—}

4

when G Is large the followlng approximation can be made

F, = kG,

which stresses the iinportance of obtalning £ as small as possible.
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(2.10.18)

(2.10.19)

(2.10.20)
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2.11 Receiver Noise

After the APD detector an amplifier is required to boost and convert the low
level current, usually In the nanoamperes, to voltage sultable to drive the declsion
loglc. An attenuation loss Is Incurred In the fiber optlic cable due to two
phenomena. First, absorptlive losses occur due to impurities in the fiber. Secondly,
scatterlng losses occur due to refractlon In the flber. As In all communlcation
recelvers where the signal 1s the weakest (l.e. at the first amplifier stage), 1s where
the most pronounced affect on the total S/N ratlo wiil occur. Hence, It 1s very
important to optimize this stage for maximum S/N ratlo. As seen previously the
average unmultiplied photodlode current 1s 2el A f where Af = B /2 1s the
bandwidth of the system. As wlth other nolse sources the mean square fluctua-
tion ncreases In direct proportlon with the bandwldth. Hence, the mean square

spectral density of the multiplled APD shot noise 1s

(I})? = 2¢l (2.11.1)

In addition thermal or Johnson nolse Is present to the random thermal motlons of
the charge carriers In the resistive elements of the system such as the APD load
resistor and res!stors present In the first amplifler stage. The mean square spec-

tral densitles for thermally induced nolse voltage and nolse current are

(Vit ) =4KgBT°R (2.11.2)

(I})? = 4KgBT° /R (2.11.3)

respectively. where Kp 1s Boltzmann's constant, 7° is the component tempera-
tiare In degrees Kelvin and where B Is the recelver bandwlidth In hertz (l.e. B =

1/T where T Is data bit perlod ).
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The stages following the first amplifier produce only marginal noise in com-
pared to that of the first stage. Hence, 1t 1s at the first stage where the most
emphasis 1s placed. Furthermore, a third source of nolse comes the amplifier stage

Itself. The multiplled detector current is given by Gowar [3] .

GI(f )= GRapp ®r(f ) = G 15—z (/) (2.11.4)

where ®p 1s the Fourler transform of the modulated recelved power at the pho-
tosensor. The varlables ,e ,h , and v are quantum efliclency, electronic
charge, Planck's constant and frequency of light, respectively. Quantum efficlency
I1s the ratlo of the number of liberated electrons to the number of Incldent pho-
tons. Hence the maximum possible value of 7 is one.

Amplifler output voltage Is given by (2.11.5) .

Vg =S, GRpp I (2.11.5)

where S, 1s the amplifier transfer function, R4pp 1s the APD load resistor, and
Is the APD current.

In summary, the three nolse sources present are:

(8) (I,3) = (2eIG%F )/2 1s the multiplled shot nolse origlnating in the APD.
4KgT°B

1/2
} Is the thermal noise arising from the amplifier's
Rupp

®) i) =

resistlve elements.
(¢) (If) = equivalent nolse current source of the amplifier.
(V{) = equivalent nolse voltage source of the amplifier.

The sum of the nolse current sources becomes (2.11.8).

(7P = I3 + (Tg ) + US)* (2.11.68)

which can also be expressed as
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(I7) = (2¢IG?*F )+ 4Ky T°B/R) + (I} )? (2.11.7)

Hence the equivalent circult is shown In figure 7 (A) and the reduced equlvalent 1s

shown In figure 7 (B).

The output nolse voltage Is obtalned by Integrating the nolse sources over

the range of the receiver bandwidth A f .

|S(f ) PREIR P
|1 + j2nf CRl

Vy)df +

V= [ |S(f) df (2.11.8)
Af

Substitutlng S, (1+j527f CR) for S(f ) so that the overall transfer function 1s

frequency Independent and therefore alllevating the problem of high frequency

band limiting

af
Vid = S,2 [ [(1 + 4n2f 2C2R2)(VL): + R¥(I})?df (2.11.9)
0

The terms V, and I7 are now Independent of Af therefore Integration ylelds

(2.11.10) .

1/2
Vv =85, |1+ %w"’(Af PCIR¥ V) + R’(I;)’] (af)/? (2.11.10)

The rms signal signal to noise ratlo K 1s (2.11.11).

K = = (2.11.11)

In more detall

K= 1 2.11.12)

1/2
(VAV ( 4 T D L
G* R2 G’R G?

(Af YC2 +2elF +——+
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2.12 Probability of Error for an OOK system

An optlcal signal at the photodlode surface generates carrier palrs in random
independent events whose probabllity of occurence In an Incremental interval Is
proportional to ihe duration of the Interval. This Is known as a Polsson process.
Given an average optical energy £p arriving in a glven perlod 1t would be

expected to produce N carrier palrs.

Y I
N = -E;,,__n.h_v (2.12.1)

where §,, = photon energy

Because of the statistical nature of the Interaction the actual number of car-
rler palrs varles about a mean value. The probabllity that the number of carrlers
produced Is k£ 1s glven by the Polsson probabllity distribution where shot nolse 1s

dominant. The term k 1s a discrete random value.

exp(-N )-N"
k!

pp (kN ) = (2.12.2)

In the sltuation where shot nolse is negligible and thermal nolse Is dominant
the carrlers take on a Gausslan distribution about a mean of N carrlers. The
filtered signal nolse voltage Vg and rms nolse voltage V) are sent to the decision
loglc durlng a glven bit perlod. The signal voltage corresponds to the number N
of carrlers generated by the optical signal durlng the bit perlod. The noise vol-
tage corresponds to an eflectlve fluctuation about N whose rms value 1s taken to
be oy . For Gausslan nolse the probabllity that the total output voltage In a bit

period 1s Vg + Vj and corresponds to k carrler palrs generated In the photo-

dlode.
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1 N-k)?
Pc (IC N ,O’N) = —-\/2_—”0N exXp ( 2013) l (2.12.3)

for the case where N average carrlers for "1” a.¢ sent and zero carriers for "0"
are sent. Chooslng the threshold voltage Vg /2 for N /2 carrler pairs. The signal

to nolse 1s glven by

K =— = (2.12.4)

The total expresslon for probabllity of error for an OOK (On Off Keylng) system
where due to recelver Imperfections and background lllumination thermal nolse is

dominant s given by

P,= -;-{PG (/1) + Pg (1/0)} (2.12.5)

where the probabllity of 0" or "1" belng transmitted Is equal and substituting

the Gaussian distribution results in

N/2 AY; ()
P, = 1_1 [ expl (NV-k) ] dk+ [ exp dk | (2.12.8)
2 Vamoy ok N/2 20f
Since the two Integrals are equal, by symmetry
P, = —— f exp[ (2.12.7)
Vanoy N/2 20N
In a more famillar form the probabllity of error becomes
P, =Erfc(N /20y ) (2.12.8)

or the probabllity of error can be expressed as
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P, =Erfc (K /2) (2.12.9)

If shot and thermal noise have the same order of magnitude, an expression for
the Input to the declslon clrcult must filrst be obtalned, In order to obtaln the
probability density function. The signal value seen after T seconds of Integra-

tion I1s given by Sorenson [9] as

ekR

V= =+ 0y, (2.12.10)
r
where e = electronlc charge, £ = number of electrons through resistor R 1n
time T, and n;,; = Integrated thermal nolse.

An expression for probabllity density of the recelver output voltage v fol-
lows from (2.12.10) by first conditloning on the number of photodetected counts
k., then averaging over the avalanche statlstics. Since ny Is Gausslan, the condl-
tloned varlable v Is also Gausslan with mean u and varlance o. Thus the
recelver thermal nolse converts the discrete counting varlable £ Into the con-
tinous observation varlable v . The probabillty density of the detected recelver

voltage v Is glven by

pr(v) = k;’i pp (k /N)pg (v ,p1.,0%) (2.12.11)
=0

where N = average electron count, 4 = 2¢Rk /T , and 6> = 4BT°R /T. The
terms R, B,and T° represent APD load resistor, Boltzmann's constant, and

recelver temperature In degrees Kelvin, respectively.

This particular sltuatlon of the combined effect of Polsson and Gausslan

noise components will be examined In further detall In the next chapter.
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CHAPTER THREE

COMBINATIONAL PPAM AND POSSIBLE RECEIVERS

3.1 Introduction

In thils chapter a new modulatlon scheme 1s Introduced. The proposed
scheme conslsts of three dimenslons. First, each symbol bit has a reverse "L"
shape. The first half of the pulse 1s referenced as a; and the second half of the
pulse Is referenced as ;. Secondly, this reverse "L" shaped pulse 1s multl-leveled
(l.e. PAM). Lastly, the reverse "L"™ shaped pulse 18 multl-slotted (l.e. PPM). This
modulation scheme shall be refered to as combinational PPAM, henceforth. The
combinational PPAM pulse shape and frame structure 1s shown in figure 8. In
the comblnational PPAM scheme the virtues of conventionai PAM and PPM
modulation technlques are exploited. The abllity of PAM to carry more informa-
tlon than OOK In the same bandwldth Is the first desired characteristic utilitised.
Secondly, the Immunity of PPM to ISI Is the next feature that 1s highly desired.
Modern optical iber systems experlence very llttie ISI, but systems that use open
alr as the propagation medium experience serlous ISI due to scattering caused by
molsture and oxygen atoms. It Is for thls reason that the effects of ISI are not
neglected. The combination of these two conventlonal modulatlcn schemes 18
used to produce a hybrld modulation scheme that Is supposedly superlor than

elther one of the baslec schemes alone,.

The analysls begins by consldering the possible recelvers. Following the optl-
cal detector there are M —1 Integrator banks. The first Integrator bank integrates
from O to T, the second bank from T to 2T, and, the last integrator from M -2 to
M-1. The (M-1) to M reglon Is used as a guard band area, hence no Integrator

bank s used here. The comblnational pulse can appear In any slot of the frame
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with equal probabllity, The result of all the Integrators will be dumped Into
corresponding banks of threshold comparators. Two types of recelvers are possl-
ble at this polint: the conventlonal recelver and the ratio recelve;'. The conven-
tlonal recelver Integrates both o; and f; as one non-composite pulse and renders
one of L possible decislons on the total power present In the sum of a; and ;.
The ratlo recelver Integrates the first half of the slo, T and the second half of
the slot T separately and presents them to a bank of L ratlo comparators. After
the ratlo of power In f; to power In o; has been calculated, one of L possible

declslons are rendered

In section 3.2 the sub-optimal case Is examlned where the components o;
and f; are Integrated together a declslon 1s based on the total power present in
both components. In sectlon 3.3 the combinational PPAM scheme Is examined
when the ratlo recelver Is used. The decislon Is now based on the ratioc of the
power In B; to the power In «;. In sectlon 3.4 the performance of conventional

PAM and PPM Is compared to comblnational PPAM.



32

3.2 The conventional combinational PPAM detector

In this sectlon the performance of the combinational PPAM scheme s
observed In a sub-optimal situatlon. The entire pulse shape Is simply Integrated
and dumped to the comparator bank. The sub-optimal situation is used as refer-
ence, when the performance of the combinatlonal scheme 1s observed with the
ratlo recelver which takes Into account the reverse "L" shape of the pulse, In the

next chapter. The sub-optimal recelver Is shown in figure 9.

At the transmitter end of the flber optlc system the message source gen-

erates data In the following form

+00
X()= Y a,8t -nT) (3.2.1)
fn =-00
where a, Is the multl-level data source where @, € (0,1,2, * *+ + L ). The term g,

assumes a non-zero value for 1 out of M slots and a zero value for the remalning
M~-1 out of M slots. There M slots per comblnational PPAM frame, each T

seconds in width.

This message source In turn modulates the transmitter optical source, which in

thils case Is a laser. The laser current 1s then glven by

Xc(t) == -E.:o L (3.2.2)

n =-00

where r, Is speclfied by

a, 0<t<T,/2
rn =1\0p T,/25t<T, (3.2.3)
0 elsewhere

where T, Is the slot period contalned within the M by T frame.
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After the electro-photo conversion the optical output of the laser Is glven by

X, (t)= *ff rohy (¢ = nT) ' (3.2.4)

n =-00

where hL (t) 1s the laser Impulse response. Then the optical pulse after passing

through the optical medium (l.e. in the optical fiber) the puise Is glven by

p(t)= -*-Zo}o rahy(t —nT) (3.2.5)

fl =~00

where h, (L) == h;(¢)*h; (¢) and where hy (t)1s the Impulse response of the optl-

cal fiber.

The photo-detector (l.e. the APD) converts the optical signal Into its electrl-
cal replica. The output current of the detector can be described as a flltered ran-

domly multiplied Polsson process. This output current Is glven by Hauk [5] as

k(t)
Xs(t)= Y gperph,(t —nT -1t,) (3.2.8)

n=l1

where € Is electonlc charge.

Random processes have now been Introduced Into the recelved signal by the APD
photodetector. An optlical pulse p (¢) arrives every nT seconds and after time ¢, ,
k(t) number of primary electrons are generated for this pulse. These primary
electrons are then multiplled by a random gain (l.e. APD galn) g, with an
expected value of <G >. The terms k(¢),9,, and ¢, are statistically Indepen-
dent random varlables. The term h, represents the impulse response of all the
system elements between and Including the laser and the photo-detector. Furth-

ermore, the following shall hold true
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+00

J ho(t)dt =1 (3.2.7)

The probablilty that k(t) electrons are emlitted Is glven by the Polsson process

given by Hauk [5] below

N

t t
Plk(t)y= N/\7),0<7r<t ]| = % lf)\(r)dr expl - f)\(r)d 1'] (3.2.8)
‘o 0

The mean instantaneous rate of primary electrons produced by the recelved optl-

cal power p (¢ ) and thermal effects Is

Nt)= z%p L)+ X, (3.2.9)
or
Nt)= <=5, by (t - nT) + X, (3.2.10)

where A\2>0 and 7, hv are quantum efficlency, and photon energy, respectively.
The term A\, corresponds the dark current and background illumination. Dark
current Is a resldual current present even In the absence of optical signal Input to
the APD and 1s due to thermally generated carriers In the semiconductor

material.

The Input to the decislon circult 1s given by the followlng expression

Y()=[Xs(t)+ Xy (1)) *hg (¢) (3.2.11)

An ldeal "brickwall” low pass fliter &g (f ) follows the APD photodetector. The

fllter 1s glven by the following, In the frequency domaln.

1 fo>f
hp(f )= {0 f.</ (3.2.12)



35

1
where [, 1s the 3 dB corner frequency glven by Nyqulst as T

The Inverse Fourler transform of (3.2.12) results In the following fliter charac-

teristic In the time domaln

hp(t)=12f,S8a(2nf,t) (3.2.13)

The Input to the declslon circuit 1s the sum of an Inseparable component conslst-
Ing of the recelved signal and shot nolse Yg(¢) and thermal nolse Yy, (¢) after

flltering.

Y()=Ys(t)+ Y () (3.2.14)

where perlodic sampling occurs at ¢ = nT.

The expected slgnal mg of the output of the photo-detector can be expressed
by using Campbell's theorem, from Papoulls [8], by obtalning the first moment of

a Polsson process as follows

+00

ms = E[Ys(t)] = E[g,] [ Mreh(t —ndr (3.2.15)

where A () Is the Impulse response of the entire fiber optic system, l.e. between

the Input to the transmitter and the Input to the declslon clircult.
The term mg (i) Is the expected value of the pulse shape composed of a; and G;

(n+1)T
mg(i) = ,:’—U(eRA)<G> fT p(Dh (t-NdT (3.2.16)

where <G > = E'[g, ] Is the expected APD galn and where 1¢(1,2,3,...,.L )
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(T + B3T)
2

mg (i) = T";(eRA )<G > (3.2.17)

The variance of Yg(¢) I1s found uslng Campbell’s Theorem to obtain the second

moment of a Polsson process

+00
o= <G> f Mneh2(t-ndr (3.2.18)

-0

From Davldson [7] the second moment < G?> Is obtalned by taking the product
of the excesslve nolse factor F, In equation (2.10.18) and the square of the first

moment (le. <G?> = F, <G >?2)

<G¥> = -(1-k )< G >+4201-k)< G >2+k <G >3 (3.2.19)

The varlance og(¢) for the transmitted pulse composed of a; and f; Is glven by

(n+1)T
od(i) = -,;"-;(eRA P<G?> fT p(Nh2(t-ndr (3.2.20)
n

where 1t ¢(1,2,3,...,L )

(a.?T + ,B‘?T)
2

of(i) = I'lv-(eRA 2<G2> (3.2.21)

The mean of the AWGN (Additlve White Gausslan Noise) present at comparator

1 1s quite simply

mup (i) = E[Yy] =0 (3.2.22)

The variance of the thermal nolse 1s a function of the recelver fliter characteristic.

To obtain the varlance of the thermal noise the followlng expression 1s used

No +00
of =EBIYEWI = =] |metr)[as (3223)
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The varlance of the AWGN present at comparator ¢ Is glven by

0

of ()= 5T

(3.2.24)

Two types of density functlons are currently present: Polsson for the
inseparable component consisting of the signal and the shot nolse and Gausslan
for the thermal nolse component. Normally attempting to derive an equatlon for
the probabllity of error that Includes these two different density functions would
be quite a laborlous task indeed. Integration of the product of these two different
probabllity density functlons would requlre a great deal of computer time.
Several optlons exists to minimize the Intregration presented In equation

(2.12.10).

One technique by Hubbard [8] approximates the Polsson distribution by a
Gausslan distribution. The resulting Gausslan distribution can be easlly evaluated
using readily avallable Erf(x) tables and so the calculatlon of probabllity of error
is greatly slmplified. The Gausslan approximation for the Polsson density func-
tlon of signal n and mean m 1s given by

1

THe _2bm + (n-m)?

2m (1+a)

exp [ (3.2.25)

where a == [0.0800u % - 0.230u + 1.268]2 , b = [0.0867u% - 0.3933u + 0.810]!

and u=In(m).

The density function of the receiver, taking shot noilse, and thermal nolse, and

assuming Independence among the distributlons becomes

Ir-m
2 ] (3.2.26)

PR (T sy 040 ) = Erfc l
Otot
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where my, = mg + my , 04y = \/0& + 0} . Through the use of Hubbard's
approximation two probabllity functlons have been reduced Into one. The means
and varlances are simply added and plugged Into the well known Erfc(x) func-

tlon.

Since calculating the required values for the Erfc(x) Is also a time consuming
process on the computer, an approximation for the Erfc(x) by Hastlng 1s used,

This expression Is shown below.

Erfe(x) = @¢(Cyt + Cot? + Cat® + C t* + C4t®) (3.2.27)
where ¢ = - and ¢ = 1 exp [__:ri]
1+ Pz ver 2

The constant terms are glven by P =0.2316419, C,=0.31638153,

C,=-0.356563782, C,=1.78147937, C ,=-1.821255978, and C;=1.330274429.

An even simplier method Is avallable with a minlmal affect on accuracy.
According to Mldwinter [4] when Gausslan nolse 1s dominant the Polsson com-
ponent can be approximated by a Gausslan distribution without resorting to
Hubbard's technlque. This Is possible because when the m term Is sufficiently
iarge the Polsson distributlon approaches the Gausslan distribution. This approxl-
matlon turns out to be excellent for most modern flber optics systems. Hence, the
Polsson and Gausslan means and varlances can be summed and placed directly
Into one Gausslan distributlon. Only In the rare case where thermal varlance oy,
1s small would It be necessary to evaluate the error rate using the more

comprehenslve method previously described.

It 1s desired to choose an optimal value for the avalanche gain such that the
error rate will be minimal. Hence the optimal value Is determined by taking the

partial derlvative of the sum of the nolse varlances with respect to the avalanche
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galn and equating to zero In equation (3.2.28).

6(”!% + a‘i)
oG

=0 (3.2.28)

In figure 11 the probablilty of error was plotted agalnst the APD galn G for a
typlcal OOK APD based recelver. It should noted that the optimal galn s not
fixed but rather changes with optical input power as Is illustrated by the family
of curves shown In figure 11. For an APD galn less than 20 to 30 thermal nolse
dominates and for an APD gain greater than 20 to 30 shot nolse dominates.
Large values of APD galn degrades recelver performance because signal current 1s
multiplled by G, while shot nolse Is multiplied GF'/2 as was shown In the previ-
ous chapter. Recall nolse factor F 1s always greater than unity and Is an Increas-

Ing function of G.

A practical fiber optic recelver 1s designed such that the avalanche dlode Is blased

close Lo the value of the smallest signal level expected .

Where shot and thermal nolse have the same order of magnitude the crl-
terlon for minimizing the probablility of error Is to maximize the S/N ratlo shown
below. The S/N is the ratlo of the desired signal over the sum of shot and ther-

mal nolse as given by Midwinter [4].

ne <G >P, 2R
Py hf

P, + Ps  2neRB<G®>P,,
hf

where P,, 1s the optical power Incldent to the APD and B Is the recelver

S/N =

= (3.2.29)
+ 4KB T°B

bandwldth.

The recelver structure for the PPAM detector consists of M -1 comparator
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banks, one for each of the PPM slots and slot M has no comparator bank since It
Is used as a guard band. The front end of the recelver 1s simlllar to that of other
fiber optic systems. Each bank Is sampled at a different Instants nT correspond-
Ing to each of PPM slots. Then at each bank there are L comparators to detect
the L possible levels of the PAM component of the recelved signal. The output
of the each of the window comparators registers a true or "1" when the applled
Input has an amplitude between A; and A;_,. Then a parallel-to-serlal converter
forms a declslon on all of the comparator outputs and renders a declslon. This

Integrate-and-dump recelver structure 1s shown in figure 9.

Several scenerlos are possible for the comparator banks. The first situation Is
where one of L transmitted symbol Is arrlves In a glven slot. At this bank the
transmitted slgnal S; plus shot nolse and thermal nolse are all present. The pro-
babllity of correct declsion, glven that pulse shape S; was sent and recetved at

this slot 1s given by g (7).

Al +1

Qs ()= [ 33 pp(k/N)pg (om0 (3.2.30)
A, n=0

where A; < total energy of S sub 1 <A;,,. The thresholds A; and A;,, are
specified by A; =mg(i-1/2) and A;;; = mg(i+1/2). The terms
k,N ,v,m ,and 0 are defined In sectlon 2.12. This expresslon can be simplified by

using technlques previously described by Midwinter as follows.

mg(s) — A;
Vod (i) + od(i)

A; - mg(s
Erfc s s¢) (3.2.31)

g (1) = Erfc
° VR () + od)

Up to this polnt only shot nolse and thermal nolse have been considered. A

third source of error Is also present. Power from nelghbouring symbols aiso has a



141

detrimental on the deslred slgnal. Although ISI Is not a significant problem in
fiber optlc systems, It Is included In the analysls for the case where another
medlum (l.e. open atmosphere) 1s used. The desired symbol can easlly be cor-
rupted by Its nearest and even second and third nearest nelghbours If the power
levels of the nelghbourlng are comparable or greater than that of the desired sig-
nal. This ISI (Inter-Symbol Interference) component contains both a rardomly
varying element ( a signal dependent on nolse assoclated with the photon statls-
ties) and a non-random component relating to the appropriate nelghbouring sym-
bol. 1In this analysls 1s assumed that ISI is significant only In the slot following

that of the Intended slot.

When the eflect of ISI Is consldered on 1ts closest nelghbour, the respective

mean becomes

+0o

my = E Y (t) = Elg,} [ M\(r)eh (t -7)d 7 (3.2.32)

where A\;(7) 1s the mean Instaneous rate of primary electrons produced by the ISI

component.

Convolutlon of the recelver fliter characteristic Ap(f ) and the exponentially

decaying ISI component fe~" can be approximated by 1 — exp(—yT ). Therefore

. B;
m;(t) =<G >Tn;(eRA )[-:;—] [1 - exp(—T)) (3.2.33)
And the corresponding varlance 1Is glven by

+00
of = <G> f A (Neh?(t -1)d T (3.2.34)

-

This ylelds
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opli) = <G2>—h%-)-(eRA )2[ %‘-] [1 - exp(-yT)) (3.2.35)

Where the term -y Is the decay factor of the Interfering signal i1s dependent on the

Intensity of the ISI.

The second possible sceneralo possible occurs at the recelver bank directly
following the slot where the transmitted symbol 1s present. In this case ISI plus
shot and thermal nolse are present at this slot. €2;(¢ ) Is probabllity that the ISI
from pulse S; In the previous slot, Is falsely detected as the desired signal In this
slot. £2; (¢) conslsts of a Polsson component for the ISI and Gausslan component

for the thermal nolse.

Ayl

Q)= [ 3 pp(n.m)pg (v syn o v (3.2.36)
A, n=0

Uslng Midwinter’'s approximation the previous expression becomes

. my(1) - A; Ay -my(i)
f1;(1) = Erfc ~| Erfc (3.2.37)
Vo) + 0 (1) Vo) + oj (i)

The last posslble scenerlo Is the case In which only thermal nolse is present, This
occurs In a slot that I1s not occupled by the recelved pulse or the ISI component.
The corresponding expression for £2, (¢ )m Is the probabllity the thermal noise Is
falsely detected as the desired puise. This sltuation can occur in any slot preced-
Ing the slot that contains the transmitted signal or this situation can occur In any

slot after the slot that contains the ISI component.

Al-ﬂ

Q,,, (1) = I Pg (v vhip 1T )dv (3.2.38)
A,

Equatlon (3.2.38) can be simplified by using readily avalilable Error Fu.\ctlon
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—A; Ay
o (1) ) - [Errc on () (3.2.39)

0y (1) = Errc[

For an M slot L level comblnational PPAM signal the probabllity of correct
declsion is glven by a “"true” declslor for the pulse In Its Intended slot, a "false”
declslon for the ISI component of the slgnal In the following slot, and "false”
declslon for the thermal nolse component in all other remalning slots. Ttlie overall
expression for a combinational PPAM recelver's probabllity of error for an M
slot anA L level system Is glven by subtracting the probabllity of correct decislon
from unlty.

P =15 [1-056ia-0600 -0, M2] @240

|
I ™M=

' 1

To clarify the significance of equations (3.2.31), (3.2.38), and (3.2.39) a typl-
cal case wlll be examined to llustrate all the possible scenerlos. For the case
where M =5 and L =4 the slot that occuples (n +4/5)T to (n +1)T will be used
as a guard band and hence no sampling takes place at ¢ =(n +1)T . There exlsts
four unlque symbols §,,5,5,;and,S, which can occupy any of the first four
slots. Each symbol S; 1s a composlte pulse formed from unlque values of a; and

B; . The component a; s always smaller than f§; for reasons of minimlzing ISI.

Bank 1 wlll recelve a signal from the front end of recelver at sampling
Instant ¢=(n +1/5)T . Bank 2 wlll operate at sampling Instant ¢t =(n +2/5)T,
bank 3 at sampling Instant {=(n+3/5)T and bank 4 at sampling Instant
t==(n +4/5)T . Each bank has four comparators to detect any one of the four
possible symbols. Flve possible outcomes are possible from the integrator bank.
Symbol S,, S,, S5 or S, has been detected. The other possible declslon Is that
none of the four symbols has been detected. The outputs of all the Integrator

bank’'s comparators are fed Into a parallel-to- serial converter and one of slxteen
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possible outcomes Is sent out. Hence, combinational PPAM can carry M -1z L
bits of Information. When two or more banks have detected a symbol means an
error has occured and hence the system will disregard this data or attempt to

correct 1t,

If a symbol has been transmitted In slot 1, at bank 1 one of possible four
symbols plus shot and thermal nolse will be present. At bank 2, ISI due to the
symbol 1n slot 1 plus shot and thermal nolse will be present. At banks 3, 4, and 5
only dark current and thermal nolse I1s present, It Is assumed that the ISI com-

ponent 1s only slgnificant In the slot immedlately following the slot of transmitted

signal.

‘When a symbol nas been sent 1n slot 2, the output of banks 1, 4, and 5 con-
slsts of dark current and thermal nolse. At bank 2 one of four possible symbols
plus shot and thermal nolse Is present. Whereas In bank 3 ISI due to the symbol

in slot 2 plus shot and thermal nolse 1s present.

The third scenerlo 1s when one of four posslble symbols has been sent In slot
3. At banks 1, 2, and 5 only dark current and thermal nolse Is present. At bank 3
the symbol plus shot and thermal nolse 1s present. At bank 4 ISI due to the sym-

bol In the previous bank plus shot and thermal nolse Is present.

The last possible scenerlc Is when one of four possible symbols has been sent
in slot 4. At banks 1,2 and 3 dark current and thermal nolse 1s present. At bank
4 the symbol plus shot and thermal noise Is present. The ISI of this symbol plus
skot and thermal nolse component Is absorbed into the guard band of the frame

(1.e. slot 5).

The effect of ISI from other frames s neglected In this thesls. When ISI
leaks within 1ts own frame, error can be easlly spotted by virtue of PPM detec-

tlon. A PPM detector expects a true or "1” decislon from only one threshold
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bank while expecting a false from all the remalning banks. Two or more true
decislons means an error has occured and measures such as disregarding the data
frame or error control coriection can be employed. Therefore the guard band
serves the purpose of minimizing Inter-frame ISI and Improving the overall error

performance of the system.

3.3. The Ratio Detector as a PPAM detector

The structure of the ratlo detector Is essentlally the same as that of the con-
ventional recelver up untll the declsion threshold. At this polnt the decislon is
based on the ratlo of ﬂ,- to that of a; Instead of just Integrating and dumping,
the entire pulse shape as one component, as was done previously. A new probabll-
1ty density function must be derlved at this polnt because the recelver decision is
based on a new random varlable 2. The random varlable 1s the ratlo of two ran-
dom varlables £ and a (l.e. z=f/a ). Such a recelver Is shown In figure 11. In
this analysls the means and varlances are derived separately for each component
of the signal, as opposed to the comblnational pulse as whole as was done prevl-
ously. Then these components are plugged Into the ratlo PDF and probabllity of

error can be found.

As 1n the previous sectlon Campbell's theorem was used to evaluate the first
and second moments of the shot nolse dependant components. Hence the means

for the Indilvidual a and # components become

+00

Mo, = E[Yo (1)) = <G> [ NDh(t-ndr (3.3.1)

-00

2

. n oT
mas(a )= <G >(eRA )I-;—z—' (3.3.2)
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+00
me =E[Ys(t)=<G> [NDh(t-Ddr (3.3.3)
-0
) BET
mpy(i) = <G >(eRA )7-— (3.3.4)
Simllarly the varlances are found to be
+00
0F, = = <G> [ N(Dh¥(t-ndr (3.3.5)
-00
alT
08, (i) = <G*>(eRA Y7l —— (3.3.0)
+00
0, = = <G*> [ Nnh*(t-ndr (3.3.7)
—00
. BET
0f,(i) = <G*>(eRA Y'r=—— (3.3.8)
The means of the thermal nolse components 1s simply
m,, (1)=0 (3.3.9)
mg,(1)=0 (3.3.10)
The thermal varlances are glven by
. [
0’0,2“(1 = T (3.3.11)
. /]
aﬁ‘zu(‘ - _4T (3.3.12)

The mean of the ISI components are found In a similar fashlon as before thus the

convolution of the fliter kg (¢) and the ISI component f; et ylelds
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m, (1) = <G >(eRA )%%—[1 - exp(1T /2)] (3.3.13)

mg,(i) = <G >(eRA )f;%-[exp(qr /2)-exp(7T)]  (3.3.14)

The varlances of ISI components are found as per section (3.2)

a‘;",(i) = <G?>(eRA )zl-ﬂ-i-[l - exp(7T /2)] (3.3.15)
hv ~
of(1) = <G2%>(eRA )2—"—£[exp('yT /2) — exp(yT)) (3.3.18)
ﬂl h v p’ oude

The probabllity denslity function used for the conventional recelver Is no longer
valld. A new PDF is derlved In APPENDIX A for the ratlo recelver. The general
form of the function for the ratlo z of two random varlables z and y 1s glven

below. The values §; and «; are substituted for z and y, after the derlvation.

2., 2, -2, 2
1 o, my +o;m,
pPr(z)= > exp |- — (3.3.17)
0,0y 20,0,
2.2 2 2 2 2 2
. 20,0, _o;mytoym, 2 (o;my+o,m; z)
ol +o}z? ol+olz? ool )or+olz?
Vamo, o, olm,+oim, 2

1 - 2Erf

Vvoitolz? 0,0,V 0l +oj2? ]

The probabllity of correct decislon, the transmitted symbol S; was detected In its

Intended slot, s glven by

Al+l

Os(i) = [ pr(z.m;,my.0,,0,)dz (3.3.18)
A,

where are glven by A; = mg /m, (1-1/2) and A;,, = mg/m, (1 +1/2)



and where m, = m, (1) + mq, (1), my =mg (i) + mpg (1),

0, = /02 (i) + 02, (i) and o, = VR () + 63, (i)

The probabllity that the ISI of symbol S; will cause an error In the slot follow-

Ing symbol S; Is glven by

Al+l
Q(z) = f pr(2.m; my,0,,0,)dz (3.3.19)
A

where my; =mg, (1) + my, (i), my =mg(i) + m gi (1),
o, = \/ao'f,(i) + 04, (1) and o, = \foF + 04, (¢)

The probablilty of error caused by thermal nolse In a slot not occupled by a sym-

bol S,- or Its corresponding ISI Is glven by

A|+l

Q)= [ pr(z.m,, (1)mg, (1)l (1)0F (1))dz (3.3.20)
AI

The probabllity of error for the entlre system can be calculated from this point
onw.rds as was done In section (3.2.36). Hence, probablility of correct decislon
for the combinational PPAM symbol requires that the one of L unique pulse
shapes Is correctly detected as "true” In Its Intended slot. And the ISI component
In the slot Immediately followlng the pulse shape 1s not detected as "true” and

the remalning slots contalning only thermal noise are not detected as "true”.

P,

=

L
> [1 — 05 (i )1 - 0, - Ay, (4 ))“"] (3.3.21)
=1
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3.4 Comparison of PPAM with conventional PAM and PPM systems

The probabliity of symbol error of an L-level PAM optic fiber system Is

given by Sorensen [9] by the following expression

L 1 An
Ppay =1- 33 T J Pr(z.p;,0;)dv (3.4.1)
§=1 A,

where Pp Is defined In equatlon (2.7.10). The above expression slmply states
that the probabllity of error for an L-level PAM system Is simply unity minus the
averaged sum of probabllitles for correct declsicn for each of the L symbols. In
figure 12 the probabllity of error versus average optical power per bit have been
plotted for L = 2,4,8,16,32,64,128, and 256 levels using Gray coding. A recelver
wlith a data rate of 100 mb/s temperature of 300K ? , an APD load resistor of 50
ohms, a bandwldth of 175 mhz, a detector efficlency of 0.85 , a detector

avalanche lonization coefliclent of k£ =0.028 , and an optimal avalanche galn of

25 were assumed.

The expression for probabllity of error for an M slot PPM system, when

symmetry Is assumed Is glven by

M-
M-l( N ]
Pppy =1-¢3 ———

= pi(1—p)M-i- (3.4.2)
t =0

where ¢ s the probabllity that the level of the threshold logle Is exceeded where
the signal Is present and p 1s the probabliity that the level of the threshold loglc

Is exceeded where the signal 1s not present.

Expresslon (3.4.2) can simplifled Into the followlng expresslon by converting it

Into the form of the blnominal distributlon function and assuming p <<1
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=1L (1_(1-pW
Pppy =1 pM(l (1-p)") (3.4.3)

It evident from the expansion of (3.4.2) that the dominant term Is the product

Mp . If 1t assumed AMp <<1 then (3.4.2) Is greatly simplified as follows

Pppyy = 1-¢q(1 - p)M-1 (3.4.4)

A simillar expresslon for the probabllity of symbol error for an M-postition PPM

optic fiber system 1s glven by Sorensen as

+co A, M-
Pppy = 1- [ Pr(z.p,,0))| [ Pr(z.p000)dV’ dv (3.4.5)
—-00 -00

In figure 13 the probability of error versus average optical power per bit count
has been plotted for M = 2,4,8,16,32,64,128 and 256 positlons uslng Gray coding
for a PPM system. The same recelver parameters as the PAM case have been

used.

In figure 14 the probabllity of error versus average optical power per bit for
the PPAM case using the conventional detector derived in equation 3.2.36. The

same recelver parameters used In the PAM and PPM case have been used.

In figure 15 the probabllity of error versus average optical power per bit for
the PPAM case using the ratlo detector derlved In equation 3.3.21. The same
recelver parameters used In the PAM, PPM, and the conventlonal PPAM case

have been used.

It was found the PPM system had the best performance in terms of bit error
rate, however a price is pald in terms of a complicated recelver with stringent
timing requirements. While the PAM system had the worsest performance in

terms of bit error rate. The PPAM combinational system had a performance In
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between that of conventional PAM and PPM systems. The conventlonal PPAM
recelver had better performance than the PPAM ratlo recelver In low to medlum
SNR scenerlos, while the ratlo recelver had better performance In high SNR scen-
erlos. Overall all systems required more power per bit as the alphabet slze was

increased.
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CHAPTER FOUR

PWM OPTICAL RECEIVER AND EQUALIZER

4.1 The PWM receiver and probability of error

In this chapter the performance of PWM (Pulse Wildth Modulatlon) Is
analysized and the corresponding equallzer 1s derlved. In wilde-band flber optlc
systems PWM offers many advantages. The same bit error rate as PAM can be
achle ed using less power with PWM. However, PWM suffers under condlitlons of
ISI, hence an equalizer derlved In the next sectlon Is expected to ameliorate the

ISI problem.

The PWM slgnal source generates a PWM optical signal In the fc iowing

form

XL(t)= '*'ZO)O TJ(t -1T) (4.1.1)

1 =-00
where 7 €(1,2,3,...,M -1) for an M slotted PWM symbol. Note that a pulse with a
minimum wldth of one slot T /M to the maximum of M-1 slots of width T /M
present in the PWM frame. The unused slot In position M 1is used as a guard
band. After passing optlc fiber with Impulse response of A / (t) the recelved slg-

nal p(t) assumes the following form

p(t) = hp XL(t) (4.1.2)

At the front end of the fiber optlc PWM recelver an optical signal p (¢ ) arrives at
the APD and Is converted to a corresponding PAM voltage V,,, via Integratlon.

Then a threshold declsion Is made on the level of this PAM slgnal.
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(n+1)T
Vour = <G> [—-— (eRA) f p(Dh(t-7)dr (4.1.3)

The PWM recelver consists of an APD diode, amplifier with a gain of A and a
filter with an impulse response h (t) . The bandwidth of the fiiter s B and can

be given In terms of the pulse risetime as

B = -‘-;i (4.1.4)

According to Xlanda [10] 1t 1s deslred to minimize the effect of the nolse voltage

n, on the timing error A7 so that the probabllity of error Is minimized.

So therefore the threshold level A, 1s chosen at the polnt of maximum slope

as shown 1n figure 16.

dVout (t) _ n; _ Vmax (4 1 5)
dt max AT t, -
At the sampling Instant T the normalized random voltage 1s given by
n,
X = — (4.1.8)
or

The varlance op 1s a function of both thermal and shot nolse, hence
— 2 2
or = \Oop + 04 (4.1.7)
The varlance of the slgnal and shot nolse component 1Is glven by

(n+1)T
ol = <G2>lh—"v- (eRA)? f p (Dh2(¢,, +nT—r)dr (4.1.8)

where <G?> was previously deflned In equation (3.2.18). The term ¢,

corresponds to the mean pulse width of pulse m .



54

Using Midwinter's simplificatlon only a Gaussian PDF ( probability density
function ) Is required to encompass both thermal and shot nolses. It 1s assumed
that the thermal nolse Is dominant and avalanche gailn I1s much greater than
unity. The simplification therefore sacrifices very little of the accuracy of the
BER ( bit error rate ). Hence, the famillar Gausslan probability density function

1s used in the calculatlon of probabllity of error

1 -X?
P(X)= exp l 41.1.9
M= T (4-2.9)
The Individual PDFs are specified by Xlanda as
J —(K (7-t;)?
P;(1)= exp | ——————————— 4.1.10
] ver 2 ( )
where tj for 5=1,2,3, - ,M correspond to the mean pulsewldths and 7, for
n=1,2,3, ' * + ,M-1 correspond to the optimal thresholds. The term J Is glven
by
| 4
) L (4.1.11)
O’T t'.

Hence the total probability of error P, for an -level PWM system 1s quite siml-
lar to that of the M-level PAM system described In sectlon 3.4. The proababllity

of error for the PWM case Is glven by Bayes law as follows

P, = p,P(2/1) + p,P (1/2) + p,P (3/2) + p 5P (2/3) (4.1.12)
+ paP (4/3) + p P (3/4) + p P (5/4) + p,P (4/5)
+ - + oy P(M/M-1)+ py P (M-1/M)
where p; Is the probabliity that symbol r; belng sent and where P (a/ b)1s the

probabliity of error given that symbol r, was sent by the transmitter and that
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r, was dctected at the recelver.

The contrlbutions of secondary terms such as F(3/1), P(4/1), and P (4/2) are
assumed negligible and hence not Inciuded In equation (4.1.10). If all pulses have

been suffictently randomized then

1
pi = I (4.1.13)
where 1 =1,2,3, - - - ,M forall 1 .

Flgure 17 shows the probabllity of error versus SNR for the family of curves
M=2, 4, 8, 16, 32, and 256 . The same system parameters as section 3.4 are
used. Note, the PWM curves are simlliar to those of the PAM case. The similiar-
1ty Is due to the fact the Incoming PWM Is Integrated and sampled. This results
in 2 PAM slgnal present at the comparator banks and hence the similiar perfor-

mance to a PAM recelver,
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4.2 The PWM receiver equalizer

An 1deal communlcation channel s modeled by constant galn and constant
delay for all frequency components contalned In the transmitted signal. However
In a practical channel used in an optical fiber system many there exist factors
exlst that can corrupt the recelved signal. Gausslan nolse, shot 1olse and dark
current are inherently present In every recelver. Furthermore ISI Is Introduced
due to the band-llmited nature of the channel. It is posslble to compensate for
the non-ldeal frequency response characteristlc of the channe} through the use of

an equallzing filter at the recelver.

The transmltter sends discrete symbols at a rate of 1/7T symbols per second
and the corresponding recelver samples the symbols every T + T4 Sseconds, where
74 Is the propagatlon delay Introduced by the channel. Hence 1t 1s loglical that a
discrete time fliter be used to compensate for channel discrepancles. Such a fliter

Is better known as a transversal fliter and assumes the form shown 1n figure 18.

The transversal filter consists of (2K + 1) dlscrete time delay units 27!,
Each unlt delays the slgnal by T seconds. The output of each delay unit is fed
Into an Indlvidual multipller unit (also known as a tap welght coeflicient) which
multiplles the delayed slgnal by a preset value of C, . Then all the output of tap
welght coefliclent are fed Into a summer where the outputs of the summer Z ({)1s
the equalized version of the Input to the equallzer Y (f) . The preset encfMelents
are 3selected such that the slgnal Z(¢) resembles the data Input to the

transmitter X (¢ ) as close as possible.

In sectlon 3 ISI was not examined for PPM and PAM since work has already
been done In this area by Gagllardl and Messerchmltt, respectively. Hence, the
focus here will be on the PWM system. In sectlon 4.1 ISI was not consldered in

the PWM recelver, now In this chapter an equalizer for tte optlcal PWM recelver
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under conditlons of ISI will be derived. Several different types of conflgurations
exist for the transversal fliter. The least complex Is the LE ( llnear equallzer )
which Is examined in sectlon 4.4 . Other more complicated forms Include the
DFE ( declsion feedback equalizer ) . The PWM frame Is of length T = M 7 and
each sub-slot Is of length 7. The PWM recelver consists of 2k + 1 equallizer
banks, one for each unique PWM symbol. Each equalizer bank consists of M tap

welght coefliclents. The PWM recelver with equalizer 1s shown In figure 19,

At the front end of the PWM recelver the output of the optical detector

assumes a current waveform r ()

r(t)=328(t—t, )+n(t) (4.2.1)

A PWM symbol Is present at the output of the optical detector and 1s converted
(usually via Integrate and dump) Into a PAM slgnal z(f) . The signal Intensity

obeys the following time varylng Polsson statlstics

AMt)= X2, + +z°)° Vip(t-k7) (4.2.2)

k=-00
The term ¢, 1s Polsson arrlval times, n (¢ ) Is a wide sense stationary process with

autocorrelation R, and nolse power N,. The derivation of the optimal equalizer

begins at the output of the recelver filter which Is glven by

z(t) = aY h(t-t,) + [n(u)h(t-u)du (4.2.3)

where a Is the constant term which replaces I'l- and where h(¢) 1s the post
v

detectlon fllter.

The first step In finding an equallzer for the PWM recelver Is to derive the

the mean square error between the data symbol V; and the sampled signal. This
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has been done In APPENDIX B and Is glven by

e? = o2\, [h3(~u)du + o’my 3 [p (v -m 1)k *(~u )du (4.2.4)
+ ffRn (u-s)h(-u)h(-s)duds + 02221’* mTt-n (Opp - mJ)

- 20O pn i + (Op, — M) + 2amP3r,

mn m

Recall, 6,, 1s the second moment of V,, r, s the convolution of p (u +m 7) and
h(u), and R, 1s the autocorrelation of the thermal noise term. By differentlating

with respect to h using varlational calculus the optimal equalizer fllter can be

determined

2h (v)[a®N\, + a®myp (t+(E-n)r)| + [R,(t-8)h(u)du  (4.2.5)

+ N (Onn — M) p (L +(k-n)7)

nm

= 2053330 p (¢ +(E-m )7) + 2amfTp (L +(k-m )1) = 0

nm m

which becomes

$(u )b (-1 )+ [ Ry (u—s )b (-5 )ds (4.2.6)

<+ -;-(122 E(emn ‘mVe)rk -mP (¢ +(ic—_r-l. )7)

nm

= DO p (t +HE-1)1) + amPLp (L +(k-m )r) = 0

nm m

where ¢(¢ ) represents the optical signal Input to the equalizer fiiter h (t) and so

B0k (L) + = [Ry (t-8)h (-8 )ds = (4.2.7)

EZ[azemn - '12"02rk—m (emn - m#)] - QQEsz p (t +(k_";)7')
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Simplificatlon ylelds

S(t)h(-t) + -;- [R,(t-8)h(-8)ds = (4.2.8)

Y (Op, o*(1 - %rk-m )+ ';-agmﬁrk—m ) - amI?

mn

where h(-t) Is glven as follows

h(~t) = $3C, g(t+n7) (4.2.9)

represents the optimal equallzing fliter in terms of tap welght coefficients C,l

and where ¢ (¢ ) satifies the Integral equation below

+00
d(t)g(t)y+ [R,(t-s)g(s)ds = p(t) (4.2.10)
~00
Therefore an optimal filter for the PWM recelver would assume the coefliclents
+00

1 1
C, = Y |Om(a®- -;a"’rl,_m) + ;azm;?r,,_m ] -amy? (4.2.11)

m=-00

t% +00 )
Coh= 3 Omémn + X TiemTmn + oMy (4.2.12)

m =-00 m =—00
where £, = a*(1 - -;—rk_,,,) and Yy, = -;-oz"’my2 for <<k <¢ and —«<n <¢

(M-1)

where ¢ = 2

The equalizer tap coefficlent for n =0 1s glven by

+00 -+oo
Co= Y Onofmo+ ¥ TtemTmo-amy, (4.2.13)
m =-00 m =-00

Expanding (4.2.13)
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-1 1 +00
Co= ¥ Onofmo+®(1- ZM-m) + B Onobmo  (1.214)

m =-00 m=1

-1 1 1 o0
S feemTmo + ;a*m‘?rk_m + -2-a°m;? Y fiim - amyf
m =-00 m=1

Recall, from APPENDIX C that ©,,, can assumeone of three values y,g,or ¥
depending on the values of m and n. Hence, furthermore expansion ylelds
<! 1 1
Co=0® 3 [(1-=rm)y + =mfr_, (4.2.15)
m=-00 2 2

. 1 1
+ 0 3 [(1 = 5 Tk-m W+ ;'szrk-m ] + o®(1 - %rk-m )g + mPri_, - amyf

m =~

+a2z§) (1= =1 W + —mpfr + a? b5 (1-Lr )y + Smpr
5 Tk-m 2 ™V Tk-m P g Tk-m W+ MY,

m=1 m=¢+1

Next the term C, Is determined

+00 +00
Cl = E em,lasm,l + 2 Teem Tm 1 — am‘; (4.2.18)
m =-00 m =-00
2 & 1 )
C,=a* Y |a- 2 Tk-m v + 5 ™ kom (4.2.17)
m =-00
2 & 1 1. 2 2 1 1. 2 2
+ o Y A-=rn )+ =myr, o | +2°(1 - =1, )9 + =myr,_,. - amy
e 2 2 2 2
=—¢+1 |
2 $+1 1 1 2 2 +00 1
+ a Z (1 - =Tt.m )\I’+ My T _m + a E (1 - ;rk—m )y + ml;’k-m
m=1 2 2 m=¢+2
For any { the general equation Is
”—§-1+l. 1
C; =a‘ 35 (1 - lrk..m )y + '-mfrk_m (4.2.18)
m =-00 2 2

=1 1 1 1 1
+a® 3 |U-=np)¥ + =mifr | + (1 - = n)g + —mipr, - amyf
. 2 2 2 2
m =-¢+1
§+l. 1 1 +00 1
+a2 3 |- =)W+ =mfr |+ 3 (1 - =re )y + mpry
=1 2 2 m =g+ 144 2
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where k - %ﬂSt'Sk + -(Mz——l)

Taking the z transform of C;

C(z)¥) = a? -g_zl)” [-;-z,, Rl—i-] (m¢-y)+ y]z'”‘ (4.2.19)
+ a? E‘, [-;-Z*R[-z-l(mf—\ll)+\ll]z"'”

m=—¢+{

1 1
+a2;z"R[;](m;}"— 9)+ a’g - amyf

§+i
+a® Y l:—l-z"Rll](m;}"— ) + \Il}z‘"‘
—1 | 2 b4
+00
+a2 ¥ [%z"R[—i—l(m‘?—y)A- y]z'"‘
m=¢+1+1

The solutlon for tl.: tap welght coefficlents will be found In the next chapter after

finding R [ 1
<
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4.3 Calculation of Receiver Pre-Equalizing Filter

In a typlcal fiber optic communication system the recelved Individual pulse
shape at tlme { is glven by

-at

{a"ee If t>0
p(t)= 0 If t<o (4.3.1)

The recelved optlcal power I1s Gausstan shaped where the term n, represents the
average number of electrons per pulse p (¢ ) and the term @ Is the pulse time con-
stant In seconds. The function ¢(¢) In equation (4.3.2) was defined previously as
the signal Input at the equalizer. It 1s defined as the sum of the signal times the
probabllity of a pulse In the slot and the signal times the probabliity of a pulse

not In the slot. The probablilty of a pulse In the slot Is glven by my .

amyn, e

(L) = (N, +—ZW

)Jmy + (A, + amyn, e ¥ )1-my) (4.3.2)
where f = e~%7

Simplification ylelds

my B ] (4.3.3)

—_ ~al
dt)=M\, +an,e [l+ )

The equallzer assumes additlve white Gausslian nolse environment. Since a prac-
tical system Is bandlimited, the thermal nolse Is also bandllmited. Therefore a
nofse whitening filter Is required before the transversal equalizer. From Messer-
schmitt [1] the Impulse response of the optimal filter preceding the transversal

filter with tap coefliclents C; Is given by

—_plt) 3.
g(t)_¢(t)+No (4.3.4)
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Substituting (4.3.1) and (4.3.3) Into (4.3.4)

g(t) = e — (4.3.5)
A, + N, |y, M8
ane + mye (l_ﬁ)

To simplify (4.3.5) the following substitutlons are made

A, + N
p= —-2 (4.3.8)
an,

where p Is the average number of nolse electrons per time slot to signal electrons

per transmitted symbol

my
A=my |1+ (4.3.7)
v [ ) ]
Substituting (4.3.8) and (4.3.7) Into (4.3.5) ylelds the following
1
9(t) = —pm———r (4.3.8)
e p+ A

The convolutlon of pre-equalizatilon filter and unequalization optlcal signal Is cal-

culated as follows

+ mr

Se = [ p(t+kT)g(t)dt (4.3.9)

m ={(m-~-1)r

S %o}an’e_me—zmﬂfd (4.3.10)
k —_ - was G D,
m =10 p+Ae o

where [ =0 for k >0 and | =-k for k <0

To simplify the Integratlon, partial fractlons are used.



1 A B

= + (4.3.11)
c‘"‘(pc“-}-A) e % pet +4
Hence solving for (4.3.11) the A and B coefliclents become A = -p/A and
=1/A
Therefore (4.3.10) now becomes
T 1 T
S, = du - 4 du (4.3.12)
g {Ac‘"‘ {pAc"" + a?
The Integrations of equation (4.3.12) ylelds the following result
gl B P [ u 1 ]
S = —_— - — | — - —In(A au 4.3.13
k anemz;—_[[A Al Ad (& + pe®) } ( )
+00
—omr-kr| 1 _-ar AT
S =an, Y e —e 0T -
e ol [A A2
P ary 1 __ P
+ In(A+pe Ty ~——In(A+p) (4.3.14)
Ala A A%

The constant terms In the square brackets shall be denoted by the term D.

D =—(e*-1) —-—2-+—-’;—-(ln(A+pc”)—ln(A+ﬂ)] (4.3.15)
A‘a

1 P
FAN A
Hence

+00 k
S, = an, Y} De 2m™ET (4.3.18)

m={

The cases for different K will consldered

If £ >0 then m =0

—_ —kr+°° -m7 _ pkra 1 4.3.17
S, =De*" eM =D —nr (4.3.17)

m =0 1'ﬂ2
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It k <Othen m =-k= |k |

k +00
Sg.=De*T 33 e (4.3.18)
m = l k ’ +1
Using the following property
n R (1—$"+1)
g} = ———t (4.3.19)
fz=3o (l_x)
for1>zx
Hence (4.3.18) becomes
S,_=De ke gt (4.3.20)
_ e
Hence for all K the general expresslon 1s
Sk + k Sk - k
S, = — ———+1)———-[——-——1) 4.3.21
=5 T 2 (TE] (s21)
Therefore
| & |
S = D—ﬂ+—-—T (4.3.22)
(1-4+?)
From Peled [11] the z-transform wlll be evaluated. When S; where & <0 Js glven
by
-1 +00
S.= 2 5 oplkl = Bk (4.3.23)
1-p% k =-o00 1-5% =)

and S; when k >0 Is glven by



Hence the z-transform becomes

_ D Bz 1
S(z)= - [l—ﬂz + l—ﬂz”'}

After simplification S (2 ) becomes

D
(1-B2)(1-B/z)

where S (z)1s valld for the reglonof || <|z | <1/|8] .

S(z)=

6o

(4.3.24)

(4.3.25)

(4.3.26)
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4.4 Calculation of LE-ZF equalizer coefficients and MSE

The simplest from of equalizer 1s the LE-ZF (Linear Equalizer Zero Forcing).

The estimate of symbol X; using the llnear equallizer is glven by

k
2 = PN C; Y (4.4.1)

§ =k
where C, are tap welght coefliclents of the fliter and Y, Is the equalizer Input.

Ideally k£ approaches Infinity, however in a practical equalizer k£ 1s chosen at
the polnt where the system performance 1s no longer improved as the value for k&
1s Increased. With the ZF algorithm It 1s assumed the worst case of ISI (1.e. peak
distortlon ) 1s present at the equallzer. From Proakis [12] the discrete time filter

can be described In terms of 1ts impulse response

+00
= Y Cis, (4.4.2)

§ =-00
where s, Is the Impulse response of the channel and C, 1s the Impulse response

of the equalizer. The output of the fliter can be expressed as

+00
sy =9 + LYo+ Y Cingy (4.4.3)
u;ék § =—00

The first term represents the deslred symbol, the second term 1s the ISI, and the

third term Is the nolse term. The peak value of the ISI term (l.e. peak di~tortion)

Is glven by W where W is a functlon of the tap welght coefliclents.

+00
W= %

n =-00

+00
Y GCis;

{ =-00

+00
E Cﬂ' Sn-s

f =-00

(4.4.4)

It 1s possible for a fllter having an Infinite number of taps to completely ellminate
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ISI. According to Proakis [12] ISI is eliminated (l.e. W =0 ) when the following

condltions are met.

+00 1 n=0
@ = Y, C;Sn_,' = o n#o (4.4.5)

f =-00

The z-transform ylelds a fliter with the transfer function of

C(z) = (4.4.8)

S(z)
where S (z) 1s the channel transfer function. In other words the transfer function

s simply the Inverse of the channel's tranfer function.

It a ZF equalizer of finite taps 2K +1 is deslred, the peak distortlon s glven

by
K
W = 2 ZJCI' 8q . 20.'8 i (4.4.7)

n=-K|1 )

The minimum peak distortion is given by
1 L
W, = 3 |8, | (4.4.8)
I 80 ' n=1

The coefliclents are optimal when the sequence 1s orthogonal to the equallzer
Input sequence. Limitatlons exist with the ZI® algorithm. The ZF solutlon s
optimal only when Wy<1 otherwise when W>>1 the solutlon Is not optimal.
Furthermore the ZF equalizer neglects the effent of additive white nolse . With

the MSE algorithm discussed In section 4.5 these limitations do not exlst.

The equallzer coeflicients for the PWM system using LE-ZF case will be cal-

culated. The coefliclents can be expressed as a functlon of S(z).
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_ 1 _ (1-B2)a-p/z)
Ciz)= 506 = D (4.4.9)
_ (B+1) Bz Bz
C(z)= 3 "D D (4.4.10)
Hence the coefliclents become simply
(1484
Co= D (4.4.11.3)
C,= B (4.4.11.b)
+ D
C"l = _% (4-4.11.0)
To calculate the MSE ( Mean Square Error )
e? = a®NCH)r, + a®VIN 14 o s Oy - miP) (4.4.12)
n m n
~2a) )30, 1k n+ Oy — m!;) + 2amV22"m
mn m
where }C, r, Is glven by
n
YC, 1, = ¢(t)h(-t) + [R, (t-5 )h(-t)dt (4.4.13)
n
and where r, Is glven by
r, = 0, (4.4.14)
For the ZF-LE all C, = C, except n =0
The term r,_, 1s glven by
0 If k#n
7 (4.4.15)

Tkn = {1 If k=n



After the approprlate substitutlons are made the MSE for the ZF-LE is glven by
-5 1 2
e?= .(_i'bﬁz_) + (a?+1)(g -mP)-1a(y +\I’+-g-)+2amy’ (4.4.17)
The curves for MSE versus rms pulse width for M =2,4,8,16,32,64,128, and 256

for p==1 and n, = 1000 are plotted In figure 20.
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4.5 Calculation of LE-MSE equalizer coefficients and MSE

With the MSE criterion the tap welghts coefliclents are ad)usted to minimize

the mean square value of the error.

& = X; - 2, (4.5.1)

For complex-valued symbols, the MSE performance index J Is glven by

‘]=Elflc|2=E'Xk'—Zk|2 (4.5.2)
The estimate Z; 1s expressed as
+00
Zy = E C: Y (4.5.3)
{ =-00

In terms of the coefliclents C; and the Input sequence Y _;

To mintmize the error € , €; Is made othogonal to the Input sequence Y} _;

E( Y =0 (4.5.4)
or
+o0 .
X GEY L Y L) =E(Y Yey) (4.5.5)
t =-00
where oo<{ <400
From Proakls [12]
L
Yk = E Sp Xk-n + M (4.5.8)
n =0

Using equation (4.5.8) In equation (4.5.7)
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L
E(Yeii Vi) = 3 snsnsqi-i + Nobij (4.5.7)

n=0

§5 -L <I<o

7 re —
E(Y Y )= { 0 otherwise (4.5.8)

Putting equation (4.5.7) and (4.5.8) Into equation (4.5.8) and then taking the z-

transform of both sldes results 1n the following

C(2)S(z)S* Y+ N,)=S8"(z"Y) (4.5.9)

Hence the transfer functlon for MSE criterlon Is

C(z)= $'(z7) = ! (4.5.10)
S(z)S*(zH+ N, S(z)S*(z™H + N,

The equalizer coefliclents for the LE-MSE case wlll be calculated.

From equatlons (4.2.22) and (4.2.40) the term r; 1s speclfied as

ri = ):C,,”‘)Sj_,, (4.5.11)
m
where SJ- is deflned by equatlon (4.3.9).

The z-tranform of rj(" ) 1s glven by

R¥(z)=S(2)C* () (4.5.12)

Using thls fact In conjunction with equation (4.2.50) a general equation, the

equallizer coefliclents are obtained without knowing or needing 2 (z)

D o? —¢-1+1

Ck(z)= G )0/7) by [é—z" Cll;l (my? - y)]z”" (4.5.13)

p M D a2 -1
T B T U n 2

[-;—z" C[ -1;] (myf - W)}z""
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+ o ;V_)‘ PR D o -l—z“Cl-l-](m‘?—g) + a’g - amf
m mm—(4 o (l—ﬂz )(l—ﬂ/Z) 2 2
Do? 1 s [1] 2 m o2y S om
+ —2*Cl~|(my - V) ]z 4 a*¥ z
(1-Bz)(1-8/z) ,,,zi, 2 z (my ) ,,.Z‘;,
D o? Ry 1 4 I 1 ] - o
+ —zfC|=|mpC - 2™ 4+ o 2™™
(1-8z)(1-B/z) m =2§—-3H+f 2 o (m ) y§-§+l'
Completing the z-transform the solutlon Is expressed as follows
o? i 1 2
C(z)= -7 S(z)E(z)C . + a‘F (z) (4.5.14)
where the transforms S(z), F(z), and E(z) are defined below
D
(1-Bz)(1-p/z) |Bl<|z|<|1/8]
S(z)= (4.5.15)
0 elsewhere
¢
_y_ + E (\Il"y )zm -y z2 <1
1-z m =0
F(z)={ g 2= (4.5.16)
1-z7! ,,?__0 YR asa
my-y ¢
Tt ¥ (y-9)z" - (mf-0)
1= m=o z<1
E(z)= my—g 2=0 (4.5.17)
. >1
myp-y i ) z
—+ X (y-¥)z m - (myp-)

l—Z m =0

After expansion of all z-transforms and grouplng of llke terms the following row



generating equatlions for the augemented matrix are obtalned.

2D c~t |e~f-n
cF = 22 (mp-8) [ IR GINY Ll ']

2 n=0| §=0

for L ,<i <0 and where ¢_ = L ,-4L ,+k

and

2p eyt |eyt-n
Of =m0 5 [ S OBt l]

n=0]| j=0

for 0Si <L, and where ¢, = L -4L ,+k

(4.5.18)

(4.5.19)

By substituting all the values between -¢ and +¢a set of M slmultaneous equa-

tlons Is obtalned. Using a numerlcal method such as the Gauss-Jordan algorithm

these equallzer coefficlents can be solved. In fligure 21 the MSE versus rms pulse

width has been plotted for 2,4,8,16,32,64,128, and 256 for p = 1 and n, = 1000.
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CHAPTER FIVE

CONCLUSION

In the second chapter It was seen that In flber optlc communication systems
there exlst many factors that can corrupt the transmitted data en route to the
uscr. Several sources of nolses exlst. These Include APD shot nolse, thermal resls-
tor nolse, and amplifier nolse. Furthermore, In the second chapter 1t was seen
that a resldual dark current Is present In the APD. And finally ISI from nelgh-
bouring symbols also serlously corrupts the recelved signal. It was found the
optimal performance of a flber optic system 1Is highly dependant on the value of
APD galn <G >. This value for <G > Is dependant on thermal noise, shot

nolse, and recelved optlcal power.

In chapter three the behavlour of the combinational PPAM scheme was com-
pared with that of conventlonal PAM and PPM schemes on falr basls using
equlvalent power budgets and data rates. It was found that PPAM scheme had
better performance than the PAM scheme, but the conventional PPM scheme
performed better than the PPAM scheme. The PPAM scheme has high lImmunlty
to ISI due its PPM nature and the spectral efficlency of PAM due to Its multl-

level composlte construction.

The performance of the conventlonal recelver and that of the ratlo recelver
were compared In the case of the PPAM signal. The ratlo recelver had superlor
performance In environments with moderate to high S/N levels and inferlor per-
formance In environments with low S/N levels for ratlo recelver as compared to

the conventional Integrate-and-dump recelver.

In chapter four the performance of a PWM system was evaluated. Using

technlques similar to that of Messerschmitt [1] and Gagllardl [2] an equalizer for
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the PWM recelver In the presence of ISI was developed. Optimal Equallzers
using the LE-ZF and LE-MSE criterlon were calculated and analyzed. It was
found that the LE-MSE criterlon had better performance than the LE-ZF cri-
terion for larger values of M. However, for smaller values of M , namely
M = 2, 4,and 8, the performance of the equallzer was not significantly improved

by resorting to the ZF-MSE scheme.

Further work couid be done In the area of equalizatlon of PWM over a fiber
optic channel. The cases of the DF-ZF and DF-MSE are unexplored. It Is
expected that the performance of this class of declslon feedback equalizers would
be superlor to that of the linear equallzers examlined in chapter 4. Using chapter 4
as a basls and Incorporating coefficlents of the feedback fllter Into the equation of
the mean square error, the DF-ZF and DF-MSE for PWM signals could be found

In a simliliar fashlon to Messerschmitt [1].
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APPENDIX A

DERIVATION OF THE PDF OF THE RATIO RECEIVER

The probabllity density functlon for the ratlo recelver 1s the ratlo of two

Independent one-dimensional normal density functions. The individual functions

are glven by

_ 1 (z - m, )2
f z (1') - \/2—"_0: expl- 203 (A.l)
and
ol | o)
f Yy (y ) - \/2_7I'0'y exp l 20y2 (A.2)

From Papoulis [6] the resulting two-dimenslonal jolnt probabllity distribution

function Is glven by
+00
)= [ |y |/[zy(zy.y)dy (A.3)

~-00

where the random varlable 2 = z [y

By substituting (A.1) and (A.2) Into (A.3) the result becomes

+00 _ 2 _ 2
[.()= f—li-l-—exp _(y my ) (2y-m;) ]dy (A.4)

“00 2MO, 0y 20} 202

To simplify the integration the following substitution Is made

B of+ o}z® 2y glm, +olm,z N olmS? + olm,? A5)
2070} 20f0)} 2070}
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This reduces equation (A.4) to

0 400
= [ —=Y exn(- —Y exp(-u)d A8
f:(2) L%az = exp(-» )dy + { 2o, exp(~u )dy (A.6)

Equation (A.8) will now be put In a form which wili allow for the completion of

the square by replacing all constants terms with a,b,c, and, d

2 2,2
o+ 052
g = —¥ (A7)

200}

2 2
o,m, +o,m, 2
b=ttt (A8)
a,-{-ayz

o;m? + olm,?

c = (A.9)
ol + a,fz2
210, 0,

Hence equation (A.5) becomes

v =a(y%-2yb + ¢c) (A.11)

Completing the square for (A.11)

« =a(y-b)2+a(c-5? (A 12)

Using the result of (A.12) equation Into (A.8) becomes

0
J:(2)=d [ -yexp(-a (y-b)*-a(c-b?))dy (A.13)

-00
+00

+d [ yexp(-a (y~b)*-a (c-b%)dy
[\]



Let z = y — b and dz = dy and equation (A.13) becomes

b
f:(2)=-d [ (z+b )exp(-az?)exp(-a (¢ -b?)dz

-00
+00

+ d [ (2 +b )exp(-az®)exp(-a (¢ -b?)dz
-4
Separating (A.14) Into four Integrals

-b
f.(z)=-dexp(-a (c-b?)) [ zexp(~az?)dz

+0o

+dexp(-a(c-b2) [ zexp(-az?)dz
~b

-b
~db exp(-a (¢ —b?)) [ exp(-az?)dz

=00
+00

+db exp(-a (c-b2)) [ exp(-az?)dz
~-b

The first Integral can be Integrated by letting ¥ = 22 and du = 22dz

[ = d exp(-ac )
1 2a

Simllarly the secend Integral also becomes

I = d exp(-ac )
L 2a

80

(A.14)

(A.15)

(A.18)

(A 17)

The third Integral assumes the form of the Erf function and the fourth integral

assumes the form of the Erfc functlon after some manipulation. The third

Integral 1s given by

I, = -dbexp(-a(c - b2) %Err(—b V2a )

(A.18)
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and the fourth Integral becomes

I, = dbexp(-a(c - b?%) -E-Erfc(—b v2a ) (A.19)

The final solutlon Is simply the sumn of these four Integrals

J (z) = dexp(-ac) [% - bexp(ab 2)\/5(1 - 2Erf(-b V2a ))] (A.20)

The final solution for the ratio detector probabllity density function becomes

2, 2, ~2, 2
1 o;m,S+0o,m,
I (z)= exp | — — (A.21)
2m0, 0y 20,0y
2,2 2 2 2 2 2
20;0y _ozmy +oym, 2 (ormy+oym, z)

ol+olz? ol +olz? (20702)(0/+0}2?)

2n0, 0 o2m,+02m, 2

*___z_y__ 1 - 2Erf T Y y 2

0240222 0.0,/ 0240222
z y Ty z y

The constants of the pdf are verified when the pdf Is Integrated from ~oco to 400
and results In unlty. The ratio recelver pdf Is plotted with the conventlonal gaus-
slan pdf In flgure 22. All means are set to zero and all varlances are set to

unlty.
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APPENDIX B
DERIVATION OF MEAN SQUARE ERROR OF V,

From Messerschmitt [1] the mean square error between the data symbol V; and

the sampled signal z (k 7) Is given by

e?— E(A-CR® = E(A?) - 2E(AC) + E(C? (B.1)

where A=x(k7)- V. The term A Is the difference between the each sample
and the current data digit. The minimum of the previous equation is found by
differentlation. The term C Is selected for minimal mean square error which

occurs when

dA _
-d-c—,__-zE(A)-i-zE(C)-o (B.2)

Therefore the minimum value of ¢2 occurs when

C =FE) (B.3)

Therefore the optimized mean square error becomes

e?=FE(A?)-E%A) (B.4)

The first component of (B.4) Is found to be

E(A?) = E(z(k7) - 2E{V, 2 (k D) + E(V}?) (B.5)

The second component of (B.4) 1s found to be

EXA) = E¥z (k7)) + EXV,) - 2E (V} )E (z (k7)) (B.6)

Hence (B.5) and (B.8) yleld
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e? =0p + 04— 2E(Viz(kn) + 2E(V)E(z (k) (B.7)

There are four components In (B.7) to be evaluated. The of term will be

evaluated first.

E(V,)= my =.;- (B.8)

The derlvation of my 1s glven In APPENDIX C.

EWVH=EVia VicmIm=n = Oy (B.9)

The term ©,,, Is defined below and Is calculated In APPENDIX D.

1 —
g = -; m=n
(M-2)
e =Y = et )
mn E F#n same frame (B.10)
y = % m 5£n different frame
0‘2/=E(Vk2)—E2(Vk) (B.ll)

Hence, the first component Is given by

of = Oy - my? (B.12)

Now the second component will be evualated
E(z (k)= E|ah(kr-t,) + [n(u)h(t-u)du (B.13)
n

From Papoulls [8] Campbell’s theorem shall be Introduced and used extensively

in following derivatlons. For a flltered Poisson process s (t) == YJh ({-t,) where
n

t, are random time polnts, the first and second moments are given by (B.14) and



(B.15) respectively
Els(t) = X(T)fh (t-r)d7
2
E [s%(t)) = N\¥(7) [fh (¢-1)d r] + M) fh¥t-ndr
and from Campbell's theorem thils equation can be restated as
E(z (k1) = afNu)k(kru)du
E(z (k1) =aX, [h(u)du + a3}V, [p (4 +m 1)k (~u)du

Averaging over data V

E(z(kT)) = aX, [h(u)de + amy 1,

where
Ty = fp (u4+m 1h (~u )du
Therefore
2
E¥z (k1)) = o®\2([h(v)du) +20°my\, 3, [h(u)du
m
+ *mPN Nk n Thom

nm

Next the term E (z%(k 7)) will be evaluated

E(z%k7)=E [{azh (kmt,) + fn (u)h(t-u )du}

[{a}:h (kt=ty )+ fn(u)k(t-u )du} }
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(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)



The product of the dissimllar terms Is zero, therefore

E (z%k7) =E

a?S3h(k -t Y3 h (k1-t,, )]
+ E‘[(fn(u)h.(t—u)]z]

Agaln from Campbell’s theorem the result becomes

E (z%(k 1) = o®Mu)[h¥kr-u)du + o®\u ) ([h (k7-u )du) ?

+ [JR, (u-8 )k (~u )k (~s )duds

Expanding equation (B.23)

E (z%k 1) = o?f [)\o + N Vap(u-m T)}h’(k 7-u )du

2
+ a? [f[ko + EVmp(u—m‘r)] h (kv )]
m
+ (R, (u—8)h(-u)h(-s )duds

Further expanslon ylelds
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(B.22)

(B.23)

(B.24)

E(z%k ) = o®\, [h%(u)du + o®my 3 [p(u-m DR (k1-u)du (B.25)

+ o2 ([h(u)du) g 202my N, 31, [ (u)du

+ ff R, (u -8 )h (~u)h (-5 )duds + o? [2 Vi fp (u ~m 7)h (~u Ydu

Hence

o2k = 0\, [h%(v)du + a’my Y31y, [h(-u )du
m

2
+a? |V, [p(u-m Dbk (~u )du] - My Tk on

(B.26)
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+ [[R, (u—8)h (~u)h (~s )duds

or

02y =0\, [h¥(u)du + o®my ¥ [p (v-m P)h¥~u)du (B.27)
+ ffRn (v—8)h (-u)h (-5 )duds + O‘QEEU: m Tk-n (O ma —mif)

nm

The third term E (V} z (k 7)) will now be evaluated

E(Viz(kn) = aVi, fh(u)du + V, 2V, [p(u-nT)h(-u)du (B.28)
m
where £ >m

after averaging over V, equatlon (B.28) becomes

E(Vyz (k1) = a\,my [h(u)du +aINV,, Vi _, [p (u-m 1)k (—u )du(B.29)

nm

E(Viz(kr)= aX,my [h(v)du +aXNE [V, Vica I7kom (B.30)

E(Viz(kr)=aN,my [h(u)du + a2 O Tx —a (B.31)
m n
The complete expression for mean square error becomes
2 = a2\, Jr¥-u)du + a®my Y [ p (v ~m )b ¥(-u )du (B.31)
m

+ _HR,, (u—8)h (-u)h(-s)duds + A®S2 0% _pu Tk —n (Opun — M)

=203 Oy, T + (Opn - myP) + 2amPY0r,
mn m
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APPENDIX C

DERIVATION OF FIRST MOMENT OF V,
The first moment of a random varlable from Papoulls [8] Is glven by

E((L') = Ep,-x; (C.l)
1
where random varlable z takes on values r; with probabtlity p;

The first momemnt of the PWM symbol V, Is

1

M-
my =E(Vk)="+1'2 (C.2)

1
M lM
The summation counts up M -1 Instead M, since the M th slot 1s used a guard
band. Therefore this slot 1s always empty. This helps alllevates the ISI problem
somewhat, in particular the sltuation where a wide PWM pulse precedes a thin

PWM pulse.

Uslng the following formula from the CRC ( Cleveland Rubber Company )

mathematical handbook

Yoo NN+

> (€.3)

t=1

the closed form of equation of equation (C.2) becomes

1
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APPENDIX D
DERIVATION OF SECOND MOMENT OF V,
The correlation of V, V,, Is given by Papoulls [68] as the Jolnt moment below
E(V,V,)= Zﬂ}%v” Y Pam (D.1)

where p,, Is the probabllity of that both values v, and v, occur slmultane-

ously. The probabllity p,,, Is equal

1
M-
The theta functlon ©,,, represents the the sequence E(V,, V,). It can take

three different values depending on the loactlonof n and m .

g m=n
©,, =E[V,V,] =¥ mzn same frame (D.2)
y m>£n different frames

The flrst scenerio where m ==n Is given by the varlable g

M-
q =E(Vn Vm)= E Vg Di (D.3)
k=1

where k 1s the event where m =n

Usling the result of APPENDIX C the term ¢ becomes

g=§ (D.4)

When m #¥n and n and m are In the same frame the theta functlon Is given by

the term ¥
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2 3 1 M
b1 |GGG My
GE @@ () |
2 2 2 2
Equation (D.5) can be simplified Into the following form
(M-2) |2 3! 4! 5! M-1)
D J G L LA L I T LA L e )
EY T T T t (Ma)y (D.6)
Equation (D.8) can be further simplified as
(M"2)! M—l 2
Yoo i k*-k D.7
Using equation (C.3) and the foilowing formula from the CRC handbook
N (
32 = N (N +1)(2N +1) (D.8)
1 =1 6
the closed form of equation (D.7) Is given by
(M2 | M{(2M-1) M
— — — D.9
¥ M 8 2 (D-9)
Further simplification ylelds
(A -2)
_ - D.10
(3M -3) ( )
For very large values of M the term ¥ approaches
(M-2) 1
= I ———= D.11
v M_'.noo 3(M-1) 3 ( )

It should be noted that ¥ Is only valld when M >2,
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When m£n and symbols m and n are in the different 1~ames the ©,,

function 1s represented by y

y = E(V,)E(Vy)

using the result from (C.4) the solutlon Is given by

2 1
= My == ==
Y vV y

In summary It can be sald the ©,,, is deflned as following

4

O = E[V, Vn]=4

1
= m==n
g 2
(M-2)
Y=——un— = m 3¥n same frame
EIES
y=— m #%n different frames

4

(D.12)

(D.13)

(D.14)
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