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. 1.1, MARKOV MAPS

7

3 A function f is said %ol be piecewise continuous on an interval AR

° 1% T[a,b] if there exists a finite partition J =:{Ii}?=] y =

& < .
I (a1_1,31), a,=2a, a =b such that: | f . .
, \
’ggen subinterval I, 1sisn;
| d

(11) f. approaches a finite limit as the end points of each.

»
-
a

. ‘ v subinterval are approaéhed from within the subinterval.

et 3 et e
t

(1) f 1is continuous on each

]

In other words, f is ‘piecewise continuous on [a,B], if it

—

- ‘ .. s is continugus, except ‘for a finite number of jump discontinuities.

i

\ : A simple example of a piecewise continuous function is the following: °

' N

the restriction wa

T .
. 4 .
. . c
f . ’ - .. -

of f ton‘%he‘open interval (a{_],a1)‘ isa cX

N

v

D sl i FY
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~ Tine and let us' consider a f1nite/part1t1on‘ J of\\l. Let us deno\e

+p and q such that:

.the transformation T is ca11ed a arkov map with respect to the

“partition J. : , . « ol , f*\»/

N
.

In the following e shall use the terminoldgy "map" ér g

“transfonnat‘lon", instead, of a fU{uctwn

'Definition 1.1.1:  let 1= [a b] be an/interval on she rea1

t

by:Q the partithon points of 7. We' say that/ a piecewise cont1nuou

transformation T:I-»I - takes bartition point into part1t1on points
if t1(Q)<=Nq. .If' T 1is d1scontinuous at thefpartition po1nts a5 :
require r(a;) and r(ai) to be in Q.

The above partition J Cﬁs called a Markov part1t10n for T,

) Defindtion 1.1.2: 'Let I, = (ai-l’%i)’ 1<idn. We say tha the
partition J has the communication proggtgx_("1rredu ibility propert "
in Markov chain term1no1ogy) under the p1ecew1se continyous

s’

transformation t: I-1, if for any I I eJ there exigt 1nteger

Pe 91
?i cT (Ij) and I, <1 (Ii)’

where t° {is the kth iterate of . l‘ |

“Let. 1 = [a, b] and let 1: I~1 be a measurable non-singu?

R
transformation. By "non-sinqgular” we mean that m(t’ (A)) =

( . ’( ) / w
whenever m(A) =0 for A a measurabﬁg set (m defdotes the Lebesgue
, : !

\

€

LA continuous function with continuous derivatives up to kth order.
' t ' ‘ ’ 1 1




F

N
,aforementioned ciass possesses a unique absoiutely continuous 1nvariané
measure. Moreover, [14], the invariant density f (giu under <t

“is a fixed point of the Frobenius-Perron operator PT: L —»L.l ‘ }, ‘

mbenius Perroh operator P are piecewise constant functions

B ‘ | : | ; @
- measure on I and\-r'](A)\= {xel r(_x)eA}). Also let u be a . |
measure defined ‘on the c-a‘lgebna of I. < -We say thét‘ u’is invariant ‘
under 1 if for all measurable sets AcI we ha\:e u(A) = ulr (A)) - : (

3

H is absolutely continuous if there exists a function

£: I-»[o,w), fel, = L1(I), the space of integrab]e‘functions

Qn_;zl, ‘.su'ch that: . )
! T . . ' ’ N .’ ! 4 )
i . u(A) =‘I fx)dx | o oD
‘for' every Lebesque measurab'le set Ac:I . We refer to f as the ®
.”g;nvariant density (of W) under T. B R Y {
It is known [14] that if dinf|t'(x)! >\1 and .T- is a piecewise

xel - , >
2 . _ | . . .
C" transformation, then it -admits an absolutely continuous invariant ‘”

measure. It is also known [3] that a certain subclass of the

1
defined. by: '

v

P_f(x) s f—x f(s)ds. B
' ICRIE

“On the other frand, it is known ['IO] that the fixed points of the _,‘

There\fore the unique invariant densitygunder 'T.', for 1 be'longing to

N
that particular subclass, is a piecewise constant function.

. _.Generally, it is very difficult to find the unigue invariant

density for In this thesis, we shall show that-in the case where

inear, the unique invariant density under. t, {is found




»”
"

¢ A by simply solving a system of linear equ 1lons.\ ‘Moreove:r, we' shall find .
o ‘ " the invariant densities of some parlticular piecewise linear trans- , .

. L X \\ ) - . . - . ' . . J' B
formations and we shall characterize some c]"a‘s'ses of piecewise constant , \ .

Y -

+ functions, wh1ch can serve 'as the unique’ 1nvar1ant den51t1es for 5o
* ; . e
construct1ble 11near transformations YT . - ‘ L

* Remark S1nce the resu1ts of the theonems remam vahd when we .

-

use 11near transf‘ormations Q(i),(rom [a,b] into [a,b], [a,b] any 1nterva1\ R
[

on the rea] hne and (ii) fromI[0,1] 1ntu [0,1], we shaH use ‘mostly,

D Hnear transformatwns frem [81] into [0 1]. o - ¢

lLet us now give some matrix theoretic definitions.

v ' . >

- Def1n1tiqn 1 13 A sqqare.ma'tr'i’i A=_'(a.j‘), (%,.j'=1,2,....n)>

e Tt wee

is called non- negatw . AzO (or positive,.A>0) +f all the entries
. ]

’ " * . of A are non-negative (or positive). S o . L

D-_.\ C Definit/{on 1.1.4: A square, matrix A {a ij)“ (i j ‘,2',' ,n,n22)

1s caHed reggmMe if there is a pem‘\\utationl matrix ' P such that Fen

. M A : \\ ’
B N L Y S o
- . S A 3 A - e

.4

: L - ‘ ®
whnere‘ A11’A2é are square matrices of order less than o, and T Cy

o denotes transpose. Otherwise, A is called irreducible..

"+ " Definition 1.1.5: ‘A i xm square non-negative matrix A s ‘ f;‘&* .
4 C + primitive if there exists an infeger’ k >'0, such t‘hét . Ak>0, Iwhere
. “ . L .
Ak = -(a(k)) .denotes the, kth power of A o . . Lo < f,‘;

\ - . o 1 . e ’

; ) ‘ ¢ -

o i ) Co 1Permu'cation matrix 19 a square matrix where the entries are
‘ . . efther Zero or one and which has precisely a “single ] 1n ea;h row’ ,
E‘ 4 and in each column - _ ;s .o

< . , - i L ?
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Definition 1.1.6: A nxn square non-negative matrix A {s'

said to be row stochastic.if each row sum is equal to 1, %.e.,

i ' n ,
« ‘ Ta,.=1, i=1,2,....4n.
' j=] 1 . - ¢ °

Definition 1.1.7: A non-negative matrix A s contiguous if all

the posit1ve entries in each row are equal and there are nd zero,

entries between them. ‘ ¢

1.2, OUTLINE OF THE THESIS

£

In Chapter II, we explore the property that the Frobenius-Perron
S \ " P ' )
operator: P_ , when restricted to piecewise constant functions, can be

nepréshn}ed as a product of a vector ‘and of an nxn matrix ,MT . The
g - .

-matrix M_r is referent as the matrix induced by the transformation .

"Chapter IV.

We define’a certain class of ‘transformations T, and study sdme
propertie§ of MT for 1 E’Tl Finally we prove a theorem (Theo;em 2.2.1)
which gives‘necessary.and sufficient conditions for an irreducible’

mafrix to be'pr1m1t1ve. This result will be used frequently in
. * o - . . )

-\ . - .
We start Chapter III'by proving the famous Perron-Frobenius -

e

TheoFen'(Theorem 3.1.1) and using,§%at we show (Theoran 3.2.1) that the
matrix M o 1nduced by a- p1ecewise 11near transformation’ 1eT has i
as the ngenvaIue of maximum absolute value This pennits us to show
(Theorem 3,2.2) that it is possible to construct the qbique invariant
- density for a piecewise linear transformation 1eT  when 1 sat1sfjef

two simple conditions. Moredver, we shall show that it 12 possible to

cconstruct a transformation: t under which a given function is invariant.

’ -

T
.
\
o

PRI PR

st




" In Chapter IV;fWe'ﬁefjne a class (denoted An)~of non-negative

.

square matrices A, which are'primitiﬁe, row stochastic and contiguous,

. and we define a 1-1 cdrresﬁondente between A, and g(A ), where g(A )

is a subspace of the space’of 0-1 matrices. Since each A ¢ g(A )

. 1nduces an equiva]ent c]ass of transformation ts'f .(Chapter II), we

< under T.

are able, to find A-1nvar1ant vectors which are 1nvar1ant densities

-
°

S

First, we consider‘}he cTass P of all thé permutation invariant

matrices VA,“Aé:An, L;eétion 4.3) and we associate to each Ae P,

‘a digraph G (Lemma 4.3.4).} Then, following a special labelling: .

proceddre, we construct (Theorem 4.3.1) the A-invariant vector.

-

In section 4.4, we extend the ?n~invariant vectors in a number
of directions.

* In section 4.5, starting with some vectors m, wgvconstruct

matrices’ A, which are in A but\ndt in P,, such that wp=m,

©
In section 4 6, we construct new A -1nvar1qnt vectors from those

known to be A 1nvar1ant

Fina]]y, in séction 4. 7 we 1nvest1gate some properties of

. A -1nvariant vectdti when A ¢ P .

4 v | . . . :
In Chapter V, we use Markov maps to check the irreducibility or
primitivity for constructible matrices. More explicitly, we give a new- -

matrix représentation for a Markov map, and we.show that when a Markov

map T ' satisfies a simple condition, then a given large, non-negat1v§.~v

square matrix; induced by T, can be‘reduted to a sma]lér‘one preserving

“1rreducibility or primitivity.

2 N
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& . | CHAPTER 11
FROBENIUS-PERRON OPERATOR AND

* ¢ L

NON- NEGATIVE MATRICES ¢

2.1. REPRESENTATION OF THE FROBENIUS-PERRON OPERATOR FOR MARKOV_MAPS .

) ! v
Let T: [0, 1] (0,1] bé a measurable, non- singular transformation.

We define the Froben1us Perroh operator P L]-¢L] ‘by the formula: .

B

e -

Pf(x - 4 L Hs)ds .
T ([O,XJ)
where L is the space of {ntegrable functions o; [0,1].
It is well-known [14] that the openatoﬁ 5P%‘ is Tinear and
continuous. Moreover, it satiéfies the following condifi&ﬁ;:
a)',PT s ‘positive  : £50 = P;r'fzoi‘.,_ ‘

b) P preserves integrals:.

N . 1 ,
[P fdm = [ fdn 5, fel, .
0 0, .
AU .
| = pN : . .
C) PTn P,F . . ) . y . -

d) Prf = f, 7F and only if the méasure dy = fdm 'is dinvariant
under t . : o

"In this §ett16n, working with piecewise constant functions f,

we shall show that the Frobenius-Perron operator can be represéntqd as

a product of a vector f and of a nxn matrix M. s depending on

T . -To show that we need‘the following result.




\,-.

‘ : . . Theorem 2.1.1: 'Let, 0 = b°<b] <., < bn =1 be.a partit‘ion of
[0,1]. Let ©;. € ](bi 1°b;) and-monotone. Assume 'also that eaéh . ®,
- . / ,

can be extended as a monotone C] function on [0,1]. Then for.

n

=T wxg » where B. = (b ;.b,),
i=1 i , .
: N ) .'
. L | Pyf(x) = = f(wi(x)) o5 (%), (x) ,
N P . =] i | |
where w cp11, o = W’ l s Jy = 0;(By) . and x, is the characteristic

R

k .o ) function of the set A. .

Proot Let A;(x) = @7 ([0,x1)n B, = ¥ ([0,x])nB, . Then

‘ i ' since ¢ = }: ©;Xg _',, " we get
. -i:] -i . .
. . e
-]') n
L O7HI0) = VA
. . . ' e . 1:] N
- ' . where Ai(x)'s are disjoint, since Bi;s are-disjoint. Thus
i B .. - Co N
Pefix) = g I fls)ds !
‘ o ([0 x]1)- :
? ' /' )
. : n . , '
o J )=: x { () s)ds | ('%.1)
: Cor"\sidering' now ‘thg integral [ . f(s)ds , we have:
" . : ' Ai(x) .
- _ o ‘ N | o ex) ‘ o
o . A f f(s)ds =+ [ - f(s) Xg (s)ds . ‘ -
. A(x) S 7100 I £
i . ~
e ,‘ \ By condition.(a), above, we want | ( )sz when f20 . -Now,
4 N B A x v v ¢
v i . r\~,4 L

since © is - ﬁlonotone, qri is monotone and 0y and w1 are either

both 1ncreas1ng or both’ decreasing Therefore,

Rl




—_ - . . ‘T
B0 ) ~ : » i
' = — for each x,y ¢ [0,1]." ) i
- Nl%(.x)l !w;(y)l y ‘ e
° ) : - f
We use this to establish the sign. Thus, '
- | ' opix) vl o -
- f(s)ds = ¢ f(s) Xg (s)ds.
~ Ay(x) o0 by (o) o B
S () (x) e
g (x Y : S ’ -
F o rads = T ) g (s
- A (x) 21601 Bt 1 () B
Ll f()) ‘(w())w() - 1D
X X X : ' \
ol (x)] 2 ‘ . :
=y, (x) xg, (43 (x)) -
* H).I(x I ’ "3 ,
= £, () o, (x) x81<wi(s<)> .
We.note that - ' .
‘ )(B1 (lbi (X)) = ] e wi (X) & ‘B.i o ,‘:.. |
’ - X £ cpl.(Bi)' =y ' o
| " ot XJi(x) = ']
";.Ther‘g'fore, x:(x) = Xsi(“’i("” and we obtain T
JR A
. d e _ . ) . ° .
H;{\i(x)f(S)ds = f(ﬁii(x)) ,oi()f).x%(x). (2.2)
. o ‘N})w, by substituting (2.2) into (2.1)*1&,&3':‘ |
: T ! P¢f(X_) = 1§]f(wi(x)).01(x)’ xdi(xﬁ-, . | |
) . L . R ... Q.E.D. B
" [ | o
c F \ Do
i ) o\




T e = =

+

1 g )
 Foreach 1, Tsfs<n, let I, (ai-l’ai) and let t: I+1 bea R

Lemma 2.1.1: If f'c C'[a,b] with |f'|>0 then £ fis

monotone orf [a,b] ..~ s . L4
Proof: f e C' [a,b] = f' ¢ C[a,p] TR

"y

and . : ' o l ‘ ) . ' coe K\

\If,"!>0_imp11‘es ~o<f'<0 or 0<f'<w, .
. ‘ LR : : .
since f' is continuous, 1t is only possible to have f'<0 for each

x ¢ [a,b] or f's 0 for each x e“[a,b]. ‘In either cqée, -f 1'.{:si
o . . 2 ST

monotone'on [a,b]. - o )
LY ¢ ‘. Q-EnD-

“
* ‘ -
s ! . . ‘

Let now »  be the inter;va1’ [0,1] with a fixed partition J

[ 4

given by: o

_J = V{O =“'ao<a,1<"'<ari = ’l},.

R . -

piecewise linear ¢! transformdtion ‘wti‘th respect to J, with

1nf|‘r’(x)| >1 . Let F be the class of all functions which are ‘
X' : T . ] A
piecewise constant -on the abové partition, that is, , . ‘

n
feF e flx)= If% (., | T
Co i=] i , '

.

- -~ n
with the requirement rt.hat‘ z] f'i
o . . 1=

[

«1-. Such an f will be also

- representéd by the row.vector f = (f1sfys...ufy). The following

a

‘theorem is on€ of the mostrimp'ortant of this thesis. : ot .

Theorem 2.1.2: If 1 satisfies the above assuﬁptions, then there

'

exists an nxn matrix.M_ such that PTf;f M. for ‘every fe F.




3

x

POt samseprcs s i s =
.4

-

1

: . |

Proof: = Since 'PT is a linear operator, we have, ,{

S n §
Pfx).= P I xI (x) T

. i=]
n
By Lemma 2.1.1 and Theorem 2.1.1 we obtain
N
B N K’
s ‘ 1(x)

n n
Pl = E (x))l—l—— v (1))

SR Hi T35 - \
n n /] 3 N v
= 151 , JE]' 1 (x))lt |~ X‘r (I Wx) .

Since TE]’ has range ~I -y XI ('c (x)) w111 be zero for all i#j . " ' '

|

" Thus

1y %) - (2.3)

PTf(x)=\2 fiTl XT'I .
. is= i

' i=1 |
This proves that P_f is a piecewise constant function, i.e., "Prfs\F.
Therefore, there exist constants d],dz. l.,d‘ such that, for xe:‘Ij

PTé(x) = d‘j C1sjsn . | | (2.4).

A 'Now“dwe shall computé the constants dj’ for j=_1,2,...,n . Let erj

then the r‘ight hand side of:(2.3) is filr%]'] ch:‘fi(li) and

zero otherwise. If we define
,  if chri(li)
0 Ty qthérwise s

. then for xe IJ " (2.3) becomes

2

7




o

AN

- J i=] T 1)

Using matrix fepresentation, we ‘can write (2.6) in the following form

{

ERCAN RPN RER § N : (2.7)

where f is a row vector with coefficients f{J 1<isn, and

M= (m;) isa nxn matrix defined by (2.5).

T

Therefore using (2.4) and (2.7) we get

r copLfefM 0 X S S
, T e T ‘ N . 0.
. As we mentioned in the introductfon there exists a class of

transformations such that each member of that class admits a unique
’ 4

absoluteiy continuous invariant measure. The existence of such a c]ass\

~ .

is-§§own in [3] and is defined as follows:

Definition 2.1:1: We say that a point trans formation

e I-1, 1= [a,b]', is in.class T if it satisfies the,fo]]ohing
conditions for a fixed partifion J:

(1) tis pieéewise ¢ with respect to J. : A
C(2) dnflr ()] >0, Y !
x .
! o, .
(3) 1t takes partition points into partition points.

b

(4), The par;ition J has the communication property under T .

In [14] it 1s proved that the invariant density f under 1

- is a fixed point.of the Frobenius-Perron opefator Pi , Tre., 1s.an

invariant function under PT,'PTf= f . Moreover, in [10], it is

§

proved that‘ﬁle invaniant density f under PT is a piecewise

, ‘ constant function on the Markov partition .J = {11}?=1 of I = [0,
\ -
.}’_‘/L o

\ 5 “;

n Lo
d, = £ f.m,. , 1sjsn . ) . (2.6

©
.~
&w—tm,,sk; R

DL
|

b
\

|

1.

=




%
o A e A e

A

—

)
(5 .
N T A )
- ) -
l‘ t
3 S v

N ey

Co . , '
This permits us to consider the function f as an n-vector _~

™

f = (f,f,y...F ) defined by f; = f(x) for each xe¢ I, 189,

Now, using Theorem 2.1.2, the piecewfse constaﬁi function £, which is, .

invariant under, Pr , ~becomgs an invariant vector upder 'MT. Hence
we caq'%épiace the problem of- finding ;he invariant density f ~ under
T using the operator PT, by fhe problem of finding'thg 1nvaria1;? ’
density 'f under 1, using~@he matrix Mr , which is easier because'
f is given as the solution of a system of linear equatidn§. For that
reason fheorem_Z.].Z is esgentia1 to the"ré§t of t;is thesis. .

‘ Ne~;ha11\contihue with some remarks fo Theorem 2.1.2.

‘Remark 1: .The matrix M defined in the Theorem 2.1.2 is a
non-negative nxn squars-matrix and, for 1<j<n the non-zero
TR

entries in thHe .jth row are contiguous and equal to |t}

RNE We

Eha]] refer to M_ as the matrix Induced by =.

Remark 2: Since the ‘transformation t 1is piecewise linéar the

derivative T% :~for 1si<n, ‘is given by the following:

- d 1. () ., m(z, (1)) 4 -
dx ‘x € ri m{Ii} ’ R

*where m 1is the Lebesgue measure on I. Therefore we have

ki 'lT%|-1= lim(Ii)/m(Ti(Ii))l' . Thus we have the following fa;m for the

entries of.the matrix MT .

n(f) .
T | .
0. o otherwise

]




e o - . T , o N T

o

Remark 3: Although v determines M. uniquely, by.Theorem 2.1.2,

5 Lhe converse is not true. Specifically, an M with equé1, contiguous,

non-negative entries in each row determines an equivalence class of 2"

1

transformations, -since 133. ca\n be positive or, negative with‘out‘altering

M . We iNustrate that with the following-example.

(ad

* Exampld 2.1: - Let M bé a matrix as described above given by

-

[0 0 1\ .5 5 ]
45 251 .25 .25 J . :
M = \ o
o .5 .5 . 0l - £ .
, g' . b . \ pre .
. | .25 .25 \ .25 .28) N /
1 .

.&’ . oo
the transformations T, and’ TZE show in Figure’(2.1)

. 1
‘ . !

a'4=1 L 1

Assume 11 = —1'2 =1

Iz

Y

4

;' ‘,' RS Fig..2.1

t
A

) ; N o .
.« are 2 of the 16 transformations in the equivalence class. Obviously,

.Ti’ i=1,2, bellong to T, since 1nf|r%(x)| >1..
x ‘

-
1
’

Y

"

‘
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2.2... PROPERTIES OF M
Fd T

“u
w

. X

- x, ’

| T “In this section we shall study some properties of M. First we
“shall give another definition for irreducibility of a matrix, ana we
. shall prove that the new definition and the definition 1.1.4 are

equivalent. Using Markov chain terminology [20], we give the following

N\
definitions.

s

Definition 2.2.1: A sequence (i ,i,,i,:...,1  4,3), for

;

m21, i =1, from the[ﬁaex set {1,2,...,n} of a non-negative matrix/
; A, s said“to forma hain of length m between the ordered pair /
{ : ’ ’ )
\f ’ : s A,y A . ... d, s Ay >0,
: _ RS S L n-2'm-1 Tp-1?

A chain. for which i=j is called a cycle of length m between

i and itseTf.» ’ —

w

vo We say that 1 leads to j,and write i-j ; if there exis\tzs an

' 4 - -
integer m2 1 such that ag';) > 0 or, equivalently, if there is a’

chain between i and“j. \

2 , 2 %
. We say that i and communicate if i-+j and j-+i and write
fej .
{ . ‘ )
‘ T Definition 2.2.2: If i-+1i, d(i) is the period of the index 1,
;' ' " if it is the greatest common divisor of those k for which ag‘;) > 0.
s Note that if a,, >0 then' d(i) = 1. )
' ~'” o ' Definition 2.2.3: An nxn non-negative square ma}:rix A s
R said t'o-be irreducible (in Markov chain terminology, all states .

IR . . (indices) comminicate), if for ev’ery pair 1,j of its index.set, g

W » ‘ «
there exists a pdsitive integer f,‘{,\qo (which may depend on 1 and j




- ' - 13

. , ¥ . N . i ] T R L . .‘ ?

o . , B ~ R 16 .
B 3 1 (qo) A . } .{

r o ile., q = q (i,) -such that 3y > ‘0. Note that an irreddcible R

atr\‘x A cannot have a zero row or column,

- A
An irreducible math is said to be periodic with period d, if

t

the period of any one of its indices satisfies d>1, and is agemodic :

1f. d=1. I . \‘ i /1 " i . i
2 (‘ '(' . " y . . . . :
' - “In [L%}“t e foHovJ\ng result was proved ‘ ' .
i«_’} . i . )
[ Lemtma 2.2.1: I_E: A is a non-negative and irreducible” nxn
matrix, then: | _ . o
n-1 >0, . .

(I +A)

. where 1 is the unit nxn square matrix.

Proof: it is sufficient to show that for every column v,ec"&or_

"

y20 (y#*0) the inequality

. ! vt
- N Y
!

® -
v ' . ¢ ‘ {1 +«.A)"'] y >0, ,
] - : " ‘ ]
holds, (Setting y= ey 1<jsn , where e is the jth eoordinate
vector, we have (1+A)™7 5 0.) ’
. , : This inequality will be established if we can show that the vector
! PR = (I+A)y = y+Ay always has at least one more positive coordjnate/
’ (J" than 'y "does. (For, by repeating this arqument n-1 h‘mes' for an * .
, arbitrary non-zero y=20, we get (I+A)n'] y > 0.) Let us assume

the contrary. Then, since A20, Ay20-, z has at least as many ‘ -
' . ¢

positive coordinates as y. So we assume that, y and z Bve the

same positive coordinates. Without lgss of generé]ity, we may assume:

 that the columns y ‘and z have the form

y = ‘, 2 = , "(u>0, v>0)

oy > o«




. N
& . N i * : ' g
' ) \ 17 :
| . !
i ' where the £o1umns u and v are of the\same d ension. (The columns ;
T ' : ' :
y and z can be brought into this -form by suitably renumbering the !
coordinates.) Setting: ¢ , T i'
|
- A Ay |
na— A = A A ’
* 21 . 22 ) ~ e
\ : !
we have *

Thus
X A -“0 , . ' 4 ' v
: . S I : S
: ; } - - - -
: Sifce §>0 ‘and A20, it follows that 'A, =0, ‘which contradicts the f _
. hypothekis that A s irreducible. B ‘ '
N " Q.E.D.
: Corollary: If A 1is a non-negative and irreducible nxn
i - square matrix, then for every indéx_pair.(i,j),l si,sn, there
'é‘ exists a posjtive integer 94 such that, B |
i
(a,)
. 0
b ‘ a1j >0
Moreover, \qol can always be chosen within the bounds:’
' S o L
ay s t-1 . 1f 14§ . . - o
. ) ) ' (2.3) j‘
g, St 1f 1= » C
where t is the degree of the minimal polynomial Y(}) of\ A.
® . . X .
: ® ' ‘ - : . -
\ ::’a‘t‘" ,




W,

T h

Since y(A) =0 ahd (A+I)"'] >0, by v1rtue of Lemma 2.2.1. Since . " §

‘(2.8) follows. The other relation (for i =j) 1s obtained in a sim11ar

Lo ’ - : ; W
Proof:- Let p(X) denote the remainder on dividing (A+1)n L ,

.

by w(l)b; i.e.. . . S .
C O™ e o0 g+ olh) T
Then, -, 00 , f- o L i
pe e olh) i)+ plR) . Y
or, " o - Co h ' | . %
L (a+1)™! =) > 0, L A

-

oA
the degree of «p(X) is less than .t, it fo]lows from the 1nequa1ity N&\eqijﬁ

Q(A) > 0 <that for arbitrary .i,j (1<i,jsn), at least one of the non-

negattve numbers, , - -
: L@ wn
) ij’aij’ a ,...,a,ij ° . s
i ) . «,a { m -
is not zero. Since 6ij =0 for i+j, the first of the re]at1ons

manner if the 1néqua11ty' p(A) 1is replaced by A p(A) > 0. - .
‘ ! : - " Q.E.D. %

]
2, .

- Note™ that the product of an 1rreduc1b1e non- negative matrix and a

° i)

ositive matr1x is itself positive . .

Therefore, Definition 1.1.4 implies Definition 2.2. 3. To show
e
that Definition 2.2. 3 implies Definition 1.1.4, we first note that

S

£l

Dgfinition 1.1.4 can be.stated as follows.
A nxn square matrix A =‘(aij) is called reducible jt the
1ndéx set {(1,2,:..,n} cén be split into*two complementary sgté

(without common indices). 1i].,2, i } ; {j],jz,...,jv} ,u-+$ =n .
A

2

such that ' _ o ‘ ‘ Co ,

>
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A =0 . (a=1,2,...,03 8=1,2,...,v) . i
TarB . . :
T s Lemma 2.2.2: Let A Dbe a ‘non-negative nxn squa;e matrix o
! o . :» -
;‘ such that, for each pair (i,3), 1<i,j<n, there exists a pos1t1ve
} "b‘ N ' _m
¥ . integer m, such that agr\'; >0 i.e., that the state i leads to ‘j .

i R (i+j) ar, in other words, there rfsts a cham of 1engYh m between. .
L S the ordered pair (i ,j) . .
\ ]‘ - a ' o
[N Qs ;s ...y J>0. T k-

" ° . 11 1 1 1 [N .

e . C 1 1.2 .. "H . - )
SR ~ . Then the matrix A is irreducible. | \ .
g ‘ T N . - ' A
5 . , Proof: Assume that A is reducible, then we canssplit the “

o , . index set {1,2,...,n} into tyo complementary sets,lwitﬂéut' common ‘

: ’ :‘ ind1CE§,, \I "{ 1912:..-¢1 } "q =,~{j1 ’jZ_"n"’j\)}?. ut.\) =n , SUC?\ '

o e  that: . - : o ’ .

o ' a, 1 =0 (a=1,2,....0a821.2,...0). i
¢ v . . \ i(x,’jB . U .
§ S [ . )
P . ’ N .
- Let us consider the o@ered pan- (i,3). where 1eI ~and JCJ
. ’ For- that, - pair, there exis’; ‘a chain of length q such that:
fr . o a,; B, . ... a >0 . s
. : ‘ o 'H1 1112 ' 1q-]j . o .
q\\‘ . . ¥ . ', ‘Q « ;
A0 T This 1s true on'ly if a, + 0, k=0,1,. ...q s s v =3 .
. . ik‘ik+1 k+'l

J : . S'ince ie‘I and a4 * 0,,11 g J, 1.é!\ i]sI . SimﬂarU, since

. . i . . ,
« s . - - o

a0 iy ¢ Js i.e., 1,8 1. Contfpuing in thiy way, we finally

. . 4
- 5 -

'

obtain, i ;¢ and .2, ;% 0, which fnplies that j¢J. But this

v g “’ ' q-‘J .
<L contradicts the ﬁypothesis that .je J. Therefore, we cannot split the
" - »
-index set U,Z,,..,n} iptg two complementary sets, f.e. A fs: o -
T e
Y P C Ty ' '.‘. o : x ) v
" ' ' . " .
]

P
N - N .
' ,
AN N iy e o N
e e L = [ "" {3’! g% *" ! .ﬁ? [ N




Y : ) S N S A’ 20

-

s) J ‘r J o
C () dri(x)l ‘
i ; N d'r:(x) dx | :
» ' . ‘ A
’ %’ B ’ : , dTi(T:(X)) S . » ‘
. Consider now the tem = ————— . Putting ri(x) =y, weget, . o
[ ’ . ' dTi(x) . ‘ - 4'
e ‘ S A
’ dri(T:(x)) _ dr.(y) f ,
. dr‘;(x) &y &, '
EE(y) o S
It is obvious that d #0 if and only if ye I, and in that case, ..
, «1 - . . . » .
7 . This result 1§ due to the author. o
\ . o S ! .
> T C -

.

irreducible, s : .

) . o . Q.E.D.
J’herefor'e,’ Definitions 1.1}.4 and 2.2.3 are equivafent. )
Let us now study some properties of the matrix ', M.

Lemma 2.2.3: The matrix- M_ , for v eT, T piecewise Hanear., is
[ T .

' . irreducible, . ‘ , : ' . B |-
. : L “ : ' ) . "
"proof':  From the definTtion of M-, we have: ' §
l'r"l-] “if?‘I c:.r (1) - ‘
i : gootivey o# -
- mys =
J 0 », otherwise 4
p .
We claim that, if Ij < Ty (I ) then .
‘ ' (k) - '
o O . 1:] l(T ) I o

»

" We sthaH‘prove this by inductiog. For k=1, the result is true.

Assume that it is true for k=r and consider\the case k=r+l. Then
» . N 'N . N N . “_\ ~

T = eh1




- Ay = mee

-

"o

( | | %
' J:f
. q
x?x
lf '

N E _ - 21 ,
& R . R ‘ dT]. (.Y) ' ' ‘. » ) ?:
since 't 1is piecewise linear, we have & T therefore, we 1
. ‘ ;
have o !
2 . r -1 , ' . }
TSl TR M | ‘- |
ATy i Tdx . )
= l!'.l .’ r ‘1 -1 .
. P = IT-il I(Ti) ! i )
u ” , -
. ey (r#l) K :
mﬁ/j i S My, .
Now, since teT, 1 has tﬁe communication. property, (irreducibility
in Markov, chain gemino'logy) i.e., for any I‘i’Ij e J., _there exist
) X - o
integers p and ¢ such that:
: : p Lo ‘
Lyer (IJ.) and ~chr (11.) . #
. .Thus for any pair (1,j) Tof the index set there exists an integer q
' \ P N
/ ( ’ ' "v . )
9) = -qye-] C ed q : (q)
such that m33 [(.-ri), |. >0, since Ij c 11(14.). ‘Hence mij( >0 \
" and so, M_ s irreducible. :
' . ‘ . ’ C " Q.E.D.

Lemma 2.2.4: Let teT, v piecewise linear.  Assume that®”

fnhe subintervals of the partition J = {Ii}?ﬂ‘ . $re 211 of equal
length, Then the matrix M., is row stochastic.
Proof: . Let the 1e;’ngth‘of each subinterval be denoted by A ,"‘

ie.,
I;(Ii) =m(I1) =ayj-a, =4, i=]

Z--.,n ,a°i=0" an=]-'
_I.(Ii) = m'(Ii), since m 1is the Lebesgue meadure. Suppose the Markov 4
map t maps” I, onto I UL U...UTI.,". ‘T‘hen,
7y (1) = LULigUe Uiy » and m(r,(1,)) = s T8 T (k+1)a: ..
" . .

"

i v

-
v




-y, Now ,since

22

1 .

o M)
[t = .
‘T\il P W} K if IjCT.(Ii)

,+ otherwise

]

it follows that'the ith. row of M_: . has entries

toe

St

A L S otttk
' m'- = = = - ‘! J -_: A ’. + 3 ey +
~ 13- ~m(ri(.IiD €k+1)4 k+1‘,

4 ¢ !
in columns t,t+1,...,t+k and zero in al] the remaining columns.
Therefore, o
. n 1 t4k 1. k+1
: rm,,="% === I

_J_...=] .
)i*‘ ij j=t. k+ =1 k+1‘ ‘

Since i was arbftrary, the matrix MT is row stochastic.
N . . ' Q.E.D.
We shall close this chapter with a Lemma whichsays under what

conditions MT is primitive. Before that we recall from matrix thedry
[20] the following. |

Theorem 2.2.1:

¢ I

A non-negative square matrix A is primitive if

and only if it is irreducible and has at 1ea§; one apqriodié index.

e

Proof: Let A be primitive. Then is obviously irreducible and

has d(i) =1 for every i, since for any fixed i, and n large

enougﬁ, we have ag?) > 0, a$?+1) >0 and.the greatest common divisor
. of n anq\ ntl is 1.

Conver§e1y, suppose that a4 is aperijodic for some i. Since
we have: R )

: (n4m) _ o () (m) (n). (m) . ,
T ria LI AR £ B R . -
. ., PR ' ',.‘ . ’ . s ‘ .

- -

.
T e

s P
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gg) >.o} is closed under addition. This, with
‘ , &
) tq‘ fact that its greatest common divisor is. 1, implies that D

the set D = {n£1 :a

b
‘
H
i
4

contains all large positive imtegers say all" ' n2M . ‘ ,

Now, consider any other index j and choose k and £ so that

: » | ‘ | |
U . Vagg) >0 and a§f) >0 . Then for all n2M we have: ’
o (£en+k) o o (£) () (k)
ajj p3 aii a4 aij >0, ’
: . ’ N
. _where the f1rs§.1nequaTity follows from the rule of matrix multiplication
1 ’ : o . .
and the non-negativity of the elements of A.. This means that
.&% 2Ji >0 for all large m, implying ‘ajj is also aperiodic. Thus »
| ‘any element on the diagonal 'is aperiodie—

Similarly, we have:

_{n+L)

(£)- . (n) ' :
aji aj]. a >0‘ for nZM . ~———— .

2 N
11

Thus, the off-diagonal entries of A" are likewise positive when

n is large enough. Since A s a finite matrix. it is clear that for

n . . C . T . .
large values of n, A" 1s strictly positive, and so, primitive.
" Q.E.D.

a

Lemma 2.2.5: tet teT be piecewise linear and let it have'a

fixed point. Then the matrix MT is primitive.

. Proof: By Lemma 2.2.3° M. is irreducible, and if we.show that

A

»

MT has an aperiodic index then Theorem 2.2.1 is app1iCab1e and so MT

0

o is primitive. Since T has a@ fixed point, there'exist§ X_ € Ii such
|~ ,-JK/, ,Shat ti(xo) = X, for some 1. This implies that. I, < Ti(li),




24
% since 1 is Markov and linear on T;. Tt follows that .
; ~ . ‘ o . . | "
' my = [ri'] -~ >0, 1i.e., the ith index is aperiodic.
: - J
: " Q.E.D.
1 .
’ . | hd v \
g" i ) . . -
;
;) -
\ -
W [ 1 . /
4 ' ’ ' i
' ) * ] -
- ' {
5 Y ﬂﬂ) . .
; ‘ ‘
i
i ) : ‘ ‘
3 »
i . .
. . : . ) 4
. :
v H . e
. s [ ’ .
’ . ' 5, .
+ ' o ¢ Do .
a -\ ~ X M s ot !
. . \ .
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P o CHAPTER III
Y 3
. ' INVARIANT DENSITIES FOR A CLASS OF
PIECEWISE LINEAR TRANSFORMATIONS . | ’ (

\ o '
3.1. 'THE PERRON-FROBENIUS THEOREM FOR IRREDUCIBLE MATRICES ©

In this section we shall prove a‘theofem‘knoWn as Perron-

‘p Frobenius dealing with non-negative irreducible matrices. Since, as

we know from Lemma 2.2.3, MT is & non-negative irreducible matrix, the

Perron-Frobenius Tpeorem is’essentia1 to the rest of this thesis, as we

shall see in section 3.2. We shall start With some brelimigaries. 11
Let 'R be the field of real o; complex nqmbers.‘ Let AeR . . thé

space of all nxn ’hétrides, and xs:Rn, the space of all- n column .

vectors, then the vector Ax is in R,. and is a member of the range of

'A. Let us consider the vectors x, which onmultiplication by A are

transformed into multiples of themselves: that is, consider those vectors

x*#0 for which there exists a member ﬁj‘of R, the scalar field, such that:

AX = X .
M

Such a non-zero vector x 1is called a (right) eigenvector of A and

Hy is the corresponding -eigenvalue. The 1ef£ eigenvector y of A J
corresponding to the eigenvalue uy is defined by the relation:
. \‘7 N
ylugra) =0 0 ®

It is well known [12 page 54] that if A ¢ Roxn the uy € R s an,

.eigenvéﬂue of A if and only if “j‘ is a zero of the characteristic

polynomial of A:?

- * N

“B{u) = det(uI-A) .

A

Ry e it g

4
1
"5

%
N
'

La
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Let us now state and prove the Perron-Frabenius Theorem ° ‘
(5. 9, 12, 20]. o ' p
Theorem 3.1.1: (P‘erron-Frobeni(us) ‘A non-negative 1rreduciblve;
. " —. . mhat-ri.x A= (aij),J <i,jsn, always has a positive\ eigenvalue 'r, yhich
) is a simple root o e charactéristic equatien. The absolute value of
* all the other eigenvalues do not exced r. To the "maximal eigenvalue
T . r:T there )corresponds /an eigenvector with 'posit'ive coordingfes. | )
‘ Moreover, if 0<BsA and B is an eigenvg]ue of B, then IBlsr .
E If I8l =r, then B =A, ° . . | SN ‘
; - Sy Proof: Consider the real-valued f;unction r defined on the '
*': non-zero vectors x>0 by ’ o » ) .
) | (Ax), -
N . - r{x) = min 1,
é Cogisn M B ,
;L f where (Ax)i deneffs. the ith component of t.he vector A* s i.e.,‘ | S
| % ‘(Ax)1 = 2 a,.x: , 1=1,2,...,n.  We in‘t‘er:pret as o the ratio if'
2 =1 137 , , . . . -
C x; =0 for some 1i. Clearly, o . : 0
SN | o o0sr(x) <m0 - “ “ o
Now, since: ' )
- i r(x)X,I < (Ax)i\= A;_ a”xj - for each 1 “ .
\ ;l- ' : | v r{x)x 's Ax , ‘
e _*and 50, )
‘ ‘ ' ‘ r(x)Ix < IAx . B &‘ o \\
LT T —— —




, Since [As IK, where K =max L 3 it follows that,
i J C

© . ‘

o ' r(x) < lT—-=.K=max§:a..,
\ / i J 13
‘ ] in other words, r(x) is uniformly bounded above for. all such «x. ,T'h,us

- r(x) 1is the largest real number q for which,

uﬂ

< gx < Ax .
. - - We shall show that the function r{x) assumes a maximum real value r

for some real vector z = 0.

13

- 4-.

’ Let L dehote the domam of the function, r, that is the set of

all non-zero, non-negative vectors of order n, and define

r = sup r(x) . ‘ > (3.1)
xel s ' .

S e e v PRI S,

From the definition of 'rzx) we observe that the value of r{x). eoes
not change when we multiply the vector x20 (x +0) by a number A>0.
I'f . | . Therefore, in the computatwn of this supremum we can restmct ourselves
to the c1osed and bounded set M of vectors x for which x20 and

fix ] = : xi =1. Thus Mcl and,

ro=-sup r(x) . o B
. reM, o . -

2

AR o RN DAC Sh dmag e e
» .
A

I It is known [19] that if the function’ r(x) was continuous on M we:

0 * could equate the sup r(x) to max r(x), xeM , and since a.continuous

.
3
>
&
3
7
B

[y

( * function takes on its maximum value on its domain, then the existence of
a maximum (and so a supremum) would be guaranteed. However, r(x) may
have discontinuities at points where elements of x vanish. Therefore,

we replace M by N where N consists of all vectors. y of the form,

y = (I+A)n"1x ;_xeM .




 'The-set N

By Lemma 2.2.1 N consists of positive vectors only and so .NclL.

Moreover, theiet N, Tike M, is

continuous- on N.

r(x)x s Ax

by (1+M)™1 50 . we obtain

crixly s By 5oy

Now r(y) is thé(greatest number q

r{x) s r(y) . Thus,
r = sup r{x) < ma
xeM ye
/But éince‘ Nel',

s

max r(y) s sup r(x)
., yeN © xel

Hence

A r = max r(y)
yeN

4
>

and there is a z>0 such that:, r

. If we multiply both sides of the inequality,

\‘
28
bounded and c]esgd1, and r(y) is-

?

x e M

(L 4A)n-1,x g N.

- L
such that gy < Ay and hence

. »

L3

x.r(y). .
N . .

»

r{z) .

It vi's possible to have other vectors in L s for which r{x) -

attains the value r. Any such vector is.called an extremal vector of '

A. e
' It remains to be shown that:
('i). The number r- defined by
eigenvalue of A.
©o(11) Every extfema'l vector 2z

of A for the eigenvalue

1

1

is .bounded and closed because i

s
- ‘
*
r

(3.1) is positive \nd'is an

is positive and is an eigenvector

-r, i.e., Az =rz. "L,

©n
is a continuous map, y=(1+A)x

i
of the'tiounded. closed set of vectors x f@dch x20 and £ xf =1,

-

i
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" Consider the n-vector u = (1,1:.:.,1)T, then ' y

A
[

- r(u) = min E a, > 0. Since r > r(u), -we deduce that ¥ > 0 .
i : \

Let z be an extremal vector and let x = (I +A)nf}z. Without
loss of generality, we may suppose that P ¢ M. By Lemma 2.2.1, x>0, _>

4 T and“clear1y x ¢ N, We also assume that \Az -rz # 0, then, . ) 1

L (L +-A)z'1 (Az - rz)' >0 .

Hence Ax - rx > 0, rx < Ax , whiéh implies that 'r< r{x). But this

contradicts the definition (32) of r. TTherefére we must have' Az = rz.
"Thus any extremal vector z is a right eigenvector'%f\ A for the

eigenvalue r. Now, since Az = rz we have

\
O<x=(1+A)" 2= (™2, T
v; ‘ and since v > 0 we have z > 0. | ' , .
* We shall show now that the apsolute value of all the other real .
~or complex eigenvalues do not exceed r. Let
! ty 3
‘ Ay=oy , yxr0 - - (3.3) |
4 ' ' | ,
g since A2 0 , we have:
A | fallyl = AY s f\lyl.“ (ly.i = (|y1l,|y2|, ..... 11y5d)) (3.4) .
// " Hence lal s r(lyl) s r , which we wanted to prove.

Now, 1et y be some eigenvector correspbnding for r, Ay = ry

v . (y #0). Then, setting a = r in.(3.3). and (3.4), we conclude that

i ;

]Sinqe A 1is irreducible, it can have nd columns consisting
entirely of zeros. : )

e

2
-




-

lyl . is an extermal vector, so that |yl >.0,'yi # 0, lisisn .. This

&

implies that the dimension of the right eigenspace of r is 1, since,

SR SR E RN

. R Y ' .
otherwise2$we\cou1d find two ldnearly independent right .eigenvectors

2112, &nd then determine numbers «,B3 such that az]-+Bz? has a

s S

zero coordinate. From what we have shown, this is impossible. This

proves that the geometric] multiplicity of r is 1.

Let us consider now the'adﬁoint matrix of the characteristic
matrix AI-A: | N

BV = [8, ()17 =a)(A1-A)

"where A()) is the characteristic polynomial of A and Bik(x), the
algebraic comblement of the element A8, - ak; in the determinant “aX).

Now, since only On?z'eigenvector z = (21;22,...,2 )T ) 25> 0 for

n
1<sisn, corresponds to the eigenvalue r, it fo11ows’that B(r)+0,
and that in every non-zero cd]umn of B(r) all thé elements are

different from zero aﬁd are of thg same sign. The same is true %or the
rows of B(r), since ‘A can be replaced by the trénsposed matrix vAT.

From these properties of the rows and columns of A, it follows that all

the Bik(r)’ 1<1, ksn , are different from zero and of the same

,f“n\{”" " sign o . Therefore:
n

. \ . ea'(r) =0 I B,.(r)>0,
. . j=1 11

i.e.: A'(r)*0 (A'(r) means the derivative of A(XA) at r) \and r
is a simple root of the characteristic equation X(A) = 0. In other

words, the algebraicﬁmultiplfcity of the eigenva1yé r is 1.
@ A

. 1By ‘geometric multiplicity of an eigenvalue r, we mean the
maximal numbe® of linearly independent. right eigenvectors associated
‘with r. -

t

‘ 2Up to constant multiples. .
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Ja . .
Finatly, let y+0 be a right eigenvector of B corresponding

to B. Then taking absolute value, we have: « *\\

¢ ’

s

.0 dBllyl s Blyl < Alyl YA (3.5)
. . T ) J
+ — Now, taking the vector -z, which we used qbove we ﬁet:
: . CIBlzlyl < zAlyl = wzlyl ,
and since “zlyl >0 , we‘ge\t.: u . - »
* o ~ . L, =
IBf < r; . ) 2

.
Suppose now IBl =r . Then, from (3.5) we have, riyl < Alyl . It T

follows that Alyl r°l_yl > ¢, ‘while from (3.5) we get

rtyl # Blyl = Alyl . ™50, {t must follow from B<'A that B=A,
‘ | ' Q.E.D.
Corollary 3.7.1: ' - N
- e . n «
min £ a,.srsmax I a,, . . - (3.6)
SR B = i =1 M

A W

with equality ongeither side implying equality throughout (i.e.,  r can .

onlyvbe equal to the maximal or minimal row sum, 1f all row sqwnsl are eq'Sa]-).
' |

e — -

Proof: From {3.2) we have that:
(),
L (3.7)

r = max min
x>0 i

X
gimﬂarﬁ we can sﬁow [9, vol . 11, p. eﬂ that:

(‘Ax),i ’ - | .‘('3‘8)

rs min' max "
Coxe0 1M
. N - "‘ N \
and a combination of (3.7) and (3.8), together with x = (1,1,...,1)T

gives (3.6). oo . . J

It . f ' -




Now assume that one of the equah:ties in (3.6) ho]ds, but not all

v row sums are equal. Then by 1ncreas1ng (or decreasing) the positive

e'Iements of A (but keepmg thefl positive), we produce a llew 1rred6c1b1e

- . matrix, with all rows sums equal and the 'same r, in view of (3.6) - o

whﬁ:h is '1mp6§sib1e b:v hypothesis of the last part.of Theorém 3.1.1. ) .

Remark: We: can state an analogous theorem with ‘the cd’r;aespond'mg

: corotlary for primity_g\matmces. :rhe proof remaaqs ‘the™ same. . L R
Lemma 3.1.1: Let M be adon‘-negatwe, row stochastic and o

irreducible mxn matrix. Them M has 1 as the eigenvalue of

r ' . . - .
1 4 - - ‘ [ )
; maximum absp'l,ute value, and furthermore the algebraic- and geometric | A
multiplicities of this eigenvalue are alsos 1. . " .

. . s
ik - ' -

e ‘ ' Proof: By Corollary 3.1.1 we have:

{ J . no, o e,
! )
i min L me,srs mx I Mes s .
j i g=1-4 j=1 J
L ' . : , i ’
h ‘ ©oonj. 4 Lo .
L since M is stochastic X "m,, =1 for each -i. Therefore,
31’ ') . j=] iJ ,' Y 23 Ta
» ¢ n ¥ n
L nﬁﬁimn 1 =" max ):mj. -
£ i 3= ge1. RV

I

2

'I;his implies that r = 1. Moreover, Theorem 3.1.1 .s'hows that the-

TR vt

%

S geometric and algebraic multiplicities are also 1. .
’ ' \ 3 ) 'Q.E-D- |

L]

A T

)

We shall close this sect1on with gne more result from matrix

’ Ay
theory. Before that, we recaH [12] that two nxn matr'lces A and B

are similar. if there exists axinon-singular nxn matr1x T

LS

(non singu1ar meansKthat .\"4 0), such that A= 8T .

Lenma 3 1,24 Nsimilar matrices have the same- eigenvalues:



. — o - . T
r . h ' 8 3
' T d . ’ ¢ ce ' L
e o 2 .33
. . . o 7 5 . . . . .
- Proof:  We shall prove that similar matrices have the same )
Y /:/ characteristic polynomial. Hence, it follows that they have the same °
’ " . T + ¢ s
: .~ eigenvalues. '
”»~ - \/ i ' .
: T »M Suppose that A =T 1BT i.e, A and B are similar, and 1let .
’ / 2 -
o co ) = qe1§(uI-A be‘ the c,harach);eristic.po]ynomial of A. Then:
; N Clu) = det(uI-T"'8T) - - S~
N ; ﬁx'ﬁ, ; 4 ' X - ' ¢ - ‘ . o ‘
vt sdeturTT-Tlem) v
& .. oo .
IS I -1 g \ v )
. = det(T"'uT-T7'BT)
3‘ e » - ~ - . e . , . ’
I' .
‘ ‘é o “s det 77 (uI-B)T \
E;n o 3 ‘e / . '; .°‘I ’ ' -y
: . < (det' T ') det(ul-B) det(T)
: . i \ . 4 = det(ul-8) |, o
: s @& . ' N ~
i ) since de‘t(T']) det(T) =e1. Th‘us, the characteriétic po1ynomia'ls of
. . . 3 e > n Y B v 1
o . A @1 B are the same, i.e xhe eagenvalues of a matf\x are 1nvar1ant
¥ - T ¥ : .
: - ' under simﬂar transformationr ) - -
. k . - Q.E.D. °
] -~ . . o .
R : . . N S o
7 ( % ‘ " ‘ l: \h ~\ )
Gyl THEATRIX M_ AND ITS EIGENFUNCTIONS K ‘
{ S ' i . . .
,:‘ g » uAjs we show in Chapter II ‘the piecewise linear Markov map T, T eT,
; . induces.an nxm matrix M defined as follows: " ki
. 5 , [l if yendy) o ,
: o ) m”'= - o . ) . oLy
i ‘ ' o . , Otherwise e, .
; . " o - L ' N
Lemma 2.2.3 sh&ls that M is irreducible and Lemma 2.2.4 shows that,
| N ,-.#" ~ when \thf)' suBinterjaTs of the partition J are all of equal length, the
maux. MT is stochastic. _Therefore, by Lemna 3.1.1, the stochastic
. - - S , .
) /" . \ =~ h\
\ » & . : ae )
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matrix MT has 1 as the eigenvalue of maximum absolute'Vé7%E}'with"
~geometric and algebraic multiplicities alsp 1.

vl o .
| In [6] it is proved that] the sam? is trueﬁﬁﬂ*;anx matrix M_,
‘ . T s?ﬁ'r piecewise linear, and hot necass;rily stochastic. This imb]ies

that there exists a:large class of nbn-negatﬁve, non-stachastic;
s , .

irreducible matrices whose eigenvalues of maximum absolute value is 1. -
Before we present this fact, we remark that pre- or post-
~mu1tipf3cation by a non-singﬂlar diagonal-matrix cannot ange ;ny

A ~  non-zero elements of a matrix A to zero, and therefbre‘suchlmu1t1- i
E)

.

Theorem 3.2.1: Let §1t , be piecewise linear. Then the

" plication has not effect on irreducibility.

' matfix‘ MT induced by t has 1 as ‘the eigenvalue of maximum absolute

. value, the algebraic and geometric multiplicities of this eigenvalue .

1

. are also 1,
o Proof: Let 0 = ao<:a1l<,...< a, = 1. be a partition of
. [011=1, andlet Iy = (ay i ) ;1sisn . Define Y I
- N .- ' ) n . .2,"’ £
4 ' . 6 = .. ~a s )
L4 . "‘ + ' -
. and . L .
.° had < . . 6 PI (, . -. ') ~ .
e ' : §, = —— = a.-a ‘ lsisn.
( L LUNRCFEE PRI R B T ‘
: .o “ i . :
. . ,’ , . _ J . § "
Now, let us define the diagonal matriX(\D- to have entries
dyy = 61 ,1<isn. Then E=D"' is a diagonal matrix with entries
sV yctsn g : , S
- &y =8 »lsisn. E . ‘ . , .
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L «  Suppose now that , ‘ t 2 i
» ~ |
T(Ii)=1j'l.J Ij_ﬂ U....u Ij+k ;
. » . |
Then, by definition, the ith row of Mr has entkies equal to !
(L) gy ° " |
= in colupns j,j+1,...,j+k , and zera in every
m{t, (1.)) 354k : 1 !
remaiping column.” Now, let 'B = DMTD'] . Then,a'\ . ‘ ‘
. b =dm dl o T }
rs rrrs ss .
} " - -1 ‘ g
S ‘ A , , |
- \ ‘ ' .
0 e We claim that, B is row stoéhast}'c. To show that, Tet us consider
!

the row sum of the ith row of ‘B.

L T e s

AN
‘ N . . N
i on : . -1 .
- o . <}:_' bis' = SE] 61’"‘1’;55 : .
| AL LT I . —
; H T T T ' ‘
. . ¢ s=j L B I ‘ .
» ) ' . a‘. -a, c :
- -_ 8 G O T S Y -1 e
= S5, +06, +,..+ 8.
o ;-2 4 aj+k'a,1-1 [ i+l J*k |
- ag.- 4
[ e, ]
aj+k'aj_~| . 6 .’
=] '
. .y ‘ ' K » °
% , Therefore . B is row stochastic, and since Mr- is irreducible, then so
N , . . . ’ S .
is B. Thus the result follows from Lemma 3.1.1 ahd Lemma 3.1.2.
‘ ‘\\ » ' Q.E.D.

N

~ As we mentioned in the introduction., (peige 3) one of the main goals of
this thesis is to find the unique invariant densities for Markov maps T,

o ! . ' L
belonging in T .- In the following we shall find the unique invariant

-

L
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density of a piecewise linear transformation T €T when it satisfies

two simple conditions.

o

of

Tinear transformation ~t:I1+1 , t eT, defined by the conditions: .

and

to Thgorem 3.2.1, fas 1 as the eigenvalue of maximum absdlute value,
with algebraic and geometr1c multiplicity both equa] to 1.' To that

eigenvalue there corresponds a unique (left) e1genvector (s1nce the

N

a piecewise constant funct1on is the unique 3ens1ty invariant under T.

tion on_[0,1],
a unique (up to-wonstant meltfp1es) invariant density (eigenfunction)

m= (n]. Moaee

by:

1.

Let I =(0,1], and O = a,<2y<... <A, = 1 be any partition

Let

“lep) (1)

The transformation t induces a matrix MT which, according’

geometric multip]icity is 1) m, i.e.,

In Chapter 11, page 13, we show that the vector m, when considered as

The next theorem shows how we can construct invariant vectors n .

Theorem 3.2.2: ‘Let T e'f 3 piecew1se Yinear, be g% transforma-

36

’

TP S e o -

n

Ii = (ai_],ai), 1sisn. Let us consider the piecehise

P

L.

it

I 1si<n

N TR RN

13
s
i
it
o |

T _=wn.
T

£9

Proof:

satisfying conditions (e]) and (e,). Thende admits

’"n)’ where:
a,-a .
i o ,
., = nl T —— a3 x( ,a 21 .
i II1 ailfei_] o n o .
By condition (eq), the nxn matrix M_ _is given. l~

-
i
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” , if-j=1i+1 <(or i=j-1) :
m., = v ‘
1J
S, otherwise ..
~ ) °
Also,
©oa_-a_ . ’
T IR EEELIE
J n o ' ;

i.e., M. has nonzero entries on the superdiagonal and on the last row.
. We know that MT has 1 as the eigenvalue of maximum absolute
value. It only remains to show that "n MT =7 . we have,' ' e

- ‘ + R
) LA ms,—l,s m mns. , S #1
rf]'“r rs - ‘ :
For s.= 1, we have, R
n S % (i
' nns  a -a 1 a, -3, ,
= ]
‘ -2 -
, RS 5
For.-s * 1 , we have,
P \ ﬁ ‘
3-17% 351732 '
Tl Mt,s P MM = 7.8 5" a2 ')
: s-1 "s=2 s “s-1
7 ‘ s 3517% 373
N L S
a_-a
- ‘ s o s n L] -
LI s
. s " .
AW T /" !

2
Wb AT T KT

s o M Rl e Do Pk e 3
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Hence, = MT =n . Since the geometric multiplicity of the

eigenvalue 1 is 1, n 1is unique up to constant multiples.
Q.E.D..

4

‘Now we consider the inverse problem. .Given any vector
g = (91’92""’gnl of Tength n, 1is it possible to construct a Markov
map t whose induced matrix MT satisfies gMT‘= g? The answer

is affirmative if g satisfies the following two conditions: N

(1) - gy=c-,, where ¢ > 0 . any constant,

and 3 . , ’

¢

g, there exists a Markov map Tt éatisfying conditions (e]) and (ez)

(i) g; >¢ , 2<isn
Iﬁ (i) and (ii) are satisfied, we can show that for every such
above and such that g 1is the unique eigenfunction associated with

the eigenvalue 1 of the matrix MT . Without loss of generality, we

can assume ¢ = 1., \ ) ‘ ‘

Theorem 3.2.3: Let g = (g].gz,i..,gn) be any vector of lenéth

n, such that g ® 1 and 9; > 1, 2<sisn . Then there exists a
J

1

Markov map whose induced mat&ix MT satisfies .gMT‘= g.

Proof: Let a = 0. We choose aT,0<a1<1 such that: . e~
L a s =a
! i-1 Jo
ai = a'l-'l + _91—-1— s1,

for all 2<in . It follows that:
3417 %
5T

- ; - +
31' a, ='a1_1‘ a, +
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. -] o
- -a *
_ i=1 "o
37%4 7 g - '
o 1
consider; g ) ‘ | )
: a, -ase .
N, = 0 -
1 ai‘ai-] " . '
. i . a;_173% 3y_y-3, .
o Lairl'ao * 95 -1 95 -1 .

Clearly, my =1=g, . Therefore, from Theorem 3.2.2, we'haveix

3 »

,ng = g.
4.

N Q.E.D. |

We shall now show by means of an éxaMple how to construct the

4

unique iﬁvariant density for a given Markov map.
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’ ' ’ Exar_?gle 3.1: Let t: [0,11-#[0,1] be the piecewise linear . ~>

transformation in T, defined by ©(0) =0, t($} =1, t(1) = &, n>2,’

| 2 o
(Fig. 3.1).
i
{ \
LI ' o 3
i ' '
1] g
n
&L 1 1
2" $ 2
Fig. 3.1. 1:[0,1]=[0,1] Fig. 3.2, T:f,1]4 00,
. , .- T 2
| | |
: Let n 22 be fixed, and let us consider the restriction of ‘
: o ., T on [']—nJ-] (Fig. 3.2). Let J be a partition of [—1;‘-,1] given
‘ 2 _ _ R A
' N SR, - '
g \ | by a, _;n'< 2"'] <...< f‘f 1= a . Obvious.1y J js a M‘arkov ‘
' " partition, with respect to "1, of [—L,T]. Moreover t(I,) = I,..;
v ’ ' ’ ' . o 2“ A i i+1
¥ - . . L - _
, _ ‘1si <n, ..and -:(In) = 1211" , Wwhere: I, = (ai-l’ai) a:nd
SR P B
2y ;"Tf , 0<sisgn, 1.9‘., T | satisfies cond‘l?ioﬂsl (e.|) and (t-:z).

. R !
-~ . . ,




S gt oS g+

a

The transformation Tt induces an

nxn_ matrix M given by:

2(1,)

| v[-] - m(I'i)
Tyt F (T, (L))
R 1
mij = .
.0

From the definition of t , the ith

zero everywhere except for the (i+1)t

— e —

TR -, otherwise

row of-M; , for i<n, has®

h entry, which is given by,

'L(Ti(li))‘ ) ff,y'Ij C.ti(lj)

) o1 (11(1'1.)' o
lT' - s - . . "
i B £(Tj(i17) HL )
I N A A S
_ 2n-1 2n-1+l ) 2n-1+1 .
, 1' ) _j__r. 2+1
2n-1-1 2n-1 zﬁ-i
_ 2n-1
- 2n~i+1
. |
. N 2 > -

~ 1

The nth row of M has

-1
B

-
PR '

all entries equal given by,

(1)
= LIT{IHSS

?




N ' \ ; .
b -
% g ¢ SEY
- Therefore, the nxn matrix induced by © is :
. ! .
' N
[ 1
. 2 .
Q.
: . J.. ( .. 5
; . - O . e
B T * ., ‘ !
< : 1 ,
‘ z
£ e . on=1 S o
] : : / L o ....... o .
- Since r‘ is.Markov, .Mr _is irreducible. Hence 1 s 1ts elgenvame\
g 7 ; of.m'aximum absolute value. Indeed, the unique (up to constant multipl es)
_eidenvector is given by rr = (m', “2:"""n). , ‘.vwhere SN
SO . .
S y-a, . N+l _ontl-i 2. 214 o
/ boag-a ™o o
’ .
When viewed.as a density, mw can be expressed as:
. ' , A f(x) = I __"T_— X, (x
| .. 121 z"+ P ¥
v ) ] ,
¢ ! ) v
2 T o \\ '
; ‘ - ~ ¢ = Z (2- 2 ) XI (x) ,
¥ _ L e e i=1 . .
} -
i .
, where X1 is .the characteristic function on the set Ii’ lsis n.
: ~ o i -
s 3 ' )
4 '

N i,,.;‘ggw:“i_r.&:‘i XA T R ———— .
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. MATRICES INDUCED BY PIECEWISE LINEAR TRANSFORMATION

~

g " . CHAPTER IV e

¥

-~ 'k) AND THEIR INVARIANT VECTORS . )

4.1. PRELIMINARIES

In Chapter 1I, we showed that a piecewise linear transfo}mation':“

T g'T induces a uniquely determined square matrix MT, which i¢ -

' non-negativé, irreducible and row contiquous. We alsq"showed that

starting from MT we can determine an' equivalent. class of 2"

transformations, and also that the problem of finding the unique-invariant .

densities under the piecewise linear transformations T eT is

" equivalent to the -problem of finding the invariant vectors under Mr‘

In Chapter 111, we showed that each member from the class 6f '
non-negative square, irreducible (or primifive) stochasfic matrices
possesses a unique] invariant vector.‘That means that every square
matrix MT ‘which is nonfnegatjve, primitive, stochastic anajcéntiguous
possesses a unique invariant’vector, which can servg,éS'the uniqhe

invariant density for each one of the transformations in-the class of

2" transformations which are determfne by MTZ

ose classes of n-vectors

In this Chapter, we shall characteri

which can serve as a unique invariant vector for

matrix ‘A .in a class
. B ' T '

A defined below.

g a

ypfto'consthnt‘multip1es_}

, . . . i
' ' x
z . ’ TN . ‘ s

. ' ’ .
Lt . . .
o 44
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'Definition‘4.1.1: We say that the non-negative, nxn square

’ A -

m?t;ix AeA,, if A satisfies the following conditions:
(1) “, A is prjmitige. .
(ii) - A 1 row stochastic.
(i11) A is row contjguoﬁs.‘ | ]
Since we shall use some results frun graph‘theory, to check the

pr1m1t1v1ty of a matr1x A and to construct A ~invariant vectors we

introduce in the fo]Towing sect1on, some basic def1n1tions from graph

theory [2 4, 1 \¥§]

¢

4.2.. ELEMENTS FROM GRAPH THEORY .

Directed Graphs - ' : B
. A directed graph G (or digrdph) consists of two things:
(1) A/sgxf‘y whose elements are cél]ed vertices, or points.

(iii. A’set . E of ordered pairs of vertices called arcs (edges).

We shall denote a direcied graph by G = (V,E). We can picture

d1rected graphs by diagrams in the plane where each vertex v “in V is-

represented by a dot‘and each arc a = <u,v> 1s represented by an
arrow from the 1n1t1ql.(beginning) point u of a to its terminal
(ending) pdint v. If the initial point for an arc is the same vertex
as its terminal point, then the arc 1s ca11ed a loop.

¢ Since we are concerned only with directed graphs we shall

. generally omit the word "directed".

We sa} that G = (Q,E) is finite if its set V of vertices is
Enite and its set E of arcs is finite. |

by ' 2
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: Rooted Trees
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X .

Let V' be a subset of V and let E' be a subset of , E~ whose
endpcints q;long to V'Y Then G' = (Q',E')” is a (directed) gréph
and is called a ubgrag of G =4(V,E). }~ c : .

A complete graph on n- -vertices is a graph with the property that

 every pair of vertices is an arc, A k c11gue of a graph G is a

complete subgraph of G on k vert1ces

The outdegree and 1ndegree of a vertex 'V are eqﬁq1,-resphctivefy,

to the number of arcs beg1nn]ng and ending at v. A vbrtex with zero

" outdegree is-called a sink and a vertex with zero indegree is called

L W : v
o ’ b

A walk from ‘Q. to .w in a graph G is avsequégce of vertices

VisVgs®..,V, such that v =v, and w=v ' and VyopYy e E for -
all 1<isk. A semiwalk from ‘v to w is%a sequenwvert‘icesr

’ . - c= ! .
V]’VZ""{vk such thct, Vi E Vs V=W and either <vif],vi},e E

or Vi,V > € E- for all 1<i<sk . A (sehi) patﬁ is a (semi) walk

~with 511'Verticcs distinct. - . -

e ~

. i
A graph is -strongly connected if for all v, we-v v#w there is

" a path from ‘v to w. It 1s weak]y connected if every pair of

—

distinct points is .joined by a semipath. A weak component of a graphl"

is a.maximal weakly connected subgraph. ' .

N
° A cycle 1s a closed wa]k with distinct vertices except for the
®
first and the last vertices A semicycle of a graph -G 1is a semipath
from a vertex v to itself. A graph G is said to bg acyclic or

" cycle-free 1f it contains no cycles. . | o B

3
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A rooted tree is a weak1y connected graph chh ‘does not conta{n ‘
t‘\

semi%ycl .es w1th a desrgnated vertex ‘T, caHed the root.

. A A forést is an cyclic graph in which every weak compo/ent is 4. .

9
a tree.
a8

.

An_in~tree iy a rooted tree in which there is a path from every >

‘ventex to the rod . It is known [11 pg. 201] that a weakly connectéd ,

i

' )graph is an in-tree if and on]y if. exact]y cjne vertex has outdegree *
R

» and al] oth‘ers%havé autdegree 1. i .

d - A vertex W is said to- be a child of the vertex v _in a rooted

tree if the (unique) sem1path from the root.r o w has™ v as 1ts

. Cyp S 4
penu1t1‘mate vertex (1.e., a semipath r= v1.,....,vk,v,w). , .

N
S

. i ; dren. ' |
A vertex is a Jeaf of a rooted tree if it havo chi? ren. I s
The 1ength ‘of a path from the root r to v is called the/ o

1eve1 or depth of V.

\*’. .' A

"
graph G by ass1gn1ng subscripts to them so that- V = {v] ’VZ’
is known [4] that we can represent that graph by 3 matrix i many

R .
different ways (adjacency matrix, reﬁabﬂity matr1x,. distance matr’ix)

L4 x

, For the purpose of this thesis, wewhall employ the adjacency m trix,

wh'l,ch is defined as follows: A = A(G) = (a ‘U:) _ where,,

L1, Af e e E

: a;j‘é ) o
S - 1 0, otherwise "
u." ~'

"I-sel jhsl‘n . Thus a graph can bée represented by.a O- 1 ‘squa e matrix

and, converse1y, ”0-_1 square matrix cajt be considered as/an &




ir adjacency matrix for some graph. ' ~ :

We elucidate that with the following example.
\ I

Example 4.1: A digraph and égs adjacency matrix.,

S e e

e Tt

N

Hijadjagency mat

~of Tength n from the vertex v

a

A
From the above example we n

Y ‘] . - .
ote that the row sums of A(G) give

the ouidegrees of the vertices of & and the column sums are the

A

-

indegrees.

»

g

v
T

t

<

rix.of a digraph G.

We shall continue with some .interesting observations for the

*.  Theorem 4.2.1: Let A = A(6) be an adjacency matrix of G.

Then the (i,j)th entry of the matrix .A" 'gjves the number of walks

Proof: We pro&e this by induction on n. Note thét a walk of v

1en§th 1. from vy ~to vj is precisely an arc <v},vj> .

.
to the vertex yj.

’

Thus the

theorem holds for n =1, since the (i,j)th- entry of A gives the

-number of arcs <v

Y

the number of walks of length 1 from v,

'
v

3

' .

ut -

1,vj> (note this number is zero or 1), which is

to" v,.
J

. fad
| v5 Row fum
1 1 ’

‘ 1] e

¥ 1'
. Ag -I
¢ 0] 1
‘o vg [0 0 00 0 0.
§ Fig. 4.1, Column sum 2 0 2 2
§ .
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i
-

R ’ ) . , . n_] _ ' "' . ~ - ! l». » n _ . N #}
.Suppose n>1, A = (aik) and A (bkj). They A -- (cij) i

. ] “ . i | . %

is given by' cij = k§1 LI bkj . - By inductiony aik, — & - g
-~ ) < }(

o
equals the number of walks of 1ength n-1 from Vs to Yé' Also,

.

bkj equals the number of walks (arcs) from v \\to vJ . Thus,

3

vﬁ to vJ, where

LI bkj g1ves the number of walks of 1ength n wfrh\\

Vi is the next-to-last vertex in the wailk. . Thué, a11 a1ks of 1ength
n from Vs to vj can be obtained by summing up the a\\\\k for a11

k, that is, ¢ is the number of walks of length n- from vy ‘0 v,.

ij J

Thus, the theorem is proved.

¥

Q.E.D.
| i ¢ ;
lk\ ‘ -
Now, suppose that G has m vertices. Then any path of G
\ N
cannot contain more than m vertices and hence must have length m-]

or less. Thus, G is strong1} connected if for any vertices u and
v, ’therE exists a path fron u to v and one from v to u, each

/
of Tength m-1 or less. /

Corollary 4.2.1: (A criterion for connectedness). Let A = A(8)

7

be an adjacency matrix of G. Aet: S

o \
=A+A2+.,,.+‘Am-] ..

-~

Then G s strongly connected if and only if C has no zero entries

'+ off the main diagonal.

L9

Proof: The (1,j);h entry of C is zero if and on]y if the

(i,J)th entries of ‘A,Az,....Aﬂf}f‘are all ;ero This means there
is no walk from v, to vy of length m=1 or less, and so there
' ' \

is ‘no path from v, to ’vj. Thus 6 1s strongly connected if and
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only if the (i,j)th entries of C, i+j , are non-zero.

Q.E.D.

. It is well known [4 page 171] that a matr1x A A((‘tsﬂs
1}reduc1b1e if and only if G is strongly connected. It'is also

knov_lri (Theorem 2.2.1) that a non-negative square matrix A s primitive

- if and only if ’A is 1rreduc1b1e and has at least one aper1od1c 1ndex

Thus, using Corollary 4.2.1 we get the foﬂowmg theorem

Theorem' 4.2.2: (A test of pr*imitivity) A non-negative (m[m)

" matrix A- with 0-1 entries is primitive if and only if the matrix

C=A+AZ & .. 4™

\
has no zero entries off the mair) diagoral and a5 > 0 for some

i, 1sigm.

.

20}

Proof: By CnroHary 4.2.1, .G 1is strongly connected and so A
is 1rreducib1e, and smce A has an aper1od1c index. (the 1ndex i),

Theorem 2.2.1 confirms that A is primitive.
‘ o , Q.E.D.

. T
- \
.

' “ \
4.3. PERMUTATION INVARIANT MATRICES

-

Induced 0-1 Matrices - o .

_Let A be asquare matrix with non-negative entries. We can
aesotiate with ;\ ‘a 0-1 square matrix by setting all non-zeho
entries to 1. We denote this -matrix by g(A). We remark that g(A) °
1s an adjacency matrix for some graph Let us recaH'that A Js the :

\

c1ass of square nxn matrices which are stochastic, prim1t1ve and each

e c P

-~

]This result is due to the: author. o ,‘ N

St

tﬁ%&i& £

!

2

5
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hd .
row ofiyhich'ha; its non-zero entries’contiguous with equal value.
o i .
. In the following we shall prove:three lemmas which characterize '

(T the map 'gziAn-+g(An): where the mép g 1is defined [8] as fo]]ows,.

" A contain k

i . oo : .
. negative entries and 1ét g(A) be the corresponding 0-1 ‘matrix.

0, if a,, =0 \

. 1 L
“1si,jsn . Obviously g(An) is a subspace of the space of square -
0-1' matrices. . o .

Lemma 4.3.1: The mapping  g: An"g(An) is: 1-1.

o~
ggggf;‘ Lef A;Aﬂ € An , where A #A' . Let tbe' ith row of

; non-negative éntries and let the ith row 6f A’

contain k; non-negative entries:) w{thout loss of genera1ity1‘3e

\
. assume in view of the fact that A+ A' , that k., > ki .

Now assume that g(A) = g(A'). The 1ith rdw of g(A)')mhst
"contain a cdntigudus block of k.- 1's and'so must g(A'), since
g(A) = g(A'). Now, since A' 1is stochastic and contiguous, it's ith

row must contain a block of %— 's 1in the same coluimns as g(A'),

. i . ;
which means that A' must contain—’(/ non-negative entrigs in the

i
ith row. This contradicts the assumpt1;g}fhat ‘XT' cpntaj k; < ki

)

non-negative entries in the ith row. j _
' Therefore, if A #.A', we have 'g(A) + g(A"),l i.e., g° is 1-1.
: - M 9 ‘
. ‘ ' . R Q.E.D.

‘Lemma 4.3,2: . Let A be'an n x n, square matrix .with non<

LS

0~' .

. .
) \
:

- PN
el g o B

v
e o ——
N Lo




Then .g(g(A)k) = g(Ak) for any K >0 .

jﬂgﬁ[ﬁ:‘ Let A agg B be two, non-negative nf‘ﬁ ‘matrices.
We know that g(A) and A both have non-zero entries in the same
positions. The same app]iestfor g(B) and B. Let us consider the - b~
two products g{A) g(B) and A B, and let us denote by % and | - E

Byj 1.4'=1,...,n the entries of A.B and g(A) g(B), respectively. *

% b
Then,
{ - n :
By = I gla)yy 9lb)yy '
- is not zero if and only if for at least'one ky, 1<ks ”; b?}h‘ g(a)ik

5 and g(b)kj are non-zero. But then for the same k's, we have both

a;, and ij are non-zero, and SO ay bkj is non-zero, . Thus
; . . n .
3 k§1 aik'bkj:° F is non-zero and therefore vBij is non-?erov1f and}

\

. ’
only if aij is, as well,

Now we shall show, by induction on k, ' that g(g(A)k) = g(Ak).

‘ For k =1, it is obvious that g{g(A)) = g(A). Assume that the,
statement is trué for k = n-1, i.e., g(g(A)"'1) = g(A"']).
' We shall show that it is truelfor k = n. From the equality
; ' g(g(A)"'l) = g(An'1), we see that 9(9(A)"'1) and g(A"']) have

San e g S e

non-zero entries in the same positions. But the éame is true for the

matrices g(Aln-] .and A""],

From the definition of g, it is clear
that g does not change any non-zero entries to zero. Then, by the

n-1 A" have non-zero entries in the

above argument, g(A)n'1,§(A) and A
“same positions, 1.e., g(A)" and A" have non-zero entries in the

'same positions and so, by the definition of q, g(g(A)n) = g(A"). Thus

LN
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7 I'4
5 the equality is true and for -k = n, and the induction is comp]ete R
" Q.E.D. ;
Lenma 4.3.3: Let Ace An_. Thenigg(A) is primitive.
) Proof: § Since A is primitive, thére. exists an integer. k >0
: such that AR , T.e., i
g ak. has non-zero entries e -
g(Ak) has non-zero entries e i
' !
: . g(g(Ak)) has non-zero entries = ;
' * LY \ - N
i R ' . - !
' 3 ) g(A)k has non-zero entries = .
(A is primitive. .
g(A) prin ~ l
: Q.E.D.
{ Lemma 4.3.3 tells us that instead of'checking the primitivity of
L "~ a non-negative matrix A it is eqhiva]ent to check the primitivity of
™ : : ‘ , ‘
: "g(A) which is much easier from a computational point of view.
1 4 : )

As we mentioned at the Beginning of this section, the 0-1
o N
' matrix (A) can serve as the adjacency matrix for some graph G. Since

the rows and co]umns of g(A) correspond. to an arbitrary 1abe111ng of .

’ the vertices of G, it follows that if g(A) is an adjacency matrix ,
of G, then so is Pg(A)P’ where P isa nxn permutation matrix. ;
Moreover,lif g(A) and g(B) are any two adjacency matr1ces for G, "
there exi;ts a permutatiof mdtrix P such that g B) = PgQA)P [4].

.\\‘Therefore‘?t is clear that Yé sha]l be interested primarily in those

‘ ;' ' | properties of g(A) which are invariant under permutations of the rows

.and columns. Since Pg(A)P = g(PAP }y for Ac A, we shall define

a class of matrices P cA which is closed under pre- and post-

n ’

multiplication by permutat1on'matrices. Pn well be the nnin-objgct
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‘of ‘our investiggfion in the sequel.
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Definition 4.3.1 : 'Let Pn c An. be the class of matrices. A e.An-

T

with the property that PAP' ¢ A, for any permutation matrix P..

[
‘The following results characterize those vectors w for which

there exists a matrix A e Pn such athat‘ mA = 1 . We refer to such

' vectors as Pn-invariant vectors [8].

Lemma 4.3:4 [8]: Let As?P  and Tet G = (V,E) be the

digraph associated with g(A) . Then, ' N

. 1‘)‘0 G contains a k-clique, K , for'some k21, such that
there exists an arc'fr'om each vertex of t'he k-ch'q.ue to
each vertex of G\; o .(, , ' '

" 4i) if v disa vertexof G not in K, v pas outdegree 1;

i§i) the subgraph of G, G, formed by deleting: ali arcs: . <V,w,

where v is a vertex of K, is a forest of k in-trees

with roots in K. o

Note: part (ii) simply says that the ith raw of g(A), i >k

"(for k = 1) contains only one non-zero entry.

Proof: | We claim that each row of g(A) consis eqtixeu of
1's or of a single 1. If there was a row, say the ith row, which
contains a gontiguous lock of k1 1's (ki # 1, n), we could find a .
permutation matpix P such ‘that one of the rov;s of Pé(A)PT , say
the j{:h, has Qon-configuo.us‘ entries of 1's. This implies that the’

jth row of g(PAPT) is non-contiguous ahd'simﬂarly the jth row of
T

PAP' . is non-contiguous. This implies that A ¢ P, » which contfadicts\

_the hypothesi 5.

L

U
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We now show that k +.0. If k=0, then every row in g(A)
has only one non-zero .entr'y. Since g(A) is strongly connected, it
must be a permutation matrix. Then g(Aj)m cannot be primitive for

any” m:- Hence A ¢ A , contradicting the hypothesis ‘that A ¢ P c AL
. ) ) 4

We can, therefore, choose a permutation matrix P such that

Pg(A) has all its rows of< 1's. in the first k positions. Then,

since AP, it follows that pAPT ¢ A, » and so g(PAPT) has ail

“its rows™f, 1's in the first k positions (note that

g(PAPT) = Bg(A)PT) . - ‘ .

t

Let K "be the k-clique defined by the kxk matrix of 1's _in

the upper 1left corner of g(PAPT)), so (i) and (i) of the lemma are

<

Now, for part (111) we claim that each weak componeni: (maximal

estabhshed oy
weekly connected subgraph)_of the graph G corresponding to g(,PAPT)
with the f.irst k ro;vs rep'laced by zeros is an in- tree rooted at a
vertex of K. It $uffices to show that each weak]y connected component
has exactly one vértex of outdegree 0, since each vertex of G has
outdegree of at most 1 and the only vertices of outdegree Q/m- G
are those of K. . . '

‘ If each vertex has outdegree 1, the component would clearly

conta1n a cyc'le Moreover, there<wou'ld be_ no arc from the cycle to

"any vertex of K . This contradicts the fact that G is strongly

connected. Therefore, each weakly connected component has-at least
one vertex of outdegree a.
Suppose now that v and w are two vertices of outdegree 0 1n

the 'same weak component, Let L | "'2"' =y be a semiwalk ‘in E
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© This is true since, by Lemma 4.3.1, the map g is 1-1. Moreover,

<if A g(Pn), then 9'1(A) has rows consisting enti‘re1y‘ofb 31—

that g (A) = A.

» : . Sy . ) 56

Y @

Since v has outdegree 0"'<»V2’V'i> ¢ E. On the other hand, s1"n e w has
outdegree 0, <v \

no17V> € E. Let "1 be the smallest iridex such that
évi,viz+]‘>' e E. . Cl‘eérly 1\‘<1',<’n.' Since <\'1‘1._]‘,v1.> 14 E,‘<vi,\"/1._]> € E

and <V, 0> € E, and hence. v, has outdegree 2. Therefore

B A ] , o o . /

Now, since there are Kk verticqs of 'outdegjree 0 in G, there

P ! - . \
are k such in-trees.

. Q.E.D.

The converse of Lemma 4.3.4 is also true. Before proviné that, o
we note that the inverse mapping 9'1: g’(An) - An is weU-defiqed..

S

NG R tsrpre i ts  -

or éontaihing exactly one 1, and, to those r‘ows,frbm g“'](A) which
consist entirely of ]F 's there correspond rows of A which consist

entirely.of 1's. This is obvious beéat):se g-](A) is stochastic and

~ contiguous.

-Thus, if each row of A _contains exactly one 1, then it follows

A

\NY

Lemma 4:3.5: Let G™be a graph with properties (i), (i), (if1)

.of Lemma 473.4, and let .A be an adjacency matrix for G. Then

-1 3
g (A)Ie P,

Proof: .From (i) and (1i),. it s clear that A has rows

consisting entirely of 1's or containing exactly one 1; i.e., g'].(A) ¢
o AN ¢

is stochastic and contiguous. yreforg, it suffices to_show that

g1(A) e A_ . This will-be true if g~ (A) is prinitive, i.e., if

4

G fs s'trong.iy condected and theré exists an aperiodic vertex

- (i.e., a Toop).
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' as we proceed from

qm?:‘t"\iiggg fhe-nex;‘leve], as shown in Figure 4.2,
Y . . . .
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o ) ' _
Let v and "w be any two vertices of .G. If v is a vertex of
K, ?wélknoﬁlfrom (i) that there i§ a path (namely an arc)’from v to w.
Otherwise, féom (1i1) we see that there exists a bath to some,vertex u
of K, and this path cﬁn be extenaed to w since there is.an arc
<«u,w>, by (i). Hence, 6 1is strongly connected.
Since k=21, A héé‘at 1east‘one row with no zero entries. Thus
there‘egists a ver;ex i §uch-t§at a5 > 0, and so,- A s primitive.’

Q.E.D.

A Special Lébe111ng'Procedure
‘ ‘There'are many ways of 1abe11fng a graph.’ He shdw fhe fol]owing
labelling procedure [8].

ansider-a'grgph G satisfying Lemma 4.3.4, and let G be the

forest composed-of k in-trees, numbered T,,T T L

1725 00sTp where Ti has

ny vertices.
. wé Tabel thé root of T ‘as 1,.and we Tet 2,3,...,m; Tabel
the vertices of ‘the first level of T, starting from the left. Then
m]+l,m1+2,...,m2 label the vertice§_of Tevel 2 and so on, until all
the n, vertices of T, are labelled. We label ‘Tz as ﬂ]+1 and
use the same‘procedure to Tabel -all the vertices of T,. In general,
i-

the -root of Ty s labelled as b1+1 where b, = £ n

, and 1its

A t
vertices are labelled, as above, consecutively, adding. 1 to the 1abe1,

left to right, along each level of T1 and then down

ok
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-'Fig. 4.2

“The graph of the forest §.

block diagonal matrix of the form:

S

o d . N
n1n

'._ﬂ\' ' With thfs labelling scheme, .the adjacency matrix for T s a, .

Tt
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where

i his)

The first ro& of 'Ai

‘corresponds to the root of the in-tree Tis

Q
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is the adjacency matrix for T., and is the form

has zero'entfiesﬁonTy,-since the First row of A, ..

which has zero outdegree

Each other row of A, has exactly one 1, since each other row of A,

and we know that each such vertex

that if a vertex labelled B

B +pHl,...
there starts an arc ending at the vertex B8,

r = B+p+l,..

pr let B ={1,1+n1,1+p]+n2....

i.e.,

i

«\\\‘::F,ruu§§
' qudure

8 + p#t, p<n

.;B+p+t.

i

"corresponds to a vertex of the‘in-tree~Ti,

in

are the 1abe]1ed vertices in T s

AN

outdegree 1.

T.

has indegree equal to t,

,and

different from the root,

We can also see

rs

.Hﬁm?ﬁﬁuq}@

from which

then ai = 1'

for |

i-1:
+ I n
=1 1

of the/above forest G according to the above labelling

9

}

k-1

=] *

B8 contains the integers which are the numbers corresponding to
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N Let\‘U- be the nxn matrix,

! " " jth ‘roW, j ¢ B, bcohsists‘entirely

n = n1+n2+...+nk,. in which,t@g

-
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of 1's and all other rows are
o
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From the 'lat;_eﬂing procgcTure

)

o

f G and the construction
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of P

it follows that P. is an adjacency-matrix of G.
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e.matrix g"](F), where, ! '
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For matrices of the form of g ](ﬂ, it is not difficult to
a qharact:erizg the vectors. n such that =« g']'(ﬁ) = w., This leads to
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Theorem 4.3,1: [8] LJt G = (V,E) be a forest of k rogted -

'

. r)
\ . in-trees.. Let ¢ be a coqst#nt and let w: V=T be a real valued

.

‘ / : : -
function which assigns weights to the vertices of G as follows:
i o : \

(1) if veV has indegree 0, -then w(v) = c.
. (i1) if wveV has indegree ms0 and VisVgas.aV o are the L
. ' vertices from which there starts an arc ending‘ai -v, then

. : wiv) =c+ £ wlv,) ., , .

i=1

i ' N
: A ‘ ' ‘ oA e
.~ Suppose v],vz;...,vn\\:§\a Tabelling of the elements of V, then the
vector (w(v1),w(v2),...,w(vn)) is Pn—ihvariant. Moreover, for dny
\ Pn—invariaﬁt veqtor , tﬁere is a fqrest E'\aﬁd a labelling of the

. 3 ‘
vertices such that n = (w(v1),w(v2),...,w(vn)). \ | .

B

- Proof:  Let us Tabel the vertices of G following the above .
procedure, and Tet ghis.be VisVoeee V. Let y(v) be the weight
assignedlto the vertex ;, _as defined in (ii) of the statement of the
’ theorem, let & and P be the adjacency matrix for E"and G,

t respectively, as é;nétructéd above. We claim that ‘ ,

n= (w(y1?,w(v2),...,w(vn)) satisfies f.g’](ﬁ) =w. To'see this.we |
assume the’?ollowing: L N | '
4 ‘ a) Let v bea root of the Tifh in-tree of § pos§;§sin§ n,
| o - vertices Tsi<k . Assume that with the above 1$be]11ng procedure

. . . this 1n;tree has q levels, and let the jth f§¥e1 has hf vertices,
. t . ' ‘ - q e“fz""". \ -

2 3=1,2,...,9. Then 1t is clear that }:"hj =ng - 1 and, by °

=1

(11), for the root <§, we have




(S e S e Lhe e e E \
: e s ‘ RIS b
; 64' .
. . W -
| « 7 i | *
- o wlv) =c + = wlv,) ,. .
‘ ' 3 =1 _ oo,
4 7 o - . S T
: ‘ and . oty ‘ “
5 ’ | wivy) =c+ £ wlv),
; . r
£ S r=1
% < ~‘ - . ?
f' - . wheneJti represents the number of vertices in level 2,. from which there
"7 * s . h-l !
. o . ) |
. 'originates an arc ending at vi.‘ It is clear that X by o= h2 .
X . p C =1 Yy R
Thus we have the following: ) -
it " . N .
. h] { ti \ ‘. ) L)
N wiv) = c+ £ \c + I w(vr)} . - o {
T~ " : i=1 - r=l ‘

=Cc + h]c + I T w(vr) ) ;J/g
| - : CistesT T
i hz - - ) 4‘1'

. c +he+ T owivy).,
“« 1 ral r-

4
i

4

. where v;' is a new rearrangement of the elements of level 2. . .
’ Continuing in this way, we get: )

w(v) =c+ h.lc thye b he_c+ T wivy) . , _ g

@ e=]

But since each vertex on the ‘q- level has indegree 0, by (*)gwe L
have: w(v_) = ¢, Therefore: . ‘ o L
' ‘ ‘ ) . k ' .. . ‘ )

. wiv) & c.+ hic # hyc +...4 hqc

. - P q ' - . ¢
. . R ' . o = C +( z hj) (o . .--.'\ 5
N ";’r - j!] . ' ‘\ R - '\}

’ . . .. ’ ! . .
NP ceekngele B s
\ , SEmE L e - ¥
; N . ", .
' ’
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g s -.a.w.‘r'pa;*'-‘*?'o?". Y

i
ki
% .

g
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Now, let B = g'1(F)ﬁ and D = g'](U), if A; isan n, xn,

matrix as defined above, since each row of :'Ai contains exactly one 1,

_then g'](Ai) = A,. Therefore we have

- 'K .
B =g (P) ’ IR
=g (B +0)
d \
N OEE R /
~ S f
= K\‘*‘ D.

N '

o MNow, Tlet n = (n(”, n(z), LN where e
TT('i) = (w(vb1+1), w°(vb1'+2)"“’W(Vbimi)), i=1,2,...,k. We\note
that the vector n has k components, i.e., a number equal) to the

A number of roots (orin-trees) in the forest & , and that each
b cqmponent' n“) hag .length ., i.e., 1 to t’he,number of vert%ces. :
in the in-tree *Ti. Therefore, it(is clearXhat ha% 1ength '
a . = \ . A “ .
=y En, fondon. The\.n,
n B = w(R +D) : , ,
. -
‘=n‘7\'+tn0 < A
, = (ﬂ“), n(z).,...,n(k))"ﬁ+n0
AN Dy (@), (k)
e ) (“ A],n AZ’---’TE Ak) +"D
= (-"(1)A'I +nD, “(2)52+“l},...,ﬂ(k)Ak+“D),
' \ ' but’ ' ¢ \ ’ . L8 ‘
r . "
I'd : (},‘ .. .
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n

nd = (n“), (2),...,n(k)) g'1\(U) , ' . ‘

. , (w(vb-‘ +] )s w(vb1 +2) S0 'w(vb]+n1 ) ’ w(vb2+1 ), LS ’W(vbﬁank'))g-] (U)

(w(v]),W(vz),....W(vn]).w(vn]ﬂ)....,w(vn))g'](U), |

!

-------------

11 1
| | A R !
. ,5'!"‘ ) ) p . B ) '
T SO RN Yo (v ) 0. |
]”.o-’ 1+n1 300y 1+n]+n2 3eaey n'’ . {
‘ N I R 1 - f
AR B : n .
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and
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Since vr
Hence,
N . ¢)

V1+r’-.o,v

at vr:

A

Also, fn view of (4.1),

s prcaeees A k) . (4.1)

Let Vr be a vertex of Ti

v

with indegree 0. Then

n =2wlv.)=c¢, X
L {;J \\J

e (1) a1y
- (nB)r = ¢ +-(m b Ai}r-bi s from (?.1) .
. . n. s
. h] . .
. c+ I n€1) ai b '
/ =1 3 BT | .
N o ) ' {
> =C e N ' .
has indegree zerop and so a .r- by’"\ =1,2,...,n1x
(wB)r =m, "
Let v. bea vertex of T, with indegree m, and let ' et

§4m be the vertices from which there starts an arc ending

Then, ! , - -

L w(v ) : | o
. E wve,) by ()
oo =0+ L ow(v . by {41) .
e .
- ’9
N
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o), = e+ Gl L
1

. o “z%m ]
- J 11 J,?‘-bi , N

! . ”J‘, AT ! . i
7. . m - : ’
- . (i)
) . . =¢c+ I mn .1 ]
S £=1 1+£—bi

°

S . =c+ Z w(v, +£) :
/ . I.' X N e ' \ !
oo . = 'nr . . . ) ‘ .
, / . . AN A
* Hence, ) ‘ A ‘
(nB); =n_ . , i '

IR IO IR ® S omtrimnn oty s om0 -
]

>

Therefore, the claim is established,

ow let n' be a vector of weights corgesponding to a djﬁreren;

) / T .
ng of the vertices. Then it is obvious that the elements of '

are a permufatjon of those of . m, so there exists a permutation matrix .

] o P, such that, - . .
B . ~ w' =P a - ///\f
] s = Ths, - ' SRR

N F . . , o
- ‘ . n! = nP

- A ,A ‘ . 3 ‘
. g | , ) B - = nBP : , L |
‘ ‘ IR T =nnPPTBF | : - I |

N A .o
-.‘ ) * , . l - '%TBP ' RS
and, sfnce B¢ Pn' (note B =g (P) PTBP ¢ P . Therefore from
* . - " ’ [

- I - ,'n'pTBP 2 n' , we deduce that w' s Bﬂ-invariantt

Py K .

o . h .
~ i . . N . v 4

B i -

3
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Conversely, let wn' be a Pn-invariant vector and let B' ¢ Pn

v~

be a matrix such that n'B' = n' . We know that there exists a

permutation matrix P such that PB'P' = B is of the form 9'1(5).

Y
"b.+1 . Accordingly if Ve is a

" M

Let n = n'PT and ¢ = 1
. n Loy
. i=1
vertices:of G

vertex of & with indegree m and V.
- . \Q»/'___/ar‘

42V i+m
from whicq there starts an arc ending at Vs then

m.

c+ £ wiv,,,)
r £=1 1+£

- =
it

m -
C+.z mHL , ' y
£2=1 <

Therefore, m consists of weights as described in (1i) and w = nPT

is a- pennutat1on of those weights.

R -7 ~Q‘.E.D._
Examples \
Example 4.2: ' | -
" oe . .

14C

. o7 Fig. 4.3,

Fig. 4.3 shown the weight assignment for a foregt'consisting of two

in-trees.

69
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Example 4.3: . '

e

Vst Vgl Yy gl Vgt Vyod . Vil V2l Vi
c ¢ cC ¢t ¢ ¢ “ ¢ ¢ C

Fig. 4.4

e S G SR A

Pl

; . ' .

Fig. 4.4 shows the labelling of the Vertices of an in-tree and the

weight assignment} of each vertex.
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§ e
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‘ v s 7l
‘ NS N R S S T S M N W I NS O
\ THBPHBTHITETNBENETED
1 0 g0 0 0 0 0 0400 g o
1 0 0 0 0.0 0 0 0 0 0 0 O
1 00 0 00 00 0 0 0 0 0
. 0 1 0 0-0 0 0 0 000 0 0 O
0 1 0.0 0 0 0 0 0 0 0 0
B = 0o 1 0 0 0 0 0 0 0 0 0 0 0
\ ™~
0 0 1 0 00 0.0 0 0 0 0 O
®» 1 00 0 6 0 0 0 0 0 0 :
0o 001 0 § 0 0 0 0 O o\’o 0
0 0 0 1 0 0 0 0 0 0 0 0.9
0 0 0 1 0 0 .0.0 0,0 0 0 0
N h o 0 01 0 0 o/o. 0'0 0 0 0

me (03, 44 4, 0,0, 4, 1,00, 1,0, 1),

It can 'be easily showrr: that’ mB =m , i.e.,, that the vector :\

n" is Pn-invar'iant.

Example 4.4.:

w2C
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'Pn-invariant,
,permstation matrix
Pn-invariaﬁt, with the correspondfng forest G and thé matrix

given by,

)Vn

Example 4.6:

-

n' = Pn

.

nc
n-1. gnfl)c
: « . B
92 2c
N ¢
Fig. 4.7

'/

Since the vector n

Therefore, the vector w =

4.4, EXTENSION OF pn;ﬁmmm VECTORS

zinvariant and therefore 1t is the unique 1nvar1ant density of a

transformation t which can be constructed

il
..“’is’- l‘g’* Sy /t
lﬁ&wﬁhﬁg
o, 9

3

It 1s known (examp]e 4.6) that the vector w = (1,2,.

is a“positive 1nteger

We sha11 see that it .is possible to

constr ¢t anew 1t for which);h1s is,the case.—

satisfying T<me< n. msj+1 <n .,

‘ Theorem 4.4.1:

Then the n-vector

o« ]
v’ , .
= (nan-1,,..2,1) s
is also 'Pn-invariant, where P is a
(1.2,...,n=1,n)

g 1 . »
‘J ) N 0"‘
. \\“g
0 p
1
11 1
n n l_’:\’ ............. d:n

vt

-
\sn)

%

B’

is

1s

Suppose now, that 'we

nged‘ggvector n with the jth term equa] to mj rather than J ,

‘Let n,m and j be fixed positive 1ntpgers

g-1), 25-(0-2) .. fm-13-1, md, 341,.000m) s
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is An-invaripnt,—i:e., there exists a matrix A‘e Ay such that
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Conmne?
Proof:
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Let us comstruct .the matrix A = (a;j) as follows: . _
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| t e B 11n 3 T t=j- Zn- 2™ " :
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L. 11*;' kN - . ¢ hd :
- entry of " B! (plus others in the jth row). Hence, g(A) is gtrong]y
[ L cbnneEt:,e,d..and possesses dn aperiodic verteaé.\ Thus, A fis primitive. _ .
s e da‘ l b ' T y e . o ‘. ' i “ - ‘\- -
‘ © T %MWe claim now that mA =nw . Let m<j . Then, for 1=1, - L
.,':' i o ‘ o I" i ' . . . 'l Y ) )
B e el Tp i "n-n ""1 . . . - .

‘ - v o
. . - - .
o on B ~y . \ . -
-~ . '
. Y . v ‘
. N o . . . , . , .
o by vy e o 3, ;.,‘ 5 -
v ) id 1 ), .
'y LA Fows T rR s TR TRy T R G st s L r ¥ AETETNE M T, e ¢ ApeahR e VS Mt ey g~ . L e w e
. 8 .
. f - . \' . .
S
f - - .
.J \ N
e .o . \v i . ¥ ¢ o
‘E X - .. 4

o o Fi’r;t','we"'sﬁé]’l show that A ¢ Ar; PN '

" ! . - g . » . )
. N . . ®
. oo - ’ .

- : - (i), By cons;ruction,é is contiguous.\\ - - :

p o " (4f) A {s-stochastic, since, for k =n,\: . :

* P =
. & o, s ) ’
) . ﬂ T ) n - n 1 v § \
e ’ - ’ : I
.9 . YNoao© * E a =‘ X - 1 . ‘ ' . ,. L~
v . . . ) .’ . 1’] n,1 i=] n d. ' '.

/ N ' L t

- : ©ofor k#3, . . .

. P s ‘ i=] .
C , ) ‘ o ;
. . e, and for k7j°, ' .
® , ‘ | ' -«I ! "3 '
. n . + -
S S A R T :

. . , S % o0 A .
S R (Hi) To show that A is primi‘tive we consider the matrix - B'

g T . - where B is the matrix associated with n!l "as constructed
. .o t. \ 7 . .
. . in txample 4.6. Ith known that B 1s pr1m1tive. I

'
1

3 - ' ‘ ‘. L]
7 ¢ - Clearly, A has a non-zero entry correspondmg to each non-zero
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- A
oFor 4 = gi(mek), 2skam, i.e., for J-(m-2)<i<y-(mem) = j
' A N . . ) . .
“:\‘ . . ] " "‘ n . | ‘ 'Y ) ..‘.n 5 ’ . ' ' 1
) TR k) T el (1)) 2 (k1)) 3 (nek) R, - (k) T
T ‘ . . ] .
Lo . = [(k=D)j=(m-(k-1NT #mj =+ 1. S _
i o« ‘ N ; - Lo
; 8 ‘ ' B P R , = kj‘-(m-kh)
‘.‘ . , '/ . , = . - ’ . N , ."
T . o ; j=(m-k) *. : , | \
P - ) ’ ‘IA‘ - P -
3. . For "j41 sis<hn, , .
- . . . Q n .
- .

M
=
o
-4.‘ ¢
]
)
Sf{—
.

A
1}
-
—
+
—d

. =1=w, . .
w ' ) :‘1

& . ,\' Tlugs,"we have shown that mA'=nw . ) | - f
. ry ' . . , .

| : . Corollary 4.4.1:. Let n,m be fixed positive integers and
. - . ' ¢ '

N .1etJ=Iﬂ’—.T..'Then,l o

v - o m o= (m 2m,3m,..., (m-1)m,mm+1,,..,n) .
L - An-inviriant. L N s
. . : ; ) . J .
e . : . "
. }j* \ Pﬁ‘oof: Let m: J-ﬂ in Theorem 4. 4 1. Then the vector .
. R AN : . . .
Y n o= (1 2,..,,j (m-l) 2j- (m-2),...,mj j+1,...,n) becomes .
<A = (m Zm,...,(m—’l)m,m nf+'l,...,n) ./ P . S
ﬂ ’ Q.\E-D.ﬂ »
1“ . + i “. o ,'. “:
' r LY “" ‘*"’3‘(’\ ‘- '
: At RN
fp"“ T e # & o ‘
e T . ‘ -
AL e . I
e f( . " o
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‘§ ' Example 4.7: 'Let n=6,m =3, j=4. Then the vector
* Y. \
CoL . m= {152,7,12,5,6) f{s A -invariant, where
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0 "0 1 00 0 0] ~ ‘ .
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.
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6 ol Examg]g. ?'8:, Let n =6, m = 4, j ‘
= (4,8,12,4,5,6) is .An-invariaht, where . #
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A X Exagn_g'le 4, 9' Letting m = 2, Theorem 4.4.1 proves th t the vector '
(1 2,...,j 1 2j j+'|,...,n) is A 1nvar'1ant where, ' '
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B < N

R e AR -

- ] - ‘ T
3 o ¥ ~ | .
\ N S S ' i ’
: (:\ 4 / B 0 PR B K
’ gr ’ b VR
A : 1
E A= 1 ith row® 7,
;%-’ 2 2 o - . P
" § . ~ 1 |
° \ !
4 » » 0 . N . A ) 8 ‘ ”
¥ v v e . e
E A ’ ] 4
. Y / &
3 : " t . 5
(AN 1 4
-&n’\\l;n .."'.......‘.".‘.‘.-.‘n\- .
7’ . j
. CoroHa.ry 4.4.2: Llet m= (n(”, n(z-),..:, "(k)) » Where rr(” :
. s a vector of iength N and is obtained from~the.veqt;.or¢ ' . -
('ki’“i”"".’ﬁ\i*"i'”? .where k. j}=:1 ny s by multiplying k,+j, by
m]., where 1 <My <Ny, M sj1‘< Ny« Then the vector w' is L
A 'invariant.i ) ’ ‘ - / 7 ;
ploof:  The construct1on of Theorem 4.4.1 can be pplied to’each
“of ;he roys k -+j1 " of A Since none of ‘the modi fied entries'over"lap,
° } ' -
the proof goes through exactly as in Théorem 4 4, 1 . —
3 u ¢ . * l QnE-Di
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v ‘ - 4.5, A SPECIAL CONSTRUCTION ' . e
. -7 In\Phis section, we discuss an interesting and useful subclass of _ '
: A_-invariant vectonsf%‘ ' : .
PN = n , 5 ¢
i - Theorem 45.1: Let myn,k ¢ N such that m =\% . Then the
. K™ -
;. vector m = (m,m+l,...,n) is A_-invariant.
AN ( ) 1s Aq-inve
; e ' N . . '
: Proof: Let us construct a square matrix A yith . .
: o _ i (k-1)m+% = n-(m-1) rows, as follows: AR
. > . L 'mrQ@spsk—Z,ﬂ . | ,
n ~ .“ ] . . ' - ‘ .
. R - - S\ - T
= it { T Rps s (e
t ro
\ . _ 1.. 7 2srsm, j=k+pm1) +r1 °
co a_ = : . e
o ’ S pm+r,J 0 . “, otherwise
for "p = k-1 ) t
| ¢ - ! : , "
‘ N , .o ~ (4 0 R ' '
s " el "R,y Tk 0 T Sigk |
- o\ 8 ‘\ ) \ ' e Ty, ,
. ?1-e-, 2 . e/ o , . ,’X/ .
AN ‘ . " ’ ‘.'
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- columns

L e TRE T

ot RS R R ey ~,

1th row

R L )
*

A=l L e o~ T | mth row

1 1 T
SRR REEEER Cesreeneas I "SAEREREREEE n
PR .
i - - . '

L ‘ L o | Ck=1Im12tn row

.4
k-v---qk v v . . _’
. . ' ¢ .

A 1% clﬂeaﬂy co.n‘t‘iguods. It is also stochastic, since for 1 =-pm+l;
- - L.r X ° . . ) . )
" \

PR, ) O
N3 e (kesT9m+1 koA )m+1 kt(pH ) (m-1) ¢ (p#1)m . ) s -
T . :jf]’ afj = jf.l ) lp+|’m =’ \iaﬁ_p !p'l'! ’m " jf] 1p+1 ’m:n\ :’
S | o v L SN T
‘ Cfor 4= (keDmel, - o - : ‘j
R T E A
Cho e By s el o e




for i = pm+r, where 0spsk-2 aﬁd 2srsm , RV

(k=1)m+1 . )
. ¥ a,.=a : =T,
. .y =1 ij pmfr,k+p(m-1)+r-] .
A . .
N Thus A 1is stochastic. We shall no‘ show that A s primitiye. To do

this we shall prove that the graph G, which corFespondE to g(A) s

strongly connected and has an aperiodic index.

a) ~ We claim that for all i #£, there exists a path fymemeess
vertex Vs to the vertex. Vi wheré\\f>é°(k-1)m+1. It is clear

that for each i * £, there exista 3 > 3§/ such that g(a) 1,

. ij=P'ij=
since fbr each %, the ith row of A contains at ]east one non-zero

p, entry.

A \ ‘ ) '
Let f(i) be the smallest such j. Similarly for that f(i)
- 2assum1hg that f(i) #+ &, ‘since where f(i) = £ the same result is
»J

£ true), there exists: §> (1) such that Py ;= 1. -let (i) be
,,ﬁ'- the smallest such j. Continuinthhe process, we have ’

L3

. i, £(1), F2(1),...,F5 (1), which defines a.path, starting at 1 and .

N ¢

.+ visits vertices of strictly increasing number, Since there are a
; ~ . a -

\ - finite number of vertices, the sequence must terminate. fMoreover, it

. . is clear that the sequence terminates when fk(i)‘= L.

¢

b) Since there are arcs from vertei number £ to vertices.
51,2,.3{,k, the set of/Qertices “v('l)'= {1,:..,k,£} is strongly ‘
connected. From (a), ther eJis;s a path from all other vertices ﬁ;to‘
this set (épeciftca1ly z). Tﬁereforg,,it/sufficeﬁ to show that there 2.

' " are paths from this set to the remaining vertices. . ’

¢

Let v{s) . Fhes(m-1)+1, kes(m-1)42, ..., ‘k+s(m-1).+m-1} , fw\hﬁere- ‘
) : o A

!

1
)
; : ., "~ e

. . L3 L

- p 4 R » , .

[ . 3 “ .
.- - . . ' " ¢
g - = . ;o ta ' .
K N R ~ ! y - o P
- ¢ .
* . . ’ . ,

L Psssk-2 ¢ Jjbw, ‘there exists an arc from vertex 1 to each vertex k\y
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%‘: v(o) = {k+1, k+2,...,km-1} (which is obvious from the matrix A). i
- . . .
o Therefore, ,v(’” U v(o) 1s strongly connected. We proceed by ‘
1 induction. Suppose v('])Uv(o))u .U v(i'”, i<k-3, 1is strongly
] | i) :
? connected. We c"laim' that U v J ,is-str‘;ongly connected. To prove
. IR |
£ this, we note that there are arcs from the vertex im+1 to all ‘ , 1
vertices in v(”. " Therefore, it suffices to show that -
AR ) .
i im+l e U v . By the construction, this s true if

j=-1

im¥1 < k+i(m-1) (i.e., 1f i sk-1), which is certainly true.

. LY s
Now, we must show that P = g(A) has an aperiodic vertex. For

' #52, P can take on the value k-2. Hence, from. g
) | a 21 ' : - .
e - 3 o
P 2 —— , k-ps Jsk+(p+1)(m-1), S,
. s m+.l’j (p+'| )m ]P o . . . !
| .+ we obtain o ' MON o
‘ & o ] P— 2<js< k.+(k-1 Y(m-1)
B T . (k-Z)m*"hJ (k-T)m * _
:' ’ \ + '\ ‘.‘ ’_ R - ) N - . . .
R s Therefore, the [(k-2)m+1]th row of P .intersects the diagonal since

e #
rk+(k-1.)(m-1),z (k=2)m+1 "~ for k>2 . Hence, there exists an i such

that™ "'P'H > 0. Consequently- P is primitive, and so is A.

a;". | To camplete the proof, we ha\}_e to show that mA =w , for J.=1
. - - - ) v
A o . . ‘ ) (k_l)m.',“ ) " ‘ .C ) N . \K‘ ) T
SN A L PO PL S I TSN LY IS R -
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"

..:f.ﬁff-'g

,mﬂz\\cxﬁﬂ‘f)‘iﬂ‘:' i
ask A

-

for 2<j<k, : o .

. (k-1)m+1 k-2 , ] ,
: pX .8, o = ‘ vt T
| 5 =1 LE él,\]‘ pfo Tom+1 3pm+1,5.7 &

“f, . ’ . k-2 t'l
‘ S " pekeg Pl ToeTm,
. o cL e " o pek-j)

3

(since k-p2j -or

aw

a . i

k=

’

+1)m
p=k-j P " f‘?

" ,ﬁnﬂ\”’*?”"m“ﬂi?rt‘:<w~u oy

»

whére O0ssg E-Z .

\

for (k#1) #sImed) s Jsk+ (s+1)(m-1) ,

p | " (k=T)m+1 k-2 ' . “ .1 ‘l ’
‘ CE T / ons "ol BT § ¥ Mekesed 2okesa g

L

Lo ,k-s-] X A . ' ! - LT [

= It M Aikes A, g

\ .l ) ‘ 1'5 p=1 .‘ .(' m :

an,

e e .
¢ v = (k-s-1) + (j-k+s#p) = .- - o
', . . oot "‘, , . . . . N
K . . ' . 4 = m+j-]2 ’ . .
l‘l - . . -, ) A * : ' . . . ° N ’ ' v
k] * - . R r
' : W, . .. 3 o
9 . ‘ . / j’ ‘ ’ 'IM' K o
' Hence, wA = m . This completes the prgof that n is A -invariant.
. ! e © - . 4,‘"'»;,. - . » )
- ) [ I . ‘b y N 8 tﬁ‘l"ﬂ . . °
- . . « q “' . , '\‘ " ] . . .1,‘ Vv ‘i‘ R . , ) ‘ Q.E-Do

i ’

=8 " wLY - Remark 1: | fbr k=2, the matrix . A beq‘o}nes, (m+i) x {m+1)

Gy e . matrix of the form. 3

. * t o ' . .
. - ' o : ’
3 . 0* . I : . 4 L b
r e . - N N N N . s
T : . - . R -
. . ) . . : , : et
’ w . ' . R -5 K o 3 ,
. ML e
. .
. . .
* .
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hére the 1's are on the super’g:lia'gona’{‘. It is clear .gbat the B o

(m+] )th 'en‘tries on the 'diagonals of_A2 and A3 are greater that 0.

o Thus the set Anz1: rfa?r])p,mld-'] >;0} > {2,3} , and ther.‘efor.'e,. ) -

m+1,m+1

g.c."d(nzh a(") ‘1> 0} s eqyaf to 1. Hence, the (m+1)th

C T vertex s aperiodic. The graph of g(A) is strongly connected.

»

Therefore P {s primitive and so is. A. : . i

« " s ‘ « :‘ . - " (‘ E
o @ . B ' T . : ’ S
1 e Remark 2: For k=n, the mat\l)ix A becomes a skew‘triangular

?

Fra———

1

matrix, Y

.

PO /
-

: o
'\)l_.l
M—a

|
=
"
©
Sy
IR N
wi

. -
' : o
3 u , v e ’\_ |A ' .
o , . ' R R IR L.
R N
. . ‘ o . - n lg-nn,goi.-.lsnutnicnd-
> "-."‘:’4 Y,é ‘l‘“f oo :_ ': . [ . ' " ‘\‘
N '? . A‘:‘ s I‘§ \‘ \‘,4‘ ' ¢ ! i b
. *?,;' ‘ g "‘3.‘ :I C‘le&}‘]y,) 6/‘ P .
R ,:,,._vector using the consfruction_'""
NN e ey '
v e | ¥e ~ T . -
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L

A= 0 ) # : .

3 » g
' 1
i '
{1 Ll |
1 n---.‘ ................ 3n J . . '/

-
A B

., . where the 1's are on the superdiagonal, i.e., A\ Pn'

Example 4.10: Let ms4, n=12. Then we have k=3 and . '

b4

o & (4 5,6,7.8, §,10,11,12).- The vector m is A -invariant, where.

R .. the associated matrix A {is.given by.
- } Y ’

‘ | ‘ .o\‘ | 1.1.1 0-/30 1
: ~N "r‘ . 4 4 4 ) : )
. ’ 1 0/0 0 00

1
)
0
0
0

P
—
AN
[
o\oé
o © o o
o o
L
o
)
'O
o

A
=)

o o o w-—
o o o~
oo} —

o o)

1
B
0
1
1

R ~ %go'ooo%og '

o o o

0O O ©O  ml=
o

- 0o O o o

%
u‘-—a

K

[N
° ¢
b . -

' We can generalize Theorem 4.5.1, This geheﬁﬁzg’ﬁbn is glven . -

e i » L © o [
LR Lot N C, -, s
<« as-a corollary. . .
' et - o EORR ‘ . cry .
< ! L ' l \
. y Vot
i i o
4 ' J
. [ . AN .
> ¢ ) -~ « 3 * | e .
3 1 ..4 + . . N lal
T o . L
. - ' 3 f o . .
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Corollary 4.5.1:” Let m,n,j ¢ N be fixed, such that n

j divides m '(j/mj, and m=12 (i.e.,(k-1)m=2,).
ti/m), and m =g 3

v o= (m, m¥j, me2j,...,n) . | s |

- X o is * A zinvariant.

\\:} ’
S Ppodf:  We constr%t‘ the [(

i
q
i

k-15 + 1] x Lk-1) + 17 matrix -

; . A 1ina directly apalogous manner to that in Theorem 4.5.1. Namely, e
e ~as follows. ' .

t N S N
‘ 5 m  » k-Psss (p+1)(3-- 1) +k '
N ‘a * = n N ,

: ' ‘pj4‘-1,s‘ : 0o otherwise

For 0spsx<k-2:

b
. " * . /«' - -
\ R
. . /
! ! o
!
]

A R ER USRS

{
/

~
(]
-~

N | : oA
E T +r,s . -
\ \EJ 0. » otherwise , -

v/,A ‘\ ' — ’ 5 o s'.
P , . . X ) , . K
) m . . .
where.Zsrs-j-. _— : . )

SR For Pux k+l.

Sy
N

—

f b lsssk o e \,\“ o /

Y

s
/“
=

a n J

. (k-—1 )-j-i' 1,5 = . P .
, . v N L F otherwise -, )
o C t o \

o " T‘ﬁmp_ro"of,thqt A e 1\"‘ s an&io\g'oﬁs’”tq,t.he* proéf.of ;hj“ﬁf fact in
Theorem 4.5.1. e Ry

D5 0T
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Theorem 4.6.2: Let = and o be A -1nvar1ant vectors of -
. lengths n and n, respect‘ive]y. such-that rrA( ) - n and cA(z) =q.
g o Suppose that the foﬂowing two cond1t10ns ho]d, for some 4 and ,j: n )
; . ) ! . "% * & ’ . ' ‘
: w . (1)=1 2y 1r o
-; (1) 1n] X a5 Ty x,ya,,N,xsn].y‘sn2 .
.; ' R ' Y = s
i X (1) n‘1 = kx ay = ky ©, where ke N.
Then (v o) s An-i'n‘variant.\ . ’
! : ) Proof: First we note that since At and A(2) belong to . i .
b N © ' v i Q;
t . An, Am "and A(z) -are both stochastic and, contiguous. Then from (i) : ‘fj‘
§ - R ’ ‘ . L. . KA
we have, - _ S ’
(]) = l ] 'I ' (]) = l -
1 o T implies t.hﬁ 'ai,s'. , forﬂ ny=Xx 1 Ny o .
and L ‘ ' ki o
t Cal2) L1y (2) 1 o
‘ ‘aj’]_ Y implies that aj,s Y for l1<ssy.
E , ‘ -
: Let us define the matrix A as follows:
: 1 pm
. A= ,
R . @ g2 |
‘ ‘ X
14 <4 .
v N s
* 1 . &
L] ' + gr
. . R
« 1
’ .




&

-
«
-3
*
-
-4

—te o~

—

[

u

w

()

.S

2

42) )

r;s

0 ,.V r+#j , dg

Let , (r-0)A = (p,u) , where

respectively. Theh-,

.'n2
+ X
r=1

4(2)

=(1)
s rors

NO .

r rs S 4

1)
ai +.m j

P (1)
z "r ars + “i

2 <t -

7
otherwise

. 1ss§,y

— ——
l_.

otthjse

1 : , T
jm. s 1<ssy ) R

.
0 , - otherwise
, n]-x+1 sss<n

0 , GQtherwise

p and ‘u are'of.lengt:hs n, and‘ n2~

Y

if s ¢ [n]-'xﬂ, n1]

1. (2) ,.
s +?jdjs > if‘ se [n-x+1, ;]

' »




RSP,

: ’
¢ M . ~
s n )y
r=] T TS s *
1 .
IR n, o,
£on alDen allle 1y L
\rai,j " TS o d s xty o xdy
S Y
Ny : ‘
1
- (1)
‘rfl,"r qpg = Mg
) / ” ~ 1Y
k4
I a(l) b, all) oy kxtky
ref,j " TS J s oo
1 | B
4 n.I ®
rom a(” =N,
pal T TS .S
In a(” + K
rei- T TS °
( L )
©tn a(T) = n
ga] TOTS s o
Ve a0,
pej TTS X
A
. .
n 1 S
< rf] Vr-ars : ti; '
™ a(])+ n; 5(])
' r'#'iozr rs i }S' R
\ ' b
( 2] n ;(]) = & ;
ps] TOTS \‘s
n
) m e
o T2 T s

-

if s ‘-["1‘Xf1’ nl

. 'iuf S ¢ &1“"('”: n-l] - ©

if s ¢ [n1-x+1,‘n1]

Cif

2

L

if f € [nl-x+1, Ny ]

PP TS A W
"

Vo

if

(7]

¢ [n1-x+1, n1]

" if 'sg [n1-x+1,'n]J '

w

¢'[n1-x4ﬂ, n]]

if se [n}-x+1; n]]

»

if s¢ [nl-x+1, n]]

if se¢ [n1-x+1, nil

ff s f [n]-x+1, n1]-

if s & [n]-x+1, n1l
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e e =

1]

m "~ for éach
L "
Similarly,

we can prove-that g

S, 1sssn]

=g
S

'Therefore, we have ‘(’(p,u) = (ro), 1.e., \

».

-/

Now, from the definition of A, we can see that A is stochastic

and contiguous. To see that A “is primitive, we consider the matrix

.and." b
{

of g(A) by a]>...,an“ 1’
7 “\ -

/ ' : .
Since .g(?\-i}’{) = gﬂ(m)},/and g(K(z)) = g(A(z)), in order to show that

g(A) is~Strongly connected, it suffices to show that for ry 1<rsn
PR .

7 (mo)A = (r,

a).

.,b_-as in the proof of Theorem 4.6.1,

2

for each s, lsssn2 .

K = g(A) and the correspanding graph G = g(A). 'We label the vertices
. A} .

and for s, 1<s< N, » there are paths a, - bS and bS -a,

'finaﬂy, '1et)Q(n) represent the upper left n x h1 block of

¢

A", Siﬁée‘ g(ﬁ(”) = g(A(])), 1t is clear that Q(n') > (A“‘))n énd

(r,0) s An-invariant.q

Example 4.13: Let m=(1,2, 3,4,5) and o= (1,2, 3, 4)

be ‘A-invdriant, with_

i S
(001 00 0]
» Q0100 01 0 0]
» 00010 “loo 10
“~ A(1) = , and A(z) =
0000 1 00 01
1 11
1,111 1
., [55%57% 5] ' 1777

this, since it is analogous to the proof of Theorem 4.6.1.

— ' ( . ‘
- hence A has one aperiodic state. Thus, A s primitive. Therefore,

1
We omit

Q.£.D.
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(1)1

‘since agg' ® T and. a

(2) = %- we havé 1 =5, j=4,x=65y=4_~ T

The.condition

e T

gi) is satisfied fon k = 1. Then the vector
c(m,) = (1, 2, 3, 4, 5 1, 2,73, 4) s A“ invarfant with A given by :

»
'90100000;00‘ : .
001000000

o o
o —
— o
(o] o
o
a
o
o o

>
n
| —

oo W
@O —
| —
|
O =
o} —

o
o O

Oof—t .

11
9 3

wo|—
O] —

|

1
g

O]

11
9

!

We can extend this example to any two vectors 1) “and 2R
where the n‘ith entry of R(1) s n1.\ and the n.th row of ali)
consists of equal eptries —:; , 1 =1,2. Therefore, this example

applies to all vectors,of section 4.4, ~’ - 7. ‘

®
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4.7. PERMUTATION RESULTS

Many of the matrices constructed in the erecedinq sections are mot

in P (for example, see section 4.5), i.e. they are not permutation

invariant. It is of\interjj;4/howgver,_to investigate the extent to-

which these vectors can be/permuted. ' ‘

. 4 ?
Let A ¢ An and let” P be a permutation matrix. It is known

that post-multiplication by P (i.e., PA) rearranges the rows of A

and so post-multipligation does-not have any effect on the contiguity.

<

On the other hand, pre-multiplication by ‘Pf, réarranges the coiumns
of A and this may destroy the contiguity. We also know that, given adg
AehA , PAPT is the matrix which crresponds to a relabelling df the

vertices of g(A).
The following two results éhpw that certain permutations are

»
N

Q

admissable.

Theorem 4.7.1: w = (m,...,m ) fs A -invariant if and only if

n = ("n’“n-l""’"1)h is, as well.

@:
" Proof: Consider the skew-diagonal matrix:

»

q

1 { AN
L1 S

-

and assume that m is A -invariant with A the matrix inddced by

m, i.e., mA =n. Then (PA)‘ET Just reverses the order of the,

. ) \ :
, SN &

%ﬁ:ﬁ,ﬁm«g&{&g
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- columns of PA.,Thus the contiguity of PA still stands and tgerefore,

: I N PAP.r € An' Note that =n' = rrPT \L and so, we have,
; | ,
n'PAP’ = nPTPAPT = mAP' = ;P! = i .
Hence, =m' is An-inva'rian"t. Similarly, we c¢an show that w is | )
1 ‘-‘ i -
A -invartant if o 4s. 0 - 0 . % \ .
v v . . i , a Q.E.D.
* ) - - : . : .- :
_‘Theorem 4.7.2: Suppose that mA = n’, where' AeA isan .
: nxn matrix whichéﬁﬁev@ﬁfm block form as (A'i’ Ay As) and
‘ & v , .
l ‘ Ai is an n x p1 matrix with "os Pysn,
+ , ! ’
.k'% ! ° »
% i,}=:1 p; = . - Let .A2 have trje pr?perty ’Fhat all its rows cou{am ;
: T . . >
efther 1% or p, non-zero elements. Then, ‘
' 2 (Myseoesl_ 5 Gqyea ,o 5 ;L,n‘)
, 12" P 1 2 p]+p2+] -
is An.-mvamant, where (o]‘,... ,cpz) is a'mermutatwn of ‘
c"". (“p,l-o-] 3o "npz) . ‘ ' - . }y
’ ' &
\/ : . ' B r' ) <,
wE Proof: Let: P, bea py X p, permutation matrix such that,
i . ’ : . ( p],ﬂs a“ )P = (0]s~-~scp2) . N\ ' ’ ~
: . '
ﬁ\ . ; . .
i \ . : o .
\ o
- : . '
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where I Is the .p,.x p, identity matrix

PAPT e A nPT\é n' and
. N
“ n'PAPT =‘nPT

—

PAP

i.e., w' is A -invariant,
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CHAPTER V

MARKOV MAPS AND IRREDUCIBLE
(OR PRIMITIVE) MATRICES.

5.1. PRELIMINARIES

* As we haVe seen, the irreduc1b111ty or the primitivity of a non-

N

negative m@trix has been essent1a1 to our work. Therefore, it is

interesting to know if a given matrix is irreducible (primitive) or not.

[N

Direct verification for large matrices (i.e., using the definition of

B o : - ..' . . . ‘ .
an irreducible (primitive) matrix) can be very time consuming, even on

\
fast computers ,.For that reason, we would 11ke to relate the ®

irreducibility (pr1m1t1v1ty) of 1arge matrices tq the irreducibility
(prfmitivity) of smaller ones. In this chapter we shall analyze tﬁis ,
idea using Markov maps |

< Until now, We'are familiar with'Markov maps from [0,1] into itself,
which are piecewise 1inear and belong to the class T . MWe showed

+

(Theorem 2 1. Zf(that _ach T e?’ T p1ecewise linear, determines un1que1y

R

a non-negative square trix which by Lemna 2 2.3 is 1rreduc1b1e In

'this chapter Qe consitler the f011owing class of Markov maps:’

* Definition 5.1.1" i Let J = {11}?=1 be.afpartitién of I

(I any interval), and let t: I+1 .'ﬁe'a Markov map with respect to J.
We‘siy that T {s in the class W 'if:
(1) T 15 piecewise ¢ ,with‘respéé;)to J
(11) Wfr(HESOy ‘ o »

L]
//

~

It.fof1owg'thaf T s piecewisé monotonic with respect to J
. L , ' ’

F

RO T o .
PR A L

R L

¥
{
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(Lemma 2%1 2) and non51ngu1ar Obviously Te W . S

i | In section 5.2 we deflne the transition matr1x, BT, for each

{

Markov @ap,and we'study the relations between: MT and BT for teT »1

oy

4

.plecewise linear.

. Finally in section 5.3, we consider the following problem:
T ‘ ,
o Let. Jj = {Iﬁ}ill bé a Markov partition with respect-to t of the. -

| /

n, .
nterval 1 = [a,b], let J2 = {Kiy}il be any ‘other partition of I

a (assume n <‘n2). Let g(BiJ)) and g(Bsz)) be the 0-1 matrices

’

§ ' , (where B(1)‘ and B(z) are the transition matrices and g the
\ ., function def1ned in 4.3) 1nduced by Jy and: 12 , resbective1y.

; ' Suppose that gl B(l)) 1s irreducible (primitive).. Under what

conditions on t will chiz)) be irreducible (primitive}? We shall

? % -« show that if T ‘satisfies a certain easily verifiable condition, then
AN : ‘
; A ‘the above question is answered in the affirmative [7] in, other words,

o that the 1rreducib111ty (pr1m1t1v1ty) of g(B( )) 1mplies the
‘& f . v ’“" . '

by - ) irreduaibi]ity (primitivity) of g(B(z))
o ‘ﬂ ‘ .
%S ‘ ' ’
& .
g N
; \ L
; a : CX

-

>4

e e E o
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5.2. MATRIX REPRESENTATION OF ‘A MARKOV MAP

Let us consider an intérval I = [a,b] of the real line, and 1et‘
Y ! .

us take a finite partition J = {Ii}?=1 of I. Let T: I=-1I be a Markov
0 ! k
) B
map with respect to the partition J. We define the transition matrix

o f
B = BT for the Markov map T as follows: .

e o § b B i o e Bt it

+

<

-1
.. m(Ii nrt (Ij))
ij : m(Ii)

i.d=1,2,...,n,
- e
‘ _ o " . \
where m 1is the Lebesgue measure on I. Clearly bij is the proportion -
. e &
of the interval Ii which is mapped onto the interval Ij.

"It is known (Theorem 2,1.2) that when T is piecewisé linear and

belongs to the class T, then t induces a matrix M =1M which is

TNy
. \
defined as follows: e .
m(I.) o : '
1 ‘»'] ‘= ki . { ¢
| lri‘ i I{“) , if Ij cT (Ii). o
m . = '
"bJ ) . C
0 - ‘ , otherwise
o ) ' . ’ .
Thus, for a piecéwise linear transformation teT we can . A

a1

construct two matrices, namely B .= B. and M =M . 'Inythe following

we shall study the relations between B_ and M_ .
™ ‘ T T

In general BT "and, MT are not equal. We can see that~noticing

that all the non-zero entries of Mr on the ith row are contjguous

‘ 1 -] m(Ii) | ."‘ » . .
and equal to {Til = ET?;TI;YY’ but the non-zero entries of BT on

¢

the same ith row are not neceEsatjly equal sjince I; N T“](Ij)‘

varies, and so’ m(Ii n f'](Ij)), as Ij~ varies. We can see that

iiiilz/ffsa the ‘following example: ’ . ]

~

¢
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Example 5.1: _Lét T: K[O,T]—»'[O,'I] be a piecewise linear

transformation defined by' (0) = 0, 1(7'-,')5-]2* s ‘l'(4

2

| : V4

T(l *y =0, (1) =1, -and shown in Fig. 5.1.

lf)=0: T(E-).'-]s

‘It is easy to'see that

o T
‘ f

and

4
1 ¢
7
1
ra . -
1
4
“ ¥
ST ‘ B
5 5770
= |.25 .25 .25.
5 .5 .5
5 .5 0] !
= | s25 .25 .5 | |
V5. .28 5 ) B

Obv(ously MT # BT .

~

With the foIlqwiﬁg.Lemma we shall show that under certain dond1tibqs

4
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Lenma 5.2.1: . let 1¢T , be a piecewise 1inear transformation
of I onto I, 1={a,b]. The transition matrix B = B.. and the
induced matrix M = MT are preé"rs;ely equal when- the partition J..of '
‘ has a1l subintervdl of equal length. y - .
» \
. Proof: " We have from definitions of B_ ‘and ‘M_ that | ;
s '. - ‘ - ,, ) ’ | ’ ;
. S n(1, 0 (1)) . - 1
= : i X j J } i 1 = . . , y
. bij‘ , 6] » 1,3 =142, ,
and
m(If) . .
T W () if IjFTi(I')
R m,. = ) . ! )
D 1] - : . x )
' 0 , otherwise . - - S |
7 We consider two cases. . ‘ :
, Case 1: Let My 0: Then Ij ¢ Ti(Ii)’ which implies. that
- ‘\‘ ; -1 ' _ - -1 i _'
Iin 11(11) =@ or T (Ij) n 1, g . Thus, m('rJ. (\Ij)n Ii)-m(ﬂ) = 0. |
. _ . . _ -1 .
| Thereforje, bij 0. Converse'.ly, let bij = 0. Then 1‘11(Iiﬂ‘tj ('IJ.)) 0. .
- This implies that I, n r3.1(1j) - @, since the intersection of two
open intervals of the real line is @ or an open interval, and the B
. measure of an open interval cannot be z€ro; equivalently, ';(Ii)n I\1 = f.
- " Thus, IJ: ¢ r(Ii) , and so mij = 0. Therefore, the matrices B_r and -
¢ MT, both havia/the same zero entries. “
\ - — ey N
Y A AN the Temmas in that secti%n are due to the author. .
. S v
e :
o . /A
Y
o .
R . B U
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, Case 2: Let, . pe arbitrar};, alnd mi. # 0 for-some )
, )’ J . - -
Jryi=1,2,...,n. Let the 1ength of each subinterval be denoted by ‘A, % . T
. » L i T
s ‘ ie, m(I ) = L(I ) = ~a; 4 = A (m( ) = L(Ii) since m 1is the
: Lebesque measure). Suppose the Markov map T\ maps _I-1. onto ' )
‘L‘; . | ‘ " X . s ‘ o ,/K\ "
: Ip Ulyyq VooV Ty o Then' \f /
o Till) = T U Lpyg U0 Ty s
and: m(Ti(Ii)) = (k+1)a . ‘Thus we get that ,
1 ‘{: ' \ t
o . m(l;) A 1 u e |
? a C My TR (17) (kﬂ)m'm'i‘t't”’---'tfk- (5.1)
b Now- - r ‘
é . owdfrom .1-1(1’1) =1 It+1 U.. s tak we get:
§ A -1 ) ' :
'y / -
;, A ¢ yo (I U Ty Vel I.t+k)‘.
; : s i RPN P
‘ ; . \ Let‘ j=t+2, 0sts<k . Then d (IJ.) =1 (L) anfl
i il o, S
| e Iy = (Ul U U Tpgkn o (Ty)
5 , . N
i Thus, T ‘
& Ty . o S P - . e
g - e R T e e HI)
; . Sp , ‘ , ‘

m(II

e ) ‘ B 3
‘l"‘ : - ’. ‘[Ti] . //\ ‘ . ol' -P

I S R B o SR
-

g»
&

.-, Therefore,
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0 vt . ) i
, BT

m(rir1rf’(rj)) A .
7 I N T N

jot,t4l,... b4k, (5.2)

and' from (5.1) afd (5.2) we ‘get that mij=b1j for i arbitrary and

i=t, t+1,...,t4k . This completes the proof.
) ' - R Q.E.D. a

' Example 5.2: Let us consider the Example 2.1. We have = )
. . . ) A ” . . . ‘ a . . s
C T : o [o 0. 5 .5
, . .25 .25 .25- .25 L
' M = % ) N ,
T 0 5 .5 0

i s st .25, 25 25 |
| L - S |
L Using the Definition of B_.we find that
i 3 - [0 0o 5 .5

| N .25 .25 .25 .25

L] B '= . ' i
N 0.5 5 0 ,
> les 25 -5 25 ).

Al

Therefore M = B .
T .7

.R;e_t_n_a_r:_lg: _From the proof of Lemma 5.2.1 it is clear that M. aod B_

both have the same zerb entries not only in the case where we consider

a f ; ' paftition J with all .sut’rl?ntervals éf equal length, but aly‘so in the case

| | « where J 1; any arbitrary Markov partition. Thus 'MT and BT both k .
I;ave the same non-zero ;antries. Therefore, we can state the following’ |

Temma,
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Lemma 5.2.2: Let TE T, © piecewise Tinear, anf let g(B) and

73) by B, and M|,

W

g(M) be the 0-1 matrices 1n&uced (see s

¢

respectively. Then g(§) = g(M).

Proof:  We must show that ~g(B) and g(M) both have the same
noﬁlzero entriges. Let us denote by C and T the matrices g(B) and

g(M) respectively.

— ’ K . ) Y e
Let cij=1, for some i,j, 1si,jsn, thep b‘;.J.#O or m({fnr 1(IJ.))*O,

\

which implies that Ii nt'1(1j)'# g or Ij nr(Ii)'* 9 .;‘ This 1Ep11es

that, ch:T(Ii)‘= Ti(Ii)’ since any other relation between Ij and -
T(I%) contradicts the fact that 1 takes partition points to partition
points, i.e., I, C'T%(Ii)' Thus tij = 1. Therefore, C=T or

g(B) = g(M).

i
»

Q.E.D.

It is clear that the matrix B is irreducible (primifive) if and

q ' - :
only if the matrix g(B) (is irreducible (primitive}. Thus-we can prove:

the following result.

Lemma 5.2.3: The transition m&trix Br’ of a piecewise linear ::P

transformation t,7T € 7', is irreducible matrix.

Proof: . To show that B, is irreducible we shall show that A
'g(ar) is. From Lemma 5.2.2 we have that g(B.) = 9(M ). Therefore,
if 'we sﬁow that g(MT) is i?reducib]e the resdit is proved. But
g(MT) is irreducible since MT is in view the Lemma 2.2.3. \Hencé«‘BT

is irreducible. : ‘ .
~ QE.D.
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. 5.3, IRREDUCIBILITY AND PRIMITIVITY"OF TRANSITION MATRICES
‘Let us. consider a Marﬁov map 'rre W, T I~+I'_yith respect to
the partition j] = {Ii}?;] , - and et J {K }m‘iﬁ%be any other T

-

rar .
partition of I (not necessarily Markov with respect to r) We say

N

v

that, the cond1t@o§//13) is satisf1ed 1f for each K, e 12 there
exist mj ‘and somé i, 1<si<n such that \\\;\

Sm, . ' ' :
T ] (gj) ) Ii . | . \ ;A)

4

1 be a Markov partition of I with respect
[ 4 f

Theorem 5.3.1: Let J
to" T, Tc W, and let J2- be any other partition of I. Let g(B§1)) N
and g(BEz)j be the 0-1 matrices induced by Ji -and J2 . ,/’/ |

respectively. If condition (A) 1is satisfied, then,

(1) g(BgT)ﬁ irreducible.implies that g(B (2)) is irreducible,
© and l

(i1) g(Bil)) primitive implies that g(Biz)) is primitive.

“Proof: . let E g(B( ') and D = g(sz)). ,

(i) Let o€ be irreducible. Then, by definitigh (2.1.4) for
each pair (i,j) there exists t such that e1j > 0. We can see that

teij >0, if and only if m(Iif1T-‘(Ij)) >0, or if and only if

) ﬂ nr'](Ij) éontains an open‘intérval, or if and only if T(Ii)ﬂij
contains an open interval. Similarly, 'e?i > 0" if and only if
m(Iil1r't(Ij)) > 0 and thus, if and oqu if rt(Ii)n Ij contains an _
open interval.
So it suff1ces to show that for all i,j there exists an m such that
(K )nK contains an open 1nterva1 By cqndition (5); there exists an mi'

and P, Tspsn such that 1 1(K ):I Now, anI @ for some £. By the




» l‘ /'
‘:}j * / , . ‘ . .
: .o = . .m
%; ' irreducibi1ity‘o E, there is an m' such thaé M (Ip) > IZ' Then
5 3 ~ . - ! ’ ’
‘i Tlmi(K):Tm-'(Ijnlsk ni,*9..
. \ i p L N £ ot
_— | mamg T o
) Theretork,- T 1(K,)N Kj = T (KK, #9 , 1.e., contains an
; . ‘open interval. . \, ' ‘ o
s ' L, , - N ’ .k
’ (i1) Let"E\ be primitive. Then exists a k such that’ e§j >0
for all i,j, which means that m(I Nt (I )) > 0 or that
/ i s -
; I nt (I ) conta1hs an open interval for each i and' j, which
% ' 'means that T (I ) =1 for each i, l%e same is.true for- k+1 i.e?,
! L) = 1 for each . Let n' s mn, . Then by condition (A),
A ‘ ‘ i o . . .t L
& . ;
i _we have, | .
. . . ‘] l'l"l. .
' ERITRES A ,
z» \ o
% . .
i3 ; \
? or ‘ 1
. *
v C "3
: . I IR ER o
- or S & ‘ ‘ ‘ A
' \ N 14
; C £ (k) = 1= 21 : (5.3) |
., v " | ‘ P ' v
K ~and since, ; A °
H oo m' : ‘ e
] ) LT kgt L | (5.4) ,
CE for each Kys 3 =1 Z,... , I i
1 . ° /L
' . M - m (K ) /—~/ . ‘
\., . 6 e
: . Moreover, _ )
oo ' ) c T :
. - ' : SAUTATE S { ‘ Lt
; N ; : ’ : J o " {
P N . + m +] ° . .
It follows that o and D both haye non-zero entries in the jth
position on the diagonal. Henge D is'primitive. . A
| - ' Q.E.D.
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: £ . ‘ ’ . o k .
..j L Let J, = {Ii}?=1 be a fixed partition of I = [0,1] and 1et(,” )
j B T € W. [We define ' ’ ,
f , e o . 7
B ‘ : - ) : / .

, w=min MI.) and o = max m(I,) ¢

: Agfsn T 1sisi o T

‘ " Let ¢ =u/o . Clearly 0<c<1 . When the partition consists of

‘ N / //
equal intervals, ¢ = 1. ‘
Leg T, = r[ tand let £, be the straight line joinipg the
p . I'f ) ' A | . ! .
endpoints qf/ ri(x). Define, N // SR h :
A | - . o o

b : S By = inf [r5(x)] 7. ‘ !
H , n XEIi . j .
} : , ' . - . co R . f 1
[ A | |
3: L ) 51 L -~ E:
: S =1 N
: . i l%
! :

. \ : '
Obviously, 0 < 6_i <1, If Ty is linear, then- 6i = 1.

b . N w
. . ' ° . , . E
Lemma 5.3.1: Let K be an interval contained .in Ip, where i
4 N
< q : ' ; F
w(I)= u I, ., forsome p' and q: Then ‘ - A
o . p ' \'j?] p Q . C ‘ \\\ 2
j , , K ; 1
BN | R e LI 3|
\,E ' , ' jz]m(lp't]') Lo ’ . Co (i"
, . t . . ' §
where, p
) . , jE
K SRR X i
p e « .
r. 3
Proof: The first inequality is obvious, since :r(K) c¢r(Ip)

implies that m(t(K)) = m(i(Ip)) = m(‘g ’I ) = g m(I ‘).

* e

=1 P g i




AN

AN

: ' : | o 13
3 a2 L B ot |

) . . . N " , .

{‘? R , ‘ ‘ Vi

4 ' To show the second inequality, let us consider the straight line
¥ o

£, Joining the endpoints of <T(I). Then,

| P T
o : “ P (L) m(k)

P ~ Since t {s monotone, we: have. / -
L 0 » e - . e A

: s 20 2 28 = inf|t'(x)| ’23 .= jnf!r'(x)|‘, o,
3 C A S Pk ek P el
¥ ‘ - ) . . ‘ Coe ‘ D\ o o
L | Then = ’ 2 L T
- o . . .
é . . , - onle(k) = £ m(k) 28 m(K) . ‘ (5.5)
- Now, ‘s'ince ; |
BRI SR T
§ : ‘ P % P, RARALT U

L]

C s .2 Bp ™) Bp m(Ip)*
‘ m(

o s 0.0 AT
{

q
ST Jz1p+j> oty
'}f' .

. ' ' : ‘ AN
N\ . e obtain i ' '

/&v
= ..
P

i s g ;o ORI YR Y A e
P
=
e ~
2
Y
°\

P
Thus, using (5.5), we get

6.. .9
m(t(K)) 2 -“T(-EL)"_Z
, P

I peyg) #16) L

RIS MR

and .

. 5 - LT ) \ '
| \ . mSTSKH = : :
. . q 2 RTE)'"'(K)' Gpn ) .
S e Eatgy e TP | x
."&}n ‘_L ( /’ \
. ST e N
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‘ :#Rert'la‘rk:‘ Since K< Ip, m(K) < m(Ip). This means t‘hat n(K)s1. “
«J .
Corollary 5.3.1: If r(Ip) = Ip. , then. o hS
.. ! i . « [ 3 ’ '
n(x(K)) ~z 67 n(K) . C~~
* ! a id Yf
- . i
'_’__. | } ) Proof:’ r(Ip) = Ip| _ imph‘gs that .q = 0 . Then m(T(Ip))_f m(Ip.), 5
l ’ and SO w' x ‘ . *e i . ¥
£y . R ! «.‘ . _/
\ ‘ .. () = mmTTI
'i . ‘ ' . p' - v )
% TN _ m{z(K v »
¥ =
& . . m Ip'
P : ' !
; g B 2 6P n(K) jf’l mup';‘-j)/m(lp') W
E | - .
i , -\
«; 3 .
- . = Sp k). |
E L} : { - o N -
v Q.E.D.
- K N ! -
: Definition 5.3.1: M Markov partition J is said to be a
) strong Markov partition 1‘1" the fransftidn matrix B, is irreducible and
not a permutation matrix. “a . \
; . Theorem 5.3.2: Let 'J1 = {Iii?=; be a strong Markov partition
- \ with respect to t, t ¢ W, and let J‘2 = {KJ.}’;:] be any other partihtion
of 1. Then candition (A) is satisfied if - |
> ’ ' ) \ . /
"5]62..-6n(]+C) > T S j o "’/

¥
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Proof: We first define a sequence: K(.”, K'SZ)'....,K(J)",‘;..
! ' of intervals contained in the elements of Jy such that, . L
3 ., \ . ! K &

K(“”.C,T(K(”) ’,‘.

¢ 1.e., ‘%ﬁ? . . TN ,
'h ) T(K )) e (K(J 2)) . J ](K(]))
. k] ( .
/ © We shell show that the eor'réspondir'\g/'sequenée {n(K(i)

the value 1 in a finite number of stefas, because 1f n(Kh)) =1 fo.r"

/. .
/ . (-1) : . ) ‘ . Y - ,
. some i, then MJ(('I_T)' =1, or ki) . I, and since i, .o\
| - S L . \ng‘_/
/ Coklir g r."'](KU-)), " we have - * '
c - A ALY
A . .
: . Therefore, condition (A) is satisfied. - *’
: : . - : : -
;/ ’ ‘ . h , R - ,' A .
. let KeJ,  and Tet I'c J, be.such that knl' s ¢. Let
o o K“‘) =Kn I‘.~‘ Assuming that K“) cvi Ib (if Kﬁ)ﬁ IEa we are through), ' .
\ Sh ‘ .
we define K(”” as foﬂolws.
ctase s w oD Then kU L (M) [, . fote
, thae, ~1-(,1((”) ;r(lp)., since ‘l‘r}',l >0, So ‘KU”') * Ip, . L
! ’ ' - ‘ >
o ' Case 2: S S VR There are three possihil4ties.

p 3= p +J

(m) N s v

for some 1s£sq‘. Then K“. r(l((i))cl .+£ .

L \r(K(i})cI

p'+e

In this case, either K(”” Ip +0 and we terminate the sequence

(i+1)y _ © () S ' _
with n(K ) =1 or K-~ ;v,_lp.d.v | ‘ :

~ E ) ¢
s P
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.2 - {2) cet{K )‘E.Ipl+g ] Ip'+£+1 and <(K*'') intersects both intervals.
i » ,Lgt A(k),= r(K(i)) n»IpI+ﬂ+k s k=0o0r s If for k0= 0 or i,
) ) o, Ack) = Ip'+£+k’ Iet K(i+]) = A(k) , and we Ferminate the
f . } . ' sequence Qith n(K(f+]0) =], ,(Iﬁ,this condition holds for both
f " , a9 ang A(j)t we choose any one fgr K(i+1).)‘ Otherwise, let
/" . Lo . ” y []
o () a0 here n(a™)) 2 n(at®") k0 x K,
- gy o b . ) L
o ‘ (3) (R )Ye u 1 Lalbs for some 1<f£<q, 1stsg-£, Then/ :
i ) ‘ .. g=al P SO ! . j t
- < A (1) 9 . L ’ - ff
5 - Ip.+£ < t(K*7'), since t 1is piecewise continuous.” Let . ;
T ) . thel nee ih taps Lt <
K L= Ip.+£ ; then the sequence is terminated with 3|
- o ;‘i
. - Y 5
~ . ‘. §
,J : ak¥ Yy oy, :
" . "’ We now obtain, from Case 1 and 2 (1), (2),‘(3) a set of -
‘é inequalities. “
’2 Case 1: -By the Corollary of Lémma 5.3.1, .we have v ;

. ..'l K
i N 1
. ,

H

L ' “ ‘\h'n(r(KU}“ = 141y 5p ﬂ'(K(ﬂ‘) . _ | CON




[ T

L oempen vea

prer g e
.

 Lemma 5,3.1,

ac
L R

2
4 ” It \ L . . 4
[ AN '
Case 2: (1) By Lemma 5.3.1, we have,.
: : b)) : - A )
5 n(K(T)) < m{ (K ,
P (L) -
j=1 p'+]

m K(i"‘]) '
mslp'fﬂ““ .

L : : .
v m K(i-l-]) : _
< m?l |+£, ‘ . . | Lo
1+ '
MY e

_— (1+n1)= S .

‘ n(K )
° . < +C° . ' . . N
* Thus, - S . o
5,(14¢) L PRI M PR

N )

L] »

where the last inequality is obtained from the remark of Lemma 5.3.1.

Case 2: (2) Since r(K-ﬁ)) c'\A(o) U A“) , we have frag

gy ey st
“ o | . A ' jf] m(I«p|tJ-)' ji] m(I.pl,*,J')

PR AL AL
I,S Zn(g(1+1)) 7.11»,
R

“Thils, ‘ ) SR

S 8 A C
L ) i
B ¢ s#e-clear from this construction that the sequence i

1

. - . P . n

terminates only 1f there.-exists p suchithat ‘P . Then, " 4

- *
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cond1t1on (A) s satisfied. ;

} must terminate.

i),

Now we shall show that the sequence {K(
Finsfg we shall ‘'see that 1f the sequence is 1nf1n1te, 3pen Case 2 (2)
cannot occyr more than once. Suppose that it occurs twice, i.e.,: K(i)
and 'K(j? are both derived by application o} theICase 2 (2) (

construction. Then, , .
i-1), _ v
ﬂ ‘) ~= (a’ xpl,f,‘e) ] (xp'+£’ b) ]
where " X ) is a partition point of Jy. Then, by the definition of

K(i), 1t is equa1 to A( )" or A(]), $0 that X is an end point

p+£
of K(i) . Now, T maps part1tion points - to part1on p01nts, and since

T is monotonic on each sub1nterva1 1t is easy to see that K(j -1) must

" . be-an interval w1th one of its endpoints a partition point of J], say

X . Then, by our assumption,
P, T ] e |
(D) (2, )Y (kb1 .\

where xp' is napped into either a' or b'. Since. t fis Markov, a'

or b' is a pgrtition‘point. Thus K(j) £ J;' and the segyence
terminates. .Contradidtion. N‘: o

Now, let s be the index such tnatn'K(s) is obtained from
K(sfl) by applying the construction of Case 2 (2), (if ehis‘case is
'igpossib1e we pu¢ s = 1) and. let us consider the sequence of numbers,
n(x{s)y, n(elsMhy, L
we would have n(K(S+1)) <1 for a11 izo0.

Now it is clear that for all\pzs-,- K(p A can only be der1ved

NS
from the construction of Case 1or Case 2 (1). For any such p, let k

"be the sma]lest 1ndex such that K(p+k) is derived by app1y1ng

v : AR

We note that 1f this sequence dtd not terminate, r

S L

T S i
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S . case 2 (1), ‘et k(PRI [ &3, forall Osjskel. Therg can
\ ’ ' j :
1Y

o k-1
be no repetitions among the sequence {Ii } . since the matrix
* j \‘j=0 » .

' . ’ v n ! . .
g(Bi])) is irreducible and hence, the elements of J] are aperiodic. .

Therefore,~we must have k S n. If k=n, then ‘.Bil) woqu'be a

%

. permutation matr1x contradﬁct1ng the assumpt1on Thus ' k % n.

Therefore, by 1nequal1ty (5 6), we have,

)N\ N ! \‘

- o pleret)y 6, ...5, (kP

: R Yo k-2 -

f ~ since n(kPM)y 25, (14) m(kP)) (by'2(1)) we obtain, .

2 \ . ‘ k-1 . ’ ' N

< }' I :. ™ R ) | ‘\ L2 . ’f

, . o p(k(Prk-Ty 5,1t 6 (%) kP, .

. ' o Tke2 k-1 . A

% and since, n(K(p+k)) z 6, n(K(p+k ])) (by (S.é), we finally get)

3 .k . -
- o ) 26y v 8 6 () nk®hy
o ' 0o k-1 'k’ \ _

! ‘ ) . ’ . . ! - s

;.‘. ) [] Y '

- PR 26 s (1e) (kP
‘ 4 R [
4 .

i E sfnée the 81 “are all distinct and 6{ < 1.

% o . 'j ’ va. o J -

: ’ (s) (s+k,)

%. Consider now the subsequence  {n(K‘>’), n(K . )

(s+k1+k2) . i21k1)
n(K | ),..ﬂ,n(x ) , where Kk fs the index defined

"

WG AT
3

) ‘ g
above, corresponding to p =g+ ¥ k

Co § Tﬁen,
T - - : ) i=] o
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(s;zg_ K, )\ - - -
n(K =1 ) 26, 6, ... 6 (1+g) n(k($))

> 1,

’

for g sufficiently large, since 6162....6n(1+c) >1 by hypogpesis. ///)
_ This contradicts thé statement that n(K(S+i)) <1, forall iz20."

Q.E.D.

e

©

Remark 1:  We had assumed that ‘the transition matrix Bi1) is
. not a permutation matrix. .This is a necessary condition as we shall

see from the following example.

»

_Example 5.3: Let t : [0,3]1-[0,3] be the piecewise linear
map defined by (0) =1, ©(27) =3, t(2%)=0, ©(3) = 1; and shown .
in Fig. 5.2. ‘ -

Y, - ' ' N
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“Then 1} = {(o 1) (1,2), (2.3)}, apd ':,

-
s o i 8 5

—~
0 1 0
g(Bg)) =0 0 N
B 1o o) . , |
' o P I3 3 r , . s » . . ) )
" gl s a permutation matrix and irreducible. S ' '
. By i -
Consider now the partition . .
, ‘ . !
Ty, '%={wjh(3JL(LLMhJj£)(22ﬂ (2.5,3)} .
“ ' ;o (2)
N The 0-1 matrix induced by J, 1. the g(_BT ) s,
) ' [0 0 1 0 0 0]
L |
w0 o 0 0 1 0 O
oL - 0 0 0.0 1 0
;o o 2
A g(B."") 0 0 0 0 0 1
1 0 0 0 0 O
, o 1 0.0 0 0]
' But g(Biz)) is not an irreducible matrii as we can easily see from
'1 " the associated directed graph. It consists of two disjoint cycles
‘j 1-3+5+1 and 2-+4-+6-2 , which is not strongly connected. .
i . Remark 2: If*t 1{s piecewise linear, then 6y =1, 1 =1,...,0,
i\\ ) and in that case, the sufficiency condition in Theorem 5.3.2 reduces
1 R . ) : )
~1 ‘to (1+c) > 1, which is always true. Therefore, Theorem 5.3.2 is
N .
Aé true when T is piecewise linear.
If we combine Theorems 5.3.1 and 5.3. 2 we obtain the fo]lowing
o main result. . o
o .
b
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Theorem 5.3.3: Let J, “be a strong Markov partition of ' I
h :

with respect to. T, T ¢ W, 'satisfying the following condition,

0'6162:..6n(1+c) > 1, ‘ 4

| S 4

Furthermore, let J2 be any other partition of I. Let 'g(BS)) L\and

Q(Biz)) be the 0-1 matrices induced by \J] and Jz » respectively.
’ i !

Then g(BSz)) “is 1rréducib1e} If g(&£1)) is also primitive, then

50 is g(Biz)) . .

Proof: This follows from Theorems 5.3.1 and 5.3.2
[ ) ¥ e \. Q.E.D.

)

' Theorem 5.3\3 may not hold if J] is not Markoy. .To prove this,

consider the following example.

Example 5.4: Consider the piecewise linear map: t: [0,1]-[0,1]

defined by the conditions.

]

1(0) = 0, t(.57) =1, T(.5+)>= .9 and 1(1) ; .4 '

. and, shown in Fig: 5.3,

]
© 0.9]
: J
1.
0.5
0.4
N | | )
Iﬁé ’
. 0.5 1 L
. ) s
Fig. 5.3 \
“\ ‘ I ' \
S0 ' /_’.\("
1 v .‘./‘ N

e R ‘mgﬁm%
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strongly connected, and so B
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Then 7, = {(0,.5), (.5,1)}, and,

(1) R | - o
B, ') = ‘
PR N R

Clearly, J1 is not a Markov partition, but the induced matrix' 5(851))‘

is, obtiously, primitive.

Now, consider the partition 5 * {(0,.4), (.4,.5), (.5,.9),(.9,1)}.

J
The matrix g(Biz)) , induced by J

2 is - : . .
11 1 0]
(o ‘0 0 0.1 v
g(8{?)) - : /
0o 0 1 1
0o 1 1.0
Now, we consider the matrix C= g(Biz)) + g(B,Ez))2 + g(B£2))3 .
(1 T 1 0] 71 2 2] 135 3] .[35 8 5]
) ¥
' é .
0001 01 1 0 00 1 2 01 23
C= + + = | .
0011 01 2 1| o1 33 0 26 5
oo 1.1 0f oo 12 “jo2731] o3 53

Since the matrix - C contains zero entries off the main diagonal,

according to Corollary 4.2.1 the corresponding graph to 'g(B(z)) is not

T
(2)

M is not irredu¢fble,

L]

el 5 .
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* ' Example 5.5: Consider the continuous map t: [0,1] [0,1] ¢
1. ) ' * v : ) ;§
~ defined by g\
4 2x + l 0<x sl §
( 2 ! 4 %
: 3 1., 3 3
. 'C(,X)‘ =: =2X +~? s ISX S'a“ @ i
o “ o 2% - 2 -3’-’sxs'1 ( %
¥ . , - 2 > % §
: and ‘shown in Fig. 5.4. " der §
3
{
|
2
E
? | 1 1 3 :
! . . : # - - 1 N
% . , ® . _ 4 -2 3 ) ) . . //
; ”’ . . Fig. 5.4 . T
e 5oL L3y 3 ' —-
Then J] . {('0 ’ 4): (4 :z‘)s (I ’])} and
. - {0 11 ;
‘ " y . ’ EN . - ©
3 . g(Bgl)) = '1 ] ] * ’ ' 2 ' ‘¢ ‘.
. 11 0 | ,
‘ { . It is clear that "9(89)) is ph‘miti’vg (9(89))_23 0). Now, let .
\ 5 1, 11, 1 3 (3 y °
J = 0,7, (F.3)s (3.7)s (7510} be a second partition, which
. induces the matrix ‘ B |




s p e

e et

B e

o g

PR

A3 kz) _ .
15’ . g(Bi ) = .2

~

'g(Biz)) is not primitive (muchi-ess,‘ frreducible). C]eaﬂy; J] is

not a 'Mar/kov partitian.
' Example 5.6: . Let t; [1-+5]~[1,5] be the piecewise 1inear
map defined by, '

¢

(1) = 3, 1(2) % 5, (3) = 4, t(4) =2 and 7(5) = 1,

and shown in Fig. 5.5. " L
>
AN
” |
24“
=
S
.
by N ’ ' M ' “1‘1
o - | L . i/‘ ’ o |
. ‘ 1) T ‘

125
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Then, 7, = {(1,2), (2,3), (3,4), (4,5)}s Let J, be another partition
of [1,5], gfven by '
= {(1,1.8),(1.4,2),(2,2.4),(2.4,3),(3,3.8),(3.8,8),(4,4.6) (4.6,5))..
J] is obviously'a Markov pa‘rti'tion, fndu'cing the matrix %\
: [0 0 11
N .
1o 00 1
" ‘(B“))= .
' b T
2 0110
™ [
| : 1 00 0,
¢ N\ : :
E‘ ' RO I
g The matrix g( ) is_primitive, sincelby Theorem 4.2.2 we. have
ué \ ) . R * “'
; ‘ 4 3]
% [ 12 \
! S () 1,2 mp L |20
: B S C=g(B7) +g(B )" + g(B )
i g 1§43 2 i
; [ 2.1 2 2
g and 9(8(1))33 =130 . Hence the matrix
o (0000 1000]
i 6 00001 11
. 00000001 )
i 982y = o 000001 0
, 000111 00
‘ " loe10000 0
/*’_/_ ’ s /
0100 o-lo 00
J |1 00000 0 0]
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1nduced1)dy Jz, is pri‘mitive, by Remark 2 in section 5.3. ‘
oy ‘ %
Exam91e 5.7: let t ang J] be defined as they were in ;
Examb]e 5.6. Let n be divisible by 8, an"d\let 12 be an egual ‘ . ‘
tength partftion of [1,5] consisting'-of n subintervals. ‘Then the Y %
. . > ;\ R &
matrix induced by J2 is ;
[ ; 1 :
0 0 A B ) ;
N 0 0 0 I i
7 (N
9(8,52)) = , )
0 Cn Dn 0
I' 0o 0 0
5 - -

where each block is an %x % matrix and the non-zero blocks are .

\
defined as follows. "~

et H and & be -g—x % band matrices given by. ‘
11 ‘ 117
) p v 10 0 S0
Hn = N ? Gri = \
0 1 1 0
_ 11 ] 1
A N G
) n = _Q... = (N = ._0_
Define, An = (—5-) , Bn (Hn) , Cn = (0) and Dn (Gn) .

: . y .
the %x% “skew diagonal matrix. Sjnce g(Bi”)' 1s‘pr1mit'iv.e, so
)
J
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. ' ;
' / ‘ ‘ Example 5.8: Consider the map t: [0,1]+[0,1], defined as ;
p © 7 follows: - ‘ B
oo, U‘sxs-;-' j o
(x) =¢. . , . - \
, . . ' 'l : <
-Zx + 2 , -2— £ x s ]
Let J‘l = {(0 ,%), (]—~,,1)} . Obviously, J.l - is a Markov partition
which induces the privm‘itive ma#rix -

! ’ . . | : : T

Ef' . ; g(B . ) = i . R

} . . T ] ] o . . .

: : . . T :

% - * -

Co Now, let us consider the partition

¢ . y

i 5 = () /3D (3.2 32\/]_11;.1_)

v 2 S W\n#™n)f\32)0\2°3)\3 8/ o\ T T Tl Jf 0

i 3 .

i co S ' . .

‘ . where n+l is even. J, is not a Markov partition (because % is B

! not a partition point). The 2n x 2n matHx induced by ’Jé is

: . ’ . (/" s ' . ) '

L : An Bn . ‘

. S ' ‘ Q(B.EZ)J =' SR ,

| . ’ o 1 A B ) \

-l; . _ ’ ‘ . , . )

E. where 'An, Bn’ Kn* Bn -dre nxn matrices, defined as. follows: '

{A . : © . (e

} e :




. , : 4
. ’ N A*.\' .
2 . - ~

) S , K P 129 .

[1 1...1 0 ] - f ]

\'l ) , * W . :’

a : . 0 ) - - .O g

p 1. . N o

ol ) ) fi . . +

Ap = o 11 BTk 0 ' ;

‘ . 0 ] - o ; Y
. ’ . L

: -0’ 1 T R B

' - 1S \‘1,, ) * 3

e 0 | SRR I/ T A i - L\

. _ SR -IL . e . N3 5, . CoL
where, in An’ the first row consists of. -5 1's followed by 0's. g

[

are obtained from A -, B

. respectivelw, by

Also, R, B,

interchanging the rows, i.e., the first row becomes the last, .the second

row, the second of last; and so on. By Theorem 5.3.3 g(BS?)Y is
. . ' & ) g ,’ . ‘ . . .
primitive, o - ’ e ,

Remark:  As siﬁplg as the transformation 6¥‘this example is,

it can generate by appropriate. partition choices, large é]asseélof

.

matricés. A1l these matrices are‘prihitive. .
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