r ~ e ' _‘.,,’,.v o &t :y«‘ . . . \‘1';!‘.‘"‘
* A . Y ) x :
N ."' I ﬂ
., ol , .u. '“J ‘ _" N ! ‘ o,
. e @jﬁ Y .
2 < ! . . ) . ,
f 1 ' ' J B : . ' N LN
;‘ » ¢ v . . ) - . .,""
3 ‘ R N
B INFORMATION T0 USERS. _ AVIS PUX USAGERS - ., .
3 _ THIS DISSERTATION HAS BEEN .. - LA THESE A, ETE I1CROF ILMEE
Tt MICROFI ED EXACTLY AS RECEIVED* |  TELLE QUE NOUS. L'AVONS RECUE
.:.' . . - “ ‘ ¢ . :J -3 ~ N N N . e,
g N - CoL -
g v \ .. This copy, was produced from. a mlcro— . . Cette éBpie,a été faite a partir -

N > Jndistinct pr1nt F11med as de certaines pages peut laisse
o . received. . AP .‘désirer.. Microfilmde telle que
.. ‘ L NY* N nous 1'avons$ negue
,{: . N . v , p ‘, ' . .
,\ A . “: . - , R | \ Y -
E. . Canadian Theses Division ‘.D1v1510n des tndses canadiennes
e . Cataloguing Branch . - Direction du catalogage
4 Co National Library of Canada Bibliotheque ﬁat1onale du Canada
' lOt_t;wa ‘Canada, ‘K1A 0N4 Ottawa, Cdnada "KIA - ON4
. o ’ . . l ‘ b .
(ol ! ¢ .
-~ . ~ §- .
K , P ANEEEEN
S Sy NP R
- ) | | ’ !
p B .' K .
‘5‘., ) e N , \:' [N Lo 1 ‘
: ) ‘} \"l * ‘ ‘c s
;’ a8 . : " . '
o G 4 . "
- ¢ - ‘ ]

fiche copy of the orlg1na1 document.

“The quality of the copy ‘is heavily

dependent upon the quality of the '

original thesisasubmitted for:
microfilming. Eyery effort has
been made to ensure the highest

. qua11§y of reproduction possible.

» e
»

PLEASE NOTE Some

L

ages may have .

.d'une microfich
original,
‘dépend grandament de la qualité

. fait pour assurer’une qualité -
. Supérieure de reproduct1on

du document
L3/qualité de 1a copie’ g

de la. th2se: soumise pour le
microfimage. ' Nous avons.tout -

€«

NOTA BENE: La qualité d‘iﬁprésilon




FIXED POINT THEOREMS
"IN METRIC: SPACES

I.-

)

I ' s
The-Deﬁaf}mentﬂ

A Of

ﬁathematlcs

Presented in Part1al‘Ful£111ment of the Requ1rement
for the degree, of Master of Science at:
.Concordia University -
Montreal Quebec, ngada

[N

kﬁril;‘1976

©) 'VINCENT MENDAGLIO - 1976




. . .
— N . [{ . | b e e AR 8 AT Pt ot

ABSTRACT

_ VINGENT MENDAGLIO "~ - ..
FIXED POINT. THEOREMS IN METRIC SPACES

-~

N

ﬂi ' In thls the51s we study £1xed p01nt theorems for <

funct:x.ons in metrlc spaces.

-

In Chapter I we con51der the Banach. Cbntractlon

_Principle and-lts various qffshooes, We glve two new theorems

Nt

which ken raliiegsome previous theorems. — A

Yoo

The second chapter deals w1th contractlve and
\\

nonexpan51ve mapp1ngs, both separately and JOlntly, and . .- -

thelr f1xed p01nt

LI ' N ~

In Chapter III we g1ve a brlef survey" of flxed bt

point theorems for multlvalued mappings, and condltlons under

’Lfi'

whlch the commén | fzxed p01nt of two multlvalued mapp;ngs will .

. e L
be unlque. We also prOV1de a 1oca11zat10n theorem for the. . ,

flxed p01nts of a certaln multivalued functlon. We extend -

some theorems for single~valued functlon to the mﬁltiFl

-~

valued case, by deflnlng a sequence of iterates for a '

multivalued mapping in a<f§?ﬁra1 way. IR,
. i RS R i R o < ) o - . - N o

-
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... INTRODUCTION -
-1 am never £orgett1ng the day I flrst meet the £¥eat
.. ! LoBachevsky!.
In one word he taught me secret of success in- mathematlcs.
Plagiarize! Plaglarlze’ T ]
Let no one else's work.evade your eyes,

Remember, why the good Lord made your eyes, - - -
80 don't shade ‘your-eyes;

~ But plagiarize, plag1ar12e,~p1a01arlze e .
Only be sure always to call.ity please, 'research'!

T. Lehrer..

—

-

]

-+ In 1912,

stated as: Any contlnuous functxon from a disk. 1n g™

into

‘ 1tse1f has a flxed point,

n

51nce Brouwer e‘result

nd in 1974 alone over 75 papers were'
publlshed and several books, echUSLvely, on flxed poxnt)

theorems were avallable. A selected blbllo%;aphy (by no.

ete) of papers in Rixed Point Theory for an eiéht-z
year perlod betWeen' Qﬁs'and 1972 publlshed in the Rocky ~‘L

Mountaln Journal of Mathematxcs (Vol. 4 No. l

~

\BVer 390 papers and books.

'

L4 «

[

Because of the vastness of the
>

§1eld

P
«

we concentrate
i

on one part of it. We Ehoose metric’ spaces to work 1n, as

they are the ”happy*medlum” Between the more géneral topologi-

cal space and the restrictive Banach spaces .

N

S Banach, 1n 1922 among his many mathematlcaT

contributions. proved.the follow1ng statement: ''A contraction

mapping from a complete metric spaoe~into aeself has a fixed

¢ - . ks
L ! W

ER

'Broower gave the first fixed pointﬂﬂieorem,.

The 1nterest in flxed points grew~

1974) 115%5_ N

\




) L

Ry Lt

-

tend a theorem‘of Wong

'theorem 51m11ar to that of Slngh

A0
S
| ekl
=
ct

‘ Due to its 51mpl1c1ty and usefulness, notably in -

Integral and D1fferent1a1 Equatlons, th1s theorem~has been

pounced upon, mutllated and 1mproved upon-by several mathew

’

maticians.. In Chapter I, we glve aarllef survey of ‘fixed

poing theorems for "contractlon type" mapplngs, and follow-'

]
.

.-1ng ‘'some ofjkhg routlne technlques, we too "plaglarlze"

Banach by generalizing and extendlng some. of the previous

J

In the 1ater portlon of the'second section, we exX~

3

[30] to genera11zed metr1C>spaces

résults.

B

In the third section df the flrst'chapter, we look at 1ocaI-

1ze£ ver51ons of fxxed po1nt theorems artd prove a ‘localized:

‘
version of the. theorem:of Hardy and Rogers n7.

L]

Irxqggpter T, we consider more,-general mappings

1ﬂhan contractlons, the so‘called contractlve and nonexpan-

o,
.

sive mapplng In the flrst sectlon we con51der the work of .

S1ngh [27] and Fur1 dnd Vignoli :[15,16]. We also ppove a

[27]- We show how con- ol

’

tractlve and. monexpan51ve mapplngs have been "leEd" to give

fLXed p01nt theorems on metric spaces), whlch are not necess-

arlly complete. In the end of the sectlon we prove a qu1te.

general result.regardlngothe common flxed ‘point of two mapp-

1ngs satlsfylng the Wong- type [30] condltlon in the lines of

+

~
—

Cheney end Goldstein ([7}.

-
———i— v, o

1% R PR RN R,

T LN s

14




JIn Chapter III we have glven a brlef account of :

-some results on multlvalued mapp1ng6 .due’ tofNadler [24] and

- 'y * N

Dube {12] TWO partlal answers to the questldn posed by
Dube 112] concernlng the unlqueneSS of flxed p01nts of multl-

valued mapplngs bave.been ‘given, '

e ‘ . ‘
In the second sectlon ;&'thIe cﬁépfez, wd-pfoeide'
rOV1ng ‘the. ex1stenze'oI
fixed p01nt$ of ﬁhltlvalued mapplngs under certaln re;tric-'
tIo;s, by def;nlng a' Sequence of 1terate5 of multlvalued

RO
mapplngs 1n a "natufal" way,bﬁnllke the prGV1ous approhches.
{

U51ng our appraoch we have extended the thepre )
1* ’
Aand Krrk [6] and that of Cheney and GoIdsteln (7? o mu1t1~ If

L d

val@l mapplngs. .




. --.-_.._._,_.,.’_ L . - v - ) LN > . - o
N N " ,
’ » / :' »., ‘ Y AN . : K .
. ,.I .‘ - "~ .. . L . ’ . .4 - ) ( "o .
R . T CHAPTER L S T Ty
‘.,' v I\/’\'\ N ‘ ' ' 5. . a “: \- s . ! . -
N ﬂ}', , . RN ". " ) - ‘ ‘,c .. ’ . . . ;(,
o . -, CONTRACTIONS.AND THEIR FIXED POINTS ' 4" * . |
v 0 1LE PreITﬁznariesﬂ T “ , /f - L e -
& s , ~ . . « . . I.» / . . . . .
r . A'N - « N \({
; i efigltlon 1,1 Let X be a set and 1¢ t ﬁl ~denote ‘
: ” ¥ \ |
X ' the nonnegatlve real numbers. A funct1?n~ d: X><X‘* R e _ g
) T f* O sald-to be a.metric 1f it s@tlsfles the’ folloW1ng ’ ’ ~4 S
e “‘ g , Y Cae
o 'z \ i) :d(xgyj\=.0 Aff., x‘=lyj. ' ;/ ‘ . a
~ ii) d(x,y) =_d(y,x)', for all x”,y é X . . . ' A
s B “' . : ) B ™ . '
N - iii) d(x, z) d(y,z) + d(x,y) for akl. X,y ,7 € X - j
ke . ’ h . Ca e (the tr1angle 1nequa11ty) " .
- L b . B .- e g ’ é
o fThe'set X with a metric d ié_celled‘a métricﬂspa?é,’
© .and is denoted by ,(X;d)‘. 'l\i}QT”Q S *y
Y PRI N S e
" Definition 1.1:2 ¢ mA sequence of po;nts {xn} in a’metric,
\ ,: “fce - (X,d) is Safﬁiigjconverge to a—polnt X of X if,
v -
for every p051t1ve real number LEL there exxsts a natural
. ., . ﬁnumber ‘N such that whenever~ n5>.N , then d(xn,x) <.e,
" RN S - T ) ’ P
- N i.e.vif d(xh,x)\,tends to zero as n tends to infinity. *
. v i " " ‘ - . N - . ) . o.
I Definition 1,1:;3: A sequence of p01nts aixnl; in a metric ...

M“e‘l‘:‘fﬁ'«:‘m e ARG <
v .,
.

spate fﬁ ) is called a Cauchy sequence if, E\r every
ry "’-\ \

51t1ve real number €' t ere ex1sts a natural nu ber N,
J° “\

euch that:‘dgxn,;m)n< B £ - h, m“> N .

o .o
! N .




<o Qefinition 1 1.4.: 'A métric space. (X,d) :ie.said to be

o ,complete 1f every Cauchy sequence in  (X,d) is convergeng

€5 AX, d)«

+*

~ . . ’

< -

,Definiti'oni.l.s‘ ¢ Let: (x,.a) and .J(x',dly ‘bes two metric
. . : ) ) [ . i
spaces. The metrics,\d( and d are eQuivalent if .and

T : ,” only if the sequence {x -} converges to x -in (X,d):

L 1mp11es the sequencefalso converges to x- !n, (X,dl) - and

, conversely. : N o
) Definition 1[i.6:."THe,diameter,of a“ndnéypfy subset A
I ' . ¢
ok a mettic space ‘(X‘d) is deflned as the- sup{d(x y) :
X ,j e X} and is denoted by S(A)
.o - A is bounded if and only 1f S§(A) < =,
N RN . A
s w0 'd(‘ ’ ' . 0‘ ' A , [
: Remark 1.1.1+ It should be noted that not every metric'
i space is bounded NAn example of thls 15 the ‘real numberj"
AY -

fj T . : llne, w1th the usual metrlc. Hewever, for every metric

'f space (X d)s we can define-an equmvalent metrlc 'dl\, such

:ﬂ// . . ‘ df/ais by dl(x,y) = 'dgx;z! .
: _ IR . +d(x5y) -

»

vDefin1tﬂon 1 d 7 'feA mﬂbpiﬁg T of a nonemptY'set A in--

. ~ j
to‘{C§§if-is sa1d to have a flxed poxnt if there eX1sts a
X F/
p01nt € A such that x(x) = x . In other words a
. N R \ P
point x is a fixed point of T.” if 1t‘fepalps invariant.

. - s ., . ‘. AN . . . .
-~ . under- the mapping T . The point x € A 'is said to be .

- * the unique fixed point‘gf T- if. .Tx = X and if Ty = y:

™

°/
rd
-

:phat (X d ) is-a.bounded metric Space. . One way to define




Rl - oI Tl

EN

"Theorem 1.2, 1 let (X, d) be a cbmplete metrmc space

and T x-» )( rbe_icontractlon, 1.e.‘,

implies® x =y . -

Definition 1. 1:8:' A mapplng T ‘@f a metrlc space (%, d)

into 1tself is said tosatlsfytheLlpschltz condltlon 1f

there ex;sts a real number Kk ‘such’ that '

' B ’ 1

d(Tx, Ty) € kd(x,y) for abl” x,y€ X', - &

e ’ . ' 2t
. A ' . e - . B ~N . o
‘T is''said _to be a contraction if 0 < k <'1 , .and'-, non-

expan51ve if k=1, ‘ e . - '

[

Functlons of the forﬁ T(xj = x/p , defined oﬁal"

the real numbers wzth p a real number greater than one

are exampies of contraction ma 1ng (and hence,: a150 exam—
5 PP

\ i o . '9
ples o%vhonexpan51ve mapplngs) R
» . Sero e e
i e oW R T T
.1.2 Banach ContractionﬂPrintiEAE-ahd its Generalizatiors. -

LY

. - . - ¥

. We would 11ke to look at whab condltlons are

* ’
A *

‘-needed for certa1n mappxngs to have a frxeﬁ polnt.‘ One of’

4

:the best known f1xed p01nt theorems &s due to Banach (21,

e

'called the Banach Contractlgn Pr1nc1p1e. We state thlS

theorem with a short outline. of thé proof S \

Toll ’ .

N

e

s ' d(Tx Ty) °<°kd(x y) for\all X,y € x

N S E A T

~

RN

with- 0 €k < 1% Then T has a nnrque~flxedﬁpointf\"‘j~e‘ﬂ

‘,! ) B - ’l"r.“_ . B - el

\4g. - " ~The proof of thish%heoﬂhm;ie‘by the ‘method of ~

-




N ' ‘successive approximations. By taking an arbltrary p01nt
5- . : ) 4 . e \: . ‘ A

. . N . N :w’- -
Ty ' (x , 4 Sequfnce {xh}L is defined by, xh+1 Txn , for .

. } & . , ' S
t | S ° n= 0 1 2,... .. .This sequqﬂcéAturns out }o be Cauchy ai? L
his

) ; ~ . hence convergent, sinée X is complete.. The limit of

A

-

‘ o sequencg,;sfthe unlque ‘fixed point’ of }T

™~ - .. . Ce e @
4 J} e |7 Remark 1.2.1 ?. (i) It is. idte;esdé:; to.note that the'limip.’
3 . | ofrthe éequeﬁce, lETlned abovl does not depend‘gﬂ“the
o ’) ini}iai ?oipt XO-. So the\resﬁlt of succe551v$,applica-
%gons.of I is the "shr1nk4ng" of the space X 1nto the

- . unique fixed po1nt of T ¢ Mathematically, 1£ u is the

., e flxed p01nt of T ‘then 11m Tn(X) = u ., K ﬂ’ et L
5 e v n*m

o (11) Thls method also ylglds a uay of f1nd1ng an "approx-

. _ 1mate" value of tlhe flxedap01nt The‘erron of the
T appr&xiﬂatioﬁ§ is esfima%édAby the .inequality
. . * S . .

- 4
»

. N . “ .
. . E
© - . 4

F . - . . * .

S dﬁxn’u), s"i__“E d(xo-’xl) s . ' o

o ‘ (iii) The sequencé definbd'aboVe is called the Sequenpe-df
o™ [ Y T . .f ' o
successive. approx1mat10n§ PR Ty o
N The Banachﬁlontractlon‘;:SHQ&ple has been general-

~ized, and exuended in many different waYS by several mathe-
N N . .
i - mat1c1ans. We state some of these exten51ons w1thout proof

T | C R ‘ . Chu and’ D1az [°8 1 assum d that Tn., rather

.

than"i was a contractlon f%r)some natural numbeﬁp n,:

and-ﬁhOWed that T ‘'still had a unlque flxed p01nt

. BN .- Theorem 1.2,2: ‘Let ‘CX,d) ‘be a 'complete metfic space




such tha\\for some h e N,

' d(T™x )T y) kd(x,y) For 311 x,y €x,

'

| ' Y
with 0 k<1 .:‘Thégj_T has a iiniqme fffed:pbint. . | : 1; 1

The'followiﬁé example i11UStr€tés that this theorem.

"is more ééneral than the- theorem.due to Banach; N L
. S oo DT, e -

Example 1.2.1:

L R : . (1 if 'x is rational’
. . : 'T(X).=_~ . ;\ L ‘ | .
o0 if o x is irratidnal S

v

‘Let T:R + R be defined by
' - ’ R ‘ . R

-

. - . P

. " P l?g- r:: . . .‘
. where R. is equipped with the usual metric. It is easy
to see that this function doés not satisfy the conditions
. . . N
for all x and thus

of Theorem 1{2.1. However sz ;"l ;

' . TZ\ is a contractlon._ Therefore,,by Theorem 1.2, 2

. ¢

1s the

.

has a unlque flxed point (by 1nspect10n,‘ x =1

« I _ unique flxed point of < ). ‘;~

_R@kogqh~f25] replaced the constant k, by a.real-
: S

'

n; S o valued function. Re deflned a fam11y 'F ' of functlons

. - X(i,y) sathfy1ng ,"‘,‘ o L
.l por} s s o [ ,' . - ' ;
X(ﬁgY? = 1(d(x Y)} 3 1. e-.fk depends éﬁly‘op the dis-
o0 . L . .
tanke between x and’ y W e
R I, \ R
L@ 0&X@ <1, for-d> 0. U ‘
: ' (3) A(d) 'is a monotone decreasing funcl

~

\‘Heftheﬁﬁp}oved the. fo;ldyingg

x - B

T § 5

S .



. o ° . M . ) . e Lo y . .- ) . ‘- '“‘
\Theorem ; W37 IfT 'x -+ X 1is’'a mapping from a vcomplete 1

Y S P - JEEY REEE

metrlc space into 1tse1f such that Coe B - : ? C
/ \ . R N
- d(T).c.,Ty),s a(d(x,y))d(x,y) f9r x,y € X. and ae Fy. . bR

s - ' o *e A*. . - . : . . - ‘.. ' : . \‘
‘then | T has a unique fixed point. = ., ~ e AT i
. ) ) “ a ‘ . . . Lo “‘: . ‘ . . L\ [ i . ' ) tu

r . Browder [ 'S ] gave a similézf*result to thét of o o
"Rakétch. " T R ’
Theorem ; Let . (X,d) }bé a‘combléte metric ‘spaee, .- g
o and T be a mapping of X into itself‘éuch that | N . *
., ’, . \ . 0 L . .o’ Z’ R
o Y d(Tx,Ty) S EAGY)) .
" where f is a r?ﬁht‘cénfinhous, hbndetrea§ipg function .
. from IRT into R" , with £(t) <t., fer t >0 . ‘Then’
" T has 5,_ unique 'fixedo point, - - ‘ - Lo L -

y LD .
Luxemburg 22) modlfled the concept of a. metrlg jk. -

s‘ce b}; allowmg 1nf1n1te distances between po:mts. S

. - 2

'

Deflnltlon 1.2.1: Let X by’a set and d XxX +IR* ).

V4
. where R* is the extended nonnegatlve real numbers. If.
d ,satisfnes Qhe-dgxiltlons of a metrlc (Deflnltion 1 1. l)

then (X}E) is said“to be a genera11zed metrlc space. .

L) . v -

_ (The extendég fe;1 11né or ;hé e;tended comﬁléx- ?i,'/.

e plané W1th the usual metriﬁs are: eésy examples of general- : o
- ized metrlc spaces.: ) - . - . ~f , ; —'-,njl

. Mhthth1s def1n1t1on Luxemburg gave the follow1ng :::J

/7' . \ N
. . . o8

1 '




. .
22

-

v

'Theorem 1. 2 5

eral1zed metr1c space’ (X d)
N ' A" . ’ \

1) Therefeiisté‘a cohsfant
kd(x,Y)

v’d(-)G,)’.)K L ». \

.

that d(Tx TY)

9

‘1nto 1tse}f" satisfying:

k- Wlth 0

for all X; y e.X W1th s

-ii) For every seqﬁence of succe551ve apprOX1mat10ns

- 'there exists an 1ndex N(xo) depend1ng on the Aini-

&

- tlel element xo € X suqm'that d(x N+g) <w
for aill 2311,2,,.. L I
' s : N
;i) If x,y are two fixed points.of. T, &A(x,y) "is
finite, : .

\

Under these condltlons,

‘every sequence of succe551ve approx1mat1ons w1th any ar-“

»

“bltrary 1n1tlal element conyerges to the f1XEd p01nt of

Tl.— . ~

’

'Remark 1.2. 2 :

T hasda unique'fixed pbint

Jt 1s easlly seen ‘that 1f

2
~ . ‘ o .

. g &\
. .

¢ K .1 , such’-.

’,

and

(X,d) isee.“ '

‘Let T be a mapplng from a. complete gen-’

»

»

"

-

-~

\a‘. ~ . '
- '5y&emburg as follows., . T e -

_ complete metrlc space, then condltlons (11) and” (111) of

"YIGldS the Banach Contract&on Pr1nc1p1e._

"Theoren 1.2.6:

the thearem- are trxylally satisfied and cendltlon (1)

[

- .' . s . “a
‘ - 6 . v . -

S Dlaz and Margolls l 10] extended the theorem of

v -

‘Suppose that (X,d) isa generalized coipléte

mexriéﬂspécevahd T:X +X satisfies . -




d(Tx TY) kd(x,y) " whenever ;de;yj'< =, with © -
os.k“( i | . . $ | .L!

“u
.

A

-

[

‘f1$% "X €. x and con51der the sequence . Xg ,Txo ,szo y o

\..;'meo, R Then the follow1ng alternative holdﬂ

either . - "% o SR

R

A) for every iqgeger‘ﬁﬁ = 0,1,2;.:;',!ene has - - - .

‘\'. ‘ LY A'h e ’. ,

3 LAy, T k) = e, o Y
- AR 0’ . R . . ‘
,; B) the sequence xo, Txo, T?xo, ....’is d—cbnyergent‘to a

' flkeﬂ p01nt of T o N '

Kanﬁah ‘ﬁéj.ga&efthe following:

. N N
N N . ' R . .
. i : S

Theorem 1. 2 7 Lef (X,d)i‘be'a”eohﬁlete metric speee.,

S “and let T X » X satisfy: - S

ARV smte L

, Co(l.zay d(Tx.Ty) < ofd(x,Tx) # d(y,Ty)} ", for all

T4 T . ' - b . ' . « * T
E -x,y e X where Y0 < a ) 3.

4 ‘Then T has a unique fixed point., . L.

© -
5 D R . .

It is not too dlfflcult to see that condltlon
Cl ZA) is dlfferent from the cond1t1on in Banach's Theorem, '
y L
for the condltloq\ln the latter 1mp11es the cont1nu1ty of

o R \f , whereas (J.ZA) does not 1n.generaL. The next gxample

“illystrates this. . L SR ’ .-

®

d »

< fodmble.l{Z.Z : Let (X d) be the 1nterva1 0,11 with

1 the usual metric. Define” T: [0,1] + 0,11 by . A

. e N . .
P VU S PONUUIIN, RSPy . g i 7w S




k3 \ '4 ‘ \)«/,‘,
. - for x € (0,1):
r‘ . TX= . ‘ B . - " . .. ') -
L ~x/5 for 'x €. 13,1] ‘
L § S It is clear. that T is discontinuous at x = 1} .there-
b - g o, " A}
I ¥ . _'- RN fore “the Banach Contractlon Pr1nc1p1e can not be used >
H wes forﬁ‘a = 4/9 Theorem 1 2, 6 is appllcable.
= . ’: N . ¥ . oo a(‘ . ’
¥ P annan [18] also gave the follewing .theorem for
. E 'g xiﬂfhe fixed points of tyo.mappings: T o S

KX

Theorem 1.2.8 : let (de) be a complete metrlc space.

eI 'T{ and Té ereuwa:mapgﬁogsmof. ‘X -into 1tse1f sat—'°

le}’lng o .‘.‘: . ' v o Ta
N S o

R d(Tyx ,Téy} $ o{d(x;Tyx) + d(?gsz)}'°fbr all.

oo . x,¥ €. X, w.ith‘. 0 cac< i ) e
TN LY e o . o ey
then T, .and T,. have aunique common fixed point.
| o

‘(u is a cohmon fixed'point of Ti« and\ T, if‘,u‘?,Tiu"€
o T P S E | o

.
u' . - "The proof of this theorem is of a 31m11ar veln
'3\\'j“' ;; as’ 1n the Banach Contractlon Prlnﬁlple.. The‘sequence~of.
' vq,y-ffﬁ o 'suqse531ve 1teratee is constructed by taklng en arbltrary
- :) ;é-‘._?°1nt5 XO e'X, end defeoeng ¥1:= 1,0-, xz = TZ 1,
AR ‘k3'= Tlx2 I This\sequeﬁce turnetout'fo beQCagcpy .
' ij,kh and hence converéent due'to the éQmpieteness‘of (X d)‘.

‘ Théllimit of thlS sequence 1s the unlque common fixed
:fpoint of - TIZ and~“T o

O XL

TR Wi &
:
)




‘ ows,\:_‘ S - A ' N
1 and T,
complete metric space (X,d) into 1tse;f. If there exlsts :

Theorem 1.2.9 : Let T , . be two mappmgs of a

two non-negatlve real numbe,rs a -and- . B ._-such Jthat ~ &
wep L, emd oL

(S ,", L . \ : v : . L
&(T x sz) ¢ et x) 8a0y,T zy) for all x,yEX,

4

then f'I‘.1 ©

c I' | - The: followmg is an extension. of Theorem 1. 2. 7

A

: : due to Hardy and Rogers [17]_ : '

% - w t
. i

, Theofeﬁ‘l.z.lo : Let T be a mapplpg of a- complete meg-

' ..ric space (X,d) into ,1tse1f Suppose there ex1st non-"
. negative real numbers. 31.5 85 Bz 8y, a.5 such that
S - ‘

- \(1-}‘a fazJ;3+:a.4+a5,,,<..1 ‘,. a‘nd \ S BN

(2) d(Tx T’y) d(x Tx) +a d(y Ty)+a d(x Ty) +a d(y,Tx)
‘ : + asd(x,y) -for all x,y e )L, ‘ SN
. ~“'}\'-‘ ’ . o ) .»‘r‘ \
Do | .+ them T hasa unique fi‘xed point.

S wong [30] exhausts .all the prev1ous Kannan-type \

- g ‘reSults of the Banach Contractlon Prlnclple_ with this ',”.

'1.2.1’1. l.‘et T ‘ énd, T, be two.mappings of a

complete metrlc Space (X d) 1n'§o:'itself.‘ Soppoée- there

( ) »-_‘..‘.»‘ ooy

| e et sttt P e & J R

\ U

and T2 have a. umque comon flxed pomt ' e E

5. A,

e s



ke -

i;

-t

£

.1.2.11 whenever d(x,y) < » . “Let

.éider‘theyséquénce‘defiﬁed as, follows:

Xq s 1 TIXO"Xg T T, T
¥2n+1 = T for n = 0
: _ AN
for "'n=1

.'./159‘; 1@x2n)
' X2n = Tzcxzn-l)"

“

+

-

B

2T1%g 2 X5 ™ 1 lexo $oeee L

-

jz,;'. a‘n‘dl . ,"'.

b yean

N

, %\' Then the following~alternatiye holds: either

(A) for every p051t1ve 1nteger n f(xn,xn+})\ d;,

(B) the sequence Txn}

point qf Ty and T .

.

or

is- convergent ‘to a coﬁmon f;xed

Xg € X and cone’;f;,w—fﬁ’

_ . ‘- Lt '.' ‘. l“t . ‘\ : . .« .' ‘.,b-- : ‘ s . K - 1
S e . C “ - bt oL ' 3
;?§lst$ nonneggtlye.r?al nUmberf a) 28y, A3 a,, 8 such ‘ ,
that, e LT 1 'i
‘ ’ . " ‘ e " !' N . - : Al - 4
{ C , . . R . ' : ‘e . s |
§ (1) -ap+ay Fagkaybag <1, oL SR -
‘ ': | . . n S |
A{2) a; = a, or .33 =2, , . and . | ' ' |
Y r - . . - . . . 1
SR S SN T SN S
B AEETY) CadloT fadln T tagd® )
' +. a4d(y, )4-a d(x,w? » for all x,ye X,
: ' L ) ) o ; :
_%hen T1 and T2 haVe a common unique'fHXeH'boint. cN
v We now extéﬁd the. above theorem tq generallzed . -?5,‘
‘metrlc spaces by. the method of "alternatlves" as used by
Chu and Diaz [% J© in exteniigg ‘Banach's’ Theorem. - EEE CE
ﬁﬂ%orem~l.2.12¥ Let (X,d) be a-generalized complete ' N
. meﬁricispace and Ti_ énd':Tz be two mappings from X s @f’:fu,.
into .itself sétisﬁy{ng cohditiohs (1),(2) and (S)JOf Theorem :



| N | 1
Proof ’ There are enly two p0551b111t1es for the extended - Y
' real valued sequence {d(x ’xn+1)} elther \ '5“ o .
il | i & \ : s ) DR aeguk )
‘(a) for eVery p051t1V¢ integer n , d{x X +1) = : S

- a1 = Ti%n

] + a d(xm+1,x. 1)-+a d( m+1) | o S

i.ed, )d( i+ Xn4p) § (2] *a LI m+1)+a d(x ,xm+2). s
Using'the'triangle'inequa}ity? we,get_
'(1-3§ -a )d(xm+h, ¥21‘S(a1-+§3-+a ﬂ(xm X 41) » OF
U TN “ a, + a - . '
AKX ) € = 3785 alx_ xmﬂ) e ‘
. ., l=a,-a
e 27%

Thus %{xm+1,xm+2) <o . Again uging condition\(S) we have (&;,,'

| d("m+z'x w3) € 8 d(’ﬁn+z”‘m+) * 38 Xy X))

.’

- T .';‘ T o 15§

, OT

. f , - .".
(b) for sgme positive integer m , d(x m&l) < w -

If (a) holds we have part (A) of the é&hclus1on of the "
theorem.: Hence, it remains only‘to show that (b)) 1mp11es

conc1u$1on (B) of ' the theorem. Now ﬁqr some m ,.lep .

4
d(x ’xm+l) = M < © ., Let . .m be an even 1hteger, 50 tha¢

T:x apd xm+2 T X1 and so on,

.- ~

| Since d(x ’xm+1) < o , by condition‘(SJ we haﬁe{

n v

d(x ﬁa’xm+2) < a d(x » X +1)+a d(xi+f“xm+2)fba3d;xﬁ,xm¥2)‘

%

- +a d(x ) ha d(x or

m+2’xm+2) +a x

m+1’ Xm+3 m+l’xm+2)

) " " é2¢.a4+as ’ * " . '... . )
Ooarigsy) € TN Wl

-

L]

1 74

— s R,
o . Tt e ., o .




33

e~ C e v K oanq - «
}l'ef"\d(xm+2k+l’xm+2k¥2).< r(rs)"M and. LS

LTngefpie" Z d( +k’xm+k+1) @ (1+r) Zoﬁrs)kM .

4

- . N ‘ b
. ﬁé :
. a, +ta, +d. : Jay ta,t+.a
Let r = l:_ 5. 2. and s'= f2~ 4. >,
: tl-az-aj E)1-&1-:;4 )
‘ - x'ﬁ\..'

\ ",.~‘ <.
Since d(xm+2,xm+3) ser-M < = s Wi have by (3), .

X3 Xpag) €

Proceedlng in thls manner, we get for any nonﬁegative

integer k , d("m+ 2k+1"xm+ PP R LICHPHIRIE SO B
[ :

[

and gd(xm+2k+3’xm¥zk+2) < Sd(xm+2k+;'xm+2k+1),~

|
\

o M ' k+1 - ‘
- dOneakezs Xmezkds) € (rs) S
. . \‘ % . . .

P

|-

Lt % o PO . K : , .
Siﬁce. rs < 1, (1+c)M. ] (rs)k_ converges. Thus S
¢ L. N\ =0 . ‘ “ '
Cd(x m+k’xm+k+1) tends to zero as k* tends to infinity,
'\,i.el_ {xn} is a Cauchy sequence As "X is complete,
- s . . ’
{xn} converges to qome ueix.
- ) N ) . . 4 \ "
Since {xn} converges to’ , there«ex1sts an .

‘N. such that for i > N, d(x %? <M< e . Choose

i >N ‘such that .xjy = Tixi‘, and f}x i . By the tri- .

-~ . .

aﬂglé inequgkéty,

JORISEASR dcu K™ 40Ty

') . l‘

1+1

. .
VoL

e b e e

‘e
\ N



A

»

-

PO
o
&
Now Elnce

' 1
- (d1) &t_xi

!

" As
Similarly,

ﬁsevem

. . . .
N V. o
. d(xk,u) <o, for "k >N, io,folloys’that

b TUNN

LI

s1oTpu) € d(T .3(.,T ) < apdlxg,x; )+ ayd (4, Ty0)

. 8

$agd(k;,T u)+a4d(u X1 )+a a(x,, )

o

_ By letting .i tend to infinity we have by (i) and (i), .-

\

. : : Db
dfu,T,u) ¢ (2 +a3)d(u,T u) .
2

-
S

: f.(aif-as) <1, d(u,T u) or,xu = TZU'.

- B ‘,/-/

R it can be shown,lﬁht u ‘Tlu . Thue,'if m,
/ A

the sequence {Xﬂ} converges to a common flxed

;}\.

/point of ’1‘1 and T2 % In an analagous manner, by taklng fﬁ

e XA T
om belng

o common f1

°

P

~Remai‘k 1;

voN

7 (iif) if

Y

T2 m

. K
the p?oof.u\gld follow for the-case of
odd 'Thus the-seQue nc

‘ {xn} converges to.a =
xed p01nt of /T" and T,. .

.Thls‘compbetes the pfoof.‘ . \'

2,4: In' the above theorem

(1) i (

Theorem

'_Fll) 1f

L]

T,

. Remark I,

X, d) 15 a complete metrlé:ébéce, we obtain’
(

1 2 11 as a 51mple corollary to our theorem.

)

T =T,

" stants to zero, we_get Theorem 1.2.6.
: Yo o

(X,d) is a complete mé%?ic'spacefand \T = T1_=

he‘éISO'have Theorémrlqz.lb as a corollary.

2 5 We. cannot ask for our fixed point to be

unique,

-. " ...7.
j o

-

‘=‘T and- by setting ‘the appropriage-con-',

On the other hand, if T1 and T2 have Ewo‘com--‘.



- diction.

mon flxed p01nts, then the two p01nts must necessarlly be ™

1nf1n1te1y.far apart;-phat is 1f x and y are’such that

x F y w;th Tlx e“; = sz' EBﬁ\\Tiy f\y’e.sz.: tben

)= e, for i Ay -, then .

. o e ey . ~ SR
dx,y) = d(Tl 3’?{33 d(x,T 1X)1a, d()’, Y} +azd(x,T,yy)
) R se) S .

*73men+auxw <.
. | . ‘k

, ~'~< (és'{'a4‘+ as) d(x,y) .,
and since a3+-a4+-as_< 1, &Cﬁqg =0 which'is_a contra*’
v oo i o . N

-
.- . .

1.3 Qgpalized Versions of.Fixed Point Theorems.

‘We would now 11ke to look at{a 1ess restrlcted

type “of condltlon for flxed p01nt theorems. In.the pre-'
. 9

v1ous sectlon, we con51dered mapplngs which Satlsfled cer—'

tain conditions for the whole space. Some authors have

shown -that in.ceafain.gases, mappings sat132x1ng condi-.
tions omly "IOEally” will still have a fix \ point.: - The

' P :‘ - 1, : . T ' .
.« most notable of these.is the localized version of the

Banach Contraction Principle due to Edelstein 113];' First .

we. give the following definition: -~

.Defﬁhition 1.3.1: Let (X d) be a hetriclépncé and e

‘a posi;ive'real nqmbeft A f1n1te sequence 0 ’kl’ xz,
ceey Xp of poihfsjof X 1s an €- -chain 301n1ng XO and
y Af d(x;{axy) <E for“-l—lfz,...,n . X,d)

: .
. .6
n N N

Xn

\




4

A»

saidito be e-chéinable\if, for each bair L (x5y) A
-p01nts” there eklsts an

®,d)

‘example of a'well-chained metric space.

-"1ndeed a metrlc on X w1th d(x,y)

{x,) i

.

y - .
of its

e-chain joining x ‘and - y

is called well- chalned if it is &- qha1nab1e for -
S . Lo .
any € . R C -
. The re21 numbers with the usualtmetriéfis an,
. S . ¢ > . N ‘"

The real numbers
with the metric defined by S T . N

a \ .‘ . . o ) .
‘ "'.‘ . 0 «if x‘= y : E )
\ d(x,y): . . " e .."
oo 11 if xl+’y - .

> . RN
t 1
,,-,,

is an example of a metric space which is not. c-chalnab}e: -

b

and hence not well chained..

8,

for any 0<e< 1

On an €- chalnabie metric space ,(Bne can

déf&pe an equlvalent.metric de - by
. :

a_(x,y) = inf zq(xl 5%

[ 1.
-

where the infimum is taken over all e-chainS"joining’

It is'reéﬁfiy seen that d. is
d (x ,-y)

x = xo and y=x .
gﬁ&-

r

d(x,y) d (x,y) if d(x,y) < € - Now suppose that
: ey
‘({xn} is'a sequence in X’ that 1s qfconvergent to x i
X... Then there exlsts an” N- such ‘that n > N 1mplies

¢ Toa

CdCxA,x)as € . Thls.ln tunq implies that d (xn,x) < g, ﬂmwe—

fore, f{éﬁ} is also d. -convergent to x:fﬁggimilarly if~
dé-convergent'to x , then 1t is also d -con-"

d - and

n
vergent. to X .

) Tﬁérefoxe, by definition 1.1.5,




*‘de: are equlvalent metrics en’ X ' N
With the help of thlS equxvalent metrlc, Bdelsteln

was able to prove this "localized" version of the Banach

Cdntractioe Principle: o '-} i ) ”
\“ . R ' E M Do . I .
‘Theor'em»l 3.1t Let (xm be a complete &- chalnable

metric space and T ,.a self-map on "X . If there ex1§ts

a2 k-€1[0,1) such that_“

- : : e

dcx,y) <e= d("rx Ty) kdcx.y), X;y €X , e

.

then . T has a unlque flxed po1nt u € X and: u = 11sz xo,
. . . n-roe

for any Xq e X ‘ . . ol

Proof: Let d; be.the“metric defined above. 'As (X,d)
- bo . . . B .
'15 complete and d,

is an equivaLent metric; then,.(xﬁdé).

is also complete.,, . e - _ ]
‘ PO Lo ' .

: Let " x,¥ € X and x= xo ,x1 y e ’xnhl VX EY.
,be;any £ cha1n1301n1ng X" and ¥ As dtx. 1,x.) < &

for each 1— 1, 2,...,n ; we have by the hypothes1s of the

theorem“ - . ": .
! S o e U A
. '\v . . . ) .< , . .= ..;1.
o d( x;_l,Txl) sAkd(xlrl,xl) _ e‘, ter t 1, ",n

»,

Hence, Txo, Txl, "f’ Tx .7 ,Tth is an e-=chain joining

Tx and. Ty . Therefore. B E -‘i S
S A ' < ) '
. d.(Tx,Ty)s‘.chTxl,l,T .. A
S Ci=1 ‘ S
R N T TS B
381nceffor\any’efchalq.~x0‘,x1',...‘,xn joining- x -and You o
we have ' ' ; :u~ 7 s o ,

DR

._\}




to. . N . -
I N *

~ .
o - . o
-~ .

it follows that dg (‘l"x,,T)r)ﬁ'lhed'e &,y) i‘,,e,.,‘ T is a2 con-
. / . ,‘ e o ) . :
traction with respect to (X, d ) . Hence, by the’ Banach

' \Contraction' 'P.Tinciplé, T has a unlque fixed point” u -,

. .\wit.h lim d (T xo,u) *' o_. .for any '-xo € X .-

n—’eo ’ ¥ . k4
- . - AN R ot -
: J queye“r* since d. 15 an equlvalent metrlc ‘to
A de , We'also have 11m da(T xo,u) = O' " for any xo €’ X[,-’
'%i,e., lim Tnx0.= u . ’ R
L o BRI >
. ' This finishes ) 'he-.p\ixo‘ofﬁ 'ofq‘.th.e ;,anrem. . B
T e ) Melr and Keeler 23 ], have glven/ anothex theorem '
for a mapping that satlsfzes a C:ondltlon only 1oca11y '
‘ F].I‘St they give the fo{lomng deflnltmn-'~ T \
| . ' Sy ’

A Def1n1t10nl 3 2: Let”\‘l‘ £, d)ﬂX,dj- Tis said to be a‘

'weakly unlformly strlct contrac‘tlon; 1f y'fora given e >0,

LS . AR -\"
_there exists a' § > 0 .such that o, '
-, '~‘.w.~_‘;".‘ . ’ .
€< d(xyy) $ e+8 = d(Tx,Ty) "< ¢ .
i . . . .. l ‘. :,,' . -' ' ﬁ_ ., .

o - The+theorem in [23] is stated as:

.

. _ < - e - :
Theorem'1.3.2: . If X,d) is a complete metrié space and "~

D 4 % X/ s a weakly unlﬁormly strlct contractlon, then

T has a unlque fixed po1nt. R S

‘. ) R . | ) \ A . toy ‘: . 3 ", | ‘ rl ‘. >.

oo ‘ Fol\‘lpwing.the’ -method'of, Diaz and Margolis [103},
R . W . o NN )

&

e

\
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S e it e, —— e ab : -
i —47 K o — - ‘\_, -
. . . . . . .
. \
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A

p . . -

%we give- a locallze<d{ver510n of the theorem due to Hardy

/L

1

———-—.'_._

> 0 L)

“and Rogers a(Theorem 1.2, 10] as fol]\ows e

‘Theorem 1.3.3/: ' Let (X\d‘)"‘"f)e a “gene'r'ali’zed complete

‘metric'space and» T, ‘a, mappmg of X into 1tse1f Sup-
pose there ex1sts nonnegatlve :"eal numbers, EE az , 33',

a,,ag and- a,p051t1ve real. number c s_uch that

(1) a11+:jc12+:-13+a4+a5 < 1. " b
~ (2)-wheneve_r d,(x,y)"snc one has . s (’;

o
[ ]

d(Tx,Ty) < ald(x,rx)4iazg(y;fy)4va;&(x;ix3+-a4diy;rx)I
( PR . tagdx,y) .

Let-“,x0 € X , and . consider the sequence: Xq Tx0 , Tz?co ,

B

,‘Tn‘x"Q y'+«+ » 'Then the fellowing alternative ‘-holc}e:
either B ". ) E S
. T N ! - ; ' .\ wg" / .
(A) for every 1ntegei' n=0, 1 2,... ; .o’né }nas. ‘
S

L}

4 (T ;T 1y 0) > oy ot K

(B) the sequence of Successn'e approxlmatlons Xg » Txg ,
. Y

|
of T . '

.Proof: vSuppo_é.e "d(k,y) $ ¢ , then in addition to- (2) .ojf the

_theorem: we have -

() ATy, Tx) € a3d (W Ty) +a,d(x,Tx) ¥ ayd(y,Tx) + a,d(x,Ty) |

o " oragdlx,y)

@y addlng {2) and (3) and d1v1d1ng both 51des of the resul-
tant 1nequa11ty by two, we have ' ;

2

o

to . : . T

22

'Tz-xo yie o s xo s ‘., ¢« is d-convergentl to a fixed point.’

e e A et




AN

L

[~

ST ’é1+i52 . 1”‘2 ‘
(275 d(Tx,Ty) § == d(x,Tx) + 5= d(y,Ty) B
{ C . ) .
R a., +4a . . 33+a4 '

i sivajeajrairapicl, and aj-a;, ajeeg

-

"'..(1 az)d(Tm+1 ,Tm+2x‘0)‘ (a +a§)d('1‘mx{m 1 n)+a d(me fl‘ffzxjo)

- with

“Now suppose conclu510p (A oﬁ the theorem does not hold '

or, .By .’célle:;ang' t’erms'": o

stng the trlangle 1nequa11ty, we hgve

ey + 2t a0,m vagien,y)

ot (21)d(Tx,Ty) $ ajd(x,Tx) + a3d(y,Ty) ¥ a4d (x,Ty) +a d (y,Tx)

Y N I2
- +§5§(x.,y). .
. , ‘

- 2.,

£~

Thus for some- nonnegatlve 1nteger m we: have

(.. . .
’ d('I‘mxb,'lJnflxo) <! é- .

..‘~
\l.

By 1nvok1ng cond1t10n (Z') of the thebrem, we get : .‘ ‘
+ + + +2_
dﬁ:m % 0,Tm Z 0] < a dé?mxo,Tm 1xo)-trazd(Tm 1xO,Tm

m+1

+2 +1. m+1 ' .
+d! d(T xo,Tm xo) +a d('r“‘ T 0)+a d(T”‘x U \‘
L | ]

a

‘ . +a +a. ' - -
+ . .
('r’“ 1y T"“’Zxo) L3 5 aq xo,f“” o) ,
~ . . N ' . . 1"'32 7':33 N *; .
at +al; +a
1723 %35 o

5.‘"41 - ' - ) :
: ‘l,_az dz .
. Ny . ,

i
o

Théfpfore "&(’I'mﬂxo,'l‘m 2xo < ¢ and hence ‘w~e‘ can use




o« T . _ .
condition -(2") agaih to obtain, " o ' L S

~

d(,1.m+2 D,,[.m+3 s 'an d.(Tmtl)E Tm+2 0)+a d(Tm+2 Tm+3

N |

1 ‘m
) +a d(Tm+1x0,Tm 3xo) +e4d(Tm+zxo, m+2x0) +a d(T“th Xqs Tm+§x0) s
% K ? ‘ .
> . . Il 1.
" ‘ C - d +a,ta
", or, 4(1"¥xy, T x) ¢ 2 a (™™ kg T“‘”xo)
’ i ) . ' ... 1 - .85 =a
e 2“3 .
. ‘ b -2 -
' ' ' o a, +a,+tac| .
y . LTS (™, T )
SO C 1- a,-a 0 0
- . - 2 .73 . .
a, +a' +aly E
Let = 1 -.3 . ‘5 . .
. . 1.~ a, -ag |
Prqc'egading sy.;cceSs.ive_ly, we get for any nonnega‘tive[: inte-
. ;.ger' k, ‘ .
S S woo d(Tm Tm+k+1x0) rkd.(meO,Tm‘F}x‘o). .
Let xk Tm+kx0 , tfxen d(xk,xk+1 § kd(xo, 1)

0 sr<l , by \1ett1ng k' tend tox 1nf1n1ty, we have’ that
{x }

‘{xic} is a Cauchy sequence. Smce ‘X is complete, .
. . ' A\
converges to an element of X , say u, L Therefore, there

exists a natural number "N, such-that

- ‘k>N=*-d(‘xk,u)‘_\< cl. e
» 'Assume -k 2 N ’ and consider .d(x +1,T )

T |
(1) d(xk-l-l’ u) = d(‘I‘xk,Tu) S ald(xk,xk+1) +a d(u Tu)

+a3d(xk,Tu) +a' d(u xk+1) +a d(xk,‘u) ,.,




" fore, as k ‘tends to infinity, (i) becomes

v

~ .

or ,[lw-dz-dsl‘d(u;Tﬁ) € 0 and ‘since 1-é§¥ra3 >.d , -
it - follows that d(u,%h) =-0 ,'i.é.. u = Tu,
o . , A .- ' 5
- Therefore the sequence . {Tnxo} converges.to a *_
- fixed-point ¢f T , and the théorem is proved. . - -
,‘ ‘ . ' P ) * ' ey T s
Remark 1.3.1: The dniqueness of:the fixed point“in‘our
théorghxis not assIréd.,‘Hoquer, we note that if u"and
v are two distinc fixed points of T , then we must have
d(u,v) > ¢ . For if ‘d(,v).< ¢ , then by condition (2)
of the théorem, d(3,v) = d(Tu,Tv) < a;d(u,Tu) +a,d(v,Tv)
+ an(v,Tv)-+aﬁd(v,Tv)-?agd(ﬁ,v) , Or - . \
S d(p,v) IS (a3.+~a4 + as) dﬁu,v) . S;nce azta, tag < 1, .
- d(u;v) £0 ‘and thus' u = v.. Th§fcfo%e, if u and v
. . . . . . . . N

P

X If follows th%reforé, that

'

K

" 'of T, is a scattered set. Hence by Kuratohski.g 21

.~

.By letting —k -tend to infinity, we  have that d(xk,u)\,f.*

' ) . l ’ s . ) ‘.

. d(xkf15u) gnd. d(xk,xi+1) al}*tgng tqizero. In fact, -

the first two tend to zero since {xi}‘ converges. to u , .
and the;laxteﬁ{ since {xi} is a ééuchy seqdénce.‘ There- . -

h ]

X
|

3

Ca{n,Te) € (4, +dy) d@,Tw) .

.are two distinct fixed points of T , then d(u,v) > c .

F', the set of‘ali-fixed'pdints

» E

‘p.252], F isatmost a countable set if X is separable.’

.
l ‘e

<

¢ ' .
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[y

g (2;1.2)' d(Tx,Ty) f d(x,y) for all X,y € X , X £y,

coMplete metrlc 5pace does not necessarily: 1mp1y the exis~

72.1'Cdntracﬁife.Mdﬁpings;\ L A L

Defiﬁitioé 2.1.1:

: Sy . T
Lo ' CHAPTER II  © .
. . ) ———?——l-——-—q o - ' .
FIXED POINTS -OF CONTRACTIVE AND NONEXPANSIVE MAPRINGS ~ " ° - . | .
- o, . . . ‘e \ . ) K - :_" - . .. ‘ %

- “- . -
- N f = Lo -
- . . . -
" P . !

\(In fhié chaptef’ wemwijﬂestudy contractive'anﬁ U

nonexpan51ve mapplngs which are. more general than contrac—

7

tlons. Although seperately nalther one of these mapplngson

complete metrlc spaces nece551tates the ex1stence of flxed p01nts the
second sethon w1ll show how these two mapplngs have been

"intertwined" to' insure the existence of ‘fixed points.
¥ ) N ST

] o ,"—“’*

In séction 1. 3 we saw that a mapplng T from .. . .. e *

a c0mplete metrlc Qpace QX sinto itself satlsfzé?g -

e < d(x,yfﬁf‘e+-& ;

(2 1. 1) Ve > o js > 0. such that
1mp11es d(Tx,Ty)\Kte for all X,Y. E/Xl" Xty !
has_é ﬁnique fixed point.‘ L . P
| We motice’that (lfl.l) clearly impligéhj‘ . L
1. - > ' : < c

¢

-

Let (X, d) be a metric space. A map~

. . v
ping - T:X + X . is called contractlve if (2 1. 2) holds.’

™~

Remark 2. 1~I' We ‘note ,that a cohtractiﬁq mapping on a

u

;ence\of a fixed p01nt\ The £0110w1ng example 1llustrates‘.

this., . .




o

P

' -

'l/x , where };eﬂ 15 equlpped with the usual metric:
'Tﬁp's d(Tx Ty) =" [x + & -y - ._|

BEOE --‘*-"IC*-»')."t’;—il“

"~ the unlqueness of the f1xed p01nt.‘ Suppose x" and y

are two distinct flxed poxnts of T ,, then

Example 2, 1 13 Let T:[l,e) + [1 ) be deflned by TR)=x+

..“‘ \'

3
o
A

s Y .
R Xy -1, -

oL =tlx-YI'|—Z;;,'—-l.-
| g - LS o

S1nce ]—Z—*—'< 1 for any x,y € ﬂ,#L 1t follows that T

e

~ N .

is a contracﬁ%ve mapplng However, sUppose th there

Lnaty

ex1sts a fixed. p01nt xO E[lw) of 'T . Then X, = Txd =

Ry
L} H

xd i‘ﬁt ) i,e.{ _E%Efﬁ 6 » ,Which 1s.1ppbssib1p.

”lthough T 'being ¢ontractive does not necess-

\»i

“}arlly Imply the ex1stenqe of a fixed p01nt it doés~§mp1x:

A

-

o , “ o

40ay) = 4Tx,TY) < alny)

k3

~

_‘which.ié.impds%ib1eﬂﬁ coL . h |

- e
v

In [14], Edelstein showed that thg compactness
of the space does insure the existence of a fixed point

for:a_contractive mapping. 1in fact, he reiaxed‘thelcondi;

~>tion even further in the following:

N
\

A -

- Theorem 2,1.1: Let T - be a contractive se1f~map of a

~ metric.space (X,4)-.~ If the sequence {rm x} for some

?

< dia e O e A




S . a

' X € X~ has & convergent subsequence then the. 11m1t of

thls subsequence is the unlque flxed pomt of T
o . o o
- - As every sequence in a compact spage has a con- *

vergent subsequence the folloW1ng is an ob\rlous corollary

' , . 1
- . '

Cogollérx 2.1.1 : 'A contractive mapping on a comp.act‘ me4t~ ,

e

ric space into itself has a unique fixed point,
) ‘ .‘ .- ). R ‘ " '\ -, LI
.« ‘ Balley [ 1 I\gave the followmg extens1on of .

. -

2" the above result

L . l’heorens; 2.1.'.2 . whet (X;d}’. be a .compact metric spage and

T be“a continuéus self-map on’ X . If there exists an
n = n()g y) such that T is a contractive mapping, then
T has a unique fixed po1nt s

RN

’ co ~4Furi and Vignoli [15] relaxed the .condition of

~

T being contractive withrthis definition: SEEI.

p -

~
LN

. l‘ o 'Definition 2.172.: L-et-' (X, cl) be ametx.'i‘c‘ space -and F
e ‘,a real valued lower semicontinuous functlon on/,» .‘x X , | .
’ .Wlth F(x y) 0 1mp1y1ng . x ="y .. ‘Suppos “T s ‘a sell’-. -
‘ X map on X.. T is said to be weakly F-con'oractlve if
‘ . L
) F(Tb.c.Ty‘)-< F(x,7) L N

N -

\ for all x,y € X ~,\‘.'x $y .

"Note that a. contféctive map s weakly con.t:;"acti\'re

but a weakly contractive map need not be- contr'ac't_iv.e.. \

2

R -




Al . ' ]

, Before we give the results ‘of Furi and Vignoli, -
wé need a measure of noncompactness gwen by Kuratowskl\

A ) as fouows- o . - e

Let A be a bounded set of a metnc space X,
]and let o (A) denote the 1nf1mum of all € > 0 such\t\ha(

- . A adnuts a f1n1te covering con51st1ng of subsets w1th diae.
S SR meter less than € . o - AN

~

‘A‘Definition Z.1. 3' A contmuous mappmg T of a metrlc -

space X into itself 15\ called dens1fy1ng, if for eVery
bounde?i subset- A ‘of X suth that u(A) > 0 ;we have

o d(T(A))<a(A) N

“

Remark’ 2.1.2-,'\ a(A) Sacisfies- the. £0‘1'1~owing' p_foperties:
YUl @) 0 sa(A) € SA) . )

R Y

! (11) «(A) = 0 iff A is totally‘bounded.

- (111) Q(AUB) = max{a(A) a(B)}

iv) o(R) = 0 .iff (A) = 0 ,'where A is the closureé ¢

‘ @ \ . v ' : ’ &l ]
' o ‘3 o | | \
(v‘)fA‘CiB _'imblies a_('A)‘ < 'a(B)q‘.u ' e

- . T 2

We are now in a p051t10n to glve the results of

o Furl and Vlgnoll [15 ] o . . e ,
'< A ’ :_ \ . . .
Theorem 2.1.3 : -Let (X,d)y be a camplete: metric space and .

T: X+ X bea dens:.fymg weakly F-contractive’ map CLE
{T xo} is bounded for some - x,€ X , then T has a un1que

'\.'

-

PN

- ———— vttt 4 - 8 st T & v b e e e




. fixed point,
' the followlng theorem.

" a complete subset D of a metric Space (Xd) 1nto X . Th\en- any
‘bounded sequkce {x } of X , such that d(x ,Tx ). tends

to zeT0 as .1 tends to. 1nf1n1ty, is compact and all the

‘when Tx = x =y =Ty . dees not hold, and. g-avel‘the following"

T be a densxfymg\ map of X 1nto ‘itself satisfying (2.1.3)

~ fixed point,

. .that {T]:‘xu} is“boun“de'd._~ “As

v

In another paper [ 16 ], the same authors gave

! R , Ly

Theorem 2. 1 4 : Suppose T is a de‘nsifying map‘~'from

11m1t points Bf’ {xn}. are flxed’ points of T
- . " S ; : ‘- ]
gt ‘ N AU S ~y
‘v Singh [27)° replaced the condition \F‘(Tx,Ty) <
Fx,y) » x#y by . D
« o ' v ’ L - . {“. .
(2.1.3). '.F{Tr,il‘y). < %_[F(n&,’ljx:) + F(x,Yy) '+--I-‘(y,,?'ry)],;{

/a-\.

»‘ . N N ‘ ) . . ‘ N ’ * .
vy ‘ - R N o . /
ro * ) . R . : , ) N .

|
Theorem 2.1.5: Let X be a complete metrlc space ancf

for some F as 1n Def1n1 ’on 2 1.2, If for some X, € X

the sequence {T-‘xo}' 1s b nde ,- then T has a unlque

A short sketch 6f ‘t\he Prodf of the above theoten
is as follows. Let A = U ™ x0 R where xo is:such
' \ n=0 .

T is densifying, it follows .
- . . 1

P 2N




“

"that A istcomﬁact. The semlcontxnuous functlon f(x) =
F(x,Tx) defined on A, has a m1n1mum p01nt wthh is the

fixed point of T . -

+

' X><X with 'F(x,y) = 0 ~1mp1y1ng x = y ,/we have

T

. N L3,

Now we nrove the ‘following theorem 51m11af

to the above theorem of Slngh [27] by replac1ng (2 1. 3) /,

WIth a d1fferent cond1t10n. )

Theorem 2. l 6 Lét -(X d) be a complete metric space

and T, 2 den51fy1ng map. of X 1nto itself,. such that

for a real-valued 1ower sem1 ~-continuous functlon F-on .

(2.1:4) Fx,Ty) < %;mcx.rx-) + ,F'(x,y) + F(y,Ty) + F(TE,01,

[y

% = y =Ty does not hold o {:

when Tx =
. . ﬁ -
Then T has a unlque fixed polnt, if for some
xb € X ; the sequencelof<1terates {T xo}. is bounded.

L4

VR

Al

o)

) Proof

e’

‘hold, so by (2.1.4) . - . " . G

IS

The unlqueness of the fixed p01nt

follows eas11y from (2 1.4).

Let x and y be two dls-

tinct fixed p01nts.of T, then.'Tx =x =7y=Ty -does not

K “

F(x,y) = F(T%,1y) < %tFéx,Ti‘)l+ F(Y) + UL T) FE (T,

~ . . . » =

Since B(x,Tx) = F(X, x’i= 0= F(y, Ty) = F(m) i
ince  F(x,

F(x,y) < F(x,y) , mhich’is 1mp0551ble.,

4 2r
° a




“is an arbxtrary p01nt in X (1t is understood that T

. E\‘\
(2.1.5) 'I‘fK)_“g ’T'T’FA ch.

| However, since . T(A) U {x } , it follows that =~ oo

IR a(AJ = max{a(T(A)) a({x ])} "Q(T(A)

minimum Value at a p01nt y € A . We claim.that y is

the fixed p01nt of T

“or’ F(Ty,T Y) <' F(y,Ty) , i.e., - f(Ty) < f(y) , which -

:Acontradlcts the m1n1ma11ty of y , since Ty € A Thereforg

a

. . * - * . ) - . A N
-Hence x % y-. ST A P

L

! -
. .. - n
U
Now, let A= L X, where X, T-XO > and X,

_ 0
0
Xp ©

Xq ). Then T(A) CA.. Slnce T 1s cont1nuous (by

e

assumption), theréfore, . - R

-

’ ~0 oL oy
- ’

Suppoéet a(A) > 0/ As T ‘is den51fy1ng, a(T(A)) < a(A)

1

Wthh is a contradictlonf‘ Therefore a(A).? 0 , and héncei'

a(A) = 0 Thus, .as. A 1§,tota11y boﬁndedvdnd closéd; K? .

- .

is compact. . ' _ o RO

"

. ”~ . . . ) , R . .. .
. ¥ Now define the function' £:A R, by E(x) = -,

,E(X,T(x))=. ‘Since f i the comp051t10n af a IOWer 4em1~  ”

continuous function and a contlnqui functhn, then £ is

16wer "semi-continuous. As .A is c¢ompact, f° attains its

R )

N . \ ' . ) X
Suppose’ f Ty. . . Then we have by (2.1.4))

\n

£(Ty) = FU1y,T'y) ¢ 180, TY) +F O, TY) ROy, T+ F(INTY)

&

™

y = is the unique flxed p01nt of T . .- S w T

. .
« -

It is clpé} that metric d ', satisfies all of the
. N ¢ . S




cohditi_ons of;thé,functio_n.' F . "Hence we have the fo-‘ll‘owirig:'\

/ ' . - o , ,|~ . a
S | . Corollary 2 1 2 If T* is a dens1fy1n“g map from a com- °

‘‘‘‘‘

plete bounded metrlc space 'CX,d) satisfying!

a0, Ty) < HETx) £ 0y, Ty) +d(Ix,y) + 4G, 5

' - - . ' - . (SN
’ | . . . ’ ) \/

.then T has a unique fixed point. . ‘ .

3

- Remark 2. 1 3 v, It is haturai to ask whether offe can

place ithe condltlon (2.1. 4) 1;1/th\eabove theorem hy t

~ Hardy and Rogers [1~7] ‘type, cpnd1tion

(2.1.6) F(Tx Ty) < -5»[F(x ) +F(y,Ty)+F(y.,Tx)+F(x,y)
. 3 . . - - +HF(Ty, x)l

to glve the same result - ']‘he answer 15 yes, prov1ded the

function .F- satlsfles the 1nequa11ty o

L4 v
[N . . S

. In fact; A will.stﬁil; .be_ compact, and the function £

* - in“the theorem will attain a minimum value in A, say vy,
‘ LR * ' [
"Q . - . v
and o ! - S
bl * - . -

-

EV o Eah s F.(Ty,-sz)f i F(y,Ty)
. ' .,‘ .. . A N *'
l

£(Ty) = F('ry,T Ly < ng(y.Ty) +F(Ty,T y) +F(T y,y)

I - T ‘+Fcry,Ty)+ R

- Lor branarty < F():(Ty) + g R y,y)

uiu'm}w_

< P(y.Ty‘) + 35' F(Ty,‘,l‘z-y) e

Ny

or . _f("r'.y]ik £, which gives the same contradiction.

Hence y 1is again the unique fixed point of .T.

v




-

v

faor a

. 34,
Thus: we may have thé following” corollary té the.above re-
mark.‘ : .. N ; . . [N N . . % | LN ‘ “yae . .. \‘

[ * v s ]

© . - . o : . o
. 4 . . ‘

7

P . ,_.‘ . . N . by .
Corollary 2,1.3+ If T is 4 densifying map from-a com-

plete bounded metric space into itself satiéfying’.

4(Tx,Ty).< £l0, Tx) +d (v, Ty) +d(x,Ty) +d(y, ™) + d (x,y)T
Then T " has a"}mique fixéd(point‘. o . Co

-~ . L

~2.% Nonexpansive Mappings.

S .
-
'

" Let us recall the deflnltlon of a nonexpanswe

mapping (Def1n1tmn 2.1.8): A mappmg T from a metrlc

._-spa_cg X into itself is said to-be nonexpansive. if

o . . .
Y i ., .

',d.(Tx;q‘y) s ‘d(x,y} , for all x,y € X .

-~

Conﬁ:ractmns and 1someules are’ easy exampltes of nonexpan—

L - %

swe mapplngs .

Remar'k 2.2.1: A'”‘fz«%ust as in -th& co‘ntractive case, a'”"non'ex-

panswe mapplng on’a complete metr1c space need not hav/e“

a fixed p01_n1;. "To see th1s, wone can take any functlon T Ry
frop the #real 1line into itself defined by ‘~T(x) x +p

‘ Ky p # 0 It 1s§c1‘ear that such a mappang cannot
have 'a"‘fixéd pdint for, if it d-1d. then nv ‘would. have. to ]

equal zero.. - S Lo ' T

A-

™ : -

Belluce and Klrk 131 have 1ntroduced the notion R

of "dlminlshlng orb1ta1 d1ameters" of a mapplng T . _'I‘d','

- At LY

| m—— o v be g BRI ) . N T e e v e [FISE U R e e

]




LR

define this term, we need another term "limiting orbital

" of 1terates 0 (x),

' sequence. @e limitd T‘(x)

w

. amples of -mappings

where'

Mo
o
s

diame%exsw'of T 'described below. ..- .

‘ Let

T be-a mapplng of a metrlc 'space X

\

into.

itself ‘ For each X a4 1et O(T x) denote the sequence

0(T"x) = § Tl , .n=0,1, 2 ,
§(O(T XJ)

Y
. when finite, form K: ﬁonlnerea51ng real valued

-1im 8 (O(T x))
1 . -+ i
atlve real number ‘and "is called the 11m1t1ng orbltal dia-

N ‘

.Tox =.x . The dlameters of the sets

O(Tnx)

is a nonneg-

meter'pf T. aE “the paint x .‘ ¥ - R " 'J
. ' . . . N . R | v : ~
Deflnltlon 2.2.1: Let T 'X-+ X be a mapping of a met-:

4

r1c space X

1nto 1tself If fpr_eéch X, €°X

1ng/orb1ta1 dlametEr r(x) of T at x is less than

G(O(x)) when 6(0(x)) > 0, then T is said to'have dim- :
1n15h1ng orb1ta1 dlameters. ':l”» SN e
. » e T N 0 ‘e ] ' .‘.

Cogtracti ns and contractive mappings are ex-

aving diminishing orbital diameters.
SN . . s ’

~
3 o

is definition, Belluce-ahd Kifk'[sl

have glven the follow1ng theorem for nonexpan51ve mapplngs.
.n‘. ‘ .

Theorem 2.2.1:. Let

With t

.

X be a complete metr1c Space and

let T be a nQnexpan51ve mapplng of X to 1tse1f whlch

has d1m1n15h1ng arbital. dlaMeters. Suppose for some

. . X € X’ é subsequence of the sequence \{Tnx} of 1terates

‘il

of T on x has:limit ,2 . Then - Tx " also baskllmlt‘
B S ‘& . . . . .
z", 'and 'z -is a fixed poi'nt[ of T . ‘

l\,

limit-

-,

f




"Corollary 2 R lf If . X is a compact metriq,space'and'

o . ; S . ' . 36.
A simple corollary: to this.theorem is as follows:

-

E

“T .is a. nonexpan51ve mapping of X into itself which, has oo

dlmlnlshlng orbxtal dlameters, then for each 'x € X , the,
oy .

sequence {T x} converges to a fixed polnt of

Cheney and Goldstein [7]shcwed that 1f a nenex-

‘pan51ve mapplng satlsfles a “quasl contractlve" condltlon (cmub

ition (ii) of the mext theorem) , then the ex;%ce ofa flgced point is assured; A

Théorem 2.2,2: -Let (X,d) be a metric space and let T.

P

be .a mapping from X | into.itself such that..

r

(1) - d(Tx Ty) d(x ¥J , for all CX,Y €X . e

(ii) if x ¢ Tx, , then d(T%x Tx) < d(x,Tx) , and "

_(iii)‘ the sequence of sugcessive approxlmatlons has a

clueter po;nc!£for some .initial point Xg € X .
Then T admits'at51ea§ﬁ ong fixed'point.
‘The proof of the above theorem wiPl be omltted

However we p01nt out that the cruc1a¥,p01nt of the proof

of the existence of the f;xed3p01nt is that T 1is con-

_finﬁpus-(which.fellows:freﬁ 1y . The'nonexﬁansiveness

of ‘the mapping is ‘required to show that the sequence of-
sﬂbceesive’appnoximétipns.tende to the fixed point, .
Sﬁngh [28]:fep1aced the nonekpané}ve condition “
by a kiﬁd‘of\?Kannan"'cendition:in theefollowing: ° .

BRI Y
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Tngréﬁ‘Z;Z.S s Let T Be -a- cont1nud\§ mapplng of a m&&-

':fic space CX:d) 1ntd 1tse1f such that.
i)
T i)

d(Tx,Ty) € $d(x, 1) ¢ Al , forall x,y € X,

‘f "x # Tx ; then d(TZx,Tx) < d(Tx,i) édd
- . . . . | -
(iii) T some x € X , the séduence {T\x} has a con- .-
.
’ vergent ‘subsequence that converges to .z € X .

Then 'LJnx} ‘converges to z , and z.ais the unique fix- "
ed point of T . |
o : \

This ‘type of.. "qu351 contractlve" condltlon used
- S

b - '-by Cheney and Goldsteln (7] and" Slngh [28] also lends it-

- DY 7 d

.self to prov1ng the exlstence of common flxed p01nts of
" two mapplngs. We extend the above theorem due’ to S1ngh (28]

~x:‘ o by replac1ng the?ﬁondltlon

ﬁ. ‘ ) ‘ \or
g d(Tx T}’) -Z-{d(x Tx) + d(y T)')J

- by fhe_Wongf[30]'type.cbndition,'in.the folldwing:

-
-

Theorem 2.2.4 . Let (X,d) be é metric space and Tl; .
-'TZ twoléontinuous mappings df X into itself satisfying:
Q..:s . ' i . C .
(1) d(T X, T y) fd(x T X)+d(}', y) +d(x,T )’)
Sy 2 3' 2 2

+d(y T;x) +d(x,x)}

Sfii) if x ¥'T1§s‘;hen ‘d(T x,Tlx) < d(x,T;x) and-

dCT T,x, T < d(x,T. x) z

2% )&9
(iii) the sequence of sudce551ve approxlmataons W1th some

s

~4

.
-



1

\.’T'\\e":i
. o \ A .
initial element, xo,,'has a cluster point u € X. -
. . . . ' ‘/. '~ . ‘ .‘. . . L . I“ .,
Then . u 1is the unique common fixed peint of Tl and T% ..
. RS e
. Proof; Suppose Tlv = v ,'then by (1) oo

.

A, Tv) = ATV, TY) € A, Tv) , dee AVITY) = 0L

i

Hené&, if v i; a fixed poinf-oft Ty » it'is'necéésgriif
a commonifixea point 6f';T1'~aﬁd, Ty S ‘

I

-'of T - 2. .’.

1 and T

L d(a,b) = d(Tya,T,b) < Fld(a,Tja) +d(b,T,b) +d(a,Tyb) .
or_ d(a,b) ¢ 7 d(a,b) - which implies that d(a,b) = 0.

';'ThUSQif:theré exists a common fixed'poinf of.
“Tl"and ‘T2 , then it necgssarily is ﬁnique.'

L Assume u # T8 .. Now, by condﬁ;iqn (iii), ﬁhg

- sequence . x. defined by : - R
a1 ™ TrXgn | FOT RTOL T T
x2n= szzn"l fo‘r 'n=‘-'1,-2,'_‘ . i

]

ﬁas.a cluster point u , so let -{xn } be a subsequencez

. - co . | #
of {x_)} such that x_ .tends to u as k =+ o ,
n n Lo S
" Therefore . | o o R
d(\f@ﬁ) = 11(»1»2 é(xnk,Tlglk)
| A

{- § ’ ! »—7:' . . ' 0 38:

Now, suppose there are two ‘common fixed points |.

say , -a*and b . Then again by |(i), =

j—d{b;Tla)H'd(g,b)} y %

N




1o e e b e T e e ]

30,

o .
= 11m d. x )
¢ $ o I
o =_ﬁf§ dﬁxn+1’xnﬁi
. o 5 &fa
‘ S = Iim d(x x
. g . (nil*nﬁz)

= d (T_lu,T'le'xtx‘) “

whlch contradlcts cond1t1on (Ll), hence u'= Tlu ,and u

1s the un1que commdh fixed point pf T1 and T . ' W";

\

In the proof we used the assunption dhat
k+1 = T1 e ;" If, however, xnk+1 = Taxni ’ then tdd_ , ;‘*
same tesult would follow for we -would have - . .- y
\. C, ,l ' . . - . Lo T \
d(u, 1) = a(Tu,TyTu)
which would still contradict. (ii):

(i)‘We note'in the above theorem, both *

3

. Remark 2.22 :
liﬁ d‘x X ,,) -and’ lim d X 3 do exist Sinée
T (n:. n+1) o (x ]_) ’ :

‘both are decrea51ng reai—Valued sequences (by condition

m gt

(1) of the theorem) and both are bounded below by zer

N ' P —
*®

(11) The unlqueness of the fixed p01nt Es asSured un- .

11ke\the case of Cheney-andLGoldsteln[7] '}

‘{xn}- was_Cauchy,; then it would

N |

also tendfgo'the~common fixed

If thé'sedugnce

pOint. v - \o ) ) !

b 2 i 7t e =+ 2o v [




CHAPTER III

oy
@

Y

. | MULTIVALUED MAPPINGS AND THEIR FIXED POINTS ~." |

¢

{/‘, " [ ’ . oL ) L . . |
In thlS chaptex, multlvalued mapplngs and. thelr . (
K} .
flxed points will be studled Recently, attempts have . \ ‘
1 ) . - /-

been made by ‘some mathematlcxans to “extend SOme of the fix-. ~<

lu . ed p01nt theorems for single- ~-valued mappimgs to. multlvalued - L
‘mapplngsr -In|fixed p91nt theérems for mu1t1Valued map- . :_ o ”\\
: pgngs, however{ only the exisfence of fixed points has.been:  = .

establlshed In the first section, We have gi?en two par- * : . g

_ tial answers to the question posed by Dube in [12] concern- - " -

1ng_un1queness of fixed p01nts for“multlvalued mappings.

Q The sqéond section deals with é "natural' definition of a
sequence of 1terates for multhalued mappings. Using-this
aanrently new definition, we hava.been able td give exten—
sions of the fesul@s.ﬁf Cheney and Goldstein [7] and Bellucel

and Kirk [3} to multi-valued mappings.: | : T

. A . :

3.1 Multivalued Mappings and. Their Fixed Points..

« " We begin with’ghe;following definition:
A ‘ L . | l | g
Definition 3.1.1 @ Let (X,d) be a metric space, with

k] . hd

A,BC X .

~ N - N Co .~I0
(i) {A C X| A + ¢, A is closéd in "X} ;

S ¢ £ CB(X) (A€ X|A# 67 A is.closed and bouaded

t in X} . . ; ) o . : ; ' »




>

|

{in). §6x,B)

" spaces., B
pa ) Ca

- r o, S U L Sy e T

41.

= 1nf{d(x,y)[ y € B} }“'

1

&

{x € X’[d(x a) £ ;1for some aie'A‘,ﬁith3'.

(iv) N(e,A) |
650 and A& CB(Y) i R -~7" ‘.
(V) H(A,B) = 1nf{s [A < NCe, B) ‘and B 3 ‘N, A) , with

e >0 - and A B €. CB(X) } _
. . . :\ ' N,

It can be ~easily sgﬁmN\§hat H satlsfles all the condl-‘ S
tlons of belng a metrlc on CB(X) (1n fact (Z H) is a“J

generallzed metric space) H 1s called the Hausdorff

.metric on CB(Xl' It is clear that the metrld H depends'

f on the metrlc d . However two equ1valent metrlcs on X

L
.do not yleld two equ1va1ent Hausdorff metrlcs on CB(X)

[19,p 131]. . " . . i . . . . o

~

" Definition 3.1.2:7 Let (X,d,) " and (¥,d,) be two metric -

(1) F- is. a'multivalued funcfion on X into Y} if, to

every point of X , F assigns one and only one,
element of cBY) . . o
(i1) A multlvalued functlon y (X,d )'+ (CB(Y), HZ)'

.

N : where{ HZ' is' the Hausdorff metric 1nduced by d2

is s#id tombe coptinuous at a point % € X Qff

every sequence {xn} ¢onverging to *0. implies the
‘Convergénce of {thn)}. to F(xg) it - (gB(Yi,Hzi ;

F is #ontinuod& in X if it is coﬁt}nuods at:every

point of X . I T e




The

[x,x+ 1]

a

'Definition 3.1, 3°

function F:R - pBGR)

%

. defined by F(x)=

, is an example of a multivalued functiqn."

-

\
A mu1t1va1ued functlon Fo X + CB(X)

' s sald to vave a flxed point if there ex1sts X é X such

\,that x€ F(x) .

T it is obV1ous that for the multlvalued functlon
glven as an example above, every point x € R is a flxed
poxnt of‘ F . | _
CoL . ‘ . |

'Def1n1t10n 3.1. 4: . Let (X d.) and (Y, dz) bé‘two met-

ric spaces and F: (X,d ) + (CB(Y), Hjp) .

The function F

is said to be a multlvalued,contraet}on if

Hy(F(x),F(¥)) ¢ ad(x,y) for all x,y € X , with |

. 0<ac<l

" .‘, It .should be noted that for any metric space X ,

the 1sometry i:X » CB(X) .defined by i(x) = {x} is a

multlvalued funct1on. Thus fixed point theorems for multi-

valued funct1ons are generalizations of thﬁir;single-va;hedx

. ' : . 'Y
T .+ analogues. )

‘ Nadler [24] extended the Banach Contractlpn
Pr1nc1p1e to multlvalued functions gs follows:

1

"Théorem .3.1.1:
X

Let (X;d) be a complete met{}t space.

'g :.'; If F:X 2 is a multlvalued contractlon, then ' F has

- a fixed ppint.

¥




‘In the same paper, the author extended the no-

»

: tion of an (e~k)-un1formly locally contractlve mapp1ng

¢ - to multlvalued mapp1ngs. o .

' Definition'3.1.5: F:X » 2X is an’ ‘(e-)&runifo'rmly

A
-,

locally contractive multivalued mapping (wﬁe:e € >‘0 lgﬂd

0eA<1) df . v Ty

D

HOF(x),F(y)) 3d(X,y) , for all x,y € X | such that . -

-1-"'_*:

. (e R R

.
) . . . .
- . . .
. - Lo, . . . . e, ¢
.F‘ | . o ".\"-‘ . k- > - N . -
N Y M R
. . .
- .

~ With this definition he [24] gave the following::

' ‘

Thedrem'S;i.Q - Let' (X,d) be a complete €~ chalnable
metric‘space. If F X -+ ZX 1s an - (e- X)-unlformly loc* )

';ally contractxve multlvalued mapplng, then F has a flxedl

N ‘point.

y 'chehtly, Dube [12] extended one of the most

_general results due'td Wohg [31f ;oﬁmdltiValued°mapping

: ' Witﬁ;fhi§ theorem: - B ‘ ‘ 'fS
\ . Theorem 3.1.3: . Let '(X d) be a complete metrlc spaCe.

.5 . “lLet ‘F and FZ be two multlvglued mapplngs of . X 1n;o
"(CB(X) H) satisfylng. ‘ |
. . . -
v . . 3 \ a "‘

e a7 H(F (x) F0) € 28, Flc:c))*ra acy,F (y)) o

3 S . +a scx F, 20 tay 6(y.r~' (x))+a atx,y)

“,ﬂﬁ,l.__ Eér’all -x,y € X where 1,az,as,a4,a are nonnegg- : f
£ - TR ' . tlve real numbers such that o ) . s ; . ﬁgu*
” 3 \ C ¥

5 .'nu.mv:':.. "‘ .
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' (2) al + az + a3 *d,t a5 < l , 'and ) o , : L/;f
BN . . »

O ey o

and Fj have érqommon fixed gpint in ,X }'.

‘ Theq,.FI *
. In order to. prove thlS theorem, the follow1ng V
_ lerma is needed 'n . '!f : L e

\

" Lemma 3}1.1: Let F1 -and FZ be two multivalﬁed'mapf

“pings of X 1nto GB(X) . Let: xO’xlAé X . 'ihen.for
.. . .o * ? . . ‘ u' -
| each y e Fz(xl) ‘ ,

s

1. s(y.F 16g)) € H(F (x) i 160 -

~J

_Propof: For any ¢ >0 such that y € F Cxl) c N(e,F (xo}),

".fhere exists ‘z €. F (xo) such that d(y;z) But

G(Y)F (xo)) d(}’)z)

Hence, by defiﬁitiqn~of the metric H

) . . ~ . . 1 M Al h '\
. SOLE (xo)) H(F 0,0 F (xo))
| ' | . . ¢ . . .
A similar result with F, and F, .interchanged»in'thé
) y . T T . ) "\
lemma also holds true. ‘ < _ ,

. ' . J

]

- Proof ‘of Theorem 3.1.3: Let ’po be'a‘ﬁpiht.in; X . If'

‘“,Pb € F (po),;“then‘ Py is étfixed pdint“of Fp v In fact,

i

G@O’F (P )) ‘ H(F (Po) Fz(po)) $ v .

G s(po,F (p01)+aza(p0,p (po))+a36(po,F2(p0))




r-\‘

' . - - .
- \. .
cf ’ ° . . N .
' \ " R . YV Q
A ‘ * . . . N “‘
* . .
7 N

i :‘_""—'**—k “"‘T“—’:“:~ e .‘...m?.‘.....‘__-;.______, ' e, }\,_ ‘___
. N Lt e , ‘ ' R o ,
» .o B . ‘ ‘~ \\l\ . \, . .. . ‘(, “ . 45»
g Hence (i-‘a 3)acpo,Fz(po)) 0. Since 1 “a,-ag >
7 . i . . i ! . . )
' ‘ 9 ) S(PQ’FZFPO)) 01 i.e. PO € F (PO} R
: D, ' Therefore, p; €& F (po) xmplleS”that po is a
-common flxed ‘Point of | F; "and F2 R CY
v ( Suppose p0’¢ F (po) ' Slhce F (po) is'non-_
empty, let P ‘€ F (po) As 1(po) F (pl) € CB(X) and
2 € Pl(po) , for any hel.? 0 ,‘there.ex1sts a P, q.Fz(plx
‘such that - ‘ ' '
d(p]_sp.‘z)' H(F (po) F (pl)) + 5 . N '
‘ <a GCPO-sp (po))+aze(p1,r‘z(pl); *a38 (g F; cpl))
"y ‘ +a45(P1:F (po)) +a dCPO,Pl) + ":1
' -$ d(PO’P]_) +a d(P]_:P:)_) + an(pO’P%) +a d(pl’pl
e “.”‘“ **35d(P0.P1) + 51 , ' \ ) |
~ s fag+4 +a5>d(p0,p1) : (a REBLIEE RN
A S . o ' e
y o - therefore’ | S
oo I . ; a¢‘+a3+a5 | €1
r T . (4) \‘ d(p1:p2) - d(pO’pl) 2B
) ' » . 1 - 32"33 ‘ 1"32 -a\3

‘\.

" Also, as F,(p),F,(p,) € CB(X) and Py F (pl ), fo
’ ;énd' €y > 0, there exiéts h p3 € Fl(pi-' such that
o R N LT
S -d(p2:p3)‘\‘< H(F {pz):F Cpl)) + 92 ' )
| ' ’ é G(I)Z:F (Pz))+a 5(?1:F (pl))+a36(p2,F (pl))

1

+a46(p1.F (pz))+a d(pz.pl) + e,

fp—"




P

© By conditions (2) and {3), 0 Ts-< 1

~~~~~ .. [ERSNUNPUSSUS S FE— RS-

\

saa@ppﬂ+adwvmf+ad@pnﬂ“

+-a d(pl,p3)+-a d(pl,pz) + 52 S _ t. i'.
U51ng (4) we get | L | . '
‘aytagtag’ aptagt a5  e

A0 € : atpgpy).
2°Ps3 AP S L
o 1- alf-a4- .1 aa XIS .
. . a,+ta,+a Ce, E .
°o Ly S A AT I | S 2
- 1"31,-4 1-2, -85 . l-ay-3,
Procéedihg in this ﬁanﬂer énd choosing
€, = [(al+a3+a-5)(a2+a4+'a'S)1.“ o n=1,2,0
. ' ; - "\{' i ’
ta,+aye a,ta,+a.,
and letting _l__fél_*§.= r, '73———5———2-é §,. .-
- 1 - éz §3. T 1=a,>~a, |
we have that ﬁ is' a sequence in’ X \where pZn l €
épzn_z) “and - pzp E F (pzn 1) n=’1,2,. ve gy SUCh that .
' -1
(5) d(p2n_1‘,p2n).,\< lr(rs)n d(po,p1)+(r5) Frges)”
(rs)n+1xF » +r¢r§) n-24_?sgn-1.’ an@ o

16) 4@, Pyp4) € (ri)nd(po.pl)'PSCr$)n*'(r5)3+1‘ﬁ$(r53n+;*

-1 2n .

n+2 +-(rs)“

+(r5) st s(rs) 20

It follows there-

fore that 'Pp ~is a Cauchy. seduence' (X d) -is cpm-

"plete, pn converges to. a point. of X ; say. Xg .

) .
g ° : . . N




o N - .

-

o {; : . Now, ch0051ﬂg ntl to be even and flxlng n ; then "
b ‘ . < Py € F () Consider H(F Geg)sFy0,)) ’ )

: ] Do ' N . S - ‘ b

, L Bf (1) lH:(Flg(xo),E'(pn)l < él’é\CJ‘co,Fl'(xo))*l-a\ZZG(Pn;FZ(Pn)l):' .
| m ‘+a36(x0,F (pn))+a 8P ,F (Xo))*asd(xo’l’ ).

- ‘~By'Lemma 3.1,1,<as”pn_"_1 F (p ) ; - | \

ool

- (7) S(Pn+1:p (XO)) H(F (xo):F (P ) < a 5(X0,F (XO)) +

o a d(pn,pn+1)®a3d(x0,pn+1)+°a46(pn.F1(x0)) +

| a d(xoapn)

Now ‘by'Kura{towski [21'p‘ 2091, for a Fixed. A , 6(x,A)

. o . is’a sontlnuous functlon of x u"Therefore, as }pﬁ cen~ ‘ ;ﬁv
- N \ * 5 3 . . . .
. f . o verges to x0 , .we -hate by (7)

) € G Ha 0 By Gy -

.';Hencp; g%ﬂceiftal;+a4) <~i_; ‘éfxﬂ;Flcxo))ﬁ= 0 and,

. o : : . e : e Y %
‘ | ' '. N‘ow by (1), H(F (x )»F (xo)) ¢ (a +'a4_)‘a,(x;),1:' (xd)]." .

And by Lemma 3 1 £2 GCxO,F (xo)) < (a i'a4)6(x0,F2(x0)), ‘

.ixe.,i G(XO?pQ(XO)) AN ; :\ ~ A
Therefore, X, is a.coﬁmdn fixed point of Fy.

| . 'and Fp o o ;\l - . S - . _
‘ o The nost consplcuous dlfference between the fix-

.\.




L . '4 L . e ‘ : . T
T T R T N
ed point‘theorems for'single-valued functions and for multi-

hd \

| g
) B --valuedlnapplngsﬂls the absence of the guarantee of unique- .

1; ;‘_L-l. _ ness of flxed po1nt; in the multlvaIUed case. Dube, [12],
|- ¥ - in his paper asked whether ‘it was p6551b1e to alter'the
% ". cond1t1ons of . theoremlé 1. 3, fo insure the uniqueness of -
\; | ‘ | 11 " the fixed p01nt. We.give two part;algensweerto thls.fj _
| N

‘ If, 1n Theorem 3 1 3, we: assume that the 1mage
1 I ‘ . of a flxed pomt is a smgleton, then the flxed point is

the'unlque common fixed p01nt. We have the fOllOWing

i

Theoren 3. L4: Let (X, ) Fp Ly be as in Theorem

’3.1ﬁ31, If Xg ‘1s -a common flxed p01nt of F1 and FZ
¥ L isuch that F (xo) {x 0}‘ " F, 7 xq) {x } - then x0

cLo .. is the unlque common flxed<@01nt of F1 and" FZ .
' . N [

'Proof; Suppose that F (x ) = {xo} and YO -is any other
¥ : éommOn fixed p01nt Slnce F (xo) and F, (yo) are both
i ‘ . closed w1th X € ‘F (xo) and yd € Fé(yo) , we: ‘have that j
3 S . | |

‘ \°~‘l ‘,“ o ' G(XO)F (xo)) 0 = 6{70"!; (yO))
: :hwﬁn : ’ ‘1 Lo By condltlon (1) of Theorem 3 1. 3 L

H(F (xol F Cyo)) < a36(x0.F (yo))-ta GCYG.F (xo))

oA : SN

._H;.{';; ‘i iy asd(x¥l/ﬂ - \,'5  ;

Howcvgr,‘sincej ngE'EZ(yQ), ang Axd € FI(XG? it follows,f‘
: . IS N

that @ . . .
: ,or Coe S L.

c(xo.F (yo)) d(xo,yo a\nd scyo.F o)) s dcxo,yo)




L CH(F (xo) F (yo)) (a3+a +a5)d(x0,)(0) .

k . f .
A [}

* . By Lemma 3.1.1, e T e

. , R S
» - ) T ' o N S(YO’F‘I‘(XO)) < ,H(FI(XO);FZEyO)j .
, ’/*:“T}ius, L GCyO,F (xoj) g53+a4 +‘a5‘):d(x6',yo)

. ' f o
) ' @

X ‘§ . Bat singe Fo(xy) = §‘ 800 R, (xg)) - A0xg¥g)

ot
' v . l " - .“ ‘
O C R “as)d("od’o) 0. :
L . . o .. ‘ ) . AT ) T e
S A with =~ = -..a3+a4 tag <1, then d(xg:¥g) = .0 . '
o ] Simizlar{ly,. F (xo) {X,O,} :al'so _)'rields-- d"gxo;),,o) =o\
Therefore,. XO 'is the unique common fixéd‘poin't of ' F;
‘ . . - . . ' s.r - ) . . B ) ' , .
and Fz .'\\.‘ N .. N . . ’ . . f [
' ~ . ‘ . B /\_‘ . .( .. . ~ . T . | :
.3 ' . @, Next as a stcond ansvger to the questmn of unlqueness ‘ "
+ S Co. “?. E
E’ L P ;-for mﬁtlv‘alueq mappmgs we give a kind of "locallzatloxj“
[ ' )

a S " of the flxed“’pomts of one multxvalued mapplng sart1sfy1ng
et 9 "' v osh .

the con.dltmns of Theorerfs 1 3.

it - , N
R FlI‘St we prove the followmg lemma. - '
‘ ' L@n\ 5.1.2 Let (X,d) be a‘metric 'sp_ace‘ and A € CB(X).
. v IE- Xg E X - - A ; then there exlsts 3 sequence {)rﬁ}. < A
e TN
. . . : . N r .. Lo . . PR . . M . . . *‘
. e llm d(xo’y = ‘S(X():A) g . :
- n"‘°° ¢ » o . .
‘ * . . . )
(RN o Q < . ,
A q ‘
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\
f

4

\"\/\V

a

/

%,

Byltakihé: €

T

‘Proof: 73&53? A-€ CB(X) ;. G(xd,A) ‘clearly exists.

L p' Gfxo,A) = a-.. By the deflnltlon of 1nf1mum, for

‘ 1\‘ every- ¢ > -0 , there exists b € A’ such that
} I

\ [ <

-

< d,(xoi:b\_) <a+te - \I A

1/n y‘there exiggs 'yn € A sucﬁ that
a s«dCXO’Yn) < a+1l/n ;" e ' f‘f

and_By letting. n tend to'infinity,

lim d(xo,y ) ’. SEEEE // :
N> e T AN

7 e now give the followung theorem whlch 1ocal-

é@ps the flxed points of a multivalued mapplng 1n a‘Elosed

o N M

and bounded subset of X . ""*' J“
| .

:TheofemlB 1.5: TLet - (X,d) be a complete ‘metric spaQe,'

. and F .(X d) + (CB(X) H) , a multlvalued mapplng satls-

~

50.

A

fylng the condxtlons of Theorem 3. 1 3, with F --Fl Ez .

If there exists a flxed p01nt yo. of F such that for

“any z € F(yo) z € F(z) F(Yd) y @heh for eve;ylxjxed

!

a

p01nt Xq 'of F » % € F(yo)‘.

Proof Let X, be ahy}fixcd poin; other thon, Yo ° Be-

1
cause  F(ys) is closed, we need only'to show.fhat e
GCXO,F(YO)) = 0 to prove that x, € ?(?0)., oo /43.

- _ , \
N\

dltlon (1) of Theorem 3.1.3,

v

o .

For any f;xed point z of “F , we have by con- . -
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By Lemma 3. 1 1, as z E'F(z),

Thus ) since F(z) RCyO} y

e S e
for any z € F(yo)‘.

F(y,) “such that

By Suﬁstituting' zf=,yn-',,in

H(ch 5, F(zn 258 0rg P ()] + 8,6 (2, F(xg)) +agd (xp, 2)

- \

?‘ ' ‘5(]‘90.’5(.-,::).‘) H(F x0) F(z)')

*

Hence a'c;'go,F(z)).' 36(x0,F(z))+a4d(z F(xo)) ¥

a.._\‘_.\

B N, o S a d(xo,z)

and ‘as io‘éﬂFIxo) "and zFE‘F{z)_; we have - .= . :\}

o

B f?_(xo,f'f(z})'c;_(a +ta,+ag)dlxg,2) .

= . B : l. ..'\~
\ .

4

k]

‘(5.}:il .dtxo,f(yo)) £ GCXGQF(ily < 633‘F347+?S)¢(*p;23

3

Now,wby~Lemﬁa 3.1.2, there is.i;sequéncé ypb s

R 2N

. - 1 d GX’F'\‘. . )
-_w‘ﬂm(xo’}') ‘(0 (},'0))~-

(3.1.1), we get -
. ‘ N . ' L ) SN .o, g . . . -
?’ o SxgaTlygh) s 8(xg Fly)) s (a3 hay +‘a5')c.1(360,'x;1«)

—

~

. N * ! .. ‘\ ..‘ . 'l . -
Hence, by “taking the limit as ‘n +.~ , we get.

S vl

‘a(xo{i:'(yo))'s (a-3+a4+a5)6(xq*;F(Y.0))_-:.\ R

L d

( ' . \-l...—./—*-\

T g

Therefore, sincé (ag+a, +ag) <1, 8 (xg,F(yg)J=0,dnd the

R



.Also, since yo € F(yo) )

, Hence; since a, < 1, 6(y0,f(Y)) = 0 .

fﬁ%orem is‘proved.

Remark 3 1.1: If we assumed that. ac =0 in condition.(l)

’of Theorem 3 1.3, then we can rephrase the hypothé?ls of’
‘the’ above theorem.;o redd: If. YO. is a flxed p01nt of F
' such that for any y € F(?O) N we~have y E-F(y) ,-then- - Zf
'F(YO)‘\contalns all of the: fixed po;nts of F For, 1f |

ag =0 and y € F(yo) we have for any "x e F(y) s

6CX;E(XO))'SﬁH(F(Y)»F(ij) §-agﬁ(Y.F(YO?)f'a4-(Yb,F(Y)).f’
or since y ¢ F(yoj

6.1 scx,rtxon SHEDFOI) € g8 g, FO0)

N

5 (e FY)) € Hci(yo) Fy)) % a a(yo.F(m

4 TR -

, . A~ . : R .
and_therefore, ‘G(X,F(yo))'= 0o . Thus.for every -

y,,.e F[’O) , we have, for any. x € F(yj- ’ x € F (Yo) .

Hence, y € F(y) S Flyy) . Thus the ‘conditions of thepﬂxednm

. theorem -are . satlsfled, and then F(yo)

fixed p01nts of T

We can also see. in the above

conta1ns 3ll1 the

remark that .if . .

ag =0, then H(F(yo) F(y)) = 0. Thérefore aslicorollary

we ‘have the folloW1ng which-gives, cond1t1ons for the unlque-\

Y.

ness of the fixed point:

3

I"y‘




Cdroilary

15 "a;one-ty

. \

. poxnt of F\ .

u

"  Proof: If

en we have

L may HEF (70)F (v)) s"a4‘<‘s‘(}"0.F(§')) - )

‘However, a;iproved‘ih the pteceding femérk, 6(yO,F(y)) =

-

/ 'rherefore, HEE (), F(y)P = 0, dnd hence F(yo) = F(y)

¥

for any y € F(yo) By ‘the above’ remark for any fixed’
p01nt I Xgs ‘of F : X5 € “F(yo) .. Thus, for any fikei‘

point Xq Qf .F , . we have F(Xo)‘;:F(Yd) . _Sinqé Foois ¢

T 'one-to{ong,, Xy = Yo ,and therefore yO' is’the'unique : “
fixed peint of F..

_\‘ . .’ "'Q\\“ . .

. Remark 3.12: Let ‘W be the set of all fixed points of a

. multivalued mapping " E . - H-M Ko. [20] ‘defined W 'to be a

"singleton in the generalized sense", if there exists y € °~ -
v, such that W C F(y) . She noted that-even when con-

.siﬁering such a restricted space a¢ a closed tonveﬁﬁsubset'ﬁ

K of a Banach Space. X , and F a nonexpansive multi-

valued mapping,. F: K + ZK , ‘W ' was not a siﬁgletbn in the

generélized sénse. We observe.that in our Theorem 3.1, W '

is a singleton in.the generalized.sense. "In fagt, W¢g. .
< e oor v {
F(yo) , and Yo €W ., :

~

We also observe that the type of "localization®

used in Theorem 3.1.4, can alsO‘Be"psed in Theorem 3.1.1.




-

;‘-i

o

X

”

X oo d PV

‘FiX + CB(X)

that F(yoq

of Theorem 3.1.5.1f x

; 54,
. . oy

© We ‘have thglﬁollowing: Co ‘ ; . R
Theorem 3n1.6': sLet (X, dj’ be'a‘coﬁpleté metric space-and

be -a multlvalued contraction: ~Then F has '
a flxed p01nt gnd 1fthereex1sts a flxed po1nt

z € F(z)

Yq of*? ,
such that.for»any\ z € F(yo) s F(yo) , We have
cdntiihg all the flxed pplnts-of ‘F .

The proof of thlS theorem is' along the sane lings

s any fixed p01nt of F and

“

0
z.e'F(Yo) ) we have

’ f" f6(x0,P(Y0)) < G(XO,F(Z)) < kd(xo,z)ﬁ, - '
A N\

Agaln by taklng a’ sequence {X }c F(yo Suth thaf
. * t

lim d(xo,y ). = G(XO,F(YO)) we have that : . v
n+e ‘ )
3, '
é(xO,F(YOJJ é(xo.F(y )) kg(xo,yﬁ) L
By~§éking Ehe 1imit as n + o , we get .
-~ ‘ ’ -
N
. G(XO,F(YO)) kﬁtxo,F(yo))
Since k <‘l'; therefore G(xO,FCyo)) = 0',fand.'x.0 €.
. .. . : '\ . A , - :
F()’o)‘ . ' .

y

3.2 Another‘Apgroabh'to Multivalue& Fixed Pbiné Theoreméi.

We have seen 1n Chapters I and IT that the .se-
quences of successive approximatlons played an 1mportant .

role in prOV1ng the existence of flxed p01nts of 51ng1e-'

V-




‘ sequence was constrzg&ed and not deflned "naturally" as .

- verges to XxX€ X, and F is continuous, thén x iS\a;
* A . “ .

SS.

valued functions. As ca? Be seen in the proof of Theorem
* o=y < .

- 3. 1 3 the constructlon of a spec1f1c sequence was also

cruc1a1 1n prov1ng the ex1stence of a common flxed point

v

- for two multlvalued mappings.. "However, 'we .note that this

in - the prev1ous chapters. -~ : ' >

We define the sequence of iterates for a multl-

valueﬂ.mapplng Fi:X =~ CB(X) by plcklng Xq to pbe any

ﬁoint ih\ X, and arb1trar1ly taking xn+1 € F(xn) for
n= l 2,... .' As F(x) € CB(X) ,\and F(x) ~is nonempty"

for each x +in X , the existence of such a sequence 1s

[

Abv1ous.

o

Remark\S 2 1: We npﬁe that as in the single-valued case,

if the sequence of 1terates {x_}:, as defined above, con-

fixed point of F . lFor, by Lemma 3.1.1, we have ‘that .

N 1

5 (x, F(x)) é(F{xnﬂ,F(x)).

‘As F is continuous, the right-han& side; and hence

G(x F(x ) tﬁndstozeroasn*w Hence as 5(y,F(?73 is ;

'contlnuo \S funct1on of y , for fixed a . it.follows that

O <

11m G(X JF(xY) = 6(x3F(x])\=

N+

Thus X is‘;‘fixed point of F . . . ,

3 * . : .

The sequence of iterates, defined above, could

/.

¥
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"~and” F = FI = FZ . Efrst we prove the\following lemha‘

sy FO) AOLEON | € 180, EB)) S 60, B |

. From Kuratdws i |[21,p.210] we héve tﬁét

not be used in proving Theorem '3.1.3; due to its.arbitra- :
= . . S A . N .

i

" " riness,  However, we can prove the theorem, if ic= 0

Lemma 3.2gk:  If :F :(X;d) + (CB(X),H) is~a contiiuousmurti-}f

_valued map, then &(y,F(y)) islb~céntinuoug‘funétibn;of -

y € X B | | |
P -

Proof: - Let {yh} be a sequence in X converging to. y ¥
Now, . € N | ’ .

A

- :/'\\ el (yn.F(y}).-'6(>",F('>"))|_-.~ |

1

o ————

v SR S 0LEONS < 4Ly - .

' Hence, |to show|thit §(y,F(y)) is'a\contihuousifunctipn

of ¥, it suffices to show that [8(y;,F(¥)) - 80y, By

\ <
tends to zero as  n\ temds to infinity., . . ' s
2 . | \ 0 . . . .
For every € > 0 , there is a, E‘F(yﬁ) such
‘that ‘ \ . .o
. . \ ' .

\
5\

d(y,»a,) 5\6 (ypsFlpd) + e

* AW .
) \ \ -

Since” 6 (y,F(»)) € d(y,,a) ) + 6(a,F(r)) , it follows that

LSt FO) s\acyn'F‘(an IR IO RS

However, as n tends to i\nf\i‘n'ity’, ‘lim 8 (a ,F(y)) = 0,

e -




Combining (3.2.1) and (3.2.2) and, as e. is arbitrary,

o

. And hence, 6 (y,,F(y,)) =80y, F0) &

r—ﬁ_ﬁ*ﬁw o o
- - L .‘ At Vind - N
‘* ’:.
‘ * 570

° . . !

. N . Lt - - _ . . . .
.since a EjE(yn) 'énd %ig'ﬂ(ﬁ(yn),?ﬂY)) =0,

Therefore, as n, tends to infinity,

, -
VT . &

Ga2.1) LSO FOD) S SO F)) < s

‘Similarly, for ihe*Same e > 0., as above, thgré‘is a

b €F(y) such that. . . . " T
" . . ‘- . J . ‘ : . |
d(y,,b) € 8§y ,F(y)) + ¢ .

im H(F(y,),F(y)) = 0,

n-+e

Again, ‘as b € F(y)

- '_ﬁ(b;F —37 tends to zero as n tends to infinity,
. i ‘ v

' ,j>>' Therefore,-as mn tends to infintiy, -

=N

A s FO)) - S FO) € ¢

<

" we have that s

1im [6(y.,F(y.)) < 6 (y.»F(y))| = 0w
n-m?! )'n’ ‘n’’ yn_’ A )l 0".

Ihwg,. G(y;FCy)) is a continuous function of y . - AR

We.now proye the following theorem..-

“

Theorem 3.2.1: Let (X,d) be a metric space and

4

F X+ CB(X) be.continuous. Suppose F satisfies the

f.ééqdifions'of Theoﬁem i;I.S, with F = F1'= 52# 3nd ac =,

0 . Then every clgsfér point of :Ae‘éeqyenqe pf}iterates,

~

N




Y
.

T e
“defined by p:.cklng ar/y x & X and arbitrarily picking .

t

> € F(x) s .n‘.-"-( 1,2,... ,.i‘s‘a‘fixed'point of F.

- .+ Proof: Suppqsé X, is: a cluster pomt of the sequence :
’ . of -iterates of F . -Then there is a subse'fuence .:{xn ¥
- ﬂ ° . ) ‘ [ . . -k, ‘ .
.of '{xn} converging \to' Xeo o R T )
y ‘Since a =0, and F =F=F,, it is easily,
] - .shown that S PR SR o
8 : . Ca
A ) g 'l n-1 ‘ . . "
HCF (Xn),F (xn"l)) < .k . H(F-(xo);rj‘(xl))\ ’
' a, + a L -
with k=423 <1, n>1, B
1-a,-a, - | e ¢
P N - : o . . ‘
T | .Therefore, by‘.Lemma 3.1..1, as x € E(xn_l)“
S s Fm) € BTIREREGED)
S nef (X)) € KRR, B )
Thus, lim 6(x_,F{x_)) = .
] o . n.*m ﬂn’ n N . :{!
_ As Ix_ }  is a subsequence of ({(x } , then. o
Ny y A\ S T .
v e, N T BERE . -
| S U lim 6. P ) =0 o oo o
L N o A 'S o -

However, by Lemma 3.2.1, 'sﬁnde F 1is continuous

§(x,E(x)) = lim 6(x_ ,F(x_ )) =0 ;

o kel Mo My
x € F(x) . Hence the ti\eo_rem,- Ny oy
AP : ' : S "~

Next, we extend the result of Belluce and K1rk

[3] to multwalued mappings. First we need the folldwmg ¥

deflnltlon, due to Browder and Petryshyn [6] , for single-.
L | - Coa




Y

V;Ibed_funetions;~‘ ‘ ‘ EE . G-

Defihition 3.2.1 P A ﬂepping -T: % + X, wﬁere_ (X,d) is \

Ta métr?c'space‘is said to be asymptgtieally‘;egulaf on X',
A . . . ~, . \ . *
if  1lim d(Tnx,Tn+1x) =.¢ , for each x€ X , "'
. N+ ' , ) : .

o

¢, .~ ¥e recall that. T'x is the- n'l

, term of the.

sequence of successive, apprbximations.‘ It is natural,

.therefone, to define asymptotic regularlty for a multi-

s’

Valued mapping F , as follows:

H
-
‘n

Definition 3.2.2: Let F: (X,d)+ (CB(X),H) be.a multi--

vaiuéd_mapﬁiné. F «is_Said to be‘aSYmptotically regular
if lim d(xn,xn+1j‘= 0, where Xy is the ‘nth “term o
) n-+e . . - .

the sequence of iterates of F , for every initial element

~

A -

Xq € X, ‘as‘defined ‘before.
Although asymptetlc regularlty 1s a ”strong”

\

condltlon on. the sequence of successive approxlmatlons, it

»

alone does not guarantee the ex1stence of a fixed p01nt

for the 51ng1e~valued funqt;on.' Belluce and Kirk [3}, how-

_ever, have given this result; -
* a - R | .
hTheorem 3 2,2: Let (X,d) bea compact metric space and.

1et T be a continuous mapplng of X .into itself which:is

asymptotlcally regular on X . Then evefy sequence {T"x}
.coqtains @ subSequence whlch converges to a flxed p01nt of

. T .
. " ‘ -7
To o . . . >
. . . . . .
. . . .




- . e
. /-\ . N .
N 4
' . s

\ - At
- - : ’ _Now," we extend- the above theoré;’}P multivalued f
q‘ mapplngs. Note that we are assum;ng>a Leaker condlt;on‘;_%M;ix
than compactness of the whole space \unllke the precedlng
,._th_eorem. . ‘ ' '

' 0
4 )

/\ Theorem 3. 2 2: LeC> X, d) be a metrlc space and F , a

cont1nuous multl-valued mapplng bf X 1nto (CB(X) H]
If (1) F is’ asympto;1ca11y regular, and

‘(Li) there exists;a convergent subseQuenée {x }

n
) ) ) k
. of the sequence of iterates [xn} sy
o N . ! ." y -.‘ N ., .
"then the subsequence {xn }+ converges to a fixed point of.
F ' ‘ oo T S

. : s . . C N

Proof: ‘Supboge that {x_ } converges. to z E_X .. By
y Lemma 311 6(x.nkh1,F(.z)) < H(i:(xn'),F(z)-) : e

r— .. ." . . . ‘ ‘.
Hence, since E ‘is - contlnuous, we haveitharn

\ . \ . .o
‘. P v .

T

oo 1%12 5.(’(111<+1’F(-1"))’= 0. s L
. However, by the triangle inequality, we have, T \
- . i B -
\ 1 . " ' Y . . ’ . ' ' -
(3~2:3);' d(x nk+1:z) d(x k,zz +\d(fﬂk,xnk+1)
:NOQ since F 'is asymptotically rcgular, we have that ‘A - ;t_
. L . o Lo
gig d(xn’xnfl) =0 and h?ncg for any subscquence . fxnk}..'. -
lim d(x_ x..,:) = 0. ' Therefore, by (3.2.3) o -
SRS SRR IR e L ’ oL
lim d(x .,z) =0 . S - - o B
K+eo k+1, " . : o o . o .
. . f.' . . |
. A




lfor a multlvalued mapping, we have also been able to extend

Thud, §(z,F(z)) = 1§m,5(xn J(l,}F(z)) ='0;’and therefore,
. Lo o - Koo k S o

z e.F(i)-, ie,, z is a fixed point of. F -,
. : L L
As a corollary to thls theorem, we have the

b

analogue of the Belluce and Kirk theorem.

o . ' (

~Corollary 3.2.1: Let (X d) be a compact metrlc space

and F:X » CB(X) be a contlnuous mapplng Wthh is asymp-

totlcally regular on X ‘ Then every sequence "of iterates

contains a subsequence whlch converges to a f1Xed p01nt of
S o "

\
L

Proof: As ‘(X,d) 1s compact, 1t is sequentlally compaot’

and. hence every sequence {x} of 1terates of 'F has.a

convergent subsequence {x } . We now have the conditions

X

of thé. theorem. Thos‘ {x, } converges to a fixed point.of.

. k-.
F .~

With ou;.deflnltlon of the sequence of iterates

Theorem 2.2.2 , due to Cheney ang Goldsteln‘[7].} We glve

the followingwresult for nonexpansive.multivalued‘mappings.

¢ -

. Theorem 3.2.3 Let (X,d)  be a compact metric space and

piné such that

J

+ (X,d) + (CB(X),H) be a multivalued nonexpan51ve map—

AN

[N

(3.2.1) -if x ¢ F(x) , then HCE(x),F()) < 6 (,E(x))

. for eVefy y € EC§3~r-_‘

l\‘) .

; .
* e : - g
. . . . . o ) e . oL . B .0




Then every cluster p01nt ofthe sequence of 1terates {x P

2

for ;F as_geflned in Theorem 3 2.1, is a fzxed point of o

v N ‘-
F ' '

. J o A . . »

. . X

-~

LI ‘ .

Proof: Wlthout ‘loss of general;ty, we. may assume that

"X ¢ F(x ) otherw1se there is nothlng to prove._ AS .

’

e F(x ) for n= 0, 1.2,... we ‘have’ by Lemma 3 1 1,

w , ;
o scxnﬂ,Fan 1)) H(F(x ), P(xnﬂ))
. k . . ‘:,', R . . . Q’ ) ‘ I | é* 7
L and by (3.2.1) , ,.H{F(Xn)’f(xn+l)) g G(xhystxn)) .
\ : o M ' Lo T . A W
. . ‘ ‘ ' L . N 1. L, . oy
,Henge §(gﬁ%1,3gxh+1)) < 5(xn,f(xn)):.for‘.nf 0,;,2%;..
. i.e,,, Gfxn;F(x;)} is a nonlncreasing séquence of non-
| ‘ negatiVe real numbers. Therefore the sequente'{ﬁ(x JFxgy ))}
' 1 e f' has a- %}mlt. Slnce X ‘is compact and hence sequentially
f }, a '2_‘ compact ‘there’ ex1$ts a convergent subsequence .{xni of‘-
o : . . K . .,\ s Lt ‘ . '_ * . o .
. : . '{x-n} . Let ‘X'n' ,‘-cqnv‘erge to ‘u_ . Now,' ) T ;
- S , k K S ...TM I o
e - S F@) = e s JFeg ) -
[. . | i : ‘- - . ) ( ’ i k&w‘:, ) nk’ nk g a . . : | .
o I N
e lim, 6(x F(x )) . w ~
. U onee o , j» . B
- Lt L S L k ‘
-~ "‘_ ) B .= lim 5(xn+1)r(xn+1)) S o '
. . , .7 . new ) P
‘ - . ’ '4 ’ 2 .
3 " ] “ . R ‘% l]ééll 6.( +1’chn +1)) |
{ L Aﬁain, since X is compadf, the sequence {x k+1} has. a'> -°
.. ' convergent subsequence, say SN o “ -
Sl ~ o . o Iy )
N o " 8 S N o
. . ‘ . . . . . s .\
3 /" ) :
{ . - - <

. .
AL, A ot - e - et L




\ LA . . ) .. ' " . ~‘ . : - > A, - s. o
?\-P ‘ ) - _ Since F_ is nonexpansive,  it:follows; by Lemma

: N T T e 43; A " R
- : . : ‘ . PR oL ST
P, . . . . . P r~_

A i

4 TR S SRR HF (g, ), F(0)) € .dcxnk'?J \ ;
k - / ' . - : ; . . ; ‘ ' i
R T Therefore,  yime 6(x +1,F[u) 0 .
. ‘ y o ke k . I
.gnd a's such_,’ 11(12 G(ynk+l,1;(1\1)) = o -
e \ If {'y -Ff} . conve‘rges’..to. s, K then ‘5(1! F(“)) _}f' :
| ' 11m §(y..- +1,F(u~)').“="-0 R ':i‘.e_,, u 15 a flxed pomt of F . )
' ke nk W " :

g N ., LA : Lt , i L4

o ‘ - 1i = vy4u. .Th i"ei"ore;, vim §(y. .1,E(u)) =
| sumese liny, g = via The i F”n.kﬂ'-‘ 27
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