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ABSTRACT

: /

Estimation of Reliability Parameters of a Redundant
System with One Standby. and One Repair Facility

{

Neyaz A. Shaheen

This thesis deals with probabilistic and statistical
analysis of N-Components Series éystem Supported by an
active §tandhy and one'repair fac;lity. System failure is

*“shown to be convolution of two independent e;ponential
vdigtributions. The failure time and‘repair time distribution
‘of the unit are considered exponential and independent of
each other.

Two sampling schemes are considered to obtain maximum
likelihood estimates of the reliability function-
computer program is déveloped to solve the alvén set of non
linear likelihdod equations iteratiﬂﬁly. Information matrix

i§ supplied. Numerical results obtained by the two schemes

are presented and a comparative study is also done.
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.to the conclusion

> ? [/ T iA
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v - , rCHAPTER 1 >
u 'Introduction

///:.l Concept of Réliability

Reliability of a system could be defined as a measuré
of how well a system performs or meets its design
requirements. Since the past three decades technology has
taken a turn towards complex systems containing subsystéms,
components and parts. This goes with the development of
Spacé'Vehicles, Telegommunication and Compuggr Syétems and
with these developments the study of reliability has been
of major importance. Because a knowledge of the failure
behavior of a component can lead to savings in its costs qf
production and. in many cases the preservation of human

.

life. The recent failures in aviation and space field dre
{

/

obvious examples.
o

It has been observed that mechanical failures tend to

" occur quite randomly and random behavior of failure leads

Fy

that reliability studies should be made

from a probabilistic or statistical view point. Such an

-

approach is widely and cdmmonly used within the field of
o © N\

reliability theory.

-

The failure behavior of a system can be specified in

_terms of a function f(t) which is known as failuré density

function of the system. If it is assumed that the failure

does not occur before the beginning of the use, then

1
4

™ I “%‘ 2
N ,
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f(t)dt = probability of fé{}ure.in the small 'interval
(t, t+dt). The corresponding to f(t) its distribution
' I | .
function is - ,
F(t) sff(x')dx. (1.1) -~
(o] ! .

F(t) can bg interpgated as the probability of the system
failure occuring.before time t. |
Our main interest'here is the probability that the
system does not f&il dp to time t and this is‘descfibed by
the reliability funct}on, gi@eh by o
R(t) = 1-F(t). PN (1.2)

Another function which is of equal impo:tahce called

’

the hazard rate function is defined by
h(t) = £(t)/R(t). S (1.3)

This gives the failure rate conditional on past
survival,. ' ‘ T s
- Q) e, N

©

The expected time until:failure assumind su:vkvai to
Eime t is given by - : |
E(t) =“[1/F(t)]fx-f(t+x)dx.. . (1.4)

E(t) is knowA as mean residual :ife. .Models described in
this way are called continuous failure models and the
eXponential iife time distribution is the only distribution
‘with a constant failure rate. [Barlow 6] |

If it is assumed tﬁat the conditioﬁél sqrvivalﬂ
probability decreases with the‘age t, thean(x) is S

"/ decreasing in x (8<x<09).

N
- -
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The{@unction h(t) can'pe_interpreted as thé‘
instantaneous probaﬁility of failure conditional on
survival up to time‘t, since,

h(t) = 1im [{ R(t) = R(t+x) }/xR(t)]1. (1.5)
X~po . .

If aging is beneficial such that the conditional
survival probabiiity increases with age, then h(t) is a

decreasing function of age,and the corresponding

distribution isvknown as a DFR (decreasing failure rate)

\
distribution.
e The behavior of failure rate as a function of age is
. known as the Lambda Characteristic, Life Characteristic,

Mortality Curve or Hazard function. The function is also

called Bath Tub Curve because of the following typicalf

survival characteristics of a system. (Eié. 1.1).

h(')ﬂ‘ Q x

R CFR
useful life

IFR .

1

) -r .- - tig-. 11 | o

< L 4 -

: " ' In terms of reliability, when a ‘system is put into

operation, then a failure cén-occur due toavarious

2

reasons. They are:
i) ‘Infant Mortality:- During the early life period the

failures are of indogerious type, which a:e.caused by

.l ’ P



o PO S |
inherent defects in the system attribpted to faulty desigﬁ, o

“

manufacturing, or assembly. .During this period, th

failure rate is expected to ﬁrép with age; as shown ;ggthei~

/ 3

figure (1.1).
g ) .- '
ii) Random'Failure:j Once tQE system has been debugged it

.becomes prone to random failure due.to epvironmental

k]

conditions under which the syétem is operating. In-figure

: J
(1.1), the middle part, is usually called useful life
. . . R s ) :
/- . - '
Pbase. In this phasé failure rate is approximately
constant and the exponenfial model is quite acceptable.
Suppose a component i%operat;i'ng in.an environment that.
N [ Doy
subjects it to a stress which is varying in time. A -
failure occurs when, the environmental stress exceeds its
limit (maximum allowable stress). We call it peak. The - e
- - i ' ©° > . a
. v . -
"peak" stress may be assumed to follow a Poisson
distribution with parameter At (Fig 1.2)' where A is the
constant rate of occurance of peak loads. Supéose in the , T
: ’ / ' °, -
) {stress -
| maximum allow/a \ble
stress N -
@ ‘ -
*
S Y
‘ .v - - tv d
. fig- 1-2 . ,
~ t (” . .
.’/ ’ - .
/ ’/“’
p ; ° -

A .
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interval (o,t], there are N peak-stresses, then

'P (N. =) = exp(-)m)(ltf‘/nl ' >o, 'n': 0,1, 2,.....

Now suppose X 1s the lxﬁetime of the component, which

‘corresponds to the event {8, = O}, then

3

R(t) = P (X>t) ,

=P (N; = O) =texp(-at) . (1.6)

iii) Wear Out:- When the tomponents come to its_egpectedﬂ

1ife, the failqre rate begins to increase. ,This . phase'of ;

,components life 1s called wear-out phase. This happens

becaﬂbe of the accumulated wear ahd tear, abrasion,

fatigque, creep, etc.

Assuming that the failure occurs randomly, the relia-'
" 3 . v . -

bitity of the 'system may be improved in the follawing ways:

(5; 'Introductxon of Redundancy: This 1mp11es that

| more unlts are ava11able for performing the
. .* »

system function, when fewerxare actually

required.

. (b) ,Repair and #%eventive malntenanoe. In th1s method

when' a component fafls; it is repazred and, put back to the.

operation. . et R
. M v .

"f In this thesis wg‘are maxnly concerned w1th the study

| | of repplrable redundant system and estxmation of its
’;,flﬁgability paraneters which we lel 1loo0k 1nto at the end
" &f this chapter. The detail survey of the literature
“regarding'the topxc is presentéd ‘in chapter 2 followed by

the main results and conclusions in chapter 3 and chapter 4

«respectively.

.



1.2 Models ,

In this sect1on we w111 discuss the ‘basic defxnition

‘of redundancy and dxfferent models-used in the study of

Zreplaces 1pﬁ%nd performs the: task thhout goxng to xdle

-&.7;1‘ Parallel Redundancy-, A parallel redundhnt systenj

bithln components,is one in whxch ajl She components

TYpes of Redundancy

o
repairable redundant system. As defined in the 1ntroduc-.

gtion of redundancy, suppose tﬂﬁ or more units are avaxlable

in a _system in whxch only one unlt’is needed for actual B
operatxon, so that when faxlure occurs the other in standby

»

state. -An example of redundancy may be seen in an aero-

A

plan7 (wlth three engxnes) only two of them working at a
time-“elf one fa1ls the thxrd engxne replaces 1t wlthout
stop over. :.; a :ﬂ, o 3 .

- -
.

~0 2

v

There are two types of redundancy

operate sxmultaneously but the system requxres at least one_,

to operate (fxg. 1.3). The system goes down only when all -~

' 1‘ ( ] v : *

nq 13 )

the n components are in failure’'state. As an example, the

re}xabxlityfk of such a system wxoh n=3 is given by
R =p, '+ p + BB *p )~ (p *R )= (R "B, )+ (P, *P, *pg). S a.n

where pI- probability of survival for the ith component.
e L R



1.2.2. Standby Redundant System:"

And the MTTF( Mean time to first failure) is given by

= (1/ 2041/ 2D+ (1/23) = (L/ (A4 A0 )= (1/ (At Ag)) L

where Ay, A, and »; are ‘t-ﬁe constant f&ilure rate of the

‘three units regpectively. There may be some parallel

. ' ’

redundant -systems where more than one unit are required to

operate for the system to be function;I\TjSuppose m units

. are required to operaté_the'ﬁ unit redundant system where

\

m < n, then the:xeliabildty\ of such a'syétem is given by

R = 2 (0 (-p)” | (1.9)

where p; =P, -'....gm [fof proof see’ Barlow[5]].

Gaver [13] studied 2-unit'para11e} redundant systems .

with constant state dependenf hazard rate and arbitrary’

\

repair, and obtaxned the Laplace’ Transform of the

reIiabllxty of the system,

——

A standby reduhdani system with n cdﬁpgﬁents is one in
B ) 7 .

PR

-in which the components operate one at a time and when

failure~qccqrs,in~the'operating unit, another combonent'

¢

from the standby is-switched on xo'wotk, This kind of

- system is also called sequentially redundant system of

order n. ',

When a 'unit is  in séandhy,.it could be classified as

‘hot, uatﬁ“and cold-standby (Gnedenko (14)) as follows.

o

Suppose failure rate of a stanby unit is );and failure rate

of unit in operatidn isA.. A atandby is defined as hot



.4

whe} A=) and wérn when‘ ') <'1\<A.

A unit in standby whi‘ch can not fail or loose the

potential is defined as cold standby.

. Standby redundancy is of two kinds, one without renewal
and the other with reneﬁal In both the redundéncies ali

three class1f1catxons of redundancy such as hot, °warm and

[}

cold are cons1dered given below.

\

1

*.1.2.3 Standby Redundancy W1thout Renewal:"

As meﬁt;oned above we dxvxde standby redundancy w1thout

renewal in three classes.,

(a) Loaded Standbys ({or Hot Standbys)

In tnis.particular case the standby unit has the eame

failure behavior before and, after it is put ‘in to

operation. The reliability-of each unit' is independent of

~the moment it entered into operation or i’ stand by state.

-

The replacement'tihe-is~negligib}e.
. In figure 1.4 we have one basi-c'unit andother n-1
units are in standby. Let the. probability of ith

indiVididpél unit be p‘. (t) ’ - / . . i'l,‘z, o.loooo.no

‘Since.failure time of each unit..is independently

.distributed, the probability of system feilupe (also called

unreliability), is given by: o

Qu(t) = q;(y,gx(p)..,..f..”gAt),

«

where gi(t) =1 - py(t) and its reliability is given by

Rplt)= 1- Qp(t) = 1= {{1<p (&) H1-p,(t)}...{1-p ()}



N

A

. From here it.is also obvious that the order of standby is
not‘ihportant. 1f the standbys and basic units are’

‘identical (i.e; p; (t)=p(t) for all i) then

. n ¢ L
Rp(t) = 1-{1-p(t)} . (1.10)
© T'If wé assume that failure rate of the units aré
- ‘ ’
exponentially distributed with parameter ‘A then the
meantime to failure free operation is given by
To = 3/*=ﬁ§2‘/“} ; | fér identical units
Th = . a .
" 1/4\ {'"C'*C‘+1/G"M} " (for large n), (1.11)-

where ¢ = ,57722 Euler's Constant (Gnedenko (14]).

If the failure time is distributed according to

Weibull's distributjon then in the case of equal reliabili-
ties |
v “ ‘. -
‘P(t). = exp(=At ). (1.12)
The MTTF is given by -
4 Lokl o
Tyr (/A3 0CK (-1) 1 (k&) o (1.13)
"If the failu;e time is distributed aécording to Power -

Law théﬁ L
‘ « ‘ | ’
P (t) =1/{L + t/tg | . ' (1.14)
where to= mean life of a unit, then MTTF is given by

Tw* 1/((n-1/x) ceea(1-10171. ni te, R (;;15)
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(b) Unloaded Standby (Cold Standby)'

Here the assumption is that a standby unit can not
fail as long as it is in standb;;-The time required to
replace the failed unit with one of the'standby is
negligible, ile; the switch device is 160%,reliabie. Once
again if we have éne basic and n-1 standby units then fhe
system's'unréliabilitg‘is given by: . »

(1.16)

-

0, (£) = (AT /n} . {(1-xE)/ (n+1) ) cexp (- at)

And this is an abproximation formhia which involves a
relative errﬂé of an amount which équals | .

| fxt?'/{(n+1? (n+2)}.. ‘ , - ."(1.17f

Usually Qp(t) = g, (t).q,(t).c.euen..qgp(t)/nl © o (1:18)

»

‘'« gives good approximation or an upper;bpundnfoz’on(t); (For

|

C

proof see'Gnedenkp [141). C o ot

{c) Lightly Loaded (Warm) Standbys o B

Lightly loaded or warm standby iﬁplies ﬁhat tﬁe unit
‘could faii,eﬁeﬂ if it is in .the standbys.. switchtime is' :
-assumeaité be négligible. An éﬁpgokimatibﬁ formula-for the
‘unteiiébility of fhe‘st;ndby groub‘is-giﬁen|5y. | \

. Qp(E) ‘=’A|,("z+/\;) (.\3'4.2A3);~ e (Ans An(n-1))/n! (1.13)

,-/”whereiAkis the faildre rate of the kth unit in an operating

1

-state and k ‘denotes the failure rate of the kth unit in'a'

. nop-dpeggtihg'ggaﬁe{ (See Gnedenko [14].) ~" j

A

N
%
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1.2.4 Standby Redundancy with Renewal.

In many cases renewal i's applicable. A repair facility

is used to increase tpe‘?@liability, and consequently- the

time of service of a Eystem is increased. The stapdby
redundancy with renewal also could be classified in three

‘categories; hot , warm and cold standbyes. A.special case

of standby redundancy with renewal, has been studied in

chapter 2. .

a

" . However, in this case the general. assumptions are ‘that
a syStem has ntm units where n upits are .needed to operate
and m (m 31) units stay in standby (hot, warm, cold). As

soon as any unit fails it is sent tptthé repair facility,.-
‘ P ) L o B}
If the failed unit is on-Iline, then a standby upit unit is

switchedltb operate in its place; The switch-over time is
‘ qually consjdered negligible. The repair of the failed
'-unit statrts ihﬁédiately, if a repair facility is free. The

- N v /
system goes down if more~than m units are in failure state

or less than n units are in working condition.

(Gnedenko [14]).

"' Khalil [17] considered the case of n+l element system
where oné element works and n elements are” in standby

(unloaded) with repaii'faciliteis that could vafy from I to

5

n. oy
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‘1.3 Odp Model .

In this tﬁesis‘the model under study is a particular
Case of warm standby repairable redundant system. In this
system N identical independent colponents are put into
operation with one fedundant element of same type in warm
standbf and with onevéepair gaEilityl The on-line |
comﬁonents fail according to\gxponenti%l 1awlwith
parameter A and a standby unit could aiéo fail according to
éhé same aistribution with pérameter Ay where [A> 2 ./

All failute.times (on-line or standby) are.considered‘to be
indépendent random variable. Upon fgilure of ;ny.working
unit the’;téndby unit 1is switchgd to oéerate aéd faiied
unit is put into repair instantaneously (if available). The
switchover time is zero. Th; repair time diét}iﬁution is
'exponenpially'diStributed withlparamgterf&? , .
; System goes down wﬁen an operating unit faiis while’
,another one is still under repair..In other words system ié
up'}f n-out-of—(h+i) units are'working. The state af ;he'
system could be déscriged as 8,1 or 2 according to whether
”systém is operative with no units dowq, system is oéerative.
with=oné unit down or system is‘déwn (when more than’one.
.unit is down) respectively. -

Khalil andtharMadhikari [19] ﬁodelled.the system's
operating, repair and idle states as a ﬁérkov process:-and
derived the following‘failure density function " .

_£(t) = [ab/(a-b) Flexp(-bt) -exp(-at)] 4(1.20)

where a>b>0 and ¢>0. . . . v .
P - ] ’ . . T -
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The main objébtive’in this thesis is to‘find the

estimate of a and b whzch are funct1ons of )\, ).. and/-‘ To

find the estimates of a and b, two sampl1ng schemes have

been considered. ‘ : e ‘ .

¢

In Scheme 1, m jdentical systems of type h~6ut-of}n+1
. are put on test. ‘In the interval (0,T] whére\T‘is fiﬁed

tlme epoch they are kept under éontinqous ‘obs'erva..tio,n.‘\'rhe
average time to failure (when the system reaches-.from fix?st:’
~ o * . o : . .
state O to state 2 for the first time) tyo , t,1 » t,, and

tays Nyp ¢ Ngy , N,, and n,y are.observed.Let tij 's and nj .

o ' 's are total amount of time the system stays in state i

(KN .
3

before entering state j and total number of transitions

from i to j respectxvely for-all n realization (see chaptor’

-

.- 3).

« o bsfng these we find the estimates of », Ay and .
By;_ replacing‘)‘, Xy and P by ;,'&\and";. we find a e‘nd b.
'Using a and b in equation (1.20) we can find R(t). (see

chaptor 3). R _ . |

I3

Inwbcheme 2, m identjcel systems of type n-out-of-n+l

are put on test simultaneously.. The record of first

- ’

faiIUre time epoeh of the m systems are ebserved. the

]

-
.

. ) ramdom variables. The maxxmum 11ke11hood estimators of a

and b are obtained by maximizing the likelihood function:

, ,. 1% L (t', t:' o-..’c.’thp a, b) =
{(ab)/(a-b)} ﬁ{exp( -bt{)-exp(-at{)}. (1NR2)

Using the estimates of a and b an estimator of reliability

-

is readily'available.

.-
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. . Chapter 2

ﬂistorical Review

22.1 ‘Literature Review of Standb% Redundancy with Repair

In this chapter a'hbstorical eview of the literature

on standby\redundancy and the estimation oflzeliability.
barameters are presantéd. \Many ég;hors:considéred the
probabilistic analysis of standby systems. 'Fifgt'attempg
in the study of standby systems caﬂ be found in épstéln and -
Hosford (12), Barlow and Proschan [5], Gnedeﬁko et al [15]
~etc, '
For two units‘;ténaby redundant system, Gneéenko (15},
Osaki [28) and Buzacott [9] have used the renewal theoretic
approach to analyze system béhaviour.~ S;iiivésan [39],
dsaki (28,30, 31), Arora [L,;],,Osaki:and Né&ggawa [32]
and Osaki and dkumoto [33] have used the Markov renewal
proéess to analyze othe; rédundant systems.
Fdr multiple unit ;ystem not much progressahas been
made. 1In case of multiple unit cold standby system with a-
" N J
repair féciliéy, Mineig} al [21i obtained the MTSF (Mean
Time to System Failure) of a 2-out-of n:F (system copéfsts
of n (>2) units ané the system,faileé if two unﬁtg fail)
sfsteﬁ with exponential failure and general repair by N
.apbraximation methpé. Natarajan'[27] studied the systém
with general failure and expodentiai r;pair and obtained -
‘the"rei&abiity andospeady state availébility of the
system. Further, he approximated the probability density

" function of the life time of the unit by an Erlangian’

: diijjTSEt;on. Kumagi [20] . S
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analyéed the same problem as Natarajah [27] but d4id not use

approximation. Bhat [7] obtained the reliability of an

N-unit and S-spare system with exponential gZilure and

general repair distribution using some recurrence

relations. Nakagawa [25] used again Natarajan's [27]

- system and analysed it using Markov renewal process and

discrete transforms. He also derived the expected number

of visits to any state before a failure of the system

rd
occurs. . ®
W

But very few advancements have .been made towards the
L4
analysis of multiple unit redundant systems with multiple

fepair facility.due to the complex natlire of the problem.

Natarajan [26] has analysed cold standby redundant systems

'with mult1p1e repalr facility. Ramanarayana (34, 35)

analysed gome n-unit systems with multiple repair

faci%}ty. Khalil (18] has- done a comparative study for

hultiple standby and multiple repair facility. ‘He obtained

the mean:time to system failure for special systems with
' y
different combinations of number of standbys.and repair
‘ {
units. He further analysed the effect of adding a standby

or addxng a repair unit and compared them.

In the direction of statistical analysis, we "find

[y

_ quite few statisticians who took interest. They are Naik.

(22, 23], Sarmah and Dharmadhlkarl [36, 38], Gross and
Clark [16] étq. Naik, [22] has obta1ned the MLE of transi-

tion rates ‘in a finite state continuous time Markov process

‘e

occuring in deteriorating systems. In his paper he assumed

s
.
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] <o

that the performance of the units may not be observed
separately. Naik [23] has obtained the MLE of parameters
in a 2-out-of-3:F (system fails when two units fail)

- A )
system. He assumed that the stochastic process in the

Loy ter

system could be Bsgerved as (1) Markov Chains (2) Markov ‘
- . _— e

Process and (3) semi-Markov Process, with,the underlying

L . .
failure and repair time distribution being discrete,

exponential and general for the three cases 1, 2 and 3

respectively. :

’

For estimation of parameters in case 1, the likelihood

function is, - : -

L (P¢: ) =c.ll P for i,j = 0,1,253,4. (2.0)" .
- J ij ij
The system states are defined as
O - all components are working . System
i - component i has failed i =1, 2, 3 is up

‘ ) )
4-- 2 coﬁ%onents have failed, system is down.

In'equation.(Z.O)

el

nj; = total number of transitions from'i to j

for all n realizations and .

- : ) P r '
%j =nj; /n; is the maximum likeIihood estimator of p .

where n{ = ? njj

For example pol =-ng; /ng is the maximum Iikelihood esti-
Co ¢ } .

mator of Pop - o

In both of his papers [22] and [23] he ,has shown thhé the
estimators are assymptoticaliy dormaliénd Vﬁi(éﬁ\-P” )
converges in distribution fo S-normal w@ph mean. O and“

varianc 2, ‘ ‘ Y
2 ¢ DA

.2 1 :
o ==Pijg (1-p;y) D(1)/Py
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,l .
where D(l) = l 1-Q I and P.} is the coefficient of pg in 7T
" the expansion of D(1). -
P ) ~

'Q is defined from the transitioh probability matrix

_‘ Q R) where Q, R, I, 0 are matrices,
P = 8 ‘
01 '

-

Assuming the system as Mar kov process'\&itp failure and

v

repair time d1str1but1on being exponential he obtained the

estimator of transition rate matrix A=(ajj), for that he

’defined the likelihood function

L(a;) = C. (ﬂ P,n” ) {Haln" FXP‘(-altt)} (2.1)

——

N .
where t; is the total amount of time that ‘the.system was' in

- !
state i. The MLE of 4 ,Eg , and ﬁ;j are““

-

a ‘=n/t, aij = I‘-'*,”‘ a p”“ = n; /ng \

The est imate of a;j ‘is asymptotically S-normal with mean

Zzero and variance ' . -
= (2 azij ng aj ay; D(l) - 2 D(l)aJ iy )/ Pi;

where D(1) and P{j are as defined in the‘ first case.

For the t’pird case where the failure and repair time

distributio\‘are‘general, the system is governed by a

Semi-Markov Process. HE obtained the estimator of

parameter vector Q (a_s def ined above) . For that he defined

the lik;Iihood function . .
L(p'.,o)- (c g S (mar; o

.1 's are as defined above and Q on which FU (t) depends.

Qt)} (2 2)

.Q can be estimated by maximizing B ar (Q,t) . . "‘

Sarmah and Dhirmadhikari [36, 38] have considered

estimation of garameters of l-out-of-2.: G repairable . .

system and l-out-of-n:G (a re,dundan_t system-composed of,

’ .
L . ' .
ae
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n(>1) units and the system %unctions if and only if at
b . )
least 1 qf:the components functions) repairable system.
“In thejir paper [36]) they assumed that the failure and
B V4 : '

repair time distribution of the units are_exponential with

©

known pafametérs A and/ﬂ:fespectively and the moment

. ' 4. c
estima- tors are supplied under four sampling schemes. The
estima- tors are asymptotically norqelly distributed in

every sampling scheme. The model they considered is as

follbwsi o

~a) In the system there are two identical units with

-

one repair facility,
b) at t=0 one unit starts operatlng and the other

remains on standby,
- ¢) Switch-over time is negligible,

- ) Repair'Q@vﬂone on first come first served basis.
~ ¥

e) The repair unit is as good as new. O .

i
!

\ In @1 four schemes A and m are unknown. 1In plan 1 or

" scheme 1 khey assumed that the units might be observed

. separately contrary to the assumption made by Naik [22],

In the ii:if three plans the assumption is similég to Naik
(22, hat the un1t/£etformance may not be observed

separately. The egbﬁﬂators for operatxng characteristl

.‘are suppliedkeeping in view that since they are obtai ed

from the roots of quadratkevequation, it should not be

'negatxve or 1mag1nary. Tﬂe system behavior of estimato:s

dre also kept into consideration so’ that the mean failure

time is greS%er than that of mean service time._

P B
) . 0

¢ 2

o~



LV

;aﬁdﬁﬁ'and p are asyhpto;ically normal with mean O and

Cramer [10] (p.354).

‘The probabilistic ana{zfis of the above modelihaS'been

done by Birolini (8] and Dharmadhikari (11]. .Sarmah .and

‘Bharmadhikari [36] assumed in plan 1 that the units might

be observed separately though such plans might not be

‘teasible. They cdnsidered "initially one unit. starts

Operating and upon faxlure it goes for - repaxr. ppon
completion of repair the unit is swﬁtched on". The switch
over epochs are observed and denoted by, zL s.;'iil‘z,.....n”

g

and” z n): +Y: . Further they referred 7; 's 1.1 d. random
l 1 ] Y §

Varxables w1th probabilxty densxty finction

h, (t). -{M‘"/(A ,«»n {exp(-pt) - exp( -At) ) (2.3)
where . ,},,u)o : 3#,“ t>o . o ’

.

They denoted such plan by R ‘{1, O(F+K) n}o i : .'.:1$

‘.whete‘n ihplzes that ‘the sy§%em is repairable, n is the

number . oc¢ records avaxlable and 0(F+K) déiotes that the ‘

- record is the sum of ‘a lee time and repair time.\»

The moment estimators of )\ .and M are ngen as. follows: -

T1E dom . - :
T /{; -‘(t-ﬁ. )/l( 5 ; = 2/(/u)l< . | R
ana if /1)2 then ¢ L oo o - )
R e Y“ , " lm 2 GK
" where A -‘2?- ' K-ts"-

@

variance which can be derived from the leading terms of

toe

In plah 2 they considered that the available records were

of switchover epqchsﬁﬁi. The T;Sare time epochs, at which

the switch is used for ith time.



§o

This plan’ is:denoted by

Chylt) = M O {mp( At) -EXP (- Qept)} . X,p0,£>0  (2.5)

20

EYS

To =0, ty = Ty t, = T.pqu i>r

t, = max (x., Y.) and . t,'s are B R O d “random variable with

-

pdf o

h:,(t) ')xexp( lt) + /u.exp(/“t)—(h,“) exp(-()w,“)t) (2.4)
X pM30 and >0 - |

Th‘ey denoted such plan as R [2;0(S,w,T)y n} and the moment

:
'

estxmatots of A and/Aare ngen by
1+ /1 -A',)/fk A -(1;J A,,)/./‘
where A,_ = 4x/(2tﬁ< + K) K =t - s

agam A and)u are asymptotxcally normal thh mean P and/u-

‘respectxvely and variance can be obt_a.xned frgm Cramer fro},

(p. 351)'. L D

But- m Plap 3 they consxdered same s\ntch -over epochs

'.but, thh additional information that ‘the system does not

' fail in a given interval this implies that the failure time

i

of the unit was more than éhe corresponding repair time,

N

~

R {2,0(S,w;T,F>X), n}. | . -

A J

Here 0(S,w;T,F>K) denotes that the switch-over epoch is due

to failure of the on-line unit .and such n observations are

_available, = ’ . / NI

s

' Qo
If the time epoch is. T, as mentioned above, the

»

t, =Te-Tx-i and {ty)y., are i.i.d. random variable .with’
p\.d f Y

1t

with the additional in£ozmation tl\t [‘))U the moment

. 5

estxmators are given by - : 0‘\ ‘



5= (B R0/, 4= 2/(k- /Ry a o
‘where' Ay = 28 - 't':i., - - S |
‘)and/Aare asymptotically normally dxstributed with mean.
).and /4respective1y and varxance can be obtained by Cramer
f10] (p.’351).‘ _ \ ’
In the fourth planAtney‘took such-n systems ar'd the
lifé time of'ali n syetems'were recotded'and,denoted bx'TL(
{T]h,i are i.i.d. random variable wath p.d. f. S
h4(t) -{b,b,/(b,-b,)} Jexp(-bit) -exp(- bpt)}, t>0 - (2 6)
. where by {(27\+/~)-\/I(27«+,ui‘-u"1}/2, | |
" bas {(2A+/~)+\/uz>~+p?‘- Ry /2

and the moment ‘estimator of A and ﬁea;e respectibely given

:by\ . ;
ARfIk L A _gei/k) VLTS
- B Wt TR P
'The same mndel can be used to study‘the conpartment,a

' analysis in Ecology and same model can be extended for N

out ,0f N+1 sYstem. ’ ' . 4 \

' Satmah and bDharmadhikari {38] suggested’ three samprxng
’& ,plans to obtain t&nfgtment estimators of A and /*(fairure o
and Fepai:':ate) for a system opefatingﬁqﬁtb one nnit;
supported by ﬂ—l inactive standbys and:one rgpa;r

'ufac11§ty. System is defined as l-out<of-N:G repairable

. system. )\ and A are unknown..

a

. Assuming iailﬁre and’ repair time distrxbutxon f(t k)‘.‘

i

and g(tq») exponential, the mathematical analysis of the .
quel has been done by Sarmah and Dharmadhikari [37]) for ,

v
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special case taking N=2 and 3. 'In their analysis they
obtained Eaplacé Transforms of. the oberating character-

istics and ultimately obtained results for reliability,

‘availability, expected number of repairs of the units in
.the system and expected number of failures‘of‘thefsystem.
T To estimate the parameters of l-out-of N:G.repairable’

‘system {38] they conéidered the switch over epochs Tk's

~

.where‘TK denotes the time when O switch is ‘used for the kth{

txme and the plan is denoted by R {N 0O (0-S»w:T), n}.

_In thxs plan N is total number of units in the system. and

0(0-S;w:T) denotes that the records are of O-switch over
epoché, When an operafing unit fails, switch of standby

unit is used to operate if any standby unit is available

and n denotes the number of records available. Where -T>0,

the -system is in state i»

_1<i<N, with'probability P
N-t
TP = 1 and P, >0

Z Bin -

The observatlon is started w1th sw1tch over epoch To = O

,Tk>0 and tk = Tk‘l Tk ' =1 2,.......!’1 . . .
ty's are i.i.d. random varxable w1th p d f. )
" : \ ~n-z '
w(t) = p f(t) + (1 -p) h(t) . + . P=IP 4 ~

h(t)y = £(t) G(t) + g(t)-F(t)

.They presented it as a theorem namely:

Theorem 1. The random variable {t,f¥. defined as

i
tk" "’I'k,.’ - Tk (To = \0' 31,2,....,n and T are

switch over llme epoch) in the sampling scheme
R (N,O (O-SJQ;T){ ‘n} follow the family

{W(t.;)\,/p) ’ l’v f:"r? o, f:>0}'
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K
where W(t) = Pf(t) + (i;P) h(t) P'ETE
h(e) = £(t) G(t) * g(t)F(t)

(The proof is given in Sargah and Dharmadhikari [38]).
For the sampling Plan 1 denoted by R {N,0(0-s, w; T}, n}
the density i; given by

Wi (t) = PE(t) + (1-P)h(t)
A 51m11ar mixture of den51t1es has been used by Aston [4]

in studyxng the "D1str1but10n for gaps in Road Traffic".

From the above density W, (t) the +th moment could be -
‘ v
derived as

we = ri{PQy + (1-P) (@) + Q5 -(0)0,)/(Q+0p) } r31 (2.7)

‘where @, =X' and Q, =4’ and the moment estimators of Q,

and Q, are’ _
'61 = kfil; by) /2 , 62 = (l§;4b;,)i{ 2a where

. 2 A
Ki # (Qy + m ). - 4§y (1-P),
L 2 N e A
"‘Kl = {4 Q' (ml “AQl )} + (2 Ql - m;z, ),
by = (az‘ mﬂ Y - by = a,(4m}- m;ﬁ,) and .
1 ,. a \1
a=2 (m-Q,)
’for'(Q{/Qz)> /5, ’6?,61 are the.consistent estimator. of Q,
and Qj. ' ’
- J“ . .
The solutionhof Q; and Q, are not possible\but an

'iterative.sblutjon is always possible. :They suggested the

iterative ﬁrocedure dutlined,by Tallis énd Light (1968)..

_Later theyﬁshowed that- ‘

6 is asymptotiéally’normally distributed ,with mean Q :r

and variance V(Q) where V(Q) is given by -
V(Q) = U(Q) VTS) U(Q}

where



o, "- " ) 7
':ug_- (d/dq m;

by, R{N,;0 (R-s.w;x), n} and ty is again defined as

LA
.
. L] N e . , .
.. v L
' [
N ' K - . ! o
. B . '
N -~ . N . - B B
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, v /= Juit " non singular
N2xa 7, . 4 zxi ' e
Sjj = (nu” - m;mJ)/n _— .

i,j = 1,2.

‘ Q=g - -

¥

-

Elements of U(Q) are ngen as
Up ' =1- Q- p){oz /(Q, + oz)}.
(i- P){l -[(Q, /(Qy+ Qz)l },

Uiz .

Uy, = 4. Q,{l- (1- P)[Qz,/ (Q;+Qz)l }
022 = 4 Q,_{u»p)u-(o. / (o,+o,,)1 y
anﬁ Sb could be obta1ned from Eq (2. 7).
In‘ghe second plan thex replaced Ty O;SQitch-over'éfme
- epoch by‘Xk,‘R—switch—over time‘époch-when it was used for

the kth‘timé. Otherwise it is similar to the plan denoted

tk = xk_1 "'x‘k k= 1' oooooo.'r;'

: and.the density of {ti}?=1js given by

Wp (t) = Pg(t) + (1-P) h{t) £30.
and rth:momené uﬁder-this plaﬁ is ébtained as/ ' .
Por= Ti{Pg +(1-B) Qp [0{/0g - 03/Q1 1}, ©31 (2.8)
where the mament estimators of Q‘, Q, and 03 are gxuen as
Wky- b3)/2 , G, = (~ /Ky - by)/a

1 /(3-+f*) whe;e' ‘ ’

0
l

el
-
n

k3‘='{(5i(2-9)-m;) + 4 nﬂagly
kg =2 Of (1-P) (my- 2m Q,), . o
b3 = §p(2-p)-my | . B S B
by = (m;-'Zm;Q‘) 6,, and o

a = {m;— Zm]a, - (1-p) 63'}. , LT




'~(0,tn], the plan is denpgfd,by

“r v. 't is" given by LT

,kAgatn, 6}, 62 a:e consistént estimators of,a,'and ﬁz under

the condition that

| Q,/(Q,+Qz) <1/f’.

They have shown that Q is asymptbt1ca11y normally -

“~

' distributed with mean § and variance V(Q)-given by

- - v .~ -
vig) = u(g)' s,(;\)v u) . .. | . e

' where

Gy =P+ eR) (1 410}/ (@ 4 o,f’n

G2 = (-p) {1 - 0% +120,05/(Q; + ozm
Uy = 2 12Q, + (1-B) {20, + Qp -0 (o,,-o,)/(o. + o,j’n
Uz = 2 [0-P) (1-0% (@3+30,) /(@) +0, P 11 |

A
and SU could be derxved from Equation (2.8).

. The third plan assumes that the system does not fall in

12

' Reg R (N, O.(O -s. w; T), n} where. Rg . dénotes that Ehel

'system is reliable and the dens1ty functlon of t under the

:third plan .is given by

Wy (t) =B £(8) + (1-B) hy (t)
where o .- ~

" hy (t) = {(A+#) /,u} £(t) G(t;)

-

" . For explanation see Sarmah and Dharmadh1kar1 [38].

And for a part1cular case where)ua/‘the dens1ty funct1on of

e

Wg'(t) = PE(E) + 2(1-P) £(t) F(t)

< a'

and the moment estxmator of Q, is given by =,

Q| = 2m|/(3 -P)

when P is' unknown then - ' . . L,
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~ ’ ~ - . /" A . P
Q = Jis + 3m; P = 3m /(2Q) \/19m, - 16mz)
and 6| 1s~asymptot1ca11y normal with mean" Q, and variance

'V(ag) where
v<o.) = §,*. (5-B) (3- 3)/((3 3 . n) .- |
A s:mllar study has been done by Gross and Clark [16]-
with the exCeptlon that the component after\fallute can not
_be renewed:i They considered, two organ system. When both
drgans arelfunctioning the feilure rate of each organ is
constant (Xoi. After one organ fails, the failudre rate oﬁ
'thé'remaining organs is D1 > A0 and it is constan 8
There are two states, So and S| in which en individudl
may be st111 alive (kidney, lungs), where Seo denotes when
‘both organs are funct1on1ng and S; denotes when one has
faxled and the individual is left with only one organ
funct1on1ng. The probability functlons(are given for

different states-as follows:

Bo (t)

P(system is in S, at time t) : o {{
' »o= exp( Zlot) 'for : t}Oand . S .
T L e
P, (t) = P(system is 1n Sy, at t1me t) S C
. 2Ao/(x\ 220} . {exp(-2nt)= ~exp(- %|t)} for t>o.

- Also,

7

. s(t) = P((thaf'the individual euryives to time t)

Polt) 4 Bp(R)

4

exp(=2 Agti+{2X6/( M-2X0) } {exp =2 hot) —exp(-Ajt)} for

€30, R R -

F(tf = ] =-S(t) = P(the 1ndlvxdua1 d;es prxor to t)

£(t) = F(t) = NPy (&) | SR (2. Ba)
T,

-
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h(t) = 2%)\./[(7\1 23\9)/{1 -exp(- (N-zlo)t )} +2 o).

or. Ay 29\0, h(t) is an increasing function '

. h(0) = o, hio) = 2Mhe or Ay according os NQZA’,— B
Tth m_omént can 'be_ obtained from M;g.f_.- \ .
MQ) = (22 (30 20YL(Q-X) - (@-2%e)),
‘as gy = rp(2AA)" (@™ ) 7 e 2de s
The mean and .Varia'nce of. £(t) in (2. 8a)'éte - Y
po= x. (2 ?\o) and 9”=1/x| +1/(2 o ),

'Gross and Clark [16] used MLE to éstlmate the
o parometers of )\\and 2Xo for the above model observmg t‘,
i=1,2,...,N, fa1lure tlme on i.i.d organ system w1th
failure: density given by f(t) ‘” and llkellhood funct‘:lon

-

L{«,B). for o= Z)\oandﬂ .M is

+

N NP .

P {(*B/ (B-4) (exp(-v\tt)—-'eXP(-Ptt) - L
. =1 . _ . . -
dL/de _4nd dL/dP  are obtained. They are C

Np/&L (f-d) —"ill{t.:exm—it{)}/‘{exp(—ita)—exp(«ﬁt;)11 = 0. .
. ) HE) T , - K . .

Y. A . L - :
Nk /ot (BeeX) +Z}lt{e;g(-pti)/{exp(—&t< )-exp(-ptg) }} = 0. 7

A

"Solving these two eqoati'ons iteratively} ,2 and ﬂ’ are
obtained They did a comparatxve study for « and /3 ; by

Newton«-Raphson method and ‘the method of scormg. .

.
. 4

\
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L o star the. two '-'“et,h‘°d.5,? initial o and 3 a:e_‘o\bt@ined'.

“in the, following way:  © S ‘_ o )

o = 2/ ¥ ( 267 -1% ) | "fd'r o 2sZ.0)
i é/E N M. - T - btherwisé.

.wherg _t= ‘,\,; t(/N and -;o . 2/{{ . ( 2.__;{;}

21-; (e;-E fav- -1) g

By using initially s and ﬁ.,,d and ﬁ

.

are obtalned by Newton Raphson method and by method of
scorlng "and u1t1mate1y the T\oagf >u . They found that the
results obtaxned by the two methods were quite 31m11ar

.and ,Xo, ,)q (thex: hlstograms) appeared xg be normal.

e

!

:2.2 An . example: - Derivation.of Reliability equation of a.

standby systeh with a repair facility (a special case) .
_ For this example, we choose l-out-of-2 system. It can be’

explained as an active identical unit parallel system. As

soon as one unit'fails,’fhe %epair béginsqand the system,ié
"étili up. The System goes down if the 2nd-unit also féils
'before the repair of the first failed unlt is fyn)shed

| The Markov state space d1agram zs given 1n the Figure

VL

2)1. We use the followang notations:

e



29
. | . .
' p; (t) = Probability that at time t, the system is in state
ifori-OlZl‘a _ | h
-Aj = failure rate of the unit J,’ 3 = 1,2
v “ M= repair rate of failed unit .

3 C,
S = LapZﬁce Transform variable

v for\.A1i Rg e transition . ratz matr1x is given by
- P = M —(A-&ﬁ}' A

0 0 - 0 )
State é is an absorbing state. Corresponding -to tﬁrs
maprjr, ~“system of diffe&ential.gquatioﬁsican be wrrttén:-

L Pg(E) = 2hPg () +APy(t) ’

) .P'1(t.) = ZABokt)'-.‘(A+ﬂ) P1(t),"

L P(t) .= Xpg(t) e
‘;}Eh'ihitial bénditions' | N ' é R o
| Pol0) = 1, Py (0) = Pa(0) = 0.
The Laﬁlqée'franéformsﬁrf‘the§g~equgfionsiéré ;

Pg(S) (S+2X) = MPY(S) =, 1,‘,-
= 2APG(S) +. (5 + APy () = 0,f . 5
AR(S) - SBg(S) =0 , . T
~ .Solving for P‘(é)rqe get - “ . h
e RISy = 2A/ 8% Ay s+ 22y, T L q210) o

Letting, S’ x{_(3,\+lu) +JA+/&+6>‘,M}/2 . (2_11)
and S =(=(3 X ép -J vohpsp By 2 "(2.12)

- +(2.10) can be written in the for% _
Py(8) = 2A/7{(s&1) (5-55)} o - (2.13)
il qnd‘by using partial fféction (Trivedi’[&Z]) expanéiohg -

-
98
g

i)
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/) .

P;.(S) can be written as ‘ o
Pi(S) ={2A/ (Sa-§))}{1, /(5-521- 1 £(§-8.)}. (2.14)

Now the fnversé transform of 9,(3) is.gidén by . . o }0
Py(t) ={2 X/(S,-S3)} lexp(-S,t)-exp(-Sat)} . (2.15) °

and P (S) can be«obtaingd 5§’su§stitdt1ng é,(s) in(2.9)

as 4 “C - ] N =

Po(5) = (8 +pe4) 7 ((s- si ) (s- 527} -
;.' [(s,+/u+7t) / {(s. -s;,)(s Sy )}l-{(s,_+}-+7\) /
| {(s(-s;) (s-S2).}1 *
. 1/(s,-s,,) ((s, +/-+7~)/(s S|)~(Sa. +/‘°+>‘) / (s-Sa)}.,

b

. (2.16) \"ﬁ

v

Invertlng PO(S) we have ‘ .
Pylt) ={1 / (s1 S2)}{(7\+/“-+ S:)eXP(Slt) °‘.\' - . b,
. -(1'+/f+ S2)exp(Sat)} , ‘(5.17{
‘ "\\-rﬁgﬂreiia£ility'fbnétion R(t) is “
R(t) = Po(t) + Pydt) = | /

3

= {-Szexp(S,t) + Syexp(Syt)} / (S, -S1). (_2.1-8)\

\ Rellabillty models faor standby redundancy with N # Az and :

. LI
W

with a repaxr facxlxty can be obtainedfyimzlarly. E
‘ : Y]



¢ ‘ Chapter 3 ‘ .

a
v

- 3.1 Introductibn

In the previous Chapter, few repairable systems have

= been discussed in which different schemes are used to

-

estimate the reliability parameters.

o

In this chapter, the estij ors of parameters of T,
N-out-of-N+1 active standby system with one repa&r facility
& is obtained. Kﬁalil and Dharmahhikari.[lél considered ‘this
system with the following E%sumptions:
‘ (iL The system consi;ts of N+]1 statistically ihdependenf
identical hnitv N operating and one standby unit with
& repair facility. ' S ‘
(2) The system is up uh@n N units are on-line. I
(3) A unit is also subject to failure in staddby position.
(4) Upon failure of a unit, it is sent to répair if tﬁe
= D repair facility is free, otherwise, system goes down,
(5) The repaired unit is like a new unit. ™
(6) Switch over is instantaneous and Sbsolutely reliable.
(7i Thé components on-line fail acgording to an |
exéonentiéfna¥qtribution with parameter A and the
7 . ‘ cgmponent‘i; standby may also fail acéording to an
. exponential distribution with parameter M gnd A>)‘1'>O.°‘
The'repéir timg distribﬁlion is exponential with parameter
f‘$0 anagfégair times of the unit are statistically
independent of the life times of .the unit. ‘
Using a renewal érguqqnt, Laplace Transform 9f the
e

system failure time distribution is derived. n



A

inversion of this traneform we consider the problem of Y
© R ’ ) ’ ‘ \ .
statistical estimation of the parametex. Iy

Operaiiné characteriséios of'l—out—of-z repai:able
system (A, )qandf~known) have been obtained by Nakagawa and

Osaki [25]). Our main obJectxve is to obtain the estimators
9

for the above operating characte:xe:}cs whén 2, }tandlsare

L~

unknown.

3.2 System pAnalysis " ’ L - Ca Ce
¥ Y et . o \ . _ )
‘Let x(t) denote the numbgr of non—opezatxve units. at

a

> time™ t, then {x(t), tyo} is a continuous time Markov

process‘with state space SI- {0 1, 2} Let QU (t) denote

the probabllity of transltlon from state i'to j in (o‘;l

tl}en 5 N N ’ B B .0- ,. © ] .
Qo (t) = [{(NA+X)) exp(-NA+M) u} du SR £ 15 § I
o | ' g B .
t @ j ) ' ,l P ’ ’( .
Qo(t) SJ/b“)exp{f(NAﬂr)U} du ‘ v oL (3.2)
' N o ' v . o ' L . ) “
. ¢ : . ‘"'
le(t) /;Jlexp{—(nlﬁ‘)u} du ‘ '(‘3‘.3')
. Thehatrix of transition ratesu ij " is given by ° . -
=N A=A NA + A o -\ & ’
M “NA- NA )" (3.4;
v o . “F— "-ﬁ . B v
"3\1jllspec1f1es t Markov process completely.. The )
: general interest is to derive the cummulative distributton
function of system failure time. For that the following- < /
noéatdoné are needed. " |
Fal o' "(' .
© ~ »
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' cumﬁulativé distribution function Hop (t) is given by the

33

Let "U (t) denote the probabilxty distribution that the'
ptocess visxts atate j for the first time in (0,t] given
that at time t-oithé system was in state i, i=0,1 j=1,2.

Sﬁpposé'atatﬁo all thts are oberative, fhen the

. A
fol'lowing integral equations: ’

Hoa(t) = Qof (t) = Ha (t) . - . (3.5)
Hyp (8) = Qp {8) s Hop (£) + QyptE) . {3.6)

—thre_'vdenotes the convolution operation.

W

Let hj) (s) and qk](s) be the Laplace transform of Hum(t)

and QU (t) for all,i and j.

'Applying Eaplace transform to equations (3. 1)-(3 6) and

solving the ;esulting algebraic equations the explxcxt thm  .

Of hpy (8) 183 hoy (8) = [NXNA + XN)/{(NX+ AI+S)

- (NA+pas )N A (NA =MD} | (3.'7)'v
{hesmozé Qenerillfotm ofﬂequation (3;7)”was obtained by
Gnedénk& 115]. , o A

Using the partial fraction, [Trivedi 42}, h.z(s)'éould'
be(simplifxed and upén inversion.of Laplace transform of
(3.7) it can be shown that the probability density function

t(ﬁ)';(ab /f(a-b)}{éxp(-bt)-expﬂ—at)~‘t$6 a,b>0 (3.8)

where
‘L a=/2) (G + Az - S (3.8a)
be(1/2) (A -JA) 7 L0 . (3.8D)
- ‘ 5 o 2 : ,
Ay = 2NA+QL4 4 ' ' : “ o
A= WBNAAL +m) 4 N o (3.8¢)



If any of these:three ée:ameters.X 'i, and/*‘;s
unknewn, two sampling schemes have been consideted 1191 to
obtain the maxxmum lxkelxhood ‘estimators of these
'patameters. Equation (3.5) can be evaluated after -

substituting the estimator of unknown parameter in equatfon

(3.4), 7 The two eaméling schemes are discussed in the
. , . g R A -

'following section and the numerical results based ‘'on these -

3

schemes are presented in Section 3.4.

313 Sampling Procedure : ¢

Two samp11ng schemes are consxdered to obtain the

maximum ixkel\ihood estxmators of )\ 7\‘ and P

L

\
=

-
3

‘3.3.1 Sampling Scheme 1 h ' .. [ -

o

. @ ’ + ) .
"Under this scheme it is assumed that there are M

statistically identical systems of type N-out-of-N+1 put on
test. For a fixedrtime epoch T, they are under continuous
observation. The time epochs of tiansitions as well as

. §Patee of transitions are recorded.' The realization of
sﬁch records are Jenoted by -

(X,T) = {(xo,% ), (xy,t1),(xa,ty) peuce, (X pty)]) (3.10)
where xg = o o= to,(t‘,(tl,<.....,<tk.-T where the
pair (xi,t() indicates that the system enters in the state
i at time epoch i as the effect of ith jump. The density
function of such observation is given by

f(X,T) = rx expl-qy wai -tieg ) (3.11)

i=
where IIPU " is correspondzng transition probabil1ty

.o . 9



tieii = Ty - T T
A4

”The_.li.k\elihod’,i function of realizqtioﬁ is - given by -

. » "
L($,T) = Q1 fi(x,t),

- For such realizations Albert [1]:has established the

maximum' likelihood estimates of p;}'s and qij 's., 'r'hey are

as follows: v
. f A ‘ )
Let n,:jk = nurhber, of t:ansitiohs of the type i - j in the

"kth realization.define,

-~

tik f; tiik’ = Total length of time the system "was in
/:i state i in kth realization, ‘
,nlii = n,v“; = Number of transitions-of the tfypg i -»"j,
| t, = 1 tik  =Total length of timg the system spends 'in X
! ‘.stéte i‘, an'd .
n; nz.’n“- l:Number of transitions t‘o state 1i.
Then ﬁ;"jﬁ'- nij /nj -(G,‘) - n;/té/ and c‘ju = (-a;')_ﬁij

ﬁ'J ' -fn, au are the maximum likelihood of estimators of
P:j ¢ -q{. ~and q;J' respectively.
By using ihe equations (3..4) and (3.11) the following is

)

obtained: . ' .

N -~
y a -

/: = np/t , A= kl/N) (ny3 /t ), A=ng,/ty - NA " (3.11a),
Where/': R f\ gnd f. are th; maximum 1>ij\ulelihoo§ estimatorrs
of m , 2 and A, respectively, and by r;aplacing them in.
equations (3.8) we can obtain the reliability of the .
system. The simulation fesults are presented in fhe next

section. .

S\



3.3. 2 Samplmg .Scheme 2 '

.Under this scheme 1t is assumed that M statlstically
identical system of type N-c»ut:-of-m»l:(s.zn:ejput'B to test
’simultaneo‘u'sly.' The éorcis of first failuré\ time epochs'

/t‘,{-t,o ...,iﬂ are oéséryed for the M sy‘stems.n H:. }‘=l
are i'.i,)d‘;' random variables fz;_)m the distribution
" E(t) = 1-{ (b e;(p‘,(bat)—a ekp(-bt) } / (b-a) (3.12)
and densxty | ' l '

N

£(t) = (ab/(a-b)} {&xpl- -bt) -exp-at) ] : (3.12a)

Let the realized values be ty, ty,ce...,ty. The likelihood.

~

_function is given by

L(t‘, tl"""tM' a' b) .

{ab/ (a-b) rp{exp( atL) exp(-bt{)}. BN o (3.13)

To maximize equation (3.13) with respett to a and b we take:

the log function of (3. 13) and find its fxrst derxva- tive
.with respect to a and b respectxvely. These are:.
lnL(tl ,tz,.....,tM, a, b} = Mln [ab/(a -b)} +

M
Fln {exp(-at, )-exp( bt )}
o

. M o
" 3{ln L(t,a,b)l/‘aa = (M/a) - {M/(a-b}} + E%tL {exp(-aty) ) +
B ~ 1= . ‘

exp{-at{)-exp(- bt{)'} ‘ , | . (3.404)

alln L(t,a,b)l/ ab & (M/b) + {M/(a-b)]} —?ixu{exp( bt;)] /

{exp ea t{) - exp(-Bti) = O T (3.15)

14

Equations (3.14) and (3:15) can be written as

M " . ‘
(M/a)={M/ (a-b) }+ ¢ _{t exp(-at{)/ -B(t)} = O 4 (3.14a)
- v =t . L : e,
(M/b) + {M/ (a-Db) }—E{tiexp(—btt )/ B(t{)} = O . (3.15a)

» . . ' -
X . - . p v
N - A »
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‘{e%p(-bt)-eip(-ati}g exp {t(a+b)}zénexp{gn(a-b)tlf"

37

Whe:e’B(t{) = exp(-aty)-exp(-bty).
To obtain 'thev ma x imum liﬂkleli.hood,estimai:'ors we ‘sq,i'Veh
equations (3‘14a) and (3. iSa) iteratively. : The numer ical:

a@sult is given in the next section.

The correspondlng 1nformat10n matrxx is glven by'llu '

. ) . . 2%
where L : oo f .
. SR S T . Co
Iy =M (xl/S‘r - (1/(asbi} ¢  @(a,b)) , T (3.16)
',i|z = 124 = -M {}/(é;bﬁg + d>(a{b)}’, T(3.17) ‘

A
\ s

. ’ o) ‘ N ' T
where cb(a,b)-2ab/(b-a)Z‘n{\((h+1)a-nb)3 ~#na- (n‘-—l)b)'3 }. (3.19)3.

h:u

‘. -

- To evaluate & (a,b) we need the followlng lemma

’

: =1
Lemma 1:- {exp( -bt) - exp( -at)} = [exp(- bt}{l expg-t(a—b))}]

\

4

= ékp(bt)j:’exp(-n&a—b)t]~ -a,b>0
. - . mto : o
. .. L (Geometric Series) : -
From there ‘we can deduce . p . ' - o
' -2 ‘ -2

{ exp(- bt) exp(-at)} = exp(th) {1- exp (- t(a-b)}
and | [l-expl- t(a b))- ZZexp{ -n(a- b)t)] ‘we have‘:
[1- exp{-t(a-b)1] % [~exp{t(a b)}] / “ta=b) -

3

L

and. 13 .= M [1/85)-{1/(a-b}} - “@®(a,p)] , *  (3.18)

Iy N .’ : N . ct N ’ ~’,‘ A
« (a/dt) [1-exp{~t (a-b) } 1. : Co

o 4
' . . 1 ] .". ”: . 4_, .
= [-exp{tla-b)}] / (a-b) '[Z-nla-b).exp{-nla-b)t}].

S A o o0 ; " _':a °

4
t T

i
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E[t"exp{‘-t(ub” {exp(-at)‘exp(—bt)f'] =

Lemma_2:

Zab/-( a.-n)In[{ (n+1 ) a- nb} { (na)-(n-1)b} l

nri

PR \ ' ' -2
" Proof:- t¥exp{-t(a+tb)}’ {exp(-at) ~exp(~bt)]}

t"exp{—t-(a+b)} e‘xp‘{t(a+b)}in exp{-n(a b)t}
nTi :

L)

- t* Znexp{-—n(a b) t}
E[t Einexp{ n(a- b)t}l = ab/ (b-a) fi J/t“exp{ n(a b)t}

{exp(-at )-exp(-bt)} okt
’ oo 0

* ab/(b-a)) n. ftl exp(-t{(n+a)a-nb} olt -
R oo ney [}

.Jt exp (- t{na (n- 1)b}aLt}
-3 , -3
-ab/(b-a)Zzn[{(nuxa nb} - {na-(n-1)b}] ,

A

»
L 5
!

In this scheme the. estimators based on method of moments on
b R

Lo M. observat1ons are used as estxmators of a and b where

a . ‘ 2/{"t + ‘/_-(25’; - 'tz,,)} | ‘. o (3.20)

(3.21)

"

o>
o
"
(X}
\
P
et
+(
I\
0
1
T
R

t

ﬁ a M . ! “~ ' - A ‘
where t = 1/M Z_t;. and st = 1/(M=1) éi (tg -t) : ’
. , . > . . . ".’l R
rff@ > Jad- t* we use equations (3.20) and (3.21) to
. AL A S . ‘ - N
' find.a, and bo- ' )
. 1E. t < Jzd - t* we use ‘ . ooy T
a, =2/t , b, = 2/{t + /28 g o (3.22)
‘We obtain.such pairs of a, and b, for a number of time (let
it be N) qdd finally we find a and S as:

. " - )a = i aoi and b = i b"L ‘ E B Lo -'\,
0 ' Y

ol CoL [z
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Theée.nakimum Likelihood estimatofs of a and b are

. f - .

used in equation (3. 8) to obtain the estimator of

_— teliability. Here we see that. one does’ not require to know

\'the explicit. estimators of A, N\ and fb yﬂoﬁever, the

; "‘ - estimators of A, Xa and’p- can be obtained by .solving -
the equations (3 8 a, b). ( ) \

S D Similar maximum likelihood estimatofs of a end b have

‘ been considered by Gross, Clark and iiu (16]. to estimate’

the survival parameters when one of two organs.(lungs and.

kidneyg) must function for survival.

.

1
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compo

- exper

(1)

g

Numerical result for Scheme 1 and. Scheme 2.

For both the schemes it had been assumed that the
nent fa¢lure~t1me and cgmponent repaxr time are

entially distributed. Hence,  to initialize the

imeht, t followang steps have been takenz,

"Rando, numbers X,Y,2 were ‘drawn between O and 1. This

was done forxthé’sample size 1000r3500 and 1000 . -

i - *

\ \ 3

respect1vely for Scheme 1 and 50, 50, 50 respectively

“for Scheme 2.

FA—

(2)

:

.The random numbers were converted to random variates . -

' having exponential distribution by computing sepatatef

'where

We ch
X

3.4.1

roe

V8,

>

'(1). -

. . e
ly for two combqnent failures and one repair.

]

hY

— 'x1j=1og{(1 F1(t)}/ —2a
Yl = log {(1 F;(t)}/ M
T2l = Iog {(1—F3(t)}/-!~

LY

Fqe(t)s Fz(t):and F3(t) are the three random numbers.
oSeA )v\ and/.~ such that /‘ >>A >;\,, and we také

+

25then>\ Sand/-‘- 13..

For Scheme l we, took the‘follow1ng steps',

For the 11fe t1me ‘T=50 the fxrst fa1lure time epoch

_ was obsetved Let 1t be denoted as TTF. For 150 such

_ determ;ned.

observatlons, Mean Trme to First. Fa1luré (MTTF) is

A}
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Y

~
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+

‘Agéin on T=50, tr( k., o tk“are observed

e \ ) e - o
S0 - S22, "S=0 ~-. Ss2 S0 ST .
sttt ¢ 8 @ @ ¢ f———— b o ¢ ¢ O [ e 2 — -
”‘. T O e iemsasar - —— o T=50
| Y ta tk

t =, first state 0 to flrst state 2 .

tl = flrst state 0 after first. state 2 to next state'

¢

' and s0 on. ot

N ) . . - .

On the basis of [T t;, ceeey tk mean time to system-

) ~fa11u;e.is determined 'ang denoted by ‘
‘ - R k .' ) L ‘ 1..‘ o , A . - - i -
T‘ 4 E‘ -/N‘ L ’ " '_' . o
At . . s .
‘J,_where N4 denotes. the number of times ‘the. system

vis;ted-state 2 startlng from state 0 or, N, times

startxng from state 0 the system went down.

N N !

(2) the number of t1mes the system was: in state i, n

S the numbe r of transitions to- state i and njj the

number of trans1t10ns of the type i to 3 were record

/

for i = 0 1 2.

(3) bn‘ 't‘he basis of such 150 records we fihd A Y and/:

\

r >>)->)4 4 was requlred 1f the conditlon was not

- fulfiIled then a check 1s needed. In thls result th

b Using these parameters 1%

The -a and b were obtained.l

o
t

I

ed

“3J1 using the equatlons (3 lla) ‘In finding i,, . and /1,

e

‘(4)‘ Using a and b in equatien (3 8) the rellabil1ty of the

’*;_,;' system was calculated for to= 17 t-.2,....,.9.

* ~ - B
L . N t

.o . .
N L, . \
L, e . f



" (5)  On the basis of 150 observations from number (1) to

A s

%
! s

(2) MT&F system ﬁgag time ‘to first failure was
obtaiqed*using thgpl}mit theérem P(t) = eIMTTF,
" the reliability of the system js’meégured.
(60‘ A comparison between the reliability of the . .system’
'pbtained in number- (4) and numbef‘(S) is preéentea.“

id -

} v
3.4.2

4

For'fhe second Schehéaxzé) tﬁe‘folloding Stebg we;g
taken': . . ﬂ o
;1),'F6r orne hundred systems (similar) the‘fitst failure
time epochs were obtained say E\'AEI' ..;.,'Eg. on
tﬂe basis of these observations. ’é and s were
gstainéd where t and s are Meaﬁ and standard
-deviations- for the first R faildres,'whete R = 100.--
" (2) .Using the equatiz:s from (3.20) to (3.22) a' and b

are obtained.
P 2

(3) " Such, 45 observations were recorded and on the basis.

i

'6f these«45 obsefvations,a and b were ‘obtained where

.: ) ‘5 -~ . : ‘5 -~ ‘
a = 2 a;/45 b = bi/45
. “ |=‘| =]
These'a and b could be used to initialize

>

Néwton-Raphson method. Khalil and Dharmadhikari [19]
have suggested go initialize the Néwtbn-Rapﬁéon method

by -such a and b. T
. | "
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1

)

-

to find the maximum likelihood estimators of a and b. For‘

e

o

Uging these a'and b in (3.8 a,b,c) & , A and A were

obtained and replacing in equation (3.12) the

reliability of the system for different time was’

/'\ ) .
"In the secohd scheme itself, another attempt was made

'to solve ‘the likelihood equations (3. 14a) and (3. 15a) and

-

- that, the following steps were taken. We call it Scheme 2b.

On thé basis of 40 observations the first average

failure time is- obtained say t; andLsooh 260 ti's are:

observed. ‘

'&Z) :In equatlons (3 14a) and (3. 15a) for M=200 «ti for'

i=1, 2,...,200 were replaced and for dlfferent a and b

" the equations are 901ved iterative Ye - The pair (a, b)

were found for. which (3. 14a) and (3, 15a) were

maximized..

kobtained. \
' (5) On.the basis of 45 observatjons using %i for
1= 1, 5,....45'the grand meanlﬁ was'obtained Using %
‘as’ MTTF, the reliablllty of the system by 11m1t
theorem was obtained and compared with the reliability 'H
C ‘ifound by equation (3.12). ‘ g L
. . . . "JQ‘G' R
3403
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(3) Using these A and b in . (3.8 a,b,c) ,A: , A and bW were
obtained and replacing a and b in equatioh (3.12).the
reliab111ty of the~system was obta1ned Since ti's

are the same as in Schttf;ja, the MTTF is also the :

same . | .

. T ' o .' o \'
Comparing Scheme 1, Scheme 2a and Séhemé ép‘we £ind
that the eséimated value of a and b are®very similsr in all
three schehes: a and b in Scheme "2a and 2b are almost

equal so are the r ) and %.;

\

In Sch’me 1, a '‘and b are approx1mately equal to the

‘fdeded value with standard dev1at1ons-1.l45 and .6292

A~

fespectively A 1., f‘ are also very close to the
7

feeded value WIth standard deviations .12089, .6727 and 'l'~
A
2895 resPectlvely. o
‘In -Scheme 2a, a and b are guite’consistent'but theif-\/ﬁ

standard deviations are not as ‘good as in Scheme 1. The

reason f&! this is the two conditions'put to find a (3.20°
to.3.22). The standard deviation of B isfvery réasonable‘

- with .1893.
' Scheme Zb'givés,a;most the same results as Scheme 2a

. , ~ X . s . L. « .
for 3a and b-. i . . ‘ *
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3.4.4 Tables

aemple Scheme 1

' Sample Size = 150 (150 Systems)

. 45

In the span T=50 time units, we observe the first

time, system

Mean Time

Mean Time

& y o=
4 = 1,312

~&Feeded val

failure' for each realization-

to ‘first Failure (MTTF) = .309499

to Failure on (t=50) = ,23904.

- p | &

ue of N5 pm 13 =25

b= 5,73

&

[

N

a2 »$.2034 b = 5.406 . = 13.054 X= 5.35 M= 2.7554 (-«
Ta o ' Y cx
% = ,396 fAs= 6727 ©3= ,12889 3= .895

a = 30.0699

Comparison of reliability of thé system obtained by two

equations:

(1) p(t) = {aexp(~bt)-bexp(-at)] /. (a-b)
L (2) P(t) = exp(-t / MITF) -
t=.1 te.2 t=.3 t=.4, t=.5-
P(T>E)  [.7007 . -.41273 .2404 .1401 .09032
6'/MTTF | gse13  .43314 ~ ,.2850 <187 .1234
, —"
' ':‘? N )
’ .‘.l
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- Sample ScHeme 2a - o0

Sample Sige - 45 (4500 realization)
| 1 sanéle = Jt had been obtained from putting 100 system .in
operation and finding ﬁhe first failure tiﬁe
epoch ' of the system and'%{ =  ti/100

grand mean t = &(/45 = ,26335

*

L4

2 %32.66 b = 3.7284 ®5 « .1893 . €t = .02628

: v -e

[

. , . . . - .
¢4 is higher due to the condition put for finding a.

'Peeded value of a = 30.0699 b = 5.430046

A

=}

Re A ¢

Comparison of reliability of the syséeh obtained by two

v

equations: I

1) B(ty = {aéxp(-bt)-bexp(-at)} / (a-b)

- (2)7 B(t) = exp(-t/MTTF),MTTE = .26335 L
- — - ~ ‘
] e t=.2 *  tm.3 t=.4 t=.5
" 'é(_”-i~>£5~- L1726 L5363 . .36887  .254 .1749
o/MTTF| ge3d  .4677  © .3199 ° .2188  ..14966
g »
a ' R



=

Sample scheme 2b . : L

Sample Size=45 (45 x 200 realization)
o4 . .

b

'] sample = mean time to first system failure on the, basis

~

.

a =32.82. b= 3.751 - S R j

of 200 realization.

A

The teliabili?y~comparison by .the two équ;tions is the gﬁme
. as i? Scheme 2a, because a an@ b are quite'similar~atg,T'i;
also similar..

In this scheme a pair of a and b obtained after
' (45 x 200) realization which maximizes the likélihood‘

, equatidns (3.14a) and (3.15a).

+
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. . . Chagtet 4

Summar _ ’
In this thesiS'mainiy three things have been discussed.

(d) The definition and classification of a redundant - ‘
system.

<$)' A'historical review of repairable redundant systems..

:(c)‘ The estimation of reliability parametersnof-a b
repairable redundant system. | '

PRI
i

ﬁasically a standby redundant system is a,sihtem where

- .
i i N N
——

more than.the iequired-unité are'hvailable to operate the
system. A standby tedundant system could be dividéd intn
three classes (i) cold standby (ii) warin standby, and
(iii) hot standby. ‘ |
Reliability of a standby redundant system can ‘be
'iimproved in many ways.. One of them is to make available a
' repair facility. A special case of a repairable :edundant
system is ."a redundant system with oné warm standby and one -
repair facility™. 1In this system it is assumed that the .
1standby unit and on- line unit fail with the rate M and A
reSpectively and a3 failed unit is repaired with rate ,ﬁ ."
| Do :The failure time distribution and repair time distribution
of tnd?units are considered exponential . and independent.
If a unit fails in the system, it is sent to be repaired '
~and fné other unit performs the operation. After the
\tbpair is complete, the unit is put as standby. A‘fai;dfez~
' to the system occurs if the unit:fails while the other unit-

- e ow . . NN

w

\
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is stil; under repair. '

In this case, if X\,  and ,; a;e known,; the reliability of

the system in an interval (o,t} Ean‘be_ontéinedvny ’

R(E) = 1 - .é';(t)dt ‘ .

where f(t) is the probabllity density functlon of the

system which is a convolutxon of two independent

. exponential distributions.’ If any of Y ¢ M and p# is not

" known, then we estimate the unknown‘pafaneter.- '_- L
In chapter three, estxmatxon of relxabxlxty parametets,.’

have been done by two sampling methods.. In method one,

Albert's [1] notatxons have been used tolestimate A, A,

;and /1 and ulpimately a and‘g the :eliabiliey pa:ameeets“

& , . and /ll obtained in thfs scheme ere'distrinuted‘p

with very small standard deviations and so are ‘a and %.,'
Method two has been done in two,ways*eal%ed 2a and’

25}, In Scheme 2a nethod of moments haqe been used to

estimate S.and“%.’ Here, due to the conditions put to.

‘obtain a and b, we' £ind variation in the reeulb.of‘a but _ .

the mean value comes as\desired and b shows very reasonqble o

variation. In‘this écheme we see that to find the- o

reliability parameters one does.notvrequire'to find the

. -estimators of X, X1 and’ MK . ' . B

.In Stheme 2b the attempt his been made to solve the’

LN
non linear 11ke1ihood equations iteratxvely for .the same
‘system observed in Scheme 2a. We came to the result that

values of 3 and b obtained in Scheme 2b, which maximize the

likelihood equations, are quite similar to the.values of a
ra . ) ‘. - )



‘normal with very small standard.deviations.

A
+

‘nand b obtained in Scheme 2a. éhe‘:esults'bbtdined in both

s,

'schemes have been simulated using the computer programs

,(flowchart presented in the appendix).

vCompa:ing Scheme 1 and Scheme 2 (a and b), the results

~obtained in SCheme 1 are very close to the: feeded values

nd ‘have vezy small and highly acceptable devxations. In

'

"Scheme,za and 2b, the 31m11ar results hqve-been obta;ned

with'a little difference from Scheme'l, hcwever,'the

t'results in Scheme 2a and 2b are ve:y consistent and the

histogzams of system failure time distr:butxon ten§ to be

°

.
g~
'

£

°
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ST APPENDIX A

Scheme 1 Flow Chart : T L

" € X4 and Yy are retrieved. ‘Here . it is decjaeﬁ:thaﬁ

¢ . i
.
’
P o im0 e

A:. " The variables péed are initialized'énd declared.

\ ¥
. .

B: . X ¥y, 2, unxform random var1ables are generated
from (0 1) and then changed into exponent1a1 x,,

Yq, Z4 .random variates‘ Xy Y1,are used as’ thg-

o failure times and, 2, is used as the repair time in

the progran.
\
: \-

eiéner the active  component fqilé_ot the standby.

'In any .case, "the system goeé to State 1, S(I)-l.'

D: - . "X4 and 34 are ret{ieved,:éddohly in this.routine,

and if\x1.>’z;~then the system goes to state d,’\

. otherwxse, goes in state 2 and the 3ystem is’

7

dowq. After repair the system goes in state. 1.
' . ®

' We repeat this sub:put1ne”unt11 T-SOP .

' - . o

. E,F: In this subrout1ne o, A‘ ,,‘, A1, A,,

"‘ | . . Aa ="a", and 83 "b", T.o v 'T.1 ' T|; Bre obtained.
AFurthez the probgbility of sutvival is determinad
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' : . Y N ' R N . ai .
. o [ ° M ‘\ oo N “ . '. B _ : . :‘ - R . N ," i . N
Schcmgsf—ilow'Chatt-"v - o ’ . . LT ot o
For both 2a and 2b initial and.A subroutineé are
; the same . /, ' | ) '
‘ ' Vatxables ate declared and initxalized in the’

begjnning.

;; ¥ X,'Y, z unxfotm (0 1) random variables are ‘drawn

v A%

and then changed in to x,, ¥y, 21 exponential

tandom variates. X1, ¥y are used as ‘failure tlmes

of active and standby unit, and Z4 as zepaxz time

of the unit,. . . 3§M‘

Scheme 2a

Laverage failu:e time is observed

‘"subroutines.

. . . .
. 8
, , v, , ) |

- N . . t e rs

1 . N e v

.
B
.

-

- 1In; this subroutine for two hundred systems,.

This has been .

done’ 40 times.

?

_The like;fhood»equaxion,is maximized on the basis

‘of average failure time for different "a" and -*b".

A simulated result iszobtaineh.in these

”
{

3
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