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ABSTRACT .

' Tifie: Digital Wave Analyzer .. ) ", S . '

_Author: Shahid Aziz . - TR
N . . ® . 4

‘ C The objectivkmof this report 1is to simulage'a Digital.

Wave Analyzef on the CDC 66| O'Aigital computer.
A brief summary of digital filters and telated topics .

is first provided, for example,’ Z-transforms, time—domain

amalyeis, Fourier analysis, bilinear transformation,<the

- . .

Sampling theorem and Appreximhtion. e . ' -

Next, 1t will _be shown, how by using a second order A ' R

0y

analog filter (a) a correapondihg digitél filter can be

‘ obtained and (b) using similar techniques, higher order : Y

\ N

K o ' digital filters can be realized as software.
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_oDlGITAL FILTERS AND HELATED TOPICS

Rl ’

RS TN

‘1.1 :Intyoduction o 'f' BN I -

' - .7 4 oL
\ngserete—time signals or signals represented hy a
‘ . —

sequence of ‘numbers ‘are processed by digital f11ters,)in

e

the game wayﬁhs continuous-time signals are by contlnuous—
time systems : . oL . L .

Dlgltal filters can be realized as hard-ware dev1ces
PN ’ '
‘ hav1ng 1nput and Qutput ports and responding in a pre-, b

N

scribed manner to & certarn specified excltatlon Alternat—
QQW ively, soft~ware realizatlons of digltal filters are posslble.
These are computer programs @ﬁich simulate the behav1our

w

~of the_fllter on a computing system.

. 1.2 Z—Trans&orm “ . |

Y A transform theory helps in the analysis and synth681s

of digital filters and other dlscrete time systems Thé

5 .

Z—transform is analogous to the Laplace transfogm theory
which is used in the study of continuous-time systemS‘
‘1.3 Fourler Analﬁsls/ LT S . - *

R -
‘A complex aneform is considered to be the sum of a

A

number of sinusiodal waveforms of suitable amplltude period

>

and relative phase. A contlnuous sinusoidal function (sin mt)

is- consLdered to -be a single frequency component of frequency

1]




At -~

w ;gdians/secohd and the freguencyvdomain descriﬁ%}on oﬁ‘a

éignafrreaﬁires its breakdown into a number of bas® - .
) \ , , ' S IT

4

fpnctions. The above method of‘signal analysis just

* deseribed was conceived by Jean Baptféte Jéseph[\Banon de

Fourier in the late eighteenth century. His theory was

. . ,
originally applied to the analysis of 'heat flow and has
since been used in many areas of .applied science, but ‘it

now forms a pripciple tbol-in the analysis of signals.

A}

1.4 Time-Domain Analysis . ‘

" Thié is used to compute the tf&e—domain response of

digital filters to a gtven excitation. Convolution summa- -
tion can be employed which is analogous to the%®2onvolution

integral in continuous-time systems.

I

1.5 Synthesis . k S A
‘The bilinear transformétioﬁ is gi%en by the equation

& 2 z- : - - -
. g = =2 . ,
T =z+ i ' ¥ :
¢

'which can be used to derive-a digital filter from a corres-

" ponding analog filter. The most signifiqant pfdbeqties of this
. transformation are: = - : : . .

e S

T .
1. - It represents a one-to-one mapping: of the open . *
{ . left half s-plane onto the open unit circle
v 'in the. - z-plane.’
|

Maps one-to-one, the imaginary axis including

the point at infinity onto the unit circleM _




N ‘pl‘a‘.n

Fa d

3. It.is a Onefto-One mapping of the‘epen fig@t' N

1 .

=3

haltLplane onto the complement” in the complex

of the ‘closed unit circle.
. \

4: The inversé/téansformation-

s J’ * /\\, b Ny e
2 : - . .
T"' S \I . o ‘- ~
zZ = — ' . # ’
2 P é"“ l [
T~ 8 e ‘ .

‘\ﬂas analogous reciprocal properties. .Thusvrationai

: funetions transform to rational’ functiohs, poles’{n

~thé§open Iéft*half transform to poles within the unit
¢ 4
circle and Zeros on the. imaginary axis and gt infinrqg

tragsferm to zeros on the unit: circle' .

¥
4
°

-

1.6 Sampling Theorem

The sampling theorem states that-a band-limited\continu-

\
ons-time signal with a FOurier spectrum ex{ending upto a

frequency Wes where wc

'series of samples separated by a pefiod T =

< w,/2 cgn/pe tecovered by. using’a

%ﬂ\seconds.‘

o

“-bighestatrequency component

_Thus_there is no loss of information; if we/sample a -

signal at a r&te at least twice as fast as the sigﬂals

For signals which are not

e vy

so that

band-limited we attempt to determine a value of wc

‘ ’most-of the signals energy (aboutg99%) lies‘in the range

4

™ four‘to ten times eme}ler tha.

S

0SB

c;' The samﬁlihg per rd~should be selected to be -
k _ iid T
This procedure then
R . . C

-

o —_—

‘4 ¥
Ao




-~ T ' . - R . oo 4 . . v

i f~_ leads to satisfactory results whefeby'the‘proceséloi‘sampling

‘ 1ntroduces a.negligible source of‘error ' Typically we pul .
the’ signal to be sampleg through a continuous-time iow-pass -

- guard filter which removes;most of the signal S frequency~'

R . content above % S0 as to reduce aliasing errors due to

A

:\ S samplihg: This bandﬁlimited S1gna1 is then sampled at tbe ’

% samples per second ; , > ‘

ll 7 Approximation :-~' v

L rate of

N
.‘)

‘ From the properties of the bilinear transformatlon it {

N,

. L follows that for every well -defined digital approx1mat10n ‘

4

.‘ Z? problem there is a correspondlng analogue approximation problem. *
Mol . “ .

The twd problems are equlvalent and the solution for one

> xists if the other has a solution. Thus many methods for

designing analogue fllters are applied to design digital

n ] i
fllters S o : L ‘ ‘ *

b ]
Digltal filters have very wide ranging applications in

various branches of science and engineering, such as ¢ilter-»

'

ing of signals received from spaoe speech processing, tele-

)

metry.and in bio-medlcal,electronics. .

v . . ' . . - "’ ¥ d _‘l> .
E | o This report'is concerned with the design of recursive. -

" filters. ., rRBirsive filters introduce phaseqdistortion and

//—thus eqdalization'is enployed to obtain a linear pbasef

’

However» in (hls report most of thé discussion will be-

-y

condined to the study of the amplltude response of digital

filters with respect to time andufrequency -

7.
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2.1 Introduction

Linear filters form a class or systemawhich playsban f
impqrtant role in signad processihg.. Although the term
"£filtex¥ hrpadly speaking may be a'frequency-selective o .

‘ de;ice, in practice it is a system which transmits 3 certain
\ range o; frequencies 'and rejgets others Such frequency
T ranges are called gassbands and stopbands respectively
‘ These filters may - .be analog\or digital Knowledge of
electrical network‘theory is needed for the des%gn di analog
' \filters, the same is fortunately not true of sampled data
- filters or digital filters. These may . be realized by suit—
. wable prograpm‘ng of a dfgital computer which is fed with &,

sampled'version'of the input signal. The increasing interest.'

in d;gital filters is largely due to the availability of the
* -
digital computer as- a research tool and- theawork doqe. on Z—

_,,'transforms and linear’systems forms an adequate background

for the realizetion‘of digital filters As stated earlierx\
»

this report will be restricted to the design of recursive

‘

‘filters only The response of such filters is a fu ion of

the present and past values of the excitation and-the/past

'valdES of the respOnse whereas in ncn—recursive digital

filters the response is independent of the -

A . N

. Y
. R N . . ' c
. - o . .
[ " . \‘ . o 3 ,
v - . ’ " ° . R LI
o N ' h ‘ N ; <
. .

. . . ©
. . |
- . - c, R ¢




past valﬁe of the response. ‘As shown in Fig. 1 and Fig. 2 o N '.ﬁ
s the network for thexrecursive digital filter contains feed ‘ o ‘-"j

~- ~

fOrward paths and feedpack 1oops whereas the non- recursive . . o

oo ‘digital f}lter contains only feed forward paths ,“' B . g

N

2.2 Design/Techniques ' ‘\ ST L

The“z—transform theory is a very helpful tool for

r |
oL designing digital filters . When it is required that the = ¢ #3 ‘

odigital filters have very good performance, the: problem is
b,asica.lly» of using as few/ poles andr/_z'eros as ~possible to - S j
approximate a desired frequenCy response characteristic :mg.:g;
Thus as a general rule when the transfer function in the Z-
}‘,domain H(Z) has several Z—plane poles and zgros, the result- ) ‘1,‘é ;o
| " . ing\iormula becomes complicated and the numerical computation .
f ¢‘uneconoﬁica1 _ ; L - A
C Yo ~ N
- The large amount ?f intgrmation that is available from“ : *
an;log filters can be used to design digital filters with
rbughly the same characteritics. A simple way to-convert S ;. ,“"‘
..'( an analog design into an equivalent qigital filter is to use
the technique known as’ 1mpulse invariance This technique
consists of using a sampled version of the impulse response

of the analog filter to define the - impulse response of a

| “". ‘digital‘filterx The resulting relationships between, the ' ,.~’“ p
| responses oi the'enalog'and digital ter; i8 of a typical| . -
1ow-pass filter are illustrated in Fig 3. -1t is evident -
from the figure that sampling an impulse response which is

5§
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Fig. 1

Recnrsiﬁe Filter

.

Fig. 2 | Non-Recursive Filter,
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Pig. 3 (a), Y Impulse and frequency responses
RN © . of an(analog low pass filter

’ M A \

' a.nd,_ . ‘
- | . Y \(c). (d) their Impulse’ invariant Mtll
. - - . o . equivalent. R
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a furction of time, haslthe effe¢t of repeating-the

corresponding frequency function i‘definately at intervals
defir .

in w = %" - From this, it fOIIOﬁs that the digital filter
will have a frequency response which is a repetitive version-
' ]

of - the response of the analog filter This effect reveals

LY

two major disadvantages of the impulse invariance technique D

(i) The frequency response of - the digital filter in

_the range o <w< % is a poEF approximation

ﬂsame range This discrepancy could be minimized

if the snalog filter hes_an effective stopband -

Q,throughout the frequency range T <w <, ‘which

v ... implies that thé impulse invarisnce method < -

E o cannot'be used - for highipass filters.

(ii) The impulse response obtained must be. used in a

.

nonrecursive digital filtering pperation. Since

. g .
‘this response.may contain many sample valuesghf .

filter.

- . . 2

™ As discussed earlier in Chapter lf‘the design technique - °

employed here for-realizing bandpass digital~filters'sha11 be

-by approximating‘corresponding analog filters using frequency..’
and bilinear’ transformations. ﬂ L ‘
‘When the same filtering requirement can be adequately met
by several different digital filters, then the choice betweenM
them depends on the speed of execution :j a computer program which
R AN

B
E PP WP P SV S SR p—— S—— p——— .

° _ of the response of the ana10g filter over' the . (

significant size, it can*lead ‘tp a very unecomomic -, . -

.
.
¥
.
PP o
.
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A B ' N . N ’ . ’ . *
. X * . ,' ' .

simulétes the«difference equatiofi” An important factor in

this Speed is the number of multlplicatlons Some digital

Pl

fllters can essentlally meet the Same requ;rémEqis asg’ otheﬁﬁdv
with fewer multlpllcations per output sample and. ‘hence these
filters are.to be preierred.\ It is important to .stress thet
speed of exeeption.ie onequ the main limiting factors in .

.8 » . ) ,
the use.of digital :iltering?ﬁethods.

‘If ‘

. 2 3 De31gn of Second Order Bandpass Digital Filter

v leen a trﬁnsfer functlon representing a first order

lowpass analog tilter

{

N

N . .
T(S) = S 1 ’ JH = ]: - L o (2‘1)
- L@ ot . ,‘ ©
.the use of the lowpass to bandpass transformation
D I R
N :-—-—-—‘ Y J—— ) N T ) )
. .S o (s + = ). . o (2~?)
will yield a transfer function representing a'bhndpags filter -
L. ’ "l : . . 1':; . \
T(SS’= 5 : . Lo ) \
1. o " ' .
: Li(s + 20+ Lo
. wB . ’S .'. . . ' 'v‘
s wgs v oo o e
) T(S) B, 52 + %S ¥ w 2 ‘ . ' (2-3)
& - o . N . . ., .o \.
The following specificatlons shall be assigned to’ the above."
. filter : T ',‘ S
o Tgpeozme Y T 0T
£, = 2 Hz ~ - S o e




~i8‘sxzo Hz :“HgA' )

where g is the 3dB bandwidth

fo~ie-fhe ceotre frequency and"' . L ' ‘ Pl

‘ _‘jrs'rs'the saopliqg fregueoey‘ - . C | SRR
" Thus C Y 1
w = 0;4w radian/éeo L T N »
w, = 4% radian/sec . . o - Y
T = f; =55 = 9.5.sec B o R

ot §

Putting the above values in eguation‘(2.3) we obtain

0.4ns , ' ‘A
fz T 0 415 71677 . (2.4)

\ . : ’

T(s)

-

"The_freguency response of the analog filter is obtatned by'*
' .putting § = jo ' o " LT T . _ 
' . - o LI -
-1.25681w . e
T = T s ™Ter. . -
. X &0‘ '(/’ - . -

1.2566w). - \
- TN W) + 3 (1 2'5—66m5 ; S

" Computing the abOVe by using a digital cogputer program we
obtain’ the frequency response of fhe second order analog
filter ‘as shown 1in Fig. 4. j

'We shall now obtain a second order bandpass digital filter

by using the bilinear transformation

_ 27z-1) ~
=T (z¥#1) ’ T

T
s
r

8.

o {nserring tbe above in equation (2.4) we obtain the transfer

function of the digital filter. o

\ .

P J
5y
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- 2 \ A - N ey ’ "-* ) . ,a(“‘
L_z__l_lz + 0" 4n %_(Z_Q + 1672 % . Co s

0.4 T x 2 (z—l) (z+1) . g -
* T q@-D? ¥ 047 21(a-1) (o) ¥ T6miTe (2+i)z

\. ’ . ‘w‘ ".v"
ot * ~’ . b o
.= 205133 T(2?4) -
c - (4 + 2.5133T + 156,0137T2) 22 7 ~
e . +(315.827372 -8)z 4 (157.913712 -2, 5133t + 4)
S L | : B
: .+ 2.51337 sz_l)
J o H(z) = LBZ.9137T7 % 2 BI33T ¥ 7. :
. _BE T 315 8273128 157 .0137T2-2 51351+4 -
' | 157.5137T7+2. 81351+ 157 9137+2. 51331+ _
d I - - (2 5a‘
} “ or ' ' ¢ .‘ . L K a B ' ‘ Y
. N o [ . }\ "_“ . 5 - "‘ ‘ ~°‘ ) »
o wm. mEm N T
o N8 T 2y Blz +B2 - . . DA T ~
/] where . : ‘ ' Co C . o
o "y 2 2.5133T I P BN A
o 156.9136T% + 2,5133T + & . ... o ;
- I 7372 - 8. S
| | pi = 315.827312. - 8

157.9137T2 + 2.5133T + 4 -

po = 167.91837T2 - 2 5133T + 4

--\;\"'. '157.913 T2 ¥ 2.5133T + & .. . .- |
i ' - . ‘. . . R ‘ . -\,

. 2.3 Frequency Reponse

+

S

The amplltqde and phase reponses of the’ digital ‘filter are -

j wT

obtalted by putting z = e in H(z),;-'equation (2.6) ’ v

‘ § .
BTy Al (e 2‘”T 1) : \ig,@“
' 9T gy (eJ”T) + B2 o e _
_ Al (cosm2T+jsin 2wT-1) —
(cos 2wT+j sin 2uT) + BL (cos w"f-rj 51n a?Th)m“fﬁ
S L AN |




\ .
H(eij) _(a1_éos 2mT - A1) + 3 (Al ‘sin 24T) - ‘| ¢

(cos 20T + Bl cos wT + B2) + 3 (51n zmT + Bl .sin wT)

.
- q,

. By using a computer program the amplitude response of the . *

o,

digital filter is as shown in'Fig; 4. -

Slnce our d1s0u581on 1nv01ves the de31gn of recursive ' *

dlgltal filters which cause phase drstortion .the study of phase

distortion will not be included. S . L

The ampditude response of the filter (Fié - 4) shows Q o
shift at the resonant frequency as, compared to its analog "
" counterpart The shift is due to frequency warping caused by
billnear transformatlon This Shlft 1s called the Wa&plng
Effept and will be discussed in detail later on._ . ‘ vz"“

/
The flow chart for‘the computer program used to determine , \?'

the frequency response of tbe digital flﬂiprs is showu in Figf
‘ 5, Up untll upw the study was concerned with the frequency

domain. The time- domain response will now be examined.
t . . ' ’ ' ' =
. N . - , . % -

2. 32 Tlme Domain Response .

The transfer function of equatlon (2. 6) can be used to
-obtain the difference equatlon required for the time~ domaln‘

7ana1ys1s of the filter. . We can write A 'f-

A(z2-1). ¥(z) | . .

ﬂ'H(Z) 2 + Bl-z + B2, X(2)

B

Y(z) _ Alz? - Al : - .
X(2 z‘ + Bl.-z + B2 . R s

—r

: ;"' N ed . |
w AL - Al'%,ojL _ . 5 : M o SRR o
. .1 +Bl.z”'+B2272 . ¥ | o - -
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|

#

' Y(z) + 131 z""Y(z) + Bz .z zY(z) = Al x(z) - A1. z” “2 %(z)

Y(z)-= Al x(z) - A1 z x(z) - Bl z 1Y(z) ~ B2.z ’Y(z)
S— . H

or

Y{(nT) = Al x(nT) - Al x(nT-ZT) - Bl: Y(nT T) - BZ Y (nT -2T)

nD*C/

e L (2.7)

S
Jr >

This is a second ordéf/difference equation’ representing a

t

N

f'recursive bandpass digital filter where the coefficients

Al, Bl,-B2 are real. Using a computer program described in
the flow chart (Fig. 6), the difference equation can be
simulated on- the dig;#tl computer to give the time domain

responses of the filter.

Let a sinusoidal signal x(nT) = sin (wnT;hbe app
the input of the bandpass filter v |
Input signal frequency f = 1 9 Hz
Saqpling period T = 010645 sec’
.éampling-frequeney f, = 14.7059 Hz
GainTof thé filter is unity ’
The response of the filter'fis as shown in Fig. 7.  The output
oi the digital iilter attains a steadyistate after 300 to 500

sampIes after which the response has the same amplitude qs the

input, dindicating that the gain oI the filter is unity, as

A s

, expected . ' ~ ' i‘

X )
A similar Eethod can be.employed to design higher orderu

«bandpass‘digital filters. The selectivity of such filters is

significantly increased relative‘to that of low order filters.‘

Bilinear‘transformation is applied to a nigh.order.analog

)

:
B
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*~ . . . . h

transfer funéflahﬂto,obtain a corresponding digital transfer *’
function.. The design cbefficienfs for such a, filteracan be .
V.obtalned by (i) solv1ng the polynomlals in s for roots, using

‘the Newton ~Raphson algorithm and them factorlslng tor obtaln

)

second order filters in cascade and ' (ii) der1v1vg the co-\ .

efficients fer\the d1g1ta1 filter directly from the numerator

. and denom}natof polynomials., Both the methods will be discussed

in detail in the ensuing sections.

b

2,4 Sixth Order Bandpass Digital Filter
Third order analog lowpass filter is

2 /T(S \ .1 ' : B
S s3 + 282 + 25 + 1 . o C

LY

- frequency transfoxmatiqp for bandpass filter

N 1 ’ 2" Y
' S-‘-‘-E)—(S'i-——n——)
' B’ .
gives \ .
LOES. -
.m(s+\—-9-—)+ (S+_9_) ‘ .
B $ o
+ 2 = 1 (s + wo’ )+ 2
. C
which reduces to’ ! g
: wpis® \ N
T(s) =

st o+ ZmBs + (Bm 2 +20g%) s* + (4w ’0g +wg?)s’

¥ (3w, + 2up wdz)s2 + Zupwyts +w,® T (2.8) n ‘

Equation (2.8) représenté a 6th order bandpass analog filter

[N

\ ~ ' Al

P




~

' .
N - '
: | |
8, :
. Let " f; = 1,9 Hz . o '
I ’ [ . ‘ - g ‘A. . “ - .'I_>7 -
) 2.1 gz ‘ R L .
=' h . v . ) ' . . “(‘1$
| f, =.2.0 Hz. = | o )
fB = 0'.2 Hz o | '
where f, and f, are the half power points \
£, is the centre frequency '
' £ is the 3dB bandwidth- )
Thus wg = 0.47 rads/sec
o, = 47 rads/sec
. N -: [N R . ) N
w, = 2nf, = 4w radians-
Puttidg in equatidn (2.8)
T ’) .. (0 4)3 .".9' s3 . ,
. I(s se ¥ 0. 8ws‘,+ (48. 32T)s" {25, 664ﬂ3)53 .

+.3 x bsént 4 5. 12n*)s? + 0.8 x 2561°s + cany’

" Oy

2.41 Fré&uencj Response of the Anil‘oi‘l?ilter

P

. ) "_ s é .'w\ . ) ‘u'_ N X . e ‘.;
Inserting s 'J S e ’\ . St
we have, | '

L , j (o 4)3 .3 0.)3
T(Jw) = [(411)6 - ws - (3 X 25611'* + 5. 1211") mz

+ (48.3217 )(0-] + J‘[O.Smxr - (25 664n? ) w

+08x2561rw]1 / (210).
The coéffic'iet_l'ts of the denominator po yn‘b nial D'(m) are .

AL ¥ (a13® - wS -°(3'x 3567° + 5.12n% yo? + (48.3202 )w*
. A2 = 0.8m® - (5+6g4n° e’ + 0. 8 x 26670

JR ——




.

. The magnitudes of the numergtor and dencminator poly-
. ' i “*'-, ‘- ' g

nomills of (2.10) are e C I

¢
- AMAGN = (0. 470)7 o S
and AMAGD /Alz FAzE . .

We can now execute a computer program and‘plot Xhe response

of‘the 6th order bandpass ~analog filter agalnst frequency-as
r/“

r‘shown in Flg. 8. The 3dB p01nts of the amplltude response 3dB

occur apprOximately at the’ spec1fled frequen01es

£ = 1.,9 Hz and £, = 2 1 Hz - - -

1 2
From equatlon\(z 10) "to obtain thqffoots of the 6th order

denomlnator polynomlal D(s), we use a.meputer.subrout;ne to

solve D(s). * '; S ‘ ’

The real and imaginary roots are,
5 = -0.3006 + j 12,0801 . .

s = -0.6283 3 12.5506
‘g = -0.3278 ¢ j 13. 1184

*

(s + 0.3006 - j 12.0301) ts +0. 3006 + 3 12. 0301) -
= (s% + 0. aooss + j 12.0301s +.0.3006s + 0. 0904
+ j 3.6162 - j 12. 0301s - j 3.6162 + 144 7233)

.

H

\:,.
(s\+ 0. 3278 - j 13. 1184)\(s +0.3278 + j 13 1184)

= (S + 0. 60128‘+ 144.8137)

’ Simllarly

= (s? + 0 6556s + L\? .1999) " -

.and (s + 0.6283 - j 12.5506) (s + 0.6283 + j 12.5506).
nd_ (¢ ¢ : 12

= (s? + 1,2566s .+ .157.5175)
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N
4

becomes, S LTS ","
o . ) ' . ®
. NS I
T(8) = TR (0 4)3 : §3 L
N C LI 50138 %143, 81 7) (sZ + 0.7556s
+ 172.1099) (s* + 1.2566s + 157.9122)" .
. . . .
»"k ’. . N o . ) .
T(s) = =3 “(0.4)1s (0. 4)ﬂs .
\ +70.612s + 144“8137 .STF 0.65565 + 172, §§§
. (0 4) T8 ’ e T
., ®ST¥1.g56es ¥ 1579122 - - (2.11)
Y Applying bilinear transformation ’ \ A
,J’
.2 z-1 L :
Js T z+1 to equation (2. 11),‘ o . o
‘ 0.47s8 o . ' ‘ '
- Ty(8) = 30 60128 + 144.8137. ¢
: S : 2 z-1
Iy 8 = —
3zl -l
K(z) 0481!’8,1. ——I— R . ‘ .o
= Z~], z-1 .
| TZ%E;T§§¥+—0 6012 x £ Z 2 e
. Aftéer zfur.-ther. manipulation,. . y o '.-
. ot . ' ' ./ '
3.16159T 22. - 0.8 ¥, 3.14150 x T
» / . . N . ;

o x 2T%)z +,(4 - 1.2024T + 144.8137T%) ~

"H n.(z)_ : 2.5133 x T. (z_;_!_g_____:_____%__#

‘ 1'2)-7 (4 +1.2024T + 144.813612)z* — (8~ 144,813
te X 2T2)z + (4 - 1.2024T + 144.8137T?) - R
T S ‘

C . 2.5133 x T

(z) . & ¥ 1.2024T + 144.81 2(2‘1)°
;1 igre —8-280,627417 L 41 3024T+144., 813712
- ‘ 4+1.2024T+144 . 8131, ‘?I‘iﬁﬁif?fii‘ﬁi??‘f

RN

Transfer runction equation (2 !0) after breaking into 'factors




‘ .Bimilarly' | SR P

.
T g -

{ ' - .
" 2,42 FrequeengResponse of the Dtg}t;n Filter - N

\

(S) ® 0\;04."8& ~ .l ! .’
. 2 - 5 F 0.75568 +.172. 1995 2 zi.
1. ' .
2.5193xT . (z- 1y
4 ¥ 1.3112T + I73.19001z (2 "

-1 311914172 1099TT

2(2) _B-3%4.3908T: 3908T2.
4FT3T121+172, 1999T ‘Z:T‘§TI§T‘T7§‘T§§§TT

. and .

e 0.4ms .- :
Tg(s) = 5571, 25665 ¥ 157 9122 2 21
U | s=%%1
2.5133 x T

4 T o Aia0T ¥ o7 01zerT (B, 1)
8§-315.8244T2 +_--2 5132T ¥157“91§§TT
“?3?3132T+T§7"§T§§T 4+2.51321+157,9122T7.

)

L

1ﬁus transfer function equation (2 11)

T(s) = T (s) X Tz(s) X T3(s)

-transforms 1nto a trahsfer function in the z-domain

N e

H(z) = l(z) x, nz(z) x B3(z) B

‘ Frequency-domain analysia of the digital filter will be

-

as follows:- - '_N, -
JuT '

Putting the value gz = gJ¥

’

1(z) Hz(z) and 33(3) just obtained

. Al (zz_l) P - N . | .‘x’
Hy(2) * 22 a3z + a3 . :
where Al, A2, A3 are the coefficients

JZwT

JNT) - Al(e =1) e N . S
szT‘Az (&3T) %+ a3 - BRI
SN I

31(3

AR

_in the three transfer functions




. P o - ™~
" which 'gives*' L oL
(ejmT) Al(cosZw’l‘ +19 sin2? - 1) . | :
1 (cossz + ] sin2uT) - A2 ( suT + j sinm’r) + A3
= (AlcosZmT - A_) + 3 (Alsin2wT) -
(cos2wT - A2cosw’1‘ + A3) + J (sin2wT - A2sian-3'
L | R (2.12)
Similarly — R : ! ~ RN ‘ |
e 2y = _Bl(z* - 1) . s
‘ ' Hz(z? z* - B2.2 + BS R : - :
. JuT\'_ __ (Blcosguf - B1) + j (Blsin?.mT) : ‘
/ ’ Hy(e™™™) (cosZmT = B2cosuT + B3) + j (sin2eT - Bsine TS
| | oo F e easy
- and . o \\. T ".' ‘0
’ Cl(z-l) e o |
Iiz'.(") zZ - C2 2z +.C3 -

, H,(e jw'l‘) (Clcos?mT - C1) _(Clsin2uT &
- 73 (cosm\\ C2cosuT + G3Y +J zsin%m'r - Cﬁsiani_
oy R S A
where Bl, B2, B3 and C1,” c2, ca are the coefficienta ot )

‘ 2(z) and Hg(2).

We can now solve equations (2 12), (2. 13) and (2.14) by
. executing'a \computgr program From the computer printout of
amplitude 1n decibels and frequency in Hz obtained in tabular
torm, We plot the frequency response curve as shown in Fig. 8

ft will be observed that the peak response at 2, .0 Hz in the "

~

" case of the 6th order analog filter has shifted to 1.9 Hz for
' ’\the oorresponding 6th order bandpass digital filter. This
distortion of the frequency scale. in the casé of Qe digital

- :Hlter in relation to tl%t of the analog Iilter iél:due to the

) .l_tivarping effeot.




- . B C N o ’ SR ' PP
5 Time-Domain Analysis of the 6th Order Bandpass *
— - L
© - Digital Filter = = DA \ .

From

an earlier discussion, .
l Y

(H(z) = Hi(z) xHy(z) ¥ Hy(z) L (20)
1(z) Y (z), .Y, (z) Y3(\zj T -
X@) T 1(z5 )4_" LE -

\Thel three secgnd order filters represented by Hl(z) Hz(z)

,and H (z) are c?x.nected in Cascade as shown in Fig 9,

: ¥,(2)

" where Y,(z) . ' )
1) =X @y
. - R | .
. : 2(3) 2(2) ' . ‘; * :
By(2) 2 5.2y © 4,8 —
o Y(m Yym) .
Hy(2) = ¢ 3 . \ )
3 . . x3(2) (Z) . -
ne g ety ‘
X,(2) "z - A2 + A3 P |
. ‘ . ‘\ ' ' :' Lo \’. . ' M
| me2 - m o
' zZ2 - A2z -+ A3 T Cam 7
;o E
(2 a1 - m1g? | | |
) ‘Xlizi —'1.- A2z™1 + A3z72 | ' e

= Al'xl('z)',.:: Alﬁz-2x1£2) + A2 2 1Yl(z)\j

%

- A3. z",’Y.l(‘z—)' SR
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[ . '

Obtaiging the_ inverse z—transfom of abeve, we have-

o _Yl(nT) = Al-Xl(nT) \\- ‘f”
T - 1) 4 (nT-2T)

L (aT-2T) + A2,%y (nT-T)

| r‘.Similarly _ o e .
¥,(nT) = Bl. Yi(nT) ~ Bl. Y (nT—ZT) “+ B2. Y, (nT-T) s
.- B3.Y, (nT-ZT) ‘ (2. 17) '
and y
\“‘.' " . 3(nT) - c1- Yz(n’l‘) - 01 Y, (nT—2T) +C2-Y, (nT-T) B

-

JAE: (nT-2T) (2 18)

e - C3-Y
' The set of difference e&mations (2 16)/ (2..17) ‘and (2.18)

;epresent .a 6th order bandpass digital filter' having design
Phese

.. " can be sﬁnula,ted by usingﬁe digital program which results in

coefficients’ Al, A2, A3; Bl, B2, B3; and C1, C2, C3.
. v -

fh_e time domain response of the digital'filltér(showm in Fig. 10'._

2.6 - Frequency Px;e-w)arpi‘ng'
. /

' The bilinear z-transfomation

: L 2 1-2-! ,
8T Tz :

causes the entire left-hand side of the s-pla.ne to be mapped
into the interior of the unit circlé\uS:e z—plane as discussed

*in Section 1.5, Chapter 1

(z’ 19)

3

This transfo ation is usei’ul fOr
designing digital lowpass, bandpass, bandstop filters that have
apiecewis; constant magnitude function (passband and stopband)

! -. Mlthough the bilinear transformation is\a straightforward

technique tha.t pemits the des:lgn of \brondband -high order

e
.

o

(2.16) ,

.“‘

,\f
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- . . .. * ‘ . * ’ ¢ .
o . R . - |
v - ¢ N ' . Co N \
filters, i matches .only the magnitude response of the

“digital filter dnd, the continuous-time prototype.

-

This does

" not guarantee any préservation-of the phase response and l

thus may not be suitable for applications where phaSe shift
aud~phase deig; are to be consideredh Also due to the

AN
.warping effect, the bilinear transformation cannot be used'

1

fdr the design of multi-pass band -or linear-phase filters.
For such filters the continuous—time transfer ,function can
be precorrected to cancel the effects of warping

Consider a 1owpass analog filter with a cutoff frequency

- Applying the bilinear transformation gives rise to a

digital filter w1th a cutoff frequency -~

L3 _lg =1 (DT . ' N
' Qc =7 tan . —%e ,

The cutoff frequency of the analog filter can be moved from

\J

wc’to mc . . _)\, . ‘:;

N -

where mé = % tan 9%! SO e =
Applying the frequency transformation, we have ~

*

s o :
Zomed

. " ."1. .
A2.20)

- : +

X For a bandpass analog transfer- function, the above becomes

]

8 " .
Ta;-tan - (2.21}?I“
R is the centre frequency .in radians/sec. M
‘ \*“ ' 0, ‘(

‘




| . We'.use the relation (2 .21) to prewarpx‘the‘b'andpas's analog
t ‘transfer function represented by the equation (2. 11)
L s ong = 4rrad.; where 2, = 2 Hz .- '
{ ' : . .
T .~ Hence' (2.20) becomes _ ‘ : Lo
| ‘ ‘ . ? g R | "
ST Tm X R
i - —;I.— tan ﬂ-— s SRR .
. . 0. N . \ .J
o ,.| g 2mIs T W (2.22) .
S Tan 27T. . ' SR
From equations (2 11) and (2. 22). we have TR .
~ ' "\ ' .
‘ o (s‘) 0. 81r T tan QHTL ‘ . j
1v ,4m3T2g2 + 06012 x 2nT. tan (21rT)s + 144 8137 "

tan?(21T) ) Ty

. Usigg-bilinear-%ransformatidh

: s 1, 61r2ta.n (21T) - (zh-lj
161r2+ 0.6012 x 4ntan (21TT) + 144.8137 tan{(2‘ﬁT)

H (z)

g2 - 32nZ- 144,.8137 x 2 tan? (21T) - : :
‘ . 161r2+ 0.06012 x 4wtan (2nT) + 144.8137 tan2(21rT) ST

" 3 ,l6m2 - 0.6012 x 4ntsn (M + 144.8137 tanz(ZL% SR R
~ | I L 1emT + 0 6012 x 41:1: 21T) + 144.8137 tan?(27T . A
8imilarly *© - . AR

: : : . Do S “1 .

3 . 1.61% tan (21T ‘ ' .

C Hy(2) = , 167°7.0.6556 x 4vtah (271) + 172.1000 tan?(znm) @ ~1) |
e g2 _ 9212 - 172.1099 x 2 tan” (g%r'r) "

. T 1672 + 0.6556 x 4ntan (28T) + 1W“T(T’wr) s
. . 4182 - 0.6556 x dntan (21T) + 172.999 tan2(21T) - ) B
' , ‘ - 18w2 + 0,6556 x 4ntan<¢(21T) + 172.999 san®(27T) *~ |} -
o‘. . . \ ' ! ) o ' e : R . ' ) . i ::':.
: . 4 .. N . . \ Ij . . \~ ;‘:;




ey

" and -

‘ean be compared w1th the response curve shown in F1g 8 The~

. response“curve obtalned using a computer program is as shown

in Fig 10.

"naving a fixed freduéncyi~ We shall now briefly discuss the

¥ ‘ 1.67% tan (27T)
‘- ( y = . T6m2 + 1.2566 x 4ntan (2nT) + 157. 9123 tan? (2nT)‘
. 32n2 - 157.9122 x° 2 tan? (2aT)
1677 + 1.2568 x 4ntan (2nT) + 157.9122 tanz(znT) N

- . + 167% - 1,2566 x 4wtan (2¢T) + 157.9122 tan?(2nT).
© T62% ¥ 1.2566 x 4ntan (2qT) ¥ 157.9122 tan? (2¢T) -

(z2-1)

.2

The prewarped transformed transfer functlon in the z—domaln

- obtained 1s ‘ .

v

H(z) = B (z) X Hz(z) x B (z) I N

+

'U51ng the set ‘0of coeffieients obtained from H (z),‘ 2(z){ ﬁa(z)

“-

and executing a computer program (see Appendlx) we ohttain the

A fréduenéy domain response of. the filter as shonn in\?ig. 11,

It will be obsérved that as a result of compeniating for

~frequency warplngl the centre frequency of theNWigital filter

°

is at 2. 0 HZ as in. the correspondlng analog filter. TFig. 11

‘ centre. frequency of the digital filter was shlfted to 1. 9 Hz '{ } ' %

in the absense of prewarplng v
L : ’
Time .domain ana1y31s of the 86th order prewarped bandpass

*

d1g1ta1 filter is performed in the same manner as discussed

‘earlier except the coeffic1ents used 1ncorporate the prewarping

-«ﬂ'

feature. The frequency of the 1nput signal is 2 0 Hz. Tﬁe

~

-
b

Up untii now we had been studyfng the response of bandpass

filters, with fixed centre frequenc1es to 'a sinusoidal signal
. 5

} . A

. ’ ) . . .\\
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A

o reSponse of filters having a figedaoentre frequency\but\

o

with tﬁE*%in;soidaﬁ input signal having a varying frequency.
It was ¢bserved that when the frequency of the input

1 \

;signal was increased rapidly past the centre frequency of

the filter, the amplitude response fell &ar belaw the required

m'level ef unity in the passband, Fig. 12. On slowly varying
o L ‘ .

the input signalirequencj,-the response 0f the filter is: -

3

’unit§ in the’ passband\ but the resonance is at a frequency

lgss than the centre frquz;cy‘of the filter,‘ Fig' 13. '
. “This peculiar characteristic of the computer simulated
bandpass filter may be due to‘thekDoppler effect. The l
following s a brief explanstion'of this phenomenon' ’
The number of points sampled between two highest
adjacent peaks in the vicinity of the centre - frequency = 8,
Let T be the time period between the peaks Now'
sampling period T = 0 0645 sec.

T = number’ of samples x T

8 x 0.0645
‘ .
= 0,5160 sec

1. 1
'T-_ 0.5160

i
<

signal frequency f

2 0 Hz (approx )
Thus he peak of the response\is actually nt 2 0 Hz the
centre frequency of the filter and not at a much lower trequency

as 1s apparent from the . simulated response

- .




Signal Frequency. ——y.

" - ' .\ i ' . N
» - . \ 0 N - . - f .’
. N . > * . .

.‘Fig‘.lz Response of filter to rapidly increasing

signal frequency . e

ignal F?equency—z .

o : fo, v R :
- " Fig. 13, Response of the filter to a slowly 1ncreasing '

w

signal frequency, . o ~ | Ca s

’
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" suitable device.

° ’ , .. . "" 37"’

.+ . CHAPTER 3" N

DIGITAL WAVE ANALYZER

3.1 Introduction 4 ..

In the field of electronic measurenents electrical
.signals may be analyzed in\elther the time or frequency

domaln

A

-

’ . . ‘ ) .
In the time domain,.the instantaneous-value.of a a

signal witﬁ reepect-to a'time axis,may\be dispinyed on.qny
‘ Information regareiné signal amplitnde,
,dunation periodicity, risetimes and fall times ma§ be
‘derived directly from the callbrated dlSplaF‘ If the'
applled signal contalns only one frequency component
1nformat10n about that frequency can be obtgined from &
°graph or from a ‘CRT. dlsplay. However; if“tne signal
' contalns more than one frequency component each of. whlch.
mlght have a dlfferent amplitude the varlons components

“will be comb;ned;lnto a single waveform and the 4ndividual

- characteristics of each component will then bec?me

!

In Fig. l4a we have, a coffbined frequency-:\he domain

R ]

-display of the components

_difficult if notvlmpossible to measure.

The time&domaln response'iS‘
shown in Fig. 14b “and the frequency~domain response is .
dlsplayed.ln‘Eig. l4c. .

A digital wave:analyzer using_a second order bendpass“

A signal consisting

o :I S | - Q\\):l

filter is simulated oi the Cgmputer.

T
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"' Fig. 14 Amplitude, Time and Frequency
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" of two different_frequency,oomponents'of 1.5 Hz and 1.9 Hz

A T

is applied as‘input to the %sve anslyzer.’ The responsé L S I

\fof the Wave analyzer 1$ observed, as the centre frequency v

v

/ 1
is swept across the calibrated scale. It is found that

the peaks on the response curve which should occur at the

frequenc1es of thetxnd1v1dual components are not sharp and

accurate resultlng in the overlapping of the response

curves. -This problem can, be overcome or cons1derably . f‘r,
\ ‘m1n1m1zed by de81gn1ng the wave anslyzer wmth higher order -

f11ters or by u81ng three or more second order bandpass’

. fllters connected in cascade, thereby greatly 1ncreasing

+ [}

. the select1v1ty Ve shall now study the responses of such’

[N

2 dlgital wave analyzer. " ., S

- 3. 2 \The Wave. Analyzer .

/, ) ' ' " « ¥
/

= . ‘f The deS1gn of a 6- th order bandpass d1gital fllter with“'
a slowly varylng centre frequency will be. disqussed next

A sultable 6-th order analog bandpass transfe; functlon

. - . | g m 383 . i &~ - [N
CI(s) = — B . SCRY
Y;_ b ost+ 2085 + (Smo? + 2mé2)s + (4wo wB +.w 3)s . .
: \(3w ?4 2wB w ?)s? + 2m 5% s # wo‘ cooL s ]
Whérg .’ : e . ‘ ‘ l
w, = 2nf sad/sec R ‘ A o "
+ .and -
. B . - . K ™ v .
. wg.= 2T X ;tB“= 0.4 « rad_isns/sec"

\ ~ . : ' S '
. are the centre fnequency and the 3dB bandwidth, respectively.




e e s b, e s

/

e

. substituting these values in. equation (3.1), we obtain . .

a(s) =

" in equation (3.2) to eliminate t\pe warping effect we can

Ms) =

T or . . 4

. B . s | .
. s .
. [ . . . ‘L
LER 0 a - - - - —
" - . oo CT -
\ . . . ' ' ,
N Lo R , - -
N 0 s

o
¥ o

(0 4)3 3 3
s¢ + 0. 8nss + (12n21 2 4+°0.32n? )s*‘+ (6. 4n3f 7

+ 0. 06473 )s # (48" £, : + 1.28n"%¢f 2)82+ 12. 8ﬂ5f 'S

+ (2nf > . *(,,(3 .2)

v

Inserting s = %“ .'and-f = Fo

7.

-

. write ' .
€ q .
N S ' 3 "tan? QT_ TFO) ]
¢ (0. 4) (TFoY 5. S

0 8tan( F l 5 2 tan<(w
sf | .. TFo “+(127 Fd +0. 32n? )-—-—-§~—r->-s(wT )

[

t‘a.nf‘ 7TFo) > tan nTFo 2
—-—g—-—.-)-s(ﬁ,mc) +12 S—T&q———)— o T tan (1rTFo) ».

Now by applying the bilinear transformation,

2 z=1 -\
R > |
we have, e T
' . L.
A ; , o < . B SZ"].Z . ; s
oz = 13 z-1 zx1)" 2-1)°
- %z:f§? + A2 L‘?I%? + 49 %;:i%w {;:T%?

z=-1 gz 1!
+ A5 L—:*_TJ)T + A6 (Z"’l)z A7

' : B1 (z-1)3 (z+1)’ :
AL (z-1)° + A2 (2z-1)° (2z+1) * A3 (z-1)* (z+1)Z

°

H(z.)’

Ca Lt A (BT (241) A5 (210 (291)*

©+ A6 (z=~1) (z+1)® + A7 (z+1)f




{

= 15A1 ~ 5A2 - A3 + 3A4 A5 - 5A6 + 15A7,

*.

Al=64" .-
? -t . . .
ﬁq = 2?. .6 tan (ﬂTFo)
a3 = Llf F§Oz+ 0-32) ot (rro) |
' ) o
L 8(%,4 Fo + 0. 064) ‘tan®(nTFo) . S
4 A4 ‘ FO J ~
. 2 o
‘A5 = 16 (12 §g * 0:32) yunn(nTro)
an = 25.6 . s o ‘ S
(A6 = 5552 tan® (sTPo) : < |
A7 = 64 tan® (nTFo) ‘ R )
' ' 4 g . o 7 . -~
X - 0.512 3 o . L : .
Bl = “For (nTFo)
_Fi-om equation (3.4) we get the num'er'a\foi' pol&ﬁoxl}ia.l-' B
N(z) = Bl (z2° -Sz + 3z2 -1~) . | \
and the denomlnator polynomlal ’
o ' '. 4
D(z) = (Al + A2 + A3-+ A4 + A5 + A6 .+ A7) 2° R
.~ (BAL +'4Ag + 2A3'- 2A5 - 4A6 - 6AT7) 25
+ (15A1 + 5A2 - A3 - 3A4 - A5 + 546 + 1 A7) z* ,
Al - (20A1 - 4A3 ¥ 4A5 - 20A7) 2°
+ (15A1 - 542 - A3 +'3A4 - A5 - 546 41 A7) 22
- (B6AL - 4A2 + 2A3 - 2AS\¢ 4A6 - 6AT) z ' -
oo/ + (E1 - A2 %+ A3 - A4 '+ A5 - A6 + A7)
S ir o
. U oy ’
Cl= AL + A2+ A3 + Ad + A5 + A6 + A7 e '
€2 =‘6A1 + 4A2 +.243 - 245 - 446 - 6A7 Lo
C3 = 1541 + 5A2 - A3 ~13A4 - A5 + 5A6 + 15A7 .;\ e L s
' -€4 = 20A1 - 443 + 4A5 - 20A7 . , @ . Vo
C5 =




cs -—(6A1 - 4A2 +72A3 ~ 245 + 4A6 - BAT7
C7 = Al—A2+A3-A4+A5~A6\+A7

the ‘6th order transfer funcgion can-he expreSsed as

H(z) = BlzS - 3Blz' + 3Blg? - Bl . : -
) = Olz% =~ C2z° + C3z' — Cdz” ¥ (627 = 6z =+ 7

. ) -

o

This gives

¢

Y(z) _ Bl - 3Blz % + 3Blz * - Bl.-z °®
X(z) C1 - C2z~" + C3z-% - C4z-7 + Cbz™" - C6z~" .
+ C7z=° ‘

~

' consequently we can derive the difference equation,

Y(nT) = %‘i‘ [x@T) - 3 X(nT - 2T) + 35! @T ;'4T) "\. -
v x(aT - 6T)] + &3 Y( T - T). c1 Y(nT 2T) . o
' + %% YﬁlT 3T) - Y(nT 4T) +. CG YO:T - 5T) .
- s ' ’ ..
i roos g-% Y@T -.6T) S o (3.5)

Thls equation can be used to simulate a dlgltal wave analyzer
AN
‘on the computer - A suitable Ilowchart is shown in F1g.-15. *

<. * . ‘ N
- 3.3 Dlgltal Wave Analyzer us;;g Three Second Order Band—
Pass Dlgltal Filters Connected 1n Cw%cade o

L] . .

In this case the second-order bandpasé analog'transfer
S - .
" function is:

w, S

' B C T
T(S) *_ST"' mBs T wo'z o jl v . .

where . o ' L 4'
g ='0.471 rad/seé

= 27F, :ad)sec
. s : ' v )
are the 3dB bandwidth. and centre frequency, ‘respectively.

3

L e

Y . - ) '
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- Fig. 15

Compyte y(vbl) C ' e .
~ for-z1;2-F o . L
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o | of filters . ) -

Print y(M), o . SR
" x(M) of Wave S oL
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hart for Digital Waye Analyzer
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Hence/

IV - 004wé‘ .
. Tes9 = sZ .+ 0.415 + 4n’Fo2

Compensatlng for frequency scale warplng,

¥

. _TTFo
tan (wTFo)

NS ——) 5.

wo'f
-2
0.472TFo tan (nTFo) S

(ﬂTFo)st'+ O 4r1*TFo tan (nTFo)s -
+ An?Fo? tan?(nTFo). ‘ (3.6) ",

T(s) =
Tranéiorming equation (3.6) into the,z—ddmain using

2 z-1

‘relation s =-T Zi1’

we have -

0. 8 tan (nTFo) :

4¥0+0.8 tan (n1lFo¥> + 4Fo tanTLuTFo)
8Fol1-tan”(wTFo)]

~ 4Fo+0.8 tan (nTFo) .+ 4Fo tanz(nTFo)

+ 4F0-0.8 tan (nTFo) *: '4Fo tan?(nTFo) ) :
4F0+0.8 tan (nTFo) + 4Fo tan?(nTFo) (3.7)

~(z% - 1)

r

where the coeff1cients of transfer function (3. 7) are,

_— H

= 0.8 tan (nvTFo)
4Fo + 0.8 tan (ﬂTFo) + 4Fo tan? (WTFo)

-
- . 8Fo [1~ tan (NT£NV] .
4Fo + 0.8 tan (uTFq)i&§4ro tan? (ﬂTFO)

4Fo -.0.8 tan (1TFo) # 4Fo tanﬁp(nTFo) '
4Fo + 0.8 tan (WTF0) +. 4Fo tan? (WiFo)

Thus . ' ' L

Al (z - 1) .
.H(Z) "z% = Blz + BZ

"(3.8)

This trinsfer function can be realized as shown in Fig. 16

R

c

[N .
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Fwom .equation (3.8) -

Al (e23uT_

1)

,H(eij

ZJwT Bl(

ng

)‘+ B2

ﬂfAl (ébs 2wT + 3 s1n 20T - 1)

" (cos 2&1»*’3 .s1in 2wT) = BI (cosoT ¥ J sinwT) +‘B2

e

(Al cos 2uT - Al) + 3 Al sin 2uT

(cos wl' - Bl coswl + B2) +3 (Sln 2uwT - BI'8ineT)
e : .

_ A3 + 3 A3 S
Ad + ;|KA5,§3

)
A3 =
" A4 =

= Al cos 2uT - Al
* [ N

Al sin 20T

cos 2uT - Bl coswT + B2 . ..

A5 = sln QmT - Bl 81an |

+

(‘Now if three second order fllters are connected in cascade,

the OVBrallqtransfer functlon w111 be

-~

H(z) = Hl(z) x Hz(z) x H3(Z)

. Thusty A
Y(z) Ylfz) X 2(%)

B ¥ ‘ “x
_X(z) Xl(zj . &2(2)
1 $ N . .
Considering,the output-bf the firsﬁ filter, as the input to

Ya(2)
Xs(?)

~

. the second ‘and the. output of the second filter as the input

" to the thlrd filter, while the output of the third. fllter °_

o

. becomes the overall output of the caseaded network _we have

“Hl(z)

‘Cf \ HZ(?) B

;H3(z) =
-

Y, (2)

,1(25
¥z<z)”g

..

Yplzy

X,(2)

Y ‘(‘Z)m =

&5
Y3(Z)

X3(Z)

%}Z) <




a

Us1ng the above 1nformat10n a computer prograq?was

constructed to obtain the frequency domaln response of the

[N
¢

cascaded filters. The response is as sho/n in Fig. 17. N

R,
v

The set of three dlfference equatlons - he

Y;(nT) = AlX(nT) - Algxl(nT-ZT) + B1Y,(nT-T) - B2Y,(nT-2T)

[

Yo(nT) = AL-Y;(nT) = AL.¥;(nT-2T) + B1¥p(nT-T) —,B2Y2(nT—2T).

i

- Y5(nT) = Al- Iz(nT) - A1:Y,(nT-2T) + BlY4(nT-T) - B2Y3(nT-2T)

was 51mu1ated on the computer to obtaln the tlme domaln

r

Vresponse of the frlter.

It was. observed that by cascadlng three. bandpass filter,

the amplltude response fell off at a much higher rate outside

it

<
The coefflcien¢s Al, B1, B2 of these. equatlons depend on

AN

‘ ﬁth? passband glven by w) < w <wy. -

\variable Fo, the centre frequency of the bandpass filters. o :
In the freguency domain ana1y31s of different waveforms the
variable centre frequency Fo is sweeped aqross the spectrum
of the given 1nput signal The response ofvphe,wave analyzer
thus obtained -has peaks at the -different frequency componentsc
'of the input 81gn;i» The pos1t10ns of the centre frequency
on the calibrated scale at which" these peaks occur determine
the frequency of the 'different components of the unknown input ’

signal Also the magnltude of these peaks are the. amplitudes.

of the frequency components

-

o Qurfdiscussion will be concerned thh_the processing of
A\ < & ’ '

periodic signals consisting of both simple 'and complex ‘
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maveforms Firstly, we shall study the output of the

'digitel wave analyzer wpen the input ‘signal consists of one
or more different sinusoidal components The Inputvqunal
in:thismcese will be, . . ’:\ R | o

X

'sin (2nfaT) . - S - '(3.10,)

vhere : S SURE R

Lt freduency of input.sinewaye_
n = number of samp1e5‘¢ ' ‘

Ty = sampling period o ‘l" L . ;

In our design of a digital w;ve analyzer we shall usefthe .
sampling frequency,f = 40,0 Hz (T. = 0.025 sec). As.
discussed earlier the sampling frequency was about 14 0 HZ
_(T = 0. 0645) for bandpass digital filters with a fixed centre
frequency f In the case of a wave analyzer we have a movgng
_-centre frequencyt and hence to compensate for this, the
;sampling frequency is kept at double the Nyquist frequency fN
'where IN = 2f This condition is' required for the inpuﬁ

-sign‘l to be sampled and that the maximum information be

_ recovered from the sampled signal

~

It is observed in Fig. 18 that’ when the centre irequency

\

f is moved in 1arge steps, the response of the wave analyzer .

ior a particular. frequency component occurs at a higher value.

o

on the calibrated~frequency scale. \Also the amplitude of the -

peak is less than the amplitude of the frequency components

"The performance of the digital wnve analyzer howevér improves .

o=

-| . . . 'h"
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)

»Tetronix‘ spectrnmlanalyzer

— ‘for ¥ signal consisting of three diifenent sinuSoidal

,
by- changing the centre frequency f by a very small
"increment and‘the increments Af are decreased till the
response of the wave analyzer is almost perfect, as shown_
for an input signal having a frequency 0 25 Hz. This |
particular study of the wa analyzer simulated on the
computer agrees with practical o servation'-when using\a
When the centre frequency.‘
f is" swept rapidly, the oscilloscope display shows that
the centre frequency does.not lock-on theusignal freqency
properly, resultipg in a response low’in.amplitude and -
slightly'higher in value on the calibrated equency®
scale Swoeping f slowly gives & sharp‘responseand‘the
position of the centre f;:quency on the calibrated frequency

*

scale shows the proper value of the unknown signal frequency

Next ‘the response of the wave analyzer was recorded .

components, Using Aq3'= 0.00002 as the increment in the

centre frequency, the peaks are obtained in the response

..Curve at points on the frequency scale where the Qentre'

frequency coincides with the frequency components of the.
signal being analyzed as shown in. Fig lb There is no
'irequency -folding -or aliasing in this particular example,j
since the.frequencies of the components are widely spaced

and also the sampling frequency is ahpve twice the

Nyquist’ frequency. Aliasing problems can-in practice )

=4 .
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be elilmfnated by us1ng a lowpass filter at the 1nput of the
wave analyzer to bandlimit the continuous-time signal to.be l
'sﬁmpled. -~ . ' . k
- ’
i Additional features can be 1ncorporated 1n the wave

\

[N

analyzer A rectifier aqugﬂpggg‘QegegLQr cansbe,employedﬁ,fewa
as shown in Fig, 20 to obtain the envelopes of the sinu-

-soid4l vafiations in tpe response. This helps in ellmlnatlng
fhe unwented infbrmation_og_the.pesponse, thereby greatly
reducing the computer printout time. Also it- facilitates in

's1mp11fy1ng the. plottlng of the response curves.

AN

'3.4 Analysis of Complex Waveforms'

Ve shall’now discuss the enalysis of more complex but
“’.periodic wavefor;s;‘ Such maveforms (fom e;ampie oectsngﬁlan,;
square, tri ngular sawtooth waveforms) are made up of- |

' components of dlfferent frequen01es -and amplltudes
‘pforms can be easily represented_by Foprier ser;es
larger the number oﬁhtemms on the Fopmmer sdmmation.the

nearer the }esulthns‘signalﬂgoproaehes'the given wsve-sbaoe. |
Ayso,.ohe sharper the discontinuify of the waveform the

_higher the ffequenéy"content}oivthe signal.

There ave some Waveforms which display helf;Wave symmetry.
'Fig..21 shows examples of such wameforms; .Fig. 21(b) ekﬁibits

symmetry while Fig. 21(&) does not., - ~ o ' AN

A

The condition for a waveform to have symmetry is

F(t) = -2(t +T/2) . . 4. (3.11),
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. wave symmetry..
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. In other wordsy¥ any two values of the waveform separat;éd

by T/2’ will.be equal in magn'itude but opposite inasign
Generally, waveforms having only odd ha.rmoni cs exhibit half-‘
ane symmetry Thus a wavefo‘;rm of a.ny complexity which

shows such a symmetry cannot contain even harmonic

/oomponents. Conversely, a waveform oontaining any second

ronrtn or other even harmonic components‘_ognnot display half-

., To ‘THdstrate the absence of even-order harmonics in a
wave with half-wave symmetry, we obta.in the Fourier an'a.lysis‘
of a r,gctangular wave hav:tng hali'-wave symmetry using our

digital wave analyzer cOmprizing a 6th o\rder bandpass filter.

/The input to the wa.ve analyzer is a rectangular wave with

*na.lf-wave symmetry having a time period
T=NxT, ‘
= '400 x 0.025 .

= 10 sec

1
N

where N is the number of sa.mgles contained \per reotangular

~

‘wave cycle, and T, 1s the sampling period.

Us’ing a- computer program the amplitude response' was
-obtained as shown in Fig 22; The peaks at the ﬁrst \
third and tifth harmonics of o 1 Ez 0.3 Hz and 0.5 Hz

" respectively are not sharp and well-defined This can be

'improved by using higher" ordered) band-pass ﬁlters which

will ‘inorease the. seleotivity of the gwave analyzer.

+
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‘Redesigniné ti:e wa;ve analyzer-by gsiﬁg‘ five second orc'ier
: ban&pass digital: filters "in‘cascade" fhe'more selective®
ampLitude response of Fig. 23 is obtained.
. the wave analyzer ito the rectangula.r wave of’ the previeus
example_ is obtained as shown in Fig. 24. As qan be obsefryed
the respbrise of t':he w.ave analyzer has improved gr‘em‘:ly as;:~

compared to that of the 6th order wave analyzer.

k]

' The amplitudes at the fundamental, third and figth

The response of “

harmonics agree, (see Table 1) with the Fourier series for® -

a rectangular wave given by

' ° = .—4- & - !‘. , . \ l .
. . lr(t) - (cosml‘t‘ 3 cf:s 3w1t + 5 cos 5(911:. + ....,)‘
* . W
'(3.12)
-\As'exPected' the wa.'ve cdntains ﬁp e%ren :harinohics‘ For our‘

next example we decrease the period of the\ recta.ngular wave
80 as to increase }:he funda.mental Irequeucy from 0.1 Hz to

0. 25 Hz, see Fig. 25(a), (b).

Centre frequency fo = 0.25 Hz
J1loo. o o
. T Z; 025 = 4.0 sec . ‘ R
NowN-x-lf—cuxT =4 ‘ | |
, s . A

where N is the number of" samples a.nd T is the sampling

periQd ]
N-x 0,025 = 4 S e T
. . 4 ‘xo.l . = .
. N= .o‘zlsv’ 580 - 160 samples
b .
) A 0

.
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Hence deqreasing the period T of . the recdg:gular wave and .

then performing the:analysis as before we ‘obtain the . ' 2 |
Fourier respomse, Fig. 25(c) and Fig. 26 which agrees with
‘the Fourier summation ‘series given by equation (3?12). The"

iundamental is 0.25 Hz as expected and the third and fifth

‘harmonies are 0. 75 Hz and 1.25 Hz respectively with the . ‘ . -

A}

amplitudes as required. Plots for the time-domain ;esponsés v

.. of the rectangular wave for the fundamental®and third -,

. harmonic are_éhpwn in Fig. 27. . _ e A E~

In a similar manner we can obtain3the;fﬁequency analysis. .

.of other periodic complex waveforms. - o . DR
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"+ " . 'CHAPTER 4

®  CONCLUSION

This report was grimarily concerned with recursive
bandpass digital filters and ultlmately the sirulation of -
8 digital wave analyzer.‘ The wave analyzer thus obtained:

T was used successfully in the analysis of various signals

con31st1ng of simple 51nusoida1 as well as complex wave-_

forms..

. For simple periodi¢ signals which'caa be described
. mathéﬁafically, fhe'qurier series remains the best method .
of analysis‘ For periodic s1ga&}s, however with no

mathematical characterlzation the wave analyzer method

. offers an alternative to the Fast Fourier Transform

:4.‘» techniqﬁe.. T, ' o S S g~\> ‘

No attempt was made to discuss the purely theoretical

\aspects of digltal filters. The aim was to optain an
understanding of the design of digital filter transfer

funbtiens,apd to illustrate. the‘difierence in ﬂke perform—

ance charaéteristics ef low and high ordered digital filtersr
Hopefﬁlly, all these objectives are adequately met within
the limited seoﬁe of ‘this project.
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| APPENDIX: COMPUTER PROGRANS ‘ e
t o FROGRAM. BITDF } iP/}J PYET! FIN 4, 2+P360 76787718, 1
3 R K
| PROGRAH BPOF cxNPur.0019u1> - Co
i ‘ REAL AMAGN, AMAGD ’;> e
] r-o 8645

A;-(e a«TAN(s,yalsg.T.ro))/(a 0.f0+n BwTAN(J 141a9aT«F0334'a«Foa(T'

TAN(3,441590«TaF0) )42y
BIc(8,0-F0~8,D4FDs(TAN({3, 14159'T*F0))il?)/(4 A+FO+B,8uTAN(I, l4159i
114F0) 44, 04F0: (TAN(S, 141‘9*76P0))*‘2)

10

15

R2B(4,0+F0-A,B.TAN(3, 14159+ TaFU)+4 QwFO (TAN(T, 14;59.7.F0))..2)/(4

1,0+F0+0 ﬂtTAH(} 14152xT4F0) ¢4, ﬂtFOa(TAN(J 14159011F0))a~2) .
PRINT 156 . .

Feph,0 . s

DO .108 I=4,47 __ _ __ _ _ ... R ‘ .

yx1 _ YA

28

IF(XLEL6,0) TeFed,25
TF(X,GT,6.0,ANn X, LE,26.0) FrF+g,25
IF(X,67,26,4,AND X, LE.47,8) ftfoﬁ 25 . :
H12¢3.14159ab : .
A23AJ+COS(24M9 T) =AY . ~
AJRALRSIN(ZawtT). Q ‘

Ad4=COS (PansT)~ hl¢C03(h.T){;33

LASESIN(2aHeT) mi 4B N{H*T)

AMAGNZSORT (AZ% 0 24A34+72) g
AMAGDESORT (L4t w24 A5%¢2) o o
FHAGI=AMAGN/A:4AGD

FHAGS(FMALL)Y s M
He2AeALQGIQ(EHAG) + CT

TEIN{EATAN(A3Z22) ]
TETDI®ATAN(AS /4 4) . . .
F1ET1=TETNS-TETOY .

35

FTHET® (FTETI) %45

PRINT 2@Q0,F,H,fIHFT v .
260 FORMAT(OX,Fl%.4,9X,F10, 4,12x,r15 6)
150 FORMAT (18X, +(FREQUENCY HZ)'.7X:~(MAGNITUDE DBS)',7¥.GPHASEt,/I)
120 CONTINUE - ‘ '

s1op .

END

- 1 | : | . e

N e e

- “ . . ) X




" -

T BPOF COC 6600 TN V3.0-P296 OPT= 15/027

- [ﬁ PROLRAM
: : PROGRAM_UPDF _(INPUTsOUTPUT) | .
( DIMENSIUN A(30019s7(300) o L b N
DIMENSLUN YI(300)»Y2(300)sY3(30Q) - .
N F=2.0 ’
5 _ 1=0.0645 oo
D0 10y K=Iy300
XM= 51h(2-3.x«159~F'M-I)

; < T T CONTINUE N
. ) ! ' Al=(]e 6'J¢1#159*”2“'AN(Z'3 lﬁle“T))/(lb"3 lalsy*e240,60)204%3,141
) / . 10 ISYRTAN(Z%3,141594T) ¢ 1464.,8137¢ (JANIZB 3. 14159%1) ) nee)

b . ‘ A2= (328341415944 2-1u4a,8137920 (TARL2%3, 1&}59“1)”2))/&1b'3 141598%2
140460129483, 141594 TAN(293,14]1598T)4144,B813FY ([AN(293,14159%T))082)
AJv (1603, 14159°“?-000019‘h*3 1“159“1AN(d'5 J4159%T) v 1aa, 81370 (TANL

A e

15 2010481375 (TAN(293, 1«159~r))~~2)
: ' Bl=(1e6%, 141552820 TAN (%3, 1«159«7))/(16«3 14159%%240,6556%403, 141
: . 1S9 TAN(223.14159%T)¢172.109996 (TAN(283,14)59% 1) jes2)
’ . B2=(3283414159%925172,199942% (TANI2% 3. 1410Y*T1)e92) ) /{1693, 14 159%%¢
! . 140.6556%483, 14 15Y%YAN (244, 161598T) 01 72,1999 (TAN(C#3,141598T))es2)
v ' 20 . BI=(1673. 1415649 2-0,0550%49 3, 141594 TAN (2934 141998 [ ¢ 1 72.1999% (TAN(
1283, 141590T))8%2) /711083, 161592924 (,655684%3,14159P 1 AN (293,1415687)
. - © 0 2¢172.19990(TAR (283, 141592 1) ) 082)
i ) ' C13(146%30141596220TAN(2%3,141594T) ) / (1683, 16159%924] , 2560443, 14l
1S9*TAN(2#3, 141598 T) +157,9122% (TANI2*341u159%1) ) ue2) ‘

L 5 ' €25 (32¢3,14159952=157,9122928 {1AN(2®3, 14159% 1) #92] ) / (1693, xalson»a
o1 25669443, 141568 TAN (293, 141592 1) 0157, 91z4°(rkwgeﬂ3 Juxsuor;)oaa»-
A C3=(1623,14159702~122566P4234 e logr TAN (2835 141508 [)3157,9122% (1 i '
123, 1415927119921 7 (1083, 1a 1500224, zsoaaaes.g:izyomluﬂinéérnﬁthlﬂll-LJ 3
' 60157-9122“(TAN(Z“J.!41J9”T))“'c) 3.
A ' 3 . R S A TR YLV SO SR . ‘ D
b T1(2)=AlrX(2) she?rlItl) :
' K : Y2i1 ) =ul®YiCls .
o v2(2r=gleyl@)es2ovany |\ . -
. Y3t =clEv2l) :
e 35 Y3120 =CI9Y2(2)+Co¥Y 3D : ;
. .00 200 H=3,300 ‘ '

YUHLZALOK (M) =A1%4(M2) tA20Y] tH=1)=ATeY] (M=2)
Y2(H) =BIoY1 (M) =517 1 (M=) +629 Y2 (M~1) ~BIRY2 (M- 2) ‘
C Y3(MI=CleYZ(M)=CleY2 (M- e;ocz~v4(u~1)-c3-v3(n-e) ‘ -
40 Y (H1=Y3(M) , o

200 CORTINUL o T o

_ PRINT 20 :
20.¢ 0hMAI(lhlo30Au'lNVUTS ARE® 159 T {ME DOMAIN RESPUNSES ARE®+//)
. PRINT 30y (X (N1 oY () sA=10300)
45 30 FURMAT(//1300130KsF10.6904A5F A0464/))
. STOP : et e _ _

ENU

S e L S . - L ;

. IR : | F@ISIR.GEOREEWILL:
N - . ek ‘ . |

. ¢
»D - . v T Y e




("""”'~~ PROGRAM ™ " DRANZ

PROGRAM ‘DWANZ (INPUT«OUTPUT)

v

=0.02%
F0=0.c009
PRIMT 150
X1=0.0

, XP=0,0
Y11=0.0

YT2:0.0
Y21=0.10
Y2220.0
Y3l=000
Y32=0.0
AL=0,0

Y4=0.,0

1=0.0

D0 25 J= 1120000

ALL=AL  * s .

At‘_ Y4 Cen g e e e .
AlE(0 RATAN{3,14159eTRFOQ)YV /7 (4, 0eF 040, R“TAV%3 14]59“1“FQ)’4.“°F0*(T

IKN|1.1'15°‘T’FDTW““?T

CB1=(R.O®FO-R.02FO® (TAN(3., IQISQ”Y“FOI)““2?/(&.0¢F040 R”TAN(? 164159¢
1T2F0).v6 D#FOR(TAN(D, 161598 ToF0) ) #¥2)

B2= (4 0#F0-0,.38TAN(T 141698 TFO) s4 NOFO*(TAL(T, IAXJ°“T°F0))=V?)/(4
1.,04F04 0. RETANIR,161594T4F0) +4 . 0eF0R LTANIIL 11592 TOF0Y1082)
N=0,005%) ' .

A i3

L£J7200 -
IF(Ls2#2.E0.L) Xx=1 ' oy

IF (L7292 NELLY X=-1 . @ SIR GEORGE WIL

YI=Al®X=AJex2+R)e¥]]-dpay]?
YP2=AIRY 1 =A18Y]2eR])OV2[=dPnY 2P
Y3=ALEY 2B aY 2R 8yl aniplY ]

Y4=SART (V3442)
IF(Y4.0LT.0.10) A0 10 30
CAF{Y4 LT JALJANDLALLLLT ALY PRINT Eon.x FOsva

COMTTE ™
x2=xl

xj=X
Y12-=v11

Yll= Yl
Y22=v21

Y2TEV2 N
Y3222 \ : .
Y3l=v3> ‘ \ . ™
FO=F0+0.00003 ) \

.25 CONTINUF -

“150 FORMAT( IH1430X3 s{NPUTS ADE°.22x.¢CfNTE9 Fﬁr UENCW H?“v??xo'rlLTEW

— = SRGOTAUTS ARF /YT T -

204 FLRUATTIOXAFL0L6430XeF L0, 6.?zx.rlo o °
'ﬂﬂp Y
END .
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