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: FREZ ‘INDPQTiON DACAY - IN DEROLAR SYSTENS, -
e ' o . ,‘.gb
¢ ' . « A method of approximation is used, in the second
derivative ‘of the free induction decay function .F(t).
,asrapplied to, ‘a crystal with magnetic dipo]?e-dip:)le PR SN
. R eractlons, in the high- temperature llmlt The
‘:;oxlmatlonqls used in lowest order of X(t) and
. - the results are compared with those of Lowe and Nprberg,

. - 'who use)c} the same appré‘xa,matlon to much hlgher order,‘
but in the function F(t) 1tself., The sec&nd and fourth

N moments - areshewa——to be exact in thlmatlon.

© i - f ' -
-

o Dart of the theoretlcal expresslon for the fourth

: moment is~ shown to vanish 1dent1ca11y. by u51ng' the .

. . o

o : symmetry properties of the tra'ces concerned Thls .

2
. . s .

. reduces the calculatlf/tlfme for the fourth moment

AT -

e ' ’ by a factor’ of about “two.-
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/
The fre@ 1n&uc§10n deFay (fld) of the tra sverds

* - 4

[y -

- magnetlzatlon in aggépdlar coupled'rlgld lattice is aﬁ\\\

important problem in magnetlc.resonance; it, is directly:

[ o

~ l= v . T .A“ . "
, related, by a Fouriler transformation,-to the magnetic resonance .

" line shape. The many-body characte?. of the,;nteraction

.

Hamiltonian is spch that the problem has not yet yielded 9 : s

< to exact solution. For this reason, efforts have Been RN ’)7
. * o . ‘" . \ . ~

) concentrated on findin¥ moments .of the resongnce line. The

. Tirst 'successfull attempt at such calculaﬁioﬂ was performed"

\ A3 o~

it -

—_— by"‘Van,—Vleck1 1n 1948, who fousg-expres31ons for the 2nd

énd 4th moments. Recently Jensen and Harﬂsen2 in 1973," —

u§ing computer technlques, found expre551ono for the 6th

s,

SN e
and 8th~moments.\ : ] - -
4 ' \\‘ A | -\
Attewpts to find analytlc expre831ons for the B <\

fld ,range. from the trial functlon approach of Abragam”,

3 -

. who fits certaln parameters to the first few moments, to
thé/zowo 1nd NaigergL nppronch, where the starting p01nt _ .
is the exact theoretlcal express1on and certaln approx1— ‘

matlons are Lntroduced.\ Other names assoc1ated with thls R

6

problem are: Evdgns and.?owléss, Betsuyaku - Kubo anmeomita

i ‘ ‘ : ' : 1o
.Goldburg and Lee, Gade and Lowe? and Clough and McDonald. '

.o . +

Qur testlng ground for the various exmressions is the

dipolar mégnetic system CaFZ, The fluorine nuclei are



A . . . . N
& , ) N : . ' - 'S
. -. " . L\ i o Y o ~’. - 2 . -
) ‘ Tt magrietic, 'Kith I=%, The ‘first 8 zeros of- the fid shape \ ©
. 0. oo

' are known experimentally to hlgh accuracy.li‘ Another tesﬁ .

. of the varxous theorles lnvolves cbmputer simulation technl—j\ )
: ' \
Q«ques.z The, varlables %n these comparlgons are the/élrection

of the external ‘magnetic"field and the §p1n of the 1nd1v1duafL .

.

- [ (‘L , 4 . »
’ : ‘nuclel. ] _

. 1
. . .
. . . - V. . A v “ |

Although aﬁreement betwecn the various theorles
N i

and the CaF expé/lments has been gobd, yet tﬁe problem

cannot be ‘regarded .as satrsfactorily solved Only the
3 o

first ﬂew zeros of the fld ‘of F(t) can be fltted.~ _ }

- . »
- N -

T . OGr approach to,the problem has been to examine M

a

& L4 \ . . -
. the consequences of making Lowé—Norberg-typeLt approximations
S0 : : L : . o
\ the second derivative F'*(t)-af the fid, rather than-

LIRS o N .
. A L3 - . i . ,

| . "Tin F(t) itself.’ In this scheme, as in that of Lowe and

7 Norberg, it is possible to Aﬁﬁify 1mmed1altely whether:

+ the! fﬁ%uhtlng moments are the exact ones; this follows
- from the relatlon between the moments and the doéfflclents
of the powersoof t in the small t expan51on of F(t) When , ' :
'the flrst two terms 1n our Lowe and No@berg—type approx1- ' ~
", .. matiom of F'' (%) are retalned, 1t turns od% that the N ﬁ\"

s

second moment M2 i exact, but the fourth moment.Mu, does

»
” . « ©
.

- not, correspond to the exact theoretical expression for M.

It was cleer that this developmerdt would not be ran improve- " '

ment on' previous thgories (at this stage) unless My, vere




.:. k- ~..‘. ’ > \... , " ‘).
reproduced .exactly. Rather than continue .imrhgadia‘cely to

a ‘hj 34 er*«stage.of approximation, 1t was decided to multiply’
t) “by

our ‘approximate F'*( exp(—M[/ZMz)’ where M} is the

. A

misging paryt of the fourth moment, Then' both M, and M,
S ‘ i . ) - /

would be given correctly. R oo .

X

L

-

involving many commutators and tracesa. The end»_resuit of this

. s , . )
‘work was: M = ©, That is, our second staf€. approximation
L < ; \ -

for."F' '(t) did indeed gi-ve"l\’iu correctly, It remained. then
(1) to compute F(t) ‘b:y doing the douﬁ‘le integration and

(ii) to :explore’altérnative met}%ods of obtaining the rés"&zlt
ML'y = 0., We :i/aluateciﬂ‘F(“t') fo;‘. the s..impl,e cubic latFice' for

the static magnetic field.im the z-direcﬁfion, " Our results

' are in good agreement with those. of Lowe and Norberg
for t €25 micro-sec. This indicates that further termé in

the appréxima'f:ion must be co‘nsidefed. The problem oflfVIé = 0
. ‘ '\! . .. .

wasisoived us ing rotational' sSymmetry to,show that certain

traces vanish identically. - oy

.-(@ / . \ .’ . rﬂ -
.In the following pages, Part A, describes the
RS

i

¢

" resonance pheno'mer.lon and the.relation betieech susceptibilify ’

. ¢ A

.. and_absorption. "The Method of Moment® is discussed and - *
'app/nl}gd to the‘transvers*e magnetization, .‘(.;he free induction
decay, -when dipole«-'d“ipo,le n'.inyeractiqns are considered.

. o

The direct evaluation of Mf‘/ is very time ..consu'rﬁing'.
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Thl? is. followed by ‘a brlef summary of some theorles and

<«

@
"their approprlate approxmatlons. Part B shows ’che . ¢
N ‘ ‘
appro r:Lmatlon mtroduced in F' (t) leadlpg to Ml&' -

o symmetrx,gconslderatlbns are. also 1nves‘t1gated 'I‘he in-
tegration is clearly shown leadlng to the functlon F(t),
which, af’ce%‘ some hand calculatlons. were fed :L‘nto the .

e
compu'be-r. The shape of F(t) ‘is shown and conc}usmns
are ‘drawn., “ /
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_‘ . » . . 24w THEORY OF MAGNETIC RESONANCE

P M ¥ , - r ’
.

. . 1 ‘ . 9
' 0‘\ . . . : ¥ = . . °
2.1 Non-interacting spins. . -, . - . "
. . . s . N
‘ . vl A . » «
R ‘ . ) . . -~
T, ) R L o) . Y e ’ y - .
" . A spin "I" will interact with asstatic magne, . .
- N .- [ \ . - B - L. ) LS
v tic field }‘.{o'through its ‘magnétic moment . - . +
. ' ' . ) ' ' et \ ’ ’ - . '
e N VM =Y Ir. e oo - {2.1)
N . : whereY ds. the gyromégnetic ratio.. - - . . .. . é -
S . . h - ! ) ' -~ ’ ’ \ . .
i The Hamiltonian.is 'simply . ) ) <

¢ N . /~ . . . ) .. ' R . -
L T s P S (2.22) -
v ‘1‘ . . 'ﬂ ~ ‘~= '— r‘hz.HG . . ‘. - . . ‘ .(2... 2b) .

v i

| I €5 ) in‘"the 7 dikaction, © = . . :
’ LN - Lo 9 ’
! R . . = _Y' ~ ) - . .
. \ ¢ .. . ‘%. hHe, Iy- : - :(2 3)

‘I‘he oew gc,"lvaluesn of( thls Ham:.ltonlan are essentlally pr%nortlonal to

)’ o the elgenv"alues mof I, where m = I;(I- 1).... -)I)~.. o
P ., . . By ) , . , L %
i ’ 1 e..'Em= —VhHg m .- SR 4 - ., (2 4)

- 15 \ .
~

For ex'ample 1:f‘ I=173/2, the system has elgenstates glven T /
- i no. . - / & '
b’ ' C by the folllw:mg ene;.gy-—level dlagram ( assum;mg:*>0 ) I

e - The 1evels are equldlstant with aspac:mg AE =Yn Hp, . -
: _I’ S’ e . _3/2‘ - B : . . .q’

PN . . Jo ‘.. . " N R .n .\ _1/2 ‘. .t Y . .

o S T R R
. i . . ‘9-“. - - L . .
/. .- ‘t ’ . \— 3/2 o ’ ¢ ) el .:,,
g . %, > T . r , v .

N m . i
! » . . ‘ ‘\'{- . \ ) . - I e ,
* These ,~;l:e\r_els' c‘a;n ‘be %ete'cf’é'd by- applying :_a.n’ oscillating - _

o L ‘
1 . . ~.
. ’ s . N ’ ‘ ’ - . wl, \
1) - . N .. " Lo
N N . . e P -
‘ ' wg ] v . -
’ b » B " A
’ ' l ) . i ' " % ‘
- f .
. 3 . v
: » wot e . .
- . , t@”ﬂ'} e N': :
& X
. » Y
. . & ¢ N .
- 4
» ‘
.9 . DY f \.f
. . " .
. - . .‘ @ -
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maﬁnetig'field whi&h will cause transiéi‘ons. . Ener‘gy is
-¢absorbed in the process, To satisfy cohservation of ehergy.

:

this’ osci‘liatirig,_f,ield'mﬁst _ﬁa»ve an angular frequency ¥ such

'thaf the di‘ffere’r%e in ‘energy beétwéen initial and final -

‘ Z@emah states' is giveén by Ep > E; .= hw . The associated :
’ﬁamil'tonianjﬂp rt must"h-av'e non—van;.'shin:g' fnatrix elemhents d '\
between these states if a transn:lon is to occur. In our, L'. .
cas,'eﬁ» ' ': ' , . | ', .’ . ;

| %perf =‘-—‘f’hﬁ I QOSu)’% . B °(2I.5)'
* : ¢

'I‘he matrlx element ‘of the operator I between an initial

‘y 3

RN
o

A State m and a flnal state m (m'\I |m), V\ILS};IES unless

-

m' = m+ 1 o3 1 e., tyansn;lons 0cduY only bgtween ad;jacent @\3}\ ,
Jevels. Thus, ,absorptlon w1}:1 take place only for the ’

frequéney w given'by hw=6E = f@ Ho e g CL

f
L) . * . - - . X °

’ - A .-

» - - R . - . , . . b

** ' From the foreg01ng we conclude that for thls

-

$ei

simple’ model we car;\compute the- frequency needed to obsérve
the resqnance pheno&e n if we know the value- of the

e gyromagnetlc \ ratial Y.

e

.;"ei ’. for l w b o YHO . ' ' . we . . ' ‘4 . (2-:6')""‘ LN
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' gﬁz Macroscopic gffect of an alternating field . /l\h_,/
' o <o .. : ) .

-~

., , & r .

If H (t) = 2 H1 cqscdt: is used, it could. " R
be analysed by breaking it into two xotating components, — - -

each’ of\amplltud%’Hl, oneé rotating plockw1se‘and the

othef counterclockwise. This situat}on Wéuldube .
‘describedjby\. ' o ., oy
s l aQ ‘ > . ) h

A

‘1;{'1(1:)@t Hl( i éos&%t + 2 sinh&f) + Hl( 1'cosugt,$ i sinugt)'(2.7) '?\

2

At
-

where';ﬁg ié'ppsitive. The second term can bg neglected
near resonance. ,The spifh will interact with a combinafion
of H, (t) and the. static-field. Ho ='15 Ho. We are interested
. fn the éqqgtion of moti?n of %the spin in the fiéld (Ep + El(ﬁ)).
Thus o o L ' T
LY+ H () ) . e

1

F
. CIF -

'\\

One can eliminate- the tlme dqpendence of Hy (t) by u81ng

a coordlnate sﬁétem rotating . at frequency ul In,such a g

[}

coordunatc system 51 and EO'W111 be statlc.: The.hét rbsﬁl#

.is:a static field ) . ]
- ) N
>

} w )

Hogr = K(Hy- ) + Hy 1 oo (2.9)

L. 2d '4 . - - i ’ : . “
In the rotatlng frame, the momentiﬁgts as though 1t L
experlenced the statlc magnetlc fleLd H PY TN . . \_

' . ( _ ‘r . N f

-(v r . P} R

~r

a ’ ! L]
—e N :
) 9 . R . . EY
- r L .
. v ’A
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As a conséquence, the moment: preceéses (\4n the rotating

system) in a tone. of fixed angle about the “direction of
Hepe -at the angular fr:e\'quency Y‘Heffa‘ At‘fe‘sonanceul= fH ,

H1 i, .and A will precess in‘the yz plane, re- .

v

- 1o Hope =
maining perpendlcular to l{l' I1f 1{1 is applied for a short
time "tv;"» ‘bhé moment wil\l‘precéss,througpan angle : e =
YHltw. If 'tw is choosen such that o =TV, the.i)ulse
would simply invert; the momen;c’( called 180 dé{?. pul"se)“
Bltt it o *-“/2 the magnetlc moment is turned from the 2.
dlrectlon to the y dlrectlon. uBy tur\nlng off Hi" the
moment will then remain at rest in the rota‘ting frame
and‘will precess tin the laboratery in a plane ﬂorfnal’ tae
};I " at the f-reqﬁency Y"H’ As a resulf’ the moment w.:lll
~ produce a flux which w1ll alternate as tlhe spin pjcésses.

. The resultant 1nduced e.m.f. Gan be observed. But the

e.Me f. will not persist for very iong, since ‘ché inter-—

‘actlon of the spin w;Lth 1ts surr‘oundlngs cauSe a decay.
The :mteractlon of the precessnlg sp’ln w1t;1 other splns
'and the lattice carrles gway,the enwey absorbed-from ‘

‘the .alternating field.




"< 7 2.3 . Power absorbed from the os‘cillathing magnetic field

r

i

- v
Voo

A, rriaénetic field oscilg.&finé in the x d";r ion-

is applied to a sample.. Ne may express the -alternating _

L]

field as N . ‘ :
"P.H.=2 H, coswt ' i N(Z.l())

where we ,con;sider Hx ‘as the real part of 2}{1 eScp iwt,

. . |
de introduce the complex susceptibility ) : 4 \\
o | 7<\‘§,.X°-' X . 3 l LT (2011
\\\ ’ . . , ) . '9 » i é
N . q%'
N (] N
where X andX are real.and X= 7((“’) l ) <« a
| Ne define the comple;& magnétizati-on as M, ¢, -
rrom the’ deflnltlon of ‘che" magnetlza‘tlon we can ‘then wrlte: |
1 Wi 3 ) ~ Y .
"m S =X(2 Hyexp iwt) - ’ (2,12) .
i Co . "‘?,7 ’ . B RN ’ '
" The real part of the complex magnetization could then! be ‘ b
written as: . c ’ T . ol
My = Re M ’ , |
= Re()( - 1)( )(2H cos w4 12H1s1rrw\) _ ('2..13').‘. ','.
- M;( = X2H1cos wt + )(ZHisln wt.’ _ o (2.14)

oo

Thé sysxem‘wﬁl absorb energy frc}n the oscill}:t\i_'ng field. -

6 . - - .
.



i _ ' -
» : o] |
'\ . The rate at which energy is absorbed, A(W ), .averaged
' over.one cycle is: ‘ v .u
| o | 277/ | o
. o - . s w- 1 X . . -
- . " - ’ :
Y ° B . é (NL = ",-)—‘.T H QM dt - . gwlS)
S / T . at. L ‘
- A ' ' ' ) ’ o ZIT/UJ , . "
. i ?
; : = an J(z}{icos wt) 4 (X2H cos wt+2H;sin wh)dt
i-e;" - ' ~ L4 3 ' ) - . ’ '
s 4 : L \
' AW = 2 12w (W) . L (2.16)
P ° ' \ . \ A
. S ) For the noh-interacting case consgidered ¢n page 5,
A( w) = const S ( K - W) whef‘«é‘w.'?ﬁ{;r—.%en there are }
'intera'cti.ons between jbhe' nuclei, pne @xpects A(w ) to be
. +  peaked near W -——(l)° as in fig. 1, provided the inﬁgraétion. ;
‘ terms are small compared f:o the Zeeman terms.
N
» w \E
LY . . P 1 -~
- ; - o .
o / /'"’ -




‘®

2.4 Microscopic treafment of the absorptlon /

H

12

FREEAN 4

R

e In this sectlon we 1ook for an expresslon .
3 ., - '

for A(W),. Sf;lce the al’t\ernatlng magnetlc fleld couples ', K o
to the magnetlc ‘moment; /"k .of the kth spin, our perturblng ™

2

T

Hamlltonlan will be: r o

?Gf;ert =-3 /Pty coswt . (2.17a)
. [} N t‘?h , . ) ‘\ ¢ >
. ) . - R
= - M_2H, 2 cos wt *. - (2.17b)
where m“ ' -
L oMy fg/‘;’ck o ) ' \ ) ’

In the absence of the perturbation, “the ‘

Hamiltonian consists of ‘th{;p interactions of the"spins with -
oot 7 . ¢ ’ .
the exteérnal static field, and of the coupling between spins . o

-

"j and k. Thus o o, ) ', \ ]
Ho=od Mty v 2 e (2.28)—
, " w S L

C O co \

) Denote ‘the ,elgenvalue;y of energy of this many-spl ‘
Hamlltgplap by Ea' Eb,-,.wn:h correspond,lng many—sp n wave ) _
.functions |a>ﬁ", jb) seu o BeCause of the large number o, e :
of degaf;ees of freedom, there w<11 be 4 great num er of.
energy 1evels. ‘The most general wave function will be s
a Ilnear con;blnatlon of such elgenstates.; , g

\IU %e |a> e -iE t/h | ; (2.19)




\ ) S .
L o v ) 12
S / ‘ PR

" <
where |c, [ glves the probablllty of flndlng the system
;n“he elggnstate ‘a’s s v : .
i

i.e. pl(a) = lcag? .e/ ) ‘ (2.20)

At the%mai.equilibrium d11' states will be occupied to '

some .extent.~ The probability of occupation p(a) is’

given by the Boltzman factor .

€ . "" - : .
p(E ') = exp(-E /kT)/E exp(-Ec/kT) ' : (2.21)

The denominator 'is the partltlon func 1on denoted by ngn,
¢ " o

The sum over Ec goes over_the ent}re igenvalue spectrum,

©and it is easily verified that ,
A ' | °. . ’ ,l . o .
E p(E;) =1 : SN ~(2,22)
(=% v - “‘, ' b ..‘ .

Let Eéb be the raté of energy abﬁqrption due to transition

between states a and\b'g of the.entire systemﬁ'then

Py = h“‘wab ( p(Eb) - p(E;a)_) o ‘ (2-23') .
b . e

where.W ab is the'probability‘p;l unit time that a transi-

t

tlon 1s 1nduced”from?a to b, if the system is’ entlrely

* . )
ba’ o '
Under the perturbation Hl(t), ab is glven by Ferml s ’

in state.”_“ initially; hw= E, E and W =W

Pl
*

* For the, r.f. inducding transition probability

-—



golden rule:

_r_r\ al“(t)l >\2
%

1

o - E

b

;ﬁw)

- (2,20)

P

-t

By substituting equation (2.24) into equation (2.23) and’

A ‘: z;ab

Ab(Eav E,)

qr using equation (2.16), ¢,

- -

_ 2
= 2[Tu H,

EaE,

Substitdt‘?lng' (2. 21) into (2.26) and using the high tempera=

' expressmn

)((w)— W

kTZ -

"E, 3By "'méans that as long as E_Y Ey
glve absorption because of the délta function.
this restriction ( E Y E,

10 negative Ww.

Z_ Ea/kT\< |M Vb2 S (e, - E, - Rw)

E5E,

o

~~ .

Wf(w

. energy,abso_rbed'A(o'd) we get:

¢

) ’
S

L3

v
L

© summing over all states with Ea> Eb and eguating to the

!

! 2_. : " ; Az : , _
-)((w)=—n pr(Eb)-g(Ea)mau L8| 2 §El-E; -ne)

v *

" ture approx1mat10n, i.e. E Eb«kT we get for )( (UJ) th%

)

Y (e -pE ) M) D)2 §E,E - hw)
EadEy

(2.25)

T (2.26) .

N

- (2.27)

only positive o will

[
—t

ol -

) extends the meaning ofX(“")

Removal of

Then definihg the shape _function f(Ww) by

Ny




. 14
‘ - .
‘ - S N . s\ ‘
» I' . * ' ‘
' we have: o a : . ‘
) \-—— ~-E_/XT . ) 2 . . 5
_f(vd} = /e a7 ‘4a| M | b)\ 5( E - Q - hw) . 529) .
¥ ~a,4 e :
. . - . A(®) is.obtained from.(2.27),(2.28),(2.29) and(2.16)
The shape functidn f(u)) describes the spread of the ‘ "

Larmor frequencies among the various spins. The tlme )
dependence of the. ampl'itude of the prece351ng magnetlzatlon. o
'obta:med after a 90° puls*e, 1s descrlbed, by the inverse FO‘QI";L{

. transform of-the shape functlon G(t), and may be measured.

experimentally. ‘
d:: ’
' -
- . s ° .
. - . ’ ¢
A ; .
‘ 1
] r i ,‘
N , \
- ) . ' ) ! R Y
. . . ) ,
- 0
% ‘ ‘
.
. b e )
.
] 5
7/ ; ,
: ‘ x Lo
: - e
4
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2.5/ Defi&ation of the Moments of vhe Shape Function

— 3

* From eduatEoQ (2.29) an% using the integral - '

\ - N
.representation of the delta functlon~'E_5 K g
.o c 400 .',o'v‘\

T(x) =-1 | exp (ixt) dt - N <, (2,30}

’ 2“ f L4 \ . )

— - ‘[’ ) ]
and’ by putting - A 1 ' . . !}
. - y ﬁ\ s . .

M (%) = exp(iH+/R) M exp(-idbt/n) . 1)

» R , K . . -
% | . v
v .

. “ , ’ ° i .
wherg){ is the ‘total Kamiltonian, we get:

C At . \
£@) = 1 f e (e e 1T lag 3 (2.32)
] ~_ RKTZ ] . . : . !
- ol T . . . l‘
Equation (2:;2) states that f(w) is given by thg&Foﬁrief -
transform of the correlation function | T v
. o - . h z.‘\.' ” o !
) . . B . . \‘ v ' ‘.
.o Tr ( Mx(t)Mx).s G(t) -l \ (2.33)

: . \
We _are interested in G(t) as well because it can pe
i <
measured dlre?)ly andw%hus has a phy51cal 1nterpretat10n

(see Sectlon 3.4, on fid). Taklng “the Fourler transform

»

of equation (2.32)..

r ‘oo - . .
(1/2kTZ)(G(t)) (1/2T\') £{w) ei—“’t',‘.dw } L (2.34)
' » v ] .
—— -’: . . . )
. ’;‘.

¢



. a
v

Y
O
v
.

;o . .
- Substitutingfequations (2.36) and (2.35) into eq'\/xa'tion

’}-f:is then . - A

. *
———— " g

Y T —— e

. Ati5t= 0, we get IR S RN
' (1/2xTZ) Tr (M, (0)M ) = 81‘/,211 )ff(u.))‘ dw . (2.35)
ﬂ\ . L. 2 - .’ i * .

Now, tak:mg the nth derlvatlve of equat:wq‘(a.jlt) and then

putt.mg t = 0, we get: _ - -
. ' > g y ! . . -
n “. . o )
212 ’ gt Tr(Mx(t)Mx)tr:C_J = dw (2.36) |
. ‘ * o *a
*I‘he nth moment of a shape function is deflned by, - . o
! b o0 "o . - '
/ . 2y . ’ "’ ,
T f(w) duu . v - .
<<o >- - - = (2.37)
,{ [f(u-‘) du oo ]
a ’ -' L] I “ .\

(2.37), we get: . o ’ . o _ ‘ |
N | . | <
Cany i ‘-Sdn/dtn) ‘Dr(Mx(t)Mx)]t=o . (2.38)
o ST (mo)my) Y

sy

] ’ "

The second moment about W= 0 for'a general Hamiltonian

This formalism provides a simple method for geﬁerat:‘mg
"expressions for the higher moments. Note that the odd

moments vanish. . - . e.



3. INTERACTIONS BETWEEN NEIGHBORING PARAMAGNETIé IONS

.. \
- 4 . \\
8§ -

]

j 1 Dlpole dlpole‘Interactlon.

[N T
. - .
. - f \
. . ,_.,-X‘" - - \:
1 .53\"‘ N
3 ‘ Wlth no intefactions, f(w) = C S(UJ—GUJ but
L o magnetic dipole- dlpole interactions between paramagnetlc

'nelghbors‘broaden tﬁe line. This broadenlng depends
S upon "the spatlal locatlon of the neighbors, and on the
rela%lve orientations of thelr magnetlc moments. The.
‘*local field at a,particular site due to the magnetic . "
éipelar interactions will take on values from near zero
rest-neighbor

*o several times a pgpjcal measyre of th

‘. = dipole field, which is ,J ;‘0-3 where r

nearest -
'neighbor distance'and/g’is the'Bohr magneton. The iine
shape, theng reflects the distribution of these dipolar

“‘flelds, and will have a w1dth comparable to, or greater,:

,/than, ‘ rg'j. o : ‘

b ! ‘ 3 - g * - '- "
The elassical interaction energy E between

' two magnetic moments /E and /3 is -

B | ,E>= S //ED - W ey T (3a)
\W ‘ ‘ ’ ' ‘ co8 ) . ‘ ' .’ .:u

where r is the radius vector between,/i and ,/5 yiees -

> ~

« ™

( rlu = rz—irl). " For the quantum mechanical Hamiltonian
¢ ~F s e ’ . '




/‘i and #, arg to be treated as operators. We know that

SR ‘ o .5 * :E4..A‘T - e ‘ /.
M= fholl : - - ) , 13.2a)
and = . W ) . . . _
. BN 4
“ /f‘é: L | o ‘ (3w
: O ‘

oA ' . , -

_ For a sample with N spins the dipolar Hamiltonian becomes: §«

V4

Ng . L . SRR
T o= 3 VIEA /rd) - 3SR e/ (33)
o d 2___ 1 \i%k jk ARRED -k_«—jk jkiv-se
J=t K=o .

~

" m *
. ]
. .
. ,
- * A -

3.2 The brhrica,te(i Hamiltonian

13

w'riQng the Hamiltonian in'a form that is 'par“ticu‘larly '_ v
i - )

convenient for computing matrix elements: . ' 3
..}(,;‘!5-395 (A+B+C+D+E+F,) ~ (3.4) ¢
V\‘rhereil'?"'/' v ‘M ’ | . "'\ T
A = 12?[22(1 3 cos®8) . ‘ . 4 . : R
B = t-i(Il 12 +1:1 Iz)(i-BCos e) . | “"“’ \
c = -(3/2)( 11’1221.:[1211)511'19 cos®’ exp(—?ﬁ) S\

Br="~(3/2)( I T+ (ilz I; ) siﬁ?'cqse-‘equ(i?f) ‘ @’i‘/

=
i

~ (=3/1) \II/,Izsinzﬁ exp(-2id) "

A w . \
, - .

F= - (B/Li)IiIE sine exp(2id) .
L. .
» = ’ :
/ \;' . I -
- .( ‘2. . / | ™ . Al



' d,(// YZ L-3cosze ik R
Ty oy (e ). 0

;5

-

L

Note:#?%?/rB cqéresponds'td'the interaction of a nuglear .

smoment with a field of dbout 1 Gauss, whereas the’ Z&eman

Hamiltonian - S - \ B
| ¥ ;*-7*n H OI,. - X nH I, 1. (3 65
2 ' o "1z 2, 0o 22 ‘ | Lo

corresponds to an. 1nteracthn with a field. of 10”Gauss.
T It is, well known12 that the'g%fect of the terms c,D E,
and F is to give absore?lon near " 0 " and " 2|J°"
1E¥here the peaks at zero. and 2¢d are very small and may.

bs dlsregarébd fdr our purpope we drop them from the

36; ¥ 2g1,j . \'Q' .y .- R . (35%)

0

v where . : b
( -Y=n H, %5k ) . o - (?:89

énd

%
-}(J ="'.
<

1 ‘k
)K‘ ) ’ . : e
ﬁ ‘ . T ; Z %
. . . .\ ,' ‘ —— . .
36 andgésmmmute.}st called the. truncated Hamilton 1an.
i t . ’ . ! " = i -
] s " . , ) \_; :" _t - * .. - ‘. ' .
(» gjk is the-angle of Ejk wiih the z axis : IR

. - toe e . ,




L - 3 3 Relatlon between correlatlon gn;l reduced au o-correlation

L] . . ~ . -
R functlon. . . o, ¢ ... &
L. - —~ @ : - . . ¢ ‘-. ° , -
‘ - . ' - ) / . CLe
- ° . . . - [ S, e .
P k) i, \ . . .
« @ . Consider | . ‘ » L .

. " . . 'Mx-(t) - "'exp(iaﬂ‘b) M, Jexp(ri)(»t) ., .
. : ' PR & NI
- whereft = 1" s . -

e N . N - T
R C B = exp 1(36i,+16,)_ Mx' exp -1(fg+3‘6) (3.10) :
- - - o . . . . . . o . .
., from equation (3.7). : o oot
. T . ¥ L . . 'J _’.
B . fSince d(é,andaﬁl\ commute,.and = | ' . , .
’ IR ( ‘ ‘. ~ ' ":‘ i . . - . \{7 ' (
FYEN L. . - ‘ '
UE 07z : R N "
. \i\ =T Wl o - : . :
hen - - . Ty,
3 . o ¢ -
_ M (t) = exp(iIG‘t)(chos Wt + M sin -J,t)e,;cp(-iaﬂl‘t) / . (3.11)
‘v ‘L‘l" ; . N T . - 7 . y R ) |
" where{we -have used “the iden‘titylzt ' LT V! p
: .l '.\“; '/\"s‘\ o . - ] . '. * . ' . ‘
. e3(p(-g.Izﬂf)_I.£exp(J'.Izﬂ): = Ixces g@-i- IySh.‘l g ‘ ~ (3.12)
. SRS SN S \ /
! . . b ' 'f -‘ o ! ' - ;
« Now - s Y, . L

N o G(t)-Tr(M (t)M) - ' ~ o \
-t \f.?: cos ult Tr{exp(lblvt)M exp( 136 t)M } A . o 2

"'\‘ . | B e * + sin ot Tr{fexp(l}ct)m exp( 1}41:)M} < - (;‘.’%3) >
P ’ ¥ \ R . : . .

3 .-

._ .+ The second trace on the right-hand side- is zero, as can -
- N .) -
Sl 9 . A

- S S ' N
. S : s L
‘ L} [} v . B . B -

¢ N




. © " be seen as follows:

Pe:rform a 180 de‘greeyrotation.abou‘*? the x axis. Then

- N ' = - SRR \ : R
. . Mf" MX' Mx L. ' \ .

] \ M.-OM‘:-M‘ ’ . . -
A S -

. WWM: -M_ . ‘- . 3 ' A

.,‘ . .%? Z .Z" [l . ) . ‘}

N . C .

.
.

“ UL ‘ot ’
-K', is invariant upder this rotation, i.e, }G.\= Jdr This

term is seen to equal its negative and so vanishes. Then

..
he ¢

. ' B o Y :
: Tr(Mx(‘t)Mx) = cosw,t Tr e;cp(i){t)/(mx exp-(i){t) M, (3.14%)
- ) ‘ Y .
Since this is the Fourier transform of’the shape function
f(u)). we see that the c’orrelé‘ci'on function G(t') consists
e of a term, cos wt, multlplled by an envelope function.

Deflnlng M*(t) ‘exp(lwt) M, exp—(:.)‘»t). we get the '

-~
’ .
% ’ .

-follow1ng expressmn: ( J ' “ .
6(5) = 1(t>coswt o = (3.15) .
. ] ) .
where G(‘!:)’--~ Tr(Mx(jc)Mx) and Gl('t) = Tr(Mx(t)Mx)l.
/@(t) 1s called the correlation functlon Qr relaxatlon
functlon, whereas G (t) is called the reduced auto-cuire
lation function of gﬂe magnetlzat on, G(t) tells us How

Lo N . . B ¢

d o J R RS - - ———re & e -




' ul.; we denote the

and obtaining its transform

and.’b‘y taking derivative as before, we get:

]

L 4

Mx.at ohe~£ime ‘is correlated to its value at a later .

time-. Gl(t)‘ is the- function we measure experi,méntally.‘

" By writiné coswt = 3( et Wy e"l'“'t), %e can say that- -

the two exponentials correspond to lines at “positive and

negatttve. We wish to diém‘xss only the line at positive

orr‘eéPOnding"function by ,i"_‘:(u) )+ then
+o0 ‘

~a 4 . .
£, (W )=(1/4kT2) | Tr(M* (NM,)expH wt)exp(+iwt) dt

-

- . L&

~

or : )y
/

+00

c

®

. .
(3.16)

(/zexp ()i (80,) = (1/20)N £, (@)exp(1:08) 4w (3.17)

(1/4KT2)Tr(M*, ($IM,) = (1/2M) J."f+(w‘ Jexp( w \W)it  dw (3.17)

- " -

(a"/at™) Tr(M*,'((t)M,S)/‘ Tr(iVI*.x(O)Mx)_ =

S 2 g . o
- ~in4/(wz;.'q)n £,(@) 'd""' . ' . J
N e = (W - >
/:f+(u’) dw . :

- P )
[

This gives the nth moment w.r.t. the frequency. .By vt
. ' ( o :

.

- ‘ .
. i , . ) P %2




)
®

¢

. Then at.t = 0 a rotating]fiel& Hy ie‘applied along the

following sSteps as before'we get: °

L

[ ' Y 2
‘ , . Tr {Mx

. .
where f(% = A+ B terms.

7

) . .ﬁ . -
3.4 Experimental medning of the reduced correlation
function, (G¥).

To see that G (t) is proportibnal to‘the
am;iltude of the ;ree preee831on signal after a -
90 degree r.f. pulse (which may be measured dlrectly)
let us assume the follow1ng : _.

‘. Before the r, f. pulse,the spln system is in thermal

w

' equlllbrlum and described by a statistical- operator

,oeq«expu%/icw) $1- W .
. -i= 1 - (%/fk‘l‘) M,. : (3‘.20)_
- "\

oy axis of a frame rotating with an angular velocity

W =, for a duration t' such that H,;t' ="T/2, The .

et effect of the 90° r.f. pulse is to transforl the

. ' ' rn
' - °

<(;;_,"_ wo)2y = Tf}[ff‘,\-mxlz} 19




1i\Y

. operator ‘”«z into M, 'in the rotating frame, pand into

-

-

\ o
er Wit e W - M cos Wt - .J{’]sin wt '

in the Laboratory frang.

The statistical operator

- after the end the pulse, i.e: after t' sec., will

P(t)=

L
since U)

f(t)— 1-

e \ o
Since 26, and _X:" commute, then . -

P(;)— 1-

= W, .
total Hamiltonian 3‘6 J'C+

by the secular parts 36 i.e. ( A '+ 'B. ) terms.
time t f(t) will be: . - ' ’

, A 5

' _We (&?coswt' -#fsin @t"')
- © - Hpin g

From now on F(t ) 1s governed by the
’ where}é could be replaced

Thus' at

L]

,rk'I‘ 1(3{.4-36)(?; L ) («.@cos GH;' +0MS].1’1 wt') x
| é-idﬁ,%)(t )

\ - '
\

- N

W , _’ TR
o e‘las'(t—tl)ﬂ‘e-lx‘(t.-t') cos dit

e‘ﬂﬁ:&"#)ﬂj e"j?}ﬁu(‘t—'t') Sil:l at

P

and subsequently

+

A
M, () =(C%t)) = T!‘t{f’(t)‘ﬂ.t} L .

\

(3.22)

(3.25)




) {
] ‘ ; N LY
«  then ‘
_ e CcOS Jt
.,Mx(t) = T FET
9

» v

fr; ;5 ;’7 -

In wrltlng (3.26) use has been made of the fact that

\ Tr ”{ei :-K'ot lli e-‘iaf’(t bm)} =

and- of the assumption &:E(ﬂ .

i
7/

\‘ ’ . A} L. .
rlelBitiy o109t g, } R

4 on

(3. 26)

®

(3,27)

I'ga- ghnae

Equa'tion(3.26)‘ means that Gj (t), the reduced /éuto-cor

tion functlon) is proportional to the tdme~dépendent a.mpll-

tude of the precessing magnetization of the sample.
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- Ly, RESUME OF SOME THEORIES f
i | | y
| i ) 4,1 Work of Lowe and Norberg \
i hi ’ . . ' -
- “ The calculation of Lowe and Nor‘beré' (LN) " is
) ® .
based upon the followeng remark'
J(,ls a sum of 2 fterms, « and 8 , where g .
N &
| (4.1) 3
2 o
vr‘-’\-f- !
, ' (4.2)
: . . ,
v ; . )
Ts5x fx - L85 L L —
| gjk ‘t—he angle of Tik with the z axis. "o : '
i ,’ It is easy to show that: [«,/3}# 0, ,\13 , N,:\‘aé 0,
™~ . [0& Nn}': 0 . N
| i / If « and-M did commute, Gi(t) could be evaluated in ‘
- ' : * g - .
¢losed form, since o would ‘disappear from the calculation, .
. _ ey . . .
as follows: Yo ‘ .
) . - }6‘| "36\ - q [
. - » _ 130t -1d0 ¢ . .
G,y (%) = ‘I‘.r {e M e T M‘XE A _ (4.33
’ ' «‘ * 4 . : o
- . \')) ‘ 1



1(d~ +73)t

= Tr M, e

—ié«' +/9)t. } a
X a. - Med i

X

mist oy 1 - !
e Mx} v

ne .

- {10\1; J.ﬁt -i'oct'e—ilﬂtmxy N ‘ ».}4.
Tr{

it

if [« ,,;]

The operator @ is diagonal .in the Mj representation.

Then the trace is easily evaluated:

0 s .~'. -

—
1

G, (t) = TT cos (B.k‘c/Z‘h)( (b.b)
» Lk ! |
But ‘since « and 8 do not commute, Lowc?il and Norberng write -
[§ . * B
exp(i ](;“t)“in the form:
e > el(o( ‘+/3) - e+l/st X(t) e iant . . (4'5) |
L3N v ‘ ) \ ' ‘
_ ' where : " ' /
7((1:) = exp(lu(t)exp[ 1t(a(+/9)} exp(:u!t) : . s
The dev:Latlon of )(('t:) from unlty ;s expected to have v
a small effect. Then e o o
/\— - _ 1 ’ ,“:h ' ../

G (t) = Tr{si”f IJORME UG M}J




2 ,}((t)'ié expanded as a power series ih t: . ' »
a - A .r - A . .

/?(ﬂr)/:l/“h/f"ﬁ? 4N | | "(4.7‘).

s - : : ' J . <

where the Cn are operators.

THiS'leads to the series expansion R ' .

| )
B : . ¢ Gy Gt) . " , ) .
) R =y = D> F (1) o ST s
.o Tr(M_~) T :
' _ X z _— .o
. . . -~ 1 \ * .
' Y_r‘ . X . . , .
' where' - . .
| Y = : ipt -i8% 2 .
- S ?n(,t) n}l;I"r ie CprCq M, /Tr(M, )S (4.9)
) aq" ' v ' .
‘ (pigen) J e
' ' (t) is arbltrarlly divided by r(sz) to give F(t),

‘ . in order to have a function which is normalized to 1
|
|
|
|
|
\
|

10 C ["‘IAJ AN )

Only . terms up* to n°= 4 ‘in the expan51nn of Gth) were

3 ' 8t.t ='0. In equation (Lijfylz Co=1s ©

considered. F,(t) and'Fu(t)‘were evaluated “analytically

— and the resuLt‘compared with experimenin Moderateiy‘ ." °

good agreemgnj'was obtained for small t. For 1afge t

' Y . . ¢ ) .
the approximation uséﬁ\is no longer valid and agreemert . -

with eXpefiment breaks down. The convergence of this ’
e -, R { R
/ ¢ type of expansion is an open question. Its main justi-

fication is its a posteriori agreement with experiment.

’ “
. . ) ! ' .
2! ' . ' . E
% . 2 '
- »
)
.



‘ °

-

rapproximations depending upon the short; or 1ong-term‘

4,2 The work of Gade and Lowe
Yo .

3 ¥

'Y

> The work of Gade and Lowe is a generalization

of LN for any spin. TheYy derived theoretical formula for,

£id of a system of ideﬁtiqal particles of spin " I ". They ' '

showed that the fid is largely insensitive to the value

. L3 . ‘ﬁ ’ ! v
of I. . . ‘ s
5 . L) - .

4,3 The work of Clough and McDonald 1965. o o

!
12

« N ”

- Clough and McDonald tried a generél method

A

for the relaxation. function Gl(tf. They ‘introduced

development of qﬂt) By intréducing another type of '
approxlmatlon they defived the equation of Lowe and
Norberg., Their first approximation gives a cgrve thag.
diffefs sliehtly from_that of LN over the ra?gé of t

for whlch LN is in good apreement W1th experiment. | . W
For larger‘t the dlsagreement w1th exprlment is Tess
severe, though the gharactenlstlc‘0301“1at10n qf Gi‘t)
is present with too large an amplitude. The second

. =
approx1mat10n glves a curve whlch though overdamped

provides a better descrlptlon of thjtapproach 'of the

-

spin system\to qulllbrlum. a

.
N .
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) [t
ans and Powles,

4

(1966) .

Evan; and Powles (EP)} used the expression for

r .
F(t) in the related form
F(t) = zf“‘fE Tr exp(-1¥t) T exp(iXt) Iy
R , : ) \
/ .
= pl-N Z’I‘r 1;(—t)1g ‘ ) (u..1o)(
A 7 P . -
" Now & c"c;mmutes wit{\ I"i'- a es not affect the .. '
time development of I}( ctly, but only -through
the term ,8 ., They ther sed a Dyson-type ex‘pans‘ion
L . . 4 ‘ o 4 . & - '
in powers of o 3 -
'I;(-t)C— exp(- 13%)1h exp(lﬂt) + , - :
= 1exp( i 4t) J at'. [ot(t Y, If]exp(lﬂt)
exp(»-lﬁt)( }at' Jdt"[o((t WNEILE: i) =
FrS
“exp(lﬁt) + veee (b.11) !

L s ] |
@~ , ‘ . o i
where o (t) = exp(i Bt exp( iﬁt) '
This leads to g ‘corresponding series for Bloch decays 4 )
F(t) =

B, (t) + By (t) + B, (t) * oeee : - (4.12)
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4.5 The work of Betsuyaku Q?.O). A

The result for Bo(t’) is given by:-

}}O(t)/z Fo(t) . ‘ o
where Fo(t) is the LN lowest lorder approximation,;

S8
I
-

They evaluaj:ed ‘B, (,t):, ' R -2
0 o t v

B, (t) = 1/3)2 uln(B i) {{T—TCOSSB t) —fdt"x

% L J .
s[i“‘sos,g E’J(t -t") +ngt}] o )

- : '

e ) |

They computed Bo(t) and Bl(t) and compared their sum

with the ekperimental curve of Barnaal and‘Lovs,'e..16 They

found that the earlier experimental results of LN fit

their curve better than the later results of B¢arnaal

16

and’ Lowe. _}32(t’) was not calculated, as they ‘felt, ‘chat

—

this would only become necessary wheh dhe experlmental
[ 1Y

F(t)"beeame'knovm for larger values of t.

-
N .

. ' . ¢
Betsuyaku noted that the theory of EP,

.truncated at G (t).,, doés not -give the “correct bth

mgment. ~ He - -included higher order terms 1gnored in the

EP 'theory and 1nves*t1gated/the possn.ble connec-tlons among

the LN, CM, . and EP theories. He caltulated Gy(t) v?hlch

(4.14)

glves the correct Lth moment and plays an 1mportant role -

. | \
‘e . RS 3
v ) S,
[ s .
- . v M .
. - . f
- ; .
a

N

“t
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‘ .
. ¢ [

re
r

in de termining the long-time behavior of.th'é £id function.

»

L

He says ’Chat the LN and CM formulas are valld

for short t, bu‘& his function G(t), which has been

*

oo
- exp%gded J.n'terms- of ol , has nonrestrlctlon as” to time,

. U
and is adequate to investigate long-time ’behavi’. .

‘U

I
N

. Good agreement 'is found between theory , ~
and experiment, for 1.9F £id in a single crystal of CaF,.
However the calcxlated beat amplitude is about 25%

‘larger than the eXperimental amplitude.
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5., SECOND DERIVATIVE -APPROXIMATION = ~

Q.\ : 2 : Fe : )

L. 2 : I

- -~
A -

L . ‘ . . . 4 = R - ‘ !
« 5.1 Approximation method in' the second.derivative of F(t).
LD a S .
L The expression for the free. induction decay ~ .

mo ' v - “ - .
is giVen by; - . .

o

, TR = el (6)H,)/Er () R It

T e o T . . ) .
'y n( 4 ~ N oo . : E ’
where Mx'(,tg‘ = exp(i%t) M exp(-i3%) : . :
A . . ; . . » S
‘and &4 B = 36:, 3§ our Hamiltonian for th*lpoleﬂ-dipole‘
'interaction. o S o .
C ‘ RN & " : . \ . .
& . aQ . ’ . x.\ . . DL
‘ LT .As men‘?ioned in the introduction, our g

B > » .‘~ - ‘k N - : '
zéhtativ,e approximatiQn is made on the sec¢pond derivative
.e ) ’ Y / il o ” - !

LY -]

»

-
-

EERRE SRR S

Mxéxpiiaa‘t)} /Tx;(sz)“(s:z')' ‘

‘ Ao ~ .
s - T ‘
We write . . .o o,
- T S S )
eXP('-iJG.t)M;(exp(iJGrt) =-exp-i(« +A )t-Mac expi (a+A3)t
- = em(f‘i-ﬁt)éxp(‘—ioc t)MXeXp(iQt)exp(iIt) L w
) Yo . v A A' z -
' T T U .
v,- . o= exp'(—lﬂ@ Mx" ex?(l/ft)4 . (5.3) ,
“. : 4 : "..'\J ’ - s - . . , .
k4 "-‘-/: ; Y K} 4)_ - .
. o N : Mﬁ
booe Le ! . * -
’ ‘L ) ] L od N < L "
! ° N - [ P s .
> N ¢ I T
» ' 4

o



‘where the LN-type approximation

‘exp i(x+AB)t = exp(ict_t)éxp(iﬂt)

)
4

\

has been made‘. Thel)i our ap roximate second d,erlvatlve

w | -
‘ is glven tgy'r , j L
' | . ‘ ..‘ 2 X |
: I«:;(.t)=-TI‘ {[[MX,Y». , M‘]e;p(-_iﬁt)mxex?(iﬂt )}/Tz@’lx )
’ " \k ) ) \V"““\
. ' ‘t
/ . where the subscrlpt "a" stands for' “approximation".
- We now 1nvest1gate the second and fourth
?‘ .' moments resultmg from th§s approx1mat10n. frh.e second
. . moment M, of the fid is given by’
~ -
: Mp = = F" () I
' ' <.
. a , . N “
‘SO, . Mg": - Tn i[[mx'x‘lpx‘]mxg

Equation\-\(5._6) is the cxact secoﬁd'moment.

\,

.Our 'fodrth‘\nlomént ips: _
TN | -
:'Mﬁ =F lv(*‘)t— \Tr {&M ] ] [LM ] ]} /Tr(M

Q

2)

It is seen that‘llﬁ does not have the same'for"m as My, .

. 2

(5.4)

(5.5)

S
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v o .. ‘ v
. " . - [‘ * K . e o
1 (, \7
. - - 35
~ :
where .o . |
iVD) “ ‘ ‘ Y N
= P ( t=0 = Tr ?{Nix;ae']vx 0&}/TT(M (5-8)
) ' -
»' o o
o, As indicated in the introduction, sufficient '
motlvatlon existed for a search for the dlffere/ge Ml& ' ,
Mu: - Mu. A short calculation ylelds: R
B P \' . !
¢ : L Y } 2 -
M, = Tr “me]{ JQT.[JQ,m,:\]}/T:}(Mx ) (5.9)
) . ’ ' A ) |
’ : |
where ¥= [«,8]. T ) : ?
M;pwill “be- evaluated in the next section.
: o A .
Py R
1 . \|\\ . e
™ ..
\ L
’ ()/ :
¢ . |
i : ! i
§ °
* R4
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¥5,2 Directicalculation of Md'.

*

< v ' O~

)

. . The method used for the calculation of M,

-

and the taking of the traces. 1In the first part of

this section we give an indication of the procedures

'follovyed for -the evaluation of M, '; in the second part

] N
we explain the method used to evaluate the traces.

From equation (5.9),since (Mx”‘Ix) we get:

ML}"T}(IXZ)=T1~§[EI)J.J‘3J ,d]zi _+ Tr —{“_Ix,ﬁ] «] \t[I""B]‘

¥

where of and_A are given by’ equations (4.1) and (4.2),

We adopt the convention that Bjk = 0 if j = k; this

allows us 'to remove the restriction in the summation

. . e g (T .
one obtains: ; . -

L 4

-, l[lx A=) = B . ';.':,:'

Y Z{BakBlklaxltzIkz v BJkBlJ GZIJZI

" BTty Try 7 Paie iy eyTiex )

is the direct evaluation of:the commutators involved,

. «f the folldwing equations. Then taking commutators

36

2

-

'(5.1'0) o




+ B..B, ,I.1

Jk kL jy kxIly + B

-
\

LZ and Ijx

expression reduces: tos -

Noting that .I

i

U:Ixé’]' «]= (1/6) B(Bjkl?lk '

T4
+ BBy
T~ )
5 . ; ‘ + ‘(Bj'kBk(
] -+ (B

5xB 50

T

1

_ jx 3_3x' and defl‘nlng Cjk! =.qu

wnay be writtens

» g - o~ ‘
B A1-41- -
N o
s
ke ;

L

{
-

3

- BjkBkQ-IsztzIkx - Bj"kB

- B_jkB‘j.)_IijzZ&

= BBt Te2T52 Tux

(1/6) ;_Bjkcjk (glyhgt gty =
k _

e tixtoytey

it izt 5x ke }

A

commute for £# j; our

I'd

- B ikB_j( T3y ey x

1

- BycBi ):[‘_jxlwr._k‘.y }

- gL

Now changing dummy indices and introducing the notation

< sz, our expression,
A
’ *
0 2

-
v

37 o
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A 3

One.must now sqdare and take the tra£:i 4£ter squ\
simplifidation, thirteen separate terms result. A

typical term is:

Tr(j 1 kzpirzqz ) _ (5.1&) .

BixPpa® ikt Cpar x'z

klgar

7
hae 4

This term was Héndled‘in the following way: ‘on& must

have j = p, otherwise the trace would give‘zero;‘this .

is’due to the invariance of the trace under rotations, . .

in particular under a rofation about the z-axis of 180°

Writing j = D, we‘éetx

. ) ) et ‘ "
BjkquCijqurdTr(jx'izkzj;rzqz Y * (5:15)
Jikiqr ' - B
Now writing the mutually exclusive indices iéqéﬂ“f ’
_sulitable for summation of the traces; we get: G~Q .
Tﬁe.first possibility is » d=r=k=q#]
The second possibility is j=l=r#k=gq .
The thir& possibility is; | j# b=r#x-=
The fourth possibility is jAl=sx#r=
The fifth possibii&ty is j AL =‘q Ar=
¢ .

Al)l other possibilities give zero automatically, due to,.\;

’ ‘ '



R

the vanishing of the coefficients.of the tracef for-these
cases., . ) f"' ' o - TN\

Im:rodt;jing the five possibilities

£

we get: .
!
2 .2 b
E'Bjkcjkk Tr Jx Tr kz

i
[

2 2 2 .
ZBJk ,)k rngrkZTrfz +

'. | )‘!0 ‘ - “' ‘ . T H/

—
——

@ .2 2 2 s Ty
. ZBJk 35ckCyaq T I T K TR Gy -
oM | ' e e
. ‘ ' 2 2 . 2 .
) BJk chakq qu Tr j5 Tr k, Tr g —_

et
o Tt -

%
=
[¢1])
a1
¢}
‘_+-
e
‘o
=
+
3
(1]
=
5
wn
47}
g i
o
t
[
o
o]
[e]
<
(4]
o]
<
o]
(1]
fie}
S
i
=
=
je?
'—I
Q
()]
n
(o]
o
-
<

We. proéeeded inh a similar way for the other twelve terms.

The -second %race in equafiono(5.2) was expanded using the

. . “‘ K “ . A
same method. - g . )




(ii) 'Evaluation of the-traces.

>

— ! \ B

- . o

Certain traces are easy to evaluate directly.

H

For example -
. 'P ' m=q] |
7 Try.3, = zzn1= 0 (5.17)
el -
¢ /-I ‘ )
o, 32= 2 mé = —13- T(I + 1)(2I + 1) - (5.18)
- J fm:—i . ’ 4
3 ) ' - »
f\

—

where the "j" 'in ?rj means that the trace is performed j7
'

over the éubspace‘df spin j.

it

" .The extra factors of (2I+1) arise from the traces of

— .

unity in the subspace of the spin indices not summed over.

‘For more complicated terms use has been-made of Ref. 13.

- ‘ » .
After adding all terms, the answer was ML = 03 i:e.-Mu=M&.

Our 'F_"(t) does in fact give M, correctly,

— . - ’

Agairf, T - W I
2 <o
TrIf = ZTr. ik | .
ok - , . 3
. ?'_T;Jz +22T'rjk |
' Z(Tr is )(21+1) + } .
1 z ZTr iy Mok 21 + 1)V ¥
= n(21 +1381, (1/3) T(3+1) (2141) L (5.19) -
) . . ’ N
" where I‘I‘ra, Jx Tr ?21 + 1)N-25.Q a
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| 5.3 Symmetry considerations

The' direct calculations of ML;,'gaVe zero.

o

Thi‘s. gglculation, as indicated previously, was lengthy [ ‘
and time-;consv:ming\wln ap‘effort to understand this

result more deeply, “we ‘tried to take advantage of the

o symmetry properties’of the traces involved in Ml+

-

It s now convenlent to define the follow-

-

. 1ng ogerators: Lo . ' .
R S
\ % . .
| = B‘kI' L S | I (5.20 b)
/\éy FrAELIEE Q/ . ’ o
T ZB;.k ;;zIkz . ' (5.20 o)
/{-L o
. : : y:
X By =TrH§: ./5}..( H ,k\} ﬂ] /TrI " (/5.21 a) *
v ) . J ' ' E% ' > |
B, =, or [[Ix,ﬂz],ok] {[Ix ﬁz}.ﬂy] Jrx Ix,z . (5.21b)
. o r : . \
- B, = Tn[[xx.ﬁzl.«J [[Ix. ﬂz}.ﬂz] e (ete)
' That Mll = 0, follows from , ’ \ T
L |
S = By :Bz;v'~ lo\ °
b .
%o




h, - . .‘ . ' e . ’,
C:
_?
The proof ‘thb.i: B B
operators inside. the trace for B, by t T2, about' ‘the

x-axis. Slnce the trace is-invariant under such an

-

" operation, then & —+ot I,—™ I

- ref{le 8, ] 4 [Ee )

Now for the same reasons that [Ix,g,(}: 0,( Section 4).

ﬂy}} /Tr (13

one has . . _
[Ixuuﬁx + jay + Jei}=i 0
But - g} 'IIX_ ’ﬂx]= o"\.’
so that = - [Ix,ﬁz'\ N

[ |

_Su‘ostl‘tutmg equablon (5. 25) into (5. 22) ylelds

-

The proof that B = B, is not as straight-

fqrwafd. One considers the trace of the commutator of

. A R
,8 judiciously selected operator " O ", with It

0,1,/ (1A= 0"

is accomplished by rotating the

k2

(5.23)

“(5.24)

(5.25).

(5026)




.
\'
’

»

- Three terms resulf. from the commutators of I, with

- » ' s
: ‘- N 4
oL

( §ince Tr AB = Tr BA),. where - o

e,

o+ [[03 1] [Brdi] 41

Iy' I~x and ﬂx. Equation (5.27) can. then be‘ written:

- > -
. A\ rotation of + /2 about the x-ax;,s ( I,—~> 1 ,m.--n(.,

-

J3 -—-"./5 ’ Iy‘"’/ p I, 1, —-"+ Iy ) gives: ' .
o o i
Py =-or {[[Ix. Ay] N[ By ] ,[ﬁx.ly]]} /o)

”~

. . .
Using equation (5.25) gnd the similar equations

[0 e v} = [Tar B Bylz o>

G

(5.29)

(5.30a)

(5.30b)' |

AR A T
where / :
{1 = + i-B;‘* o |
. {.2 = "1 Tr{[ ﬂz '*} [Iyﬂz] ﬂx]YTr(I
= 8.1 [l A 6309

(5.31)

. 7(5.32)




.
‘ . -

oné obtams Qmedlately "
\ -
. ]
- ¥y Yy=0
T o
A rotation of + /2 about the z axis (
g
Iy_' .x ) glves
co )
- X-z)‘:: - = By

-~
o

2 ! ‘ . ‘v , {
"o From (5.26) and” (5.35) we gets

\

v ' \)

Now°(= —(1/3)(ﬁ +ﬁy +ﬁz ) so that'

, and (5. 1) we get:
. . ) . ""_/\ i
. ‘ h Mu _= 0

J3ﬂ.ﬁ

with (5.36)

(5.34)
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6.1a ‘Ekplicit expression for F(t)

"

-~

: Rather than calculate out the traces’lin e;¥atlon '

(5. 4). it lS noted that F"(t) is the sum ‘'of two jterms '

whlch appear in the theory of Lowe and Norberg, nd

which have been worked,out_py them: - \
.——-/} R -

.
. A
.
A A -
P - »
‘e .

[N

" . v v - L. '.\ .
Falt) = ?o(t)LN * Pty 3 \ ‘

v O R

(where _the subscrlpt ‘LN refers to LN equatlonSO Use
e\\

has been made of -the general expression for F (t) \

‘k\
glven in ref. 9. Thus to get the f1d~we<heed to ‘f\

ntegrate equaﬁldl,‘é 1):
t t

;o Fa(f,). = jr"q("e) +jf@2(t')m dt! dt"/
' "o o

+

LS

P

Before feéding this equation into the computer we™
first have to evaluate each téém of the right hand

side in terms of the parameters 1nvolved and do

‘some calcuIatlons by hand.

§J1b& Computer calculations . ‘

< ¥
a




». | A | , ,y #
For. spin %, Fo(t) is, given by:b’ S
:} },‘ ' Fo(t)LN =T;r003 Baj't/Eh - v . . . ~ (6,3)
3 " : ! \ . ra A
s Q(t) (independent. of fj) ] f
}
where. a' means a # j; and Fz-(t')LN' is'gkiwaren' by -
‘ _ ; . |
§ . ', '11_ -,?‘ '~l’ . . ‘ “*'13:‘-
Fz(t )LN TTCOS Baj '/2h i 3 'N x \ . PN
3 k(n - B, )tan(Bjkt'/z'h‘)tan»(Bje‘b'/zh)} (6.1) ;
. Jk. A , - . . -
‘ : Wriﬁ.ng F (t) = Q(t)U(t). we get for U-(t) SRR ’
8 (4 : .
\ @ @ N
U) = 1 - 3 Z jk/211)(13 /Zh)tan(B kt/zn)tan(Bjtt/Zh)
| i - ZXB kqu/’m )tanpa t/zn)tan(B t/2n.)} (6.5) .
The lasi cummation 13 dropped s:.nce 11: conta:.ns odd
functions of .the Bl;)' the lattice sums are negligible
- compared to the first summatlon.’+ Then U(t) = ’
-\ ,,' . .
- Z(B k/2h)tan(Bjkt/2n)(B t/zn)tan(B t/2h) C (6e5a)7
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= \3[(€ Bjk/zhh?tan(.Bjkl;‘b/Zh)) Z«B k/?.h)tan(B t/zh))

Co e T R o (6, 6)
where ﬁse“has been made of . . S
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N The summation ’115 handled in an af)proxlmat,e way. K’f[‘he
) ne@r neighboré (of j) -are treated exactly, whxle the
far nelghbo s are treated as a® continuum, Chooging ,
theorgugber qf nep,ragt neighbors tp be treated exactly

0, the summationsin t—;quation' (6.6) awe divided as
- “a - , !

follows:. L. \ o e
,,5 : , ] ,"hi . S )
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8o N. \ ,
(' Z(Bjk/‘zn)‘t,an Bj'kt/'zn‘ + “Z(B.l/zh)tgn B.k;t/zp) 2

Z( JK/Zh)tan Bak‘t/Zh)z Z((B k/2h)tan B t/zh) _‘1

. “" \ \ (6 6a)

~ The @rst 'su]nm*ation is erd into the computer. The e
- ..-second s\ummation is expanded fo order t%., the sums
N ‘o;era' the#coefficients being apbroxima‘ted by integrals. ,
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Forr example,,
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- Z((Bjk/z‘h)tian I?jkt/gn) - 0.006198 x 107" }
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where d™> is the .number of gpins/unit volume.

The third and fourth summatios are handled  like the -

N o
. first and second, respectively. Then U(t) =

L ) -
i0 S ¢ ' ¢

1 - %{(‘Z(Bjk/zh)tan ’Bjkt/zn + 0.90625 x 1o-f+t_) 2 / '

Ket

ket ' 7
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w/To compute Q(t); the product is again treated in -

terms of hear“and'far neighbors, with exﬁansion to
N . .,

order t2 performed for the far-neighbors terms. ;

»

The result is, for Can; . ,

80. . .
o _ 2 3 —
a(s) = TTeos{(1/0.44) (1-3c08%05,)/7 E -
. : ; rt
R - h . : . '
' | {(1-0.45313 x 1072} .

! . i "a . ' .
<there for ' CaF,, d/¥n = 30.32msec., and d is.the-

'lattice constant. The direction of the statiqf

magnetic field Ho is taken to be along one of the v

. * principal axes of a simple cubic crystal.

»

Finally the last equation will reads
- ’ /’; /
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(6.8)
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. F(t) —-ﬂ(cos B t/2‘h)(1 - 0. 45313 x 10 -k £7) L
t t\t
8o -
- ('1/—3)J f Q(ﬂ{(%}ajl/z’?)tm Bjkt'/z.h'} +

O [

) " © - 0.90625 x 100’“%' + 0.00089 x'10-8 ~3) h .

e - Z( k/Zh)tan Bakt’/Z‘h) }dt atn (6.10)

_ The double integral is reduced to
gingle integrals vy - integrating by parts.

" i.e, ) ‘ , s L o
O' o oy | t ol BRI | ;
\ ({f(t')dt'dt" = gn ff(t')dtv'\ - !t'jf('t“)d't" _ ,‘. (6311)

.00 ' ot - t |
' - J -—""tIf.(t‘.)dt' - (treeryat

o L

_ A graph of the curves F 2(t) obtalned by
us and FLN(t) obtalned by Lowe and Norberg for CaF,

- ! e o

. is shown in the following page.
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DISCUSSION

'The method of approximation for'the-fid

line, used in-this thesis, has béen to assume the
commutability of the o and .2 terms in the Hamiltonian .
. thch éppearslin the expression for the second dérivatiyé ) |
. of F(t). This is equivalent to paking X(t) = 1., The
" method is similar to the one used by Lowe and Norberg,
with two exceptions: 1) They made their approximation -
in the function F(t) itself, and 2) they expanded fX(t)
“to order tu. Both methods yielded. correct second and

. . -
fourth moments, The LN method, however, gave much

’ . !t.tter agreement with experimental Can results, and
©up to higher yalues of t. ) b

°

- -

The main positive Qontribution of this
"thesis is _a demonstration that certain terms in the
theoretical expression for the fourth moment vanish .
identically. This_Wés shown by symmetry. The resﬁlt
15

can also be generalized to higher moments.

This work should be taken as the first .
\ o - . . ¢
- stage in a more elaborate calculation of the fid,

1 ‘ 4 s -
- - wherein further expansien of )\tt) in powers of 1t

“will be considered.

' - * v
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