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ABSTRACT

Enumeration of the Projective Planes of Order Nine

Galinal. Kolesova

Four non-isomorphic projective planes of order 9 are known. Using a computer
search, we show that there are no more such planes. The solution to the problem of
generating the projective planes, which are represented in terms of 91x91 incidence
matrices, consists of four sequential steps: determination of all sets of 27 columns of the
incidence matrices, extension of these columns into matrices of 40 columns, extension of
these matrices into complete matrices, and identification of the planes obtained. The first
step is reducible to the generation of 8x8 non-isomorphic latin squares. Their number is
283657, and this is the number of partial incidence matrices of 27 columns. Only 21 out of
the 283657 latin squares extend to 40 columns. These give rise to 326 partial 40-column
incidence matrices and 325 out of the above 326 extend to a complete plane. These planes
are shown to correspond to four known isomorphism classes: the Desarguesian plane and
the Hughes plane which are self—dual, and the left near-field and its dual, the right near-

field, planes.
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INTRODUCTION

A finite projective plane of ordern (n 2 2)is a collection of n 2+n +1 lines and n 2rn +1
points such that

1) every line contains n +1 points,

2) every point lies on n +1 lines,

3) any two distinct lines intersect at exactly one point, and

4) any two distinct points lie on exactly one line.
The set of points is denoted by {pl, Py wonr pm}, the set of lines, by

{L,L,..L } wherem =n 2+n +1, and the plane itself, by x,.
As an example of a projective plane, let us consider 7, a plane of order 2. 75
contains 7 lines {L,,...,, L7} and 7 points {py,..., p7}, each line contains 3 points and each
point is an intersection of 3 lines. One possibility is to choose
Li={p1.p2, pa}, L, = {p2, p3, ps}, L3 = {p3, P4, P6}, L4 = {ps, ps, P71},
Ls = {ps, pé: P1}. Ls = {ps, P7, P2}, L7 = {p7, P1, P3}.

This plane can also be represented as in Fig. 1.

P
p2 P,
e
P P
1
P 5

Fig. 1. Projective plane of order 2.



A plane is said to be dual to another if it can be obtained from the other by
exchanging lines and points.

Two projective planes =, &' are isomorphic if one can be obtained from the
other by a transformation a which preserves the incidence of the points and the
concurrence of the lines, i.e., for every pair of points (p, q) lying on a line L, and for every
pair of lines (L, M) intersecting at a point p, there is a transformation a such that
a(p)=p,a@q)=¢,a{l)y=L, a(M)=M, and p', q' lie on L', and L' and M’ are
intersecting at p'. o ic said to be an isomorphic transformation or, for short, an
isomorphism of . For finite projective planes, the only isomorphic transformations are
point and line relabellings. An isomorphism o of a plane into itself is called a collineation
or automorphism .

In the following we review the main results concerning the projective planes and,
in particular, projective planes of order 9. We will not give any definitions in this part since
the purpose of this review is to show how our results correlate with the known ones.

Projective planes do not exist for all orders. The Brnick—Ryser Theorem ([6], p.
394) states that if n =1, 2 (mod 4), there cannot be a plane ot order n unless n can be
expressed as a sum of two integral squares, n = a2 +b> A consequence of this theorcm is
that no projective plane of order 6 exists. There is exactly one plane of each order from 2 to
8 excluding 6. These are all Desarguesian planes, a property of which is that they can be
embedded in a projective 3—space ([6], p. 394).

For n =9, it is known that projective planes do exist, and four such planes were
found at the beginning of this century. One of these planes is Desarguesian. Two others,
the left near-field and its dual, the right near-field plane, are coordinatized by the Veblen-
Wedderburn system (they are obtained using a special coordinatization, based on the lines

of a plane, and defining algebraic operations on the system of coordinates. The algebraic



system introduced is a ternary ring and the Veblen-Wedderburn system is a special case.).
The Hughes plane, found by Veblen and Wedderburn in 1907, is called so bacause it was
later (1957) generalized by Hughes ([8]), who has shown that this plane is non-
Desarguesian and cannot be obtained by coordinatization using a Veblen-Wedderburn
system. A description of these planes can be found in books on projective planes, for
example, Hall [6], Hughes [8], or Stevenson [16].

There have been many attempts to determine whether the above list of planes for
order 9 is complete. Most searches were for planes with some special properties, such as
having an elementary abelian addition in an appropriate ternary rirg, which is a property
shared by the four known planes. Hall et al. [7], Killgrove [9], Killgrove ana Parker [10],
and Parker et al. {15] show that there are no more planes of order 9 with this property.
Another approach calls for determination of the properties which the planes, .f they exist,
must have. Methods of coding theory have been applied to find corresponding properties
of the codes for any plane of order 9 (see Hall [5]). But no answer on whether the list of
the four planes of order 9 is complete was provided.

The present work aims at the generation of all the projective planes of order 9 to
within isomorphism, i. e. a direct constructive approach nccessarely using computers. The
problem was thus stated by Lam after several years of searching for projective planes of
order 10 (see Lam ez al. [14]). Our work became possible due to the above (see Lameral .
[13], [17]), which led to a series of research with regard both to the theoretical framework
and computer implementation.

The planes resulting from the generation are exactly the four planes which are

already known.

We describe here the algorithm used and the results obtained. Chapter 1 cr atains

the mathematical preliminaries concerning projective planes, and, in particular, projective



planes of order Y. Chapter 2 of the thesis concerns *he algorithm used. The planes in the
work are represented using incidence matrices of order 91x91, 27 columns of which are
mapped onto a latin square of order 8. Chapter 3 contains a description and results of the
first part of the algorithm — the generaticn of the 8x8 latin squares. Chaptcr 4 corntains the
results of the extension of 27 columns of an incidence matrix into complete planes. This
part is divided into two: first, the 27 columns are extended into 40 columns ofar .. dence
matrix and then into complete incidence matrices. The resulting matrices, or tix planes they
represent are not all non—isomophic. The last part of the algorithm concerns the
identification of the planes: all the plaaes are transformed into a canonical form which
allows us to determine the classes of non—isomorphic planes. Chapter 5 contains :ne results
of the identification. And, finally, the Conclusion presents an analysis of the results

obtained. In addition, computer listings of some results are included in Apper.dices.



CHAPTER 1. Planes. Definition and Representation.

In this chapter we describe the representation of a projective plane by an incidence
matrix, give all necessary definitions for projective planes and describe one-to-one

mapping of 27 columns of an incidence matrix onto an 8x8 latin square.

1.1. Representation in Terms of incidence Matrices.
We represent a projective plane U of order n by an square incidence matrix A of
size (n 24n +1). If point P; lies on line Li, then a‘.j =1 and aij = () otherwise, thus the

columns of the matrix reyresent the points and the rows represent the lines of the plane.

For example (see Fig. 1), an incidence matrix of the plane of order 2 is as shown

in Fig. 2.
1101 0 O O
0 1 1 0 1 0 O
0 0 1.1 0 1 O
0 0 01 1 0 1
1 0 0 0 11 O
6010 0 0 1 1
1 01 0 0 O0 1

Fig. 2. Incidence matrix of the plane of order 2.

2

In terms of incidence matrices, a {0,1} square matrix A of size n “+n +1

represents a projective plane of order n if

1. each row of A contains exactly (n + 1) ones,

2. each column of A contains exactly (n + 1) ones,

3. the inner product of any two distinct rows of A is equal to 1, and

4. the inner product of any two distinct columns of A is equal to 1.

Projective planes are indistinguishable under point and ’ine relabellings. Since

such relabellings correspond to column and row permutations in the incidence matrix, the



definition of the isomorphism of planes in terms of incidence matrices is equivalent to the
following statement:

Two projective planes of ordex n are isomorphic if and only if their incidence
matrices can be obtained one from the other by independent row and column permutations.
An automorphism, or collineation, of a plane is a matrix transformation which consists of
independent row and column permutations preserving the incidence matrix. The set of all

automorphisms is a group, called the automorphism group.

1.2. Standard Form of 27 Columns.

Let A be a 91x91 incidence matrix of a projective plane of order 9. We will show
that, by applying the row and column permutations (the isomorphism transformations for
the planes), the incidence matrices can be transformed into a special form, callzd a standard
form; the first 27 columns of it are shown in Fig. 3. The first three columns of the

standard form represent non-collinear points (let them call a triangle ). Note that there are

91x90x(89-8) 91x90x81
31 =73

choices for the triangles (8 oui of 89 is the number of points collinear to the first two

chosen points; they lie in columns 12 : 19).

We do not give a formal description of the standard form assuming that the

picture given on Fig. 3 is clear and self—explaned.

Below we will show that as long as an triangle !s chosen, the standard form of 27

cclumns of the incidence matrix is defined uniquely within column and row permutations.



1234 11 12 19 20 27 .
1101111 .1
21110 1.1 0
3]101 1.1
4110 011

. 0 0
111100 1
121010 1

. 0 0
19101 0 1l
2010 0 1 1

. 0 0

2710 0 1 1
28 1 1

0 . . B!
35 1 1
36 1 1

0 . . B?
43 1 1
84 1{21

0 . . B8
91 1 1

Fig. 3. The standard form of 27 columns.

Let us start with the notation:
A= {aij }, where i,j =1, ..., 91, is an incidence matrix.

A’ stands for column i of A, and A; forrow i of A.
Al._j stands for the row block, containing rows i throughj inclusive.

A™ stands for the column block, containing columns i throughj inclusive.

Allcjs stands for the u xv  block, (a" l isr <j

whereu=i-j+1,v=s5s-k+ 1.
€1<s° J+ 5

The column blocks A*!*, A", and A% have special names:

A*1 | row index block,

A _ relabelling block, and

A2 _ column index block.



Ar D Ain A/ means that the intersection of vectors A/ and A/ has 1 in the k -th

position, i. €., ay; = ai;j .

Bt = A k= LAY 4 Bk is said to be block k of the column block A20:27,

The structure of the standard form implies the following three properties of the
entries of B:

1. Every row Ag through Ag; can intersect row Aj only in A20:27; therefore,
every B¥ must have exactly one 1 in every row, or every pair (k, i ) uniquely defines j
such that bfj= 1, where i, j, k= 1,..., 8.

2. Every column A9+ (k = 1,..., 8) can intersect column A3+ only in row

block Aajo.8k:27+8 ; therefore, every B¥ must have exactly one 1 in every column, or
every pair (k, j ) uniquely defines such i that b:‘j =1, where i, j, k = 1,..., 8.

3. If bfj = 1, then column A19% intersects Al1+i; therefore, there are no more

k'# k such that bl’.‘j'= 1, or every pair (i, j ) uniquely defines & such that bfj = 1.

From the above we deduce that the positions of ones in blocks Bl,..., B8 define
triplets (i, j, k£ ) such that
B1. each pair (i, j ), (i, k ), and (j, k ) takes all 64 possible values (1,1),...,(8,8),
and
B2. every pair of values uniquely determines the third of the triplet.
Proposition 1,2. A triplet (i, j,k ) with the above properties define a latin square of order 8.
To prove this (which, in fact, is known as one of possible definitions of a latin

square) let us first give the definition of a latin square.

A latin square of order n is a n Xn matrix satisfying the following properties:
L1. ail the entries are integers between 1 and n,

L2. in a row, no entry is repeated,



L3. in a column, no entry is repeated.
Proof. L.1 is obvious by the construction.
L2 is satisfied, otherwise, if there are twoj #j' such that
G,j,k)=(,j, k) apair (i, k) would define two different j (this contradicts to the

definition of the triplet). Similarly .3 can be proved.

1.3. Mapping of 27 Columns onto an 8x8 Latin Square.

Since each incidence matrix has more than one standard form, a natural question is
how the isomorphic transformations, or equivalently, the row and column permutations of
the incidence matrix affect the latin square which represents the columns 20 through 27 of
the standard form.

Proposition 1.3. The choice of the first three columns uniquely defines a latin square
within the following transformations: row and column permutations, relabelling of its
entries, inverse peimutation applied to all rows simultaneously, and matrix

transposition.
Proof.We shall prove this in two steps:

I: we fix the choice and the order of the first three columns, and

II: we permute the first three columns given.

1. Let us fix not only the choice of the first three columns, but also their order. This implies

the following:
a) Allg'is uniquely defined by forcing A,l:? to the form shown in Fig. 3;

4:11 12:19, A20:27

b) The column blocks A™"', A are uniquely defined, since the rows

A,, Az, A3 each must have eight ones in A%, A12:19, and A20:27 (see Fig. 3)

9
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A A_ . _are uniquely defined, since the

¢) Similarly, the row blocks A 12:19° B20.27

411’
columns Al, A2 and A3 must each have eight ones in Ag4.1;, A12:19. and Azp.27
respectively (see Fig. 3),
d) Now the incidence matrix can be put into the standard form by the following
transformations:
- permute the rows of A1 to reduce Az:llll to the identity matrix;
- permute the columns of A4:1! to group the ones in row blocks Azs:34,-.., Aga.91;

- permute the rows of every row block Ajg.28 through Ags.9; to reduce the 8x8

blocks in A1%19 to identity matrices;
- permute the columns of A20:27 or the rows of Aj.19 to reduce Afgf; to the

identity matrix.

As we have shown, the choice and the order of the first three columns of any
incidence matrix define the columns of blocks A%11, Al12:19 A20:27  Therefore,
permutations preserving the choice and the order of the first three columns are
restricted by the independent column permutations inside the blocks A4:11, A12:19,
and A20:27, The row permutations are implied by the column permutations in order
to preserve the standard form. Let A be an incidence matrix in the standard form.
Then a list of all possible transformations preserving the standard form consists of
the following three types of permutations:

T1. A column permutation applied within the column block AZ%?7 This

permutation implies the row permutation in the row block A in order to restore

12:19
the identity of AZ'2;.

T2. A column permutation applied within the column block AZY This

permutation implies the same row permutation within all row blocks A20_27, -

Ay, g, in order to restore the identity form of the 8x8 blocks in AlZ15,

10



T3. A rolumn permutation applied within the column block A*1 This

permutation implies the row permutation in the row block A 411 in order to restore

the identity of A1 ;.

II. Let us permute the first three columns. Any of these permutations can be expressed by
one of the following two transformations:

T4. The interchange of A2 and A3, the second and the third columns. To restore the
order of the block Allg’, rows Aj and Az must be also interchanged. This implies that

12:19 and A2%27 a5 well as the row blocks A and A

the column blocks A 12:19 20:27

must also be interchanged. These transformations reduce the incidence matrix under

consideration to the form in which the row index block A*1s in a standard form as

well as the row blocks A4:11, A12:19, A20:27. The relabelling block A% ang

20:27

column index block A (starting from row 28) are interchanged as is shown in

Fig. 4.

2848 (k -1) 1 1

27+8k 1 1

Fig. 4. Row block k . Effect of interchanging A2 and A3

To reduce the incidence matrix obtained to the standard form, it is sufficient to

permute the rows inside each row block independently as follows:
k

@1, i §) — (1,..., 8), where b', § = l,ands, t =1,..., 8.
t

The operation of the above type which maps a permutation (i 1,..., i g ) onto the
identity (1,..., 8) is called an inverse permutation. In our case the inverse
permutation must be applied to all row blocks independently in order to reduce the

matrix to the standard form.

11



TS. The interchange of A! and A3, the first and the third columns. To restorc the
order of Allg rows A; and A3 must be interchanged. This implics that the column

blocks A*!! and A'%! as well as the row blocks A 4y @nd A . must also be

interchanged. These transformations reduce the incidence matrix under consideration

to the form in which the column index block A20:27 is unchanged, as well as the row

blocks A4:11, A12:19, Azg:27. The row index block A*!!

A}%19

and the relabelling block

(starting from row 28) are interchanged as is shown in Fig. 5.

28+8(k -1) 1l 1

27+8k 1 1

Fig. 5. Row block k . Effect of interchanging Al and A3.

To reduce the incidence matrix obtained to the standard form, it is sufficient to
permute the rows Ajg,..., Ag; as follows: all the first rows of the row blocks
Asg.35, ..., Ags.91 are combined into the first row block, the second rows of the row
blocks into the second block, and so on.

All other permutations of the first three columns may be derived from T4 and T5.
As mentioned, the set of triplets (i, j, k ), where bfj = 1, defines an 8x8 latin

square. Let us assume that the (k, j )-th entry of the latin square is i, i. ., the row
index k of the latin square corresponds to the k-th row block Asjg.14,...,Ag4:91, the
column index j corresponds to the j -th column of the column block A20:27, and the §
-th entry of the latin square corresponds to the i -th row index of an appropriate row

block A2g:34,..., Ag4:91.

12



Therefore, any standard form of the first 27 columns of a plane with a fixed set of
the first three columns can be translated into a 8x8 latin square V to within the
following transformations:

T1, a permutation of A20:27 js equivalent to the column permutation of V;

T2, a permutation of A!%19 is equivalent to the row permutation of V;

T3, a permutation of A%11 is equivalent to the element relabelling of V;

T4, the interchange of A2 and A3 is equivalent to inverse permutation applied
simultanesusly to all rows of V;

TS, the interchange of A! and A3 is equivalent to transposing V.

Conversely, by the construction, each latin square can be mapped into one 91x27
matrix. In Chapter 3, we describe Part I of our algorithm — the generation of all 8x8
latin squares isomorphic under the following matrix transformations:

ColP: Column permutation;

RowP: Row permutation;

EntR: Entry relabelling;

Rowl: Inverse permutation applied to all the rows simultaneously; and

MatT: Matrix transposition.

13



CHAPTER 2. Description of the Algorithm.

The problem of generating the planes of order 9 is equivalent to generating the

91x91 incidence matrices to within independent row and column permutations. In this

chapter we list the main steps of the algorithm, outline the description of the algorithm for

cach step, and list the computer programs written for the generation of the planes.

2.1. Structure of the Algorithm.

We reject a straightforward generation of the 91x91 incidence matrices because of

the size of the problem. The problem has been divided into the following three parts:

Part 1. Generation of 91x27 partial incidence matrices.
In any plane the rows and columns of the incidence matrix can be permuted in such
a way that the first 19 columns are identical for all the planes. Columns 20 through
27 can then be mapped into an 8x8 latin square. This part thus consists in the
generation of all non-isomorphic 8x8 latin squares.
Part II. Extension of 8x8 latin squares into complete planes.
This is accomplished in two steps.
Ila: the 91x27 partial incidence matrices are extended into 91x40 partial incidence
matrices.
IIb: The 91x40 partial incidence matrices are extended into complete incidence
matrices. This part uses an already existing program written by Larry H. Thiel.

Part I Identification of the resulting planes.
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The incidence matrices of the planes are reduced to canonical forms which we call
certificates and which uniquely define the classes of isomorphic planes; these

matrices are then compared element by element.

In the following we abbreviate "91x27 (91x40) partial incidence matrices" by "91x27

(91x40) incidence matrices" or "27 (40) columns".

2.2. Outline of the Algoritm.

To achieve the goals above, we use the well-known method of backtracking, or
recursive depth—first search. We assume the reader is familiar with the main concepts, such
as the search tree and the levels of the search.

Depending on the goal, we implement several modifications.The implementations
of the method, or algorithms, are of two major types: algorithms for generating objects and
algorithms for finding the canonical form of a given object. Thus, an algorithm of the first
type, or GENERATION ALGORITHM, is used in Part I for generation of the 8x§ latin squares
and in Part IIa for generation of the 91x40 incidence matrices. An algorithm of the second
type, called a TRANSFORMATION ALGORITHM, is used in Part III to find the canonical
form of a 91x91 incidence matrix, and in Part I to check whether an object, here a latin
rectangle (the first k rows of a latin square), is in its canonical form. The generation
algorithm is problem dependent, therefore two programs implementing the algorithm are
written for the two above listed problems. The transformation algorithm maps all the
operations defined for an object onto a symmetry group (this part of the algorithm is
problem dependent), and determines the automorphism group of the operations of a
considered object (which is done by interfacing with the problem independent part of the
algorithm). The problem independent part of the algorithm is a package of runtime library

routines. The package is written by Lam and Thiel [13, 17].
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The two types r: = -orithms are used separately as well as together: the
gen-ration algorithm in Part ITa, the transformation algorithm in Part II], and both in Part L.
In case of PartI the interaction of the algorithms occurs as follows: when the generation
algorithm creates an object, the transformation algorithm is applied at several levels of the
computational process to determine whether a partially computed object needs to be
extended, i. e. whether it can give a rise to a new, non-isomorphic, complete object.

Let's start with the terminology used.

For the generation algorithm of Part I, a search object is an 8x8 latin square and
for the generation algorithm of Part Ila, a 91x40 incidence matrix. An object is an ordered
set of variables: the rows (ry,..,rg) for the square and the columns (c28,...,c40) for the
matrix. On the i-th level of the search the (i - 1) previous variables have been chosen, and
the choice of the i-th variable is computed. The set D; of all possible values of the i -th
variable, or candidates for the i -th variable, depends (1) on the defining properties of an
object, (2) on additional properties of an object, such as a canonical form in which the
object is represented for the purpose of the algorithm, as well as (3) on the (i- 1)
previously chosen variables. For instance, (1) an defined property of an 8x8 latin square is
that D; (i =1....,8) must be a subset of the permutations on {1,2,....8}; (2) i’ 've search
for the latin squares in reduced form (where elements of the first row and the first column
occur in natural order), then the candidates for row i must all begin with i, and (3) if
seven rows of a latin square are all defined then no more than one element can be in Ds.

Thus, our backtracking algorithm in its pure form actually consists of the
following: given D, for each i do the following: (B1) choose the next candidate for
variable i from D; ; (B2) build D; 4;.

We shall describe an implzmentation of the method by giving a description of an
object, the restrictions on the candidates for each variable, and the algorithm for

maintaining the D; 's during the computational process.
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Since the search trees in our problem are too big to permit the application of a pure
backtracking algorithm, two methods are used to speed :p the process: the first one is to
minimize the size of the search tree by pruning the partial solutions which cannot give rise
to new complete solutions; the second is to speed up the process of computing D; . The
former is used in Part I of the project, and the latter in Part Ila. Both methods are briefly
outlined below .

Among all the solutions satisfying the problem, only non—isomorphic ones need
to be chosen. When there are not too many solutions (as is the case with the 91x40
incidence matrices in Part I1a), the complete list of solutions can be created, and then a
transformation algorithm can be applied to find the non—isomorphic solutions. But when
the number of solutions it too big, as with the 8x8 latin squares, the transformation
algorithm must be applied at some intermediate levels of the generation algorithm to prune
the partial solutions which do not lead to new non-isomorphic complete objects.

From a user's point of view, the interaction with the package which implements
the problem independent part of the transfcrmation algorithm can be outlined as follows.

The set of all iransformations applicable to a given object is mapped into the
corresponding symmetry group: the set of independent row and column permutations of a
nxm matrix is mapped onto the direct product of two symmetric groups S, X S, . The
specification of the group is passed to the package, and control is transferred to it by
activating its main routine. The algorithm of the package uses a backtracking method in
order to determine the automorphism group of the transformations applicable to a
considered object (i. e. the setof -  enerators, the orbits, and the order of the group).
For this purpose, when a nev element of the group is chosen, the package asks the
application program, the problem dependent part of the algorithm, what the operation
corresponding to this element does to the object: it may transform the object into itself, or

"improve' it (minimize it in some sense), or make it ‘worse'. Using this information, the
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automorphism group of the object under the considered transformations is computed by the
package. The transformation algorithm determines the orbits and the order of the
automorphism group. The process »f applying the transformation algorithm can be aborted
in the middle if we are interested in knowing only whether a given object is canonical. The
order of the automorphism group of the objects in question can be used in particular to
determine the total number of objects (if the complete list of non-isomorphic classes is
known) as well as for an internal consistency check of the computation. Lam and Thiel
[13] propose an algorithm for this type of check which is used in Part 1.

The second method used to speed up the process is a modification of the algorithm
based on the use of a compatibility matrix. This modification has been developed by Thiel
et al [17]. Its main idea is as follows.

The D;'s, i =i firsty wv» i lasty N= jast it + 1 (¢ = 28,...,40 and
N =13 for Part Ila) are computed for all i so that (1) their elements do not conflict with
the initial state of the object under consideration (the 27 columns for Part IIa), and (2) their
elements satisfy to some additional properties based on the representation of an element
required by the algorithm. Note that no assumptions are made about the candidates chosen
for the previous variables (28, 29...., i -1 for Part Ila).

We enumerate all the candidates from 1 to K, where K is the total number of all
the elements of all the D;'s. Let a ; stand for the x-th candidate from the D; -th set and y;
for the y -th candidate from the Dj-th set. Then the x; and y; are said to be compabible if
the assignment x; — i, y; —J is part of a possible object. The compativility matrix C is
defined as a KxK binary matrix where entry (x;, x;) shows the pairwise compatibility of
candidates x; and yj.

During the computational process another matrix, LIVE, whose order is NxX , is
maintained as follows. The rows of LIVE have the same structure as the rows of the

compatibility matrix, but its (i, y;)-th entry (i <j ) shows the compatibility of candidate y;
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with all chosen variables up to the i -th one. When the first i variables are chosen during
the computa* »nal process, row i of LIVE may be computed (partially or completely)

using LIVE ;. and G, where LIVE;, is row (i - 1) of LIVE , x; is a candidate for
]

viriable i, and G, is row x; of matrix C. The variable (i +1) can be chosen using only
1

the row LIVE;. The maintenance of the LIVE matrix can be implemented by fast bitwise
computer operations, and therefore, the usage of this modification significantly speeds up
the application of the backtracking method.

The use of the compatibility matrix has one more advantage: when a candidate for
variable i is chosen and row i of LIVE is computed, one can look through its entries to
find out whether there is at least one candidate for all the remaining variables. If not, the
chost . candidate for variable i can be rejected, since it does not lead to a complete
solution. This type of control, a lookahead method, can be applied partially, i. e., the
computation of row i (and so the “lookahead”) can be done in advance for a part of the
row. Part Ila of the project implements the backtracking method with the above

modification.

2.3. Computer Implementation of the Algorithm.

The algorithm is implemented as six programs written in PASCAL and run on
VAX under VMS. These programs are:

1. “ROW3” creates the files (four), which are used as the input for
"LSCONSIST". The files contain the lists of candidates for row 3 of the 8x8 latin squares
wkich are compatible with all possible (four) sets of precomputed 2x8 latin rectangles.

2. “LSCONSIST” generates the 8x8 non-isomorphic latin squares. The input of
the program is precomputed by “ROW3”. The output is the list of the non—isomorphic latin

squares stored in a compact form . A small part of the program with a different parameter is
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used to decode the compact form of the result into a sequence of files with 1000 latin
squares each in ASCII representation.

3. “EXPANDA40” generates the 91x40 incidence matrices. The input is a file of
latin squares in ASCII representation. The output is the list of latin squares that have
extensions to 40-column partial incidence matrices and the 91x40 matrices themselves.

4. “MAKE_LARRY_INPUT” transforms a 91x40 matrix obtained by the third
program, “EXTENDA40”, into the form required by the program “PLANE91” (written by
Thiel), which computes all the complete incidence matrices.

5. “PLOCERT"” transforms a complete incidence matrix obtained by “PLANE91”
into canonical form.

6. “IDENT” compares the canonical form of an incidence matrix with those of the
four known planes.

Besides these six programs which are the parts of the algorithm there is one more
program, “FIND_CERT", to compute the canonical form of a given 8x8 latin square which
has been written for checking purposes.

The following program and packages, developed by Lam and Thiel, are also used
in the project:

1. “ISOMSHARE?” is the implementation of the transformation algorithm.,

2. “CONSIST” performs an internal consistency check.

3. “LANE91” attempts to extend an initial incomplete incidence matrix in all
possible ways to an incidence matrix of a given size (complete or incomplete). This

program is used to extend a given a 91x40 matrix into complete incidence matrices.

Two of the above programs are time consuming: “LSCONSIST” and
“EXPANDA40”. LSCONSIST takes 12 days on a V§3200 VAX system (and without
consistency checking it takes 9 days); “EXPAND40” has run on a network of three VAXs
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(two V53200 and one V52000 systems), concurrently. The total time elapsed is
approximately 15 days.
The source programs together with the results are stored on a tape and can be

obtained by request to the author.
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CHAPTER 3. 8x8 Latin Squares. Definition and Generation.

The following three results on the enumeration of 8x8 latin squares are known
(the necessary definitions will be given in the next section):

1. The number of the reduced latin squares was found by Wells [13]. It is equal
535,281,401,856. This result has been confirmed by Bammel and Rothstein [2] .

2. The number of isotopy classes was computed by Brown [3]. It is equal
1,676,257 . This result is widely known, but has not been confirmed. The latin squares,
the representitives of the isotopy classes, have been classified by parity of the pairwise row
permutations.

3. The number of main classes was computed by Arlazarov ez al . [1]. It is equal
283,640. This result is also not confirmed. The latin squares, the representitives of the
main classes, have been classified by the order of their automorphism group.

Since the latin squares of a main class are mapped onto a set of 27—column of an
incidence matrix of a plane, we had to repeat similar computations to obtain a list of
representatives of the main classes.

In this chapter we give the definition of latin squares following Dénes and

Keedwell [4] and then de -  ibe the algorithm for their generation.

3.1. Definitions and Notations.

We repeat the definition of a latin square and the set of operations under which we

consider the latin squares to be isomorphic.

A latin square of order n is a n xn matrix satisfying the following properties:
1. all the entries are integers between 1 and n,

2. in a row, no entry is repeated,
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3. in a column, no entry is repeated.
The set of isomorphic operations on latin squares:
ColP: Column permutation;
RowP: Row permutation;
EntR: Entry relabelling;
Rowl: Inverse permutation applied to all the rows simultaneously; and

MatT: Matrix transposition.

A partial latin square containing less than n rows is said to be a latin rectangle .

A reduced latin square is one in which elements 1, 2, ..., n of its first row and column
occur in natural order.

Two latin squares are isotopic if one can be obtained from the other by permuting the
rows, permuting the columns, and relabelling its elements, (ColP, RowP,
EntR transformations). Isotopy is an equivalent relation partitioning the set of all
latin squares of order n into disjoint classes, called isotopy, or equivalence,
classes . The order of the group of isotopy operations is equal to (n !)3, where the
three n! terms represent the number of row permutations, the number of column
permutations, and the number of element relabellings, respectively. Note that
ColP, RowP, EntR are also applicable to latin rectangles. The isotopy
operatiors which transform a latin square into itself form its automorphism
group.

Two latin squares are conjugates if one can be obtained from the other by a combination
of the inverse operation applied simultaneously to all rows (or to all columns), and
the matrix transpose operation (Row], MatT transformations). If we consider a
Iatin square as a triplet (i, j, k ), where i is an entry, j is the column index, and k

is the row index, the conjugacy operations (i. e. those which produce conjugate
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squares) are the permutations of the coordinates (i, j, k ). Therefore, the set of
conjugacy operations is isomorphic to the symmetry group Ss. The number of
distinct conjugates is a divisor of 6.

A main class comprises all elements of an isotopy class together with their conjugates. The

order of the group of operations which fix a main class is equal to 3! X (n )3, the

order of an 1sotopy class multiplied by the order of Ss.
3.2. Description of the Generation Algorithm.

We consider a latin square of order n as an ordered set {ry,...,r,}, where r;
represents row i of the latin square, and is, in its turn, a permutation of {1,...,n}). The
main concept of the generation algorithm is that of a precedence order of the objects (the
latin squares, in this case). To establish such an order among the latin squares which we
generate, we start with establishing an order among the permutations. For this purpose, we
need to introduce some definitions and facts from combinatorics.

Several representations of permutations are known. We use the following three:

1. A permutation p(k ) = i; represented by its image {ij is...i, } is used to denote a row of
a latin square.

2. A permutation represented by two images is used to describe a pairwise row
permutation. If a = (a; aj...an) and b = (b; by...b,} are images of two
permutations then by [a, b] we denote a permutation such that p(ag) = by,
k =1,...,n.

3. A permutation represented by disjoint cycles is used to classify the pairwise row
permutations. The set of cycle lengths {mj,...,m;} we call the shape of the
nermutation and denote by ¢ (a, b). Note that {m;]} is a partition of n, thus

mit...+tmg=n.
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The permutation representations above are equivalent. Thus the first representation
is a special case of the second representation witha =I= {12 ... n }, the second can be
easily transformed into the first by applying the inverse permutation a-! to both vectors

which reduces a to I, and the third is a different notation of the second representation.

The concept of even and odd permutation is defined for the image representation as
follows: If iy > i,, for k < m in {iji;...in }, then i} and i, are said to be
transposed. If the number of transpositions of {ij iz...i, } is even (odd) then the
permutation itself is said to be even (odd).

Combinatorial propositions (stated without proof):

1. A cycle of length s is the product of s - 1 transpositions.

2. If the number of transpositions of a permutation is even (odd) then the
permutation is even (odd).

3. If two permutations [a, b] and [a, c] have the same parity, then [b, c] is an

even permutation, otherwise it is odd.

From propositions 1 and 2 we conclude that the parity of [a, b] coincides with
the parity of n - 5, where n is the degree of the permutation and s is the number of disjcint
cycles of its shape. In particular, for even n the parity of the permutation coincides with

the parity of the number of the cycles.

We establish a precedence order of permutations based on the shape and the
lexicographic order. First, since the number of all possible shapes of the permutations of
degree n is finite (= number of partitions of n ), we enumerate them arbitrarily and thus
establish a precedence order amc ng the shapes. Thus, for our algorithm when n =8, the

order we use is as follows:
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) = (2!6}9 t2 = {3’5}9 t3 = {4’4]s = {292’2’2]’ ts = {S}r te = [2s2’4}v

t7={233}); u<ta<y<y <ts<ts, *)

where the numbers in the brackets indicate the lengths of the cycles of the pairwise

permutations.

Second, if two permutations have the same shape we use the lexicographic order

to determine the order:

Definitions. A. If v, and v, are distinct permutation images of order n then we say that

A precedes vz or v, <V, if
either 1.:(, vl) <t(1, vz),

or 2.:d, vl) =t(, vz), and v; lexicographically precedes v,

Since rows of a latin square are represented by v, the precedence order of latin
squares can be established as follows:

B.If V and V' are distinct latin squares of order n then we say that

V < V' if there exists a k <n such that e vl',..., Vea=Y -1" and V<V

'
k-1 k-’

A permutation v of degree n we call a candidate for a row of a latin square of

order n . Two candidates v, and v, are compatible if [vq,v2] has no fixed points; i.e., the

shape t (vq,v2) = (m l,...,ms) has each m ;> 1. If we have a latin rectangle of r rows,

then a vector v compatible with all r rows of this rectangle is said to be a candidate for the
(r+1)-th row. Obviously, the candidates for the (r+1)-th row are among the candidates for
every previous row of the rectangle.

A transformation ¢ is said to lexically reduce the latin rectangle V if V' = o(V) and
V' < V. Since we are interested in the main classes, & can be any combination of ColP,
RowP, EatR, Rowl for latin rectangles k x8, where 1 € k < 8. MatT, matrix

transpose, is applicable only to complete latin squares.
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Among all the members of a main class we choose as the class representative, or

certificate, the latin square M such that in its main class there is no V<M ; we also refer

to M as to the minimal member of a class .

Since a certificate is defined under a certain set of possible transformations, we
can extend the certificate definition to the isotopy classes under ColP, RowP, EntR
transformations as well as to the classes of latin rectangles under ColP, RowP, EntR,
and RowlI transformations.

Certificates have the following properties:

1. The first row of a certificate is the identity. This property follows from the fact that the
relabelling of entries (it leaves the latin square in the same isotopy class) which
transforms the first row of a latin square into the identity lexically reduces the latin
rectangle itself.

2. The second row v3 of a certificate with the shape ¢ (vy, v2), where v is its first row,
has the minimal lexicographic order of any candidate of this shape. This property
follows from the fact that no column permutation of a latin square changes the
shape of the row permutations — it can only change the order of their cycles, which
is irrelevant in our classification. Therefore, we may apply a column permutation
to produce a form of v, in which each cycle appears in consecutive indices and the
cycles appear in non—decreasing order of length. E.g., (21 453 786) is the minimal
form of permutation with cycle structure {2, 3, 3}. If we then relabel the entries to
transform the first row into the identity, we, at the same time, obtain the minimal
order of the second row. We leave this without proof, since it can be very easily
done by induction . Thus, the shape ¢ (v, v3) uniquely defines the second row,

3. Atleast half of the rows of a certificate are even permutations with respect to each other.

This follows from the combinatorial proposition 3 that a pairwise permutation of

27



any two permutations of the same parity is even. Following (*), these rows must
be the first rows of a latin square.

4. Any k-row rectangle (first k <r rows) of a certificate is a certificate jtself under ColP,
RowP, EntR, Rowl transformations. Otherwise a transformation which
lexically reduces the rectangle would lexically reduces the V itself. As a result, one

can conclude that if v; and v; are two chosen candidates for i -th and j -th rows,

then v; <v;. In particular, the shapes Loty st are in a non-decreasing

order, i.e. t, £..%5 t,» where ¢ ;=1 (v, V).

Based on the above properties, the main points of the algorithm can be stated as
follows:

A. Following property 1, the first row of any solution must be the identitity

I =12345678.
B. For n =8, there are seven shapes which do not fix any element of 1. They are:
(2,6}, {3,5), {44}, {2,2,2,2}, {8}, (2,24}, {2,3,3]).

The first four shapes have an even numbers of cycles and so the permutations of
these shapes are even as shown above. We order them sequentially.

C. Following property 3 (the second row is even) and property 2, there are
exactly four candidates for the second row:

21456783, 23156784, 23416785, or 21436587,

one of each of the four even shapes. So the backtracking algorithm can be applied starting

with the four initial latin rectangles:

L = 12345678 L, = 12345678
17 21456783 2% 23156784
La = 12345678 La= 12345678
3= 23416785 4= 21436587
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D. To save time, the first row constructed by the algorithm is v3, the third row of
the latin square. We initialize four different sets D3', D3", D3", and D3"" of all possible
candidates compatible with L, ..., L4 : one set for each initial latin rectangle. Following
property 4, the candidates for D3' have their shapes among

T = {(2,6), (3,5), (4,4), (2,2,2,2), (8), (2,2,4), (2,3,3)},
the shapes of candidates of D3" lie in T \ (2,6), of D3" lie in T\ {(2,6),(3,5)}, and so on.

D3', D3", D3" and D3™ are computed by a separate program. The order of the
candidates in each set is the precedence order defined earlier.

By definition of D;, D; D D;,, or, if v is a chosen candidate for the i-th row,
any v' > v which is in D; and compatible with v must belong to D; ,1. The maintenance of
the domains D;, required by the backtracking method, is based on this single condition.

As mentioned in Chapter 2, the transformation algorithm is applied in this part to
reduce the search tree. The symmetry group passed to the transformation algorithm differs
depending on the order of the rectangle: it is S xSg X Si; row inverse permutation is
mapped onto S, a column permutation onto Sg, and a row permutation of a k x8 rectangle
onto S;. When a latin square is completed, the symmetry group is S3xSgxSg, where the
conjugacy operations are mapped onto S3 .

Let us now make some comments on the interface of the generation and the
transformation algorithms.

Following property 4, if a chosen row gives rise to a non—certificate rectangle
under ColP, RowP, EntR, Rowl, then this rectangle need not be extended, since it
cannot give rise to any certificate of a higher order. To test whether a latin rectangle is a
certificate, the transformation algorithm is applied to it. Because this algorithm is time
consuming, the strategy of its application is as follows: the algorithm is applied to 3x8,
4x8, and 5x8 latin rectangles; after that every rectangle that survives is completed to latin

squares in all possible ways; then the algorithm is applied to the 88 latin squares to test
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each of them for being a certificate under all the isomorphism operations ColP, RowP,
EntR, Rowl, MatT.

At the intermediate levels of the search, when the transformation algorithm is
applied, the number of certificates is counted using three types of classification: under the
isotopy transformations (ColP, RowP, EntR), under ColP, RowP, EntR, Rowl
(including the row inverse permutation), and by the number of even and odd pairwise row
permutations.

To each 8x8 latin square built, the conjugacy operations are applied (a latin square
is, first, considered as an 8x8 rectangle, and the inverse operation is applied to it; when the
computation of the latin square is completed, all remaining conjugacy operations are
applied to it) The last step of this part is to test whether an initially constructed latin square
(a certificate under ColP, RowP, EntR, Rowl) is the certificate in the main class
(under ColP, RowP, EntR, Rowl, MatT). At the same time, a consistency check
(this check is done under conjugacy operations) is performed. Whenever the certificate of a
main class is found, it is stored along with the order of its automorphism group under the

conjugacy and the isotopy operations.

3.3. Results of the Latin Square Generation.

Following the Dénes classifications [4], the results obtained for the 8x8 latin
squares are classified by the main classes as well as by the isotopy classes. The results are
given below, along with the order of the automorphism groups of the representatives.

The distribution of the main classes by the order of the automorphism group of
their representatives is given in Table 1, where NJE" denotes the number of main classes

whose representatives have automorphism of order |Au t]!“l .

30



lAug™ N’ 1] lAut™ Ny lAut”| N’
1 270611 18 9 126 1
2 11119 20 2 128 4
3 213 | 21 1 192 5
4 1089 24 28 256 4
5 1 32 34 288 1
6 158 36 2 384 4
8 227 48 8 576 2
9 1 64 11 1536 3
10 3 72 1 3072 2
12 35 84 1 9216 1
16 69 96 6 64512 1
The total number of the main classes is 283657

Table 1. Distribution of main classes of 8x8 latin squares

by the order of automorphism groups.

The distribution of the isotopy classes by the order of the automorphism group of

their representatives is given in Table 2, where NJ! denotes the number of isotopy classes

whose representatives have automorphism groups of the order |Aut5l.
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TN TR TR

lAut) N} | At N} (Au) N

1 1644434 10 12 96 8
2 28 767 12 55 128 12
3 310 16 172 192 6
4 1854 24 21 256 3
5 12 32 36 512 2
6 136 42 5 1536 1
7 2 48 7 10752 1
8 397 64 14

The total number of the isotopy classes is 1676267

Table 2. Distribution of isotopy classes of 8x8 latin squares

by the order of automorphism groups.

3.4. Analysis of the Results.

Having found the number of main and isotopy classes and also the order of the
automorphism group of their members, the total number of reduced latin squares can be
computed using Tab. 1 or Tab. 2. This result is of interest since it can be compared with
Wells' computation of the number of 8x8 reduced latin squares .

Each isotopy class contains (n! )3 latin squares. Let us denote the number of
reduced squares of an isotopy class by N(i), Then

N{) = n x(n!).
In fact, apply column permutations (n! operations), then choose an arbitrary first row (n
operations); the permutation of the other rows is forced (since the order of the entries in the
first column and row must be the same) as well as the relabelling of entrics in order to

reduce the first row and column to the identities.
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Since | Autji | is the automorphism groun of every element of the same isotopy

class, the number of reduced latin squares in one isotopy class is equal to

ND

i
| Autj |

and the total number of reduced latin squares is equal to
i

N
NE) = NCi) Y,

7 1 Aut |
. J J
where | Aut; | is the order of the automorphism group of a representative of an isotopy

J

class.
The same consideration may be applied to the main classes:
The number of reduced latin squares of a main class is

N(rm )= 31 xn x(n 1)

s 4T
NC)=Nm) ), 5
j |Aut}"|

The results of Table 1, as well as those of Table 2, give the same number of
reduced latin squares of order 8. it is
535 281 401 856,
and coincides with Wells' result [18].
As mentioned, the following results on enumeration of the 8x8 latin squares are
known:
The number of reduced latin squares obtained by Wells is
N() = 535 281 401 856.
The number of main classes obtained by Arlazarov is
N(m) =283 640.

The number of isctopy classes obtained by Brown is
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N@) =1 676 257.

Our results coincide with those of Wells, while showing discrepancies with those
of Arlazarov and Brown.

The number of main classes obtained by Arlazarov er al. is lower by 17 than in
Table 1.

Since Arlazarov et al. tabulate the order of the automorphism groups, we are able
to show that their results do not agree with those of Wells.

To compare our results with the Brown’s, who gives the distribution using the
classification by number of even and odd pairwise row permutations, we have collected the
same information during the generation process, and show the places where the
discrepancies occur.

The distribution of isotopy classes using Brown's classification is given in
Table 3, where the pair (i , j ) indicates the number of even and odd rows respectively. For
complete squares, i +j =8. As one can see, the discrepancies occur in two results: for
(6,2) and (7,1), i. ¢. in the number of latin squares which have six even rows, and in the

number of latin squares which have seven even rows.
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]atin Rectangles # of Rectangles Remarks

(2, 0) 4
(3, 0) 110
(4, 0) 11 968
(5, 0) 296 227
(4, 1) 1 478 186 no Brown's result
Latin Squares #of Latin Squares
(4, 4) 466 867
(5, 3) 720 840
(6, 2) 372 350 Brown's result is 372 344
(7, 1) 101 786 Brown's result is 101 782
(8, 0) 14 424
/ Total 1 676 267 Brown's result is 1 676 257

Table 3. Distribution of kx8 latin rectangles by number of even and odd

permutations (compare with [3]).

35




CHAPTER 4. Extension of a Partial Incidence Matrix.

Part I of the algorithm creates the list of 8x8 latin squares, each of which can be
mapped onto the first 27 columns of an incidence matrix in the standard form given in
Fig. 3. In this chapter, we describe Part I of the algorithm: first, the extension of the first
27 columns into 40 columns, and then the extension of 40 columns into complete incidence

matrices.
4.1. Standard Form of 40 Columns.

A candidate for column AJ (j = 28,..., 40) is a binary vector of 91 elements with the
following properties:

A/ can be a column of the incidence matrix, i. e., it contains 10 ones and 81 zeros;

AJ has a standard form of the j —th column; by the standard form we mean a vector
with two fixed ones at specific places (specific for the j -th column; this form is given

below in Fig. 6); and

A/ is compatible with the given 27 first columns, i. e., the inner product of Aj

with each of the 27 given columns is equal 1.

Two candidates Af, A* (i, k = 28,..., 40) are said to be c.ompatible if they are

candidates for different columns {i # k) and if the inner product of A! and A¥ is equal 1.

A standard form of the first 40 columns is shown in Fig. 6. As one can see, the
first 27 columns coincide with the ones of Fig. 3. The column block A28:34 contains 7
columns, and A35:40 _ 6 columns. The structure of blocks C!, C2 and D2 is constant (see

Fig. 7), i. e., their entries do not depend on the structure of the first 27 columns; the
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structure of block D! has three different representations (one of them is shown in Fig. 7)

depending on the structure of block B2,

We state the following proposition:

Proposition 4.1. Any incidence matrix can be transformed into a form such that its

first 40 columns are in the standard form.

rowind relab. colind. 7 cols. 6 cols
1 2 3 4 11 12 19 20 27 28 34 35 40 41 91
10111 .1
21110 1..1 0
31101 1.
410001
0 0 [ cli |pi
11]100 1
12010 1
. 0 0 c2c p2¢
19{010
20{0 01 1
.|l 0 . 0 cir p3r
27|10 01 1
28 1 1
0 . . B! cl D!
35 1 1
36 1 1
0 . . B? c? D?
43 1 1
84 1|1
0 . . B® c8 p8
91 1 1

Fig. 6. Standard form of 40 columns

The blocks CY, D! of Fig. 6 are annotated '1i ' to show that any column of this

block intersects with two previous columns: the first column Al and one of the columns of

the row index block A%!l, Notations C2¢, D%, and C%, C* have a similar meaning

(c stands for column index block, and r stands for the relabelling block).
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Proof. First we give an informal proof, or rather a sketch of the algorithm how an

incidence matrix can be reduced to the form required.

Since B!,..., B8 are mapped onto a latin square (Bl — vy, ..., B8 = vg), whose

first row (v;) is the identity and the second row (v2) has 2 as its first entry and 1 or 3 as its

second entry, we may force the ones of rows Azg (block C!) and A3g (block D2). Then by

permuting the columns inside the blocks A28:34 and A35:40, we may force one more 1 of

each of these columns.

28 34 35 40
28 ¢l 1111111 n! 000000
29 0000000 000000
30 0000000 000000
31 0000000 100000
32 0000000 010000
33 0000000 001000
34 0000000 000100
35 0000000 000010
36 c2 0000000| D2 000000
37 0000000 000000
38 1000000 111111
39 0100000 000000
40 0010000 000000
41 0001000 000000
42 0000100 000000
43 0000010 000000

(! is an example

for the second

row of Latin square
23156784 or 23416785)

Fig. 7. Structure of blocks C1, C2, D2 and an example of D!-

To prove the proposition, let us be more precise and recall some points of

previous chapters on the correspondence between a latin square and the column block

A20:27

If V = {v,;} is a latin square, where k, j = 1...., 8, and v4 =i,
then b,-kj= 1 and b,kj =(for i’# i . This is equivalent to:

- the k -th row of a latin square is mapped into block B, k = 1,..., 8; and
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- the (k, j )-th entry of the latin square determines the position of the only 1 in the

J -th column.

The correspondence between the block elements Bt = [b:; } and entries of the

incidence matrix A is

k
22748(k -1)+i, 19+ = bj; .

By construction, the first row of any latin square generated is
12345678

and the second row is one of the following four:

21456783, 23156784, 23416785,or 21436587. *)
Thus,
bi; = a274i, 194i = 1, *1)
bgl =az,20= 1, *2)
b: , =asyx, 21 =1, wherex=1or3. (%)

Let A be any incidence matrix with the first 27 columns given in the standard

form. The fact that columns A2,..., A9 can be permuted in such a way that blocks Cl,

C2, and D2 have the structures of Fig. 7 follows from the following properties of the

projective planes :

First we rearrange the columns A2,..., A9 to reduce A28,..., A341to the standard

C1. Row Ayg has three ones in the first 27 columns (columns A4, Al2, A20);

therefore, there are seven more columns with 1 in row Asg. Let us move them into column

block A28:34,

C2. No more ones can be in block Cl1, because of intersection of its columns with

column A4,

The correctness of structure C! (see Fig. 7) follows from C1, C2.
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C3. Since the ones in the columns of block C! (row A28) determine their
intersection with A2, these ones induce zeros in row Asg of C2,

C4. (*,), another fixed 1 of column A29, induces that row As7 of block C2 must
contain only zeros.

C5. The columns A28, ..., A34 can intersect AS only in block C2 or in row As,
therefore, since we have 7 columns to intersect A3 and exactly 7 rows where it may
happen. we permute A28, ..., A3 to obtain the required structure of C2. At the same time
we fix as 34 = c§i7 = 1.

The correctness of structure C2 (see Fig. 7) follows from C3 - CS.

Now we rearrange the columns A3,..., A9! to reduce A%,..., A40to the standard
form:

D1. The row Asg has four ones in the first 34 columns; therefore, there are six
more columns with the 1 in row Asg. Let us move them by permuting the columns
A3, A% in the column block A34:40,

D2. No more ones can be in block D2 because of intersection of its columns with
column A5,

The correctness of structure D2 (see Fig. 7) follows from D1, D2.

D3. Since the ones in the columns of block D2 (row A38) determine their
intersection with A28, these ones induce zeros in row Aqg of C2,

D4. Since the columns A3,..., A% intersect Al4, the ones on row A38 induce
zeros on row Asg in block D1.

DS5. (*3), case x = 3 : agg9) = 1, and (*;): azg2; = 1 determine the intersection of
column A2! with all the columns of block A35:40 in row Asg, thus the row Asg in block D2
must contain only zeros. (similar conclusion about another row of D! can be done for

x =1).
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D6. The columns A35, ..., A40 can intersect A4 only in block D1 or in row Ay,
therefore, since we have 6 columns to intersect A4 and exactly 6 rows where it may
happen, we permute A35, ..., A40 to obtain the required structure of D1. At the same time
we fix a4 40 = d}x; = 1.

The correctness of structure D! follows from D3 — D6.

Thus, an incidence matrix can be transformed into a form of Fig. 6 with the
blocks C!, C2 D!, D? of Fig. 7 (plus a4 40 = as.34 = 1). Note that the columns A28,...,

A40 have two ones fixed.

4.2. Description of the Algorithm.

Part 1Ia of the algorithm implements the backtracking method with the use of the
compatibility matrix (for an outline of this algorithm, see Chapter 2). To construct the
compatibility matrix, the candidates for the columns A28 to A%0 must be computed first.
This part of the algorithm is adapted to the problem by exploiting the particular properties
of the standard form.

Two ones in each column are fixed (since we consider them in the standard form),
therefore, there are eight more ones to be placed in each column.

Fig. 6 shows that each column (A28,...,A40) is divided into the following nine
blocks:

C3,..., C8, Cli, C2c, C3r, (columns A28,..., A34), or

D3,..., D8, Dli, D2c, D37 (columns A%,..., A%0),

The distribution of ones inside the above blocks has the following properties,

determined by the standard form representation:
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1. The blocks Ci (similarly, Di) (AJ} 74 .1y11:2748i» Where i = 3,..., 8) do not

contain more than one 1 in each column and in each row. This property follows from the
following consideration:

- Column A’ has 8 ones in the i -th row block. Therefore, no column of Ci (Df)
can have more than one 1;

- Row Az (Asg for rows of D) have 7 (6 for D) ones. Therefore no row of C:
(D#) can have more than one 1.

2. The intersection of the columns A28 through A%0 with columns A!, A2, and A3
can be only in blocks C, C2, C37(D!i, D2, D37 ), i. e. each column must have exactly
one 1 in these blocks.

3. If cfj (similarly, dz.) = 1, then c‘kj =0 for any k' such that k* # k (because

of intersection with Al1+), For each A/ if there are k, i such that c,."j = 1, then cll]‘ =0

(because of intersection with A3+k ), and c?j' = 0 (because of intersection with All+),

2¢

Similarly, for each AJ, if there are &, s such that b_fj = ] then Csj = 0 (because of

iniersection with A194),

Based on the above properties, the algorithm for the generation of the candidates
is as follows:

For each A/,j = 28 to 34, we choose consecutively ¢ = 3,..., 6 and assume that

Ct! contains no ones in column AJ. Foru=3,....8,u #t we compute the set X, of all
possible i such that C;; = 1, as follows:

xll = ({110--:8} \ [i”;'C::, = 1, m= 1,...,u -l]) \

(il ¢’ =1,thereisas, suchthat b (= b} =1, m=1,..u-1).

When five blocks out of six are completed for A/, the remaining blocks Cli, C%,

C3 dre computed as follows:

) c,l; = 1 —to intersect A3+, where ¢ is such that C! contains no onesin A/,
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¢’ =1, wheres € {l,.., 8} - {ilc:.‘j= 1L, u =1,., 8);

sJ
2c _ U _u_ _
Cs =1, wherese {1....,8} - {s Icij—bis-l,u = 1,..., 8}.

A similar computation is applied to columns A3,..., A40,

The above information is sufficient to understand the algorithm which generates the
candidates for columns A28,..., A40, Each of the computed candidates is stored as an array
of bit vectors (of 91 bits = 12 bytes). To build the compatibility matrix, the inner product
of each pair of candidates for different columns is computed using the bitwise AND
operation. The entries of the compatibility matrix are assigned 1 if the inner product is 1,
and O otherwise. The rows of the LIVE matrix are computed in advance up to the column
A34, This allows us to perform the “lookahead” till A34, For candidates (columns A35.,...,
A40), the appropriate rows of LIVE are computed up to the next column, i. e., there is no
“lookahead” strategy starting from A35. This strategy was adopted based on the shape of

the search wree.

4.3. Result of Extension to 40-column Partial Incidence Matrices
(Part lla).

The above algorithm was applied to all 283657 non-isomorphic 8x8 latin squares
previously obtained (see Chapter 3). Only 21 of them can be extended to 40 columns. They
give rise to 326 40—column partial incidence matrices. Table 4 gives the order of
the isotopy classes for each latin square as well as the order of the group under the

conjugacy operations. The latin squares themselves can be found in Appendix B.
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LS | Automorphism LS Automorphism LS Automorphism
id | Conj. Isot. id Conj. Isot. id Conj. Isot.
1 6 1 8 2 6 15 1 12
2 6 1 ) 6 3 16 2 48
3 2 3 10 1 2 17 2 192
4 2 6 11 2 3 18 2 6
5 2 2 12 6 6 19 2 128
6 2 6 13 6 1 20 6 1536
7 1 1 14 2 2 21 6 256

Table 4. The order of the automorphism groups of 21 latin squares which extend to 40~

column incidence matrices.

4.4. Result of Extension to Complete Incidence Matrices
(Part lib).

Part IIb of the algorithm extends each of the 326 partial matrices which were
obtained in Part Ila into complete incidence matrices using the “PLANE91” program
written by Thiel. First, a small program ("MAKE_LARRY_INPUT") transforms the
compact output form of an incomplete matrix into the form required by “PLANE91”. Then
the program PLANED9I is applied. The result of Part IIb is that 325 matrices out of
326 have extensions to complete planes. Each of these 325 matrices has exactly one
extension.

Appendix C shows the 40-column partial matrix which has no extensions to a

complete matrix.



Chapter 5. Plane Identification

In this chapter we discuss an algorithm for plane identification. It is achieved by
transforming incidence matrices into a canonical form, which is unique for any given
matrix. A straightforward comparison of the matrices in the canonical form allows to

determine the non-isomorphic classes of the incidence matrices.
5.1. Canonical Form of an Incidence Matrix.

We define a standard form for complete incidence matrices as we did ror incomplete
matrices. An incidence matrix of a plane is said to be in a szandard form if its first
19 rows and 19 columns have the form of Fig. 8. In contrast to the standard form

of 40 columns, each column block, A4:11 to A84:91 has 8 columns.

An incidence matrix C is said to be a plane certificate , or a canonical form of a plane, if C
has the following properties:
1. the first 19 rows and 19 columns of C have the form of Fig. §;
2.if A is another incidence matrix of the plane with property 1, then there are s , ¢
such that for j < t, a; = ¢, for i = 20,..,91, ay=c 4, , fori = 20,.., 5 - 1,

and cg < ag.

Let us define an order among any two distinct incidence matrices (A and B) of the
same plane as follows:
A precedes B if either A is in the standard form (Fig.8), and B is not;
or A and B are both in the standard form, and there are s, ¢such that forj <¢
ajj= by, fori = 20,..,91, ay =by, fori =20,.,5 -1,and ag <bg.
A transformation which reduces B to A is said to lexically reduce B (make it

'better’), a transformation which reduces A to B is said to lexically raise A (make it
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'worse'), and a transformation which transforms a matrix into itself is said to be
automc.phic ('stable’).

Proposition 5.1. Any incidence matrix can be transformed into the standard form
of a complete incidence matrix.

Proof. We have shown in Chapter 1 that, by permutation of rows and columns,
we can transform the first 19 columns into the standard form required. The structure of
blocks A28:35) A36:43 A84:91 can be obtained, first, by moving the ones of row block
A4:11 (as shown on Fig. 8) and, then, by permuting independently the columns of the

above blocks.

1234 1112 1920 27 28 35 84 01
110111 .1
21110 1.1 0 . 0
31101 1.1
411002 1.1

. 0 0
111100 1 1.1
121010 1 1 1

. 0 0 . . . .
191010 1 1 1
20001 1

.] © . 0

271001 1
28 1 1

o | . 0
35 1 1
84 1]1

0 . . 0
91 1 1

Fig. 8. Standard form of a complete incidence matrix.

Part ITI of the algorithm transforms a complete incidence matrix into its certificate.
Since the representation of a plane by the certificate is unique, two planes can be compared

by comparing their certificates.
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To find the certificates of the 325 complete incidence matrices, we applied the
transformation algorithm (see Chapter 2).
The symmetry group for the algorithm is defined as Sg; to map the column

permutations (the row permutations are forced by the standard form of Fig. 8).
5.2. Results of Plane ldentification.

Part III of the algorithm identifies the certificates of the 325 planes obtained. For
this purpose the certificates of the four known planes are computed and each of the 325
certificates is compared with the four known ones.

The result of the compa.ison is that the 325 planes are distributed among the four
known non-isomorphic classes of planes: Desarguesian, Hughes, and right and left near—
field planes. The distribution of the planes is summarized in Table 5. The latin squares

themselves appear in Appendix B.
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LS | autoniorphism
id Conj. _Isotopy | Right | Left | Hughes Desarguesian |
1 6 1 1
2 6 1 1
3 2 3 1
4 2 6 4
5 2 2 1
6 2 6 1 1
7 1 1 1
8 6 1 1
9 6 3 1
10 1 2 1
11 2 3 1
12 6 6 3 3
13 6 1 1
14 2 2 1
15 1 12 1
16 2 48 1 1
17 2 192 8
18 2 6 1
19 2 128 8
20 6 1536 108 | 108 64
21 6 256 2
Total number 114 | 114 95 2

Table 5. Distribution of 325 complete incidence matrices.
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CONCLUSION. Analysis of the Resuits.

It is not clear how to check the results obtained. Some internal consistency
checking can be done (Lam, Kolesova [13]), which does not prove the correctness of our
results but at least shows the absence of certain contradictions. The consistency checking
proposed by Lam is based on one—to—one mapping between a latin square and a choice of

the first three columns of a plane:

Since a choice of the first three non—collinear columns (a triangle ) of a plane

determines a latin square (see Chapter 1), the following must be satisfied:

(1a) All latin squares which can be obtained from the four known planes (by

different choice of rectangles) must be in the list of our results given in Table 5.

(1b) Moreover, all the latin squares which can be ‘cut’ from a plane must give rise
to the plane in our results.

(2) Suppose we choose a triangle of a plane. Let IAutsl be the order of the group
of plane transformations which fixes the triangle. A latin square corresponds to the
triangle. We denote the order of its automorphism group by lAut,l. Since each
transformation of the latin square corresponds to one of the plane (which fixes the triangle)
we may compute the number of ‘different’ copies of the plane with the given triangle. It

must be
IAutl |
S

lAut,!’
ut3
‘Different’ in this context means non-automorphic copies of the plane which have
the same triangle. The number of different (expected) copies corresponding to the latin

squares must coincide with the number of copies in Table 5.
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The computations necessary for the above consistency checking have been made
for the four known place. |Autsl were computed using the generators of the automorphism
group obtaincd by transformation algorithm. To show that results on |Autal are consistent,

the correctness of the following formulae can be checked for each plane:

1 1. 91x90x81
|Autplmel(a +... + c—k) = _"'6_—_ ’

where |Autgianel is the order of the automorphism group of a plane,g—lﬁ%(& is

the number of non—collinear columns of a plane, and c;, ..., C¢ are |Autsl, the orders of the
automorphism groups of all different triangles. For instance, for the right (left) near-field

plane we have

1 .1 1. 91x90x81
2t96t768 =" 6

311 040 x (7 + 75+

where 311 040 is the order of the isomorphism group of the left (right) near—field
plane, and 6, 12, 12, 96, and 768 are the orders of the automorphism groups which fix its
3-sets (Table 7).

The summary of the check computations are given in Tables 6-8. These tables
show that the list of all latin squares obtained from the four planes coincides with the list
given in Table 5 and, moreover, the latin squares associate with the correct planes. The
number of distinct copies associated with each latin square given in Table 5 agrees with

the expected copies obtained by the check computations.
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Automorphism Expected
Triangle L.S. id Triangle L.S. Copies
1 21 768 | 1536 2
Table 6. The latin square and the triangle
relating to the Desarguesian plane
Automorphism Expected
Triangle L.S. id Triangle L.S. Copies
i 1(21) 6 6 1
2 12 12 36 3
3 6 12 12 1
4 16 96 . 96 1
5 20 96 9216 96
6 20 768 9216 12
Table 7. The latin squares and the triangles
relating to the right (}left) near—field plane
Automorphism Expected
Triangle L.S. id Triangle L.S. Copies
1 4 12 12 1
2 15 2 12 1
3 10 2 2 1
4 5 4 4 1
5 11 6 6 1
6 19 32 256 8
7 17 48 384 8
8 18 12 12 1
9 14 4 4 1
10 3 6 6 1
11 13 6 6 1
12 7 1 1 1
i3 4 4 12 3
14 8 6 6 1
15 9 18 18 1
16 20 144 9216 64

Table 8. The latin squares and the triangles

relating to the Hughes plane
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APPENDICES

All the following appendices are the computer listings of intermediate and final

results.

One remark concerning the notation:

The intermidiate results, such as the standard forms of partial incidence matrices

have three types of entries: 0, 1, and *“.”.
0 and 1 are the fixed values of the incidence matrices, and

€ I

.’ is not yet fixed.
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APPENDIX Al. The First 27 columns of an incidence matrix in the standard form

0o

~Cweunwva

-

32
2]
n
EH)

k14
7
3
3
40
41
92
43

“
L]
4%
k)
o
9
50
81

s2
53
54

5¢
587
50
39
[ ]

62
[ 3]

(1)

011
110
101

100
100
100
100
100
100
100
100

010
010
010
010
010
010
o010
010

001
on
o0
00l
00l
oot
001
001

000
000
000
000
000
000
000
000

000
000
000
000
000
000
000
000

Q00
000
000
000
000
000
000
000

o000
000
000
000
000
000
o000
000

000
000
o000
000
000
000
000
000

ooo
000
000
000
000
000
000
000

000
000
000
000
000
000
000
000

000
(-1
ooo
000
000
000
000
000

11
45470901

11111111
008000000
00000000

mum
22456799

00000000
mingn
00000000

22222222
01234867

o0oot0000
28000000
nimn

[
00100000
00010000
00001000
00000100

00000000
00000000
00080000
00000000

00000000
00000000
00000000
00000000

10

00000000
60000000
00000000
oooogoco
00000000
ooaoo000

00000000
00000000
000060000
00000000
00000000
00000000

1

01000000
00100000
00010000
00001000
00000100
00000010

1

0000000
00000000
00000000
00000000
00000000

[}]
00100000
06010000
00001000
00000100
00000010
1

00000000
00000000
00000000
00000000
00000000

10000000
10000000
10000000
10000000
10000000
10000c00
10000000
10000000

01000000
01000000
01000000
01000000
01000000
01000000
01000000
01000000

00100000
00100000
00100000
00100000
00100000
00100000
00100000
oolo0000

00010000
00010000
00010000
00010000
00010000
opringoo
00010000
00010000

00001000
00001000
00001000
00001000
00001000
00003000
00001000
00001000

00000100
00000100
00000100
00000100
00000100
00000100
00000100
00000100

00000010
00000010
00000010
00000010
00000010
00000010
00000010
00000010

00000001
00000001
00000001
00000001
00000001
00000001
00000001}
00000001

10080000
01000000
00100000
00010007
00001002
00000100
©0000010
00000001

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

10000000
081000000
00160000
00010000
00001000
00000100

00000010 .

00000001

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

10000000
01000000
00300000
00010000
00001000
00000300
00000010
00000001

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

10000000
01000000
00100000
00010000
20001000
00000100
00000010
00000001

10000000
01000000

00100000 .

00010000
00001000
00000100
00000010
00000001

seesras

ceennne

cesearee



APPENDIX A.2. First 40 columns of an incidence matrix in the standard form

11 113111111 22222222 2233333 333334
123 45678901 23456789 01234567 0901234 567890

011 11111111 00000000 00000000 0000000 000000
110 00000000 11111111 00000000 0000000 006000
101 00000000 00000000 11111111 0000000 000000

100 10000000 00000000 00000000 0000000 00000.
100 01000000 00000000 00000000 000000. 000000
100 00100000 00000000 00000000 ....... ......
100 00010000 00000000 00000000 ....... ..c...
100 00001000 00000000 00000000 .......
100 00000100 00000000 00000000 .......
100 00000010 00000000 00000000 .......
11 100 00000001 00000000 00000000 ....... .

12 010 00000000 00000000 10000000 0000000 ..
13 010 000000600 00000000 01000000 .......
14 010 00000000 00000000 00100000 .0.....
15 010 00000000 00000000 00010000 ..0
16 010 00000000 00000000 00001000
17 610 00000000 00000000 00000100
18 010 00000000 00000000 00000010 ... . .
19 010 00000000 00000000 0QC00001 0...... 000030

-
CVUBUAVLE WN-

20 001 00000000 10000000 00000000 0000000 ......
21 001 00000000 01000000 00000000 .
22 001 00000008 00100000 00000000
23 001 00000000 00010000 00000000
24 001 00000000 00001600 00000000
25 001 00000000 00000100 00000000 .
26 001 00000000 00000010 000VGO0OD
27 001 00000000 00000001 00ODDOOO

28 000 10000000 10000000 10000000 1111111 000000
29 000 10000000 01000000 01000000 0000000 100000
30 000 10000000 00100000 00100000 0000000 000000
31 000 10000000 00020000 00010000 0000000 010000
32 000 10000000 00001000 00001000 0000000 001000
33 000 10000000 00000100 00000100 0000000 000100
34 000 10000000 00000010 00000010 0000000 000010
35 000 10000000 00000001 00000001 0DOOCOO 000000

36 000 01000000 10000000 01000000 0000000 000000
37 000 01000000 01000000 10000000 0000000 000000
38 000 01000000 00100000 00000001 1000000 111131
39 000 01000000 00010000 00100000 0100000 000000
40 000 01000000 00001000 00010000 0010000 DODOOD
41 000 01000000 00000100 00001000 0001000 000000
42 000 01000000 00000010 00000100 0040100 000000
43 000 01000000 00000001 00000010 0000010 000000

44 000 00100000 10000000 00000001 0000000 000000
45 000 00100000 01000000 00001000 ...0...
46 000 00100000 00100000 10000000 0000000 000000
47 000 00100000 00010000 00000010 .0...0. .0..0.
48 000 00100000 00001000 00100000 .00.... ..G...
49 000 00100000 00000100 01000000 ...0... 0..0..
50 000 00100000 00000010 00010000 ..0.0.. .0,.0.
51 000 00100000 00000001 00000100 ....00. ...0..

52 000 00010000 10000000 00001000 0000000 ..0...
53 000 00010000 01000000 00000001 0...... 000000
54 000 00010000 00100000 00000100 0...0.. 000000
55 000 00010000 00010000 10000000 0000000 .0....
56 000 00010000 00001000 00000010 ..0..0. ..0.0.
57 000 00010000 00000100 00100000 .0.0... ...0..
58 000 00010000 00000010 03000000 ....0.. 0..,0.
59 000 00010000 00000001 00010000 ..0..0. .0....

60 000 00001000 10000000 00000010 0000000 ...,0.
61 000 00001000 01000000 00010000 ..0

62 000 00001000 00100000 03000000
63 000 00001000 00010000 00000100
64 000 00001000 00001000 00000001
65 000 00001000 00000100 10000000
66 000 00001000 00000010 00100000 .0.
67 000 00001000 D0DOODO1 00001000 ...0.0. ..0...

68 000 00000100 10000000 00010000 0000000 .0....
69 000 00000100 01000000 00000010 .....0. 0. .0.
70 000 00000100 00100000 00001000 0..0... 000000
71 000 00000100 00030000 01000000 .0..... 00....
72 000 00000100 00001000 00000100 ..0.0.. ..00..
73 000 00000100 00000100 0000000) 0..0... 000000
74 000 00000100 00000010 10000000 0000000 ..,.0.
75 000 00000100 00000001 00100000 .0...0. ......

76 000 00000010 10000000 001000/0 0000000 ......
77 000 00000010 01000000 000001G0 ....0.. 0..0..
78 000 00000010 00100000 00000010 Q....0. 0D0000
79 000 00000010 00010000 00001000 .0.0... .00...
80 000 00000010 00001000 10000000 0000000 ..0...
81 000 00000010 00000100 00010000 ..00... .0.0..
82 000 00000010 00000010 Q0000001 O...0.. 000000
83 000 00000010 00000001 01000000 .....0. O.....

84 000 00000001 10000000 00000100 0000000 ...0..
85 000 00000001 01000000 00100000 .0..... O.....
86 000 00000001 90100000 00010000 0.0.... 000000
87 000 00000001 00010000 00000001
88 000 00000001 00001000 01000000
29 000 00000001 00000100 00000010
90 000 00000001 00000010 00001000
91 000 00000001 00000001 10000000 0000000 ......




APPENDIX B. List of 21 latin squares which extend to complete planes

Latin |# of extension Planes # of Aut |Autl
square| to 40 columns copies conjugacy isotopy

1: 1 right 1 6 1
12345678
21456783
34167825
47583216
56728134
78631542
85274361
63812457

2: 1 left 1 6 1
12345678
21456783
34167825
48573261
56715432
67281354
73824516
85632147

3 1 Hughes 1 2 3
12345678
21456783
34167825
56781342
48623157
67238514
75814236
83572461

4: 4 Hughes 4 2 6
12345678
21456783
34167825
68572134
56218347
73684251
47823516
85731462



STALDY T L b rwgs v

1

12345678
21456783
34167825
78531462
85672134
46823517
57218346
63784251

2

12345678
21456783
34172865
53681427
48567231
75218346
86723154
67834532

1

12345678
21456783
34172865
57861234
63284517
48537126
75618342
8723451

1

12345678
21456783
34267851
73182564
56823417
85734126
48671235
67518342

1

12345678
21456783
34271856
56814327
78162534
83627415
45783162
67538241

Hughes

left, right

Hughes

Hughes

Hughes

B-2

1,1

Ny




10:

11::

12::

13::

14::

1

12345678
21456783
34572816
53814267
86723154
68237541
47681325
75168432

1

12345678
21456783
34627815
47568321
58273146
76812534
63184257
85731462

6

12345678
21456783
34678215
47582361
65731842
86217534
53864127
78123456

1

12345678
21456783
34712856
67583412
43168527
58674231
75821364
86237145

1

12345678
21456783
34712856
68573142
43867215
56184327
75238461
87621534

Hughes

Hughes

left, right

Hughes

Hughes

B-3

3.3




15:

16:

17:

18::

19::

1

12345678
21456783
35287164
47128536
53614827
68732415
74861352
86573241

3

12345678
21456783
36572841
47681352
63728415
74813526
58164237
85237164

8

12345678
21456783
36572841
58617324
74268135
47823516
63184257
85731462

1

12345678
21456783
34568217
43781526
67214835
76823451
58172564
85637142

8

12345678
23416785
34567812
41678523
67852341
78123456
85234167
56781234

Hughes

left, right, none

Hughes

Hughes

Hughes

B4

11,1

12

48

192

128



21:

280

12345678
23416785
41238567
58763214
65874321
76581432
87652143
34127856

2

12345678
23416785
41238567
34127856
56782341
67853412
78564123
85671234

left, right, Hughes

Desarguesian

108,108,64 6

1536

256
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APPENDIX C. 91x40 with no extensiol. t0 a complete matnx

[T

-
[*R- X REE YT WS

-
»

1

44

4%
47

2

123

on
110
101

100
100
100
100
100
100
100
100

ol0
010
010
010
010
010
(21
010

ool
ool
ool
001
001
003
00}
(13}

000
000
000
000
000
000
000
oco

oo
000
000
000
ooo
o000
o000
000

000
000
000
000
000
00
000
000

000
000
000
oco
coo
000
000
000

ooo
000
000
000
000
000
000
000

000
000
000
000
000
000
000
000

000
000
000
000
000
000
000
000

(-]
000
000
000
o000
000
ooe
0co

11 11111

45678901
11111111
00000000
00000000

22456709

22222222 2233330 333334 444444 4445555555588 MM

01234587 9901234

unnnn
00000000

00000000 0000000
11111111 eoooo00

00100000
00010000
00001000
90800100

-

1

00000000
00000000
00000000

00000000 0000010
00000000 0100000
00000000 0001000

10

0000100

1

0010000

00000000
00000000
00009000
00000000
00000000
00000000

00000000
00000000
00000000
00000000
00000000
00000000

1

01000000 0000001
00300000 1000000
00010000 0000010
000€1000 0010000
00000100 0100000
00000010 0000100

1 o0p01000

00000000
00000000
00000000
00000000
00000000
00000000

01000000
00100000
00010000
00001000
00000100
00000010

00000000 0000001
00000000 0001000
00000000 0010000
00000000 0000010
00000000 0000100
00000000 0100000

1

1

10000000
10000000
10000000
10000000
10000000
10000000
1

61000000
0e100000
00010000
00001000
00000100
00000010

1 111111
01000000 0000000
00100000 0000000
00010000 0000000
00001000 0000000
00000100 0000000
00000030 0000000

1

01000000
01000000
01000000
01000000
01000000
01000000
01000000

00100000
006100000
00100000
003100000
00100000
00100000
00100000
00100000

00010000
00010000
00010000
0000000
00010000
00030000
00010000
00010000

00001000
00001000
00001000
00003000
00001000
00001000
00001000
00001000

00000100
00000100
00000100
00000100
00000100
gooc0100
00000100
00000100

00000010
00000010
00000010
00000010
00000010
00000010

10

01000000
00100000
00010000
00001000
00000100
00000010
00000001

° 0000000
10000000 0000000
00000091 1000000
00100000 0100000
00010000 0010000
00001000 0001000
00000100 0000100
00000010 0000010

01000000
00100000
00010000
00001000
00000100
00000010
00000003

10000000
01000000
00100000
00010000
00003000
00000100
00000010
00000001

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000003

10000000
01000000
00100000
00010000
00001080
00000100

1
00001000 0100000
10000000 0000000
00000010 0000001
00100000 0000100
01000000 0000010
00014000 0UO1000
00000100 0010000

00001000 0000000
00000001 0000100
00000100 0000001
10000000 0000000
00000010 0001000
00100000 001000C
01000000 10000C0
00010000 0100000

00000010 0000000
0001000 1000000
0100000t 0010000
60000100 0001000
00000001 0000001
10000000 0000000
00100000 0000010
00001000 0000100

00010000 0000000
000000!° “~10000
0000100, .Y0010
01000000 0000100
00000100 1000000
00000001 0100000
10000000 0000000
00100000 0000001

00100000 0000000
00000500 0000010
00000010 0100000
00001000 1000000
10000000 0000000
00010000 0000001
0010000

00000010

00000001
00000001
000€0001
00000001
00000001
00000001
00000001

10 0001000

10000000
01000000
00100000
00010000
00001000
00000100
00000010

00000100 0000000
00100000 0001000
00010000 0000100
00000001 0000010
01000000 0100000
00000010 1000000
00001000 000000}

1

1

$67890

000000
000000
000000

000001
000000
000000
0°3%0
oovo10
100000
000100
001000

000010
[I1301)
000000
100000
000001
010000
01000
000000

010000
001000
000000
000100
000010
000001
100000
oocoeo

000000
100000
000000
010000
001000
000100
000010
000000

000000
000000
111113
000000
000000
000000
000000
000000

000000
000100
ooco00
100000
010000
001000
000001
000010

000010
o0oo000
000000
000003
000100
100000
000000
ool000

000001
000000
000000
001000
000000
010000
000100
100000

000100
010000
000000
000010
000000
000000
001000
000001

001000
000001
000000
000000
100000
000010
000000
010000

100000
000010
000000
0g0o000
000001
000000
010000
000100

"
123456 1'!01334587090123‘5‘7"01!34!61.90!21‘3("90]

000000
000000
oooo00

seesessesssrscsonsirens s

“haeee $eEss tasaasersuaNLesvERIEIILS

000000 000000

sessreesseess

000000
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APPENDIX D.1. The Desarguesian plane.

11 11111111 22222222 22333333

-
HOWERJIRUNE WN

P bt 1t bt s
U RWN

17

123

011
110
101

100
100
100
100
100
100
100
100

010
010
010
010
o010
010
010
010

001
001
001
001
001
001
001
001

0co
000
oco
000
000
000
000
000

000
000
000
000
000
000
Q00
000

000
000
000
000
000
000
000
000

000
000
000
000
000
000
000
000

000
000
000
000
000
000
000
000

000
000
000
ooo
000
000
000
000

000
000
000
000
000
000
000
000

000
000
000
€00
000
000
000
000

45678901

11111111
00000000
00000000

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

10000000
10000000
10000000
10000000
10000000
10000000
10000000
10000000

01000000
02000000
01000000
01000000
01000000
01000000
01000000
01000000

00100000
00100000
00100000
00100000
00100000
00100000
60100000
00100000

00010000
00010000
00010000
00010000
00010000
00010000
00010000
00010000

00001000
00001000
00001000
00001000
00001000
00001000
00001000
00001000

00000100
00000100
00300100
00000100
00000100
00000100
00000100
00000100

00000010
00000010
00000010
00000010
00000010
00000010
00000010
00000010

0000001
00000001
00000001
00000001
00000001
00000001
00000001
00000001

23456709

00000000
1111111
00000000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000620}

10000000
01000000
00100000
00010007
000010¢ .
00000100
00000010
00000001

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

10000000
01000000
00100000
00010000
00C01000
00000100
00000010
00000001

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

100C0000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

10000000
01000000
00100000
00010000
00001000
00000100
00000010
0000000}

100C0000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

10000000
01000000
00100000
00010000
00003000
00000100
00000010
00000001

01234567

00000000
00000000
11i11111

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

10000060
01000000
00100000
00010000
00001000
00000100
00000010
00000001

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

00010000
10000000
01000000
00100000
00000001
00001000
00000100
00000010

00100000
00010000
10000000
01000000
00000010
00000001
00001000
00000100

01000000
00100000
00010000
10000000
00000300
00000010
00000001
00001000

00000001
00001000
00000100
00600010
10000000
01000000
00100000
00010000

00000010
00000001
00001000
00000100
00010000
10000000
01000000
060100000

00000100
00000010
00000001
00001000
00100000
00310000
10000000
01000000

00001000
00000100
00000010
00000001
01000000
00100000
00010000
10000000

09012345

00000000
00000000
00000000

1111
00000000
00000000
00000000
00000000
00000000
00000000
00000000

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

00100000
0€010000
10000000
01000000
00000010
00000001
00001000
00000100

00000000
00030000
00000000
00000000
00000000
00000000
00000000
00000000

00000001
00001000
00000100
00000010
+n000000
01000000
00100000
00010000

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

00000010
00000001
00001000
00000100
00010000
10000000
01000000
00100000

00001000
00000100
00000010
00000001
01000000
00100000
00010000
10000000

00000100
00000010
00000001
00001000
00100000
00010000
10000000
01000000

01000000
00100000
00010000
10000000
00000100
00000010
00000001
Q0001000

0010000
1000000¢

010000r0
00100010
00000001
00001000
00000100
00000010

33334474 44444455

67890123

00000000
00000000
00000000

00000000
1111111
00000000
00000000
00000000
00000000
00000000
00000000

10000000
01000000
00110000
00010000
00001000
00000100
00000010
0000000)

01000000
00100000
00010000
10000000
00000100
N0000010
00000001
00001000

00000100
00000010
00000001
00001000
00100000
00010000
10000000
01000000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
©0000000

00000010
00000001
00001000
00000100
00010000
10000000
01000000
00100000

00010000
10000000
01000000
00100000
060000001
00001000
00000100
00000010

00100000
00010000
10000000
01000000
00000010
00000001
00001000
000003100

00000001
00001G00
00000100
00000010
10000000
01000000
00100000
00010000

00001000
00000100
00000010
00000001
01000000
00100000
00010000
10000000

10000000
01000000
00100000
00010000
00001000
¢0000100
00000010
00000001

45678901

00000000
00000000
00000000

00000000
00000000
11111111
00000000
00000000
00000000
00000000
00000000

10000000
01000000
00100000
00010000
000031000
00000100
00000010
00000001

10000000
01000000
0100000
00010000
00001000
00000100
10000010
00000001

00100000
60010000
10000000
01000000
00000010
00000001
00001000
00000100

00001000
00000100
00000010
0000000}
01000000
00100000
00010000
10000000

00000000
00000000
00000000
40000000
00000000
00000000
00000000
00000000

00000100
00000010
00000001
000031000
00100000
00010000
10000000
01000000

00010000
10000000
01000000
ooiooon~
0000GC

00001070
00000160
00030010

01000000
00100000
00010000
10000000
00000100
00000010
00000001
40001000

00000010
00000001
00001000
00000100
00010000
10000000
01000000
00100000

00000001
00001000
00000100
00000010
10000000
010C 300w
0010 M00
000100. 9

55555555 66666666

23456789

00000000
00000000
00000000

00000000
00000000
00000000
1111111
00000000
00000000
00000000
00000000

10000000
0310001700
00100000
00010000
00001000
00000100
00000010
00000001

00010000
10000000
01000000
00100000
00000001
000L1000
00000100
00000010

20001000
00050100
00000010
00000001
01000C00
00100000
00010000
10000000

01000000
00100000
00010000
10000000
00000100
00000010
00000001
00001000

00000001
00001000
00000100
00000010
10000000
01000000
00100000
00010000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

00000010
00000001
00001000
10000100
.3010000
117000000
01000000
00100000

00100000
00010000
10000000
01000000
00000010
00000001
00001000
00000100

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

00000100
00000010
00000001
00001000
00100000
40010000
10000000
01000000

01234567

00000000
00000000
00000000

00000000
€J3000000
00000000
00000000
1111111
00000000
00000000
€0000000

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

00000100
00000010
00000001
00001000
60100000
00010000
10000000
01000000

00000010
00000001
00001000
00000100
00010000
10000000
€ 1000000
00100000

10000€00
01000000
00100000
00010000
00001000
)0000100
ooopo0ler
00050001

01000000
00100000
00010000
10000000
00000100
00000010
00000001
00001000

00001000
00000100
00000010
00000001
01000000
00100000
00010000
10000000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

00010000
10000000
01000000
00100000
00000001
00001000
00000100
00000010

00000001
00001000
00000100
00000010
10000000
01000000
00100000
00010000

00100000
00010000
10000000
01000000
00000010
00000001
00001000
00000100

667771717
89012345

00000000
00000000
00000000

00000000
60000000
00000000
00000000
00000000
11111111
00000000
00000L00

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

00001000
00000100
00000010
00000001
01000000
00100000
00010000
10000000

00000001
00001000
00000100
00000010
10000000
01000000
00100000
00010000

00000100
00000010
00000001
00001000
00100000
00010000
10000000
01000000

00010000
10000000
01000000
00100000
00000001
00001000
00000100
00000010

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

01000000
00100000
00010000
10000000
00000100
00002010
0000000}
00001000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

00100000
00010000
10000000
01000000
00000010
00000001
00001000
00000100

00000010
0000000
000010060
00000100
00010000
10000000
01000000
00100000

77770808
67830123

00000000
00000000
00000000

00000000
00000500
00000000
000C0000
00000000
00000000
11111111
00000000

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

60000001
00001000
00000100
00000010
10000000
01000000
00100000
00010000

00010000
10000050
01000000
10100000
00030001
00001000
00000100
00000010

00000010
00000001
00001000
00000100
000100CH
10000000
01000000
00100000

00001000
00000300
00000010
00000001
01000000
00100000
00010000
10000000

00100000
00010000
10000000
01000000
00000010
00000001
00001000
00000100

00000100
00000010
00000001
00001000
00100000
00010000
10000000
01000000

18000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

01002000
00100000
00010000
10000000
00000100
00000010
00000001
00001000

88880859
45678901

00000000
00000000
00000000

00000000
00000000
0000000
00000000
00000000
00000000
00000000
1111111

10000000
010C0000
001n0000
00010000
00001000
00000100
00000010
00000001

00000010
00000001
00001000
00030100
00010000
10000000
01000000
00100000

01000000
00100000
00010000
10000000
00000100
00000010
00000001
00001000

00100000
00010000
10000000
01000000
00000010
00000001
00001000
00000100

00000100
00000010
00000001
00001000
00100000
00010000
16000000
01000000

00000001
00001000
00000100
00000010
10000000
01000000
00100000
00010000

10000000
01000300
00100000
00010000
00001000
00000100
00000010
00000001

00001000
00000100
00000010
00000001
01000000
00100000
00010000
10000000

00010000
10000000
01000000
00100000
00000001
00001000
00600100
00000010

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000
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APPENDIX D.2. The Hughes plane.
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OVBIRALE WK~

11

123

011
110
101

100
100
100
100
100
100

100

010
010
010
010
010
010
010
010

001
001
001

001
001
001
001

000
000
000
000
000
000
000
000

000
000
000
000
000

000
000

000
000
000
000
000
000
000
000

000
000
000
000
000
000
000
000

000
000
000
000
000
000
000
000

000
ooo
000
000

000
000
000

000
000
000
000
000
000
000
000

000
000
000
000

000
000
000

11
45670901

11111111
00000000
00000000

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

00000000
00000000
00000000
00000000
ocoo0000C
00000000
0000000C
00000000

00000000
00000000
00000000
00000000
00000000
00000000
00000060
00000000

16000000
10000000
10008200
10000000
10000000
10000000
10000000
10000000

01000000
01000000
01000000
01000000
01000000
01000000
01000000
01000000

00100000
00100000
00100000
00100000
00100000
00100000
00100000
00100000

00010000
00010000
00010000
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APPENDIX D.3. The left near-field plane.
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APPENDIX D.4. The right near-field plane.
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00001000
00100000
00010000
01000000

00000010
00100000
10000000
00010000
00000001
01000000
00001000
00000100

10000000
00010000
01000000
00001000
00100000
00000010
30000100
00000001

01000000
00001000
00000010
00000100
00010000
10000000
00000001
00100000

23456789

00000000
00000000
00000000

00000000
00000000
00000000
11111111
00000000
00000000
00000000
00000000

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

00010000
00000100
00000010
00100000
10000000
00001000
01000000
00000001

01000000
00001000
00010000
00000300
00100000
10000000
00000001
00000010

00100000
00010000
10000000
00000010
00000001
01000000
00001000
00000100

000010G0
10000000
00000001
00010000
01000000
00000010
00000100
00100000

00000030
000004 0D
00000000
00000000
00000000
00000000
00000000
00000000

00000010
01000000
00100000
00001000
00000100
00000001
10000000
00010000

10000000
00000010
00000100
00000001
00001000
00100000
00010000
01000000

00000001
00100000
00001000
01000000
00010000
00000100
00000010
10000000

00000100
00000001
01000000
10000000
00000010
00010000
00100000
00001000

01234567

00000000
03000000
00000000

00000000
00000000
00000000
00000000
11111111
00000000
00000000
00000000

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

00000010
01000000
00000100
00000001
00100000
10000000
00010000
00001000

00001000
00100000
10000000
00000010
01000000
00000001
00000100
00010000

00010000
00000001
01000000
0000100
10000000
00000100
00000010
00100000

01000000
00001000
00010000
00000100
00000C10
00100000
00000001
10000000

00000001
00010000
00000010
00100000
00000100
00001000
10000000
01000000

00000000
00000000
00000000
00000000
00000000
05000000
00000000
00000000

00000100
10000000
00001000
01000000
00010000
00000010
00100000
00000001

00100000
00000100
00000001
10000000
00001000
00010000
01000000
00000010

10000000
00000010
00100000
00010000
00000001
01000000
0000)nnn
00000100

89012345

00000000
00000000
00000000

00000000
00000000
00000000
00000000
00000000
1111111
00000000
00000000

10000000
01000000
00100000
00010000
000601000
00000100
00000010
00000001

00001000
00010000
00100000
00000010
00000100
0000000}
10000000
01000000

00100000
00000010
01000000
00000001
10000000
00010000
00001000
00000100

00000001
00000100
00001000
00010000
00100000
00000010
01000000
10000000

00000100
00000003
00000010
10000000
00010000
01004000
00100723
00r 1000

01000000
00100000
00000100
00001000
00000001
10000000
00010000
00000010

10000000
00001000
00010000
00100000
01000000
00000100
00000010
00000001

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

00010000
01000000
10006000
00060100
00000010
00001000
00000001
00100000

00000010
10000000
00000001
01000000
00001000
00100300
00000100
00010000

67890123

00000000
0000000
00000000

00000000
00000000
00000000
00000000
00000000
00000000
11111111
00000000

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

0100C000
00001000
00010000
00000100
00000010
00100000
00000001
10000000

00000100
00000001
00000010
10000000
00010000
01000000
00100000
00001000

00000010
00100000
00000100
00000001
00001000
10000000
00010000
01000000

10000000
00010000
01000000
00001000
00100000
00000100
00000010
00000001

00001000
10000000
00000001
00010000
01000000
00000010
00000100
00100000

00100000
00000010
10000000
01000000
00000001
00010000
00001000
00000100

00000001
01000000
00100000
00000010
000001G0
00001000
10000000
00010000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

00010000
00000100
00001000
00100000
10000000
00000001
01000000
00000010

45670901

00000000
00000000
00000000

00000000
00000000
00000000
00000000
00000000
00000000
00000000
11111111

10000000
01000000
00100060
00030000
00001000
00000100
00000010
000000031

00100000
10000000
01000000
00001000
00000001
00000100
00000010
00010000

00000001
00010000
00001000
01000000
00000100
00000010
10000000
00100000

10000000
01000000
00010000
00000100
00000010
00100000
00000001
00001000

00€00010
00100000
00000100
00000001
00001000
10000000
00010000
01000000

00000100
00001000
10000000
00000010
00010000
01000000
00100000
00000001

00010000
00000100
00000001
10000000
00100000
00001000
01000000
00000010

00001000
00000001
00000010
00100000
01000000
00010000
00000100
10000000

01000000
006000910
00100000
00010000
10000000
00000001
00001000
00000100

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00030000



