PARAMETER ESTIMATION IN A

TWO-DIMENSIONAL COMMODITY MODEL

WENXI LIU

A THESIS

IN THE DEPARTMENT
OF
MATHEMATICS AND STATISTICS

PRESENTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR THE DEGREE OF MASTER OF SCIENCE (MATHEMATICS) AT
CONCORDIA UNIVERSITY
MONTREAL, QUEBEC, CANADA

AUGUST 2011

(© WENXI LIU, 2011



CONCORDIA UNIVERSITY
SCHOOL OF GRADUATE STUDIES

This is to verify that the thesis prepared
By: Wenxi Liu
Entitled: Parameter Estimation in a Two-dimensional Commodity Model
and submitted in partial fulfilment of requirements for the degree of
Master of Science (Mathematics)
complies with the regulations of the University and meets the accepted standards

with respect to originality and quality.

Signed by the final examining committee:

Dr. W. Sun Examiner

Dr. A. Sen Examiner

Dr. C. Hyndman Thesis Supervisor
Approved by Dr. J. Garrido

Chair of Department or Graduate Program Director

2011 Dr. B. Lewis

Dean of Faculty



ABSTRACT

Parameter Estimation in a Two-dimensional Commodity Model

Wenxi Liu

We consider the problem of estimating the parameters of an unobservable model for the
spot price of a commodity. Using the observable time-series of the term-structure of futures
prices and a filter-based implementation of the expectation maximization (EM) algorithm,
we calculate the maximum likelihood parameter estimates (MLEs). New finite-dimensional
filters are derived that allow the EM algorithm to be implemented without calculating Kalman
smoother estimates. The method is applied to a two-factor commodity price model.

Keywords: Filter-based EM algorithm; Parameter estimation; Futures prices; Kalman filter
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Chapter 1

Introduction

Elliott and Hyndman (2007) demonstrated the main steps of a filtering approach to parame-
ter estimation for a model of commodity spot prices using observed futures price data. The
general method was illustrated with a one-dimensional model. In this thesis, we apply the
approach to a higher-dimensional model, the Schwartz (1997) two-factor model.

To find the maximum likelihood parameter estimates, rather than direct maximization of the
likelihood function, an iterative procedure, the expectation-maximization (EM) algorithm can
be used. Each iteration consist of two steps: expectation (E-step) and maximization (M-step).
We follow the work of Elliott and Krishnamurthy (1999) and Elliott and Hyndman (2007) to
derive finite-dimensional filters required to obtain the maximum likelihood parameter esti-
mates for the model via the EM algorithm. In order to use the filter-based EM algorithm in
higher dimensional commodity models, we found it necessary to extend the results of Elliott
and Hyndman (2007). Fontana and Runggaldier (2010) extended the method of Elliott and
Hyndman (2007) to apply the filter-based EM algorithm to a credit risk model. We adapted
some of the notation in Fontana and Runggaldier (2010) and further extend the method of

Elliott and Hyndman (2007) in order to apply the filter-based EM algorithm to the two-factor



commodity market model of Schwartz (1997).

The thesis is organized as follows. Chapter 2 reviews the Kalman filter, maximum likeli-
hood parameter estimation (MLE) and the EM algorithm for state space model. Chapter 3
gives details on the application of the Kalman filter and the EM algorithm to the Schwartz
(1997) two-factor model. In chapter 4, we present empirical results with simulated data and
compare the filter-based approach to the EM algorithm developed in the thesis with the di-
rect maximization of the likelihood function, to estimate model parameters. Conclusions and
possible future work is presented in Chapter 5. Proofs of the EM algorithm updates of the
model parameters and finite-dimensional filters are given in Appendix A and Appendix B,

respectively.



Chapter 2

Kalman Filter and EM Algorithm

In this chapter, we review state space models, the Kalman filter, maximum likelihood estima-
tion (MLE) and the expectation maximization (EM) algorithm. Our main reference for these
topics are Anderson and Moore (1979), Harvey (1989), Elliott and Krishnamurthy (1999) and

Elliott and Hyndman (2007).

2.1 Kalman Filter

Let 0 be the parameter vector in some compact space ©. A stochastic process {X;}f’: 0 ER™

is defined by the transition equation
Xi=c(0)+0:1(0) X1+ G ()M, [=1,...,N. 2.1

We call X; the state vector, as it is an m x 1 vector and assume Xy or its distribution is known.
However, the sequence {X;})_, is not directly observable. In equation (2.1) ¢; (8) is an m x 1
vector while Q;(6) and G;(0) are both m x m matrices. Randomness is incorporated by
assuming m; is an m X 1 vector of serially uncorrelated normal random vectors with mean

zero and covariance matrix /,, (an m x m identity matrix) with respect to a probability measure
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Po.

The measurement equation
Y = dy (0) +M; (0) X+ Hy (8)e;, [=0,...,N, 22)

connects every element of X; to the M x 1 vector of observed variables at time /, ¥;. In
equation (2.1), M; (0) is an M x m matrix, d; (0) is an M x 1 vector, and €; is an M x 1 vector
of serially uncorrelated normal random vectors with mean zero and covariance matrix /;; (an
M x M identity matrix) with respect to the probability measure Py. The discrete-time Kalman
filter is used to estimate the unobserved variables X; based on observations ¥;. The best mean-
square estimate of the state vector, y;, among all Y; = 6 (¥p, 11, .. .,Y;)-measurable functions,

according to the definition of conditional expectation, is
m=E[X]4/]

with covariance matrix
P =E [(X;— ) (X1 —m)'[¥1]
One-step ahead predictions of those quantities are defined by
-1 = E [Xi[91-1]

Py =E [(Xz — tji-1) (Xl—/lz|z—1)/|‘éz—1] :

There are two steps in the implementation of Kalman filter, the prediction step and the updat-

ing step. The prediction step is given by the equations

-1 =c1(0) + 01 (8) -1, (2.3)

Py =G (8)G;(8) + 0 (8) P—10; (6)' (2.4)



for/=1,2,...,N.

The updating steps are given by the equations

= -1 +Kp (Y — My (8) py—y — dj (8)) (2.5)
Py = Py— — KiM; (8) Py (2.6)

1

K; =Py 1M;(6) (M; () Py M; (6) +H; (6) Hy (6)) (2.7)

for/ =1,2,...,N. The quantities uo and Py are needed to initialize the Kalman filter and are
assumed known.

One way to estimate the parameter vector 0 is to consider the observed likelihood. Suppose
we have (N + 1) observations denoted as {¥y,Y1,...,Yy}. Let {Ps,0 € O} be a family of
probability measures on (L, F) all absolutely continuous with respect to a fixed probability
measure Py. The likelihood function for computing an estimate of the parameter 6 based on

the observations {Yy,Y;,..., Yy} is

dPy
L(Yy,....Yn;0) =FEy | — 2.8
( 0, sy LN ) 0 [dpo|yN:| ( )
where Yy = o{¥p,11,..., Yy} is the filtration generated by the observations. Thus the maxi-

mum likelihood parameter estimate (MLE) of 0 is

A

0 = argmaxgecoL (Yo, ..., Yn:0).
From the measurement equation (2.2), we can conclude that the conditional distribution of ¥;
given Yy, ..., Y;_1 is normal with mean vector

A

Y; =d;(8) +M; (0) pyj—
and covariance matrix
M;(0) Py_1M; (0)' +H; (8) H; (6).
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The log-likelihood function, / (Yy, . .., Yy;0) =logL (¥, ..., Yy;0) can be written in prediction

error decomposition form

I(Yo,...,YN;G)
N
= —%Vlog@n) - %IZ logdet (M; (8) Py;_1M; (8)' + Hi (6) Hi (6)')
—0
N
LS (=10 (M) Ry M) + (0 ()] (Y1), 29)
[=0

Then numerical maximization techniques can be applied to equation (2.9) to find the MLE 8.

2.2 EM algorithm

An alternative to direct maximization of equation (2.9) is the Expectation Maximization (EM)
algorithm. Let §) be an initial parameter estimate. The EM algorithm produces a series of pa-
rameter estimates {0 i };.":1 which should converge to the MLE 6 provided certain conditions
are satisfied as Wu (1983). Two steps are involved in the EM algorithm for each iteration.

The first step, called the Expectation step (E-step) is to compute Q (8;,-), where

0(8;,0) = £, zogj}f" Yy (2.10)
It can be shown that
0(6,,0) = Eln\Gz |—21n|H1 ) +Eq, [R(6)) [4n]
- %Eéj ,é (X1 — 01(8)X1-1— ¢/ (6)) G, (8) (X — 01 (8) Xi—1 — ¢ (6)) I%N]
- %Eéj :é(y, —M;(8)X;—d; (8)) H %(8) (Y, — M; (8) X; — d (8)) I%N] (2.11)

/ / A
where G; 2 () is (G;l (e)) (G;l (e)) H72(0) s (H;l (e)) (H;l (9)) and R (8;) is for
terms not depending on 6. In the next section, we give detail on how to derive equation
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(2.11) using the reference probability measure technique which has been used extensively in
filtering theory. The second step, called the Maximization step (M-step) is to find i1 =arg
maxgeceQ (ék, 9). In practice, we set the derivatives of Oy as in equation (2.11) to zero and

solve for 0.

2.3 Reference Probability Measure Technique

In order to compute the expectation in equation (2.10) and derive equation (2.11), we use a

reference probability measure P, which is easier to work with. Define the densities

o (x) = (2m) "2 e*xlx/zforx eR" (2.12)

o(y) = (21t)_M/2 e*y/y/zfory e RM, (2.13)

Define the o-fields §x=0{Xo,..., Xi, Y0, Y1,..., Y%} and Geo = V{7, 9. We assume the exis-
tence of a probability measure Pon (Q,Y) such that under P, the X; are i.i.d with density
in equation (2.12) and Y are i.i.d with density in equation (2.13). That is to say, X; € R" are
i.i.d Gaussian random variables and ¥, € R are i.i.d Gaussian random variables. From the
reference probability measure P, we construct the real-world probability measure Py under

which X; and Y satisfy equation (2.1) and (2.2). Define

ao = ® (Ho (6) (Yo — My ()Xo —do (0)))
’ [Ho (6) [0 (Yo0)

For [ > 1, define

o (H1 (6) (Y~ Mi (6)Xi — d; (6))) 9 (G (0) (i~ 01 (0)Xi-1 — 1 (9)))

M= 700 (1) G (0) [ (X)

For k > 0, define

A =TTM (2.14)



Now we can define a new probability measure Py on (€2, G..) by setting the Gy-restriction of

the Radon-Nikodym derivative of Py with respect to P to be

dPy
dP |,

= k‘

Kolmogorov’s extension theorem (Karatzas and Shreve (1991), p.50) shows the existence of

Py on G.. Lemma 2.1 of Elliott and Hyndman (2007) showed that under the new measure Py,

e =H, '(0) (Y —M;(8)—d;(0)) [=0,1,...,N, (2.15)

=G (0)(Xi—0(0)X_1—¢/(8) 1=12,....N (2.16)

are sequences of i.i.d N(0,1,) and i.i.d N(0,)s) Gaussian random variables. So from the
measure P under which the signal and observation are 1.i.d Gaussian random variables, Lemma
2.1 of Elliott and Hyndman (2007) enables us to construct a measure Py under which the sig-
nal and observation satisfy the dynamics given by equation (2.1) and (2.2) with vectors and
coefficient matrices (¢ (0),d;(0),0(0),M;(0),G(0),H (6)). We should point out that the
process of constructing Py based on the existence of P is invertible. So, starting with the real
world probability measure Py, we can construct P directly without necessarily assuming the

existence of it. We define P by
dP

— | =A
dPy k

Sk

It can be shown that the signal and observation are mutually independent normal random

variable under P using Bayes’s theorem. That is, for any measurable test functions f, g

EV(60)g() 18] = [ F@owadx [ e0)o0)d:

Further details on deriving equation (2.11) can be found in Section 2.4 of Elliott and Hyndman

(2007).



Chapter 3

Application to a Commodity Model

Elliott and Hyndman (2007) implemented the EM algorithm to estimate the parameters of a
commodity price model based on geometric Brownian motion using simulated data and com-
pared this to direct maximization of the likelihood.

However, the geometric Brownian motion model doesn’t capture the observed empirical fea-
tures of a commodity price model since it assumes the instantaneous convenience yield and
volatility are both constant. The two-factor model of Schwartz (1997) assumes, the spot price
of the commodity, S, and the instantaneous convenience yield,  to follow the joint stochastic

process:

dsS, = (u—8,)S;dt +61S,dB} (3.1)

dd, = x (0. — &) dt + 62dB? (3.2)
where B} and B? are two correlated standard Brownian motion with
d < B',B* >,= pdt

In equation (3.2) the instantaneous convenience yield follows a Ornstein-Uhlenbeck stochas-

tic process. The parameter K is the speed of mean-reversion and « is the long-term mean of

9



instantaneous convenience yield.

Define Z; = [nS;, thus by Ito’s lemma, the log-price of the commodity follows the process:
1, 1
dZt: /’L_SI_EGI dt"’GldBt (33)

Under an equivalent martingale measure Q, the joint process for the spot commodity price

and the stochastic instantaneous convenience yield is as follows:
dSt = (l" — St)Stdt +G]StdB;<1

a8, = [ (0.— &,) — N] dt + G2dB”
d < B!, B** >,= pdt

where A is the market price of the convenience yield risk and is assumed constant. The
observations used to estimate the model parameters are futures prices. A futures contract is
an agreement between two parties to exchange a specified asset of standardized quantity and
quality for a price agreed today at a certain point in the future. In the market, people use
the mechanism of marking to market so that the value of the contract is zero at any time.

Motivated by the features of a futures contract, we now define the futures price.

Definition 3.1. The futures price at time t for maturity T of the Fr-measurable underlying
asset St is F (S,t,T) = Eq[St|F:], where Eq | -] is the expectation with respect to the risk-

neutral measure Q.

Jamishidian and Fein (1990) and Bjerksund (1995) have shown that the futures price at time
¢ with time to maturity T =7 — ¢ is:

I,Q*KT

F(S,8,1) =S¢ 0% 40 (3.4)

10



where

A 102 o0 1 ,1—e 2%T
A(T):(r—oc+—+——2— 1 2p)r+ 6576

K 2K? K 4 K3
2 —KT
o5\ 1—e
K—A-+010p — —= 3.5
+ <O€ +0102p < ) 2 (3.5)
Thus, the log-futures price is
1 _ e*K‘C
InF (S,8,7) =InS—3 +A4(1). (3.6)

Equation (3.4)-(3.5) can be derived by considering the expectation directly or using the

method of stochastic flows as in Hyndman (2007).

3.1 Empirical Model

To implement the model, we discretize equation (3.2) and equation (3.3) using an Euler
scheme as is done in Schwartz (1997). An empirical model based on the Kalman filter
can then be used to estimate the parameters of (3.2)-(3.3) using observed futures prices.

Define X; = [Z;,§;]’. From equations (3.2)-(3.3), the transition equation can be written as

Xj=c+0X;1+Gn,l=1,....N (3.7)
where
(u=501) At
C = y
KOAL
1 —Af
0= ;
0 1—xAf
('51\/A_t 0
G: )
GapVAL G31/At (1 —p2?)

11



andn;, / =1,...,N are serially uncorrelated random vectors with
EM;)=0 and Var(m;) = Lyxm.
From equation (3.5) and equation (3.6), the measurement equation can be obtained as,

Y,(8) =d;(0)+M; (8) X, +H(0)e;, [=0,....N (3.8)

where fori=1,...,M, ‘cl(i) is the maturity of the i-th futures contract at step / =0, ..., N. Then

we assume that the observed futures prices given by the market, £ (’cl(i)) are the theoretical

futures prices given equation (3.4) plus an additional noise term. That is

InF (1:5”)
Y = ;
InF (tEM)>
is given by equation (3.6), ) )
4(4")
di (e) = : )
A(+")
is given by equation (3.5) and
i 7K‘C(1) |
1, . lfeK /
M;(6)=| . , : )
M)
1 , _ l1—e = /

is an M x 2 matrix with first column equal to the vector /371 with each of its elements 1.

Also, g/, 1 =1,...,N are M x 1 vector of serially uncorrelated normal random vectors with

E(g)=0 and Var(g)=Iyxm

and H; is a constant M x M diagonal matrix. Substituting the particular state spate formulation

for the model in equation (2.11), taking derivatives and solving for 0 gives

12



Theorem 3.1. The revised EM parameter estimate éj+1 = (,u, K,0,01,02,p, 7\,,H2) at itera-

tion j+ 1 satisfies

G2 (LY ~ QL + SoNare, — xoaNe; )
NAte, G =e)
where

(1) &

LN :Eej leleN (3.10)
=1

+2) &

Ly =Ey, Y XiYn| - (3.11)
| 1=1

Theorem 3.2. The revised EM parameter estimate éj+1 = (,u, K,0,01,02,p, 7\,,H2) at itera-
tion j+ 1 satisfies

A= [i <A?‘>,H2A3‘] h x [i (A})IHZ <Y, —B}) — Ry <A}>] (3.12)

=0

A=
I x K2
163 o100p 163 (1 —e U o3\ 1 —e XU
B%:(F_OHFEK_%_ « )UTG il i3 )+ OCKjLGlep_?Z K2
o & (Y 2
KN(A1>:Eéj Z(AZ)H’ MXi|[Yv | . (3.13)
i=0

Theorem 3.3. The revised EM parameter estimate éj+1 = (,u, K,0,G1,02, p,?x,,Hz)at itera-
tion j+ 1 satisfies
ares62 (L)~ QL) — (u— 407) Ares) -+ X (45) -2 (¥~ BY) ~ Ru (47)
*= KzAtzNe/zG*Zez + 2?]:0 (A?‘)/H*ZA?‘

(3.14)
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where

1 _ e*K‘Cl

Af = =1+ ——

AL 163 oi00p 103 (1—e 1) 02\ 1 —e XU
B} = -2 R ~A+06160p— 2 | ———
! (V+K+2K2 K '+ i * TO102p = K2

Ky (4]) = By,

N
> (A?‘)’H‘zMzszN] .
[=0

Theorem 3.4. The revised EM parameter estimate éj+1 = (,u, K,0,01,02,p, 7\,,H2) at itera-

tion j+ 1 satisfies the polynomial equation

ag'c1+a5'c} +a5'o1 +aj' o1 +ag' =0 (3.15)
with
N
NAt
== 3 P HOA
=0
p (2) ' #(1)
a3 - sori=an (ezLN —(1—KAf) eyl ! —mArN)
N , 5
(&) — () (&)
+%(A’l) H=(Yi—B") =Ky (4)")
oy e/lL](\%) — <el Ate&) z](vl) — NuAt
2 (1=p?)
o1 _ _ p ( ’121(3)
“ 0y (1—p2)ar \2N €
—e, (1Y (e1 — Ater) — (1 — kALY, AV e + (1 — xAt) ey HE (e1 — A
2y (e e2) — ( t)e Hy e+ ( t)esHy (e1 — Ater)
—uAt <e/2i,(\%) —(1- KAt)il(\})) — KOA? <e/1il(\%) — (ell —Atelz) i,(\,l) —,uAtN))
I o) ')
ag' :m (elHN el —2e Hy ' (e1 — Ater)

A

+ (ell —Atelz> I:[]E,2> (e1 —Ater) + 1P AN — 2ut (ellL]\%) - (e/l _Ate/2> f,](\}>>>

—~
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where

0pT;  Op(l —e KU
:_2pz+ p(1—e ™)

Ky (47') = Ep,

N
» <Af1>’H—2Mm|yN]
=0

T
D XX [Yn
=1

[ N
A (2 /
N =E, IZIXHXHWN]
A(3) :N /
N =Ep, IZIXIXZWN

and z](vl) and i](\%) are defined as equation (3.10) and (3.11) respectively.

(3.16)

(3.17)

(3.18)

Theorem 3.5. The revised EM parameter estimate éj+1 = (,u, K,0,01,02,p, 7\,,H2) at itera-

tion j+ 1 satisfies the polynomial equation

[P [P oy 4 Gy 3 Gy 2 ()] Gy __
as°0,+as° 03 +a, 0y +ay"03+a,"05+a;"62+ay,” =0

with
o2 __ 1 J 62\ r7—2 402
ag’ =—3 > (47) H*4
2 =0
a® = — i (472) A28 — 1 i (B™) A4
5 [ [ 2 [ [
/=0 =0
N N
= 3 U7 0 DP) R 4?) - X () 2
N
a? =Y, (B*) H? (Y —D§?) — Ry (B?)
=0
agz =—N

15
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p I A(3 I A (1
al = m <€2H](v)€1 —ezH]E[) (61 _At€2>

— (1 —xA) e/llill(\,l)ez + (1 —xA?) e/llill(\,z) (e1 —Atey)

— <,u— %G%) At (ellz](\%) — (1 —xAY) elzﬁl(\,l)>

! A !/ ! A 1
koAt (e1L§5> . (el . Atez) 1V -N (ﬂ— 50%) At))
(03] 1

O TAr(1-p?) (elzﬁz(v3)€2 —2e,H") (e) — Atey)

+(1—xAr)2er 1P ey — 2xans (e;z](@ — (1 —KA) e’22§}>) +NK20c2At2>

where

7\' 1_ KT/
Df2:<r—(x+E>Tl+(OCK—7\,) c

K2

A [ N ! |

Ry (477) =By, | X, (47°) H>MiXi| 9y (3.20)
_1:0 -

A [ N ! |

Ry (B)?) =Ey, | ¥ (B)”) H™*MiXi|y (3.21)
_1:0 -

and IV 12 7V, p® g

, HN3 are calculated using equation (3.10)-(3.18).

Theorem 3.6. The revised EM parameter estimate éj+1 = (,u, K,0,01,02,p, 7\,,H2) at itera-

tion j+ 1 satisfies the polynomial equation

a?ps—l—a2p4—l—a§p3+agp2+a‘fp—i—a8:O (3.22)

16



with

N
=23 ) o) )

G162Af (1 — pz)z (

—eIZFI]E,l) (e1 —Atey) — (1 —xAt) e/IFI]E[])ez + (1 —xAr) ele]E[z) (e1 —Ates)

— (,u— l(S%) (e/zz(z) — (1 —xAY) elzﬁ](\})>

2
—KocAt(eL >—<e —Atel>Z(l)—N( —— Z)A))
1Ly 1 2 | Ly u— =071 | At
N
p_ P\ 72 4P p (’ ) (1)
a =N — AYV) H — e Hy'ey —2e Hy ' (e] — Ater)
: IZ‘)( /) : CS%At(l—pZ)2 e iy

+ <e/1 —Ate&) A](\,Z) (e1 —Atey) —2 (,u— %G%) At <e/121<\%) - <e/1 —Ate%) i](\})>

+(1—xAn)? AP er — 2xan (e;ﬁN” — (1 —KA) e’zifvl)) +N1<20c2At2>

I A (3 NG|
ap = 5 (ezH](\,)el - ezH]E[) (e1 — Ates)

0162A¢ (1 —p2)

! A

—(1 —KAt)e/llfI]E,l)ez+ (1 —xAt) e, ]E,Z) (e1 — Ates)
1 I a(2 NG|
— (,u— 56%) (esz(v) — (1 —xA?) ezL](\,)>

Y, (e’12§§> . <e’1 . Ate’z) 1N (ﬂ - %c%) At))

N
+ 2 (47) 12 (v~ B]) — Ky (4F)
=0
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where

N 61027, G162 (1 —e™*%)
AZ - K + 12
A lo 1 ,1—e2%u 065\ 1 —e ¥
P _ 2 2 2
Bl—(l"—OC+ +§—2)T1+ZGZT+(GK— _?)T
N p 5
Ry (A7) = Eg, | X (47) H>MiX)[dy (3.23)
=0

and L( ) ](\%) A](\,l), A](\,Z), I:[]E?) are calculated using equation (3.10)-(3.18).

Theorem 3.7. The revised EM parameter estimate éj+1 = (,u, K, 0, G1,02,p, K,HZ) at itera-

tion j+ 1 satisfies the polynomial equation

1 N
)2 C—— Y, —MX, —d —MX —d)' Y,
Nl ej[g,)(l 1Xi—dp) (Y — M X — 1)\N]
Y A al / al !
ZYZYZ anl Iv—(In) +0y =Y Y/ + Y did; (3.24)
[=0 [=0 =0
where
A [ N 2 i
Iv=Ey | X MXH (Y, —d)) |Yn (3.25)
©11=0
A [ N ! /
Uy =Ey, Y MX XM Yn | - (3.26)
KT —2KT

For the parameter «, due to the terms of e ** and e "%, if we take the derivative of equation
(2.11) with respect to k and set it to zero directly, we can not obtain an equation that must
be satisfied and easily implemented. Therefore we use an approximation after taking the
derivative of equation (2.11) with respect to k. That is, we obtain an approximate solution of

g—g = 0, which gives an approximate update of K for the EM algorithm.

Theorem 3.8. The revised EM parameter estimate éj+1 = (,u, K, O, G1,02,p, K,HZ) at itera-

tion j+ 1 is approximated by the polynomial equation

asi” + afed + a5 + afk + a5 + afixt + a5 + a5 + e+ af =0 (3.27)
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with

) v
a = =0 (10" ) = Ry (57 - KN<pz()m1())—l op}H 24
ag = 2 (pl) H Y+ (At G 2er0r AP er + 0MPer G ez(L§V1> )
+KN< ) <h ) A ( m (i>>_H](VO> (s}(">,m§’<")) _& <s?(">,s}(i))
—Ry (s,‘“),s?( >> Ry (l,l( >> Ry <pl< )7ml”) Ry <p}<">,m?<">)
—ﬁl,)p?H 2d} - Z P H %0 — No2Are, G e

> (i(pl ) H %)

n=-2 \/=0

a7 sz) 2Yl AteZG2<H]E]] e — <€161 Ate1ez+ezez>H](\,2)ez

—( ——G]>Atel (L 1) e

Ry (0) = B0 (KO) = £0) (570, m}©) = A9 (0,
= A (1m0 = Ry (5710, 119) = Ry (50,10)

Ry (51,5710) — ey (49~ Ry (p O, nt®) _ Ry (520,m9)
&y (p "m0 - 12:‘) Sl Z}%)p?sz, —Z})p}szll

1
+OCAZ€2G ( QL (lu_ EG%) Atel)

ag = 2<P1> 2Y1+KN( ) — A (hl ) ( m}@)
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=¥ (o) 128 R (20) = B0 (129) = B (5,29, )
—I:[]E]O) <hl_1(i)’ml_](i)> _KN (Sl_3(i),h1> _kN (Sl_z(i),h?(i)> _KN (Sl_l( ),hl_l(i))
~ Ry (S?a), h;2<i)) Ry (p;2<i>> Ry (p;3("),m}(">)

1

Ry (p;Z(i)7m?(i)) ~ Ry (P;I(i)’mfl(i)) _ Z (iplande

n=-—3 \/=0

N / . .
agzz(pﬁ) H2, — 0 (dM_,m_1) — Ry (d_3,dMo) — Ry (d—2,dM_1)

— Ky (d-1,dM_3) — Ky (p-3) — Ky (p—a,m1) — Ky (p—3,mo) — Ky (p—2,m_1)

j ' 5 —4()  —1(i Yo o (i
aEZ—KN<S;3(l),hf2(1)>— N<P1 4()7’"1 1()>_2P1 4(0) g2 Sl Zpl ) b 251 2(i)

20



where

N
Ky (h') = Ey, ZIGHZ[Obeh?"]Xl\HN] (3.28)
=0
m=—2,-1,0,1
Ry (sf.nr) = By, | T (sF) 172 [oMxl,h;"]szN] (3.29)
=0

k=-3,-2,-1,0,1,m=—2,-1,0,1

Ky (pl') = Ey,

J

N
> (pp") H? [IMxl,OMxl]XlWN] (3.30)
=0

m=—4,-3-2-1,0,1

KN (p;n,m?> = Eéj
=0

N
> (p)YH™? [OMxl,m?]leldN] (3.31)

m=—-4,-3,-2,-1,0,1,n=-1,0,1

N
W (k') =E, Z(h?”)'HZIMxlX,(z)X,“)\HN] (3.32)
=0
m=-2,-1,0,1
rr(0) Y =2 2) +(2)
N (' mi) =Eg | 3 (h") H>m) X" X7 [y (3.33)
=0

m=-2,—1,0,1,n,=—1,0,1

and 0yrx1 is an M x 1 vector with 0 in each position, Lyr«1 is an M X 1 vector with 1 in each

position andX(i), i = 1,2 is the i-th element of process Xj.

Proof. See Appendix A. 0

In Elliott and Hyndman (2007), it was shown that a polynomial for the single volatility pa-
rameter has exactly one positive root. In this work, in order to update 61, 6>, p, K, we simply
perform one iteration of Newton-Rhapson method for them in each iteration of the EM algo-

rithm.
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In the next section, we derive finite-dimensional filters necessary to calculate the conditional
expectations of equation (3.10)-(3.11), (3.13), (3.16), (3.17), (3.18), (3.20), (3.21), (3.23),

(3.25), (3.26), and (3.28)-(3.33).

3.2 Finite-dimensional filters

The E-step of the EM algorithm involves the computation of various conditional expectations.
These conditional expectations can be obtained using the Kalman smoother which needs a
forward and backward pass through the data. Alternatively, we derive finite-dimensional
filters which only need a forward pass when implementing the E-step of the EM algorithm.

Define

k

L =YX
=1
k

L) =¥ x
=1

k
1 !
H/E = ZXlefl
=1
@) _ < /
Hy :ZXI*IXFI
=1

() <
1Y = ¥ xix,
=1

k
0 i 7 = 72— (i) U . .
HIE):H;{](ﬁ’gZ):Z‘ﬁH Zgl)(l(l))(l(]), i=1,...,m, ]:l,...,m
=0
k-, 5
Ki(fi.1) = X f1H *giX;
1=0

k
Je= X MX (Y —dp)
=0
k
U= Y, MIX, XM,
=0
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where f; € RM, ﬁ eRM Y, € RM dy € RM | X; € R™ and g; and g; are both M x m matrices.

Fori,j € 1,...,m, we have the scalar processes
k
i(1) _ (i)
Ly —12‘1)(1_1

k
i(2 i

k
ij(1 i j
=1
i3 k ) .
03 k . .
e Dy (v )
s =M (1 -a)
koo . . k )
_ ZM(Z,l)XI( ) <YI(J) _d1])> 4 ZM(Z,Z))(Z( ) <Yz(]) _dl(1)>
=0 =0

k . . k . .
— ZMl(l’]))(l(l))(l(l)Ml(]’]) + ZMl(l’]))(l(]))(l(Z)Ml(LZ)
=0 =0

2)

k ) . k .
+ ZMI(LZ))(I(Z))(Z(I)MZ(J’I) + ZMI(ZZ))(I(
=0 =0

where M l(m’n) represents the element in the m-th row and n-th column of M, Yl(n) is the n-th

element of ¥; and dl(n) is the n-th element of d;. Let ¢, be the unit column vector with 1 in the
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n-th position. We can rewrite Lz(n),n =1,2, H,ij(n),n =1,2,3, J,ij and U,ij as

, k
LZ(I) :2 <Xi_1,e >
=1
(2 k
L}f ) =) <X, >
=1

k
ij(1
H;{j( ) :z <X,ei ><X_1,ej >
=1

k
ij(2
ka( ) =Y <Xi_1,6><X_1,e; >
=1

H;{JG): <X1,e,~><X1,ej>

k
=1

=

Lk . . , k : . .
J]ZJ — z <)(lve1M[(l’]) <Yl(]) _dl(])> > 4 2 <)(1,€2Ml(l’2) <Yl(]) _dl(])> >
=0 =0

Lk . , k , :
Ul =Y, <XeM ) ><X,eMV >+ Y < xieM") >< X, oM >
=0 1=0

k . | . | |
+ Z <Xl’ezM1(172) ><X1761MI(J’1) > +Z <X1,62M1(l’2) >< Xl,ezMz(J’z) >
=0 =0

Denote
i) - @) () 0)
S = <XeM)” <Y1] _d1]>>
=0

iy k . ) )
J;(J(Z) =y <X;,e2Ml(”2) <Yz(]) _dl(1)> >
1=0

v = 3 <X, eM" >< xj,e M) >
=0

U@ = 3 <X eM" >< X, e, >
1=0

U/e) = 3 <X, exM" >< X e MUY >
=0

Ui = 3 < XnexM'"™ >< X e;M?) >
=0

Theorem 3.9. Finite-dimensional filters for ﬁz(n) on=1,....m K, I:I,ij(n) n=0,1,2,3, J,ij(m) ,m=
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1,2 andU,ij(n),n =1,2,3,4 are given by

B = Ey [ 19e] =" + <v§§”))/ m (3.34)
Y = gy [ ] =+ () e 7[R 4 pid] e 3.39)
Ry = Eg, [Ke|Ya] = 7+ Sy (3.36)
F =y [0 1] ="+ (3.37)
07" = By, [U7 1] = af " + 0" e [P 4 i (3.38)

where . and Py are the conditional mean and covariance of the Kalman filter,respectively.
The recursions for sufficient statistics a,b,d,a,b,r,s,u,v,u,v,d of finite-dimensional filters

are shown and proved in Appendix B.

Proof. See Appendix B. 0
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Chapter 4

Application to Simulated Data

This chapter provides the results from a numerical implementation of the filter-based EM
algorithm using simulated data.
From equation (3.7) and (3.8), we generated log-spot prices , convenience yields, and log-

futures prices with disturbances. We assumed that futures prices were observed approxi-

1

mately weekly, At = 4,

at maturities of 1, 3, 6, 9 and 12 months for 10 years, giving 480
observations. We assumed that matrix H was diagonal.

We then applied the filter-based EM algorithm to estimate the parameters of the empirical
model. We simulated the data using true parameter values, obtain the maximum likelihood
parameter estimates by direct maximization of the likelihood function and the estimates by
the filter-based EM algorithm which are presented in Table 4.1.

The procedure used to find the MLE directly was MATLAB’s fminsearch routine (Nelder-
Mead simplex direct search). In both of the direct MLE approach and the filter-based EM

approach, the stoping criteria used to stop the algorithm if the maximum of the absolute

differences between the parameters from one step to the next was less than 10710, In the
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Table 4.1: True parameter values, MLEs calculated by direct maximization, and MLEs cal-

culated via filter-based EM algorithm for simulated data

parameter True value | direct MLE filter-based EM

u 0.14 0.126058079726224 | 0.104211787509002
K 1.8 1.614571441144134 | 1.422333684869484
o 0.12 0.149930278665568 | 0.149771455353883
(o)) 0.4 0.431573239773677 | 0.391350599321044
02 0.53 0.660039947685030 | 0.535489394505664
p 0.77 0.900933854538372 | 0.864687895637105
A 0.2 0.241878708046353 | 0.197791958943542
H?, 0.25 0.245843333800211 | 0.239020495456221
H3, 0.25 0.240751824894155 | 0.235102064525230
HY 0.25 0.235414924742002 | 0.230963742472480
HZ, 0.25 0.258241063058967 | 0.253469948351176
HZ 0.25 0.236981492986396 | 0.229651394525523
log-likelihood -1759.690802091415 | -1760.198517611300
iterations 2262 1097
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filter-based EM approach, the algorithm was stopped if

max (| — ftg—1, |Kie — Kie—1], |6k — O—1], |O15x — G1x—11, |F2k — C2s—1], 1Pk — Pr—1],

A A A A 11 A A _
e — R |, ()M — (2 ) )|,...,|(H,f)(SS)—(H,f,I)“SH) <1071

We took the true parameter values by referring to the result of the oil market for the two-
factor model in Schwartz (1997). Particularly, we referred to the result from 10-year market
data. This was done in order to make the true parameter value sensible rather than taking
random number. It is worth observing that the elements of H? can not be too small since the
implementation involves the inverse, /2. We examine the likelihood function value for the
EM algorithm to see if the the value of likelihood function is increasing after each iteration
of the EM algorithm. To do so, we update only one parameter at a time (holding the others
fixed). This is called a Generalized EM algorithm.

We found that for some starting values, using the EM algorithm, the log-likelihood function
value tended to decrease after some iterations. For example, when updating x4 only using
starting value 0.22, the value of log-likelihood function decreased after the second iteration
(See Figure 4.1).

Similar problems occurred when updating other parameters. It happened because the pre-
cision of the software we use is not high enough to distinguish between two numbers with
decimals more than the software can store. In order to avoid this, we set the criteria which
stopped the iteration of the EM algorithm if the new likelihood function is smaller then the
previous and moved on to the next update algorithm.

The spreads between MLE estimates and EM estimates for 61, 62, p and K are expected since
for those parameters, we use one iteration of Newton-Rhapson method to solve for the poly-

nomials in each iteration of the EM algorithm. The nature of Newton-Rhapson method causes

28



-1762.064 T T T T T T

-1762.065 T

-1762.066 1

-1762.067

-1762.068

likelihood

-1762.069

-1762.07

-1762.071

-1762.072 : : ' :
1 2 3 4 5 6 7 8

iterations
Figure 4.1: log-likelihood function value when updating u at a starting point 0.22 while

holding other parameter values fixed.

inaccuracy in each iteration of the EM update for the those parameters by only obtaining an
approximate solution for the polynomials in Theorem 3.4-3.8. Another reason for the spreads
is the precision of the software we used. Since MATLAB can only store numbers with limited
decimals rounding errors are expected in the implementation. Particularly for the parameter
K, the polynomial in Theorem 3.8 is an approximation of the equation that x should satisfy.
That is to say, including the Newton-Rhapson method to solve for the polynomial, we have
two levels of approximation when updating the parameter k. We also should point out that
even though, the two estimates (direct and EM) for each parameter are not exactly equal, the

log-likelihood function value are relatively close. This may be due to the flatness of the log-
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likelihood function around the MLE estimate values for each parameter, numerical round-off
error, and the well-known slow convergence property of the EM algorithm. We use o] as

a example to explain. From Figure 4.2, we can see that the likelihood is quite flat between

-1760

-1765}
-1770F /
17751 /

-1780

-1785
0.1

. . . . . . .
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 4.2: Log-likelihood function value about 61 when holding other parameter values

fixed.

0.3 and 0.4. Wu (1983) proved that under suitable conditions, the sequence of parameter
estimates generated by the EM algorithm converges to the MLE estimate. We can see in the
Figure 4 that parameter estimates of EM algorithm converged very fast at the beginning and
then it went slow but closer to the MLE estimates for each parameter.

The Kalman filter estimates of the log-spot price using the EM parameter values fit the simu-
lated data fairly well as shown in left plot in Figure 4.4. However, the Kalman filter estimates
of the convenience yield using the EM parameter estimates do not track the simulated con-
venience yield as well. One possible reason is the difficulty of estimating the mean reversion
parameter K. We also examed how the EM estimate performs in pricing futures contracts

compared to the futures prices simulated with true parameter value. In Figure 4.5, the differ-
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Figure 4.3: Logarithm of absolute errors of the j-th iteration of EM algorithm and MLE
estimates for u, K,0(,(51,02,p,K,lel,szz,H323,Hf4,H525, from left to right and from top to

bottom.

ence in futures prices between the two sets of the parameter value is small in a short term and
gets bigger as time passes by. That is to say, the EM estimate prices futures contracts better

in a short term than in a long term.
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Figure 4.4: spot price and convenience yield with true parameter value and EM estimate
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Chapter 5

Conclusion and future work

5.1 Conclusion

We find the filtering approach appealing method by which we can estimate unobservable sig-
nals using the observations. We extended the work of Elliott and Krishnamurthy (1999) and
Elliott and Hyndman (2007) to derive a filter-based EM algorithm to estimate the parameters
in the Schwartz (1997) two-factor model. In general, other commodity price models and gen-
eral Gaussian state-space models can be considered using a similar procedure to estimate the
model parameters.

Elliott and Krishnamurthy (1999) outlined the advantages of the filter-based EM algorithm
over the standard smoother-based EM algorithm which should be applicable here. First, the
memory costs are significantly reduced compared to a smoother-based algorithm. Secondly,
the filter-based algorithm is well suited to parallel implementation on a multi-processor sys-
tem because the filters are decoupled. Moreover, a filter-based algorithm will be at least twice
as fast as existing smoother-based EM-algorithms since only a forward pass is required for

the filter-based algorithm. In addition, steady state properties of the Kalman filter could speed
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up a filter-based EM algorithm which can’t done with a smoother-based algorithm.

5.2 Future work

Considering the problems we came with during this work, implementing the algorithm with
higher numerical precision is a way to reduce the round-off errors introduced many during the
numerical calculation required for the implementation. Since we used approximation for the
updates of EM algorithm at each iteration, we can think about a better numerical procedure
to approximately solve the polynomials in Theorem 3.1-3.8. Also, in the first approximation
for updating k, we could approximate e ™% and e 2% using more precise Taylor series
expansions by adding the third or higher terms in the Taylor series of e % and e~2/%. It
would be interesting to apply the procedure to different commodities in different markets
and also to different models. Particularly, it is interesting to investigate how the filter-based

algorithm approach works with higher-dimensional models.
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Appendix A

Proof of Theorem 3.1-3.8

In this appendix, we give the detailed proofs of the expressions for the M-step parameter
updates given in Theorems 3.1- 3.8.
In the E-step of EM algorithm, we have function O (6;,6)
N N
0(6,6) =~ X In|Gil ~ 3 In|H| + £y, [R (8) ]

=1 I=

1 Al -
— 5k, > (Xi—0Xi1—a)' G Z(XZ—Qlel—Cl)\YN]
[/=1
1 [X A
— 5B, | 2 (Y= MiXy —dy) H ™2 (Y, — My, — dy) | Yy
| 1=0

The main idea is to take first derivative with respect to each parameter then set them to zero.

We consider each parameter separately.

36



A.1 Proof of Theorem 3.1

Taking the derivative of O equation (2.11) with respect to x obtain

90 (6;,6)

— _E:
ou 0

J

N '
D (—%—3) G (X, —0Xi-1—c1) |YN]

/=1

N
> Ate,G % (X, — QX1 — ) \YN]
=1

= Atel’G*ZEé (A.1)

N
1
Z( — 01X l—ﬂAtel—l—zGlAtel KOLAtez) |YN

Set equation (A.1) to zero to find

Atel <

Simplify Equation (A.2) and obtain Equation (3.9)

N
1
2 — 01X, |YN] NﬂAze1+§c%NAtel—mAtNez> =0 (A2

G2 (LY ~ QL + SoNare, — xoaNe; )
NAte/1 G 2¢

ILL:

where ﬁ](\,l) and ﬁ](\%) are defined as in equation (3.10) and (3.11).

A.2 Proof of Theorem 3.2

By taking the derivative of Q (é i 9) with respect to A, we obtain

) é.79 N ad;\’
=0
- ,
— By, 12‘6 <A3‘> H™? <Yl - M X —M%—Bﬂ ‘YN]

= E, ﬁ]“ <A§~)'H— <Y, B") (A%)/H—zM,XZ— <A?‘>,H_2A?‘|YN]
/=0
— 1:26 <A3‘>/H2 (Y, - Bk> Ry <A7‘> xg‘a <A?‘>,H2A3‘ (A3)
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Set equation (A.3) to zero and simplify it. Then we can obtain Equation (3.12)

> ()72 (v 81) & (47)

=0

-1

X
=0

A= [i (A?‘)/H_ZA?‘

where Ky <A3‘> are defined as in equation (??).

A.3 Proof of Theorem 3.3

Similarly with the previous two proofs, we take the derivative of O (é iy 9) with respect to o

20 (0 N !
Q(a]7 )_E 2(801) Q])(] I_C])|YN]
ad[ -2
+Eg, Z 5 ) H (0= MiXi—d) Yy
/=0 \ 9%
N
2 KAte, G2 (X, — O1X1—1 — ¢1) | Yy
N
+Ey, (AP H? (Y — M X; — odf — BY) Yy
=0

, . . 1
—KAte,G 2 (Lﬁ) —oik\) - (ﬂ - Ec%) Ate;N — KocAtNez)

N N
+ 3 (AY) H 2 (Y —BY) — Ry (AY) —a Y, (A% H2AY (A.4)
=0 1=0

Setting Equation (A.4) to zero and simplifying it gets us Equation (3.14)

kareyG 2 (LY = 0Ly — (u— o) ArerN ) + N (4F) H? (Y~ BY) — Ry (47)
KAte,G-2KkAtNey + YN o (4%) H-24¢

o=
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A.4 Proof of Theorem 3.4

First, take the derivative of O (8;,0) with respect to &

ov\v,8) N1 B o OX ey
0 o 25 E{ X, — 01X —a) ( 1~ OiXi—1—cr) Yy
N aCI ! 2
E" X _ Y
T, 1:21(801 G (X — 0 X1 —c) ¥

)
)

N7 9d,
E; H2 (Y, — MiX; —dy) Yy
+Eg, E{,(acl X —dy) | N]
N 1 N T3 2 2 2 g 2
=B | S - -y | (e erea(ie?)
o1 275 p 0

o70A (1—p?)

X (X1 — QiX1—1 —cr) | Y]

1
—l—Eéj z el GlAt (X} — 01 X;_1 — Atue; — Atxoer + EG%Ael) ‘YN

+Ep, Z( P HTE (Y- MiX - B — 0147 ) Yy

(A.5)

Now we define two new processes V; and Z;

, 1
V= e\ X — ( Atez>X11—,uAt—|—2G]At

71 = eyX; — (1 — KA1 esX)_ | — KOAL
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So (X; — M;X;_1 — ¢;) can be written as [V}, Z;]'. The second term of the Equation (A.5) can

be written as

. 2
oisi(1=p%) 1o (10%) | (0 — ) [

- - /
! YV E dm ||
=it | & . .
I _Z % 0 y4
- - '
1 i _C%;)V—i_% V |Y
= — 2 0 N
2(1—p?) Ao | & . .
L L 610,
1

a 070, (1 —p?) At i
X (e’ZXZ (1= kAl er X — mm) \YN]

1 I A A /! /! A
= 1o At (1—p?)Ar (elHl(\,3)e1 — 2H]E,]) (e1 —Atey) + <el —Atez> 1(\,2) (e1 —Atey)
1

AN / ! A 1
uAt <e1L§§> - <e1 - Ate2> L§}>) +12APN + 1 otArRN

+o2At (e ( 132 _ <e’1 . Ate’2> jAe- NyAt))

p U A(3) ’ ,\(1) , ,\(1)
- oloy(1—p?)Ar <62HN e1 —eyHy ' (e1 — Atey) — (1 —KAr) e Hy "

+(1— kAN HY (e1 — Atey) — it <e’22§§> —ey(1— KAt)Z§}>)

! A ! ! A 1 ! A
kA0, <e1L§§> . <e1 —Ate2> 3% —N,uA) + 50741 (ezL( ) (1—xAr) iV —mAzN))
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00 (6,,0)
861
R —
o1 o5 (1—p2)Ar

eIII:[]E;)e] - 26/119](\,1) (e1 — Ater)

/ / A I A / ANAA G AtN
+ (el —Atez) A (e — Ater) + 1PARN — 2ult <e1L§VZ> - <e1 —Ate2> L,(vl))) +

4(1-p?)
1 A (2 ! / ~(1
elL[(\,) — (el —Atez) L](V) — NuAt N ( /151(3)
€y €l

" o1 (1—p?) " Slo, (1-p2) A

—e/zﬁ](\,l) (e1 — Atey) — (1 — KAL) e/llflj(\,l)ez + (1 — xA?) e/ZH](\,z) (e1 — Ater)
— At <e/2il(\%) —(1- KAt)i](\})) — KOA? <e/1il(\%) — (ell —Atelz) i[(\}) —,uAtN))

p

Ve e
T 20, (1-p2) (eZLN — (1 —xAt)er Ly —KOLAtN>

s . 1 ,
—o18te, G2 (L) — QLY — NAtyies — NArkoer ) - SO1Ae |G 2N

N N

+01 3, (A7) H2AD + 3 (A7) 12 (= B]") = R (47")
1=0 =0

Setting equation (3.4) to zero and multiplying by (5? gives

o1 4 01 3 Ol ~2 O] o] __
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with

N
== X A HAT
=0
(O p ( ) o ( )_
it (ezL —(1—KkAf) eyl ! mArN)
N
+ >, (47) H2 (Y- B]Y) — Ry (4]")
=0

—e/zﬁl(\,l) (e1 —Atey) — (1 — KAY) e/llfll(\,l)ez + (1 —xA?) e/zH](\,z) (e — Ater)
_y; (e;ﬁ;) (- mt)zg”) Y, (e;ﬁ;) . (e’l . Are’z) e ,uAtN))
1 I~ (3 I A(1
ag! Yy, (el ]E,)el —2elH]E,) (e] —Ater)

+ (ell —Atelz) I:[]E,2> (e1 —Ater) + 1P AN — 2uAt (ellz](\?) - (e/l _Atelz) zg\P))

A.5 Proof of Theorem 3.5

Taking the derivative of Q iy 9) with respect to 6, we get

200,0) N 1. [X 9G 2
%fz) ___§E9, [2()(1—@)(11—01)/ 0, (X — 01X — 1) [Yv

+E i o'y 2(Y, = MX; —d)) |Y;

o | 2\ 3o, | —MX; —dp) [Yn

p

N 1 N / 0 oo (1— Z)At
=———_F, X —O0X-y — 20107P

) 1221( 1= O0X—1—¢p) ; .

o301 (1-p2)Ar  o3A(1-p?)
N

_ . . () o\ 172

X (X1 = QiXi—1 — 1) W] + Ep, Z%)(GZAZ +B)%) H

1
x <Y, — MX, — Ecs%AfZ — 02B}? —sz) \YN] :
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Expanding the matrix multiplication in the second term of last equation as follows

/

1 iv: 14 0 5 4 |
-  Ea 2 Yy
e,
IR Pl I B R N
0103 c;
- /
1 i _G]pczz 4
S — 2 Yy
Z(I—QZ)AZ‘ O =1 Py _ 22 7
6163 o3
1 N 272
Ey | (2VZL2 - —3) \YN]

2(1-pH)ae % | 5

P " ~(3) 1 ~(1)
=— H —eyH, — At
0163 (1 —p?) At <e2 v ety (e - Ae)

—(1—xAn) e AV er + (1 — kAt ey HY () — Ater)

— <,u— 16%) At (elzz](\%) — (1 —xAY) e/zﬁl(\,l)>

—KOA? (ellil(\%) — (ell —Atelz) i[(\}) —-N (,u— %(5%) At))
1 ! A(3) I A (]

NTrryy (eZHN er—2(1 —xAr) ey Ve,

+(1— %A1 en 1P ey — 2xas (e’ziﬁ) —(1—KAY) e;zgy) + NKZOLZAt2>
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90 (6;,9)

862
N P ( Ca3) ()
o2 0103 (1—p2)Ar ety e —eHy” (e @)

—(1—xAt) e, AV er + (1 — kAt ey HP (e — Ater)
1 ! A I A
— (,u— 56%) At (ezL](\%) — (1 —xA?) ezL](\,l))

—KOAL (ellf,](\%) — <e/1 —Atelz> z](vl) —-N (,u— %(5%) At))

1

L) 200
+—<eH er—2(1—xAt) e Ve

+(1—xA)? AP ey — 2xaAr (ézzj(vz) — (1 —xA?) e;z§>) —|—NK20c2At2>

N N N
-0y () 14 (z ) g (B?Z)’H-ZA?)

N N
s (z (402 12 (V= DP?) — R (A7) — 3. <B;’2>’H—2372)
1=0 =0

N
+ 3, (B?) H 2 (D) =Ry (B]?)
1=0

00(6,,6)
2

Setting equation —52— to zero and multiplying by 03 gives

Gy 6 [P oy 4 Gy 3 cy 2 G2 Gy __
as°0,+as 03 +a, 0y +ay°03+a,"05+a;"62+ay,> =0
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with

N

@@ =3 Y (4) B4
2
=0

() al 02\ 17—2 pO2 1N 62\ r7—2 402
ds :_E(,)(Az )H B; _EZ()(BI )H 4;

N N
= 3, (A7) 2 (1= D) Ry (47°) = 3, (7)1 25"

N
as* =Y, (B*)' H* (Y, — Df?) — Ky (B}?)

=0
ay*=—N

P " 7(3) 7yl

a?z = — m <62H](\7 €1 —ezHN) (61 —At€2>

— (1 —xAr) elllill(\,l)ez + (1 — xA?) e/zHl(\,z) (e1 —Atey)
1 VN ! A

- <ﬂ— —c%) At <e2L§v2> —(1—xAt) eng}))
2

koAt (e’lﬁﬁ . (e’l - Aze’z) 1V -N <ﬂ— %c%) At))

1 ! A I A
Gy _ B, _9(1_ (1)
a, - <€2HN er—2(1—xAt)e,H ey

+(1— kA1) ey (1P ey — 2x0At <e/221(\%) —ey(1— KAt)Z](\})> +N1<20c2At2>
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A.6 Proof of Theorem 3.6

Take the derivative of O (8;,0) with respect to p to find

an%ﬁ):;izz fo B0 -1 %S i
i( adf)' (n—MIXz—dzMYN]
=0
Np 1 N , i_g _%
T a1 zEefZi B &
610, o3

=

S (4D)' B2 (1~ i — ) — BY) 1o |.

X (X — QX1 — 1) [Yn] + B
=0
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Expanding the matrix multiplication in the second term of last equation gives

1+p?
+ i sEq.
GlﬁzAt(l — p2> J

S
oAt (1 —p2)°

p N 2
- E Y 2y
o3t (1—p2)* ¥ 121

Ey

J

[~
AN
/=1

N
Y VZ|vy
=1

A

P " (3) " py(1)
=V e]HN €1 —2€1HN (61 _Atez>
G2At (1 —p2)° (

+ (e'l —Ate’z) AP (e — Atey) —2 <,,¢_ %Gﬁ) At (6'1 jc. (6/1 _ Ate’z) z}g))

1,\? 14 p2 -
+ <,u— —(5%) AN | + P 3 (ezH]E;)el
2 GlﬁzAt(l—pz)

—e/zﬁ](\,l) (e1 —Atey) — (1 —KAt)e/IPI](\,l)ez +(1 —KAt)e/zﬁj(\,z) (e1 — Ater)
| . .
- <,u— 56%) (ezL(z) — (1 —xA?) ezL](\,)>

! A / /! oy 1
—KOA? (elL](\%) — (el —Atez> L](\P —-N (,u— 5(5%) At))

P ' (3) ' (1)
————— (eHy ‘e —2(1 —xAt)e, H Ve
G%At(l—p2)2<2 N €2 ( )2 2

+(1 =« P ey — 2xant <e’zi§§) — (1 —xA?) e;z§>) + NKZOLZAt2>
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90 (6,,0)
ap

_ Np p
1=p*  62Ar(1—p2)°
! ! A 1 VAN /! ! A
+ (el . Atez) A2 (e1 — Atey) —2 <ﬂ— 55%) At (elL]@ - <e1 . Atez) L§V1)>

1,5\’ 14 p? -
+ </1— —G%) A*N + P 5 <e2H]E,3)e1
2 010Af (1 —p2)

<e/II:[]E,3)el —26/11:][(\/1) (e; — Atep)

—e/zﬁl(\,l) (e1 — Atey) — (1 — KAL) e/llfll(\,l)ez + (1 — xAr) e/zH](\,z) (e — Ater)
1 VN ! A 1
- </1— 55%) (ezL(z) —(1— KAt)ele(\,)>
! A ! ! A 1
—KOA? (elL/(\%) — (el —Atez) L[(\}) —-N <,u— 5(5%) At))

P

I O A2 1C) BN _ ' (1)
e Hy'ep —2(1 —xAt)e,H'\ e
G% t(l p2)2<2N 2 ( )2 2

+(1— %A1 er P er — 2x0As <e’22§3) —(1—KAY) e;zgy) + NKZOLZAt2>
Al N p 5 P S P\ 17—2 4P

+ > (47) H* (Y= B}) =Ky (4]) —p X (4]) H 4} (A.6)
) =

Setting equation (A.6) and multiplying by p3 gives

aSp’ +dip* +d5p’ +abp® +alp+af =0
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N
=23 ) o) )

G162Af (1 — pz)z (

—eIZFI]E,l) (e1 —Atey) — (1 —xAt) e/IFI]E[])ez + (1 —xAr) eIZFI]E[z) (e1 —Ates)

1 ! A ! N
— (ﬂ— —c%) <e2L<2) —e (1 —KAt)Lg}))

2
AN /! ! N 1
koAt (e1L§§> - <e1 . Ate2> 1N ( - 50%) At))
al =N — i (A?)/H’ZA? - % (e/llfll(\?)el - 2e/1FI]E,1) (e1 — Ate)
=0 oiAL (1 —p?)

+ <e/1 —Ate&) A](\,Z) (e1 —Atey) —2 (,u— %G%) At <e/121<\%) - <e/1 —Ate%) i](\})>

+(1—xAn)? AP er — 2xan (e;ﬁN” — (1 —KA) e’ZZ](V”) +N1<20c2At2>

I A (3 NG|
ah = 5 (ezH](\,)el - ezH]E[) (e1 — Ates)

0162A¢ (1 —p2)

— (1 —xAr) e;FI]E,])ez+ (1 —KAt)eIZH]E,z) (e1 — Ates)
1 ! A ! A
— (,u— 56%) (ezL(z) — (1 —xA?) ezL](\})>

Y, (e’12§§> . <e’1 . Ate’z) 1N (ﬂ - %c%) At))

N
+ 2 (47) 12 (v~ B]) — Ky (4F)
=0
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A.7 Proof of Theorem 3.7

Take derivative of O (8;,0) with respect to /2 by matrix calculus and get

90(6;,8)  (N+1), ., 1

N
= H?+_-H’E, Y —MX; —dy) (Y, — M X; —d)) Y | H?
TP 3 +3 8, Z()(Z 1Xp—dp) (Y — MiX Z)|N]
(A.7)
Set Equation (A.7) to zero and simplify. So we can get Equation (3.24)
T E, i(Y—MX dp) (Y, — MiX; —dp)' |Y
N+111:01 1A —dj A1 —dp) |9N
. N N
Zw, ZYldl Iv— (W) +O0v=Y, dY] + did
N—I—l =0 =0 =0
where Jy and Uy are defined as in equation (3.25) and (3.26) respectively.
A.8 Proof of Theorem 3.8
Taking derivative of O (8;,0) with respect to K gives
90 (6;,6) LAY '
=F, — 4+ =X G- X —0Xi_| —
9 0 Z{(GKJFE)K 11) (X — OXi—1 — 1) [Un
+E; i %XJF% ,H’Z(Y—MX—d)W
N acl !
= E; — ) G X —0Xi_1—a) Y,
o, 1:1(a‘<) G (X —OXi—1—a) | N]
N, oY
+Ey | 2 X (%) G (Xl—Qle—l—Cz)WN]
T li= K
ERYEIVAN
+Ey | XX (=) H2 (Y —MXi—d)) [y
" Li=o JK
+Ey | > " (Y — MyX; — dy) [Yn (A.8)
5\ ox
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Let us first calculate aA‘? , aa% and ad’

aM -1 —KT; 1_ —KT;
il = [OMx17 e ez } S :RMXZ
oK K
00, ,
a—]( = —At6262 € RZXZ
oy [(—h o3 L 010 1631e 2 303 (1—e %0)
ok \x* 3 2 T3 4 K4
0% —KT 0% —XT,
a+-3)(1—e ™) oK —A+0102p — 2 | e "
+ 2 + 2
K K
2
2 (ouc—k—l—clczp — %) (1—em)
_ :RMXI
K3 <

If we set equation (A.8) to zero, we find that it is impossible to solve for K or even obtain
an elementary equation that must be statisfied. Therefore, we use an approximation of e~ %

and e~ 2*". Using Taylor’s theorem, approximate them around K; (the j-th estimate of K), to

obtain
O _]A(/,TO) (i) — . 1 (i) 2 )
e U e N —1Ve N (K—Kj)+§<‘cl ) e N (k—K)) (A.9)
(@) & () j PO A N2 oD A
e m e ol B (e— ) 12 (1)) e Y (k-%)7 (A10)

where/=1,...,Nand j = 1,...,M by which ‘cl(j ) is the term structure of the time for the 1-th
observation of j-th futures price.

. (i)
Substitute ¢ ¥4’ and =27 by Equation (A.9) and (A.10) respectively. Therefore, each

element of M, d, 5 aM’ and ad’ can be approximated by Equation (A.11) to (A.14)

U (i) _ 47D
)l L, YT k) KT e
M 1 e S

AN\ 2
e ) e

7]A(j‘C§i)

: ( (i))zefcjty) +% 5 (Tgi))K ¢

1 .
- [1, 3 Knm7(l)] (A.11)

n=-—1
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where

_ C ) e 1o N2 e

m, 1) = 14e ’T —f—Kj‘Cl(l)e_Kﬂl +§ 5(11(1)) o KT cR
' ) k1l o (D)) kAl

m?(l):—’tl(l)e'(ftl —K; <’tl(l)) e Nl erR

i \2 —kal)
mlu):% <T§>) L

and m;l(i), n = —1,0, 1 represent the coefficients of k" respectively.

Then substituting

aMl(i) L N2 —ead® L/ N3 g o (0)\3 _ga
=03 () e () e e () e
. N3 ol : , A . N2
1% (1) R N G
2 P K2 2 K2
1
=0, ¥ wr| e R (A.12)
n—
where
20 <t - el L ()
_ 1 PO
h) 16) _ _ 3 A? <Tl(l)) o KT
] 1 2 @ (@)
h?(l):E TEU) e N 4}, <Tl()) o KT
B0 — % (ﬁ”) k7t
and h;l(i), n=—2,—1,0,1 represent the coefficients of k" respectively.
1 .
d~ Y ws (A.13)

n=—
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—3(i (D) 1 _ (i) 1 5. i _ () 0
5; (i) 02 &7 56211()](/ 2&;1," —G%K? (Tl(l)> 28,1, —f—GZKJTE) -k,

+ %G% <T§j)>2f<§ekﬂl(i> — %(52 i(S o2k
S;Z(i) —_ %Glﬁzpf(§ <T§i)) ’ ek _ c102pk jrg")e*‘%ﬂy) + %c%r}i) — A+ 03k, <r§i)) 2 o261
~o <Tl(i)> TR ke %Mz(j)z‘%?ek” v G100pe S e
+ %G%Tl(i) 2% 4 162p — GZTZ( i) =1,
5 D) —6102p%; <1:l(i)> 2 kil + MED e ¥ Lo TE!’)G 15 — Ou_gi) % Sk
B %0“%3 (Tl(i)> e R —AK; (Tz( ))2 e+ Glczprgi)e‘f‘ﬂ;i) — %G% <r§i))2 2K
ek ; 2 < 0 ) 2 k)
S?(i) =— %Glczp <’cl(i)) ? e’kﬂy) + rl(i)r — ’cl(i)oc + ocf(j <’cl(i))2 e’f‘ﬂy) + (xﬂcl(")e*ﬁﬂ;i)
() e
20 Lo () et
and s7<i), n=—3,-2,—1,0,1 represent the coefficients of k" respectively.

S X ) (A.14)
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where

a3 0 e ) .9 3 e e
P, ® :ZG%e KT _303e T +ZG%+§G%TZ(Z)KJ-€ 287,
3 5/ 0\ a2 2k 2 (a4 3 5 (\2 a2 —ga®
+§(52 <1:l ) Kje "V —3051 ke —5(52 <Tz ) sze a
—3(i Nr gl N2 Ay ) T PRU)
P 2010091 ke Y o100 (1)) R — 03t —odr)e 2

Nl & () A 2 ()
+2G§r§’)e*‘<ﬂz —26162p —2he MY 420 — 263 <r§’)> e 2R

AN\ 3 A (i) A\ 2 A (D) 1 A\ 3 A (i)
2 (i) 2 —2K;T 2 (1) A —K;iT (i) 222 —K;T

N il N2 a2 gl PO
—27MTl(l)Kj€ & —7»(1:5’)> K % +20100pe T

iy : NCE N2 oo )1 N2 oD N
» Z(Z)Z_TI(Z)G]GZPQ_K/TI —1—5(5% <Tl(l)) e 28 _EG% (Tl(l)> e R —f—?le(l)e_Kﬂl

: el N3 » i ()
+ 610007 +0e Y — o — 263 <1:,(’)) Rie 0 4 arVije R

1 (i) 2 5 ) (i) 2 o 1 (i) 3.0 o)
+§OL<TZZ) K?e Kt +(le> AKje T _E(Tll> kKﬁe Kt

. 3 N N 7 . 2 n s (1) 1 R 3 ) e (1>
+ <1:l(’)> G%KjefK/‘Cz _x,cl(t)_< l(z)) 610,pkje N _'_5 <Tl(l)> GIGZPKie %!

. 1 AN\ 3 n 1 2 ~ (i) 1 3 (i) 3 ~ i
¥ =5 <rl(l)) 0102pe N o (1:5’)> e N — ) <1:1( )) e N (1:,( )> ok e NN
L/ i3 ()
pzl(l) = <‘c§1)) oKt
p-4,n=—1,0,1 represent the coefficients of k" respectively.

Now focus on Equation (A.8). We will calculate each term of it respectively. First calculate
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By, [25\[ | <aacl>/G2 (X1 — O01X1—1 — 1) I%N] :

T
kg, )y <a_il) G? (Xl—QzXz1—Cz)|1dN]

N
r 1
=E; | aAte,G2 (X,—Q;X;l— <ﬂ—§c%) Atel—KocAte2> |yN]
_ A2 (7(2) A (1) _l 2 _ 242 ) ~—2
=0Ate,G | Ly —QiLy" —N | u 261 Ate; KNO“At“e, G e

Next we considerEé‘ [21 IXJ <a£) G| 1—Q1X11—01)|HN}

N 90, / _2
By, ZXl—l o) © (Xi = OXi—1—<r) [N

ZXI 1 (—Ar) ezezG_Z(Xz—Qle—l—Cl)\HN]

F'N
- AfezG_zEéj Y X e (Xi— OXi-1—cp) \YN]
=1

N

= —Are,GEy,

<XzXz_1ez —O01Xi—1X)_1e2 — 6'1X;_1€2> |YN]

=1

! A ! ! ! i A 1
= Ateszz (H](\,l)ez — (elel —Ateje, +ere; — KAteze2> H]E?)ez — ((,u — 56%) Ate;

+KOAze;) <ﬁ]<\,l>> 62)
’ ~ / ! "\ 7 ! [ /
= — Ate, G2 (H](\,l)ez - (elel —Atejey + ezez) H]E]Z)ez - (/1— EG%) Atey < 1(\})) eg)

+K <—Atze/2G_zeze;I:[]E,2)ez + OcAtZelz G_Zez (il(\,l)) ez)

Before calculating Ey, {2?’ OJ(J <8M’ ) (Y, - MX; —d)) |9N] and

[ZN <ad1> H2 (Y, —MX;—d))|Y N} , first we define some finite-dimensional
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filters

Ry (hm) = Eéj %H_Z (011, hm]XlWN]
m=—-2.-1.0,1
Ry (di, him deH [0ar%1,h ]Xz|‘dN]
k=-3-2-1.01,m=-2,-1,01
Ky me IMxl,OMxl]XlWN]
—4,-3,-2,-1,0.1
Ry (pm,mn) = me 2[0nrx1, mn]XlWN]
—4,-3,-2,-1.01.n=-1,0,1
N
Ay (dMy) =Ey | Y dM,H T X2 XY N]
i=0

m=-2,-1,0,1

Hy (dMy,,m,) =E,

al / 2 2
=0

—2,-1,0,1,m = —1,0,1
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where 0)/1 is an M x 1 vector with 0 in each position, I/« is an M x 1 vector with 1 in

each position and X, g ), = 1,2 is the i-th element of process X;. Then

N (oM
B, ZXI( ) (Yz—Mle—dz)WN]

| /=0

oM,
ZXz ( 1) HZMIXIWN]

N (oM,
:Eéj 2)(1( l) 72Yl‘yN

| /=0

ZXz (aMz) ZWN]

1

ZY/H’Z loMxl, D K”dMn]Xz\‘zJN]
1=0

n=-2

=Ey,

1

v T
S X | Our, >, K'AM, | H? [IMxl,OMxl]XlWN]
= n=-2

n=-2 n=—1

[ N [ 1 i 1
—Ey | Y X [Ouxr, Y, K'dM, | H? [0M><17 > Knmn] |%N]
_1:0 L -

n=-3 n=-—2

[ N 1 1
—Ey, |2, < S K"d,,> H™? loMxl, Y K”dMn]Xl\yN] (A.15)

Thus equation (A.15) can be written as

1 1 1 1
S WRy(dM)— Y KHydM)— Y S Ky (dMy,my)

n=-2 n=-2 m=—1n=-2

1 1
= Y Y WKy (dm, dM,)

m=—3n=-2
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) o\ 4r—
Now continue to calculate Eéj [25\7:0 <ai]’</> H2 (Y, — M X; —d)) |HN}
N orod\'
[ ()0 wn-an]

Norod\’ N orod)
z (a—KZ) HZMI)(]WN] — 2 <8_KI) [—[*Zd]

=0 =0

N 1 ! |
— kg, > ( > Knpn) H™? [0M><17 > Knmn]XlWN]

/=0 \n=—4 n=—1

N 1 !
—Eg, |2 ( > Knpn) H™? [IMxl,OMxl]Xz\HN]

| /=0 \n=-—4

- g‘, ( le K"Pn)/H2 (éK’%) (A.16)

[=0 \n=—4
Therefore, Equation (A.16) can be written as
1 1

N 1 1
2 (anp;H_ZYl> — 2 (WRv(pa) = 2 2 WKy (pmsmn)
[=0

n=—4 n=—4 m=—4n=-—1

1 1
— 2 2 Km+”p/mH_2dn
m=—4n=-3

From the calculation above,the (j 4 1)-th estimate of k should satisfy the equation

a§k” + a4 a¥x” + afk® 4 afi + aft + a5 + a5 +afx4-af =0
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N

a§ = —H (dM1,m) — Ky (d,dM1) — Ky (p1,m1) — Y, p1H *d,

N
ag = Zp’lH*ZYZ + <—At262GzezeZI:[]E,2)ez + OcAtzezG*Zez (lﬁgp) ez>

ag

=0

—l—KN(dMl) —I:I(dMl) —I:I(dMo,ml) —I:I(dMl,M()) —kN(do,dMl)
) ) ) . N N
— Ky (dy,dMy) — Ky (p1) — Ky (po,m1) — K (p1,mo) — Y, poH 2d1 — Y. p1H *dy

=0 =0

— No2A e, G 2es

N
7= Zpé)H_zYl —Ate,G? (PIJ(VI)@ - (elel —Ateje, +ezez> H;Efz)ez
1=0

1 RN
— <,u— EG%) Ateq (Ll(\/)) ez)
—}-I%N (dM()) —[:](dM()) —[:](dM_l ,ml) —[:](dM(),mo)

—H(dMi,m_) — Ky (d_1,dM;) — Ky (do,dMy)

— Ky (d1,dM_1) — Ky (po) — Ky (p—1,m1) — Ky (po, mo)

N N N
— Ky (p1,m—1) =Y, p—1H 2di = Y, poH *dy— Y, p1H *d_,

: . . 1
+ 0ALe, G2 (L}? —oi\) -~ (/1 - 56%) Atel)

M=

P H 24+ RS (dM 1) —H (dM 1) — H (dM_5,m))

~
Il

0
—H(dM_1,mg) — H (dMo,m_1) — Ky (d_2,dM) — KN (d_1,dMo)

A

— KX (do,dM_1) — KX (d1,dM_3) — Ky (p—1) — Ky (p—2,m1)

1 N
— Ky (p—1,m0) — Ky (po,m—1) — 2 <2p_n_1H_2dn>

n=-—2 \/=0
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N
aS=Y pl ) H Y+ RN (dM_p) — H (dM_3) — H (dM_3,my)
0

~
|

—H(dM_1,m_y) — Ky (d_3,dM)) — Ky (d_2,dMo) — Ky (d_1,dM_1)

A

— Ry (do,dM_3) — Ky (p—2) — Ky (p—3,m1) — Ky (p—2,m0) — Ky (p—1,m—1)

- Z], (ip—Z—nszn>

n=-—3 \/=0

N
= plsH 2V, —H(dM_5,m_1) — Ry (d_3,dMp) — Ky (d_2,dM_)
—0

— Ky (d—1,dM_3) — Ky (p—3) — Ky (p—4,m1) — Ky (p—3,m0) — Ky (p—2,m_1)

—z(zmw)

n=-3 0

= ZPL4H72YI — K (d_3,dM_1) =Ky (d—2,dM_3) — Ky (p—4) — Ky (p—4,m0)

=0
3 N
— Ky (p-3,m_1)— Y, <2Pn4H2dn>
n=0 \/=0
N N N
a5 = Ky (d-3,dM_2) =Ky (p-a,m—1) = Y, p-aH 2d_1 = Y, p3H *d 2= poH *d_3
=0 =0 =0
N
af =~ paH d- z—Zp 3H %d_3
1=0 =0
N
ay=—Y paH~ 2d_3
=0

From all above, we proved the EM update for each parameter.
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Appendix B

Proof of Finite-dimensional Filters

In this section, we give a outline for deriving the filters given in Theorem 3.1-3.8. The proof
is based on the work of Elliott and Krishnamurthy (1999) and Elliott and Hyndman (2007).

We calculate the filters with the reference probability measure introduced in section (2.3)
and apply Bayes’ theorem. In the E-step of the EM algorithm, the (k + 1)-th update of the
parameter set 8,1 is based on the k-th update 8;. Therefore, the Radon-Nikodym derivative
Ay in the E-step is associated with 0, and used to construct the measure Pék from the reference

probability P. Let oy, y;.(j(m), qr, and B;Z(n) be the unnormalized (measured valued) densities

o (x) = E [ Al xycany 9]
W\ =E [Aleij(n)I{xkedx}Wk} ;m=1,2
i (x) = E [ MKl eany 9]
jcj(n) (x)=E :AkUlij(n)I{xedx}Wk] n=1,...,4

;c(n) (x> :E AkL;c(n)]{xedx}‘yk} )= 17'~-727i: 17~"7m

PV ) =E AkHlij(n)I{xedx} |Hk] n=0,...,3.
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Then for any measurable test function g : R — R

ElNg)I) = [ on(x)g()dx (B.1)

E[A "0 19] = [ 9" () gy drm= 1.2 (B2)
ENKig(I0i) = [ ar(0)g(x)ds (B3)

E [AkU,ij(n)g(Xk)Wk: =/, BY™ (x)g(x)dx,n=1,...,4 (B.4)
E [AkL;(”)g(Xk)|yk: =/, ¢ (g()dxn=1,....2, (B.5)
E [AkH,iﬂ”)g(Xk)wk: =/, P/ (x)g (x)dx,n =0,....3. (B.6)

Similar to Theorem 4.1 of Elliott and Krishnamurthy (1999), the following recursions can be

derived:

O (H™' (Yo — Myx — dy))
B G[|H | (Y)

/m 0 (G " (x— iz — ) B (2)dz
+<X,eMM s< x eeMI > oy (x) (B.7)

O (H™' (Yo — Myx — di))
G[|H | (Y)

/m 0 (G (x— iz — 1)) B/ (2)dz
+ <X, e M >< X, exMI? > oy (x) (B.8)

i3) O (H (Y —Mx—dy)) _ )
=Gy e ® (0 G e B G

+ < X,eoM s< X eeMI) > oy (x) (B.9)

i@, OH (Y —Mx—dy)) _ ij(4)
k] (X) - ‘GHHM)(Y/() /m(P(G ](X—QkZ—Ck>) Bkj_] (Z)dZ

+ <X, oM >< X, exMI?) > oy (x) (B.10)

:q)(H—l (Y — Myx —dy))
G[|H ] (Y)

[ o6 w-0z-a) i @
+<xeM™ (v —d) > o (v (B.11)
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i) O (H ! (Ye—Myx—dy)) A a ij(2)
Yk ()C) - ‘GHHM)(Y/() /m(P(G (x ka ck))Yk_] (Z) dZ
+ < X,eoM <Yk(j) . d,ﬁf)) > oy (x) (B.12)

O (H ' (Y — Myx— dy))
|G||H|d (Yr)

o (x) = [ o6 a-0e—c)ur@d: B3

O (H ' (Y — Mix —dy))

qr (x) = /Rm ¢ (G (x— Oz —cx)) qh—1 (2) dz+ fH~*Mixoy (x)

|G|H|¢ (Ye)
(B.14)
i(1) _¢(H_1 (Y — Myx — dy)) 1 i(1)
k (x> - |G||H‘¢(Yk> |:/5‘Qm o® (G (X— QkZ_ck>) kal (Z> dz
/Rm(p(Gl(x—QZ—c)) <Z,€i>OCk1(Z>d2:| (B.15)
i)y _ 0 H " (Y —Mix—dy)) . i)
k (X) - |G||H|¢(Yk> /g;m(p (G (X— ka—Ck)) Ckfl <Z> dz
+ <Xx,e; > 0 (x) (B.16)
i) O (H ' (Y~ Mux—dy)) . i7(0)
kj (x) |G||H|q)(Yk) /m(P(G (x_QkZ_ck»kaf] (Z)dZ
+];er_2g_1 < x,e; >< x,ej > 0 (x) (B.17)
(), OH (Y — Mpx—dy)) . ij(1)
pk ( >_ |G||H|¢(Yk) [Amm(G (X—QkZ—Ck))kail (Z)dZ
+ <x,e > /jzm(p(G_l (x—Q0z—c)) <z,e; >0y (z)dz} (B.18)
i), OH (Y —Mx—dy)) . ij(2)
pk] (X) - |G||H‘(‘)(Yk> |:/mq)(G (X_ka_ck))pkj_] (Z)dZ
+ gzm(p(G_1 (x—0z—0)) <z,e; ><z,€; > 0| (z)dz} (B.19)
ij(3) (x) :¢ (H_l (Yk—ka—dk)) / (G—l (x— Quz—c )) ij(3) (z)dz
Pr GIH]6 (%) n? TP
+ <x,; ><x,e; > 0y (x) (B.20)
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For brevity, we only prove (B.7) as others have similar procedure. we can write
v/ =iy < xp e MY < X e MUY >
Then using the definition of Ay in equation (2.14), we can write equation (B.4) as

E [ Mg () 9

= O(H ' (Y —MiXe—di) @ (G (X — Ok — k) i)
=E M HIo (%) Glo (%) X Uicr 8 X0 [
AN O (H ' (Y — MiXe — di)) 0 (G (Xi — OrXi—1 — cx))
ol [H]o (%) Glo (X)

X <Xk761M;(ci’l) >< Xk,elM;(cj’l) > g (Xi) Wk}
1

T H|Glo (%) {E_ {Ak_lUIZ(}) /mmq) (H' (M —Mix—di)) 0 (G~ (X — QiXe1 — )
eyl E [ [0 (! 0 Mo ) 9 (67 (- 00kic 1 —en)
<x,e1M,(:’l) >< x,elM](cj’l) > g(x)dx|ka

:m Vm/mﬁﬁﬁll) @) (H (Y~ Myx—di)) (G (x — Okz — ) ) g (x) dxdlz
[ ] o @o(H (- M= d) 0 (67 (v 01z~ )

<x,e1M,£i’1) >< x,elMIEj’l) > g(x) dxdz]

From the definition of sz(l) (x) in equation (B.4), it is easy to conclude that

(), O(H (Y — Mpx — dy)) ij(1) Ve O o)) ds
kj (x> - |H||G|¢(Yk) Rm Bkjfl (Z)(p (G (x ka k)) d

q)(H_l(Yk—ka—dk)) B
\H|[G|o (Y) / 01 ()9 (G (x— Qhz—cx))

X <Xk,elM]£i’l) >< Xk,elMlgj’l) > dz

O (H ! (Y — Myx — di))
|H |G| (Y) Ri

B;cj—(ll) (2) e (Gil (x— Okz— ck)) dz

+ < XM < X e MIY > oy (x)
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Similarly, we can prove the other recursions.

Note that when £=0, we have the initial conditions as follows:

O (H™ (Yo — Mox —dy))
|H|6 (Yo)
ij(1)

o (x)=< x,elM(()i’l) >< x,elM(()j’l) > 0 (x) (B.21)

¢ (x)

(047} (x) =

1)) e M) > e > o

3(3) (x) =<x, ezM(()i’z) >< x,elM(()j’l) > ol (x)
3(4) (x) =<x, egM(()i’z) >< X, egM(()j’z) > ol (x)
Yf)j(l) (x) =< x,elM(()i’l) <Y0(j> —d(()j)> > o (x)
W () =< xeamy? (1)~ df) > a0 (v)

qo (x) = foH > Moxog (x)

G =0
& =0
Pf)j(o) — IH 28 < x,e; >< x,e; > 0 (¥)
p:')j(l) —0
2D g
A g

(B.22)
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Using these recursions, we are able to give finite-dimensional sufficient statistics for the den-

sities (B.7) to (B.14). Define

or=P_' +0,G20
% =G 200,

Se=o0ily (P 016 2e))
Similar to Theorem 5.2 of Elliott and Krishnamurthy (1999), we can prove

;(](n) (x) = {aﬁg(”) + (b;(](n)> x+xld;l(](n)x] o (x),n=1,...,4
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where ak+(1) € R, bk+(1) € R™ and d,ijfll) € R™"Ma symmetric matrix satisfy the following

recursions
) =afV+ (5" >) Se+Tr | Vol | + st/ Vs af ™ =0
b =z (1 42475, ) ) =0
D =35 (M s Y+ en )
déj(l) = % (M(()i’l)ele/lM(()j’l) +M(()j’1)ele'1M(()i’l))
al?) =a/® ¢ (b;g<2>)’5k+ 7r|df ol | + st sp.af® =0
2)

b =i (B0 + 24 Vs ) o

+1 = =0

dk+(1) —Zk+1d ()Z;c+l+% <Ml(c+1) €ie 2M1§+1)+M(+1) €€ lMl(c—H))
d(i)j(z) = % (M(()i’l)elele(()j’z) —|—M(()j’2)eze'1M(()i’l))

agﬁ) ago) + (b J3 )> Sk+Tr [d J3 )Gk+1] —I—S;Cd,ijB)Sk,agB) =0

bk+(1) — % (b ij(3 )+2d,ij(3)Sk) ,bf)j@ —0

dk+(1) —Zkﬂd Je )Z;c+1 +% <Ml(c+1) €€ lMl(c{l:l)_FMl(c{iil) leIZMl(ci’Lzl)>
di®) — % ( MEDerei MU 4 D eyl M((),-,z)>

iy =a ™+ (] ”) Se+Tr|df ol | + i/ s af ™ =0

bk+(1) — % (b ij(4 )+2d,ij(1)Sk) ,bf)j(4) —0

dk+(1) =Z1dy /e )Z;cﬂ +% <M/£+1) 2€2M1£+1) +M1§+1)€2€/2M/£i+’21)>

. 1 . . : .
d(l)J(4) =3 (M(()l’z)ezezM(()J’z) —i—M(()J’z)ezele(()l’z))

Also, we can prove

.. — . /
y;cjf? (x) = [52]( )+ (bkj( )> x] oy (x),n=1,2
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where a kj+( 1) and b” I

ij(n)

41 satisty the following recursions

.. —_ !/ ..
@) ="+ (/") sl =0

B = s+ o) (2~ ) Y = e (50—

+1

—_ ! ..
al?=a®+ () s.al® = o

0% =it} e (v - i) 5 = e (v~

Next we have that

qi (x) = [re+ (%) x] o (x)

where 74,1 and sy satisfy the recursions

Fir1 = i+ (51) Sk, 50 = 0

Skt = Zir1Sk+ My H 2 fi1,50 = MyH 2 fo € R”

Similarly we can show that

i(n) i(n) . .
where u; | and v} satisfy the recursions

ufc(i)l = u;}]) + <v§€(1) +e,~> Sk, u

i(l i(1 i(1
Vk( )] ——Ek <Vk( )—f-e,'), VO()
i(2 i(2 i(2 '
uk( )1 = uk( )+<Vk( )> Sk;

Vk(+)1 > Vk( )—i—e,-, vf)(z)
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i(1
i _g

=0eR",
uf)(z) =0,

=0eR",

(B.24)

(B.25)

(B.26)
(B.27)
(B.28)
(B.29)

(B.30)



Finally, we can show that

pg(n) (x) = [lfkj(n) + (\72(")> x—i—x'dllcj(n)x} o (x),n=1,....,4 (B.31)
where "/ (n), W/ and g™ satisfy the recursions
Koo Vi k
i) =@+ (O >) Se+Tr [ d) ol |+ 5] sy, i@ <o, (B.32)
W = e (W0 +2470s) {0 =0 e R (B.33)
| / /

dilcj+((1)) = %d]" )(Zk+1)/+_f1H ’g (eiej+ejei>7 (B.34)
i) =V (1 >) Se+ Tr|df Vol | + S sy, iV =0, (B.35)
W = e (W0 +247Vsy) + eiesi iy =0 e R, (B.36)
77 77 !/ 1 / / 77
d/) =5,d7 V5, + 5 <eiejzk+zkejei) AT = g e gmxm (B.37)

_tk]—i(—zl) —ch](Z)+< - >> Sk+Tr [dk( )Gk+1] +S; (d " tee )Sk+TV [eie/jcl;:l] :

(B.38)

)P =0, (B.39)
WS = e (W0 + 2D +eies+ejer) i) 35D =0 e R, (B.40)
A (d?’j@ + % cie; +e,-e;D (Zk1) ,dJP =0 e Rmem (B.41)
iy =i+ (}° >) Se+7r [ Vo | + 51l s i) =o, (BA42)
W = e (WY +247s1) 55 =0 e R (B.43)
a3 —5d7% (3400) + % (eiej+ejer) dg @ =0 e g (B.44)

Proof. We only prove equation (B.23) for n = 1. For convenience , we drop the superscript i

and j. From equation (B.21), we have

B(()l) (x) =< x,elM(()i’l) >< x,elM(()j’l) > 0 (x)
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Therefore, we have the initial condition for ag, by and dy given by equation (B.45)-(B.47).

a=0cR (B.45)

bo=0cR" (B.46)
1 i / ! / i ! xXm

do =5 (erd M Ve, + e g e ) € R (B.47)

Now assume equation (B.23) holds for » = 1 at time k. Then at time k£ + 1, using equation

(B.23) for n = 1 and recursion (B.7), we get,

9 (H™' (Yes1 = Mir1x — dis1))
|G[|H | (Yit1)

/932 [0) (G_l (x— Qk+IZ—Ck+1)) (ak+b;€z+zldkz> o (z)dz

+<xe M) ><x e MUY > oy (x) (B.48)

Let us first concentrate on the first term of equation (B.48).

Denote

O (H™' (Yep1 — Myy1x — dit1))
|G||H |0 (Yit1)

I = /9%2 ¢ (Gil (x— Orp1z—cxr1)) (ak+b;cz+zldkz)

X oy (z)dz (B.49)
From the definition of ¢ and oy (x), we can rewrite equation (B.49) as
1 _ 1 _
I =T (x) /sz exp [—5 (x—0z—¢) G2 (x—Qz—c)— 5 (z—w) Pt z— )| (B.50)
X <ak—|—b;€z—|—z/dkz) dz (B.51)

where

O (H™ ' (Y1 — Mpy1x —dk+1))
|G[H]§ (Yier1)

T (x) = m) |G R . (BS2)
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Therefore, /; is expanded as

1 ! / ! ! !/ ! !/
I =T (x)/ exp [—5 <x GIx—xG?0z—xG2—z20G x+2z20G %0z
Rm
—I—Z/Q/G_Zc—c/G_Zx—I—c/G_ZQz—f—c/G_Zc—f—z/Pk_lz—zlPk_l,uk—ﬂ/Pl:lz+,u;€Pk_l,uk>}
(B.53)
X <ak—|—b;(Z—|—zlde> dz

1 /
= (x)/ exp {—— [( 'G*2x+/¢kPk_1/1k—|—c’G*20—2x’G*20> +7 (Q’G’2Q+Pk_1>z

2
) <x’G’2Q _JG20+ ykP,j) z} ] X <ak + b;z+z’dkz> dz (B.54)
Denote
_ /=2 ! ~—2 " —1 '
Si1 =2 (x G 20— G20+ P, ) (B.55)
1 ,
Ti (x) =T (x) exp [—E <x’G72x—i—,ukP,;1/1k +G e — 2x’G2c)} (B.56)

Then, /; can be rewritten as

1 /
L =T (x)/ exp {—5 (z'0k+1z— 8k+12)] X (ak+bkz—|—zldkz> dz (B.57)
Rm

Completing the square in equation (B.57) yields

_ / _
1 L 1Ok S L 1Ok 1
3 — 5| Ok —

(B.58)

1,
I =Th (x) exp {_§8k+lck+16k+l] /sz exp
x <ak+b;z+z'dkz) dz. (B.59)

Now let us focus on the integral in equation (B.59).

_m -1§ ' Ty . .
Note that  (21)” 2 |Gy 1 |%exp [(z — M) Gl | z— M is the unnormalized
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-1
Gaussian density in z with E (z) = G"%&‘“ Therefore
/ 1 ol 8 Oy 1Okt 1
/ <ak+bkz—|—zldkz) exp|—=|z— ht'zn i COi+1 | z— ht=ahuaniy B2 (B.60)
Rm 2 2 2
—2m)% |0 <ak+b;€E (2)+E (z'dkz)) (B.61)

So

E (z/dkz) =E [(Z—E () di(z—E (Z))] +E (Z/) diE (2)
=Tr [dkcl;ll} + % (c,;llékH)/dk <(51;E18k+1> (B.62)

From equation (B.49) to equation (B.62), we obtain

1 1. m _1
BL., (x) =Ti (x) exp [gakﬂckﬂskﬂ} (2n)% [oe| 2 (B.63)
Ot Bk 1 1 ' »
ak—l—bkf +Tr [dk6k+l} + 1 (Gk+16k+l> di; <Gk+16k+1> (B.64)
(i,1) (1)
+ < x,eleH >< x,eleH > Oli4-1 (x) (B.65)

It can be shown that using the similar procedure above, that

1 / m _1
1 (x) = Ti (x) exp {§8k+16k+16k+1] (21) 2 [Opt1] 2 (B.66)

Thus

-1
1 1 1) Oy 1 Ok1 1 D __ 1o _ _
B1(c+)1 (x) =041 (x) (al(c '+, kﬂf I [d,& )Gkil} * Zsk+15k+11dk5k+115k+1

—l—x’M(i’l)elellM(j’l)x)

k+1 k+1

Substituting for &; 1, we can obtain

1 1 1) 1
Bt (x) = o (x) [ )y B+ )
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where

!/
apty =+ (0") se+ e [aV o] |+ spaVsi
bty = e (0 +24.s)
1

1 1) i) (i i) (il
d/£+)1 :Ek+1dl£ )Zk+1 +§ <M/£l+’1)e1e1 1£J+1) +M/£J+1)‘3161M/8+1)>

Similarly, we can prove for B;{Jﬁ) (x) n=2,3,4 , g (x) and yﬂrf) (x), m=1,2. The proofs of
recursion (B.23) for n = 2,3,4, (B.2), (B.1) and (B.3) are very similar with the above one.
Hence we omitted them. Once we get the finite sufficient statistics for densities sz(") (x),n=
1,2,3,4,v, (x), g (x), we can finally obtain finite-dimensional filters for J,ij (n) , Kj and U,ij () =

1,2,3,4. Applying the general version of Bayes’ theorem, we complete the the proof of The-

orem 3.9. For example, using Bayes’ theorem, we can write

E_[AkU]ij(n)|yk:| B fIRm ;{](n) (x)dx

Ey, [Uéj (")I‘ék} = (B.67)

E [Ar]Yk] ol
where o = [5m 0y (x) dx. Since
o B (x)dx (B.68)
—OE {aﬁ'j W (o) o ddl (’”x} (B.69)
—O4E [a}'j(”> + (") o ddl (’”x} (B.70)
—0, [a}'j(’” + (b}'j(”)) 4 Tr [d,’j (”>Pk] + ppd”™ 4 : (B.71)

We can get equation (3.38) by simply substituting in equation (B.67). The proofs of equation

(3.37) and (3.36) are similar. ]

Therefore, we proved the finite-dimensional filters in M-step of the EM algorithm, which

enables us to implement the filter-based EM algorithm.
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