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A ’ ) : R ON STANDBY REDUNDANCY WE['H ERLANG REPAIR DISTRIBUTION . . 1
: . . et K t
' : ’ ILoatnis C._Bopgas , . g

r N ’
o, . 3
L - V.

© 4 f L

o S L i’ » This thes:.s deals w1th a problem, in the Eheory of standby E 1

o
1) . * .

-/ ’ e rédundancy. A system consisting of n +1L (n= 1 ' 2,00 .) identical !
| ' ¢ . * (-

| @ . :
- : ..o - / units is cons:.%ered One ~unit, the basxc,, is in operat’lon at al}y given
| .

d .

r time while the other{ *n are in cold" staﬁdby,gunder repair or waltmg

4 .
3 4 . A4 - 7 ® - «

- { -t for repair. The ,failuree t:f&me of tie basic unit obeys an a):bltrary :
« A ) . a
. . DY R _‘

i distrlbution F(t) R - . < .
3 . l _ qQ A N - “ , .
; Y Two cases are considered: - ' - Xy L C )

1. The repair time of a failed unit has an Erlang-distribution ' e
- 8

v ® ’ ) : * ! " v ’
\ . b1l i 55 SR : . . . .
G(t) = 1-° —(l-&-?-)—-e WAt wjllere., A and U, are the scale and shape
.o -7 ' i=0 i. s ° , * . P

pérameters of the Erlang distribution, respectively, w1th x> O a

‘ - \

. ) constant and U = 1,2,3.... are mtegers. 'mée are ‘n repair facllltves )

in the system. - } CoL - o L ) ;
) ] ' N N . ‘Q - .. N
- , > %,'* The repait~time sbeys an exponential distribution G(t) = I Le vt , 1.‘
v > 0 is a constant. There is one repair facillty in the system\, t '
i » T i

' . available to work only after the accumulation’ of k falled units " K
| - : " The 'syste;n bréaks down if the basic unit fails While all the, i ;
~ . . ‘ . '
¢ . 'ogters are under repair or waiting focr repair. We identiff the stateé h e
! - o where the system can be.found duriﬁg “time t.. ' One of thes? states is ‘ . 1;
LY . ' f .
- o its dewn state aod then we -set, up integral ei;uations to characterize the

v - - T e, »

.

) \ - probabilities of the system being in the down state, given that it is in « °

\ ‘state i at t= 0, where 1 can be any of its up states.

N . .. . ' - ’. . . !
v ) \ £ “ ! ’ ’ 1 : * -

\» [} 1
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. . . , A"
homogeneous” units orﬁﬁubsystems. Stardby redundancy consists mainly in

CHAPTER T 3

o ’ -0 " !

. ‘ * STAND!Y REDUNDANCY .

.

l.lsIntroduction
'Y ’, . *

.
-

We define reliability as the ability of a system o operate for

a specified period of time under given operational conditions. Criteria
‘0 - - N .

.

‘of a reliable system are its readiness to perform at thé,desired instane °

" and satisfactory performance while in operation. By systén operation wé

mean the set of all phases of its' existence. . . ‘ ’

y

« ey

* A partial or total loss of. the ability of'a system to operate
Q - . . 4 5
is called a “system-failure'. System-failure du{igéﬁ:pcfation is costly

and- may prqbably be dangerous. ‘An attempt to prevent such a faiiureﬂ
. ) N . . .

— 0 v

" really is an attempt to incredse reliability. ' ¢ .

.

P . N -

. Al .
, The problem of increasing system's reliability is important ia-
! N b N M g - '

. ) .
connection with the fact that many'automatic systems must operate for a .
. . ! )

long time without failure. 1In order to increase reliability, we hhve o

.

choose either udits of hlghest quality Whlch glve high nellabillty, or:'

- ' { o~

ease the operatiénal conditions of the system, or emplgy standby .
1 Q M .

.

.
"
oo

\&h'/'

units. Every one of the above methods is a @ese of redundancy and-is an’’ .

. . . .

~ - v, 1
extension.on structyre, size or cost of a system, in order to ensure that
: ; . ] R . ' . |
it Was a required reliability< In the present work we shall consider
. o, [

. N - i

.
LN ’ .
* ‘ [ . ¢ . ~

a- part of a system, a whole system, or the like. o BN

Standby redundancy is one of the basic methods of 1mcreds1ng /

only standby redundancy. Tiee term '"unit" will be used to mean an.¢Xemént., --

L3

rellabillty of technical systems, and of constructlng hlghly reliable systems

from lessreliable units. In general a system consists ol a number,of<:

v . ]
«

. . . . ¥, [

. 3 3 I3 » A3 2 . f
joining one or several units to the system in which, as failures- occur, - 4

\ ‘ . . t.

e n &



’

'the s‘tandby units

1‘1 -

contlnuation of system' soperation. The.number of. standby unlts can be
equal, “less or greater than the number of acti~ng units in the‘ 'system.

[l -

Standby- redundancy increases. the time of fallure-free operation of a .

E N | .

system and enables us, ate lea t in princ1ple, to obta‘in a system ‘relia-
4

-

bi]sity arbitrarily close to one.

- at
- "

S, "To take 0\1t ‘a unit that has failed and bring in its place a
.standby unit we n.e(a device, which we shall call 2 switch". ¢ The time
‘.require«d to disconnect the’ unit which ‘has fa'iled and p?xt in its place
. the ‘standboy unit, i$ called switchover’ time. “In gvene"ral this tigne is

(X ’
. .

B,

] * \ .~ . . I M i , R «
randomly distributed according to some distribution, but in some cases,

. . N [y
for simplicity, we:can assume it.to be instantaneous, -
. - . o ‘ . : « -

As nothing i'n\ rdal 1ife‘is- a hundred per.c_ent,reliable', tl}e

switéh itself can fall. A switch*failure can occur at thé”instant of
T o Y
switching, in case of smstantaneo.us sw1tchover ti~me, In case of random

switchover time a switch failure can occur during that time. In the™

v

first casg we e,&n consider a constant probabillty of:a sw1tch fallure,

while irr the second one we can essume’that the time up to this fallure

' -
. . b e ~ v
‘o

. is distributed according to some law . - L

.
B : - .
. ° v - e
[

In what follows we shallA consider first the case.of instan-

) ] Y 4 T . —

_taneous switchovet' time_, and second &' r:andoml'y.dg.stributed syitcho’ver

- N . .
ting, - | : _
N
{ N N ' L4 L} ’
‘ c We’ can ﬁave three types of standby redundancy depending on
L . *e +
11 v . s
the state of the. edundant unit before 1t is put :mto action: .
. J- ' : . R o
- , PR ¥ - ' Vﬁ/) ] ’,
o : fl ) . ' } . “oe -
| -~ ; . ,
b ) " ¢ ! ) P)
i o A . op " .
/ . e , ‘g N
) / ° d P -3-’ = 4
f/ t 1 \ ’l t . ‘
- - ‘ . . *

jassume the function of the failed un:Lts, allowing the- -




: _..ll

" €ajil until they are put in the ‘i):lace of the Sas(%c-units.

~

Active standby redundancy.

t

The redunclapt -units can fail -before they

.

a"re put into operation according to the same fallure—time distribution

»as’ the basic um,ts ‘and their reliability is inﬁependent of the instant '
- . ®

at whicrh‘they take the place of the, ba51c units, e

: - \ : : '

Completely inactive standby redundancy. The-redundant units cannot '

. . o

PR

2. h

.t e

-
L

- bl : .
- ’ : ) -3
. . \ . i\ . . .
. .

i -

3. Partially active stahdby redundancy. ' The redundant units can fail

dur»lng the periad’ they are in standby but "with prﬁobability less than-
the. basic units. - - N

- .
-

Standby redundancy is also differentiated as ‘follows: .

, 1. Staﬁdby' redundancy with renewal. In shch a case each unit which

A . !

has falled f|art be repaired and after repalr recovers its funct:Lon per—-

fectly, then it.can be put into standby.

The renewal time is randomly .

v Y

.
(A

’ .

distributed according to some law.

’

.
L]

2, . Standby redundancy without renewal.

L g

the unit which has failed‘ts eliminated and it nd longer takes part in

the system's operation.
. - s

,redundancy with renewal. '

9

» *
2

,

this lanw has- been assumed exponential.

4

’

-

/

However our work will deal mainly’ with standby

'f\/.——y,

-
.

-

.

’ .

N ' . In most of ‘tm_f’systems Awhich“ha'sre heen sEu(iied up till now '

In standbys without renewal, °

4

» .

Consider theé following simple problem: N

a

1.2 The Two-unit Standby Redundant System ' ‘

.

A system con§i‘sts of two identical units, one of which is the basic unit

- A
.

and the other is a standby.

v - L

This is the sqﬁ-cal,led two-unit $éandby

4 )

2



Py

.n

» ‘ . \

redundant’ systiem which has been e.xaniined by ‘many authors onder different.

. .
. . . .
. M [ -

conditions, s . . " . .
" . o |
bcﬁedenko .[1] has analyzed the most. generalized model
' ¢

. M '

NS
[ v

The failuré~time ciist:rib.utioﬁé’ of
- . . N %

- *of a two-unit system.

one operating an'd one in warm standby, ade exporiential with failure, rates
v o N B - . K
A ‘and < A. For )\ =-0 we obtain the" case

R

. of a cold stapdby dod for - x,

fespectivealy vhere ‘X,

= A we obtain the casge of hot standby

" The renewal time has a generg-l distribution G(t) and the switchover -
N N , - S
) . . : !
time is ‘instantaneous. / o - L o S

7 . oo . '
When the basic unit fails 'the standby takes its place and the

the

.

fajled unit starts to be ,’repaired.‘ When the repair is cmnﬁleted,

to units reverse rules! The length of time.between two successive
, ; ot
[

e

'. renewals is-defined as’ a cycle. . -
. . t '

*A system “failure éccurs when -gne unit fails, in some cycle, .

%
while the other is still under' repair.

Let R(t) be the probability of the évent that the time of

"

. =~ ?
) faultless operation of the'standby‘system will be at 1east t. It is
. . J . o . -

éasy'to show that this evefft cgn ‘be decomposed into the following dis- -

» N . .

' s

joint events: . - ) . -

1. The first failure occurs after the irustant €. Tlile'probabilifty‘ of ,
'th_is event Ads e (7\+)‘1) £ . - o ' ¢ - ,
v ) : - ‘ : [ -’
2. Th’e first failure occurs prior to t but the'first cjcle ends after
the instant Q\t The st‘andby unit that is put’ into operation at the
in/staht of failure operates without failure up to the énstb,ntl t., The,
(I 1) )
/probability of this8 event is o
' ‘ ' ‘1' ’ . ° N s
/ - L R ea . . 2 -
“ 0 - '] - + N :
’ LT e e MR g ge - pe M g
§ .0 ,. o o
. ) -5 ' v -




.

3.

without failure during the first renewal perlsd ,a d the pair gperates o
without failhre for the ren;aiqipg ‘time, up to the instant t .? The - : '
. p - . . A )
) proba’;ility of sz;ch an event 1is ) . .

. . : . | : L

2
[

Thel first cycle ends prior to the ins;:ant t,

1 o a
-

o . ’ . " T, Lo
th‘e sec,ond uni perates
. . v ‘ M
, @

g Y .
5 t X SRz -
L TR [T kT g (x £ z)ds]dx :
, 0 o - ‘ - . i ‘ . P .
' - # . w " . :
where. g(x) = G (x) . Adding ,these‘p;obabilit‘i‘es‘ we obtain the integral |
equation , o ' , '
- ] - . & .
o 0}
o R(t)" O\ e O\+?\ )fe 1—G(t-z)]dx .
' = ' m A i yoi
'}. ~ . N t ~AX . -x',_}\ z - \
: [ RGe- e )] e P (x - z)dz
’ + 0, 0. ’ C.
' l :
/ - 1
. e - ‘ . A
. From 'this integral equation we obtain R
. ' . L I’ .
‘) ’ ’ . & c ) r ’ - “ { ’ ' ' Al
B L] . N . & .
] ’ ) ":‘\‘) [ B -
, e R(t) A(t) + f R(t - X)B(x)dx, . L
o¥- v 0 .
o which is ariv equation of the renewal type with: ' ' .
. . PR ‘ ¢ e . ) 3
.. - - ' _ O . ) “
’ N Adt) = e @ 1)‘." + (?\ + A )f e lx[l G(t - x)1dx, . t
. 0 .
1Y . -
4 . o . o, )
‘ - . 7& . ' 2 “
- By = e Mo+ 7\1)1 e™MZg(e - Ddz. .
) 0 ' - " N )
PR B We define the Léplape transforms: ’ . - = v
o, ~ ' ‘o .( ) . e o~ (oL . : . © e .
- ags) = [ e faldr,  es) = fePacee)y, v (L .
. 0 e . 0 . : ‘5 . . 1‘
: ‘ ~ B LT
. Yt -6~ v . ,%;
' ) . ("' . “



. w g - a R e

. . . o . y ’ ‘
’ " . + - i ¢ heet - ‘
o e = [ e, ¢y = [ eTSR(ENd o :
. , > 0 ’ ' . . . . , ?0 + ) . N | ") ‘ . 2
. : y e s als) .. ¥
’ \ , . So that ;| ¢y = —2—  #& ..
. . : tw c . ) ] ,‘1 - b(s) * , » » . '
.‘b' “A * ' ~ ‘i
” . ! .
. < Calculating a(s) anid b(s) we obtain: ) . i
. » -4 ” " . . ! . - ! “ v
L LT T e AL eV )] ' : :
E “ ] b(s) (s FAJIX FA7+s = (A + el # 8)) | '« S
, U . ' ', . v, : .
i ‘o {!. .~ . ‘ = ' ’ A * * . - - ~ ... ; * *
; ‘THe mean time of ¥aultless operation of the system is: i X
- : Do o \ ! * . K S .
* » . < Q'a \' . - N 7 ’ - -
‘ . = A A F RN -e)]
; .1 2 R(ET At (0) = T
, v 9% e MAF NI - )} e , ‘o,
) . } M $ "
s . . . . ) ” .o = . ! . .
© e ‘ R ’ ' . S { . . 1 » - ’ )
- - Le¢t ys now consider”the_same 'system in a‘more general case of general ¢
» - » . ’ e , ’ .
‘ o failurd=time di{r’ibution ‘for the acting unit and general distribution ©
’ [} - . 3 , .
i A . S . N
'l for renewal-time. We also assume that we hawe®cold standby. .Thé
“ ‘ . . i R . . » ~ ’1 r v * . ’
\ . behavior of the system 1is that the basic unit, having opevated ‘for a
. " . T ) ' o . . . ’ AT |
X.j ‘random time To y fails and is then' reneved during the course of a L. |
'. N . v . - - . ' N ’ . 2 , . & ! * .: .}
Y., . randonm -time 5,‘. At the.instant of its failure, the\standby unit ig |
‘ Y¥mmediately put into operation and it’ functions’ ﬁor\‘a random time T, : |
) ' . After time . T, the'unit fails, Lnd 1s reneved during ‘random time &,° . S
] w0 - . ’ \‘ \ - g l ’ . * ) ) v
E A L ’ etc, (Figure. 1)- , . . . : e . o ' .
! ] - L ) .. . _ « R . . .
E _ v T T T, . Ta ¥ <. ,
; .;} L~ ] .. . , s . ) P
} ) . ' b . ' ) ) e " i m . 3 . a
; ’ ' . e . e ' ' S - T t :/
. . . o 5 N ) El . §2 N N 'En ‘ - ‘ "' : “ "' . ‘
l . ! L . ’ .
k ‘ -t L) ' v Figure 1 . \ R L
l ' & ' , ) . 4 e R ‘ N ' »
g ' The quantities T 4 @and E:i ‘are ‘independent and we have o
Y R . P[ri < t] = F(t), Plg, <t] = G(t), , -
' . 1‘ : j w. . . ’ o ( ’ =T
> ’ N ; . - . e . o « -



'The system fails when the renewal of one uynit has not ‘beeh cofupleted at
A ’ . ‘ ¢ . N

’

- faultless operation of the system. .
., -». P - ' ) R '°. * o
Obviously‘T“—‘Tb'*‘Tl'*‘....*'T < e .

» *

-, We consider tow the quantity ' 7" = T, ET, e F T'n R an'g let @, (t)
. . s, . - " o

- « , )
' (%e ‘thé distribution of T 5 d.e., Q(t) = PIT <] " ‘
. . ) [ N e, : . , .
. Then we ¢an”easily obtain the probability of faultless operation of the

LY

system fqor time at least 't , and is gfg'emby: , T .
o . o . * ¢
. » (T’ ‘ ° ' . ‘ ' ‘-
, . - . . Y - " v

' . ' \ -~ ‘ ‘
. ] - t > R
Yo 1= que) =1 - F() o+ AL - Qe - x)]BE(x)EF(x) » and

* . . ' . oy Y ¥ S
-

- v

if, Q(t) dis the distribution law of T= T #'T, we have .
. - . - )

-

R N . * ~ G}

- '

-
. ‘
‘e < * . “
’ -

t v
CoLL A= foopte - RAEF@) L T T
‘- 0 . -

'
r

 We define the Laplaee trangforms: oL _
. . * .: 4 > . * ~ i
- i ) L ,_' , . .. ‘ 4 ¢ ‘ .

]

3
’

- R I 4 . '0
. » ! -
S s w

L . * .
"

i
-
[¢]
A
0
ct
.
C O
~~
T
N
-
Al
*~

LA (s) = [ eT%Tdo (ef,  A(s)
N

B -

. - .‘ t. . s . .
. . N ’ . -’ e . R '
Ve 'Y . o . ,
, ' .and from the above equation we obgain Y N
i N . ' K o

>

A(s) ='é(sﬂ) -A; (s) !;(s') .as) - b(s)

- co o 1-b(s) - '
) ) © . - A s nf‘.
- ' ‘ . . “ -

which obviously is the ,L-ttransform of -the time of failure-free operatﬁio_ﬂ

4 of the gystem. , ' . LT .
. . ~
. . ' .
‘ "L
N .
- v ' i » ° '
t N ’
. « R - N >
. ‘e L - v .
S -8= v
: o SRR
> : L4
. »
& P . - 1

c T a) = [ etaR(E),  bs) = [ eStedr(e); -
0’ ‘ o

, - L | _\,>

=77 . the tifhe the other fails, 'We‘&enote‘by T ' the random time of the. .
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'I'he two—unif standby redundant system has been examined also

o
Q
@» . . -4
.oy - in [4l. 'I‘he failure time distribution of the basic unit is.an arbitrary
. ] ‘F.(t) , and the répair-time 'diét‘rib—ution, G(t) is also arbitra‘ry.
IR S Furthermore it is assumed that the standl;;‘unie—ean fail
. ' . J according to an arbitf‘rary distribdtion . H(t) different from F.Q)__.\
a - » . -
h : . The assumption is_ that the faidure time of a unit obeys  F(t), regard-

\

. c less of how long it "has been in st;aﬁdby since the instant of the last

- — qepair completion{ The renéwal t:ime always obeys G(t), whether a.-

- " unit fails «in the opet‘ative interval or in the standby. interval
. Y

N
\ . .

- In order to derive the, LS transfbrm of the distrib_utioq of ' v

.
’

: -, . ° . . .
‘the first time to system-failure we define three states of the system:

State So: One-unit begins to operate and the other unit begins a

- standby status. , ) :
t “ -
- . ' . , e, ’ [

v Stite S, :., One unit begins to pperate and the other unit begins to ..

be repaired. e . ' T o & ‘
»a" Voo T o v
. _ State S§,: Two units are under repair or. failure simultaneously. This
is the systeén's down-state. Figure 2 gives the state-transition

- & 4 3

diagram of ‘the system. T ) . e e

. . ) . A A
. . - Figure 2 J T . :

-
=

At the instant t = 0 .the system is in state So and d}h:itlg the time

) ) Ve . \ . ‘c

interval [0,t] two transitions can occur: one is to state 5,, and .
. “ F'% . . - -
) \ ‘ = . ' - . - ¢ ! -

the Pther is to state S ‘

2" . o ' i 2

~e
X
-



—

1’01 (t) is

[}

e

rd

i ) *

and ¥ stands

Then * ~ P
. o1

-
b LN

5

' 'Sixix'ilar"ly we can

.- obtain ™

. |

oV HCE) *oe(e) *

* where. we note:

" the first time to gys'temvdown, st

from state So

. ~of:itha units are expon

L

fallure the other unit is in standby.

A—tra@ition to state S, will ocgur if at thé J\nstant,of basic~unit\'\s~__i

. "' The probability that the operating unit fails in the.time -
interval, (t,t +dt) 4s _dF(t), -and the probability\that the other

~ R _ , oo
unit -is in standby up to time ,t. are H(t), H(t) * G(t) * H(t),

. *

H(t) *_G(t) * -I?(t) , and so pn. The transition probability

-

.

.

-

)

1
/

¢ -%‘4‘(t)) (1) 1 +M(E) +M(§) *M(E) toos . s

for ‘convolution.

I

~

LW

-
.

.
&

R o
at t = 0\~

~10~

6, ()= P (s) +

L]

¢

o P (t) = [ [H(t) + H(r) * G(t) * H(t) + ..
. G .

>

!\

C Y

~

t. - T
[ @) * @ = Hee) * 6e)) TPyarce)
0 _ o v

\ ’

-
-

-

p. ()P (8)
12 ‘

Q1

The ‘same system has been examined in [5].

-
»

"‘s'P ’
! ll(S) -

N
AN

«JdF(t)

\

&

() = [ e *tfH(e) * @ - H(e) * ae)) TIyarch) .
0" ' -

\ Defining. ¢,(s) (i = 0,1) the LS transférm of the distfibution of ™

which.is the LS  transform of the first time to systen down starting

'The failure times! -

o

Cr “

’

.

V4

get the LS transforms. P, ,(s), P (s}, P (s).

11 ' .

arting from state g -at t= 0 we

L]
& .

-

\

H

+ -

entially distributed with failure rates- A and = = "7 ¢
( . N . « st



z

Xl réspectiveiyx * An integral equation for the‘Eroﬁability of a systenm

failure has been obtained by identifying a semi-Markov process for the -

: syétem\ The LS transfprm ¢ ¢s) of the distributigp of. the first
- A

.

“'Erlang—law with different scale parameters A, , Kz but the same shape

" events of the system during timeé interval [0,t] . T :

(Vin cold standby, or aré under repair. There are r (1< r < n) repair x

-

-

time to- system fa\il&re‘ and the mean %t\ime of tHe éystem are derived. o
, o ’ ‘
These are given by; .
X X+s+ @ +2,)[1-gQ +s) .
PO EF ORI, Fs S @ FA e ¥y
b N QAL - g@)] , |
- LI !
. .’ . Tb ( ,) (R F Al) [1 - g(l)] ’ . . . ] . \“
~ ’ N \
: ‘ \ N ‘ .
where g(s) 1is the LS transform of G(t). 3 .7 - \
. . . ° . ’ L}
The above results are similar to those given in [1] for exponential - .

failurg-timé distributian of'thé two units,
Nz \ . . - ": N N ° .
~ In.[3] the two-unit warm standby syst%F has beeg considered.

*
- ~

and the failure times of the two units are distributed accqfding to

\

| . |

parameter . k ..+ The distribution of .the, remewal time has been considered j
. .

jg . N
general or Er¥ang with parameters A and v. - The Laplace transform of

the distribution of time to system failurg and the mean time to system

[ , . .
failure have been derived, for the above two cases of the renewal
had Qo

time distributiomn, using integral equations to balcﬁlate allgpossible

1

>

. AnC3§Zended standby redun&ant system has been -eonsidered in
‘[2]. The system consists of n +1 (n ?';;2,....) ‘identieal\units in

1

. \\
which ohly one ‘is in operation at any given time while the other unite¢ are

A .

» ~ '

) PP

facilities. The time.to failure oﬁweach‘operating unit has an arbitrary,

s &

distribution F(x}. The renewal time has a distribution G(x) < 1= e_Yx.

[

- ~11- . r




P

B
» 1

. [ 2 .
-Denote by, Rn+1(t) the probability of reliable operation for

a tine period t/ of this sys%em."AssLme that all the units are in '

!

wonking order and that the system is switched on at time t=0,

Denote~by h (t) the condi(;onal probabllity of reliabIé operation )

for a time t of the system consisting of o + 1 Tunits, assuming that

ét‘tbe instanﬁ t =0 a unit falls,andthat thgre are k fiailed undts
Sy . . 3 ’ ?«, . . - Y
in' the- system. _ . X : )

L SN < R Y

- In order to solve this problem the idea is that the §ystem of
k standbys -and one basic unit can survive in two disjgint cases,

1. The subsystem of k~1 stanﬁbys and one basic Survive for time - t .

o . ) -
- ’ £ ”
d . ' = .
. ‘. ’ \: . v

2. The subsystem of k - 1 standbys and one basic fails at some iinstant
P * . Ki

* "y (u<t) and the complete system of k -1 -units survive.for the ,;
-rem?ining.periqd t -u. e ¥

»

"I we consgder thiswfor-any k= 1,2,....n we obpaid the following ,;&*?

systeﬁ-of,unations of the reneﬁa; type.

R,(t) = R () + J’ h (¢ ~ u)d(-R (W), =

@ -

[ e ” I/ @ '.' ! Q, N
. . . »
C t .
. Ry (E) = R(e) F @3’2(§@u)d(-az(u?) , B ¢
: o A S
o R ‘Rr(t) + / by, o (6 = WAER (@), -
7 . - . ) . N .
\ - - ;
;\.....0..........;.ﬁ'.-.‘........."i...." R .
h t ¢ K . . -
S Ry, (®) = R () b1 pn (& - u)d(—R ). - SR
v . a ' -
\ - . 0 3
' B e v K3 . :,_," . .
The functlons‘ L k(c) are given by: . \\ L | .

4 < ‘

N -12- . .




L (t s 7
h +1,k( ) = F(t) iglfo nt+i,k-i+)

‘(‘E'_ u)Ck

. " The functions C n,k(“)
i d. 'For n<r

! - > "
’ ‘ . - (n)=n-k k
s ' ‘ ' . v, v ’ L
: 2. I«:or n>r o
‘ ) .
.. R . ’1 '= ~f
Lo RORCHOP

— - u ) «
1(t.x) = {;}Gr 1(u),(OG(u - v)dGév). R
. .

- . - !
1

. ’ €
-
.

. | ‘ : . dG(‘vl)?l(ix‘—’vz)dG(vz) ,

{ (”u'de (u) -

+] B k+'i(t B U)Ck,o(u)d\F(u) s 1 <<' k<n -

ROREHES ‘! 6w - v)dcim v [E )fofonl; ;:yl)r :

etc. We shall not continue writing these functions because thei form

) )

becomes inCreas:tngly~~unwie1dy.

usin%ramer 's rule, we obtain t
i ) . \ : ® .' ¢ . n’_r . N
| " : £ (s + ryy T £(s'+ kv)
i ' ‘ N VNV k=l L=
. . = )
' % (s) . £(s) l‘ln(s) .
. 'ﬂ - ‘. "143— I

O




8!

N ae ¥ ? St * )
where a . (s) = S e d(-Rn+l(t)) ) ' . .
. @ .0 . . 4
."' - ) . -
« '. 00 . . l . , N .
3 g (s) = { e 5% {£)dF(t) , - . S : .
. . n @ O n K . LY M
. % '
. N ' D \\
5 £(s) =I'f e‘s@(t) , <
N ) . 0 i .
v - N -
and An (s) 1s the determinant: » . . o -
1 —s'y“‘(s) l'Q_‘Y‘O(S) - 0 ' .O . s 0
\ ~Y,, (8 1=, =Y (s) ' .
. ‘ . L ] - . . . ) » i .
6, (s) =" —
t Y, 2(8) Ye,t1 (s) . . /
’//
. . 0 . . ey, 0
N ' | . o . —Yn'rl,'(J-(_)_L ‘
_ -'Ynn(s) . -Y.n,n-1(s) L. R . 1 - fYnlé(s)J .
- . \
' ) . " :w St o ' . -
and : T Y. (8) = [ e C, (£)dF(t) .
. . Yy 408 fo\ (L) . »
The meén~timesoé. systerq's faultless operation is . ' . '
- v , )
n . i~ -'.. -\ .‘\‘
) , £0) J (1780 . :
. To = _fl(o) - i=1 = i : "" )
- R . T vy I f(kv)
. e . . C ‘
§ i'(s) are the subdeterminants of An.(s)~ obtained by crossing out the

first row and the i-th 'colux'nn.

. . . ' ¥

~
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. CHAPTER IT'. . . '

P- ON STANDEY REDUNDANCY WITH ERLANG'S REPAIR BISTRIBUTION -
14 u?" ) | - T ’ ) !
C ' ’ ) 2.1 Statement of the Problem. Netations o]
N . ) ~ i', I i R s, [N ¢ . .
B . We conside{\%p An + 1)-identical units _redundant system, as if' s
- (21, with,Che;fqlloQing assumptions: N . -
IR , The failure-time distribution of the basic unit is assumed to '
. ® X ,’ L4 : L}
. be arbitrary while the repair time distriﬁu;zon is assumed to be Erlang
' ~ with shape,parémeter' M  and scale parameter‘ A'. That is,'when a unié
%s under repair it passes through, .1, phases and the time, spept in each
7 : ' ' . :

. ) phase, is distributed according to an exponential law, with parameter A,

- - ' -

The system is supplied with n\\Fepair facilities, the switch

¢

+ [is perfect and the switchover time is instantaneous.

4 °

. l The, failure .and repair processes .are completély.iﬁdependent.

- The behavior of our system is that at t = 0 one unit is put to work

. no,
“\ - .

and n are kept in, cold standby.

3

-, ' -
Upon failure of the active unit a standby unit is switched on

to operation and the failed unit is taken for repair immédiately.

When reggir has been completed the unit is képt in standby, and

¥

further it is assumed that after repair a unit recover its function o

.

perféctly. Thé repair bf'each unit starts from phase 1 and.by a succession to

., of u-1 sho;!; goes through U ‘phases until rsgg}n is completed Each

time a unit has failed there is one facility avallable for 1ts repair and
¢

N therefore the fepair times of the units are independent. A system failure |
¢ to { : 0 ' 4 * .
) occurs if the operating unit fails when*nll the other units are under
s . ' - Al
4 , , . h )
repair. \ ' . . o 3
; . .
\ ' '
. ) ot
4 ) 3



) Our aim ie .to derive the LS ‘transform of the,distribution of

| ) the first time to system-down and the mean’ time of system's ﬁaultless:
. ) , R

operation. © e . ‘.

o) o L '
We introduce the following notations: ' N
B (" "

F(t): Failure time distyibution of the operating unit.

. . -,

° o, et e P
‘ - ! 'L' e . . .
- . =0 . . . ’ \ .0

g(t): Probability density functipn of repair time of a unjit. N\
@ ane ' ' - T
= PA - e. .. -
IS VY SR

.Fij(t): Transition probability of the system from state: i to state j.._

'Q.(t): Probability that the system fails prior to t, given that it is
i . A\ . : [ . , : t

in state i at t=0 ({€= 0,1,2,.......40) . R )
. ® ) \' J =
R(t): System's reliability,. . \
rore w . o Ty
o T (Y = [ e % aR(r) . ; o,
. o - T4 i '
’ - .\ A
oo,
R _ -st
Q,(s) = f e™"dq, (t), '
N 1 0 i s
. o o«
. G(t) =1 -"6(t) . - ‘
. _— Cm p(t): Probability that dufiﬂg time’ t’,. p units have been repaired
’ . .« )

] ' - 'y ¢ .

, out .of 'm.’

. — R -
- 3

\_ V= [';]‘Gm‘P ©6P(), p= 0,1,2...m.

e - [}

. oo
- . -st oo .
am’p(s) = foe., Cm’p(t)dF(t) ;> where in particular -

. i

&
1
[
(=2}
L}

/

ad »

G(t): Repair-time distrifution of a'unit. . v s N
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.
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.\sxystetri"s unreliability .
| R .

’

. v
. ‘
LIRS -

» ’

' .- Let us assume that awhe instant x (0

v

° . ‘1\ 2,2 Anglys“.i:s of the System

. The behavior of our sygteni is described by a semi-Markov process..

.9

The "Markov poincs”
: ) : S
transitions take place, that is,‘ the instants at which failures occur.

LY ’

‘of the progess are the instants at whith the state

n:*’2

¢

Th_e"prdcess, can be found in states during the time interval t. L
. A4

N
. At any instant of time.between “0to t we identify the state of the process

) ., - 1 K v

by the number of units under repair or waiting for repaiy. The -last
L] »

. ' v ! ~ . T

stale is she down—sta\te‘or the system, :

$x<t) the process
. * ‘ . ) ¢ ’ K , . - /
is in state P, "1 (0 < P<£ n), that is, the system, has one operating
] ‘ . . N

‘unit P under repair, and n -9 .in stahdby, thén the following tran—

o

,Sitions of the system can pccur. First, transu;ion\g stated .(P+1_) if

. . .
..

failure of the operating uﬁit occ“ri}ﬁue any,_tunit's repaix is completed. --
y la -

Second tran31ticm to s;t:at:eg (P —i) s i=0 1,2...R- 1"'if ¢i+1) units -

’

' have completed their. repai’r before fallure of the operating unit.

L} ! AJ

- . The distribution function of the ti;ne which ‘the process spends )
in any state i, is F(v), 'that is, the failure fil;le distribution of. '
the' gperatix;g unit. . . PR | S x
. . We begin our 'inv‘gsltigatio'n' of thj.‘s—system from the'special casg'
, of '.‘n =72, The c;s:a n=1, . thg'ﬁwo—unit system ,has bgen.considered

.

it{ {3],1f we put. ’ H(t) =_0, angl G(t) - the Erlang distributior; with

ey

parameters | and A. ) ' .




s * ' ‘ b4

N % [ Lo . ~

. , ’ . The esysr:em of 3 u_.nir;S can be féﬁnd in one of the following
four states d'uring .ti;ne inter\.ral | IO . ”
. . Stat:e 0: - One unit begins to operate, two units in standby. ' '; //
) Statrg 1: One :nit. begins ;o opgr"a't;e, olne/ﬁnit'st;ar'ts \‘af repair, one ‘/(‘
8 unit in standby. ) | . ' R . \ 1‘4

o . . l ;

State 2: One qnit begins to operate, two units imdergoing repair.

State 3\:., Two ynits undergoing repair, one yaiting for repair; the

.\\ -
‘  system's down gtate. L ' "
~ ' ‘\ .
' Figure 3 g}ves the flow ‘graph of a 3-identical unit-redundant
. . p ~ ) ) R -
. system, T |
c |
- A . /4 .
v \P e // ’ 0 3 ' i
. . “ ‘ ( - |
\ y -, s i 4
‘ CL - - ' _ Figure 37 - v . -
" .By definition, Qi(t) (1= 0,1,2) 1is the probability that the system ‘ ©
" 4 . e (L'ﬁ .
‘has been found 4n state 3 prior to instant - t, . given' thit it is in
" state i - at t=0, L . ‘ . e
g Qur aim is to derive Q0 (s). It is easy to 'find the systém
of equations: - ' o, ;
. "/ .(‘t) = ftP (x Qk(t': : x)dx : '. *
‘ % o or ) 1, ’ ' -
‘.l Ve ) B t .t » A
(0% [ P, 00Q (e - 0ax s [ P00 e <0k,
v [ s ' ) )
. - B t. oo t :
- = . - 4 - , .
Q,(¢) IOP“ (e, (& x)dx IOPZZ(X)Qz(t x)dx + P, (¢)

)

’ The transition probabilities of the system and their LS transforms
\ o N - N L]
are: . : ( B . . .

—— IR S P PO . . ——
. e - G




N
. # '
. \ ' ! . . t " .
P (&)= [ dF@x), P_(s)= f(s), L o(2)
. . o1 01 ! . .
J ' o 0 N .
‘ 1 . M . ’ : »
o e ,. - . N \ ) ./ )
¢ . t - - ’ \ .
p (&)= focucxmr(x) O NON -3
[ R o ¢ . ’ ) . . t o ) . - \ ' . - . -‘\\l.
e T P (0= [ G (GG, B ()= a, (8), ")
\A.-";j‘»g'?"“f *
‘. 1 ’éjﬂi\‘:};
P, () = foc“(x)dr*w, P,,(8)= a, (s), (5)
i
‘ T :® t, ) £ . . / *
. : P, (£) = _focm(x)dux), P, ()= a, (s), £ (6)
S N .
o9 t - . — . ' ..
()= [ L ARG, Py (8) = ay,(8) (7)
- 0. . %
i kK Writing the system (1) in terms of LS transforms we gef:' . N
o 08 -k, (?)Q.x () =0, ’
Lo ‘ (1-p, ()0 (e) - P,,()0,() = Q,, (8)
R LR e) L - By ()] Q) 7 By (e) '

From system (8), by Cramer's rule, we can fihd;

. a. (s)ea_ (s)

' ) . = 10 20 . B

: Q@ = fe) Zgit—, ™
o o . : 1_'59(}“)‘ -a (S)' '
N where - W, (s) = L 1o : ' {(10), .
. -azg(s) o1 - azx(s) . 5 :
\ ‘ o ‘
~19- .
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~

- W

-

."We proceed now to the general case of such a system with n +1

éi‘identical units, Figure 4 gives the” flow graph of the system,

-

.o T B ' ot
. (£) = foem<x>q (t - x)dx + fopn

-~

Figure 4 Flow graph of the n+l-identica

i

AN

.

1 unit system.

t

It is easy to see ghat the following system of renewal equations’

.

]

o

t
= f'Pll(x)Ql(t - x)dx

T o

= [ B, x)Q (¢t - x)dx
0 .

o

K

.

.

t : .
. f Pq‘(x)Qlét ~ X)dx.

t

t

+J
0

sz

PZ;«xYQi(g - x)dx

-

-
‘

-

~

(

, 2, (x ~ x)dx

+]p 600,k - nax,

*Writing system (11) in terms of LS tradsforms we get:

—

t

+ [P, )t -

0

t

oot R (x)Q (¢ - x)dx

.- 0 . .

A

» §

+ P

. (E)

. n,n‘h ~ -

x)dx

-

?

-

(1)




it
(=)
-

Qb’(s) - POI(S)QI(SI.-.-qnon-oonn.-'tq_-.:‘.twqytnncooo‘nat-ctnc.nq

@ - P1y(s))Q (s) '.PIZ(S)QZ(S)..'.........:......:........ =0,

) . l’ . .' . "
'Q.."IIHQIIQ:I'IKQ\QQQQQ.'“pl'.-\l ...... : R R R N R R R g . (12)
T Pnl(s)QI(s)_— o (S)Q (S)..........T‘f (1 - PnnKS))Qn(s) =
4 o ' N 1
’ . 3 » e ". -
By Cramer's rule we obtain:, * '
' P (s P;\’"( | P . | 13
For s). 12 S) tevminns n,n+1(§) ( )\
Q (s)= - ' '
0 . . wn(S)
"y oo

The ‘transition probabilities and tl?u/air LS transforms ate giveri_ by:

4

Ijm’m+1(,t)'=/%cmo(X)dF(x) , Po,my () =a (), m=12,...,0 (14)

! -
v g - .

m, j~m+ . .
¥ ° ’ . IE . i .
L , lavo(s)‘ - A
le) N . (18)
Therefore . Q(s)= £(s) "W _(s) .
i - . 14 . n . ‘ -
- . ‘ . ) ’ v )
where Wn(q) is the following determinant: '
' 1 : :é‘:} ’ . g
) . l’l. Av. _ -
~\; l r - -
~

RONE ®) .. S an:

t o ) o .
,and' Po;(t) = fodF(x) s ' ‘POI(S) @xf(é) ? . Lo _ (~15.)V .:\ .
"t SR ’ oo ' Vo
Pm’j (t) = f Cm j ~mh1 (X)dF(X) ’ - ‘m = L,.oon, . rj g m (16)

1
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.

L] P R q m
. _<and then f e.'St. ) C
‘ 0 350

Za

. -

t

- f .

1 o ' 1- ali(s)
—aéz'(s)r

|~a33(8)

lff(s

-

n .. .
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° : 2.3 System's Meéin Time of Faultless Operation
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corisidering exponential repair-time distribution.
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*2.5 An Application of the Main Problem
Consider a system of (n + 1)-identical units where one unit is
- *\ . . » .
\ opera_tive'and. n units are in vold standby. Our objective is to derive
.. the LS transform of' the distributioft of the fitst time to system down
when the switchover timé;of a, unit.ffom standby state to o'fJération is -
a random variable with an’ arbitraﬁry distribution L(t:-).'. .
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CHAPTER I1II

ON STANDBY REDUNDANCY WITH k DELAYS

b . . e 'Q-\

3;.1 Statement of the Problem

! -
kS

We consider a system consistifig of n + 1 (n= 1,:2,...)
&identical units inl which only one is openating ‘while the other n. urrits
ard :{n cpld standby, or waiting for repaiy, or undér repair. The time
to failure of the operating unit‘is distxjib'uted accordin; to an iarbi‘trary

distribution’ F(t) .  The renewal time is a random variable distributed

“Vt: and there is only one

according to an exponéntial law G(t) =1 - e
repair facility in thé system,

~"We assume i:hat the repair-facility is available onl:;r after -the-

A

!\ccumulation of k failures (1< K€ n).
L ¢ .
’ The behavior of oyr system is that at. t = 0 we put ome unit

to operate and we keep n in\cold standby. When a failure occurs a

-

étandby unit is switcheq on to gperate, instantaneously and 'the failed

unit we;it,§°for repair.;. At ~the instant of a second failure another

. <3 . R * . '

standbz unit starts to operate, and-the failed unit waits :for repair.,
Upon the accumulation of k fail_ed:‘::g}'r:i:ts the repair facili.ty

starts working unt'il the queue is emptied‘. A system-failuare occufs if at

the instant of a failure no standby is available. Our objective is to

derive the LS ‘transform of the distribution of the time to syété;n )

down’ and"the mean time .of faultless operation. .
A '

3.2 Analysis of the System

-

[4

< The system can bé found in n + 2 states duging the time

interval t and each state can be identified by the -number of units

It
-

.

-28~

[

g‘u



e

-

. glven that it is in state 1 at t= 0. (1= 0,)4 yeeen) .

< L]

b4

A

waiting for.repair. Trans;itions from state to state occur at the
ins?ts.of failures of the operating unit.
Viewing the nature of this system, the following system of

equations can be obtained:
="' *
Q () S B (t) * Q(0),

Q,(t) = P ,(6) * Q,(t), . B | C (1)

>
[4

.
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. o
R R ' | : '
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QD) = "B (0 % QO F B () X Q0 F LR ()% Q L (®)

1‘...'...0'.!"l.l...ll.'....0!.!.‘..0.0.0..'l,ﬁ!l'!.‘l“.i.l‘il..

. 1
= p- * Q + £) % + + N
Q. (e)= B (t) * Q (t)* P (t) gz(t) e TR CE)
' ‘ _ » .
-~ where Qi(t) is the porobability that the system"fails Tior to t -

4

-

We write now-the system (1) in terms of LS transforms:

T

Q, (s) —B;, (8)Q (s) ’ - =0,
0 . Q (8) Py, (8)Q, (8) ' - =0,
u-.l.o['.oo'ctnn'oloocl‘ocoonltl.lt’in'.:o!.:j-!..cnc.-c".o’o'\ucntl'lo (2)
0 =P, (s)q(s) -P.kz(sl)Qz(é)..:.—Pk,k+1(s)Qk+l(32 =0,

L
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By Ctamer's "rule )
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_ The transition probabilities and their LS
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.
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transform are:

.POI(t)==P12(t)= el Pk-l,k(t)=

t e )
[aF), B ()= ... L OLECRE) R
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2 A ]
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. ’ ) t \ V— . .
g LN O N jocn(lg-x)dF(m kK$mgn. (
Since Cmo(t) = G(t) we get
N ' Y
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"+ 7' We also have , X'C x) =1,
) . =0

1
Cwe

. + * . m .
and B ‘ “Za' () = f(s), . .
Q j=0 m,j w . ) F

z N -

Usiné relations 4-7 we get o
’. . 4 R oo . ‘3 .. k T e

[f(s)] " {£(s) - g, (s)]

° . . Q_O(S) wn(s) - 1
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1
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wvhere . . . . «
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q 1 . ~f(s) O -0 0,0
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Transforming%determi.nant: (9) in the same way as before we obtain finally.
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Expanding determinant (lO) thh reSpect to the first row we get:’
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. 3.3 Syftem's Mean Time of Faultless Operation
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