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Abstract .

Computation of Weight Multiplicities

Sotpm

-

in Representations of Lie Algebras

Ay

»

Murray Ronald Bremner

This thesis presents a Pascal implementation of a fast

recursion formula for the multiplicities of dominant weights

~

in finite-dimensional represedtations of simple Lie algebras

over the cbmplex numbers. The fast recursion forrula (a

t4

modified version of the ' Freudenthal formula) and a new

algorithm £ the direct gqmpntation"dr'thé"Jéﬁfnant welghts

were deveéloped by R. V. Moody and J. Patera (Fast recursion

-

formula for weight multiplicities, Rull. Amer. Math. Soc.,
7, 1982, 237-242). ‘

Two programs are includ;d with this thesis. The first,
in@er#ctive, ‘1mp1ements the dominant weight algorithm aqd

:éhe fast recursion formulaj; the user specirigs a Lie algebdbra

Y

and a representation (i.e. a highest weight) and the

progiam * ecomputes the dominant weights and‘ their

hultipl;cities. The second, non-interactive, 1nqorporatea

+

maﬁy of the procedures and functions of’the first; -the user

_ specifies a Lie algebra and a congruence ‘class of
?

representations, as well as the number of reprepentaﬁions{to

' be processed, ancd the progranr then generates the desired

number of highest weights (by increasing level) and computes

/ f
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: 5“ ' . Notation R 4’*
o P
L . 2 Liglalgobﬁa 1 ' o ’ )
P TE‘IZQ\ -t "
LxL .. the” Carteaian proguct of L with itself
, ‘[xy] the cbmnutator‘(\.e the Lie braoket) of x and y
Q' ' 'k a subspace or subalgebra of L : ;
v ' a finite~dimensional vector space over F
End V ' the ring of 11;;;r transformations from.V to V I
iz ‘is defined to be . |
“gl(V) general 1£pear algebra of V-~ i?ﬂ T
j:ffif—;—‘"”isé?'l'w 't of derivatione¥of the F-algebra A
. ad .ﬁhe‘adjoint-repreagptation of L
. W T \’ fn ideal of L A
. , o .
(L) kge centler \of P,' '
’ [Li] _ the derived lgebylfor L ’ )
‘ r - a ropr;aeéééiikn’of'L o B ,
L -the derived series of L
— ‘l}~ éhe aescending ceniral series of L
. rad’L' the radical of L ‘
_ k(x,y) ‘the Killing'fgrm - ° h i
#h¥ rad k 's the radical of k ' , C : )
\ N(K) the normaliz;guof K ‘ " ‘ | . o
C(S).  the centralizer of the subset S-of L '
R fa'Cartan auhalgebra of L ° "
- L(a) the root space of the root a i '
\\Ht the dual space of H o | - o ) v .
. “
N .

RIS o a L= Vil .
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R " the réottayatem of L » ;
(a,b) the bi{inear form on H® corresponding to k ) ) .
E Jthe real vector space gpjanﬁned by R | '
s(ﬁ) the reflection determined by the root a
P(a) #-the fiXed hyperplane of s(a) . _
<b,ad 1= ZU(b;a)/(a,a) ' ' // :
W the Weyl group of R /
GL(E) the general linear group of E ‘//
n the rank of the Lie algebra L, / ' o
D := gk, cevy 8y} / | | _?\ ‘ i ;/ . ' ’ ; _—
) a- bage of the root system R ' /&
the s;E of positive roots raléyivé to D
/:? the weight lattice t
G+‘ﬁy\ the set of dominant weights in G
W,y veny By) R ~
“ the fuﬁdamental weights. )
f4d-i. ._finite-dimensional irreducible )
"V(g) the weight space of the weight g ' -4
‘m(g) \Mighe multIplicityL6; ﬁge weight g ' .
stgb(g) .thg subgroup of W which stabilizes the weight g )
3212;(8) the subgroup of GL(E) generated by stab(g) and the
B negative of the identity transformation T
q& " the orbits of F under stab'(g) . ’ ]
xj the,gg}que subdominant root in 0 -

Lo, ])‘\the size of the orbit O S .

bij

"the Kronecker deltas 1 if 123, 0 otherwise

L .
.

S
e



.
- - tae

@

5
(

-
Fntsin .

. . ’
r o ‘
. ’ ¢
5 : .
Y N Chapter'1.
) N ’ 1
Introductjon; Background in Lie theory ' »

F

- .
. . e ~

The Freudent@pl formula (Freudenthal : i954) 0g:lves ~a

constructive method for 'determining the multipliciti#s of

s

1ghts of finité-dihensionai representations of semiéimpie

ie algebras over the complex nugbers. This problgm, apart
from its significance in pure mathematics; is impor@ant in
‘the Qyplicasions of.Lie-groups and algebras to theoretical
physics (Loebl 1968, eyl 1950, Wigner 1959). Several
computer implementations of this formula have been-discussed
in the literature; thé/most well-known are those of Agrawala
.and -gelin{ante (1969), Krusemeyeﬁ‘i19715, Beck and Kolman
(1972) (see also Kolman and .Beck™ 1973a and 1973b), and
McKay, Patera 4%d Sankoff (1977). The Pascal ifmplementation

presgnted in this thesis is based on a modified version of

the Freudenthal formuhe described and proved in the paper of

 Moody and Patera (1682). Two important new results are

‘pbresented in that paper: first, an algorithm for the direot

e

‘second, a more efficient multiplicity formula derived from

~- Freudenthal's formula by exploiting the Veyl group ¢to

‘tcompress' it as much as possible. This thesis presents the . -'

first complete implementation of both the- dominant weight
. a o

algorithz and the modified Freudenthal formula. 'This work

My

is intended as a contribution to the fieid .of exact

— s Lo T r
& !

omputation of the dominant weights of a Fgﬁ?ééentation, and



*

computation ‘a$§ applied to pure mathematios‘tid'theoreticl;ﬁ

physics. —

The remainder of this chapter consists of an outline of -

v

the Lie-theoretic'background of thi's project; the actount 1is

based 'on that of Humphreys (1972). The réa%ﬁf is assured to .

be familiar with basic &lgebra at' the ‘undergraduate leVelm:’u
as covered in e.g. Hepstein,51975) or Jacobson (1974), o

A vector space L over- a. fie'lipf‘p with a %binary
. »

opération LxL =-> L ‘(denoted (x,y) -=-> [xy]), 13 a 'Lie
' \

algebra' over F if ’ e

el v ) .

1) the bracket oper}tion [xyliis bilinear,///,

'2) for all #.3n L, [xx] = ¢, and

»~

. 3) for all Xy ¥, 2 in L, we have- the 'Jdcobi‘identity’x
[x[y21] + [y[zx)1*s [z0xy]] = O. - .
Note ' that 'prope;i;es .1) and 2) together imply Vthut'
[xy] = -[yx]_for éllfx;ﬁ} in L. |

A Lie aléebra L satisfying (xy] = 0 for'all x, ¥ 4in L-

is 2an t'abelian' Lie algebra.: A subépaee K of‘a-Lie algebra

L is a (Lie) "subalgebra’ of L 4f [xy] is in K for all x, Y —
. . La .

in K. - N

-

Let V be a finite-dimensional vector space over F, and

a

‘let End V Bé‘the rfﬁg of linear transformations from V to V.
If we defineé [xy] :f';} - yx for- all x,'y in End V then wve.
cah view End V as "a- Lie algebra, the Mggerai ';;nenr}

‘algebra; of V, dengteh gl{(V). Any subalgebra of a geherai

E3

linear algedbra i3 a 'linear Lﬁi;alﬁebra'.

Civen a field F, . by

-algebra' (not necessaniyx
> . . . X
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[ ¥ - «L,/‘ - ‘. \‘
’ . v . - ‘
. - > ~ N
e e . )
C. { sy -
: %83001@§$ye)'we mean a vector space A over F with'a bilinear
. J «
E . operation~4xA --> A (¥Wenoted (a,b) --> a.b). A linear map
. . . /
N . , :d}.A,;t? A . satlsfying - d(a.b) = a. d(b) + d(a) b (the‘
.?ﬁd\' Tﬁeriyf%ive rule') 1s a 'derivation® of A fince the Lie
.‘r"'. ‘ - , Rk . . '
' &%1 brackdt of two *~derivations is a deriVinon,.the subspace
’e 9. ’
L Der A of .End A consisting of all derivations of A is.-a Lie
~y o 4
7- . . ~_ - S
» subalgebra of gl(A). ‘
. ¢ |
t e b Given a Lie algebra L and any x 1ﬁ L we denote by
v ‘ . o

‘ad » .the endomorphism of L which sends y --> [xy]\for all
y in-L; ad x is a derivation of L. Derivations of L of the

férm ad 'x for som& x \in b are 'inner" all others are

gLNouter' The map L -=> Der L -sending‘ x -=> ad x is ﬁwg

.
-
o
oot
” .
{
P
-
*
' v
-
. -
~
' n
s
.
I
L4
v
3
4 .
'
-l )
2 '
- -
. S

'adjoint representationt® of L.a‘

A subspace I of a Lie alzebr§ is an '"ideal!' of L 1if

(xy] is in I whenever.x 1s in L and y 1s in I. Iceals arise
as kéernels df\hohomorphisms of Lie algebras. Two important

‘ ! - U m:r;’& ' '
examples of ideals are the .jcenter' of L,

Z{L) t=.{z in Lf [xz] = Ofor all x in L},

. #
and. the 'derived algebra'bor L., . °

/

[LL}\:=’Z[xy]: X, ¥ in L>, ‘

i.e. the subspace of L spanned b; all [iy] with x, ¥y in L.
. Y ' )

N . \
The followings are equivalent: L‘ais abelian; Z(L) = L;

[Lﬁ] = {C}). If L has no ilealg except itself and {0}, and
L= i : ,

' n . 4
ir (LL) 0 (iee. L is qot abelian)’.then L is ‘'simple’.

If L is sigple then z(L) & {0¥zehd (LL] = L. If T is an.

. " ~‘
ideal ofL, we construot 'the‘ 'quotient algebra' L/I, by

defining L/I to be the vector space quotienb L/I with the
\ ’g
3}
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C o4

. Lie bracket [x+I,y;I]' = [xy) + I.

1 Let‘L ,and L' be Lie algebras‘ ovefr F, A lgﬁear
transform:tion "hi L -=> L' is a~'ﬁomoé;rphism’ if h((xy)) =
[h(x)h(y)] for all X, y in i. Such an h i; a 'monomorﬁhism'
(1nJective, '6ﬁtho-ope) if ker h = {0}, an 'epimorphisnm'

) (surjecp?Ve, 6nto$\ir_im h =L, a?d’ an ‘'isomorphism' ‘if
poth. these@onditions hold. Ker h is an ideal of L, and

- im h 1s.a subalgebra of- LY. [There is.a natural one-to-one
. - - 3
correspondence between homomorphisms ‘and ideals; to the

homomorphism L corrésponds»the ideal ker .h and to the -idealg
L . s 3

T ‘7don££§bonds the canonical féurjective) projection

L ==> L{I,giVen°by X ==> x+I.. <!

)

A1l of the st&pdarﬁ homofbrphism _theorems follow.
. . , c .

~through for Lie algebras. 1) If h: L £«=> L' is a
o . L WIS : - -’ “
hc@omorphism of -Lie algegras, then L / ker p is isomo_phig
" to 4im h; and +if I 4is any ideal d}ntaiged in ker h, then -

there éxist& a uniqué homomorphism ht:nL/I -=> L' such that

~

h*p = h where p is the canonical projection of L onto L/I. <

2)If 16 J are ideals of L, then J/I 1s ‘an ideal of L/I and

—

. X . . ,
(L/1)/(J/I) is isomorphic to L/J. 3) If I and J are ideals

of L, vthenm (I+J)/J is pdsomorphic to I/(Tad). %
° y

A 'rgpresentation' of a Lie aigebra L 1= a homomorphism
r: L -=> gl(V) for some vector space V over F. A
reﬁresentation is 'faithful! if it is . a monomorphisﬁ. It

can ‘be shown that every finite-ﬁimensional yggﬁalgebra has a

»

faithful finite-dimensional representationg @his,.18 the

Ado-Ihasadl theorem (see Jacobson 5962)x

13
L]

L

I*' ) , “ /
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L

-

*_{orq'. L is semis;mmge if and only if the Killing forr |is

we define a sequence of ideals of L (the 'derived

series') ‘by L@)

l..‘d = [0} for some i1 then we call L 'solvable'. Abelian Lie

iz Loand L i= P43 for 12 0w If

mlgebras are solvable; simple Lie'algebras are not solvable.
. \\!
If - L is solvable, then 8o are all subalgebras and

.

Jgomomorphic images of L. There is a unique maximal solvable

!

ideal 4n- any Lie algebr# L, the 'radical! of L, denoted

rad~L. If rad L = {0}, then L is 'semisimple'; equivalently

L has 'no abelian ideals other than {0}.  If the field F has

characteristic 0, then L ?is semisircple if and only. if it is
‘ ' , i

the direct sum of simble ideals.> If L is semi-simple, then
L = [LL) and all ideals ana homororphic images of L are also
e,

‘'senisimple. S ) Ty e
We define another sequence cof “iceals of L° (the

'uesceﬁding central series') by L° t= L ‘and i e ,3.[vall

for -1 2.,1. L-is 'nilpotent' if L' = {0} "for same i.
~Abelian Lie algebras are nilpotent. If L is nilpotent theh

sSo 'are all subalgebras and homomorphic images of L. Since
&

) £~ lf for all i, nilpotenb Lie algebras are solvable;

’

the cOnveﬁbe however is false.
A

-

' Ih‘ the rollowing we assume that L is a seyisimple Lie

” ‘.

‘-algebra over the complex numbers.

For x, y in L we define k(x,y) to be the trace of

ad x.ad y; k is & symmetric bilinear forn on ., the 'Lilling

2]

nOn-d;senérate; qui;if the {radibélv of k, ’ .
. rad k sz {x in k(x,y) = ¢ for aT{ y in L} ' )
- 5‘-

ot

i
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in Vi ker h is a submgdule of V. 1If h is an isomorphism of

18 (0], o ° R -

A vector space V with an operation LxV -<> V (denoted

(x,v) «=> x;v) is an 'L-module' if

1) (ax + by).v = a(x.v) + b(y.v),

2) x.(av + bw) = a(x.v) + b(x.w), and

3) [xy).v 'z xy.v - yx.v, ' :
all three conditions holding for 21l x, y in L, v, w in V,
and a, b in F. .If r: L =-> gl(V) 4is a representation of L,

-

then .V may 5e .viewed as an L-moduie by the action
Xov sz .r(x)v; convers:ly, ziJen an L;module V, the equafﬁon
nkx)y stz x.v defines a gp%%ésentatign r¢e L «=> gliv).

A .-A }homomorphigm; of ‘'the L-modules V and W 13’ a linear

map h: V -=> W such that h{(x.v) = x.h(v) for all x in L,.v

1

t~veE;or spaces, then we <call h an ispmorphism of ‘the

/.

1

-

L-modules V and W3 v and 1) tafford eéuivalent

representations' of L. An L-module is 'irreducible' if it

has exactly two distinct L-submodulés (itself  and {0}); 1in
- .

"

particular the zero-dimensional vector space is not regarded
b3 o , ’

-as an irreducible L-module. .The L-module V 1is 'completely

reducible? if V is the direét surm of irreducible L-modules.

-

'.A\ fundarental theorem due to° FH. Weyl states that ~4if

. v ' \ .
r: L --> gl(V) is a finite-dimensional representation of a

secisimple Lie aYXgebra L, then- Ry is completely reduéiple‘

(see Humphreys 1972). - f?.

The 'normaliier{ of 'a bubgpace (in particular ‘a
3 !

~

subalgebra) K of L is L B

e«



N(K)':m.-. {‘x‘ in L: [»X] & K}; - K
by the Jacobi identity, N(K)Cis a subalgebra of L. If K 1s
a subalgebra of L, then N(XK) is the largest subalgebra of L
which contains L as an‘ ideal.. If K = N(Kl then K s

‘self-normalizing'. The 'centralizer' of & subset S of L is
. » 4

23

C(S) 3= {x in L: [x8] = {0}}; "f-x

C(S) is also a subalgebra of L.

L]

A 'subalgebra H of L is a 'Cartan subalgebra' if H is
. S

~nilpotent and self-normalizing. Every semisimple e Lie

e

a&gebra has at 1least one Cartan subalgebra; the Eirtan.

subalgebras of semisimple Lie aigebras are abelian.

? N

Lef H be a Cartan subalgebra of L. It can be shown

ry

that L i1s the dirfect sum of the subspaces
L(a) := {x ;n-Lz [hx] = a(h)x for all h in H},

where a ranges over H®, thi dual sp;ce of H. Note’that

.L{0) = C(H) (the centralizer of 5), which eqnt;ins , H since

Cartan subalgebras are abelian; in fact L(0) = H since it

can be shown that C(H) = H for any Cartan subalgebra H. . We

i

denote by R the set of all non-zeroc a in H® for which

L(a) # {0}; the elements of R are the "noots'_or‘i relative
. hl \ _ N . N

to the Caftan ~Bubalgebra H. We t@en have the 'root space

decggpoaitiop' of L as a direct Qum\ot vector spaces

L

He& @ L(a). '
, aeR . .

It can be shown that .the restriction of the - Killing

form to- H is non-degenerate.

with H* as follows: to a in. H*® cor}espénds fhe unique

element -t(a) 4in H satisfying.a(h) = K(t(a),h) for all h in

-
.

'

, .
- T = - P s
) .

v

This allows us to identify H'



)

H. In particular R corrfesponds to the subset {t(a): 2 in R} .

of H: We can transfér.the Killing form to HW® by definiﬁg
(a,b) := k(t(a),t(b)) for all a, b in H®*, We .denote by E
the real .vector space spanned by the roots R over the real

numbers. The Killing form extends canonically to E and s

positive definite.
We have the following,results:
1) R is finite, s;ans E, and does nbt‘contaln 0{
2) if a is 1in R then -a is in R but no other scalar

multiple pof a is a roots

3).4f a, b-are in R then b - (2(b,a)/(a,a))a is 4in PR}

»

and * -

4) 1ir a; b are in B then 2(b,q)/(a,a) is an integer.

\

-z

Given a finite-dimensional real vector space (with a-

positive definite symmetric bilinear form), a set of vectors

<

)satisrying these four axioms is called a. 'root systen'.

A .'rerlectiqg' in E is an invertibdble 1linear

transformation 1leaving pointwise fixed some hyperblaa

(subspace of codimension 1) and sending any veé or

Aorthosoqal to that  hyperplane into its neeatiV(\

Reflections preserve tﬁe scalar product on E. Any non-zero .’

vpptor a in E (in particulgr a-root) determines a refleétion
s(a) with reflecting hyperplane P(a) := (b in 5{ (p,a) :'Q).

Now s(a): b --> b - (2(b,a)/(a,a))a since it sends a to 2

’

and fixes all points in P(a). Ve abbreviate 2(b,n)/(a,é) to;

<b a>, note- that this is linear only in the first variable.

Ve denote by W the subgroup or -GL(E) %fae general

=



¥ o

- n't= dim E the 'rank' of' the root @ystem.\ N

-

\
.
-

E) generated by the reflections s(a) for a

ﬁe;ﬁ. By éxioﬁ 3) for a root system, . ¥ permutes R,jwh{ch by

of the sypmetric group on the"rbot system R; - in particulér W
| ’ g ’

. . { . .
is finite, and is known as the 'Weyl zrou{itof R. We call

-

A subset D of R is a_‘base' of R if

1) D is 'a basis of E, and

<

2) each root a in R can be written as a = E:.c‘b .with

, . . . . ¢
integral "coefficients ‘m“ either all non-negative or all

non-positive. .

It can be shown thaﬁ'every poot‘éyétem R has a.baéé D3 the

rogts 4in D .dre 'simple'. Since D 1is a basis of E the

'»expﬁeésion given in 2) above is unique: Hénoe we canygdefine

\ the 'height' of a root a (relative-to D) by ht(a) := §:.c4.

I

I
1

T

~

- i : ¢sD
If all "¢ are non-negative (resp. non-positive) a’ ‘'is

"'positive' (resp. 'negative'). Ve denote by R+ the set of
all positive roots with respect to, the base D.
A root system R 1is: firredépible' if it cannot be

part;tioned into: the union of two proper subsets such that
¢ ¢ N .

each root in one subset is orthogonal to each root in the -

other. It can be sﬁbwﬂ that R is 1rreduc1b1énif and only if

) D cannot be partitioned_in this way. If R is.an irreducible

.root s&stem, then.at most two root lengths occur in R, aqd'

all roots of a given length are conjhéate under the Weyl

group W. (Vectors 1 and l'wz;;“xg}d to be 'conjugate' under

r 4

Co | . ] N
W if 1' = wl for some w in W). Ir‘\iire are two distinct’

<9 - S



B

Ny

, / ' ' v
/ C . .

/ s L. /
root iengshs,' we speak of 'long' and ‘short' roots. (See

Humphreys/ 1972, pps 52-53.) . : o

‘ G{4en‘a fixed numbering of the n'simple roots a;, .3,
an, //

he matrix (<a¢,§,>) is the 'Cartan matrix' of R} iis‘

.ent ies are the 'Cartan integers'. The Cartan matrix of F

/

y 0

determines R up yo isomorphism, Throughout this thesis we

/aSSumé the nurbering of the\giiji:'roots used: by Bourbaki .
(1968); this convention is .als used by Humphreys (1972).

Let ..R be an arbitrary root system. If a, b in R are

distinct positive roots, ‘then 4t _can be - shown thét

\ . :

<a,§;<b,a> = 0, 1, 2, or 3; the produc? is 0 if and only 1if

a‘gnd b are orthogonal and 1 if and only if a and b have the
same length. The‘ ‘Coxeter graph!' of R is a graph having
'n = dir E vertices, the i-th joined to the j-th (i £ 3J) -by
.<é‘,a-><a3,a¢9' edges. _ Whergver a’~double or triple edge

J .
‘occurs in the Coxeter graph of R, We can add an arrow

I

-pointing 'to the. shorter of the two rootsj the-arrow can be

regafded as a ‘'less@than' sign referring to the nroot

.lengthém The resulti lagrac is the 'Dynkin diagram' of

Ro’ ' »

A root system R is irredu le if and 6n;y if 4its

Coxeter greph (Dynkin -diagram) is cqnnécted. Any root
systeﬁ R decomposés uniquely as the wunion of irreducible

root systems K, in  subspaces’ E; of F such that

-~
\

E =“E'e cee @ Eg_(orthogdnal direct sum). Henge it 1is

~

sufficient _to classify irreducible root 'systems, or

equivaientlf the connected Dynk;n‘oiaérams.

v

- 10 «



3

. It can be.aahoim that if R 'is an irreducible root system

" of rank n then its Dynkin diagram is one of the following (n

vertices in each case)! ’ 3 :
o . . . . 1 2 . B n=2 n-1 'n ’ . '
K An (n 21)‘ O""*-—'O.--.‘O'—'-—O—-——p P
’ . . ’ . - . . ‘,
|
R i 17 2\, . n;2 n-1 n .
. Bn (n Z 2) - ‘oo os Ommtmmmmpman()
- \.’ - ‘3:
' ' 1 2 n-2 n-1_ n
Cn (n :- 3) . H ao o O—M
" . Dn (n = 4)
- ' ; 3 ‘. . nr'1 f - . .. ) v
1 . ¥ ‘2 N )
<
[
E6 ¢ Ome Qo)
‘ ’ 1 3 4 5 ,6/'
. - & ‘
. i .t [ l “
. BT . O——0————0——0—0 )
1 3 4 "5 6 7 .
Vo * ’ ) -
- 11 - : .



E8

Fi4 . O}

1 2 3 o 4
G2 == ?
[ } 1 2 +

We put restrictions on the rank in cases B, C,- and D in
order to avoid repetitions: A1, 'B1, C1, ,and DI are

isomorphic; similarly B2 and C2; D2 and A1xAl; .and D3 and

A3. ‘ ' \
. Let B be a root system in a Euclidean space E, with
/ We&l group W, ke denote by G the set of all g in E‘ for

. o~ T,
,which <g,a> 1is integral for all a in R; the elémeqts of G

&

are 'weights', and G is the Lgpight lattice'.  G: is a

t

qébgroup of E which includes ﬁ. The subgroup Jf G.-generated
by R is the ';oot,lattiée'. If we fix a base D oﬁ{?, g‘ is
in »g if and ogly if <g,a> 1is integral for all a2 in D; we
call g 'dominant' if <é,a> 2 0 for gll a in D and 'atrongly
‘dominant' {if <g,a> > 0 f;; all a in D. We denoteyby G+ the
set o£ all dominant weights in G. |

T Let Mo seen W be the duil ?asis (relative to the

scalar product on E) defined by <w‘,% > t= Sﬁ . Since all

the <w4,ﬁj> are non-negative integers, the wk are dorinant

&

—

- 12-



h

weights; they are the 'fundamental weights'

'e CartJ tﬁe

(relative to D).'

o

LY

matrix xpresses change = of  basis:
}E: Ja ,§j>fi ' e
. Each/ weight i1in G 1s‘éonquate under W to exaotly one
'.

dominant weight. . Given some g in G+,
¢y . . L ¢

weights g' € g is finite (where we define g' €

if g - g*' 1s a sum of positive roots or g - g'
. ) : ' ]
p
\ ,/
L3 //
s 3
. ) A ~ -
1
" / . y -
{ 2 ‘ g
/ ‘ "& ‘
B ' ‘ 153
) / . '
: 1
] - ,
£
1 L
» ..
P :
. .i
’ - i
' y ' ) ,
- ek
* " . A}
v 4
! )
5 ’ ‘ .
34 . . - - 13 -

T ' ' . . - . - -

the.nurber of dominant _ ..

5 if and only

= 0).

P
ér
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. ‘ 5 . ‘Chapter 2.
‘/ . LY
/
¢ Representation theory and the Freudenthal formula
! - Recall that a:ﬁinite-dimsgsional representation r of a
12:‘»'1 * . f
Lie algebra L is a homomorph%gﬁjb;‘L -=> gl(V) of L into the
. ’ T
— Lie algebra ' gl(V) of 1linear transformations on some
~ ; , S

- finite~dimensional vector aspace V. The L-module <V 1{is.
//ﬁﬁirreducible' if it has exactly two submodules (V and {0));
in other words if the only‘r-invariant subspaces U of V

[}

. : | .
(i.e. subspaces U satjisfying r(L)U'« U) are V and {0}. The
. . N . \

L-module V is 'com{pletely reducible’ X{\V is a direct sum of

irreducible K-submodules. We know by Wﬂy%}ﬁ theorem that
e ) - ' / '

every finite-dimensional representation of a semisimple Lie

2

algebra is completely reducible.

ke now resﬁrict our attention to finite-dimenaionalz

.irreducible . (f.d.i.)'representations {r,” V) of a simple Lie
algebra L-over the compléx~numbers. 'We denote by H a fixed
.+ , Cartan subalgebra of L, H® its dual space, R the root systen
of‘L, D = (a,,‘..., a,} a base of R, and A the Weyl group.

A linear function é in H* is a 'weight' oft V if there existi

‘a nomzero vector v in V such that r(h)v = g(h)v for all h in-

,Hy 1.e.- v s ;simultanEOUSly an eigenvectoﬁ for all the
‘i;pear transformations r(ﬁ) with cor}ewpondihg teigenvectora
g(h)l Sueh a vector v is a 'weiéht vector®' for the Qeight
.83 the set of all weight vectqr; for a given welght ¢
together with-fhe zero vectbr form an L-aubﬁogule of V, the

B,

s - 1" -

-

\

\

\

/

'

»



. .
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. . ,————
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' ’

'waight’ppace' of g, denoted V(g). It can be'shown that V

is the direct sum or its weight spaces, since V' is
a * 1

finite-dimensional the number of weights is finite. It —can
also; be shown that for any weight g of an f.d.i. L-ﬁodhle v
and fos any simple root a; <g,a{> is integral; hence the
Heigh;s\ associated with a* parti:ular representation are
'_ weights in the sense of the abstraet theory discussed in the
.previous chapter. ' ” ?'
l” As'" an exawple we, may consider the adjoint
representation of L, ad. L =-=> gl(LY) where ad x y -->,L&p]
In this case the weights are the roots a in R together with
s the zero vector° each weight space V(a) (i.e. L(a) ink the
pﬁevious notation) has dimension 1 and the weight spaqp v(0)
Qi.é.‘H) has dimension n.

The set of all weights for a representation r is the
'weight system' of r, and the dimension of- the weight space ’
V(g), denoted m(g), is the 'multiplicity’ of —weight g.

Let'v.be any f.d.i., L-module. It can/be shown that the
welght system of V contains a snique ‘highest weight', i:e.
a beight h such that‘all other weights of V are of the forﬁ
g =h - i c;a;," ¢; 2 0. (The sum ic..’ is the".l‘ayer'\ of

“the weig;:.) In terms of the partiall';rdering defined . at
th‘ era of the last chapter, we may write g € h for all
'ﬁeights g of V. The highest weight of a representation
always qmis multiplicitf\ 1. Two‘*fjs.i. L-modulss are
/?/«&somorphie if and only if they have the same highest weight.

< . ! e . (

A basic result in representation stheory states that the
- / .

' )

o - 15 -



. corresponding L-hmodule V(h) can be. detepmined by the
“ ‘l v -

highest weight h of 'an f.d.i. L-module V 4is ‘a dominant .

weight, and conversely that given any dominant weight g

there exists a f.d.i. L-module V with g as 4its ._highést

weigﬁé. Thus there is a one-to-one corbeépondgncé Setweeﬂ
the set of dominant weights« and 'the set of isomorphism
classes of finite-dimensional irreducible L-modules. ‘

The éeight_ lattice G is partially " ordered ‘bi the

'level' function: the level of a weigh€ g is 2(gyd') + 1

where 'd! ?£§ defined by the conditions (d',a;) = 1 for all
b . , v
simple roots a,. If we partition the complete weight system

of a representation (with highest weight h) into levels

using the level function, theh the level of h is “the' number

of levels. - - - r
2

Given a. dominant weight h, the dimension of the

foliow;ng b}oduct formula, the 'Veyl dimension formula' (se}

&

Hunphreys 1972, p. 139):

dim V(h) TT(h+d,a) / rT(Q.a),_ ,

ael+ asR+

+
W

yqfre d is the sﬁm (o] -ihe fundamental weights ‘(equivaléngly

half the, sum.of the positive roots). L
An important fact which will be neededi4n the next .

chébter is the following.‘ Given-;n ‘f.d.i. L-mgdulé V withs

bigheég. weight h and any weight g of V, then the weights of.

“,\

V of the form g + ra for some fixed root a and some _inteéger

r form a connected ‘'string' through g in the sense that.

there exist non-negative integers p and q such that g '+ ra

is a weight 4if and only 1if =p {_r € q. Méieover, the .

- 16 -



; \\///rerlectioqfé(ﬁf reverses this string, and p - g = <g,a>.
© . N . ! ¢
Given .an fYd.i. L-module V with highest weight h,
d N\

¢ want to be ,able Ho determine which welights g occuroin

vy

3. _A‘/7~<M)geight system of the 'module, as well as the multiplicity

L 4

N ' each ' weight, ‘“fow 1if g 1s any weéight of‘V, and w is

» arbitrary element df the ¥Weyl group W, then wg 1is also
(i '} B 9 . )
* welght of V with the same multiplicity as g. Each weight

. . \
V i8 conjugate under W to a unique dominant weight; there

© -

-~ . .

we
tbe
of
an
a
of

is

»
;\ - . a straightforward method for deternining the dominant weight-
v L]

conjugate to any given weight (see the ‘'dominant weight

PP Q’,/,
ya ~ lerma' in the next chapter). Thus it suffices to be able

: L

to

cgmpute the .dominant weights and their multiplicities. This

\ +« fact is erucieal, since the new weight algorithm in ltioody and

q‘ "
. welghts ang};hpﬁ; multiplicities.

4

- ~dapl

: - - s
- { L . @f |
v - weight syster, given the highest weight, is the algorithm
d /

Patera (1982) computes only the dominant weights, and the

prpgréms' presented in this thesis compute only the dominant

‘ !\ - Té& most comron method of determining the <complete

of

b

Dynkih (1957). 'The feollowing explanation of this algorithm
: - ~ -

: \

- . “

1is based qn<xh&faisbusslon in Belinfante ‘and Kolfgh (1972).

‘The weight éysteh is divided into disjoint layers, layer'é,

s ¥ consisting of the h#ghest weight alone. The layeré are then

"7" - v

aenerated inductively; o détermine one layer, 519en all the

+

- ™ previous layers, we consider the simple root strings passing
. -

. 4 4 ' -

-

- -

i ’ \ A { L.
TS~. expressed relative to the basis of. fundamental weights.

3 bV

S vare :

'%hpough—\the "we;ghts in the previous layer. Let

, ¢ - R
‘ . g &t Qlw'"*\,.; + g"u“ be a weight in the previous layer,

he .

P4



‘ ‘ . ¢
.

know that for some non-negatiyve 1ntegegaip}and q, the weight .

-t

g + ra; is in the weight ;ysteh if and only if -p € r¢ q. - - .

and that the 'topﬁ/and 'bottom' weights of the atring have

the DPOPérty that s(a))(g - paj) = g + q§j. Since

s(aj)(z) = & - 858 and’ s(pj)(aj) = -a; we then - have .
- b, j +ngj= £ + qa; and s80 p = g + Bj S;éce ;he ﬁ

weights 1lying above g in . this string belong to previoua.

layers, the val&e of g 13 known and the value of p is then

eaéily ‘computed. The ' welght g - éj will lie in thg lqyer

currently being déteqmined if and only if p is poQitiveg

K}

One of the most widely-used formu;as far computing

q ¢

weight multiplicities is that of Freudénthal (1954):

“

{(h « d,h + d) = (g,-o- d,g + d)}m(g) z

2 E: E:nﬂg + pa)(z + pa,a)

’ agR+ p
wuere h 1is the highest weight of’t representation, g is
the weight for which the multiplicity 1s being computed, and
. ’ i ) . .
d is the sum of the fundamental wéights. The first sum on

the right-hand sicde is'over all the positive roots, and the

M,;.inner sum, although formally infinite, in fact only contains

- known ﬁﬁiti@licity m(h) = 1, ;yd continuing with weighiq of

]

- a finite number of non-zero terms. It° cd¢an be showun that

. &
)
(h + d,h +d) - (g + dyg +d) #0 for all ueights g ¢ h. in

‘the weight system. -This formula provides a recursive method

for corputing the weight multiplibities, starting with the

L

\ =~ d .
. - 18 - “ , '
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v .
<

-

‘lgyera 1, 2, 3, etc.

Alth;ﬁgh' this~ formula ‘provideﬁ an algorithm for
compating multiplicigiés,' it . typically pecomgs” too
time-cénsuming for hand computations beyond fank 5 and
dimensidn 100 and for electroﬁic computation beyond rank iO
‘and ;1menslon 10000. However, ' a modf{ied versiﬁn of this
formula, discovered by gtj;;“KPfd? and J. Patera,,alléwg the

multiplicities to be efficiently calculated (even by hand)

?

for representatjons of much larger dimension (Moody and’

Patera 1982). The paper by Mobdy and Patera presents two
important results: first, a method of directly computing

only the dominant weights of the representation and none of

the other welghts, and second, ‘a multiplicity - formula
AN

derived from ‘'the Freudenthal formula by applying the.Weyl

’

group to 'compress' it . as much® as possible. These two
L N . . A .

" results are.di§§u33ed in the fqllowing paragraphs.'

The dominaﬁ{k weight - z2lgorithm > cdmputessthe dominant

weights according g\the following 1nduct£§e definition of

‘depths' of the set. of dominant weights 1in the weight

. ? ' . .
.8ystem. Ve begin with depth(0), consisting of ,the highest

weight ng alone. Depth(i) is then defined to be the set of

all dominant weights which can be obtained from dominant

welghts of the previous depth by subtraction of a positive

“

-root, and whkich have ngt occurred already; i.e.




[N

where \ denotes the set complerent, Since there are iny‘
finitely ‘many doﬁinaht weights, only finitely many of the
| depths are non-empty;‘it ‘can be 'shown {(see the following
paragraph) that ‘gﬁe union of all the depths equals the aset
4 ~ of dominant weights in the weight system. Note that at each
.stage there may. bg man; non-domgnant welights which can he
obtained by subtraction of a positive root from a .dominant
weight of the previous depth, Put’these non-dominant weights
, ‘ are ignored. Thusr this algorikhm is in prigéiple ;Ery
similar to the Dynkin Qeight algorithm with the excepticns
that Qevgubtract ?11 positive roots instead of merely simple

' *“FGoots; 'éhd’cﬁkynkeep the dominant weights generated at eacﬂ
stage. By subtracting all positive roots, a?d discarding
ti% non-dominant wefghts, the dominant weights in. the welight
system can be computed mére quickly: eveéy‘ dominan; ,geight
lies in a string of dominant weights.gréated by ﬁositive
root subtractions originating from  §he highest weight,
‘whereas if we cons{der‘only siﬁple—roop qubtraftion; (as id

;

the Dynkin algorithm),‘ some dominant welights candot.-bp
»~ .
reached through str@ngs consisting entirely of dominant

‘

welghts. X

We refer to the set of dominant weights in 'tpe‘ welight

3

system of a representation as the 'dorinant weiggt systen'
of the representétion; The proof that the union of all the
*depths!® is the dominant weightl System is not very
difficult. . ' : - ;

Lemma (Moody and Patera 1982): Let V be an f.d.i. L-module

;
+ - ’ ¢ K J

¢

=2 20 - o




withy highest .weight h. Then for any dominant weight g

v s

(g¥h), g 1s ir the dominant weight System of h if and only

if there exists a positive root a such that g+a 1s in the

LPT -

dominant weight system of h. -

a

" Proof: Suppose for some dorinant weightvg and positive root

a, g+a 1is in the dominant weight sysiém of h. Siqee g is

.
~

&ominant, (g,b) 2 0 for any positive root b (this foflbweﬁ

easily from the definitions of bositive root. and dom;naqﬁ'

welght). Then (g+a,a) = (g,a) +~(a,£) > 0°since (a,a) > 0.
Now the weight string by a- through g+a is (s+a54qa, Seey

(g+a)-pa where p,q Bf)endﬂp-q’=‘2(g+a,a)/(a,a). Hence ﬁ‘ZO

and g = (g+a)-a

ConﬁErsely. supp e that € 1s in the dominant weight system . -

o({ h (and g+¥h). We want t.o show t&at for some positive

rootwe* g+a is in the dominant weight~§ystem of h.., By a

: !

basic"result in representation theory, we know that there _

exists a posipive root b such that g+b 1s in the‘ welght .

: ' - r
system of h {see -Humphreys (197%), p. 107, esp. Lemrma (a)).

o®

1 g+b is dominant, we are done (iae. choose a = b). If g+b,

is not dominant, ‘then (g+b,a;) < O for some simple root a;;

hence 2(g+b,a;)/(ag,a;) < 0, and then coneidering the weight
“ q m~.

string by a; through g+b (g+b+qa,, “eey g+b-pa., withlp,qZ»O'

and p-q = 2(g+b, a; )/(a&,a )) we see that g+b+a; is in the

weight system of h. Since .g 1s dominant, (g,a )20 and .

hence (g+b,a;) < 0 gives (b,a;) < 0. Hence b+a;, 1is a
3 Y .

A

'] - g . N
positive root (considering the weight string by a; through b

: in the adjoint representation, the weights of which are the

-
-
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roots of the algebtfa). We can therefore replace'b by b+a‘

in ;He above and repeat. Since the weight system of ‘h is

i

finite, this process must eventually terminate; at the last

step we will have a positive root a such that g+a is in the

dominant weight system of ' h.
In order to explain the modified Freudenthal formula we
must firsf introduce some ‘notétion; Suppose we wish to

'compute ybe multiplicity ~of' a dominant weight g; Let

set of al;lw in w such,that_wg = g+ Writing g := }E 8. \

AS]

and "définingf T := {i: g; = 0}, itv_can be shcwn that
stab(g) = <s(ag): i }n T3, i.e. the subgroup of W generated
by “the reflections sﬂai).. .We .Write stab'(g) for the
subgroup of fL(V) generated by stab(g) together with the
Nnegative of the identity transformation. Then stab'(g)
decomposes the | root systen ‘intc® orbits O, ’ O.t.‘ . (The
'o;bits‘ are‘the equivalence classes of the ‘relation a.~“b
if and' only if‘b = wa for some w in stab'(g)). Each orbit
Oj’ 1€ J ¢t contains a- unique positive root x Ei_e
satisfying .cj‘ = 0 for al} i in.T. (We say that sqch ‘an xJ

is ‘'subdominant' in the sense that its coefficients relative

to the basis of fundamental weights are non-negative on the

fundamental weights indexed by: T rather than on all

fundamentaﬁ weights.) In the paper of Moody and Patera,. and
in the documentation of the acgqﬂbanying programs, these
roots are called 'xi-roots'. Writing [Oj] for the size of

the orbit Oj' we have the following modified version of the

-
’

.
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stab(g) denote the 'subgroup of W stabilizing g, 1. e. thg'



Freudenthal formula:k'
[(h 4 dns &) - (8 + dig + d))mie) =

- . ‘ j%[ j]PZm.(g + pr)(g - pr.,xJ)

?

where as befor he ;nner sum 18 in fact finite. The "core
of ¢this theais am\_ imp entation of thia formula, in

Y

‘Pascal. A uorked example of computhtion using the modified

‘formula is given in the Appﬁ;jix.

The superiority of this formula over the Freud&éthal
fgrmhla is gspécially obvious wh;n the dominant weights in
the wéight sysﬁem have on the average many:zero coefficients
relative to the basié of fuqdémental weights. ‘Ir this 1is
the case,l then for most doﬁlnant weights few of the roots

will be xi-roots and the orbit sizes [qj] will be large,

thus allowing a large amount of compression in the formula.

In cases where few gr the dominant weights have: many zero

coefficients, the modified formula is not muc mor\

\

efficient than the original formula. It should b pointed
out, however, that cases of ;hfs latter type do not often
arise in bractice with larger ranks (say greater than 4)
ain;e such representations #ill usually haYe extremely high
dimensions ahd very large numbers of dominant weighta, and

hence computation of the multiplicities is not feasible.

- 23 - -
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§ ' - Chapter 3.

Previous implementations of the Freudenthal formula

One of the earliest implementations of the Freudenthal
formﬁla is discussed in Agrawala and Belinfante (1969);
their programs were written in ALGOL and FCRTRAN and were
: =e¥ecuteq on a UNIVAC 1108‘ at. " Carneglée=-Mellon Uﬁiversity.
Input to the program consisted of the gype and rank of the”
Simplé Lie algebra under consideration together with the
coefficients of th? highest.weight of -the module for which
the weight system and the multiplicities were to be
compﬁied. (By the 'coefficients' of the highest weight are
meant‘itp coefficiehts relative to the basis of fundamental
welghts; these coefficients are sometimes referred to as the
'Dynkin indices'). Output included the complete weight
system of the m;dule (both/’zBminant and non-dominant
welghts) tofgether with the level and multipiicity of egch
weight. *%he program first initialized the Cartan matrix and
its inverse as well as the Fcélar produvcts (a‘,i)) and
(w‘,ﬁj) of the simple roots and fundamental weights.
Although the authors .do nét eiplicitly mention it, it

appears from the ALGOL 60 procedures appended to their paper

g N

that integér arithmetic was used. exclusively throughout
their progranms; thus' e.g. aniinteger DETCAR and g matrix
CARINV were injitialized, while the actual inverse of the

o -

Cartan rmatrix was CARINV / DETCAR. The root syster was

-2‘0-



computed using the Dynkin weight algorithm. ° (This 1is

possible since the root system is a weight system, namely

s

that of the adjoint representat?%n.) Tﬁe weight system of
the module .was also computed using the Dynkin algprithm.
Finally pge prograc calculated the multiplicities of the
. Lo ’
weights wusing the Freudenthal fpfﬁﬁiﬁi The authors found
their program time-effic;gnt for ?&mple Liq algebyqs of
ranks up to 8 and irreduqiblimmodules of dimensions up to
10003 }or a sahple of 4input values satisfying these
conditions, their program took an average of 2.5 seconds
(UNIVAC 1168) to compute the weight system _gnd the
muitipliciﬁies.

The paper by Krusemeyer (1971) discuéses an
implementation of the Freudenthal formula 4in ALGOL 60 and
executed on the ELxg_computér'at the University of Utrecht.
The author experimented with the program of Agrawala ;nd
Belinfante, checking it‘against previously published tables
of ueight' ﬁultiplicities computed (by hand) by
E?mFreudenthal. Krusemeyer statéq that "the computing times
turned out to be rather large, ang in the‘case~of the table
fér E8, it was,impossible to check the results within a few
hours®, aﬁd cgncludes that the main reason for the
unsatisfactory computing. times was' the large number of
weights in ‘the lueight systens, gspecially for
high-dimensional re}resentations of EB8. In his " paper
Krusemeyer _makes .tQ§J<1mportant obsérvation .tha£ since
yeights conjugate under the Veyl group‘ have the same

¢ -
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multiplicity, and since each weight in the weight system 1is

.
conjugate to a unique dominant weight, 1t suffices to

compute the multiplicitigs of the 'possiple dominany
wéights'. (Here a 'possible dominant weight' is any
dominant weight g satisfying (g + d,g + d) < (h + d,h +3d)
'wpere h "is the highest weight and ci\c’éhe sum of the
fundamental weights; note that thé domiaint

T

representation under consideration are certainly possible

eights of the

dominant weigtits, but that a possible dominant wefght may

»

have a multiplicity of zero.) However, Krusemeyer's program °

does not include a procedure to compute the possible
dominant - weights; a list of such weights must form part of
the input to :the' progranm. His progrdn does inplude a
procedure to_calculate the dominant weight equiialept to an
arbitrary weight; the theoretical basis of this procedure is
~th; following "dominant welght lemra'. Let g be a weight,
not necessarily dGminant, and let 1' be the unique dominant

welght equivalent to géé}ue. éuéh that g' = wg for some w

in the Wgyl group). Define welghts gﬁk’ recursively as

.follow;XJ

@ s g : , ¥

g™ - s(a;)s 1f (gya;) < O and (g,ai) 20 for J < 4
R é if"(g,a‘) Z‘O for all i ’

(o o (g4 /

‘Lemma: a) g = g“) if and only if g is dominant, and b) for .

‘ 1
some k, zbk)z g'. .

. A N
Proof: a) g g“) if and only if (s,aj) Z 0 for all j. Now

<

~



",——_

A\

<

. . ' C
suppose that g := ;g‘zw.; then (g,aj)
. . -~

( §:C.K‘va )-

as!

{ .
. ( :). B cefinition 2(w, )/ ¢ ) =, Oui and
gs‘ LY y efin o '3, a. 'aj SJ’

hence (w‘,%,) = 5‘7(33’33)/2' giving (g,gj) = &4 {1)/2. 
Since (aj,aj)72'> O for all j we conclude that (g,aj) 20

for all J; if and only if gj Z 0.for all j. b) If g = g!

_.thern clearly we can take n = 0. So assume that g # é'; i.e.

L]

(g,a4) < .9 - for some )minimal i.. Then we know that
(g + d,g-+.0) < (g* + d,g" + d) where d is the sum of  the

fundamental weights (see Humphreys 1972, Lemma B, p. 70).

-
"

Thus we7 only need to prove that (g + dyg + d) <

(g‘“ + d,g“’ +'d) since for an arbitrary ﬁe{ght f the scalar
product (f + d,f + d) may take only riniteiy vmény possible
values between (g + d,$,¥ 4) anq (g' + dyg* + d). gNow
? (g + d,g j‘ﬁ) (s(as)g + d,s(a; )s +d) =

(s(a Joss(ay )s) + (d,d) + 2(s(a; )g,d) .
(g,8) + (d,d) + 2(g,s(a;)d). ‘
(The reflection s{a,) is orthogonal, i.e. it pqeserves'éhe
scalar produ;t.) e know that s(a;)d = d - é; (see
Hunphreys 1972, Corollary to Lemma B, b; 50). "Then

(g + am™ o+ a) - &,8) + (4, 4) + 2(3,d - a; ) =

(ers) + (0,0) + 2(8,d) - 2(g,a;) = o

(g + d,g + dk‘- 2(gya;) > (g + d,g + d)
since (g,a&) is strictly negative by hypothesis.

A third implementation of the Freudenthal formuia was
undertaken by Betk and Kolm:n; see Beck and Koiman (1972) as
well as Kolrangand Beck (1973a) and (1973b). Their program,

written in FORTRAN anc executed on an IBM 360/75 at the



i
University or' Pedpsylvaniaq‘ 1hc1uded a Ssubroutine for
generazzhg the.complete weight system based on the Dynkin
algorithm. However, the domingnt weights “in the weight
system were identified as they were computed, and the
e Freudentha}. formula vas useg only to qalculaﬁe the
multiblicitiés of the dominan£ weighis.u The multiélicities
of tze other weights were computed esing the fbllowing
result, which the authors refer tq as the 'layeﬁ 1emma'.~'
Lemm:;~Let g &= ;,w, + cas + g"w‘ be a waskght in layer k3
qihen s(az)g is a weight in layerfk « 8 - \

~,

Proof: ,Suppose that € = h - ac'a' + ces *+ c“a\) where

g' +oee. 0y = Kk then s(a,)g = g - gga; =

-

h - (c,a

y ot ese + pﬂaﬁ) - 8,8, from which it 4is clear that

W~S(3‘)g is in lafér Cp + ete + Cp + B = k‘+ g‘\
This result was applied in the progran of Beck and Kolman in
thg.foilow::g way: 1f gvis a bon-dominant yeight at level k,
then one of its coefficients, say g , must be negative, By
the layer lemma, g' := ;(a )g is 'in iayer k + g < k; since
the multiplicities of g and g' are . equal ‘and since tﬁe

multiplicity of g has*glready been computed, that of g can

be determined immediétely. Two output options were allowed’
Qin this iuplementation; one printed the,entire‘weight system
with the multiplicitywof each weight, and the other printed
only -the dominant weights and their multiplicities. As an
examg}e of time requirem;nts, the program took 9( seconds
(IBM 36C/7%) to compute the weights and multiplicities for a

re}resentation of F4 of dimension 226746,

T
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The. program described by McKay, Patera, and Sankoff
‘\-m f
(1977) was written in FORTRAN and executed on a Cyber 74 :.at

the University of Montreal; it computed ¢the ‘'branching

rules' for semigimple Lie algebras of ranks up to 8 and !

repreaentétions of dimenSions up to 10000, relative ta

semisimple shbalgebras. (Branching rules are defined as

follows. Let L be a sémisimple Lie algebra, r an

r

f.d.i. representation of L, and K a semisimplé subalgebra of
f

L. The restriction Er r to K'is in general not irreducible;
! -

. 4
--the branching rule is the decomposition‘of r as a direct sum

of irreducible representations of K.) The cgggytation of
the 'restricted' weight system (i.e. the weights with levels

greater than or equal to half that of the highest weight),

and of the weight .multiplicities, is required for the’

determination of the branching rules. The program of McKay,
Patera, and Sankoff usedvthebDynkin algorithnm ;:{bompute the
weights and the Freudenthal formula for the multiplicities.
As an example of time gequirements, the authors mention that.
;he cqmputation of the weights ;nd muitiplicities for a
representation o} nEf of dimenéion 6480 took 13 minutes and’
40 seconds (Cyber T74). Although this program introduced no
important new cfppuPAtionql methods afor' weight

multiplicities, the determination of branching rules 1is

. &

interesting 2In its own right as a problem which requires

combutation of the weights and multiplieities of .a
representation. ‘3\ .

o=

W



" Chapter U, G

ONEREPRESENTATIONQ
An interactive progran which computes the. multiplicities

for a single represehtation of a given Lie algebra

Introduction -

- - ' ‘ y

- Na.

-

The interactive program ONEREPRESENTATION computes ‘the

dominant weights and their multiplicities fdrla apecifieﬁ

} ﬁgﬁresentation of a given Lie algebra. This c?aptor ,'

(o

7

) presémt? an overview of the program, followed bj a degailed°
discussion of Jits data structures and procedures, a listing

6f~the,prqgram, and sone e*amples of 1t$ output. ¥
Execution beéLns with a call to READTIPEBANK which‘asks
f?he user to input the type a;d Tank of the desired- Lie
algebrany The D¥nkin diggram of )the algebra 4is then
displayed by QISPLAYDIAGRAM and various initislizations _are
bdone by HATRiXINITIALIZE, LENGTHINITIALIZE, ~ &nd .
ORDERINITIALIZE. The po}:\i)tive roots of the algebra are
determined by’ CBMPUTEPOSITIVERQOTS‘ (which calls
ANSERTROOTSL4 the roots are stored in ~a linked 1ist _iulith
head pointer ROOTLIST.  If desired they will be output by’

»

DISP%AYPOSITIVEROOTS. The domlnant‘weights are determined
‘ s

by -COMPUTEDOMINANTWEIGHTS (which begins by askiqg thq'uaer

to input the highest™weight of the represéntation); /the‘/

- 30 -
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. f we?ghta are stored -in a 1ldinked 1list with head pointer

.SﬁEIGﬂTLIST. .-They are sorted _by ‘'decreasing level bﬁ

soxrnongﬁgyxwz¥fnrs; if desired they will. be output by

DISPLAYDOMINANTWEIGHTS. COMPUTEMULTIPLICITIES (which calls

»
var;ousa other procedures)> calculates and displays. the

. . -
multiplicities of the dominant weights together with -the
* ! Y 'S ) .

stotal dimension of the representatiaon (computed using the

multgpliq}fiés of the dominént wéights and . the sizes of

th%i?\ orbits’ under the Weyl group). In order to check the

calculqtiqns,’ hEYLDINENSIONSOBMULA comp;tes the, §btal

d;menaion bf‘th; representation in another way, using Weyl's

p;oduéf formula. The dynamic storage c;ntainins the weight
) ' ¥

. . . e
system is then recycled, and the user is asked whether to.

¢ .

,ébntinue with another réepresentation of the same algebra.
4

- X

Ir the ° Xansqer is 'yes', control returns to

“ N

COMPUTEDONINANTWEIGHTS; ot&erwise, the dynamic storagé

containing the root systen is recycled, and control §eturns
]

4

\ + . « 1
Yo" READTYPEKANK so that the user may input the name of the
-~ . f

u 1
next algebra. .(Exécution is terminated by typing the code

A0 whicW/is not a vdlid algebra naue.) .

The program is in standard Pascal,"#?‘% one ekXception:
the VALUE segment which 1is used to in%tialize the array

"PRIME. This could e%éily be replaced by a°- procedure to
' -~
‘compute " the primes or to”read'them from an external file.

There is one GQTO statement, and one statement label; both

occur - in COMPUTEPOSITIVEROOTS, and could be removed without
requiring major nodiricatiqns\to the code. ‘
' » ' S : )

. ' ST - 31 = .



All computations are exact;  the only numerical Jafa
type uéed is INTEGER. Altﬁbugh rational numbers frequently
occur throughout the oo;putation, it 1is not difficult
multiply: certain variables by =a- fi;#d factdr’to,eﬁsure
integrzlity; for examplet'the 1nveﬂse of the Cartan matrix
is scaled up by the déterminanf of the Cartan matrix, The
Ecurbaki numbe}ing of the éimple roots is, us;d throughout
the progranm kBourbaki 1968, Humphreys 197c). By-asgumption,
. the scalar Qroduct'(ai,qi) 1§ Z}Tor'short roogi; éhis ca;ses
the scalarn‘prodUCtg of an arbitrary vector in the root

[ ~

lattice with an arbitrary vector in the.weight lattice to be
i F 4

integral. The basis of simple roots is referred to as the

'alpha-basis*, and the basis of fundameﬁtal weights as the

‘omega-basis'. T

J
L
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Documentation. of the progranm ) ’ ‘

- - D e A S Wy S S G e A% e e E an e «

Fileb ' . ) ’ N

- o

INPUT, OUTPUT ’

The. program is 1mteraqtive'gnd hence both INPUT and OUTPUT
i:e identified with the user's terminal. ~

Glqbal constants

MAXRANK

The maximum rank of the Lie algebra. In order td',cpmputé’

multiplicities‘ for. representatiohs of algebras of rank

5Eeater than MAXRANK, the user should change MAXRARK and'’
. ¢ . ‘

recompile the program.

,EGCRDER, ETQRDER, EBbBDéB,\FNQFSéR, GZOBDER
The orders of the Weyl groups ;f alggbrés E6, ET, EOb, FM,:
and G2. | |

NUNPRINES 4
The first NUMPRIMES prime numbers are‘stored in arfayr PRIME

‘which s  initialized in the VALUE segment. The primes are
needed by protedure §EYLDIEENSIONFORMULA. '

&

s
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" NONNEGATIVE = O..MAXINT S

‘BANKRANG? =, 1..LAXRANK

Global types oo

Y -

Kon-negative integer. <

CLASSICALTYPES = (A, BC, D)

This type is used only to define the first index qf “the

array ORDER, which contains the orders of the Weyl groups of’

I .
the algebras of 'classical' types A, B, C, and D . and of

ranks fr;; 1 to MAXRANK. B and. C are 1de7Y{}ied in
P

CLASSICAL ES since the corresponding eyl groups are
isomorphic. o S ' ' .
s S . . .

-

) .
Subrange for array and matrix indices. -

Y

-\

VACTOR = ARRAY [RANKRANGE] .OF INTEGER

This type 1s used primarily to &efiné variables containing,

the coefficients of weights and roots relative tg the

alpha-basis or omegpa~-basis.

ROOTLINK = ROOT; ‘ . .

ROOT = ‘ L
RECORD o ‘ :
ALPHA, OMEGA: VECTOR; , »
LEVEL, ORRITSIZE: NONNEGATIVE; ,' \
KEXTROOT: ROOTLINK;

END; .

° -

These two types are used to define variables containing data

!

about the positive roots af the algebra. ALPHA and OKEGA

- 34 -
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¢

contain respegtiVely the qpefficients of a poéitive,roo;
’ .relativé to the alpha-basis and“omega;baéis. The,LﬁVEL'br a
root is the nunber of ;imple roots which must be subtract;d
from the highest root in order to obtain the root; the
{@vels ére needed by. the \root-generation algoriihm (See

procedure QOLPUTEFOSITIVEROOTS). During the computation of

the nultiplicity of a’weight, if the root is a xi-root (see

of roots (not only positive roots) in the orbit of the root
{- unQer the ac;ion of the subgrpup of the Weyl group
stabilizing tﬁe welght extended by the negative of the
identity transformation. NEXTROOT ~is a 1link to‘ the next
sroot in the list.' Although the size of tné root systéh is
‘known'ﬁn advanc; (see Humphreys 1972, p. 66, Tégae 1) it is
still more practical to usg dynaéic storage fcr the foot
list, since during the generation of the roofs new roots
?ﬁJQ be inserted }pto the 1list between roots already
QOmpu;ed. Botg the ;ipha- and omega-basis exbressidns for
sthe roots are needed: procedure CbMPUTEPOSITIVEROOTS uses
~the omega-basis for generating the roots, 'and the
multiplicity co'mputatilon uses both "the alpha- and
omega-5a3i§ (see ‘procedure ‘FINDXIROOTS; function
- DOPBLESUMMATION, and procedure WEYLDIMENSIONFORMULA).
..S\ ) | .
“ WEIGHTLINK = WEIGHT;- &
WEIGHT =
RECORD

OMEGA: VECTOR; ‘
MULTIPLICITY, DEPTH, .LEVEL: NONNEGATIVE;

* ‘ - 35 « . ' 4
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procedure FINDXIROOTS) then ORBITSIZE will hold the n‘bben&



NEXTWEIGHT: WEIGHTLINK;
END; .

These two types are useé to define yariables confaining'data~
about th dominant weights of the weight system of &a given
representation. OhEGA contains the coefficients of a weight
reiative to. the omega-basis. MULTIPLICITY cont;ine the
mditiplicity of the weight. .The DEPTH of the weight is the
least nﬁmber of positive roots which must be subiracted from
.the highest weight (in order to obtain.the weight} the deph&g
a;e needed\by the weight-generation algorithﬁ (see hrocedure
COMPUTEDQMI&A&TWEIGHTS). .The LEVEL ‘of the weight 1s one
plus-twice the scalar product of the weight with the vector
defined 'by the qupe%ty thdtnits scalar product with every
siqple root 1is 1;l£he levels have:tne g{fperty\ghat all the

. i, .
dominant weights 1in the weight system of a representation -

have levels less than or equal tewtpat of the highest weight
of 'the representétion; NEXTWEIGHT is.a link to the Jth
weightxin the list. Dynamic storage is appropriate for the
weight Clist since it 1is not known in aavance how many

dominant weights are in the weight system; the number can .be

as small as 5 (of smaller) or as large as 8C (6r larger);

LINK = KODE;
NODE = ‘ -
_RECORD : : - .
LEFT, RICHT: LINK; - . * '
NONZERO: BEOOLEAN; ' ' ~ :
> END;

ol .
These two types are used to define the array CARRIER which

cogtains the data dbout a weight which is needed to compute’

- 36 -
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the order of its stdbilizer (see function STABILIZERORDER).

om—

LEFT and RIGHT are links to the left and right neighbors of
[ ~ L 4 *

the _ node. FEach node attached to CARRIER corresponds to a

coefficient of the weight relative to the omega-basis;

NQNZERO is true If and only if the corresponding coefficient

is not zero. .

4
Global variables ‘
) CARTANMATRIX, INVERSEMATRIX: AﬁRAY [RANKRANGE, RANKRANGE] OF.
e INTEGER} - ' , .
- . Q™

The- Cartan matrix of the algebra and 1its inverse.
INVERSEMATRIX is in fact the inverse Cartan matrix
uliiplied by the determinant of the Cartan matrix; this

S ensures that all the entries will be integral.
.

< . H
DETERLINANTI NOKNEGAT VE;
Thé determinant of ‘hé Cartan matrix.
SQUARELENGTH: VECTOR;
The squares of the lengths of the simple roots,
i.e. SQUARELENGTH [i] 1s the scalar product (ai,al).

(’I >
LATYPE: CHAR;
The. type of the algebra; 'A', 'B', 'C', ''D', 'E', 'F', or

'G's The type is read directly from A%he user's terminal

into this variable and hence any character value is allowed -



.
.
/ ,
,
.

in ;:EEF\tcfaxpid'é‘fatal runtire error-on input.
. ’ \\\\ ' -
A\..\\ .
RANK: INTECER; v -

°

.The rank of the algébra.' Since the value is read “directly

from the user's terminal, any 1ntegér is allowed.

RCOTLIST, TEMPROOT: ROOTLINKj;

kY

ROCTLIST/ points to the head node of the 1list of positive

v

roots. TENPRGOOT is a temporary variable used in recycling'

A"

the root 1list.

NUMROOTS: NONNECATIVE;

lNUMﬁOOTS«‘is used during the computation of the positive

roots to count the number which have already been computed.

< L]

WEIGHTLIST, TEMPWEIGHT: WEIGHTLINK;
WEIGHTLIST ‘points to the head node of the list of dominant
weights. T%rPWEIGHT is a tempoyary variable wused 1in

o

recycling the weight list. ' . .
KUMKEIGETS: INTEGER;

NUMWEIGHTS 4is used during the,compqtatfon of the dominant

weights to 'cbunt. the number which hkave already . been

computed.
CARRIER: ARRAY [RAMKRAMGE]) OF LINK; °

An array of pointers of type LINK which 'carries' the "echain

\S ' - 38 -
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of records of type‘NODE created by procedure CREATECHAIN and
Gsed by fﬁncti;ns AORDER, BCORDER, DORDER, EORDER; ~FORDER,
and STABILIZEHCRDEB to compute the order of the stabilizer
of a weight. & élobal'array of pointers is used in order to
avoid having  to allocate and dispose local dynamic storage

each time STABILIZERORDER is called.

CRDER: ARRAY [CLASSICALTYPES, RANKRANGE] OF NONNEGATIVE;

The orders of the algebras of the 'classical! typgs A, B, C,

"and U ang of ranks from 1 _to MAXRANK.

i

—-— . i -

-

PRIME: ARRAY (1..NUEPRIMES] OF NONNEGATIVE; v

§

The first NUMPRIMES prime numbers: PRIME is initialized by
the VALUE . segment and is used in pr#gedure

WEYLDIMENSIONFORMULA.

Proeedur!% and functions

-----—-----------L—-—---

In thne descriptions of the procedures and functions, calls

to standard Pascal procedures are not mentioned with the

exceptions of NEW and DISPOSE. *

G

‘\FéNCTION POSITIVEANSWER: BOOLEAN;

This funttion, which is called by COMPUTEDOMINANTWBIGHTS and
the main block, asks the'usqr fora#® "Y' or 'N' (yes or no)
- - - AQ; it';.

9" validity (i.e. checks -that

answer, reads it, and checks'

the input character is either 'Y' or 'N'). This sequence is

3

- 39 -
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repeated until a valid response has been input, at thch
point the function returns TRUE for 'Y' and FKLSE for 'N'.
» .

PROCEDURE BEADTYPQFANK; )
This procedure, which' is called by the main block, asks ~thg
user for the name Gi.eﬁa the type and rank) of an algebfa,
readé it, ard checks its validity (i.e. checks that such a
type, exists and that the rank is within range).“This
sequence 1is repeated until a valid 'nane paa been input.
Type A1 is not'allowed since the weights and multiplicities
are well-known (see Humphreys 19f2, p. 33, Theorenm). Other
1od-rank algebras are omitted because of isomorphisms among
them} see Chapter 1. .

—n

PROCEDURE DiSPLAYDIAGRhM; ;
This 'procedure, which is called b&ffhe main block, displays
ﬁhe Dynki£ diag;am of the algebra. For algebras with two
root lengths (i.e. types ?, C, F,qand G.) the arrowhead (<

" or >) points to the nodes corresponding to the snort roots.

PROCEDURE SPECIALLLNEABMATEIX;

This procecdure, which is called by NMATRIXINITIALIZE,
initializes CARTANMATRIX for algebras of type A (which are
known as special linear algebras, hence the nawe of the
procepure). The initialization for type A has been made a
‘separate procedure since the Cartan matrix for any other

algebra can be éomputed from the type A matrix of the same



T

a

.
)

3

]
7

‘initializes the array SQUARELENGTH.

-

™

rank merely by  changing a few entries.

PROCEDURE NATRIXINITIAL}ZE; .
This . procedure, which 1s called by the main block,
initializes CARTANMATRIX, DETERMINANT, and INVERSEMATRIX for

the algebra of type LATYPE and rank RANK. This procedure

calls SPECIALLINEARMATRIX.

PROCEDURE LENGTHINITIALIZE;

B

’ . a
This procedure, "which 1s called by the main - blocek,

hS

-

PROCEDURE ORDERINITIALIZE;
This procedure, _which ,is‘ called by the main block,

initializes the array ORDER. It also initializes the array

CARRIERK: 41t allocates -a record of type NODE for each.
PR . ~ T . 3 R

+

component, of CARRIER. This préeedure calls the ,predefined

P
procedure NEk.

<V

PROCEDURE BASISCHANGE (OMEGA: VECTGR, VAR ALPHA: VECTOR);

q
o This procedure, which  is called by INSERTROOT,

o

COMPUTEPOSITIVEROOi&, and COMPUTEMULTIPLICITIES, takes a
vector OMEGA répresented relative'to the omega-basis, and
computes the vector ALPHA, twe representation of OMEGA

relative to the. alpha-basis. The conversion is done by

multiplying OMEGA by the transpose of IKVERSEMATRIX {and

hence the componénts of ALPHA, like those of INVERSELATRIX,

- 41 -
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¢
‘will be scaled. up by a factor of DETERNINANT).
FUNCTION SCALAKPRODUCT (VECTOR1, VECTORZ2: VECTOR): INTEGER;

This functicn, which is called by DOUBLESUMMATION and

COMPUTEMULTIPLICITIES, computes - the .scalar product of

-«

5

] .
VECTOR1 with VECTOR2 (by the scalar prodyct 1is wmeant the
symmetric bilinear form corresponding to the Killing form).
One of the vectors must be represented relative to the

alpha-basis and one relative to the omega-basis; this allows
the/,scal‘ar product computatioP to be progranmed very simply
: ' O

"according to the following argument. , ——

Let HY Z and t= 2 . “Then (u,v) =
- ‘ 4

Z_u‘-a‘, ) iZ(ua ,vw ) = iuv (a.,w ) =
] ju 430 1:,\ e ').p

Ziu v_ XLy )72 (since by the det"inition of the
l"' J-I ‘ . :
fundanental weights Z(H“.,aj)/(a ,aJ ) S‘J . The last
exbreﬁéion then eq\hr‘f; Zu Ve (a‘,a )/2 which i3 ‘the value

FEd] :

computed by SCALARPRODUCT. -

-

FUNCTION EQUALVECTORS (VECTOR1,.VECTOR2: VECTOR): BOOLEAK;

This function, which s called by {. INSERTROOT,

! A - . .
COMPUTEDOLINANTWEIGHTS, and PREVIOUSIULTIPLICITY, returns

-
-

TRUE if and only if VECTOR1 equals VECTORZ2.

a

PROCEDURE INSERTROOT (ROOT1: ROOTLINK; NEWKOOT: VECIOR;
NEWLEVEL: NONNEGATIVE);

,\x - 42 -
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2{13vprocgdure; which 118 ocalled by COHPUTEPOSiTIVEROOTS,

.

searches for the positive root NEWROOT with level NEVWLEVEL
A Y ©

in the linked 1ist of positive roots, and inserts it -if it

is not found, keeping the list ordered by increasing leyel.
. . .

Recall that the level of a given root is the number of

, ~ W
simple roots (counting repetitions) which must be subtracted
from the highest root in ordef to obtain the given- root,
Since "the level of NEVWROOT is therefore-one greater than the

level of ROOT1” (the root from which NEWROOT was obtained by

subtraction of a simple root), the search for NEWROOT can

begin with node ROOT1". This procedure calls. EOﬁALVECTORS,

EASISCHANGE, and the predefined procedure NEV,
’ 'S

PROCEDURE COMPUTEPOSITIVEROOTS; 3
a i
This’ procedure, which 1§ called by the main block,

initializes the highest root of the algebra and then

r

computes the positive roots. The 6ositive roots are

generated as the weights of the adjoint representation:
- . .

£y

starting with the highest weight of this representation

‘(which is the highest root <of the algebra), we subtract

simple roots fronm. previously-computed positive roots in

order to derive further positive roots. This method

t

generates jphe positive roots by level, one level at a time.

All of the simple roots are at the sace level (the cdeepest

level of the.positive root system); when we have generated

all the simple roots, and attempt to generate further

. - w——y
positive roots at the next level, we immediately obtain the

ﬁ&//

.

«

bR ' T - u3 - -
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<:~“.;;z::i’£z};. Thys'as soon as the zero root is generated, we /
. . : \
‘ OW that we have computed all of the positive roots (and
.none of the other roots). Note that éiveh a pqéitive boot,
o

expressed . in the basis of fundamental weights, the
. - -
coefficlient of a given fundamental weight 1s the number of

times the corresponding simple root -can be subtracted,

o ~

giving a - positive root after each subtraction. Thia

procedure 'éaglshBASISCHANGE, INSERTROOT, and the predefined

procedure NEW-.

-~ PROCEDURE DISPLAYPOSITIVEROOTS;
This procedure, which is cglléd by the main block, displays’
the 1list of positive roots, giving both the alpha- and.

- f - [

omega-basis representations. RS °

PROCEDURE COMPUTEDOMINANTWEIGHTS .
This procedure, which 1s called by ghe m#in block;
i:plementé the domiﬁant‘weight algoriﬂhm of Moody and Patera
. (196¢). The user is asked to input the highest weight of
_the repre§eptation fqr which the multiplicities are to be
c;qpnted. (The highest weightlis read direct1y~_1nto the
head ' node 'of the weighi list,—and the user must cbnfirﬁ.the

- -

correctness -of the weight by typing 'Y.! or 'Nt'; 4if ‘N' _4is

¥

typed, -‘the input eloop will repeat.) The procedure then

computes the dominant weights with non-zero multiplicitiés

[

in this representétion by the repeated aubtpaction of

positive roots from previously-computec. dominant weights;

¢ 2
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e

f
4

the weight computatiod starts by subtracting positive roots

. from the hibhést weight.l Thq generation of new domﬁhant

L}
weights~ continues until ‘all ‘the positive -roots have been

subtracted f?om all the ﬁreviously-gengﬁ%ted weights. The
welight 1list is kept ordered by increasing depth at all

tines; recall that the depth of a given weight is the least

{
nucber. of positive roots that must be subtracted fronm the

highest weight 1A order, to obtain the weight.  This

-

procedure calls POSITIVEANSWER, FEQUALVECTORS, and the

predefiqed procedure NEW.
°.

¢

w

PBOCEDUFE SORTDOMINANT&EIGHTS'

This procedure, which is called by the. main block, computes

.the levels of the'dominant weights in the weight list and

sorts the ' weqlghts by decreasiné level. (The ‘'level'.® of a

welght g is defined to be 1 +“2(g,d'5 where d' is defined by

@D

)

the conditién that (d',ai) = 1 for‘every simple root as .) A

simple c6mputationa1 method of determining the scalar

product (g3d') is to compute the vector INVERSEROWSUM

(containing the sumé alpng the rows of INVERSEhATRIX) and

then take the oﬁ’iné*y scalar product of INVERSEROWSUM with’

the weight. The equality of these. two scalgr products can
' ¥ “ ¢ z

be proved as\follows. (This result is due to R. V. Moody.)

. ' . 4 .

v ]

/ »

We denote the inverse oft'a matrix M by M“,- its

transpose by ¥, and its (1,3) entry by'Mii; Let A denote
/ . .

A

- 45 ¢ !
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the Cartan mat‘rix.v Let. (a', ceoy aﬂ} and  {w,, o0y W

-

‘the alpha- and omega-~bases. We kr;\ou (by derinition of A)
4
that A"'j = 2(a4,aJ)/(aJ ,a ) and (by definition of d') that

(d'ya;) = 1 for - all {. we know that w, iAdj J (see

v ~ J*!
'
Humphreys 1972, p. 68); hence yiven an arbitrary vector

N\ 5

”n ,

Zv‘.‘u‘. expressed relative to the omega-basis, 'we can

- ' A - M \
write v relative to the alpha-basis as ! /

- .
“l
vV = EE v, :E:A.‘ a, = }E:(it la. . -
| j:[ J J=1 A ] J'

Now since (d',ad.)~= 1 for all i, we have d' =.

Z(zl(a‘,a;))w‘. (using the definition of the fundamental

3

el ' ‘ X
: 1 o K , .
welghts: z(w“-,aj_)/(‘aj ,aJ. ) = S;j"'"). Then expressing d.'

~

relative to the alpha'-basis we havé

Z Z(a/(a a\))A J)aa..

j& l’l
a -
how let g := Z b Wy be an arbit‘.rary weight. he have

(a%58) = (Z(Z(e/(a 3, 1A z AR
J® i kel L

z(Z(zx(a e A Ve ((ay,m002)
J-; 4% J BN b J .

(again, using the - definition of the fundamental weights). =

This reduces po

«

.‘-sub- . ' b’\




¢

a

(d';g) = Z Z(‘(a ﬂ,a ))A.. Yg. . ’
' iv 7 '

Thus it remains to show that for fixed J,

h >

-
of

((a,,a )/(a a, ))A = A, .
g i3 LR E:

AJ. - J

Now A, = 2(a.ya.)/(ﬁj,ij) and ﬁj‘ = Z(ﬁj,a;)/(a;,ai) and

Jhence Aeo = (Ca..a.)/(ai,ax))hﬁ . Denote by Q the diagonal

js 3"
Qatrix with Q, ::.(ai,a‘f.\ Since A:j = Aj‘ we then have
, . X
At e O ‘and hence (4%)" = ¢'A"Q. Now (A )‘j . (A"):J. =
A;: and also (.A*):; \,= .(Q-'A"OA)‘J. z ‘((aJ,aJ)/(a a, AT J
and hencep we have term by-tern equality/ between™

iua 2, )/ (a_ya DAy an ZA" :
JJ J :

e !

» .
The sorting.algorithm used by this procedur; is_’aa

N * - a

simplé bubble-sort applied to the singly-linked 1list of

weights. This algorithm is not very "efficient, but since
. . 1 ’ . : 9
» P
.the weight 1ist is wusually not very long {less than 80

weights) and 1is already nearly sorted (because of the

N

weight-géneration algorithm), and since the sorting (1s done

-

only once for eacﬁkxsepresentation considered, a special

/"\
effort to ensure efficiency in th;s procedure did .not seemn

necessary. .

: ®
o oy '
PROCELDURE DISELAYPOMINANThEIGHTS;

This procedure, which is called by the main block, d;splays

.
Lo

$
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the ﬂist, of dominant weights (now sorted by decreasing
. A

level) ﬂpgether with the depth and level of each weight.

o . ~ - -

. . - e
‘PROCEDURE CHREATECHLAIN (WEIGHT: VECTOR; VAR FIRST,.LAST:

LINK);

This procedure, which is called by STARBILIZEKORDER, oreates

,

a doubly-linked 1list between- the - nodes CARRIER (1]" and

CARRIER [ERANK]" with the NONZERC field of each node being

TRUE if and only if the corresponding entry of WEIGHT ia not
zero. FIRST and LAST are set equal to: CR%ﬁIER (1] and
CARRIER [RANKY  respectively. The  doubly-linked ' 1list

\\
DORDER,. EORDER, FORDER, and SWABILIZERORDER. | o

: 7

attached to CAHRIER is usE:\:zﬁ functions AORDLR, BCORDER,

*FUNCTION AORDER (VAR L1, L2: LINK): NONNEGATIVE;

FUKCTICN BCORDER (VAR L1, 'L2: LINK): NOMNHNEGATIVE
FUNCTION DORDER (VAR L1, L2: LINKY): NONNEGATIVE;
FUNCTION EORDER (VAR L1, L2:.LINK): NONNEGATIVE;
FUNCTION FORDER (VAR L1, L2: LINK): HONNEGATIVE;

These functions are all called by STABILIZEROKLEK; in

.adoition, AORDEﬁ is called by the other four, BCORDER {s
-

called by FORDER, and DORDER is c¢alled by EORDER.: Each Qf N
thesg/fuhctions analyzes the corresponding type of subchain
(i.e. 4, B, ¢, D, E, or F) of the doubly linked list

attached to CAE%IER between links L1 and L2, and returns the
S .

’ order f the subgroup of the corresponding Weyl group which

stabilizes the weight corresponding to the subchain. (A"
N N A
separate procedure/TE&QPER! is not used since the necessary

computations for type G are done within STABILIZERORDER.) o

\ v

4

v.J,D
- 48 - *
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FUNCTION STABILIZEKORDER (WEIGHT: VECTOR): NQNNEGA&IVB;

This function, which {is called by FINDXIROOTS and
COMPUTEHULTIPLICETIES, returns the oyder of thg subgroup of
.the Keyligroup which stabilize§ WEIGET. Fpr types A, B, (C,
" and F, the runctiogfsimply calls CREATECHAIN to create the
doubly-linked 1list representing WEIGHT and then calls
AORDER; ECORDER, or FORDER as appropriate. For typés D and
E, the function first changes the numbering of the entries
of the vgc£or HWEIGHT, then calls CREA?ECHAIN‘and then DORDER
or EORDEK as appropriate; the numbering is changed so that
the chaiﬁs created for algebras of these types can be
processed in an analogous manner, -which is necessary 'since
ECRLVER may call DORDER (an E-typerdiagram may have a D-type
subaiagram). For algebras of type G, the order of the
stabilizer is determined without calling other procedures or
functions.*' As an example, suppose the program is coﬁpuuing
mditiplicities for' algebra E& and we have a weight
(represented relative to the omega~-basis)' with non-zero
coefficients on fundamental weights 1 and g’ano.zeroes

elsewhere. Considering the Dynkin diagram for type E6 (see

p. 12) we see'that noces 1 and € split the d;a;ram into two
subdtagrams, namely the Dynkin diagrams of algebras D& and
A2 Thus the order of the subgroup of the Weyl gr&ﬁp of E&
which stabilizes this weight will be the order of the Veyl
group of. L4 times the order of the *eyl(group of A2.~ Tﬁis
prozedure éalls CREATECKAIN, AORDER, ECORDER,  DORDER,’

e Pd A
EORDER, and FOR@ER. (Functions AORDER, BCORDER, DORDER,

a

2 ¢ _ug -



by R. Funé anc /have since been modified by the present
author: the global arra} CARRIER is now used instead of
local dynamic storage; the §}oba1 array ORDER iq now used
instead of separate global arrays for types &, BC (i.e. B
and C) and D; some control structures in small WHILE;DO
ioops.were rewritteh; the renunbering in SfAEILIZERORDER of
the weight vectors under cases D and E has been revised; and

most variable and function names have been changed.)

ES

»

e . ‘ :
PROCEDURE FINDXIKOOTS (SUBWEIGHT: VECTOR; SUBGROUPORDER:
NONNEGATIVE);

This procedure, which is <c¢alled by CONMPUTEMULTIPLICITIES,
determines the xi-roots and their orbit sizes. SULWEIGHT 15.
a doginant weight in the welight system of the given
representi&tion and SULGKOUPORLER 1is the order of the
subgroup of the ke}l group which stabilizes SUBWEIGHT. This
subgnoup? extendeﬁg by the negative. of the 1identity
trans?ormation, deéomposes the comé??te welight sys;em of the
alp,ebra 1hto orbits, each orbit containing a uniqu% positive
. »

subdominant root. 'Subdominant' means that the root, when
‘expre$seo in the omega-basis, has non-negative coefficients
where SUBWﬁ&GHT has zero coefficients. These subdomina?t
orbit repres;ntat{ves‘are called 'xi—roob&+r——551§?ﬁrocedure
searches through the poéitive g%ot list, determining which
roots are xi-rootsy if a positive root is a xi=-root, the
ORBITSIZE field of its record is set to the size of its
- 50 - . . A
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orbit, otherwise the OFLITSIZE field is set to zero. This

procedure calls STABILIZERORDER.

PROCEDURE REFLECTDOMILANT (FDCTOR1' VECTOR; VAR DOEIKA&T1’
DOMINAKT1: VECTOR); \

This procedure, which is called by DOUBLESUMMATION, comﬁuteg
LCLINAKTY, '4Me unique dominant weight conjugate torFACTOR1
undeé the Weyl group. ' Since the two weights are con jugate,
they have the same multiplicﬁty.. DOMINANTY is determined by
aﬁplyina\successive r;flections to FAC{pR1 until the result
is domingnt: if the coafficient of some fundamrental weight
is negafive,_ we apply the reflectiqn defined by the
coﬁresponding simple rodt.' This process continues dhtii we
obtain a dominant weigh}. The theoretical justification of

this =algorithr is the 'dominant weight lemma' discussed in

Chapter 3.

Fd!CTION PREVIOUSMULTIPLICITY (DOhILANT1' VECTOR)
NCOUNEGATIVE;

I

This function, which is called by DCUBRLESUMMATICN, searches
in the 1list qr domi;ant wbights for the weightiDOHINANT1.
If DOMINANTY is found, the function returns its multiplicity
(which will already have been corputed, by the recursive
nature of the ‘modified Ffeudenthal forrmula); otherwise, the
function returns zero (since 4if DONMINANTY ics not in the
list, it is not a dominaq} weiéht of‘the representation, and

. i
hence its multiplicity 4is zero).. This function ycalls

. EQUALVEG¥0K3\\ »



FUNCTlOﬁ DOUBLESUMMATION (SUBWEIGHT: VECTOR): NONNEGATIVE;
This function,-which is called by COMPUTEHULTIPLICITIES,
compuiés and returns thé value of the ‘double summation in
the modified Freudenthal forﬁula. The outer sum is over the
| oébiﬁs of the  root system; this sum 4is implemented by
sea?ching through the root list for the xi-roots (the. orbit
representatives). If a xi«root is encountered, the inner
sum 18 computed; it is .a finite sum of terms of the fornm
scalar Pr;duct times multiplicity. As soon as a zero term
.18 encountered in the iﬁgér sum,.we know that all further
terms are zero. Instead of‘using the actual mu;tiplicity of
FACTOR1, which may not be available (if FACTOR1 is not
dominant), we reflect FACTOR1 1£to the dominant chamber
using REFLECTDOMINANT, and then call PREVIOUSMULTIPLICITY to
find the wrultiplicity of the weight DOMINANT1 computed by
e

REFLECTDOMINANT. Note tQat since DOMINANT1 18 a dominant
welilght of higher level than SUBWEIGKHT, its multiplicity will
have been computed by the time we call PREVIOUSHULTIPLICIf(i
This function <calls REFLECTDOMINANT, PREVIOUSHULTIPLICITY,

and SCALAKPKRODUCT.

PROCEDURE COMPUTEMULTIPLICITIES;

"Trhis procedure, which 1is calledﬂb& the main block, computes
and outputs the mulgiplicities of the dorninant weights in
the weight list. We know tha@ the multiplicity of th
highest weight’ 15 one, ancd fron this the multiplicities of
welghts with lower levels are copputed using the modified

¢
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13
Freudenthal formula. Note that {n order to obtain the
correct multiplicity for a given weight, we must divide .the
value computed by DOUBLESUMMATION by tﬁe difference of the

) » :
two scalar’ products in local variables HIGHPROLDUCT and

SUBP&ODUCT.' The total dimension égkthé representation is
compﬁted (based on the multiplicities of - the dominant
weights and their ¥o;bit sizes) aﬁd.stored in DIMENSION. -
This {s done so that the computations can be checked by.
comparing the result obtained by this meghod with the result
g;ven by WEYLDIMNENSIONFORMNULA. }ht; procedure calls
BASJSCHAN&E, SCALARPRODUCT, STABILIZERéRDER, fINDXIROOTS,

e -

ar.d DOUBLESUMMATION. T

PROCEDURE WEYLDIMENSIONFORMULA (WEIGHT: VECTOR); \

This procedure, which is called by the main block, computes-
the total dimension of the representation with highest
welpht WEIGHT using the Weyl dimension forqula. In order to
911?w the computations to rerain integral, tﬁe running

product is stored in terms 4fiits prime factorization in the

local array POWER. (An entry in the array POWER holds the

. power of €p€“coéresponding prime in the array PRIME.)



% . .
Listing of the_ program
ey LG L P R L

-
1

\ ' Although the - names of constants, types, varlables,

procedures, and functions apbear in upper-éase'thﬁoughout

.

the documentation of .the progkam, the listing of the program

“is entirely in.lower-ca ¢ easier reading.



& a2

[}

program onerepresentation (input, output);

<
it

(* the progran contains the following procedures and
fin order of appearance): '

(* functions
(*

(% function
(* procedure
(* procedure
(* procedure
(* procedure
(*.procedure
(* procedure
(¥ procedure’
(®* function

(* functiorn’
(* pro K?e
%

- (¥ pFocedure

\ 7
-

(* procedure
(* procedure
(* prodedure
(* procedure

positiveanswer

readtyperank

displaydiagram

'

speciallinearmatrix
ratrixinitialize
lengthinitialize

orderinitialize

basischange

scalarproduct

equalvectors
insertroot

computepositiveroots-
displaypositiveroots
computedominantweights

sortdominantweights

displaydominantweights

(¥ procedure createchain
(¥ function aorder

(* function bcorder

(* function dorder

(* function eorder

(¥ function forder

(* function
(* procedure
(* procedure
(* function
(* function
(* procedure
(* procedure

stabilizerorder

findxiroots

reflectdominant
previdusrultiplicity
doublesummation
computemultiplicities
weyldimensionfornula
(* onerepresentation (main block)

55 «
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const \

(* the maximum }Ahkfbf\the Lie algebra.

L

. maxrank = &;
«

(“’the orders of the weyl groups of algebras eb, .vey E2.

eborder = 515640; C

eTorder '= 2903040; . T '
eBorder = 696729600;

fhorder. = 1152;

g2order = 123

(* the number of primes stored in array 'prime', and
(% listed in the 'value' segment.

numprimes = 1004

& ‘ )
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type | e

nonnegative. = 0..maxint;
classicaltypes = (a, bc, d);
rankrange = 1..maxrank;

vector = array [rankrange] of integer;

(¥ pointer type and record type used .for the positive

(* roots of the algebra. each record of type 'root{
(% contains data about a positive root.

»

rootlink = “root;
root =
record

-~

(¥ the root- expressed in the alpha-basis and the

(* omega-basis.

hY

albha,‘ﬁgega: vector;

(* the 'level' of & root is the
(* which must be subtracted from the highest root in’
if the root is a
*findxiroots'), the
(* 'orbitsize' is the number of roots (not only

(% positive roots) in. the orbit of the root under the
(* action of the group generated by the negative of the.
(* identity transformation and the subgroup of -the weyl
(* group which stabilizes the weight for which the

(* multiplicity is being computed.

(* order to obta®h the root.
(* *xi-root' (see procedure

level, g;bitsize: nonnegative;

nextéoot: rootlink;
end;

-

-~
L

«

number of simple rpots-:

LY

“

J

(* pointer ‘type and record type used for the dominant

(* weights of the weight system of a giveq}

(# representation. each record of type '"Weight' contains
(* data about some dominant weight.

welightlink z “weight;

‘welght =

record

(* the weight in the omega-basis.

omega: vector;

L

r

(* 'pmultiplicity' is the muliplicity of the weight.
(* *depth' is the least number of positive roots which
(* must be subtracted from the highest weight of the

,(* representation to obtain the weight.
(* ascalar prdduct of the weight with the vector defined

- 57

-\

'level'
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*)
"
¥)

‘¥

*)
)

%)
¥)
')
*)
*)

*)

¥)
*)
*)

*)
*)
*)
*)
*)

b



ca,

) i
(* by the property._that its scalar product with every: %) . .
(* simple root is 1. . o | .Yy
multiplicity, depth, 1efe1: nonnegative; ' = . . ‘. . Y
nextweight- weightlink; -
end;
! ¢,
(* pointer type and record type used by procedure - ") .
(* 'createchain' and functions 'aorder!' through ‘forder' W)
(* and 'stabilizerorder'. these procedures compute .the ")
(* order of the subgroup of the weyl group which ®)
(€ stabilizes-a given weight. each reeord containa data ¥)
(* about.a component of the given weight. ")
link = "nocde; o . -
node = -
record - - :
left, right: link; o .
nowgero: boolean; - (ﬁj -
. endj T !
7 , ) ' a:*\\. . ’
LY : , ! 4 -
- ot L
o w“’
‘ v
’ A
-N ! ©
3 o
-“ i .'. ’ . .
o]
o ™
M R ¥ -
- i '»A =y,
- - . »-/
. ,
-
» . .
M ’ ’ ~ 5 - ‘;“"‘" s
‘e - — o



. : : :

var .

(% the cartan matrix and its inverse. ‘inversematrix' is *¥)
(* multiplied by thé determinant of the cartan matrix so %)
(* that all the entries will be integral. | *)

cartanmatrix, 1nversematr1x. array [rankrange, rankrange] of
integer; L

(¢ the dete

. 1, . )
minant of the cartan matrix. ‘ %)

-dqeermidant: nonnegative;

- N 7
(* the'squares of the lengths of the simple roots. ®)
aquareléﬁgth: vector; o | ~
(* the tépe of the algebra, 'a' fhroush 'g'. N %)
latype: chaé;. .\‘- _ ) |
(* the rank of the algebfa. , 3 %)

rénk: iﬁteger;

‘
v

(?h“footlist;'is a pointer to the head node of the list  *)
(* of positive roots. '‘temproot' is a teupcrary variable *)
(% used in recycling the root list.: *)

rootlist, témproot: rootlink;

(* the number of roots; used during the computation of *)
(* the positive roots to count the number which ggve been %)
(* computed. . . ")

nunroots: ‘nonnegatives hd

(* 'weightlist' is a pointer to the head node of the list %)
(* of dominant weights in the weight system. 'tempweight' ¥#)
(* is & temporary variable used in recycling the weight ®)
(® list. . *)

3

weight*iat, tempweight. weightlink-

(# thb number of weights; used during the computation of #)-
(* the dominant weights to count the number which have- *)
(¥ been computed. . .. ®)

numwéights: nonnega%ivé;

(* 8 array of pojnters of type '1ink' used to hold the  #)
(* chain created by procedure 'createchain'. )

carrier: array [rankrange)] of link;

L.
N :
. . . '
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(* the orders of the weyl groups of the algebras of the

(% classical types a, b, ¢, and d, and of rank .between 1
(* and maxrank.

order: array [classicaltypes, rankrange) of nonnegative;
(% an "array containins the first 'numprimes'
(* numbers; they are needed by procedure °
(#* t'weyldimensionformula'. : ‘ ;"
: ‘
N prime: array [1..numprimes] of nonnegative;,

prime

i *

P 1
1 .
. . N
)

-
P

. '
3 .

] . .

o

[ . - -

H . - .-
¢

. '
,

*)
)
")

"
).

v)



value

prime =

(

f"{

.2y
23,
59,
97,
137,
179,
227,

269,

313g

367,

419,
461,
509,

25,
o1,

101, .
139,

181,
239,
271,
317,
373,
421,
463,
521,

31,

67,
103,

149,
191,
233, ,

277,
331,
379,

431,

H67t
523y

7y

107,
151,
193,
239,

281,

~E3379
363,
33,
79;
541);

11,
41,
'73,

157,
197,
241,
283,
347,
389,

439, .
1&87 A

109,

Q'

13,
43,
79,

113,

163,

199,

" .251,

293,
349,
397,

4y3,.
491,

17,
47,
§3,

127,

167,
211,

257,
307,
353,
401,

. hyg,
459, .

19,
53,

" .89,

131,
173,
223,
263,
311,
359,

- 409,

457
503, .

P
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‘function posit}veanswef: boolean; - ¢
(* this function asks the user for a yes/no answer, reads *)
(* it, and checks its validity. this sequence is *)
(* repeated until a valid answer has been input. the ®)
(* function returns 'true' for 'yes' and 'false' for ")
(% 'not'. ' L S ‘ LD ¥
varj o '
answer: char; _— - - N
begin (% positiveanswer %)’ : N
'repeat .

writeln (*y/n: '); s

readln; . S :

until (answer = 'y') or (answer 2 ‘n*);

read (answer);

writeln;’
positiveanswer :z ansver z 'y';

*  end; (* positiveanswer ) ' : o

A




B

~

procedure readtyperank;

(¥ this procedure asks the user for the name (i.e. the
(" type and rank) of an algebra, reads it, and checks its

(* name  has been input.

“var

vplidname: booleany; -

begin (¥ readtypeiﬁ)k *)

N

writeln ('input the name of the lie algebra.');

repeat

this sequence is repeated until a valid

write ('a2-', maxrank: 1, ', b2-', maxrank: 1, ', c2-');"

write (maxrank:

LD

'y di-v,

writeln ('a0 to stop:');

readln;

read (latype’, rank);

if (latype
(1atype
(1atype
(latype
(latype
(layype
(latype

~ (1etype

then valid
else validname

writeln;

vt

,'a')
!bl)
lc')
'd')
'el)
'r‘)
tht)
ta})
a

until validname;

and
and
and
and

end; (% readtyperank %)

(2
(2
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nd (rank
nd (rank

and (rank

nd (rank
nd (rank

g

= maxrank)
= maxrank)

maxrank)

= maxrank)

8) or

maxrank: 1, ', eb6-8, fu, g27);
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procedure dispQ.aydiagram H

< i
(* this procedure displays the dynkin diacram of th .
(* algebra using the bourbaki numbering of the simple

)

)

(* roots. for algebras of .types b, )
(* symbols < and > are used to indicate which roots-are *)
(* short and which are long: %)
(* on the closed side and the long root(s) is (are) on )
)

(¥ the open side. .
var
i: rankrange;

‘begin (* displaydiagram *)

¢y £, and g the

the short root(s) is (are)

writeln ('the dynkin diasram (bourbaki nurbering)')

writeln;
?rase latype of
'a', 'b', 'c', ld':
begln ‘

for 1 't= 1 to rank - 1 do.

write (i« 3);
case latype of

~'a':s writeln (rank: '3

'b': writeln (' >',
'‘e's writeln (' <t
'd': . -
begin
writeln;
for 4 := 1 to rank - 3 do .
write (" ')an :
" writeln (rank: 3);
. encj;
°  endj;
end;
te': A
begin :
writeln (' 2');

write (' 1'); . ,
for. 41 := 3 to rank do
__.write (i: 3);
writeln; :
. end; . .
'f*': writeln (' 1 2

'g': writeln (' 1 < 2');

end;
writeln;

-end; (¥ . displaydiagram ')

W w
© N

4

-e ‘we
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procedure speciallinearmatrix;

(' this procedure initializes the cartan matrix for:
(% aigebras of type a.

" var

.1, Jt rankrange;

begin (% speciallinearmatrix %)

for 4 t= 1 to rank do

for J s$= 1 to rank do
cartanmatrix {i, J} s= 0;

for i 1= 1 to rank - do.

begin

cartanmatrix [i, 1] := 2;

cartanmatrix (i, 1+41] 2= =13
" cartanmatrix [i+1, 1] := =13

end;

cartanmatrix [rank, rank] := 2;

end; ('ospeciallinearmatrix “)f

= 65 -
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procedure matrixinitialize;-

(¥ initializes the cartan‘matrix and its inverse for t

(* z;gebra of type 'latype''and rank ‘'rank’.
[
var . \ ' ,

i,.j: rankrange;

he ';/*x

begin (¥ matrixini?ialize ") S,
case latype of
tats:
begin
(% initialize the cartan matrix for type a. *)
speciallinearmatrix;
(* initialize the inverse of the cartan matrix for )
(* type a. . *)
determinant %=z ‘rank + 1; . ¥
for 1 := 1 to rank do
begin
for'j := 1 to 1 do
inversematrix (i, J) :=. 3 * (rank - 4 + 1);
for j 3= 1 + 1 to rank do : .
inversematrix [i, j] := % '.#rank -3 + 1)
end; ' .
end;
bt
vegin 1 .
]
(* initialize the cgrtan-matrix for type b. %)
speciallinearmatrix; .
.cartanmatrix [rank - 1, rank]) :=z -2;
(® initialize the inverse of the cartan matrix fon ®)
(% type b. , ¢ )
determinant := 2;
for £ := 1 to rank - 1 do
begin .
for J 3= 1 to 1 de d
inversematrix [1, J] := 2 #* j§;
for J := 1 + 1 to rank do i >
inversematrix (i, Jy =2 %413 .,
end; ,
for J := 1 to rank do - -
inversematrix {rank, Jj] := J;



end;
'e'l .
begin
(# initialize the cartan matrix for type c. - ¥)

speciallinearmatrix; .
cartanmatrix [rank, rank = 1] := =23

(* initialize the inverse of the cartan matrix for *)

(% type c. ‘ %)
determinant := 23
for 1 3= 1 to rank do

begin

for jJ st= 1 to 1 do

inversematrix [i, J] :='2 * j;
for J = 1 + 1 to rank - 1 do
inversematrix (i, J] := 2 * 1i;
* inversematrix [i, rank] := {i;
‘end; u
. .
ends ' o
14t . . b
begfﬁ .
(* initialize the cartan matrix for type d. ')
speciallinearmatrix; /
cartanmatrix [rank - 2, rank] := =1;
cartanmatrix [{rank - 1, rank] := 0; >
cartanmatrix [rank, rank - 2] = =13
cartanmatrix (rank, rank - 1] :z= 03
(% initialize the inverse of the cartan matrix for ®) -
(* type d. { *)
deterﬁinant HESC H ’
for i 3= 1 towrank - 2 do RS
begin . e
for J := 1 to 1 do »

inversematrix [i, 3] := 4 ® 343
for jJ t= 1 + 1 to rank do
inversematrix (i, J] sz 4 * ij;

end}
for 1 t=z 1 to'rank - 2 do .
‘begin ! w
inversematrix {rank - 1, 1] = 2 ¥ 4;
inversematrix [rank, 1] 1= 2 * {1; .
inversematrix [i, rank - 1] 3= 2 # i; ‘o ©
inversematrix [i, rank] := 2 % i; ’
end}

inversematrix [(rank « 1, rank - 1] s= rank;’ -
inversematrix [rank, rank] := rank; . . . ‘

»
1



inversematrix [rank -" 1, rank) = rank - é;“
inversematrix [rank, rank - 1) t=z rank = 2} oot

end;

] e t s
case,
6:

"inversematrix

inversematrix

rank of
begin

(* initialize the cartan matrf@‘for algebra eb. %)

speciallinearmatrix;.

cartanmatrix [1, 2] := O3

cartanmatrix [2, 1] := 0j. .
cartanmatrix [2, 3] := O3

cartanmatrix (3, 2] 3= 0;

"cartanmatrix [1, 3] 3= : )
cartanmatrix (3, 1] 1= =13 °

cartanmatrix [2, 4] 1= =13 .

cartanmatrix {4, 2] 3= =13 ¢

|

(* initialize the inverse of the cartan matrix ¥)
(* for algebra eb. . - %)

determinant := 33
inversematrix [1,
inversematrix [1,
inversematrix. [1,
inversematrix [1,
inversematrix [1,
inversematrix

~—
-
-

inversematrix
inversematrix
inversematrix
inversematrix
inversematrix
inversematrix
inversematrix
inversematrix
inversematrix
inyerseratrix
inversematrix
inversematrix

* w W w w e
-we we -e we

-e

el e od ) e ) Sl e S D e et ) e b ) T ) e W
PV e OV o 2= aWOhOOONND EONVVW

we we O we NI (rvwe wo N} O we we wo we we we 91 we we we W

S5 G5 S8 50 00 96 S5 00 00 86 OF 08 90 00 40 68 88 se G0 e e
(O O TN 2 TN TN LU L O A LN [ B I O L L L LB L

covouUurounmssFwomrsFwihowmeswn =

cCUUNEFrFIVWWWRhRROR

e w W w v w v w

[+

inversematrix
for 1 3= 2 to )
for j t= 1 to i - 1 do .
inversematrix [i, 3) t= inversematrix [j, 1l3°
i \

P lanlan Landan Luatan Kanl an Kan N n Kan K Xan Ko R

end; Y ’ '< .
begin b j '
(*# initialize the cartan matri

u

1
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speciallinearmatrixy
cartanmatrix [1, 2]
cartanmatrix [2, 1]

L ‘cartanmatrix [2,

: cartanmatrix [3,

. cartanmatrix [1,

v ~ cartahmatrix [3,

cartapmatrix [z,

cartaﬂfatrix L4,

nanwnun -

11 1 1 o0 a0
b =b b b e we weiwe

NI aswnnwWw

et e et d Gd N

20 00 0% 90 08 9 0 @
-e Wes Wwe e

~

V/
(¥ initialize the inverse of the cartan matrix *)

.. (* for algebra e7. L LD
- deter{;nant $=
" inversematrix
inversematrix
inversematrix
-inversematrix
\ - inversematrix
b //M///,/,w/rf/invi?bematrix (1,
o e inversematrix [1,
T Ty inverasematrix ([2,
inversematrix [2,
inversematrix [2,
inversematrix [2,
inversematrix [2,
g . .inversematrix [2,
inversematrix [3,
i rsematrix [3,
nversematrix [3,
invensematrix [3,
inversematrix [3,
inversematrix [4,
inversematrix [4,
’ inversematrix [4,
' inversematrix [4,
inversematrix [5;
inversematrix [5,
inversematrix [5,
inversematrix [6,
+ inversemajrix [6,
inversematrix [7,
S . . for 1 =2 to 7 do e
-~ ' o for j 2= L to i1 - 1 do
‘ : inversematrix (i, }] t= inversematrix [j, 11;

2
1
1
1
1
1

Y -

' w W W W we

) we we we ws we we we we we

-e

et = 2 WO @XINLECDO &

ws we N) O\ N) we we we
we wo we

NNV OO E YOOI E WOV WO W N -
el e e e e St ) e e el eed e ) d Bd ) ) e ) ) ) ) e e ed et o)
e 00 S5 S0 S0 8% o0 s B \.. 98 B8 @ 05 80 00 00 08 04 60 00 00 0 0% e 00 ae W0
[N I R N (T D T L I R O [ O | M| O T O | N T A | DN | O L T DN DN L DN LI [ T I ]

N

&=

-—e

. C - ends
" ‘ . 4 8: begin

(* initialize .the cartan matrix for algebra eS. ¥)

K}

speciallinearmatrix;

: cartanmatrix [1, 2] := O3
‘ < cartanmatrix [2, 1) = 0; . .,
. . b , .
%g‘ . | , PP - C-

.
; .
0y N + . +
L . . . b »
[ . Ly . — , ' [



cartanmatrix [2, 3] := 0;
cartanhmatrix [3, 2] := 0j
cartanmatrix [1, 3] 1= -*%;
cartanmatrix [3, 1] . =z =13
cartanmatrix [2, 4] 1= =13
cartanmatrix (4, 2] = =13

! |
(* initialize the inverse ‘of the cartan matrix #)
(®* for algebra eél. ")

— i

A determinant := 1§ '

inversematrix [1, 1] := U;
inversematrix [1, 2] := 5;
inversewmatrix [1, 3] = 73 ,

, inversematrix [1, 4] 1= 10; .
inversematrix [1, 5] := 83 ’
inversematrix [1, 6] := 63
inversematrix {1, 7] := 4;
inversematrix [1, 8] := 23
tnversematrix [2, 2] 3= 83
inversematrix [2, 3] s= 103,
inversematrix [2, 4] := 153
inversematrix [2, 5] =z 12; .
inversematrix [2, 6] := 93’

» " 4inversematrix [2, 7] := 63
inversematrix [2, 8] := 3;
inversematrix (3, 3] := 14;
inversematrix [3, 4] := 20;
inversematrix [3, 5] := 16;
inversematrix [3, 6] := 12;
inversewmatrix [3, 7] := 8; ’
inversematrix (3, 8] := 4;
inversematrix [4, 4] := 30;
inversematrix [4, 5] := 24; )
inversematrix (4, 6] := 183
inversematrix [4, 7] := 12;
inversematrix (4, 8] := 6; °
inversematrix [5, 5] := 20; -
inversematrix [5, 6] := 15;
inversematrix [5¢4 7] := 10;,
inversematrix [5, 8] := 5;

+  4nversematrix (6, 6] 3= 12;

- inversematrix (6, 7] := &;
inversematrix [6, 6] := U4;
inversematrix [7, 7] := 6;
inversematrix [7, &) := 3;
inversematrix (6, 8] := 23

for 1 = 2 to & do
for J 1= 1 to i - 1.do . ,
inversematrix [1, 3]  := inversematrix [J, 1]

énd;
.end; -
'f!:



begin

speciullinearmatrix;

~cartgnmatrix [2, 3] 3= -2;

I

3 (* initialize the
(* type r.

. 1 4

determinant := 1;
inversematrix [1,
inversematrix (1,
inversematrix [1,
inversen.irix [1,
inversematrix [2,
inversenatrix [z,
inversematrix (2,
inversematrix [},
inversematrix [3,
. nversematrix [3,
' - inversematrix [3,
inversematrix [3,
inversematrix [4,
inversematrix [4,
inversematrix [4,

inversenatrix (4,

sFOOCWNODERN
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el e ) e ) ) b el e e et ) et ) e el
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NWNawor

WO WPe WE M) We e we

end;
's"
begin

&

cartanmatrix [1, 1) = 2;

‘ cartanmatrix [1, 2] :=z =13

, . cartanmatrix [z, 1] :5 =3;
' cartanmatrix [-2, 2] = 23

(® initialize the inverse
(% type g.

* o=
o -
'

determinant 13
: inversematrix [1,

inversematrix [1, .

inversematrix (2,

inversematrix (2,

>e > oa e
Hou n.m
NW s
e We wWe we

-%‘ '

end;
end;

endi;(' matrixinitialize #)

L
I

(f initialize the cartan matrix fot typé f.

inverse of tu® cartan matrix for .

‘ i
(* initialize the cartan matrix

-

*)

*)

< %)

s

for type g. . *)

/ _ t
of the cartan matrix for — )
4 ')

\
'l >
- ;
X . J
r < ?



procedure lengthin}tialize;

-

(* this proce@ure initializes the array 'squarelength's . QJ
(¢ 'squaypelength [1)' contains the square of the length 8)e
_(* of simple root i, .we make.-the convention that the : #):
(* squares of the lengths of the short roots are 2j thia *)
(* causes the scalar product of an arbitrary vector in ™ #)°
(* the root lattice with an arbitrary vector in the *)
(* weight lattice to be 'integral. , t)
var o » p
1: rankrange; . ‘ : .

; begin (* lengthinitialize *)

if latype = 'b!
then - ’
1 "begin ‘ .
. for 4 t= 1 to rank - 1 do
'squarelength [1] 2z 4; -
squarelength [rank] 1= 23
end .
else > : - L
be&in e “ I > . - -‘
for £ 2= 1 to rank do ,

squarelength (1] = 2; v,
" 4f latype = "tef ~
then squarelength [rank]
if latype = 'f* °
then ' . ‘
begin 1 . -
squarelength [1] = 4; . :
squarelength—f2]) 3= 4; ) )
end; ¢ -~ ‘ S ¢
if latype = 'g°' T - .
then squarelength (2] := 63

7 Rar®

-

end; - , .
- ‘ ! . v '
end; (*. lengthikitialize *) Eap .
5. ' .t . .
{ - :-/,‘-‘)
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L T S TR P . :
st cTT e : N
. . P . y

- vy
ST

e N . ST r - A \
0 . J . ';
J"pro@edurelordeyinitialize; o

U . (® tnis proceghire initializes the array: 'orderx(which
- (* contains’ the orders of the weyl groups of the\
(* classical algebras (types a, b, ¢, and d)) and\the
(®

N\
T vector 'carx:,ier'- usj,d by funct._ion 'statfil},zeror\d\gr'.
“&, . var 1/ A | o L
. " . i1 rankrange; - DI' o
. ’ e:e,in (» o:qeri'r:xitia'llize ) | - SR y
CL ( .ini't.fnal)i'ze‘ the array 'order",. '
N ' -f 'order; [a; 1) 1= 23 ‘ / .
. o oraeg¥(bec, 1] 22125 . . . s " 3 E

. [ 4 ' order [d, 1] :£ 1; -
Aol " for # = 2.to maxrank do- ’/

“+ begin SO ’

- % - order \{a, 1]y:=z (1 + 1) ® order [a, & - 1]; . >
. . order “[be, A1} t=-2 "d}' order [be, 1 - 1);
e ", order [d, 1] = 2 * { Worder [d, 1 - 1)} w .
Vet end; ) . Yo N
. t . M
}/ P 'Y . * . R iy
¢ ) X* initialize the carrier. g
. » f' ’ w .‘ ., . - - . ’ R
. . .+ for iss= 1 tosmaxrank do . ‘
. ‘ { +new (carrier [1]); . ‘
oy ' - . - !
‘oo, . [ * , : u { .
%nd; W order%itiali‘ze‘ .. -
. . . T L e . . A
v s , ¢ ' b - . .
. . o AP ’ . . ,
. . - . ¢
Y / “ }f 3 ) ‘ 3 -
¢ ') 4 » - ‘l - +
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s

procédure basischange (omega: vector; var alphaz vector);

(* given a vector ‘omega'’ represented in the omega-basis ")
(* (the basis of fundamental dominant weights)y, this - #)

(# procedure computes the vector 'alpha',\then ", .
(* representation of' 'omega' in the alpha- basis (the - %)
(* basis of 'simple roots): the conversion is done by ®
(* multiplying 'omega' by the transpose of N
(* 'inversgmatrix'. the components of 'alpha' are iny ")
(* fack-scaled up by a factor of 'determinant’. \~ *)
L oS N {
var i ‘ . . S ~ ) . o \\ .
i, Js rankrange;“- . _ L ' : ” "E )
. ' K v - ¢

begin (* basischange LD N . - ‘ N
for 1 2= 1 to rank‘do ’ . N

bESin . . . ‘ . . i .

alpha (L] := 03 ‘ e . !

for 3 := 1 to rank do o R A
*k\\alphanﬁi] iz ‘ /

alpha (1] «+ 1nvers$matr1x (3, i] * omega [Jly ’ _~~/
ends;

! ) f . . ) ¢ [
end; (* basischange %) ‘ . Lo | ?\\“,.51
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¢ ‘ . ] . T . .
tunction scalarproduct (vector 1, vector2: vector): integer;
ﬁg. ‘ (% this procedure computes the scalar product of the . %)
¥ . (% veptors ‘'vector1' and, 'vector2';. one must be - : %)
) 5 (¥ reprbsented in the omega-basis and the other in the ¥)
. (% alpha-basis . . ﬂb)
' var ' . . . ‘
41 rankrange; N
sum: integer; . ] | n ,
B begin (% scalarproducts #) . ) , ' '
’ * sum 1= 0;- l o~ ‘ S
\ "for 1-3=2 1 to rank-do
sum x- sum + vector! [i] ¢ vectorz (1] -* squarelength [(1];
. acalarproduct,.- sum div 235 e .
end; (# qcalarproduct *) ' u
' + ’ .t.’ ; R | ] - ) ~
w S . ) ) .
' . - v «
1
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function equalvectors (vectori, vector2: vector): boolean; !
P ) Ct . » : N ' N )
(* this function returns 'true' iff 'vectorl' equals L")
(* *vector2's ' . *) ,
var S - ' ;
i: rankrange; , g
result: boolean; -
E - . ’
v B 4
begin (* equalvectors *) .
result := true; 7 ‘
for 4 t= 1 to rank do : , o
result := result and (vectorl [1] =z veotor2 [1]); L
€qualvectors := result; : C , B Coy -
-end; (* equalvectors %) ’ . . ';:
Y ,, A ) e . . . . L.
< . . * ’ \ g!
. . Yy . “,
> ? i ] 1)
' . B Y .‘;f .
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procedure *nseptroot (root1: rootlink; newroot: vector;
‘ * -

newlevel? nonnegative);
(* this procedure searcheg for the positive root ®)
(* ’'newroot' with level 'newlevel' in the list of ' &)
(% positive roots, and inserts it if it is not found, %)

(% keeping the 1list ordered by increasing level. by the ®)
(®* level of 8 given positive root is meant the number of %)
(* sigple ‘roots which nust be subtracted from the highest #)

(% root in oqqer to obtain the given root. since the )
(® 'level of 'newroot®' is therefore one greater than the ),
(* level of the root from which it was obtained by *)

(* subtraction of a simple root, the search for 'newroot' #)
(* can begin with node 'root1”' (the node céontaining the #).

(* root from which '"newroot'! was obtained. *)"
Y

var

rootz, root3: rootlink;
insert: betlean;

begin (* insertroot #)

(* injtialize root pointers for search. ) *)

rootez :=z rootil; N
root3 t= rootl’, nextroot; . /

"(% the followirng loop searches through the root list for )
(* 'newroot', after the loop has terminated, 'insert! ®)
(* will be true iff 'newroot' has not been found in the ®)
(* root list. . ' Tooow)
insert := truef . " .
while root3 <>g§il do ' , ' .

if root3”. level < newlevel 4 ! -
then ) .
begin
roote := roots; .
root3 := root3”. nextroot; e
end ' .
else . v
if root3®. level <> newvlevel
then
root3 := nil .
else . /
if equalvectors (root3”. omega, newroot)
then ,
begin SR

insert := false;
root3i t=z nil;y

‘' .end \
else ' R . '
- begin .

- 77 - | : ' . .



- . rootZ := root3j; .
' root3 := root3”. nextroot;
end; - ‘ )
. Y ! . .
(# insert 'newroot! if necessary.
if insert
then £ Y
begin
new (root3);
root3”. nextroot := rootz". nextroot;
root2”. nextroot := root3;
root3”. level := newlevel;
root3”. omegh := newroot; o
tasisciange (root3". omega, root3”. alpha);
numroots := numroots + '1; : ‘
. end;j . °
end; (% insertroot %) ,
I (“ :
‘. ) k
5 ‘ ! . ’
. ! -
) i '
..«. .\ -
- : )
\ o ‘ S
K ‘ ‘O’
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procedure computepositiveroots,

(" this procedure computes the positive roots of the
(¥ algebra. they are senerated as the weights offthe

(* adjoint representation:

starting with the highest

(% weight of this representgtion (which is the highest:
(* root of the algebra), we subtract simple roots from
(% previously-computed positive roots in order to derive

(* further positive roots.

this method generates the

(% positive roots by leved, one level at a time. all of
(* the simple roots are at the same level (the deepest

(% level of the positive root system); when we have

(% generated all the simple roots, and attempt to

(* generate further positive roots at the next ‘level, we
(* immediately obtain the zero root.
(% zero root is generated, we know that we have computed
(% all of the positive roots (and none of the other

(* roots). note that given a positive root, expressed in
(% the basis of fundamental dominant weights, the

thus as soon as the

Lt coeffic}ent of a given fundamental weight is the

(* qumber of times the corresponding simple root can be
."(% subtracted, giving a positive root after each

(% subtraction.
FR

]

flabel ‘j:

var *

i, J: rankranges
count: nonnegative;
rooti: rootlinks
newroot: vector;
zerovector: boolean;

!
N

besih (® computepositiveroots *)

(* store the higﬂest root in‘the

(* list.

new (rootlist);
rootlist”. level :=

case latype of
Ja'z
begin

rootlist®, omega [1] 3=
rootlist”, omega [rank]

end;
vy o
if rank = 2

* then rootlist”

*

0;.'
for i := 1 to rank do
7 rootlist”®. omega [i]

1=z O3

e .
1 e

ﬂ f]
omega [2]

- 79 =
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head node of the root

*)
%)
*)
*)
*)
*)
*)
%)
®)
*)
*)
')
*)
*)
*)
*)
*)

*)

. ®)

%)
') .

»).
*)



~

'c-':
rootlist®. omega [1] = 23
vdcg’ ‘ .
begin - ¢

"rootlist®. omega [2] 1= 13
if rank = 3
then rootlist®. omega [3] :
end; A\
T1et: . ’
case rank of :
6: rootlist”. omega [2] :=

o 7% rocilist”, omega [1] :=
€: rootlist”®. omega [§] :=
enc; .
, ',f': ‘\/ i '
rootlist”., omega [1] := 1;
'g': C
rootlist”. omega. [2] := 1;
end;

rootlist”. nextroot := nil;

else roéotlist”. omega [2] 1= 1;~;\\

-

—

S~ ' v

= 13

1
1
1

-e we we

basischanpe (roctlist”. omega, roo.iist®. alpha);

‘nurroots =z 1; ¢

(* the followins segment computes the positive roots by
(* repeated subtraction of simple roots from '

(* previously-computed positive roots.

. (% subtracting simple roots from

(* soon as .this algorithn generates the zero vector, all

it starts by
the highest root. as

. (% the postive roots have been computed.

rootl :z Footlist;

while rooti1.<> nil do .
begin ’
for i := 1 to rank do

S (e positive root.

if roott”. omega [£+] > 0O
then
. begin

(% store this positive root in 'newroot'.

newroot := rooti”. omegaj
(* subtract simple root
(* root..

. for count
begin .
for J := 1 to rank do

newroot [j) :=

t=z 1 to root1”.

. - 80 -

(* see {f we can subtract simple root

3

i froc this

-

¥

LY
i and test for the zero

: ' Jr

orega E}] do

*)
*)
*)
")
*)
*)

..)
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newrpot [j] - cartanmatrix {1, 31;
zerovector := true; i .
for § := 1 to rank do } )
zerovector sz zerovector ana (newroot [J] = 0);
if zerovector

.then
e (® the zero vector has been generated; )
o : (®* escape. ‘ ®)
— C " goto VU . _
\ \ else;
T~ - (% the new root is not zero; store it in *)
- (* the root list. *)
: insertroot (rooti, neﬁroot, root1. level +
coynt),
end;
N [y
end;
root!1 iz root1”. nextroot;
end; >
: ¢ ~
O:; . \
end; (¥ computepositiverocgts ¥) e
- Vo .
-
. , .
- \.
) . PR
2 - C
P ‘ ’ ’ Lo



procecure displaypositiveroots;

(% this procedure displays the list of positive roots *)
(* (orderec by .level), giving both the alpha-basis and ®)
(% omega-basis representations. . ")
var

root1: rootlink; .
i: rankrange; . ' .
count: nhonnegative;

begin (* displaypositiveroots #*)
. ~ ' L)

N » 3 '
(* output the headings. . . . )
s - A - ~ ' - &
write (! *)s : . .
for 1 := 1 to rank -'{jdp ’ B
write (! ") -
write (! alpha');
for 1 ¢= 1 to rank -
write (' s
writeln (' omega');

1 ¢o

(% output the roots.

count := 13
rootl := rootlist; . L
while root1 <> nil ‘da C . : ' v
begin/s . C ‘ -
write: (count: 3, ! ') ,
for 4 := 1 to rank do ) 8 , s
write (rogt1”. alpha [1] div determinant: 3);
write (' ') K
for 1 ':= 1 to rank do . : : ,
write (root1”. omega [i]: 3); - ' 71
writeln; ‘ : . .
root1l := root1”. nextroeot; :
count :=.count + 1; . '
end; '

writeln;, ¢ . . n ' B '
. - ‘ T .
end; (% displaypositiveroots %) . . o K;(i

L
i, s

oLy
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procedure compytedominéntweights;

(% this procedure reads in the highest weight of the k)
(* representation for which the multiplicities are to be %)
(¢ computed. it then computes the dominant weights with ®)
(* non-zero welght spaces in this representation and *)
(¢ stores them, orcdered by increasing depth, in the list %)
(* with head pointer 'weightlist'. the depth of a given ¥)

(¥ weight 1s the least number of- positive roots which .n)
o (* must be subtracted from the highest weight in order to “9
. (®* obtain the given weight. , *)

var

dominant, founﬁ: boolean;'
' rootl: rootlinks
newwelight: vector; . !

newdepth: nonnegative; . N
weight1, weight2, weight3: weightlink; :ﬁfP/

¥ i1 rankrange;
\\\\\. begin (% computedomanantweights ')

(% read the highest weight into the head node of the *)
‘(® weight list, repeating until the user has confirmed *)
{* its correctness; then set its depth field to z;ro.’ ®)

‘; .
new (weightlist);
repeat

- writeln ('ihput the highest weight in €he basis Qf"),

. writeln ('fundamental dominant weights (bourbaki');,
writeln ('numbering) on one line."); ’
readln;

9 for 1 ¢= t to rank do
" read (weightlist”. omega [1]
writeln; i)

writeln ('is it correct ?'); Lo
until positiveanswer, .
g weightlist®., aepth := 03 R
/  welghtlist”. nextweight := nil; .
numweights tz 13 . . ‘

» i 'y,

d (‘ the rollowing segment computes the dominant weights by #)

(* fﬂpeated subtraction of positive roots from *)

e —~g& previously-computed dominant weights. it starts by’ *)

. ® subtracting positive roots from the highest weight. *)
(' the generation of new potentig;\weights continues )

(% until all the positive roots e been subtracted from %)

R - (% all the previously-computed ueights. a newly- ")

(% generated potential ueignt is an jctual welght iff 1t #)

° (v 13 dominant. v, )

" weight! :=z weightlist;
while weisqci <> nil do

IS a | . . C y ‘ .



begin R o - e
root1 t= rootlisty '

while root1 <> nil do . .
begin
(* subtract the positive root from the dominant .) .
(* weight. - . *)

L)

for 4 ¢= 1 to rank do
newwelght [i] t= ;
% weight1®., omega [f] - root1”.. omega [11;

(* check to see 'if the potential weight ‘newweight' *)
(¥ is dominant. ¥)

dominant := truej . . - . ' -
for i1 .:= 1 to rank do '

dominant := dominant and (newweight. [1] »>-= 0);
if dokinant .

then ., ’

(¥ 'newweight' is dominant and hence is'a weight; *)
(¥ search for it in the weight list and inaert it *)

(* 4f it is not found. .~ ’ , *)
begin
.« newdepth :=z weight1”: depth + 1; .
found := false; R
P welghtd 3= welightlist;

‘welght3 1= weilghtlist”. nextweight;
while weight3 <> nil do i .
) ifr equalvectors (weisht; . omega, newweight)
e then -

begin . . ' VR T
found .Q\true, . ' oo L
weight3 t= nil; <
end - .
else ) _
S if newdepth < weight3®. depth
— then weight3 := nil :b
else . ) : ‘
begin . , . ‘ _— “ . e
weightz := weight'3; - T e ) e
, weight3 ¢z weight3®. nextweight
‘ oo end; | - ‘ ‘ ‘ ,
if not foun{i ' : ' L, ("
- then | )
besin )
new (weighta), {/
- . welght3". omega :=z new 1ght, ,
" "' weigxht3". depth := newdepth; ..

weight3". nextweight = weight2”, mextweightj-
weight2®, nextweight := weight3; \ \
'nupweights. t= numweights + 1j .'.' ’ ~ R
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end;
end;

. B
.

root1 $2 rooti’.hextroot
end;
- Wwelght1 := weight1®.nextweighty, e

end; '
N @ N ‘ v
\
. . |
end; (" computedominantweights #) ! :
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ocedure sortdominantweights; PA

this procedure computes the levels of the dominant L)
weights in the weight list, and sorts the weights by ')
decreasing level. formally, the level of-a weight is )
defined to be one plus-twice the scalar product of the %)
weight with the vector 'rhohat', where 'rhohat' is ')

fined by the condition that its scalar product with *®)
any simple root is 1. a simple computational method ')
of determining this scalar product is to compute the )

[

vector 'inverserowsum' (containing the sums along Lhe. V)
rows of the inverse cartan matrix) and then take the ")
ordinary scalar product of the weight with *y.
'inverserowsum':. . T <)
r{ 4
- » A
verserowsum: vector; ' . -,

J: rankrange;
ight1, weight2, weight3: weightlink;
ne: boolean; J € -

gin (* sortdominantweights ‘_)

compute 'inversérowsun'. ’ ‘ ")

ri := 1 to rank do . ’ .
begin , . ‘ v

inverserowsum [L] 1=, 0;

for j := 1 tc'rank do
inverserowsum [1i]) := .

inverserowsum [i] + inversematrix [i, j]; .

end; : . :

3

compute the levels.of the weiggté in the weight liat. %)

°

ightl := weightlist;

ile weight1 <> nil do .  ° ) ‘ o
begin
welght1®. level := 0; - ’ o

for 1 := 1 to rank do
weight1”, lével 1i= weight1”, Yevel +
~ inverserowsum (1] ¥ weight1". omega [1];
welght1®. level := :
(2 % weight1®. lefel) div determinant + 1;

.weight1 := weight1". nextweight; B

(»

re

end; \ p ,@

sort the welghts by decreasing leveél. S | s)
4 . o ’
peat o . . ‘ o .
done i1z true; » ‘ ‘ o
w€ight! = nilg A . L - ‘
yeightzuzzlwe}shtxist; T o ' .
& -~ ‘. N e

1

.. ' ’
)86 o L S «

-
£
ot

-
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‘uhile welghtze <> nil do \

begin - P 1

ueibhts t= weightz + nextvwelight;

if weights <> nil - " . :
"y then | \ _ .

if weightz® .level < weight3i®.level .
then ' \
begin

. done 3z false;
‘weightz”™. nextweight :=
welght3®., nextweight := welg
if welghtl <> nil X

then weight1”. nextweight t= weight3

weight3®. nextweight}
te; . t

N/, © else uqightlist'rs weight3;
"o ‘ weightz := welght3;
~ " wedight3 := weight3®. nextweight;
"2 end; .

welght! iz weight2; .
weight2 := weightz”. nextweight;
end; '

until aone; ™ 2

.endj (* sdrtdominantweights #)
r. e
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procedure»oisplaydoﬁinaﬁtheights;h

(* this procedure displays the Yist of - ‘weights together .

A Y

(‘I with the depth and level of each weight.

var

i: rankrange; -
counts nonnegative;
weight1s: weightlink;g

begin (¥ di;playdominantueightsx'J

(* output the titles.

write (! depth

for 1 = 1 to rank - 1 do
write (' ')

writeln ('weight'); -

¢

(* output the weights.

welightl := ueighté}st'
count = 13

while .weightl <5 - nilado

begin

write (count: 3, ' | ',

‘write (weight1®. fevel:
.for & t= 1 to rank do

b,

‘level');

"weight1”®

..;

write. (weight1 . omega {1]: 3);

writeln;

wNelghtl = weight1

count :="count « 1-,‘

ends ' o
writeln;

¥

end; (% displaydominantweights %)

L}

nextweight;,

&

o
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procéddure createchain (weight. vector; var first, .
last- link);’ ‘

-

R 4

(* this procedure creates a.doubly=linked 1list between *)
(* the nodes 'carrier [1]°*' and ‘carrier (rank}' with ®)
(* the 'nonzero' field of each node being 'true' iff the *)
(* corresponding entry of ‘weight' is non-zero, and : *)
(¢ returns the values 'carrier (1]' for 'first' and LD
(* ‘carrier [rank]' for 'last'. S *)
.var ‘ oot

1: rankrange;

Y

begin (* createchain *)

for £ ¢= 1 to rank do .
carrier [1]1". nonzero := weight [1] <& C; )
. for i :=z rank-+ 1 to maxrank do: ‘ '
carrier [1]". nonzero := false; '
for 1 ¢= 1 to rank - 1 do ..
carrier [1]%. right :=-carrier [1/+ 115 .
—~for i := rank to maxrank do
carrier [1]°. right 3=z nil;
carrier [1]%. left := nil; /
for i := ¢ to rank do '
carrier {1]J". left := carrier (i - 1];
for i := rank + 1 to maxrank do -
carrier [1]°., left := nil; ) : -
first := carrier [1];
last := garrier [rank];

I

~
~

end; (* createchain ¥) . k : : e . ‘
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function aorderA(vgr I1, 12: 1link): ndhnegapive;

(® this function analyzes~theké-type~pubcha1n between
(¥ links *11" and '12' and returns the order of the
(® subgroup of the weyl group which stabilizes this

(* subchain. -
var A - .

result, count: nonnegative;
continues boolean;

begin (% aoraer #)

result := 13
epeat’
continue = 11 <> nil;
while continue do a
if 11°, nonzero . .
then o
bebin -
11 := 11°, right;
continue 1= 11 < nil;
end :
else continue := false;
count = O;
continue := 11 <> nil;
" while continue do
if not 11°. nonzero"
.then
begin .
count := cou
11 := 11%, r
continue :
end .
else continue := false;
if count <> 0 ‘

then result :=z result * order [é,

until 11 = nil;
.aorder :=z résult;:

end; (* aorder ")

- 90 -
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function becorder (var 11, l2: link)s’nonﬁigatives

(% this function analyzes the b- or o-type sugﬁhain . &)
(* between links '17' and '12' and returns the order of #)
(* the subgroup of the weyl group which atabilizea this &)
(* subchain. . ) T

J— var

13: link; .
continue: boolean;}
result, count: nonnegative;

begin (* bcorder *) o ‘ ' v/l
1 4 ” -
if 12°. nonzero o T
then ~ , N
‘ begin '
12%, left”. right :=z nil;
result :z aorder (11, 12%, left);

end
= else
N begin . )
: 13 2=:12%, left;
if 13°. nonzero , ,
then "; ) . . \ -
R if 13%. left <> nil S o "
B * then N : T »
' begin . '
13%: left®. right := nil; - )
result := ’
‘ aorder (11, 13°. left) * order fa, 1];
) end .
else result := order [a, 1] , ' :
else o . ' . -
o . begin . _ - _ A '
' count = 03 '
13 = 13%. lefrt; .
continue := 13 <> nil; "~
. while continue do
Y : if 13". nonzero. -
: ' then continue := false
, else * .
- . ‘ begin ' {

, count := count + 13
13 3= 13%. left;
cantinue = 13 <> nilj o )
repd; - ' - . ) o
if 13 <> nil " T
- -then e ~
' begin o . { : .
( 13°. right $= nil; :
' . result := -
' aorder (11, 13) ‘s order Lbe, 2 + count];
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. . . . ¢ -
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. var

function dorder (var 11, 12: link): nonnegatives ) :

(* this function analyzes the d-type subchain betwseen ")
(* -1inks '11' and 'lg' and returns the order of the *)
(®* subgroup of the weyl group which stabilizes this *)
(* subchain. VAN D

-r

i

132 link;, -
continue: boolean;
result, count: nonnegative;

tegin (% dorder %) !
£f 11", nonzero
then result := aorder (11", right, 12)
else ' . R
begin . ] . .
13 2= 11°%. right; . -
if 13"%. nonzero
then
lm begin
11", right = 13%. right;
13%: right”. lefg = 11;-

result := aorder 1, 12);
end ’ .
else _
“begin .
13 t3 137, right; (
if 13°. honzero &
« then
Yegin R ’
. 13%.right”. left 2= filj; T, -
.. = ' result := order [a, V] * order [a, 1] * 7 -
! "aorder (13°7. rigﬁ}l 12); .. - ) '
\ L . .
f end g
else ~
begin //'
' 13 t= 13%. right; ‘
if 13%. nonzero / - :
then .
begin . .
< 1f 13 @ ‘ - A
then result := order {a, 3] *
. - / aorder (13". right, 1¢)
o else pfesult .:= order [a, 3);
- o " end
else’ &
5 . ‘,'pegiﬁ ) o
Ny courpit = 1; ,
> 13/:= 13", right; .
’ ,cgétinue sz 13 <> nil; J ’

ile continue do - A )

‘
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) ‘end;
dorder

- end; (* dorder ¥)
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’

result := order ([d,.count + 3];

' )

v 4 ' 1
’ .
L

ke b —————
k) 4
»
. )
B
4 -

if 13°. nonzero T
then continue := false =~ = =~ -~
else «

.. begin )
© - 13 3= 13%. right;
continue 2=z 13 <> nil;
gount (= count + 1;

end; ; ‘

1f 13 < nil

,'end
end;
ends

z'result;

then if 13", right <> nil . ,
“then result 3= result * -
aorder (13". right, 12)3

>
; \
d *
, .
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' Y . ..,;."‘ ¥ L
N .
- function eorder (var 11, 12: link): nonnegative;
{% this function analyzes the e-type subchain between
(®* links '11' and '12°" and returns the order of the
(% subgroup pf the weyl group which stabilizes this
(* subchain., ° .
N &,' -
A var
. i
result, count: nonnegative; y
_ done: boolean; ;
13: link; » ) &
begin (% eorder #)
P if 11‘fpnonzero
‘ then result :=z dorder (11°, right, 12)
else ‘ «
begin ) AN
13 = 11°, right; A
if 13%. nonzero ‘
then '
C begin ' * ¥
' 13", right®. left := n&l, A h
result := drder [a, 1] ® aorder (}3 . right, 1z),
.end 3 . .
¢ else .
‘ begin . N .
’ “ oo 13 t= 13°, right l —
;- if 13°. nonzero ’ .
then ) ‘
begpin v .
.11%. right”. right := 15 . right;
[ ‘ 13%. right". left = 11 . rightj
result :=z= aorder (11, 12);
. end
else ~ a .
begin
done := false;
count t= 03
repeat
. count := count + 13
. . 13-:= 13", right;
if 13°. nonzero
then
: begin ¢
- result := aorder (13°. right, 12);
. case count of
R 1: result := order [a, 1] ¢
order [a, 2] ¥ result;. .
- 2: result := orde® [a, 4] * result;
' 3: respiAt t= order [d, 5] * result;
. 4: resiTt 1= eborder " result;
_ s 5: result iz eTorder * result;
I - - 95-% 1 .




s - N I . ° : =
: & (Y
A b ‘
-—G‘—\ 3. -
N . end;
, . done %=z true;
- end;
--until (13%, right = nil) or done;
if not ‘done st
then M -
case rank of .
, . 6 resu}t 3= eborder;
7¢ result := eTorder;
8: result :z edorder;
} end; ‘
) R end; -
. end; ‘ K
end ; : o
er := result; W , T
. | P |
end; (N eorder ¢ . :
3 ) . >¢ . .
/ . < N
- // . “yt
‘lﬁi L - ’ ( g
L ", ) , 0
: ' )
i , »
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' f . ; .
o™ ° : 7
.o | -
\ f ) ° :\k‘;;,
| . | o
‘ R
. ’ . ’ ‘
- [ .




2

v ;
. . »
. ‘ _ | | | | .
function forder (var 11, 12: 1link): nonnegative; ' . 5
48 this function analyzes the f-type subchain betueen' .) ,
4(5 links '11' and '12' and returns the order of the )
(* subgroup of the weyl group which stabilizea this ®) N
(% subchain. . *) ’
!
var o -/
result: nonnegative; , //
begin (* forder W) - IR /~ .
- ’ ]
B - . ':/
f» 12°. nonzero . / o
then result := bcorder (11, 12%. left)
else * . : ‘
begin ‘ S ) . .
12 := 12‘. left; . S : oo
if 1z". nonzero ) : :
then . . o
. begin
. 12%, left”. right := nil;
/ result := order (a, 1] * aorder (11,-12. left) \_,/’
end ‘ : o ,
else -
begin
- 12 :=‘12‘. left;
. if 12°. nonzero
t then : ]
- if 12°. left”. nonzero : °
“then result := order ([a, 2] ' (
else result 3= order_{a, 1] % order (a, 2] |
else i
. if 12%. left”. nonzero
then result := order [be, 3]
S else result := fhorder;
(E end; "’
end; ¢ .
forder = result; . . .
.end; {(* forder %) '
| < .
\\.,f‘\ . .
‘ - 5
\ \
- B v : ’
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runotloﬂ‘stabiliierorder {weight: vector)s nonnegative;

(* this function returns the order of ‘the subgroup of the
(* weyl group which stabilizes 'weisht' for types a, b,
(% ¢y and £, function 'stadilizerorder! simply cafls

(* procedure 'createchaip' to create the doubly-linked

(¥ 1ist representing 'weight' and then calls function ”{3
(w ‘aorder!’, ‘bcorder', or 'forder' as appropriate. for

(* types d and e, function 'stabilizerorder' first

(¢ changes the numbering of the entries of the vector

(* 'weight', then calls ‘createchain' and then ‘dorder'
(* or 'eorder' & appropriate; the numbering is changed
(* so that the chains created for algebras of these types
(% can’/be processed in an analogous manner, which is

A% necessary since 'eorder' may call 'dorder' (an e-type

(* diagram may have a d-type subdiagram). for algebras of
(* type &, the order of the stabilizer is cetermined
(¥ without calling ¢ther procedures or functions.

1

var

‘43 rdnkrange; -

-

.

temp: integer; -
first, lasty link;
‘\5 i

begin (% stabilizerqrder ®)

case latype of
'a"
begin N f
createchain (weight, first, last);

y stabilizerorder := aorder (first, last);" .

end; V »
"bY, tc'i LT LT
begin
createchain (weight, first, last);
stabilizerorder := bcorder (first, last); o
end;
tdt:
‘begin
for i =z 1 to rank div 2 do ,
begin - . .
temp := weight [i], - .
weight [1) := fieight [rank « 1 - 13;
welight [rank + 1 = 1] := temp;
énd;
createchain (weight, first, last);
stablilizerorder := dgrder (fi{:f:,last),
v end}
'e's
Legin
temp t= weight [2];
welght [2¢] t= weight [3], ' |
weight [3) 3= temps



createchain Queicht, first, last); .
o stabilizerorder := eorder {first, last);
b Co end; . .
T ., “ , _
begin . . m o T
createchain (weight, first, last); ¢ §\ ‘

stabilizerorder t= forder (first, last);

end. ' A
"8" Lo . S
) if weight. [1] 0 S o
then '
- 1f wedight [2] = 0 . ,
. then .stabilizerorder := georder ,
else stabilizerorder :=z.order [a, 1] - ;
' else : /oo
T if weight [2] = 0 / " — ,
then stabilizerorder := order [a, 1] o
else shabilizerorder itz 1
end} . . . ‘ Sy
"end; {* stabiYizerorder %) ' .. , .-
n . . : : [
. v ,;‘: ‘ n‘ 4
*
) N . - 'A'
[ t“ § a
- °
r" ' . -
° L}
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ocedure findxiroots (subweight: Wector, subgroupbrder:
nonnegative); - . X

. (% Ssubweight' is a dominant weight of thq§highest weight %)

S (* and 'subgrouporder' is the oraer ‘of the subgroup of ®)
(* the weyl group which stabilizes 'subweight'. the ®)
f(* group. yenerated by this subgroup and the negative .of )
(* the identity transformation decomposes the complete *)
A* root system of the algebra into orbits, each orbit ¥)
ol & confa}ning a unique subdominant root. .a root is . %)
(* called 'subdominant' if, when expressed in the - . %)
-{¥ omega-basis, it has nonnegative coefficients where ¥}
(* *subweight'! has zero cogfficients. these subdominant L W
(* orbit representatives are called 'xi-roots'. 'this %)
(* procecure seaSQPes through the positive root "list, #)

., (% determiningawhieh roots are xis; if a positive root, is %)
(* a xi, the ‘orbitsize' field of its record is set equal ¥)
(* ®o the sfze of its orbit, otherwise the 'orbitsize' *)
(* field is set to zero.' - - ) *)
var . 4 .

' } ¢

‘root1: rootlink; : o ‘ :
iicrankrange; : 47 : S o
xirQot, index: boolean;, - v
subsubweight: vector; . i :
begin (¥ findxiroots#%) o e %

ro
wh

_ xiroot :i= true;

2

ot1l 3= rootiisg;
ile root1 <> nil do .;/
begyin . o

- ———

(* determine if 'moot1”! i1s'a xi-root. -it is a xi-root *).
(* iffvsubweight [1i] = 0 implies root1”. omega [i] >3 0 %)
(% for all 1. 4 , %)

4 o
for i := 1 to rank do * A ) . _ .
xiroqt := xiroat and i‘ : .
((subweignt [1] <> U) ‘or_(root1”, omega [i] >=, 0));
if not xiroot L b

then"root1~., orbitsize := 0 . . v A\

+.e}se < ‘ . . . . ) ,‘, _
. - | I )
t¥ 'root1”' is a'xi-root; determine its orbit size. ¥) .
5 . ° = ' ™
begin ‘ '
for 4 := 1 to rank do

if (subweight [1i] = d)-and (root1”, omega [i]‘; v)

then subsubweight (1] := O

el subsubweight [1] = 1; o B P
‘index = true;’ \ S .
for 4 := 1 to rank do o ' 0 .

Y S L ; .



. ) J
L} f
a,
-
. - o M R
index t=- index and . e
LS “ o ((subweight [1] = 0) or (root1”., alphalil = 0));
- if dindex - { ‘ ]
A . then rqpt1‘.\orbitsizg !z subgrouporder div .
“ o »~ stabilizerorder.(subsubweight)
. } else»rodf1“.,orpitsizeA:= 2 % subgrouporder ‘div .
N - stabilizerorder (subsubweight)’
- end; . .
. .
rootl 3= rpot1”. nextroot; * . a4
. -endj ’/‘
"\__ end; (* findxiroots *) . l3
3 . v, . - - o ®
a \r'?’ v . o . i
e, & r </ ,
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~procedure refléctdoq&fant (factor1: vector; var dominantl.

vector);
(% given an arbitrary weight 'factori', this procedure *)
(* computes 'dominanti1', the unique dominant weight . ®)
(* '‘conjugate to 'factori' under the weyl group; since the ¢#)
(* two welghts are conjugate, {douﬂnant1' has the same *)
(¥ multiplicity as 'factori'. ‘'dominanti1' is deternined #)
(% by applying successive reflections to 'factor1' until #)
(¥ the result is dominant: if the coefficient of some *)
(* fundamental weight is negative, we apply the %)
(¥ reflection defined by the corresponding simple root. *)
‘(% this process contfnues until we 6§tain a dominant *)
(' weight. . .)
var’ ) . ,
dowin dﬁbﬁﬁrean,
i, range} . !
coefficient' integer; P N
begin (% reflectdominant *)
dominantl := factorilg
repeat
dominant := true;
for 1 := 1 to rank do -
if dorminantt1 [1]) < 0O
then .
(% the coefficient . of the fundamental weight is *)
. (* negative. ")
@ begin . ,
dominant := false;
A .
(* apply the reflection defined by the . %) .
- ) (* corresponding simple root; i.e. subtract %)
(* 'coefficient' times the simple root. *)

coefficlent := dominant1 [i];
— for J 3= 1 to rank do
wominantl1 (3] := dominant? [J] 7//
coefficient -* cartanmatrix [i, 3);
, encu; '
until dominant-

end; (¥ reflectéominant *) ///// 4

- . LN
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function previousmultiplicity (dominant1: vector):
nonnegative; . . .

(* this function first searches in the list of dominant . *)
(* weights for .the weight 'dominant1'. if 'dominant?i’' is %)

(* found, the function returns its multiplicity (which )
(% will have been previously computed); otherwise the *)
(* function returns 0 ‘(sinee if 'dominant?' is not in the %)
(* 1ist its multiplicity is 0). : . ")
var !

»

found: boolean; €>
weight1: weigntlin%}/ . " ..

begin (* previou&multiplicitn ®)

~welght1 := weightlist'”

found := falsej; .

while (weight!1 <> nil) and. not found do
begin ‘
found := equalveetors {weight1”, omega, domingnqj);
if not found -

then weight1 := weight1”. nextweight;

end; \ 4 . ) ‘

if found = . . .
then 'previousmultiplicity ‘welight1”. multiplicity ‘
else previousmultiplicity 0; - . '

-

end;  (# previousmultiblid?ty.')'

v/‘a

At

A



function doublhsqmmatfén (subweight: vector): nonnegative;

(% this function computes and returns the value of the - %)
(* double summation in the modified freudenthal formula. #)
(* the outer sum is over the orbits of the root system; %)
(* this sum is implemented by searching through the root *)
(* 1ist for the xi-roots (the orbit representatives). if #)

(* a xi-root is encountered, the inner sum is computed; %)
(* it is a finite sum of terms of the form scalar product #)
(* times multiplicity. as soon as a zero term is %)
(* encountered in the inner sum, we know that all further #*)
(* terms are zero. instead of using the actual *)
(* multiplicity of 'factor?', which may not be available *#)
(* (since 'factor1' may not be a dominant weight), we *)
(* reflect 'factorl1' into the dominant chamber using *)
(* procedures 'reflectdominant', and then call function %)
(* 'previous;hgtiplicity' to find the multiplicity of the %)
(* weight 'domdnanti' computed by 'reflectdominant!'. ®)
(* note that since 'cdominant1! is a dominant weight of *)
(* higher level than 'subwelght', the multiplicity of *)
(* *dominant1' will have been computed by the time we *)
(% call 'previousrultiplicity’. o *)
var =t

root1: rootlink; . . '
innerterm, innersum, result: integer;. - _
count: nonnegative;

it rankrange;

factoril, dominanti: vector;

begin (* woublesummation %)

result 3
root] := rdotlist;

o, Whilé root1 <> nil do
begin ‘
if root1”. orbitsize <> 0
then

begin . ,
count := 03 :
innersum := 0;
repeat . -

count $= count + 13
for 1 t= 1 to rank ao
factor1 (1]
subweight "[1] + count ®* root1”., omega {1i];
reflectdominant .(factorl, dominant1);
innerterm := previousmultiplicity (dominant1); .
if innerterm <> 07 p
then innerterm := innertern * R
- scalarproduct (factoril, rooti1®., alpna);
innersum t= innersuu + innertern;
until innerterm = (;

. ‘ _ ‘- 104 -



end; (* doublesummation *)

v result
, ’ . end;
rootl :=
end;
doublesunmation
\Q
. . . o
’ t
. -
H] . )
. A\
N [ .
C .

e

result + r

Eesdlt;

00

roopl“. nextroot;

t1%. orbitsize

- .
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procedure corputemultiplicities;

(* this procedure computes and outputs the rultiplicities
(% of the dominant, weights in the weight list.

we Know

(#* that the multiplicity of the highest wedight is one,

(* and from this the multiplicities of weights with lower
(* levels are computed recursively using the modified «
note that in order to obtain the

(% freudenthal formula..

(* correct multiplicity for a .given weight, we must
(* divide the value computed by function '

(* and 'subproduct'. the total
(* representation is computed

"(* tdoublesummation' by the difference of ‘'highproduct’

dimensior of the
(based on the

(* multiplicities of the dominant weights and the sizes

(* of their orbits) and stored

in 'dimension'. this is

(* done so that the computatidns can be checked by

(* conparing the result obtained by this method with the

(¥ result given by the weyl dimension formula.

var

weylgroupordér, subgrouporder,
subproduct: nonnegativey,

it rankranges’

weighti: weightlink;

omega, alpha: vector;

count: nonnegative;

begin (®* computemultiplicities

(* determine, 'weylgrouporder’',

(*# group of the algebra.

case latype of

dimension, highproduct,
Qe

*)

the order of the weyl

'a':s weylpgrouporder :z order [a, rankl;
'b', 'c': weylgrouporder := order [bc, rankl;
'dr: w?ylgroupoﬁder :z order [d, rank];

‘e's cuase rank of
¥ 6: weylgrouporder :=
7: weylgrouporder :=
6: weylgrouporder :=
-end; -

'f':’ weylgrouporder := flor
'g': weylgrouporder := gzor
'end; R
(¥ compute 'highprodus&i\&\
' ~
for i t= 1 to rank do . N

.basischange (omega, alpha)}

eborder;
eTorder;-
eborder;

der;
der; -

.

omega [1) 1= weightlist®, ohega [1] + 13

highproduct := scalarproduct (

(* output the headings, the hi

- 106 e

Mgsi;)alpha)f

ghest weight and its

o

Y |

%)
*)
®)

¥

*)
*)
*)
%)
*)
*)
1)
*)
*)

®)

®)

')

*)

"



</

/ .
Sfémultiplicity, and initialize 'dimgnaion'. g . ')
Write (* " level'); "

//(for i ¢t= 1 to rank = '1 do ;

write (' ') .
writeln ('weight multiplicity')s
writeln; ) ,
weightlist nulti 1= 13
count := 1; . . . ‘
write (count: 3, ' weightlist”®., level: b, v ')

for 4 := 1 to rank do

. write (weightlist®. omega [i]: 3);

writeln (° ';/ welghtlist”. multiphicity:‘12);

dimension := Te
weylgrouporder div stanilizerorder (weightlist omega);

(* compute and output the other multiplicities. . ' ")

"welght? := weightlist®. nextweight; 1 _

while weight{ <> nil do : , v

" begin - .
(* compute 'subbroduct'. ’ ' ")

for £ := 1 to rank do
omegpa [1) := weight1”™. omega [i] + 1-
basischange (omega, alpha);
" subproduct := scalarproduct (omega,\alpha),

(* compute and output the multiplicity, and increment )
(* 'dimension'. L . ’ 1)

subgrouporder ::= stabilizerorder (wei&htl ‘omega);
'findxiroots (weight1” ega, subgrouporder),
weight1®. multiplicity S i
doublesummnation (welghtY". omega) div
(highproduct - subtproduct); )
count := count + 1; o . .
write (count: 3, ! ', weight1°Z level: 6, ' ')
for 4 := 1 to rank do ,
write (weight1”. omega [4]: 3)% )
writeln (° ', weightl“..multiplicity: 12); .
dinension &z cimension + weighti1”. multiplicity YL e
(weylgrouporder div subgrouporder), '

Cnme = . L

welight1 := weight1” .nextweight; o7 ‘
. endj - ) .
writeln; y e
(“ output the total dimension. . - ' ')

writeln (' aimension of rep“esentation:')\\\,»
hriteln,
"writeln (dimension: 1);

N - 17 - . \i



AT Y
.
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.
[y

. ; . . ’
. L]
writeln; - : _ R
endj (® computemultipicities %)
& Ce )
v "a - 1 )
- R ‘;' .” “ ’ h o
! B [V B L
. M . . ‘ R ¢
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ocedure weyluimensionformula (weight: veétor){

O‘x’

v

this procedure computes the total dimenaion of the
representation with highest welight 'wéight', using the ")
weyl dimension formula. in order to allow the

computations to remain inteq;al, the running product
is stored in terms of its prime factorization in the

array 'power'.,
r

1..numprices;

numerator, denominator: 1integer;

co
i:

unt, result: nonnepativey
rankrange;

power: array (1..numprimes] of integer;
root1: rootlink;

be
(*
fo

(¥ compute the product of the factors, oné~factor for s,

(x

ro
wh

gin (# weyldimengionforiula ")

initialize the array of powers..

rn := 1 to numpprizes do ‘ \
power [n) := 0; \

each positive root.
ot1 := rootlist; §§ <

ile root! <> nil do . . N
begin ' *

p]

N

(. conpute the nubherator and denowinator of this

(* factor. y
numerator := 0;
for 1 := 1 to rank do
numerator := numegator +, :
(veight [1i] + 1) ®* rooti1”. alpha [1]) *
squarelength [1];
numerator {= numerator div 23
denominator = (;
for 3 :z 1 to rank do
denorinator := d¢nominator +
root1”, alphaf{i] ¥ squarelength [1],
denouninator := dernominator div 2;

(* multiply by the numerator and divide by the

(% denominator.

m = 1;

while numerator <> 1 do
if numerator mod prime [n] <> ¢
then n s=n + 1

N4

- 105 =

.

-

")

*)
*)
*)
*)

M AYA,
(3 ‘,N



i

. . . ¥ . '
. jelse . T A
hef ¥ © begin ' ‘ .
: power [n] t= power [n] + 1;
numerator $= numerator div prime [nl;
end; .
n t= 1; - ‘ . ) o
while denominator <> 1 do’ ,
“if denominator mod prime [n] <> °, X .
then n t= n+ 1 B -
else . .
'begin v ™
power [n] := power n] =~ 1; C,
- denominator ::= denominator div prime [n]; -
/, end; ‘
/rooti itz root1”. nextroot;

’/end; : . ﬁhg | C, 3 - '
' ) ~

(* compute the result €€§9 - ' . . #) N
) ‘ v‘f’ 4 , : -

s,

result := 1;
for n 3= 1 to numprimes ao v .

for count := 1 to power [n] do ‘ B R

result := result * prime fnl; ' ‘ .

writeln ('weyl dimension formula gives'); s
writeln; X : ’
writeln (result: 1); )
writeln; ; ‘ : -

end; (% weyldimensionformula ¥)

b s Sl S A O S falt I R Ty
X L - - N -
e : -
e
=N
p T— e

1
- 110 -



begin (* onerepresentation:

writeln;
readtyperank; g
while (latype <> 'a') or’

g P P s o

@&nk <> 0) do

begin L=

displaydiagram;

matrixinitialize;
lengthinitialize;
orderinitialize;
rootlist := nil;

if positiveanswer

\\\ then
begin

\

\compuxepositiveroots,

writel}

) 1t1vean&ugnn~\

if positiveanswer
o then
begin

then displaypositiveroots;
writeln ('compute the\uominant weights ?');

-

welghtlist := nil;

repeat

computedominantweights;

numweights:

sortdominantweightsy’
writeln -('number of dominant ueights:

1);

number of 'positive roots:
splay the positive roots 7');

main ‘block ")

N

writeln ('compute the positive roots ?');

’

.

}‘/.4'\

.

writeln ('display the dominant welghts 7' ),
if pos’itiveanswer

then displaydominantwe
writeln (‘'compute the mu
if positiveanswer

then computemultiplicities-

;;Q&Sw

tiplicities 2');-

while weightlist <> nil do

begin |

tempweight := weightlist”

dispose (weightlist'); )
weightlist := temﬁweignt,

end;
writeln
(*continue w

end;
end; -
while rootlist <> nil do
begin
temproot = rootlist?®.
dispoese (rootlist);
. rootlist := temproots
end; '

ith ', latype, 'rank:
until no't positiveanswer.

nextroot;

- 1M -

o

Ty

. nextweight;

weyldimensionformula (weightlist®. omega);

)3

', numroots:.1);

V]

5y

e
R



readtyperanks; .
’ endj

‘' end, (“ onerepresentations marn—block ®)
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Examples of output ’ o - -

LA R F N K X Xy

N

This section contains examples of .the -interactive
execution of pﬁogram ONEREPRESENTATION. The dominant
weights and their multiplicities "are computed for one

representation each of the afﬁebras E6, ET, E&6, F4, and G2.

- &

. i .
(The program can of course also-be used for. algebras of
types A, B, C, and D.) The timing of each computation. (to

the nearest. hundredth of a second) appears at the end of the ‘-

N

h
¢

I listing. for that execution of the program. : (The examples.
- ' \ [ . -

f were originally generated in upper-éase and have been left

in that form.) ’ ) ’ r -
' of

of

¢

. ' . . N
. . s ' -~ 4
- i - 1, 1 3 - . ¢ , .
O Coon . g - ’ . -}
- M 2 e w via 2 ,J,l"

g %



-~y

k-’ ,fo

CJ A : I o ‘ ' ‘
. o N\ >
» - ’ ' e
INPUT THE NAME OF THE LIE ALGEBRA. . . . .
Az-b, 52-8, Cz-a’ D‘!-S, E6-b, Fu, xGZ, "AQ TO STOP: -
?2-E6 o "
. Q\ ’ ’ . .
THE DYNKIN DIAGKAN (BOURBAKI NUMBERING) ‘
- p , ] .
Y 2 . ‘r\
1 3 4 5 6 » . ’ ' ' { - o #
COhPUTE THE POSITIVE ROOTS ? - ’ ,
ZY/Ns ! .
.? Q'Y . . . . L ) o
* \ . ./

NUMEER OF POSITIVE ROOTS: 36
bISPLAY THE- POSITIVE ROOTS ?

1 t\ ) co . . 2
CONPUTE TEE DOMINANT WEIGHTS €.
Y/N: N .
?°Y ‘ . . , .

"~ §INPUT THE HIGHBST WEIGKT IN THE BASIS OF FUNDM.ENTAL
”DOhINANT WEIGKETS (BOURBAKI NUI‘.BERING) ON ONE LINE. -
1 2 ¢ U 00 2

R:r corie / ‘

IS¥IT CORRECT ? ' : o . .
Y/N‘ e o 5
? Y : , . '

: / L . .

_ NUMBEK OF. DOLINANT WEIGHTS: 65. ., o o
DISPLAY  THE ‘DOMINANT WEIGHTS 7 - SR
‘Y/N: v . ‘ . 7 :

20 \ - ° RO .

COMPUTE THiE hULTIPLICITIES ? o L ' ad
Y/N: - - : : S . ' ]
? Y nf : & ‘ .
LEVEL . *- "+ WEIGHT MULTIPLICITY .
1 Uy 2*2 0 ¢ 0 2 . 1
¢ - MO 2 2 ¢ 0.1 0. 1
3 aﬂ*b ; 2 0 0 1.6 2 - 1
4 07 0z 1 0 U 2 R ‘
5 105 2 0 6 1 a o 1 .
6 105 o2 1 01 0 1
7 Wws -0 0 1 1 0.2 . R ;
) 103 0 0 1 1 10 e ]
9 101. 2 1771 0 v y ¢
10 {101 1 1.0 0 1 2 y - )

SR 9y . 1 3 00 0 0 1 ] .
12 99 "0 1 2 0o 0 1 y
A3 99 11 0 0 2 0. y

93

.

]
1

[ T - {_



[

14 .

ch 4

43
Qi
s
4o
W7
4o
49
50
51
52 .
53
54
56 -
5€
57
58
59 ,
[V
61 -
6z

63

Ex s
65

LIMENSICN

<

O et i W=

—_—
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-
COC4+400CCOCCOC-~COCOCOCCCCOQOCNRCOSC0 220042 0CCOCCOCCOO

P
-

- . P .. N _
OO CRCOCO a2 COO 2CUW == a0 COO0NCCOCC a0 aauNerlrFCCCOODORNRNCNHMCRCOOO

Q—‘OCO-l—‘OC’é.‘C.‘C-‘CC’QONOC’—‘OC’-—'C—'OC‘C‘CO—'OWOOO—DQO'NC.—:-‘OCC

\

o
-
OC—OOCC—lo_u’—lcONC.NOC—?CUU—l—'C—i—lN—I.EOOOI\‘OI‘.‘CO—*CCQUJC‘-_-*OQI\:W—'-'UL‘W—D

cC o

OF REPRESENTATION:

Fo0ONOONDODSCOCWO =0NWC

g

{

- 115 -

4

3

-

Iy 2»7
v
«1 0
10
';1 0
32
. 3¢

16..

19
1%
10
5b
56
‘15
6z
69
C113
113-
114
206
36
36
212
g1e
365
jbe
362
bbe
360
380
11¢0
1120
705
1140
19117
1890
1690

f
L}

-

kS

y123 -

. 5113
(3120
3120
8200
8200
6300
13061

31915
hg32¢

NP1 7 1S munkend



. TIME: .76 SECONDS =~ - .

s

66023100 -
WEYL DIMENSION FORMULA GIVES

~7
66025100 '
COKTINUE VWITH E6& 7?7 . !
Y/N: . ' . -
? Nr ' i .

INPUT THE NAME OF THE LIE ALGEBRA-
Aa-8, B2-8, C2-£, D4-8; E6-6, F4, G2, AU TO
? AC -

=q\'
'

ar K
v £ 4
{
v
! W3
e
: i
.
o
/ .
Al 1
ﬁl
R .
-‘m - ~
ARl
. .
-
12
L
+
. <
« .
. . L
- :
-
« N Eo ol
» i .



LR

INPUT TEE NAME® OF TEE LIE ALGLLRA.

A2-t, Lz-8, Cz=b, Du-bL, E6-8, F4, G2, -A0 TO STOP:
? ET7 . *

ThE DYNKIN DIAGRAN (BOURBAKI HUMBERING)

<
1 3 4 5 o6 7
COMPUTE THE ?dSITIVE ROQTS 3 . . -
Y/N: N - . .
7Y

NUMEER OF POSITIVE ROOTS: 63

" DISPLAY THE PQSITIVE ROOTS 7
“Y/N: '

? N , o ’

COMPUTE THE DOMINANT WEIGHTS ? BN

Y/N: . . -

? ¥ o , . . a .
IKPUT THE HIGLEST WEIGET IN THE BASIS OF FUNDAMENTAL
DOMINANT WEIGHTS (BOUREAKI NUMBERING) ON ONE LINE.
?CcCC¢101 10

IS IT CORRECT ? o o
Y/N: :
7Y
NULBER OF DGLINANT WEIGHTS: 64 ’ , ,
DISPLAY THE DOKINANT WEICHTS ? .
Y/N: \
?7 N : -
COMPUTE THE MULTIPLICITIES 2 » : .
Y/N: ' . .
7Y : . ’ ¢
LCVEL WEIGET MULTIPLICITY.
¢t ‘ *
1 19 0 ¢ 1 0 1 1 © . N
2 190 0’61 1 0 0 1 2
3 168 1 1 0 0 ©6 2 G '3
L 186 1 1+ 0 0 1 0 1 2
5 162 v 1 2 0 ¢ 0 G 5
6 0. » % 0,1 0 -0 1 1 16
7 160 - o°’'¢c”"0 0 1 2 o© 10
] 160 -1 0 1 0 40 O . A3
9 176 u 0.0 UG 2-06 1 20
10 17¢& 0 2. 060 0.1 1 15
11 176 1 ¢ 1 U .Y 0 0 " 36
12 176 o L G v 0 1 by
13 174 6 2 ¢ 0 v 0 O ' 33

- 117 - s



K

14 172 6 U U1
15 172 2 1 0 ©
16 * 176 2 1- 0 ©
17 170 0O 1 1 0
18 168 0O 1 1 ©
19 166 1 ¢ U O
20" 164 1 0 0 ©
21 162 1 0 0 0©
22 162 2 0 1 ¢
*23 160 1. 2 0 O
24 160 u. 0 2 ©
25 158 1 ¢ 0 1
6 150 U 1 U O
27 154 0 1 0 ©
28 152 o 1 0 0
29 152 1 0 0
30 150 1 1 1 0
31 15 2 6 0 v
32 14 2 0 0 0
33 ° 148 0 3 0 O
34 ‘T b 0O 0 1 O©
35 14¢ 6 O 1 U
36 146 ¢C 1 ¢
37 144 2 0 0 o
Y 142 0 0 1 ©
36 136 1 1 6 ©
4o 156 1 1 0 ©
41 134 G ¢ U ©
Yo 132 0- 0 0 O
43 1306 3 0 ¢ U
Ly 150 0O G 0 O.
L5 12¢% G 0 6 O
k6 - . 128 1 ¢ 1 0
47 126 0 ¢ 0 0
Y 124 0O 0 U 1
Ly 116 ¢ 1 ¢ 0
50 1106 G 1 1 0
51 116 1 U O .0
52 114 1 0 0 0
53" 110 10 U O
54 1G4 U 1 0 O©
55 102 0O 1 0 ©
506 96 2 U U ©
57 fgy tC 0 1 C
56 . bu 11 0 O
59 bz 0O 0 0 U
60 60 0O 0 ¢. O
61 76 v 0 0 U
6z [P 1 6 0 ©
63 - 50 U 1 0 0
64 2b U ¢ ¢ O

DIMENSION OF REPRESENTATICON:

CQOQO - CO0O0CO0C a2 CO0OCOCO0O0 0000022 CC0CCO0OO0CCOCO20CO00CC 2 =200C,0CO0 =

OC‘CC—'COCO-—‘OC‘-‘OOOOOC-iOON--—IOOOy;CO—DOOOON—aOOOO—lCN-ﬂOdOO

116 -

o

O B OB WO a2 N LWOER = 0wl aaw OO CC 2WO a2tWOOD O e s a2aOD N2 0NN

96°

36

b1

92

207
104
204
460
175
426
435
911,
bzs
370 .
1857
360
1785
416
1817

, 861
836
3620 -
3554
3480

" 6816 ¢
6607
12692
1600
6900
6570
12600
. 23260
23100
23157
41571
41325
73255
2270z
T3¢11
127251
126828
217948
217840
368305
6152b5
216378
614624
1015785
1659430
,26844%0
301640



29302560600u
WEYL DIMELSION FORNULA GIVES
29302560606 ° . ‘ ' o

CONTINUE WITh ET 2 . I
N/ K

? I -
INé;T THE NAME OF THE LIE ALGEBRA. -
A2-8, B2-6, C2-8, D4-8, E6-G; F, G2, AO TO STOP: .-
7 A0 .

B i dihat

TIME: 12.76 SECONDS

“ ’ v
n
.
-
. :
.
4 A
-
’
- v
»
’R 1
'
-
~ ..
-
¥
- “~
M .
) .
Al
. .
E)
.
* ¢
N
. .
-
A}
v |
. N v
o
<
>
t
' ¥

- 119



-

INPUT THE NAME GF THE LIE ALGEBRA. , '
A2-8, Bz-8, C2-8, Di-8, E6-b, F4, G2, AO TO STOP:
7 Eb . g

THE DYNKIN DIAGRAM '(BOURBAKI NUMBERING)

.
c -

1 3 4 5 6 7 8
COVPUTE THE POSITIVE ROOTS' ? , Lo
Y/Ns . - :

? Y DZ ,
NUMBER OF POSITIVE ROOAS: 120 '
DISPLAY THE POSITIVE ROOTS ? - °

Y/N: e
2 N
COMPUTE -THE DOMINANT WEIGHTS ?
Y/N: -
? ¥,

INPUT THE HIGEEST WEIGHT IN THE BASIS OF FUNDAMENIAL
DOMINANT WEJGHTS (BOURBAKI NUMEERING) ON ONE LINE.
211006000 2

IS IT CORRECT ?
Y/N: ) ‘ :

? Y ! . '. .- . \
MUMBER OF DCMINANT WEIGHTS: 58 . .

DISPLAY THE DOMINANT WEIGKTS ?

Y/N:

? N

COMPUTE THE MULTIPLICITIES ? .

Y/N:

7Y

' LEyEL : . WEIGHT MULTIPLICITY

1 345 1 1 c /0 ¢ O ¢ e 1
c 343 1 1 0/0 @ 1 0 1
3 3317 0 o o 0 1 /g\\: 2 - y
Yy 335 0 o0 0 1 /0 0 y
5 353 1 0 ¢ U o o 1 6
6 331 0 2 OoONOUG ¢ 0 o 1 7
7 3z9 0O 0 ¢ 0.0 ;0 1 22
8 3¢3 1 ¢ 0 0 UT—& 1 2 16
9 3e¢1 1 0 0 0 ¢ ¢ 2 ¢ 16
10 321 2 10 ¢ 0 0 0 O 21
11 316 1 0 0 ¢ O 1 O 1 72
12 316 ¢ 1 1 0 0 O 0 O 72
13 1 0 0 o 1 0 0 C- 204

313

120 -

~



14. 311 0 1 0 0 ¢ 0 0 3 56
15 309 6 1t 0 0 0 0 1 1 21b
16 305 ¢ 1 0 0 ¢ Y G O 555
17 - 301 2 U 0 6 0 0 Ut e 24
18 266 G 0 1 0 v 0 0 2 620
19 296 2 0 U ¢ ¢ 6 1,0 544
20 © 297 ¢ 0 1t 0 ¢ 0 1 0 1410
21 256 U 0 0 G 0 0.-1v 3 171
z2 267 1 1 ¢ 0 0 0 0 1. 3405
23 . 287 0 0 0 0 0 0 -2 1 603
T2y 285 0 0 0 0 6 1t 0 ¢ 1622
25 2bs 0o 0 .0 L 0 1 10 34530
26 279 0 U ¢ 6 1 0 0 1 7932
7 277 - 3 ¢ 0 U 0 ¢ u © 1344
26 275 1*0 1 0 0 0 0 0. 1770
z9 275 0 2 G 0 O 0 0 0 7640
30 271 O 0 0 1 o 0 0 ¢ 17440
31 267 1 U 0 U G 0 0 3 4036
32 265 1 6 6 0 0 0 1 1 17803
3.3 261 1 0 6 6 0 1 0 G© 37650
34 253 o 1t G U U © U ¢ 36724
35 251 0.1 0 0 0 O 1 0 79118
36 2h3 2 0 0 ¢ ¢ U 0 1 76744
37 241 6 0 1 ¢ 0 0O 0 1 161688
36 233 0 0 0 G ¢ 0 U 4 9576
39 231 . 0 o 0V UTuvu 0 1 2 B1945
40 229 . 1 1 0 6 0 0 0 0. 3z2252
41 229 0.0 6 0 0 0 2 ¢ 162360
L2 227 6 UNU ¢ 0 1 0 1 323946
43 221 0 0 1 ¢ U ¢ 631564
44 209 6 ¢ 6 v 0 v 2 g 6356106
45 207 1 o 0 0 0 © 1 0 1213994
46 195 O 1 O ¢ 0 0 0 1 22936176
L7 T 18% 2 0 0 U G G_0 0 2291408
48 165 6 0o 1 ¢ 0o U 0 0 4262734
49 175 ¢ 0 0 0 C¢C ¢ 0 3 1224720
50 173 O UL, 0 0 0 0 1 1 Lzb7b1b
51 169 G v 0 0 0 1 U G 7613194
52 151 1 0 6 0 ¢ 0 ¢ 1 14126812
53 137 ¢ 1 0 0 ¢ v ¢ U 25220384
54 117 0O 0O U L U U U 2 25226152
b5 115 0 07C G0 0 1 0 44502550
50 93 1 v 0 0 ¢ 0 0 77061920
57 59 V.0 0 ¢C 0 0O 0 1 134126408
5b 1 ¢ 0 0 G G 0 0 W 229393920

DIMEKSION OF REPRESEKTATION:
319179571000
WEYL DIMENSION FOBMl:lLA GIVES

5191795712000

- 721 -



av

»

CONTINUE WITH E& 2
Y/N3 .,

INPUT’THE KAME OF THE LIE ALdgyRA.
ﬂ2—8,52-8, C2-6, Du-a, 56-8’—- P“' 02’
?7 A . ,

TIKE: 12.53 SECONDS -

.',;' : . -~ »
O\ - 122 =

A0 TO STOP: -



INPUT THE LAME OF THE LIE ALGEERA. :
A2-6, B2-b, C2~&, Di-8, E6-8, F4, G2, AO TO STOP: |
? Fh .

~

THE DYNKIN DIAGEAL (BOURBAKIlNUMBERINd\\

1 2 > 3 & -\
COEPUTE THE POSITIVE ROOTS ?
Y/N: : .
7 Y
NUMBER OF POSITIVE ROOTS: 24 : ,
DISPLAY THE POSITIVE ROOTS ? .
Y/N: ,
? K

COlNPUTE THE DOMINANT WEIGHKLTS 2

Y/N: .

2y ) N
INPUT THE HIGHEST WEIGHT IN THE BASIS OF FUNDAMENTAL ) . -~

DOKINANT WEIGHTS (BOURBAKI NUMBERING) ON ONE LINE. P
71111 °

IS IT CORREC§) 7
Y/N: !
?7Y

a
NUMBER OF DOMINANT WEIGHTS: 56
DISPLAY THE DOMINANT WIIGHTS ?

Y/N:
? N
. <
CONPUTE TEE MULTIPLICITIES ? y/ ;
Y/N: .
? Y
LEVEL ' WEIGHT MNULTIPLICITY '
1 111 1 1 1 1
2 107 0 0 3 1 2 .
3. 107 2 ¢ 1 2 2 ,
y - 107 1 2 0 ¢ v 2 .
5 105 0 1 1 2 "
6\ 105 2 0 270 4 2
7 103 2 1 0 1 6
6 103 v 1 2 b .
9 101 1.0 1 3 o= b -
10 101 'z U % 12
11 99 1 0 2 1 , 22
12 9y 5.0 o 2 fo 8
13 "« 97 1 1 0 2 30 )
1i 97 3 0 1 0 12
]

- 123 =
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15 9 "~ 1 1 1 0 4y
16 g5 0o 0 1 4 14
17 93 U 0 2 2 52
15 93 2 0 0 3 4G -
19 61 2 0 1 1 60 -
0 . 7 91 0 6 3 O . 76
21 91 v 1 0 3 68
2z ' 89 o’1t 1 1 136 -

' 25 89 4 0 0 © 16

o 24 67 +2 170 0 108

TS 87 1 O™ 0 4 - 86
z6 65 -1 0 1 .2 226
zz &5 60 2 0 O 164
2 63 — 1 0 2 O 306’
S 63 '3 0 0 1 144
30 £ 1 1 0 1- 400
31 . - 61 0 0 0 5 C 12
3¢ . 79 0 0 1 3 370
33 17 b 0 2 1 6Ly
34 T .2 0 0 2 512
35 15 WY 1 02 816
36 75 2 0 1 0 664
37 73 6 1 1 ¢ 10%2
3b 71 1 0 0 3 10ekh
39 69 16 1 © 1664
40 67 T3 0 0 O byg -
49 65 1 1 0 0 - + 2064

kb2 . 6% 0 G 0 &4 < v 1280
by 63 G 0o 1 2 X 257c.

Sy 61 ¢ 0 0 -1 2616
4y 61 0 ¢ ¢ .0 ) 324
Lo 59 0 1 01 . 3992
4T s L0 0 2 4920
ib 53 1 0 1. 0 6072
L9 49 . vt 0 U 3 6032
50 47 v 6 1.1 9086
%1 4y 2 0.0 O© T456
5¢ 43 G .1 0.0.. 11086
53 39 1 0. ¢ 1 - C 13480
54 33 O G 0 2 16336
5% " L v 1 ¢ " 19764
20 . 23 1 0 U O 23840
57 17! G .0 6 1 28640
5 - 1 R VIR VR ¢ 3h432

P , 4

DINENSION OF HREPKESENTATION:. -
16777216

WEYL DIMENSION FORMULA GIVES

10777216 e

CONTINUE WITH F& ?
o N

Al

-

-

~ - 128 -



Y/N:
? N

-

INPUT THE NAME OF THE LIE ALGEBRA. =~ .
'Du"e'\ Eb-s,, F“' Ge' AO TO S,TOP‘ ’

A2-8, B2-8, Cz-b,
?. AO

&

N

f
’ .

.
~ .

[-4

z
.
'
¥ -~

TIME:  9.38 SECONDS

L
1§
r
S——.
a
A
s )
.
—,
-
“ A
Lt
/
'.
o .

'z
'
v

L
o

L



' " INPUT THE NAME OF T{E LIE ALGEBRA. o
= A2-8, B2-b, C2-8, Dk-b, E6-&, Fi, G2, AO TO STOP:
? G2 . '

:HE‘DYNKIN'DIAGRAM (BOURBAKI NUMBERING)

r
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COMPUTE THE POSITIVE éoors ?
¢ © Y/Nt ' .
7Y , - :
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NUMEER OF POSITIVE ROOTSs 6 = .
DISPLAY Tug POSITIVE ROOTS ? ——
Y/N: ) ., 0 ,
7N ’ . .
N ' . T,
COMPUTE THE DOMINANT WEIGETS 7 ‘ ) T
Y/N: , . _ e
? Y " . : , o

INPUT THE HIGHEST WEIGHT IN THE BASIS OF FUNDAMENTAL
DONINANT WEIGHTS (BOURBAKI NUMBERING) O %LINB.

?2 5% ‘
I8 IT CORRECTf}/"‘
Y/N3 ¢ e
?7 ¥ L/ - o
, NUMBER OF DOMIKANT WEIGKTS: 63 : ", "r‘
DISPLAY THE DOMINANT WEIGHTS ?
Y/Ns s
e Lo
),*\/r C -
/" COMPUTE THE MULTIPLICITIES ? ' o
-~ Y ) 9
4 7Y { P
R LEVEL  WwEIGHT MULTIPLICITY .
1 81 5 5 & 1
2 79 6 3 1. "
3 79 .3 6 1
i 77 .6 4 o2 I
- 5 - 7 11 1 1
6. 77 17 1
7 ~. 4 5 3
75 9 2 2,
9 73 2 b 4 . -
10 75 7. 3 L
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“ Chapter 5.

MULTIPLICITYTABRLE: |,

LY
A non-interactive program which computes the multiplicities

for many lowver-dirensional ﬁepresentations

of a given Lie algepra
7

o

s

Introcduction

The non-interactive p;SSPam MULTIPLICITYTABLE computes

the dominant ‘weights and their multiplicities for many

lower-~cimensional representations of a siven Lie algebra,
and outputs this information ir; a tablc together with the
érderlof the stabilizer of each highest ;eight, the‘pize of
the orbit of each highest weight undes thg Weyl éroup, the
fotal dimension of the represen;ation associated with each
highest weight, and\\the sguare 1length and leﬁéi of each
highest weight. Thdis chapter presents an overview‘ of the
prograt, followeé' by a detailed, discussion bf its data
‘§tructures énd procedures, a listing. of the program, and
some examples of its output.

The finite-dimensional irreducible representations of a

simple Lie algebra divide naturally into congruence classes

with the property thét all the weights in the weight system

A
of a given representation lie in the sace class as the

3

highesf welght of ;he representation. Thus it s

o
.t
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4 ~

- appropriate to consider only one congruence class’ for each

—

table. The number of congruence classes ’equals the
determinant of tlie Cartan matrix, and they are

\ conﬁentionally, numpered fbeginning with O (see Lemire and

\

Patera 1980). .

Execution begins with the reading of the input &ata:
the type and :;nk of the Lie algebra, and the congruence
class and number of representations (equivalenﬁly, highest
weights) to be included in the table;jfor example, q}gebra
E6, élass U, 50 representations. Initiélizatibns are don:
by MATRIXINITIALIZE, LENGTHINITIALIZE, and ORDERINITIALIZE.
The positive roots of the algebra are \determined‘ by
COhgyTEPOSITIVEROOTS (which qalls INSERTRbOTS); they are
stored in a linked li§t with head pointer ROOTLIST. .The
highest weights‘ are senerated (by 4increasing 1level) by
COMPUTEHIGFMESTWEIGHTS, which calls COMPUTELEVELLIST; the
weighty are stored in a 1linked 1list with heaé pointgr
WEIGKTLIST. Computation of highest. welghts with greater
levels continues until the required number ghas been
tenerated. CCNPUTEHIGHESTKEIGQTS then transfers the weighté
to WEIGHTAKRAY and disposes of the dynamic storaée used
during the computaiion of the weights. The contents éf the
tabie . are computed by COMPUTETABLE which calls
FLAGSUBWEIGhTS and CONPUTEMULTIPLICITIES and (through them)
variou; other procedures; thg multiplicities are stored in
the'oég-oimensional'array MULTIARRAY. Einally the results

-

d¢re output by PRINTTABLE, whieh calls PRINTSEGMENT and

e
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PRINTLINE. ¢ . <

»~

The tables computed by program NULTIPLICITYTABLE are

upper-triangular rmatrices of mult;plicities,'ioéether with
’rows:of additional information along thé top. The . program,
will automatically split the table into vertical segments if
it is too Qide go fit on one page. ,oTheﬁ recrarks in
paragraphs 3 and 4 of the Introductipn to Chapter 4 also
apbly“; this.prosram.' In -addition, the nén-atandard Pascal

function CLOCK is called twice by the main block.
- .
MULTIPLICITYTABLE  was wused to compute ‘'the - tables

included in Bremner, Moody, Patera (to appear).

-\
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Files °

Documentation of the program

- R D AR NP AR G P N D M S R R G G b S D B GBS G
-’

-mow- . s

INPUT, OUTPUT L -

The program is not interactive; INPUT’must c9rrespond to a
filek coq&éining (in order) the type LATYRE and rank RANK of
the algebra, as well as the congruence class CLASS and the
;umber NUMREPRESENTATIONS of the representationsv to be
included in“the table. LATYPE (a character™ variable) mést
ippear as the first charécter iﬁ the file; RANK, CLASé, and
NUNREPRESEKRTATIONS are integers and no special format 1is
regquired '(except 3} course for separating blanks). Af?er
é}ecution is dqmplete, the file corresponding to 'OUTPUT wii&

contain the table.

Global cpngtaﬁts

L X P Y W X

MAXRANK o

As in OLEREPRECENTATION.

KAXREPRESENTATICHNE
The maximnum number of representations which may be included
in the table. In oraer to compute a larger table, eye user

should change MAXREPRESENTATIONS and recompile the program.

R | X
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MAXMULTIPLICITIES N
The maximum nurber of multiplicities in the ;able. Since
for each representation i (1 £ i1 £ UNAVLEPRESENTATIONS) the
tabie ircluaes a column of i mu;tipliciyies (some of which

may . be  z2¢ro), I.AXMULTIPLICITIES nust equal

MAXREPRESENTATIONS x (MAXREPRESEMNTATIOWS + 1) / 2. é
?—

~

MAXCOLUNMHNCE

The maximum ngmﬁer of columns of multiplicities in eéch
cutput segmént of the table. Eaphﬁﬁolumn 1ls four ci..racters
wide, znd the lagelé for the rows (zlong the rlght margin of
the table) are elght charachrs,widef ThJE, for example, if
the tabtles are to Dbe printed with labels on a 13¢-column

1

printer, MAXCOLULNS should be at most (132 - b) / 4 = 31,

E6CRDER, ETORCEK, ELORDER, FU4ORDEK, G<ORDER
NUMPRIMES . .

As in ONEREPRESEWTATICN.

-

Global types -

NOUNEGATIVE = O..MAXINT;,

. CLASSICALTYPES = (A, BC, D);

RANKRANGE = 1..NAXRANK; : V. : .
As in ONEREPRESENTATION.
}

REPRESENTATIONRANGE = 1..MAXREPRESENTATIONS

MULTIKANGE = 1..MAXMULTIPLICITIES
z
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As in ONEREPRESENTATION.

Nngr

Subranges for array indices. ) .

CLASSRANGE = 0..MAXRAKK

—

Subrange for congruence class ngmbers.

VECTOK = ARRAY [RANKRANGE] OF INTEGER .

v

L

1

ROWTYPE = ARRAY [REPRESENTATIONRANGE] OF NONNEGATIVE
This type is used to define_arrays containing a row .of

multiplicity table.

ROOTLINK = ROOT; )

RPOT 3 - ’ : -
RECORD '
ALPEA, OWEGA:{ VECTOR;

LEVEL, OREITSIZE: NONNEGATIVE;
NEXTROOT: ROOTLINK;
END; \ )
WEIGHTLINK = WEIGHT; ' , o,
WEIGKT = '
KECOQORD .
OMEGA: VECTOR; : ’
MULTIPLICITY, DEPTH, LEVEL: NONNEGATIVE;
NEXTWEIGHT: WEIGHTLINK;. '
END; tr )

LINK = NCDE;

NODE =- : .
‘RECORD ' ﬁl
LEFT, KIGET: LINK; '
NOKZEKO: HROOLEANS
END;

A& in ONEKEPRESENTATION. -
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Global variables

CARTANIMATKIX, INVERSEMATRIX: ARRAY [RANKRANGE, RANKRANGE] OF
INTEGER; .

DETEBMINART: NONNEGATIVE;
SCUARCELENGTH: VECTOR;

LXKTYPE: CHAR; 7
RAKK: INTEGER;

As in CNEREPRESENTATION. - o

CLASS: INTEGER;
NUMREPRESENTATIONS: INTEGER;

The congruence class and number of representations to be
included in the table. N
ROOTLIST: ROCTLINK;

As in ONEREPRESENTATICN.

WEIGETARRAY: ARRAY [REFRESENTATIONRANGE]) OF WEIGEHT;

ES

An.array which holds ‘the list of highest weightg. The
highest weiphts are transferred to this array fron the
dynamic weight list after they hgve been generé;ep; this 1is
done 50 ' that during = the computation by procedure
FLAGSUBWEIGHTS of the dominant welights in each

représentation the- program can inmediately access each

weighf given its column in the table.

MULTIARRAY: ARRAY [MULTIRALGE] OF KOMNEGATIVE;

An ) array which holds the .weight multiplicities. The

¥

multiplicities are output in an upper-triangular table of

-’35 - -z



NUMREPEESENTATIONS rows (and the same number of colunns).
For . 1 € { £ HNUMRCPRESENTATIONS, row i contains
NUMREPRESENTATIONS -« 1 + 1 multiplicities. In MULTIARRAY,
the table is repre;ented as a linear array with
M&XLULTIPLICITIES elements by placing each row immediately
té the right of the preceding row. This arrangement was
chosen in order to save space; if.a rectangular afray was
chosen 1instead, addreséing of gntries would be simpler but
the lower half of the array (below the main\diagonal) would
never be used., Each element of MULTIARRAY is initialized to

zero by the VALUE segment.

STADMpRAY, ORBITSIZEARRAY, DIMENSIONARRAY, PROLUCTARRAY,
LEVELARRAY: ROWTYPE;

-Arrays which hold data about‘the corresponding weights 'in
WEIGHTARRAY. STABARRAY contains the order of the stabilizer
of the weight. ORBITSIZEARRAY  contains thé size of the
orbit' of ﬁhe weight under the keyl group. DIMENSIQNARRAY
contains the dimension of the rePresentation with the weight
as hishest weight. PRODUCTARRAY contains the scalar product
of the welght with itself, i.e. the' square-length of the

welght. LEVELAKRAY contains t%e level of the weight.

CARRIER: ARRAY [RANKRANGE)] OF LINK;
ORDEK: AKRAY [CLASSICALTYPES, RANKRANGE] OF NONNEGATIVE,
PRIME: ARRAY [1..NUMPRIMES] OF NONNEGATIVE;

Ad in ONEREPFESEKTATION.
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STARTTIME: INTEGER;

N

The tire at %hich the program starts execution.

Y

S N |

Procedures and functions . .

..... S s e) am s on s en s wh ar oW e P

4 ¢

In the desc}iqtions of the procedures ancd functions, calls
to standard Pascal procedures are not mentioned “with &he

exceptions of NEW and DISPOSE.

-

o e

" FUNCTION VALIDINPUT: BOOLEAN;

This function, which is called by the main block, checks the
validity of the input and repurps TRUE if and only if the

input is valid.

PROCEDURE SPECIALLINEARMATRIX;

PROCEDURE MATKRIXINITIALIZE;

PROCEDURE LELGTHINITIALIZE;

FROCEDURE ORDERINITIALIZE;

PROCEDURE BASISCHANGE (OMECA: VECTOR; VAR ALPEA: VECTOR);

FUNCTIC!, SCALARPRODUCT (VECTOR1, VECTOR2: VECTCR): IKTEGER;

FUNCTION EQUALVECTORS (VECTOR1, VECTORZ: VECTOR): BOCLEAN;

PROCEDURE INSERTROOT (ROOT1: ROUOTLINK; MEWRQOT: VECTOR;
NEWLEVEL: LONNEGATIVE); . ~ _

PROCELDUKE C(OMPUTEPOSITIVEROOTS;

These procedures and functions are identical to those with
the same nanes in OMEREPRESENTATION. SPECIALLINEARLATRIX is

called by MATRIXINITIALIZE, which 4is —called by the main

‘block. LEWGTHINITIALIZE 4is called by the main block.

ORDERINITIALIZE 1is called by the main block, and calls NEW.

BASISCHANGE is called by INSERTROOT, COMPUTEPOSITIVEROOTS,

lad

CCMLPUTEMRLTIPLICITIES, and CONMNPUTETAELE. SCALARPROLDUCT is

5
i
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relative to the

ke

T

callec Dby DCUBLESULMATION, COMPUTEhULTIPLICIT¥ES,' and

COMPUTETABLE. °. EQUALVECTORS: '1is called by INSERTROOQOT,

FLAGSUBWEIGHTS, ana 'PFEVIOUSNULTIPLICITY. INSERTROOT 1is

called 'by CCMPUTEPOSITIVEROOTS and calls® EASISCHANGE,
EQUALVECTORS, and NEK. COMPUTEPOSITIVEROOTS 4is .called by

the main block and calls BASISCHANMNGE, INSERTROOT, and NEW.

s

4

FUNCTION CONCRUENCECLASS (WEIGHT: VECTOR): CLASSRANGE;

This function, . which is called by COMPUTELEVELLIST, computeé
[ ¢

the congruénce 01a55’of its argument, a weight represented
- { :

' o
;omega-basis. The formulas used are from

Lemire and Patera A1980).

" PROCEDURE COMPUTELEVELLIST (VAR LASTWEIGHT: WEILGHTLINK;

INVERSEROWSUM: VECTOR; LEVEL: NOMNEGATIVE; VAR MNUMWEIGHTS:
INTEGER); , ' .

This pgocedure, which 1s called by COﬁPUTEHIGHESTﬁEIGHTS and
fnclude; the recursive procedure HECURSIOﬂ (tris is the onl;
instance of nested procedures in the program), generates the
highest welights ‘with level LEVEL, determines which weights
are in congruehte class CLASS, and adds those weights to the
end‘of the weight 1ist (LASTWEIGHT alda&s points the current
last noae in the weight 1131). ‘Each time a new welght {is
adcea to"hthe welght ;1st, NUMVWEIGHTS is incremented. The

level of a weight VWEIGET 1is .one plus twice the scalar

product of INVERSEROWSUM and WEIGHT; however ..in this

" procedure the unaltered scalar product is called the LEVEL

¢

of the weight. The Bet of vectors WCIGET with non-negative

N | . ) ‘..\\
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integral components such that the scalar product of WEIGHT
with INVERSERCWSUM 1s LEVEL is generated by procédure

RECURSIOMyF This procedure calls -RECURSION, which Tcalls

.
-

CbNGRUENQECLASS, itself, and thé predefined procedure ﬁEw.

'
PROCEDURE COMPUTEHIGHESTWEIGHTS;:
Thisv proéedure, which. 1is called by .the main block, f{rst
initializes the .vector INVERSEROWSUM which 1s wu¥®ed by
CCMPUTELEVELLIST to determine the levels of the weights. It

then allocates a dummy head node for the weight 1list;

WEIGHTLIST points to this head nodei, The highest weights

are computed by inébeasing level by repeated calls to
.COMPUTELEVELLIST. The weightS aée then transferred from the
aynamic weight 1ist to the array WEIGHTARRAY, and ~ finally

the procedure disggses,of the records in the dynamic ueight
. \V'(
list. Tnis procedure calls  COMPUTELEVELLIST and the

predefinea procedures NEW and DISPQSE. %

PROCEDURE CREATECHAIN (WEIGHT: VECTOR; FIRST, LAST: LINK);
FUNCTION AORDER (VAR L1, L2: LINK): NONNEGATIVE;
FUKCTION ECORDER (VAR L1, L2: LIKK): NONLEGATIVE
FUNCTION DORDER (VAP L1, L2: LINK): NONNEGATIVE;
FUNCTION EOKDER (VAR L1, L2: LINK): NONNEGATIVE;
FUNCTION FORLDER (VAR L1, L2: LINK): NONNEGATIVE;
FUNCTION STABILIZEKRORDER (WEIGHT: VECTOR): NONNEGATIVE;

«

Fhese- procedures are icentical to those with the same names

in ONEREPRESENTATION. The first six are called by

-

.STARILIZERORDER; 4in addition, of the ‘'ORDER' functions,

\

AORDER is called by the other four, BCORDER 1s called by
-\‘ f

FORDER, and BORDEﬁ is called by EORDER. <STAPILIZERORDER is

©
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/// N
y, . o

call;ﬁlby FINDXIROOTS anmd CQRPUTETABLE, .

4

’ ‘
. -
° .

/’FUNCTION INDEXFUNCTION (ROW, COLUMN:iREPRESENTATIONﬁANGﬁ):'

MULTIRANGE; -
This function, H‘bch\t is cal1,=.d,.-nbf\“ﬂ:ngumc12mms,}S

¥ COMPUTEMULTIPLICITIES, and

N

PREVIOUSMULTIPLICITY,

PRINTSEGMENT, computes the MULTIARRAY index correspanding to

the two coordinates ROW _and COLUMN of an entry in the

upper=-triangular table of weight multiplicities.

FUNCTION WEYLDIMENSIONFORMULA (WEIGHT: VECTOK): NONMNEGATIVE;
This function, which is called by COMPUTEMULTIPLICITIES,
computes the ¢€otal diension of the representation with
highest weight WEIGHET, using the Weyi‘ dimension fsrmula.
This function 1s very §imilar to the procedure of the same
naﬁe in ONLREPRESENTATiON; the only differencé is that here
WEYLDINENSIONFORMULA is a‘function which returns the total
dimension, w@ereas in ONEREPRESENTATION it 1s a procedure

which outputs the total dimension.

i
¢

PROCEDURE FLAGSUBWEIGKTS (REPNUNBER: REPRESENTATIONRANGE{;
, .
This‘ procedure, which 1is called'by COMPUTETABLE, computes -
thgn‘dominant weight syster ™ of the representation with
higheEt ﬂweight WEIGKHTARRAY [REPNUI‘BER]. For each dominant
welght it sets the corresponding eléﬁ?ht of MULTIARRAY ¢o
one, indicating to CONPUT@#ULTIPLICITIES that a multipiic;ty
muét ‘be  computed. This procedure is  similar to
COMPUTEDOMINANTHE&GHTS in CREREPRESENTATION; the sane

‘ - 140 - -
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N -

aggorithmlismubed for computing the weights but difrerenx

data structures are uséd in the two procedures.. This

procedure calls INDEXFUNCTION and EQUALVECTORS. .. .. - -

<

PROCELURE FINDXIROOTS (SUBWEIGET: VECTOR; SUBGROUPORDER::
NONNEGATIVE); )

PROCEDURE REFLECTDOMINANT (FACTOR1: VECTOR; VAR DOMINANT1:
VECTOR);

.

These two procedures are identical to those with the same |
names in ONEREPRESENTATION. FINDXIROOTS 1is called by
COMPUTEMULTIPLICITIES and calls STABILIZERORDER.,

REFLECTDOMINANT is called by DOUBLESUMMATION.

Q

)
f

FUNCTION PREVIOUSMULTIPLICITY (DOMINANTI: VECTOR; REPNJ*BER:
REPRESENTATIONRANGE): NONNEGATIVE; \ ’ )
FUNCTIOY DOUBLESUMMATION (SUEWEIGHT: VECTOR; REPNUNBER:.

REPRESENTATIONRANGE): NOUNEGATIVE;
-

‘These two functions are nearly identical to those with the

same names in ONEREPRESENTATION; the on)ly difference is that

in this program the sgarching'is done through the arrays
v . ‘

WEIGHTARPAY and FULTIARRAY rather than through the 1linked

-1ist of weight records, PREVIOUSMULTIPLICITY 1is called by

DOUBLESUMLATI@N, which 1s called Sy COMPUTEMULTIPLICITILCS.
PREVIOUSMNULTIPIICITY calls EdﬁALVECTORS and I%?EXFUNCTION,
and . DCUBLESUMMATION calls REFLECTDOMINANT,

°

PREVIOUSMULTIPLICITY, and SCALARPKODUCT, “ \

PPOCEDURE COMPUTENULTIPLICITIES (REPNUKBER:

REPRESENTATIONKANGE);

This prgcedhre, which is,calleg by LONPUTETABLE, conputes
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". PROCEDURE COMPUTETAPLE;

*

the multiﬁlicit}es of the . dominant weights in the

»

representation ‘with highest Qeight WEIGHTARRAY [RFEPNUNRER].
This procedure is very similar to the péocedure of the sane
name in ONEREPRESENTATION; the only differences are that

here WEYLGHOUPORDER is not computed (singe the orbit .sizes
i 4

of the welghts have already been determined) and the
multiplicities are not output as soon as they are computed.
COMPUTEQpLTIPLICITIES calls’ IKDEXFUNCTION, BASISCHANGE,

éCALAFPRODUCT, FINQ?IROCTS, fnd DOUBLESUMMATION.
B JOR A Y

-

3

t

This'procedure, which 1is called?by fhe main blqck, computes
- . ! ° o
the information to be included in the table: the contents of

v

the arrays STABARRAY,  ORBITSIZEARRAY, PRODUCTARRAY, -

\ .

DIMENSIONARRAY, and LEVELARRAY, ‘as well as the

mult}plicities stored in NULTIARRAY. COMPUTLTABLE calls.

LASISCHANGE, SCALARPRCDUCT, STABILIZERORDER, FLAGSﬁEhEIGHTS,

3

‘ COMPUTEMULT%ELICQ@IES ana WEYLDIMENSIONFCRMULA.

¢

/

PROCELURE PRINTLINE (TABLERCOW: -ROWTYPE; LEFT, RIGHT, POW:
KEPRESENTATIONRANGE; INMULTIS: BOOLEAK);

2

-

)

", This procedure, which is called by PRINTSEGMENT, outputs the
)\

k -
“r06w of the table contained in TABLEROVW between columns LEFT

and 'RIGHT inclusive. . If TAPLEROY is a row of

, )
multiplicities, ROV is the (ordinal) nunber of the row; for
v

other rows, RCW is one. INMULTIS’is TRUE if and only |{if
TAFLEROW s’ a row of nultiplicities. In order to enforce a

standard column width, entries in the row are split into

|
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‘pieces' (i.e. three-digit sSegments), starting with the

»

lowest three digits, and printed as a ‘column of pieces. fll
of the computation done by this procedure is necessary to

.ensure gorréct formatting of the output.

9
-

- ®

PROCEDURE PRINTSEGMENT (LEFT, RIGHT: REPRESENTATIONRANGE;
TITLES: BOOLEAN); '
‘This procedure, which is called by PRINTTABLE, prints the

> 4
segment of the table between columns LEFT and RIGHT

inclusi;e. Labéls for the rows will Be printed at the right
"margin of the segment if and énly if TITLES is true. This
‘procedure'célls INCEXFUNCTION ag@ PRINTLINE. \
P%OCEQURE PRINTTABLE;

_ This procedure, which is called by the main block, prints
the title for the ¢able, determines how the table‘will be

divided into (vertical) segments, and then repeatedly calls

PRINTSEGMENT to print the segments.

N

~
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Listing of the program . .

- 00 o o o e e e
R
Procedures and functions 1in this brogram which are
1Jent1cal to thoée with the same names in ’ONEREéﬁESENTﬁTION
have been replaced by\empty BEGIN-END blocks. Alghough the
naées of constants, types, ’variables, procedures and
funéti?ns appear ih upper-case th}oughout thé documentation

of the program, the l¥sting of the program is entirely f{in’

lower-case for easier reading. . ~

¢
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progran multiplicitytable (input, outputy; °

(*
(*
(*
(*
(*
(*
(*
&
(*
(*
(*
(%
(®
(*
(*
(*

(%

(*
(*
(®
(*
(*
(*
(*
(%
(*
(%
(*
(%
(*
(I
(%
(¥
(%
(%
(%

the program contains the following procedured and

functions

function
procedure
procedure
procedure
procedure
procedure
function
functgon
procedure
procedure
furtection
procedure
procedure
procedure
function
function
function
function
function
function
function
function
sff%edure
procedure
procedure
functign
function
procedure
procedure
procedure
proceaure
procedyre
multi

(in order of appearance):

validinput
speciallinearmatrix
matrixinitialize
lengthinitialize
orderinitialize

basischange \\
scalarproduct .
equalvectors

insertroot
computepositiveroots . ™.
congruenceclass PR
computelevellist '
cvomputehighestweights -
createchalin ) °
aorder

becorder

dorder

eorder

.forder ‘ .

stabilizerorder
indexfunction
weyldimensionformula
flagsubweights

findxiroots . v
reflectdominant
previousmultiplicity \
doublesumnation -
computenultiplicities
conmputetable

printline

prﬁntsagmentf

printtable

icitytable (maiﬁJbldck)

- ‘us -

*)

*)
')
")
*)
*)
*)
')
*)
*)

")
*)
*)
*)
')
*)
*)
*)
*)
..
*)
%)
*)
')
»)
*)
%)
")
")
*)
")
%)
*)
*)
")
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numgrires = 100;

const P M

(% -the maximum rank of the lie algebrd.

\*

maxrank = b3}

(* the maximum number of representations in the,tabie.

~
”
t

maxrepresentations = 1003

(* the maximum number of multiplicities in the table,
(* i.e. maxrepresentations * (maxrepresentations + 1) /

(v 2,
maxmultiplicities = 50503

(¥ the maximum number of columns‘in each ouipdt segment
(¥ of the table. :

maxcolumns = 30; .

(* the orders of the weyl groups of algebras e6, e7, e8
(% r4, and g<. . o

eborcder = 51840; - :

eTorder = 2903040; . : |
eBorder 2 6967296003

fhorder = 11523 . ‘ : ’
g2order = 123 « ! :

(* the number of primés stored in array 'prire', and
(* listed in the 'value' segment. - ® v

2 "~ -
)

e

Vo R 1T 2

9

-
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typg

nonnegative = O..maxint; >

classicaltypes = (a, bc, d); .
rankrange = 1,.maxrankj; -
representationrange = 1,.maxrepresentations;

multirange = 1..maxmultiplicities;

classrange = 0O..maxrank;

vector = array [(rankrange] of integer;

rowtype = array [representationrange] of nonnegative; .

(* pointer type and record type used for the positive ")
(* roots of the algebra. each record of type 'root' “n).
(% contdins data about a positive root. . *)

.

rootlink = “¥oot;

root = .
record
(* the root expressed in the alpha-basis and the, ")
(* omega-basis. . )

_alpha, omega: vector;

(* the Ievel of a root is the number of simple roots ") . \
.(* which must be subtracted from the highest root in *) -
(* orcer,to obtain the root. if the root is a *)
(* 'xi-root' (see procedure 'findxiroots'), the ")

<« (* 'orbitsize'¥is the number ‘roots (not only . ")

(* positive roots) in the orbit of the root under the *)
_(* action of the group generated by the negative of the %)
(* identity transformation and the subgroup of the weyl #)-

(* group which stabilizes the weight for which the &)
(% multiplicity is being computed. > N %)
level, orbitsize: nonnegative; i ‘

nextnpot: rootlink;

end; ] ' p : . .
(* pointer type and record type used for the #%¥inant = *) ’
(* weights of.the weight system of a «given %) oy
(* representation. each record of type 'weight' contains %)
(* data about some dominant weight. ‘ *)

3

weightlink = “weight;

weight = - .
record
- J
(* the weight in the omega-basis. ° )
. .0 . &
omega: vector;
(* 'Cultiplicity' is\ the multiplicity of the wetgnt.  §)

-7 = F




(% 'depth' 15 the least number of positive roaip which %)
(% must be subtracted from the highest weight-“f the
(% representation to obtain the weight. 'level!' is the %)
(* scalar product of the weight with the vector defined ¥)
(* by the property tnat its scalar product with every *)

(% s¥#mple root is 1.

multiplicity, aepth, level: nonnegative;
. LY

nextwelights weightlink;

end; s
(* pointer typejand record type used by procedure *)
(¥ f'createchain' and functions ‘aorder' through 'forder' #)
(% and 'stabilizeropder'. these procedures compute the *)
(% order of the subgroup of the weyl group which - *)
(* stabilizes a given weight. each record contains data *)

(* about a component of the given weight. - *)
link = “node; ‘
node = \

record ‘ *

left, right: link;
nonzero: boolean;
end; \
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var

Ay

(¥ the cartan matrix and its inverse. ‘'inversenatrix' is %)
(* multiplied by the determinant of the cartan natrix so ¥)

(* that all the entries will be integral. *)

cartanmatrix, inversematrix: array [rankrgange, rankrange) of
integer; °

(* the determinant of the eartan matrix. *)

deterrinant: nonnegative;
(* the squares of t e lengths of the simple roots. ")
~

squarelength: vector;

(¥ the type of the algebra, -'a', 'b', 'c', g, 'e', 'f‘,\')
(* or '8'° ')

latype: char;

(* the rank of the algebra; the congruence class of *)
(¥ representations in the table; the number of ")
(* represertations in the table. - #)

rank, class, numrepresentations: integer;

(* a pointer to the head node of the list of positive ®)
(¥ roots. : : ' ")
rootlist: rootlink;

(¥ an array which holds the 1list of highest welghts. *)
welghtarray: array [representationrange] of weight;

(¥ an array which holds the weight multiplicities. - *)
multiarray: array [multiraj;el\of nonnegative;

(* arrays which hold data about the corresponding weights *)
(* in 'weightarray'. 'stabarray' contains the order o *)
(* the stabilizer of the weight. 'orbitsizearray' ")

(* contains the size of the orbit of the weight under the %)
(* weyl group. ‘'dimensionarray' corntains the dimension of ¥)
(* the representation with the weight es highest weight. ¥)

(*# 'productarray' contains the scalar product (weight, *)
(* weight), i.e. the square length of the weight. *)
(* '"lgvelarray' contains the leypl of the weight. ')

stabarray, orbitsizearray, dimensionarray, productarray,
levelarray: rowtype;

~ o149 - .




5 i;

'Y )
(¥ an array of pointers of type 'link' used to hold the
(¥ chain created by procedure 'createchain'., °

carrier: array [rankrange] of 11(&;

(¥ the orders of the weyl groups of the algebra; of the
(* classical types a, b, ¢, and d, and of rank between 1

(* and maxrank.

order: array [(classicaltypes, rankrange] of nonnegative;

(* an array containing the first ‘runprimes' prime

{* numbers; they are needed by procedure

(% tweyldimensionformula'.
prime: array [1..numprimes] of ndhnegative;
(# the starting time of the program.

starttime: integer; _— \

~
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value

multiarray

prime =

(

2,
23,
59,
917,

1317,
179,
227,
269,
313,
367,
k19,
461,
5F

= (maxmultiplicities
3, Sy T,
29, 31, 37,
61, 67, 71,
101, 103,  1CT,
139, 149, 151,
181, 191, 193,
229, 233, 239,
271, 21717, 261,
317, 331’ 3379
573, 379, 363,
421, 431, 433,
K63, 467, 479,
521, 523, - 541);

of 0);

11,

109,
157,
197,
241,
283,
347,
389,
439,
487,

- 151

113,
163,
199,
251,
293,
349,
397,
443,

491,

17,
47,
&3,
127,
167,
2517,

307

353,
401,
k49,
Lgg,

19, ‘
53,
&9,
131,
173,
223,
263,
3,
359'
409,
457,
503,



¢

function validinput:

boolean;

A
\ 1}/{

("o this function checks'the validity/of the input and

(* returns

ftrue!

! _begin (* validinput %)

v
1f ((latype
(0 <=
(latype
(C <=
(latype
. (0 <=
¢ (latype
(0 <=
(latype
(0 <=
(latype
o (latype

then validinput :=

= 'a')
class)
= 'b?)
class)
= 'c')
class)
= 'd')
class)
= |e!)
class)
s ')

: 'g")

,else valiainput

and
and
and
and

-and

and
and
and
and
and
and
and

endi (* validinput *)

(2 <= rank) and
(class <= rank)
(2 _ <= rank) and
{class <= 1) or
(2 <= rank) and
(class <= 1) or
(4 <= rank) and
(class <= 3) or
(6 <= rank) and

iff the input ig- valid.

(rank <=
or

(rank <= _

(rank <=
(rank <=

(rank <=

(class <= 8 - rank) or

(rank

L) and (elass =

(rank = 2) and (class
(0 <=z numrepresentations) and
(numrepresentations <= maxrepresentations)

= true
= false;

€) and
6) and
&) and
8) and
6) and

C) or
C)) and

e



'procedure.spec}allinearmatrix;
begin (¥ speciallinearmatrix *)
endy (¥ speciallinearnatrix ¥)

procedure matrixinitialize;
begin (* matrixinitialize #)
ehd; (* matrixinitialize %)

procedure lengthinitialize;
begin (* lengthinitialize *)
end; (% lengthinitialize #)
procedure orderinitialize;
begin (®* orderinitialize ¥#)
end; (* orderinitialize #) &

‘b\-Q;/

. y

procedure basischange (omega: vector; var alpha: vector);

begin (% bacischange %)
ena; (* basischange ¥)

function scalarproduct (vectorl, vector2: vector): integer;

‘begin (* scalarproduct *)
end; (* scalarproduct *)

function equalvectors (vectort,
begin (* equalvectors ¥)
end; (* equalvectors %)

vector2: vector): boolean;

4

procedure insertroot (rootil: rootlink; newroot: vector;

newlevél: nonnegative);
begin (* insertroot ¥)
ena; (* insertroot *)

proceaure computepositiveroots;

begin (¥ computepositiveroots %)

end; (* computepositiveroots *)

i

i
K
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function congruenceclass (weight: vector): classranée;

[

(® this function computes and returns the congruence
(¥ class of ‘weight'. Q
Y var ’
b’\b ’
I: nonnegative; .
temp1, temp<: integer; ‘ ‘ B

vegin (* congruenceclass %)

) caség}atype of 3
tafy L 4 ,
begin - .
templ 3= 03 ) '
for 1 :2 #® to rank do
o ’ ) temp1 :=z temp1 + .1 ¥ 'weight (1]
congruenceclass :z templ mod (ramk + 1); ¢
end; - '
tbh': -
" congruenceclass := weight [rank] mod 2; . i
lc'-
begin -
i:=1;
templ = 03
" while 1 <= rank do bV
begin < '
templ := templ + weight [1];
1 t= 1 + 2; -
end; :
congruenceclass :z templ mod 2 X
erias - g "<
tdat: ot
begin . S
tenpt = (weight [rank -« 1] + weight [rank]) mod 2;
tewp2 = 0; . -
i 1= 13 .
while i <z rank - 2 do" A
begin . .
temp2 :=z tempz + weight [1]; . ’
e #
Y i 1= 1 + 2 )
L L

tempe 135 2z * templ;
temp2 t= temp2 + (ragk 2). #
rank % weight [rank]);
- tempz 3= tempz mod U; °
- if tempt! = O
- -then if tempe = 0
‘ then eongruenceclass :
else congruengeclass :
else if tempz <= 1 .
then congruenceclass,: 2
else congruenceclass := 3

weight [rank’ = 1] +

N
- C
o

-e

“. - 15“ -

ol
e
- £

U
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A —1 * ~s '
end; ' '
'e': - 2 ) - .
cdse rank of R . )
2 begin : ‘ RE T ‘ : .
‘ temp! := ‘weight (1] - weight [3] « weight (5] -
‘ ° weight [6]; .
. . . temp2 t= abs (templ) mod 33 - .
if (temp1 >= 0) or.(temp2 = 0) ‘ . , .
then copgruenceclass':= temp?2 . T
qlae’congruegcgclass 4= 3 - tempe;
. end; ' ‘
"7 . Tt congruenceclass 3= .
(weight [2] + wei [5) + weight [7]) mod .23
i, 8: congruenceclass’:= \0; L _ r
..+ end} . . : ~ 7
‘£, tgte C TN -
7 congruencecIass t= 03 “kl/ﬁ—\ T .
end; ‘L . . . , . -
» . , .
~end; (* congruenceclass 'L% S ’
0 . v
AP " ’\‘
N _\ o »
3
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procedure computiéfvellist (vartlastweight: weightlink; .
invers rowsums ector; level: nonnegative; var numwelghts:

integerlr);
b [(' this procedure generates the weights with level %)
- 'leve.', determines %hich weights are ip congrutnce ®)
(* elass 'clasc', and ad¢s those weights to the end of %)
(* the weight 1list ('lastweight' always points to the ¥
, (* last node in the current weight list. ) each time a *)
' (¥ new weight is added to the weight 1list, ‘'numweights' . ¥)
(¥ is incremented. the level of a weight is one plus k)
('\twice the scalar product of 'inverserowsum' with *)
(¥ 'Wwilght'; however, in this procedure 'level' refers )
. (¥ to the unaltered scalar product. the set of vectqrs %)
(* 'weight' with non-negative integral components such %)
1 T (* that the scalar procuct of 'weight' with ®)
. (* 'inverserowsum' is 'level' is generated by procedure %)
4*5‘ 'recursion' included within, this procedure. *)
var b ,
) weight: vector; )
’ - newweight: weightlink; *

7

procedure recursion (sum: nonnegative; inccex: rankrange);

var
A - testvalue: nonnegative; N 5
bepin~ (% recursion *) ( gy ‘
’ [ if index < rank : : ) :
then //a ' N
4 ' - (% try all possible nonnegative values for %)
- ' (* *weight [index]’'. *)
. for testvalue := 0 to (sun div inverserowsum [index]) do

begin
« weight [index] := testvalue;
"o recursion (sum - testvalue ¥ inverserowsum- [index],

index + 1); # v
. 4 .end
tlse -
LN (* see if 'sum' is a multiple of ‘'inverserowsun *)
¢ (% [rank]"'. \ . *)
if sum mod anerseroweum [rank] = C
then . »
) ] begin .
% (* set 'weight [rank]' to the correct value, and ¥)
(¥ deteaftiine if ‘weight' is ih the correct *)
(* congruence class. k)
_ weight [rank] := sum div inverserowsum [rank];
» if congruenceclass (weight) = class
then ® -
begin :
. . (* add 'weight' to the list of’ highest %)
. . ) . (* weights after 'lastweight'. . . [ %)
« new (newweight); LA
newwelght”. omega := weight; ’ //

W

L) ’ Y%

‘.’_ P’ 2 « ! y A.’ N | “- 1 5 6 B ; “ aﬁ



. ' H
A ————
: . newwelght“.level := . ‘
‘ . ® (2.% level) div determinant + 1;
newwelght®. nextweight 3= niljy .
{ *  lastweight”. nextweight := newweight; s ’
e oot e : lastweight := newweight; / .
: nunweights t= numweights + 1; N )
o end; : 3 ‘ f
e end; ’ - ‘ -
end; (* recursion %) ! \\\ : »
begin (* computelevellist ¥) . . )
~ J : : '
' recursion (level, 1); -
end; (¥ computelevellist ¥) . s
<y ; v
. ‘ .
. L] oy
~ -t - = ) ¢
Pl » o . R ’ .
: : ' / : . @ (
1 .4.///
R » ‘- :’ '
. ’ “ ’ : ‘ ll
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procedure conputehighestweights; , .

(* this protedure first imitializes the vector *)
(* 'inverserowsum' which is used by 'computelevellist' to ¥)
(¥ determine the levels of weights. it then allocates a ¥)
(* dumrly head node for the weight list; 'weightlist' *)
(* points to this head ncde. the highest weights are ) -
(¥ then computed by jncreasing level by repeated catls to %) ‘
(* 'computelevellist™. the weights are then transferred *)

(* from the dynamic weight 1list to the array *)
(* 'weightarray', and finally the procedure disposes of *)
(* the records in the dynamic weight list. : %)
. 5
\ : , .
var . .

nunwelightss: integer;

inverserowsum: vector,

i, j: rankrange;:®

level: nonnegative;

weightlist, lastwelight, weightl: weightlink;
column: represerntationrange; '

begin (* computehighestweights’f)'
(* initialize 'inverserowsum®. *)

for 1 t¢= 1.to rank do
‘begin . ‘
inverserowsum [1] := G- /
for jJ :=-1 to rank do : .o
inverseraowsum (1] := | . )
inverserowsum [1] + inversematrix [1,3); - .

end;

(® generute the required numter of hishest we:}hts, level ¥) »
..{(* level, storing them in the list with head pointer *)
‘(' ‘weightlist', - N , *)
. . 4 ‘- . —
‘new .(weightlist); ’ '
weightlist”. nextweight := nil; \
lastweight := welghtlist; -
numweights := C; AR
level := O3 \
while numweights < numrepresentations do

begin .
corputelevellist ey
(lastweight, inverserowsum, 1eve1, numweights); &
level 3= level + 1j ‘ A . !
end; . ' : .
(* transfer the first 'numrepresentations’ weights in %) h
(* ‘weightlist' to 'weightarray'. ).,

[ 5
welghtt 2= weibhtlist'.<antwerght;
for column := 1 to nunrepresentations do

¢
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begin . .
welghtarray [column] := weight1”;
weightarray [coYumn]). nextweight :=z nil;
weight1 := weight1”., nextweight;

end; ’

(% dispose of the dynamic list oﬁhweights.

while weightlist <> nil do

begin - -

weight1 := weightlist”. nextweight;
) dispose (weightlist); .
—~ welghtlist := weight1y

end; .

, end} (* éompﬁtehigheﬁﬁweigﬂ;s ®)

1

N
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proceaure createchain (weight: vector; var first, last:
link); N '

begin (% createchain %)

end; (® createchain *) o

ot

function aoruerY(var 11, 12: 1link): nonnegative;
begin (* aord *) :
end; (* aorder #)

function bcorder (var 19, 12: 1link): nonnegative;
pegin (* bcorder %) -
end; (* bcorder *) * s

function dorder (var 11, 12: 1ink): nonnegative;
begin (% dorder:¥) ‘

end; (¥ dorder ¥) '

function eorder (var 11, 12: link): nonnegative;
begin (% eorder *) ‘
end;,(* eorder %)

“function fordgr (var 11, 12: link): ionnesative;
begin (¥* forgér *) ' .
ena; (¥ forder *) \
- -~
function stabilizerorder (weigﬁ%ﬁ’vector)g nognegative;
begin (J stabllizerorder *) : ‘
end; (¥ stabilizerorder %)
s o

v

av’

o
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< ’ “

function indexfunction (row, column: representationrange):
multirange; ‘ '

¢

(* this function computes the 'multiarray' index )
(* corresponding to the two coordinates ‘'row' ard ")
(¥ 'column' of an entry in the upper-triangular table of L))
(* weight multiplicities which will be output. *)

3
B

i
begin (* indexfunction #)

indexfunction := (row - 1) * maxrepresentations + column -
(row - 1) ®* pow div 23 - :

end; (* indexfupction %)

v

LY

L
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A Y
function weyld;mensionformulé (weight: vector): nonnegative;
(* this function computes the total dimension of the %)
(* representation with highest weight 'weight', using the #)
(* weyl dimension formula. 1in order to allow the *)
(* computations to remain intégral, the running product *)
(* 1s stored in terms of its prime factorintion 1n Yhe *)
. (* array 'power,//@ %)
var ' i
n: l..numprimes;
numerator, denominator: integer; .
count, result: nonnegative; »;:>
it rankrangej
power: array [1..numprimes] of integer,
rootl: rootlink; (
\
begin (¥ weyldimensionformula #) . . .
(* inftialize the array of powers. - ®)
for n :t= 1 to numprimes do
power [n] 3= 03
: _ 2
(* compute the product of the factors, one factor for *)
. (* each positive root., . ¥)
root1 3=z rootlist;
while rovot1 <> nil do
* begin
(* compute the numerator and denominator of this *)
(¢ factor. *)
numerator = 0;
for I t= 1 to rank do
. numerator := .numerator +
e (weight (1] + 1) ¥ root1”. alpha [1] *
- squarelength [1]5 .
. numerator := numerator div 2;
" denominator := 0;
for 1 := 1 to rank do
denominator 3= cenominator + -
root1”. alpha [4]) * squarelength [1];
’ denominator :> denominator div 2;
’ (®* mulitply by the numerator and divide. by the . %)
(*.denominator. - . . *)
n sa 13 o
while numerator <> 71 do
begin ' : r

f
“

LR T .
3 [N

B a1t Al
W\M’u’w v

i AP VRIS

if numerator mod prime [n)] <> 0

o - 162 -



then n :=n + 1
A €else
- begin :
ower [n] + 1;

power [n] := p
numergtor t= numerator div prime [n];
end; , .
end;
nt= 13
wvhile denominator <> 1 do
begin

if denominator mod prime [n)] <> 0
then n (2 n « 1
else
begin
power [n] :
denominator
ends; N
end; ’

= power [n] -_1;
= denominator div prime [nl;

. H

roptl := root1”. nextroot;
endy -

»

(* compute the result. ’ -§

result := 13 ,
for n := 1 to numprimes do
for ccunt := 1 to power [n] do
result := result * prime [n];
veyldimensionformula := result;

ena; (* weylcimensionforrula ¥)
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procedure flagsubweights (repnumber: reprebentétionrange);

(* this procedure recomputes the dominant weight systen *)
(¥ of the representation with highest weight 'welghtarray *)
(®* [repnumber])'. for each dominant weight it sets the ®)
(* corresponding element of 'multiarray' to 1, indicating %)
(¥ to procedure 'computemultiplicities' that a ®)
(* pultiplicity must be computed. for more comments on’ *)
(* the algorithm, see procedure 'computesubweights'. %)
var

welghtl, welght2: integer;
newweight: vector; . A
dominant: booleanj;-
rooti1: rootlink;

i: rankrange;

beg&h (# flagsubweights *)

(* set the element of 'multiarra&' corresponding to the %)
(* nighest weight to 1: the multiplicity of the highest ¥)

(* weight. |

multiarray [indexfunction (repnumber, repnumber)] := 1;

(* compute the other dominant weights of the : %)
(* representation. 'weight1' moves through the weight ®) .
(* array. - ' - . ®)
weightl := repnumber; .
while weightt <> 0 do :
begin MR .
ifr multiarray [indexfunction (weight1 repnumber)]} = 1
then
begin
(* t'root1' links through the root 1list. *)
root1 = rootlist; "
while root1 <> nil do? N
begin ’r
(® subtract the root 'rooti1' from the weight R D)

(* 'weightarray [weight1]:*. i o *)

fer 1 ¢= 1 o rank do
newweight [1] t= weightarray [weightIJ omega [1i]
- root1”. omega [1); .

(* deternine whether 'newweight' is dominant. %)
doninant := true; . .
for 1 := 1 to rank do . K : h

- 1§ﬂ‘-



1= doninant and (newweight

[1) >= 0');\

i
g
(* 'newﬁeight‘ is dominant.and hence is a ")
(¥ dominant weight of the representation; ")
(* find it in 'wedghtarray' and set the "
(* corresponding element of ‘weightarray' to *#)
(' 1. ) i .)
. e
welght2 := repnumber - 1;
"while wéight2 >= 1 do
if equalvectors (weightarray [weifht2]. omega,
newweight) . .
then ; ot
begin
multiarray’
[indéxfunction (weight2, repnumber)) :=
13 ~ 3
N welight2 = 03 €
' end : .
else welght2 := weighte - 13
end;
: root1 := rooti1”. nextroot;
end;
end; .
weight1 2=z weightl. - 13
end;
end; (¥ flagpsubweights #) R
" .



. - 0

1 4

' . procedure findxiroots (subweight: vector; subgrouporder:

nonnegative);
begin (¥ findxiroots *)
end; (* findxiroots ¥)

~

. 1 \/
‘ procedure reflectdominant (factor1: vector; var
- domirnant1: vector);
‘ begin (¥ reflectdominant *) e

end; (% reflectdominant #) "

& '




function previousmultiplicity (dominpnti: vector; repnumber:
representationranqe): nonnegativey

(* this function first searches in the array of dominant ¥)
Jé' Weights for the weight 'dominanti*. 4if ‘'dominant1’ 1s ¥)

* found, the function returns its multiplicity in the *)
(¥ representation with highest weight 'weightarray ")
(* [repnumter]' (which multiplicity will have been *).
(* previously computed); otherwise, .the function returns ?ﬁ)
(* 0 (since if 'dominanti' is not found its level is
(* higher than that of 'weightarray [repnumber)' and *)
(* hnence its multiplicity is Q). *)
var i
found: boolean; At o ' ;

welghti: representationrange;
begin (*hpreQiouqmultiplicify")

weight1l := repnumber;
found := false;
while (weight?1 > 1) ana not found do
begin ‘
found :=° .
equalvectors (weightarray [weight1]. omega, dominanti);
if not found
then weightl := weightl - 13
end;
if found- .
then previousmultiplicity :=
multiarray [indexfunction (weight1, repnumber)]
else previousmultiplicity s= 0' -

end; (* previousmultiplicity *#)-

€
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1 - -;.
/
furfction doublesummation (subweight: vector; repnumber:
representationrange): nonnegative; )
B . : ' .
(* this function computes and returns the value of the
(# double summation in the modified freudenthal formula.
(* the outer sum is over the orbits of the root system;
(% this sum is implemented by searching through the root
. (% 1i8t for the xi-roots (the orbit representatives). if ®
- (¥ a xi-root is encountered, the inner sum is computed;
(* it is a finite Sum of terms of the form scalar product
(¥ times multiplicity. as soon as a zero term is
(* encountered in the inner sum, we know that all further &
(* terms are zero. instead of using the actual -
(* multiplicity of 'factgr1', which is not available, we
(* reflect 'factort' into the dominant chamber using
) (* procedure 'reflectdominant', and then call function
(* 'previocousmultiplicity' to find the multiplicity of the
d (% weight 'dominant 1! computed by 'reflectdominant'. note
(¥ that since 'dominant1' i{# a dominant weight of higher
(* level than 'subweight', the multiplicity of i
) : (* 'dominanti1' will have been computed by the time we
(* call 'previousmultiplicity?'. .
P
var
root1: roctlink; _
innerterm, innersum, result: integer;
counts nonnegative;
i: rankrangej '
factori, dominantil: vector;
begin (* doublesummation #) ’ '
result iz 0
rootl := rootlist; :
while rootl <> nil do . -
begin )
if rootl1”, orbitsize <> ©
then .
begin o
“eount = U; L
v innersum :z O;- : '
repeat '
count (= count + 1; -
for 1 1= 1 to rank do : .
factor! [1] t= subweight [1] +
h count ® root1”. omega [1i]; .
reflectdominant {factor1l, domindnt1); A
innerternm := . "
(/( ' ‘ previousmultiplicity (dominant1, repnumber);
, if innerterm <> 0O
. then innerterm 1= innerterrc *#

scalarproduct (factori, root1”. alpha);
-, innersum := innersum + innerternm;

-~ ' . - h



L .

until innerterm = 0% . -

. result :: result + root1”. orbitsize * innersunm;
end; ' ‘ S

root! 3= rooti1”. nextrooty

‘end; Y -, . .

doublesummation := result; c : . "

)

/ v

~ ’ -

. - f
N Ca ' - .
/ end; (* doublesummation ¥*) , :
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. procedure com;ufgbultiplicities (repnumber.\
- b epresertationrange), = o \
’ ?/xthis procedure éomputes the multiplicities of q’b T
: (% cominant weights in the representation with highest %)
X &\ (* weight *weightarray [repnumberg'. we Kknow that the *)
DN (% multiplicity of the highest weight is one, and from *)
. k\ (% this the multiplicities of weights with lower levels *)
\ (% are corputed recum&ively using the modified *)
! -(* freudenthal formula. mnote that “in order to obtain the *)
' W(‘ correct gultiplicity for a giyen weight, we must *)
4 . (® divide the Value computed by function " *)
- (" 'ooublesummation by the difference of 'highproduct! %)
. (® 'subproduct'., tf#ie total dimension of the *)
A _ (* Apreqpntation is also compute (based on the ¥)
(% pultiplicities~gof the dominzn weishts and thHe sizes *)
. - , (% of the#r orbitg§ and stored in 'dimension'. ’'this is %).
_ (% dohe so ‘that the computations can be checked by £)
[ o (% conp#ring the result obtained by ‘this method with the #)
/ T, (% result given by the weyl ﬁimension formula. %)
;Q’J Jar - R i . .
¢ . ’ ' : . un
- oo ! highprodbct, subproduct, dimension: nonnegative;
¥ .4t rankrange; . ' ., . . o
) . , alplia, omege: vector; A
s . ." "multiindex: multirange; ' SEEEE .
- < wedgshtt: representationrange; )
. ’
3 , . 'begin (* computemultiplicities *)
M 4 ' ] .
~’J - (% é“or:put.é 'hithr*éducn'. . Co \ v %)
. . for i := 1 to rank do
J _ onega [i] t= weightarray Irppnumber]. omega [i] + 13,
+ basischdnge (omega, alpha); .
i highproduct := scalarproduct (omega, alpha)‘ ’
. > Lt ) ’
’ (% compute ;h% nultiplicities of tne dominant.weights, o)
. o dimension := orbtitsizearray [repnumber];

_-for weight1 := repnumber - 1 downto t do ' .
' Jbegin ) ‘ ~
o  multiincex = indexfunction (weight1 rgpnumber)ﬁ;
Co uif multiarray [multiindex] ] ;7 . /

-

n < .

- ) ° then o

v . in 7 ’ .

. . 1 ‘ b ™ s"

‘3. . - (% compute 'subproquct'. 7 ')
-, ] " for i 3=z 1 to rank do o -
o .. -‘ocepd [4] 1= ‘weightarray [wegghtll orega [1] + 13-
¢ vasischange (omega, alpha); - -
_ e 2 subproduct 3= scalarproduct ?omega, alphaD
o T . | o
lad Y l"' ‘ - o .o w"?o-' . . W ‘ y

e Lo o , . .
B M , ¢ o
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b (* compute the muliplicity and incresment SR
. 4 “

) : (weightarray [weight1]. onesa,

@ . - ! .
\ - -

’ (* 'aimension’'.

i
4

(weight@rr
v multiarray
double¢Sunmation

o 'findxiroots ’ ,
. /ny (weightt1]. omega, stabarray,[qqight1]);

multiindex] :=

19

repnumbér)

’ div (highproduct - subproduct);

¢imension := dimension +
multiarray [multiindex] * orbitsizearray [weight1];

.

. end; .
.end°
\ (* check the dimension. *)
if "dimension <> diménsionarray lrepnunber) -
then writeln ('dimensions not equal for representation™,
repnumber: 3)3
end; (¥% computemultiplicities %)
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procedure computetable; ‘Vg

(* this procedure computes the 4inforration to be inoluded *)
(% in the output: the contents of the arrays . *)
(* 'stabarray! ‘orbitsizearray', 'productarray?, - *)
(¥ 'diménsionarray','and Llevelarray', as “well as. the *)
(* multiplicites dn 'multiarray'. | . . *)

" var

) alphat: vector; ; .
. repnumber: representationrange;
weylgrouporder: nonnegative;

‘begin (* computetable ¥)
> W ‘ N
(* determine 'weylgrouporder', the order of the weyl
(* group of the algebra. )
+

- x
At

N L}

case latype of .
'a':t weylgrouporder := order,K[a, rank];
'b'y, 'c': weylgrouporder := order (be, rank],
'd': weylgrouporder := order [d, rankl;
'e't case raunk of ‘
: 6:~wéylgrouporder t= eborder;
7: weylgrouporder := e7order;
0: weylgrouporder := eborder; ° : S
end; -
'f': weylgrouporder
'g!':s’ weylgrouporder,:
end;

f4order; N
g2oraer; . )

(* compute the information to be output. : ¥)
I :
for repnumber = 1 to numrepresentations do
begin
' . stabarray [repnumber] $= v
) stabilizerorder (weighttarray [repnumber]. omega);
orbitsizearray ([repnumber] :=
weylgrouporder ¢iv stabarray [repnumber];
.basischange (weightarray [repnumber]. omega, alpha); '
' productarray [repnumber] s=
scalarproduct‘(weishtarray [repnumber]. omega, alpha); .
. dimensionarray [repnumber] =
. s " wWweyldimensionformula (weightarray [reprumber]. omega);
levelarray [repnumber]) ;= welgntarray [repnumber]. level;
flagsubweights (repnumber),
- _ computemultiplicities (repnumber)}
end3} .

¢

v
end; (* computetable *)
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procedure printline *(tatlerow: rowtype; left, right, row:

representationrange; inmultis: boolean);

(* this procecure outputs the row of the table contained
(* in 'tablerow' between columns 'left' and 'right!

(* inclusive. 4f 'tablerow' is a row cf rultiplicities
(* 'row' is the (ordinal) number of the row; for other
(* rows, 'row' is 1. ‘'inmultis' is true iff 'tablerow’
(¥ is a2 row of multiplici~ ties., in order to enforce a
(* standard width, entries in the row are split into

(* 'pieces' (i.e. three-digit segments), starting with
(* the lowest three digits, and printed as a column of

(* pieces. all of the computation done by this procedure

(* is necessary to ensure correct formatting of the
(¥ output.°

var

innurber: array (representationrange] of boolean;
divisor, maximum, numlines, line: nonnegative;

column: representationrange; » v
piece: C..999;

)

‘pegin (* printline ¥) : .

(* find the maxipum entry in tablerow.
raximum = 03 ® ol
for colunn := 1 to numrepresentations do

if tablerow f[column] > rmaximum

then maximum := tablerow [column];

(* find the number of lines needed 'to output this row,
(¥ 1i.e. the number of 'pileces' in 'maximur'.

numlines 3= 0;

while maximum <> ¢ do
begin-
maxirum = maxirum div 1000;
numlines := numlines + 1;
end;

if numlines = 0 ’
éhen numlines := 13

. ‘ \
(¥ initialize 'innumber' and 'divisor'. ‘'innumber
(* [column)' is true iff the leftmost piece iof 'tablerow
(* [column]*' has been reached. 'divisog' defines the
(¥ current piece being output. ’
-

for colurn := left to right do
innumber [column) :=z false;

divisor := 1;

for line := 1 to nurlines - 1 do
divisor := divisor ¥ 1G0C;

o ]
_(f;3 - . . .w .

N "
~——
: .
. . “
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Y »
(% output this row of the table. o

for line 3= 1 to numlines do

begin )
for column := left to right do
P begin
plece := tablerow [column] div divisor,
if iunumber [column]
then
if pilece > 9¢ * N
then write (' ', piece: 3)
else . T
if piece > 9
—~ then write (' 0', pilece: 2)
- else write (' 00', piece:. 1)
- .else . .
. if piléce = 0
: . then
2 o if line <> numlines
L , .. . then write (! ')
~ . ’ . ‘else if inmultis
{ then -
- 4 if column < row
' then write (! ') .
, o ‘ else write (! 1)
. : , ‘ . else write (' o)
else

begin ,
\;.ﬂmumber [co¥umn] := true;
if piece > 69 ) :

then write (q ', plece: 3)

\ . ¢ else
E o if piece > 9
. . then write (' ', pilece:
' ' "else write (! ', . pilece:
) - end; °

tablerow [column] :=
‘ tablerow [column] - piece ® divisor;
. end;
{ : if line <> numlines
E ' : " ‘then writeln;
| divisor := aivisor div 1000y
- ' end;
| . )
end; (¥ printline ');

i
-~

n
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procecure printsegment (left, right: representationrange;
titles: booleéan);

>

(* this procedure prints the segment of the table bLetween %)
(¥ columns 'left' and 'right' inclusive. labels for the %)

(* rows will be printed at the right margin of the L#) -
(* segment iff 'titles' is true. n ")
var S ) \

column, row: répresgntationrange{
i: rankrangej;: ‘ . .
tablerow: rowtype; . ‘ ’

hyphen: nonnegative; ¢ s
begin (* printsegment ¥) @ i

(% output the scalar procducts, orbit sizes, leveis, and ")
(* dimensions. . ®)

4

row := 1; '
printline (productarray, left, right, row, false);j
if titles

then writeln (' s.p.')

else writeln; ,
writeln; AN ‘
printline- (orbitsizeacray, left, right, row, false);
if titles il

then writeln (' o.s.')

else qgiteln
writeln; ’
printline (levelarray, left, right, row, false);
if titles

then writein é' level!').

‘else writeln; - 8
writelm'; . ' D N
printline (dimensionarray, left, risht, row, false);
if titles \ .

then writeln (' dim''n') ’ _ '

else writeln; ¥ . o .
writeln;: A g )
write (' ) . .
for hyphen t= 1-to 4 # (right - left + 1) - 1 do

write ('='); : ; . -
if titles "

then for hyphen, :=. 1 to & do write ('=');

¢ " :
writeln; @ :

writeln;

LS

Ly

-« s we

AN
S, .

(* output the nighest weiahéﬁ formatted accordinb»to the #)l

* dynkin diagram. — ' *)
for column 3= left to right do %%
write (' ', weightarray Lcolumn]. onega [1]: 2)s . .
S— - . .

o . 175
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K

writeln;
case latype of’

-

tat, 'b', t'ct, 'LV, gt
begin 3
for 4 8= 2 to rank do
begin
if ((latype =
and (1 = 3)) .
then . : o .
begin .
.for column := left to right do
~ write (! >1); .
writeln;
" end; »
if ?latype 1n ['c*, 'g')) and (i = rank) -
then ' , - .
begin - S
ﬁ§.4 for column := left to right de \ -
5: write (! <');

.

"b') and (i rank)) or ((latype = 'f')

-

writeln;
endj ’ o .
forfcolumm i= left to right do y
. . Write (* weightarray {column]. omesa—I}]: 2);
if 1 <> rank . ”
then writeln; . .
ena; ,
end; ‘ ; !
tdes . .
begin D '
for 1 1= 2.to rank - 3 do
- begin® ' )
for cglumn HES 1ef§ to right do :
write (* ', weightarray. [column]. omega [1] 2)s
writeln; .
end; ’
for column := left to riéh; do
' write (weightarray [column]. omega [pank): 2, 4

ot weightarray [column]. omege [rank - 2]: 2);
writeln; . ' )
for column := left to right do - /
write
. " (v 1, veightarray [column]. omega [rank - 1]: 2);
endj ’ ” ' . '
"e': . o . . N
begin , ' _ ,
for-column :¢ left to right do ‘
- write (' ', weightarray [column]. omega %3]: 23;
writeln; ' : '
. for column := left to rignt do ) ]
write (weightarray [column]). omega [2]1: &,
weightarray [column]. qpe (4d: 2)5 -
writeln; ) ) 73 :
- for i t='5 to rank‘ao .
begin . ! L .
' o, o C. ! 9
" . .. . .
- 176 -
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for ecolumn :s
write (' !
if 1 <> rank

left to right do

A

then writeln;

end;
end; :
end;

Mrotitles

then writeln ('

o

.7 else writeln;

multiarray [indexfunction (row, coluk

welght!')

y weightarray [column].

¢

owega [i1]: 2);

writeln; .,
write (' '); . X ..
for hyphen $z 1.to 4 * (right - left + 1) - 1 do .
write ('-"');
if titles -
then for hyphen := 1 to 8 do write ('-"); '
writeln; ’ ‘ .
writeln;
]
. -
(* output the numbers of the columns.
for. column :=z left to right do
. write ((column - 1): U); ‘
if titles '
then writeln (' number')
else writeln; )
-writeln; ’
write (' '); ' I
for hyphen := 1 to 4 ® (right - left + 1) « 1 do
write ('="');
if titles
.~ then for hyphen := 1 to § do write ('-');
writeln; ' : ’ '
writelnj ¢ : )
(¥ output the multiplic%ties. -
for row := 1 to right do
begin .
for column = 1 to row - 1 do
tablerow [column] := 03 ‘ a
for column := row to numrepresentations do___
.tablerow [column] iz

13
» printline (tablerow, 1eft, right, row, true);

if titles
then writeln ('
else writeln;
writeln;
end{

* - .
end; &' printsegment

]

J, (row -

1

"

1)

3)

*)

!)' ’
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_ -procedure printtable;

(* this procedure prints the thie for thé tavle, %)
(* determines how the table willcbe-divided into vertical ®)
v (¥ segments, and then calls procedure 'printsegment' to %)
| (* print the segments. : *)

var

numsegments, 'segment: nonnegative; -

hyphej;/pdﬁnegatiVe; . .
A . N

begin\(*“printtable°') * -

e
' -~

N N '
(* output the title and compute the number of segments. ®)

writeln (! algebra ', latype, rank: 1, ', representations’’,
'of class ', class: 1); '
write (' ');
R for hyphen :=
write ('=1');
writeln;

writeln; .
numsegments := (numrepresentations - 1) div maxcolumns + 1;

1 to 4§ * numrepresentations + 7 do

)

{* output the sSegrments starting with the ;gf%most.. £)

"‘for .segment- tz 1 to numsegments - 1 do , - .
begin .. . '
printsegment ((segment - 1) ¥ maxcolumns + 1,
: L o Sebment ¢ maxcplumns, trie);
- : writeln ('1'); . :
writeln;
Wwritelns
writeln; ,
end; ° , A
printsegrent ((numsegments - 1) % makXcolumns + 1,
. numreg;fsentations, true);

[

t

[ -

~er(d; ('\printtablc *)

———

o
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. {
. \
begin (¥ pultiplicitytable #) ’ ) . }
~starttime $= clock; '
reset (input); '
linelimit (output, maxint); . )
read (latype, rank, class, numrepresentations), .o ‘
«if validinput . '
then ‘ ) .
begin "t ‘. v
matrixinitialize; . ST :
lengthinitialdze; . < -
orderinitial«éé\' .
computepositiyeroots;
computehighestweights; "
computetablgs;

printtable;
. end}
writeln

(*1total time (milliseeonds) = ','(clogk - starttime): 1)

end.“(‘ nmultiplicitytible %)
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Examples of. output

o &
4/

The envelope attached to the inside back cover contains

.

tables of the  multiplicities for the first 52

representations in each congruence class of the Lie algebras

E6, ET7, E6, F4, and G2. (Note that E6 and ER hLave]/ three and

two congruunce‘classes resbectivgly,.whereas T6, FU, and G2
each have one.) These tables (except E6 class 2) as well as
similar tables fd; algebras of types A, B, C, ;hd D and
yanks up to Slarg }ppluded in Bremﬁby, Mogdy,- Patera (to _

appearl). . .

.
i .
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!
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Time and storage requirenents.

¥

- {

This section presents the time

central-processor seconds) and storage

HFY
'a

-

requireéentﬁ ‘(in

requirements (in

60-bit words, in octal) on a Cyber &35 of MULTIPLICITYTABLE

for the first 52 representations in each conérubnée class of

!

each

‘simple Lie algebra of rank up to 8.

(For type A just

under half of fhe céngruenée,classes have been omitted owing

to the symmetry of the Dynk;n diagram.)

are on the first page anc storage requirepgnts are on the

second page.

&
Time requirementsa

¥
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C ; ' . Appendix
v ' ' " A worked exaﬁble of thg fast recursion fbrmula ¢
‘t. H f 0 v ' \
4 . .
This Appendix presents an example of hand computation
usfnéauﬁhe fast recursion formula. - we’_.coﬂéigei the

"representation ‘of D5. with highest weight 0 0 0 1 23 this .
. ) representétionvia-in congruence class 2 and hni dimension

! 1440. The dominant weights and their multipliocities are . |

he oo . weight , multiplicity
S VR ¢ QJ b .2 ‘ 1
. (0 0 1,0 1
0 1 0 0 1 3 -
1 0 0 1 O 6 ‘ )
0. 0 0 0 21 15 "

. o+

We show how this inrormation may be computed manually using
‘the domizant welight algér;ﬁhm and the modified Freudentha;‘
N formula of Moody, Patera (1983». _
‘W; first collect some data needed for the c%:putation.

The twenty positive roots of D5 -{in the omega-baaia) are as

- ‘
follows: S ‘ N . '(:* ¢
-« 2 e .
' number root
N 1 "0 1 0:0 O -
» 2 1<y 130 0
, '3 =1 0 170 0 .
4 1 0-1 1 1 , _
- © 5 -1 1 -1 11 ,
’ 6 1 0 0™ , o
o 7 1 0 0 1 -1 . _
. K 8 0 -1 0 1 1 [ X
9 el 1 0--1_ .1 . I
. .1 10 -1 1.0 171" :
’ 1R 1 0 1 -1 - o R ‘
. 12 0 -1 1 -1 1
‘ 13 0 -1 1 1 -1 i
. ~+ 14 -1 1 1 -1 -1 -
15 1 1-1 0 0
o _ / 16 0 01 0 2 =
, / 17 0 =1 2 =1 =1
N ' 18 0~0-1 2 O
S , : ',
. T Y P



w t <
. ' ' | Ay, ”
Yo19g -1 z-1 0 0 - ) ,
20 2«1 0 0 O~ : a
The inverse of the Cartan matrix (scaled up by ) is ‘
! - 3
(4 ] 4 2 2) - _, e 7
(4 8 8 b4 ) o o
(4 8 12 6 ‘6) ) : ‘
e (2 4 6 5 3) . T
(2 4 6 3 5) I

o

v ~

‘Hence the inverheJTOW-sum yectdﬁ (also scaled up by 4) is

v

g )

(16. 28' 36’ 20, 20).‘} 1 4 g
We oompute//tﬁi Qbminant weights atarting from the

highest wefgnx‘ by subtracting all positive roots from alﬁ

R

previocusly~computed dominant weighis'and only ~ keeping ' the

dominant weilights obtaineq at each stage: This gives the

following table: -

depth welight number

0 O o 0o v 2 .0 (hﬁghest weight) !

1 0 1 0 0 1 <_ 1 (weight-0 minus root-8)
1 o 0 1 1 o0 2 (weight-0 minus root-16)
2 0O 0-0 0 1 3 (weight-1 minus root-1)
2 1 0 0 1 O y (weight-1 minus root-9)

'

(Weigh't-4 can also be generated as weight-2 minus root-3.)

At depth ’3 we compute ‘'weight-4 minus root-7 but this 13.

, weight«3 at depth ;. Thus the. above list 1is ¢the complete
-set of dominant weights of this répresentation.

Using the 1inverse-row-sum vector we'can determine the
levela/of the weights. The level of a weight. is the
ordina;y scalar product ~of - the weight with | the
1nverae-row-5um vector given aS;ve, scaled down./ by 4 (the
determinant of the Cartan matrix), theﬁ'multyplied by 2 and

1noremenéed by 13 ,

- a9



weight number level

0 0 0 1 2 -0 .3
"0 1 0 0 1 1., ~25
0 0 1 1 0 2 T 29
. 06 0 0 0 1° -3 1.
-1 .0 0 1 0 . - - 19

-

[ - .
Then if we sort and renumber the weights by decreasing level

we obtéin: ) ‘ . ' ' Q L
. weight . numberl level .
0°-0 0 1 2 o’ . 31 e
0o 0 1 1 0 — .29,
0 1 0 0 1 2 25 ( f
1 .0 0 1 0 3 19
u 0 0 0 0 1 4 11

Iﬁ what followa we use this second numbering of the weights.

~ '

.Before  starting the multiplicity dompubﬁtign} we
determine the constants {(h+d,h+d)-(g+d,g+d)} which oc&ur in
the multiplicity formula (see p. 23), where h's weight~0 is
the highest weight; d is the sum of the fundamental weights
(eq‘;valgntlf 'half the sum of the poéit;ve r&bgs), and g =
wéight-i.for 1 £31 € 4/ Tq'.compute the ‘acalar product
(induced (by the Killing form,~ not the, érdinary scalar

péoduct)-recall that the alpha-basis expression\for a‘vector

‘'{s the transpose of the inverse Cartén_matrixﬁtimea the

omega-basis expression, and that the scalar’produgt of two
o~
vectors, one in the alpha-basis and one in the omega-basis,

is -~ "the ordinary scalar product weighted by the

square-lengths of the simple roots. Since in type D the

Cartan matrix is symmetric and a}¥r the simple roots have the

same length, §o compute the scalar product of two vectors,
both in the om%ganasia, we merely evaluate the product

(vectgr 1) times (inverse Cartan patrix) times (vector 2).

.
' [

I , * * -
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" sums

— L]

(We use the inverse Cartan.matrix as éivén at the

of this . section

c

cancel out in.the multiplicity formula.)

foliowing tgbla:‘

weigh

and

5
o
N

t

o0 1 1 0
¢ 1 0 0 1
1.0 0 1 0
0 0 0 0 1

‘we first write down the

ignore scaling since they
We then have the
. e
nimber (h4d ,hed)=-(g+d,g+d) '
1 16
o2 ' 4o
3 72
4 . 112
; N
To compute the multiplicity of weight-1 (0 0 1 1 0)
corresponding xi-roots and their
tables of the xi-roots and their ”

orbit-aizea;;

(Complete

/
r

beginning

factors,

orbit ETEQ: for all simple Lie algebras of ranks up to 8 and,}

all

(to appear).)

.number
1 0 1
- © 2 1" 0
3 1 0
4 1 1
5 0,0
6 0 0

xi-root

4]
-1
0
-1

-1,

-1

From the fast recursion

0
1
-1

formula we th

16(multiplicity=-1) =

LI

»

on

NO o

0
1
1
.0
2
0

‘*where

the

highest

weight

its

multiplicity

posaible weights are included in Bremner, Moody,

Patera

orbit-size

and hence that multiplicity-1 equals 1.N

occurs

is

6
12
‘ 12

{6(0] +:12[0] + 12[0) + 6[0) + 2[1(8)] + 2[0]}

Here all the inner

the right-hand side are zero except for the fifth,

(as™

weight-1

Plus

"xi-root-5);

. With xi-root-5 is 8.

For. weight-2 (0

’

orbit-sizes are

s

1

0

4

0

kY

1),

187 =

1 and 1its scalar product

the

xi-roots

and

their



’
7

)
'

" We then determine that

A‘orbit-aize

number xi-root
1 0 1 0 0 O 2
2 -1 =1 1 0 O . 12 . <
3 1 0 0 1 -1 12 .
4 . 0=1 01 1V .6 )
5 00=1 2 11" 6. N
. 6 2 -1 0 6 o . 2
v ! f
We then determine that : ' B

¢  40(multiplicity-2) =

{2fo0] . 12&0] + 12[0] + 60[1(12)] + 6[1(8)] + 2[0]},

and In thé fourth inner sum

xi-root-4;

hence multiplicity-2 .equals 3.

the highest weight occurs as weight-2

plus its

4
multiplicity 1is

\ ,

xi-root-S is 8.

rd

For weight-3 (1 0 0 1

0) ¢the xi-roots and
orbit-sizes are ’ ot
number xi-root orbit-ai;e '
1 -0 1 0 0 O 8
2 -1 0 1 0 O 12
3 1 0 0 -1 1 . , 8 _
y -1 1 0 =1 1 -~ 12 Q- N

72(multiplicity-3) = ' : -
m@g] « 1201(12)] » 8[01 + 12(3(8) 11,

and hence multiplicity-3 equals 6. In the second inner sum

~ J -t t

weight-1 ccurs as weight-3 plus xi-root-2; its multiplicity.

—
is 1 and 1ts scalar product with xi-root-2 is 12. .In tﬂ;
fourth {inner sumy'm;:ight-z occurs as ﬁeight-3 p;ua

xi-root-4; its multiplicity is 3 and its scalar product with

xi-root-4 is 8.

1 and its scalar product with xi root-4 i=s
.

12,//1/ tﬂq\fifth inner 'sum’' weight- ccurs as WFIght 2 plus

/ .

xi root-5; 1E§\mu1t1pli 1 and its scelar product with

their .



7‘ - et
‘) x , R
For weight-4 (0 0 0 ©0 1) the xi-pdots. and their ' °
orbit-sizes are :
nunber xi-root orbit-size LN '
- 1 o 1t 0 0 O 2 20 "
2 170 0 1 -1 o 20 .
. - -.r-l-
We then determine. that 1  ; T"L~ !
112(multiplicity-4) = o . .
{20[3(12)) + 20[6(8)])}, . - .

and hence multipliéity-u equgls 5. 1In Qhé first 1ﬁner.$um
weight-2 occurs as ueighx-u pius xi-;oot-1; its mh};iplicity
is 3 and its acalar_ﬁroduct with xi-root-1 is 12. I the - .
second inner ;um, ,weight73 abcurs as ;eight-h plus

xi-root-2; its multiplicity is 6 and its scalar product with

xi-root-2 is 8. L \ ‘ -

~ N .
| o
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