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This report discussés the optimal control of a .
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liﬁear'fime-invariant syétem wi gpect to a quadratic cost

- +* ‘functional (performance criterion}

N Iy

. The problem is posed

with the constraint that the control vector id a linear time- .

[
“

a . ~4nvariant function of the output vector
' f " S - . '
o » T [u(t) = G ¥(t)]

) N " - * :

THe cost functional is then minimized to find an optimal gain -

’ . o , Vs ) .
G*. Two algoritfims for computing G* are presented, of which

the first ig‘simpler to implement, while the second ensured.

v

A ! - o . : . -
)~ —COnvergence for a broader class of problems. A numerical . %

- e ——— e e

example is solved. ' - . - .
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I.° INTRODUCTION

' b - _ o

20O

-

%o . . - ’ , & a \ <

In a control system, if the(inﬁut orVthe commanding

v

éigne}\is predetermined and will not change"ho matter what

the outcoéme of the control is, the system 1s said to be an £
~ + -

T open-loop control sy;teﬁw It is clear that an open-loop

.

CQntrol system is n&ﬁwa good system. 4A desirable control
51gnal should react to the behavior of the system. ' If-the
\

. . - -system behaves well~ no changg(in the e9ntxgl signal is necess-

tary; otherw15e, a proper change- ;n the control signal is re~

i .. a
- ., quired to hring the response of, the system to a deelred one.
) F - . L e B - o
P e Such a systefi whose "input signal depends on the out-
\/ o .+, come of the control is called a feedback control system.
_— . 3\
- - oy L. [N

_If a dynamical-equation ‘description of a systen is

Y

available, it §s reasonable to base thé choice of the input

i ) - on the‘vqlue of the state x(t), the reference input v(t) and -

posslbly on t, because the state and the 1nput,beterm1ne

-

.completely the future behaV1or of the system.. Hence, a geod

control signal should be determined-by ag eqqetion of thé form
C ) '

- wa(t) = £flv(t), x(t), t] S ¢ 5 B
&O’G R ) k . . . ~ ’ ) ‘ ,
” \ 'Th@s‘relatioa,is called a control law.  Present-day optimag

2

control theory is mainly concerned'with how to find the best - 1

.control law.
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In this paper, we study only linear time-invariant

e

dynamical systehs. The;efore,'it'is_reasonable to assume

that the control law depends linearly on v and x, and is of

the form A - " :
: s . 3 .
. sult) = v(t) + Rx(t) (1.2)

« .
o' *

i . L k
where . v stands for a desired reference input and K is

.some real constant matrix called a.feggpack gain matrixe \
. : 5 - 1.

\ Pfactically, Hgﬁeve;, the stat@ variables are not

In this'case, the )
. - -

‘always available for feedback purposés.

oﬁéput variables may be used to generate these contfols instead

of.rebonstrucfing the siaie. . . o
/ ~ b .

’ ~ The distinction between state feedback and output feed-
back‘should be made. in outpht feedback;lthe output vy (t)

is fed back inﬁé the input; in-stakte feedback, the state x(t)
‘is fed héck’into the ipbut, as shown on the féllowing page in

Figures 1.1 and 1.2. . i

| «

. : 3
-+ 'There is more'room forpmanipglation in state feedback
than in output feedback since} n
d s / . 1 ) .
; (1) The number of state variables is generally larger ' i

‘than the number of output variables; ' ;

. P . )
(2) A solution G existsdin K = GC for any " K if and °
only if C .is square and nbn-singular, and hence
‘ . . ~
for any constant.matrix G there exists a constant

i -

4

<

- i . .
4 - ‘
R s e ot s inar? Al AL ek B A
r ‘
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= Ax + Bu . .
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FIG. 1.2

OUTPUT FEEDBACK
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. l : ‘ . ‘ ‘ - . \ . ) , .\

o matr;x.K, but thL qonverse is not necessarily true. | |
. Therefore, ehatever can. be achieved by output ﬁeed—. ! )

g back can always be achieved by state feedback, but : g

. 4

. the convérse is not always true.

K . - ° / B I -
/ . M

b f =
In thlS report, the Llnear Regulator Problem, a typl- . i

. cal state feedback case, 15 ?1scussed rlefly. An output
oA =

" feedback problem is presented together w1t§ a solution given

‘ by Levine,.Johnsdh and Athans [4]. Then this last problem . &
“ ' 1s treated dlfferentlyf‘g§ choosrng a dlfferent cost functlon-

. N

.M el (performance criterxrion.) The ‘condition for optlmallty is . "m

. derived, a simple numerical problem is solved using this con-
K dition, and computer algorithms arefpnes ted to solve the

| general case.
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II. LINEAR REGULATOR PROBLEM
(STATE FEEDBACK CONTROL) .

L

Consider the system

*

x(t) = Ax(t) + Bu(t), x(to) A xq . (2.1)
) - . .
The design p}oblem is to find the optimal céntrol u*(t) such

that the perfogmance criterion

»

T f
[x' (t)o(t)x(t) +

J = & x"(T)Px«T) + % of

+ u' (E)R(t)u(t) ] at (2.2)

» +

)

\ .
, . Lo /

is minimized, where the matrices P and @ are symmetric and
\ o5 @

positive semideé?}ite, and R is symmetric and §o§itive'defin—

ite.

, The solution of this problem is given by

! .
14

\

-

Cuk(t) = MA(E) x(t)

4

= -~ R (t) B'(t) K*(t) x(t) —.

“ e
.

/

where the gain K is found from the Ricatti equation.
/ ’ ~ )
. ’ -1
K =-0-AK =K+ KR B'K

‘K(T) = P

[ N
T T T
et "a'tf’f g‘yz&&;ﬁ,&ﬂg&p-ﬁm‘{ﬁﬁr? N ‘
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FIG. 2.1 BLOCK DIAGRAM OF S'I'ATE FEEDBACK !
-CONTROL SYSTEM -
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. .In the time-invariant case (T = =), Q, R, A, B and K ,. j ’

¢

are constant. ®Therefore , \

\ * : <.
. .
) .

. .
0=-Q-A'K-KA+ KBR B'K (2.7)

This ‘gives a constant feedback gain -
|

M= - H’qu'K (2.8)

The optimal control gbcomes

» ‘1 - i
u*(t) = = R B'K* x(t) - (2.9)
. The state' equation of the optimal closed-loop system
o - e
is given by . . \ N

4 . .

X(t)-= (A - BR™' B'Kix(t) - (2.10)

. :
which is always stable regardless of the stability of A, as

long as the sybstem is controllaRle, i.e., .
. t\\ﬂ.',

rank_[BlABI........lAn'l Bl =n" (2.11)
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| III. METHOD OF LEVINE, JOHNSON
.‘ ’ AND’ATHANS ! T
‘\ ' : '
‘ The case considered is the-control of a time~invariant,
; ) . 2 :
linear system . o . - -
9 . ‘ . ,\ )
. o R(t) =Ax(t) +Bult), x(t) Axe 7. (3.1) -
f with outputs . - e
| y(t) =C x(t) ~» L (3.2)
I3 Al ﬂ L E
‘ and a control law ‘
O ’ \ i . ‘ / .
‘ : : u(t) =G y(t) . . (3.3)
s (( N ) , } ! -
ER, ' > R
; e where the elements of the (mxr) c¢onstant gain matrix ‘G are
_3. o to be chosen so as to minimize the infinite-time quadratic
b e . L ,aéga . / .
M criterion | ) '
y - . o . _ .
J6) = % J [x'(t) .Qx(t) +u'(t) Ru(t)lat * (3.4)
From equations (3.1) to (3.3), the closed-loop system
. g‘
is governed by"
) ‘.' ’ - < s
X(t) = (A +BGC)x(t), x(0) = x4 - (3.5) |
o . ) ~ ’ - o ’ . J‘
. , W
which has a_ solution . [
L;//\ . g : : - “
%971 l1EEE Transactions on Automatic Control,‘December, /
I3 / . \
qQ
Y - A ]

. . 0
A e R AV ety
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e
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: » - g ) ' ‘
I /7 .
J / A.
, / /
‘ 5 ' / "
(At PGC)t.x v (3.6)
.Theorem: " ‘
, Y /» .h
Any matrix G?* which satisfies N ’ ~~
- ) - "
J(G*) < J(G) & (3.7)
‘ ,/’ " : . . N “ v - l \ /' .
L, for +the above cost functiponal, also satisfies Zhe,matrix
L equations: . -
' a
. . G* = RN )
where
Y -]
* ! *
K\= J - T(otcra*re*C) T dn (3.9)
@ A¥* Ak
L . .- L¥ = of e o Xo © 9 4o . (3.10) .
\ - ) T ) - /' : B : .
: \
A* = A + BG*C (3.11)°

and the condition that A* be stable (i.e., have all eigen-

2

alues with negative reals parts.) Furthermore, if X, 1is "\

poéitive definite and G*,K* and L*' are solutions of (3.8) to

(3.11), then K* 'is-a positive semidefinite'(definite’if

[Q,Qéj i® observable) solution of
R

STy

ot - 7
- .. 0 = K*a* + A*'K* + Q + C'G*' RG*C- - L. (3.12) y
aQ . . . 0 J‘ \

e At o 25 AN

a



» , © 10
\
| and’ L* is a positive definite solﬁtion of - . =
E ) . o «' .
LY ' Rt v .
) ' ' ) 0 = LA¥A*' 4+ A*L* + X, {3.13)
s - )

bhg following comp&tational algorithm isfsubgestgd:

., 4”7 - (1) cChoose a matrix Ky,
FE * - ' ) - N
s e.g., the solution of the Ricatti equation N
/\ 3 A l
0 = K¥A + A'K* + Q - K*BR B'K* (3.14)
’ ! i 4 :

(2)" Solve4thé nonlinear algebraic matrix equation

‘:% = ' ' . ) N
/ 0 = L, _,(A+BG, 1C) ' < (A+BG _;C)L__; + Xg  (3.15)
. v l ¥
. where .
o
) G = -R'B' K .L .C"(CL c')"1 ‘ (3 l63p
n-1 i n-1"n-1 n~1 ‘s
- ) : . / \ .
for n =1 (g}ying Ly and Gy) . .
E L L. , ..-
e (3) Solve the linear algebraic eguation «
|
‘ ’ - : o
2 = '
/ . 0 Kn(A&BGn_IC):+ (A+BGn_l§) K.+
\ . _ ¢ v @ N . - ‘ ,
< I 1nt ) : |
+C'G gRG . C+Q ‘ | (3.17) , ,
for n = 1 (giving Ki). ' —




| Ef | . . (4) - Repeat steps (2) and (3) for n = 2,3,...,, giving’

sequences {Kn},fL;l,{Gn}. v -

- 4 e

I ‘o

- o . ° !

For éh;g‘computational algorithm, the following .

N , ‘result is shown 1n [4] ’
) §e N
» ‘ M - ‘?)‘ v
Corollary: : ~

Consider the algorithm (3.14) to (3.17) at step n.

v ( thére exists a unique pasitive definite Kn; satisfying‘(3.l7).

Assuming Q is positive definite and (A + BGn-lc) is stable,

Furthérmore, if a positive definite scolution, Ln—l' of (3.15)
Al
. “exists, then N -
| ‘ .
o . J(G )£ J(G _4) (3.18)
° v
oo Comments: .
; - , ‘ .
’ ) Several comments mayrg§ made regarding this theorem.

B L (1) The conditions are ohly necessary, i.e., there maJ:fS

o exlst solutlons to (3.8) to (3 11), or (3.12) and

.f% whlch are not (globally) ‘optimal. -

(2) If no matrix G will sEébilize (A + BGC), the

. IR - problem is meaningless, since J(G) is infinite.
| .
L] ' v s ‘

(3. 13)

ey

e

ooy ’*“kﬁ"&’a‘?‘;&;& k) W'e& St Y& Y *;( ='u;‘ ‘.}' PR




(3) If we take coﬁplete state feedback, with C = I

(invertible) , the matrix L*(and hence any initial- :
:‘! o .

.State dependence) drops out of (3. 8)” fnd we - , -

.
' - [ “~ - N LN

obtaln the standard gains for the linear-quadratic - 1 j’
. . — ' PRLsy
1@3 - regulator problem: ;- T - ' C TS
. o, ’ . L
- / . . - ‘ ]
kY Ve ) _, -1 « ' R
o . G* == R B'K*" - _ (3.19)
. u \, ' ' -\L_/_\\ ‘ ' ) . .
o where ¢ o .
' . -1 ’ "_."‘.A:
6 = K*A ¥ A'K* + Q - K*BR_ B'K* \ . (3.20)
: , )

v 4 r ,
. -

i

(4) Convergence of the solutidn process is not'impl%ed

s . by either the theorem or the compufational algo- : i}
A < oa 7' t ( < i
| . rithm. In particular, if aﬁjany stage A + BGnC is- .
a s . N T

not stable, the algorithm.comes to a halt.
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\ IV. NEW METHOD
t " \ﬁ.a . , ' -‘v . . a:

4-1 lCASE ‘ - ! ! , 'b °

~ T , . N .
2 13 . * N
The problem discussed hera is for a time-invariant
. 7

v

systeln,, and an appropriaté matrix off feedback gains is to

be chosen. . ‘ 4 . , .
. 1 oo~

The time-invariant system has an ﬁEE o;der'étate 4

- +

yécto: x(t), an.mEE-order control vector u(t), and an. =2

S

order output vector -y (t).

- These are related as féllows:{ ’ . :

o

, " %(t) = A x(t) + B u(t) . . (4.1) v
T o yle) =cox(e) T (e.2)
Toouer=ey(y) (4.3 %
o . . . ) -“' i ‘ - * P

This problem was treated by \Levine andxAthans, choos-

[ {
ing, a standard infinite-final-time quadratic cost functional
{ \

4

> b 3
. -

EE 17 [x'(t)g x(£) + u' (t)R u(t) ] at (4.4)
? ‘

°

[~

This cost functional has two disadwantages:

<

/(i)' In a physical feedback coptgol éroblem, the quantity

~ to be minimized is the norm of the fegdback gain,

H]

§ot the norm of the control function. ' ’ )

s ° - ‘ v

[

;:,)@:;;_'«c‘;' S

|

v
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. (ii) For the objecﬁive function (4.4), it is not cléa?

(/

whether an'ogtimal G exists. LI .
1 ! 4 S— .

This is why in this paper,4another cost functional

is considered, namely S e
S

: - : ‘
I =1 [ x(t)o x(t) at + § tr (6*G)

o

where "“tr" denotes the trace of a matrix.
o . /%

e 2

The system (4.1),.(4.2) and (4.3) can be rewritten

®(t) = (MBEOYR(t) (4.6)

e

€
Therefore, ‘
' Id

x(t) = ¢(t,0)x(0) ‘ - (4.7)

\\wgere  $(t,0) is the fundamental transition matrix of\the

- ’ ¢ . '
system, given by D

¢$(t,0) = exp [(A+BGC)t] (4.8)

¢
. ,This enables us to rewrite the cost  functional ;sf

3

g =3 %(0)[ /¢ (£,000 6(£70)at] x(0) +

[ . [ g

+1trieq@ ) (4.9)

N
’

' ‘ e ‘ ,
Averaging outﬂFhe effects of.the initial condition
x(0), and ﬁiﬁégg.use of the trace identity -, .

AW




<~

v . ‘Q P

! .

1; ‘ 4 t ) .

. ’ 16 ;

“‘ L (‘i;\

L ¥

. . » :

. - 1 ) ¢ .
N : z'Mz = tr(Mzz') . b X (4.10)
. . o L9 SN .
we.get . : 1‘ N AR \

M “; L . v e '

=iqtr [ 47(£,000 9(t,00dt 4 ¥ tx(G'G)

’

. | =3 tr J e‘A*BGC) tg e A*BCQta: 4 3 t2(6'G) (4.11) ¢ §
hid , f B . v -. - ® " At
§.2 FORMULATION OF THE PROBLEM . .ot ®
. N I} ". I} v ) J. /'
Given the-time-invariant linear sysStem \
‘ X(t) = (A*BGC) % (t) ST -
wiere G is the control parameter. . o y o .
Given also the cost functional . .
2 a P N
. oo . ' - . .
J=4tr f g (RFBGC) 't (A4BGC) g, } 57 (G'G) (4.11) ~ L

P HEE 3
o . . P2

Find G* which minimizes the cost functional (4.11) , subject

A

to the constraint imposed by the system (4.6)". , "
. : . Tk .
4.3 DERIVATION, K OF NECESSARY CONDITION FOR ~ ) T
OPTIMALITY - N .1
. . o D - o i 4
The averaged cost functlonal lr?: (4. 11) can be yrlt%en ( . ‘
ast® : o - . T b |
. oo N ' te .
Y ‘ J =14 trP+ 1} tr(G'G) , (4.12) . § . .
N / ’ ;
k . - . / |
where ‘ SN \ ! ’ : )

‘ <
3. ! ) i . - ‘ .,

-+ - v ) N a . ’ . . '-;f
p= e‘(A+BGC) t‘Q ev!(A+BGC)t at ' (4.13)- . B S




E Ll alkatihat e A

Therefore P’ is the solution of the Lyapunov matrix equa-
!
tion _ f

(A+BGC) 'P + P (A+BGQC) - - Q (4.14)

The gradient of J with respéct to G, is found by,

changing G to G + AG; consequently P changes to P + AP,

5 »

and J 'to J + AJ. Therefore

~

[a + B(G+AG)C]! (P+AP) + (P+AP)[A + B(G+AG)G] = - Q
(A + BGC + BAGC) I(P+AP) + (P+AP) (A + BGC + BAGC) = - Q

S o (4.15)
W . R .

— )
Neglecting second order terms in AP and AG, we

get
o (A+BGC)'P + (A+BGC)'AP + (BAGC)'P + P (A+BGC) +

+ AP (A+BGC) + P(BAGC) = - Q - (4.16)
Subtracting (4.14) from (4.16), we get
(A+BGC).'AP + Ag(A+BGC) + (BAGC)'P + P(BAGC) = 0

_i.e.; AP is the solution of the equation

(A+BGC) 'AP + AP (A+BGC) = ~[ (BAGC) 'P.+ P(BAGC) ] ' (4.17)

)

,which is a Lyapunov matrix equation. Therefore,
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e © . . N ' ) '. , .
AP .= of ePYBGCY't [ (prgeiip + p(BAGe)] e AFBECIE ¢
I ) ) | ; k4 )
! k]
= of e@BBEC)'t cipgrprp + BBAGE)e (ATBGC)E 4 \ .
® BGC) * e (A+BGC) t .
= of eB¥BEO't cipgipip o at + ]
(- -] M N
, + ol @(ATBEC)'E pppge (A¥BECIE 4y (4.18)  +
~ " (a+Bgel 't . (A+BGC) t
tr AP = tr of (e C'AG'") (B'P e ~ihyat
®  (A+BGC) 't (A+BGC) t . o
p + tr of (e “"PBAG) (C e 7y dt (4.19)". J
But, i
EX(MN') = tr(M'N) = tr(M'N)' = tr(N'M)  (4.20)
\ . N .
s - ~+% Making use of (4.20), we get ’
- ‘ - i >
00 N . ' Iy . ; . -
tr AP = tr of B'P e RTBCCIL  (AFBGC)'t iuqr g4 4 a
s o ) /
[+
1
+ tr of AG'B'P' e(A+BGC)t . e(A+BGC) t o' dt
< )
B . N (4.21)
; 4{*
Now, 4t us define the matrix L to be the.solution
) of the Lyapunov equation- - o
N ’ | [ R -t
. ' 3
° / L(A+BGC)' + (R+BGC)L = - I (4.22)
- ' |
Therefore, AN o o
% J{a+BGC)t _ (A+BGC) 't *
L=of e ‘e at (4.23)
v : "_'
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Then, equation (4.21) becomes:

__trAP = tr(B'PLC'AG') + tr(AG'B'PLC')

A

= tr[ (CLPB) 'AG'] + tr[4G' (CLPB) ']

!
K ‘
'= 2 tr[AG' (CLPB) '] oo (4.24)
) y "
Denoting the inner product of two matrices M and

N as ‘<ﬁ,N>, anQ'defining it as <M,N> = fr(MN')*= tr(M'N),

. \ . ' ,
. (4.24) becomes
. ‘ R

.

trdpr = 2 <AG, (CLPB)'>

-

»

In (4.12), changing J to J+AJ, P to P+AP and

G to G+AG, we get , ¢

A TN
-

<

.

J + AJ = } tr(P+AP) + % tr [(G+AG)' (G+AG)] ' 9 (4.26)

Neglecting the second orxder term in AG, and subtract-

ing (4.12) from (4.26), we get ‘ 3

LY

AT = 3 txr AP + } tr(G'AG + AG'G)

w
3 txr AP + tr(AG'G)

-

= <AG,(CLPB3'> + <AG,G>

Therefore, the gradient of J with resééct to G is

e
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- 3% = (cwm)' te . (4.28)

[Y \
.

»

where P ®wand L are the solutions, respectively, of the

equations .
’/////4A+ﬁé67'P # P(A+BGC) ¥ - Q .« - (4.29)
and ) t ‘ ' '
. ‘ . © (A#BGC)L + L(A+BGC)' = - I (4.30)
y . .

. * > N ¢
~" Since J is a continuous function of G and since

J + @ as [le]| + =, it is clear. that J has a global minimum.

o

’ . | L
For optimal G*
‘ ‘ ¥ ’ ' ‘\\
. %% =0 , (4.31)
4 . G* ) !
Therefore, from equation (4.28), we get e
‘ ; 0
o G* =~-»(c1£g§' \ . (4.32)
| { § ,,
. 4.4 MAIN RESULT ‘ .
i) i .
Theorem: . _ ) ‘ :
- .A \ o
For the problem described in Section 4.2, assuming * - |
(A+BGC) is stable, in"order/qu G* to be optimal, it is
. 1
necessary that o “ ' e
G* = - (CLPB)" . 432 |
| J
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where P and L are solutions, respecti‘Vely\k of

. (A+BG*C) 'P + P(A+BG*C)

and

¥ (A*BG*C)L.+ L(A+BG*C)'
; 3
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. v . V. NUMERICAL EXAMPLE
K ’ \1 " ~ . ' -
. g ) 0 . v
I -2 1 0 - Lo
. A = Pl b = r -C = [0 1]
0 -1 1
\ : .
w (73
]
J - i tr[ 0 f ‘e (A+bgc) t Q e (A+bgc) t dt + 92] .
- A Y I .
.o~ Q=.1. oL . \ ,
. w 0 ‘0 0 N ‘ ( ' \ , 4
. N .’
On the ntl iteration: . ’
Ve - D °
9, = -0 1] PL 1
_\“ ‘ 4 ‘ 7\ r ;
. where P and L are solutiops of 3
2 "0 0 S £ 1 ,
. . g_ _,L0 1> P +p +
o | 1-1] ) ° o -1
v r—o [ ] . l‘ 0 - )
\ + g _. [0 1) + = 0 '
1] B 1 ) 0 0 .
. = N . £
:2 l 0 ’ N [ ] ¢ -2 0-
+ “g._1°t0 1J]>L + L +
o -1 fi] ™ A 1 -1
- 7
0 C ] 1 0
o g _,L0 1)} + 7 0
, |1 BT o 1| - .
Co v’- T <! »
X ‘. .
For the fir&t iteration, an initial gain go = 0 is
G'A . . *
" chosﬂen. e . °




Initial value ‘chosen

N S v

First iteration: . -
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T 5

A

o v

3 .
Second Iteration:

. ‘ %
9x162 +

-

1.0x1045 1045x19

= -(0.01268:+ 0.03671)

’
" \

= -~ 0.04939 o




F

g2 =L 0.04939"

[0.25  0.08198]
»

0.08198 9.07812
; L % -
‘ £

P - .
0.32812 0.15624

0.15624 0.47646

-

ga=-[0 11 py

-

- 4 .

-[0.08198 . 0.07812] .

o

} .
-(0.01280".+ 0.03722)

- 0.05002

#

0.15624
0.47646
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- . gs = - 0.05002 . ' .

- . 4
, Fourth Itexation: , o ~

L

™ . " 0.25 0.08196
& 0.08196 0.07805 4

rs

032806 0.15612

. s, <o , . L = . -
\\M ’ 1 _ 0.15612 0.47618 '

T LN . 0 (N

gu -{o" 1) p Ll | ~

. 1 ’
p L . . ,

v

, ‘ 0.15612
- -[0:08196 0.07805]|

-
i

o
/ .
\
a
I

0.47618

' 4
= =(0.01279 +°0.03716)
. - = =.0.04995
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. ' e N g/ = ~ 0.04995

. - !

o ;o .
Fifth Iteration : v

P -

4

o " To.2s o.08198
0.08196 0.078Q6

N -

o B (0.32806 0.15613

. /
0.15613 0.47621k

- ’ - 0 .
4 . X g5 =-[0 1]P L

> .‘ | 1
' ' 0.15613

= -[0,08196 0.07806] ‘
- 3 0.47621
. y;;‘ ot
" . : = -{0.01279 + 0.03717)

o : ) . -

.
@ A [

. 'm - 0.04996
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Sixth Iteration ' ) '

N - -

N < -
R
1 - N N . . [4

i B A . Jo.2s  o.08196

- L 0.08196 0.07806“ )

¢

.. 0.32806 0.15613

v . . 19.15613 0.47620

ge = ~[0 1] P L
- . N ’ l . Al . - \\
_— - o '
). . o y P, 0.15613
. . ) = ~[0.08196 0.07806]
f . | ‘ . @ 0.47620

N 1]

RPN )‘ ’

. : = -(0.01279 + 0.03717)

-

. gs = - 0.04996 = g

i ‘ : ; ~  Therefare ‘ h \
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P ' VI. COMPUTER ALGORITHMS
- . . Q
v (A) - A simple stable system is solved using the following °
algoxrithm: ) ~
! AN . ’I | : s
(1) Set Ga =0
- " .
'Y - , [y i = 0 , R — Ve "‘.
. . N
(2) Solve - .
i 1p- = °
| (A+BG;C) 'P; + P, (A+BG,C) + Q = 0 and
‘ . 1 = )
. (A+BGiC)Li + Li(A-!-BGiC) + I N 0
J \ | 3
i for P, and Li. . b
b ' ~ .
. ) - )
(3) Gi-l-l = (CLiPiB) ) ]
(4) If Gi+l is very close to Gi' stop. | |
If not, return to étepmz, with 1 » f+l.k“‘
~ ' | :
. / i
. . During this procedure, the system is checked for stability
. e . - ¥
/g;/éGéry iteration by checking P for positive definiteness. ’
/ e n
(B) -The problem discussed in: (A) is 3 very simple one,
3 ' . ) ) ™ r
"; dealing with a system that remains stable during iterations.
+ » . . M P
/ t \ . . -
(7 For a mbre general problem, an iteration process has

to be uséd to ensure stability while iterating.

’




(1)

(3)

(8)

e

The‘foilowing algorithm is proposed for thigkbase. .
1

Choose ' Gy so that (A+BGC) is stable.

Set i = 0.
|

. [} it
Find J; uging )

= 1

where Pi is the solution of
‘ o

' =
(A+3§iC) Pi +.Pi(A+BGiC) +Q 0

Find GJi using o ‘

e
~ .

= 1
éJi (CLi PiB). + Gi
where Li is the solution of

N ' o N ’ .
(A+BG,C)L; + L; (A+BGi\Q\f +I=0 “

If éJi is very close to zero, stop. -

~ *
! Gi =G .

If not continue. . )
] ,

A qﬁep Si is chosen as follows:

Si = FGJi ' for i =0 (steepest descent)

»

¢ .
Si = -GJi + Hisi—l , for i # 0
: Y
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(6)

Q!

5 835 - 8542

=
17 TRET e

R e R

~

where a, is chosen by minimizing the function

: (Pglak-R'ibi,ére)

/

&7 . o
J(G,+a. *
(Gl alsi) N
‘ \
in one dimension. ‘
<> Lk
nm'x‘..‘?j-.
Go to (2) with i + i+#l. ° . i
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.VII. CONCLUSIONS

3
L4

In this report, a method has been proposed for

determining the optimal output feedback gain matrix for

a linea£ timg—iq&ariant sysﬁém. The method has been
illustrated with a simple example, and tws computational
algorit@mé have been proposed for the general case. The
first one is simpler to implement, while the second ensures

- N ~ L)

convergence for a broader class of problems. , ",

° @

Further work is needed to test and perfect the

proposed algorithms. . . .
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