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are calculated using a consistent quark phenomenological .

A

model which comprises a harmonic oscillator potential per-

turbed by an unknown anharmonic term, with fine and hyperfine

'

The parameter set for the Upsilon sector. is :-‘

corrections.

derived from that of the Charmonium sector so that, in effect,

: L : o
the same parameter set is. being used for both systems. The

2

‘values. Predictions are made for many states for wh}ch

experimental values are yet to come. o .
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results are in good agreement with available expefimental '
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INTRODUCTION

The ‘search for the fundamental building blocks of nature

n

has, at significant times, yielded even moré 'elementary’
particles,‘coﬁciﬁsively establishing that one can never be
certain that what we currently regard as the basip
ingredients of all existent matter may not themsé%?es be
shown to beﬁconstrugted of yet finer ingredients at a 1a£er°
date: The so-called %0 'eleﬁents' of an earlier time were
found to be coﬁpositeé cf 3 yet smaller 'elements', the
neutron, the proton and the electron. And now it is
postulated that each neutron and proton is built up of 3

still tinier 'elements' called quarks. Do quatks really

o
A

exist, or is this postulate merely a convenient model which,
by and large, fiﬁs tge facts, with little experimental
evidence to support their iﬂdividual existgnce? To date no
quark has been isolated experimentally. But a bare 50 years
ago, when Pauli fitst poétulated the existence of‘the .
neutrino, that too was deemed a figment of imagination until
its experimental discovery 20 years lajer. .We shall later
refer to the confining potential which appears to prohibit
thg'ekistence of a free quafk, but it is appropriate here to
mention the earliest experimental evidence for the existence
of quarks.

Rutherford's scattering experiments yielded the picture
of anlatom comprised mostly of empty space with a hard coFe

nucleus at the center. When the angular distribution, mﬁmenta

and energies of scattered a-particles were studied, detailed

2

-
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catculations were made on the scattefi QIE;Z;ern that should
evolve if the entire positive charge of an atom was
_concéntraﬁed in a hard core‘nuﬁleus. The computed and )
observed scattering patterﬁs ﬁ;tched waip gemarkablé’
consistehcy. The new imége of the atom was born.

In 1968150mewhat similar results were obtained when -
high energy electron beams were aimed at proton targéts.4
The scattering pattern sugéestS'that the prqtén as a whole'
is not a single scatteriﬂg éoint but tﬁat thgre is‘a
multiplicity'of spat@gring points within the proton which
scattered the electrohs'through large angles. fhe assumption
“"of concentrated points of charge within the ?%oton and the

-

consequent balgulation of energies of the scattered beam afnd
its angular distribution have been largely borne out by '
experimental observations.

Just as the nuclear model of the atom explained mucﬁ
that’'was known ‘but notjundergtood unfil then, so the quark -
model has helped to explain the multitude of short—lived.
particles that-wege cxeéted by the high energy accelerators.
The nuclear model exhibited that all the known "elements'
were built from three basic particles - the neutron, ﬁhe
proton and the electron. Simila;ly the quark model infers
that each of the hundreds of hi;h energy particles is a:
different composite of a few basic sub-atomic particles;
the quarks. At first it was thought that there were .three

such basic sub-atomic particles or flavours of guarks, fhe

up, down and strange quarks. fh the mid-sevent the

st e b S bt i
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electromagnetic force. Quarks aYe subjected to all four .

; | ~ 3.
{

vour,, the charmed gquark, which had

é
—

<
Bomoe s Lot s
R

A

£

existence of the fourth

PR F1e

been strongly predicted, -wgef@onfirmed. Since then, a fifth

-

flavour of quark, the beauty quark, has been ¥iscovered, and -

the existence of a sixtﬁ flavour of quark e truth quark, ;

is, in its turn, strongly’prédicted.

pes of forces known to exist in nature:

*There are four

R s LT

gravitational force,‘el“ctromagnetic force, strong force and

weak force.. Each force is mediated)or transmitted by its

3
kol N

own type of particle. The well known photon mediates the
‘ Y

types of forces,.but it is the strong.force that predominates

between quarks, and the mediating particle is the gluon. !
) ]

Particles subjected to the strong force are khown as’

'

¢
1

[ ]
hadrons, of which we have  two principal types: baryons and
mesons. In thevquark model, the baryons, of which protons
and neutrons are common examples, are each composed of three - ‘

guarks. The mesons, such as pions and kaons, are each. :
. Ty
H

composed of a quark and an antiquark, and it is the bound

state of a quark and an antiquark which lenf credence to the

¢

existence -of quarks, as we shall elaborate in Chapter I.

The object of this research is to study the energy

levels of two mesons: the ¢ meson and the T. The first is a

bbund state of a charmed quark and antiquark, the second a

-

bound state of a' beauty quark and antiquark\

The potential that governs the interactions between. '
guarks is not, as yet, well known. Therefore, it will be

" our endeavour to study the spectra of the ¢y and T mesons in
' -8

—
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the'light of a specific potential model, . It is hoped that

“the success ‘which we claim for the model will help to bring

us a little closer to a knowledge of the true nature of the

férces binding quarks.

-

The specific phenomenolpgical model used is a harmonic

3

oscillator model perturbed by an unknown anharmonic potential

U which. incorporates an.attractive potential aé short range

(a Coulomb like piece derived from QCD) and deviations from
the harmonic oscillator interaction at large quark separation.
Further to that, the model inéludes corrections for the spin-
spin interaction between'quarks (Hyperfine) and spiq;orbit
effects (Fine).

The organisation of the thesis is as follows. The first
threeAchaptefg deal with the groundwork on which the present
research s based. Chapter I Eeeis to establish that quarks
are real physical'entities: the energy levels of Charmonium
and positronium are compared, the colour hypothesis is briefly

e

Eiplained together with the theoretical and experimental

- support it has, and tzi/pfablem of gquark confinement is

introduced. Chapter II deals‘ with two mo&els of the confine-
ment potential{/tﬁé general model proposed by de Rujgla, Georgi
and Glashow (DDG), and the specific harmonic oscillator model
proposed by ;sgui and Karl (I;K) which is based on the DGG

mod 1: The success ofigﬁéh model is discussed and the
inconsistencies of the I-K model mentioned. Chapter III Sut-

lines the I=-K model in greater 'detail énd(chuses attention

on the anharmonic potential U. This chapter also introduces

i

'
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the consistent quark model which sought to rectify the

inconsistencies of the I-K model and, more importantly, proposed | <
S

a technique developed by Kalman, Hall and ‘Misra whereby the
parameters used to determine the energy levels of one baryon
could be effectively used to obtain the levels of any other

&

baryon. ..

.

Chapters IV to VI deal with thé current reserach. Chapter
IV show® how the framework of the consistent quark model can
be used to determine the energy levels of mesons, The meson

Hamiltonian is presented, followed by the harmonic oscillat/or

wave functions upto n= 4 which were worked out specifically .

for this problem. The anharmonic potential is then derived in -

3

detail, showing in particular how the 5 parameters necessary

for the energy levels of the Charmonium system can be adapted

by guartic approximation for the cofresponding levels of _the
A ; .

Upsilon system, This is followed by the explicit expressions

which were worked out for each of the energy matrix elements,

™  both mixed and })Jnmixed, in terms of the 5 parameters defined.

’

A sample calculation of a matrix element is given as an

appendix. Chapter V deals with the spin-dependent terms, It
1

is to be read in conjunction with Appendix G which gives an

outline of t.:he derivation of the expressions of the spin-
debendent terms from Quantum Chromodynamidg;s (QCD), firstly for
the hyperfine interactions (Soth contact and tensor), and
secondly for the two parts of the spin-orbit interaction

between the quark and antiquark of the meson. 1In Chapter V°

&3
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these expressions are used to compute the expectation values

" of the spin-related terms using 3 additional parameters. A

-

sample calculation of each type of interaction is presented as
an appendix. Chapter VI presents the results of the calculation
of the enexrgy levels of the two systems of equal quark-anti-..

rs, v

quark mesons, together with a brief discussion of them.

The work was done in three phas;s. Th’e first phase, the ~"
work for which comf)r’is;d the first publication of this reseafch,
obtaineé the energy levels of the S-states of Charmonium using
the: Isgur-Karl approach. The second phase (incorporéted in the
second publication) computed the energy levels of both the
Charmonium and Upsildn systems upto"n= 2 using the consistent,
quark model. The‘ \third phase (as yet unpublished) extended this

work upto n = 4. Copies of the two publications are included

as appendices.




CHAPTER I.

1.1 Positronium and Mesons

l The notion that quarks were phygicalﬁfeaiities gained

considerable support

~

between the energy lévels of

when a study was made ,of the comparison

positronium and mesons. There

was a striking similarity. Positronium is .a bound state of

an electron and a positron.

v

Coulombic.

a single electron and a single positron can coyple their spins

The force that binds themis

Since electrons and positrons are. spin % fermions,

to yield a total spin of 0 in the singlet state or 1 in the

triplet state.

These spin states obtain in each of several

states of relative orbital momentum L:0,1,2,3,... in the §,P,

D,F,... states respectively.

angular momentum, we obtain

J=1+4+ S in a multiplicity
1

state (L = 0) we obtain Sy

3 3 3

'PO, Pl’ P2; in the L = 2

Combining spin with orbital
the total angular momentum

of 25 + 1 states. 1In the ground

3 1
and Sj; in the L = 1 state Py,
1 3 3 3

Dy, Dy, Dy,

state D3 and so.:

on. The spectrum of positronium has precise experimental

energies for each of these levels. If mesons display an_

energy spectrum similar to that of positronium, there is

a strong suggestion that the meson is comprised of two

interacting particles which

Are mutually attractive. (Fig.1l

shows a comparison of the energy levels of the J/¢ meson and

positronium.

Although all the levels are not represented,

enough is displayed to indicate the similarity).

The gquark theory states that the mesons that display

energy levels similar to those of positronium are similar

indeed in quark content to positronium.

Such a meson

4
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comprises a quark and an antiquark of the same flavour - the

U
~

quantum numbers are either identical or exact opposites of
one anotheﬁ. ~For example, a charm quark has the same spin

but opposite charge to a charm antiquark. So, just as in
| g/
p051tron1um, we have two equal mass but opp051tely charged

.

partlcles, mutually attractlve, revolving around each other

in a bound state, both 1n the ground state and at higher

- 1 -

energy levels of excitation. (As we shall see later, in "the
quark model, the 'opposite charge' which qaases the mutual
attraction is more than a simple eleétric charge). In the
realo of_quarkonium,‘if energy levels exist analogical to

those of positroﬁ&th, we would have particles corresponding

to each of the lévels of positronium,.

N
a

Such particles’ do 1ndeed ex1st but many more are known

L4

ta'ex1st in quarkonium than in- p031tron1um since, whlle an
s

electron can only comb%ne with its own.antiparticle, the

positron, each flavour of quark can comblne with the anti-

‘gquark of its own flavour as well as w1th that of every other,

flavour. Consider, at flrst, only two flavours of gquarks -

the up and down quarks. Taking all p0551b1e combinations of

quark with antiquark we obtain 4 particles ¢ viz. ud, du,

(au + dd)/ /2, (uu - dd)/ V2 - for both J = 0 (pseudoscalar
mesons) as well as J = 1 (vector mesons). Particles corre-

sponding to each of these low levels have been experimentally

‘

o 1 .
confirmed to exist.: At the lowest level, the §S; state, we?

“ have the well known pi mesons or pions and the n, and at the

triplet state we have the w and p resonances. If we now

. - .

=
.
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, relatively stable. Heavy particles generally have many

10,

' include the third quark flavour, the strange quark, the

combination of'three quarks with three antiquarks yields

[ * v

Q;ne mesons.

1.2 significance of the J/y Meson .

Until the mid-seventies, althopgh the similarity in the
spectra of\gositronium and mesonsuwas noted, it was necessarily
an incomplete comparison because no mesons had"beén discovered
corresponding to the higher energy levels of positronium.

Even the literature gave no promiﬂence'to'the comparison.
higher excitations of the

»

u,(d, ahd s guarks rapidiy'iead to' the decay of the mesons

' Any experjmental attempt to create

into smaller particles. .And then, in November 1974, a
dramatic event occurred in the world of particle physics -

“the discovetry of the J/y meson. It had a large mass (3097MeV)

" ard its most remarkable property was its extremely narrow

«width (r = 70KeV) which was a factor 1000 smaller than a

typical hadronic width. This-implied a long lifetime, a

, -

stability not encountered in new particles. Why was this

discovery so momentous? The new particle was heavy, yet

ehannels of strong decé& open to them. Yet this particle
\ . ; ’ . -

would only decay by weak interaction. It was suspected that

©,a.new quantum number was being conserved which suppressed the

, 2
strong decay. A few years earlier (1970), Glashow et al had

predicted the existence of a fourth flavour of gquark when they

P

observed the suppression of strangeness changing neutral

currents in the decay K, — u+u-. The new particle was

L
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considered to be the bound state. of this fourth flavour of

»

‘quark - the charmed quark Within 10 -days the first excited
state, the ¢ , Was dlscovered, to be soon followed by the

unveiling of a whole family of new particles. The energy

™

}%pectrum of Charmonium,s-the name given to the cc bound state,

was sufficiently broad to make the comparison with positronium

» 1. )

more complete. The similarity in' the spectra was remarkable

'ﬂi (Fig. l), and gave conv1nc1ng evidence that the meson was a

bound state of two mutually attract1Ve particles. ' The quarkr
o

was 'no longer considered a p0551b111ty, it was a fact. 1In
‘ 1977 the validity of the quark model was further strengthened
with the discovery of a much heavier meson, the T, which is

deemed to be the bound state of a beauty -quark and aatiquafk.

There appears to be a symmegry observed in nature which the

3
Weinberg-Salam model deals with. Every quark appears:to have-- ._

-

a 'partner': the up quark has the down quark, the strange
quark has the charm guark. . This symmetry requirement has
strongly predicted the discovery of the beauty/quark's ' .

:

'pattner':- the truth quark. ’ S
J However, despite the similarity‘stressed abé&e,‘there is
a sigﬁificant différence'between the quarkonium spectrum and
that’of positronium. Since the force betteen the eleé%ron
(\’:jf the positron is Coulombic, the energy levels are widely
paced in the lower regioﬁa'but rapidly crowd togethér at'
highar levéls, after_which ionisation is, achieved if furthér
energy is fed into the system, thus Iibeiating the electron .

*

and the positron from each other. ' N¢ analogous effect is



=

12'

- et

¢

" achieved with quarks.;'ae energyfis punped in, thg quarkonium

jumps to almost equally spaced higher enerqgy lévels, the

»

pattern belng dlfferent to the Coulomblc potential, more
closely resemblfng the harmonic oscillator potent1a1 Figure 2

displays the spectrum of Charmonium beside hypothetical

3

speétra,drawn from three different potentials: Coulombic,
. . y
harmonic oscillator and linear. The resemblance to both the
ey ' . . .

linear'and harmoni¢ oscillator potentials is greater than
L. any &

that to the Coulombic at the higher excitation levels.

Moreover, as yet there has been no equfvalent to ionisation

“~

in quarkenia,‘ Pumpiné in of greater amounts of energy does
not separate the quark from the antiquark, insteadﬂleading to
the creation of further guark-antiquark pairs (or new mesons)

a% the energy exceeds the threshold of strong pair éroduction?;

¢
’

1.3 The Colour Postulate

Quarks.are spin % fermions like the proton and the

A}
. —
1

neutron. They?obey Fermi-Dirac statistics and are subject
to Pauli's exclusion principle that prohibits such particles
from having identical guantum numbers. No two identical

quarks can be in the same state in any hadron. 1In the case
of mesons the Juestion of violating this principle does not

. [
Arise since quark and antiquark are not identical particles.

But in the case of baryons, particles are known to ‘exist -with

the same quantim numbers of spin and flavour (charge,.isospin,
strangeness, charm and baryon numbers) for each of the quarks
they contaln. "We may cite, as examples, the partlcles A +

(uuu), & (ddd) and 9 (sss). There are three identical

S
Pt

A Ayl e

A
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s
quarks in eachf these particles. When the baryon is in a

»

/ Sptmr~3/, state, the three quarks are aligned (+++) and the '™

! exclusion principle- is ciearly and substantially violated.
S
o Even when the baryon.is in a spin % state, at least two of

the qﬁérks have the same'quantum numbers (4+t) and the

. -

principle is still .wiolated. It was'postulated that quarks , j

_have another degree of freedom which was arbitrarily given

the name colour. Every quark comes in one of three colours,

? \

red, blue or green. Antiguarks comé in anticolours, antiredz
) antiblue and antigreen. When the three colours combine anti-
Xsymmetrically, the result is colourless, when a colour combines
VA ith its own anticolour, we achieve the same effect. All exist-

ing particles are colourless. Colour is an exact symmefry.

Flavour is not. Quarks of different flavours, such as an up
quark and a strange quark, differ in many respects: mass,
chiarge, and in other gquantum numbers. But like-flavour quarks
of diffgrent colours, such as red and blue charmgd quarks, are
identical in every respect (mass, charge, etc.) save in,
collour. S

The coiour hypothesis solved two obvious problems faced
in the quark model. The first related to the difficulty

about Pauli's exclusion principle. If eéch quark in a

baryon had a different colour, otherwise identical,-aligned
quarks as in @ (sss) had differing colour quantum numbers,

so there wés no violation of the exclusion principle. The
éecond relaéed to the question of why no particles were

found in nature with quark contents qq, qgqq, qqqa or

N e et st bt i 4 st o i

!
|

l



' 'quarks, each with a different colour (colour singlet), or a,-

"_oﬁupling of one colour with its own anticolour in groués'of

—

i S5,
el s
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otherwise. All existing particles were comprised of either

el
PRl

three quarks, gqgqgq, or a quark and an antiguark, qa. The
colour postulate had a simple answer. Nature required that o

existing partlcles be colourless With only three colours B
and three antlcolours to choose from, there was no other way .

to make combinations of white eXcept with groups of three.. N

5 T -
two. < . R \
‘ ’ o ' N

‘Experimental support for the’colour postulate was quite

‘In the annihilation of electrons and positrons,

considerable .
) -~ ‘\ T ~
the ratio- of the decay to hadrons and the decay to muon pairs ' M

]
~ 1

(below charm\tHreshoLdL : ~N .
s L & ;(“ ;

R =0 (e'e ~—— hadrons} - _

+ -~ + - .

o (e e —— Tt Y. . .o (1,1) !

~t

\ \ N
theoretically worked out £o,?/3 without/ the colour postulate .

and to.2 if we allowed ﬁQ;‘ﬁﬁegﬁhree colours,as the posﬁﬁlate
required. Experimentally thas ratio was between 2 and 2.5 .
s

The width of the decay of neutral pions to 2 photons is given

by the use of the formalism of Partially Conserved Axial

4 .

Current (PCAC) to be a0 v - -
-l' 3 )
h 0 ‘ m 2 2
P(n — 2y) = | —T— | (D) =7.87( ev  (1.2)
m 3 EAR 3
321TF PR Y v ~
RO i R . A )
] 4 v Ll 4 H
where F" = 0.96 mﬂ\is the pion decay constant and n ls‘the s "
number of colours. For the no-colQur situation the‘wioth'zf‘}*::/y

« would be one-ninth of what it is with three colours. ~Tbef ~-.,‘:’;' n
e * '.'j; v . '
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4 m ,
experimental value is 7.95 * 0.55 eV which provides excellent

¥

agreement to the value compﬁted with‘n = 3. In the process of
hadrons to lepton pairs (the Drell-Yan process ppqqfu'+:“),
'the 1qptdﬁ pair is the annihilation product of a -

massive photon proauced when a éuark in one,proton annihi-
lates with an antiquark df the same flavour in another proton.
The cross-section of this decay would have been a factor
one-third'of what it is if no colour existed. Finally, when

the heavy 1 lepton decays,'the three decay modes are:

N . . Lt

'TAT——* e + ve + vT , ¢1.3)
T Ry v, . (1.4)
~and 1 — hadrons‘+ ) , : (1.5)

s

The branching ratio of .these three modes would have been
1:1:1 without colour.  But with colour, since the quarks of

thre hadrons in (%;ﬁbxébmg in three colours, the branching

ratio is 1:1#3 in’-lide with experiment. - )

1.4 Quark Confinement amd QCD

“."" several theories;hé@e been advanced as to the nature

of the forces that bind guarks. What is it that inhibits

the liberation of a quark? Is it simply that acceleratO{F
e '«) " - 0 . -

~

are as yet inadequately powerful to shatter:p meson or baryon
“'iﬁto:itsfquark components, or is there a law in nature that
prohibits the existence of a freée quafi altogether? This

question has yet to be answered conclusively. But with the

ey

acceptance of the colour postulate, a new look has been taken

at the strong force and the laws that ggvern it. The theory

<
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- acting pafticles such as guarks.
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formulated on the basis of the“colour force, Quantum Chromo

Dynamics (QGD), is similar to Quantum Electro Dynamics (QED),

yet there aré‘significdﬁt differences.

Forces in QED are mediated by electrically chargeléss~

pﬁotons between electrically charged particles. Similarly,

forces in QCD are mediated by gluons between strong inter-

These gluons are electri-

caily neutral but“ﬁhey possess colour charges. Since there’

are 3 colours and 3 anticolours, there can be 9 poOssible

combinations. One of these, (RR + GG + BB) / /3~ is

effectively colourless, but the other ? are coloured gluons.

Unlike the neutrals photons which do not interact with one

another, colour-charged gluons can couple with one another

to form glueballs.’ . .

The problem of quark confinement can be viewed as ana-
B »

logous to what® happens in QED around an electrically charged

pérticle. An electron'surrounds itself with a multitude of

.electron-positron pairs which polarize the vacuum around it

and thereby screen the bare charge of the electron. At close
proximity fb the eléctron, this .screening }s absent, so.that
the éotentiél rises, it may be said, infinifely. However,
as the dlstance from the central electron increases, the

potential falls off as the inverse ofzige distance due to

the screening effeéct of the polarized vacuum. In the same

manner, Ehe~cglour-charged guark colour~polarizes/the vacuum
around it by surrounding*itself with gquark-antiquaxk pairs.

As in the. case of the electron this has - a screening effect

T R o e

et g

T e e e e

o~
»
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which shields the baré coloﬁr-charge of the quark. But in~
this case the fprces are mediated-by gluons which are
“themselves ¢olour-~charged. A fieldltheréfore,aqts as a
sou;;e of-itself. This is not such a novel hypothesis as
Vit may first appear. In Einstein's theory of gravitation;
.forces are mediated by gravitons which themselves generate
gravity. The gluon.cofqur field is similai to the quaf&
Whiéh generated i}, and, at increasing distance from the
quark, the fieid intensifies rather than weakens.s This is
an anti-shielding effect which is considerably more
pronounéed than the shielding effect of the quark-antiquark
'pairs tha£ are‘éenerated by the originalfcentral quark. ’
The.theéries that govern the formalism of these two
models (QED and QCD) are the Abelian and Non-Abelian gauge

theories.. The electron is governed by the Abelian gauge

theory where the long range field of the electron is

‘proportional to %ts charge quantum number, put the field
itself carries ho quantum number. The quark is goferned by
the Non-Abelian gauge theory where,'dué to the gluong
thémselves carrying colour charges, the fields tﬁghselves
'have .quantum numbers. The result is that force fields
?in@ing quarks dé‘not ﬁall 6ff as Coulombic fields do,
\ but i?crease with separation. ‘

In Rutherford's experiments, the particles-inside ‘an

atom wé;e probed by alpha particles. - Similarly, the

particles inside a meson have been probed by high energy

electrons. But to a probe which has relatively low energy,




"
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the qua}k-antiqﬁark pair moves in concerg and appears to be
strongly boﬁnd together. This is because the probe only
approaches the pair at a distance and lacks the energy to
obtain access éo ﬁhé inter%pr. A'much.highér-energy probe
can get within g quark-gntiquark pair, aliﬁough for a very\
short timé, and it "sees" the quarks as discrete particles, -
not bound. Low energy probes can be likened to low
frééuency pﬁotons which are typical in the infra-red region~
of light, whereés the high eneré& @robqs can be likened to
the ultra-violet pﬂotons. That ;Z why tﬂe low enérgy probes
which observe only the strongly bound séate of the quarks
a?e §aid to study its infra;red slavery, whereas the high
energy probes study its'ultra—violet freedom. To’be more
technical, the low energy probes have a wavelength that

vastly exceeds the inter-quark spacing and hence observes

them only in tandem, strongly bound, whereas the high energy

C‘?

probes have a wavelength which is more comparable with the

inter-quark separation and hence provide sufficiently high

‘resolution to observe the quarks more 'interioriy' and find

them relatively free. f
‘What inhibf%s the quark from freeing itself, even if

vast amougts of eneréy are fed into the system? If the

hibothesis of anti-screening effect is correct, then the

force between two quarks increases with increésed separation.

It is soﬁetimes hypothesized that the force increases linearly

so that at infinite distance the force is infinite. (In Figj

LN
S~ .
2 the energy levels due to a strictly linear'potential were

TN Lo e NP TR



" will effectively split into two mesons, so that, instead of
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shown, for comparison, beside the energy levels of Charmonium.

4
The levels are not very dissimilar). With such a potential

the lines of force connecting a quark and an anti-quark

-~

would become parallel lines. If energy is continued to be

pumped in to separate them further, it will soon exceed the

threshold energy for strong pair production and "the mesoh

Far Ve,

-
.

EEEER e

freeing the éugpk,f&e have only pair produced another meson

. 1
" ¢

. L
(Fig.3).

bt kel 2™

) ’ . Fig. 3 '

Pair Production of Quark and Antigquark

In the next chapter we can look a little more closely at

some specific potentials in the light of quark confinement.
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CHAPTER II.

2.1 Confinerent Potential P

- - el
" It should be clear from the discussions in the previous

chapter that forces binding guarks are relatively weak when
the quarks are in close proximity to one another and that

the f&rcéé/are relatively strong as,the separation increases.
In hadrons studied by high energy probes the forces are low
enough to be mediated by one gluon exchange aﬁd are essentially
Couloﬁgic ;n"hature. But at large quark separation, the
potential tends to inqrease linearly. Figure 4“gives a

gualitative picturé'of the potential as a function of q - g

distance ,r. The full lines show the Coulombic (short range)

. and linear (long range) parts of the potential. The problem

a

is to obtain a potential that would accommodate both the
short range and long range requirements. The problem was
dealt with by Isgur gnd Karlswho proposed a harmonic
oscillator model perturbed by an anharmonic term with
hyperfine corrections. They based the}r model on a more
general Hamiltonian put foryé;d,by be ﬁujula, Georgi and
Glashow (DGG) . Bl
2.2 DGG Model

Essentially, the DGG model does not provide a specific
potential £or the quark binding forces. It does'specify that
the same forces mediate/ between different types of quark; -

i.e. the Hamiltonianm—is flavour independent. To put it

differently, the energy of a system of bound quarks may be

" Computed by the same Hamiltonian whether the quarks are up,

down, strange or otherwise. For a given system the differences

~
e o o e ettt st s B s v e o e S0 s 2
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W complete the Hamiltonian. Here m, are the masses of the indi- ;

.
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ihrenefgy:would,a;iseupnly due tonthe,ﬁass difference of the
' 4 N . ) :‘ o

’iﬂdiv;dqgl duarksg and due to thé separation of the dﬁgrks.

i

7 o4 . 7 ) L e e e o o
The -Hamiltonian is % - . N
) * A T - .
- - ) . ~ - e
- 1 “\ g \ / ; . . ~

L(rﬂ,rzl...) + ):(m +p/2m o+ -..)d

e N y r, . e -
- | N N g 1 : ' [N ¢ . v
. . » . . - -

~
-

-~ Ve N

. ‘
3 "

) ' : - . [ PRI s
TR Ly T e + z,. (cx.Q Q + Ku '§" i , (2.1)

T ¥ 1>3 = 1 A '% A

' . . ' . !

‘; L is the unlversgl Lnteractlon respon31blelfor quark binding.
' 5 :

The ngture of the,blndlng 1s not spéc1f1ed " Particular

C

>
ML

1

quark models Mlth spec1f1c potentlals can be fitted in to

kS ‘t \ +

- 7
v1dual quarks 1nteraot1ng, ﬁ /Zm are’the kinetic energies

af the quarks,and otﬁer texms within® the parenthesis

A »
Tireprésenteguie;e,byaa series of dots) would provide the
f AR ;

’ ~
.
d

matan agi P20

& rebagivistic‘EOrrections should they be required. (Since

¥ S

[SRT N

this research deals sbecifically with heavy quarks, it has

1 t
RS i x N
t

been‘deemed justlflable to’ 1gnore relat1v1stlc corrections).
The Q are the electrlc charges of the quarks, K is the

expectation value for the dot product of the A matrices

-

‘resulting from colouf, charges. .Since there are eight ;
coloured gluons there are eight such matrices. Colour

averaging has been computed for baryons and mesons sepag%tely.

:

The results are

. +> +>
Ay A v
4 K= < ii . 51 > gqq = -2/3 (baryons) 2
L) 4 ¢
¢ _ .{. _-)\)‘* . ' oy
K= < 75 . 51 >'gqq = -4/3 (mesons) (2.2},

s
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.The factors o and @, are the fine structure constants of

ordinary electromagnetic interactions and strong interactiors

respectively. o is not a 'constant' in the strict senke -

it has a dependence on the separat

>

ion of quarks, ranging

from a small value when the gquarks are in close proximity to .

large values as separation increases. It is more correctly

.called®a running cbupliﬁg constant. It is given by‘the

.

expression

a

o
where o

S

= ao(l -

2

Sf

3

%
H 1n

2
A'2

+

4

ultraviolet cut off, A>>m, Q ~ O(1/xr) .

. )
= g /4r,-f is the number of flavours, A is the

sThe positive third

term of equation (2.3) results in the anti-screening effgct

-

with increasing separétion that was discussed in Chapter I.

.. is the Breit .interaction betwe

1]

/ f

3

; |
%n quarks i and j. 1In

the case of mesons it is the interaction between quark and

antiquark. ¢ .

oy

e

> W% > > > o
_‘l- 1 p.-pj + re (r*p.)p.
147 T " ‘. 3
e Zmimj r . ¢ r
- ' 3
_ 1))/ (r) ¢ 1
2, .2 2
' 3
1 (8n §i'§j6 (r) 1
- —_ + —
m.m, |3 r.
i L

-r.“ pa
3(sy r)(Sj r)

., (Darwin term)

b

7

(Zitterbewegung)

A
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denotes_the neglected relativistic corrections. .
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RO

{spin-spin)

R LS

> > -
. - —d— Txp, -8, - —— Txp.-8,
2r’ | m? ol m’ J ,5]
1 J x?
. . : 38
+ 2 Fx p,-8. - 2 ExE.-§. (spin-orbit) %
. i3 j Vi #
m.m.
1] y
+ oo (2.4)

~
-

where, again, the series of dots at the end of equation (2.4)

The present

P TV ..1»;4 -

ATad I

research is concerned with charmonium spectroscopy and the

corresponding » - gquark spectroscopy - viz. the Upsilon. As

such, we have, everywhere, mi = mj.

Equation (2.4) is typical in Q.E.D. for Coulomb

[
H

potentials.¥ Quark confinement does not appear to have the

R VY Sy A A

same potential .for all separations. At large separations the .

‘poﬁential tends to increase with linear dependence but its

true nattire is not yet known with certainty. However, at

short separations, id the region of ultraviclet freedom,

-~

experimental evidence indicates that forces are governed b§

qne - gluon‘excpanges and that the potential is typically

ol Lo
Coulombic - i.e. with a 1/r .dependence. That justifies use

of the Breit interaction whid{\incorporates the Fermi contact

v

term and the .tensor terms of Q.E.D.

A . 4
" To summarize, the DGG model assumes - L

(i) A non-relativistic SU(6) picture;
: , “
(ii) long-range flavour and spin.independent confining forces;

-
A
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(iii) SU(3) breaking 6nly via quark masses;

(iv) asymptotic freedom for the quarkxlfgluon interactions
which permits a short-range, spin and flavour dependent
force arising from the non-relativistic reduction of

one-gluon exchange between guarks.

vy the term L incorporates the (presumed) colour confining

potential but no explicit form.for these confining forces
is assumed.

2.3 SﬁccessAof DGG

The significant success of the DGG model was to provide
a reliable method of breaking the SU(3) symmetry of quark

o

masses. As will.-be outlined in the folfBwing paragrabhs,
with the use of first order perturbation in quark masses:
they computed the mass ratic between the up (or do&n) éuark
and the strange quark. - They worked out this ration by two
different approaches and came up with consistent‘valueé.

In the Hamiltonian presented in (2.1) if the first two

terms are listed as Ho’ then we have . \
22
_ - -> + l . 2 5
Hy = I L(r;, x5, ...) + f(mu 2mu) | (2.5)

where mihas been replaced bylmu, the mass of the up (or down)

quark. The third term of equation (2.1) is listed as V

2

- 3 P 5
. V=L (O‘Qin + Kas) Sij+? Ami+pi (L_1) (2.6)
1) i 1 m.. m
u
+ 80 that the Hamiltonign now reads
S _ ]
H=H_+V (2.7)

S
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§ l
ara\degenerate ﬂjﬁ)supermultiplets; and

The eigenstates of HO

o

first order perturbation theory in V introduces the splitting

due to the different masses of the quarks within the super-

2]

multiplets.
The mass perturbation term has the form
E 1 1
M=M +zfam, + a(— - —) '
o X i m, m -«
i i u
2 c A | “
+ L(aQ.Q. - — a_) - - d( 5 + —
i>j 1 3 8 m.m, m% ) m%
17 .1 J
* 16§i'§j ) (2.8]
3 mimj

where, by using a wave function wo(rl,rz,rg)which is an
eigenstate of Ho and therefore must be symmetric in position

and anti-symmetric in colour, we have Ho|w0>=:Mo‘wo >,and we

define
. . AmM. = m,.—- m .
i i u )

a=X% <w0|§§|wo>

. b=y (/2] v .
’ 2, 51;32 + T, (3,0 BB,
° T ol ENS b’
a=T<uls G v , (2.9)

f L
f. the A particle, each of

’

The mass of the nucleon N and o

which is comprised of three quarks of the same mass, differ

only due to the spin alignment. They are both Dirac particles:

the A which is from the decuplet has spin 3/2 and has a higher

op——

R g
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energy than the nucleon which is from the octet and has spin

. In cdmputing the mass of the two particles using equation ,

(2.8), the splitting.occurs only in the last term:

a d
2 s, 5 3,8 \
vm, %

For the N particle <§i-§j> = =3/4 whereas for. the A pa}tiéle
(2.10)

<§i-§j> = +3/4

It follows that the mass difference of the two particles

(2.11) *

Y

A similar cobmputation can now be repeated with the_f

ol

m(A-N) = 16 &
C3

B
=i 0]

and N particles, each of which is a baryon with one strange
quark. The ¢ has quark composition uds and is an isotriplet

whereas the A is a singlet with quarks uds. ' The computation

yields the mass difference .

m(z-1) = 32 %9 (1 - P (2.12)
9 2 m
m s
u
Substituting the relation (2.11) we obtain
_ 2 My N
m(-A) = =(1 -~ —) m(A-N) v {(2.13)
3 m N

S
\

The mass differenceﬂof,(z-A) apd {(A-N) are known experim;h§?lly.

Inserting these in (2.13), we get

3

-2 = 0.600 (2.14)
//

]
¢ -

|

The above calculation was accomplished by utilising the

known mass difference|of strange baryons on' one side of (2.13)
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and of non-strange baryon’s on the other. The procgss/&an be

*
repeated entirely with the’strange baryons ¢ ,f and A. This

computation yields N, ‘ - ' .
m x , "
EE _ 2(x -I) = 0.621 , * (2.15)

. 1
-

Ed

The close agreement between the ratios (2:14) and (2.15)

is significant. It is a measure of the success qf the DGG

[

model. The mass perturbation approach neatly avoids the

portions of the Hamiltonian which are unspecified - viz the

quark binding forces - and yields a consistent ratio of the

wo flavours of quarks. Sﬁbsequent calculations by Isgur

6 *,
Karl have shown that this ratio was reliable and

an

reasonably accurate. . , '
‘ i

he Isgur - Karl Model (I-K)

it

[
i
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\The general base provided by the DGG model has been
\ -

succe§§fully built on by Isgur and Karl. They studied a

b et S N e

large number of baryon resonance data which significantly

Y

match the calculations based on the model constructed by

\ :
6 \ .
them. Stated simply, they have, in effect, completed the

DGG Hamiltonian by using a hdarmonic oscillator potential

A ! .
which is perturbed by an anharmonic potential U with . [
1
hyperfine corrections. The model explains the baryon data

with remarkable success. The extent of the success will be

outlined.later.

confinement potential of quarks in baryons stems from' the

]

i
The choice of a harmonic oscillator potential as the }
1
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<

fact that the analytic expressions for the eigénfunctions dre

+

tractable and yield fairly accurate estimates of energy levels.

3

Calculgtion expediency is not by itself adequate juétification

for using a harmonic oscillator potential, but its success in -
. ° 9 . . ¢

fitting the I-K model to a considerable amount of experimental

baryon data offers its own justification.

v ! Q .
Isgur has explained his preference for dealing’with

1

” g 9
baryons instead of mesons to test®the I-K model. He states

that with respect to I = 1-P wave mesons there are only'two

that are well established - viz A2(132.;0)2++ and B(l230)l++.
By contrast, there aré 20 well establigshed P wave baryén
resonances, each in general having ‘at least several well-
méasu;gg décay amplitudes. Isgur points out, furthermore,

that a non-relativistic model is not entirely satigigg&gfz——;’jﬁ

for I = 0 mesons due to certain effects which stem from

’quark - antiquark annihilation channels. There is another

According to .

advantage in testing the model with baryons.
>

“Isgur and Karl the L.S spin-orbit forces can be neglected An
éalcuiating the ﬁass spectrum of baryons. The L.S forces
arise f:oﬁ two sources - viz froﬁ the one gluon exchange
which forms part of the Breit interaction and from the
Lorentz scalar cgnf;ning poten;iél via@fhomas preceSSion.
.Isgur contends that'alphoﬁgh the c;lculation of tpeecontri—
bution due to the one-gluon exchange potential is notifriviél,

it is reasonable to assume that the two contributions mutually

tend to cancel each other. 1In supporf of his contention he

points- out that ‘empirical evidence, at least in baryons, do

o
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indicate that the spin-orbit forces ar Qillimal.‘
Ifgur's reasons for testing the model with baryon data
were expressed in 1978. Subsequent to that, considerable
experimental data on mesons has been made available by Particle

Data Group (P.D.G.). The objective of the present research

‘10,1
is to'show that the Consistent Quark Model of Kalman and Hall,

.. ; YLy
a model developed from the Isgur-Karl mddel, can successfully

be applied to, mesons, in particular the Charmoniumrand'Upsilon
systems. The recent meson data furnished by P,D;G. has made

the test on mesons feasible. For the Charmonium spectrum:

~in the 8§ wave -im the spin zero region we have two states.

4 4.’1,'

available - viz.°ﬁi and né, in the spin one Jegion we have
three séates:- viz. ¢, ¥', and ¢'', in the P wave level there
are three states‘for'which data is availgble. -For the Upsilon
‘ spectfum there are four states available in the S wave - viz.
T, 7', T''" and T''';three states are available in the P wave
;nd three more in the P' wave. It can hardly be contended
«» any longer that ‘experimental data is insufficient to test
the model on mesons.: Iégur's ;bjection to using a non-
relativistic model may épply more validly to light mesons

like pions, not to heavy mesons like J/y and T.

2.5 The Successes of(éhe I-K Model

Four significant successes of the I-K model are outlined

i

below: . oz

I3

(1) The accurate prediction of baryon masses and mixing

composition;

(ii) The voluminous correct prediétions of baryon decay rates;

‘ ’ o 5 -
(iii) The egplanation of the decay mode of : /2 and other

) N K.,:

¢

|
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strange particles;and
(iv) The explanation of the mass inversion of the I and A

particles as they are excited above the grocnd state.

A few brief remarks on the above 4 points are appropriate.

-

2.5. l Mass and Mleng

A}

The mass predlctlons made by the I-K model cover a wide

range of baryons, . both in the ground state and in the excited.

-

states., It-will suffice to point out the strlklng accuracy

of the predictions as they aré matched by experimental data

by'displayingiin Fig. 5 a few of the predictions of strange

and non-strange negative parity baryons? The measure of the
success must include the éact that the model has used only a
few parameters, at most seven. ﬁy contrast,other modelgzdse

a great many parameters to predict relatively few masses - in

one case' as many as 19 parameters were used to predict of the

order of 120 masses. (In the present research on mesons we

have used 8 parameters in the Charmonium system and only one

more - viz. the mass of the b quark - in the Upsilon system).

Negative parity baryons below charm threshold are .

¢

'~arr?nged in 70-plet SU(6) mixed symmetry states. The two

possible spin states of quarks give rise to SU(2) symmetry

4
Al

for the splﬂ whereas the three flavours n up, down, and

strange - lead to SU(3) symmetry for flavours. The combina-
tion is the %am;zlar SU(6) symmetﬂb Mixed symmetry in SU(6)
results from the following four combinations of spin with

flavour: symmetric in spin with mixed symmetry in flavcur or

vice versa, antisymmetric in flavour with mixed symmetry in

r

R T
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spin, and mixed symmetry in spin with mixed symmetry in
flavour. The four categories of mixed symmetry are symbolized
in the notation

21 25 43  2yp
:
where the superscript refers to the number of possibilities

in spin states and the subscript to the number of possibilities

in flavour states. A baryon can, in fact, exist in more than
one of these mixture combinations. The I-K model has computed
‘the mixture combinations of many baryons as it has computed
their masses. Both mass and mixture composition

of a few baryons are presented in Table-l. Independent |

13
measured compositions by Hey, Litchfield, and Cashmore (HLC)
13

and by Faiman and Plane  (FP) are also presented for comparison.

The close agreement between the I-K mixture predictions on the

" one hand and the measured composition of HLC and FP on the

other bear out the accuracy of the I-K model.

2.5.2 Decay Rates

~ The notewortby success of the I-K model in predicting

baryon masses would not be complete if it were not followed
by an equally striking success in explaining decay rates.

To quote,Isgug "A dynamical model for hadron structure is
beiné tested in a quite limited way when it is compared only "
with spectroscopic data: once a state is predicted at a given
m;ss it is next necessary,to decide whether the internal
structure attributed to the state by the model will give rise
to its observed width and branching ratios. It is not very

convincing, for exémple, to correctly predict the masses of
/

o e o
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Table 1

Predicted Masses and Compositions of Negative-Parity

Baryons - Isgur and Karl. ({HLC and FP see reference 13).

State Predicted Mass Predicted '(*+) and measured
(MeV) Compositions X
2, 28 4y 210 j
N 1490 . +0.85 +0.53 ;
HLC s +0.85 +0.53 k
\ FP +0.73 +0.68 !
\ : ;
N 1655 * % +0.53 =0.85 ‘
HLC +0.53 -0.85 1
FP +0.68 -0.73 :
%
*;5_ ‘3
A 1490 * % +0.90 +0.43 +0.06 3
HLC +0.85 +0.46 +0.25 5
FP +0.79 +0.61 -0.04 g
Phkce 1650 *x  -0.39 40.75 +0.58 §
HLC -0.30 +0.04 +0.95 i
FP -0.44 +0.63 +0.64" §
\ R ;
P 1800 *x -0.18 +0.50 -0.85 «
HLC ~-0.43 +0.89 =-0.17 ,
FP -0.41 +0.49 -0.77 i
*3/2’ ‘i
| N 1535 *% +0.99 -0.11 ;
HLC ' +0.98 -0.18 v
FP 40.97 -0.26 i
; j
*3/2" - f
z 1675 * % \ +0.96 =-0.11 -0.26 §
HLC +0.89 -0.38 +0.26 !
3 FP +0.88 +0.07 =-0.46
\ 1
/ 1}

i
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* * o
the N %(1515) and N %(1690) but to fail to predict that,
despite phase space factors and comparable widths, the Nnp

decay mode is dominant in the first and negligible in the

~

second."
1y

Using the I-K model, Isgur and Koniuk have explained
the decay rates and branching ratios of a remarkably large
number‘bf baryons, each from a great many excited states.
Several of the decay rates have not yet been seen experimen-
tally, but the vast majority of them have been matched with
good accuracy by known decay rates. L

A significant achievement of the I-K model is the fact

that it is the only model which predicts both masses and

decay rates of baryons,and that too with such good agreemenf

with  experiment.

. ‘ 5/,7
'2.5.3 The Decay Mode of ¢ ‘2

It is experimentally known that the dominant decay mode

S / - R
of ¢ /3 is ‘ ,
» 5 - * )
2/2-———>KN,KN .
S -~ - -k
However, the decay A ZE PN KN, XK N appears to be fqrbidden

by nature. The I-K model explanation of this preference is

simple and reasonable.

more closely at the two oscillators that exist in each baryon.

[o]
S . -

-

O 0 Fig. 6
u p a .
Harmonic Oscillators in a Strange Baryon

/

l

|

To understand it we must look a little.
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In baryons such as I and A which are S = -1 (one strange

.

qguark) there are two equal mass quarks (u and d) ahd one

£

heavier quark (s gquark). The I-K model links the two equal
mass quarks in one oscillator, the p oscillator, while the

heavier quark by itself links with the other two together in

the second oscillator, the X oscillator (Fig.6). When the

»

ular momen tum (L = 1)

I

\

either the p oscillator is excifx\

baryon is excited with one unit

oscillate against each other while the s quark sits 'still as

a spectator (p mode), or the A oscillator’is excited in which
: case the heavier s quark oscillates alone against the u and

d quarks moving in conjunction (} mode). ‘

ke

In the harmonic oscillator model, the p mode excited
5, = ' 5/, -
particle is A /2 and the ) mode excited particle is I /2.
When a baryon returns to the ground state, the decay must

carry away the unit of angular momentum that caused the

excitation.
p — -k
N A W K or K
s
L=1
» é' )
) = a a Fig. 7
. e T
Forbidden Decay of A 72 + KN, K'N )

!
F
k-4
;1
-»
i
[
/
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For the baryon A s/"’-.to decay to a nucleén, the s quark
must be replaced by a u or & quark and this replacement must
be accompanied by the removal of the angular momentum.
However, since A s/i-has a p. mode excitation, ‘the angular
momentum lies betwixt the u and d quarks which are oscillating
with the excitation (Fig.7). The replacement of the s quark
dogs nothing to remove this excitation, hence the baryon
remains ex¢ited even after the "decay". This explanatibn
shows why the decay A 5{?————* RN, K'N is forbidden By nature.
' /o7

No such impediment forbids the decay of the I Z’JThis

baryon has its excitation in the X mode. The decay of the )
oscillator very simply removes both the angular momentum and
the s quark, and returns the baryon to its ground state.

2.5.4 The Mass Inversion of © and A

In the ground state the mass of the ¢ particle is
1193 MeY while that of A is 1116 MeV. This i% normal since,
although each barjon comprises of quarks u, d and s, the %/
“being an isotriplet state has a higher energy that_tfhe A
which is a singlet. However, as the particles are excited,
the A particle acquires a higher mass than the ©. Thus A /2
has a mass of 1830 MeV compared to & 5/?-.having a mass of
1765 MeV. This inversion of mass\is neatly explaiped by the
oscillator model as shown by Isgur and Karl.

The frequency of the harmonic oscillator is given by

3Ky % a

() | (2.16)

In the ground state neither the p nor A oscillators are

excited and the mass of thé I exceeds the mass of the A as

v\— ’l

- \
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indicated. But with excitation the mass increases by quanta'
of tw. However, the frequency of an oscillator in the p‘mode
(wp) exceeds that of an oscillator in the A mode (@y) because
the mass of the A oscillator is heavier than that of the o
oscillator. Therefore, the excited levels of A which '
oscillates in the p mode increase by greater jumps than that
of the I which oscillateswin the A mode. Consequently, the
mass of A 5/2.exceeds that of ¢ 5/21 This explanétion of the
mass inversion has been termeé?as one of the major triumphs éf

the I-K model.

2.6 Inconsistencies in the I-K Model

In dealing with the an@;rmonic potential U, the Isqur-
Karl model for baryons considers the masses of the three
lightest quarks - u, d and s - in the SU(3) limit - viz.
m, = Mg = ms. As a consequence, when the same values of
parameters are used to compute masses for positive parity
baryons as well as for negative parity baryons, the mass
difference of A S/z-and by 5/‘?--is reduced from 50 MeV to 15 MeV
which is inconsistent with experiment. By introducing a
technique developed by Kalman, Hall and Misréswhich takes into
consideration the mass difference between strange and non-
strange.quarks, Kalman and Haliore—evaluated the parameters.
On that basis, the mass difference between A s/2-and T 5/Z-is
restored to consistency with “experiment. Furthermore, a
substantial ‘refinement of the I-K model by Kalman and Halfois

+

to use the parameters obtained for the anharmonicﬂpa;t of the
R7

potential for one baryogk(by fitting to known energy levels

e —————

* g
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'of that baryon) #o compute the corresponding parameters for

a differe?t baryon by constructing quadratic approximations

about the paramete;s of the first baryon. This technique,
?‘ the details of which will be given in Chapter IV, has been

fruitfully utilised in this research in the case of mesons to

use the parameters obtained from fittings in the Charmonium

system to compute the'corrésponding parameters in the Upsilon

system,

B D e
b4
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CHAPTER III.

3.1 The Isgur-Karl Hamiltonian

In their work on baryons, Isgur and Karl have used a

Hamiltonian of the form

(3.1)

where m, are the masses of the constituent quarks,

‘. . . 2:_*]2 )
2 i P,
i"+ © Vcont -[i il (3.2)

m, i<j [ZZmi]

ol

H =1
o

N
[

1

[ahd .
20 8

3 3
H S — 5 (‘fi.) (§i-§.)
YP i<j 3mym, |3 ] K

.—-l
w
o
g4
[
abs

- SN SN 5 R RS 5 M S (3.3)
- 3 |

where —fij is the separation between a pair of quarks.

ij  _ 2 '
Vidne = Kkl o+ U(rg ) (3.4)

where U(ri.) is some gnknown anharmonic¢c potential which
incorporates an attractive potential at short range (a
Coulomb type piece deriveé from QCD) and deviations from the
harmonic oscillator form at large range.

It must be noted that the spin-orbit forces in the

Breit interaction have’ been entirely neglected in keeping

-
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with Isgur and Karl's contention that the two parts of the
spin orbit term tend to mutually cancel (Chapter I;).
Therefore, equation (3.3) represents the whole éf the spin-
spin interaction. The first term is the Fermi contact term
which opérates between gquarks when they are in a state of
zero angular momentum, while the second term is the tensor
force which operates when the angular momentum is non-zero.
These terms will be.dealt with in greater detail in Chapter V,
along with sample calculations.

3.2 The Anharmonic Potential U

" Isqgur justified the use of the harmonic oscillator
potential in these wordsi "Since we have a three-body problem,
and since this problem cannot in general be exactly solved,
we do perturbation theory around the one soluble case: a
ha;monic confining potential. This choice turns out to
generate a quite reasonable set of basis states; numerical
studies have shown that the low lying states of many
potentiqls (for example, linear plus Coulomb) can be
approximated by wave functions of the harmonic oscillator
form."

In QCD, the short range po{é;%ial between two quarks is
clearly Coulombic. With increasing separation the poten;ial
tends to be linear. We may combine the two potentials to .

obtain

V(r,,) = —“S/rij—r ar, | ' (3.5)-

where oy is the quark-gluon fine structure constant and I,
2

‘ J
\ |
Y
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¢

is the separation in 'quark pairs. )

1 7 . » . ' . v
Gromes and Stamatescu, using a harmonic oscillator basis,

wrote the potential as

il

2 2 2
vV ' (x) Y he r + [V(r) =% ue'r | .

v (x) + U(r) : (3.6)

J
where u is the reduced mass, and U(r) is treated perturba-

tively. They point out that if V(r) is pﬁrely linear
’

vi(r) = ar . (3.7)

then t@e approxﬁmétion is quite good. 1In our case we have a

linear plus Coulomb potential. They remark that the

approximation is still good if the linear term predominates.
Isgur and Karlgnoied that it was the U term which broke

the degeneracy of the N = 2 level multiplets. Using the

’ hafmqniC'oscillator potential there is no degeneracy at the

ground state [56,0+] and in the negative parity [?O}i{l at

N = 1 level, but at N = 2 the oscillator potential has five

o

SU(6) multiplets degenerate. This is contrary to experimental

w

data for N = 2 positive parity multiplets. However, when the

U term perturbation on oscillator potential is used, we

obtain five distinctly spaced levels, breaking the degeneracy

L]
’

as shown in Fig. 8. | .

The actual éomputation of the U term perturbation was

"as follows:

¢

Three constants a, b,
' J

©

ingterms of Gaussian moments of the potential:

13

“

/

and ¢ were explicitly defined /o

s A .
R g e W SO
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»

and with the integrand still unsolved because of the unknown

nature of U, the energy is computed in terms of the integrals

a, b and c. . Jor

~
. , 44,
L e (20,19
. Y (70.2Y)
‘ : 4 (56,2")
: 1§ _ e
7 -~ (70,0) )
T o - ’ &
L5 " '
“ | N : . . (5§I’O+)
- . . ‘ ! . Fig. 8
Pattern of Splitting of Low-Lying Supermultiplets by U Term Perturbation
" °3,3 . T2 2
- 3a : / ( -a.p )
a = "172— I dp U(Y2p)(e .
a . ;
: 5 3 . : 2 2, . - @
b = i‘% I aop u(/zp)(e‘“ F’)'p o ’
7 3 2 2\, . v
c = % S dp u(vY2p) (e_a p')p ' . i (3&8)’
€ Tr N -
‘ ‘
where o was defined as N b
o T &
a =(3Km)* . (3.9)
’ Egpectétion values are taken with the U operator on
harmonic oscillator wave functions ,
<y |U(Y20) 9> : (3.10)
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The masses of the N

45'

=.2 multiblets were expressed in

9
terms of the results of the above computAtion as follows:

E[s6,01 =Eo * 20 -8 - « (3.11)
N E[70'0+] = Eo + 20 - %A , (5;12)
\ 2
Brsg,2%] = B * 20 - 4. . (3.13)
L 4 ) ) 1 ‘ .
E[70.’2+] = EOA&‘ZQ - -;A Lo (3.14)
®r0,1%1 = B * 2@ ¢ (3.15)
. o ' 1 . 5 5 1
where E°.$ 3m + 3w + a; Q@ = w-%a - ;b; A= - :@ + ;b - ;c .
- - 4 (3.16)
and T . -
w =" (3K/m) * (3.17)

. 9 ) .
As emphasized by Isgur and Karl, the pattern of splitting

'

;sAéctually in&ependent of the form of U. The negativexsign

qf&%n to A was deliberately assigned in order to make the
level of [20,1*] the highest ana [56,0"] the lowest, but

since the energy differences are expressed in terms of the

o -

moments a, b and ¢, the explicit form of U is neatly avoided.

at N =-2, the unknown nature of U itself does not hinder the

splitting.

B 3 1

3.3 The Consistent Quark Model

The inconsistency of the Isgur-Karl model(Chapter IT) -

was to use different values for’thé parameters for computing

o

Jo

Thus, while the perturbatiyé,effeﬁt of U splits the degeneracy

-
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:
the energy levels of the/groﬁnd state, Lhe first excited ’ %
positfbe parity state, and the negative parity P states of ?
baryons separa;elyﬁ As pointed out by Kalman and Halaoand ?
by Kalmahi the fault lay in computing the U term in the _ ;
SU(3) limit of m, =my = M. The‘consistent guark model o %
(Kalman and Haillo) resglves this inconsistency by ) o ﬁ
alléwing for quark mas; differenqes. The signif'?ance of ;

this adjustment needs to be emphasized. When‘Hetermining
thé energy levels of baryons of unequal quark masses, a
problem which is going to be progressively more engaging as

higher energy accelerators produce heavier particles with

?

At . T .

combinations of all six quarks and antiquarks, one will

.
PRES R

require several experimentally determined particle masses

~

to fit to in order to obtain parameter values. .Yet, with

few energy levels known, the same difficulty will arise as

Y

was faced by Isgur and Karl with respect to mesons in 1978 -

»

viz. too many parameters and too few known masses. However,

if the same parameter set is used for both positive and

-

negative parity particles, a substantially larger volume of

known data becomes progreésively available.

The second major contribution of the consistent quark
model- is to enable one to use the parameters obtained by

fitting to levels of one baryon in computing the levels of o
&

a second baryon. .What is significant in this contribution

r

is that it emphasizes the flavour independence of the model
. iy
insomuch as the two baryons may have very different guark

. 18 -

' »
content. Kalman and Pfeffer used the model successfully to
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[
compute the energy levels, firstly of baryons containing
one charmed quark, and then of baryons.containing one beauty
quark, in both cases using the selfsame set of parameters
that was'developed for baryoﬁs containing -neither charm nor

beauty quark. This technique involves the computation of
9 s

the pafameters of the U term.

The constants of the U term - viz. a, b and ¢ - were

defined in (3.8). Let these parameters be redefined és,being

those of the first baryon:

a(l) = a
b(l) = b.
c(l) = c . (3.18)

)

The correspondihg parameters for the second baryon are

defined as:

.3 3
3a s'é
¥

3 2 2
a(s) J d p U(/2p) exp(-sa p )

m

5 5/2 3 2 2
32 ST ;@ u(/2p) exp(-sa p )p
)

7 7 -
- 72 3 2 2 K
c(s) 3‘3—32— f d o U(/20) exp(-sa p ) (3.19)

2

|

b(s)

kil

The factor s is the link between a of baryon #1 to a

of baryon #2:
e2 2 S .
(¢ ) = a s . ‘ ) v (3.20)
From the definition of o« in (3.,9) it is simple to show from
(3.20) that for baryons contéihing guarks of equal masses

1

ErC
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' \ - - ." .
= (O P | |
S (m ) | . (3.21)
. Ty
where m and m . are the masses of the quarks in baryons 1 and
2 repectively. The corresponding expressions for baryons of

unequal mass quarks are siightly more complicated but are

- -

=

unneccessary for fﬁrmulation in meson spectra of the
Charmonium type which we are primarily concerngh with.

. 6 .
For paryons, Isgur and Karl obtain

L =20, E(S) =3m + 3w + a
. s
\\
L=1,E(P) =3m+4d0+2+2
273
N 5a 'c '
L=2,E(S) =3m+5u+22-b+$ (3.22)

a
<

and, using w = 250MeV and m = mu‘ md = 350MeV (Isgur and

6
Karl ), we obtain

a(l) = -650MeV, b(l) = ~-405MeV, and c(l) = -908MeV
(3.23)

By constructing guadratic approximations about.s = 1 -

b(s), and c(s) we find from (3.22) and (3.23) that

for af(s),
2
a(s) = A + Bs + Cs
2
b(s) = %(3A + Bs -, Cs )
2
c(s) =~ %(15A + 3Bs - Cs ) . o (3.24)
where A ¥ -170, B = -390, and C = -90MeV " (3.25)

/

*These parameters were obtained by,Kalman, Hall and

4
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15"
Misra using the original parameters of Isgur and Karl.

10 11
Subsequently, Kalman and Hall, and Kalman, worked out a
uniform parameter set which was used to compute both the
positive and negétive parity states. (The technique of

quadratic approximation will be fully explained in the

next chapter, although in this research the approximation

is quartic).
L

We now have the explicit expressions for the parémeters

of- the U term for any baryon in terms of the. corresponding
parameters of any other baryon, the dependence being solely

on the ratio of the quark masses of the two baryons. This

feature of the consistent quark model further emphasizes the

1

flavour independence of the DGG and I-K models on which the

consistent quark model is based.
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CHAPTER 1IV.

4.1 Baryons to Mesons ,
* ’ 7
The consistent quark model, as developed in outline in

, 15
the last chapter, was used by Kalman, Hall and Misra and by

19 . -

Kalman and Misra to examine baryonia. The present research”

t
has been on applying the model to mesons: in particular to
the Charmonium and Upsilon systems.

It was suggested by Isqur in 1978 that the low-1lying

=

energy states of mesons could be computed in the I-K model
from a baryonic perspective - i.e. by using baryon parameters

as a starting point and obtaining corresponding meson

parameters from them. This approach was attempted by Kalman

20 ) .
and Barbari. While the results conclusively showed that the

same forces occur in both mesons and baryons, the mass

“
predictions were not very accurate. The present research
deals with mesons ab initio: based on the consistent quark
model, the low-lying energy states of Charmonium are computed

using a harmonic-oscillator confining potential pertu}bed by
4

the unknown anhdrmonic potential U with fine and hyperfine
« .

‘ "9
corrections. In the case of baryons, Isgur and Karl neglected

spin-orbit effects, as has been explained in Chapter II, due

e

7
to the tendency of the two spin-orbit terms to mutually

This suggestion is considered in detail by

cancel.
» 21 3 »
Schnitzer. He noteS\that the sum of the two spin-orbit terms
« N :
depends on <r> adron’ Since <r>baryon is somewhat larger

than <r> =, one understands why the coefficient of L-8 is

absent in the Isgur-Karl model of baryons, is weakly

it T 2
R St
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attractive for ordinary mesons, and is more strongly

attractive for Charmonium." In view/bf Schnitzer's

N

:findings spin-orbit effects have beén included in the meson

Hamiltonian.

After coméuting the energy levels of Charmonium, the

consistent gquark model is uked to evaluate the energies of

the low-lying levels of beautyonium (Upsilon).

4.2 The Meson Hamiltonian

Each of the two systemé investigated, ¥ and T, has an
equal mass gquark and antiquark. The Hamiltonian has the
form

o *Q

H = 2m, + (H, + thp + H. ) z A (-8, ), » (4.1)

- where m_. is the mass of the c quark (antiquark) for the ¥

Q
system and of the b quark (antiquark) for the T system. o
‘\ +2 [2542 ) .
i i '
H =L 5= +V - (4.2)
o 2mQ o 4mQ
> -+
4 . .
H o = 'uj Ei'(§1.§2)63(§) + —; 3(§1yr)(§2 i
" YP my” (3 r r

gl'gzl ’ i . | ' (4-5

o

where r is the intérquark distance and E, §1, §2 and Au(—A*GL

are the momenta, spins, and colour vectors of the quark

(antiquark) , and g is the running coupling constant.

4

e
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. _f-\‘i:
Hso % Hso(16) * Hso(uo) , (4.4)
'3 - : ’ - ‘
A ‘
_ s 2 > L > s >
HSO(lG) = /3/—;—5——3[(§1 r x Py §2 r x Pps 2§1 r x‘pz
, o T ' . )
+28,:T x ';51)] , : (4.5)
which can also be written as ’ ¢
20:s f § ' > .
Hso(re) =~ —z35 o (4.6)
Q

~Y.

where 8 = §1 + §2 is the total gua¥k intrinsic spin and L is

the relative orbital angular momentum of the guark-antiquark

J:r . «

pair; e
"
H - .lav L8 ko (4.7)
so (HO) r dr 2 > . : )
L 4 m
Q
which can al?o be written as . o , ’
{_ 2K >
Bsomoy =~ —z L-3 . -(4.8)
Q 4
where
. 2
4 Q

and w is the frequency of the single harmonic oscillator

binding the quark and antiquark; . ' ' "
V = kkr + U(r) ' (4.10)
, , 9 , 4 g
where, by colour averaging, we have 2K = T3 k N
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where U(r) is the unknown anharmonic potential which perturbs
- - R Y

the harmonic oscillator potential.

.3 The Harmonic—Oscillator-Poteﬂtial

. The harmonic-oscillator wave functions for the low-lying

meson states-are as follows: -

, é%&‘ 2 2
Y = —3— exp (=%8 r.) (4.11)
000 %
) 2% 28§§ , ('% 2 2) Y (ore) 412
-y = (£ r. - 8 .
P s A LRI R UL (4.12)
y P A B 1.13
= .{— — - Y - % .
200 3 ;—31' p) B exp B r ) ( )
4BZ§ 2 2 2 )
. y = =1 exp(-%8 r) Y (8,9) (4.14)
: 22m /15 4% 2m ‘
y 1874 5 6% expions’e) ¥ (0,0 (4.15)
= r(z - - ) .
sim g LE L2 BT SR ) (0
= 4f2 B%& 3 . 2 2 - 4 1b
W33m— 105 ;;— r exp(-%k8 r ) YBm(e,¢) (4.16)
7Y L
_ 12 72 -]___5_ . -5_ 2 2 B r _ 2.2
oom W BTt exp(-%8 r )  (4.17)
3 826 2 9 2 2 2 2 L
\yHZm— 4 105 _,n,ii r ('2- - B8 r) exp(-%8 r ) Y2m(9’¢)
(4.18)
B8 e ons’s) Y (0,0) (4.19)
= r exp(~-%8 x ; 3 .
s4m  3/T05. o* 4 ’ '
whefe
- 4
B = (KmQ) (4.20)
. The contribution of the harmonic oscillator botentiai

to the energy of each 'state is given by
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4.4 The Anharmonic Potential (Mesons)

Calculation of the anharmonic pért of the poEential

U(r) for different values of B - i.e. for different mesdns,

each with its own flavyour of quark-antiquark pair - have

15

been discussed by Kalman, Hall and Misra.

For Charmonium we set t

First, we define moments of U(r) by setting ’

~

e 3

B t 2 2 ’
a(t) = % S 4 r U(xr) exp(=-tB r ) (4.22)
™ .
85t§/2 3 2 2 2 " -
b(t) = 3, S 4 r U(r) exp(—-tB r )r (4.23)
L ‘ :
. 87tzﬁ 3 2 2 4
c(t) = S 4@ r U(xr) exp(-tB r )xr (4.24)
d (t) —V—BStg f &'r Ul exp(-tir)x (4.25)
= r r) exp(- r)r .
il 2 - .
11 11, 3 2 2 8
_ B t 725 @ r U(r) exp(-t8 r )r (4.26)
e(t) =g -

ks

1l so that we have

n

a = a(l)

b = b(1)

c = c(l)

d = d(1) ‘

e = e(l) ' (4.27)

_.where a,b,c,d and e are five of the basic parameters needed

to pe set from experimental data. For the T system we
‘o 1\

v

construct guartic agp}oxima;ions about t = 1 for a(t),

E_ = (n+ o (4.21)

PR
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* .
b(t), c(t), d(t) and e(t).
The technique of quartic approximaticn is as follows:
We define . |
83 3 22
£(t) = 35 Jd r U(r) exp(-tB r ) (4.28)
I/ " “ ' .
y ’
3 .
so that we have a(t) = t/zf(t) which we ‘define as g(t)
. 3/ w ) * “
. a(t) = t2£f(t) = g(t) (4.29)
It follows that
5 '
b(t) = -t 2f (t) B
. 7 1
clt) = t2¢ (b)
2, ree
d(t) = -t72¢f (t)
) 11, L TN , ! ‘ .
e(t) =t "2f £ty . - . (4.30)"
B .\ ‘ ! * | . |
and . . ‘ )
£(1) = a
1
£f (1) = -b ,
," [N ’
£f (1) = ¢
ey N
£ (1) = -d N
ERK ) ; : .
£ (1) = e- : : - (4.31).
By further differentiation with respect to t we obtainl
[} ! , 3 ] s
: g (t) = % t"f(t) + t72£ (t)
" - ' 5 T .
g () =2 tTEE(E) + 3T (£) + £2E (b)
- .
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3 [
+ £2F (¢)

IEEEEN -5 -3 ' : _k . M
g = (t) = %g ™72 f£(t)- %t 2 £ (1) + %t %o ey
. % 19t 3/2 [ ] . .
FEETE (6) + £ (1) (4.32)

¢

We'now expand g(t) in % Taylor series expansion around
. -

t.= 1 up to the fifth term:

. 2 3 .

g(t) = g(1) + (e-g (1) + &M 1)+ L 47
4 Tt .

R et © . (4.33) -

Substituting t = 1 in (4.29), (4.30) and (4.32), and using

(4.31) we obtéin

Cg(t) £a + (t-1) (3a-b) + iE'—zlli (3a-3b+c) -
. ‘ 3 )
. - D3 2 v e - a)
: | u | |
+ L (Fa+dprie-eare | (4.34)

After'expanding and gathering like terms, we get
2 3 4 .
g(t) = A + Bt + Ct + Dt + Et . (4.35)

where

-t
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1
w
(4]

lon
+
c&n
1
N0

e

1
+ 357 (4.}6)_

b 3
T6 * 16°

A 1>

— 3
E = Tf?a +

-

RN

By digferentiating (4.35) with respect to t and once

more using (4.29) and (4.30) we obtain

X -3, 2 3 4
f(t)"=t 72 (A + Bt +Ct + Dt + Et )

£ (t)

-5 2 3 Y
At (-3A - Bt + Ct + 3Dt + S5Et ) .-

f' '(t)

; S

11 1_9/ 2 . 3 4
£.(t) = gt "2(-105A - 15Bt + 3Ct =~ 3Dt + 15Et))

IFE R 1 _;5 , , 2 3»“4 L
£f (t) = Igt ((945A + 105Bt - ‘15Ct + 9Dt - 15Et )

// ; ' €4.37)

and finally, the quértic approximation

LY

2 3 4
a(t) = A+ Bt + Ct + Dt + Et
T 2 .3 4
b(t) = %(3A + Bt - Ct - 3Dt - S5Et )
, ' 2 3 Ly
c(t) = %(15A + 3Bt - Ct + 3Dt + 15Et )

[l

\

-7 . 2 3 Y .
¥t “2(15A + 3Bt - Ct + 3Dt + 15Et )

£}
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. 2 3 4
I%-(945;; + 105Bt - 15Ct + 9Dt - 15Et )  (4.38)

Y A RN
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1 32 3 L
5(105A + 15Bt - 3Ct + 3Dt - 156t ) _ -

Y 3 At e e e

[
’

ta
. \
. \

Tke values-of A, By C, D and,E are obtained from a, b,. .
c,‘a and.e by setting t = 1 in (4.38). Thus the parameters

- for the T‘system are derived from those of the Charmonium

system by setting . -
t=‘%*‘ : " . (4.39)
c , . . °

. ‘ b .
where mb and"mc are the masses of the beauty guark (antiquark)

*and cHarm quark (antiquark) respectively.

Y

. .-It now follows from equations (4.1), (4.11) to (4.19),

i

$4.21) and (4.22) "to (4.26) that the total contribution to

the energy excluding mixing, hyperfine,.and spin-orbit
F . - .

' effects is , °'~r‘ ’ oo ‘ o
. _ 3¢ . . ' S B
B, (S) = 2my + Ju + a(®) q | (4.40)
B (g)'= om + 34 + 2p (t) o ' (4.41)
' o Q 2 3 ' ) :
E (S) = 2m. + Lu + 3a(t) - 2b(t) +.Z§kt) (4.42) .
o Q2 27 3 T -
E (D) = 2m’' 4 Lu’+ —c(t) - (4.43)
o'; ot 2 15 - N
E(P) =2m. + 2w + 2b(t) - 2e(t) + —a(t) (s 44)
EO(F) = ZmQ + Fu + 105 (t) . «(4.45) . | .
- o P .
‘ P % - -
’ 4 o \
AN . |
) ” - j
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v ’ '
Eg8 ) = 2m + 32w + $2a(t) - 5b(t) + Lo(g)

0 8 3

i + 2ee(n) ‘ | (4.46)
3 15 , s
PR 11 14 8 - oy
. Eg(D) = 2mp 4+ 5e 4 15 Ee(t) - Fgd(t) + 105 sree(t) - (4.47)
B,’ V
. _ 1r 16

Eo(G) = 2my + 3% + jgze(t) ‘ (4.48)

)

In evéfﬁating,the U(r)‘anharmonic‘pertgrpafion contri-
bution for each of the equations (4.40) to (4.48)kwe have
computed expectation values with each respec;ive.hafmonic
pscill?tor wave function of which a sample calculation is
shown in Appendix A. These equations give us the diagonal
eleménts of eﬁergy matrices before including the fine and

hyperfine coriectipns. Off-diagonal contributions also

occur from the mixing between different energy levels. ..

. There are five mixing terms up to n = 4. They are as follows:
Y

v ‘ « Iy
'<s|u|s'>'= <‘s'|t1|s> = Ea(t) - Eb(t) L e (4.49)

LY

: <s,_|U[s” > =<5 luls> = Fa(t) /:-b(t)

" _+'/_lz-c ) ' © (4.50)
-g\ ‘ t 7 .

sclt
- <‘S'lU|S”> <Sll |U|S'> _ -34ﬁa(t) _ 3

13

_7_0

'/Sb(t) DU

+ (t) -7—d(t) ’ (4.51),

<P |U|P> = <P|U]P 3 7~91—b(t“) -/%—c(t) ‘ (4.52)

<
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<D'|U|D>,= <D|U|D'> - 47 (4.53)

. : 1572°

This completes all the contributiops of the anharmonic

N perturbation to the confinement potential up'to n = 4.
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v CHAPTER V.

5.1 The Spin Dependeﬁt Terms

-

e T .
The ‘last two~pékms of the Hamiltonian of the consistent

gquark model come from the spiﬁ;spin effects:(hyperfine) and

the spin-orbit effects (fine). These two terms are derived

Hew
i
i
1
h
o
¥
(3
¥
s
T
z
i
1S
bg
u
.

in QCD similar to thei¥ derivation in QED. We will look at
a gualitative view of hese two terms before outlining the
main features.oﬁ their mathematical formulation.

Each spinning quark in the meson is a miniature colour

2t R e WA B, S

magnet or dipole. Two types of interactions stem from a

?pair of dipoles. The first of these is well known - the

oaa e e o

’ macroscopic effect of one magnet with another. This occurs
when one magnet reacts to the external magnetic field of the

(Fig. 9) -

- 3]
other Hi §external

e

.} contact force ' y

e e

‘ : Fig. 9.
° X R .
Contact and Tensor forces of Hyperfine Interaction,,

{

it

A
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In the diagram it is élear that colour magnet Ki reacts
to this external force of colour mggnet Kj only when it is
at some distance away from it. This is the tensor part of
the hzgerfine interaction. It occurs when the quarks are

!

not in a relative S wave. \

The second type of dipole-dipole interaction occurs?yhen

{ﬁey are in close proximity to one another -' the Fermi

contact term. In such a situation magnet Ki is reacting to
the internal magnetic field of magnet Kj - the interagtion

iy -+ j . C s . .
being Hi'ginternal' In the diagram this is illustrated with

;i in the left position. The contact force only occurs when
the two quarks are in a relative S wave, in which situation

the tensor force is non-existent. As an illustrative example
4
of the contact force we may cite' the 21 cm. line of the

hydrogen atom. In the ground state it is in an S wave

1
1

where tensor forces are absent?{ it is the contact force

‘which yields the line when the atom decays from the triplet

sfate to the sinélet state. P

The spin-orbit efféct of the meson arises from the
rel: e motion of onetquark’about the other in the rest
frame of the second guark. Just as a charge carrying,
spinning electron orbiti;g & charged nucleus in an atom is
subjected to’ a to}que z-3 force,'so a charge carrying,
spinning quark orbiting a,charged second quark is sﬁbjected
to a similar £6f§ue force. 1In QCQ this torque would arise

due to one colour magnet (first quark) travelling within the

chromoelectric field of the second guark. In the atom the |,

- R

——

[
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»

' force is mediated between electron and nucleus by a photon,

1
in a meson by a gluon.

The formulation of the spin-spin and.spinforbit portions

of the Hamilkonian in equation (4.1) can be obtained
conveniently if9we proceed analogously from QED to QCD. Since
this formulation is not an integral part of the work done in

this research, it is shown in Appendix- G. The explicit

expressions which are used in the calculation of spin-dependent
terms are obtained from the equations of Appendix G as shown

below.\ ' , .

’ , ’ . .
5.2 Explicit Expressions for Hyperfine and Spin-Orbit Terms

. 5.2.1 Contact Terms #

Combining equations (G.33) and (G.34), and including the

glﬁon coupling for coloﬁr wave fuhctions —(4/3)(1S from equation

> a >
(G.7), noting that §l=. % -, §2== % and (fof Charmonium and
Ups%}on) ma;; m = mQ ) we havi, for the Fermi ontac? term
. 4a ‘ 4"+ 3 .
T™—— _con __ s > 81 S..S § (r) ) (5.1)
H .(~§— 1°72 - \

hyp ™ 3, 2
Q

Since the contact force operates only between i-states, we *
r s

+

compute the expectation values of the S-states with the

. . . .
operator (5.1) operating on the S-state harmonic oscillator :

¢

B YT

TR LG B St @ kool 4 1 R b N __ 3}
.

1
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wave functions. A sample célculation for a contact term is

given in Appendix B. ) . .

. [

For simplicity, a factor GQ has been included in the

expressions where

4as B : : ’
(SQ = —_— - . ! (5.2)
_3/21r m -

Eind

Q

n

the fa;to} g having been defined in equation (4.20). s

The Charmonium Sc and the Upsilon Gb are related by

m. Y “ ’ ¢ . ;
8y = (ﬁ;’ 8. - . (5.3) .

where mc,and m, are the masses of the charm and beauty quarks/
respecfively.

The contact term has a-radial part and a spin part. For

the S = 1 triplet state, the expectation ¥alue of the spin

part is

<3sll§1-§2|3sl>'= % . , (5.4) -

— - [

«

~and for the S = 0 singlet state, the expectation Qalue of the
spin part is

T 1 3 : . . .
< Solsl‘32| So.> = —Z- (5.5)

The expressions for the contact terms are: )

'Y . . .
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~<s‘|Hcon.t|s> =% 5Q<|_§1 N E | ' (5.6)
5/ .
[ v 2 .
Fo, IHCOI’ItI S > =2 6Q<I§1'§2|> 5(5-7)
R e >
<S  |H,g, |8 > = 5/2 5Q<|§1-§2|> ‘ (5.8)
AN
with the following mixtures between different S-states:
' '
J -— — 8 .
~ i?lii_gontls > =.<8 IHCOntI_s> -—%73 5Q<|§1 §2|> , (5-9)
1 vy /
<SIHcOntIS 2= chontISP g 2312 6Q51§1'§2|> (%:10)
' e (] - ' 4/ “*.' 7
S [Hoone|S > = <8 IHggnels™> = 752 sp<l8i8: > (5.11)

5.2.2 Tensor Terms

The tensor term arise; for all non-S-states. Mixing of
tensors occurs between all even parity stateé or between all
odd parity states. There is no mixing between odd ‘and even
parity states.

l The tensor operator is obtained from-equations (G.38) and

(G.39). Inserting the one-gluon Coulomb type potential from

. >a ' +b
(G.30) in (G.38), again noting that &, = = 3, = =

m,o=m = mQ, and including the one gluoﬁ colour coupling from

(G.7) we qbtain the‘téhsor opefator

»

-

W v
P

. 4a 3(3,-7) (3,-0) o o
H;ens - s : [j_ §1.§2 . (5.12) .
yp 3mQr3 -~ rz ¢ .

s
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\ The tensor term has a non-zero contribution only for a vector

e

| potential, there is no contribution for® a scalar potential.

KTO evaluate the tensor terms, following Isgur and Karl, we -
\Fake use of the identity ’ :
\\ 3,-18,-7 - -8, , , g
<LSJ| 3 lL s J> =
r

) SRS ‘
<
(-) (J-L-s')[(zL + 1) (28 + 1)] % w(LL ' ss ;23)

-

R ' /3 . ' ,
<L)} =~ r, r ||L > <8|] —= 8, S,_|]|s >
opd TF F 2 : (5.13)
where * = Sin 6 elq’ ' "and
= DU e - o/ .

—_—

where W is the Racah coeff%cient and the last two factors are

+ the reduced matrix elements of the tensors whose components

e are displayed.’

A sample calculation of a tensor term is shown in

"
v

’ Appendix C. The expectation values of the unmixed tensor terms :
: ] are:
1 1
. "3 3 a2
< Pf’IHtens‘ Po>'= = =5~ 6Q . . (5.13
; ’ 3 : 2/2 .
) - , :
<PylH o] P12 3 8¢ ' (5.16?
w‘ b > ‘ :
4 _ o 2/2 - SR
< PylH ol P2> = 5 8o . (5.17)
P’ ‘ . .
% ! o : \ ‘
i < Dz |Higpgl D2> = 0 (5.18)
§ . ?Tdi?
ke 4
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3
< Dy |H

tens‘

3 _ 3
< D3lHtens‘ D3> =

<3P: ]H | P 4>
01 tens 0

f;ens| P 2>

<'F2lHtens] Fa>

3

< Fy[Hygnsl F3”
3 © 3 _

<"E**j*ﬂ‘t:ens‘ Fy> =

3 1
tens‘ o

3
< D I‘H

S |n | D 2>
21%¢ens 2

3 v 3
<D 3‘Htens‘ D s>
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(5.19)
o
(5.20)
(5.21)
(5.22)
(5.23)
_(5.24)
(5.25)
(5.26)
(5.27)
- (5.28)
(5.29)
(5.30)

(5.31)

(5.32)
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3

3 3 128/2" ‘ R
< Gs’Htensl Gs> = -~ 73315, GQ (5.33)
In addition to the above terms we have the followind

mixed tensor terms:

’,
o

& 3 3 _ 3 3 _ 4
< Dy [H ol 812 = < S1|Hegngl D1 = 15 8q (5.34)
3 3 3 3 _ 2v2
< DylHe ol S 1> = <8 alH | P> = 37 8 (5.35)
<3P IH ‘B/P' - <3P'.-‘H |3P > = - 4 6 (5 36)
. 01" tens 0 01%tens! “0 V5 °Q :
& ‘ Cp |H, !3P' > =<' |H IsP > =2 (5.37)
/ 11%¢ens 1 11%¢ens! ™1 75 °@ y
. LT}
<3P IH l3]?| s - <3P' IH |3P = - 2 s (5.38)
------ . 2 1%tens 2 21%tens 2 575 °Q :
’ 3 3. 3 3_v 4/42
<P 2lHtensl Fp> = < FZlHtens| P 2> =375 § (5.39)
3 \ 3 - 3 3 8v3 |
. < P2lHtensl F2>.— < F2|HtensI P2> = 5735 Sg ' (5'40)
~
/
<3D |H |3D' > = <D |H |3D > = - oo 8 (5.41)
11%tens 17 1l%¢ens! “17 577 Q )
b |H |3D' > = <3D'—IH ) 13D s =+ oy 6 (5.42)
‘ 21%tens 2 2 1% ¢ens 2 5V7 "Q )
S : ‘ .
.;SD ;! IQD' > = <D |H |3D' > = - =S 6 (5.43)
31%tens 37 - 3 1% tens 3 3577 °Q '
3 . 3 3 3 1 /2 )
. < S 1|Htens| D> = < Dl‘Htens‘ S > = 7-5— GQ (5-‘4“4’)

ht LY . . . - - e s s swes xey
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< SHlll-ltens[ D'1> - <3D'llHtensls’S”1> = T§73'7 %q (5.45)
<8 IHtenslzaD'1 - <3Di,1llhltenslasl1> - 72_5— e (5.46)
< sl]Htens|3D'1 = <3D'1|Htenslasl> = 27'%—(1) 5o (5.47) .
< .D'3|Htens| Gz> = <3G3|Htens] D'3> = -?733-;—3 8o (5.48).
- <3D;|Htens|3G3> =Z3G3|Htens.|3o3> = 326 5 (5.49)

5.2.3 Spin-Orbit Terms

L -
Spin-orbit terms come from two sources: the one-gluon

exchange potential as reduced by Thomas precession, and the
harmonic-oscillator potential. For-the one-gluon exchange

we use the potential from equation (G.30) and insert it in

equation (G.36). The result is

2a

H = 5
SO(1G) 2.3
my r

-8 . | (5.50)

And for the harmonic oscillator potential we use

= - 4 (ykr * 5
where the factor -% comes from colour averaging for mesons
shown in equation (2.2). Inserting equation (5.51) in
equation (G.37) we _obfain

~
i

3

4
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__ 2K 7, ! SR y
Hso(aoy ~ o2 L-s . | (5.52°)
0 .
where
2 _ .
o : : .
K=z m . _ - (5-53),

Expectation values for the spin-orbit terms are computed

with the combined operator

" 2a

= Sl - ,2K . ' ' .
Hgo = L 2.3 2 L-3 , ’ (5.54)
Q Q

For the calculation we noté the relation

<LsaM|T-3|L sam' > = 5[o+1) = LL+1)

(5.55)

—S(s+1chJ-5LL-~5MM'

.A sample calculation of a’spin-orbit term is shown in

Appendix D. The unmixed spin-orbit terms are:

[y

1 1 T
T < PI]Hsol P> = 0 A (5'.56)
2 : | _
3. 3 , : - e
< PylHg| Po> = - 4Y2 85 + ﬁg_‘ , . (5.57)
] . : © 2
3 3 . ug .
< Pl-IHSO] P> = - 2V2 6g + 75‘_6 _ , . (‘5.58),.
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. 3 3 . : - ‘
r < P2|Hso| P,> Q" Im L (5.59)

’ Q
P
H . .
3
Iy .
+ . ) ! >
. .

1 ' '
. . 2"
. : < Dy ‘HSO‘ D> = - - SQ + >m (5.61)

. : : Q . .
.

-~ 2
: 3 3 4v2. - -w s ’ ‘
? < DplHg| Dp> 5 - 5= 6g 5 - (5.62)

3 " ’ ‘
sol Ps” =5~ %0 Tmy S (5'6U
P o ’

. 3 v 3 v
- . < RolHg| Blor = m— sy v Z (5.64)

3
< D3 |H

. . -. ~ « . 2 , A .
i

' 3 1 3 . ’ .
< P IIHSOI P 1'>’= -5 GQ + 231 . . (5_65)
. L. - | 2. | ‘
P 3 3 : .
- <Rl fHg R oy = 4 6~ o (566)

i
- n 3 N 3 64v2 2(1)0 e : ,
< Ralggl Foorm - tg - (5.67)
L 2
3. ¢ 3 1672 w - )
< F’3 I_Hsol F3> = - 35 ‘SQ + ng—o ' (5.68)
IR 48v2 3o ' '
3 3 N W s . II
. <FquSOI E"-§> Te= —3-3— GQ - ‘E‘I—ng“' . (5«69)
' : K 2
' T3 . 3 . 10.2/.2 . 3wQ A ’ ]
LD lHgl D> = - —p 6 4 Wy  (5.70) °€
.Q‘. | /‘
i | .
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3 3
< G3 lHSOI
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< GMIHsol

3 3
< GSIHSO'

LY

3 . 3
< P0|H30|

3 4 3
< Pj IHSOI

3 3
< "Pz_ |HSO’|

-

3 3
< D, IHSOI

3 " 3
< Dz]HSol

L]

3
sol

2
3 34Y2 . (DQ
D2>= - =358 "
Q
2
3 68v2 ug
P> = 35 % " m
0
¢ 2
32/2 ° Suy’
G3> = = 37 S *om
Q
2 °
' 32/2 99
Gu> = - 195~ %9 *
o Q
o 2
128v2° ‘ZNQ
G5> = § -
105 Q m
Q
' B 37 i
Pg>=<P °IHSO|,P9> =
li 3 °
P 1> = <P |Hg | Py> =
'
M |
P 2 = < P ylHgy| Py> =
e 1 3 3
D.;> = <D IIHSol D}> =
' 3 "3
D 2> = < D ,|Hgy| Dy2g=
' ' ; 3
D 3> = < Dus|Hgo| Dg> =

and the mixed spin-orbit terms are:

t
[

72.

(5.71)

(5.72)

© (5.73)

-

-

(5.74) -

(5.75)

(5.76)

°

(5.77)

1(5.78)

. (5.79)
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CHAPTER VI. . . e

6.1 Publications | . o

’
S

: Three papers were submitted for publigatior: ‘;lhile this
work lw"as in progress covering the ‘three phases of the
,‘).appllcatlon of the con51stent .quark model to gyarkonia.( Thus
far two papers have been éubllshed and have been included in

thNis thesis as Appendices'E and F.

A ' ' A
pplication of the Isgur—-Karl ‘Model to Mesons ‘ y

{&;
// he! first paper (Appendix §) covers the 1n1t1al attempt

to apply the Isgur—Karl model to mesons, in particular the

I

low-lylng S states of charmonium. Essentially, it was an.

b %

/ ,
effort to show’ that theq‘\yé model worked for mesons as}well
(\ as it d1d for baryons. ' - . .

\
In the S states of Chamonlum we Ka@be four well -defined

?

expei\fkmentally known masses - the w(3097MeV)t; w (3685Me\7) '

N (2984Mev) and Ne (3592MeV9 Slnce the expre551on for the

g &F
‘unknown anharmqnlc po;tentlal lS 1dent1calgfor pandn ¢ as also -
a o]

the splitting between lP andn . d again

for ¥ ar;d n ,
c
L}

between ¢' and n.r is caused only by the ‘contact term of the

hyperfineginteractlo,n. And s:.nce we are dealing with S states

a

-there are no tensor terms nor spin-orxbit corrections. ’The
wa o VA B ) , . . - »
Hamiltonian is therefore simply
o o - ° . '
I 4 t .
. . . !
CH o= a2 4 s AT [ v ] : (6.1)
H = 2m, - % [ HO con . ‘

4 —
.- .
Y - k

where m, .18 the mass of the cham quark, and where the

harmonlc-oscillator term Hﬂé includes the perturbation by

¢

{

r

3
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the anharmonic potential U(r).

“

a

-

.
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The problem, therefore, was

P 4 .
' to ‘determine three unknown parameters: E;, which was the

rate energy for both ¢y and u with the exclusion of the

d:?et

[] ' s B
hyferfine term; E,, which was the corresponding degenerate

' ) L]
energy for ¢y and Mg r and §, & parameter which arises in

the forﬁulation'of the contact term and was defined in

equation (5. 2). It is repeated for convenience.

|

J

3
4958,

by = T
W 3/ m_"

L

The two matrices were as follows:

‘For aBd w'

"For and
e e

A

LT2Y2
Bo + =3~

"

+

- .
-Eg .7'72/3 6m

4

After determ

P

*

m

3

J B

-

b

»

o

[

@

b2l

(6.2)
. Y
i
- “?ru "' ‘ e ‘:-
- . (6.3)
. 1]
~3 a
4
4 I
L A ’
' (6.4)

o , Co ‘ '
ining the three unknown parameters, one

. . . o - ‘
“final calculation was made in the first ghqsé:_ The parameter

’
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~6m is directly’related'to the.corresgondiné parameter for
beryons Gb through the hafmonic osciliator’spring constant
which is the -same for both mesons and baryéne. By'setting

up this rélationship between the value of 8 o?tained in the
research and the‘baryon paraﬁeters ogtained earlier by Kalmanl,1

" the mass of the charm quark’ was computed. The felevanqe
i

equations were: : ) R
4 ‘ :
4us(muw) . .
Gb = =2 - (6.5)
3/2r m
u
» ‘s » -
% 3/2T Gb . - . l ;
S = (M/M) = (w Jfu) 5y ‘ . (6.6)
4 ’
/
where m is the mass of the up quark in baryons as obtained :s
R )
by Kalman. The frequency of the harmonic oscillator w is ‘ o
. | ’ &
»linked to the parameter B - - (
e/"\ - ' , ’
8° = m w_ J ° o (6.7) _
, / ) // . .
o \ N ‘
and -the frequency of the meson dscillator e is linked with
' the freguency of the baryon ‘oscillator
- ) " A } .
Y ‘ ' ”' .
. - 3 . / :
Y 'l wc - (4mu/3mc) 'wu . ‘ . 1 * (608) .
) . . . C ’
- ‘ 3 Vo
The results of- the caldulation will be discusseq‘later o f‘v"

- . °

iﬂ\thls chapter.

-




6.3°y and T Systems in a Consistent Quark Model

o

v

The second phase of the research, presented in the

second ﬁaper (Appendix F) ° had the following objectlves-

(a)
- (b)

~(c)

(d)

To use exc1u51ve1y meson parameters, .

N

To determlne the masses of all stable states of«Charmenium
4 -~
upto n = 2,
* 15
To utilise the technique of!*Kalman, Hall qq@ Misra to

calculate tbﬁ parameters of the Upsilon system from the

corresponding ones of the Charmonium system in keeping .

o

with the consistent quark model as outlingd in Section 3.3.

To use the parameters of the Upsilon system thus obtained

to determine the masses of stable states of ‘the Upsilon
=~

system upto n = 2. This phase only exteﬁépd upto n = 2
. I\ .
because Charmonium has stable states only upto n = 2, and

-

. 10
because the U-term expansion by Kalman and Hall which-
permitted the parameters of one meson to be transposed to-
those of 'another .had only been done upto n = 2.

The use of the consistent quark model to obtain Upsilon
. b

energy levels essentially from Charmonium parameters tested

the flavour independence of the model. . . -

. L3

All the terms of the meson Hamiltonian (4.1) were,

computed for the various states. In the Charmonium sector

there were six unknown parameters M w

c' 6c, a,'b' Cc -

? - 3 .t 3
and seven experﬂmentally known states - ¢( S;), ¢ { S1),

1 - ) v 3 .
ng  So)s 0 ( So), x( Po), X ( 1), xl Pz) In the UPSilon

3
e

system there vere two expeflmentally known states - T{ sl)

e 4 g dee e e

@ and T (- Sl) o All *:he experlmentally unknown states were

“»
“2’5 *

L i

MR D0 D

e
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N .
3 ! \\‘ ‘
predicted by the calculations using only one more parameter -

-m. The results will be discussed later in this chapter.

6.4 Full Calculations for y and.T Systems

The third:phase, of the research was essgntially'to
extend the work done in the second phase upto higher energy

levels - n = 4. There were now nine unknown parameters

L4

altogether, eight of them in.the Charmonium sector (mc, e
éc’ a, b, ¢, d, e) and only one in the .Upsilon sector - mb.
' " tr 3 e
In the Charmonium sector there was one more - ¢y (S; ) -
! ’ . e 3 ey e 3 .1t
and in the Upsilon sector eight more - T (8 ), T . (S ),»
3 3 3 3 3 3 . . ‘
Py, Py, Py, Py, Py, P, - experimentally known states availa-

. 3.
ble. All experimentally unknown states upto - Ggfwgre pre- /s

dicted; The results will #% presénted and_discuéséd later

!

in this chapter.

6.5’Results

)

The results of the first phase are given in Appenéix;E,

' i
By fitting to the known masses of ¢y and ¢ , the masses of_qc'-

and ne were predicted with good accuracy. Using baryon data

1
11 - ) 'S . .
@from Kalman and using equations (6.6) and (6.8) the mass of

"
« the charm quark was obtained as m, = 1450MevV, b

L4 ' .
The results of the second phase are given in Table 1 of
Appendix F. 1In the Charmonium sector, 6 unknown parameters

- a, b, ¢, v, § and m, - were found by brute force substitu-
L ] : N

tion which yielded the known experimental masses of %, ¢ , Ner

/

' > "
nc,x(3415)and Xx(3510) , and predictions were made for the

1 "3 3 s 3 ¢
.masses of the states P,, D;, D;.and Dj3. ‘In the Upsilon - v .

.

. sector, since there were only’ two expérimentaily~khcwﬁ states,

a
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t 1 ¢

the mass of the b qﬁﬁrk, the only new parameter, was obtained

as m = 6188.6 MeV, with which the computed masses for both

R ” )
T an@ T had only 0.018 % deviation from experimental values.

The compositions of the states after mixing in the
o / .

U term, the fine #nd hyperfine interactions are also given

v
v

in Appendix F. o

For the third phase there were eight positive parity

¥ .

states to fit to comprising both Charmonium and Upsilon

. . L L} 1] . .
systems (y, v , nc, nb, T, T, T, T ) and nine negative
3 . e

3 3 -
parity states ( Py, 'P;, P, in the Charmonium sector, and

3 . 3 3 3. 3 1,3 v ¢ ) .
Po, Py, P,, Py, Py, P, in the Upsilon sector). There
. . .

Sl At weten s am rad

‘were mine parameters to be obtained to fit to all the . 1

seventeen states. The first fit was made to the positit¥e

o

parity states. The parameters were slightly adjusted from N

those obtained in the second phase. The parameters obtained k
4

m_ = 2681 MeV, w_ = 502 MeV, a‘c = 38MeV, a = -2943 MeV,

were:

g

b = -4500 MeV, c = -12040 MeV, & = -44900 MeV, e = -209795 MeV,

‘zmb = 6282.1 MeV. ) ‘ ' '

However, this parameter set_did not give good agreement

. 26 .
with recent experimental values of negative parity states.

To obtain a different set of parameters for better agreement

ety

with the'negative parity states the approaéh was made by
beginning with the Upsilon system and then working towards‘
"the Charmonium system, ‘a switch which was equally valid in the

consistent quark model. This change of approach was made

1

because the diffic&lty in’fiﬁting was mainly with the T P

v

states. For the positive parity fit, the Ppsilon sxstem‘
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parameters, comp@ted from the Charmonium parameters given in

\

the last paragraph'by using equa;}ohs (4.38), (4.39) and

9]
(5.3),- together with the relation
4. mc . . ) '
wb = "1:— 7 ‘ . (6-9)
: /
. #  were w = 328 MeV, §_ = 13.1 MeV, a(t) = -2964 MeV, b(t) = =
-4277 MeV, c(t) = -10918 MeV, d(t) = -39711 MeV, e(t) =
19717 MeV. To obtain theﬁtter fit in- the .negative parity
states, relatively minof adjustments were made in the parame-
ters: b(t) was decreased by 7 MeV to -4284 MeV, d(t) was
decreased by 2 MeV to -39713 MevV, §,, was changed to 11.5 MeV
’ and mb and mC were altered to 5976 MeV and 2704 MeV respec-
tively. Results obtained for both positive and negative
4
pafity states are given in Tables 2 and 3.
- The composxtlon of the states after m1x1ng in the U term,
fine and hyperflne lnteractlons were as follows-
. 3 3 3 1 ' .
e |y> = 0.9594 | S;>+ .2634| 8;>- .0567| S; > e
3 3 -
+ .0522| Dy>+ .0655| D;> (6.10)
e p . -
'
N ' 3 3 3 v
ly >= - .2470| S;>+ .9446| S;> + .2051| S, >
3 3 , ’
+ .0511| D;>- .0453| D;> . ' (6.11)
(R -~ 3 ‘
v >= -.o41's| S,>- o752| Sl> + 1121| sl >'
AN . - :
+ .9585| b1>+ 2478} D1> g . - (6.12)
® L B | :



® * 1 . 1 1 ’ 1 0
Ing>= .9726| Sp>'-.0897| So> -.2143| 54 >

‘ 1 1 1 1
In_>= .0999| So> +.9943| So> +.0372] So>

\

1 1 1
|'Pyo>= .9060| Py> +.4233] Pp>
. <

¢

L3 3
| Poe>= .9802| Py>

.3 - 3
| Pye>= .9218] Pp>

/

PN
—_

. 3 3
| Ppe>=..8876| Py>
{

N 1 * 1 .
‘ D1c>='-9399| D>

1 . .
‘ 3 -3
- | Dao>F -9443| D>

o3 . !
| D3g>= .9278{ D3>

3
+.1982| Pgy>

3
+.3876] P>

3
+.4601| P2>

3
+.3292| D,>

3
-.0222| Fp>

1 -
+.3415| D>

3

3 3
++3731| D3 %.0004] Gj>

\\

~J

3 3 3 0,
[1>= .9478| $;> -.2919| §1>+.1258]| Sy >

3 N
v -0.0343| D> +.0

%,

3
062| Dy>-

] 3 3 3 1
|t >= .3173| s;> +.8924| S;> ~.2888] 5>

. . 3 E 3
e +;l386‘ D1> +.0187] 'Dl>

o]t o>= L0137 8> -

. )
+.9421| Dy> +.

3.l’
.1440' Sl>

37
3023| D>

. 3 0
'+00118| Sl >

i
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(6.13)
(6.14)
(6.15)
(5.16)
(6.17)
(6.18)
(6.19)
' (6.20)

(6.21)

(6.22)

(6.23)

. - .
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] 1oy 3 3 v T3 0
|y »>= -.0282| S;>-+.3126 S;> +.9486] S;>
3 s 3 ' ‘a o
+0268| D;> +.0272| D> . ‘ (6.25)
’ : 3 3 3 -
< |?*Vs= -.0727| 8,> +.0212] Sy> ~-.0260] S, >
- 3 ' 3 .
: \ -.3022| D;> +.9526| Dy>° (6.26)
’ .
1 1 1 e L
Ing,>= .9231] S +.3730| S,> =-.0932| sS4 > (6.27)
v 1 1 v, 1 n
Ing>= .3788] Sy> +.8410] Sp> -.3864| Sp > (6.28) ]
. , ‘;
< 1e 1 ' REN 1 1t . '
|r1b>='.0657| Sg> +.3920[ Sy> +.9176| S, > (6.29)
' 1 ' 1 » iy 1 . ' ’
- | Pyp>= .9722| P> +.2340| Py> | : (6.30)
.3 3 . 3 , '
.| Pg>= .9999| Pg> +.0171| Py> ' (6.31) ) ,
3 T3 3 : -
| Pop>= =.0171| Pg> +.9999| Po> | : (6.32)
» . 3 " 3 .
. | P1b>= .9821[ P1> +.1885| P1>' ) t (6&33)
S N |
. N ) . .
3 3 3 \
| Pip>= -.1885| P;> +.9821| P;> (6.34)
; L3 3 I 3 -
: " Pop>= .9576] ;§§A+.2874[ P,> +.0194| Fy> (6.35)
A} . . .
S | . 1 v 1 @ . ]
“ | Dap>= .9354| Dy> +.3536] D> '+ (6.36) ]
. w . .
. P S
L \M’ ) , - ‘ l
hro——r i et . & , 4 ' ¥ L . ‘.—‘,J»



_.obtained for baryons.

,.l,n . 1 1 0
| Dzp>= -.3536| Dy». +.9354| Dy> \ (6.37)
AN
3 3 . 3 oL
| Dop>= .9390| D> +.3438| D,> (6.38)
; — .
3 3 3 ’
| Dop>= -.3438| D> +.9390| D,> (6.39) -
. \ L
3 3 3 . ~3
| D3p>= .9251| D4> +.3797| D3> +.011] Gg> (6.40)
T3 3 3 3 '
| Dayp>= -.3798| D3> +.9247| D3> +.027| G3> (6.41)
A3 3 , 3 3 :
| G3p>= .0006] D3> .~.0292| D3> +.9996| G3> (6.42)

6.6 Discussion of Results

The\kirst phase of the research simply indicated that
the Isgur-Karl model could be successfully transplénted fxah
baryons to mesons. Thé % deviations obtained forﬁthe masseg‘
of N (0.63%) and n; ﬂ0.67%) were about the same as .those
(Kalmaﬁlobtained the masses of ground
state baryons within a 0.7% deviation). ‘The mass of the ¢
guark obtained as 1450 MeV is about the same value as that.
used in Charmonium models. (For example, Kané7fixes m, =
1376 Mgv).

For‘the second phase, Table 1 of Appendix F shows thag

v

the % of seven of the Charmonium states is less than 0.03%

-

which bears out very well that the consistent guark model -

can successfully be applied.to mesons. The one exception is

o
\

b a

[

N P = SN
s .



3
the mass of the D; state where there is a % deviation of

> 1.94%. But this state is just-above threshold fqr disinte-
gration by strong interaction pair-production into charmed
mesons. So this state is not a vaiid test of the model since
thefé are undoubtedly contributions to this®mass from the
strong deéay of this state. Héwever, the corresponding 3D1
state in the Upsilon system is below threshold for sfrong

pair production. When this mass is experimentally obtained,
it would be~intere§ting to noté whether or not the % deviation
is'we;l below 1.9%. ' '

The second phase is also the first application in mesons
of the major feature of the consistent quark model - viz.
that the parameters obtaingd by working on one flavour of
quarks can successfully be used to compute the mﬁsses of a

)

different flavour of qugrks. This feature underlines the

“fiavour indepéndence concept o% the original DGG model on
which the Isgur—Karl model and the consistent quark model are

. based. ' . ‘ | ,

Another interesting feature.of the second phase res&lts ;
' is 'the composition of the stateés in the Charmonium and Upéiloq g
systems. In the Charmonium sector the states are essentially é
unmixed, but in the Upsilon sector both states contain almost

]
equal mixtures of S and S .

¥
The third phase bears out that a

a3 e e

eat many states of
S —
both the Charmonium and Upsilon systems can be computed.from

relatively few parameters. Tables 2 and 3 show that gener-

«
[RPAyEREh—

ally there is good agreement between computed and experimental

’
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Tremes o

lmﬂmp wrure  eremms

“

. The one disturbing feature of:the thigdlphaSe is that
the parameters used for the positi;e parity states did not
give good results for the negative parity‘Statés. Adjust~
ments had to be madé to the parameters to improve the P and

! o . i .
P states, after which the agreement between calculation and

'experiment was excellent. In this regard two points may be

mentioned. Firstly, the adjustments to the parameters were
relatively minor. Secondly, data on tﬁe negative pafity
st;tes first became available only during the course of the
research; it is difficult to assume that this initial data
on the P states is firmiy accepted. Subseq&ent experiments
have occésionally been known to chahge ea;lier‘d;ta. A more

substantial test of the model will come when experiments

within the next few years yield data to confirm or prove

.erroneous the vast number of predictions made in the higher

energy levels of the Upsilon system. If forxthcoming data
does indicate that the prediptions are incofréct; it would
be proper to conclude that*the model in its present form is

limited in its accuracy to low energy‘levels only.

Y it K o, "

h’—f;’

R

W el g st - A r
L 2 R e Loy



e

¥ _System

Table II Masses of the states of the

GeV -

in

EXPERIMENT

-state

'3.10

°

3.77

’

2.98

3.59
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R T

/

3.48

3-48’
3.77
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Table IIT Masses Of the States of T System in GeV, -
. k ) N s ! " . a
* EXPERIMENT CALCULATING
9.46 " 9.46
10.02 | 10.13 -
. 10.35. - N 10.23
" 10.58 10.61
10.83
»
' 9.32
T
10.10
\ - 10.56
9.90
9,86, 9,85
)
9.89 1 9.90
9.91 ' 9.91
~ - 10.29
10.23 . 10.17
10,25 - - 10.25
‘ 10.27 10.33
‘ 10.24
10.24
. .g
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STATE EXPERIMENT . CALCULATION
3 3
Dy ’ 10.23
3 o k/ S
1]
10.88
3 ]
D, 10.87
. 5}
3 ’ N
Dy = : 10.91
1
F3 10.41
3
F, 10.42
3 1Y
¥, . . 10.42 .
AN E]
3 -
F, 10.41 1
- / 3
lGu 11.03 i
3
3 3
G3 . 11-04 . K
3 e
Gy 4 11.03
3 ' . '
Gs . 11.01
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CONCLUSION ¢

"This research has essayed to show that a specific
combi%ation of potentials does yield good results for the energy
levels of mesons - viz. a harmonic oscillator potential,
perturbed/g; an unknown anharmonic term with fine and hyperfine
corrections. While it is contended that the fair accuracy of
the results show that it is a goéd appréximatidh of the true
nature of quark binding forces in mesons as it was done earlier
in baryons, it is presumptuous to say; as this pdint in time .
in- the absence of sufﬁicient experimental data, that the model
has universal applicability.

This research was done in three phases. A few pertinfnt

s

guestions arise when a tritijcal comparison is made between the
results of the secon ird phagés. The later results, which
include somewhat higher energy levels of the two mesagn systems,
. do not have the remarkable accuracy of the second phase: while

the percentage deviation of the 3econd phase averages.less than

0.03%, that in the last phase has a mean of 0.7%, and it is in

the Charmonium system that the deviations are higher. Another '

gquestion relates to the use of the brute-force technique to

i

obtain parameters. In the second phase there were 8. experiment-
ally known values to fit to in order to obtain 7 parameters,

in the third phase there were 18 available states with which
i
to obtain 9 parameters. The hit-and-miss method of the brute-

force technique becomes much more difficult to use successfully

when the number of states multiplies, particularly when the

v B
~higher states are sensitive to slight alterations of only 2 of

»

¢
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the 9 parameters. This problem was experienced during the

research, But' there is no mathematical tool yet devised to

replace the brute-force technique in a search for parameters

in a research problem of this nature,

fhis research has alse tried to show the validity of the
consistent guark moﬁpl for mesons by underlining the flavour
independence of the strong force. It is a significant triumph
of* the model if a siﬁgle‘parameter set can beiufilised to

determine the energy levels of mesons of any flavour. Although

in the third phase of the research slight modifications had to

L
s

be made to the parameters to obtain better f%ts to tﬁf P-states
of the Upsilon system, the reéults of both systems were
essentiélly obtained from one parameter set. In this regard

it should be mentioned that the very same parameters as obtained
in this research were used fruitfﬁlly by D'Souzgeto calculate
energy levels of sevgral mesons with mixed flavour quarks: in
pafticular of the uc, dec, sc, ub, sb, cb and db syst%ms. The
fact that D'Souza obtained very good results for his problem
further supports the validity of the parameters deduced in the
present research.

Is the model good only for low-lying levels? Time will
tell. When accelerators produce particles of the Upsilon system
*in the D, F, and G states, the accuracy of the 14 predictions
made on the basis of the model will be tested. More detailed
experimental data is required before one can definitely assess
‘the applicability of the present model to compute energy levels

of all mesons.
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APPENDIX A ,

\

Sample Calculation of a U-Term Matrix Element.

’

veoc e
<8 |u(x)|s >

-f8 483 %15 522 Buru 2 2 0
Yygo = 15/« 3 - 58 r + 5 exp(-%8 r ) YO

)%'fh

»

0
where Yo = (1/4n

(A.1)

5 _ 5,22
<wuoo|U(r)l¢uoo = 47 15 Vv é 5 " 53 r

3
_1l5 B = _ 22
B ;;; g U(r) exp(-8 r ) dr
)

B =y 2 2 2&
73 é (r) exp(-8 r ) r dr

wm

- o

,87 © 2 2 L
—3; § U(r) exp(-8 r) rdr

772

) wru
W

9
B

@ 2 2 [
é U(r) exp(-8 r ) r dr

'
W)

m

¥,

311 ® 2 2 8
v, g U(r) exp(~8 r ) r dr
™

F1N
wn
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Using'equafions (4.22) to (4.26) and putting t=1, we get
1 3 ' '
. - . ; E 4 e
P00 DD [huog> = 3= a(l) - sb(1) + 2y - 2 a
’ +.2_ (1) (A.3)
, " 15 .
, ) | ‘ | .
N i .
. $ L.
P < ' .
. - '
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APPENDIX B

A}

4
Sample Calculation of a Contact Term. -

»

From equation (5.1),

4a 3
 BCOP - __52{2—[ 3,-8,5 (r)}

hyp
3mQ
o F) —
3;5 4 4 »
=/8_ [ 48 15 _ 5,22 Br) L2200
Y400 —/irs (7—n)(8 28r + 3 exp ( lssr)yo‘ ‘
h ’ . (B.1)
" .
where h
yY
Y = (1/47) 7
. 4qo
' ' s 8 1 o0 * 3
<5 ]Hcontls 7= 3m 2“% e é v 8 (ry1p)wdr(3,-8;)

Q (B.2)

Only the first term of y,y5¢ contributes to the contact

»

term.
<S”|H |S”> —°4as 8r 1 8 48 | 225 ('S" .3 )
: cont - 3.2 3 A7 15 /n 12
m
Q
1 : 3
4a
= 5/2 3, §2 (B.3)
3/5;mo

Using the value of %3 from equation ..(5.2) we have

1 ”

<s |H s '> = 5/2 8 3-8, ' . (B.4)

contI . .

. /
- *
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APPENDIX C

From

From

From

. .
‘ 974
.
-
LT - ' 3 3
Sample Calculatl?n of a Tensor Term. < D ZlHtensl D, > ) /
equation (5.12) f
> .2 c > - :
ytens _ dag 3(31'1)(§r'r) ) §1'§z g
hyp 3m02r3 r2
b
equatidxy (4.18) A
$ S i
[Z 37/2 2f7 2 2\ 2 2 -
Yyom = 4 105 —-—1/{. r 7~ B r exp(-%8 r )‘Yzm (qel¢) {;
s
A} N .
equation (4.14) }
4 i
4 BZQ 2, 2 2 .
Yzom = 775 T T exp(-%8 r ) Yo, (6,9)
™
Inserting the values of the gphe}ical harmonics
5 [a4g’\% 22797 2 2- 2 2
Yu21 = 58 ( Vo Br(—f—er)exp(-%er)
% - 15 : Sine Cose el (C.1) %
i 71.1,- - i
» >
* {
. 3\ :
* [g 48 2.2 7 22 .22
bu2y —‘/% (7;,—) B r (5 B 1) exp(-4p r )
A 3 :
X [—g %% Sins Cose e l%] (C.2) ‘y

.
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We use the identity

N\ %
_[4 48
—._ V221 -/'ig (7;,—)
. x [!5

.

2 2 2 2
B r: exp(-%8 r )

15 %
2

2

Sine Coso e_l¢]

<LSJ—|r-3{(3§1-:Ac) &,-1) - gl.gzl} L s3>

= (-)(J"L-S )"[(ZL +1) (28 +1)] % wLL'ss

€

27)

/3 : : /3 ' '
x <L|| 2—3r+ r.|lL > <S||'2— S1.S2_11s >
1 ’ r . 4

' 3
’ 3 o 4 2 [4 V3
Yy21 | '2—3 r, 1'+|IP22_1> = m\/; (7?,—) 2—)(-
. r

e T s - T A it R Lo e G
v

E

(C.3)

o 2m.m 4 b 2 2 2 2 2 *
* '6 'c‘; é B;: (%-Br)exp(-ﬁr) Sin 6
- r /
2 onia . 2 2 .
x Cos ge 21¢ Sin ee21¢ r Sine dr d¢ ds (C.5)
3
‘ o f
where we have noted that ' o :
o . |
S asl 2. 2i¢
r, r_ = Sin “ge (Q.G)
o '.31
/3 o~ a L F 8 o aqm.q ¢4 3 .
< r. r -1> = = TR 7
wuzllﬁ—;; + Tplv22-1 7 :g > 0 0
R 22y s 2 272
x (5 - B r) Sin 6 Cos o exp(-B‘r ). dr d¢ de (C.7)
/
1 ’
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ST The 6 integration isg :
{
+ . ' 5 2 e :
T . _ 16 —
. é Sin & Cos 6 de._ 165 ; . (Q,B)
The ¢ integration yields’ 2rm. (C.9)
sies . .
‘The r integration is . ‘\
w7 4 37 2 2 . 65 . 272
é 5.8 ¥ exp(-8 r ) dr -‘g B r exp(-g r’).dr
" \
‘ s 1 [ L] _ 0 1@ =7-1=3 (C.10)
2. 28 ‘ 28 a 74 :
The first reduced tensor.is the inéégral.divided by the
Clebsch-Gordon coefficient. ‘ )
- )
: ) /3 v
C.G.Coefficient for <2-122|2221> = 77 (C.1)
First reduced tensor “ _
: —
. /e 3 . ~
--2 3% (27) (16/105) (3/4) (V7/V/3) ,
N . u . ’ -
3 [
__8/2 8 (C.12)
b, 35 Vn : 3
i' " @ j
g Forathe\spin°term we have ?
8 . '
3 A . :
i g
¥ V3 s . ’ 1
{ < " S S > = ® C-13 5
o x; | 378 8 Ix" > 3& o (C.13) ]
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The cf%efficient <1-122|1211> = -g- | ,
. ’ . C . /3 _ Y5 _ /5
;. ) The‘dée ond reduced tensor is 3 X 357 , (C:14)
~ [r+ nes+ ] %= s S (c.15)
4 . ' - v .
’ For J = 2, (—1)!‘7“1"5): -1 . (C.16)
. & \\ ‘ ' ~ A
. ™= The Racah Goefficient W(2211;22) =317 [ % (C.17)
‘The tensor term is ! :
’ 3 3 fos f-82 8, 1 [ ;
) o <D 2 [Hpgngl D2> = sm. 2 \ 35 e e (-1.) (T('J_ 3
! . ) N mQ ' ¢ . I
N Q .
. !
Al 4 : (3
_ ’ 4 o B ‘
. , - s ] (C.18)
' | e ST | 3/ m 2 . .
. - Q , .
; Using the value of % given in equation (5,,2'), we obtain
3{ A . . . .
4
! : . )
! . 3 3 ‘ 4 . . . , b
‘ ¢ D2 lHegpl D2'>' T 577 % ‘ \ (C.19). ‘
: i
H
¢ ., . ’ L .
- N
' g %
P 7
' Q
A . 4
. - 1
RS T "‘" A ': ke - . B X . . ' R s . h Tt '.'".'.'""' L""""""j’*':":.‘:;‘;'.}



[ e .
‘ 4 +
’;‘\
+ :
v : ‘ . \/ , ) 1“010
¢ . ¢
. , : ‘ v w.
' TSmw- APPENDIX D .
. " ) ' ¢ . 5
o ] ' 3 . 3
Sample Calculation of a Spin-Orbit Term. < F;|Hgg| Fp>
.o*\:\\‘ ] ‘
" From equation (5.54) we have
¥ . ! ‘
" ' ' 2a
R H =S _ - 2K 1.3
. i SO n 2r3 ‘m 2
‘ “ Q - Q ,
From equation (4.16)
89/2 2 {2 .
waa“rn = 4 —105 —IA r EXP(-?Q'B { )Y3m (el¢)
v . .
& ’ 3
25 LK _ 8 48 2
d V3sl—5=7 = Flv3s> = 105 77 = T 2
] ~ my. T .mQ ‘ my .
6 6
. « 2 2 2 .
X [a o8 § exp(-B8 r )rdr
< B S 0 . i
r : ,,
“ \ 4
LN aind !
n | . ;
. . =6 6. 2 2 2 o . f
. - K { B r exp(-B r )rdr ] + (D:1) ;
: ;
The/first integral is \ ’f
/ » 4
i
6 o 5 2 2 .6 r( ) . . o
B / r exp(-B r ) dr = a B == oy . (D.2) |
0 . 28 . S 2
A | ) ;
o . The second integral is : ¢ ‘ :

N ,
- , , Y

E T . 6 o g 2" 2- ] : , . - |
- :fKB \5 r exp(-p r ) dr = KB Tf992) - K3 1054w _ 5
L : | - . . Z8” J 28°\ 16 : |

§ .r /m,' ¢ . n" . . s . ' (D.3) | ’
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s 2K 4 105 K/ 5
<‘p33| 2 3 2 l‘\b33> = 82/ ( ){ ( T j ;?;
my T, m, - my /r {105 3
, i
’ : 3 ) - 2 (’*
_leva [ fesf VO 7 35 x  [372mmy ) i
- — 2 2 3 * :
35 3/2mQ 8v2 m 4o _B gs
. iR
' :
Using the wvaluée of 6Q from equat’;ion (5.2) we obtain . i
. [
chas | 204 S 1672 , |, _ 35 K | ‘ |
3 2.3 2 - 0 / 2 (D.5)
é
my " m, 35' 8V2 m, 8 a%
, A ~ - 3
For the value of 1.-$ we note that for the (state F,, ¢
LEL='3,.-_S=l, J=2. Hence, ) . ?
, ~ ;@
27, 2 2 ) :
1§ =%0 -1 -8") =-4 _ (D.6) -~ sj
. |
h Therefore we have i
3 3 :"
<F2|H|F2>=—4M5 1 - — 35K x
SO . 35 Q 8/2m 26
QQ
- = - §_4_'/_?. % + 51(_2._ y (D.7)
5 PR
3 mQ :
:
We now use tl%e value of K from equatioa (4.9). ‘Finally, ‘ o
— 3 2 . ’ . H
- 3 3
< Fp |Hgo| Fp> = - 64V2 4 20 - , (D.8) !
S0 0 / :
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Application of the Isgur-Karl mode! to the low-lying S states of charmonium

C 5 Kalman and N Mukeny
Concordsa Universiy Elemensary Parucle Physics Group. 1455 de Masonneuve Boulevard West,
Monrea!, Quebec, Canada HIG IM8

{Received 4 Augus: 1932)

¢ .

" The low-lying S sutes of the charmonium system are used s a 125t case for the apphication of
the lsgur-Karl mode! 10 mesons  Firung exactly to the & and ¢' masses. the masses of the 7,
and n, arc obtained mthin 0 ™ of the experimental values The constitwen: mass of the ¢

quark 1s predicted 1o be 1450 MeV

Recently’ the Isgur-Kar! quark shell model. which
has been highly successful in the treatment of the*
baryons. has been used 10 examine baryonia A,
more interesung application 1s to the mesons  An
ideal test case is the low-lying S sutes of charmoni-
um since the basic features of the model can be sum
manized by three parameters and there are four
known swates Also. by companson with baryon dau,
the mass of the cquark can be obuined

For a system of quarks in the §sute, there are no
spin-orbit or tensor hyperfine imericuons  The
Isgur-Karl Hamitonuan for charmonium in the S
swate then has the form

H=2m~(H+H\,) 3 AtAl, (1)

/here m, 1s the mass of the ¢ quark. and

?
Ho= IP,’/ZM,+P— ZP,]/IM,. )
Hn‘,-‘;"‘?’(i“s,)a"w ). ¢)

15 the interquark distance and Tand A*
{=A**) are the spins and cnlor vectors of the quark
{sntiquark) Fimaliv

Ve [3kr+U], @

where U'(r) 15 some unknown potential whach incor-
porates an aitractive potential st short range (a
Coulomb-1ype piece derived from quantum chromo-
dynamics) and deviations from the harmonic-
oscillator interacuon at large distances Ignoring the
hyperfine intersction. the mass of the ¢ and 7, and
of ¥ and n, are identical  The nouton £, and £g
will be used to indicate these energies The corre-
sponding harmonic-oscillator wave funcion for ¥ and

N 15

b, - fm cxp(—-—ﬂ’r’) 5

“ and for ¢ and n, 15

g"

w)l‘

n
2

3

- ]

}-B'r-r’]cxp(—%ﬁlr") 6)

The hyperfiae interaction not only sphits (y.n,) and
(¥'.n,) but also’ (. ¥') and (n.. 5 Evalusting
this interaction using Eqs (3). (5}, and {6) for v and
¥’ yields the mixing matnx

2% 2
FEALAY
Eo 3 bas -\ﬁbu
3 . (7}
73-5‘4 [d*h/)_&u
\
and for o, and »,.
£o-2J2_6~ -2\/56‘[
~2138y  E¢-3Ibw) ®
where
a,-u,ﬁ’/smm,f " 9

There are three parameters and four known
masses Fitting exactly to the mass of the ¥ (3097
MeV) and ¢ (3685 MeV) yields a best fit 10 the n,
(3003 MeV. % change = 0.63) and », (3568 MeV',
% change = 067) The % change 1s compared 10 1the
experimenial values® of n, (2984 MeV) and v, (3592
MeV) These correspond 10 £, = 3077 MeV', E,,
= 3652 MeV, and 5, =224 The parameter §1n
Eqgs (5). (6), and (9) 15 related to the frequency of
the osallytor by the equation

A= tmu, . GO

-~ The parameter 8, of Eqs (7)—(9) 1s related to the
parameter -

b=da,(m,w)/3Tum] un

used in fits (o baryon data* as follows
By=(m/m) e /u, (81231}, a2
3264 © 1982 The Amencan Physical Society
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assuming the quark-quark ‘interaction s flavor in-
dependent and wsking into account the different color
factors occurring 1n the meson and baryon cases

u,-(dm,/3m,ﬁ. (13

Using the values w, =274 MeV, 3 =265 MeV, and
m, =385 7 MeV derived in fits 1o baryon data® and
the value 8, =22 4 MeV obuined above, 11 follows
from Eqs (12) and (1)) that m, = 1450 MeV.

This simple problem seems 10 indicate that the
Isgur-Karl model-can be successfully rransplanted
from the baryons 1o the mesons

The mass of the ¢ quark obtained above as 1450

MeV is about the same value as that used in char-
momum models. (For example. Kang® fixes

m =1376 MeV.) Also, the % deviations obtained
above for the masses of the 7, (0 63%) and =,

(0 67%) at the same level as obuined 1n the
baryons (Kalman* obtains masses of the ground-state
baryons within a 0 7% deviatiog) Full-scale applica-
lions of the model to the ¢ .:3‘{ systems are
plsnned to se¢ if these positive 1jdications work out
n dewasl. ‘'
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¥ and T systems in a consistent quark model

C S Kalman and N Mukem
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The n,. n;. P. and D states of the Y sysiem as well as the misung 'P\. 'D,.and 'D states
of the ¥ svsiem are calculated based on a parameter system obtatned from the known
masses of states of the charmonium svstem  The results are consistent with flavor indepen
dence of the potential however, the compositions of the states are found to differ in the ¢

and Y systems

1 INTRODUCTION

The genera! framew ork for models based on quan-
tum chromodynamics (QCD: has been descnbed by
‘De Rujula. Georgi. and Glashow ' This consists of
short-range g-¢ (or g-§. forces dominated by one-
gluon exchange and at large distances a scalar con-
fimng potential Within this framework Isgur and

,Karl"~* iptroduced a model based on a harmonic-

oscillator-confimng potential to descnbe the specira
and decay couphngs of the ground-state and low
lying excited baryon states, here each set of level of
alternating panty has been analyzed with a different
parameter set  The effects of a Coulomb-1ype force
denved from QCD and of deviations from the
harmomic-oscillator form at large distances are in-
corporated 1n an interaction term Uiz, ) Kalman
and Hall' and Kalman® have discussed modifica-
tions of this latter term so that & umiform parameter
st can be developed for all baryon calculations
Such a consistent quark mode! was used by Kalman,
Hall, and Misra” and by Kalman and Misra' 1o ex-
amine banyomums A more interesting apphication
1s to mesons Recently Kalman and Mukery® suc-
cessfully applied the basic Isgur-Karl model 10 a
study of the low-lying S states of charmomium It 1s
the purpose of this paper to present a full calcula-
tion of the masses of all of the low-lymg’sum of
the ¥ and Y systems

II CONSISTENT MODEL

The mode! empioys a Hamltomap of the form
H=2mg—(Ho+Hy,+Hso) I ATAY, Q1)
-

* where mg 1s the mass of the ¢ quark for the o sys-

tem and of the b quark for the Y system, also

2

HU=ZP':/2’"Q-['_. |2P,j:/4rno. (2.2]"
I L]

87 = = -~
T(s,-s,m o

4

”nw= 2

Img

r

-
J
Hso=Hso 16 ~Hsono + 220

e
HSO 6 = 3 e P

mo-r <
e Xl

-‘2-5'1 FY_P':—{S.:'F\—P-H .
(2.2d
P
Heomo =-—_—2‘S| l’XPy—S’ APy, (2.2¢/
meg

where 715 the interquark distance and F, S, and A°
(—A*?) are the momenta, spins, and color vectors
of the quark tantiquark) Finally

V~=[—;kr’+Um}. (.20

where U(r) 1s some unknown potential which in-
corporates an auracuve potential at short range
Coulomb-type piece denved from QCD) and devia-
tions from the harmomic-oscillator interaction at
large distances

In applications to the baryons, the spin-ortat force
1s peglected from the beginming Thus 15 based on
calculations by Isgur and Karl® which indicate “that
spin-artnt forces, sf present at all. are at a level
much reduced over naive expectations ' Isgur and

2114 € 1943 The Amencan Physical Society
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Karl’ suggest that this result 15’ due 1n paiv to 2 can-
cellation between that part of the spin-orbat interac-
tion ansing from one-gluon exchange [Eq (22d)}
and that ansing from the harmonic potential [Eq
2.2e))” This suggestion 1s considered 1n detm) by
Schrutzer '" He notes that the sum of the two spin-
orbit terms [Eq (2 2¢)) depends on (r ) ppen  “Since
7 Jtaryors IS sOMewhat larger than {r) ., one also
understands why thie coefficient of L S ts absent in
the Isgur-Karl model of baryons, 1s weakly attrac-
tive for ordinary mesons, and more strongly attrac-
tive for charmonsum ™ In view of Schmutzers' find-
ngs & spin-orbit term has been included 1o this co
sistent model for mesons although 1t was chsregard-
~ed in the corresponding model for baryons

The wave functions for the low-Iying meson states
are as follows

m=£¥:-cxpf— B, 23
Y1 -(—i'“ ZB rexpl — 1 BrY ,16.6)
24
n{'m=(-?'"i,“l—ﬁ‘ —rhexpt— 8770,
2.5
Yyim = ~‘/—_;L~I—;"Bzr expl — 7B 1Y 16,60 .
° 26
where
B = kmg 27

The contnibution of the harmomnuc-oscillator poten-
ual to the energy of the state 1s given by

Eo=tn+7lg . (281
where '
wg?=(4k)/mg 29

Calculations of the nonharmonic part of the poten-
tal for different values of B [Eq (27)] have been
discussed by Kalman, Hall, and Misra ° Based on
this work,'" we set

atn =g /m)
x [ d'r Utriexpt~1prh) , (2.100)

bln= (g7 \
x [ dr Utrirtespl~1firY), @100

cUI=(8 12 /17,
X fa"r Utrir‘expt —18°r1. (210X

For charmoruum we set (=1 and use g =ally,
b =bl1), and ¢ = i1} as three of the basic parameters
needed 10 be set from expenmental data For the Y
system we use the quadratic approximanon

alti=A +Br +Ci?, “ (2 11al

bi=(34 +B1 —C1*1/2 (2.11b)
and

cltint 184 + 3B - Ci*1/4 2.11¢

« The values of 4. B, and C are obtained from a, b,

and ¢ by setung r=1 mn Eqs (2.11) Thus the
parameters for the Y system are denved from those
of the charmomium system It then follows from
Eqgs 21, (2.3)—(2 6), (2 8), and (2 10! that the 10tal
contribution 1o the energy excluding mixing, hyper-
fine, and spin-ortut effects 1s then

EylSi=2mg + Jug+altl, 212
EyPi=@mg+ Twg+Sburt, 213
EOIS'h=2mQ+;wa*%a(ll—ﬂ)ll)-&%cu) \
214
4 1 .
EglDi=2mg+ swg+ i), 215

where 1= | for the charmonium sysiem and
t={m, /m )" 216

for the ¥ system

In addition to mixing caused by the hyperfine in-
teraction, the nonharmopic potential U stself has an
off-diagonal contnbution

Up=(SiU|S)=(S' U §)
=031t -(3 1 Qm
[~

The quark and antiquark also interact via gluon
exchange giving nse to a color-magnetic force [Eq
{2.26)) For the S states, there 1s no spin-orbit or
tensor term [second term m Eq (2.2b)) The only
contnbution 1s the Fermi contact term {first term in
Eq (2.2b)) This interaction not only sp)ns ),
1Y, (W50 and ITm;) but also'=® (d,¢),
(Y,Y'), and (7,,%;) Evaluaung this interaction us-
ing Egs (2.2b), (2.3}, and (25 for ¢, ¢ or Y,Y'
yields the mixing matrix

23/2
Ep(S)+ —3—69 Up+—= \/i
2 Q18
Up+ ﬁbo EolS' )V + ‘/_269

‘,
Iy

Vs

et et d e
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" the spin-orbit contnbution to the P and D states cal-
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2116 ¢ s KALMAN ANDN MUKERJI 2
where Ej(S1. EglS’), and Ug are given by Eqs mixing matnx s
2 -
(2.12), 12 141, and (2.17), respectively, EySi— 2‘”69 Uo— 21738,
b, =4a,B /3 Tom/’ ooem Ug~2 T8y EotS1-23b, | 221
and The P and D sustes, on the other hand, have no con-
= s 12 20 tnbutions from the Fermi contact term  Following
By=me /ma 1 220 Isgur and Karl" the tensor term is easily evaluated

Symilarly for 17, 7;)and (n,.7, ' the cortesponding from the 1dentity

(LS] r=Y38,78,7-8,"5: L'SU)=v— ¥ =U-S[12L + 1 2S - )W LL'SS".2)

Cx (L IR, LIMS 135,80 5. 222
where B 15 a Racah coefficient and the last two fac- N 5 0l .
tors are the reduced mainx elements of the tensors CD: Hen °D2)=+ 15 b (2.29
whose components are displaved Thus applyving
22 (26 22 s 2
Eqs (2.2'and (26 to Eq 1 yields 0D, He D))=~ 8y 26, 2.30.
(lpl Htem IP‘)=0. 2.23 103
. a3 ‘ The tensor interaction_also mixes the ‘D, state with
CP, Hyno P= 3 oo . 224 the ’S, and 'S, states Here making use of Eqgs
T 231, (25, and (26 in conjunction with Eq 2.22:
(P, Hew Pp=32s, (225  'mphes that
teny 3 . - 3
3 4
CP i 'P==1t2eg 2.260 Dy Hen 'S¥=+ by 230
(ID: H.m, ,D;)=0. 2.27 (’D, Hlm\ !Si = -ﬁ—“(%]'/:b’ 23
42
¢ e D))=~ —70, . 228
Dy Hiem DV 15 b 228 Since
(LSIM TS L'SIM)=s{JtJ+ D=L L =« =515~ 11)8,,8,; by 233

F
.

) oy &3,
culated from Eqs (22bl, (24, and (26115 OD: Hyo 'Dy)=— —3=bg=wo’/2mg .

(P, Hso 'P))=0, 238 {240

3 3 =413 - 2 3 a
<F0 Hsyo Po>— 4 250 wo /ﬂlg . ("D; ‘Heo ’D))= 8;260‘-09'/’"9

235
N 24D
P, Hyo *P))=-2V1bg+wpt/img
(2 36 Il CALCULATIONS
Py Heo . Py =+22bg —wp'/2mg Examination of the previous section shows that
17 there art seven parameters to be calculated. namely,
. @37 g b c b, m,and m, Allbul the lasi one can
(‘D Hso ' 'Dy)=0, 2 38 be calculated from the charmonium sector® The 'P,.
12V3 ’D,, and D, suates of charmomum have not yet
D, Hy, D))=~ S bo+3wg’/2mg . been observed and are predicted in this paper The
D, state is just above threshold for disintegration

239 by strong-interaction pair production intq charmed

s
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TABLE | Masses of the low-lying states of v and Y systems 1n MeV  Input parameters are underhined

v Y
State Expenment Calculation Deviation (5 State Expenment Calculation De\nnonﬂ"l'x
v 3097 3096 2 -0.027 ‘Y 9440 o441 6 ' 0018
¢ 268S 3684 2 ~0021 T 10000 9998.2 . ~0018
n ' 2984 2984 8 0025 N 93693 )
”n 3592 35928 0023 m 9996 8
‘P, 35208 P, 101789
‘P M4 4131 -0.026 Py 101306
'P, 1507 3%07 = 0021 P, 10169 ¢
'Ps 3551 3550.1 ~0024 Py 94 |
'D: 3838.2 'D; 2982
‘D, 3768 18409 194 b, 102851
‘D, 184 9-§ 'D, . 103777
D, 3829 3 ‘D, 10304 1

mesons The mass of this state 1s presumably affect-
ed by this decay and 1s thus nof suitable for fitting
to the parameters  This leaves ¢ 5,3, ¥ S} ). 7,
('So). m, USp), X(34155 CPy), X(35100 Py,
X(3550) Py} From Egs (2221 and (2334, 3t 1s
clear that once two of the P states are fit 10 the
parameters, the value of the third state 1s obtained 1n
a model-independent manner The values w=1390.5
MeV, ==~30049 MeV, b:=—44303 MecV,

= 113499 MeV, 6=2163 MeV, and
m, =27490 MeV were obtained by brute-force sub-
stitution until the masses of ¥. ¥, 79,. n;, X(3415,,
and X(3510) corresponded to the expenmental values
within approuumately 002% error ( <) MeVi The
corresponding predicted values of the masses of the
'P,. 'D,, ’D,, and ’D; states are found 1n Table 1
Note that the mass of ¥(3770) (*Dy) daffers from the
expenmental value by 19% As noted earlier, this
15 not 1 test of the model since there are undoubted]y
contnbutions to this mass from the strong decay of
this state The value of m, i1s obtained by fitung to
Y °S;) For display purposes it was decided to use
the value m,=6188 6 MeV which equalizes the era
ror between Y (S} and Y 1’S11 With this single
paramcier and those already obtained for the char-
monium system, the masses of the entire T spec-
trum up to n=2 arc obtained The results are prven
in Table I Finally, for all states mixed by the
nonharmonic U term and/or the hyperfine interac-
tion, the composition of the states after miung 15 as
follows:

[ ¥)=09974 3§8,)-0.0639.°S;)
+0.02751°D,), 3.

|¥')=0.0649 ° 35,).40.9966 ’S)) —

+0.0508: °D, ) , (3.2)

|7 )=09725 'S;)-0.2330 Sp) . (.3
19, )=02330 'S,)~09725 'Sp), 34

*Y)=07413 ’S,)-06711.75;) ' ‘

+00142.'D,) . . STYY

Y'Y =0 6712 3S5,) 40 7413 'S}) "

—-0.0016 D), (1.6
" Imy)=07294 'S5)—0.6840 'Sp) . (.M
19, ) =0 6840 'S;) +0 7294 1Sy) (3.8

IV DISCUSSION OF THE RESULTS

Two interesting features emerge from the results
First of all, the values of the masses of the Y and ¥'
states are obtmned using the potential denved from
the charmomium spectrum The only parameter
used 15 the mass of the b quark Thus the results are
consistent with flavor independence of the potennal
Second, the composiion of the states as grven in
Eqs (3.1)—(3.8) 1s very different in the charmonium
and Y systems In the charmonium system the

states are essentially unmixed, but 1n the Y system .

both states contan ajmost equal mixtures of § and
§’. In both sysiems there 1s very httle admxture of
D suates. Since the *D, state mn the Y system 1s
below threshold for strong par production of
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'

charmed.-mesons, a determination of the expenmen-
tal values of the mass of this state would test the hy-
pothesis that the roughly 26¢ deviation Yrom the
known mass of the corresponding charmonium state
15 indeed due to tts decay properties
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- APPENDIX G

Formulation of spin-related expressions.

~. 2 " In QED the field states are given by
\ " )
\\ .
) F*V = 3¥aY - VAt ‘ ' . (G.1)
T

where F*V is the single field strength which replaces the
electric (E) and magnetic (ﬁ) fields of ordinary non-rela-
tivistic electro-dynamics; where a",AY are electromagnetic
4-vector potentials; and ]

) ) N

u i ! . . s .

W =
, 3x
‘ . ‘ »

In QCD we correspondingly define the field strength

MV _ aHaV Vil WV
ek’ = o¥a) - a¥af + a_ £, ANAY (G.2)

which comes from the non-Abelian gauge field theory, where

A~

ag is t@e strong interaction coupling constant, fklm are
the SU(3) structure constants, similar to the SU(2) structure
constants ‘ijk; aﬁd where the new index k refers to the
eight coloured gluons of QCD in place'of the single colour-
/ iess photon of QED.
There are 8 conserved coibur—charges in QCD:

- cC _ ™23 .0 oV, Vv : : '
R = @ 50+ gy, 6 Am} | (G.3)

o 1
[N I RUIY S0 FEY SIS G SR, g e <3 ——
. o o - - - I e L PPN SOt DI A P, T
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where the first term in the integrand is the current density

due to the guark charge and the second term is the charge

contribution of the gluon; where the FE matrices obey the

commutation relation

c c o c ) ) ' oy
[Fi , Fj] =i £y Fy @ .4)
\ - t
and where FE is related to the 8 Gell-Mann SU(;) matrices Ak
c _ ,
Fio = % . R G.5)
*The meson colour wave functions are ’
c 1 i, = _ . , .
Y - 7'§ ) l qiqj >
1= - -
= 73 (lagap> + lagag> + lagag>) G.6)

A 4

v

Fig. 10

v e e, /)
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Wﬁen a quark and antiquark couple through a gluon dg
g;ing emitted by one and absorbed by the -other (Fig. 10) the

coupling is given by

i .
gz= . \sab (gsxab)(gslﬁh) 59
ijabcd V3 T2 2 Y3
A 4
, 2
=39 =3, . . (G-7)
~

‘We can now write the QCD Lagrgngian,density'fdr quark-

i *

'anﬁiquark forces

a{__;l; ey _ = T u_]“ - ‘
ocD = A Gk Gk q [lYuD. m| g (G.8)
-

where Giv has been defined in (5.2), g,q are the spin L

fermion fields of the quark, antiquark, the matrices y; are

the usual matrices of relativistic quantum mechanics. Also,

D" is the covariant derivative ; )
) »
) u 3 x . o
D = _3;-; + 1 gS —‘5 Ak ’ ’ ‘ (G-g)

and m is the mass of the quark‘(antiquark);

®

The QCD Lagrangian density is similar to the QED .

g : . Lagrangian density

L.

2 2 ’
Lopp = - % PP = m(@E - B - (@-10)

o

- - . RTINS 2 ST

P
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To study the bound state in a meson we can use the Bethe-
22 "
Salpeter (B-S) equation of relativistic quantum field theory.
M A
The scattering amplitude in a quark-antiquark scattefring

7 4 - A

process is given by the matrix element
by (K%)= <01T{qa(§1) , 5b(;‘2)}|MES°N> (G.11)

‘which is the B-S amplitude‘df a meéon, where qa(;l)' ab(§2)'
are the field operators éf a quark and antiqg?rk respectively,
T is' the time-ordered product, |0> the vacuum and |MESON>, ;
meson state which is a quark-antiquark bound ;taée. )

In momentum-space representation, the Fourier t;ansform

R
of the scattering.amplitude is - )

xab(51,§2) = o )q J d xy; dx expfl(gf}l + szzﬂ
ki3

x ¢_ (X1, %2) G.12)

We can consider the meson as being created in a quark-

antiquark scattering process. The inverse propagator for a
kd N Lp
quark .and antiquark (§; ¥ mq) is displayed in Figure 11.

; 1 (P1- mq) S
93
q
b
. 2 <
(P2+ m_)
q p )
ab ) Fig. 11
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In Figure 11, Pl,Pz in a time-ordered scattering

4
process are obtained from Feynman diagrams,where Yu = -iYuPu'
The scattering process can also be represented .by a two quark,

. ' ”' L.
two antiquark scatter‘ng process as shown in Figure 12. W

Meson -

Fig. 12

’ Graphﬁcaf Representation of B-S Sdattering Amplitude in a

: ’ . Two—quark;Two—Entiquark Sbattéring Process

. . T

" . .
In the diagram kFig. 12) g4 is the two quark - two antiquark
Green's function. Tﬁe Fourier transform of the two particle
B—S_kernel Gab in the configuration space B-S equation can be
written in-the lim‘F P2 — M2 as a;b(pl, P2 p;, p;) which
is also a Greén's function. We then have the propag&tor for
¢ o the meson

/,

(P - mg) Xap (P1 - P2) (P2 + mq') =.

Las

~ ‘

4 [P 1 T I ' .
J dpy 4dp; Gab (P1+. P2+ P1: Pz)xab(_Pp_ P2) ' (G.13)
v ~ v’ . ‘ »

“ VIfﬂthe scatterihg prdcess is done with large tfansfé% of

. - ]
; momentumn, we are in' the region of asymptotic freedom which

3 - s - ) B , . n e - M n e e e ettt

rd
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115. ’*
can be approximatgd by one-gluon exchange. The use of.the Jé
Coulomb gauge is,justifiable. - .g

If the process is considered instantanéous, the équlomb ?
. potential.for the spin-independent pért of ;ﬁé B-S kernel has ° i
the fo;mu; n i ’ %
e - G(t)Ya"yb f%_s_ , ' @ - (G.14) '
and in this non- retardatlon limit the spln-dependent part ‘of
the B ) kernel has the formz3 , ?
. i : i
‘ b 2% [+a sb  +as |\ +b» | A
¢SL® = 16(t)yay —3—5- a® &7+ (3% ) (3% (G.15) 7
where Za,'éb are Ehé‘pirac a\matrices.‘ ]
The objective of the formu}ation in this section was to 1
i, 6btain‘equatioﬁ (G.lS) which is thé part of the B-S kernel o 5
whigh leads to spin-$pin and spin—orbit interactions due to "f‘
~ ..  the colour magnetic ;oments of the quarks. The instantaneous or :
- or non-retardation limit is justifiable where the situation
permits us to consider the scattering process non-relativi-
' sfically.~
t In configuration space this three dimensional B-S .
\ . amplitudeumay be written as ~ ' ' 0
1 3 L > . )
/) wéb(x) = 7 d q‘elq'xf dqoxab(E,q) ~ © (G.16)
(2m) ’
; | .

AR bty o are @ E - . - ,
b 3 . N
. ‘ - . y
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. ) 1
For heavy quarks, in the ﬁon-relativistic limit, if we neglect
24

. small components), Yab is a solution of the Breit eqdation ‘<

.\\

Hpbop (%) = Bvu(o ' (G.17)

¥
. E N . o« 24—~ - 4
where HB is the Breit Hamiltonian

\-\

)

, . , .
Hp = Hy + HJ - U(X) - (Gf18)
<« | ‘ y
where Ha’ Hb are the Dirac Hamiltonians for the quark and » .
- - L+ ’ <
antigquark and U(?) is given by

%Y

3 -7,
—21i sd k e K

i - 2
U () v2& (% )yD

= Vg (1) + Vg (%) N

>

where VSI is the spin-independent part such as a Coulomb’

S is the spin dependent paft.

The Dirac Hamiltonian is -

>

H= o (B - gh) +8m +qp = ” (G.20)
q ‘ .
where m, E and g are- the rest mass, momentum and charge of a

'free Dirac particle, o and B are the usual four-by-

four (4 x 4) Dirac matrices, R is the vector potential

of the external magnetic field and ¢ the scalar potential ’ \
y

within which the particle is moving. In the non-relativistic

\

O . . ) R I e N s LT R T NG P S sk’ 2 i e
N . N N bt
-



limit we may use the reduced Dirac Hamiltonian by retaining

-
e .- LS
- g s e BT S, - 4l N
x-w. UL DT WL PN A. T
RANTIR Qe L o : .
> R

Tl

only the leading. terms in a power series expansion of the

“ \ A
"Hamiltonian in powers of v/c or inverse quark masses. To %
.obtain a power series in the inverse quark mass, we perform %

. 7

. 25 &

a Foldy-Wouthuysen transformation. §
- 4

org

3

SRR

In the Dirac equation

o

[
ol
ol

= Hy @ T ' . (G.21)
a unipéry transformation is performed on ¢, )

v =Sy S | (G. 22)

B

where the hermitian opefator‘S<is the generator of the unitary
transformation. The purpose of the unitary transformation is
to ‘reduce the cbefficients of the a-dependent terms in H ‘by
aé.ﬁigh a power of 1/m as desired.

We now have

' . . )
LI o ‘ : G.23)

' i -1 “7 . - .
; | H = e'® ge1° (6. 24)
. N - N N '

Expanding, we obtaiﬁq for. the one particle case '

PPN -

H':= H + [is,n]_+ [%is,[is,a]]+... « |  (G.25)

. 4
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where the first term of S is given by

8 = - iy°ag/2m ' . (G- 26)
13

»’

For the generalisation of this transformation to the two

23 . . .
particle case, we have for the Breit Hamiltonian

’
- b “>a-> >b> e
HBU_ B m, + B my + VSI(r) + agq-aq+ Vs(x) (G.27)
and the transformed Hamiltonian is
v : a 2 b 2
- H = aama + Bbmb + Vg (1) + B @3y + B 3Py
2m 2m
a b
a b
—E_ 3% - £ @by’
8m 8m
a Y o}
+ 1 +a- -+ >a->
8m2 Q ql VSI (X)]Ia q '
a .
+b+ +b+
+ I SI(X) ] ] . »
+ [Ex q, V (r ’ ab§]+
4mamb
Bm_ - B 2 :
+ 2mb VS(SE)!] +eo : (G.28)
2(m_ ~ mb )

'

It is important to note’that in (G.28) the potential has. been
generalised to replace the Couiomb potential given ig equation

(G.14). The spin-independent potential here is .

118.
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Voo (x) = V(r) + S(r) | (G.29) 7 - 4
S1 &

where V(r) is a general vector exchange potefitial replacing
equation (G.14) and S(r) is an arbitrary spin-independent ¥
scalar potential. For a one-gluon exchange we have the ’f
Y ’
Coulomb potential 8
®
4as e:
v(r) = - — . - (G.30) ¥
3r . 4
For the spin-dependent part of the B-S kernel, we obtain, in \
L] “:
replacement of equation (G.15) B
> »asb . (3%%) (3P%) !
Vg (%) = =% V()| aTa + -—"‘——"——2-"-‘—"—] (G.31) |

r

In equation (G.28) if the eigenvalues of 8’ are inserted,

as well as the 4 x 4 matrices al, we obtain the non-relativistic

R 2 P N N S - VT N et

expénsion of the Fermi-Breit Hamiltonian

)
Pi
HFB— Z (mi+-—-—--) +VSI(r) +Hkin+HLL+HD ‘ |
i 2m, , . ;
1
A G.32) Cd

+ Hgg + Hpg + Hp

where Hkin'is the relativistic correction of the kinetic energy;

is the orbit-orbit interaction;

Hrrp
Hj, is the Darwin term; "
, HSS is the spin-spin hyperfine interaction;

' :
i ’ " .4
= . N . LRI CURVIRNS [T, s 4

c
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HLS is the fine structure spin-orbit term;and

HT is the tensor term.

Our concern is with the three last terﬁs:

Ak o |
H = ——— V V(X) ) ‘ G.33)
SS 6mamb

a -»b

. +a -=b . . . L
where ¢, ¢ are the appropriate Pauli matrices from o , o .

Equation (G.33) is the form for the spin-spin term for a
vector potential. In particular, for the Coulomb case, by
using Poisson's equation we have

2

3 .
V (=)= - 418 (r) o G .34)

K|

‘e

which is a contact interaction and gives rise to the Fermi
contact term. Even for more general potentials which vanish
at r - », this is a short range interaction. For a scalar

potential the spin-spin part is zero - there is no contribution

from the confinement potential to HSS'

The spin-orbit term is -

.= S (w-5y L @%«3) -2 @Pxx B

LS 4r dr 3 m 2 a 2 b
a ™

2 [+a+ -> +b~ +‘ '
- (oxxp)-(oxxp)] ( G 35)
mm b a ’
Written~in terms of f-g, using g = (ga + Eb)/z, we obtain .
for the four vector . v

I !

Ea

T
i
i

:'*."f,

X

it
it

-

SR wlA

e !

~ e
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L g =3 1 dv 7.3 ' C@.36)

2m r dr

and for the four scalar (per quark)

Hyg = - 1 1 4V 7.3 ‘ (G.37)
Zmé‘ r dr .

The tensor part of the hyperfine interaction is

) 5 .
HT - 1 Sab 1l dav(r) _d Vz(r) (G.38)
.12 m mb r dr ar -

, a

where §_, is obtained from Vs(-ﬁ)“in (G.31)

(o %) _ Ea-Zb} ' (G. 39)
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