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-p-th performance function with an extreme'ly 'Iarge value of p does not

< always yie‘ld a descent d1 rection for the corresponding minimax’ f,unct*lon

. sﬂ'oined minimax problems. where the direction of Steepest descent to -

i
e first order approximationjs obtained by & linear progrming subprob'lem.

~m1n1nax prob'lems ‘The idea is then used to solve a nonlineon progrming

"sneh an Ipproach. of whicti‘the first one 1s su&n» to progran wheress
R tho second e'lgorwn 1s,nuch faster 1n genen'l - -

The probIem of m'lnimax optimization is studied from a mathematical
point of wlew It 1s shown that the negative ‘of the gradient of a ‘least

Bosed on the nesu‘lts of the study an a‘lgori thn is proposed for uncon- . ,'

| L T ‘
T A mathemat*lagl Justiﬁcat‘lon is. given for app'lying an a‘lgorftun ' '

to convert a constrei ned m1n1max prob]em to a sequence of un¢onstra1ned "

problem with equality and 1nequa'l1ty constreints by converﬂng 1t 1nto
a minimex problem with equthy constrain.ts. .

A method s given to ‘convert a constrainod mih imax problom into
uguontia'l minimization of continuous'ly difforenthblo 1nst-squeros
type fonetions. thereby enebnng one to use an efficient grodiont - e
techniquo to.nfﬁlinize such & function. 'M: algorithms are Ucﬂbod for

\- ! . - ' v, G

L] . e
- . «
f » . . .

<




oL It is shovm ‘that a penalty function method can be eff1c15ntly
appHed for the optimal design bf noanear de transistor circutts . |

-without so‘lving network equations, for ei. ther a: least-squaves type or a

m1n1max perfomance funct1on. o ) ' <L, o} %

-
a

‘e R i PO . -
\ ‘ The algorjtlms are a‘ppHed‘to,que different kinds of problems, )
= including fﬂter" désign, optimal design of 'nqn'lirieardé circuits, and ¢

-

. the ‘modening of a Schottky-clamped transistor. ‘ , .o
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1.1 MOTIVATION ro; COMPUTER-AIDED DESIGN
: Sl '
, - f In a remrkably short‘spen of time, the digital- coinputer has
’\‘)become an indispensable design- tbol. With the aid of a computer and E
the methemetica'i optimintion techniques. the engineer can not on1y

design 'large and complex systems in short periods of time. but perheps

even more importently. he can also remove many of the restrictive, and & _ .

e
: somei:ime; invalid, essumptions that are made when c‘iassicai design

procedures are used (36, 38] .He can a‘lsp incorporete severei kinds‘ of

constraints end can reeiize compron¥e~ sotutions reconciling confiicting ’
h

‘requirements carrying differeni: welg
lteéhniques based upon {terative opi:imi zation is thet they Tead to the
'best possib'ie design unider the given circumstences rather than Just a

"fegsibie design that meets some given specificetions.

a
" The field of . eiectricai ci rcuit design is prominent among the many
erees in which iteretivel optimizetion technfques have been succe\sfuny
epplied The’ clessica1 network synthesis procedures restrict the "3 -

network configuration end the degrees of freedodi thet may be demanded

' by the designer. However. with the k&of a computer-aided design ’

s. The main advantage of des‘ign .

procedure, one can,_ accommodate presd?ib active e'iements. nﬁniineerities.

peresitics. as. weﬂ as restrictions on ti;e types and values of the
e'lements. One cen e'lso grow" new e‘lements in a given circuit (14}
thereby modifying the structure of the network; or can improve the o
perfohnence of circults desgined by simpiified or heuristic’ nethods '
.0t36. 3?1 . However. before any such eutometed design procedure is S



s

[ T3 |

. * »
-
4 5

" envisaged, the following steps must be comoieted v

(i) An appropriate design. criterion or a performance function

/ involving the design specifications. the constraints-‘on the design

parameters etc. muSt be exp‘licitiy defined. o , - '

¢

. Y (11) A reliable end efficient algorithm must be chosen for the

fminimization ‘of the pérfonnance functidn. o : Ty

. .
] “ a

The performance function can be defined in vartous ways‘depending R
on the design requirements. Two of the most comnoniy used performance

/ functions are (1) least'-squares type, and (ii) the minimax or Chebyshev
type.- Minimax- optimization is of particuiar significance in the fields

of \circuit design and system modeiiing ‘For exampie,.in fiiter design.
the specifications are normaiiy giveJn in tenns of the maximun anowab'le
. ripple in the passband and minimum a'iiowab’le attenuation in the stopband
- 136]. Simiiarly. in the worst-case design of dc amp]ifiers, one tries _', %

W - 'to minimize the maximum ﬂuctuation in the operating point from the

o

n«nominal value over varyfng operating condi tions. Requirements 11ke , |
thesevcan be most naturally represented by-a minimax performance function. .
lLikeuise in a modelling problem. minimax optimization ass.u 3 that the
‘mximun deviation of the modei response from that of ‘the ctual ‘system.

is minimized. However./the re‘liabi\lity of minimax mode'n ng aery inuch
.depends on the reliability of the avai labie measurements on the dexice. .

r' ‘ lIf some measurenents are. highiy unreHah'le. the minimax optimum may
o “be. drasticaily affected by the unreiiab'ie data. and he ea least-squapes

¢ ﬁerfomance function is 2 bettar choice in such a case, However. , ‘_ ' . §

e s

e ~v
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s ' 1.2 SCOPE OF THE THESIS '

This thess 1s ma{nly cnncerned with (1) f ng efficient
éTgor\rthms andmroposingxnew approaches to the con trained opt1mizatﬁion
of m’lnimax perfonnance functions and (H) the ap?licatmn of these |

algoriﬂms to c}rcuit design.

(L
RS In Chapter 2. the mjnimx optimfzation prob'lem s studied frem a
“mathematical poin; of vfew. and based on the results, a minimax algorithn

. 1s proposed for fﬂter design problems

}

o JAn expression for the directional ‘derivative of ‘the ¢ £ ~norm is

derived, and it 1s shovm that one can always find a descent direction

LA
s ‘»S"'.

for a minimax perfomance ﬂmct1on by solving a 1ineédr progrming

» problem. which 1n fact 1s thé direction of stoepest-doscent to a first

S : ..  and Fletchcr-PoweH (201 are than adapud to gnmnte the soarch
DT dh{-octions for an cfﬂchnt lm\inx n‘lqoritm S o
ot !ﬁ- ' " L 2N
A mcnt pnct!cn [5) 1: to som the MMux prob‘!u by solvtng

C 3

o the comspoﬁding Teast p~th vrobun mh cxtmiy urge mucs of p.

-

© T THowevers ft-15-shown-1n-this chaptar that the 14aft s p e of the

jn general yield a dnctnt dinctiou for tho umm pcrfomuce
This explains why the least p-th appmch with utmly
Jum nlm of pis mﬂm fm not to convonc‘to tho -inm

ot optm- m. ‘ff,;. _~»~§¢T R
- ) - ' oo ,' w S

' functfun.

—

R
~
N,
< B
——

' . . ’ . _' . 4 e B E R

. L L. Sy .
By L A { : )
B . ‘ N o L
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. b oo A t N v

'nngltivn of the gndimt of thc hut p-th perfomnce function dm not‘

| ‘ ’ order approximtion. ‘ ‘H)e gmﬁont minimization tcchniques of Flutcper [211.

9 !
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Chapter 3 dgals with the hppHc&tions of the mininax al gorithn
proposed 1n Chapter 2 to c'lrcui'e des'lgn problems. First, it.is
appHed to the design of tnree kinds of fﬂters. namely, ('1) n-segtion. '
tran;mitsion line transforupers.'(ii)v lumped LC filters, and (111)
'glunped-distrﬂ.mted-act'l‘ve lowpass fﬂters.’ Next, computor-a'lded m1nfnw;
modellirg fs proposed‘jfor a Schottkr&arrier diode clapped transistor. n

3 It s alfo ﬂlustrated that the mode'l may be improved by - growing S BRR |

certain new elements in the or191na'| model .

Next, in Chapter 4y’ the interrelationships bétin'enaa nonlinear
programing prob.'l,em' with en'un'lity constrnihts..and an unconstrained i
minimaas optimization pro‘b“lém,a,re studied.’ An alboriﬂm is proposed v ;
for the minimix optimization with\ constraints, by giving. a mathematical

. Justification for app1y1ng‘an' ex)tin’g algoritm [27, 31} tor nonlinear
progrannliné 'to"nﬁnimax"perfomance fﬁnctions. It 1s shown that a
nonlinear programing problem with- both equath and 1nequa11ty constraints

can be convertad 1nto 2 min?max problem with on'ly equality constraints,h_ﬁ-x ‘ '

_which can’ thon be solved by the method. proposed for solving a constrained N
minim problem. An example is taknn to sﬁa\v the effectivcness of the
- mathod, ‘ |

1

In Chapur 5, the unconstra*lnod n1n1ux optiuintion problu 1: , ”,

" tackled from nntiuly a different viupoint. Hnrn. a minimax opt1nization L
profiem with nonstrunts is eonm-m toa anucncn of unconstrained
Iust-squnru type opthiutim. of emttnuons‘ly diffmntilbh functions.
%0 mtanyofficimgrmnntmﬂndmhun tomrfonmu |

- - minfmtzations. ﬂcnu. mm the nm pmolqd in Chapters' 2 and l.

—

¢ .
. © v

o

1




| g'ru\ﬂefnt of the performance function is much mo'rseconomi'cﬂ than in -

. the ‘leeét p-th ‘techniques. : AN '

g / ’ . - v , . [
I . . . ‘. ) C [ . ' " ’ T, . )
the computation of:a descent direction does not involve solving a 1inear °

prbgrdnnﬁn? subproblem, and at the same time, the computation of the .. gmj?

I

Lalk §

a"’ o
It is shown that unden re'latively mild assunptions. the Sequence

-of so'l utions for’ the least—squares— :ype probluns converges to the minimax '
X solut1on Two algori thms for minimax optimizetion are presented based . '»(

.on this method. The’ second one converges faster 1n general whereas

. the ﬁrst one is simpler to program. These algorithms are appHed to

" problems is verified by the res

‘the branch relationships.

so1ve severa'l unconstrained and constra1ned problems, 1nc1ud1ng fﬂﬁer
design problems. The feasibi ﬁ #of the algorithms for constrained

' xts.( They are also found to' be robusf
and fast cos?pared to the exjstdnp methods_for unconstrained methods -

14, 5, 6, 91 , - ’
, .
* Finally, in Chapter 6, a method is given ¥gr the optimal design of

nonlinear dc ‘transistor circui ts without sohrlng rietwork equations. - SR
The novel approach in this chapter is to treat the nonlinear netuork Co

s equations as equality constnints on the des‘lgn par-alnet;em.f The b
‘constrained optfnnzetion problen is then oonverted to 2 sequence of un-- .

fonstrained optimization prob'lms by the method due to HorrLson (3.

" A straightforward method is then given. for computing aH the gradients

needed for the. optinintm given only the topo'logy ‘of tbe network and
Yk fect thet the gndient v.ctor of the

perfomneo finction can be obuined readi ly ukes ﬂw algorithm oasﬂy

mble to ] peeklgo prognl. '

4 o, ' ’ . .
Vo . :
[ . ( . . : oo ‘o R o

- :..i-.a' :




T TR e s e A A N ¢ A i T
. B » :

B

)

-
-

Horst-case design of de amp]ifiers‘ is also studied in this Chapter. :

‘It 4s shown by taking an examp'ie that a minimax perfonnence function as.
opposed to a least-squares type is better suited for this purpose. The

hethod for constrained minimax optimization as described in Chapter 4 is

used for this purpoSe%pus examp'les ere taken to study the efficiency
. and feasibi'lity of the approach an&Lit is found to be much faster than |

the existing: apprﬂoac!h of soiving the. network equations expiicitiy at’

‘each step. (171, (,/

The digftal computer used to so'lve all the numerica] exampies is
{

,-a CDC 6400. A1l ‘the programs are written in FORTRAN: 'IV.

_ '.7 . s . ,
\.\1 .3 MAIN CONTRIB’UTIONS OF THE THESIS

RN

1 ) ‘ ~ ) S
(1), The minimax optimization prob'lem s studied %-'om a directionai

1

derivatfve point of view which enabies one to detect. that the di rection

‘ of descent obtained by iinear programing 1s in fact the direction of -

§teepest descent to a first order approximati on. Based on the s tudy a
minimax optimizetion aigorithnr is proposed, which is found to be at-
1eest con'petiti ve with the exi sting methods '

!

(ii) The iimiting behaviour of the ieast. p-th 1opi:imization with .
1arge va‘iues of p is studied, and 1t .is shown that the negative of the

S gredient of a ieast p-th performance function with extremei-y large

vaiues of p does not in general.give a descent direction for the ,
corresponding true mihimox perfomance function. This shows that,
even though the ieast p-th perfonnance function converges point wise :

to ‘the. n\iniuex peri‘omnce function (as p + =), sequentia‘l minimization

\:




PR

'flexibmty to mode]Hng by aﬂowing one to "grow" new e1ements, or put

' comparable to the existing methods. .
N

.
* / - ' o

n
Y

’ .
{ 3 o’

of the least p-th performance functfon. does not necessarﬂy lead to a .

sbluﬂon of the minimax problem. Thfs exp1a1ns why the least p-th .
approach with. p + = s not ahmys a good way to so'lve the minimax '

prob]em. since the final convergence mey be far removed from_ the true

min*lmax 0 ’timun. .

{tt) Mﬂni‘max' opt'lm at1on 1s appl'led to the mode1'l1ng' of a
Scho}{lw-‘(q emped‘ trensilstor, where it is shovm t.hat the approach lends

vary1ng emphasis on the responses at di ﬂ’erent excitations by using
weight'lng parameters We a’lso discuss how one can have a. combfnation

of least-squa\‘)’ $ “and. minimax performance funct1ons for better results

) A S | )
,  under certain cond;ltions TN . ,

€~
thematical justi fication 1s gfven for edopting the nonlinear

—s

programning aygorithm of KowaH k et al. (27] for so1v1ng a constrained

* Mnimax prob eg: It 1s quite signiﬁcant since no reljable method exists '

~ for such a prob]em. o y s

: ‘ -~
J (v) ‘A method is given to solve a noanear programing problem
with equa'l 11l;y and inequality const’hints by converting it into a -

'min'lmax prob'lem with equath constraints. wh1ch i s found to be\at 1east

-

5

(vi) A new appro‘\ch to constra1ne iniax problem {s. g'hien. by

converting it into a sequentia'l minimi zation of continuous'ly differentiable

leas t-squares t_ype perfomance functions. whﬂ ch. can be ourri ed out very
| eﬂ‘icienﬂy. One of the edv&ntages of the approech is the ﬂexibi.'th
it cen offer to the eowuter-eided designer thrt‘mgh a uniﬁed treetment




.
#

of the constrained and unconstr&ined m1n1max optimization pnob‘lans.' :

" In fact no other satisfactory method exists 1n the Titerature for -

constrained pr-ob'lems (8). Even for unconstrained minimax prob‘lems.

the method is found to be much faster than .the existing techniques

e . ’

[4 5 9]o p ~-,»,.P‘" ’ .t ) . - “'ﬂ,

(vﬂ) A method 15'§1ven for the optin‘m design of noanear de .
,trans1stor circuits withaut solvi ng the network equdtions epocitly

It s wen known that’ the ana'lysis of a noanear circuit is a time

| consunﬁng process. In a design problem. 1nv01v1ng such a network, the

-network has to be .analyzed each time one. nreJeds to compute the perfonnance

.

)
function and its gradient, which can s]ow down an a1gor1‘thn considerably.,

Instead. we treat the noanear network equations as equality constraints
on the optimization 4arameters. and a penalty function method - (1) '315 u“s“ed
to solve the problem. It is” found by so‘lving various exunples that tTﬁs

. _procedure{cv.‘:ts down thp execution time quite significantly. It is’ a'lso
shown that the gr&dient of the perfo&nce function can’be computed

rudi 1y which makes it easily’ mnabu to pockaging.

o

- (vif) Horst—case design of" dc amplifiers is proposod by defining '
2 ninimx porfomance function 1nste|d of a unst—squans one. By ‘
. so'lv'lng an oxunp'le it is found that the maximum devution in the opermng

point is less for a mintm porfomanco functioh than for a Teast-squares.

porfomnce funct1 on.
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S 2.1 INTRODUCTION - .
5 . . . . R \(\

_ The problem of minimax'optimization is. of'prime significaoce”in

many circﬁit design problems. For exampie, in filter design, the
passband and stopband ifecifications are most naturaiiy stated in

: minimax terms 136,38]. Up to now. there has been a reiuctance to

apply any of the efficient gradient ‘minimization techniques, such,

‘—u

as the Fletcher-Powell - methdd (20 and the method due to Fletcher [21)

to minimax probleﬁ% This is mainly due to fhe increased mathematica1

xEQmpTExity involved in deaiing with the la-norm, which 1s not

differentiable everywhere. “In contrast, the &p-norm with p <= is

differentiabie everywhere except at the origin. Since, for each fixed

Xs the 2p-norm of x approaches the 2 -norm of X as p + =, popu?ar

method- has been to minimize an 2p-norm cost-functiona1 with very large

4

values of p [9]. o . ' L
' ~

-

[y

Recently, Bandler and. Charalambous- have giveh a_near minimax method .

A . . _ , |
[5] and a minimax approach Tglqgsing the least p-th optimization

In

_ [5] large values "of p are used to obtain near minimax resuits, and a

. Bandler et pl also give an approach in (4] where a descent direction .

for a mini&ax cost functionai\ds found through 14near progrmnning. and

a modified method of steepest descent is used in the minimization

algorithm. . e
'w'\».

v\",'\ 3
.

The objective of thfs ehapter is two-fold. (i)«to study the minimax

.optimization proﬁTin from a mathematical point of view, and (11) to
|
propose a practicai computational sgheme for minimax optimization.

Vg ~

.

It

. few strate ies are adopted to get around the problem of iil-conditioning.

LN



N
~
[}
—
~n
T .

o is shown that at every nonpzero point, one[

‘ W f , descent direction® for the: L.rnorm, even if no Frechet derivative
é . / o | ex'lsts’ Ho\Vever,wsuch a direction is a direction of steepest desce;mt
___;Tﬂ | to a firsvt order approximatfon only, in the same way as the negative '
er. L of the gradient for &ifferentiable fanctions. ;On this. bars1s,1~ «;»Kf;e

At
%

computational scheme is developed for minimax optimization,

¢

Another algori thm is also given for near m1n1max optimizatwn,
. which is. similar to the least p-th {pproach in [5], however, it has
two advantages over_ethe least p-th technique: ({) 1t is 1nherent'ly
. ‘\. | well-conditioned and (H) it requires many fewer gradient calculattfns

and hence, 1in the case of ci reuit design, many fewer adjoint network

oyt ‘M»ﬁ_

— < ’ . ’ ) ©
b ana .Yses M\
. \ ' 'v .

<

U

3 N " +..2.2 MATHEMATICAL BACKGROUND

. ',.:2.~2 1 Jhe iu-norm : ‘/ /’ ' ' J s/’ '

§

found in m Let f: R" » R, and}et x heRl If the)imit

¥
Le .
. . , /

: - ~ .
2 D &8(xn) = 1in HEsoh) - F(E). - (2.1)
™ - . () oo

N exists,' it 1s called the directional derivative of_.f‘v at x in the -
direction h. Another way of def1n1ng 6f“(§ h) 1s ' o ‘

- et = & (F(s + ann,_o P X2 BN
o h ﬂ' . ' . . , / W
S Inad&itfonr If there 1s an element y e R such that. '
: : st «yho YpeR" o o 3§
) < 5 .

can find a unique “"steepest

.  We begin by summarizing a few well known resu'lts. which can be* -

. f b
/]




.- then éfs:'id to be Fréchet differentiable at x, and y is called the
’ ‘ ' o , L

. 'Frééhet'derivative of f at x (denoted" by Vf(x)).

A}

veminimlitya_ nd ean be found in [1, p. 95].

S

PMmsition 2.1 below gives a genera] necesfary condition for

- (’

Propos1t1on 2.1: Suppose f: R" + R has a- directionzﬂ derivative

/}y‘ 9$
at each X € RS 1n each directifon h ¢ R". Theo a necessary COndit'lon

for f to attain a qﬂnimum at x ¢ R is

~*~

. . &f(x*3h) 20, VheR" ' . (2.4)

If f is actuaﬂy Fréchet d1fferent1ab1e at x*, we must have

Vf(5*)'-0 - T L (2.5)

Let us now turn to norm functions.

Proposition 2.2: " Let |[-]] :
H [| has a d1rectiona1 derivative at each ébjnt in each direqtion

)

This. 1s derived in [16, p. 30, Lemma II. 8 4]

Proposition 2.3: Let || || be any norm-on R". and let ||-f]g:
+ [0,%] be its dual nom, defined by ~ '

+ [0,=] be any norm on R", Then -

L%

] L SN ‘ = su 4 ¥ e (2-6)
/ N ”x‘ld P L A ] - —S

( j [ixl =1 e

Theﬁ/ ({11 1s Fréchet differentiable at x e RM if &nd only 1f there

exists a unfque y ¢ R" such that

Hxlld-l- and yx-IIxH - - 2

!

1f (2. 7) ho1ds. th1s unique y is the Fréche’i derivative of || I

, " lf X.

4




This proposition is based on a classical theorem due to Smulian

[]5], and is proved in [39].

.

Proposition 2.4: Let ||-]] be the z“-norm'on RM defined by

. “ H,,, = m?xlxil . : ’(2.8)

‘where X = 1,'..., n are'Eﬁé components of X. Then

(1) |1-||_AAs Fréchet differentiable at x if and only 1f the

maximum 1nd1cated in (2.8) 1s ‘attatned for a uniqéb vp1ue of 1,

say ig. In this case, the Fréchet derivative of || S at X is

0 0 .. sgnxq - - olT L (2.9)
+ 0 ‘ - .

fo-th component

g

(44) If X is such that the max fmum 1nd1cated in. (z 8) is atta1ne&

for morL than one value of i, define

1(x) = {i: |x1|-|lx||a N AL

If x # 0, the directional derivative of ||-|],, at x 1n the direction h
(denoted by D(x;h)) is given by o

Dix:h) = max  (hy sgn Xq) — 21
2 qer(ey : : -

while if x=0,
o(o,h)=||h|J I .- )

Proof The dual norm of || e 1s ‘the 2, -norm def1ned by "

n . ,
Ml = Bl e

»

(3 £378 oy A A P gt




) | S <15~

 -‘ ) - "
It is easy to see that corresponding to a given X € R", there exists

»

a unique y € RPN satisfying

-3 “T‘ .
Hyll, -L,wdyx-th . r(2.14)

if and only if o nwnt—ofﬁsﬂarger in—magn%ude——thama]- :
the others (as in case (1) above). in which case y is of the form

(2.9). This proves (1).

L 4

»

To prove (i1), note that for sufficiently small a, we have - :

LA
Ll .

max [x, + ah | > max [x, + ah | (2.15) *
Cotetn T et T : : .
N B R 1

Therefore,
o i J ‘.
—Hx—+ahHg= max_|x, + oh | ; o (2.16) C
fel(x) . , )

1f ||x|, > 0s we can write (2.16) as

|u+amu-1g? huu+amynn,i ‘»W (Ln)

-

-Again for sufficiently small a, 1 + (ah1/x1) >0 for al 'Ieﬂx). S0

-~

.that (2 17) can be rewritten as

y, .
“X + ah” -‘ Tnelgx |x1|(1 + G(h.'/x.')) , ) (2.18)

'

B 4

" Now, for positive as (2.18) cag be.rewritten as

Hi"’“ﬂ” -HXH ta m?’(‘ |x1|(h1/"1) .

-.x|“4§a mx.'(h sgn x,) | . (2.19)
I i)




T

- : ‘ ~

Applying definition (2 1), we 1med1at.e1y haye (11) Oﬁ the;i’;the,r"ﬁand'.'

1f X = 0. then for o > 0, we have IR

o llx+ah1l--||x|| +a||h|!,,_ . fe2.20F

omwlh;h (2. lzL fQ]Jovgs readily.@®
L .
Note that the first step in’ (2 19) 1s 'valid only for a > 0 Also.

—~
/
!
l

D(x,h) is continuous in h at each x.

Proposition 2.5: Let e R +'R" be Fréchet differenthb'le (1.e. -

each component of g is Fréchet differentiab'le). and define f: R" ~ R by v

f(X)- I|e(x)|| C e (2 21) | .
Tﬁen f has a directiona) derivative at each X € R in each d1rect1on -
b.e rR", and — -

sf<x.h> - Detx); ve(x)) n} L ()

where Ve(x) is the Frechet derivative of e-at %, -and D(.,.) 1s as defined

1n (2.1) and (2.12). .
.Proof; Let o(a) repnsent a funct'lon with ‘the property ‘that. =~
ola)/a + 0 as o+ 0.‘\Then |
Rite; um—‘TMwih e .
’ c e llelx) + atve($)1h + o}(n)ll -

= |le(x)| nb!t(x):tv-(x)ﬂm,(a)mwz(a) |
b H'(X)H W(O(X)l["(x)l?h) + °3(°) ‘

- -
B S

~ Th‘lsprovos (222)3 S e -




';’o‘:g
’ ‘\.) | P ‘ ’ T : | ’:"
ol ‘_]7_ . ;
R Thus the directional derivative of the %, norm can be readily
_Galculated, once the vector ve(x) is known. -~ .
| " 2.2.2 Directional Derivative of f(x) -=‘m§x eq(x) :
| In JJ filter design probfemait is. very often desired to minimize
% max'ei(g) instead of the R.Q,-nor‘mgive’n'by m?xlei‘(x)| mn, 3‘3]. In - )
1 . . . L ~ . ’
this section, we derive the expressions for the directional derivative
of this function. It is also worth noting that the problem of f.-norm
m'ln'jmizétfon ¢an be converted to 'this ki'n_d of a préblem sinée the '
: minimiz§tion of_m?"x]ei(g)l is equivalent to the minimization of .
2 mainx, [ei(g')]z, However, ‘minimigﬁon of m?x ei(gg)'_,caiqnot be converted
‘ to an Le-norm minimization probiem: —
‘  Préposition 2.6: Defining fy: K" + R bi{
3 fM(l‘)" n_lgx' Xy "‘ “‘};\ : '4’ © (2.23) N
" the directional derivative of fyy(-)Dat x in the direction h yyg’n by "
o Dy(xsh) = max hy N U CT2.24)
S fe IM(’.E) >
where Iy(x) = {1: )q_-:l max xj‘}' ‘ 4
: U e L M
Proof: In (2.23), fy(x) fs.continuous. Thus, : T ® )
Fme— .. At A ' o » ‘¢, . Nl
R R fM(X""' G!l.) -'M; (X1 -+ “hi) ) ‘ ’
S T T<isn -
\ ' e o ‘ : e
-max “(x1 + ah1) ' P B
'121"(5) ' . . ‘ ]

. for sufficiently. small a. The direc;iénﬂ ddtivative ‘can now be o
4 expressed 8s - , ' -




&

- 1nformation of the extrema of the,ggrformance function to get a downhill

S
]
Al
e '
-
"

8-
Dy(xih) = (fM(§ + ah) - fy(x))/a

, ) f max - h.'
o 151"(X)

The directional derivative of f(x) = m?x ei(x) 1s now given by ‘

the 7“116w1n9~prooosteion+e~__w~___

. Propos1t10nA2 7: Let e: R o gM be Frechet differentiable everywhere,

- " and let f: R"+ R be defined by f(x) = f"(e(x)). where fy Is as defined
in (2 23) Then the directional der1vat1ve of f(:) at X in the directﬂon

-

h is given by ’ {, N
- ofM(x h) = max{[Ve(x)] h}1. ieIM(e(x)) . " sy

[y ! % ( ' - o . 4 )

wher: A j / K s 4, . . | 5( 3

IM(e(x)) = {1 [e(x)11

. The proof: 1s similar to that of Propos1tion 2.5, arid 1s ‘therefore
omitted.

o oo, 7 2.3 CALCULATING A DESCENT DIRECTION ~ -

'An.aloorithm due to Bandler and Macddnald [3] exp16fts the gradient

g a set of simulteneous equations. More recently,

\[41 have proposed & method to find a descent direction

Bondler et'o1
by using linear’ programnnng. In this section, we show that the calculation
of a. descent direction can be converted to a linear programming problem, A’

the solution of which in fact yields the direct1on of steepest descent

to a first order approximation. L , _ S




o

£ 2.3.1 A Necessary Cond1tion for a Descent Direction .

Propgsition 2.8: Let e: RN+ R.Oand let £ ||e(x)]|],, and h ~ R"
uhere e(x) is the véctor 017 the components ei(x)’ Then a necessary
condiﬁon for h to be a desgent direction of f s

i

- IVei(x) sgn e(x)Th<0, ¥ 1e¢ I(e,(x)) ‘ ‘,(2-25)

and a necessary cond'ltion for a local minimum 1s .

.
&

max{[Ve (x) sgn e,(X)]}h > 0. V'he R" - - {2.272)

& 'which can a'lso be. written as

oA

min] {vel(x) son e, (120 . (2.27)

“|Inl]= |
The proof follows readily from-(2.22). g-

It may be noted that (2.27) with strict fnequalty s a sufficient

éonditﬁnn for X to be a Tocal minimum of f. c‘lnr1y. ifxe R" violates
(2.27), then there exists an h ¢ R", such. that

oo @1 o | (2.3)
" where the i-th. row. of the g x'n matrix M is given by '

-{vej(x) sgn eL(x)loieI(e,(x)) S ) zs) .

In other words, - 1f (2 ) is viohted at X» thcn one can always find a
dcscont Hirection.

432&,‘&%&&9&3&1@.

‘ Any vector h satisfying (z 28) 1s a descoé d‘lmtion of f. Hd\mar;
to dctomine the dirgction of stnput descdnt we wst solve the probln

of finding b nMch uininins m ll_nl' Tho probhn 1s§\xpms¢d\u

g

< e




e g

7 Pproblem 2,1: Minimize F = ¢

| ' ‘such that ¢ - M{ h 2 0 ‘ , ‘J
, - .

/

_ Note that we impose’ -a condition th - 1. since mre—?ntereseed

~

. only in the direction of descent. ‘

L~

. The solution of Prob'lem 2 ‘l is given by the’ fo‘llowing propos‘ltion

Proposition 2.9: “The golution g* of Prob'lem 2.%4s of the form

S

NSRRI L (i e 3= T(e(x)))

where Ay 200 and the set I'is as def‘lned in (2 10).

.o,

~

Wmf—cm—be—ees%—ly—ebtmed—bét—lﬂﬂﬂﬂg ¥he Kuhn-Tucker

conditions (1, pp-. 181-189] [

In view of Proposition“z 9, Prob]em 2 1 can be redef1ned as

i Problem 2.2: Minimize Fm-¢
such that - ¢ + R ’\3 M,MJ >0, e l(e(x))

. and AJ 20 , Lo .
ln order to convert Problem 2.2 ‘to a'standard 1inear progrming,
probln we prove the fonovdng luma, . ,
k&__l Suppose AJ > 0. and. Ij‘ ).j =1, Then
Sx,n,uj 2 0 for some 1. - ”' '

__r_ogt' Suppose' the contrary 1s true. 1.e. | | .

- ) zxjw,uj <0 V1 y )

1% ¥




e L - _\ : W&“;“M e ——
J
i ! |
P ' ' 0 -21- i ’
-then AifO'for 'so:ne §. Moreover, : . A
‘/ R x1 )J: A MMy <0 - = (2.30)
. ' o ‘ . . —;':‘: .
" On the other hand | S ‘ |
AR "f"i =AM BNy TN
— {10 i I -+
i C o mglg20 : B L) e
‘. . bl . L
‘where
. ¥ T B .- -
; » ' . ) g = Z MJ XJ ! . -
' \‘n-r j R . .
Hence, (‘2.30) aﬁd (2.31) contrad‘ict each other. thereby prov1ng the o
Jlemaw | s
2 : ‘ 'ﬁ& The a‘bove Temma shows that at 2 so1ut1on qf Problem 2.2, ¢ is’ non- . .
negative. " Hence, Problem 2.2 1s equ}valeno 1o mgﬂﬂear—pmgtamiﬂg 3
| problem shown in® Problem 2.3 below.
;. Problem 2.3: Minimize (-1 o y Tels . .. oo
P 2| ,
.subject tothe constraints ° a o .
1l e
: . "4 >0 a>0 ‘
e T : Ll ""_“"f e
' . - . L .-‘ i . ‘
<L where _— e S
: e . Rng LT e |
‘ g - .‘ . ~, oo T . ”_, ,-' , I 'l‘ .
Lot '/\ %2[)\\ Azo o-o)\] . R P
' | 15[ 1.’....11" ' ’ K |
i . ‘and q is the nimber of‘components 01n,l(3(§5)). . . !
‘ Z o ‘ ’ ’ ne ‘ | ' ' ' ! .' - %
¢ 7 S o a
' ' e N / - '
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Finally, the' problem may be representéd as a-standard linear
; progranming problem by introducing q s'lack Variables to convert the
~ inequality gonstraints to equality constraints, as foHows
Problem 2.4: Minimize F = [gT -1 0" x (2.32)
- _ © o - '
such that |- R 1 I |~ b . £ :
~ ~ =qQ - '
T ‘ K = - , (2.33)
St oete S
L N ' , .
where N ‘ ) . . b~
UL FULEY I R

'where 1 1is the g x g i&entit_y matrix; b is-a vector of zeroces, dnd .

-

~q

1s the vector of slack variables. . ;

v
., It should be noted that in order to obtain an 1n1t1‘al basic solution .

for Probr'lem 4, only one exthra slack variable need to be introduced 1n‘

addf tion t'§ Xq* The sub-problem to obtain the initial basic so1ut1’on

is .expressed as

-

Problem 2.5: Minimiize y

11-4

subject to |-R 1 1 0

T , ~q x.iu , . ‘ . ‘ ‘ (2.35)
1'.0 0 1} TVl N A :
_ ~ . o
where ; - : :
x-[AT¢xT yiTz0, ' -

and y= ,0 at the solution.

To guarantee convergence ‘to the solution in Problun 5. the vector
b 4s made > 0. It should be noted that the solution to Problem 4 fs

then given by B e l’/

-

~~~~~~~~
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where ¢ is the solution with b= 0. and b.| is an eIement of b. .

2.4 ALGORITHM AND PROGRAM smrsi;’v

2. 4. 1 MMuction C F

Z A,ﬁﬂf,_ — -2

It can easﬂy be shown [18] that if the mninimax function is min‘lmized

by doing a linear ‘search in the direction of "steepest descent" h as
" obtained by the linear prograrﬁning. it 1is equivalent to a "method of
feasible directions" due to Zoutendi:jk [23] for so)v'lng the’ following N

a ,\-noanear pmgmmning problem o ‘ X
| L " Minimize ¢ subject to .. -

S ? fitd -eg0

(e

/
4

*. An adaptation of the steepest descent technique to the optimization of
T - a’ directionally differentiabIe function 1s stud_ied in [40], and a proof

; ' ' . ) of eonvergence is given therein. How“e\)e‘r, 1n'pi~aet{ce this procedure is .
-, found to ‘be very s'low Thus we adapt the methods of Fletcher [21], and

| ‘F‘Ietcher-PoweH to generate a search direction by treating the direct'lony
\ of steepest descent as 1f 1t were the negative of the grad1ent. A'lso. o
- certain Kther strategies have to be made to make the approach effectfve..

Based on the foregoing 1deas. 2 computer? program has betn written

%7 ., and tested. Figure,2 )) Shows the program organization, how the diffmnt/
1 e subrout1nes are’ used. and their h1era;chy ' The algorithm is descr1bed in
‘ e T /
, o . the next section. : o '
e 2.4, 2 Description of thn
7 ¥

The perfomnce fum:tion 1s first uinimzed by using thcher‘

3 . . .
. L . . .«
) . .
[ a, N - . r
. ¢ . ,
¢ N T
- " i~
*
.
M o




co, . ,

-]

4 s . o e ——/ N
. method without any modifications. However. it 1s found that the rate

of convergence near the mi n 4 mum s'l aws down consid‘erably. Therefore.
when this happens, the algor1thm switches to F'}etcher-PoweH method, wi th
the final parameter values from'Fl etchef s method taken as the initial ’
values. A few modifications are made in the latter method (Fletcher-
‘Pow’e'l'l)‘ to assu’re convergence. This is 1 TTustr;ted by the flow-chart ——
in Figure 22 It is foLnd that the mﬂused in detem1n1ng the
.‘direction of search, (which is an epproxﬁnation to the inverse of the
lhies§1an).,. eomet1mes‘ has a tendene_y to pecome“singu‘iar. The slope of
the oerfomance function with respect to the s'tep size a at a = Q then |
‘approacn‘es zero, or may even become pos1t1ve due to round-off errors.
"yh'en'such a situation arises, the H mtrix is reset to be diagonal with

the entry Hiy being the ratio of the i-th element of (A{z_)‘to the i-th.

/e1ement of VFlx) (see (23, p: 119,

!

/
/ 2.4.3 Criterion to Detem?ne if a Componént e1(x) is. c'lose to the Max 1 mum

Hhﬂe computing the direction of descent. it must be borne in m1nd
that the direction. should not be a descent direction with respect to the o
components of the performance function e(x) which are equal to the mex'lmun

but also wit:hx respect to the components close to the mex'lmn This bt

* magni tude, Thus. 2 component e1(x) is accepted as “near-—mximm" unen -

-t%Z:e’gy—wst—bHdep%&%—preveMgagﬁmr—Jmm . ———
Moreover, it is highly unlike1y\thet tho real numbers would be equal in

the difference between e; and the maximum ey(x) is less than a pre-
determined small number-6. T strategy adopted in the program s

to assume § to be 10'3 inftially and rﬁntting the algorithm with the
new value of § being one hundredth of the previous velue t11 it becolnes

" ! ‘ - -
L " . . |
. .
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10'7; which 1s regarded as small enougﬁ to be a virtual zero.

'In view of this, the following strategy is adopted in finding
the descent direction: 1f the maximum (éo within a tolerance of §).
Ioccurs only ct a §1ng1g point, the sceepeSt descent direction is
obviously’the negative of the corresponding gradient. However, #f
the;é is MOre than one ei(g) equal in magnitude.to'the max imum within_',
the accuracy of 6, each grad1ent vector Veiéxl\\s mu1t1p11ed by

fm(x)/ej(x) | where fp(x) 1s the maximum, and the simplex method is .
m i m

then used to find the direction of steepest descent. N

: 2.4;4'Var10us Subrcutines Used in the Program

] Thc varioushsubroutines used 1n'theapr6§ram are 1isted.ge1ow and
are f1lustrated in Figure. 2.1. ) —
' FLTCHR Minimization method due to Fletcher.
" DFP Minimization method due;}o F1etcher-Powe11

FUNTN : Computation of the performance function.

ANALS : Ana]ysis of the network to be designed at various sdmple
B points e e N
aGRAD s Computation of the~gescent diraction

sha\x ¢ Linear programming subroutine. .
Linear search by the method of Golden Sections.

\ ]
MINV Q:trix 1nvers1on subroutine ol g

- |

‘2.5 LEASﬁip-TH OPTIMIZATION WITH LARGE VALUES OF P

L]

v

4

2 5. ] Introduction ‘
~ An objective function in the discrete least-p-th sense may be

written as




[

28~ .

- 1/p o ' o
£ = 1 E leg0") ' © (2.36)
' el ‘

where I is a set “o,f tﬁe sample points, and-er(g) ,in generai represents

a weighted error between a specified function (desiréd response) and

an approximating function (acturﬂ response) at a sample pbint 1 of’

a finfte set I; and x 15 the vector of the parameters. It is easy

. {.

to see that as p + =, for each fixed Xs

I f (x) * l;\ax ’]e1(x)|

= len| (say) o A X))

“»

J Thus the‘z’p norm for a very ~1arge'va1ue of p approaches the %, norm.

However, for large values of p, each éanponent ej(x) must be divided

iay”the 1afgest magnitude to avoid 1,11-'cond1t1,on1ng. The corresponding

gradient of fp(x) is g1ven by

p (1/p-1)

V() = L2 | f(;)| z{l ,(x)l Vle{(g)l}‘ (2.38)

where . T , o :

~V]ey(x)| = Re[ef(g) ve1(5)1/|;1(§)| o N (2.39)'

and the asterisk denotes the complex conjugate. Taking the 11:& of
Vf(x) as p + =, wq-obtah;

. o S
Vim0 = (1/a) R v ~ (2.40
p‘: ’p(x) (1/q) ‘J l'd(§)| e{ej(a) 03(5)7 ;2 )

where the seé J(x) - {J '.j(X)l - lq.l}. and q is t.he mnbcr of
elements in J(;) Thus | — o

1in vfp(k) - (1/q) t £ vl-,(x)tl L (2.41)

w ‘

' = (1/q) (sm of the oudim of thl nts m1
o nnﬂMMtoﬂuuximu‘l ). «
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2.5.2 The Modified Approach -~ CL

Instead bf-following the approach-as given in [4] with large
values of p, one may minimi;e |em| using tne gradient as §1ven 1n_
(2 41). The problem ef {11-conditioning is thus avoided as one does .
not have to raise a number to a large power '6ne of the most important
advantages of the modified approach is that the gradients need be
computed only for the components equa\ to the maximum However.
‘ before describing the implementation of the approach, it is shown
that the negative of the sum of the grad1ents as in (2.41), though I
it represents the Jdimit of pr(x) as p -+ =, does not a1ways give a
descent direction for the true minimax function, let a]one giving '
J'tne direction of steepest descent. As 2 simple example, consider
. o e1(x1.}g) =-.3x2 +1, e;(x],xz) - xl'-x2
at the point’ L : A R
(X15Xp) = (150)
Thén we have o .f_
1(x) = 01,2},

ey = (0 31 Vey = [1 -1] I .
and . : e
- 1im vf (x) - (Ve + Ve ) -
L 7 (e e - -
- = [1/2 1]

However. the d1rect10na1 derivative 1n the d1rect1on [1/2 11
-~ from (2.25) is | . I
sfy(x; -[VFp(x)1) - max{ [0 af-1]. 0 - -

R A S -0 L1 -2].
/ : . w2 q' " )

W e - e e
s b4 ’

T N




ST MR A ™ STy vema, m

-30- . T c
\ .
" Hence, im - ve (x) is actually an ascent direction for, | | (- )H.,. : ,0 |
. poe :
Actually, it 1s possib'le to give a simple geometric 1nterpretat10n b

of the situation.- A two-dimensional space will be considered to

111ustrate the point as it is easierﬁto visualize in such a space. |
Let o ' S [ . '
hy = ~!Ve§,(§)]T sgn e (x) |
and : - .
- Ivez(x)l sgn ez(x)

“
i

. be the two gradient vectors ‘for, |e1(x)L and lez(x)l respective]y. as.
11lustrated in Figure 2.3. Let hy be the negative ofcmf sun of the

gradient vector h] and hz ection, the {nner

For hy to be 2 descent d

products of h3 with h, ‘and hz must both be mgative. as given 1n (2.26).

.’ Thus the projactions of h3 on hy and h2 nust both be negative Homver. ,
. as may be Seen. the proJecti,m on h,-is positive, honce hs s not a

descent d1re<;,t1on. In fact, hy 1s an_ascent.direction. This Qlomtrical
'Interpretation mkes it clear Jthlt the 'abovc oxample 1s,not Just a

) patholog'lca‘l case. -

2. 5 3 nc;ica‘l lmgl_c_mngtjgn ‘
- The search direction 1s simply thc nmtivc of thl sum of thc

gradimts of the cmrm\@mﬁl\m ngnitudc to the mimu
Like the true ninim casc. coupomnt of the pcrfomncc function
. .~ vector 1s constdered marmivm when {ts nhtw& diffarence fm
* the uxim is less than 9 pndotomimd m‘ll poﬁtivo W 6. To
obtlin the direction of. snrch. tl\o n[thod of Hct.chor llnd Pml\ 1:
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adapted as descrihed for the true minimax case. Thus the f\GW‘Ch&S;_r ggg

for this near-mlnlmax algorithm is the same as 1n Figure 2.3, where
4

the search direction §=1s givén by mod1fylng (2.41) ag

ERDULIIE N 4 (x] | e
. d ,(/‘l“w(ﬁ) len(!)l(leqi'(é)llle,!.l—)‘l‘ | (2.42) o
where . ’ g -y _ . . - )
) J<x>-f1~'<1-le{(x)/emnq} — R N

" For the problem discussed in sectlon 2.3.2, where it js neceésary

to minimize m:x e,(x). the expresslon for the search dlrectlon s is the

. . same as (2.42); however, the set J(x) now becomes

g = 01 0 e e <& o

. 2.6 CONCLUSIONS

] The ménimax optimizatlon problem is studied from a mathematical
'polnt of vlewy and it 1s shown that 2 directlon of steepest descent
for the mint\ix objective furiction can. be found through linear
- '. programmlng. Using the’ results. an algorithm based on the algorithms
T of Fletcher and Pletcher-Powell is proposed for solvlng such problems. o
///4//i//f o {4' It is also shown thet lea:t~p-th optlmlzation with large values of |
) p can be tackled in a simple manner. The limit of the hegative of the :
gradlent of "the least-p;th performence‘t’nctlon turns dut to be an
average of the negative of the gradient vectors’ for the ;omponents
equel‘to the max imum, '.Thls direction ‘is useJ in conjunction with
Fletcher-PoWell‘s variable metrlc method to find the seanth direction.
' However, this average of the negeéﬁve of the gradlents is shown not to

give a descent directlon for the true mlnlmnx perforhance functlon in
— ) Pl « . -

o '
-
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general. .The most significant advanatage of using the near-min{max
approach 1s the ease with Which xhe direction of search 1s found,

even if it is not always a descent direction. .

[y
o

" In both the methods, the fact that the. grdients need be computed S -

for otﬂy a few °components of the vector of performance functions

(namely those where the maximum 1s attained wi}thin some to1erance).

/

is of‘p’rime s1.gn1f1§:anc,e compared with least-p-th ‘techniques.
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©. .. 3.1 INTRODUCTION ,
In tms cnapter, the feasibility of the true-minimax af gomhm |
presented in Chapter 2 is éstab1ished by applying it to so]ve two kinds ,

“of.design problems, namely, (1) design of filters, and (11) device
- e )

mode11ing.

The examples on the des1gn of f11térs consist of m1crowave n-
section filters, a passive lumped Lc f11ter. and a Iunped d1str1but9d RC
actﬁve filter. Thése examples have a1ready been tackled ‘by others. by

'using various minimax approaches. - The discrete frequency points at

which the networks-are analyzed to compute the minimax performance function
are also taken to be the same as by others {4,5,97, to be able to have ‘

a meaningful comparison of our method for- efficiency and speed.

* The examphe on device'modeIling 1s that of a'Schottky-clamped

transistor which has not been tackled by the minimax or theiléast—squares'

approacl so far in thé iiterature. . In fact, a‘computer-aided modé{liﬁg,

:of such a device has not yet been attempted by others. quever; a dc
- model for a Schottky-clamped transistor should prove useful because of
- 1ts significance in high speed switbﬁing circuits (24, 34]1. 'fha varfous ~
) equiva]ent circuits for analysis in tﬁis'case are nonlinear and much
: more coupIex than in the fliter design case, and hence it requires more
~ effort ‘than the. straightforward appl1cation of 3 mindmax algorithm
These aspects are’ discussed in more detail at appropriate places.

4




. . 3.2 APPLICATION TO FILTER DESIGN =~ . °

. and “the true-minimax algorithm of Chapter 2 is applied to solve each

. of those problems.

. - .
© 3-section tr&némission 1ine. transformers. The prob'lem is to m1n1m1 e "

, active 'fil'ter, where upper and iower bounds on the response in"

the stop band) It is required to ﬂnimize the maxymum violation of

-

Theée kinds of filter design problems are tackled dn thié ch‘apte'r,.

Example ,1< (291 is concerned with the design of ~2-secc1on-and

~ the maxirmm reflection coefficient p of the comﬂosite transformer‘ n

a certain frequency band One may like to have minimum o for fix .
line lengths. and 'varying. the characteristic 1mpedance zy of each section,
or the problem may be tc(i fi nd the minimum refl ection coefﬂcie by
making each characteristic 1mpedanoe z; and each secc'lon leng L, as .

a design parameter.

S &

Example 2 [22] involves the design of an LC \natohing n twork- Jt7
is requ'lred to minimize the max{mum ref]ection coefficient of the circuit

for given source and load resistances The design parame ers are all ]'

the 1 nductors and capécitors.:

' ‘ Exanple 3-130] consists of the design of a lunpg,&- 1stributed RC

different frequency regions are specified (name!y the pass band. and N

the specifications in the frequency range. The design ‘parameters i're

the different r'es;i'stances and capacitances 1nx.tbe circuth. and the gain

of the amplifier .. S e
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The gradients .of the various components of the performance
function vector'are‘conputed by the method oi adjoint networks (133,
The design’parameters are constrained to be positive by. taking the
actual {-th optimi;etion parameter pj as o
: () ' o ' 3
1 - x.i . . . )
- where X4 s the corresponding i-th desjgn parameter.
. v , S _
3.2 1 Examples.on Filter Des#gn i
i ' /“.\
ExampTe‘A‘_ Quarter Wave Transmission Line Transformer S

\ .
The erobiem considered is the design of 2-section and 3-section

' 10 n tolq transmission line transformers over a 100 per cent relative

bandwidth centred at 1 GHz, The objective is to minimize m?x Ipi(X)I o
over 11 frequency points in the band 0.5-1.5 GHz at steps of-0. 1 GHz for

the network as shown in Fig. 3 1, where - pi(x) is the reflection coefficient

at the {-th frequency point. e

»

In the 2-section case the variables are the.characteristic impedances .

z,.and 2,. The results are shown in Table 3.1 for different starting

" values of Zy and'zz. The aigorithms~are terminated when 0.01 per cerit

.. of the optimum value is reached The iengthi’of each. sectfon are taken

as unity when normalized with respect to the quarter wave-length zq

at the centre frequency For. the 3-section case the n exanpie points

. are‘taken at,

, )
“{0.5, 0.6, 0.7, 0-7@? 0.9, 1,0, 1.1, 1.23, 1.3, 1.4, 1.5} 6Hz.

The design nesults‘with_the characteristic impedances'zl, Zy, and 23
L b, . Co :




P byt

as parémeters are given 1n'Ta61e 3.2, Next,'th charecteristic
1mpedances Zys 22. ‘and Zy, a5 well as the 11ne engths 2,, 2,, and 13
lare taken as design parameters, and the corresp nding results are shown

in Table 3.3, ,The Tengths are again normalize with respect to the

" length &_ at the centre frequency. These problems afe also tackled in

q 4 . i
[u‘slo - ] ) \

" Example 2: Lumped LC Transformer ,

‘The problem considered is the design'of a \-section 1umpedec'
transformer to match a 1 ohm load to a 3 ohm gederator over the

normalized frequency range of 0.5-1.79 radiams/sec The structure of

o .N/

the _network 1is shown in Fig. 3.2. The function to be minimized is -

f{x) = max [0 (X)] \ ‘ \
1sis2) ‘

\
|

over 21 uniformly spaced frequencies Wy in the pas; band, and the design

parameter vector is given by L N \
The results are shown in Table 3.4. The 1n1t1al va]ues of all the

parameters are taken to be 1. The probIem is also ta%kied in 137.

e

Example 3. Lumped-Distributed Active Filter l ,
- The design of a third order lumped-distributed-a

tive Towpass /
filter (5, 301 as shown in Fig. 3.3 {s considered next. It 1is desired
to have an attenuation and ripple in the normalized. pass band [0, 0.7]

" ‘rad/séc. of less than 1 db, while the attenuation in the stopé‘ﬁnd
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L ane B |
TABLE 3.1:- TWO-SECTION TRANSMISSION LINE .TRANSFORMER
e ” .
- T ‘I
Initial Initial value CPU time Function
parameter of max |o;] ‘| - 1in seconds evaluations
values : ‘ o
fzy =35 0.54574 28 ] a2

z, = 6.0 , ' : ,
z; = 1.0 0700 \ | 25 .. | a2
& , . - l
- 3.0 ] '
%2
Optimum max 'lé,/f ~ 0.42857 I ’ &

Final parameter E‘lues: z - 2.2353, z, = 4.5706'4
Number. of function evaluations in (5] = 56 and 118 respectWe]y

Number of function in [41 = 95 and 126 respectively R
a . | o | ,
,,-—3,;3 ' /‘?

‘ ’/ -

. s s ity
- ‘/'/
Y

: L ~ .

e _,_____;__J""’_‘N J"'""' f

.t \r‘,‘
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. TABLE 3.2: THREE-SECTION TRANSMISSION’ LINE WITH'FIXED LENGTHS
. Initial Inftial value © CPU time Function ‘
parameter of max |p,| in seconds . | evaluations
values '
T * | =% — — -} (U B
2, = 6,0 0.24785 3 [F %
_ ‘23.- 1.5
R ‘ . . Z] = ]000 N
z, = 3.16228 |  0.70930 53 -] a N
23 = ].0 ) ' - ’ ! , | \
[ X8 . ‘ N . ‘
- © Optimum max |oy| = 0.19729

Final parameter values: z, = 3.17079, z, = 6.13763, z5 = 1.64014 ~
Number of function evaluations in [4] = 140 and 175 respectively

/

1 : -
' o
-

- .

~,

g
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* . ! . -

[ A ' 2. ) . '

. W —_— r ’ . .

. - . . ' ‘ . ‘

. + . . -, . . . s .
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N , P . . .
. J , . . 9 iy
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TABLE 3.3: THREE-SECTION TRANSMISSION LINE WITH VARIABLE LENGTHS = .

: &
Initial parameter | Initial CPU time Function
-values : value of in saconds evaluations
' mQXZ]qu )
z],-15.s.1-os, L e B ~ ' | ]
12 - 300. 2'2 - ].2. 0‘0388] 2]08 T 156_ “
23 - 600. 23 - 0.8 . P . t
. . ' ‘ B . . f, . 1
z‘ - 1.0' 21 - 1;0 e ol\\ R ) "
Z, = 3.16228, - ' : ' W , ,
L& ' L } . "
1, = 1.0, 0.70930 2.3 189 ‘
'23 - 10-0". 13- ].0 \ y , ) - . ’ .
Optimum max lpil = 0.19729
Final parameter values 2y - 1.6299, z1 = 0,9982, 22 = 3. 1535.

. Number of -function evaluations in [9] = 160 and 178 respectively

2-10.23-60994.£'3-'|0018

Number of function evaluations in [5) = 645 and 668 respectively
‘Number of function eva]uations in (4] = 498 and 696 respectively
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s
I
-

" Number of function evaluations in (37) ;-'131.6

s~
TABLE 3.4: THREE-SECTION LC TRANSFORMER _
| )
Final parameter Initial . CPU time Function
-values ' value of in seconds evaluations
max |p,] ‘
mO%E
CZ -'0.9256 |
Ly = 0.4249 0.65508 28 297
- f
Cy = 0.7760
- |
L5 - 0.;392
L
Optimum value of max |e,] - 0.0f576 »




/

time eported 1n [111 for one least-p-th optimization - 60 secs.,

Total number of 1east-p—th optimizations in [11] =5

 -45-
Iz e“ , ('n
TABLES 3.5: DISTRIBUTED RC-ACTIVE FILTER
Initial | Final . | Maximum violation | CPU time | Function
parameter parameter in spécs. in db in seconds | evaluations
values values -
Inftial. Final-
A-1182 | 1003 | L |
R =17.786 | 21.5716 ;
C=0.427 | 0.4787 - °
Rye 1.0 0.6171 - | 1.1533 0.02935 | 11 93§
Ry= 1.0 0.9507 /
¢,» 0.067 { 0.0454 N
Cpm 2.62 - | kept fAxed-| .
o , [ \
Y . -




[1 415. «) rad/sec. is desired to be at least 30db Nine sample
points .are taken in the’ pass band, which are {0. 0.1, 0.2, 0.3, 0. 4.
0:5.40,6. 0.65, 0.7}, and 17 sample points in the stop band, are taken
“as (1415, 1.5, 1:6, 1 7, 1.8, 1.9, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6,

2.7, 2.8, 2.9, 3.0}. The design parameter vector is " o’

-

o T

where A is the gain of the amplifier, R and C are the total resistance
and capacitance of the transuﬁssion 1ine and, Ro. Rl' and c] are as

shown in Fig. 3.3. The results obtained are shown in Table:3.5.
a4 ’ ‘ '

.3 MODELLING OF A’ SCHOTTKY-CLAMPED TRANSISTOR

&

;.g,i Entroduction | ‘
Schqcc barrier dicdas are of great significance in tha;design'of
Ingic cifé::i;; since they do not stona charga: this.is particularly
useful in,transistor-transistor logic (TTL)'circuiis. In a TTL circuit
they are used co,ciamp transistors at”ine.edce of saguration.'tnaraby
eliminating the delay caused by minoriiy-carrier charge storage [24,34].
‘ The range of opcrating conditions over‘which a Schottky-clamped ? '

transistor (SCT) is useful depands strongly on the parasita resistances.
LThus obtaining a nctwork mode) for an SCT based on input-output '

characteristics is of much practical significanca. since it is difficult .

. to maasura the transistor parannters directiy.

[N

‘The purpose of this exanpla is to iilustrata the feasibility of

, conputor-aidad nndciiing of. an sCT by. using tha trua mininqr algorithm.
SN RN [ - :
A 5 ,

/ . t

NN
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A m‘1n1m.ax optimiz;tion approagh to device m&eiling” insures 'that thé\ _
dev1ation'1n the model response’ from th§ mﬂsured response does not exceed
8 maximum bound. On the other hand with mean-square error n'dnimizaﬂon. |
‘1t is possible ‘to have good matching in ge ral ‘at ‘the cost of ‘large
. mismatching at certain points. Thus a minimax modelling approach should

be more desirable compared to a mean-square error m‘[nimization.

3.3.2 Initial Model and Measurements

‘The initial model chosen for the SCT is illustrated in Fig. 3.4,

To obtain an a'ccurate estimate of fhe mode'l parmter values, the model

. rasponse must be the same as the actual c1rcu1t response urcd\e‘\arymg

opnrd‘t'lng conditions and excitaticms With ‘this in mind thg.f’o'llowing
" set of measurements are cons {dered, The parti’cuhr device under test is
known as SCH-1, mnufactured by Microsystems Internatfonal Limited, “

Ottma ’ Canada.

' _Igaggrmnt 1. A power supply EcE iof 5 volts.is applied 1q|\ seri‘es
with a. Toad resistance of RL of 560 ohms. Now, the Sase is excitnd by
a-current source which varios from 0.5 ua to 3.16 ua, driving the device’
well, boyond nturation. The cornspond'lng collector to emitter voltage '
VcE. and base to emitter voltagn VBE are shovm in Table 3.6. A

w A vo\tm VBE nnging fron 100 sV to 700 mV 1s
applied across basc and uittcr Il'!d thc corruponding emitter curnnts :
when collector-base 1s open (Imf and when collector basc is shorttd (IES) -/
,art shown 1n Table 3.7, ‘

we
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L "Fig. 3.4 A Schottky-Clamped Transistor Model.
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_are ;hown in Table 3.8.

Measurement 3. A voltege VBC ranging from 100 m¥ to 700 mV fs

epp'lied across base and co'llector and the corresponding co'llector currents

‘when emitter-base is open (I.y), and when emitter-base is shorted (Ics)

3.3.3 -.The Performance Function

+

The overa]l minimax perfomence funct‘lon aFter being nomaHzed

may be expressed as

fy(x) = max {] [VCE(x,

dl

. .‘ “VBE("'

I tfealxs Ve ) = TeclVor M/Iec(Vee )
Eg Bi-:j/. "ES \BEy es B.E:J‘

| gyl Vo, - TeolVee, ) /TeolVee Al

-

- | tgplxs Yac,) - ‘co("sck)”‘co("ack)“ ‘ (3.1)

'leI.JcJ.endk:K. = o
»” ./,\
uhere I, J, and K are the sets of excitaﬂon points for 181' VBE » and

VBC respective\y. The volteges vcE(x. I ). VBE(x. B, ). end the currents )

~ responses of the circuit uode'l for the comsponding excitations of

. may be uu'ltiplied by a :u1teble scale factor "1' ,

Vee(ly ) (1 Iee(Vpe ) Iea(Vae Vo Inc(Vpe )o and Inn(Von ). The
ety )+ VagUla, )+ Tes(Vpe,)» TeolVae, ) YosVac,)» #% ToolVac ) e
performance funct’ion.es given (3.1) puts equal weights to each

couponentwhowever. 1f one desires put varying weights, eech co'ponent




'3 3 4 Infitial Guess for the Model Parameters

The exact values of the various para ters depend on the make of
the device to a certain extent.. This in turn depends on the device
material and,a]so on the device geometry.| Some of the parameters can ‘
'rough1y:be guessed by these factors and the device characteristics. a

The various parameters to be estimated and their initial guesses for ‘the

*jn1t1a1 mode1 are shown in Table 3.9. However, as may be noted from the

table. the parameter values vary in magnitude from 107 -15 to 102. This

.
o~

may create performanqe funct1on(§urfaces with sharp valleys (23, Ch. 21,
which w;*i make” the convergence of/;n optimization algorithm ve}y slow.
Thus, the model parameters are scaled such- that they are all of the

same order of ma§n1tude

Let c, be the value df the initial guess for th 1 th mode]

i
parameter. and Yj be the sca]:?zpamamet r to be optimized The scaling
is done such that the value o ¥4 becon

Thus

unity for each parameter.

. ,;1 -Cy ¥y (3.2)

"o

are all positive,jwe actually choose
) y . .
5 B B

where Yy = pf o Y




4

'3.‘3.5 Transformation of Paraﬁieters, L

. Similar transformation is done for ap.

i

o

8

It is known that the forward curr"ent ampricat'ion factor ap of  the

transistor is very close to 1,. (. 99<aF<1 0), thus the network mode1

. response is Mghly sensitive to any variations in ap It was’ found that

" for uF as a parameter, the optim‘lzation algorithm did not converge at

-

au. Therefore, a new parameter is defined as

R T B

. such’ that the range of Bp is from 0 to = for ap ranging from 0 to 1.

. 3.3.6 Evajuation of the Performgce Function

As evident from (1), to eva'luat'e‘the performance function fM(’-‘) :

. at a certain value of Xs thg mode]l must be analyzed at all the excitation

points 131. ij. Vsck' ¥ iel, JeJ, and keK. It should be noted however,

that for each excitation Vgg,» the emitter current is measured with
collector tol]base shorted, q?td collector to base opened. Similarly, for
egch-egcitat_ion VBCk’ the emitter curmnt'is measured with emitter to
base shorted and emitter to base opened. Thus for each excitation

Vee ind VBCk" two different networks are ana‘lysz. so that in all there
are five different nonlfinear networks to be’ am]yzed A modified

“version of the Nwton-Raphsm( mthod is used to analyze the nonlinear

mworks by dcfining a comanion network for each nebvork {12, Ch.53.
A pro?run is written to anmalyze the networks under all the excitations

"and the cornsponding rcsponsos and the diode conductanccs are stored in
'. cuffonnt arrw;.& to be used for gradicnt cal culations.

P

ey



Computation of the descent direction of fy(x) as given in (3.1)
involves the calculation of the sensitivities of the excftations with
respeqt to the paremeter vector x. The method of adjoint networks {13]
is used to evaluate the sensitivities. The linear adjoint network at
any excitation is easi]y obtained since all the\non11near conductance

values -are stored during the analyses of the” origina] networks ',f)

3.3. 7 Optimization of - the Initial Model %m*

Initiafly the model as shown in Fig 3.4 is optimized with(the

variable paraneters as shown in Table 3.9. It is found that the matching

-~

is not very good in certain'reg1ons. The optimized'response results,

are given in Tables 3.10 to 3.15.

3.3.8 Improvement of the Model by Growing Elements .

e

It is expected that 1n‘F1g. 3.4, a resistance between nodes 1 and

' . ) . . ,
2 should be created to account for the base-width modulation. Initially,

«.. . " a conductance G = 1/R, with zero value is assumed tetWean:the nodéds and
1s taken to ‘be a .new parameter. Now. ‘with ‘the optimized parametﬁr
-values of sect?oni3 4.7, the perfOrmance function is evaluated and the .
search direction found It 1s found that the search'd1rect1on due.to G .
'1s negative and large 1n magnitude. It is therefore concluded that tnere
is a strong tendeney for & to grow 1in va]ue [14]. Hence, a nonlinear |
conductance | . - |

& = rolgstexp(Vge/Vy)-T) .

is 1ntroduced between nodes 1 and 2, where V{=kT/q=0. 026 at 3oo°x. and



., 3.16. .

.
. 1
| ‘
'

r, is made a design' par‘ameter.
]

OSimi'iar'Iy, Rc2 is replaced by Réz (241, such that
Ré - R, + axc' .
2 2 ’

_ o o ) : |
~and 1t is found that the constant o has a strong tendency to ‘grow. Hence.
a is also made a de'sign parameter? It shouid be noted that to be mo:;e
_precise, Ré : shouid be treated as a nonlinear function of IC‘ howevei';

2 nedr

" a Tinear dependence 1s assumed for the sake of simpiicity The resu]ts
of the optimization are given in Tables 3.9 to 3.15.

* The final parameter'vgi-ues for both the models are given in Ta“b'le

I

‘3. 3§ Discyssion ‘ . -,

2 .

Minimax optimization is app'iied to the prob'lem of modeﬂing of 2
Schottlgy-ci amped transistor. The initia] mode'l chosen is a very simple
one. It is found that the optimized model is a much better match than
'the initial model whose parameter values ere"guesseci. However, as i;
.avident from the resu'lts. the match is not good° at some test points. 7
" We then attempt to improve upon the mode! by vgrowing" certain elements
at Cemin places. It is found’ that the response of the improved mode]
15, s1ghtly better than.that of the initial mode1. d

The modei may t\e iq:rovo& furthei‘ by edding more noniinear e'imnts
- at eppropriate phces. Houevor. for a model to be of significenee. .
the match shoulci be quite close at m test po'lnts, which uy not be .

LI ' “y
. ‘u

Tk

T

#




o

A 1

' define fM as - _" - -

- s y

" . . 4

4 ’ 3 ‘ ’
‘ob ained by using on1y 'Iumped e'lements 1n the mode1 Hence, for:
1gn1f1cant1y better resultsy a distributed model should be taken.

/

/bﬁrgover if 1t 1s desired’ to have'a better match at ceértain points
than at others. it can be achieved by mult:.'lp'lying each component in

(3 1) by. su1tab1e weightflng factors. This' freedom gives a great deal
of*ﬂexibmty in the mode'l'Hng : |

[ .
P

* The m1n1max performance function fM as defined "in (3 1) finds the
e
maxirnum deviat‘lon from ;}:he des*lred response .£or all the excitation

g -

vaiues over each kind of exci tat%ever,—this kind of a performance

‘funct1on has .one drawback “that js, e .error in measurement at a

'3,’ - single po'lnt 1s~ significantly h'lgher than \1.1 f.he other points, the \
g

opt'lnum r.esult may be drasticaﬂy affected by that. Howe\fer\ if we

. T S
1fM-NGX{E1} . ..‘ - =

- - [

4

S where E‘.1 1s the least-squares performance function for the i-th

‘r\v‘ , Py
- s

,,excitation source. the effect of ‘a n'lso]ated error’ “4n measurement is

V.

consideralﬂy reduced. For the mode'lling prob]em under cons1deration, _;

it isa viable a]tarnative and worth looking ‘into.
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TABLE 3.6: MEASUREMENT 1

i

» .

)
l .
: g Vee Vae
. ¥ . .
0.5 wa .977 .605
" .0 K E.séo .627
2.0 4.900 650
5.0 4.710 678
» 10.0 4.380 - .700
’ 200 . 3.660 ’.723
50.0 _ 1.580 .758 .
53.7 1.450 .762
. 100. J35 .768°
200. .690 2780,
500. .630 .818
1.0 ma 410 igés
1.846 ma .335 .957
3.13 .3 989
" 268, .280 1.04
3.6 © 258 1.1
—_—
"’
‘

wilgmerd 1 .
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TABLE 3.7: MEASUREMENT 2 :
o
£
Vee -~ gs o ‘
, Lo
-9 » .
100 mv .400x107% A 0 A y
150 J120x1078 .800x10™ V! \
200 .180x10°8 .100x10"10 B
' 250 .230x10°8 " .590x10710 -
300 . .480x1078 .300x10"9
350 ".170%1077 21021079
) 400 .650x1077 \' 1501077
o1 as0 ¢ ~.220x1078 .9a0x10”7
) \_6 , -6 -
: 500 .780x10 .740X10"
| 550 .363x105 .350x10"°
600 .203x1074 ;203107
+ 650 .149x1073 41073
700 167x1073 ©.168x10™2
» -
. ! \
"\__,-’. =
L]

P
{
;
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) TABLE 3.8: MEASUREMENT 3
» \( 1
Vac ‘& - Igs Lo
100 ‘mv 205 ma 205 - na h
150 520 ra 520
200 s 1.3 ua 1.3 uh
250 4.2 4.2 .
-300 18, - 18.
350 713, 73,
400 215. 218,
450 4s4. 454,
500 ‘777, 777.
. 550 1.143 ma .43 m
600 1.561 1.561
650 2.04° 2.04
700 2.68 2.68
N - | =2
L "'l'/";‘ P
¥
. , ; —
¢ ny L
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)

Parameters Initial estimate -
T “ , o
‘ 1 x10? A ‘
S5
UN 1.1
Te 10719 A
0, 1.4
RET
1 ' 10 A
- ‘ Es .
N 1.1
1 Rey: 16
Rez 100
Rs ’ 15 . z .
S
Ly . X . fo
¢ . ,
W : -
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TABLE 3.10: OPTINIZATION RESULTS FOR Vge

7 ‘

s
. ’
- Lo
T M " b
. Y
.

e | Ve Ve ] Ve '
" measured . inftial optimized optimized '
' ‘ ) (initial model) (improved model
0.605 v | .573 Vv 647 v .643 v
o627 | .se3 | - .ee9 664,

1 0.650 613 691 s |
0.678 .| .639 721 S BRI T r
0.700 660 - | a4 739 - '
0.723 .| .e82 - - .768 - iz;ﬁ( |
0.758 714 802 - lem , !
0.762 7 ©..805 | .804 '
0.768 g | w0l 810
0.780 739 K-\ ) I 8N
o8 | aa | a3 . | e
0.866 | .744 .88 R o7 .

10.957 7. | 819, 1 e

0989 ' | . .9 © B2 | BT

1,040 RO & | ez

1,100 RN .825 8%

4 | ’ - -
!




TABLE 3.11: OPTIMIZATION RESULTS FOR Vg « -

Vee Vee - Vee Vee
measured | initial optimized " optimized
o (initial model) (improved modetl)
/ .
4,977 v 4.975 v 4.962 v 4,944 v
4,950 4.950 4.924 4.890
4,900 4.900 4.848 a8
4.0 4.752" 4.622 4.469°
© 4.380 4.505 4,205 3.977
"3.660 | 4.009 3.491 3.092
1.580 . 2.525 R} 1.028
1.450 2,342 .950 -.824
0.735 0.663 527 531
0:690 0.602 469 SVYIR
0.630 0:563 a3 a8
o410, | 0597 an .376.
0.335 | 0.510 329 a2
0.31 . 0.503 .318 .320
0.2 0.492 301 300 -
0.256 0.482 285 284

r,' ”
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TABLE 3.12: OPTIMIZATION RESULTS FOR T

{

4

A .

boles |0 les! g Y ‘
" measured initial optimized optimized '
. “(Initial model) fimproved model)
400x107% | L3zea07Mal  L22exi07VA | L2330 A
a20x10°8 | 3sex1070 | Lgsaxio”! .103x10°19
J80x1078 | .ooax10710 | .4s2x10710 staa010
230078 | .s19x107 .252;10‘9, .253x107%
.480x10"7 .298x10°8 J14x10°8 .125x1078
a0 | anxoe? ©.553%1078 615x1078
.es0x10”7 oes10”7 | L268x107 .303x10”7
22001076 | .s66x107C .130x10°¢ 149x1076
.780x10°5 .391x10°5 633x1075 .737x10°6
36307° | Zaaot .354x10™ 416x10°5
20078 | amaed a72x1074 .205x10™4
490073 .706x10™3 .833x1074 .101x10°3
67073 | L3sex07? .399x10°3 488x1073 .

’ A i
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TABLE 3.13: OPTIMIZATION RESULTS FOR feg
g o - | o I
measured initial optimized optimized
" (1nitial model) (improved model)
0o A | .z2000MA|  zzex107!] A 2381 A
- A[aLL TN R PR T .118x10710
dox10719 | Lr08x107° 5561070 = 58910710
~590x10710 | 625x1079 .270x107° 291077
.300x10°% | .359x1078 131x1078 143x1078
210x10°8 | .206x10°7 a0 ~.705x10°8
" asoxi07? | neao® .369x10”7 :346x10°7
.940x10”7 | .e81x107 150x10°° 169x10°°
7801078 | 30107 | - .730x7076 7 .828x10°
50078 | Lzt | asexio | .405x10°°
230x107% | L12exi073 arexi0td .198x10™4
a0 |- 70601073 833x10"4 .965x10™
68x1070 |+ 336x1072

.399x1073

.464x1073

X,
N




TABLE 3.14: OPTIMIZATION RESULTS FOR I.¢

Les Ies “Ies Ies
measured initial optimized optimized .
Co : (initial mode (jm.proved. model)
— ——.205x10°64 | _.geox10™7 Al .3esx1077 A | .37ax1077 A
.s20x1078 | 109078 | Lisaxie® 160K1Q°¢
EREN T NI 4541075 .482x107°
.420x107% | Larex0™t | 132x10°5 J42x107° -
J8oa107t | 202007 | . 3991078 .437x10°°
a0 | Lesaao? [ nsao Jemiod
L2x1073 | L1ssaot? | L3zexi07t 3661074
4sax1073 | 266x1072 .so&}:“‘; .102x10™3
amxed | oseziet? | L2ssxi0? 2261x1073
Maa0? | s2en02 | Lsaaxn0d .585x10™3
sex10? | Leesa02 | Lro7wio”? Mx1072
.204x1072 | .goex107% |  .181x1072 .182x1072
268x1072 | Lomex02 | Lzrex0? .267x10"2

)

Ld




?AQ 3.15: OPTIMIZATION RESULTS FOR L. ~
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% .

b

»

I Teg - Teo Ico
© measured: initial optimized optimized
1 (1n1t1a1 mode]) (improved mode1)
A -6 e dro=T 7
.205x10°°A | . .224x107° A .3as,ho A .384x1077
52001076 132x107° 173107 .166x1078
30078 | L7ssxi075 .454x10™6 .485x10”6
.420:10°5 1 4180107 32x1075 ERTLN
a8o0™4 | L202x1073 .399x10"3 ,.437x1075
73001074 .686x10™3 a0 ' a2rx1074
2sx1073 | Lssx102 | ssexiont .366x10"%
4540073 | .266x107 .904x10"4 1ozx10‘3 |
77731073 . 392¢10°2 .235x10°3 :261x1073
02 | Lszexio? 5431073 sesx10™3
. 156x1072 .665x10"2 107x10°2 1072
.204x1072 | .808x107% Jsix102 a2
2681072 | .965x10" 27201072 267x10°2
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~7 -~ TABLE 3.16: THE OPTIMIZED PARAMETER VALUES

o

.
' /
H

IS
4

Parameters . optimized values ‘ optimized values
7 ' (initial model) (improved model)
" I eoox100 A " 69910 A
J , ‘ cs -699x10 7 A = .699x10 ~
N 1.408, 1700 ¥
Ies 0110715 100x1071° A
e 1.4 1,409 |
| 10=12 - -2,
g 1011077 A T10101077€ A
| a | .997 . - .93
o 499 +499
R " 15.0 14,00
] Coe .
Re. 9.4n 9.0a
. , .
> 4
- HRS . 110 ' .‘40'1580 ' '
| Ry - 19.8a 2020
. o '
R. X < 1.xio'%a
X a X .999 -
/
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3.4 CONCLUSIONS

—

-
~ St
¥ o -

The true-minimax aléorithm proposedlin Chapter'gijé,applied to
design different kinds of Ffilters and to the modeﬁliﬁb'of a Schottky-

«clamped transist@r. Fletcher's method and & modified version gf fhe

_ Fletcher-Powell algorithm are used in the optimization‘aTgorithm.' It

is found that the algorithm is quite efficient and reliable, and -
compares favourably with the existing:methods (4, 5, 9, 25, 351. It

has, also been found that rhe optimization can be carried out by using

only the modified version of Fletcher-Powell method without any

appreciable loss of efficiency. The fact that the gradients need be
: . K ' "

computed onHy at a few comgonentS‘of the performance function vector

is of s1gn{f1cance for many design b%obTeN§. paft1cu1arlx so in device

_modelling where many nonlinear networks are to be analyzed.
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;
‘minimax problem, The basic-idea here is the same as in [6]. We' then .
proceed beyond the results in [6) by showing how equality constraints

-
~

;,. can also ‘be incorporated in‘ the same general framewrlg.

Consider the following problem: - . ’

-

o 4.2.1 Nonlinear Programming Problem with Inequality Constraints (NLP1):

Given, £y R" ~ R, i= 0, ..., m, chontihuoust differentiable.

Minimize fo.()i)' subject to f1(x) <0, 1=T, e M (4.1)

‘With th;s‘ problem one can associate the following minimax problem.

ki
v

. 4,2.2 Unconstrajned Minimax Opt#nization:Problem (UMP1):

. umn.im*lz?.F(l() _A_ 1’2:)5(!!! 'fo(ﬁ). \fog‘z’()’ + u1f1(L:>5) (4‘.\2')
‘whe_re ay, 1 -/ 1, «.., M are given posit:lve constants. . |, '
- Theorem 4.1, Any ‘solution of UMP1, if it s feasible for NLPI,
golves NL#_‘I. Iﬁ, t':he “1'5 \aré:s'ufficienﬂy hrg?; a'ny-poinit' sat1'sfj1ng
the Kuhn-Tucker conditions for NLPY'also satisfies.the necessary condition
. (2.27) spplied to UNPL, |

I

Proof: "Suppbse X solves'uuPl‘and is feasible for .NLPI Then
. f1(x) $0 fov‘ 1s1s m. therefore\F(x) = fglx). Now suppose x is my
feasible 5oint for NLPY. Since fi(x) <.0 for 1 g ¢ my we hm

. o
- f (x) = F(x) (by.the feasi!:ﬂity« of 5) | ‘1 o 4.3)

,3 F(x) (since‘i sotv'cs UNPY ). .o : .

TR A 3 fo(x) {by tho fns*lbﬂ'lty of x) 2t
Y ) .o
\’ Hence X solves NLPY, L s
| B . ,‘ | ' , "‘ \ R - N “ ; 4
. ,’\‘.‘\ ) . f 'v , A :': A N 1 4 ’
. +

-

L
el

powmv—r“r -
ﬁ‘m s&éh :‘- st
ALY hﬁ# AR TR
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7

0 prove the second part of the theorem. supposé that. ‘at some

there exisit nonnegative constants SN Nn such that

Volx) ¢ I Ay Vf(x) = 0 L e
9(§)f“1(5) 1“1*(5) ' (4.4)

/

, By = )‘1 ay then\4. .4) can be, rewritten as
\ . ¢ , ,
S dellx) @ ' . €5
\ By making the °‘1 's suffic'lently lange. we ]can‘insure that T '
R . T N » _ i , , '( | .
‘\. B < 1 . D . 406 "
' 1el(g) i . ' ‘ 7 , TR
. | . \ )
. . in Which case (4 5) -can be rewz); na
. , 1. I B)Vf(x)+~8 B(Vf(x)+u1\7f(x))-0 (47) -
. - E , ( 1e1( ) 1 o fel(x) it"o N 1 o
© But this readily mpnes that ' BTN o
- L ' . T o 7
' mx  <f (x) h>.' <o (x) + ayVf (x),.h> >0 - (4.8)"
3 ||h||-1 Hel(x) Om e el TR
s It 1s routine to verify that (w 8) is the necessary condition containnd
o n (2 27), for x to be a solution of UMP]
\ ' \ The second part of Theorem 4 1 is similar .to. the results of [6],

except that in [61. -the. authors sftop with the necessary condi\ions (4.7).
R" first part of Theorem 4. l though perhaps obvious. does not appear

r

o Mo J¥ %

td have been prev*lously stated so expnciﬂy L,

Thcorem 4.1 suggests a mthod of solving a nonlinqar proqnming o
L PNNON N“h ‘llIGQualiw constnints by first transfoming“it toan " '

RTINS S Y B
- 5 S
”_
¢ ]
‘a,
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)

s *

& ; e
unconstrai&ned minimax ~;:rol;)am. Howe\'nr. fhe bilgdo:’t stu.ml'ntng block ‘."}
this technique is the choice of the. panmters ay., If the 01" are
chosen too small, UMPI hay not have any solution at a" (i.e. the

infimm is approached as ||x|| + =, but is not a,c;uaﬂ_y attained), .
or the solut1on may not be feasible. On the other hand, if the ai's.

are ctposemtoo large, ﬂ’l-conditioning may rcsult. The mcquﬂity (4.6)

. provides a guideline for selecting the ay's: thcy shou1d be large enough
that (4.6) holds,\but not so large that the pn{blun bocoms 1\1-cond1tioncd.

& €

-Let us now turn to the case of both oquality and 1mqua11ty constra'hts

being present.

4.2.3. Nonl ingar Progra ing Pv’oblgn with Eg!! _t,x ggggg ity gon;;rajnt

- (NPR)" .
G‘VQ“ fi' Rn hd R. i = 0. ceny m] h‘:,‘Rq '.'R. 1 = ‘. vee'y k. f* .“d

hy continuously difforentubh.
’.
Minimize fo(x) subject to f{(x) 0, 1=, ..oumy h‘;(x) - 0.,1 -1,

weey ke The orﬂy appanm way of oxtnmﬂng Thoom 4.1 to cover thc case

T

of cquanty constraints is thc rather dubibus om of nptnting nch

. cqualit,y constraint into a pnr of Mtquﬂit.y ¢onstn1nts. .e. by teying -

‘to. minimize SR " .

¢ LT e >
{ L4

Max fo(x)-fg(x) ®ayfy(x)folx) + thi(x).fo(x) - 'nhi(x)
msn. 1$J$k

v

However, this procndurg 1n pnctin NM mto nvon conpuut'lml
difficulties, ‘ ’

-~
., ,-1,-4.
. .

-

An ntcmtivc p mn is' to tnmfom nm 1nto,‘| nihinx prob\q

| uith tqunity constv\\nn $y. to be «sevjm néxt. - o -

Ed
>

19
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'\— 4.3 HINIHAX OPTINIZATlON PROQ_EN HITH MLI Q(_)NSTRAINTS ‘m l

" 4.3.1 Introduction ‘ ]
* Minimize F(x), defined in (4.3), subject to the constraints hy(x) = 0,
Cim N, ke

!

In'this section a bmuduri is given wﬁériby' CMPY s transformed into
a scries of uncohstratned minimax problm Thc procodun givon bolow ‘
can be though& of as an cxtnnsion. to thc ainimx case, of tho results 5
. ‘ of [2].31] Before giving this prociduu. howvor, prove some pn- o
Huﬂmry nsul ts rﬂating ‘the so\utions of CRP\ to thou df NP2, E

. Fact \: A nocessary condition for X to bc a so\ution of CNPY {s ‘
that there exist real constant‘s )\,..... Ak such that ‘ )~ ,

§F(xiv) N J: )‘J v hj(x) v>0 V¥ ve R (4.9)

- ‘vhen GF(x.v) denotes th‘ dh\ctionn dertivative of Fatx inthe

f
d"‘*‘t‘Qﬂ V. -‘/u i .". ' ,y . 1"‘

Fcct 1 s sinply an cxtension ‘of the stmmd Lagram wlt!pl'icr
tochutqg.o'to the case when tht mfpmmo ﬂmcﬁon is Just dimtiomn,y
difﬁmthbln. TM proof of, Fcet l w\ be carriod out exactly as in
m. Eh ¥ and {3 hence onitted. - . - ‘ '

Mru 4.: below nhm the solutiom of

M_g_,g_: Suppou % solvu NP and s
m\m NLP2. .-Suppose X' smsﬂu the mhhr

or WPty then, provided th conatants oy Z
hm. % also uﬂmn mmmy condi }lon (Q.O) for. W\.

'\.um those of NLPY.
3ible for NLP2; then
r necessary conditions

3

R T sumclumy

’




Proof: The first part of the theorem is very easy to provn. To

" prave the second part, suppose x satisfies the Kuhn-Tucker necessary.

conditions for NLPZ i. LY suppose. there exist nonneqative constants

k} and real constants Y§» such that

k
Vf-(x)+ I B9 flx)+ T vy ¥ hy(x)=0 (4.10)
ol IR A L .
here IR | I /

. Hx) = (12 #4(x)-= 0) o e
denotes the index set of the active constnints at x._ We prove that (4 9)
holds by contradiction. Note first of ﬂl thnt since x is feasible fo
NLP2, we have, by (2. 25) that 3

§F(xiv) = Max  Wo(x)v, (Peo(r) + a3 ¥fi(x))y | (4..12)
RN T L = :

~ Now suppose the ay's are sufficiently large, so tht

.

—pagay <l . L way)
Ael(x) ?‘ - . : S

and define

i

nem Bi/ogs telk)imaml = £ omg TR
t = Bi/ogs 1elixhing tdQ)‘ B | ‘?

ﬁh&n (4.10) c;n bo rmitton & .
! - - ﬁk . , .
rlon (x) + ?(‘) ny (Vfo(x)h1Vf1 (x))+ E Y{Vhi(x) - 0 (4.08)

'Nut. suppose by w of conm)ﬂction that (4.9) does not nold. This
. Means thét for a particuhr choicc of*v. (Q.S) hns to hold no mtter
what valuos are nssismd to thc consttnts Aj Lct v be s0 chosen, and !

r"‘
| i . ¢ L . S
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R TR

© et AJ - vjlu. where u equals the number of ﬂmnts in l(x) p\us one.

i

Then the viohtion of (4.9) implies tMt

k .
Vfo(gt_)! *Jfl YR ?:3(5)! <0 v | o (3.16)
) k ’ . ’ | .
(Wo(g)wivf‘(g(.‘))!-tjt]xjvtlj(!t’)! <0V 1:1(5) ' (417) .

"However, (4.16) and (4.17) together violate (4.15). Nence (4.9) ho\ds.g

Bafore converting CNP1 to a nqim\ci of u'ncongtnimd prob) es

" “following the app{rgach of Myﬂq&n {31], we summarize this method fifst.

~
.

s

. Problen 3: Wintmize m.n)- ) «m* NE »,n.,g\n‘ (4.38)
| where uy 2 0. |

N ' ,

‘..‘ N : S ) S ~.‘i,

4.3.2 Morrison's Algorithm
A nonlinnr prognm!ng problem with oqun'lty constraints m be

oxpnsnd as , 4 , (/

1

_mm_ Nininize f(x) subjnct to the constn'lnts hd(x) =0,
J=m e b j ~ ' '

Let X be the optim wlution of Problem l. and consider the associated
PNN!. : ) ’ ) . ‘ . . ' . ' - »

m_{ Ninimize {#(x) - N) sub.jtct to the constn‘ints ,
.\’(X)‘O. -‘| Q\o) ‘\ ' '

Now it can be shom t.hut fNg f(x). any so\\mon of Probln 1is |
a solution of Problem 2 and viu veraa. mea 2.1s now converted to
an uneomtmmd probln by introducing a pumty f\mction. as M\m /

1 P . ‘ L)
R ' R o ‘-d




, | ) ‘ : .75-!{ . ‘ ,‘ ’ , to
.. The algorithm as givon in [31) is as follows" ‘ a
(a) Start with an estimate M, with f(x) > M, that 1:. start with an

| optim'lstic guess for M,. Let k = 1

"(b) Solve Problem 3, with M= M, obtﬂn‘lng [ sohmon Xk Thcn‘ |
PlagaMe) = [F0xy) = M2 + ng o Ingyn? . (41eb)

= inf P(x,M,)
N

(€) ‘Let ﬁm'nnk +pt , | > J ga.mi
(d) If M) = Mo Stop. Othoﬁiso go back to (b) with k + 1/ replacing k.

Th'cﬁ basis for the algorithm is that (i) if M} is an exact estimte,
foe,if M = f(g). then x, is :ili’rblutiop off’Problun 2, and (1) more-
generally if N, is an optimistic guess, then My is an optimistic guess

| for 'm"k. and' ﬁg‘s converge ﬁon’qionicﬂ.ly to f(X) urder some mild |
conditions on f and ). - | | ’

| - Kowaltk et lh [27] have shown that under certain conditions a
much fl'stpr updat‘lng formula than (4.1) can be applied in step (.c).

_ Denoting the new updating. parameter by NT (tangent parsmeter), it 1s
expressed as - - '

fa=ferrtmd-nd - . T uam)
Comparing (4.2) with (4.1), ¢ 13 wparent tat stnce Il -2
3 P(xk. M. ve have N‘ 2 Nk for uu k. 80 thnbwn NI': converge ,

.....
o,

faster than the, "t"-' o N ST —

. — , .
o e .
. . . .
R . ’ © o s , .

T Y * - . D L g N 1
N . . L AT
. ’ ' .

N ‘ . : + B * . ' M
' N . - .
N v
.
’
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4.3.3 Constrained Minimax 'a_s a_Sequence of Unconstrained Minimax Problems
. (UMP2) -

Morrison's algorithm; as descr‘lbed 1.n section 4.3.2, can be applied as

-,

. 1s to a minimax prob]em with equality constraints. by redefining P(xk.nk)
.

of (4 18) as Co ' ‘ ~\
PxuMg) = [F(x) - I 2+ ngmj (94 (x)? (4.20)
N ctsgm T ) ,
,‘w}l\gm : , L | RN

F(x) = max e‘,(x)
© . 1<i<m

whcn ei(x) is the same as in section 2.2.2. Any of— the ilgoritm

A

‘{n Chapter 2 to minimize an unconstrained minimax funct'lon can be applied
to minimize P(x,Mc). It is easy to show that Morrison s ngorithn with
the updating formula: of (4.192) s valid in this case. However, it is
not appannt‘whethe‘r the faster updating formula of (4.19b) s also
valid. We now show that a similar formula is valid for the present

- UNP2, ;ven though P(x,Mx) is no longer djffcﬁntinblq. 'Fir';t. three

“prelininary results are proven.

L!!!_le-“' Suppose X 1s a solution to CNPY. Then there exist
nonmgativc constmts Aos A 1cx(x). and real constants YJ.\J -wl, -
....k. Such that Ag-= 0 if X is nonfeasible for NLP2, and

: ] ' . (4D
@ 3 e

. ’ L. . - PN k P
}o"o(‘i?“uf(!,h,‘Y’o‘!’ﬁvﬁ(5’)*;,Y:"'J‘

-0 | (4.22)




Proof: . CMPY s equivaleut to the followin problem:
f

-Minimize f = ¢ subject to . ¥
“3o(X)<0y -0+fo(x )4y fy (x)50, 151, 0 o
Chylx) = 0, gtk - o ?
Applying the Kuhn-Tucker conditions [26, Ch.1] to the above prob\,em'
yields (4.21) and (4.22) : : "
Lemma 4.2. Suppose X, is a solution of UNPZ with M = My. Then '
there exist nonnegatWe constants Ag g0 A4 g 1el(xz) such that ‘ |
A 4+ A, =1 e (4 23) f
Ok ‘leI(i ) far ™ ~ ' ,
Moy Mol¥p) + T _ Aq g(VFglxg) + aq¥fi(xg)) ' -
° 'IEI(XL) :
k | - ' N P
*J’:].{-‘”J"J(’1’)’(”5&)'"2”*“‘.1(1‘&) =0 o (4-.24)"
N ' ngf: UMP2 can be formulated as the following non {near programming. A
projlen: - - o I
" Minimize (¢-Mz)2 + Jz: wjhjz(x). subjoct to - o " o
-4 + fo(g) s 0, ¢ + f°(5), + u,f.,(x)’ s 0
Apply‘lng the Kuhn-Tucker conditions to the abovo prob\un reveals thn‘.
~there are nonneqativo constants Bo, By g, 1€I(Xg) such that
} .zto-n,>'<so-- R ) '
| el | C R
Jt Zuuhj(xz) vn,(xg) + Bo vfo(x,_) S ‘ EE
i . . P f

- a,(w,(xa ta vf‘(x.»-o/ (M)
T "ﬂ(z) ) S

. . s s
. .

\
“h.._ e . T
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Equatfons (4.23') ‘and (4.24) now-follow by defining A

L gy = (8l My)i Ay = B0y M) (827)
where we have made use of the obvious fact that, at the optimum,

(1]

¢ equals F(X,), - v . B

Lemma 4.3. Let x be the squt‘lon of CMP1, and suppose Vfo(x).
Vf.[(x). 1c1(x)“ and Wiy ) 3= 1,. ...k are linearly independent. Let

{Mp}, {Xp} be sequences such that Xy solves UMP2 wi th My + F(X) and

Xg + X as & + =, Then Aop ™ )‘o' Xy,g * 2y for fel(X) as & + =, and
moreover S

hJ(X’,)/(F(Xg) - Mg,) - 'Yj
8s L'+ ®, where all constants are as in Lemmas 4 1 and 4.2.

Proof: The proof is self evident, once it 1s observed that I(g,‘).

is a subset of I(x) for gz sufficiently close to X.

« _ Finally, we are ready to prove the va]id‘lty of the faster updating
L formula. ‘ | h
1&. eorem 4.3. Let L(x, y) denote the Laqnnﬁhn .
- - (
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L=<

in its interior such that the fo’l'louing two conditions hold.
(1) L has the saddle po'lnt property in S; 1.e., -

o e s
~ ot ks

RN
Ty ¢

i

)

‘. - — i A

|
S

L(x.v)-L(g.i) sued) (429)
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(11) Qhehevér Y* e Rk,has the prpperty that (§,I*) € S for some

x € R", there exists a unique x*.e R" such that =

(a) (xvymes . L _.J'

(b) L{x*,y*) < L(x, Y*) whenever (x.y*) &S
(c) the cond1t10ns (4. 22) and (4. 23) ho1d (with X X rep1aced by x*)
‘for some nonnegative constants AO, Ai, ie 1(5*).

'Under these conditions, whenever M, < F(i).,and is sd%ficieht1y c165e

to F(x) the following expression is valid: b

-3

(4.30).

» -y
L4

M, + P(Xg, Mg)/[F (x) - Mg] F(X)

The proof is omftted since 1t exactly: fol1ows that in (277.

xamgle: As an fllustration of the procedure, the fol1ow1ng nonl inear

programming broblem s solved. . Lo . ‘

N o " . o N |
Minimize f(g) = 4xy - Xo© = 12 . ‘ g
Subject to' , LT R .

f‘ ’ v v

: h](ﬁ) Azs" x-'z - x22 ) -
)y | 92(5) 4 xlg_+ xzz - 10x1‘-'10xz +30¢0

g5(x) 8%, 50 L -

The sterting point\was cho$en'as
xl Lad xZ -‘1. Ml -"50|bq1 = 10 ‘(for‘l -1 -' 1"2’3'- .

A4

The final result, produced after three stops'(using*the'gpdating formula

in (4.192)) was

!,}

L




- e r— e = — - e ——— S ———————- v

o My =31, 992 (- optimum va\uer)
) ‘x-l = 1,001, XZ ", 4.899 .
; 'hl(x) <216 » 1011

Qj \ The near minimax method given 1n Chapter 2 was used as the m1n1m1zation
| W algorithm. vgher-e the tota] number of search directions was 32. The
" CPU time was 0.4 second. , ' ‘
By way of comparison, the same problem when solved by SUMT [23 Ch.5])
gives the fo‘l1ow1ng results.
The e-parameter was changed from 1 to 1/16384 .in eight stages.
The final result was |
‘o . hylxo) = =3.95x107 - | L a
() = -31.990 B . S | .
- The CPU time was about 1.0 second. |

X

4.4 MINIMAX OPTIMIZATION PROBLEM WITH BOTH EQUALITY AND INEQUALTTY -
CONSTRAINTS (CMP2) o - ‘

,_\I_}:, is well krown that the 1nequath constra'lnts {%n be formally ,

converted fo equath cog}raints [26 Ch. 6] by usi'ng the Heaviside oA )

) function H(t), where H(t)/PT. t> 0, H(t) =0, t< 0. For example.'
¢ the fnequality constraint ' S

- © g(x) g0 T S (4.31)
‘s equiva]ent to the equality constraint . " - . L

: ZaN
h(x) -g(x) ng(x)l < 0 R " o 4.32) i ('

The above approach has been used by KowaHk et al. [27] to extend ol

Morrison s method . [ﬁl] to 1nc1ude 1nequa11ty constraints.\

. ' h
o f ‘ . . N

|
|
‘\-'_- - . \ // l’JL .’i '
' K % S L
T .‘n . W
J “Aw . ‘)/( L ' o
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Note that h(x) 1n (4. 32) need; not be everywhere differentieb'le;
however, if we define ' -
’hz(g) = 92(5) Hig(x)] Y \ (4.33)

then'hz'(it), can easily be shown to be continug@ _differentiabie. lThus.

. the metho&/discussed'in se.ction 4.3 for CMP1 can be easily extended

to a minimax problem 1nvo1v1ng' both equality and’ 1’nequa'l1t,yw constraints.

.
-~

'4.5 CONCLUSIONS ) .

In th°15 chapter, several 1nterre‘l.atiolish1ps\between minimax

optimizatjon prob'lems and nonlinear progranming prob'lems have been |

presented One of the 1mportant aspects is a mathemat‘lcan :justiﬁcation

f?r adapt‘ing the a1gor1thms of (27, 31] to the case of nond1fferent1ab1e

minimax objective junctions Thus, any constrained minimax optimizetio) |

prob'lem can be solved as a’ sequence of unconstrav'rned minimax optiMzat'lon

prob'lems. As a resu]t. a procedure has been derived for transforming

' nonlinear programning problems into a sequence of unconstraine‘ min‘lmx

opt‘lmization problems. which appears to be competitive w1th other
exist}ingﬁtechniqoes in NLP. ‘

4
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5.1 INTRODUCTION . - - .- .~ ., .,

- The prob'lem of minimax opt1m1zat1on under constraints has not yet =
' been sksfactori‘ly resolved in the 11terature. One ides, that has been.
put forward (8] s to first convert the co;\struned m'lnimex problem into . g |
a constrained nonlinear programning problem, and then to\convert back (
an unconstrained m‘lnimax problem -~ wh1ch is quite a cumbersome and un-
re'liable Procedure. The situation is particuIariy bad in the case of
equath constra1nts, Wh1ch 1n [8] are converted into two 1nequa'l1ty

constraints. ‘ ' ' N RN ;ﬁ
, .

. In th1 S chepter we propose a method whereby -2 constra1ned m1n1max

-\\

prob]em 1s converted to . sequence of -problehs involving the ynconstramed .

o minimization of a sequence of least-squares type of objective ﬁnctions.

~ This procedure offers two advantages ()/tﬁe original ponstrained

problem fs. transformed into a sequence of unconstrained prob'lems. and

(1 1) the original nondifferentiable m1n1max performance function is . .

replaced by least-squares type performance functionp that are everywhel’e ,
.differenttable{ hence any efficient gr,a{fent\tecthue can be used to
carry out the sequence of unconstrained mﬁﬁmizat%ons . Based on this .
thethod. two aIgorithns .are proposed for constrained or- unconstrained
minimax opt1mization. In general, ,the second algorithm converges faster
" than the first. But, when app‘Hed ‘to unconstrained minimax: problem’s'. .
. _both algoritlms conyerge mch faster than previous'ly proposed techn‘lques . | {

(4, 9[ &. 35]0 r . 'Il .‘. ' i , £ ‘\

+ ’ »~
. . ' ‘
\ . ; %gw . // . - .-
~ . ' ' .
K . . -, N . ~ :
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) ! ! . K z L . .
 © 5.2 BASIC ALGORITM i . -
" . ° s Pl c, . ,‘ . - / . I _‘“
T An unconstrained minimax probIenr can bostated as -+ - R
N . Problem 51 Minimize - LT o
. F(x = max 4)&5 . - o ,-" LT ('5.1)
. - fel " ° - _— . : e ,
. . o> .
’wnere I={,...,nisa f‘lnite‘set of 1nt'egcrs. ,“t' P " <, 7
o BT S LI
A constrﬂned probtem can be stated as’ . - T e e
: rob1gn :2 Minimize 5(x). subject to the constra;nts L
L - QJ(X) <0 Jed - DR K \
, v ' f , L . @
o SN S :
h(x)-o 2el, - . LT
- - a ' ! . . .
Rroblem 5.2 1s equmﬂent to the fo'l'louing ncmHnnr progrmmng
v problem l411. . e ";»-

ggblun 5.3 Minimize ¢, subject w oL
T A -ei0 ter T e
Jo gy(x) < 0, _‘ “,3 cd - -
n 2 (x) S0, rel t,:' : L .. . .;.
Let-us now eonsidcr th¢ fol'lonvinglprobl-.' s

fmg]_g__s__ Minimize - S y

BT P PR
e bt g e g




- PR ! ' e -2 .
. N . .
‘ L N . \-b"\A" 3 .Y
p—— - B
o o . ; N N * Il .
. 4 . . . ..
. N . - Yy .
. v s
. - . -
. ‘ v . . [
. . . - - . . v "t e :
. . . - N -t
C . N 1 : -

V. By convention. empty Sums_ are taken to equal zero. .. T
. £y .

It cén be, easi‘ly shown that. for ‘each constant bs P(x. ¢) is

s— Lo
o \ . . :
. where ¢ {s & prqspec\iﬁed q:pnstant. vy JcJ and “g._c.[. ‘are preassigned L
T wetghtsy ad. i S T
. - ‘b " o ) _'f- - . . : .- S .
T ' \1(5)-(1 i fy(x) »el 7 e
E R

continuously differ\ent'lab’le with respect to x [191, ", A result 1s now
o proven that foms the bas{s of. the algorithn.
~ v
rogosi;}on 5.1 Let: X denote the so"lution of Problem 5. 2. and 'let(
.the constant ¢, be chosen such that ¢, s F(x) Let X, denote the -
solution of Prqblw 5.4 vr,lth "’o Then Lo <. ‘
IP(xo. LR )/m‘ s F(x) % S (5.3
—_—— a‘ ) .
- where n 15 the nunber{)of 1nt¢gers In the set 1. N S
¢ g\smcc ‘o so'lvos Prohhn 54, R
| P(§ ' &) & P(x. 0,) '\'
2 .
‘T (x) -¢.1 (5.4
.. ) mm T T ] e B
« R b : ;"
sincc an m constnints of. Problu 5.2 are utlsfud at x. Now -
7o (f(x) zsu(F(x)-o 12 R :
. cl(i) L Ao e o S _
," L -' ‘ , Lo, s‘n ‘F‘(g) - ’olz . - ot R A, - (505) .
. ) .-' . “ r ’ ‘ . ) , . , d : N -
a . ., - ) » ~ ‘ [+
where m 15 the mmber of integers in the set I{x). : Combining (5.4) and.
- . . .0 ) ) . bdd ) ) H .
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7.

o

~ -86- . -
: G Lo
(55)91ves - ' A B -
P(X,s ¢,) s Ly tg(x‘) - 6,12 , , . (5.6)
. ~0° "0, o, »~ \ .
. - ! . . ) .
© clearly (5.6) is equivalent to (5.3). -m@. T ‘ °
b{e now refofnpu]ate fPFOb]GIIIS-z as 2 sequenée of uncdnsiruned s
minimization problems, as follows: L 0 ST
Problem 5 Choose L F(i). and minimize ’ ‘ D

A

/-

. y |
v Plxy #y) = o2 0 [f1(x) o T & 050 0 gj(x) + ZL v, hg (x)

fel(x
A , . ' : (5-7) -
where t.ﬁeaconstar.\t L% is updated according to the formula - . .
) h 3 .' oo ’ . ] R
bpel ™ i [ngk ’ ¢k)/ni? : - o (5.8 .
IS " . . . . '\P
where ’.‘k minfmizes P(x. W T

In vicw of Propositwn 5 1, it is cuar that if. 1s an qptimistic
gucss. i.e. % S F(x). then ‘k s an opt1m1st1c guess for all k. Thus

f(#k} w; mi:a?ly‘imua:ingfmmﬂmmﬁm—w .
- ma hns . peﬂnﬂ'.‘o wm s k +=. e now shw that, under a

'n'lat1ve‘ly lrl'ld assuption. ‘k 1n fact converges to F(x) as k + o, - ) ' . '

_t_qgg on §. ] det x(q) donote the solution to the problm

. Mitmize’ F(x)., subJoct to p o . L r

q(x)sqj. JcJ,,“ o "“'vjf, o e s

"I.(")'% ,!cl. ‘., . ‘ o, ' -

[

The rmtion is °tm F(; (q)) u 3 commm fmuon of q.at q-o




LY

. Pfoposition 5.2 ‘¢ 'Assu‘mption 5.1 'ho1d"s‘. then *k - F(i)' 2 k > o
b »
Proof Assumption 5:1 1mpl1es that. given any € > 6 therve exists
a ¢>0 such that . S -
N : - ' I <t -
. -
, IF(x(q)) - F(x(om <'g whenever IIqH < 8. . (5 9)
' Note that x-x(O) ‘I'o prnve that "k + F(x). let ¢>0 be any given
. coristant. We shall show that, for k suff‘lciently 1arge. we have "
F{x) - by < 2:. ‘First of al‘l. given e, p'lck §>0 ‘such that (5 9) 1s
) satisfied. ‘and then pick k sufficiently Iarge that-
¢k+, - ¢k < min {e. s(w/n)?} " Vkak, S e @ 10)
ere S N S
. W - m".n (I)Jp V ) !t ., 4 . ot
Jed, el ) e . ‘ L
/ . Such 2 ky can always be fo(n;d since {o) ) 1s a.Cauchy .sequknce.” Ngw,
(5. 10) tnplfes that : | . |
[P_k(lk- ¢k)/n]’ < 5(“/“)’ . ] B
¢ 2 e ‘f\,___ﬁ
: ‘ o’i-. 1n other words. " \\\ y
- ' C 2=y Yy ,
. [f(,l)-¢l+£_ wy 95(x,) TR N
g e TN Cgeafg TR et
%1’ ’ 2"‘\ . -2 - ) "1 ' N . -
] : .+J.£L ‘%g"hp.(’.fk)’f § - o o L
. HenS:e'.cin' particular,.we have . . D,
i gy(%) <6 v T W)t < BN e 15:12)
R O A AL
b, ) "’ B ’ . ! ] ' q '
{A: " 4 A » .
AA - . ) - Y * ¢ E
‘;":: ' v I- R :‘ -
X e e
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Hence the result 1s,pr§ved;' ®

§f1'm11_ar1y. we also have °

) fi(ik) -‘6k’ e ‘ ?15‘(§k) )

“ which 1n furn imp11es “t-:hat' ‘ .
R B
F(nany. by Assunption .1 (5 17) 1mp1ies that } R - .
7GR - Bl .. L (5.13)
-The 1nequaHt1es (5 12) and (5 13). together estabHsh that '
F(x) - °k <2 | a 7\ | . {

Corollary 5.1 As k + =, F(S(:k) > F(g),.‘ and Pk(-’:tk""k)"' 0.

-

Proof Obvi ous. .

For the sake of c'tarity. we again sumnarize the algorithm: for R

constrained mfnimax probiems. ’

ALaoa'xm'r.' S A

4

Steg 1. Choose ¢ sF(x). where X 1s a solution to Problem 2.

set k-O.

L4

Steg 2. M1n'lm1;ze P(x. ¢k)‘ ‘Denote the solution by xk. L I |

_...LM- . Set ’m -¢k-+ tP(xks amt - T T

- ‘.' : §$ 2 4. If ‘k 1" ’K < e, wﬁere & 18 a ecif'led Sma'“ mmbel'l

- STQP. Othemise set k + k+1. and to step 2.

.
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5,3 A FASTER ALGORITHM . ;
. \\ i - . ! - ) \

, . \
L In this sect1on. we present a different updating forma'la for the

‘k s, and it {s’ shovm that, at least as °k becomes close to F(x). the

new formu]a acce1erates the convergence of ‘k to F(x)

“In drder to br‘lng out the bas'lc 1dea c]early. and to -avoid canfusion.-

we repeat here the updat1ng formula given 1n section 5. 2 Gtven ) <F(x),

the procedpre is to minimize P(x, ¢°), and to set ' _ -

l

o = 10 + P(Xys og)/mt . . (5.14)
where %o mi imizes P(x, $): By cont;'ast,, the neéw updating fornula
suggested here 1s to set : L o

T M P(x 4,)/( T '_f‘“':f'.(i ) -1} I (5.15)
I 0N ey, L e |

-
! L]

First of aﬂ Promsition 5.3 below shows ‘that w>¢]. so that (5 15) fs
indeed a faster updating formu?a than (14)

'
\ ‘ '

[ \ a3 R
\Proposition 5.3 ¢.|z¢.| ' b e R /
> Proof: Ne show - instead that w] " 021 ¢°. wé have’ P
R . ) £
¢,-¢° :P(io. ¢°)/nl* e
by = PR, ST f(E )~y 0 AT -
'\] o P O: o 1‘1(50) ‘1' 'D‘ ) 0 A .
.. ) . . ‘« , \;\ o h,. LI
Hence’shovijng’that “’1"0;"’1"6 is equivalent to showing that
(x )-¢ s (n P(x . ¢‘)1x‘ o
u (x) : Lo e e
v. . ! l ’ . h’ " N : -
) ’ , ‘ , “‘:‘(; ) ’ . t ) .
.: -" 4 \.‘ . "-\., a Corg

e ———



However, Sci\warz's fnequa'lity [1.'Append'1x 11. shows ‘tha‘td: R

[\ . ' ) L
| Lo ,( ) - g ¢ vtz () - 02
L e ('-0 ‘t ' fellx,) . e e

!

Since the second term on the right-hand side 1s 1ess than or cqua'l to
B .

G _P(xo. b )., the’ resu'lt is proved. ®

Coy, ' ~ J

. Hence the updating formula (5 15) gives a higher value than (5 14)
T However, \1t 1s not always true that f ¢ s,F(;)« then dolsf(x) In other

\ words. the updating formula (15) may oVershoot F&) The “next series‘ ~
B of proposit‘lons is devoted to showing that. under some relatively mild
cond*ltions. this does not happen, and that “"l isoa'lso an opt'hnistic '

{
'
-~

. estimate. ‘ : , E '/\ ,

Proposition 5.4 At the solution X of problem 2, there exist non-
negative constants ;1.' iel, '?J; Jed, and real-constants B, tel, such
. \ .

that - L v
o ()‘ () e T B GE) (5.16)
u e ‘ vf X)+ £ . y,vg.(x)+ £ B, vh'(x) =0 5.16
- .’(/ ‘ . . 1‘:1 (x) 1 3#\10(!) d J - th 3 LY ~ L
. , a. . . or
: , 1 Ayml k " : :
, : o ~ - o . [\ /' »
" < where o | : . S ‘ .
E AL T ot ’ i ﬁ
5 Pt Io('g) = Uil : f,(X) = F(X)) g
E ] e - S
1B o 'Q[mu):ma:%®-oy T
: . ~/. i "1’ : N ’ s 'v. '0 .
= - ' p_q Inediato\by app'lying the Kuhn-’l‘uckdr eondftion to Pimb‘l-
| -~s¢u1'4.‘ P ; '
5 C .
4 B . .
4 .
a8 W
E N SR L b ‘
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Proposition 5 $ ' Suppose xk is a solution to Prob1em 5.4 correspond-
.ing to o-ok. Then ‘ ‘ b e
4 ‘. Y ,. . . J . . : N
z of (Y (F (%) - 0) + £ . wgg.(X, ) vgs(X,) ’
fer(zg) - 1K TR TR T gag(g,) 3 IR ATk
Dty . - .
) ’ . " O . ) . . ,'
- EeL ‘ ' o B
, . {

4
Proof Equat1on (5 17) simply staté‘ﬂphat the gradient of P(x. ok)

is zero at, x-xk.

Propos1tion 5.6 Suppose {ok} is 2 sequence: converg1ng to F(x)

and that the corresponding sequence {xk} converges to x. Suppose further

that vf1(x), 1eI (x). VgJ(x) Jed, (x). vh (x). tel form a linearly

' tndependent set of vectors._ fhen o -

2

£3(5) - ?k”‘/k' M,

, wdgj(l‘k)/pk + YJ . - ’ <
hz(’f.li)/pk d B!. ) .. ;< ! : ' ' . o
where . ' ) N L j' . K Lo
‘ € T i . e d ¢ e, ,' e C \,./
pk ;;1(Xk) - ‘ﬁ . o LN

(5.]7). and by obsorving that.for “k suff1ciently'close t x, I(xk))/__
S subset of I (x). and J(xk) is'a. subset of J (x) +
ropgsit'lon 5,7 Let . S _
. o '#,:\\ L Ll .. :
,:-7 . "
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fel(x o
- . (5.8
Suppose that. whenever 1s the un1que so\uuon of the e&ueﬂon a
L(x, A, *, 8 ") - 0 T ‘ . (5.19)
) : “ ‘ 4 ‘.l‘ L :
cori'esnbnding to fixed 5 ’ y*. 'B?, we have
L ’ ! ' ~ = . . . .Y
T AL YL ) st YL Y T s 20)
L] ' ) ' ) ) ) ! ) N ) a N \‘ ' /,
Then -~ o
' ) ‘ .o -y - ' ,/ . ! \
by = 0+ Plye /B s FE) = (521
. where ,,;" ' ' :
e I Iyl - 4 fel(y)
) : ‘. ) - 2 o) e

whare .

7 v R
_f_‘—-f-—--——..l - T JRNIVERIEE AU
. v \
-92- . i .
f ’
g
v ‘ L

. . .
' . - *

L(%s 30 ys 8) = I A [F(x)=00% T v.g.Ix)+ £ 8, h(x)
\I x) V. 1 -k JeJ(x)'JgJ' gl ¥ A

Proof A necessary cond1t1on at the m1n1umn of P(z. ‘k) is given
by (5 17) which can be’rewritten ct . a e

I ) ‘f1<5k>-¢kl/Pka1(§k)*J§J (x;)ﬂ;«f,ajggk)/?!k)vg3('gk)
3 o - +££L(v h (xk)lpk}'v'h,‘(gk') -o” (;.'gz)' |

Now, (5.22) 1s m&l form

¢ .

. VL(§ke Aes Yk Qk) -0

3
- et

Py = (R - na/py




. Hencéj by the assumption 1n (5.19)..

ks - wg9y(%)/py %

(s Aie Tir By < LXK Qs 10 B ),

/

Moregver, 1t can easily be verified that

L(g’ A Ik‘l Ek) 5;'-(2’-5’(- i’ -_é) ! !

Lt s 1o ) 5 LG Yo §5 D)

R NG [.f(i)'¢l
' 'C—\G_Lki 1.. k\

Aga?h' from Proposition 5.4, 7 " -
wx A - 1 . . (,‘u | | ; . -~
T B T N N N
a'nd.henc_e‘ (5.25) implies o . .
Ut Ay B s F(R-9) ‘.

[}

It 1s ‘now verified.by direct substitution that

L(’sko Aps !k' gk) ,"" b(i‘k’, ¢k)/pk o

- °~ -~ =
Therefore, . g Lo
Plxgs 9 /P, 3 FR) = 0,
which copcludes the proof. . X '- wr,L
S, I o e s




ark " In general the condition (5 20) may not be satisfied - -
everywhere, un1ess f1. 940 and h, are a11 convex functions. Homver. 1n
‘the neighbourhood of the minimum it should ho‘lc}‘, in most nondegdmratc

-

cases, hence. .the fastur updating fomu‘la would be"lid at least mar

"the, minimun - ' R - \. ‘
‘ e . C
i Propositinn 5. 8 Let F, & supF(x), where , . Y
) ." x‘s ’ ) -
¥ & . s
S = {x: “"9‘1(5_) s'0, h"(l) - 0}
E:’ . N | ' ) . .
'+ .. Thenfor F 242 F(x), we have ,
’ [)' . . T , .' . '
'_lﬂf P(‘§1¢) -0- s
' The proof B vary simple and thcnfore omittod. o "" ’ ’
L. e st of Propos 1 tion 8 13 applfed 1n detecting whether 4,
2 ) shoots over “the optimn va1ue.Va11d1ty of the famr updating fomuh
'~1s/mmed whén Py _ 1"‘& TRYR mll Based on tht forcgoing
mu'lts. a general minimization algorithm va‘Hd for eitlm' constrnnod
i . or unconstrained minimax problems is given pext. - o ‘
T m_]_ Sotl sF(x).whan(x)istthptim.ma is a
'.‘. A 'lovnnboundon FR. , P
o T \ . - o _ i
S m Sct 41*81,""‘ *"‘V : 5° ‘ ./f' -
o ' i ‘ , v » S ' ;
m_a_ mnm:. P(x. *k" call the the solution X,..
) o o7 .
vy ) ' "‘ ”',' i :
. LI —,’ .‘ °, . ') » ‘ “:"
s ‘ R :'. ¢ ’
N NG ¢ -{‘ & . ‘
. " ’ ¢

N o LY B I Vi T o !
LAY Lo . . YR N O IR LTI ’
e, 7 ) L, A . w R e Foroo A,
s : * \ 1 AT Y o o PRI




', Step 4. Set? +P(§k. )

2

Step 5. Set B +m1n {F(x ) F(xk)}, wheﬂa 1s an upper bound o

S enfm. L0 T TR
¢ l < ' R ) *' . '
L sten 6. Calcuhte o T §
: "M“ ’k + {P"‘k' ¢k)/n} o 2.
' MT + Ok + P(xko Ok)/z[f.‘(xk) - ‘kl ’ 1‘“"‘() \ o -
ARV Where ' . ,D "'" ’ & oA,
/ . ) S - o
' ; T T HH
. Step 7. If M < Bu’ set ¢k+l + M ’ othewise set ‘kﬂ*
1 . Also set ¢ + b1 - O 3 -
] ‘ oL ) o ‘
] Step 8. Set B« M, and 5 + P(xys 9, )/P, ,
step 9. Set K + kel- )
| teg 10.. M1n1m1ze P(x, ¢k), cm the solut1on "k o ) E
\ T step 1ML If (8, ;-B ) or ¢° s ¢, 'STOP (machine test nf a virtuq'l zero)
- * )

Step 12. If’ P(xk, ’k) > c.ﬁo to Step 6 (machine test of a virtual

L zaro). Otherwise, 175 < smt STOP (snAL fs a positive.
, constant signify}m the closeneSs of P(xk -1 'k-l) to zero)

o]

. ) If none is trna then set & - ‘k' and ’k - B‘. and.go '
1 . S o e
‘ toStep 10. . . g : . ' S
\ ' SV ‘.‘:A' y :
. ‘, -‘ ,~ l‘*I . c’ N .
- £ L . .
! - IR L e ,

e
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~ " %.4 DISCUSSION.
An important result of the 1nvestigation is atlif the value of |

the parameter ¢'1$ Tess than r equal to the supremum of the function
: value fn the feasible regfon but greater than or equal to the optimun
value of the m1n1max funct1on. the infimum of P(%,.¢) equals zero, as
stated 1n Proposition 5 8. This property is the key. to‘)the second |
“algorithm. ,The same fact can be ut111zed for other purposes. some of

‘ wh1ch are, d1scussed nextb ) Lo y o T
'5 4. 'I Obtai ning_a Lower Bourg‘d on_the mmux Qg; m y
Y ‘ ‘ *"'7<————_-—- —_—

As mentioned ear'Her. in our algor1thms 1t is necessary to “have an
Opt1mist1c guess for the optimum va]ue F(x) In many practico] situatfons,
the functfons fi(x) are nonnegative valued, 1n wh*lch case an optimistic ‘

L4

guess of ¢ = 0 would be vqu. \ . \

However. in some minimax prob]ems. an optimistic guoss cannot be
made a priori. In such cases a Tower Kound can be obta1ned by ut1‘l1z1ng
the result of Propos1t1on 5 8 as follows: ;' .

Step 1. Choose an infitial parameter vector x, and &n 1h1t1a'l
guess “for o,. Set k * 1. . . .

tep 2. Minimize P(x, ’k) to find "k'

2 N . o,

Step 3. If P(xk. ‘k) > & (a'test for zero) STQP. Othorvme
set el * ¥ - ,7 where “k 1s 2 suitable positive
step size. ' ‘

. Step 4., Set k « k1, and go to Step 2.

B B .t
. ' .
P . . o - . . I
. . e Lo .
. . . . P



"The final value of ‘k obtained by the above a‘lgoritrm would be optimistic

5.4 2 AppHcaﬁon in Fﬂter Desg_ ,_y : = . y

-~ \ 4 L
An important appHcation of Propos‘loion 5.8 is 1n the design of .

' ) "fﬂters. If we are 1nvestigpt1ng whether part1cular structuge will ,,,, -
‘ sat1sfy the deS‘lgn spec1f1cnt1ons (upper and “lower bounds on tﬁe

v /
' ‘response). the fact would be revealed 1n the first step

oIt should also be noted that the gradients need not ‘be computed '
" at each sample point in every step of the algorithms.. In general. as
Sy approaches the optimum va1ue. fewer and fewer elements of f1(3k) wﬂ]

MM “satisfy-the-condition £i(x,)> ¢y, and grad1ents need be. computed only

Y
U . Y P

for those elements.. This fact may also be ver1f1ed from tpe results of

the examples tackled in the next section. |

The minimax algorithm given 4h this chapter may also be viewed as
Toa generﬂnzaﬁon of the nonl{inear programning methéd proposed by KowaH k
et al.[26, pp. 180-190, 27], so that a generaI purpose package program '

~ can be written for both kinds of opt1m4zat10ns.

5.5 EXAMPLES -

:’\"

Saverali examles are presepted to {1lustrate the offetﬁveness'.of
- the approoch. The second algorithm as yiven in section 5.3 1s used to -
‘'solve ‘the problems. The examples taken can be broadly classified into -

tyofcotegories. In tho first category are the qrfoonstrai ned and ‘: o ’
i':onstra'lneo optimization of the max{mum value of ,‘- set of functions. |

In the second cetegorx_;ls the minsax design of a three-sectfon - '

|l

s
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{

-~ The results are g1

transm1s§10n 1ine %ransfbrmer uith and without constra1nts: F1etcher“s

optimization algor1thm is used to minimize P(xk. ‘k)

ExamgIe 5.1. Uncggstrained Prob]em ‘Q

\

Hinimize the max1mum of
? - x4 + x2
£, = (2-xp)? + (2-xy)?

fy = 2 exp(—x]+x2)

. -

4 . .
"The nesuits are given in Tablé 5.1. Th15‘exaﬁp1e has also been tdckieﬁ

1p [10].

1
A 1
o ° o -t . - -
2 0 ’ . .o
. . P !

Q : A
Example 5.2 ., -

: (5.2~a). Unconstrained Problem

. - Minimize the maximm of . Y
4 ]
f'l . v

\l’“

i {10;. ]

'equality cons raint.
xl"'X2'2-o

Thevesults are given in Tables.3, . .~ .. .

. . , ' ‘ ’ .
"\ - « L. . - I . N . '
. (I ‘ v * L. ’ 1 t
L e R O L . .



N

,the same as the two starting p01 nts of que 1 1n Chepter 2, Eand

- .y » 7 - Fid

. S"Z—c . EuaHt and Inequality Constraints .

1 N —

Minimize the function of Exinple (5 2—a) with. the fo'now'lng

‘constraints: e
. ‘x] *:‘XZ - 2 - 0 .,l&nd" '... j [T
-x% - X% + 2-25 £ 0 .' :' vlv . ’ | ' y ! ' ' R -

The resuH:s are ”en in Tables 5 4. and 5.5 wﬂ:h _the starting point ‘; .,

at a feasible and 4n Infeasible region respectively. ™

* Example 5.3. Querter-Have Transmission Line Transformer ’
I L - - -
The problem éonside’r"e’d Hére is the same—as-the ;hree-section.~M;__;M .

transmission 1ine transformer tackled in E;xan;plges 1 of Chapter;’z. The ' i -

‘design parameters are the characteristic fmpedances, 21,'22, 23.," and the

. 1engths 9.‘, "2’ and Lg: The ‘Tengths have béen nomal{Zed wfttr respect .

to the quarter wave-'length ) at ‘the centre frequency. The sunple po1nts

q
are t.he same as 1n Chapter 3.. " . T o .

£
The follewing problems ere tried with two starting points which are

shown' in Teble 3.3. henceforth ce'ned starting point number 1 and 2

‘respectfve'ly. ‘ , g' ) \ .
(5 3-a); U ons reineeo tim zat1o ' ', o

'
The prob'lem as described ebove 1s tr1e¢ with the two starting points.
The _design ﬂerameters are constrefned to be positive by taking the

"actuﬂ i~th opﬂmizetion parameter p' as pi - )i, 17y where ®y 1s the
L ;corresponddng 1-th design pamleter. This exeml,e is also tackled 1n

\ . , {

T e
.




“(4, 5,7 9].

constnaint on the characteristic impedances. given by V o

'results are given in Table 5 8. The Upper and the lower specifications .
pd

'we in fact introduce six inequality constraints.
, 's are all taken to be undty

- o - t '
. 4 . +
- ! . .
- -100- -
.
)

! o

The final results are given in Table: 5 6. . .,

5.3-b). Equality Constraint .

<]

The problem of Example (3-a) is now solved with an "added equality

‘_r{_\, . I

(5, 27)

. L4
N

zl t2p+ 23 -10 - 0 C . :

The weightingifactor wg ds. taken to be unity, and the example is run

. with tbaitwo*starting points as in Example (5.3-a). It is found that o,

for the second starting point the solution converges, to a higher value
of the maxlpil than with the- first set. However. ‘the necessary conditions
for a constrained minimax optimum are “found to be satisfied at the

solution. The results are shown in Table 5.7. The exampTe is also tried

from a starting point where all the parameters are taken to be unity. e

b

" The results are the same’ as;With starting doint number l.

(5 3ec . Ine ualit Co straints - - . ’1 »

, The following equality constraints are, added on to the characteristic

impedances in ‘the original problem of Example (5. 3-a)

L~

0<Zi<5.,l-l,2.3. (528)

“The example is tried with the same two starti g points and the

of (5 28) can easily be expressed in the standard fonn. Hence. by (5 28)
| The weighting factors .

, - . .
© -~

The optimum parametar valuas for all the e

g iples -aré given in-___
Table 5. 9. R R e o e

e,
el
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IABLE'S5.1: EXAMPLE (5.1}, UNCONSTRAIL

X5

. @
1.01702

|- m.zess \7‘\\

.82054)

"2 | 1.96665 2:8719x10°% | 1.00228

993012

3 1.99993 118941078 - | 1.00000 |-

".F*

999985

»

1.00000

4 2.0 7.606x10”19

+ 100000 .

Lt
‘
» . J
”
.

4
»y

. CPU time = 0.8 sec., -Function evaluations = 28 -
: - : | ' ‘ e &
- v '#\ ‘.
o oo P ’ - .
= - ‘ ®
' ' * A
- .
~ ) .\ .

R N NS Y A Y S

- Starting potnt: x; = X, =.2.0, Flx,) = 404, F(%)= 2.0
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_ -102- ’ . !
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TABLE 5.2: ‘EXAMPLE '(5.2-a), UNCONSTRAINED PROBLEN
i v .‘ < ". ’ ’ ° . ‘ﬂ
. -Step k e "p(,_"k, o) X
B ? 1 . @ - X-I x2 s
o © 1 . " 950 1.24176 |- .774005 |
[l , : 'on
2 1.81603 .036420- 1.13350 | .896903
3 195218 5.662x1077 1.13776 | .900855 |
< -4 . | 1.ese2s 4.1 x 10716 1.13776 | ".900556
3 \.,\ . . k4 . ~
- Starting ppint: x; = x, = 2.0, F(x ) # 404, F(X) = 1.95223
CPU time = 0.5 sec., Function evaluations = 21 . .
o ) ) R A
- « 0 { , T T
1 T . \ * F]
&‘\ \
l
| L.
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5 - ‘L .'{. '__..._.,...._.«-_ - -
-103= g T
%, ) “‘\\ - \
S N O
“ v ) . '
rd . \ A
A \ g
TABLE 5.3 EXAMPLE (5 2-b). EQUALIT¥ CONSTRAINT
f\\f\ | | ‘f\ .
Step k \ " P (?‘k"‘k) 1 .. ’Kk \}\
Co ‘ \\\ :
L N P&): 'x.l_' \_,
— o AY r e A‘_‘g
1 0 9.50113 \\{:24110 773632
. . ¢
2 , 1.81610 3.7zoz3x1of2 1.f>153 | .899301°
3 195599 '5.375 x.107* | 1.06843\ 950663
4 | veme | 1638 x107 | 1.0m8 | o
5 - < 11.99978 | .9.333 x»19'9 1.00028 .| .999806
. \ B e ,
‘ | 14 ‘
6 2.0 " 9.309 x 10 1.00023 | .999768
. ¥ L . .
Stﬂ?‘t‘lnﬂ p°1nt} x] - Xz '- 200’ E(glo’)/ - 408.’ ;(g) - 200 .
CPU time = 0.5 sec., Function'évgluatfhnS'i n o
‘ -*
'; - . - ' B '(‘
| . T \
., 5 2 * LR . . -
' ‘ K ! » , \ ) . u
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.. . IMBLE 5.4:. EXAMPLE (s‘k-cz, EQUALITY AND INEQUALITY CONSTRAINIS -
W~¢  ,_j‘h_(mmwmmmmm s

Step k 'T\\F\ék' R L4 (% o . ,"' X

v L}

1 | 0o | em | 1.25063| ‘775888 |

I B 1.81824 | 5.1osx1o]:‘/// 19913 | .862352

pu—

3 1.99820 3.522x1073 1.27550 | .780453 .

P a | oz 1,18 x 10712 -
1 « . : ' . /[\ -y
S Starting point. Xy = Xy = 2.0, F(x,) = 408

3 F(x) - 2 25
/)’k\ _jEL_time - 1 ‘1 sec., Function evaluations - 35

1.35355 | .646449"

9
- .
.9
a 7 1
i A‘O
’ .
) 7
’
L
\ . . -
[ ¢ ) : 'S N .
4 o . -
. ¢ . b ’
- X {
4 - - i
.y ' e . Ge v
o " ~, ’4 ‘ . hd . - o
- *
; o
* . . 5‘
————— e . .
s ¢ -
‘ - '
® . [°d F4
.
. o
' .
. . . [ ] .
’ ) s 4 N » {
“ A .
’ , . ;
']
. , .
%
W . 3
-
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. 'IABLE 8.5: EXAMPLE (5.2-c), EQUALITY AND INEQUALITY CONSTRAINTS
B \ (INFEASIBLE -STARTING POINT) . T
N . ,' i
] - a I R X1 Xy
] — 1 0 \9\51 ' 1.25063 | .775888
' i - Y T ¢ s - — " - -
; 2 ™ 1.owes | 50080072 $1.19113. | 862352 .
1 I .3 1.99820 ss2z00™3 | 12155 | 780887
i , ' ,
Comees ey T - . E R T B ¥
- e 2.28 -} 7.79x10 1:35355 | .646M48
, - AT X S MY Rl
Es L . starging p_oinfz X < Xg = 05, k) = 28.41, F(R) = 2.25
7 ' LPU kime = 1.1 sec., -Function evaluatiohs =37
5 ‘ | ' o -4 /
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R — “ B ™
) -106- ,
v “ > .y
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;o TABLE 5.6: EXAMPLE (5.3-a), THE UNCONSTRAINED PROBLEM
- S't(ép' Starting point 1 . Stprﬂng ﬁ“pbint 2 Maxim{fm-
- - i - ,,.‘):‘ . : - " - A ‘Nno., O
i ¢ P (x,s 9) o P (%, ¢,) elements
k| {t kTR N ST
+ .\\,
Lt
1 o | 1esazaot | o. | 1.eszxi0r fufnl
2 15978 | s5.0293x10°% | .15078 | 5.0293x1073 61 6
s - o : :
3 19519 | 1.5439x10"5 |.19519 | 1.543007% | 4] 4
P 4 9729 | 1.1983x10719 | 19729 | 11082010710 | 2] 2 |
® » . ' , | D o R
: . {CPU 5.9 secs. . i 5.5 secs. *Nos. 1 an \
o time . 2 signi ,
- - i
. . points - .
- | Function - 4 ] A .
evaluations] - 7.2 58 : ' /

< s e
1 ey
i Jm‘

e .o
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TABLE 5.7: EXAMPLE (5.3-b), EQUALETY CONSTRAINTS
- R T ' K L .

Step,, ; .Starting point 1-

- Starting point 2 o

e k Lokt TKT

e -

ol P e

LY < s ‘S‘ ’
‘. 3 DT . ‘ ‘ ' 4 /_ + .‘* 2*
1 0| 2.323%07 o |11 .} -nln
I .'m'( 5.9467x10°3 | .35482 | 3.2621x107% |* & 7
:\ ' . : ‘ a— N : . - - I
20222 | 2.2296x107° | .44059 | 2.5564x10716 sl 3
) v :
& c|.20e75 | 3eeeex0”® ) x ] x.os of x|
. - , N ¢ . : ] - 4 ‘V*‘
| g},’a 4.5 secs. 4.2Vsecs. *Nos. 1 and
) . : . ‘2 signify

‘starting

R O ’
‘ oo oints
. - |Function 68 54 P
: , evaluations .,
-] N
\ l/ />
. W y <
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' " IABLES.8: EXAWPLE (5.3-c), INEQUALITY CONSTRAINTS
o . ‘ ' e . S )
-y R , \:ﬁ.“

” L \ !

.
*

SN

Step - Starting point 1 "i ’ Sfartﬂng‘point,z | Maximum
M P (x» %) TP ron a1 | “etemen

Th T ) P (X, ¢ $ B Xes. #) 1 elaments
."- . k S -k k. . k =k* 7k in Ik(§)

o " *
9 , ‘ ] 2

Ao o | om0 | o | sgaexaot | 1|

2 19700 | a.0247x1973 | .19701| 4.0287x1078 a7

3 |.22689 | 4.5547x10"° | .22689 | 4.5547x10°% | 4 [ .4

-4 |.23086 [ 1.8864x10712 | 23086 | 1.556ax1072 | 2 | 2

L

%g:g g 5.5 seds. " 5.5 secs. | | os. 1 and

.2 signify
I ' ) starting
o Functior - . , ’ J points

- { Function’ : ‘
' evaluations | % & 9

4
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] 1 .
I .
/ ¢ b
%
1 . ,~ "‘
—\ . . . . ; ’
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. TABLE 5.9: OPTIMUM PARAMETER VALUES FOR EWLE 5.3 '

‘ & Parameters| Example | Example (5.3-b 3 Example e
; 1 % ] (5.3-a) | Starting pofpt] Start ng polnt " (6.3-¢). -
' S G 2 ,

PO

Voo
a

[ /ey 1.0000 9986 ~ 9998 | 9994

.| 1637 | mes 1.5106 3829 |

'21

v 4/t 1.0 \1.2003, .9999 -} .9997 © ]
‘ (' ' . P )_ o » '
. z, 31628 | 3.1730 " 2.8879" ;| 2.6285 )
— W o
Lo 2o/t 1.0 3.67146 | 1,0001 10003 -
S | N 61174 | 508 | .s.60is | 50000 | e
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5.6 .CONCLUSIONS . _-

’

A fast and /efficient approach is proposed to solve the general
, 4 (
constrained minimax problem. The constraints are taken care of ina

{s simpler to program. - e -

e e e s i T

very simple and strafghtforward manner by converting the constrained

problem into a sequence of unconstrained Teast-squares type optimizations. )

Based on;theSprroach, two algorithms are proposed, of whicn the second
algorithm should prove faster in general, wheréas the first algorithm

Soow ¥
- T

- Many probiems have been soived using the faster a!gorithm. and

it 1s “found that this aigorithm is extremely fast and robust compared”‘

“to- the other existing good a]gorithms 4, 9 25, 35). It is beiieved

-+ that the.simplicity and flexibiiity of the aigorithms presented here yili

Tend much freedom to the designer in tackling any-minimax problem.

. ) .. t - ) ] [
It should also be noted that the method is stfll valid if the
minimax pptimi;ation is generaiiied to a sequence of least-p-th.type

problems. ' ‘

- ’ . ]
B . .

n

P
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1 - INTRODUCTION

hecentIy, several methods havé been given for the computer-aided’
design of several types of nonlinear dc<c1rcu1ts {7,14,17,32]. These
basically involve the selection of the adjustable parameters namely,

a_subset_of,the,res?stances in the circuit, to achieve a desired set

.of bilas vo]tages and currents In the case of Iogic gates the vo1tage

sources may also be 1nc1uded as design parameters ,'3~_

An automated des1gn algorithm of the type presented 1n (7,14,17 32f
usually employs.an 1terat1ve circuit optimization technique to system-
atically adjust the c1rcu1t design parameters to f1nd a set of acceptable

y ' values for the parameters which satisfies. as closely as possible, the ‘

different voltage 1eve1 and current leve] spec1f1cations [38] The

" basic steps in the execution of such an algor1thm may be summarized
as follows
1. A performance function is defined which reflects the difference
between the desired values and the actual values of the specified
voltages and currents. | . ) ‘
2. The nonl1neer network 1s analyzed to compute the performance

‘function.

s 3. The gradients of the performance function with respect to the
parameters are computed which can be found by the method described
) by Director and Rohrer [13]. - Y
' 4 A function m1n1m1zation (optimization) algorithm uses the
performance function- and.sensitivity 1nfbrmdtion to generate improved

. designs.- .
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Thus, an efficient aigorithm requires the knowiedge of the first ¢
. partia] derivatives of the performance function with respect to the

design parameters At each design {teratign, the minimization

o
%heperformncﬂunctionﬁo—wry thrdesign—parametersrfor—getting-‘\#——"—

& a lower value for the performance function.

r technique uses the knowiedge of the present and past gradients of

However,. one performance! function and gradient evaiuation.‘r.e'quire's .
as many analyses of t‘ihe original network and its adjoint as there are
excitationl—response situations [13].~ A great deal of the computation'
time for a design is spent_ on the non‘linear ,ci‘rcuit analyses [12],
making an';r design a'igoritiun efficiency dependent on the efficiencyﬁof ,
the anajxsiu]_gnﬂm, . , . - ~

N

In this chapter, a method {s proposed for the optimization of non-
iinear de transistor circuits without so'iving network equations This
is achieved bx treatiny. the network equations as equality constraints
on the parameters. Thus, a pena"ity function is defined tqQ trensi’orm
‘ the constrained problem i.nto a sequentia1 unconstrained problem [27.31], :
i which is then solved by Morrison's algorithm {31}, with an improvement

Mm_by_mnm_n 271 ¢

[} , s : c

The performance i“unction can be of either*the least-squares type i

L I or i:he minimax type However. for worst—case design. the maximun o

deviation from thrdesired va‘lues is a better criterion than a weighted

L

i
|
sum of the. deviations of the actua) response from the desired response. |
Tht&t the minimization problem becomes one of minimax optimization with |

equality constraints. rather ‘than ieast-squares optimization with . s |
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. equality constraints:" in the meLhod proposed in Chapter 4 to
. such an optimization. a nwnerica'l example is ta that 1t

is sometimes more desirable to optimize a minimax performanoe function T

(S . t

°thano 'least-squares one. v . - R

——————

6 2 PROBLEM FORNJLATION

7 . .
6.2. 1 ‘Performance Function: . / : .

Given a design specification in terms of the various vo'ltages '. .

and currents appearing in the circuit. an error term is associated

B' with each of them.- Such a tem meaSurestthe difference between the oo

altual and desired values. The overaii performance index may be .

written as shown below:

where Vy, Ij are the actua) voitages and currents, and V1. IJ are the
) \

t

Ny o e N2 T e
AR R AL R CTER ) CA (A R
PR T = A € S

]
-

,correspondihg specified values; Nv. Ni are the number of voltage and..

current specifications, respective'ly. while Wi' Hld are positive I P

'scaiing parameters. If VJ ¥ 0, the parameter Wy, is chosen as ) /

»
"""V'l/ Wi‘

where HV1 is anpther scaiing parameter This has the effect of
‘ normaiizing trhe corresponding error term in (6.1). On the other ‘é :

hand, {f V1 = 0, such a normalization is not possible. In this
case. the scaling fac‘tor Wyy is chosen so- as to make all of the |

' terms in (6.1) the same order of negniwde. ‘similar consideration e

apply: to scaling factors w;,,
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. Now,.let the network equations ‘be defined by.h = g., Then the
. optimization problem can be stated as’ . : . ’
\’m1n1mize f, subject to. the oonstratnt’ . - »
' S ) £

6.2.2 ’dorst-Case Desig__

The parameters of a transistor are functions of the temperature.

) ’which- also vary from one trans1stor to another produced in-the same F
1 : ~ batch. Thus the oPerating point of a transistor circuit may change ,
because of changes in- temperature or because one tranststor is replaced
: by another. It may also fluctuate due to §1uctuations in the source
'e'xcitation values Hith this background. a set of ’trans1stor parameters ;, '
and source exc‘ltatton va'lues may be caHed an envirormentaI condition,. - *
% . - -

. GMTS ciear

on the environmental condition ’ o 5

o

The cost function of (6 ‘l) yields a design under a nomina'l ’
env1romoenta'l condttion. It can easﬂy be. extended to. 1nc‘lude severa'l
. environdental conditipns simultaneously such that the bias point d
fluctuation 'ls minimized (worst case des1gn) A cost function 1ike '

(6. 1) is then defined for each anv'lronmental condition. and the overa'n

BTG B e e e
R - e N

' cost function F s the algebrnem—of—aﬁ—such-functton

Q

. Howdver. in a dc mpliftor design, the biasing of each,stage ts
dependent ‘on the preceding stage, unlike ac dasi‘gn: ';)loroovar. the
- temperature stability is far poorer th,an"ln ac desfgn, since the drift
of the ftrst stages are anp’litt'ad by suc‘cootizingistages. . Thus the

oparattng point may change because of change in temperature or because

e S e



one transistor is replaced by another. It may also fluctuate due to

& fluctuation in the supply voltage. Thus,,for a de amp]ifier operating

"determine whether an output vp'l‘Eage change is due to the inptit signal

‘‘‘‘‘‘‘‘
‘‘‘‘‘‘‘‘
e
\\\\\\\
[RYS
~~~~~~
~~~~~
------------
\\\\\\\
......
\\\\\\
~~~~~~
\\\\\\
e
Tape
(3

under changing environmental conditions, it woild be impossibie to

or due to a drift in the environmental condition. Design of the first

: stagie is therefore very critical in dc?amplifiérs Thus in such a case .

. (6.1) for each environmental condition and minimize the maximum deviation
i -',over all such conditions, instead of minimizing the algebraic sum of

a1'l suqh functfons.

. NP

v

it is more appropriate to define a performance function of the type

] ' ) )
. 0y

3

‘The perfonnance fun{ction F may then be defined as

F=max fp,

'perf,ormance function of the type (6 1). Hence, a minimax optimi’zation o

——R—

¥

where m is the 1ndex of environmental conditions. and f; is the m-th

should be done 1instead of minimizing the algebraic sum of the performance .

&

f(mctions at all the environmentai conditions.

p 2.3 Constraint on the Conductances:,

As it is desired to, have passive conductances. they must be -

[

LI

design parameters . | ' o

as x{ = p%. where x,‘s are the conductance and pi 's are the corresponding ‘

-

624Scaling. . Lo o
It ‘should be noted that in genéral here are two kinds of parameters

ihvolved.‘in the minimization process, namely, pj' s,_, i.e., th_e square root

.
[

+ * .
¢ v ! e : ‘ ~. ¥
M ' L M * ' 3
¢ . . ' , '
4 . 1] . s . O
R o - . . ‘'
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of the'conductances; and the voltages. The two kinds, of parameters are
very much different in-orders of. magni\tude. i{ence, for better conver-

Qence we redefi ne the parameters'due to the conductances as
™ 5, i . . ’

S ___apji e ’ : A __(5 2) o

where 'a' 1s a sca1e factor depending on the magnitudes of the conduct-»
, ances and. node vol tages Thus, pi's and vy s are made of the same order,

of magni tude.. L Co : ¥}

6.2.5, MinimiszPower Dissipation ‘ : {

54

-
To minimize power dissipation, terms of the type wp Ip Vp are
added to the perfonnance index F in (6 1) for "each power supply, wherer

Vn 1s the power supply voltage, ID is the power §upp1y current, and’

. \
" Wp 1s a weighting factor used to have a trade off between the accuracy

of specified voltage and current, and the power consumption

6.2. G'DC Transistor Mode1

For the fomulation of the nodal equations, the Ebers-MoH transistor
mode1 (123 replaces the transistors Such a model for an npn tranststor

s shown “in Figure 6.1.

6.2.7 Opt‘lmization A]90P1tm

‘ Morrison 3 a1gor1thm as describéd in Chapter 4 (section 4, 3 2) 1is
used to soIve\the ,problem. . In-theﬂpresent case, 5(5) is taken to be the

set of netwo?r equaj:ions while F is the perfonnanc‘ej'unct'ion. The penalty

H

tennfis now given by lm?hz - thh. where .w is the scaling factor to-give'

appmpriate weightage to the pena'lty tenn Thus the pena'lty augmented

i

-function 1s now given by

~

-

S AR T o e
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In addition to the“aeﬁgn parameters due to the designab‘le conductances 3

and fiode vol tages, the: vector X may also contain a subse,trdf the 1nde-

: "pendent voltage sources and current'sources as {n example 3 to be

o
’.\.

! e aamee | «
’ f' — ) ) _ ’ /{
. T~ " .
v p=(F-mPeurhd S (6.3)
S S 1 AN S N
It s i:'lear that the performance function F given by (6.1) is always \’
greater than pr equal to,i'ero. Hence, ariy,rgegative number may be *°
chosen as the initial guess for M. : ' :
'_-nou-cmrt of the AqurH:hn
A flow-chart based on Morr*lson 3 a]qor!thm appHcab]e to ogr/
design problem is given in Figure 6.2. l
- 6.3 COMUTATION OFBRADIENTS - . <
Most efficient m1n1m111ng a'lgor1thms require the knowl edge of the
grad1ent vector of-the function t0 be minimized with respect to the '
_design parameters.“ Thus for a fastlgiesign a!gorithm. 1t s esmﬂau
that the gradients be found easﬂ y and with a mfnfmum of computat'lons
g Let X be a.vector of the desigm parameters Differentiating the penaTty ’
auigmented’ function P in (6 3) with respect to x, we, have, - J
14 + ' -
ax'vp’z(f'max"’z“(ax) -h , | (6.4),‘
where, from equation'(s 1), ) . Cl
N AL av,, ' .« \\k .
BX = 2 121 "Vi (V1 Vt)j-g- P T -
T T Y- R AR
v . + 235] “IJ (Ij - IJ) 85 ‘ . e | (6.5) . " ';
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Branch relationships;
nitidl design’ para-
Ymeters, initial
guess for M

LAY
N4 .,

Read in, Topalogy, ' . \

. Jcompute inittal] -
guesses for
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o
&

change in
M negligibl

?

Compute over-
~*1a11 cost

Function mini-
| mization scheme [~ Y

_ Yes p
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g
.

S J

Function
negligitle

\Print out final
'values of - : : :
parameters . . P

: ‘ Update M
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Fig. 6.2 FT@wa Design Algorithm. . = .
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discussed later. To derive the expression for =— ax and ax in (6.4) we -

proceed as follows: 5

" For a network where the controlling current flows through a passive

5

element, the current i, may be expressed as i, = Yo Vg wher'e’Ye is the

- . . ¢
admittance*of~the~e1ementwand~vévthe—vo}tager—v¥husfa}4~the~eontrollee

sources finally become voltage controlled. Now, without any‘loss‘of

generality all the controlled sources can be assumed to be'voltage )

contro]led'current sources for nodai formulé%ion of the petwork equations.
A genera]ized 1th branch in a network is as shown in Figure 6.3, -
where the subscript i indicates ‘the 1th branch A hetwork 1s an inter-

connection of such branches, so the different branch parameters for the

“' whole network may be expressed in vector form as follows:

=

Ee.* branch element "poraméter“frector,
! + element voltage vector, |

¢ . Ig + element current vector,
Es-» voltage source vector.
Is + current source vector,

Ig + branch current vector,

. Vg~ branch vo1tagervector.

\) ‘e
"Now, in a network wﬁth»contro11ed sdurces. Ie. Ef’ and Ig may be

v

‘expressed as functions of !e and. pe. Representing them in vector form,

« .

we get . ‘ :
- fl(v 179 B ' : - "~ (6.6a) |
Es = f2(VYe, Ee)‘ ' L . | (6.6b) -
Is = f3(Ves pe) & Lo - (6.6¢) -

e

st

N ' C e
:&‘ o~ g

~ 3
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' dea‘lt with separately as shown below . ‘ PG 8
; 6 3.1 Gradients of the Pena]ty Eunction- Ter-m ' P
(a) Gradients with respect to the node vo1tages ‘
The penal ty tem 1 s given by . :
. ‘
zﬁ-hmgo -
J LT T <, * , . : L.
"Denqt_i'n/g the node voltage vector by !,;, Kirchoff's voltage law yields,
, ‘.‘ B Tv : /. L - . .
> ~!B = 5 !n . . I3 . . .
however, L T
Ye=Y8+E . o, T
AR .
therefore, . N . s . v
. st P L \ -
? = falA" ¥ + Esv ,!.’e\) Ca .
. L ’ :
L .
. ‘&' ™
J . l { 0‘ \1 8 N

O - @ ’. [ ——— ,: - - ......«‘a—- :,....‘ ! —
/ n 2 41
& - ~°. A v - .
N * _]23_ \ % ! /f
From Figure 6.3, A
Ig=le-Is oLl -
=fallee e T e “
. 5
and kirc!\o\ff 's current law ylelds,. ‘
Agdho0 -«

‘~

. parameters have a contr1but10n from ‘theé penalty functﬂon term, and also ',

from the performance index- term as ev1deht from*ﬂ(’ﬁ 4). The two. par.ts are

" The gradients of the. penalty augmented Ffunction.P with re'spect to the N
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Now, - L .
aq _ 2(0h)
i .
|
ah T
= 2 ('aY;l') 29
= (A W‘)'l . (87)

c © v =aTy 4 E e

~

In the case where each branch current source and each branch voltage

source }s controlled by a single parameter or by a single voltage source,

.(6.7) can be{g:onsider,am_y simp11f1ed. Speeificany. suppose the source[s,

in ‘the i-th branch depend only on Ve:j and pej‘. Then (6.6) becomes

Teg = f1llegr Pey) o (e8a)
. = falVeps pey) N (6.8b)
' Isi'."fs("e‘j' Bej) g E ' ,(6.8c), '

Note that the above situation prevails 1n dc transistor circuits. Further.
in trans1stor mode] 1n’Figure 6.1, we have -5%- 0. mth these siupH-

* o~ fications, (6.7) becomes " .
B=2a9"ATh,
\G B

" whe

/re the Jacobian J is given. by o \ . 4 .
Q< L
3f4(!e'2o’ T

~e . al v
’ Ye=A Yn+E

u(‘: .. ! A . e -~
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Thus ,;;he Jacobian 1is thelsame as the «bﬁnch aanittance\ma'crix of a | f)

transistor ac equivalent circuit, where the diodes are rep'lchd by

!

. equivalent conductances given by, o
. ‘ v '
' > 9 Is(e ej - 1)
o S Ve,

o »
C L Is 4 eﬁT Vej
" Denoting "the branch conductance matrix by Yg, we therefore get

%8—-2AYTAT
~n - -

=2y

.
Y
',

where Y is the noda] admittance matrix of the new network. It should be
ﬁoted that {if the nodal adrnittance matrix‘ of the linearized choiat ,

* network [7) is denoted as Y,, then Y, = !T.‘ so that

N B s
gg--zv,h T (X
N ,
(b) Gradients vdth retgg_f, to the. design g_grmtogg te
R Differentuﬁng b -w.r.t. the vector p,, we have
' . LW ' .
- "i'i:ﬂ . 'a&:!e'&)l
' -.pe(/t\ Pe. . t '
T YUY

Hoéc\;er. when the design parameters are lumped conductances, f, becomes.
f‘(v..;,), and the above expression uy be simplified as .follows:

t

Let the incidence Jtﬂx A be plrtitiomd s A= (A,IAZ]. uhere
the coluans of Ay correspond to the conductanccs to. bc optinizcd. md

s




e

T
\

\ e e e e e

N e .

/

.

. those of A2 to the remaining branches. Accordingly. the Hneartzed branch

admittance matrix Yp s part’1t1oned as- o f )
Y, Y |
N ELY b1z :
Y. =
b
-~ Y “ Y N
5 ~b21 ~"22
wher'e‘xb” is diagonal. Therefore, . . c RN
=2 ( 2y ot
’ Be . SY; ~ ' ' .’ ;‘
' 4(ve' )
=2 (4 Az) —"W"“ : h
Ve = A Ynt Es
‘ = ' a ‘ ! T : T : [
=2 By, (ép!n +E b o
Thus ,fhe yth 'component of g—g— is 'given by -
.3 T T R
53-3-1- 2 0T A M1 W ¥+ g, . (s0)
where ‘ T 3 -
o - '.1 * - ‘ | |
ya 5 . ,
| 0 '
L ED R
a. -
‘ ol . N .
(c) Gndients with respect to the indegendent voltage sources: ‘ ' w’ '
- of Y SN
Qg_. 4( 3 ) . . o | R
.,!"A vn“Es , o
=23 h .. R ( 9 | ) B
o T —— *Mm\w AT -
-y e S
/ H . . . . . .
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where the Jaéob1an J] is the branch admittance matrfx'of the hranches f

involving the independent vo\tage sources as parameters, with the oth@r

branch admittances set equal to zero.

N

6.3. 2 Gradients of the Performance ~Function:

of 4
Computation of 1nvolves the computat1on of 5——-and ® as is

evident from (6 5) The computation of ;!— is straightforward as vy can
be readily expressed in térms of the node voltages Vn and the source !
voltages Es But in order to compute 5—1 ’ IJ must f1rst be expressed~4n
terms of the design parameters node voltages, and other network“parameters

4
. {such as conductanoes whose v%1ues -are not subject -to design) Iy may

\ be the yjth branch current IBJ, or Just the yth- element current IeJ or- the .
80 ' (/)

s rrent Isj As shown in F1gure 6.3, 133 may be expressed

. ‘ 0
- sij s, _— | )
- . . , .

where YeJ is the conductance of the element - pej Now, 1f the Jth branch
is connected between the z(j) and k(J) nodes. VBJ may be: expressed as the
differenee between L(J) and k (3) node VOltages, i.e.,

VBJ - vnl - vnk ' .‘ s ! TV

' g

In this case B
IBJ - Yej ((v - v"k’ + ESJ - IsJ | ,\' |

— ’ : . 9 : Lo /

‘4 . . !
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Thus . | .
) R VSN | ay_ av. 9E. oI
B e \ n n 3 S
-y —e . k . —d
< o CeX [V, Vn)"EJ]*YJ"a§ B TR TR T
\ (6.12)

, . . 'BE

(Note that in a dc transistor circuit —1 -0. since it contains no(\-
N controﬂed vo'ltage sources) aAI\H the gradients invoived in (6. 12) can

S
e rea y calcuiated except -—371 As mentioned previousiy. we assume

that all current sources are voitage controiied Therefore. Is i can be
expressed as 2 function of the node’ voitages and the- design parameters
Once this is done, the computation of -—1 is trivial. |

In conclusion, all the gradients can be computed in a very
straightforward manner with only the knowiedge of the ‘network topology .

and branch relationships

( 6.4 ExAMPLf:s

-_—

Three examp-les are.presented to { Hlustrate ‘the effectiveness of the
approach. The first two examples are on the design of biasing circuits
taicen from [17]. Exampie 3 is taken from (121, and invoives the design ,
) SR TN

Initial Ch gice of the Node Voltage Vaiues

of an emittar-coupled logic gata

, In all these examples. it is found that the convergence to”the
desifed optimum occurs readi'i.y if the initiai node’ voitage vaiues are «i/ |
. chosen in the neighbourhood of the feasible region This 1s.dor '

‘ foiiows. Tha transistors in tha network are first re/aced by simpiified o

Ebers-MoH modeis, €.y the\/diode between base to coiiector and the .
T T
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corresponding'current source in Figure 6.1 is ignored. Nhenever,a voltage -
'across a hranch or between two nodes fs given as a design specification.
+ this branch is repiaced by a voltage source equal

7
For each collector current specification, the base to emitter diode 1s

to the specified value. .t

.replaced by a vo]tage source eqqcvalent to the voltage drop in the.dioée.
"Each of the other diodes in the dircuit are replaced by a voltage source
Vye OF magnitude Yn the feasible rahge (;ay‘oizv flvbe < O:GV) taking'éare
that Kirchoff's voltage law {s not violateo. The resuitantllinear networkf~
which may be termed tHe "modified network”, is then analysed and the nodegj
vol tages thus’obtained‘are takem as.the initial node voltage values for

* the optimization aioorithm. gNote that the humber of independent hodes
’reduce‘drasticaiiy'in the modified‘network). 5

» The minimization algorithm used is due tqkfletcher and Powell [20]
Las in (171 and the‘Tinear search to obtain the step size is the meyhod
of Golden Sections. The examples are run on a.CDC 6400 computer available.
'The scale fattor k for the network equations is chosen to be 104 for all’
examples Simiiarly, the sca]e factor 'a' for the parameters Py due to
the conductances is selected as 102, The termination criterion in all

- the examples is "i+l - M1 < 10']5

gxample'ﬁ 1. Gain Stages for Operatignal Amplifier . S
The circuit diagram for the examcle 1s shown ¥n Figure 6.4, The

adjustable parameters are the five conductances e] to 65.' The bias
'point specifications are as foliows IC] = 0.5 mA, Ic = 0,5 mA, . .
193 =1.0 wA, Ig, =1 O mA, E =1, &, and Fp= 4.8V The thers-holl -~ -

parameters of all.the transistors?are takan tobe" Tpg™= 10"4A.
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Ies = 10714 a, Bg = 100, By = 5, and T = 300°K. - The subpiy'Vthages are
Voo = 18V, and Vg '= - 18V. Now, the performance index after normalizing

é

[ diven by

P Tg - 8 Tg + 8¢ Tg - 0.5x107%)2 x 4x105-
R S .
+(-I. r By I. +8.1. - 0.5x1077)° x 4x10 X
“Te, " P te, T Brlg, < 0% |
(I, - Bg 1o +8 I - 0%y 106 ‘
5 R G T A
} 4 (V5 6% Vg 6y - 11072 x 10

. ¢ .

Ch - V- 182 2.2
. | 2 .

+ (Vg - Vg - 1.5)% / 2.25

¢« PR

As\the number of specifications isxequai to the number of designabie

conductances. F does not include a term representing the power dissipation.

As shown in the figure, the network has seven nodes. $0 that there
are seven unknown,node voltages. Thus there ‘are seven equality’constraints

to be satisfied along with the design sbecifichtions " Now, the‘dehiem is

‘converted to an unconitrained one. according 'to the modified Morrison's

algorithm.
. . 7 - . ‘ ’ “ ) .
" p g 2 2 - o .
P=(F-M +w £ h : ‘ -
Y |

L}

L

o

. The fuiction P now invoives seven node ‘voltages as variables in addition
.to the five*variables due to the'five conductances. The. initiai values
' =of the conductances are chosen to be the same as -in [17] “In Run'T,

the initipi guesses for the seven,nqde voitgge vaiuesvare qhteined hy'

-~

. o -

s’ t . ) . - U

14
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¢
‘ ahalyzing the. modified network as. mentioned earlier; in Runs 2 to 4.’ P
the 1n1t1a1°nod‘e 'Xo'l_tage 'values are varied'nghtly from the above |

values to show that the convergence {s not much affectéd even if t
modﬁ'led network 1s nqt analyzed very accurate]y The initial values
as well as the fina1 values are-shown in Table 6.1, where the coriductances
are in“mhos anc[ the voltages are in volts. Table 6.2 shows the accuracy
to which the network eqdat16ns and the voltage and current spec1f1cations ,

i are satisfied in Run 1,\ when the parameters assume the final values of

Table 6.1. They are satisfied to the same order of accuracy in Runs 2
to 4. The initial and the final va]ues of P and the modified Morrison s

\parameter M aFe as follows: o , o T

\,

‘Run 1 Run 2 \ Run 3 Run 4

Initial Value:| P = 22.31 " | P=26.30 |P =383 |P=38.47
| Me-10 JMe-10 [Mm-10 [M=-10

Final Value: |"P=0.21x107"7| Pe0.87x107'8] pw0.73x10776| pm.12610°15 |
M=0 | M=0 M=0 M=0.0

v

R LT . L ' -
\ The CPU time required on CDC 6400 com'poter as reported in {17], with the

K same initial vallues for the conductances, is 30 seconds.
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TABLE 6.1: FINAL RESULTS OF EXAMPLE: 6.1

o

—

Rara_ cF"na]
meters ' , - ‘
\ /// Run 1 Run 2 Run 3 . Run 4 ’Values
f.:,: . _ , _ \I _
& om0 010? coxo? oaxaod | o.218a07
6,  |ox0?  o0ax0®  0ax0®  0ax10? | 0.2180107
6, om0 003 oax0® 0xa07 | o.ss6xt0”
6 |00 oaag? o0 oaxi0¥ | o.628x107
M. \ - .
6 |0 0.1 0.1 \\ 0.1+ 0.578x107  {
oo [ “15.5 15.5 . 15.5 15.659
vy, |08 -0.5 -0.5 -0.5 -0.640
Vo |75 17,5 . -17.5 .75 | -17.323
v, . |-18.0. - -172?5 -17.6 -17.8 - -17.982
Vg [15.0 5.0 15.0 150 15.0
Vg [15.5 15.5 8.5, 15,5 | 15689
v, 165 165 6.5 '16.5 6.5 .
cru |5.0 4.2 4.7 3.5
Tme |secs. secs. secs. secs.
‘No.of .
Fletcher
Powell |42 9w 3.
1tera- ‘ N ‘/a’/ P
tions, | ; -
.( e ‘
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TABLE 6.2: FINAL RESULTS OF EXAMPLE 6.1 (CONTINUED)

!

Network Equat

Specified Currents

jons )
; and,Voltageso .
hy = ~0.684x107 13 I, -0.5 mA = -0.579x107'0
) A 1 .
h, = -0.266x107 '8 I, 0.5 A = -0.579x10" 1"
hy = ~0.253x10718 I.- -1 mA= -0.756x10"
3 C3 ,
hg = -0.713x10718 I, =) m = -0.263x10”1°
 hg,= 6’.&1;-10:‘_5 Vy - 1.5V = -0.528x10™8
hg = -0.416x10718 V, - 1.5V = 0.162x1078
h, = -0.278x10719 ‘
. ;;
)
. a
4

=
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Exdmp1e'6.2. S1nngﬂTransistor Stagey, Two Env1f;nmental Conditions'

The circuit to b€ Aesigﬁed\is shoﬁn in Fi ure 6.5. It is desired
to haye minimum deviation in the bias point at two enviroq@enta] conditions,
’ as well as minimuﬁ power dissipation. The de 1red operating point is as |
follows: Ip = 1 mA, an‘d'vCE =5 V."The final va]dés of the designable
onductances GT to G3 shoulq be such that the oper%fing point‘IC and
/5CE are not too sensitive to changes in the transistor parameters; while -

e

/ ’, ,
"minimizing the total dc power consumption at 'the same time. The trapsistor

Y

© parameters at the- two env1ronmenta1-cond%tionimare as follows:

ental Condition 2

,4} ‘ Env{}onmeptal'Condit1on 1 Enviro ,
e Bp =25 o e = 100 ° 4
. - o ‘ L
y | BR = b | Bh =-‘ 5 .
I =101 24 I..=10"1%
¢S \ csS :
- . -14 1n-14
. . IES = 10 A IES\‘\' 10 "7A

’-

| where the‘superscr1pt 1 indicates the environment 1.condition.

-

o As shown in theicjrcu1t. the netwbrk has three nodes and. hence .the =

. network eqda;jbg_veétor h has tﬁree elements corresponding to those

* nodes. The penilty augmented fdnction is then given by

~ 2 3
Pum(F-Mtu Z (hg‘))z,

)

pd

(]
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1 indicates the environmental conditions.

" where the subscript j correeponds to the d1fferent nodes and the superscript

Hence, ‘the function P contains

" nine varfables; three due to thée conductances: G, to 63, three node voltages |

at one ervironmental- condition and three at’the other.

The 1njt1a1 node

voltage values jare obtained by analyzing the modified network at one '

environmental conditfon, -and the results are‘g'lven in Table 6.3 under

. Ruin 1.

and also the 1n1t1a1 node vol tag? values are changed slightly from the

anal yzed ‘values.

Tab1e 6. 4 shows for Run 1 the accuracy to which the

. ~ network equat‘lons and the spec1f1ed vo]tages and currents are satisfied

For.Runs 2 and 3 the initial choice of the conddegar;eee are varie&,n

Y They are satisfied to the same order of accuracy in Runs 2 anc_l 3 as well.

The superscripts denote the enviromnental conditions.

final values of P and the modified Morrison S parameter N are as follows:

el

1In1t1a] value: | P ='0.197 P=0.185 j- 0.265
" B m=00 | M=o0.0 { = 0.0
[} { + ,
Fgnal. Value: | P=0.21ax10°1% | Pm0.669x10714 | Pm0.207x1071
: " Jwe0.199x10"% | -me0.198x107* | we0.198x10"4

In al runs'up’- 0.01.

1s 5-seconds.

> ”

N
x o ', -
* -
.
. .
. N ' .
o .
A, -
- 1., . '
- .
. -
-3

v
. e

,:§ -

"The CPU time reported for this example in (17]

Jhe initial and the ~
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TABLE 6.3: FINAL RéSULTS OF EXAMPLE 6.2

Vs
Par&; 1T Initfal Values Final
mete : , Values
i Run 1 Run 2 Run 3
6, 1x1073 ax1074 Ax1074 .949x19"5
6, axe3 axetd ax1073 ~7] L706x107
6y 1x1073 Ax1073 Ax1073 .184x1073
v T T s e e
v, . 5.6 6.0 . - 5.5 5.43
o .0 10 0.42
@ .07 .10 0.76
' b " R
(3 | s 6.0 5.5 5.43
w2 Lo 1.0 1.0 0.48
cu | 2.4 28
sTimg §;ﬁf. secs. . secs. g .
‘Fletcher- | ‘
b1 | 44 50 a7
iterations

Ye
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.07 . TABLE 6.8: FINAL 'RESULTS OF EXAMALE 6.2 (CONTINUED)
- - . e y
‘Nétwork Equations * Specified Currents and. -
' - , Yoltages ‘
n, (1) = -0l996x1079 yidd 5.0 v = 0.92x1072
~ h,{") = 0.214x10° (2) 5.0 v = -0.25x1072
— tmWeoszae? L y{) oma= 06200
. N . {' 4 ’
hy(?) = 0.826x10°18 12} 1.0 mA = 0.61x10°8
hy{8)-m 0. 213x107" Power dissipation(}) = 0,926 mi .
ha'?) = -0.235x10°"7 . Power dissipationZ] = 0.928 md
g \
1 ‘ , ’
, XY
3 .
' L * - ’ - ¥ \ v‘ N
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Example 6.3. Design of an Emitter-Coop]ed LogiciGate |

. The circuit dtagram is shown in Figure 6.6. The purpose of this
Iexomple 1o'to {1lustrate the feasioiliiy and efficiency of the propoged~
method for tﬁis-kind of probIems. It is desired to have the pkoperty of
preserving the dc operating levels of the input signal Vs(t) shown in
Figure 6 7. Thus when the 1nput is +0. SV, the output should ‘be +0. 5V.

’
o * - and when the input is -0.5V, the output should be -0.5V. The performance’

‘ - index—after normalizing is given by : ] ' T

Fa(vil) - 052 x84 (v‘z) + 0.5)2 x 4

where the superscript 1. corresponds to: an 1nput.of +0.5V and the super-

script 2 is for an input of -0.5V.- }he penalty augmented function is then

given by A | p
P=m(F-M) +m1z]jx1(’nj)\ @ .

_; where the subscript J deng;eé the node numbers, while the superscript i
corfesponds to the two inputs. The variables in F aFe the three conduc-
tances G] to 63. the two voltage sources & and €5 and fbur node voltages
for each state for a total of eight voltage variables. Hence there are
thirteen variables in all. A guess is made at the 1n1t1al'va1ues of the
design parameters, and the initial choice for the node voltage values is -

obtained by analyzing the modified netuork at\each state. The finitfal and

final values are summarized as foI]ows Ve

Q@
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Fig. 6.6 An Emitter-Coupled Logic Gate.

4 .
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. . t ‘ ‘
-0.8
_Fig.6.7 Tnput Levels Yor the ECL Gate. s . -« -~
. 4 ' - » '
e A e .




JEITOR—

o @
} -142-
N - )
; & .
5 Initial Values | S o Final Values |
- 2 O 1 ST I - 0_.3479)(10"‘]6
Wo= a0 TR
g = 1000107 mho, - & 0.218x10") mho.-
‘é2 = .moud“ mho. 1 "’, L G, = 0.101x10°" mho. -
6 = .100:107" o . &, = 0TS0 mho:
DRI AL L ey =9
e, = 2.0V - D ey = 181N
Y S L 6.‘4z'v _~ “
S SURE (I Y |
' . - a1y : 9
AR L 05 V. N R RN
. "2)-10\1 S -v%”-‘\.zsvj_
Wla 08y o | -d._\mz'v
ey wPe 03y ,
.'sf);-osv o P . 08V '/
The network equations are satisfied as fonows. . o ! \
n{1) = o.7857510° a ‘D S R | ’
' Y = o.saaxie”! S S | o
W1 = ~o.s57xt0"10 SR _ e !
o W = 0. mmo‘“ ) |
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N
-

. h‘(‘Z) -

-0.638 wht o -

-0.1q2 1071°

-0.203 1070

0.223 10712 -

k3

, , : () . T
" . The output voltages are exactly matched, i.e., Voyp = 0.5 Vv, and

ouT

.
.
N o
L4 L]
)
.
v
P
.
-
’
f
e
.
/ -
a

“«g5 vV

AN a4

No. of F1 etcher-Powell 1teratio:ns = 27
CPU time = 3.5 secs.
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*
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‘/ - ~ ’ -
M \ o, L d
A
r
A4
-
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// ' Example 6.4, Single Transistor Stage: Two Erivironmental 'Condit‘lo'n_s‘
‘ (Worst-Case Design) | PR ° R

5o

~ The example is taken to show that minimax optimization may sometimes

£
(( yield a better result-than the least-squares optimizat on, 'in the sense -

,1s' less. The same circuit as 1n examme 2 1s taken. Howeyer, Phe

environmenta'l conditions are as follows

‘that the maximum dev'lation of the operating point from the nomiqal values

. Envirormental Condition 1 - - Environmental Condition 2
P T = 150°K S . Tease . |
L ge=25 100\
+ , .‘ ‘ " .'
. o RS P BR :
o . T e w1074 A - : 1 -‘10"" A
. cs . A s .
' -14 - -14
Igg =107 A ) o lgg= 1070 A ¢

The minimax function to be minimized is given by
Rt Al

Femxty, 151,02

I

wherel‘ T |
Lty Jes redih? 105. + ¥ eg‘) S (6.13)&
and - o ” ~ ‘ '
A LI T ) - (-v(” 6y ¥ 10‘3)} X 105
1 \4‘ ) ( v“) s + 10‘3)‘ - ’ ¥ ‘
of!) (vccs,wccsa-v%)el-v“)s) SO

‘'where the superscript 1 indicates t:}'{env'lromntal condition.u 'I'he ”
pnmlty auggnted function corresponding to (4.18a) 1s given by o
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2: 3 )2 o
P(x.M) [max(f1-H)l te T jz][h\1 1°,1i=1,2 (6.19)

-

where 1 and £ indicate the environmental conditions. Note'thath the set

“of equality constraints for each 1 includes the network equations for |

#5e

' ail the envirome’nta'l conditions The constrained minimgx algorithm
- as proposed in Chapter 4 is used fpr the Optimization.

The example s a'lso run for a least- -squares performance functJon

and the resuits are given in Table 6. 5 for comparison. The value of

Np is again chosen to be 0.01.c It is\ found that the' maximum deviat‘ion -

Fin the operating pofnt from the nominal value is more in ieast-sqdares

case than in the minimax casey At the optimuni the network equations in

i)oth cases are satisfied to the order of at least 10-15, In'Tabie 6.6,

. the final va'lues of the specifications '(e“)'s) reaiized under the two

environmental conditions are given for both methods.’

—— *NwaL‘*°
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TABLE 6.5: FINAY RESULTS OF EXAMPLE 6.4

~

Parameters Initial R Fi;la] Values
Values of of Parameters :
Parameters "
" Least
Minimax Squares
6 ax1073 " .604x107° .738x107°
- } ,
R ' 1
6 Ax1073 .323x10”% .350x10”% -
64 x1073 A75x30°3 202x10°3
vl 1.2 - 1.49
vi!) 6.0 5.03
, vg” ‘ 1}0 0.392 . 0.506
. 7~ B
vi2) W 0.742 . "0.828
vi2) 6.0 1 5.7 5.25
vi2) 1.0 0.415 |
CPU time in segs - 9 ; 6
_No. of Fletcher-Powell - 108 .o
jsenations : : ’ .
dwy ' \

o Sl Sl

"\,
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© | IABLE 6.6: FINAL RESULTS OF EXAMPLE 6.4 (CONTINUED)

O ey s

Ve magman

Performance | (1) . (1) - (1) (2) (2). (2) ~
| Function” | B b N b BN B 2 . |%
: : += ,
: e 08| qau1n-3 el -4 -3
Minimax 0.19 -0.17x10 71.83x10 .51x10 -0.38x10 "|.85x10
“. ' ¢ )
| T — = | ,
© frest ol e L . _
"{ Squares -0.48x10" ' |.13x10%" |.11x10 -0.25 .smo, .10x10
T . v, ‘ :
: . ' v T -
‘ ; ’ ’,"0 ' ) i




A chronic problem with any optimization problem is that the speetr ‘f’

. ofL conlergetice depends to some extent on the inftial choice of the

parameters In the existing methods such as in [17], the deeigner is
reQuired tq provide an 1n1t1a1 guess Q the network design parameters.
However, in’the present approach, an ‘initial guess for the node voltage

va]ues must also be given. It has been found that the'convergence is -

__slow for an entirely arbitrary choice of the initial node voltage va’lues;

.-l 6.5 oxscussmu | \'? % h.r b

in fact, convergence to the desired optimum may not even occur in some '

ca/ses. However, it is observed that 1f the initial guess, for the node

/,voltage va]ues are in the neighbourhood of the ones obta'lned by

J

ana'lyz1ng the modif'led network as mentioned in Section 6 5, convergence

is fast. For the design method to be appHcahle to a real, Yarge-scale

'prob'l'em. the initial guess for the node vo"‘ltage valiiee should' be ‘automated.

Justification for the final design s based on the fact that the
design s!;eci'flication; in the fonn of a perfonnanoe 1ndex are realized .
as the vector h(;) of the KCL equations becomes zero. However, in |
reality it is not z'ero but a vector' of'very small ‘numbers.‘, In the
exampies presented here, since the various\‘ currents in the circuit are -

of the-order of mi111anperes, the fact that the components of the final

) h(x) are of the order of 10”10 or Tess 1s quite satisfaotory. "To make
"'46.5) of the same order{as the first term (F - M)2, a scale factor of

w.= 104 is used. Howe}er. in general bne may normalize-the KCL equations
with respect to the EucHdean norm of the current vector to obtain a

more mean1 ngful measure. )

0 Y e




' parameters invol

/ 3 R VN . \

[

As mentioned in Section 6 2, there are two distinct kinds of.

ved in the optimization procedure. namely, the. square

\

root of the conductances and the node voltages, which are very much

.

. ' ' v .
different in-orders of magnitude in general. Knowing that most of the

oonduetences are in toe range of millimhos, and knowd ng the order? of — |
l

the magnitudes of the node voltages, the scale factor '¢*"in (6.2) is

e

‘chosen as 102. However, it was found that the convergencﬁs—not—very‘“

.much sensftive ‘to the selection of 'a' and hence 1ts choice (s not very

critical. '

One of. the main advantages of the algorithm used 1s that the .
updating of the “Morrison s parameter" M for’ successwe 1terat1ons

js automated. However. the, initial choice of M must be optimistic.

‘f.e., M< 'F(g). This presents no problem in }the present context as .

the performance index F(x) is defined such that F(5) 20, so that any
negative number is suitable as the initial guess f‘or M.

The eff‘lciency of the present algorithm 1ies in the fact that unlike -
the usual practice as applied-in [17], 1t is not necessary to anl]yze ‘
the noh'linear network at each 1teration of an optimization algorithm.

_ Even though ‘the parameter space becomes considerably larger, which m‘ay

"""

require many more 1teret1ons wi thin the bptimization algorithm. the

* number of operations required at each 1teration ‘{s considerably smner.

"
Thus 1t is ted that the a1gor1thm wﬂl prove faster with more

nonlfneer elements 1n the circuit.

»»»»»»
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6.6 CONCLUSTONS

An a'l.gorithm is descrihed "for the optimization of nonlinear dc
circuits where it is not necessary \lto anaiyze the’ nonlinear network
The network equations are treated as equality constraints on the design
parameters, and the optimization is carried out using a p na]t_y function
technique. A method is given for the computation of the parameter

gradients. The network equations are 'formulated on’the nodal basis,

'convergence at all." The speed of convergence is improved substantiai'ly

prob'iem with equa'lity constraints. It 1s shown b,y an example 'that in

‘:’“ certaih cases. oo e o ,‘ T -

and‘only ‘the know’iedge of the network topology and the branch relation-

shi ps is enough to compute the overall performance function and its
: gradient. It is aiso indicated how the initia] choice of the node

.vo] tages can be automated

Secondiy. the constraints on the copductance va]ues to be nonnegative
has been dealt with ina simp'le manner which offers no difficuity in the ..
by, scaiing the conductance parameters such that they are of the same

order of magnitude as the node’ voltages.

The probiem oi’ worst-case design is tackled, as a minimax optimization

EY

- such a situation minimax design-may prove to be more desirabie than

ieast-squares design. o I B S

-] . 5

ln designing the transistor {reutts it was not found neCessary
i

, to temporari]y simp]ify tTie transistor modei as mentianed in [171.
e -‘however. it is expected that: such ] strategy might speed up the convergence'
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\clnpod Itransistor.. and 1§'found to be efficient and reliable,
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. 1.1 SUMMARY

4

)

The thesis proposes a number of algorithms for minimax

optimization. . The problei{: of minin;ax optimization has been studied

- from a mathematical ‘point of view ‘and 1t is shown that the negative
of the gradient for a least p-th performance function with a large
. vﬂue of p does nqt always y:rld a descent direction for the . corrcspond-,
i

ing minimax performance function. This fact is quite revealing since '
many workers have tried to solve the minimax problem approximately by :
taking a léast p-'tt; performance function with a large value of p, and
they have found that in some cases the solution does not converge to the

minimax optimum. g

~ £ i L]

‘« °

A mathod for ‘solving u;\constra'lned minimax meIe’m is givaﬁ o
where the direction of steepest desc;nt/ is found by sc;'lving a linear .,
p%&gumiﬁg problem. The method 1s then applied to s-owo different
kinds of ‘filter-design problems and to the mde'n',ln"g of a Schottky

A new approach is given for nonlinear programming problems with .
inequality and equality constraints, where the original problem s 5 \
converted to a minimax optiniutioh problem with equality constraints.

" The method of Morrison [3)1, and Kowalik et al. [27] 1s adapted to solve
,such a problenm, | ' ‘ ’ '

In Chapter 5, a method is given for so'lviwu oonstmm niniux
problen by converting it 1nto minimization of a s-qumﬂo of continuws'ly '
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& . » B
differentiab]e functiofis. It is thus pos‘sible to apply any of the-
eff'lcient gradient methods for m1n1m121ng an unconstrained funct*lon.
The method {s found to b extremely- fast and reliable compared to the

. existing methods for urfconstramed prob'lems too.. For constrained oo

minimax problems there 1s o other satisfactory method existing in the

L ‘literature. © . .

A m'ethod is given for the optimal desf&n-of, a dc Jtrans1stor circuit
'without solving network equations. 7 The network equations are treated v
as equality 'cqnstr'aints ‘on the design parameters. Morrison's method -
(311 is then applied to convert the const;ained problem into a sequence | ’
- . 0f anonstrained problems. A method .1 s given,to derive the gradient of f
the p'erformance function with respect to all the optimization parameters.
.It is. aIso shown by an exanple\that for the worst-case design a minimax -
performance function usually y1e1ds a better result than a least-squares
 one., | \ o . ' T
. 1_g SUGGESTIONS FOR FURTHER INVESTIGATION

LSS .
The work of this thesis has revealed additionad problems for

further i nvestigati on.

(1) A proof of convergence has not been given for the ninimx

ai 9or1thm presented in Chapter 2. It has been shown in [(40) that an
~algorithm following the difection :)f steepest descent as the direction.
. of search -converges to 2 logal minimum.. It should be also possible to

‘show that the al gorithn converges when a nodified version of Fletcher-
Powall method 1s used to find the direction of search by treating the
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" direction of st;eepes? de$cent'as if ilt wefe the vnegat'lve of the
gragient. ] | |
(11) It is found that in modelling the Schott’ky-chmd transistor
in Chapter 2, analyses of the nonlinear circuits take 'quge amounts of
time. fhus the Inetw'ork equations should be treated as equality |
constraints on the modelling parametérs and the constrained problem '
5hou'ld be converted to an unconstrained one by u'sing tﬁ technique ofi
Chapter 5. | ' |
(111) As -pointed out in Chapter 5, a constnined mini problem
s transformed 1nto a stquence of least-squares /t’ypo functions which are
ont'lnuous'ly differentiab'le but the Hcsshn does not exist iverywhere.
"Honevur. instead of convcrt'lng the or191na'l prob‘lem into lust-squares
typo functions, one may convert it 1nto a saquenct of lust p-th type
‘ problexs and the method. 1s stin va'l'ld It can be easily shown [19)

that the converted function s continuously diffennthblelfor p>1, and

_ the Hessian ciists for p>2. It is believed that a unconstrained Quasi-

Newton lrlniu\intion technique should be noro cff‘lcicnt if the Hessian
exists. Honco. thc problln should be tried for p-4 Moreover, .in
large size problems, Nmtcn sgnthod using the Hcssian ny be more
|ff1¢'lont. 1t the splrsitx f the Hessian s cxp‘loitod in 1nvert1ng it..
. (tv) ‘l'he method of redu ‘gﬂdh'nt {23, pp. 274-2901“:13 a very |
efficient mathod for nonl promuing problm. particularly those

with Tinear equality constraints. In tho eonstnimd giniux mathod
proposed 1n Chapter 5, instead of the linear equality cmstrgints being .
dded as penalties, the problen should 6e treated without the 1inear

—
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: - 'with respect to the equality constraints, thereby reducing the number S
of independent variables. This strategy should be investigated and ‘ o
" e "+ .compared by running some examples. - .
ﬁ C (v) The minimax afgorithns presented in this thesis should be .
. - extended to the time domuin also,
{ } “ .
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