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PRCOFS OF BQUIVALENCE

... - DQUIVALENCE OF PROGES = - -

-

In thm thes:.s we study the notion of equlvalence of

prbofs restr cted to "pmofs of equivalence"

. .8 'n : N

PES .
S We\su:esent enmrlcal ev1dence for the’ existence of .
threegdlstmct levels of equlvalence E T o } 3

e - Strong
) N o - 8 /
T 'I‘auberlan R '
- Weak R x‘ . LT
and give a syntactJ.c character:.sata.on of these mtlons.. We

develop an exanple from each level and ‘show that it satlsfn.es
d .
the crlterla. '

o ! R
.

Fmably we discuss -the orobleﬁ% associated with the

c'ut elmu.natlm algorltm for’ systems w:.th equallty and

\

: mathematlcal axioms. L . s “

¢




. . ."4 L. ' »

. ) N B
o 1 amendebted to Dr. M.E. 3/£01; all the inspira-
-t.ton, asslstance A\oral support, constructlve cr1t.1c15m and
ovexall guldanoe that he gave me from the inception to the fJ.nJ.Sh
of. tms work. He also generously allmed me access: to hlS manu- |

. scnpt and many unpubllshed works in hls possessxon.

A
\ 'l‘hanksarealsoduetoFranRousseauvmo ent many
long evenings "cultxvatmg j:rees" S0 that this thes could be
r-Q ‘ . 4
-read by others. b ,
Specaal tharﬂcs to Magg:., Muffm ahd Jasonl, my hunan and
ammal -room-mates for their non-matlmvstlcal oontrih:tmn to fﬁs
, . . . . | N
B ) N .
a’ ] . * .
‘. L '
.. -
1 . e
\ . R .
. l‘ o ) ' ' "
v, e ' : v
/ ' . " e - . R .
L . A \‘ .




' . Absthact X

Acknowledgements.
: 3
"CUCHAPTER 1. INTRODUCTION 1 . - ..

v

' .Hi;torical baé:k owid® ..
, The equivalence of proofs

e " T 3 Proofs of equlvaléncé
o 4: ° Proofs of equlv,;len;:e by levels:
5: Strong equivalence - |

N

»e

-

‘ 6: Tauberian éqdi\(aj,enqe\ T Lo 5
© . 7 veak fuivalench . |
-’77+ B: Procedures of pter II and IIT
© T 9r he difficulty of > with, natural
] ) - mathematical theories . .
A ' 10: Other metho;ls £ mvestlgathn
.., 7 CHAPTER 11, U ELIMINATION AND Nom«usmou '
‘ _\. T The’ language L. TN e
X ,_‘ 2; The deductive.systeni’ [T _
s - 3: "I‘he rela;t'ion ik . -~
. . I B ' The relation " R s
» - 5s Equ:.valence of proofs of eqmmlen
2 . ¢ ) Q i +




CHAPTER
A

| éitAPTER ’
1.

2: .

3
4:

. Appeﬁdj.x

m. | EXAMPLES,

Stronq equ.walenoe
Tauberlan equlvalence

' Weak equlyalence .

s
.
\

'IU. - AN EXTENSION OF L ANU AR

The language L* and the deductive sys'
Hathematlcal axioms and dlst.mgulshed fo
A proof of equ:.valence

Remarks:on the proof. - .

Bibbiography -




o

. Y
T . g g, iy uapmmnr’w-—x-—'m:vwm«tn‘vh 0
7 . i

)

N

INTRODUCTION ‘

. .
N it

Hu»touca& Bac@gnowtd Studies in the foundatlons of mathematics

1

' _were conoerned at first with theﬁyntax of the subject A syntactlc

r \\

approach seemeq - mare plaus:.ble and amenable to a mathematical mvestl-

gatlon. “Frege, Rnssell, Hilbext and' chars fcnmla'md sone ded\;ctlve

f"\

systets 'which were mtended to fomallze mathenatldal proofs.

»
~

Soon,;

o

many results were known about these systems but. the qugstlon as to

whether’ or not they encompassed the proofs of "actual mathematics™ was
. T ‘

still unsettled. One \;vay to ansx\ver thls question was to obtaiﬁ-
- conpleteness and oons'i;tency resulﬁé for these systems, since these
k_mds of tj_heorens' can Me understood’as efforts to determiné the extént .
to which proxgrability measwres truth. Godel's-1931 ;i_nc.arpleteness.

¢

theorem put a stéphto th.j.guapproach.but did not setitle the question. .

14

A differer\t, ‘rore semantic approach was devéloped: Iogiéia;xs
sought re‘presentatlon theorems for semantlcs ,h such as the Stone repre—
sentatlon theorem, and more 'rec,ently categorlcal J.nterpretata.on of
p;éofs (see [ST-VIT]).

ty of derlvatlons" developed by Praw:.tz in { PI I] , join the general

~ Other concepts, such as the notlon of "alidi-

effort to ]ustlfy the deductive systems used - We' believe that another
L

~\.

wayx{of helping to solve the question is to J_nvestlgate actual mathana
\ tical proofs as they.T are produced by the '.'workmg mattmtlmans".

¢

- ¥ In the wntmgs ‘of Russell and Frege, a numbejz is an equlva-

lence class of sets (see [#1]). There is no amblgulty abgut the

notion of equivalence used, and these glasses are studied to gather in=-

r’i{_! ¢
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E formation about mmbérs. In the samesense,we can think of a-proo§ as -
© . lan eqﬁivalenoe class of derivations. ~This idea is"imp'li_cit in XKreisel ',
o ’ ' o . o s - ' .
- [rK‘I} apd Prawitz [PH]. -However theré is no accepted notion of* equiva- *
" lence of proofsy - . AT B
One of the basm quest:.ons of interest in proof theory is to
. decide when two proofs are equivalent. This prcs)len was approached by
) A ©. many log1c1ans ang: sevexal c;rmema. have been developed 'I'hese crlterla, ‘ - | |
, are usually mot.wated phJ.lothlcally, lJ.ke the criterion that two ’ , ,
- proofs should be d;ulvalent only if they have the same splnt, namely if:
. " |
: they use the same kind of ideas; and mathengtlcally, ‘like the cntenon - . o
‘chat demands that the rules of inference of the systan preserve the ‘ |
. , B +
eq\uvalence. . : »
\ s : 4 o f ' . ) 4 i |
2 ' ., @ » ' ’ ‘. . - 4\\\“!." . I“'ﬂ |
: o © % . But, although these criteria have merit, they have evolved), . +
f -~ N . * i " . . N 7 T .
< o, % fram riflection upon proofs.rather than from direct empirical studies.
. v b . k . ( B . . . e
. \ - . ] . v - " 3 & . \ ."I
The desirability of an enpirical typé of irwvestigation was . .
suggested by the late Professor A. Robmson during a discddsion about . . - | -
the future of- proof theory at the Orleans I.oglc Congress in 1972. , SRR B
. _ _ Inthis __.tpe/e,jz;;’s_"'\h*e propose to sté;rt such an im}éstigation. C
. . \ N . '1 ’ s -.“‘ . . ’ R ¢ , R U o0
N » - . . ": * . ’. . ;:‘
Z: The Equivalence of Proofs. Many approaches have been used to at- , .
i3 E ‘ N ., - . Y ' N - Ei‘)ﬂ’:\; '
o . tempt to partition the class of mathematical proofs.’ S . -pg‘f;ﬁ‘
< * oy . f Lt ' K . .,‘«. ,_;a‘
iN ' 2N " One of the first was the notion of the "scope of a proof"
. . v . t
s ) introduced by J. Lambek in[L}] and soon abaridoned for the notion of ‘
. ‘ ; "ge.nérality of a proof" in(LII}. This concept was revived by C

E 2 .
» ',,"‘;:, “'S'(:
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~
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.....

M.E. Szabo ;x.n [SI] but had to be dlsoardei later in [ST1] for it
S /’\

+"." ‘fatled to have. 'che desu.‘ed umversallty and mvanance propertles z

necessary for the analys:.s of .some classes of proofs , eveﬁ’“ elementary

e . ' . .. ‘1’ - A . .
" h LI mes.. . . ) 3 / i " . A8

Cw ‘ o
'I‘he concepts of "graph and ga-graph" of a proof we:e )
:.ntroduced by Szabo in [SII] partlal substltutes for gene.rallty, -
ax)'zl\-,although these concepts a]lev1ate ‘the problem of keep:mg track of” |
partlcular subformlas throughout ghe proof and distingquished proofs
con?ldered non—equlvalent 1t dld noE produoe the general\'theorem )
A __thatme\l‘npe‘stoget. - : L

. \
LN - N . -

At present the state of th;.ngs seems to be that one yses
Y ‘ techm.ques largely developed by Gentzen, llke the cut elirmnata.on - ‘. !
| » theorem, and through a mampulatmn of the class of der:Lvat:Lons of

the partlcular systen, gets’a 'Church-Rosser property, so that each;, " ' "

equlvalence class* ha.s a unique representatlve of a specxal kind.
o ﬂu{ls the approach of Szabo in[STIT} and rsvn .
SN

» . ' Tl@ﬁroblem of equ:walenc;e oﬁ&oofs is related, ard .in

_' e, ' some instances equlvalent, to the problem of coherence .m categorles.

(For a defmltlon of ooherence, see [SIV])

~

The problen is essentlally ¢Qat of dec1d1ng when a dlagram
ccmnutes, or whether it is posszble to partitlon the class of arrows

. of a category*sens y- into classes closed under ocmpos:LtJ.on, and .
. [ ,
with the cammtat1v1ty property, 1.e., eve.r;y dlagram made up of arrows ‘

.
« . ]

franthesamclasscannqtes. (L

i

e

-
@ I . ' . T .

N \ - . " ’ A . .t
. - N L] :
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Questlons of coherence were flrst raised by S. MabLane

who, together with Kelly and othe.rs, attempted to answer them. using ot [

 the ldea of. graphs and extended graphs In thg difficult cases, o

, }nwever thelr efforts have led iny to partlal results.. It seems . L
"'.‘ ‘ . “ . ‘ Yo
L - that Szabo's method of representmg (arrws by derivations and using’ '

the cut eluninatlon process together with\a Church-Rosser type of
k- - . - reductlon (famllz.ar frcxn cmbmatory log.lc and the theory of Vo
i ‘~ A-def:l.nabil:.éy) '’ is in many instances, the only viable\approach. I

. oo '3-' - Pltooéb o{ Equalence. ‘Sa'noe our study is based on enpirical

v ‘
westlgatlons of unbounded scope, we foxmd 1t necessarfy in order ' ) o

’ g - ) - to make the data manaqeable, to restrict our conslderatlons»to a

special Class ofmathanatl_cal pr'oofs..:’ R - CTes

A\ v -

: % have chosen "proofs of equ;walence ris e.,cycles, proofs

ofthetype (AlffB), (AlffBlffC),etC. . .,for several
. ® ' ot

reasoles :

»d
v

. . b - - e

- - ﬂ'leYareaneaSJ.lydefJ.mdclass. ' . D SEA
o = they occur in all hranches of mthmata.cs mth a , “ | T

K / o /\5 .- falrly hlgh frequency ' ‘
s ST g . .

- they are related to the notion of equivalence ’

) (for «(A iff B) really says that B are
.equlvalent as stateme.nts, and further that a pmof
of, A canbeooxwertedv:.athe mpllcatlon (A + By V'

‘ into a proof of B and vice versa) .
: . - N , ‘-‘ . - . n
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AnG: so, t‘nrougl'x::»ut this ;ﬁper, we shall deal only wn.t&)

e ‘pmofsofeq\ulvalence (ie.,proofsofthekmd frcm A wemay

deduoeBandfrcmbemaydeduce 2. S S Y

v ) - o I
] .

\ o

' The noti of a proof, and more part:.cu.‘larly of a proof"of L -
equivalence, will He defined fozmallYJ.n Chapte/r. m. . IR IO Y

-

s v
. e
S | R &

" 4: " Proogs 06 Equivalence by’ Levw We. shall dlstmgulSh between three o

K levels of pmofs of eqm.valence~~ ' . ‘ R

- STRONG EQUIVALENCE. .° . e R
| - TAUBERTAN EQUIVALENCE | |
e T wEAIfj/E"QUiVALENCE_ S

| o Sy T v

¥ L . ',“ Hée we shall gn.ve only an mtultive sketch of these levels. oo ¢ ’
' A formal def:xmtlon w:Lll be given in Chapteﬂ ” N o L
< '.—/ : ) . ) ) ) N v-. . R -“ . . a . *‘H“\i I§‘,:

4]
(S

In 1ook1ng at mathanata.cal statements ‘of equlvalence, certain,

YR

concepts seem 50 “strongiy equlvalent" that they are &hnost inter- - ', .
-, def:mable. For a typlcal representatlve of. the strong equlvalence '& ; ) . ;

,level, recall a prop051t10n of elementary group theory . R j - S

‘e . - ! ¥
L .

‘ - Let f G+H agrouphmm\orphism —
w N f is momc lff ker. f‘(e }where eG is the 1dent1ty
—"""\ /element of G ve .
.o . N , 6”\ - *, . 4: | o . .‘; .




A Taubeﬁandlnth senseofRu:hnm[RIl ATauberlan thedremls

Y

3 Y ‘ome inwhich (> B)is provable, B~ B) i false, but (B and C)> & )

e (A and C) J.ff B and C )) is a(tlmrem The foﬂlowmg theorgn from\

t-,he converse, is false for arbltraxy topologlcaI spaces. ‘:

e T Fmally, hard problems m mathematlcs glve rise to a. thu:d
leazel of eqmvalence, the "weak equlvaleme Vexy often, in order
to oanpreheﬁd a sn.tuatlon, one has to translate lt into an equ_walent;

form which is rore famlh,ﬁ" We shall, consnier the cycle of equlva-

Y "~ Axiom of eh01ce 1ff Zezme%.o 's prmc.lple J.ff countmg

,
J‘ >

N R pr.mc1ple iff mltxpllcatlve I:rmmple iff zo‘xtn 's Lemma
. ] ]
ewl L) ‘

Ce N

We note here ‘that the majonty of ‘these equlvalent fouxms
evolved in the days Wwhen atteups were made to deduce the ax1cm of
cho1ce fram the other axmcms of set t-i\heory, which we now kmd to’

-

‘be ‘mpossxble..

is true for&m\e 'm:t.rx.u'c\al'f C, 0 that although (A 1ff B) is false, }

. E oo ' topology is a typlcal reoresentatlve of" the "Tauberian Equlvalence"
o level: r. . o co j
. ~ . - . ‘_ . i N . . ) .
T L A metric space is ompact: iff dt s, countebly campact,
Y R IR : o s -
* S é\“i / \ . N .
' - i . As we know cqnpactness mplles oountable canpactness, but -

. ent fbl_:mﬁ of tbe ax1cm _off choice as the representatlve of t;hls %evel:_




5 St)wng Equ,waf.enc From the search we have carried out in )

[y

/ 'varlms hranches ‘of mathenatlcs, \;}few observations about the strong -
| ' . equivalence level can be made: Co S
3 / . ‘ . . o .

7 - o N . RO ' * j ‘ ' oo v -

) S, ., Proofs of strong equ.rvalence tend to oocur at.the begin- |

m.ng of the develogxent of a theoxy IM, when we start workmg

< N

we ‘usually try to define the oomépts mlved and 1t is only
natural to txy and relate these new concepts to ones already krmm

r
t -, : b
} \

Thls level of proofs is fomxi in all kirahches of ‘rratheria'-- ‘
. ~ tJ.cs, wn.th the’ exceptlon perhaps of Analysis (here we ‘mean Analysxs ‘
in the narrower sense, not including topology etc. . .). It appears g
that, because of the eclectic nature of analys:.s as a téeory, the ‘
rlchness of each mdlvuiual ooncept, and the lack of K good axumatl-
‘'sation, the concepts stand remote fran each other and mterd}'\efmabl-
tj. . "’ ‘ llty is out, The two examples in the Appendlx were, in fact, thé only

: = LN :
. - A case. vaever should be made for Analysa.s or, more genera]ly
. * . \)
., for subjécts that are o) rich and gertlle that “scme of their top1c5~ e

o s
. 'bre!a;way and beccme btanches of mathematlcs in their own rlght ; i

- " M.E. Szabo conj.ectured dur) Y a dlscussmn about +thé three levels:’éf .

. R R -
LY . \ = -

) o "The Wouwty “0f a thaony i d,umotey /cetated to the !

paucity 05 equwazence, and the ‘creation 05 new Aubjeou o

- xheony to Jthe richness of equ,wazenca" o -

-
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* If one considers the nunber of proofs in.each level, proofs:

o_f strang equi\ialénoé are by far thenost abundant. .

\ : ‘ ) ’ - BN
'Ihe notlon af truth has a faJ.rly natura.l reiatlon to the
ST

various levels. In the case of strong equlvalenoe, the truth value of

‘ ) each statement carnes practlcally no weight. Here one merely proves <
' ( | ﬂ:atstatanentsAarﬂB-areequlvalent eachofvdnchmaybetrueor ‘
: £alse Inmwaydoesaproofofstrongequwaienceattaxptto ' , -
. establ:.shﬂxetmthofone\ofthestatenentq, while, asweshallsee, PR " *
a pr.voof of w&k equivalence is ofte.n a device. used to. overcome the J
fl.cultyofprovmgthetruthofanassertmn. ' b J
‘  Alast fa.ct nztlced about the strong equlvalenoe level is : ', o o 4
the s:mpllc1ty of the proofs l/nvolved This is related to the place N ‘

v,

r

’ .. in.which one finds these proofs in a theory, which as we saw is the = . 1 ‘

;o , a\hegmnmgofthetheory 'Iheoonceptsmeachofthestatenentsafe
* « ﬁalrly elenentary and the pmofs are therefore s:mple, almost ’ : "“ - ~

" . . L. : ' , . e

6: Taubman Egu,wate}xce . In the history of a theory»we enoounter\

;x:oofs of. Taubenan equlvalence towaxds the mxddle of the developmant,

‘ for obvious reasons. ‘We, have to%.rs‘st establish certain ooncepts,

¢

build some | "machinery" which helps prove, for example," that (A > B)

Jstrueand (B + A) is not, and the.reforeAandBai:emt-

St

equlvalent .then we search for the. oondlta.ons under which they . /

b am the same. Also, sanet:unes we defme structures w1th partlcular

»




to prove a theorem, 1..e., a_p:_:operty the structure has

I 1

E A

)

pmpertles ‘and as 1t happens notmns that are m general dlfferent,

y ¢

oomc1de in these partlcular strucfmes

It is interes;ing to conpére this with some situations that

arlse in .maﬁmtics-and particularly in 1ogic'.\ Sane properties hold

in certain Heak*Struc€ures, not so.Mth because of features the
N~

structures have, but more becé’use of features they are lacking. ThJ.S .

is  the case of the oatpleteness theoren for predicate calculus. In

Taubenan ecpivaleme it is not SO we need an additional assumption -

4

Altlnagh proofs of Tauberian eguivalence are fairiy camon
to all branches of mathanhtlcs, it is'in. analyszs that t.hey are most

often found 'I'he ‘Yeasons are not very clear, but o}ie can try bo

. understand them by realn.zmg that proofs of strong equivalence:are

qu%si—ine:ds_beht in z;malysis‘, hence that ooncei:)ts that stand apa::t
cate together eventually. o o ' st\

- - N
’ . o

Pmofs of the Tauberian equivalence level , axe less frequent '
than proofs of the strong equlvalem:e level. They occur only as a -
- camplement 0 an already establlshed fact.

/

Here,: tz'uth plays a mre mportant role than in ‘the case of:
strong equlvaleme By adjommg an assurption and changing a false
mphcatlou mtn a true one, we are in fact establlshmg that the

[P

_ truth of the flnal statement is dependant upon the adjunctlon of the

‘ of the adhtlona.l assumption.

\

\\. ‘ ’ WX




. If we oon51der that proofs of Tauberlan equ:.valenoe are
of the fornk ‘{(A and €)' iff (8 and ©)), vhere (A +8) istrue and’

"(B+A) is ,thenltappearsthat ((BarldC)*"(AaIxiC)i\is“

a more couplex proof than (A +B). Smce athe concepts here are

more mvolved and at least half of each proof . is scmewhat "mnatural" A

\

. the proofs mtigated turned out to be oonsiderably more ocmplex

. . . thanproofsof st.rongeqmvalencelevel . 4

7: 'weak qui»alence. Pmofs of this‘llevel are found solely at the N

. sophisticated. levels gf a theory. Usually a certain. assertion either' :

forces itself upon the them'atician‘ through the..';_ieed for toovls,. or

15 fonmlated as an interesting conjecture;’ . The task of proving

‘suchastatem-m:J.smtalwayseasyand,oneWaytooonfrontthedJ_f- A

flculty may- be to transfer the problem to an area whlch is more .

e . manageable, gwen the expertlse of the matherata.man or the state of

development of the area to which the problem has. been transfered

Iamdablhty and” mﬁecxdablhty of ‘a theory are\good ‘

/. examples. The best tool to ph:ove the mﬁecldabll:.ty of a theory is'to ”
. :ceduoe it to one known to be undecldable, by means of an equlvalenoe. :

In every branch of mathanatlcs, the.re are "prototypes" whlch are used

as ‘references in trymg to establ:.sh statements about an ob]ect m

'the theory For example,when testJ.ng a series for oonvergenoe we |
may compare it to IY/n oar IY,, iowndlvergent and convergent

series respectively. 0




[ - . s P

. Proofsofweakequlvalencearesm\etm\esusedtomake
oertam statements plausmle, add credxbll:x.ty and g1ve respectabl-

v

ty ' For exanple, the proofs that A—defmablln.ty iff 'l‘urJ.ng

, w

i g oanputable iff rgcursxve, have made C‘rmrch's thesus more aoceptable.

sdret'ines, ‘because - they transfer the problefi o an area.
in which we have a g chau: intuition, proofs of weak equ:.valenoe
make the way.to the -solution easier. - ¥n féc::; 'in the ,oonciusion of |
his "Set thoo‘r.y and the -continuum hypothesis", Paul Cohen writes:’

iy

- N o W ' . u\

"A point 05 view which the awthofi Keéu may e,ve;duau Y
come z:o be accepted is. Lhat [ thel CH [conunnwn hypothuu] .us .
.obuquLlj 6&&62.". R - - R

\ ) \

. . N ‘
¢ Lo N

N and thls because ue w111 have enough equ:walent forms of -

tbe ‘continum hypothesm, one of them in an area where our intuition

'.- a. N - ¢
'1sverygood ' . PR IR
¢ v ' '. U,.‘ ° !

We‘found proofs of weak equ;valencémallthe branches“‘

- of mathematlcs w,;th a little higher frequency in the branches that

-are mt\very well axmnatl'sed. In fact, ‘these proofs estabhsh s
‘ almost mvar:.ably the equlvalenoe of a st:atement fram a not so well

axlqnatlsed and de\(eloped field to'a statement from g better

t

L.

axipmatised and usually olxder'b\ranch of mathematics.

——

Overall,they are 1éss.frequent than proofs of the other




two 1eve1s.

'rruth is an Jmportant motwatmn for’ these prop051t:.ons.

It is m the search to establlsh an assertmn ‘that one arnves at
atmg equlvalent problems, since establlshmg the truth of

wilL’ imply the validity of the’ others. .,

Oaning« from a sophisticated level of the theory, theproofs
are much more ccmplex. They very often involve ad hoc oonstructlons

and techmques that “are unconventlonal " These equlvalences there—
. fore tend not to be obtained mechanically, v

-~
» .

8:% Procedunes of Chapter 11 and JI1. In the following chapters ve

attenpt to ‘define formally ‘each of the levels intuitively introducéd‘ -
above, and proceed to work out one example from each level, For '

,reasonsthatweshalldlscussinthenext%ncnwehadtcrestnct )

' ourselves to fl_rst order predicate logic. Therefore the exanples are

. smple Hmzever, we discuss ways to extend the basm language and .
the changes necessary to permit work w1thm natural mathenatlcal
\Itheques.., . w)

IS
i

After establfshjng the lanquage;, we descnbe the uednxctiue '
system.‘ It w111 be a Gentzen class.'Lcal first onder sequent calculus
" known in Gentzen s wr:.t:.ngs as Lk (Ae@[S VII]) Note that there is
l&difflculty in dealmg with an J.ntultlomst calculus - the only
difference is that the meo'}eﬁs involved must be -mtmtiom.sta.cally
2 tme 'I'nerefore, our study oould have been’ caJ:r;Led out J.n mtultmst |

"‘1
lcglc.

R ——




y . .

In the Gentzen caICulus LK we represent each proof by a
© tree .mt.heusual way and give a cutelmmatlonprocedure. _ Here we .\,
lnsu;t in wr:.tmg out all éteps expllc{tly, mostly bec:ause we have'
not seen! it done anywhere. \ o ‘ v -

Y

X We show that this procedure yields catplete cut elimi- .
. mation by the usual mductlon methods, and we obtain a Church-Rosser g
,n'operty far the calculus. )

>

&

-
For the purposes of the ‘Clmrch—Ross'er‘ property our ‘cut
. elxpl.natlon prooedure is presented as a reduc:b:.hty relation. (>) .

m trees. ‘ N

- We then look at proofs of equivalence. As we define them '
//J proofs ofj.equivalende on cycles of M@l 2 (niff B, for -
" exanple) t\?mouttobepa:.rs { 6,,82) where &, 1saprroof ofA-»B o

~and62 1saproofof B-*A Usmgtmcutruleveobtamtmnw

denvatlons s
| \ i -
: 6} 62 ’ A ’ :
.o A+B 'B~+A- ) : ' '
e =

o B"A A > B- . ERNE ) 5 b
g & B+B T ai. ﬂ;vj o
BT , : ‘ > . . ~'
© . By applymg the reduct:.on procadure to these two derlva- .
' tions, theymayormaynotcollapsetotueanars A+AandB—*B ‘-
‘for to identities if one thinks of the categorical mterp_;;etation of

| these systems). - . -

1

.
s




-

| I both derivations (1/ and 2/) reduce to axiams we say

. that the proof of equivalence is of ‘the strong fevel, .- S

..!. N

- If only one derivation ‘rvedtfces' to-an axiom, we say that

N

the proof of equival‘e‘znoe'is-of the Tayberian geue,é. o

Tf neither of the denvations reduce to an axz.cm we say

that the proof of equlvalence is of the weak Level. \."f’\

Wepaulsefor anrinenttoseev.hat isgoi.ngon."me‘strong ' T

eq?valeme level mvolves J.nterdefmablllty, simple conhcepts and

smple proofs and therefore the trees will collapse to two identities.
The Tauberian equivalence involves one general and fairly straight
. N . \': B

forward proof which collapses to an identity and anot'h\er proof which

needé an

itiona assumpt'ion, which as.we show in our example in

'Chaptm 117 cannot collapse to an 1dent1ty

Proofs of weak equiva-

-

\ chance that they reduce to 1dent1t1es (in fact, the trees that

%

/}nrmtly spend a wedrexso ttymg to reduce a smgle hranch)

_lence always have same ad hoc constructlons and there is llﬁ:le ‘

“\fommalize thése proofs are so huge and "scary" that one’ could quite

9 me\m“mul;ty 05» > with Natural Ma/themai;ccaz Theouu. If one

1

stays wz.th flrst brder predicate, 1og1c, there are no problems and the
. work descnbed above can ke carrled out n%ely. Thikey is that the

axlyanausallmvedmthedeductlvesystenareofthefom A+ A

where A is an arbltraxy formqla of the' language.

[

do mathematlcs we need also same axiams of a dlfferent form Usually,

lmfortunately, ‘

=




By g Smets e b, g el e i+ e _ " At il L T

[y

i

they are of the fonn (Vx)‘?(x) or (3x) lP(x), where <P(x) 4s a’

formula of the 1anguage J.n\zolving X as a var:able, wmcb‘ in a

Gentzen type system are mterpreted as: *> (Vx)o (x) and - (3{)(P(X)

Naturally enough, we would like to allow these at the top of any o
N

branch- of a tree. However, in this tase, the cut is no longer

eliminable and this of course destroys: the procedure we proposed to.

s

. follow. s e

There are various problems we encounter one of then is

that in a proof we: are really interested in a subsututlon mstance

~,

of an axiam rather than-lts--mlantlfled form (eg. in group tmory,

\ . o
we have that (3e) (V¥x) (xe= x) is an axmm but in a proof we actually _ .
only use the fact that ae=a for sane partxcular element a of
S 7. the group) In genera} the problem is that getting from - % . Yo
A LN (Vx) p(x) to +¢la), mvolves a nm—elnm.nable cut, since the _ - |
s.unplest derlvatlon for this is the follow.mg ~ S B o o 1
. . N ' " . e "‘n‘ |
L E e R |
o * (Vx)(tv(xn vx) (9(x)) > v(a ' ' o
o > q,(a) . (cut) L 4
LIRN i\

.
. .

. ]
and as we shall see the reduction algorithm does not provide for .
| ‘such odcurences of the cut. One way of aleviating this problém is .
“to take all substitution instances of the axioms f("Jr axiams, thus
N+ p(a) beoanes ankaxi.cm and we may provide in our algorithm a

reduction of the abc;ve tree to +¢(a). » ' _ .

. . v
T Y




e
-

o

. L A .
EEEE TN A s el v e ' . 7 oy ‘.'"4"" . ‘,-C.%W o et r,] ST R IR CHETPASTNEE TGRS W VORI g o s et e s
r * M N .
. ' « .
.

: 016
. . A seoond problem caused by mathematical axioms is the fol-

. ! . . . . O
lowing: v - ‘ : ' ‘ .
. . - . . . . < .
S Dy Lo . -
< e M .o t . . o
1’ s . .

. Oonsiﬂer-*A _A*B fcut) Where > A 1sanax1cm. This

» -\"PB A\

oonstltutes aJoss of mformatlon, for+ B really states -+ B 13 an

axiom whxle it is only.a theorem dn:ectly obtamable fram the axlcms

"Ib avoid t.hJs situation we "sign”" all our axloms with'an antecedent so . '

as not to allowan Exlcm to have%n enpty antecedent. * We may, for
‘ ample, for every group ax_wm wrn.te in the antecedént "G lS agroup"
e
or a pr9d1cate letter P(G); so that a grodp axiom will be written.
like: s . U g
PG) + () (xEG = xg= X) BRI
or a subst.ttut:m instance thereof. "\
Y . : AN

‘\ ‘Ihusthe situatiqn under discussion is not.a’preblem any-

more, now P(G) *B is at the bottom of the tree. but we cannot dis-—

b .
-\ tmg\nshanynmebehneen theaxlansandthetheo;;ems .tly obtain-
ST ablefranthea:aans.- ) ' =

| The third kind of problem relates to the cut elimination.’

- Consider “A+B B~+C (cut) where A+B, B+C are

b AvCT

\ N . e ' ‘ .
' ‘l'n.is cut is not eliminable because the above is its derJ.va-

S

tmn 'Ibsms t;heproblenwecandooneof twoth.mgs.

o




_Ciose the'class of axicams undef‘sfimpl_e LI

\ ! , . transitivity, that is if A= B and B+ C oo !
;oo - ' L SN
" are’ axioms thenso13 A*Cn and éolapse T sty
O i . P . ‘ -
o 'thetreemntlonedto A+C.‘ . C L
//« AR . . " a e "—-J - . . . ) :~ '.] ' .‘." . o
, ', ‘ e ; Q?w{) ) ) N . . . Co L i
o S ‘ allow for. maLhm\atlcal axio:\s onlj ,equents Lo ‘ 1‘
with a "smnature"‘ for antecedent in the sense @ ‘ |
- © mentioned, and a meamngful mathematical ° N ' ‘
' ERLEN gtatement (not a "signature") for cc&lent . SR |
v “Then 'the problen does not ‘exist. anyrore, R I T
L ‘ © because 'the situation dods not occur.” . P A
" ) .._/ . ) . . ry . -
- . M \ * . i
g In, gené.ral whén J.ntroducmg new rrathematlcal ?:J/,oma in a coo
e s deductlve system, we should worry not onl v about their content but
! s .
also thelr form, because thls m‘c‘luences the elmunablllty of the cut N Lo
- Consudcr the dmcms for eoualltj as in Gentzen's "Investlgatlons J.nto ’ . ; ,;‘?—"
Ioglcal Deductions": ~ , R , S
B - - ., - 4
L) N ~.‘ -' O . K | ' '
s L ;o . L e . .
. Cea Y R (x=x) L T . - |
T A e
. ' - “ .‘ - (VX) (V’y) (VZ) «x = yAy: z) = yx= z)
L . ‘ SN ... ' These axloms do not perturb the cut. ellmnatlon for they . )
T : are not sequents but mcrely forrmlas; and, he calls a formula B
"d_erlvable" iff there is \derivation for . ' ) ' E
. , ) to L™ . . . .o
Ay, .o .,Ah,‘ + B where \y,. « ., Ay are axiom formulas. .
N . . - ) , ‘ ;h!
: El ‘
. ‘ .




So ‘that tl'nér oraixclmes of all trees start w1th axicms -of the form

B :A';A. 'mesemaxmnsoonslderedassequentsglvensetosane
. serious pmblems%ne of which aretheoneswe discussed, and .
ﬁ »  others like the fact tlmy;bmnmadla;e consequences of the axiufns uéing-
the cut are rot eliminable. This particular difficulty can be |
tr:aatedintmways:_.“' ' N l
o by aAjom;‘{o‘thé axioms al;-inmdiate‘* :

| oonsequences ofthecut (as doneby

S. Fefennan m [ FI])

’

* OR

<

6/ ’by mtroducmgnewrulesof lnference (asaoesl' O
e ) Lopez- cobarm [LET]) |

Y

Nof solvmg the mathematlcal axlcms problan,*

© is in the splrlt o th'e "kem Umwege" (not roundabout) proofs. He -

does ot carry any more: ion than is absolutely necessary to’

\ prove a statetmt In t:he case of thé "signature" fethod for
exa:ple, wehavetocarryalltheananstothebottanofthetree,

. regaxdless of the fact that we mlght have used only same .in the

S S
- e * « N -

*

'Do sum\arlze, the difficulties of > w1th natural mathena
tiral theones can be overcome by various methods, the most eleg\

" one due, of oourse, to Gentzen hmself



<
A

S
L 10: Oﬂ’lQJ'L Me/thodb 04 Invut(ga,tton The me’d%d descrn.bed in 8, for

" the c&assa.flcatlon of proofs.of eqtuvaleme appears to us as qt.u.tb
natural and we have tried throughout thlS d'xapter to motlvate itby‘
Co sl‘x:mng how it relates to real Qmofs in t.he varlous branches of . ' -

~

matl‘mxatlcs. . o \ S R

> C, ST . | | . ..:‘ni".‘\t
\ ‘ Seve.ra}. other approaches were suggestedbyME SZabo, o=y W

© one of which, ‘the one we belleve to be the most mterestmg, is .

! related to model theory and e shall dlSCUSS it here.‘

‘ ' ' N ’.\' ‘ [y

.+ .*. | Givena formula A of predicate calculus, it determines a
| 4 " \ : ‘

o - class of Heyting, al:;ebras H(A), in which it‘is valid. . ' i ‘ "

~

T R ' BN 'Iherefore“glven fomuxlas,A andB and a proof 8, for A -+ B, ) .- o
B ) mterpratmg the arrow as an mpllcatlon and the mpllcatlon as ' . R SR
& ' ‘.,A”‘ U
N the relaﬁlve psaudo-cmplement. A+3B detenmnes a 01ass of Heyting N
v ————— . . '
e . algebras -H(A,B). ) e '

' , o Using similar me to the ones’ for ooristructing

‘bulld a canomcal Heytinq al%eb\‘a ‘for_any pmof ,
51 of A+ B, call J.t HG (A,B) )

Clearly. HG (A B) € H(A,B), but 'it. is a distinguished
s me‘nbef of this class. If we take the class of Hey'tmg algebras .

modulo iscmorphisms (ie. identify any two 1scm:rph1c Heytmg L “‘* | R ,

o algebras), (A B) is unique. - o i o )

[ ) . ‘ ‘ ) . o ' + . " 3 ..




. ” e . J T 20.
L R . w .
4 - Wet}mcalltmpmofs 61anddzofA,-* Beqluvalent
: iff HG (A,B) =H (A B) . of’ course we have an equlvalenoe
relat:.on mth tely many equ:.valence classes, but this'may’
%e closer to reality ‘ ' ’ '
T if we dook at ¥ = ‘{'H(A B) : A,B‘"'are fomnilas} We can
- < v

order it by mclusmn, and 1t 1s not emgtx since A + A 1s ,always

o’ valld (i.e. ,fxe‘ class of all Heyting algebras beloné;s to JC ) .

e

T For any (A,B) 'the cardi ’1ty of H(A,B) is mfa/m\atn.ve «
a!s to the nunber of non—eqm.valent pryofs of A B. ‘ ~ '
~ , e
L Some mterestmg theorems to lcuok for .Lre . ‘
P ¢ c . Y
. *\ 6!‘ ' ' " 82 o
""Tl.aA-*B>A'lBandA+B->ArlB L
.- . ." i ex ;;'. ; ] N _" ) Z ‘- . ~." R r‘ >'
“‘( '..‘ iff‘H$ (AIB)= Hd (A;B)\' ._l.' N " ‘,- 3 . o ';A
« i . " ‘ 61‘1 \‘ — '. . . .
Voo '(WhereA +}B > A 11I?.J.s accordng tothedescrlptlon
S v .
. m the prev;ous sectmns) i v
R § LI N
L © Ta: (A B|, B ~» A)lsapnoof of ¥ eqmvalgnce
.' ' N .\ ! I : ~ : 10 '
' 1ff He. (A,B) = H (B A) . T
L 8 «s N
J\‘. . 6"‘\' “' i '« / ’\6 . N . 6 - .
T - TBg'::((A' nd’ C) -ra(BgndC), (BandC) > (AandC)k)

o .(wheretherelsaprooféaofA +-B andtherelsno‘

et 4

proof of B +A). . .
: ! B ' IR o :
:- A 4 * 1 . - R .
ca - ' . R )
U L D , .
. N . 5 ) ‘ . oy - . -
s N . 4
—
s @ » . N
. \ . ] " * -
o I “ } ‘ “ o <.. . .
.. o S T T oy



isaproof‘of Taube.nan equ:walenoe - ’ L

R , iff H(Aa!ﬂC,BandC)ﬂH(BandC,AandC) H(C)\ T S
1r B v. . . «61' 52 . . a ) ) s ‘\ R
' ' T Myt (A +B, \-VA)isaproofofweakequlvaleme T N
e itf H(AB)nH(BR) S . T
- ;H e A e i > S . o
\ ‘ ' Tl statesthatthereductmna.lgorithuandtmsneﬂnd ' ' o

-

. S ]eadstothee;axreclassxflcatlon. . y " o : ¢

. .
, LN . .

- T2, T3 and Ty are the mterpretatmns of our notlon of R .
equ.walenoe under mS class:.flcat.wn. ‘ o ‘ R . : 1

L] ‘ t N . R 'lA‘ : Lot

‘ . This met‘md muld hopefully help to. explain. thg nature
SR of proofs through the study of classes of Heytmg algeba:as wl'uch

seem more amenable to mve:?tlgatn,on. . SN .

.
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N CHAPTER 11 Lo
. N .o : . ! . | Lo /"' .
; - CUT ELTMINATION AND NORMALISATION- -

L}

.
t

'In this chapter, we define a formal. 1anguage L adequate.

for first ‘orger log:.c. The'nﬁ we describe a d,edﬁctive-systan LK for "
'0

l m:)de.led after Ge_ntzen s calculus of sequents for ‘classical IOgic. .

I;‘or t‘ne LK denvatlons, we glve a cut-elnnmatlon algo.rlthn in the
fom oﬁ the reduc1b111ty relat:.cm i >" o trees On cut-free trees,

we mduce a relation " 2" 'glven by a normalisation algorlthn

. Fmally , we dafuf ngomusly our notion of equlvalence descnbed in

Chapter 1. Seo o

'_TheLanguag'e.i..‘.'
a. Afphabet L o SRR

-
.

(i) Variaﬁ“cs designated by: ‘ S
.‘ ‘ , a, a—l, o 'e - r b' bl ) 'o "' ‘X, X), s v @

) ~?redica£e s);nboié qes}wtea l:;y:‘,- .

DRI 78 2 PR i3 Y P} TR .
whg.re upper index is called the degree of the
" prédicate, ‘ o .
(T Iegical symbols: |

. c A forvoonqu:tioh\ ‘ .. - SR

L . | vﬂ"‘for disjunction | |

e oo . ' ' . R

. .
[ . : .
. N 1
N . ’ .
.




\/:

« 3 M
: oo : 23,
S . A
. 71 for negation . ‘ ‘
-'JV for the um.ve;sal quantifz.ersl 4
}; 3 fortheaustentlz‘quantifler

(i) Aoxilisgy sybols: B SR

‘ "(:\)z.‘;ﬁ-«' R | )
. . . -

A},‘ . K ‘o g Arl -+ B]" . '75., BmWhereAx, . .o oy An‘l' Py oBm ai‘e

b. Fomwulas, S
W et beapr‘edlcate symbal. of £ degree n and

x;, .'l..,xn be. n.. vanablesthen |

, P:(Xf: Y , xn) is an atomic 5on.mu£a.. .
C (i) Every'atani'c' formi:ia‘ is-a 6ol;mu£a .
(iii) 1If A and B are fonmlas then WA,AAB

\

AvB and A=*B are formulas. o

(1y) ,B¥ "A(a) F a fomula“ we 'mean. that A u; a: fomula
' in Wl'{lch' a occurs as a varlable. '
. IE Afa) 1safonmlaand x avar:.ablethen\ .
'Gx)A(x) and (V)AG) are formalas, where A(x)
- ) is obtained by substltutmg x for all occurrences .
gfa\mA. A

.. (v) Mothing else.is a formtas . €
a@. Sgﬁuenﬂs : ' —_—

A e_.guemt is an ecpressmn of the form

\




) . N . . . o D

[y N \ 1 [CO '
\-—J . ! . . ’ R "
'fonmlas.. A,, “ . .,A fomtheaniecedmtanch .,B fornL A

thebucmdmt. Weshallcallanyof A;, . .,Ahanan/tecedmt
. fomuta ardanyof B .B ‘a Subcedent formuta..

\{"

- +
a . )
* . .

'

2. The deductive system IK, t . . S

L v owae Adiomsiof-lk o L
1 . T

The only axians of LK are sequents of the forim

)

—~- - o . ‘. R A'+ A“ , ‘llk.

&where'A is a-formula of L P . ) o S e

.b.'.MeA’oginﬂmenceoﬂ'LK.; Vo v

\

\We rq:resent the rules of mfeu;ence as mﬁmence 5tqwae/5,

Byanmferemeflgurewemean ’

\ . ‘ . . . . | . N »
. L) A; \ - or - (i) 3, Kz'
1 L Ay S - ) X,
‘- - ' ) <
w'here‘ X,:; }"{‘z and A, are sequents, (i) means frcm Kl we h
my:mferAz, and (11) maansfrcmAl andAzwemay infer

:Aab’ L . A-"_

- . ‘In (1),A1 1§calledtheuppubequenta1dAzﬂae£otom o ..
| m (ii) A1 and Az are the upper Aequm& and A; the

: Lowen acquent. ~
- . x X \
5 e : “
4‘\ hd ' Y N ' '
y P .




0.0 =" INFERENCE FIGURE SCHEMATA .~ "= .* 7

~ . 3 ‘

inan . . . N ’ "\
v < v

Capxtal Greek letters stand for arb,xtrary (poss:i_bly .

e@fﬂ sequences of fomulas separated by camas %

‘A - . . L 4‘ . il.-

” " Lowr case Greek letters stand for:arbigraf;y forrmlas of -

" L . o~

' ' Lo
. . ' - N P
. ‘ - “ .
- . c .

i” ‘ . Iower case Rcman 1ette.rs stand for arbltrary varlables

PO
‘q @ N

. "

v

4 [ , . . B N
-t " f . . T

. . CONTRACTION - v :
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CINTERGHANGE™ . . . L
- o F,a,B,0
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AY "‘.
ExzsmrrzAL OUANTIFI'ER ' ) e ¢
. a(a)r-»q> s I > ®,a()
-~ o R e, T T o Ris F 5%, 30a® .
. , ' o ry
N, Restnictions on the nules.
_ . : | | .
In Ry7 a must not occur in [,0 © or’
(Ox)a(x) . | Y
S . T it
| - In Ria a must mot occur in [% o "4
R = LT | o
R . N ) = ‘ L , i .. \‘; / ) . ‘
Remank. ‘ ’ ' '
Ebccept for R;, all rules of mference Rn w1th n, odd _

affect the sucoedent of the sequent only. In R w:.th m even, the nale ‘

gnly affects the antecedent of . the sequent. AR

. / . . ~ , - .. . f
7'+ In view of this ‘r\_enark we rake the following definitions:

LN

" A rule of inference R is called an aﬁte‘ccdewt rule if

n .is even and a succedent nule if n is.odd and é_yreéter ‘than 1. -

. .

e, Derndvations

A de/uva,t,wu is a non-—empq fmlte list of sequents.

<&

(poss:.bly wn.th repetltlon) oonbined' via the inference figures in



'
\.
.t
\
h
A
-
?

Rk 2l SN AR B At b D a L e R TR WL Y WV R g W TR TR

- . VS . . ) s ., 7
. . N

~ Each sequen£ except for one (the end-sequent)

. upper secquent of exac{'.ly 'Qné ihfere'nqe fiéure.

w C : ¢

T Eac:h sequent’ is a lmer sequent of at most dne - infererce

figm. h ‘ . . ; . * ‘ " .

, A
-

/ ¢ N ‘ . ' . N . ' . ‘ . )
Onder these restrictions, each derivation is xiepresentdal‘

28. .
s
,' v W
isan - |
/
. 4

\\L//

/

/A
o~
»

/ 3 ~
' by a tree, and in fyact we shall use the words tree and derivation,
: int:ezdan;aq{ﬂy: . . ' B ,;L
A proof of a sequent T + A is a tree-in which ‘the
~ exd- tis I - 4y and all the sequents that'are not 1
. ) _ . R .
- seqr of.an inference figure are axioms. Exarple of a proof:
'of “the excluded middle" is provable in .[K, i.e., there is
.~ . . . /' ;
f for + AVIA. A
‘. A + A R . T '
'+ TRTA 1;{' , ’.:
T AMNIE 2t ) .
- * AVIA,AV A Il{: .
'+ AVIA -
We .shall deSLgnate derlvata.ons by the lowe.r .
‘ )
letters ) and{‘ J.nthefollowmgways.é 61, «5,,,./.6n,...
. A, \Xl‘, A\z, .\/jc. o Am, e e o _
- : ¢
i -

TR ARSI MNDATGL v pen favi pren s o

.
f
N »
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8y : -
Wewrite I - 4 .to

oL

| d.  Proofs of equivatence.

~

e

._mean that .‘61 isaproof for T + 4 |

!

>

‘ A proof of Wencé_fof ther ordered pir (T, &) is

and. 6§, aderivationfor % » T.

. ’ * o " .
an ordered pair (&), §2), where &, is a derivation for T -+ A

-

-

3. " The nelation >.

L
. e ’
M N [} ~
» . ‘ -
. a.—"\
1

The ¥elation > is defined on trees, and it will be used .

as an algc\sr.it}m‘which, when applied to a given tree, w.ill ln a

fmlte number of steps eliminate all occurences of the rule R,
fram the qérivation. o

Some definitions are nectssary:
"

.‘ . ' .
- A cut is an app;ication of the rule R,.

- A cut-out {ohmy_l;g is a formula which disappears as
result of a cit. ‘

a
.. .. : : \ '
‘ For example, in o o ) .
. :
\

A

| P o> Ay,® YA s 0. . ‘
S + 4,0,9 o

* T'I"A
. ~ o

/
; | |

‘ ¥y is the cut-out formmla.

» ' - ! Come 1w

: - ' ! [N ' . ©

i N - -
|

i * \
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~! An application of a rule of inference is passive with

,‘ ' ]_ 'ﬂupec;t’vtu the cut-if: a/ it does notoccur immediately

L ooy )
Lo ‘, .' ' . ~ .or .b/ it im\ediatély preceeds the
‘ | ) cut, but does not manufacture
' : . R : or affect the. cut-—out formula. _
| For mle, in o ' x
) « a ~ .
e v(fa 5 Be B v o, o
S o \ Ry is passive ws.t}{ respect ’
L

-'By. Ry R,) wemeana cutwheremé;ule".%{wasf
- used to f:roduce the left pre&mseQ and R, .the right 6ne;
.‘-'By\(gn,:*- we mean (Rn R )where m=2, or3,
Qr\. e o OF 19; oracut wheretheleft premlse is .
L obtained by. Rn and the right pu:e_:mse:.sana:qqn.

- (=R ) is defined similarly..

-

- 3( ). will stand for any antecedent rule.

- R(odci) will -stand forlany succedent rule. “

In view‘ of the above definitions we have same immediate
. \
omsequences ' Ly N |
(e'ven)"' - ); ‘s is pass:.ve 'thh respect to

A Q cut. By investlgatmg our rules of :Lnference, we

~ 4

a/In (R

see that R rules affect only the antecedent

(even)

-~

T




- wR

N@x

[

el

In (even)’ - )+ R (even) has - produced the left

: premlse, and__smce the cut—-out formula belcmgs to J.ts

: »

succedent, it oould not have been affected by

(even) -

[ .o -

In ( ’R(odd))' (odd) :Lspasswewlthrespectto

thecut.,,('me argument is enmllartotheone ;Lna/ ).
¢

In (Rii, Re ), e:Lther R;) Or- “Re is passive,\«vith

' respect to the\cut If R is not passxve then“the

(R(even) '..“_ ) ) x

r

'cut—out formula is” uv B, whlch could not have been

- affected by Rs .since all ‘\Ra, does is change same |

for\:mu,ld'.say Yy to yv$ .for same ¢.
_Similariy if Re is mot passi’ve, then Ry is. -

A smu.lar argument to the one in c¢/. ylelds a l.‘LSt of
paJ.rs in whlch/at least one. of themembers ‘of every

Jpair. is passive with respect to thi cut. "By . .
adjoining.to this list the results in a/ and.b/ we

obtain a new list to which we shall refer as the
"\ ‘ v

passive List, \ .
o A
' (‘_I R‘(Odd) . )

(Ri1, Re } 2, (R13, Re Y., . (Ris, Re )

k]

(RissRe ). (R, Re ) (Riss Re )

.




/4{&) T RiseRe) L, R Re ) M

7 ”

(Rs + Rio) .o .(Ro y Riz). , (R R+

A}
o \ .
v (Ris, Rio) * , “{Rizv Rid) ... ' "‘(RIBJ Rio)* .y -
‘ N o m e
. ‘ » ‘ ‘- C e w? IR TP
C “(Rine Bia) (Ri1; Rie) AR11s Rie)
LRI, RG ., C(RiyRis) o, (Rin, Rie)
- § | . . Y . .
- (Ry7/ Ryp)’ v (Rigs Kia) ;.. (Rig Ria) vy
. , - . :’ .\ . 3 ‘ . . ¢
A . Y > .
M rno (Rl'l'"l R+ (Ruen Riw) '
(Rl.';‘( Ris TN (Rls"t Rie) -+ - (Ri7. Ris).
-‘R; ‘, , .
‘ .’ S N
. . , . -
: - The eut ewtlénaatédn abgonithy. " . -

v,

the:t.r appln,cations are passive wlth respect to thé cut,

as in tha follcm_ng two typlcgl mstances

(Rx.n Rn)

RN

Riw l;\n)

v,

3(R;'x s Ria)

(Ris, Rr2)

n '. *- .

[N

v e
L]

(Riss Ry

Y
]
(Rus/’ Ry )-

' .
n' :
’
< ~’
’ .
N
(Risr Ryed

PR

=

(l) The cut permutes Wlth all-(he rules of mference‘men

@

" (Re + Ria) .7

£

e )
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.T,A > %0 B T

'I',E,K + ‘p,ﬂ‘. .A,"G,‘Y. + @

K T.85Y + 0,0
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* 1
v * N *
.

“ L] .

. N P y
\ \
.
J s ) .
81 2 .

b3

(All
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' - . -8 I s . . ’ L
.~ we mean a-cut invplving an axiam.) . oy )
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trivial cuts are eliminated. '(By a trivial cut - °

Rio " ..
N

AVC'*D

IS N
\

v 9 .t

.




IBZ)'\

RO

& ) __' 6;

>

\M»e

‘62

’

; 1‘ +- Ao, A VA0 0 -
I, A,O,A

-

I

' -

.

theseque:nesm{:roduced) .

B

8 \
v,e_+ 6
¥,T,6 » 0
¥,T,0 “+ A,0
j ¥T,0 » 8,08 .
. -

f S

(Double ]_mes indlcate a@,many th_mmngs as there are formulas in

r ' L o L ﬁu.s reductlon 1s Justlfied, smce the pcjsmlon taken by

apglymg the- cut makes 61 aln.enated fran*the result of the cut,

Therefore our redw:;::.on ¢odes as much mformat:.on as the ongmal
. . . P,

E ‘ _ tree. vnatx.s of Jmportance here lS that theresult was obtajned
L byathmnng\ co | - .
ih .“‘ ‘l, . ‘ M . .. . ! ’ ’
- ' -2 (4) (Rs‘,"),: T T e . oo _

e . . o
. (Double lmes are as m (3) ) . ‘ :
L : ' ' . Tbe Jﬁstlficatmn for >s 1.s the same as the‘one,;m (3)
L v s
B L
. 4 M [y z‘%

’0’

0
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AN
'
N
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™
.
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. \ RN 35;

" . -
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. )
‘ - R ‘~ . “ ~ A - .
.. . ‘ "~ .' —‘ C . . A' . . ) /
B (=R . | o
T . o - 4 - N
- ' .' : A ' - o
>, . . IS ; R

N : N "‘ \.‘ 2: _~ . ) ‘ ' ‘ . R .
Sx . L Ye,ab O A T T ,
T me A YR, S0 e
o 9,1, @ + B @A ) s | t-

/ . ) . N .

L R Y /\
. &l N . P -" .A:!-d'h‘ \P_,C!,a,d) -> .O‘ '4 . ,‘-
r - ‘A,u"vh ‘ w,r!g"b +- A,G_"\ -

” W,P,Ff? *AIAIGIA',A' . .‘ R

¥, 7,% .+ 8,8,0, K SR

R 7S T ¥ W | o S
' T'@ = AQK A\NGPS .

‘e
Ki M - <

~' . -/ Y . . . L. K ) .
(He.re, dable lmes 1nd.1cate several J.nterchanges and thmrmags, . &, o

dependmg on the nunber of fornulas m the sequences contracted )' '

kY /
. ) . LN
. o )
. .
&, N V.

\ a . . R

© Re,=) e T e




) B T S R
S I‘ . d,a,0,0 Ao,¥ ».0 . &, . LT
: : ' . ALY +14,0,6,0. A,cv,‘{/ -*\Gr -

et

, } | |

(Double ‘Links are as’ig (5).) - T | |

o \ a - '
Cl .

) T R
N S Y AU N S W
- o C "‘: S & A,8,0, =+ d’ ¥ + A,,07 A B,a, -+ $ . '
' . R AIQ'@ _Ao,B,l + 0 - 8,8, + A 9,0 s
o - o ‘6 . v . . A' ,B,I' Nd A,ng \1_ A"P'B’:F ‘ .T Z'Q'G A

, e - N

'

R

! (Double lme J.ndlcates asmany m s as there are formulas N
) . . |
S (R e T TR

. . * ’

-+ A‘Ia7 l¢ ' | B N 62'\ . I‘ -»> A'd'§'¢ A,G,~W
. gy : + A’Blaﬁ A,¥ + 0 s B,‘r"‘? - AIQIB'¢
‘;; . . A;rl\y -»> “AIBIOIQ . A'r,\? + A,B,QT i
n\§§'\‘ . , Y

| (Double l'i.peg i:xdicafgs‘ as many mterchanqes as there are formulas ) '

" in Q)) - ~\',‘ o oy o
. ' . ) ) Do . . R _‘;‘ ) ; 5 m . . ‘
¥ . L . . . . N [
R N , . . i . . - . R s . "A

.
-t
-
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[ Lay v

r » 0,u‘,-‘i" Ao, A +_,‘_0 .
. A,F,A > Q,o,’*‘ "'. . 4

'
‘

tlonlsmarﬂatozy Inthe‘orlgmaltree, 82 wasuseda,sawayof

producmg a.AB, wluch ended: up being the cv.rt-out formula.
3, prodmss uAB by ‘Re wmma.sasnmlarmleto Rz-
aAf has been mtcoc!wed for the purpose of the ¢g§- ox\ly

" information is lost by cutting before introducing GAB.

[y
I3

a0 @R . T

81 A TR 53 :
I'"(’,(!‘!’ F*QBT ABAN * O

"> %aM8,Y KoMk~ 0., *

v . AI‘A-*d)GT‘i‘ .

SJ.me we are dropp:mg 62 in our reduct.lon, a Justlfz.ca—

Also,

So that f S

)\(
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«§,

. 6 3

A8, A"+ @

T+ 0,8,Y -

4,1, A

ay

s Ql‘g rfy

.

: (Rl'*l/ Bio)

i

|
. -

82

T a Ay A,u,¢+e AB,S > O |
I =+ A,avE,‘}‘ _NovB,e +» O 0 7
e A,I‘ ® > 4,9, v . C T
\61 ' 62 ' ’
T+ A, Aa,d > O . .\
1\ T,¢ + 4,8,¥ _ N )

Asmlarargunenttotheonem

mg 53.

12) (), Rpp) !

-61, ‘ K T 62:/

‘Aa@ + @

\

"63
A8, 6

N,avB,® -+ 0O

r + ‘A' ,‘l’ )
I+ &,ov8.Y

- ‘ .Arrr‘b, d A:E?_

»

<

.

L

¢’l~

-

(9)  vould justify -




.,T_,.,-.-.w.,....

’ . ‘ W .
‘ L . ‘b ' 1 . :
R ) 51 A \6’1 ° : ‘ " ‘
P+ 48Y ABe » 0 g
A;r,¢ ""\ A'B"\P - B
8 3 oo
* ', . o ) i (“ '-"
Lo smmmtem (9) g 7
o - - ‘\.\' . ‘- f - ¢
‘ ‘ 13y (Ri3, Ri2) . e 7. 4
. . . : ' - N /
157 - T ) .
o A 81
> g S 0 A A awlw e L
- af .6 A+ Aa- -, Al > 8,9 L e s
'8¢ Ta T,k > 8 - T,A > 4,0 S
L C T A > %A : ¥
~ e < '\" ) \
(Double lmes md.lcate severa.l J.nterchanqes deperﬂlngonﬂ]e o T
nunber f‘ifommlas in the sequences mterchanged.L ' . R
(14) (Rys, Ris) \ ' w
- _ N . P
N $l.s N . .
VN ‘
A .
\ g * o ‘ ~ 7 o/ . ,
| Coel 8 8
- (!,P -+ ¢,8 A -+ A'a ‘B'\y* e ., N ‘:./ _. ‘-
> b,a =8 a=8,5,¥ > KD ) :
Mt I‘tAﬂFw -+ ¢DAIQ_ » >
. a o "
4T IS ’ . K .
- . )



Y I»\g X .
- 82 8 ‘
A + Ao a,] + &,8 Sy
AT - K,9,B B,Y + ©
'K’P ‘y - A,Q'O’ ! .~
- T,AY -+ AK,9,0 ‘ . '
i v Ve
- I‘ f 4 - - r 4
(Double lines as in (13).) .
S

WETSEE The similarity Petyeen >1¢ and >35.  Indesd,
negation is a special case of mpllcaklon, as 1A can be expreéssed
by A=_lvhere | isa fn.xed object” in the language standing for

' falsehood. Gentzen uses 1=2 fqr.l.,so that 1A is then

A= (1=2). w .
) a t
(150 (Ri7, Rie) :
‘>lx:1 - . N
61 - 62 . _ Ca . Foe
r - ,a(a) ab), A +~ 0O 6y N -7
T =9, (Wx)a(x) (Vx)a(x)’?&_-* oN ' + ¢,a(c) afc),p > ©
P+ 0, G) . A+ o8

- N - -
Lo N

Since the. mumber of v’ariabl’es in a forimzla is fi}lite, ‘the
\ mumber of formulas in a sequent is fmite, and the number of - o

sequents in a derlvatlon s fJ.m.te, it follows that the number of

variables in a t.rjee is flrute(

The mmbe.r of vanables ‘in our language bemg 1nf1mte,

1t is’ always poss:.ble to fJ.nd a vanable which dc:es}e not occur in a
"
given tree

Caty




e

L
e

In >y, c‘:‘isavariablewhi'ch.doesxbtocalrjn
§, or im 5, ,-and, 6] is obtained by substituting ¢ for all

MOf a'in' 61.‘6; mobtamedbysubstltutlng c for

'allocmrrencesof b in 8.

. We must renark that ‘this procedure does not violate the
restn'ct;msm R;7 and Ry wherevertheyoocurm 8y or 6.
becauseorf our choice for c.

¢

It is also clear that thlS reductlon is Justlfled smce

‘thecinmeofthemltlalvamables a and b msa.rbltraxyand'

substlmtmg a different varlable for them does not change the

~

splrlt of the proof . As. to cuttmg one step earller, 1t smply

_avmds an unec;essary detour, and no mformatlon is lost by do:mg $0.

N .
-

€Q6)- -N(R!Qt Rye)

S e ‘
» ' : . * J
s 8. ¢ R
' + ¢.a(a) Ca(), A > A 8, ' % 62
I+ &,(3xo(x) (EI)a(x) ,A A N I' > ¢,a(c) a(c)lt\ > A
T I,k =+ 6,A . ,rA+¢A ‘

\

_ -6;, and 6'2 are 'thaiﬁéd""as in (15) and the Jus\:xflca—? !
tion for thJ.s procedure and this reduction is given in (15);

L)
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N

This conpletes our cut-elimination algorithm.

[ 4 EEEN
. S . A

e There are in all 400 poésj.ble distinct cases. .,

. -~ .Our passive list takes care of 341 casgs+

. = > deals with 10 additional cases.

~ »g deals with 9 addjtional casa@. o I
= >, Qeals with 9 additichal cases.

- S deals with 8 additional cases.
* . . ‘=~ > deals with 8 additional cases.

~ *>;p deals with:7 additional cases.

. . . ‘ \. “ N . ) “’. .
-~ - >y to >4 deal with 1 additional case each, i.e.,

8inall. , : R

‘Ihe;:eforé, all dis.tinct ‘cases are considered.

It suffices to slx:w now that the reductlon prescribed will

totally eliminate the cut frcm any glven tree. ¥ proof that thJ.s is

,the case, is by double induction and is modeled on a proof of M. E.
; Szabo as presented inhis "Algebra of Proofs".

¢
v, *

Let us first define same terms.

o K . ‘ " . R
et § be the derivatipn. ‘ /> L
61 N . 82 . o
T o, v,¥ Byh > 0
BTE 5 3,6, .
. - - .
' where 61- and §; are cut free,."~. L o |

" (i) The degnree 0§ &8 = degree of 82 =

!
|




\
A}

\ . ; ' . - i

.{ii) The ggmeoﬁ -1+mmberofoccurrencesof
AV ‘land*my. f

- o v

3

la.u) 'Ihg\mlz 0§ 81 = rank of &, =1.

Qiv)  The Left nank of & is the mumber of rules of

. i.n.fermoe i.n the lohgest branch'of §;.terminating

with' T = @,y,‘l’, wh:.ch have as.a premlse a

sequent contammg Yas a suocedent formila. -°

.

. ‘(v). _ The night nank of é is t‘he number of rules-of
. inference in the longest branch of §; term:inating b

with .A,Y,A - 0, wﬁic;h have as a premise a se‘qu‘ent
. containing yas ‘an antecedent formula. 4

A

(i) Iet m be the number of consecutive appllcatlons of

R,, w:Lth which 61 tennmates.

L v -.{m) Let n be.:;e mnnber\ of consecutlv“e appllcatlons
of Ry with which 4, tenm.nates. o ‘ ‘
4 . — | ’ . ‘ )
(vu:.) R.ankoﬂ 6=»(m+})-left;";ank of §. i
T L a4 - right rarik of 6.

1

- How :Lt is routine to check that each of the reductions

) LY

‘prescnhed either' lowers therank or the degree of thecut there--

ﬁh ‘ ’ fare an #nduction on rank ard degree y:Lelds the desx.red result.

- o ' ~
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! \ e, : N ? T e . . ’ 1

S

It is important to mention that the algorithm mUSt'be.

amlledtoeaéhcutseparately,startmqfrantlwuppm\ostcut "_ o R

and fimsh:mg w1th the lowest one.

. The Refation. " 3" / ‘
_The relatmn > 1s def:med on cut—free der:.vatlons ard is
gi m the form of an algorltl'm It establishes an order of '
. priority for the rules of 1nference, eliminates steps which do not
alter the spirit of the proof, specifies certain "shortest routes" ’
to obtain\a result, and identifies.particular derivations, always
. with many ific real mathematical proofs in mind
3 N "
description of the algorithm we shall amit sequericés'
[ ' »
N of formulas. (T)A, etc. . .) unless they play a role in the
o reduction. W
LN t W - < 1 . 1
a/ Reduction to axioms, d ,

L

[AY

W

A+ A
. o A + AVB

B +B N ‘ \ !
B -+ AVB

- AvVB:

~+ AVB

2 AvB¢ AvB




.\m
=
.

'

-1
g

\

Ala) .+ A(a)

.

I

(vx)alx) - Afa)
CRAKY > KA.

-+ Afa)

_A(a)

N

Afa) ~ (GJA(x)

>

YA (X




.

1 to 7 1dent1fy to ax:Lcms the smplest Ways of

‘obta:inmgthesemmsfranammsofthefonn A+Awhere A J.s

<

at:cm.lé These steps are necessazv@smce we have allowed orur axioms
tobeofthefonn B ~ B where. B is an rarbltraryfornmlanot ‘
\necessarlly atanic. The Justlflca'c,lon for tlus :Ldentlflcatlon is:

When startmg a tree we haye a chmce and the most econam.cal
chga.ce (the more elaborate a)ucm) should‘&“made s:.nce 1t ehml-
nates lmecessary steps. \', ‘ e o

.

Tlus will be our attltude throughout the algoritlm,

shall always try to: mtrvoduce the most elaborate form needed as

.
A

soon as possible.

[

b/ Reduction of thimihga and inte)zchangu:.
: \ L




2
O

+ =

A,B é .. 6] N . A B'G 61 -“‘ “
AaB ¢ 2 MBC -Aﬁ*B,C’A* ,c
I ° - '

] Ine an,;i"‘-}_l\s( the rules of: inference are inerchangés.

. . s
. s,

In }s 315 the reductlms made are not all valld under; -

- -

the categoncal mterpretatmn of Szabo and others Hmever, frcm
a proof theoretxcal point of vn.ew, no information is lost and all

we are domg is elmmmatmg unecessary steps, allcmng therefore DR

the proof to proceed faster

+ N 0 . - . N
L Y - -~ : : ¢

[N .
3 - v



r"All P -.,%’A " A

. %,A + A

.
p) \ v
K ‘I"A‘ ' « s ' ,A -+ A 4 r .« @ ,A"l 'A '* . /'
- N ) Aj’ Iy f 2
4'. . %« ; ‘ ) . .. 1
A . K . - ”_ “~" R ’ \ ‘/ . to. . ‘ . ; f -
}e, N | ;
t

A Where 4 is an arb:l.trary nmber of mterchanges, and p 1s
the camrucal nunber of. mterchanges neceasary to pass frcm

..\I N
Ai"ltt'A to A '-(.'A- -. l" . ‘;. ". 'y

VAR = “n

+ N . .
, . v \ L v .
. r

;‘ Here camnical means, by successwe mterdmnges, brmg
Ai to the fJ.rst p051t10n then bring A., . -to‘the sgcorxi pos:.ta.on.‘




TyA1,As,A1,80,4¢

P'Allb3lA2'A“'A
. - TyA3, 81 Ag s Au O

. ' . . - T,A3,A A ,R2,0

: T/ vA2yA3, Ay, A + ‘A ‘ ryM 1By, AL Az A

. T;AS:I_('MAZIA.JJA + A PiAa,Af.,Az',Al,A . S L

>l

EEIRAR KR!

21 1snotalwaystheshortestvay of doing th.mgs but it oL
is a unlfoam one. Other methods are avallable, in general the o N
o problanoffnﬁmganethodfortheabovelseqmvalenttotheso

\‘/w'v called "mo’belon;x iny day" ‘problem, R o o , . ,
s Succedent before antecedent principte. - -, P

‘ E.Vax rul@ precede odd rules whenever possi.ble.as m the 7
o follm‘vingexmple:' . &, j‘".; L |

\.. ) ; :" . . L. . ..' ' ) "
' = A T » A . e SN 3
.,.‘ -‘0 o r—*—'x—_* 'u ) 5 B'r > n . o . ‘0.n ‘ . ‘ .» :.. ‘
.., Br> ks > BT >kKa | |




- d/ Left precedes night prineiple,

" Left. pr@es'rig\ht whenever possﬂ:l‘a ds in:

%21 - _— L L

~"' ¢,d,A-’B‘r' >, ‘A- ‘Q'G'A’B’.r +. A_' .. VY . A

bl v ¥

“iu arﬂ ‘>n
i nurbers of ﬂt.am in which the am:wedent before succedent and

left before nght principles is used . The words wheneueft

: e

. ngu ¢ are not in the' spirit of an, algorithn, bt there is no
amblgmty as to how these two prlnmples are applled in practzce.

“

. The anteoedent before succedent prmc1ple can be Justlfled

2

by the naive J.nterpretatlon of the meanmg of a sequent We can

w\derstand A -»‘I‘ tomeanfrcm A v.ecandeduce T. Therefore

: 1t 1s sens:.ble to collect and‘ prepare all the data we need before
‘sett.mg ‘out to pmve an assertatmn whlch depends ©on this data. This
is m fact how it happens in actual mathanatlcal proofs. Anot'her
way of juStifying it is through the cateqarlcal mterpreatlon of

. deductlve systens, where A » T is mterpretedas an arrow mth

A ‘dmam A andoodcmam T.. Hereagamltseetsmresensn.bleto

"~ . built the damin first. - S o e

are only exan@les of the substantial =~ - e

5




L o ; " e Reduction of intreductions by pieces,. ’

R

'
v ) - X .- . . RN
. ' B e PR , . \ v
o . o
/ \ . . .
. ' . ' N .t . .
. - N * . . . | ’ .
, . .
. N

SR gk

\Sl.

i
t

‘v "Ihe left ,béfore rigjht pringiple cannot be justifiéd with

mnycourmcinqargumtsh:t, oneha.sadloweandacanonmcalone
7 should be made,

¢

&

. If a formula is intrbduced by pieces, the final:form -

should be introduced first, if possible, as in the foilmr:ing example

o J . , . v /. . PR
C " LN N ' N . : ' ’ )
Sl - -

B+ & . 8y
‘RBD *CQ ., A~>C
A,GOIE -~ ¢ © K BOE

i

- / oo ms,prixiciple si:&aly shortensthe proofs wi‘tho,uttj
changing them in any way.
*ﬂ ’ K - e ' e - ' e ¢ /\ L ‘ R | L
' ' £/ \‘ége_nauonai nules are mone impontant than struetinal”
. e " ones. S ‘

ms pnnmple is based on the fact that structural rules

are mstly used to prepare the. sequents for the application of

' operammal rules. It is ln the spirit of this normalisation that

© an application of a structural rule can be ‘used, elnmnated or dls-

placed to accmmdate the appllcatlon of an operatlonal mle For




emrplm of th;is.principle', see exairgle 1 ard 2 at the end of .
. paragragh g/. - ' '

. g/ Pwu,tg for the rubes of x:n6e/cefuie.. ‘
Vé eetablxsh an arder of prlorlty for the rules of mference

~ in general. 'Itus or.ﬁer of prmrlty should be used whmeve)L pobu.btz, :

two exmlples w111 be' given at the end of the desg:rlptlon of the order.

. @ Ry R

"D Ry Ry . L L g

W ORLRR e O
W R Rl RGO
i“\ S '(5)‘“R5, Ry | |
AT (6) Rlé:LRx‘a
Ll S A7) Ryus Ris, o
b . (8)‘ Ryes Rxs '

e ‘ ‘~.-(10) Ri¢,.R17 N .

The mmbermg is to be mte.r:/preted as follows J.ﬁ a rule
ass:.gned nuiber (4) precedes a rule ass1gned mmper (2), for examplﬁ,

1tlsposs1bletopenmte themthere 1tshouldbedone
l . .

VA 'merearetworemforreqmnngmandlzs topxz;cede
’

- other ru.'bes They are problemata.c andushould}ae kept as high in




N Next, R, and R, stmldbeapplledassoonaspossmle

‘ ~smce they prov:.de the "hrlcks and mortar" for the proof.

Pl

R and R7 slnuld be applled after t.he con]unctlon and

ldlsjunctlon rule, since all 'c\he rules in’ (1) ’oo (4) are syrrmet.rlc and
therefore do not requme mtercimges. It is preferable to use Rsand

*v '« o .R—, after the synmétrlc rules, so that the proof is "cleaned up" from

mterchanges before the, non-syrrmetrlc rules of negatlcn and a.mpllca-

'/ tion are applled. It'is not _reasonable to put the mterchanges lower

than the non-symmetric rules, since in pr_actice they will always pre—

L .. cede them. : . N o
s ‘ ) _: ' § . R ; . . o \ ) N ‘ * . \}
] ' - Ris and Rys precede Ris and Ry because in a mathematical
' > " pmof we often try to establish an "AE seﬁtence" (a sentence of thé
. - !

R
2

form (Vx) (By) w(x,y)) In,sug:h sentences we can o_nly introduce the -

.quantlflers m the prescri_bed order.

We present two - examples of reductions inyolving the ‘order

e of pnor:.t:y of the rules of inference.

'.Examgl.e 1. , |
‘ . . . ) lls

. o " SO

223 A* A B +B . A *A - B+B

¢ . A > AB B + AVB © A+ WB B » AB : : -

. JMAvB),A +~ 1(AvB),B_~ . _AVB_* AvB N X

«+ A/ 1AvB] B 1{AVB) + J(AvB) ,AVB + v '
AvB, 1(AvB) + . | -7 AvB,1(AVB). +

Al ’ . N\

In the ‘original tree Ri2 prece'des‘ Ryo, in the reduced’




S h TR RATReR

54.

tree Rie [xémdesfixg. : ~."_ . “Lﬂ “ _— ”

N Exain :e 2. .' j"

A

51 . P - 82 - 61 2 |
22 A+B C-+B -C »> B A+ B \C + B. 6,
B = C,A . B=*CC'>B> AfC * B - C > B
B»c.vc->B BICAC + B
g
\

In the original tree R, precedes Rn, in® the reduced

[SRY

treeR,opraoedesR,... T
\ : ¢
. We have dehberately chosen border line exa:rples, m mst

‘ cases it is nuch clearer whether the perrmtatlon 1s poss:.ble or not )

It may appear from those exanples that we are 11be.ral in interpreti
‘ourorder, mtltcanbeslzmmthatour mterpretat.lon 1smharmony
w1th the Sp.l.rlt of the reduction. In this partlcular case, since it
is in the sp»mt of the reduction to oon51der operatlonal rules more
_nuportant than st.ructural ones, our: mterprétatlon of the order is

justified. ' " S ' P
He can now sumnarlze the sp:.r:.t of our mrmahsatmn
. pcrocedure hy the followmg slogans .,' \f '
-~ ° = QOperational rules are-nore'inportent than structural
. ) - . ) . _’ ) . A} . ‘ . ) . . . i
e ones. : T



e - Stmct;ural Tules, except for mterchanges , are hlgher
) - in the tree than operatlonal rules. .
- Interchanges -are as low as possn.ble in the tx{ee
- 'mmn.mg.xs,,done mthenghtplaceandmththemst
 _~ elaborate’ fom needed right ally., | o

I
: o —Notl’umn.sdones\ﬂuchget‘sw:dmemthefollmmg

steps.‘--_ N s S '

= Left precedes right.-
B

. 5. " Equivafence oﬁ proofs of equivatence. - . ‘ B ST ..

[ oo C o

We are now in a position to define rigourcusly our notion” SN

of é;uivalence for proofs of equivalence. . B : . ,l R

aj) Strong equivalence Level, . o ) E

Given_a proof of equivalence (81, 8,) for a.pa.lr (A,B) ,
1f 6; and ﬁz are thecut—free fonns of 61 and 62 then (6,,62 )

is. of the M.mong equatenne Level iff/ S ~ ) .

[ [] . ' ’ ‘ Lo e : : ,
6, S} s . ' < A

A.).A : .’,




. N \
" b/ Tauberian equivalence £evel.

: Given a proof of equivalence (8;,82) £or a pair. (&),

if &) and' §; are the cut-free foms for 6, and 62, then

"

o {61,8;) is of the Tauberian equivafence £eve,£:i£f exa'ctly‘one of

N

A -

’

of Ueak equivalence Level.

L2

- Given-arproof of equivalence - (81,6,) for a pair (AB),
; and 5'2 are the cut-free forms for 6, "anvd‘éz '," then' .

f
\

is of the weak 'equiuderice Level iff neither of - oy
. . A ‘




w0 EUMWPLES L e

In this chapterweprwentmeexanpleofeachofthe three

e

1evels of equlvalenee.

N . . B
I ~S.Vzt-)wng Eq'u,i.ua,tence. : : -

. '
-
- . * .

Let (61,5,) “be a pxoof of eq\nvalenoe glven below for
("I(AvB) WAA’IB), then (6,,82) ‘is a proof of strong equ:.valence

Siis ‘A >A . . B »B T
’ "’ A,IA ) > B, IB - - ' A Ui . . : '
> AL« > 1B,B A .

'+ 1A,AVB + 1R, AVB - RS A
J{avB) + 1A 1(AvB) + 1B . o :
. 1(AVB) > TAKB - \ Coo T
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L o e A
‘sA *+ A - B+B . A+A B ~>B
. % ATA ' A,A - 98,B =+ "
' + 18,A B,B . AR+ B,1B -+ ‘ :
5 18,AVB B,AVB AJARE > B,BAB ©»
“1(AavB) -+ 1A (AvB) > 1B - AvB,1AKTB. + . .
. 1(AVB) "BFB . ARB  * 1(AvB) ‘
e T B(AVB) ~+ 1(AVB) :
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v \ Y
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+'A‘_"- B + B . . o ‘
. T AA . * BB A.* A" B~+B " .
> TRA . . "> IB,B S TAA 0 ABE
5 1A,AVB >IBAB___ ." AJA +°  "B,IB ¥
“(AvB) 1A . T(avB) » 1B AJAKB -+ B, TANIB. > -

A _ “HAvB) » RAB AVB,1ARIB *> '
' : S AvB, |(AVB) - IR

' ‘ C U awB) > {avB)

.

+] 4

:. . ! " ’ ’ : t T T ‘.“ :
‘ A+ad " B+B . L A+A - B+B
. . *ARA . ¥ BB - + _A,JA +_ B,IB S
<., .*AA > BB . A*A + AA . F IBB . B+B -

. =+ IA,AVB + B,AVB - “TA,A "> + 1A,AvBs > 1B,AvB . B,B.

. B > B TAWB) > B AJA 5 AVB> A ‘A - B BB >
- {AvB) + TALB A/ ALB + 1(AVB]> 1AN B BAMB ~

. T CA;IH{AVB) » v 0 - B, 1{AvVB) + - '
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A . ' .\‘ ' t _' . > : i

‘g,.

o
Hac'e, we shall a;ply 'c.he “algorithm smmltanecmsly t;gg.h
a‘,.bxmofthetree. o L "5(,,.
.‘ .‘~ : o ' LN o \\ .

A B - S

el

A*A e _B=+B - B . .

AJA : - . +B,1B . . : )

- '¥WAA  (A®A. - +BB . B=+B. .
J . S TAAVB S WMAF - > IBAR TB,B +»
o 1@%11—'5‘75 -»‘Tﬁ%‘ﬁs .. BB+ 1

A, W(AVB) + -_B, 1{AVB) »

) . BT AvB, | (AvB) > CoE i
. . ‘ ’ RAVB;* iZAW) . TR

A+ A . B =+ B
R SR, 0A ) -)-..B,'IB
v STIRA o . .+ 1B,B o ,
7' 3IAAVB - A+A . + IB,AvB B+B .-
- T~ A TARA~ 0 TAaB - B BB - o
“T(AVB) ,A '+ . {AvB) B> RN
AI-I (AVB, -+ v B, IEAVB) i | :

. - AVB, TAVB) - - A
LT ; - Mave) ¥ 1avB), /J’

> . B Ce T \
. ‘A.yf-‘ ‘.l’ ‘ N o ) - ‘ .
: . AT A : . B *B , a S
v A A oo .. BB . el
SR + AR A~A .y ¥1BB_ BB
vy *1AAvB 1AM - hf >1B,AVB . BB~

A+ AB a3 B-’%s_rg S
TavB) ,A + . : o - JAvB),B + . ¥
A, (AvB) + . By (wB)_ T LR
. ' . _AvB, T(awB) > '

' - ¥S({@B) = T(AvB)

,‘>

. @- AR g . BB _
' S ATA A+A . FBIB B+*B'

L +7A@ T2,A » °  F1B,B BB '+ . .
L . A*R "EB+B L
) A+AVB ", B>AB . '
. R . AwB) A - ' T(ANE) B+ s
e R, “"1(Avs“') ' W : .
) A 2B, T(AVE] =

" XBVB) * 1(AVB).
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A*A LA+A B+B

% SRIA. KA.+

B+B

o

BB
. > B,1B . BB +

° ¥ .
\ Al
3\ i Co R
\\ : - .. . . 60.
1 s Lo
\ ~

\
N

->

‘B~ AvB
" 1(avB) ,,B +

B,

1(AVB} -

A#A A+A _B+B B~+B

" A+ A
A<+JAVB .
. TAVB,A ST

TavE) > Tave)
\ R , / , ‘o R .

‘A+ A
A + AvB

2 S[&B),A +

~ VB, 1(AVB)

-

CEE) ~

BB .
B o AB

A h -

" A, T(AVB) >

B> B I
B~ AVB *
T(AVBY ,B +

B, 1(AvB] -

AvB, |(AVB)

0

v

B+ B

" A+ AVB

“1(AvB) ,B

B -+ AvB

AVB. % AVE. . T, L e
A, 1{AvB) - CTAvBy ,AVB~> . - . -

TavB) ~ ToeB)

. B, T(AvB) +
< . 1 . AVB,J(AVB) >

. "}

> 3 o “

\ } + ‘ ¢ l‘x‘ }‘ ‘ v N B . .. o .t ’ . ' “')’ N '. ‘1 ,,
. . AB=*AW R L o T
T - JgAvB) JAVB + - .. L .

‘ - AvB, 1(AvB) =+

o TAB) < T(wE) > '.‘(AVBf'\(AvB).

. . by, Neit{ wevenfythat> A ' /o
SN ".o oo 8 - L
: . .. . AANB =+ (avB).

X

N . oo
'4" . + .

&

T(avB) + IAAIB L

TANTB.~» T1ANB .
N
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A+A  B-+B

A+A

. B+ B B}
E,A > B+ o . A, |A “+ B, B
. AR > B, B + AA + B,B :
l B : A, BAB+ B, BAB~ o B,AVB > B,AVB L
. s mﬂwwm -~ " J@vB) » AW 1{AvB) + B :
WT E > T(Av' B) T{AVB) wﬁa o
BV AT ) 5 o
g’ -\
'> » ) & 4
JA"A B+ B - A+ B+ B . ‘
RA BB+ AR AN BE> ' B+B &
.+ BB BB > " >A® AR > . BB ¥ B,1B
‘A, BAB~ B, BB ~ A 'W&"ﬁ 'B,BAB~> * B,B
.. AvB, WA'B ~ -+ A,AvB 'AVB _WWB,' , + B,AVB
R . "B B + [(AvB) T(AavB) > A + 1{AvB) I(AvB) > B °
' . BB T+ . kB +. B L

—W\—IB - “IAA'IB

o_(‘m » .
' 1 A
Here we shall apply the algcm'l'dm, s:umltaneously to both
btranches of the ‘treé.. B
= A N\, ot
. A A B+@ - A+*A - B=*B
., A*A ¢ REF TBB+. B*B ‘A~ ., BE>
s A' ‘h ' A E; B,—B + - -+ B,‘LB A,“A." . B?‘B -+
L g S A A, + . B, + + B,B . A,TAA’IB—»-.I’E, RAB »+-~
+ |A,AVB, AVB ‘lAA"IB - - -+ B,AvB AvB, BAB +»
. B > ‘IA 'IAA'IB + B
.\ ) .
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' 2; *Taubesrian Equl.valencé..‘ TR, X A

V. . . . .
PN . . - i : . L6
: . * '

: (61,82) be a prqo;f of equivalence given below for

(Amc, (AvC)IﬂC), then (6,,62) is a proof of Taubeman equ.ivalenoe

. - . I—
.

.
) «J‘\E D

) .‘ ‘4 ' #' -
) .(Remark: A-*Avc 1sa1waysatheonan, whlle AVC'*A].S

|
| ’ not, and.. "’C is the “mimmal" fonmla neoessary to- make
1tatheoren.) "'/ '. S S ,: f'

61 J.S ‘A ?*A . ‘, oe . ‘, .
BEFR Jooe ot e Lo
‘ /E“C*Avc AR +C . ol o e
' AIDC'*(QVCYWC A

.62 is | - C»C - - : " )
A A C~+A,C ‘ .o ' ' :
TC,A~+ A TCC+a . - ~ . . \

. .~ 1C,AVC + A- . R b

| (&) KNC, (AvC) %A . - ) /

‘ (AvC)mC, (& C~+A x+ .

A ) I S TS V. R ST

N TAVC)MC*AMC R . .

. 1l
.

&




a/ -We first show that
i o

, 5

AK'IC + (AVG) ATC

8y ‘ : 52 o
(AVC)A'?C -+ AA‘]C
B~ A

o

= )_ijNﬂC_ + AFIC

2]

. . C+C ° - -
- . \B . " . A gt A C > A,C ' ‘ \'
| "ICA"A 16,C + A .
| - TIC,AVC A Do

A+A - . , BCIRIC,AVC * A /. Al

MIC>A .c+7C (AvC)ATc (AvC)AIC =+ A ac +1e

o, MIC+TAC AKC + 1C " ACORXIC A @AVCIRIC + 1C
: Co ANIC -+ (AvC)AIC (AvC)A‘Ic ST
- . +_ ARIC > ARTC Y )

.
M

o

6

0 “ } . . i C"‘:'C . .
SR . A+A C+A,C o
’ . JC,A~»A .IC,C+A - v ’ « o, -
*A+A ' SIC,AC + A A=A R
. ARCIA . C+K  TACAKIC,ACSA . AKGFA  1C+7C C
ACavCe ANIC € AL C, ACIAC+A- AR CFAVC ARCS T 1C+1C . -
) M‘Tc-» AOAC 7 AVGIAK > a ' "ML ACIAL T AVCITICT €&
: . "~ ARC A S AT -

. #a

Ay
v
-

MT > AE.

“

a2

We call thi tree A, and first reduce its right branch,

N




CA+A
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- AL + AVC KKT T +C L
AT 5 (WCYAT BOFEST .

ﬂT+12 R

te A : L e . cC+C :
. , . _A->A C-+A,C

N —CA‘*A S0+ A
o o _CAVC*A.
E E + A T+ (\vC)A"C,AVC + A

ANC +AaC ANC + (AVCYK'C. AVCIAC + A

T AME > WAL

(AvT:)I\‘.lc+A.
- ) ANC + A .

ARG T ARG .
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o
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e

A IC ~C
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IR ) (AavC) AT+ 3

TS AL

AN + A

e i -

. {avoh
: - . {AvC

ANIC+ A"

wﬁm
A

T AQECTC KA

o

AL > A BVCIAT ¢

\ - (AVC

AVC)ATC - (AVC)A'C

D

‘-. \‘ \ . ~

- . A+ A. C+AL : .
e AaA+A TTCC>An -
) ' T,AC+A , \ .
) avC)fC,AC+a ] ) L :
. (AR, (A Fc R . ’ .
: o @A) AT >~ A A+A > : . .
. | AVC)AC +~ A T+ - , 3
. AVC)RC > AVC AVCIAE * © g
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.'A+A . C+AC e A P «
LA+A C,C+A S ' < - :
IC,AVC > A, ' . o S

(AWC)AIC, (AVC) ~ A . \ i - :

VC s (AVC)A IC + A T ‘ .

(AVC)AC ~ 2 0 T+C, N . .

(AVC)A IC .+ (AvC) AvC)AC +. & ‘

(avC) A+ (AC)ATC

. T . .‘N' . ) @
which does not reduce any further.
v N ' . - (SN “’ ) ' B
' This cawpletes the proof;'L L ~

~

We note that 1t is a/ that reduced to an ax.um. Indeed,
A~ AvC is. p;ovable mthout the adjmxctmn of the additional condl W ‘
tlpn "C. 'l'hls w111 happen in all cases,
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X."l;akefor'instanoe: - ,." S . '>

((A='BAT) iff (o) = BIENAT), LT

-

as:.nthecasetreated
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(A nd BM—C + ((AvC) = (BVC)) AIC (AVC) (BVC)M'C + (A= BJAC . -
WEBRC > A= BAE —
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rednoestoana:uansmce ’A»B-r (AvC)'*'(BvC) is a theorem, -
while the othér cut does not :oeduoe to an axicm, since

(AvC)“(BvC)'*A"B lsmtatheoran :
! . ) / \
. 3: Weak equiualendé. N A o S '

t (61.629 be a proof of equlvalenoe given below for -
(61,62) - is a proof of weak eqm.\;alehée
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CTBS BT AR “uxf
‘B'-' AV ,AV
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B, Av"lA°’-> B
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This completes the' proof. . B
) ’ ' . s o - h ' N .t
‘ . ‘ > - | . - .‘l-‘ ”“‘

Weranarkontjaémeaningofthisproof of equivalence. It
can be regarded as an effort to show that the valld.l.ty of aAv A -(the
e:ncluded middle)  is’ equ;walent to that of TB= B Indeed nelther

+ AVA, - por -+ TlB = B is mtmtiomstlcally de.rlvable.

In attmpung to prove that the}i‘é:roval of the law-of the
etcluded middle fran a system, will also preveht one from being able
toprovethat T’B*B, thi"sproofofequlvalencecanbe mvoked
'Ihus, it belongs to the weak equivalence level gccorﬁ.l.ng to the .. '
criteria developed in Chapter 1., | ‘
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CHAPTER 1V T

AN EXTENSION OF L AND [K

-

. _ R ' \

Inthlschapterv.\eexte:tlL ‘and LK toaocarodate

certain proofs fram group theoxy Followmg the description of the

.-new language and deductive system, we g:.ve a cut—free formallsatlon

o ofaproofofequlvalence o /
. e 3 _ -

11 The Language -L* and the deductive Ayltér)r LK*.

A ’ !

‘a/ Agphabet o" L. T < /.

@ L ' . - : ' ' .
(1) | Variables: In addition to the variables of L we
“ . L . '. v o .

‘_ have a 131y o 'e ey b',b], « o X 'X]'-\- .

“..(‘ii) Logical symbols: Sane7sm L. S , | o
5 ) \ . . . . . . .\ B |

s Al . . . . R / N
’ ' Co. . ' BN A
. ‘.7;~, (iii), Auxiliary symbols: as in L. o ‘
‘ : - T [ S A
= . {dv) Bquality symbol: . ' . i . : -
R Ny .

o . o

-

) mmcticns s;mholé: :

ey

2RV I whe.rethe upperindexi,s called the d g.gne of\thef\mctim
. - .. ) . . , ‘ ) : L o

i

O R s L. , . . M . s . ‘ {
. o ¢ . . . .

.‘ HEEN ' fO,fl; “ . -pfh' . e O'fOD ¢ . 'tflat e I — < -';.7 — - *J
11




. BX N e e weny : ‘ e ——————— o —
’ ,

4
\

\\‘ . ) "
] ".)' , " AN N
i - - \ /
Y
' e 2 T e
- (We shall write Py’ for - f:’_ and it will stand’ for
” ~ muct.) . . l-‘I . 1~_ .‘ : . K . ) .
N (vii) Rel_atidnai symbqis: R v ‘
o . RRyRebioe o T
R .. b/ Fonmulas. C l
R ) . . ’ R v 1. ' L8 “ Y
‘ i ") CIf x is a variable of L* then x ‘isa tewm.
. B 3 :
If t, and t; are temms'of L* then Py(t),t;) is a
. P _ . . - .
l A (In practice we shall write xix; for Po(xi,xz)).
[- R Iff‘;(isafxmtionsmbolofdegreenarﬂ Co ,
‘ ' 2 . ~ ‘ * . ' s
: . ‘ ) tl)l' . uptn are t:'en'ﬂs th%\n fl;((tl( o o 'Iltn)' isa -
: — ' * ' . N .
. I M. ' ) ' ¢ b o .
-, N . . . | '.-_ . '. ] . i . . . ’
P b "~ (In practice, we wrfte f;:"tltz .ot for o L
, R \ K . e
' | R S Y “ o) el
A s Lo . Co 1
§o £t + . £ )5 in our prook, ve shall use £ for £,). - -
-’_"/’M” .‘ ) ' (iV) If t; ad t, are i:exms then t;=t; is an atomic’ 7 . .
: N ", o S ” W ‘ . LT .o o
L3 O’WIULG-. . ’ c e i
. ‘ ’ ‘ ‘\ . .
-. (v) . Every atomic formula is a formuls.
- . . . . . '. : N N . R 1.‘. . . -.‘ 'L -
\ . S . . * .
. . B 1 . & . o
: i‘ o ‘ ¢ C y
_ o h Tt
~ [] N ‘ ‘ - \ ! 1 \' *‘
3 ‘ | . ‘ ,: - ) : ' .




S R

If A and B are formlas then A,

A=B are fonmufas.

"

If A(a) is a formula'and t a term then
@A) and (FE)A(t) are fowmilas. ("A(a) isa
fonmla"rreansthat A J.safomulaand a is a

" term occiring in A In. (BE)A(t), A(Y) is obtamed
from A(a) 'by‘s'ubStituting all occurences qf a by
t in A. Similarly for (VE)A(t).) |

. (viii) Nothing else is a formila.
3\ . ~ . .a‘ .
\lc_/ Sequents.

’mesequents of L‘.aredescn.bed e.xactlylﬂtethesequents
f\L except ttatthefonmﬂasmthe%;uentsarefmn A

£

. N -
4/ The deductive system - LK®.
- A . " ' N

T (A 1sexéctlyas K , exce%tforthefactthatﬂxe

’
»

'fommlaéaretheonesin L* andtl'latthemrdtems}mﬂdreplaoe
the word varlable wherever it occurs in the descript:.m of LK.

..
- ' N ‘ -
. ’

’ 2}:' _M!tmmw axioms and distinguished fohmubns.

For ﬂxemrposet;#carrymg cut saremaﬂmanat:.oal p:roofs, .
weneedcertammatlenéucal axiams. whichyegulatethebehavimr




R .

\

N ‘ v ‘.Elz
Ez:

) EJ_:

19

S b/ Fon.groups.

" af o equality.

L W (E=Y |
(¥e) (V) (t=vev=1t) )
(V) (W) (W) (( £ = vAv =)t =]

et E ‘be” (E1AE2) AEy e

o . . ?

.
.

"(Vt)_(tne=t) | ‘.
V) et=t)
vt (kmet)
V) (E=te) -
W) (W) () ((£v)ow= & (o)
VL) () (W () = (Ev)w)
W) fet=a) N
(ve) (t't=e) |

- . Y

Let G be (@AM ASHAGAAGHAGIAG .«

A
-
’ 9
v ~ " : r. =
. - .
ks
.
“ -
. B
%
1) * -+
' '
.
. . .

v

.0 v




1
3
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5
A
ra
ke
1
¥
.
.
R
‘ 4 .
N ' .
s d/
‘ N
.
Y
.
. .
‘ »
?
-» .
N
.
, §/
W ‘
I‘ -
. .
.
. vy
.
“
. .
\ I

For functions. SR : R
Co > '

Fiz  (VE) @v) (ft=v) Y i

Pir (VOIOW) (E=veft=fy) T o

IR - ¥V 4 T

For gaoap.homomoﬁnghum«s. - .

Fa:  (Vt) (W) (ftv= £LFv) SR o g

Fa: (Wt (Vo) (ftfv=ftv) © . - . T >

et F.be (FifF)fEpARy &, |
. . * ' . . * 0
. : Cot S s
Fon substitution: = - R Lo

o . " . ‘ . . . R "\,
TSyt (VE) (V) (W) (b4 et va) L N

(V) (W) (W) (Vw) ((_£=wAd=w)'+t=w).
(Vt) (VV) (V) (W) ((uv= thu=w)=wv = £)
ve) (W).‘(lvp) () ((t=uvAv=w)»§=uw)" | B
(Vt)(VV)(V‘u)”(Vw‘).((uv=tAv=w_)=fuw=t) : . o

.
. ‘(
. : - . wo
N . . B N

. i e A ,
Iet P pe ((PiAP))AP2)APy' o

‘ .

Syt (VE) (V) (W) (E= wetv=uv) O

Let S be SiMSz . ... .




L]

'Let Axions be  (((EAG)AP) AF) S

A

”

LA

g/ Distinguished formubas.

CC ’ 7‘ . ’ N . . , ' : ' A \ -
In addition to the axiom formulas, we have two distinguished

formulas of [* & - S / ;

"

Fu: (Vt) (VW) (ft=~'f}h't== V),
. a )

Cand K@ (V) (Et=es(Wo) (V= vivk=v)) -

F, means that £ ‘isangoupmnmrphiém_andi{ means

Y

\,.'that; Ker, £={e} where f: G+H. Really, K only says Ke.rfs:{e} .

ut we prove in our denvatlon that {elc Ker £ 5o that there is
no'need to carry this information.

|

3 A pnc;oﬂ ‘04 equ,év‘ale;zce.

'\ | " In order. to illpstrate the factf that thecut elﬂ@\?dm
problems discussed in Chapte)l“ 1 are mlved cmpletely by ‘Gentzen' S
netmd of axiam fg)nnul;as, we fomalize a theorem of elementa'xy. group
e S |

- We do noZ, hwever. canyoutontruspmoftheprocedure
“of Chaptm TII for - reasons that will beccma obvmuiafter 1ookmg

.attﬁetrees S :“ - ‘..




e ﬂwmnrvmm

' c '

\
o .

. kfoteglv:ngthetlworen,wewbuldlﬁcetomentcnthe

fact that the derfvation is ctjt-free and mtultlomstlcally valld.
o '

\ . v -
Theoxen:  let f: G +H a hism then: R
Y .. Ker £f={e} iff £ 1samdnomxphian.
. ' ! R N . ’ . ~ 4 ! ° ~
. - ] ) )
. Proog:

N o .
We fu:st give a proof in pla.m Ehgllsh arranged in such a
\‘Zy“
way tp make its formalisation’ s:.mple.

a

*

‘i\ Let f be a moncmorphism: e S
. . - . . e
) . N aﬁ let C‘.eKer f' ioen" let fc=eb ) ) ’
Poxr every ‘a: we have - | o
v . ‘ .‘ ) ,. ._\‘ . R i

» © . foa=fcfa

(smce £ 1salmumrphlsm) o R
. ‘.fxﬁ;efa, (sirce fc = e) . |

. : fca=fa  (since efa'—‘fa) L.
™ " N '

) but £ mammnrplusm. therefore ca =a. Simlarly ac‘aa forr

every a. ‘nﬁ:eforelf £ mamnmnrph:.sm,xerf {e}
((/0:“ :\ ,"‘ . . ‘ .
) L (htwersfgly:‘ Kgr_,£={e]]

. ' . /
i.e., fc=e implies c=¢ _

.
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. n +
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A . N ~ R o+ .
1 ¢ .
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e .




.fe = fee’ (s:moee ee) . -

5

fe='fe§e . (smce £ isahamorphlsm) _ ' o

,/ o (f8) (fe);=(fefe) (fe)'.\ . ~g‘
' (o) (Fe) " = (fe) (felfe) ). - (assoctativity)

(fe)(fe)' (fe)e /A ((fe(te)'). =q)

L ()l e T Ugele'=fe) - s

but  (fe) (foy' =e

< " therefore e =fe.’

Nowif foefa ' . . o
. - *.ide.h@ve‘ -fbfa' =fafa’ . ‘ . L |
© .. mfa'=faa' (£ isa howomorphisn) ) ‘
" fpfa’ = fe ) (a;:i" : :

‘m U fbfa' =e (e =1

*r

o ' < but  fbfa' =fha . (£ is'a homomorphism) ) B
[ AT R
7 therefore fba'=e o } RIS !

A

‘ ﬁic}i'énéli‘?s that ba'.=e s (Ker £ "‘»\{é}:‘) !




N

‘-"Jl

‘ J 'i'fg-: (ba'°)3. ea BN C o ‘
.or {\ ' .b(a}'a) =a'.‘ (associativity) ,

\_\.be.*—-a:‘ f@'a=e) . - . O '

- 4" ) b=a " (be =b) . . . L
N . . / ) . R L

A K O . * . >

"'Qﬂlxsfisamndrbrphim. :

1 1 ~

We now formalizé this proof. \f , IR T !
L X _ :
o N .

N

nhrmgtmttheproof meneverwereoogmzeafomulato

beanananfommlaoranydlsmgmshedformulaof I*, we shall - =
replace it l:y 1ts namesake For exanple, (’v't) (t= t) w111 be

N .

replaced by Ey mthedenvatlon. "

.jiﬂe'firétprvvethat.if‘f_i's-anmpxp}ﬁm,ﬂxen‘ L
) Ker £= {e}." : o ’ . ;f oA




g
) h !
| foa=fofa+fea=fofa fcmerfome | L 7
’;‘~ Ve fcas fcfa.fc e+fca=fcfa fca=fc'fa fcme+fc=e C T :
' ' : ‘ ... fea= fcfa,fo=e +fcas= fofiNfc=e . . .
SN ) (fove fofy) fom e foas fcfanfore . Co e
L . . Fy,fc=e+fca =fcfalfcze - fcas efg »fca=efa . .
L | ' . (fca=fcfalfc= e)fca= efa,Fy fc=e+fca=efa * 0
*' o ' B |  (%w) (Eca= fcalfc= w)=fca =wfa) ,Fs,fc=e+fca=efa !

(% (Vw) (( fca = ufafu= w)~fca=wfa) ,Fy,fc=e+fca=efa o efa=

L " L _"; : (ﬁ(vu) ) ((fca uvAu w)fca=wv) F3,fc=e »fca= efa . .. ‘efa=fa,
PR . ‘ B " p,,F,,fc=e+fca=efa v .efa=fap|
} ’ h o i efa= fa,PysF3, c=e+fca efa ' efa: fafPl-,F
S - Loy T ;- S . efa=fa, PLF,,fc e +fca= efajlefa= fa
. ‘ e - ’ Gy .P 1,17‘4!{(: =@ +fca= efajefa= fa

S e C | (fca-refaAefa= fa)"fca fa,Gl,P,,Fa,f

A . . R o (Yw) (( fca= GWA@V W)"fca“w) G /Py Faf]
T " a N ' . . &“. v ° : e
o . . ' . ‘ T (W) (Vw) { fca viv=w)*fca=w),G;,P;F,,f
] SN . . e B E3,G1,P},F3,fc e-rfca= fa
: . , LN . . . . 4 .\ ~ ‘
) ‘fff\ Al , . .
- N R ;i
N ‘\’/ o o ! ) C o . ~\ "3;,%
Y . . Y t < Q. ) . L . ) P
E - 4 ) 1 "~" N ’ \ - L)
Py T R Fy
- Siints e . - N . : ' J
: s ) S o §: S o ! !
3 ' \\ * N ) .




i

ol . P
), fc=e+fc=e - % . .
fc=e " o , N
~faMfc=e . : _ : ™ '
2 L fca= efa+fca efa ‘ N J—\
. ¥ )
Lo

Jfc=e+fca= efa ‘ _ , \
fa) ,F,,fo= e +fcd'= efa o ' o
wia) Fy,fc=e »feca=efa 4°

S efa= fa »efa= fa
"* -efa= fa,P+efa=fa

. L]

@ = wv) Fa,fc=e+‘fca'= efa "

—e—vfba efa L ¢ 'éfa=;fa,P1,fc=e+efé=‘fa' | T
3,fc e+fca efa . . . . efa=fa Py, Fa, fe= evefa=fa . § . '
efa= fa,P,,F,,fc= e +fcak efajefa=fa. | = "‘W\,"‘. T

- ©Gy,P),Fa,foe »foa= efafefa=fa - © 7 foa=|fa +fea= fa

. ‘[fca= efaAefa-fa)*fca fa,GL,P,,Fa,fcf—'e-»fca fa : ' v

— {¥w) (( fca= ewhéw= w)=£ca= ) .G, PRy, fo= e-»fba*- fa - ~“¢
(vv) (vw) (( fca viv= w)*£éa= w) G,,Pl,Fa,fc e-»fca fa .
O E,,GI,P“F”fc e>fca= fa : ' -
__— . ~.¢/3 ' /\ ‘ o - - / . . ‘ )
. ) v . . . .
) " Ve eall this tree &, .. “ ‘

Al

e,.




N ‘ ~
1 YR J e : ‘ Lot R Yy
v I
b ( ~ o
‘ / . ' \ ) . - - M . . o [
- i \ * ‘ Y
¢ \ '{ - ) ' : - 3 ‘ \ «
i '] \ : - » ) .
Q.‘ » . N ' '. L
~ " -« LN N - - N . )
" | \ ) /"'._\
. . o ‘ s/ !
- o . N ' -
' ‘ S e . 6y o '
. CoL ‘ - Es,Gi;P1,fc=e +fca=fa fa= fca
e LTl 61 .. "1 7.7 -fcasfasfa= fca,E3,Gi,P1,fc=e*fa
e - . E3,6,P1,Fy, fc=e ‘+fca=fa _ ca=a“ca=a. ' ' (W) (fa = yv= fa) (E3,G1 ,P;,fc:
- fca =fawca =a,E3,G1,Px,fc e*ca=a S Ez,Ea.Gx,Px fc= e~ fa= fof
(w) (fca =fy=ca =v) ,E3,Gl ;P1,fc=e*ca=a PR " fa= fecara= ca,\gz,Ea,Gx ,Px,
" “ Fl' ,E3 ,Gl 'Pl 'fc e+ca a ‘ ‘ . (v.y) (fa"‘ fwa—‘{),EZ an ’G‘ 14
3 F"'EZ’E3'G1’P“fC E->ca=a : — . F#IEZ‘IEilcjipllfc= e +'ag
! . L ’ . ) Fq,Ez;Ea,G] ,P;,fc=e+ca=al\ac=a L .
-~ . . . ¥,Es,Es,Gl,EC =e,P ->ca= akac = a S
o . - — . Fu 1E2 ;Eg,fc e,G} ,PL»ca-— alac=a / »:_’ .
- . o . c e P, ,Ez fc= eyE; pG1 'Pl +ca=alac=a o )
. . ‘ . . Fq pfc,'_',e'Ez ,E3 ,G; ,Pi- "'Car-aAac:a : ' l ’~ ‘ ._ .
‘\ ' . ]‘ - * - vv . fc= e,Flp ,E.z ’E3 pG;l,P] "Ca’= aAac=a .
' \ o ; . " s o fc=e,F, IEé lEé rG; Py > (W) (cv= VAVC- v) S .
‘ 8 ' szEZlEleI Py xfe e (W) (v —vAvc=V) o
. N ‘ .
Fz, 'Bz 'Ea 'Gl ,P1 +K ! \'




% 1 N
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-
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NN Y b
P
\‘ bl »
X : \
. . e
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»
" e
, Y
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‘.
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. -
it
' 1 .
i
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)
€ . ..
- 1]
. -
- // x
. ) ~
. ‘ M * A 4
. : 51 SR . )

) Ea,Gx,Pinc=e *fca=fa fa=fca+fa=fca . _, .
.. . feca="fasfa~= . fca,Ey,Gl,Py, fc= e + fa= fca -
\ ‘ o (Vv)(fa=v-v--fa) E3,Gi,Pi,fc=e+famfca ' -
R U " EsEs,GisPi,fc-e+fa=fca® . ac=arac=a
. . ,. fa = fca~a= ca,E2,E1,G],P1, fc=e¢ac-—-'a
T - (W) (fa= fv»a—v),Ez,Es,Gx,Px fc= e+’ac-==a
sca=a ' Fu,Ez,Eg,Gl,Px,fc e+ac=a ; //,
F“,EZ,E3,G1,P1,fc=e+ca alac=a . / /
F, ,Es,E3,G) ,fc=e,P, +ca= alac=a e
F. ,E;,Ey,fc= e,Gl. ,Ppca ahac= a" - B ‘
P B, fc= e,Ei,G,,PI-»ca aAac=a . f y. .
Fufc= eEz,E“Gx,PI +caz aAac a . ' L . ]
fc=e,Fy ,Es ,E1,Gl P, »Cca= afac= a ‘ S o :
‘fo=e Py Ea By G1LPy » (Vo) (¥=vivE=Y) T Lt s '
Fu,Ez,Eg,GL,Pl”’fC e»(W) (cv—vAvc v) wo o ‘
F,,,EZ,ES,GI,P, g . | o L
. . . - N
. ¢ N ’ - <
,",‘ . ' i\ ' pt .

-t




wrmmrsawi At -

v . w

1 53! , . - . . . .
‘ . ‘ 4 .. - . i , - Gyv | . A . . ,
‘ e - FIHEZrE3rG10PL + K- , L. ' S : .
' ) . L. . E),IE2IE31G1 IGllGl IG?"GZIG2'G3-'G3'P]'P1 IPZ)PZIFI ,FZ,F3'F3'S Fl& -) K . ’

. PR . on 63"we»oper§1teasih’lthe following example: ) A J

' AB>C T o R
. \ BAB,B + C and obtain &, : ((((EIG) ) AP} AS) AR+ K R R
ARB,AB ~ C - B ; S
. T AMB-C : 5'0 ’ : R
- , Ci.e., Axmms AF..‘-rx .
: Now from 6y e obtain & by: X _ I
R o “\AxicmsAF.. + Axioms AxiamsAF, -+ K N ‘
_.;s - ‘ - ) ,' ‘ \“ . "- . . . - ( 1 " ‘ |
- Remark T Oour -3y states that frcm the axioms and-the fact ' tha.t £
o R ‘mamrmorphlmwecandedueethat) Ker' £% {e} /\).ﬂ.
WY 5'. 4 . - R ' . * . ' B
7 We now tackle. the converse. . . . S K
. - ST ; S & . b . -




- e=egte=es - = fee + fo = fee : :
'e"‘ee"fe-fee,é‘ee*fe' fee e :
(W) (0= vfe= fu) o= ee ¥fet £l | | _fee=fefe +fee= fefe
F,,e =ee+fe = fee ~ v GY fee= fefe **fee=fe}p
e=ee,F;*fe=fee . . [ "Gy ,F, ,fee= fefe + fee = fefe
Gi ,Fz+fe=fee : . "Gy ,F2, (W) (fev= fefv) »fe= fefe
GJ,F ,Fi+fe= fee , ! G;',FZ,FQ fee = fefe
e ,FZ,F3+fe feeAfee= fefe ' -
(fe feepfee = fofe)=fe= fee,Gl,Fz,Fl-p fe= fef.e‘
_ ) ({fe= fee/\fee w)=fe=w), Gy ,F2,F3+fe= fefe
(Vv) (¥w) (( fe = viiv = w)=fe = w) 61 ,Fa,F3\+ﬁe fefe

%
> I3
,m Lo

E3 lGl 'F2 ,F3 +fe"fefe : i

J
«

(W) (fe =fefe.(fe)v— (fefe) v) ,E3,G1 ,Fz,F'a + (fe) (fe)' = (

(Vu){w) (fe .y (fe) v = uv)Es Gy ,Fp, Fs + (fe) (Fe)" = (fefe)

\\ S ,E3,G1,F3 ,Fs + (fe) (fe)' = (fefe) (fe) !

¢ .

. ; ’
We call this tree. X,
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! \ s e . N
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: . . |
;\ .x . . v N " l R [y
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- Y
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1 ‘ N
¢ v
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i K
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0 . . ' « . Y- N L LN . .
. * . . . 0 . . H . v PR . N
. N ——— . . -~ =
N ‘ .. . T - .o E
- . . . N i
. (I ' . 3
- . ~ 0 . .
. . . \ . k

" ' fee=fefe'+fee§=fefe~ oo~ .
G, fee= fefe +fee=fefe S Co I "
JG1,Fz fee= fefe » fee= fefe o -
GI,F2 (W) (fev= fefv) » fe= fefe o e
G ,F,;F,»fee= fefe‘ o

ee= fefe - | fesfeferfe=féfe ~ -°
b)fe=fee,G) T, Fyvfe=fefe | o ‘?\f R
= w)=fe=w) G1,F2,F3+fe fefe - ... ‘ R SO
= wy=fe =) G\ ,F2,Fs > fe= fefe ~ - . o ' ﬁ": -

| . (fe) (fe)'= (sdfe) (fe)'» (£6) (fe)' = (fefe) {fe)’

E3,G1,Fa,Fy + fe= fefe
fe = fefe(fe) (fe)' = (fefe) (fe) ', EsG Fa,Fs + (£e) (fe)' %(fef'e) (fe)' .

(v) (fe = fofer(fe)v = (fofe)v) By, Gr.Fz,Fs * (Fe) (fe) = (fefe) (fe)'
= (fefe) (fe)’ - .

3

-

S

(vu){W) (fe= u='(fe)v uv)Es,Gx,Fz,Fs+(fe) (fe)’

(fe) (fe)' = (fefe) (Fe)' /. . . .
&) o

.S ,EB:Gl IFZ 1F3

.
.o .
..
\
¢ ' . L, s '
~ M 7, '
oo . s
K oo We call this tree A;.
e - | S
\ , T "¢ . ' 1
] . N ~ -’
. . R ; , .
- ..
¢ R .,
. . N g
\. . o ¢ . 4
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N

o))

+

bla'a)=

(ba )a+b(a a) = (ba')a

) (bla'w) = (ba")w) *bla'a) = (ba')a . . L

B = (ov)w) »bla'al = (ta']a

N

G} +b(a‘a) = (ba')a e Co
K,G}+b(a'a)= (ba')a . | , e
K:E;,Gl+b(a’a)= (ba'la ' o L o ‘,. ‘o
KIEBrEerZ +bTa'a) = (ba')a. - oo IR

, r * " L 3 .'.. «
K;Bi/By Py Co2b(a'a)= (ba')a, - » - . . T e
K'E3'E20P;rsuG;+b(a a)='(ba')a RN

RByiEg iPy,81,61 .G, »b(a'a) = {ba')a’

_x,Ea,Ez,pz,sJ,cl,F;,cﬂb(a 2)= (ba')a- AT

K1E3 rEerhSirGl IF2rF31Gl b((a a) = (ba )a'

‘ RN K7E3'E2’PL‘)1’G1 IF2rF31GZ’7‘qZ *{(ata) = (b& )a - .‘ ’ ~ | . T N !
Q . K Ea IEZ_'PZrS]_ ’Glsz ,F31G2’G3’Mb(a a)- (m )a " \ ‘

N

-k By, B, ,P2 iS1,Gy Fy By, Gy 163Gy :Gl +b(a a)=(ba')a

K E3 'EZ ,P2'S[yG1 rz ’F3,G2'G3,Gl,fb fa,Gz +b(a a) (m ).a ,{

REssEa 2,81 Gy B s /Gy163,Gy b= fa 613G +bla'a) = (ha"a - KEyE, 1225y Gl By F1Gy Gy Gy fb=

K Ea ’EZ ,PZ'SI ,G’ FZ 'Fg ’G2 ’G'Q G_l 'fb fa GJJGJ ,Gz "'b(a‘a) ‘(k\)a -)a K E3 ’EZ 'P_Z_'SJ\'GlfFZlFS ’GI ,Ga 'Gl 'fb fa,

"

(b(a a) = (ba )BA(ba )a:’a =’bia) a K Ea,Ez,Pz,S} 'G_l ’FZ'FS ,G2'G3’Gl ,fb fa. G},G

K,!Ea,Ez Pz S1,01,F3 ,Fa,Gz,Ga,Gx,fb fa Gx,Gl,Gz'*b(a a)*‘- (ba')al (ba'ya

{Ww )((b(a a) = (ha' )aA(ba )a w)=b(a a) W) K EaszrPchJ JG]. :FszalGuvaC\ufb faer:

(Ui}

‘e

e Ball this tree. Ay}

1

E3} E3vE2 IP2ISHGI errF3 erlGQIGl rfb fal_l :Gl rG)_"'b(a &) a v C (
K E3 'E3 'EZ ,Pz ,SI ,G) 'F2 'F3 'G2 'Gj 'Gl ,fb= fa Gl ’Gl 'Gl '*b(a a) a
~KrEarf§32:Pzr31 'Gx 'F11F3 4Gy (G3Gy , £b= fa Gx (G /Gy -rb(a a) a




')a+b(aa)~(ba')a A SN e T . N

=)W ~ba'a) = (ba)a ¢ .. o R S
=(5/)I+b(a',a),=(ba'la L . e  em T
Gi+bd'a)= (ba"a .- -~ . . - - . SR v S
K,G} ~b(a'a) = (ba')a cot - : e . N
v, E;,G) 3 blat) = (baa S - Voo e
3,E,,G +bla'a) = (ba')a’ , C . . 3 : N
PG 3bl'ay= (batta .. v - T T T
) .S1,G;, »bla'a) = (ba“)a S R 4
1rG§',G:~>b(a'a)=(bé').a - - e : | o \ ,
\ Fy,Go +i)(a'a)= {ba')a o S IR o . _‘.’ o )
2'F3'02*5(5'3)= a)a . T S o : .
3 :GuGz ~bla'a) = (ba')a ‘ L . ‘ ) h '
2GuGab@'a)= (baYa R
3,G1,GL+b(a a) = (bd')a . ' N . ( o ‘ -
,fb= fa,Gg'_:b('a'a) = (ba')a’ . o . ST
fa G';.'G; +ba'a) = (Ka')a - K 'E3 IEZIPZrSl iGlIF2rF3rG2'G3,61 fb= fa,Gl ,Gj -h(ba )an a
,G14G1,G; +b(a'a) ={ba')a K,E; E, ,PL,SJ,Gl,Fz,F:,,Gz,G,,GJ,fb fa,Gl,GL.G > (baaza
K ,E3,E2, P2 ,51,Gt ,F2,F1,G2 Gs,Gx,fb= fa Gx,(‘x Gz‘*b(a a)=, (ba’)aA(ba )a=a b(a' a)-a*b(a a)"'éé
(ba Jah (ba')a= a)wb(a a) = a,K ,Ea,l'g:,z,lL:~z,sl,g;J Py Fs,Gy ,Gs,Gy , £b= fa G,,G,,Gz +b(a a) =
(ba )a A(ba’)a= w)Pb(a a) —vb,K Eg,_zJ_z ,SJ,Gl,i,Fa,Gl,Ga,GX ,fb fa G, :GLer + b(a’ a) = ]
= viv=w)=b(a'a) = w) ,K,E; ,E2,PL,SI ,Gl Py ,F3,G1 ,Gy,Gy, fb= fa, G“GL,GL—y b(a a)y=a, - .-
Ei X, E3 3% IPZ 151 rGl +F2,F3,Gy ,Gg,G“fb fa,GJ ,G1 G2+b(a a) —é . , C 5
KEa,Ea,Ez,Pz,sx,Gl,Fz,F,,CL,TLGl,fb ‘fa GJ,GI,Gz-bb(\a a)..a oo : o o | : ‘
| K/Ey rEz,Pz 151Gy ,Fa ,F3 ,Gg,G;,G;,fb fa,Gl,Gl ,Gz +b(a" a) “ e T g’ o 93; )
2 . a . i \ » . . ' /
. <A R - : f:‘?%

et
K

7

; B
S




L s T ete) (reyre (s (e e Gt (fe)' = (e (fe(te))
; IR SN .. (VW) (( fefe)w =fe(few)) -+ (fefe) (fe)' = (fe) (fe(fe)') -
L T e (W) (W) (( fev) w =fe(w)) > (fefe) (fe)' ® (fe) (feife))
‘ L o Gy » (fefe) (fe)'= (fe) (fa(fe)")
CoL T B s Sl,Gz-»(fefe)(fe)"(fe)(fe(fe)) L
S T e T 81,Es G 2 (fefe) (£8)' = (Fe) (fe(fe))
. . BTV © S1.E61,Gr  (fefe) (fe)' = (fe) (felfe)')
o Sl'E31G11F27F3+(fe) (fe)' = (fefe) (fe)'~ - Sx,Ea,Gl,Fz,Gz (fefe) (fe)' =(fe) (fe(fe)) .
. 51,E3,G1,F2,F3 ,Gz‘* (fe) (fe)' = (fefe) (fe)" . Sx,E;,Gl Fz,Fa,Gz"Lfefe) (fe)’-(fe) (fe(fe)') .
‘ @,ES,GIR ,Fs,Gz + (fe) (fe)' = (fefe) (fe)' A(fefe) (fe)' = (fe) (fe(fe) ) (fe) (fe)'=
" ((fe) (fe)"'(fefe) (fe)’A (fefe) (fe)"‘ (fe) (fe(fe) )= (fe) (fe)' = (fe) (fe(fe) ),Sx,Ea,Gi ,Fq JF3,G > (fe) (fe)"'(fe)
.8 (¢ fe) (Fe)' = (fefe) (fe)' (fefe) (fe)' =w)= (fe) (Fe)' =w) ,S1 B3, Gi (Fa F3,Gs » (Fe) (Fe)' = (fe) (Fe(fe)')
() (W) ((Fe) (Fe)' =vhv =w)=(Fe) (Fe)’ =), Sy ,Ex,Gi Fa,F3,G2 > (fe) (fe)! = (fe) (Fe(fe)') ‘
- R Ex,S1 (B GigFa,Fy,Gz 2 (fe) (Fe)' = (fe) (fe(fe)') | .
2. . BaBa8i,01Fa FiGe o (fe} (fe)'=1fe) (fe(fe)) ' = S
Es,S1,G1,F2,F3,Gy » (fe) (fe)' = (&) (fe(fe)')

o

.) ,..\:.. Gi ) . "’O . 5 ‘\‘ . . i | .
o . ]
~ L C . i
! - , . ! .
TR Wecgllthistree-h.
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B
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(£efe) (Fe)' = (fe) (fa(fe)') + (fefe) (Fe)' = (fe) (fe(fe))

| (V) ((fefe)w =fe(fiw) » (fefe) (fe)' = (fe) (fe(fe)) © , .- S
() (M) (fev) w=fe(w) >(fefe)(fe = (fe) (fa)fe)) - . . . - - . :
oo G, » {fefe) (fe)' = (fe) (fe (£5)") B Cole g T
. 51,Go- (fefe) (fe)' = (&) (fe(fe)) T . ., - ' L
HEI . L e
,Sz.Ea,Gz*(fefe)(@'(fe) (fe(fe)') _— I L N
‘ $1,E3, G162 > (fefe) (fe)" = (fe) (fetfe)] o T 1 }‘\

[ fe)' S1.E3 ,Gx,Fz /G2y (Tefe) (fe)' = (fe) (fe(fe)') .
fe)! 81,3 ,Gi,F2,F1,Go (fefe) (fe) = (fe) (fe(fe)') S R
yF3,G2 > (fe) (fe)' = (fefe) (fe)/(fefe) (fe')t“ (fe) (fe(fe)') (fe) (fe)"-‘(fe)(fe(f\e)') + (fe) (fe)* =(fe(fe)')
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© fba' = fhfa’ + fha' = fofa’
(W) (fov= fbfV) +fba' = fbfa' |
' Fy+fhal = fhfa’

Ea,Fa"fba"‘fbfa' R

Es Bz F +fha' = fbfa' .
Ey B Pz,Fa fha' = fbfa’
E;,ﬁy,?z S Fa*fbaabfbfa'f

E!rEZlPZISI IGI 1F3"'fba'= fbfa' e _.
.53'EZIP2 Sl!Gl F21F3'+fm'-fbfa'

E; .Ez;pz.Sl ,61 J‘z,Fa,Gz +'fha'= fbfa'
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(ﬂ)fa' "'“,feAfe\“ e)"fbfa"epEz +E3 1P2’rsl IGI /F2,Fy,G;

(W) ({ fbfa’ = felfe= w)*fbfa’ =w),Ea,Bs,P3 51,617

(W) (W) (( fbf' = viv= W)"fbfa"-‘w)a,Ez,anPleLG
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(fba' = fbfa‘/lfbﬁa' = g)*fba' = &,y E; 22,8161 ,Fa Fy Gy Gy, Gy #4b= fa+ fha'a g
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o ' o k AU (ba'le=eld(ba') =e+(ba')e=e &
(W) ((ba')v=viv(ba'}) =v) + (ba')e=e

ha')e Ea,Ez,Pz,S1,G1,Fz,F3,Gz,G3,G“@a a+fbal=e
=(ba')e fbav-éP(VV) (ba‘)v= vAv(ba)'-v)ﬁ;g,Ez,Pz.S; ,Gl,Fz,Fg,Gz,G3'G“fb- fa+(bav}e=6
> ba' = (la¥)e K Es,_z ,P3,51 ,Gl,Fz,Fa,GzLGa,GUfb fa+ (ba' )e=/e . o

| -+ ba'=(ba')e. \ -
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'"={ba')el(ba')e=w)=ba'=w) K,E: ,Ez,Pz,S1,G1 ,F2 IF31G2'G3,Gl,fb fa.Gh +
((ba'= v/\v w)=ba' = w) ;K,E3 ,Ez,P3 ,Sl,Gx ,Fz,Fa,Gz.Ga,Gl fb= fa,G; + ba' = e .
Ea,K E3,Ez, P;,51,G1,F2,F3,Gz,G3,G1 ,fb= fa,G1 > ba'=e _ T/ . o

"K Ea,E\ Ez,P': Sx,Gx F2,F3, Gz,Ga,Gx ,fb== fa, Gx *ba'=e C : |

K EapEz,Pz S1 Gx ,Fz,E'a,Gz ,G ,G1,fb= fa, Gl ‘=e \ . o
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K EerZIPZ ISIIGI IFZIF3 +G2,G3 !Gllfb= farGl +ba'=e - _(ba')a=ea+(ba')a=ea
ba' -e*(ba')a ea,K,E3,E2,Pz:S) IGIIF21F3IGZIG3IGI fb= fa,G, + (ba Ja=ea .
. e
- 4 (VV) (ba' "e”(ba’)v ev) K4 ESrEZlPZISerI IT21F3IGZIG3IGIIfb fa Gl (ba')a=ea°
' (Vu) (W) (ba' = U*(ba')v uv)., K Ea,Eerzrserl ,F2,F3,G2,G3,61,fb= fa Gl +(ba')a=ea
N SHK E31E2vP2)ShGl IF2!F3 IGZIGSIGlrfb fa Gl (ba')a ea
: K SuEapEerz;Sx,Gx»lef’sszuGarGuﬂD fa, Gl (ba')a= ea
' KEs,51,E2,P; ;SerhFZrFS /62,G3,Gy b= fa:Gl (ba')a= ea
- ‘ -
. - K Eerz ,Snpz;SnGx F2,F3 ,Gz,Gs:thb fd, GI *(ba')a=ea-
. K N “ ) . - A K E3IE2IP2 ISHS! lGl rFZIFB IGZiGMGllfb faerI (ba')a ea -
- ‘ ) - .‘ \ . o K E3’E2'P2'SX,G1 'FZ'FS'GZ,Galcl,fb fa Gl‘* (m')a ea
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lIFZIFEIGZIG3IGIIfb=fa Gi '*ba:! e ' (ba' a=ea-L(ba')a:'ea . 2

(ba')a= ea,K, Es,EQ’,Pz,Sl,Gl,Fz,Fa,Gz,Gg,Gx,fb fa G;-*(ba')a=ea :
e*(ba )Y ev) K, Ea.Ez.lesl,GanlFs,Gz.Ga,Gl,fb fa.,G; (ba')a= ea"
i (ba')v = w) ;K,E3, B2, B3,51,G1,F2,F',Gy ,Gs,Gr, £ =fa, Gy » (ba')a= ea
S1.K, ESrEz 'Pz ,Sl,Gl,Fz,Fa,Gz,Ga,G1,fb= fa,Gl ~(ba')a=éa
. K, Sl,Eg,Ez,Pz,Sl,Gl,Fz,Fg,Gz,Gg,Gl,fb fa,G1 (ba')a=ea
. - KE3,51,E2,P7,51,G1,F2,F3,G2,63,G1, £b= £4,61 * (ba')a=ea = . . I
. K Eg,f.‘.z,Sl,Pz,Sl,G1,F2,F3,G2,Ga,G1,fb-‘fa,G1+(ba Ja=ea - ~
K E31E21P2'Sllserl:FZIFé)rGZ:GarGl:fb fa,G1+(ba')a ea e

: K Ea,Ezsz,Sl,GuE‘z;E'a.Gz,Gs,Gl.fb fa, Gy > (ba’)a - ea
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| L e KEg,Ez,Pz,SI,G“Fz,Gl*ea
Ny o REE RS GG e
,, o RN . K,By,Eq;P1,81,61 Fo Fa,6,G1 +ea
Ve KB EL)S1,6 FaFe, G 6,61 2

: : l ' .lo ST K,Eg,EerZISerIrF2lF31GZrG31GgGl
K,E,,E,,P,,SUG,,F,,F,,G 6B, fbk fa,8, +(ba')a=ea: K.EB,EZ,P,L,S],GL,FZ,Fg,Gg,Ga,Gl,fbf
. KB uE,:Pz,SuG),Fz,Fs_Gz,GarGL,fb&}{a G;,G; (ba’)a ea  K,E1,E2,P2,51,0, Fz,j‘a,Gz,Ga,Gl fh=fa,G
- K P 51,61 P2 Py6u GGl fb= 12,6161 » (o' )a seafaza |/
o | (b')aseajen=a)e(ba')a=akiEs Ba,Ph 51 Cl e Fa,G0,6001, b2 fa,Gl,
- L S ‘_. \ (Vw) (((ba'ja=ealea=w)» (ba')a w) K, Es,Ez,Pz,Sx,Gl,Fz,Fs,Gz,Ga G1, fb—
N (Vv) (9 (((ba'Ja =viy =) o(ba’Ja 24 K, anEz,Pz,S1,G1,F2,F3,GZ,G3,Gl,fb fa
EyKE 1/B21P3/8),6) ForF 3,65,63,6,, b= fa,e,,c, +(ba')a=

X EyEllElfpyslIGUFZIFBIGNG}UGRﬁb fa GuGl +(ba')a =
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S e ~ G red=a ™SI, .
’ ) K ) K;G1 +ea*a / ) ‘, :
» L v ] X . ' .
s . ® ' . . . o . KE3'G1+ea=a ) <
- : ’ R - : E Gy+ea=-a Lo
. - . ‘ ! B'E{r L /5\ ‘
! "~ C Co. S K:I‘la +E2 rPZ rGl '*&a' . D . ‘
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) ' t. : ' L on ] . !
} T ’ . ) . K'E30E2IPZIS]}GI (Gl *+ea=a - .o Sy ' ‘
% ’..( . . 5 i ‘4'_'1_ . K EBIEZ_’P?,§] ’Gl ’F2'G] +ea~a ‘ , ' o \ . .‘. i B ' J
. _— . N . K’E31E2 'PZ'SI,GI ’FZ'Fa ’G], +ea~ a . M
\ Foe . * ' toe K,Ea,Ez pPZ ’SILGI ,Fz ,F3 ’GZIGI *>ea= a . N
e ‘ ", . K/E3E) IPZlSl IG]IF21F3'G2 ,Ga,Gl +ea=a ' , ‘ -
s . . ‘ . .
‘% 10 C o KIE'3IEZIpererl F2,F3 tGZ G3 IGI\IGI *ea:a’
R . ) .
- fa]‘.d'i +(ba')a=ea R EalJ'lesl rGilF21F31G21G3IG11fb fa_1G1 +ea=a.
1L} ‘ g .
fa Gl‘JG; "(ba')a—ea' K,Es,E2,P3,81,G1,F2,F4,G2,G3,G1, fb= fa Gl ‘Gl *ea=a T ‘3
Ez;-BT:S’],G],Fz,Fa,Gz,Gg,G],fb fa G1,G1 +(ba')a= eafea a I (ba')a=a+ (ba')a a

)a eajea=a)=(ba')a=a,k, Ea,Ez,Pz,Sx,Gl,Fz,Fa,Gz,Ga,G: fb= fa,GJ Gl"(ba')a a

[((baq)a eal\eaaw)»(ba )a=w),K Ea,Ez,Pz.Sx,Gx,Fz,Fs,Gz,Ga,GJ. fb= fa GY, Gx"(ba')a a
(((ba')a v/\v w)=(ba')a= W) K,EQ,EZ,PZ,S“GI,Fz,Fg,Gg,Gg,Gl,fb fa,Gy,G1.» (ba’ )a a’ '
‘- & E,K, E3.E2,P2,S,,GI,FZ,F3,G2,G1,G1,fb fa,Gl,G,-r(ba Ja=a mL,; C e

- ' KEa,E BB 2,S,,G [ +F3F3,6,G,Gy, b= fa.cl,Gw(ba )a=a o v
K E3,E2, 2’SI'G1'f2,F3]G2’G3,Gl’fb fa Gl'Gl -’(m .)a a
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T . © .. (W) ((bfa'a) = aha'a= w)=bw=a) ,K,Es,Ez,P3,51,G1 ,F2,F3,G2,G1 , £b= farGllcl
‘ ‘ T (V) (W) ((ua’ a)—aAa a=w)™uw=a) K, E,,EUPz,Sl,GI,F,_FJL,Gz,Gﬂfb fa,G

o~ . L (w) (Vu) {ow) ((uv' = aAv = w)=uw = a) KEg,Ez,Pz,SUGl,Fsza'Gerx»:fb fa Gy

- _ S ' Bk Ea,EL,Pz,SL,Gl,F \F.,G ,,GL,fb £a,G, 4G ,Gh ,GL + b
o \ T ) - KPz,Ea,Ez,PL,Sl,Gl,FZ,F3,G2,G1,fb £2,Gy /Gy 63 1G4 » ba
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’ ", a'a=e+a'a=e
' ! L . .'G§+a'a=e s .
‘ o b . K,GY+a'a=e .
," R ’ K,Ealcﬁ—raa e -
oot ' : KrEa.Ez,G§+a a=e
s . Lo . ' X K ES'EZ'PF'CI > a a=e
‘ " K,Eqy,E,,P5,8,,05ra'a=e -
(Ey P rserUG +3'a=e
' * ¢ . +P3,51,G},F,;,G +ala=e. -
: ,S;,68,F,,Fy,Gy»~a'a=e
S ; S ' 'Eerzrl’ch):thFz-rFuGerJ+a'a=e
: o, ' KIE3' lPLISiIGl lrz 'F3 'GL’G_HG' +a'a=e . .
. T h K'EalEzlﬁ'sil-G?JFZIFa'G21G3l(f;.LpG +a'a=e
.“Q’. . ' ) K. ¥ G"F‘PGGGfb:aG‘)‘a'\-“-E' -
)\12 vt * ’ KIEJ'EZ,P' ,Sl' FZIF3fGZLGJ’GLI =fa Gll ,(;3—>a e '
,G; ~+ b(a'a)=a - K EJ',EL,PL,SI,GI,FZ,J,Gz,G,,Gl,fb fa,Gy /Gy ,Gy +a'as e

:;Gl',G; s+b(a'a)<a

K,E, rEz er ISLlGl Fa rFa 1y

Ga ,Glpfb fau ,Gl,GQ,Gl-'a a= e

Sl 'Gl ’FLF3 'szGLlfb fa

Gl,Gz,Gi*b(a a) = aAa'ar: e

Al

be= a+be=a

\a'a = e)=>be a,X,E;,Ez2,Ps,5:,61,F2,F3,62,61,fb= féi Gy G1,G2,G3*be as

\

) = ala'a=w)=bu=a) ,K,Es, Ez,Pz S Gx,Fz.Fs,Gz,Gx fb=Ffa, Gx,G:,Gz ,Ga +be a

(a a) = aAa a W)-w a) K Ej,Ez;P2 'Sl 'GLlelF}’GZ'GL;\{b fa’__LlGl 'GL} _.,&: a

'V‘J) (( UV aAV W)=’UW a) ,K Ea 'Ez ’PZ ,SL,GI ,Fz 'F3 'Gz_Gl 'fb \ia’Gl ’GL'G2, > m a

/\

. PZ,K Ea,EL,Pz,S“Gl, 'F.,G,,C;, b =fa,G ,GJ,GZ,G3+be a
KPz,Ea,EL,Pl,Sl,(‘l,FZ_F,,GZ,Gl,ﬂ) fa,J,GJ,GZ,GS-rbe a
KE3,P2,EL,J,S“GI,Fz,Fa,GL,Gl,fb fa GI,GI,GH_G:.,-Pbe a
KEa,Ez.Pz,Pz,ox,Gl,Fz,F:;,Gz,anb fa,Gl Gl Gz,Ga‘*be a .

K;E3 ,Ez,Pz_,S1 ,G1 +F2;,F3 ,Gz,Gx ,vfb.= fa,Gx ,Gl,Gz +G3 +be=a
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C 7 pmbeabmbe oo S T T e
" .. KG +b=be T :
' o S REyG »bebe . . T 0 L
- _ KEy,E; Gl » b=be o R L
T KEGEGR,G wb=be - T T ‘
| . K,J,EZ,P;,SI,G;"-r b=be ST T /.. -
L REaBPySGLG e b=pe . Lo o g B T
. K.Ey,E)iP;,51,G,F;,Gp » b=be o o I o
c 0 KEyE,P),81,6/,F,,Fy 6 > bate I S o
'Eg,Ez,Pz,Sl,Gl,_L,Fngz,GL b=be: - .o T s
. KEy B P8 GLF Fy Gy Gy = fa GlabTke o o e T o
ngleu,sl,c F3.F3,Gy Gy, b fa,c;,,c;,+b be : P ' ‘
| ' K,E3,E; 3,8 /G Fy ¥y ,Gy,Gy , £B= fa,G'{',Gi,GLb e R L
" K,E3,Ep,P,8; .61 FpiFy 1CpiGy fh £a,6,,G,G},Gy » b be K EL,EZ,PL,SL,Gl,Fz,Fa,Gz,G,,fb= £a,q", c;L,c;
° . ‘ ' . KEgoELPZ,SJ,GL,JJF,,G,,G“fb=fa,G,,Gr Gy Gy +b= beljpe=a
| “ - , R ‘(b =befbe < a)=b= a,X,Ey,E, ,Pj ,Sy (Gl F,y , Fy ,Gy,Gy , Fb= fa;Gl,Gl,i(G3+b=
: : e T (Yw) ((babeAbe w)=b=w) ,K,E; ,E,,P;s,5},G} Fz,}s*a,tsz,(;“fb\ifg,c;,,c;l,c;z,c;W
| . , o (W) (W) ( be = vAu= w)=b =) ;K, Es,Ez,Pz,Sl,GI,FI,Fi,GL,GJ,fb): fa,G, M6, .G,
‘, D R f . Ey KoEy o P 151 [0 Fz Fs 1GpsGy o b= £a,80,G} [} G~
N o T : . KEyE B P8, :GlLFz-rFerirGufb=far.GMa‘*J
Lt L KEgEyPyB1,6) F2iFy, 6y G, = £a,G)G1 /Gy, Gs
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be o . g . ’
maditd T ]

y \ -
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f

_amma

¢ Y .

' : T . Coy v
+b= be i o ’ -\” . '
rGg' '*b:be_ ' . o . A
Gz,G » b ke . K,Ej By P8, rG'L':FL.ngGz',Gl',fba faiG';,G;,G;,G; - be = a
151,61 F24F3,6; G fb = £a,G],G} Gy, Gy +b=befpe=a '
=a)= b= a,K,Ey,Ep P} ,S,,61/Fp,Fy G, Gy £b= £a,G13G),G),Gh +b=a o
befbe = w)=b= w) K,Ey,E B35, O F; F3,6;,G1 Fb= £2,61,6) G} ,Gh b= - .

_(’bie%}‘(’)éb =w) ,K,E3,Ep,P;,S; rG'I"er F3.6; tGi::fb= falG'l"IG; G2,G; +b=a
. ' }('3 KIE; r'ELr?; /1,61 F73F3,G; .6y, £b= fa,G},G1,G3,Ch +b=2a K
" KJB/Ba(Ep P} Sy G, Fp Fy Gy, Gy b= £a,G1 /Gl ,G2,63+b=a
K,E3,E; rP; Sy iG.'l'vin F1,G2,Gy ,£b= fa, 'l'inG; ,G; ,‘G; +b= ‘a.
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.
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K EltEllpzlSliGltFZlFBIGZIGllfb fa GhGl.Gz.Ga +h= a

K,E3 122192 :Sl 'Gl IFZ 'F3,G2, fb falGl vGI lGl IGZ ,GS + b a

K,E3,E2,P3,51,G} ,.f_‘z’,Fa;fb‘* fa,GyG1,G1,6G1,G2,G) *b=a’

K,E3,E2,P2,51,G} F2,fb= fa, By Gz, ,Gl',G;,G;,GQ > b=a

K,EalEZ PZlSl 'Gl fb falF2'F3lG2'G11G1,Gl 'G2 G3 -+ b a

K.EarEz.Pz.Snfb“'ﬁale 2 'Fa.Gz.GJ,G'Rx .Gz,Gs + b =a

fK'EaIBz'?zlfb falsllch'F21F3IGZIGIIG1'G1/1G21G3 +b a

xcESIEItﬁ) falP2lS!1Gl JF2.F, GZIGIIG‘I"JI ,Gz,Ga e b"‘a

" -K,B3,fb= fé,Ez;Pz ,Sl,Gl’,Fz F3 ,G2“,G1,G1,Gl,Gz,G3 + b=ga

"t

K;f_b onES EZJ’Z:S) G1 1F21F3:G2¢G1,G1,G1 ,Gz G + b= a l

fb= fa,K,E3,E2 ;Pz S1,G1,F2,F3 ,Gz ,GL,Gx ,Gl ,Gz ,Ga Y b= a

ne

K Es.Eszz.S),Gl ,Fz,Fa,Gz(Gl Gl,GZst + fb= fa®h= a
'K,E3jB2,/P2,51,Gf iFz4F3,G2,61 ,GY

1 IGZ 1G3 f" (VV) (:bg frb=

e . . \',

K’Bs’El'lesl'Gl'FZ'FS,GZ’GIIG"GzlGS i Fb kR Ces

:9 N
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© On A1¢ we operate as in the following example

v o

~,and obtain A17 :- (( (E/G) AP) AF)AS)AK + Fy.

- ) 17
i.e. ,. Axiomg AK =+ Fy
- B _4'.1‘,

oo
“.._‘N‘CM.fm‘l.l X”weob_tain A by:

N,

: ~

N

Axlcms-*Ax.lans oL iz
- AxomsAK -+ Axiams AxiomsiK, =+ F,
T AxiomsAK -+ AXIOMSAR,

-
N .

«

'..Ra’nark:y‘v},‘-,' says tlst'fr'an the axicms and the fact that ker f={e}
ST e can deduce that f is a monomorphison. o\

-

\
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i , This establishes the ‘theorem and the sympathy of the
\ s ) . ' . .. '— re.adér. . ' -. . ‘ ‘ .
o . LA o cl \ i ‘ ) - » ﬁ

I
1

. not appear in our proof 'I‘he reason is ﬂxat our substltution axioms -
are not as general as the usual one’ narely (Vx) (Vy) ((x=y/\¢ x)) "*D(Y)) ..
‘ We deliberately restricied ourselves to the atamic level ,_ and, as

y 4:  Remarks on the proof ‘
. . ‘ N
;: . c . 1 | The problems of cut elimination. crea@ed by equallty ao
i

shovm, it alleviated the problems. . e N
Thenunberofaxlcmfomulasofourlmguagecanbe )
i reduced considerably. The advantage of ha‘n.ng.Gz and Gz, for
§ o . ) .exanple, is that one can avoid using E Wthh is an axlanmvolyinq ' -
, ' 'oonjunctlon 'I‘he.re J.S no problem w:.th oon]unctlon. ﬁowever, as ‘ -
‘B portrayed very m.cely :Ln our de!-ivatlon, it 1engthens the trees | . o]
ponsu:lerably. e , ' : : " . | "
) e ~ Oux derivation is an illustxation of the fact that a cut-- R
o free proof is in general much longer than a proof using the cut.- ) . '
Cans:.der for examplethe tree A“, byusmg acut, thetopl? lines - - E '
) ofthet.reebecaneGImes,namely. T SR




A C . AN . v

Do oot I , ea =a+ ea=a
.o . : o T (ba')a=ea + (ka') a=ea£ ‘Gi+*ea=a . -
, : .y ' : ‘ - TaYazea,Gy ~+ (ba'Ja=ea . (ba')a<ea,Gy~+ ea=a
. ' Ao -~ (pa')a=ea,G} +> (ba')a =ea Aea =a. ]
b 'K +Ey,Eq,P3, S“G:}ZFz,Fg,Gz,G“Ge,fb‘-’fa,G"{ + (ba')a =ea {(ba')a =ealea =a)=(ba')a =a, (ba')a=ea,G 4
P l ] ) i =ea ea =a}~ a =a,k,Ej,E»,P3,S 1,G'\,F2 IFQlGZ{GS:GlrfB =fa, T G +(ba

. R . L
' ' “ — . . _
* . - : -7 . /
. : .
\ . .
. . .
.

o ‘ i I ‘ T, ) ‘ \ \‘ .
- | e L
[ . . y s 3 ‘ /' \
. o R ' b(aa) = (ba")aw> bla'a) = (ba')a
' T Lo . W EEW.Fba' v ~ bla'a) = (ba')a

B o o (Vvﬂva(To(vw)=(bv)w> + B@’ aa):a')cba')a ‘ 5,

| oo oo o o b{a’a) = a | g% a=
I - Y . I - Amal)ac= a,G_ =+ b(a'a) =(ba')an __: a=a,G
| ‘ Ag - ®a')a=a,G} + b(a'a) =fBa'Ya A(bat)a =

K:E :EerixsuGhFMFs GZ‘G!er'QD ’farﬁ'f :G't "(ba')a""a - {bfa'a)l=(a")a A(ba')a =aF*b{a’ a) =a, (b
. aa) = )a Abal)a =a)— b(a a) = rK:EStEZIPirS I:GI:FZthGZlerGlr ) =faiG1 /G,

. . . .. 7
. . . L
4 . . . R Co , Ce
. - . . . P . R ‘
1 . ‘- - . . . . .
- o . - R R -
j Lo Co . . ., - . .
. \ Al ]
.




. . w ..
N . , -
' “ ) A :
< . ’ oo N
" ' ¢ . ‘ ' ' / ‘\ .' B
* x\. ‘;.
- % v N e
~ , ea=a-+ea=a a..
(ba')a=ea + (ba')g=ea - Girea=a o
_ - (ba')a =ea,G} + (ba'ja =ea (baT)a ea,Gh+ ea=a R
b Mo », - (ba')a=ea,G} +(ba')a=eaflea =a. (ba')a=a + (ba')a=a
GY +(ba')a=ea .((ba')a =ealea =a)>(ba')a=a, (ba')a =€a,' + (ba )a =a ‘ .
’ba;')a =a-rKrE31E2:P.i $1,G'1F2,F3,G2,G3,G1,£fb = fa,G'Y.,GY ~+(ba')a=a - .
.7 - =
D lines beocme 8 lines: ~ ] .
| . ) ’ ‘
. . Ty - )
__bfa'a) =iba')a + b(a'a) =\(ba'la B
(Ww) (b{a'w) = (ba')w) »bla’'a) =(ba’)a , - Lo
(¥v) (W) (b(vm‘ (v)w) > bfa'a) = (ka’}a \ ~ P . .
Gl b(a'a) = (ba')a {(ba')a=a + (ba'la.=a /__/
. . ba’ )a-xa,G + ba'a) = (ba')a . (pa')a=a,G} + (ba')a®a =~ ' * ‘ ‘
Ag {a')a=a,G} + b(a'a) ={ba')a A(ba')a=a b(a'a) =a + bL'a) =3

,G‘l ,GY +a'laca _ (bl@a'a)=ma")a A(ba')a =arb(a’ a) =3, (ba')a=a,G} + b(a'a) =a.
c ’:a)” b(a’ a) =a,K EﬂIEZI‘P£ SeriIFZ:FSrGZ IGSIGIIfb =fa Gl IGl'Gi i b(aTéﬂ =a

.o
s, " . tn
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The rest of the proof would prov1de many more exaxrples,
since practlcally every tree could be reduced by a- judlcmus use of a
C\Jt- . . N . ’ N % .') .

fhere are. same cases, inwever, vhere a cut-free darivation

- 'is shorter than a-derivation using the cut. In fact for systems that

do not involve eq;nllty ar mathmti.gal'axians, At .is generally true
that cut-free proofs are sho\rte.r -
N - N\ »

It seems that the cut-elnmnatn.on algorlthm, since it lS

such a powerful idea, has captured almost mcclus:.\/ely the attentlon

. of the pecple involved ‘with equivalence of proofs. It is only

recently mth the ddvances made in the flelds of autcmata andrrach.]_ne
nrovix{g, that matharatlcn.ans have gtarted to reallze the fact that

P

allowmg certain. gorms of the cut in the systens would smpllfy

."tremendously the data to be ana.lysed In the oonclusmn of his

paper on "Resoluta.on, Paramodulat:.on axii Gentzen—Systens" Michael

Richter writes:

Now an important point concenning the efficiency is that
in sze.maguem the Wan 04 the cut nube .cncnecuu the

. Zength of the pnoaﬂb (4n genenal exponenuwu y). In pawtccuw thene

are 6ollmu£aA whue the Ahouut p/wog uwthout the wc, rulbe 44 l,onge)c

‘Zhan some proof using the cwt w:e. e ﬁ&though this does not

mean that for e‘ve}ny_dvuéuable £o<unu£a 'xhé-éh\Suut proof uses a eut
it inSimtes that the ne-introduction of the cut in Some controlled

, N
.mapnen can Lead to mone efficient proof procedures,and test systems.”




U , : "‘ . N ! * a N :
. A ’ ‘ o mVLewoftlmeserm\arksmseansthattheapproachstmld
| betlwtx\xqmalproofsmthesenseoszaboaremtnecessanl;rthe I
oy /
" the db;;ects to study, ardl that more attention should be given to such

copgepts as "minital cuts"(' "\dcnplexity of non-eliminable cuts",

“ & v .
: . "equivalence of cuts", etc . . . . .




APPENDIX ooy

I\n ’ch:.s appendm we list a nutber of pmofs of eqxnvalexce,
by J'_.evels. For each proof we give a reference, and all the

invr_alvéd in the theorens are defined in the references given.’
» .‘) [N . . N ., .
Strong equivdlwee'tevd.

" < * ~
8 . ° . . P
. .

1. Iétf: G;»Hbeagrm:ﬁmhxp.xphisrn,"'thgn f isa

* monamorphism

3

iff ker f={e,} = - -
e  (sée (LI -

' ‘ . \ SR u“ - ) \. -
L .20 let .N,beqsubgmu'g“of "G, then 'N is normal 'in G .

iff gN=NgV¥gEG. o

' : 1 ’ . “

P T iff gNgCN,vgEG S L e
b . 4 iff 'gNg=N,ygee . [

(see [ MLT] )

W Cmea gt ® pl b
R i W



3. A ring R is Noethenan ..

»

everymn—ergty famlyofldealsof R hasamaxmal

)
"

element
J.ff every 1dea1 of R is flm.tely generated
|

(see[ BHY

4. ° Arxing R with unity is local

1

-iff  {r€R: r-is non=invertible} is an ideal of R

’
[

<

. ifE T (va) b) (a ar\xd b non-invertitle = (ath) is non-invertibley’

“iff VI€R, r or J-r is invertible. |
 (see [ B1]) -
5. Onecandefmeaiattlceintwdlfferentways,andthe
proof of the equlvalence of these two defim.t:.ons 1s of
(see’[ KuT] ).
S N ‘
let B be'a boo%ean algebra and F a filter on B, then

A

'F ds an ultrafiltef

NN NI

Cheaie g o
-?"l” y 3 “‘"14‘&
X, aw\\" i—k\tﬂ



R " L4 . .~ . N . o b gz
a . Cdmen L wewe waid T ToTP NI AL s B w‘:tg%"’%’;}ﬁ%‘ﬁéi’tm

ety
\

iff . VxEB = xEF or x*GF . " S ot
- Y Y N ' N .. . \.

(see[BSﬂ) | SN

.

V7.0 Iet f X+ Y beamapoftopologicalspaces,‘t;h_exin

. s v

f is cont:muous o PR \;~

' ' <L v ’ A ' 2

. iff. the inverée idge o'f~e’very closed get is. closed: ;
. : v R . .

‘¢_n iff for evexy x!x and each ne:n.ghborhood X!vof E(x) in Y,
. ehem &, neighborhood V(x in x, such that f(V(x))CW

< . . . L -
oy . o ’

ite ENICF for allACK = SR

» " s

1=~

T: "‘E)Cf*‘ns) forall BEY, o ..t

(see[m)).‘j o ”'. *

}ji T, " L . -..' ‘ T T .
« Y , , .
.",> 8.,  A.space Y is connected N

j'.ff'¢azdeareﬂ1gfor}lyopexla'rid2:ldsed'§ero¥Y---
- iff f Y+"oont:|.mg.w='ﬁ J.snotsur;jectwe.. ' ) : ’

(see[mn o T
Coa ) o ‘ : ' Lo

9 1ew £ E+ R* a'f'_'cti;on then for allI€ R £(r,® is

neas‘l-%able ‘..".- ‘iuy . ‘\ - ,‘ ,.‘ ) ". — :‘ . .
iff for allre R f’[r,m) lS measurable " :

' . - . . , ,
" N .
- " N +

1ff :fér‘alvl ré R’ :f:‘(l—oo,‘r) is measurable' @ .‘ 0




iff for : allr€ R f"‘(-",e?,r"]‘ J.s measurable
. o (seelHul).. L
.10, A function f: I+ R is absolutely- contin

iff there exlsts a Lebesgue integrable fvfinction‘ g: I + RFL
- ‘such that \f(x).\-*-f}‘(a)v'." ja’éftmif\ﬁ;\:ev'ez& xer.”
L (see [Rol]).
. o ‘

11. ILet<bea partiﬁ'ordering, then < is.a well ordering o

' ‘if.f < is a simple ordering's\xhd every non-empty class A \ .

‘ ‘ o contained in Fld (<) has a <-least ‘element

| ifE every non-empty class’ A contained in\Fld(s) has a
- <-least elexreht;i . o

. deee LMII). T S

-

' Tauberian equivalende Level. | .
. i ) LA "\
N

R An -abelian group is‘local‘ly_ finite - | g

iff it is.periodic. © . Lt

N (see (Kum.t o T Dl

. o '
u,-‘ * \3 \‘« . . " - T '
. . . ) N v . .
» N . . . Ve o
. .. PO v = . R
N N f . . ' .
PR
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Ina‘Noethenanrmg,ixf M 1sanaxnnalidea1artl

Q any. ideal, the.n Q is M-primary.

iff

Q: X €Q for same n>o} =M

QM for n>o . S R .
- (see [AMI])

.

« -

[

\ 3. A metric space is Lindelof (ﬁ
: A

SR " .
iff it is separable - Ny
. ; (see [ SS1]) » - . ; : ‘ |

1

4. A metric space is campact s /«-y :

€ iff it is sequentially compact

iff it is countably compact. . . o ke
(see [ SS1])

\

5. If X and Y. are topologlcalvector spaces, thén

. .
\ . - L

£ X-*Y 1§1mear

iff = f. is continwus - I SN




[
%

- 117.
' iff .4 +‘°»{fx¥‘= n-—- 1,20‘3;-\ ., !}is mmo‘ . .
: (see [R1]). L

. * )

. ) ‘
. ," N r‘v\
PR e

Weak a;zu,iva,tenCe Level.,

. e N
ST o ) .
c L Every fihi\tiely generated periodic group if finite
P . iff every periodic group is locally fifiite.
! 4 . ' ' ’n ) L I
Ce o (see .

»

B Y oo h
2.

!

-

e

¥

Fach of the fb}.lowi.ng is equivalent to the four colour
mnj l '\.' ' ' ’

_ . - Every planar graph is. 4 - colourable

: ‘ If G 1is a planar graph then 'f(G,4)>9 (£(G,t) -is i
- V- the chromatic polynamial of Birkhoff: and Lewis.) =
o Evety connected 5= durcmat?c diagram J.s contrqbtf._ble-

&

to Ks.

5 , ) . - = I C ) . /.
(sée (HaIl).. .\ . -~ .
3 » B .
— ’ , o -
' 4
W T . '
- Vo,




. . ." . .
- S . . .
> . . . .
. .t . . .
. .o ' . . s,
L <® . . N R .
"

3. _ let F: Ihkflﬂ ‘a’ fupction, then f is conputable

. iff as a relation; f is a decidable ‘
iff as a relation, f is,efféctively ennimerable.
) - n\ = ‘

D fsee (EID.. -

-4, ’I'hej'following concepts are equivalent:

»

S ' Gédel - Herbrand recursive functions.

.

A = definable functions (Church - Kleene),

'

~ Turing comoutable functions. \
. - '+ The nommal algorithms of Markov.
' . -" The canonical systems of Post.

i}

"= The registegmachines prograﬁs (Shepherdsm-Sturgls) .
L eetmtmy. '

- , I
2 . .

5. . The following are equivalent‘:' " ' ) f o ) ;
V- The axiom of choice. . . N S
« A N t. N » ‘:jg

- " The multiplicative priricigle. -

P . L = Zermelo 's principle. ., o
L (see [MI}). - e
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