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ABSTRACT

STABILITY ANALYSIS OF INITIALLY
WEAK CONVERGING CYLINDRICAL SHOCK WAVES

Dinh Triet Le

A detailed theoretical and experimental analysis of the stability of initially
weak converging cylindrical shocks is presented. The stability was examined
by perturbing the converging shocks using cylindrical rods placed in their
path and examining their form as they progress. Wave diagrams were
constructed based on Whitham's Ray-Shock theory and the Chester-Chisnell-
Whitham's Area-Mach number relationship. The results demonstrate that
the displacement of the perturbed shock first decreases with shock travel until
a critical shock radius is reached, then it increases to large values which
makes the perturbed part of the shock surpass the geometric center before
collapse. Experimental verification of these results was obtained from the
Schlieren photographs taken for shocks of Mach number 1.5, perturbed by
rods of diameters 0.4, 0.8, and 1.6 mm, which were placed at a radius of 40
mm. Good agreement is noted for the triple points trajectories and the shock
velocities. For the larger rod diameter used, similar shifting in the region of

collapse is noted.
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Chapter 1

INTRODUCTION

Achieving high compression in cylindrical or spherical implosions
depends largely on their degree of symmetry before collapse. Theoretically,
symmetrical converging shocks are known for their ability to approach
infinite strength as their radius tends to zero [1]. Experimentally, any small
deviation from perfect symmetry in their shape is found to amplify before
collapse [2]). To find out how much deviation can be tolerated from spherical

or cylindrical shapes, stability analyses were required.

In 1974, a three element area contraction was used in a conventional
shock tube to turn the initially plane annular shock into a cylindrical shock
[3). This area contraction design was chosen because of the low pressure
attenuation observed behind the transmitted shock. Stability analysis of
initially strong shocks was presented in the 15th symposium on SWST [4).
Both theory and experiments confirmed the previous findings which state
that converging shocks are unstable and that the perturbation parameter §
varies with rn, where n is an exponent that depends on the size of the

perturbation.

In the case of weak shocks, little theoretical work was carried out. The

single case analyzed theoretically, was for a small rod placed at a radius of 100



times its diameter. The results show that weak shocks collapse is different
from that of strong shocks. Weak shocks are found to collapse very near to
the geometric center on the opposite side of the rod, as opposed to that found
in the case of the strong shocks. These findings cannot be conclusive since
they were obtained from the analysis of a single case (R,/d = 100).

The present study investigates the stability of initially weak (M = 1.5)
converging cylindrical shocks which are perturbed by rods of diameter (R,/d)
of 100, 50, and 25. The theoretical analysis was based on wave diagrams
constructed using Whitham's Ray-shock Theory and the CCW Area Mach
relationship [5,6,7].

The experimental work was carried out to determine the validity of the
theoretical results. The work included detailed pressure and shock velocity
measurements as well as spark Schlieren photographs of the converging
shock. Details will be given in Chapter 2, 3, and 4, followed by concluding

remarks.



Chapter 2

THEORETICAL DEVELOPMENT

The theoretical development of the present problem is based on
Whitham's Ray Shock Theory and the Chester-Chisnell-Whitham's Area-
Mach relationship. In this chapter, a detailed description of the theory used is

presented.

The theory of shock propagation in variable area ducts has been analyzed
by three different investigators. Each used a different approach but
surprisingly, they all obtained the same A-M relationship. A brief discussion
of each derivation is presented while that of Chisnell will be analyzed in

more detail.

211 Chester's linearized analysis
Chester's analysis of shock wave propagation in a variable area duct was
based on the assumption that the area variations are small, which allows the

linearization of the governing equations of the flow behind the shock wave.




Assuming that the duct is uniform for x < 0 and for x > 0, the cross
sectional area of the pipe is a function of x. The one-dimensional gas

dynamics equations (Continuity, Momentum and Energy) are:

dp . dpu olnA _

—_t ——+ pu 0 2.1)
dt ax ox

u uou 1 ¥ @2)
t  x P ax

Jiudis=o 23)
ot ax

Linearizing the equations above (i.e, P = P, + P', u=u, +u, .., etc),
where P,, py, u; and A, are the initial values of pressure, density, velocity, and
area of the flow behind the propagating shock and P', p', u' are the change in

the respective quantities due to area change. The following equations are

obtained:
1 ! 1] 1
LIPS uy P, P22 OA', (2.4)
at ax x A gx
., uzg-ll—+1—al:-=0 (2.5)
ot ox 4/} ax
d d
—+ Uy — S'=0 (2.6)
at ax



From the second law of Thermodynamics,

P=KpYexp [S/C,]

Linearizing the above equation,

Eliminating S' from Equations (2.6) and (2.7),
2w l]e o, 2]
at  ox P2 ot ax|P2

or

i +uZaP -a% 9 +u23p =0
dat ox at ax

where a; = VYRT is the speed of sound.

Combining Equations (2.4) and (2.9) leads to:

b) 4 ap’ %au'+pza§uz dA' _g

—+uy—+tmpa
ot ox X Ay dx

27)

(2.8)

(29)

(2.10)

Multiply Equation (2.10) by n and Equation (2.5) by &, then add them and the

resulting equation is:



a _5_)1 S K . R 1
[at+(u2+'l92 ax]P +n[at+(uz+cpza§)ax]u

__pzuzad ga'
Az dx

@.11)

Equation {2.11) can be written in the total differential form if {/n = = p; a,,

dP', o, a,du’ - P2Uz3 gA'
dt T P22 A;  dx

along the C* characteristic where,

%:uﬂaz and

dP' . . du'__f2u23d ga'
at ~P22 g As  dx

along the C- characteristic where,

a =y, -
gt uz-az and

along the particle path where,

dx
dt - 2

2.12)

2.13)

(2.14)



S

The integrated forms of the above 3 equations are as follows:

y .__quzai A'
P+prau'= —_(u2+a2) A2+F (2.15)
o ppapu = - 29222 A
P-pau (- 22) A2+c; (2.16)
I H
p + (2.17)
a3

The functions F, G, and H are to be determined from the boundary
conditions. From Chester's theory, the function F represents a re-reflected
disturbance travelling downstream, and since there are no mechanisms for
the production of such a disturbance from the linear theory, this function
must be identically zero. By the substitution of the Rankine-Hugoniot
relationships into Equation (2.15), Chester was able to derive the following

Area-Mach number relationship:

Al 2MM

A T Ko M2-1) @18)

where

_ 1-p2 1)|?
KM) = z[(1 + ;%(—;—))(Zu +1+ W” 2.19)



and

2_ (-1 M24+2
2yM2- (y-1)

(2.20)

The function K(M) was first obtained by Chester [6,8] and was referred to
as the Chester's function. It is a function with a small total variation as
shown in Fig. (21). Fory = 1.4, the value of K(M) varies from the value of 0.5
for weak shocks to the asymptotic value of 0.394 for strong shocks.

2.1.2 Chisnell's derivation

Chisnell {7] derived the A-M function in a totally different manner. In
his analysis, he considered the interaction of a shock propagating in a
uniform duct of area A, with a small area change dA. The various waves
resulting from the interaction are shown in Fig. (2.2). Regions (1) and (2) are
separated by the incident shock while regions (5) and (6) are divided by the
transmitted shock. A reflected disturbance separates regions (3) and (4). If the
area change is positive, the reflected wave is an expansion wave, but a
compression wave results when the area change is negative. A contact
discontinuity divides the flow into two parts and separates them into regions
(4) and (5) that originate from either side of the transition section of the duct.
Here, the flow was assumed to be supersonic so that the reflected disturbance
was swept downstream of the transition region. Note that, similar results
were obtained with the subsonic flow as well, where the reflected wave
moves upstream of the transition region. Also note that regions (1) and (2),

(5) and (6) are related by the Rankine-Hugoniot relationships, while across the

8



contact discontinuity we have P, = Ps and ug = us. After a sufficiently long

period of time following the passage of the shock, steady flow conditions can

be assumed between regions (2) and (3). For steady isentropic flow in a duct

with area variation, we have:

d‘?—+ udu=0

The conservation of mass gives:

puA = const
then

da _PQ@-M)

A M2yP
or

@21)

(2.22)

dP __YM?2 dA
P~ M2-1) A

(223)

Integrating the above equation:




1,,%:=-$431 in (A£44) - K 1n[A-£4A)

where

__yM?
K= M2 -1

m%:m(nd[fx)"

For a small area change,

l—l:§-=(l +dAA-)K=1 +KQAA

Using the isentropic relation p/pY = const., Equation (2.24) becomes

In (gi) =In (1 + df—)'(/*

or

=l-_M_E_.d.AA.

M#-1

10

(224

(2.25)

(2.26)



From the continuity equation,

du__dA _d¢
u A P

A Azp
InY.-.1nAs. nP_n3P3_ ), 020
u Az P Az2p2 A3 p3

then

us 1
2 (l -M—l?%-i- QAA-)(I + Q-AA-)

Expand the R.H.S. and neglect the term (—d;‘&):,

2o

M2-1

or

U.1+—1 dA
™ 1+M T A (2.27)

In Chisnell's original analysis, the pressure ratio Z = P, /P, is chosen to be
the strength parameter rather than the shock Mach number, M,. Hence, the

Rankine-Hugoniot relations for the propagating shock are:

11




Z=% (2:28)
. G+1)Z+(y-1)

PPy Ze g+ ) @29)

u=@-1) [——2E " (2:30)

\p1{ly-1)+Z(y+ 1)}

1/2

=(Z- 2
My=(Z-1) (Yz TGz (2.31)

For the transmitted shock, it is assumed that the strength may be written as

Z+Z'. Therefore, the density, velocity and Mach number in region (5) (i.e. ps,

us, Mg, ... ) can be obtained from the same relationships given above. If we

replace the subscript 2 by 5 and Z by Z+Z', regions (1) and (b) are identical if

there is no flow initially in the duct. Since,

and

and

P = P = ''= :

—&Ps -—‘ipl Z+2Z Z(l + %—) (2.32)
Py_,.YME gp .

P, M2-1 A (2.33)

12



Obtaining only the first order terms of the primed quantities, we get

P _q,2,IM g
Py 1+Z+M§-1 (2.34)

Similar manipulation gives,

_ _Z_ G+HZ 1__dA
2T G+ 0Z+ 611 of.1) A 2-3)

Across the reflected wave separating regions (3) and (4), we have the

acoustic relation P' = -pau’, or

PA P3 ’93 33(
P3
[%:-1:-7 M; (.- 1) (2.36)

Substituting the expression for P,;/P3 and u,/u;into Equation (2.36), we get

13
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v w+1HZ 4 dA)
'YM:"(Z'-I 2{y+1)Z-(-1)} M2-1 A

Since M, and M; differ by a term of the order of A'/A, as A'/A = 0, we mu+v
replace M3 by M, and wrrite,

1/2

Ms=M;=(Z-1) 2

Z{y+1)+(y-1)Z} (2.37)

Letting A' = 0, we get

J1dA-1 L1 y+1
AdZ yZ Z-1 2{4+1)Z+ (-1}

1/2

]

g 2
YZ{(y-1)Z+(y+1)}

g DED 602D 238)

2{y+1)Z+ (y-1)} 2(2-1)

If we replace Z by the Rankine-Hugoniot relation,

Zz AM-G-1)

e (2.39)

14



Equation (2.38) can be reduced to the form given previously by Chester where
the shock Mach No., M,, is used instead of A as the parameter. The above

equation for A(Z) or Z(A) can be integrated analytically. Chisnell gave the

following result:

Af (Z) = constant (2.40)

_ 1/ y-1]172
f@)=2 *(Z-1)[Z+m]

y+1 172
1'(“(7-1)2
(1 Y"'l 1/2
¢-1)Z
(] y+1 1/2 .
v-1)Z
xEXP(Y—_Zl-’ TAN (y 1)(Z y+l) (2.41)

Given the initial shock strength Z,, and the duct area A, the constant in

the above equation can be evaluated.

Chisnell's derivation is simple. The key assumption is to consider steady
flow across the area change. This can be achieved after a considerable time
period following the passage of the shock. Applying the results to a duct

whose cross sectional area changes continuously, we see that Chisnell's

15
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analysis ignores the influence of the wave interactions behind the shock on
the shock motion itself. This can be illustrated by the multiple, sudden area
change, as shown in Fig. (2.3). Here, the reflected wave from the second area
change interacts with the first area change to form a re-reflected wave which
eventually overtakes the shock and influences its motion. For a continuous
area change, re-reflected waves are generated continuously and their
cumulative effect can influence the motion of the shock. For a small area
change, the reflected waves are weak. Their interaction with an area change
can only produce re-reflected waves of second order in magnitude. In the
linearized theory, re-reflected waves play no part in the results because they
are of second order effects, thus making the shock strength dependent only on

the local area change, and not on the upstream conditions.

2.1.3 Whitham's approach

G.B. Whitham simplified the derivation of shock propagation in a non-
uniform tube by using the characteristic rule [30]. According to Whitham, the
C* characteristic equation which is obtained from the basic gas dynamic
Equations (2.1) - (2.3), can be written as:

pua: _
u+a 'A'%e‘o (242)

dP du
e + pa O +
The shock conditions are:

= po ao|—2—M2. 11
P poaoy+1M W) (2.43)

16



u=ap Tf_l' _h]/i_) (2.44)

(y+ 1) M?

TR+ ¢- )M @

Substituting the shock conditions into Equation (2.42), we get

#A(M)m xa (2.46)
where
MM) = (1 + _L( . ))(zu +1+ _1_) e

These are the same results obtained by Chisnell and Chester in spite of the
various different ways in which the Area-Mach relationship has been
derived. Although this relationship was obtained by making various
assumptions, the true reason why it works so well for finite area changes and

for arbitrary shock strength is still open for discussion.

2.1.4 Application of the CCW theory
For symmetrical converging shocks, the CCW theory was found to give

17



excellent results in comparison with the self similar solution of Butler [32]

and Guderley [1]. According to the CCW Area-Mach relation:

dA..2M dM (2.48)
A KM)M2-1)

For cylindrical and spherical shocks,

dA _idRs
T (2.49)

where

j = 1, for cylindrical shocks
j = 2, for spherical shocks

For strong shocks M2 » 1, therefore Equation (2.49) can be written as:

dRs _ -2 dM, 2.50
IRe "KMy M, (2.50)

When M, - », the function K(M;) approaches asymptotically a constant
value K(=). For y = 1.4, K(») = 0.394. By integrating Equation (2.50), the

following relationship was obtained:

M.o:R;’,""i:)

18



or

M, « R;7 for cylindrical shocks

and
M, « R for spherical shocks

which are practically the same results obtained using the self similar solution.

22 Whitham's Ray Shock Theor

Whitham [5] introduced a theory, called the Ray-Shock theory to handle
the problems of curved shock wave dynamics. An orthogonal curvilinear
coordinate system (a,B) was chosen, and this is shown in Figure 2.4. One
coordinate represents the shock fronts at successive instant of time and the
other, orthogonal to the shock front, is called a ray. The shock at time t is
denoted by a = a,t, where a, is the speed of sound ahead of the shock wave.
The distance between the shock fronts at a and a+da is Ridt, where R; is the
speed of the shock and dt is the time taken from the shock to trr~el from a to

a+da.

Coordinate B represents the Ray. The distance between the rays § and
B+dp is A(a,p)dp where A is the cross sectional area of the ray tube. To
establish the geometrical relationship between A and M, a curvilinear
quadrilateral PQRS, shown in Fig. 2.5, with vertices (,8), (a+ba,8), (a,p+08),
and (a+8c,B+0p) respectively, was introduced. In the figure:

19




0, is the angle between the ray and the x axis at P,
6, is the a.gle between the successive ray and the x axis at S,
¢, is the angle between the shock and the y axis at R,

¢, is the angle between the successive shock and the y axis at Q.

The change in direction of the ray from P to S is 86 = 6, - 6,.

(A + "—A-aa) op - ASP
50 = QR-PS _ o
PQ Méba
then
¥ 19 _, 251)
B M ja
Similarly,

(M + ﬂbﬁ)ba-Mba

56 = B

% AbB

% 1M

sa A 3p 232

Since the rays and shock fronts are orthogonal, therefore 6 = ¢.
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® 1M

=0 2.53
da A ap @59)

Multiply Equation (2.51) by n and Equation (2.53) by L, then add them,
J '_Iie-nA_')[ﬁ_ (-M;_f_)]M:o 54
&Tcw) (cM sa \ A" 3p @

The terms in the left hand side of Equation (2.54) are total differential if

or

ur | S

= 3\/(7'_1}/1_;] =2C (2.55)

where C is a function of M. Equations (2.54) and (2.55) can be written as:

D“6+-A1c—:D*M=0 (2.56)
and

D6+ ZJED' M=0 (2.57)
where
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pr=2s+cl, p-2.cl

da ap da dp

The operators D+ and D- represent the derivatives along the two families of

curves C; and C,, corresponding to (td—ﬂ

dg .
= —] =-C, ctively.
o C,and ( dalc, C, respectively

G

Equations (2.56) and (2.57) can be integrated as follows:

0+ ]% = Constant along the C+ characteristic where,

dg _
=C . (2.58)

0- ] %% = Constant along the C- characteristic where,

@B _ c 2.59)
da
or

6 =z w = Constant along C» (2.60)

where o is the Riemann invariant which is defined as:

m=j%



The A(M) relation is derived from Equation (2.46), which may also be

written as:
1dA.._ M
4 48 27 A(M) (2.61)
Hence,
s 1
AC= {M—l}z (2.62)
AM)
then
M M 1/2
M x(M)} |
) !AC {M2-1 dM (2.63)

The shapes and strength of shock waves were determined by means of the
wave diagrams constructed based on the above mentioned theory. For
simplicity, the curvilinear coordinate system (a,B) was transformed to the

Cartesian coordinate system (x,y). This was carried out as follows:

From Fig. 2.6, by geometrical manipulation:

dx = Mda cos 6 - Adp sin 0
dy = Mda sin 6 + Adp cos 6



but

x =x(a,f) and y = y(a,B)

then

=X ga+ Xap
da p

dy=2 da+ ¥ ap
da ap

Comparing the coefficient of da and df, the following equation is

obtained:

dy_sinezAg-cose

M
- = 2.64
dx cosG:AL%sine ( )

:x_y = tan (6 = m) (2.65)
where
tanm = A}\% (2.66)

The angle 'm' is the angle between the characteristics and the ray direction.

Hence, the slopes of the characteristics are:
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ct %XX = tan (8 + m) (2.67)
C dy = tan (9 - m) {2.68)
dx

The values of 'm' can be determined by substituting Equation (2.64) into

Equation (2.68) so that

1/2
(Mz-lmm) 2.69)

tan (m) =( Y

but according to Skew ([35], the values of 'm’' calculated for weak shocks do not
agree with experiments. He has suggested the use of the following equation

when M is less than 3:

)= (M2-1) [2 + (\-1) M)

tan (m )M (2.70)
Equation (2.48) is integrated to give:
M
Ju
A=k o™ .dam (2.71)

Equations (2.63) and (2.70) together with Equation (2.71) are used to obtain the

values of o, m and A for a given shock Mach number and the results are
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tabulated in Table 1. These values can be used to draw the characteristic lines

in the continuous portion of the wave diagram.
2.3_DRiscontinuities

The two well known shock wave reflections on a concave surface are
illustrated in Figure 2.7a for regular reflection and Figure 2.7b for Mach
reflection. Depending on the wall angle 6, and the incident shock Mach
number M,, the Mach reflection will take place. In Figure 2.7b, the point of
contact of the incident and the reflected shock moves away from the wall
leaving a Mach stem connecting the triple point to the wall. x is the angle of
the triple point locus from the wall, and 6, is the wall angle. The
relationship for these parameters can be obtained by the application of the

Ray-shock theory.

Consider a wedge of finite angle which causes the Mach reflection of an
incident shock, as shown in Figure 2.8. Let a and a+Aa be the two successive
positions of the shock wave of Mach number M, and also let R and S be the
corresponding triple points. By geometrical manipulation, the ratio of Ray

tube area at successive positions of the shock can be given as:

A _Sin(x-6u)

A, sin % 2.72)

The velocity of the triple point 'Ct' in the a,f plane can be obtained as

follows:



(RS2 = (M Ac)? + (A AB)2 = (M, Aa)? + (A, AB)

or

2
(C1P= ( Aﬁ) “Me-M 2.73)

where M, and M represent the incident shock and Mach stem respectively.

From Fig. 2.8:
AAp A-Cy
Tan (x -06,) = =
( - 6w) M Aa M
2 21\1/2
A [M-M; (2.74)
M AZ. A2
Tan () = Be ﬁL tan (x - 8w) (2.75)

The corresponding change in 6, can be obtained by noting that

cot (8,,) = tan (TRS + SR6)

.A_.C_I+__.Q_1_
cot (8,,) = M__ A G

1.A Mo
Ao M
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substituting the value of C from Equation (2.55) and rearranging it, we get:

2_ M2 (A2 AZN1/2
tan (8,) = [ A:";i (‘XZM’: ) 2.76)

Since the Mach stem and the incident shock wave remain contingious during
the movement of the triple point locus, the velocity of both sections must be

identical and this yields the following equation:

M _cos (X - 0u)
M,  cos (%) @77)

The Mach stem and the shock-shock angle can be obtained by solving
Equations (2.77), (2.76), and (2.40) simultaneously.

The Ray-shock theory assumes that the stem is always straight and
normal to the wall, whereas the stem in the experiment was observed to be
curved, as shown in Fig. 2.9. Especially for the case of weak shock waves, the
curvature appears at larger angles of 6,,. Therefore, the results taken from the
Ray-shock theory represent the mean value. B.E. Milton [17] has considered
the effect of a curved Mach stem, and has given his experimental results of
the case which slightly deviates (2-3%) from the Ray-shock theory, this is
illustrated in Figures 2.10 and 2.11. |

It is inherent that the Ray-shock theory does not exactly predict the Mach

shock angle and the characteristic angle m in the case of weak incident shock
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waves. In the present work, the values of ¥ and m were taken from the
experimental results, illustrated in Fig. 2.12, of Shirouzu and Glass [25] and
Skew's Equation (2.70), respectively.

24_Transition P rom Regular Reflecti Mach Reflection of A
Shock Wave Over a Cireular Cylind

When a planar shock wave encounters a circular cylinder, it initially
reflects as a regular reflection, RR, as shown in Fig. 2.13a. As the incident
shock, IS, propagates downstream, the incident angle, 6, varies and reaches
the critical value 8, where transition from regular to Mack reflection takes
place. A schematic drawing of such a Mach reflection is shown in Fig. 2.13b.
In the figure, the point T where the incident shock IS, the regular reflection
RR, and the Mach stem MS intersect is called the triple point. The Mach
stem, MS, which is generated from the Mach reflection, detaches from the
curved wall and the triple point. A contact discontinuity which divides the

flow into two parts is shown by the dotted line.

Itoh and Itaya [22] constructed the theory and verified through
experiments, the transition process for both convexed and concaved curved
wall boundaries. The theory predicts fairly well the transition from RR to
MR in a convexed curved wall, whereas, in the case of a concaved curved
wall, the theory is not too applicable. This theory applies the Ray shock

theory and the geometry relation of the shock. The transition process from
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Regular Reflection to Mach reflection is shown in Fig. 2.14. From its
geometry, we get:

L=M,a,dt
S$=M; a,dt

L' =S sin (o)

where a, is the sonic velocity at the undisturbed region ahead of the
transmitted shock, dt is the infinitesimal time, and M, and M; are the Mach
numbers of the incident shock wave and the Mach stem, respectively. As the

shock wave propagates downstream:

L'=L+K
which is

M;/M, sin (844;) = Tan (6) (2.78)
where 05, = /2 - Oy

As dt — 0, M; is estimated fairly well by the Ray Shock theory when the
wedge wall boundary case is applied. The relation between the wall angle, 6,
and the strength of the Mach stem is given by:

M

0, = 2dM
L«Mz-l) KoM/ @79)




where K(M) is known as the Chester function. K(M) = 0.5 when M - 1 and
when M — «, K(M) = 0.3941. Supposing K(M) is equal to a constant n, the
integration of Equation (2.79) is:

Mo "M, T IME-T+ Moo (YT O} +

{(«frsT%'-_l + MoJexp (WE e.,,)}"] (2.80)

When M, — 1, Equation (2.80) becomes:

BA}: = cosh (% ea,) (2.81)

Expanding Equation (2.81) by using the power series, the equation for weak

shock waves has been acquired:

M_o146d (2.82)
¢]
When M - =,
v ({3 o @)

Combining Equation (2.80) with Equation (2.78), we get
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T+ Mlep ()

(WMZ-T+ Mo (VE eo,)}"] SIN (6,) = TAN (Bo)  (2.84)

The results obtained from the equation above are plotted in Fig. 2.15. For
a given Mach number of the incident shock wave, the position where the
transition process take places will be found. Similarly, Bendor and
Takayama's theory [37] also lacks the ability to account for the dependence of

the transition angle on the radius of curvature of the cylindrical rod.
25 Construction of Wave Di

A great variet: of unsteady flow problems can be solved by means of the
wave diagrams which are constructed based on Whitham's Ray-shock theory.
In the present work, the wave diagrams provide the shape of the shock front
as it progresses downstream and also near the region of collapse, the
trajectories of triple points and the examination of the stability of converging
shocks. External perturbations were created by placing cylindrical rods of
various diameters in the shock path and the effects were observed during the

propagation of the shock.

When a cylindrical converging shock encounters a circular rod placed in
its path, it initially reflects as a regular reflection 'RR'. The step by step
process of the interaction is illustrated schematically in Figure 2.16. Fig. 2.16a

describes the incoming converging cylindrical shock wave just upstream of
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the rod. In Fig. 2.16b, a regular reflection takes place due to the small angle of

incidence. As the shock wave propagates along the surface of the rod, the
angle of incidence increases and eventually approaches the critical value
where the transition from regular to Mach reflection 'MR' takes place. Also,
a pair of Mach stems (MS;) and contact discontinuity (CD,) form, as shown in
Fig. 2.16c. The two Mach stems, MS;, on both sides of the rod propagates
along the rod surface and collides downstream of the rod (see Fig. 2.16d).
Regular reflections followed by the second Mach reflections take place

between the first Mach stems, MS;, as shown in Figs. 2.16e and 2.16f.

The interaction between the rod and a cylindrical shock wave described
above gives the general image of the flow perturbed by an external factor, and

the wave diagram is constructed as follows:

1. The two nondimensicnal coordinates are set up by taking the ratio

R,/d for both vertical and horizontal axes. If more nondimensional

units are used, the wave diagrams will be more accurate.

2. The CCW theory is then employed to find the shock Mach number as
the radius of cylindrical shape is varied. These Mach numbers
describe the speed of the shock in unperturbed regions and it is
determined either by Equation (2.71) or Table (2.1). From the Mach
number of the unperturbed region, Shock Mach numbers in the

perturbed regions are determined by Equation (2.77).
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3. After the critical angle is determined from Fig. 2.15, the positions of

the Mach stem and the point of contact discontinuity are known. An
arbitrary point is chosen to draw the shock-shock trajectory. An
iteration procedure is required to determine the exact slope of the
shock-shock angle. In such cases, by assuming a value for 86, then
from Figs. 2.11 and 2.12, the Mach number downstrear the shock-
shock in the perturbed region and the shock-shock angle can be
determined. Once M and y are known, the values of ® and 8 in the
perturbed region can be found from Table 2.1. The slope of the shock-
shock trajectory must pass through the calculated chosen point. If it
does not pass through the calculated point, a new value of A6 should
be assumed. The characteristic lines in perturbed regions are drawn

due to one of the three cases presented below:

a) Crossing the C*+ and C- characteristics

Generally, the conditions of the gas at 1 and 2 are known, as shown
in Figure 2.17a, and they intersect at point 3 which is unknown. The
C+ through point 2 and the C- through point 1 both intersect at point
3. (The characteristics are shown in dotted line but they can be
approximated by straight lines of the many grids of the wave
diagrams). To locate the point 3, one has to use the characteristic

rule as follows:

C+=0+w=const forpoints along C* characteristics

or



G =6+ w=03+ w3

C-=0-w=const for points along C- characteristics

or

Ci=61-0;=6;-0;
solving for 6 and o,
85=1 (Cf + Ci)

w3=%(C5-Ci)

The C+ and C- characteristics can be drawn by taking the average of

the slope of each point, i.e.

(6 + m);,;; =1/2 [(6 + m)2+ (9 + m)3]
and
(@-m)y.3=1/2[(6-m); + (6 -m),]

The intersection between the characteristic lines and the plane of
symmetry
For the points on the plane of symmetry, Fig. 2.17b, the Ray angle 8 is

equal to zero. Since
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C+r+C-=20
then
C+=C-

Therefore, points on the plane of symmetry are located according to

the procedure discussed above.

The characteristic and the shock-shock

Once w, m, and 6 are known, the C* and C- characteristic,
downstream of the shock-shock can be found. The values of C+
passing through points 3 and 10, as shown in Fig. 2.18, must be the
same, i.e. (8 + w)yp equals to (6 + w)3, whose value is interpolated by

assuming linear relation between neighboring characteristics.



Chapter 3

EXPERIMENTAL SET UP AND PROCEDURE

The present investigation was carried out using the 15.24-cm nominal
size, commercial steel, shock tube located in the SHOCK WAVE DYNAMICS
LABORATORY. All experiments were conducted by using air as the fluid.
The cylindrical shock waves in the implosion chamber were perturbed by
placing rods of various diameters in their path. Spark Schlieren photographs
of the converging shocks were taken to study their stability as they

approached the center of collapse.

The apparatus used to produce converging cylindrical shock waves

consists of the following main components:

a) The axisymmetric shock tube;
b) The Schlieren system;

c) The mechanical plunger.

A schematic of the shock tube is shown in figure (3.1) together with the
Spark Schlieren-Delay system used for photographing the converging shocks.

Details are given in the next section.



2.1 Experimental Apparatus

3.1.1 The axisymmetric shock tube

The axisymmetric shock tube consists of a driver section 2.0-meter long,
and a driven section 3.81-meter long. The two sections were separated by
mylar diaphragms of various thicknesses. Air was used as the fluid in both
the driver and driven sections. To prevent air leakage, O-rings were installed
in the raised face of the flanges connecting the driver to the driven sections.
After setting the required pressure, the mylar diaphragm was split open by a
mechanical plunger located in the driver section and operated pneumatically
by compressed air. This produced a circular plane shock which was later
divided into a circular and annular parts, by an aluminum tube 4-inches in
diameter, placed concentric with the outer one. The inner aluminum tube
was supported by 4 fins, as shown in Fig. 3.2. The annular part of the shock
was turned 90 degrees using the conical three elements area contraction,
illustrated in Fig. 3.3, that was found to offer the lowest pressure attenuations
behind the transmitted shock. At the downstream end of the shock tube and
upstream of the area contraction, two transducers were installed; one for
triggering the oscilloscope beam and the Schlieren-delay system, and the

other for pressures and shock velocity measurements.

Induced rupture of the diaphragms by mechanical or electrical means is
often preferable over to natural bursting by pressure alone in order to gain
precise control of the bursting pressure. The most common method of

rupturing the diaphragm is to use a mechanical piercer with a sharpened
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plunger. A plane shock of Mach number 1.21 was obtained using a mylar
diaphragm 0.08-mm thick and loading the driver section with air at a
pressure of 27 psig, then firing the shock by piercing the diaphragm with the
mechanical plunger which was activated by compressed air at high pressures.
This plunger is put concentric with the shock tube and is controlled by a

switch located on the control panel, as illustrated in Fig. 3.4.

3.1.2 The Schlieren system

In the present work, the Schlieren method was employed to photograph
the converging shock. The Schlieren system consists of a 5 KV-spark source, a
double headed spherical mirror, a plane mirror, a knife edge and a camera, as
illustrated in Fig. 3.5. The light generated from the source becomes parallel
following its reflection from the double headed spherical mirror located at the
focal length distance from the source. At the test section, all incoming rays
are reflected by the flat mirror placed inside. The spherical mirror, once
again, receives and transmits all the light rays from the test section to a
second small plane mirror which finally directs the light rays to an open
shutter camera. The Spark source was triggered by a transducer placed just
upstream of the conical area contraction. All sets of photographs were taken

by a Polaroid camera (Mp-3) and type 41 ASA Polaroid film.

3.2 _Experimental Procedure

Before joining the two sections of the shock tube, they were first checked

and cleaned from any mylar fragments which could have remained from the
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previous firing. A 0.08-mm thick mylar sheet was used to separate the driver
and driven chambers. The pressure in the driven section was kept at
atmospheric conditions, while that in the driver section was raised to the
desired pressure of 185.4 KPa. After the mylar diaphragm was ruptured by the

plunger, a plane shock wave was formed.

The Mach number of the shock can be determined by either the shock

tube equation or from the experimental data.
From the shock tube equation:

Y1+1
Ya-1

[ (271 Nf; 1 (lvl 1) (P, )’ 2vs } (3.1)

o =

where y; = y4 = 1.4 for air, and a, = a,.

M, can be determined for any given pressures P; and P,. From the
experiment, the strength of the shock was calculated by means of two
transducers mounted on the driven section; one for triggering the
oscilloscope beam and the other for measuring the pressure. Since the
distance between the two transducers, Ax, and the time of propagation, At, are

known, the shock velocity, V,, can therefore by calculated as follows:

Ve =4X

At (32)
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The shock Mach number, M,, was calculated when the room temperature, T,,

was recorded.
A\ \'4
M sl B
' %  ART, ¢3)

The pressure across the shock was determined by taking the transducer

contents multiplied by the voltage, which was recorded on the oscilloscope.

The experiments on weak shock waves were done after the three
transducers had been calibrated many times. Their constants are tabulated

with their manufactured numbers.

SN 1178 SN 1175 SN 1239

32 mv/psia 26 mv/psia 20 v/ psia

In the cylindrical chamber, the shock Mach number varies with shock
travel. The local values of the shock Mach number were determined by
means of three transducers placed at radii 24.13, 13.97 and 3.81-mm from the

geometric center.

From the oscilloscope trace, the voltage rise due to the passage of the
shock, AV, was measured and then divided by the appropriate transducer
constant to yield the pressure difference across the shock. Knowing that the

pressure ahead of the shock is atmospheric, the pressure ratio across the shock
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was therefore determined from the normal shock tables. The local values of

the converging shock Mach number were then calculated.

A plane shock of Mach number 1.21 was obtained with the driver and
driven pressures set at 27 and 0 psig, respectively. This produced a
converging shock Mach number of 1.5 in the cylindrical chamber at a radius
of 40-mm from the geometric center. At smaller radii, two other transducers
were placed for local shock Mach number measurements with and without
external perturbations. The Schlieren photographs of the shock waves were
obtained with the same set up conditions stated previously. The rylindrical
shocks were perturbed by rods of diameters 0.4, 0.8, and 1.6-mm placed at a
radius of 40-mm from the geometric center. More details on the experiments

and their results are given in the following chapter.



Chapter 4

RESULTS AND DISCUSSION

The stability of converging cylindrical shock waves was studied by placing
cylindrical rods in the converging shock paths. Wave diagrams constructed
using Whitham's Ray-shock theory and the CCW Area Mach relationship
were used to theoretically determine the flow field generated by the
impingement of the cylindrical shock on the rod, as well as the variation in
its shape as it propagates towards the center of collapse. For weak shocks, the
Ray-shock theory does not accurately predict the values of the characteristics
or the shock-shock angles. Accordingly, the results of Shirouzu and Glass [23],
and Skews [39], were used instead to determine the shock-shock angles. In
addition, the Mach number of the incident shock was chosen to be 1.5 because
Mach reflection is not well defined for small Mach numbers. The trajectories
of the inner and outer shock-shocks were theoretically obtained from the
wave diagrams and experimentally obtained from the Schlieren photographs.

The details are presented in the following sections.
4.1 _Shock Velocity Measurements of Perturbed and Unperturbed Shocks

The Ray-shock theory used in the present work depends largely on the
CCW Area-Mach number relationship. Therefore, experimental verification

of this relationship was necessary for obtaining reliable results. Various



pressure transducers were placed at different locations along the converging
shock path to determine the pressure increase across the shock by measuring
the corresponding voltage rise in the oscilloscope traces. The local values of
the shock Mach number were then calculated from the well known shock

relationship,

[ y+1
M= 1+—§;-APB @1

where

AP  is the pressure difference across the shock in the annular section

P is the absolute value of the pressure ahead of the shock.

Two series of tests were carried out. The first series were for unperturbed
shocks at the three different radii, r/R, = 0.6, 0.35 and 0.095, where R, is the
radius where the initial value of the shock Mach number is 1.5. The results
are presented in Fig. 4.1. Excellent agreement is noted between the CCW
theory and experiment. This could be due to the type of area contraction used
(the three-elements-area-contraction) which was previously found to prevail

transmitted shocks with minimum pressure attenuation.

The second series of tests were for converging shocks perturbed by rods of
diameters 1.6- and 0.4-mm. The rods were placed at a radius of 40-mm from
the geometric center. The transducers were set along the radial line

connected to the center line of the rod. The results are shown in Figs. 4.2 and

44



4.3. From the figures, the Mach numbers of perturbed shocks are found to be

superior to those of the unperturbed ones. For the latter, reasonable

agreement between the theory and experiment is noted. Details will be given
later.

42 Spark Schli Phot hy of the C ing Cylindrical Shocl
Perturbed by Different Rods

Two sets of Spark Schlieren photographs (Fig. 4.4) were taken for
converging cylindrical shocks of Mach number 1.5 perturbed by rods of
diameters 0.8- and 1.6-mm, placed in their path at a radius, R, of 40-mm.

The first set of photographs taken for a rod diameter of 1.6-mm and for
R;/R, < 0.31, is presented in Fig. 4.4a. As noted in photograph (A), the shock
is near perfect symmetry. When the shock progresses, the perturbed part is
found to propagate faster than the unperturbed one and the shock collapses in
a region close to the geometric center, on the opposite side of the rod
(photograph C). From these photographs, it was possible to obtain the inner
and outer shock-shock trajectories. The shock-shocks are found to merge into

one before the final state of collapse.

For comparison purposes, the second set were taken with a small rod
having a diameter of 0.8-mm, shown in Fig. 4.4b. In this series, the effect of
the rod is not as noticeable as in the first case. The two shock-shocks are

visible but are much weaker and the shock is seen to collapse very near the

45




geometric center. To understand and to analyze these pictures in more detail,

wave diagrams were constructed for the three rod diameters (R,/d) of 25, 50,

and 100. Details are given below.

43 Wave Di for 3 C ine Cvlindrical Shock Perturbed |
Different Cylindxical Rod

The complete wave diagram for the largest rod used (R,/d= 25) is shown
in Fig. 4.5. As previously demonstrated, two pairs of discontinuity are present
in the shock front, representing the inner and outer triple points of the Mach
reflection. In the figure, the inner shock-shock forms at a distance of about 1.2
rod diameter, downstream of the rod surface, and sweeps faster than the outer
shock-shock until they merge at a radius R;/R, of 0.006. The perturbed part of
the shock is also found to travel faster than the unperturbed one. This results
in the shifting of the region of collapse beyond the geometric center and on
the opposite side of the rod. The calculated values of the perturbed portion of
the shock Mach number are plotted in Fig. 4.2 together with those obtained
experimentally. From the wave diagram, it was possible to obtain both the
outer and inner shock-shock angles. These values together with those
extracted from the Spark-Schlieren photos were plotted in Figures 4.6 and 4.7.
Good agreement between theory and experiments is noted indicating the

validity of the present results.

The wave diagram for R,/d = 50 is presented in Fig. 4.8. In this case, the

inner shock-shock begins at a distance of one rod diameter. In this case, the



center of collapse is observed to shift beyond the geometric center and on the

opposite side of the rod. Good agreement between the theoretical and
experimental results of the outer shock-shock angle (Fig. 4.10) and the inner

shock-shock angle (Fig. 4.11) is also noted.

For R,/d = 100, the wave diagram is shown in Fig. 4.11. The inner shock-
shock trajectory was found at the shortest distance, 0.55 of rod diameter
behind the cylinder. As compared with the two previous cases, the inner
trajectory develops with the lowest values of flow deflection angle, presented
in Fig. 4.12, and merges with the outer trajectory at a radius of R;/R,, = 0.096 as
opposed to 0.012 and 0.054 obtained with the R,/d of 25 and 50, respectively. It
shows that the inner shock-shock is found to sweep at a faster pace than the

two previous cases and collapses with the outer shock-shock.

The shock fronts were drawn using the Ray-Shock theory. The slopes of
the shock fronts, which are inclined with the vertical axis, increases as they
are propagating downstream. The shock fronts perturbed by the smaller rod
is less distorted than the shock fronts perturbed by the larger rod.

From the wave diagrams, it was possible to obtain the inner and outer
shock-shock trajectories. The trajectories, obtained theoretically and
experimentally for three cases studied, are presented in Figs. 4.13, 4.14, and
4.15. For the smaller diameter rod, observed in Fig. 4.14, it is clear that the
theory is in good agreement with the experimental results, while some

discrepancies were found with the inner shock-shock of the bigger diameter
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rod, as shown in Fig. 4.13. The experimental values are found to be larger
than those obtained theoretically. This could be partially due to the difficulty

in defining an exact value of x in the case of weak shock waves.

When d/R, — 0, both inner and outer shock-shocks become one and of
very small strength, and therefore propagates along the shock front with the
speed of sound behind the converging shock, i.e.

6 = a(R;)/Rs (42)
where

R, is the instantaneous shock radius
a(R,) is the instantaneous speed of sound behind the shock front
8 is the angular velocity of the triple point.

By integration, Equation (4.2) yields:

Re
6::[ E@dt
Ro 8

but dR, = -R, - dt, then

R R
g=sf -2 dR,::j-a-—hld-@‘- (43)



Using both the Rankine Hugoniot relations and the CCW Area-Mach
relationship, this equation was integrated and the results are plotted in Fig.
4.16. As d/R, decreases, the shock-shock trajectories tend to spread out
toward the limiting case. The locations where the two shock-shock merge are
shown in Fig. 4.17 and from the figure using extrapolation, the rod diameter
d/R, where all shock-shocks merge together at one point (6 = 180 degrees), is
found to be equal to 0.057. For rods of larger diameters, the two shocks do not

intersect during shock convergence.

44 Perturbation Growth and Stability of Initially Weak C :
Cylindrical Shock W

The perturbation factor E is defined as the ratio between the shock
displacement from the perfect circular shape, AR, and the instantaneous

radius of the unperturbed portion of the cylindrical shock, R, i.e.

=AR
g R, (4.9)

The values of the shock displacement, AR, were determined theoretically
from the three wave diagrams presented in Figs. 4.18, 4.19, and 4.20. In the
figures, the absolute value of the initial displacement is found to be
proportional to the size of the perturbations used. For R,/d of 25, the value of
AR is practically equal to zero at R;/R, = 0.31, which corresponds to photo "A"
in Fig. 4.4a. Beyond this limit and with the velocity of the unperturbed part

exceeding that of the perturbed one, AR is found to increase again up to a
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finite value at the region of collapse. From the wave diagram, the
displacement is about 0.3 of the rod diameter which is close to that observed

in photograph "C" of Fig. 4.4a.

For rods of smaller diameter, the theoretical values of AR were found to
decrease until a critical radius R,/R, of 0.5 was reached, then increased to
larger values with shock travel. This, however, was not observed
experimentally. The discrepancy could be due to the error in calculating the
strength of the Mach stem for the lower values of A9 (see Fig. 4.12). The
combination of these small values and weak shocks made the results
unreliable as far as the shock shifting was concerned. From the above results,
it is clear that with small but finite perturbation, converging cylindrical
shocks are unstable due to the absolute value of the shock displacement, AR,
and not to its relative value to shock radius. At large radii, the decrease in the
value of AR is not monotonic but oscillates about a mean value which
decreases initially with shock travel. Such a statement is in agreement with
the theoretical analysis of reference 36 which has proven that AR varies in a

similar fashion with shock travel.



Chapter 5

CONCLUDING REMARKS

The stability of converging cylindrical shock waves of Mach number 1.5,

perturbed by cylindrical rods placed in their paths, was studied both

theoretically and experimentally. From this study, the following conclusions

are drawn:

(i)

(i)

(iii)

Weak converging cylindrical shocks have shown some sign of
stability when perturbed by smaller rods (R,/d = 50). With larger
perturbation, especially when R,/d = 25, partial stability is noted up
to a critical radius R;/R, = 0.31, where the perturbation parameter
decreases to zero. Beyond that critical radius, it then increases to

larger values before collapse.

Weak shocks perturbed by small rods tend to collapse in a region
close to the geometric center, on the opposite side of the rod. This
could be due to the fact that the triple points tend to sweep faster for

weak shocks than for strong ones.

The Ray-shock theory is found to accurately predict the triple points
trajectories in all the cases studied. Best agreement between the
theory and experiments was observed for the small rod diameter

used (R,/d = 50). For a larger diameter rod, the discrepancies



between the two were noted due to the error incorporated in the
calculation of the Mach number of Mach stem. In order to minimize
these discrepancies, a better theoretical prediction of the latter is

required.
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Fig. 2.3 Transmission of Shock Wave in Small Area
Change of Duct
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Fig. 2.14 Shock Wave System in the Vicinity of
a Transition Point
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Fig. 2.16 Schematic Illustration for the Interactién of
a Converging Cylindrical Shock with a Rod
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Three-Increment Area Contraction Axisymmetric
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e 250

(a) With Rod Diameter 1.6 mm

(b) With Rod Diameter 0.8 mm

Fig. 4.4 Spark-Schlieren Photographs Illustrating the

Propagation of Converging Cylindrical Shock
Wave Perturbed by Different Size of Rods
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[ Legend: _1

1.2 O A rod dia. 1.6 mm,Exp.
present theory

°.4 p—

0.2 |-

Fig. 4.13 Quter and Inner Trajectories, Rod of
Diameter 1.6 mm
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1.0

0.8

0.6

r Legend:
O A rod dia. 0.8 mm,Exp.
- present theory

| { | . L ]

0.2 0.1 0 c.1 0.2
R
—=(6)
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Fig. 4.14 Outer and Inner Trajectories, Rod of
Diameter 0.8 mm
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1.2 Outer trajectory
1.0
Inner tralector
0-8 -
-Ri 006"
Ry
004 -
002 -
\ ) ] 1 1
0.2 0.1 0 0.1 0.2
R
—2(6)
Ro »

Fig. 4.15 Outer and Inner Trajectories, Rod of

Diameter 0.4 mm
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Fig. 4.16 Theoretical Shock-Shock Trajectories for
vVarious Rod Diameters
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Table 1.

Characteristics vVariables Versus
Shock Mach Number
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Characteristic

Mach No. Ray Area w
Ve | euasion (s e, N 2%,
1.00 0 0.000
1.01 2,5846 + 2 0.283 7.928
1.05 1.3107 + 1 0.632 16.223
1.10 2.9462 + O 0.806 21.071
1.15 1.1841 + O 1,007 23.787
1.20 6.053¢6 - 1 1.266 28.512
1.25 23,5266 - 1 1.414 26.656
1.30 2.2807 - 1 1.547 27 .429
1.35 1.5206 - 1 1.66¢ 27.952
1.40 1.0740 - 1 1.728 2E.209¢
1.43 7.8807 - 2 1.687 28.517
1,30 5.2¢81 - 2 1.98¢ 2B .644
1.83 4,531¢ - 2 2,077 28.701
1.60 3.5481 -~ 2 2.163 28.707
1.63 2.8225 -~ 2 2.24° 28.674
1,9C 2.2764 - 2 2.220 28.5612
1.75 1.8580 - 2 2.406 28,528
1.80 1.5326 - 2 2.480C 28.428
1.82 1.2760 - 2 2.531 28.3i16
1.90 1.0713 - 2 2.619 28.1¢5
1.95 9.0632 - 3 2.685 28.068
2.00 7.71¢4 - 3 2.749 27 .03¢
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Mach No. Ray Area w Characteristic
M A x 10M Equation (2,63 ;nqlg’::i;:(‘él.)t;%))
2.05 6.6158 - 3 2,811 27.805
2.10 5.7023 - 3 2.871 27.672
2.15 4.9407 - 3 2.920 27.538
2.20 4.3015 - 3 2.985 27.406
2,25 3.7617 - 3 3.010 27.275
2.30 3.3034 - 3 3.094 27.146
2.40 2.5765 - 3 3.203 26.895
2.50 2.0370 - 3 3.302 26.656
2.60 1.6300 - 3 3.388 26.429
2.70 1.3183 - 3 3.477 26.214
2.80 1.0765 - 3 3.563 26.012
2.90 8.8681 - 4 3.645 25.822
3.00 7.3630 - 4 3.724 25.643
3.20 5.1842 - 4 3.875 25.318
3.40 3.7409 - 4 4.015 25.033
3.60 2.7570 - 4 4.148 24.781
3.80 2.0696 - 4 4,272 24.559
4.00 1.5789 - 4 4,208 24.363
4.50 8.5195 - 5 4.660 22.962
5.00 4.9260 - 5 4.900 23.731
6.00 1.9213 - 5 5.314 23.704
7.00 8.7059 - 6 5.672 23.702
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Mach No. Ray Area Characteristic

w Angle ‘'m'(Deg)

M A x 100 Equation (2.63)] Equation(2.70)
8.00 4.3952 - 6 5.966 23.702
9.00 2.4032 - 6 6.232 23.701
10.00 1.4070 - 6 6.470 23.700
15.00 1.7863 - 7 7.385 23.704
20.00 4.14:4 - 8 8.033 23.708
100.00 1.1724 - 11 11.670 23.803
- 0 = 23.°200
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Table 2. Various Quantities Corresponding to
the Wave Diagram of Figure 4.5
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