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\ AB§TRAC’E

. STELLA ANN CHI-HSING CHANG

Il

-

'SOME CHARACTERLZATION THEDREMS AND NON-PARAMETRIC TESTS

oF

THE  EXPONENTIAL DISTRiBUTIONf

¢

Suﬁposed that 1t is desired to t;st‘whecher or n;:?a random
sample of size n 2 3 afe from tfhe~ "exponential‘ digtribution with loca-'
tio;t “pa;:ameter p= 0. and unkJnowél scale paraﬁlleter‘ 6. Inférenqes based
on any test statistic which is not independeng of 6 would depend on O,
. ﬁﬁich is.nnknown.'in‘some form. Hence it is desirable to construct test®

statistics which are independent of 6 . Some of these statistd and *

their non-parametric tests are discussed. A new charac.tx:\tzation heorem

‘ of the exponential distribution together with the resultant non-parametric

tests are proposed,

v
s

'*A‘ portion of this thesis has .been presented in the Eon'ferencé' on The :
-Theory and Application of Reliability with Emphasis on Baysian and Non-
parametric Methods at The University of South Florida, Tampa, Florida in

December, }975 and shall be appearing in its proceedings.
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CHARTER I

INTRODUCTION

b x

Often, in real life situations, it is desired to ascertai

whether a set of data or a series of observations collected from a
~

-

. \ N , "AJ '
particular population possesses certain characteristics. In ‘statistics,

this is parallel to testing whether the population from which the
p !
random sample is taken has a particular distribution, Specifically,

suppose that Xl R X2 s v ,Xn is a random sample of size n from a
population with g'i§u'ibution"funcgion (c.d.f.)) F . By utilizing the

sample, the following null hypothesis is to be tested:

- ' . SN

(1.1) F(x) =1 S () /6 s X>u, 8 >0 A

-
it

That is , based Q: the \sample it is desirable to test whether or not F
N\
is Wexponential distribution function with location parameter y-

-

and unknown scale pa%mgter 9 , denoted by Exp(ﬂ,Q)' .
> ‘ ;

f ~

Among others, there are two possible: approaches to é‘given

‘ pn‘)blen; in statistical inferences - the parametric and the non-parametric
methods. While the émpha;is of this theeis' is on the non-patametric
methods in testing exponintiality, a brief comparison of these t:wo

approaches will be given in Section 1 1. Section 1.2 serves as an

" introduction to the exponential distribution and its imbortances.

Chapter II deals with reviews of past literature and incor-

"

porates those test statistics which arg pertinent to the .théme of this

thesis. Tl},e main characterization theorem of the exponential distribu~.

- ’ ) - -

[ . -v&.
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tion is discussed ‘and proven in Chapter III. klong with the resultant

- »
non-parametric tests, results from simulations are discussed and con-

cluded in Chapter 1V, : S

“ , N ?

1.1 THE COMPARISONS OF THE PARAMETRIC AND THE(NON-PARAMETRIC METHODS "

4

Y 4 . IN STATISTICAL INFERENCES.
« 3

B
As Silvey [33] has pointed out, of the two above mentioned .

Pl

3 ’ . '
approaches, the parametric methods entail mucW¥ stronger as‘sumptionsé in .

-

regarding the family of possible distributions on the.sample space

: » { )

than the non-parametric meﬁggds. The term non-parametric is used in
: .

the sense that one is not concerned with the parameters of a gi\ien"\

f:opulation, c(onaequently, n/ojassunuxptions pertaiz‘ling‘ to the populg\tﬁion
from which the samples are taken are made, except possible mere postu-
‘%ates which may be self-evident in a give;/]situation. To tﬁig’ extent,
the nomrametric methods are more realistic and hence have a greater
intuitiv; appeal. The followinrg example (5, p\p.\139-—1100] best illus;

. ' !

.

trates these qualities:

) Suppose two random samples Xl , xz y eee s Xm and’ Xlé Y2 .
+eo 5, Y of slzes m and n are taken from two populations with

n

distribution functions:- F and G respectively. One ‘may be prepared

-

to assume that

=
G(z) = F(z-E) .
»y

'

Ld - (

where £ 1is an unknown constant to be estimated from the data., One

approach to this problem of estimation is to assume normality of the

a -

- -

F
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. c .
- o

1Y - -~
i underlying distr;lbutions. The problem then becomes parametric. in
“
character and a "best" estinate of £ may be found by classicai esti-

-

nation theories. A confidence intetvalf# £ may also be derived

/ A but one's confidence in this interval. will strongly depend on the confi-

.
- '

dence one has in the normality asaumptzn. If this assumption is based

ustness study would be in order,

K

on thé‘grounds of expédiency, then a r

An alternative approach is to make far wea‘*ker assumptions s
' ' ) /: > ' . ’ . \
4 ) about/the nature of the underlying distributions, go;ﬁnstance, that
they are continuous. The problem now becomes non-parametric with the
5 N i

labelling parameter 0 taking the form 6 = (F,£) and F ranges over

the sﬁace of .cont inuous distribution functions, while & ranges over

the real numbers. . v ot - - 2
— . Y .
~. » . ‘ "

Although che advantage of vittually no assumptions is some~

timea offset by weaket efficiencies, the non-parametric methods are .

L3

generally quite easy to perform and tequiré{-fewér ‘computations than

their counterparts, if they exist, in the parametric‘appronéh.\

. :
. ' b4
* ’

"l.2 PRELIMINARIES.

\ ‘ ) . - . ';-)
The exponéntial distribution is a prominent distribution in

A e

its own right. Its "memoryless property" plays a key role in probability

theory as its counterpart - constant failure rate in reliability thfory'.
The former property refers to the feature of a phenomenon in which the

probability of an event occnring in a given time in\cerval (t t+At) does ’
not depend on the history procending the time ¢t a'nd depends solely on

the length if the inte?val At . 1In reliability, an object possessing




-

the latter prope}t'y develops no major propensity towards failure a5 time
. . . : . - 3 . s

. . . Vo
elapses, and hence has a constant fai}ure rate*. Physically, this

. - ]
represents a situation in whigh the object malfunctions only if a suf-

’ \gg{fzntly large énviromenCal stress occurs. These two important prop-
T i f .

-~ erties - shall be formally stated later in this section,
4 ~

A
A

2 Another feature of the exponenéial distribution may be found

) h

in statistical modeling, Often, the failure rate of ari, object may not

-

F 4 -

be constant§ however, a slight mpdif:l.cation of the exponential distri—
‘¢ <

bution may give rise to an adequate repnesentation of the true under-

lying diat,ribucio:}, :v‘ihich would result in proper description of the 1

tailure rate of the distribution of the object under study.

P . '

Before proceedit;g any further, let us examine how one may"
e(iminate the location parameter U of the exponential distribution,

-

LEMMA 1.1: Eet °X yors ;Xn be a random sample of size n > 2

1’2

-from a population ~y.vit:h\c.d.f. (1.1) andiet xl,n < xz’n < o0 < xn,n ,

denote the corresponding order statistics.

'

(a) If the !ocati’on parameter U 18 a known constént, then Xl-u ’

xz-u , con s Xn~u is a random sample of size n from a population with

Q'd.f- (101) ‘and u .- 0‘0 > R ——
(b) °If u is an unknom. then Xl xl,n 2 xl n,...,xn Xl n? aftgt

eliminating the zero value, 18 a random sample of size n-1 from a

,x

population with c.d.f., (1:1) and -w. ’ i

AN T

Proof. (a) The result may be shown by fetting /vi ~'X1=-u ’ 1-61.2,.;..9

P L
-

9

*The failure rate is alsc known as the hazard rate, the intensity rate
and the force o¥ mortality, : o -

\




L3
» 4 -t

followed a straight-forward calculation,

(b) Sine is a maximum likelihood @stimator of y ;. hence, by

X
1,n

1,9 1" % *n

sfter eliminating the zero value, and appliing.‘a‘ cglculation which is ..

“replacing u by X in (L.1), letting Y » 121,2,..0,0, -

2

similar to that of '(a¥, the reiults ‘are readily obtained.
’ -~

[ v -

Lemma 1.1 ghows that without los.s of generslity, one may assugu:l'

L)

A ‘

=0 in (1.1), resulting in

L 4 ‘ w /
(1.2)' F(X)'l—e—xe, x?_o’ 650;

‘ .
3

Wherefore{ (1.2)'sha11 be taken to represent the exponenttai distribution

and the null hypot;hesis H henceforth.

0

.
We now proceed to state and prove the tvwo properties of the
N -

Fd hd

exponential distribut 1911 . ' - .

|
<{‘ hYi ’
- '

5 -

" b
THEOREM 1.2: If a random varisble X ~ Exp(0,0)~, then
{ N

(.3 RX>x+ X|X> x}=P(X> Ak}, Vx> 0,

"Proof.. By the definition of conditional probability,

o

P{X>x+Mx|X>x}=PX>x+08x, X>x}/ P(X> x}

oL v-P{x‘>x+Ax}/P{x>x}

» A
.

i °

The required result is ‘then obtained by utilizing (1.2\).

I

o,

. - The com,"eue of the memoty'l'eu property is also true as seen

¥ »
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o ’ *
1 . !
v . .
‘) e o from the following theorems : .
g\'_ 5\ . v . THEORFM 1,3: Let F be ap ¢.d,f, of a ﬁon-degenexate, non-negat‘ive
: l. \« . Il # '
; - and c'onhnpous random va’riable)rhic‘h satisfies ‘ 4
n (L.4) . r-ﬂy; 1 F(x) , VX'Y ? ? '
\ ;;' ‘ ~
‘ Then for some, 0 > 0 , F is the exponential distribution (1.2), ]/ ‘ &
- Proof. Let h(:) =1 - F(+) , then (1,4) may be written as
- { . ;o -
: .- " ‘\\ . ) . ’ ) . >
g . h(xty) = Bh(y) .27~ . WA
¥ /’ - (4
A ” which 16 the Cauchy functional equation and haé solution
) \ : ) : - . ) A . .
' cx v -
= hix) =me” , c€NR
» . . . * .
! S for P 1is continuous. ,But since F 1is an c.d.f, of a non-negative i
¥ . ” . Y . ' ] - : ks
i . randon variable, i,e, F(x).= 1 or h(») = 0, therefore, for some .
(‘ ; . , - //
F‘ , />0 , F 1s the exponential distribution (1.2), !
‘ b CoLe N : :
5’- . \ .
g The constant failyre rate phenomenon uniquely characterizes ’
% o ‘\\hg Y '
f ) the exponential distribution in the following sense.
é‘é \ hl 7. «
4 ,
g; / THRORFM 1.4t let F he an cid.f,, then F 1A the exponential distri-
Z " - ’ )
E bution (1.2) if and only if the fallure rate 14 constant. L “
v A”J ¢ \ . s ‘ . N ’ ‘ 8 ‘ -
. Proof.” Thegfailure rate is defined to be r(t) = f£(t)/[1-F(t)] . If
- "I(\ :
. ¥ satisfies (1,2), then clearly r(t) = @ 1 which is constant in tims,
2 ’

¢ \ \




Y .

1
H L o Lwres
-~ g 1
Supg?se f(t) = 6 , then .In[l-F(t)] = =8" 't , Consequently, .
F(c), = 1,- exp(-t/e) , > e . - |
' - . “ . o
o The essence of Theorem 1.4 is that: 1f an object- has an expon-
5 entdal life distribution, éhen the age of the object is irrelevant to

hd » b

. it fai{gﬁ:}/4{)1s 88 good as new, . .
) Several distributions will be used in the forthcoming pages,

they shall be introduced and discussed below, " .

- ! \
By the gamma dietribution. it is meant that a random variable

X having density function (p.d.f.)

'
t

L -—"Lji L x/B , 0<x<m, aB>0
(1.5) . f(x) = Fa)@ N \
‘ 0 ' ,’ ‘othervise,
! ‘ - J
and characteristic function . - ) - 1
- . o
(1.6) ¢x(t) = (1 - 18t) B P

-

“thore o 18 the shape parameter and f is the scale paramétet. Denoted
- Y .

symbolically by X~ I'(a,B) . Several distributions arise from the gamma

gistribution, such as the Erlang distribution ~ with o being a positive’

integer; the exponential dIBCribution ~ with o= 1 { and the chi-squara

distribution - with o= n/2 y n21 and B=2. n ralinbility, :he

-~

.gamma failure rate is monotone over time, it is & decreasing failurc rncn

(DFR) for 0 < g < 1 and is an increasing failure rate (IFR) for o 21,

<

N - . ¥ ‘
\ £
. . 4

o




‘A well~known property of the gamma distribution may be seen:
in the following co;ollnry.q
. 2 / ' ' >,
- . LEMMA 1,5: - Leét X, ,X),..0, X be n independent random varisbles

with /Xi'v P(ai.ﬂ) , i=1,2,,,,,n . Then

'
fe—_——_

7
’ Y - 3: x ,\'P( ;‘a '6) » J;l 2,.“,!1.
‘s T T i S

. . 1 -' .
- The next forollary ensures how one may obtain a random variable

”

having the F-distfibution from two independent chi-kquare randonm varinblgl.

LEMMA 1,6; v Let Xl and X2

, variables with 21 and V)

Xz (vz) respectively, Then

. be two independent chi-square random

A
~

degrees of freedom, denoted by ngvl) and

)

\ ‘. xllvl . ‘ -
X, TV,

+ g

1 2 degrees of freedom.

b

has the F~distribution with v, and Vv

The Weibull distribution, one of the moﬁt widely employed
distributions, is used to describe experimentally observed variatioﬁl
g}g the‘fatigue resistanc;\sﬁd elastic limits°of steel, in iengthi;ot

service time of ﬁlectr, c thpénanta, otc, Itas p.d.f. ig

. ! ‘ A :
- \ L(E) Cem - (B, xzu, 050,
- B ¢T) Bx) =4 L) L WER

, otherwise




“
oy B

.

wvhere Y ,0 and M are the shape, scale and location pérametera res-

pectiyely‘.“ Special cases are the Raleigh distrib\;tion - with y=2
qﬁd the exponential distribution - with y,= 1 , The Weibull failure

rate is also monotone over time, IFR for 7Y > 1-and DFR for 0 <y <1,
’ , 4 :




CHAPTER 11

‘

REVIEW OF LITERATURE ON THE TEST OF EXPONENTIALITY

Among the numerous non~parametric tests of exbonentiality, one

of‘the most ‘celebrated is the chi-square test for goodness of fif, orig-
. , N ‘

inated by Karl Pearson in 1900. The test is.easy to empiby. it may bg

utilized for discrete or coﬁtinuous data and'it is flexible - in the
P . ‘ -
sense that it may be modified to allow estimation of parameters from

the data. However, in reducing the problem to a parametric form, group-

ing and discretizing the data is required, resulting in the loss of

information. Hence, it 1s more suitable for large samples and is less

L4 a

powerful for certain families of distributions.

.

. Another welifﬁ;own non-parametr# method is the Kolmogorov-
:Smirnov test. . Although. it requires the assumption that the underlying
distribution function is continuous and is 1es§7flex1b1e, it does have

the appeal of givihg a refined analyqis_of the data and is applicable to

small samples. ‘ Lo ' -

-

L]
‘

Three main categotiea ﬁay be assigned to the methods of obtain-
ing test statistics with distribution@aindebéndent of the unknown scale
\parnmecgr 8 and consequently, significant points 4ﬁdependent of B .-\

Namely, "the ratio type methods’, "the Kolmogorov-sﬁ{rnev type methode

°

and “the rank type methods". : " , o

v

N

2,1 "THE RATIO TYPE METHODS",

RN ; , . i o
"As the name suggests, test statistics in this category are

P

.
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A sl et ‘L

formed by taking the ratio of two other statistics. By grouping the

samples appropriately, thé digtribution of these test statistics may

be made to be independent of the scale parameter 0 .

Ce

Csskga, Seshadri and Yalosky [6}, Epstein [10], Gnedenko,

/

Belyayev and Solovyeu [13], Hartley {[15] and Shapiro and Wilk {32] are

among those who have faken such an approach. Except for (32], the

others based their statistics on the normalized spacings (2,2) and

whose distributions depend on the well-known facts which shail be stated

below as a lemma.

o

LEMMA 2.1: Let X, .kz veessX be w22 independent. and identically

distributed random variables (i.i.d., r.v.'s) with c.d.f, (1.2). Define

X Z0 and let X <X < eee < xn n denote the corresponding

0,n 1,n 2,n

order stafisticé. Then each and every one of the fo;;owing is. true.

(a) The spacings ’ -

(2.1) D, =X, =X

1 "X 1-1,n * i=1,2,...,n

-

are 3ndgpendent exponential random variables with parameters
1-1,2, qeeyfl

{b) The normalized apacingb'
* ' : -~ .
), i=1,2,,..,n

(2.2) D, = (n-1+1) (xi'fl - X

bN

1':'1.{1

are {,1.d, r.v.'s with c.d.f, (1.2),

(c) ‘2D1/6 , .1-1.2.}...n' are 1.4.d, x2(2) r.v.'s.

-

X

. . ) MRS . .
Proof. The joint p.d.f. of the order statistics X ' X,
‘ N N . l.n z,n

.I‘A‘.x

(n-1+1)/0 ,

n,n




is given by
~-

n )
\ n!\ﬂ'f(x 0<x
g(xl’n,xz’n,...,xn’n) - i=1

< err < x <

1,n) ' 1,n n,n

. 0 y - otherwise 3
} -

where f 1s the p.d.f: gf the r.v.'s Xl ,xz-..t. ,Xn . By (ﬁ.i),
, W

) ”1 » kel,2,...;0 , with Jacobian |J| = 1 ., Hence, the joint

k,n i=1

p.d;f. of the spacings is . B ' . i

Y n - : - ' -
R@ydy.00d) = Boexp(-2 | o3, |, 0< Ioco. |
6" i=1 - vy

- -

Clearly, the marginal p.d.f. of each of the spacings is

_ -‘ O 00 00 wn! l ' _
R@) = [ J -—;exp(—-e" J (a- i+1)d)dd ...ddj . j+1...cldn

8 i=1
(2.3) 0 0/0 0
-§+1) 1, nm -
3 . o= AR 5 exp( --é-(n-j-i-l)dj} ’ ':l:| >‘0. 86>0
3 “ [N
and the spacings- 51 ,52 ) ree ’ﬁn are independent qince> ' o
A n
mal. 2....,d ) = 1_1 (d _

({’/ﬂ\}fb)‘ Tﬂe right hand side of (2.2) may be written as (n-ifl)ﬁi , 80

‘31 -‘di/(n-i+l) and |J| = 1/(n-141) , 1=1,2,...,n . Applying the

" transformation into (2.3) yields

\

® *
..1 <
‘ - hi(di) =9 e¥p(-di/6) , di >0, 6>0, 1-1?2,...,n

.
. Which implies that the normalized spacings D1'D2""’Dﬁ are identically

N\

12




distributed random variables and their independence follows from the
independence of the qucings. Co

(c)

For each 1i=1,2,...,n , the characteristic function of Di .18

¢ (t) = (l-iet)'lrf therefore the characteristic function of 2D1/6
1 : B
. 18 (1—21(:)"1 which 1s the characteristic function of a x2(2) random
variable..
- |
Csorgo et al [6] proposed several tests based on the statistic

W

A

Lo

r .
- ZDi, !.‘ - l,z,o‘uu.n-l »
im1

-

r
Zr:n—l T_ where Yt

It is evident that under H »Zi ’
‘r:n~1

0° r=1,2,...,n-1 -are tﬁ? n-1

,order statistics of n-1 1i.i.d. u(0,1) r.v.'s, since the joint density
n
e
of (Dl'thf"'Dn), is exp( -12101/9)/9 , 1if one is to let zn:n—l.? Y

4

then théﬁja;::}En 3] = Z:Ti

Zn:n—l) becomes

and the joint density of; (z

z“-l -zn:nle ‘

-hin e v 0<% n-1:-1 < 1
-on
0 < Zin-1 < ® ,
. - ‘ i
integrating ovep Zin-1 gives us the joint marg{pal of (Zlfn-l’ZZ:n-l’
X ’zn'l.:n"‘l)‘ as . \\‘/ .~
F(n) , 0¢< Ziige1 <2 <cre <z g f 1

2:n~1

vhicﬂ&is the joint p.d.f. of the orde? statistics of n<l i.1.d, U(0,1)

~

J toVo'an ) , ’ ' -

1:n-1'%2:0-1,...,

¢




- - 5 ae v e o — ¢ s s —

Based on %the statistic defined as follows

r

. ) z Di/r

(2.5) ' Q(r,n-r) = i:l - » 1<r< g ’

: ) ., /(n-r) ' .
: : j=r+1 j L

~

Cnedenko et al [13) proposed the "G—B-S test". Undef Hy , by'Lemma 2.1c

and Lemma 1.5 , 2 Z D / OA.X (Qr) , 2 f D 16~ x (Z(H—t))
1 1‘-"-1 . . h] ”‘l’l+

and the two variables are independent. Consequently, by virtue of

Lemma 1.6 , Q(r,n-r) has thé‘F-diétributign with 2r and 2(n-r)
: . ) i, ,

*

degrees of freedom.

Let k and r be Sosifive'integers 80 that n=kr . Define

mr ‘
6 = ) D, , m-1 2500l
- M a(mel)pdl 1

and
max
S . Sk ’
max min G
l<m\km

" Then, under Ho , by Lemma 2.1c and Lemma 1.5 , ZGm/O , ml,2,...,k
are i.,1.d. r.v.'s having the chi-square distribution with 2r degrees
of freedom and hence Fmax has the maximum F-ratio distribution with

2r and k " degrees of freedom. Hartley [15] developed his test based
> . b
on this statistic. At 95% and 99% levels of significance, and for some

values of k and r , the critical values®0f the maximum F-ratio
. : g -
distribution may be found in Pearson and Hartley [26], page 202. °

. —

?ests which were-based on the statistics




k g ‘e

- n Z]_Gm ' 1 k
- 2rk\ In K " % )' InG
: g = ) m=1 S, r21
r y-l ~ ’ 3
| 1+ 6rk o .
were proposed by EpsteiﬂlllOl. To which he showed that undar Ho . Er R

are distributed approximately as chi-square variables with k-1 degrees

of freedom. ' 4

The statistic, W-exponential, proposed by Shapiro and Wilk (32]
. R . ¢ ”
'is defined as

" - -n(X - xl,n

{(n - l)S2

]

where X and S2 are.the- sample mean and the sample variance respectively.

Y

-5

[N

2,2 "THE KOLYOGOROV-SMIRNOV TYPE METHODS'. »

. ¢
Let F be the c.d.f. of the random sample’ xl,xz,...,xn which

¢ is compietely specified and assumed to be continuous, and let Fn be their .
-,

N

sample distribution function, that is,

L
[

Fn(x) = (the number of Xl,Xz,...,Xn :-x)/n

(0 - 4F x<x _
, ' L,p
= WhHE X <x <Ky o 171,201
-} 1 - if x->- Xn.n L]




~

1

| -

D:/- sup{|FI((x) - F(x:l&e R}
(2.5) K D+ = gup{ F (x) - F(x) ; x& R}
« n LA , g

D_ = sup{ F(x) - F (x) ;x€R} . .

\

: L ‘ : - £ _
Then, by the Glivenko-Cantelli Theorem, 8s 'n + o , Dn R D: and Dn
P , ,
tend to zero almost surely under HO . Hence }{0 is rejected if

+ - -
Dn >e , Dn >c and Dn > ¢ respectively, where the constants c ,

© . +

¢t and ¢ are determined- by P{D;n > e |ﬁ0} -a, P{D: > et [Ho} = of
and P{D:l >c |HO} =a', vhere o is the level of significance, Such

is the well-known Kolmogorov-Smirnov one sample test.
Ea R

.

TS
v In testing exponentiality, 4f © 1is known, then F 418 replaced

»

by (1.2), Suppose 0 1is not known, then the critical values for the
above mentioned conventional Kolmogorov-s;nirnov test no longer applies,
ingteaﬂ, new critical values must be used. Investigations of methods

of calculating such critical vaflues hav:\een done by, among others,
Dql'bin__[i}]_,_.___igk;e_s_t_:ﬁin and Schafer [12], Lilliefors [19], Srinivax;an ["34]

and Stqpheﬁs {27].

S—ﬁ\:e,:;_:niquely determines the mean of the exponential
distribution and it is well-Known that X , tle sample mean, is the
minimum variance unbiased eBtimate of the populat}on mean; hence, in the
case when 0 1is not known, X may be used to replace 0 in (1,2),

Consequently, (2.5) becomes

-

. D, = sup{|F (x) ~ (1 - e—x;x_)l 3 x> 0}
D:+ = gup{ Fvn(x) - {1~ e'x/x) 3 % >0} L.,
] /-\ :
J B

16




*‘\7‘\\__,“/ D:ﬁ = aup{(l—e-x/¥) - Fn(k) s x> 0} .

| ‘ As a result of-using Monte Carlo simu'lations for modest sample :

N sizes, Lilliefors [19] tabulated some critical valuea of D » Stephens

[27], supplemented by smoothing and other devices, carried out a similsr

but much more extensive experiment. \ - ' ’
Def ine \ i . . .
N . s :,S:
w"? ’ .
5 - max IF (X} i F(x ;8)
o y_«___*__________rl 1<1< f)-" i’ | *
where Ii‘(:rcl 8) = 1 - (1 - X /nx) is the conditional expectation of

the indicator function of the everit {)(i < x } .given that X= x ;

— ’
» 4

Srinivasan [34] used a Monte Carlo simulation to calculate and tabulate

the critical values of .D

. §H
———

n Note that the distribution of 5:1 under
o ‘18 ihdependent of O since for ‘each 1 , by the transformation

r

Yi - xi/e » Y, has the standard exponential distribution.

L E :
, ' Finklestein and Schafer [12] used the s€atistic ) '
! ‘ ‘ ¢
. ' \.L
g - X !6 I -t »
n im] ' .
. .- \ ~

.

where 6ip= max {t/n - [1 - exp(-x /X)), 1- exp(-X; /x) - (1-1)/n} .
- - T l<i<n Y
) Percentage points were also calculated by means of Monte Carlo methoda

" and tabulated

xburbin [8] developed a method of calculhcing the distribution &
* -* :
function of l)n ’ D:* and 1)n under Ho by means of the Fourler trans-
) 17 -




;@

\

.
1 | 9

form. Percentage points for sample sizes n = 221)i0(2)30(5)50(10)100
‘ s

were tabulated.

\

2.3

’
A

“"THE RANK TYPE M%;HODS".

’

»

rhis approsch was taker By, amang others, Proschan and Pyke

[28], Bickel and Doksum [3] and Bickel [2]. .
N -

! / ——

-failute rate, Proschan and Pyke (26] proposed the test statistic
-~ . .

N s

JZ v L
. { jzl s o7 ¥
. 1<4

‘\ In the case of constant failure rate versus monotone 1ncreasing

~

1 3 is the indicator function of the event {D’ > Dj
1 4
The distribution,of Vn 1s 1ndependent of 6 and is known,

where V ; i »3=1,2,

s..,n[.

3\

Tables for P{V <k}, k>0 for' n<10 arg given in Kendall (17}

=~
9 .
and Mann [21]. A . -
. “ . '
1
Let 1,Rz,...,R be the ranks of the normalizkd epacings

Dl’DZ""’Dn . Bickel and Doksum [3] proposed test statistics which

are linear functiens of -~In[i - (n+1)- R']', 1=1,2,...,n . As an

example of an application, Bickel and. Doksum considered four specific
alternatives - Makeham. linear failure rate, Weibull #nd gamma, and eight

o
3

specific statistics. among which are B ' 4
1" s . i ‘; '
Wom JaioL -
' 0 1=1 n+l n+l- | . . . :
L ° ' A - /”




‘.

n
w‘ - -—-‘-‘—

« 1 .": 1-1 n+1

"

)

n
Wy = ) [-1n(1 -
i=]

o

Their efficiencies and Monte Carlo powers are tabulated in [3] ,

N
.

[-ln(.lL -

ntl °!

-‘-1-‘—).[-1(1 ")
a1 ] dn ‘Jﬁ?f”j

v

v
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a

A CHARACTERLZAY [ON THEOREM OF 'THE EXPDNENTIAL DLSTRIDUTION

o R

: n ~ | 5

g\ ' A o The development of the.main theorem, Theorem 3,5, was motivated
/ ~ . ’ ,

§ . .. by Lukacs' celebrated characterization theorem of the gamma distribution

. [20],, Theorem 3.1, Several well-known facts are required in -the p’roofi

( &

. . of theorem 3.1 anu Theprem 3,5, they shull be etated below without
. +

proof’, i . o '

. _ Fl, The characteristic function of a rardom vatj%ble always exists,

"¥2, There 18 a one-top-one correspondance between the characteristic

function and ! he distribution fuzction of LY random variable,
. .

, ;‘\\. Iy, thz\baplace transform of q(+) 18 q;afinud_aa \ Y
I \ “~ . .
v. : : | .
) -, a. [T -~tp ’ R
} I .o T . () ’ e 'q(p)dp \ \ \
: : . 0 . .
’{ \ < \ . v . .
) . P (“\ - .
= ’ + > where 0 <p <™ and t = m\ib » Then, for Bome non-negative
'§: ' f ‘ . \ e , ' <
; § » - number ¢, Q and Q(k) y k=1,2,.4.. are analytic in the
s . N
é: : half-plane Re(t) > c¢ .
3 P4, All moments of a hounded random variable exist, "
¥ B E ’
b . P5, If X ,X,,...,% are n independent random variables and ¢ ,
W oy . 1 ‘2 no ‘ ) X1
L denotes thg characteristic function of )(1 y i=1,2,...,n , Then
o N . ‘ ‘ \
g,‘ . n. . . .
H T by (B =y () ‘
¢ “ B )\ X 1-1 i - - B
) A T L] ] 1 (.
' . i=]1 ~
l F6. The characteristic funections, f and g , defined in (3.3), do not ¢
vanisg in the half-plane Im{t) >1 , ,
. - s 'S ;
.‘ ) ¥ \\ ' T ) ’ ’ W, :
s v 20 \ C

-

. B .«
AT INNCINSERAL . L . ks W R, T PR

,;
sdilei F oo

’ : F o , . - ‘ .
. 4 ¢
. . »
™~ . ' K >
. ‘
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F7, If 8 and 8, are measurable functiona of two independeq’t r.v.'s

X amd Y, respoectively, then ﬂl(X)\ is independent of gz(Y) .
4 ' R

THEOREM 3.1: (LUKAGS), Let X and Y be two non-degenerate and positive

random variables, and suppose that they are independently distributed,
The random variables U = X+Y and V- X/Y are independently distri-
buted {f and only if both X ‘and Y have gamma distributions with the

game scale parameter.

Proof, Toﬁprove that the independence.of U and V implies that X
H ¢ ¢

i
o 8"9_! have gamma distributiona with a common scale parameter, define a ,
— e T S ) . .
new random vat}able .
V4
[y l Y L.
@0 WS TW T

¥

i .
’K a then 0 < W <1, consequently, by F4, a‘u}pmanta of W exist, Denote
-7‘ : .

by \
v (3.2) 0, = EM) and’ 0, = EW’Y
- .
? wherse E is the expectation operator. ' . Ve ’
) ; let F, G, “l and Hz denote the distribution functions ’

of the random variahlea X, Y, UV and W respectively, and lot 11

denote the joint c.d.f., of the random variables U and W . The non-

i

‘ negativicy of X and Y implies that thelr characteristic functions are

i)
o

(3,9 f£e).= | ' arn) ,  g(e) = | a'ao(y)
0 - ) 0

- v,

-

21 , - L
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4 \

which exiet not only for real t' but also for t =a+4ib, b2 0

-

By ¥3, f and g are analytic for b = Tm(t) > 0 and so are

« m
' C -
S

£r(t) = 1 | xelt®qP(x) ,  EM (t) = - | x2eitX

dF (x)

}m rm
yeitydc(y) 8 yZGi;de(y) .
0 0

LA

Since U= X+Y and V = X/Y are assumed to be independent,

by virtye of (3,1), so are U and W ; therefore by F5,

E{exp (16U + 1aWy = tlexp (it ELexpiis

Q0 »(0 ‘ ( “
isy- \ :
\ IJoexp(it:(Hy) + ;—é&) dF(x)de(y) .

N
-J exp(ib(x+Y))dF(x)dG(y) {mjmaxp( i%;-)dex)dG(y)
070 .

0’0

2%

~which are analytic in t and in 8 1f Im(t) > 0 . We shall asaume

that, Im(t) > 0 and restrict ourselves to ihe half-plane Im(t)> 1,

N

;ﬁ\ascnblinh the first of the two relations

N

-

0

1~ 0
(3.6) [a(e)] = (E(e))*,

differentiate (3.5) twice, firat with raespect to ¢t and then with respact

)

to s to obtain




' i
(3.7) ly exp(it(x-’y) + ;%)ay(x)dc(y)
0

-~

\ ¢ .
0 : .-

- 0 L(xﬂ')exp(it(x+y>)éi‘(x)d0(y) ¥ ;%y' exp(%)dF(x)dG(y)
. .

Next, set 5-0 awd use the notation in (3,2) to arvive at

N
rry exp[it(W)ldF(x)dG(y)

Making use of (3.3) and (3.4), the following is obtained .‘§\\

fg:"(c)f(c) - ellf'(t)'g(t) +g'(E)E(E)]

4

-

(1-8,)8" (£)£(t) = 8,£'(t)g(t) , Im(t) > 0.

1

< ™ By 6, one may divide the aboye equation to get
il (

) . \
-08.) - g, L8
(3.8) a-0)) & 6

1 E(b)

.Solving the above differential equation with the initial conditions

T e w0 - 1, 3.6 ta obratned.

: 4
The second relation

.




/

£10), , B g1, B

(3.9) 2 (t) °z( 0 T 2E0 g T 8o )

isieatabliehe& in a eimilar manner - dffferentiating (3.7) with respect

to t - then with respect to s to get »

. [ l yzexp(ir.(x-i-y) + %)dl’(x)dc(y)
o/o

’

A (g ' : ' 2
- [ ‘(w)zexp[ib,(aﬂ'y)]dF(x)dG(y) r (‘£+Ly) exp(-,i:iyl)dF(x)dG(y) .
0’0 L 0’0 . .

3

i

_Then, set g=0 and the notarion in (3.2) is incorporated to obtain

\

\mrm 2
y exp[it (x+y) )dF (x)dG(y)
0’0
o0 20 ?

= 8 (w\)gexplit(andl’(x)dc(y) .

2

0/0 )
AN X [
Pinally, by substituting in (3.3) and (3.4) then dividing by f(i)g(t) ,

(3.8) is attained, \

Next, the following notations are 1n£toduced

' ¢(t) = ln£(t) . 6(t) = lng(e)"

£' (¢ g ) Y.
oL RG) | g—g-)-l,-\m'(c)

3

i f; :) - " (t)+ [-<1>'(c)l2 - %&?- " (t) + [4»'(:)]2

’

By making use of (3,10), (3.8) may be déveloped into

\




' ¢

S o ] 7 ’ 8
(3.11) o' (t) = T‘—‘l’-l- $'(t) and ¢"(t) = 1_31 o (t) ol

.and (3.9) ma; be rewritten as h
(3.12) (1-0,) (0" (&) + [0 ()1%) = 6,402+ [0 (617 + 20 (119" ()}

-

By substituting (3.11) into (3.12), the ‘following diffetential equation

is dbtained

o

L

2,

‘ . \ n‘ » N2 ;
(3.13) . (1-8,)(8,-8,)¢"(t)°= (8,-0)°[¢' (k)

P

Clearly, if either 0, = 02‘ or 02 - ei then ¢'(t) = 0 or

$'"(t)= 0 which in turn implies that X and Y are degenerate random
1)

variables. Consider the case where 62 ¥ 61 and’ 62 ¥ 833, more precisely

, . ' L.
\%he case where 0 < 9§,< ei < 91 <1 .’ Rewrite (3.13) as
N—
. " : o
(3.14) i 1
(' ()], '
“a
. -, | -
vhere o= (1;61)591-92)/(e - 61) >0 ‘and denote
- k, = Ee ) , k - EXe™™) and a-k/(k"a; k,)
4 K TR 2/ ¥ Kyl o

{

1
hence ' (1) = 1k2/k1 » using thig as the jnitial condition, integrate

By (3.3) and (3.4)) it is evident that f(i) = k, and £'(1) ¥ ik,

»

(3.14) t§ obtain ®

L0T(e) = 4Ba(l - 8L, o
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Intégrating the above equation and keeping in mind the first set of

notations in (3.10) together with the initial condition f£f(0) = 1 would

give rise to¥”

A,

£(t) = (1 - ipt)™

™
and by the first relation (3.‘6‘),

{

—aﬁl/(l-el)
g(t) = (1 - iBt)

f
v

Removing the restriction and by F2, the sufficiency is proven.

To show that the converse is also true, one begins by finding
the joint density of U and V . Suppose that X~ [(@,8) and Y™
I‘(aZ,B) . then the joint density of X and Y is

-(xty) /B
e

al-l uz-l

1 X y 0<x,y <=

h(x.}') =

oL !
12
(o))l (@,)8

Applying the transformation U = X+Y and V = X/Y with Jacobian |J| -

=2 ‘
u(l+v the Yoint densit f U and V 18 _-
( ) ’ o yo \/
-l - a,-1
. 14 | 1 ual+a2 1 e_u/B 1 )
LNCPORS a, i, <
I (a))F (2,)8 ey 172

O<u<wm, 0<v<l,

v

By the assumption and Lémma 1.5 , u '\'l‘(a1+a2.8) , that

[

is, the p.d.f. of U 1g

.




1 ua1+02-l e-"u/‘3

C!1+(!2

y 0 <u<oew,

n(u) =
N, | . I'(a, + ct'z) 8

b3 ™ ~

The p.d.f of V may be found by first applying the transformation

V=2X/Y and Y with Jacobian IJI =y and joint densiy.ty
A

’ . - 1 0=k oH0,-1 -(14v)y/B
. L (v,y) = +o. ¥ y e '
] (o, +a,)8 1. 2 . ~
0Ky <o, f <v<1l,

. : ~
«  Then the p.d.f. of V 1is found to be N .
, :

a -1 : .

1 : o+ -1 ~(l+v)y/B

-V 1 1 72 ;

R Ry o +a, ¥ © W Oyl

1 2 1 72
08 :
. al-l
» } v’ I‘(al+a2) 1«‘ za1+a2-le-2/8dz'
' ‘ a,+0, a,+a,
l"(al)l‘(az) (1+v) 0 P(almz) B
) I'(o +a,) al-l‘ -
" e l 2 Y 0 < V.< 1 .
n Tl () o e,
(Tv)_, '
L *
Since
. ! F
) . el - -1
(W) (v) = 1 e TR v 1
n(u) glv a1+a2 u . al+a2 ’
P(ml)l’(flz)ﬁ (14v)
3 ) | 0<uc<w, 0<v <l
. *
= h (u,v)

i “

therefore, the random variables U and V are independent. This




( B e T R
/

establishes the necessary condition and the proof is coﬁplete.

»

~

COROLLARY 3.2: The condition " U and V are independent" in Theorem

3.1 18 equivalent to " U and Z = X/(X+Y)  are independent" , o

1

\“

Proof. Let

Since Z 1s a function of V alone, therefore the independence of U

and V 1is valid if and only if U and Z are independent,

e

* In 1974, Marsaglia [23] proposed a slightly more general version

of Theorem 3.1, for comparison purposes, it shall be cited below as

-~

Theorem 3,3,

,
Ed

THEOREM 3.3: If X and Y are“independent and non~degenerate random
variables, then X+Y is independent of X/(¥4Y) 1f and only 1f X and
Y or -X and -Y have gamma distributions with the same scale para-
meter. . ‘ ‘ .
The last required result is a theorem relating the gamma
distribution to the beta distribution.
i
THEOREM 3.4: Let X and Y be two independent random variables having

<
gamma distributions-withi— R as their tommon scale parameter, and a,

and a

as their location parameters respectively, Then 2Z = X/(X+Y)

Y

2 .
-




has the beta distribution with parameters oy and ay denoted by

'B(al,az) . Its p.d.f., is given by

) F(al+a2) a,-1 0,-1
| : L (f(Z)-W z (L-2) s 0<z:<1.

>

3.1 'THE MAIN THEOREM..

\J
]

Having-established the necessary foundations, we proceed to~

+*

state and prove the main theorenm.
- .

THEOREM 3.5¢ Let X o Xmee X be 023 1.d.d,r.v.'s. Define

k : . m - ‘
Zk - (Sk/sk+1) ),_“k-l,Z,...,n-l , where an = in » m=l,2,.,..,n .,
Then, Zi and Zj are 1.1.d. U(0,1) r.v.'s, 1 <41 <j<n-1, 1if "

-

and only if )(1,)(2,.‘..,)(n or -xl,—xz,...,-xn .are from the exponentisl
- distribution (1.2)% _
\ \ ~

Pono_f_. The neceaéary condition is proven as follows. With Zk -

k
(Sk/sk+1) , k=1,2,.,.,n-1 , set Zn - Sn' Then, clearly,
S
) (3.15) - nl-Il 21/ k=1,2,...,0-1 and & =z
L sk zn i-k i » . ’.'I. ‘ n n L[]

* Define

\ Q.16 - S =0 and. z =0, ,

. g
Since Sm y m=1,2,...,n are'the partial sums of the random variables

xl.xz,....xn hence Xi. 1-19,2,...,n may ,be written as

IS

e A e Y

¥ <t

L, R R ol A e




%

(3.17)

X

Sy =810

v

i’l..z'cc L] ,n .

2 .
Incorporating (3.15), (3.16) and (3.17) yields

s ®

n-1 n-1 :
X, =z H,z1/m4- z n zllj , 1=1,2,...,n~1 % .
n m n 3 ]
m=i " j=i-1 ¥
and
: X =z ~z zll(n“l) . * ’
, . n n n n-1

To calculate. the Jacobian of the transformation -~ 'r(xl,xz,...,xn)
o (ZI,ZZ,...,Zn) is to find the absolute value of the determihant of the

following nxn matrix,

//
-—/'__——_—_ ~ M _
r . ~ L
8\_1 8;1 . azn
A '
» ’ . $ ’ .
’ ) [] . ’ »/‘J"’_’.—%;
/ /\
, azl azi - 3zn




-

¢ - .
» hd - - % , =~
. ) ¢ .
- |
- ' . . . ‘
f. El = |
fad : - . . N - - “
Y, : - . T g ) _,
'd . .
14 ’ — N W p— |
. ‘. . _
. H'AH - . s = = .Hnuv - e e = )
a-w/1> "t / , ? . . ° .
- . V\ t hd
L e a - « - %
- o .- . .
- * -
- * - :
‘ . ¥y , :

N

=
N
N
I
'
N

=

I-u I-u 1 1-u
- . * ° ” N o . + ﬂ 3
- . ~N N . 2 -
. - -
s | ‘- - <
¢ » Tfu Hf i ! ~
= ) b =il ~
EN,—.WB A ) ENHME R L ¢ ENNHH, L .
rﬂﬂm 1-u Y E\H 1-u H\ +I- I \ ﬂ\.ﬂ ==,
\.. ° * - ) . .‘ /
. - [
~ \ \ - - \ S
) T ‘ Py . . ‘ i
N —
N 3 . . -
& ) S Nt . g
£ .




wtiére
/
n-1
-z In z;/m
. m=2
- 817 ﬁ .
E/L 0
and ¢
N S ~141/ (n=
n-1 %n n-1
6n1==<
0
“

f

After (n-l1l) elementary row operatior{s,

upper triangular ‘matrix. namely’

N !

-

= .
n-1 -
e nZ™ 1w L "1 1/m
D o2 @ 1%% A %m J “n
- mel m=1
mpi '
' n-1 . n-1
0 " e %%zil”'l/i n ,z;/m. s v i z;/m
) m=i+l m=1
\ L3
.. . \. R ’ e ' .
‘ [ “ vl “a
"L 0 L] . L] o * '. ] 1 d %
‘ e o
“"l llm N ‘ ‘ “
where |1 g n is defined to be 1 if i=n-1 . Gince the determin- .
meitl . -

oz T

32 .

if =2

S
1f 1-3,4.,'. ,on

.
-

D, 1f {en-1

if 1.1,2':oo’n-2 .
the above matrix becomes an

—

¢

t



" ant of an upper .t:tiﬁngular matrix is the product of the elementsiin

the main diagonal, therefore, the Jacobian |J| 1s

T »

L T ; s el L/m
© 4 g1 £ meitl ™
J— - l n"l -
\ r(n) Zn (]

‘ . )
By the assumptions, the joint density’ of X o%gpeen)X 18 given by

9

o

. 1 n
f(x.x,...,x)-—--exp(-zx/ﬁ),~2x >0, 6>0,
‘ 1'72 n " i-li =1

Hence, the joint density of 21,22,...,Zn' is
V7 : ° /"
R : 1 ool | °
(3.18) B(Z 1% h;"vz ) = ————z exp('z /O) ¢
) ] 1727 "n I(n)e® ™ n

£

for 0 <z, <1, kel,2,.000=1, 0 f_zn < and,ﬂ >0, By ilieg-

rating (3.18), it is evident that 21.22,....2“_1 are ideptically dis-

tributed -U(0,1) random variables.

I3

: . n-1 S
" o BolEpEgeeenr ) = T g () = 1
-~ - k=1

n
- . e

_ w!\cra 8 denotes gha joint marginal density of zl.zz.....zn_i and

By denotes the p,d.f, of 7 ' k-l.....n-:l implies that the random

a4 k '
X
var\fgf/l.r,zz, ves .Z p e also independent,

We have established the fact that 44 *xl.xz.. :.,X are 1,1.d,

r.v.'l\with c.d,f, (1,2) then 21,22,...,2 are 1,1.d, U(0,l1) t.\'(.'l. ‘

-1
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’

To prove the sufficient condition, that 1if zl.zz.....zn_l

ara'i.;L.d. U(0,l) r.v.'s then X 1;{.2’,....n are 1,1.d, exp(0,5)

i L]

r.v.'a, one may assume without losa of generality that X i=1,2,,4. 0

1 ]
. oG
are non-degenerate and decompose Sk+1 into
o7 o X, 2l } '
(3.19) 8, ., = ~( Ao £ X )+ B— 1Sk <mSn-l
S T st T ‘
, , A m
with (xpz ot X)) 20 4 wgkdl . ,
. Define . . . | . ‘ L
S \ ' . ‘/ ' '; K
U -'-S_}'L. . . o -
N 528 T ' '

B
-~ +

&8 c (' : > ’ .
and consider the random variablesa U and ski-l » the .Ear onae may be
« ) s

5 1
«ecomposed into h - : ot

LN

. . s '° ’ . ¢ '
Kok - g

ke St

ey

I3

X +5( +|c|+xk’

s | . 1 — z‘t‘fk
. 3@;+'X2+-..+Xk+xkﬂ

»

"
-

aﬁd express theMatter by (3.19). Since the terma involving the random
variables "xi‘-. 1=1,2,.vvyn in (3.19) and (3.20) arldiajoin;:. further-

more, 4 “and zm v 12k “m Zn=1, are assumed to‘be independent,

k+l

»

'thﬁrafbi-a by'l‘-’7,” U and S are $.i\d«apm\dant:.p

t

By virtue of Theorm 5.3. Sk nn;I xk+l have the gamma dig-
[} ’ R -

tributiofim with the same scale parameter, say 6 , i,e, § ~ T'(a,8)

k

' . ' N H
N '

* 34
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and X .,V T(@),0). Since S ., =8 +X . and X . is independent

of Sk » hence must be an F(ul+a.0) random variable;-¥nd by .

Pl .
Theorem 3.4, U~ B(u,a)), 1.6, the p.d.f. of U ia

P(a1+u) oa~1 al-hﬁ .

(3.21) h(u) = FTETFYEIY u  (l-u) y O0<ucl ,~ ‘ .
) . /‘\

- Using the fact that 2 ~ U(0,1) v k=1,2,...,n~1 .and by apply-

k
L/k k-1

N \h
) - with Jacabian; |J| = ku

ing the transformation U = & ) the

p.d.f. of U 418 found to be

(3.22) b e k™, cuer, —ﬂ\\/

~ 3 A

" Equating the right-hand side of (3.21) to that of (3.22) yields

. \ ) -
Page) ool ol
(3.23) ‘ T?anTaIY u §é:-u)‘ = ku v 0<u : 1,
It is evident that (3.23) holda if and only if a, " 1, nn;‘ o=k, i,
R P(1,8) and 8 % T(k8) , k=l,2,...,n-1 but afnce §) = X, ,

thevafore x1 ~ T'(1,0) of equivalently, X, v Exp(0,0) , ‘iéi.z.;...n .

i
- ‘ : { .
in » 1=1,2,..0,n are independent since the joint denaityrof xl.xz.....

X, 18 also the p.d.f. of S \

“ 3
- C
N The sufficiency condition is nstablia@ﬂé and the theorem is
_praven, L . , ' -
L)

4

5 v [
-

/
Tha following corollary is an immediate consequance of Theorem

3.5, of which nevifgl non-paf&mGCric testa originate.

33 “ .
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- COROLLARY J.6; Llat xl.xz.....xn be a random aampfe of alze n :.3

from a population having distribution functién F auch that F(x) = 0

g k
fo < 0. .Define Zk ] (Sk/5k+1)

» k-1.2|10|.n—1 w1th sm - .

m .
1le1 y m=1,2,,..,n , Then F 18 the exponential distribution (1.2)
- N '

if and only if 21.22....,Zn_1 are n-1 mutually independent and

identically distributed U(0,l) random variables,

It/ should be noted here that the condition, "n > 3" , in both
rhnora; 3.5 and Corollary 3.6 ia essential, for the results nead not be
trug for n <3, It is easily seen that Qoth F ," defined by (1.2),
an&‘ K(x) = (i/ﬁxz)exp(-llﬁx) , X 1:6\7 0 >0 would giva rise to
Zl " xll(xl-rxz)‘ being nn,'U(O.l) rand;m variable, (

-
‘




CHAPTER LV ‘
. <
TEST PROCEDURES AND SIMULATIONS

/

4.1 TEST PROCEDURES.

The essence of Corollary 3.6 is that to test the null hypothesis
(1,2) based on the random sample xl.xz.....gn is equivalent to using

1 L
the 1.1i.d. r.v.'s Zl'zz""’?n-l to test the null hypothesis Ho ! |

o 1 if 0<z<l | ' 1
(4.1) g(z) = : . |
0 otherwise . , {

-~ - |
£ ‘

|

|

& s
In doing the actual simulations of the tests, it is found that

when the alternative distribution is IFR then the values after transforma- |
tion zl.zz.....zn_1 tend to cluster around the endslof the interval |
[0,1] ; whereas when the alternative distribution is DFR then they tend ‘
to centre around the mid-point region of [0,1). . In either Ease. it
would result in large values of the test statistics and consequently,
less senaitive testa, 1In or@gr to sensitirze the tests, th; following

transformation is applied to the statistics zl.zz.....z“_l

e
' _ 2z if 0
(4.2) h(z) ={. N
21-2) it 3

<2

i
= N

<z <

P

-

The tests are invariant under transformation (#72) as it is '

shown in Lemma 4.1 infra. , . .

LEMMA 4,11 A r.vy X ds distributed uniformly over the interval [0,1)

37




if and Lf the random variable Y i8, where Y .18 defined to be

*

2

2X 1f 0<Xx<}h

Y= . -
2(1<X) 1if 4 < X<1l, .
. w
Proof . (=) With X~ U(0,1) 1if and only if
P{X<x}=x, 0<xc<1 h .
. : &

also that the intervals [0,4] and (4,1] are disjoint, we have

v

P(Y < y} = P{2X < y} + P(2(1-X) < y)

-
0
-

=dy+dy =y, 0<y<1, \

= P{X < fy} + P{X > 1-iy}

The converse ( «) may be shown by means of a straight-

-

forward transformation.

»

LEMMA 4.2: If XwU(0,1) then -2lnXnvy2(2) .

Proof. Let Y= -21nX , then

: x="exp(-y) and |J| = &axptzgy) . ‘ (v ‘
. | \ ~

Lo

Since

1 1if 0<x<1l
f(x) =

0 otherwise




<!

therefore the p.d.f. of Y' ig } ’
1 ~y/2 c
g(y) = E°Y/' y>0 .
' ) 0 » oOtherwise

which is the chi-square density fumction with two degrees of freedom.

Y

Let

[0,1] and let

h(22>"°"h(zn-l) . “Define

(4,3)

_Then under the

with 2(n-1) degreeg of freedom by Lemma 4,2 und Lemma 1,5 ,
|

ot

)1
_~,
procedures are

~

I. C

..

=

S +

—
A
..

Based on H, H;g and X, » the following two groups of test

VI NN VRN PRSR  OM
)
”

A

, 3
‘ %
H~"denote the c.d.f. of the uniform diﬁ?ributgpn over

h(Bfign\\b“

"H_ denote the sample distribution function of
/l

ns‘l
- _2 ln (h(z )) .
% 1=1 i ~

nuil hypothesis H'! , % has the chi-square distribution °

14

developed:

5\

Two~sided test based on X
Upper one-sided test based on

Lower one-sided test based on Xy *

-

Two-sided Kolmogorov-Smirnov test based on sup |Hn(x)—ﬂ(x)|.
N x X

One-sidod Kelmogorov-Smlrnov test based on

&

sup (un(x)-u(x)).
x ,

One-sided Kolmogorov-Smirnov test based on sup (H(x)-Hn(x)).
x

g | ~ 4




AT

-

-+

‘native hypotheses

4.2 SIMULATIONS AND CONCLUSIONS.

The gamma distribution and the Weibull distribution, both with
shape paﬁametera a=.5 .8, 1,5, 2.0, 3.0, were chosen to be ‘the
alternative distributions'}n the computer simulations. Subroutines fgom
the IMSL packages were used to generate random samples of sizes n =4,
6, 10, 16, 20(10)40, 60 from each of the alternative distributions.
After having repeated the experiment one thousand times for each of the
eighty combinations o%‘“a‘ and n at 95% level of significance, the
powers were calculated. These results, along with those corresponding
to the tests proposed by Gnedenkd et al (with r =.n/2 ) and Durbin, A

may be found in Tables I and II.

)

From the results of the simulations, it is found that with
the two above mentionedlalternatives. Cn is the overaill best test fér
the alternative h&potheaia' 3Sx) ¥ 1 - exp(~-x/8) .‘2xcepc when “a = 1,5,
2,0 and n ; 4, 6, 10 fof which it is slightly weéker than Durbin's

»* 2 - ’
D . C+ and Cn are, respectively, the overall best tests for alter-

n n
L

.

F is IFR and F is DFR .

Also, both Cn and Dn » like "the G-B-S test", provide
information on whether F is IFR or DFR in the following way: Suppose
the test procedure Cn is applied, then Cn > Xi-u'/Z would imply that

2
F 18 DFR whereas Cn < xu'/Z would im?ly that F is IFR,

” .
For n = 30 a H’:;: values of o , Figures I and 11 (III and

IV) are the power curves of Cn , C:

- . + -
and Cn (Dn , Dn and Dn ) for

Ly

40
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| the Weibull and the gamma alternatives respectively.
\ ' .
A A copy of the simulation programme may be found in the
9 . N ‘ ’ *
, Appendix. . y -
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