o " b - ¢
—t . PR IR yora N . A}
t Y ! .¥
. L 3 : S .
. , o
o R . - - e, -
T o o SIATIC AND DYNAMIC BUCKLING ANALYSIS OF
\ S A GUYED STACKS-AND "‘ASTQ WIIH\VARIABLE INERTIA -
. . o
- . ‘). ) \ . -~ P D v
: S TS~ Jean Daniel “
' - " oy ‘ ) ]
" r * - * ) . % ' ) ’ ’ :
P R ! o . ’ -
. LT : S ,
o o o , " A Thesis © - - .
‘ . . g - N ' .“
_ . R T )
Lo T .
B et ';' " The. Faculty
; . . “ . N , Lo . ) 3

f AN 5 rf‘ ; ' . - of

/)///‘ ©.' - .. " ,_Engineéring. ,
, .

~ ! . R P L
. - 3 » v . v . .

o ' » .
cet- Computer Science
T

. Presented in Partial Fulfillment of the Requirements
for the degree of Doctor of Philosophy at
Concordia University '
: C Montreal, Quebec, Canada ‘.

. . June 1982
2 © Jean Deniel, 1982 -

ol T o ' .5 and . . .

-

of]



o v et s

° .
[P, SRR,

EFS

. " PABSTRACT.

{
'STATIC AND DYNAMIC BUCKLING ANALYSIS OF GUYED

STACKS AND MASTS WITH VARIABLE INERTIA ‘
'\ )

.
11 ) ‘¢

Jean Daniel, Ph.iD_. '
Concordia Um’versity, 1982 ¢

. N
- .
’ A

A method of analysis of the static_and-dynamic-critical load of

the stack with var1ab1e 1nert1a'1s proposed in this thesis. A]ong the
’tota1 height of the chimnex,’fhe ine}tia I{x) ié assumed to_be a ugiform-

¥ L . g . ' . . ."
ly continuous function of x.: But it can.also be 3 piecewise continuous .

. N ¥
function.

Because the guys serve as supports, tge.sfack is assumed to be a

| bar on elastic supports., So, formuﬁae']eading to the static bending are

derived. The influence of the own weight distributed along tbe'Vertical

axis is taken into actount in the search for the critical load: There

’

results a differential equation of the fifth order with variable co-

o

: effiqiqus. This differential equation is t?ansformed'fnto a perturbation-

type equation with ¥ormulae of Timitation of the diameter and thickness

[ ’ M

at.«the top w1th respect to the d1ameter and th1ckness at the bottom.
\

o . LAY B
The criticat 1oad of the bar with constant 1nert1a is also analyzed

By the concept of f1ctit1qus 1ength, the differential equat1on of the

third order, derived by Euler in¢the case of "the cantilever columny is

transformed into a non-homogeneous differential equation. A new operatar

atfached'to Bessel functions and considered as a ring homomorphism is

-~

introduced. [f one uses this operator’, Bessel functions can be handled
with elégance and simp]icity'aé in ordinary operatjons oh_polynomials.

Completely new formulae are proposed for the critical”load of the bar,
» ) = “

. P . , -

- 4
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£~

- when one considers the inf1ugnce(bf the own weight. - o -

-

¢

. ‘ The dynamic'ahalysis'of the stack with variable inértiq lead to .
partial dif%erentia1 equations of the fjfth and sixth orders. As a re-
sult, algebraic polynomials of the fifth degree are.derived and analyzed.

The undamped mbtion, in the case of the bar with'constant inertia, leads

et

to partial differential equations of the fourth order. An expansion in

. : - \ ' :
- - In the damped motion, the proposed method-‘of solution leads als

, to the equation of the plate on elastic foundations in the old Winkler

N

* hypothesis. I , ' :

e

power series is proposed. ~ . | . . . . -
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.~ NOMENCLATWRE L w
Unless specified. and used tehpor;rily otherwise, the notations® ’
in the thesis have the following meani}g:

"a,b,c,d ° ' parameters. related to the geometry of the stack

- -
a,, a,» 3;, ,, 8, parameters used as coefficients in the differential

equation of 'the eldstic line . -
f | Toad vector L o ‘
fd damping. force
g acceleration due to gravity
£ length of an element of stack ‘ Fos)
ﬁ(x) unit we%ght'of an element of stack - ™~
\jp(x). }ntensity of the distributed horiionéa{ forces
4,9, | unit own weight of stack\é]ong the vertical axis
S \ “length of‘the chord of cable ’
\&!I ’ éfme
’ t:;f?;t'z thickness of an element of stack
u'(x) ~' component of the vector displacement )
Uij  ' eiéments of the fuﬁdamentalumatrig
W ' . unit weight of cable ‘ , e -’ |
RO ' coordinatesJ
AL 1{near operator’ | ‘ .
B 5 o ' perturbatjon matrix
) AC C ; area. of a section of cable .
JA',B',C | parameters in the cable equation
D,DI,D; diameters of'an element of stack ‘
ELE'E",E, - Young modu1i . o C . |
"Aijk parameters 5n the search for Ehe fundamental mat%{x\

v -] .,
-xiii- )



\ . \ ‘. . '
" - : o .
¢! ‘resistance to transverse vé]déity' v B
Cs : ' res{stance to strain;ve]ocity "
F_ - ' -parémetéf‘in the eJa]uatidn.of‘ihe dynamip elasticity
{ of cable ‘
G | factor of safety - ' ,/ :
I(x),Io inertial of an element of stack ‘
K o flexural stiffness
MMy bending moments at ends of an element of stack
P\ axial load | ‘
VLY, shear forces af ends of an element of stack ’
Q,Q0 ) | vertical componénts of gensile force of guy 5
\ S,'S0 . tensile forces of guy o n ) !
S T(t) time funcFion \ _ \\ 4 ‘ oY
u ' ‘ ‘ vector displacement
v oo ) horizontal shear force &; :
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EJeﬂ - wrénéh of acceleration oo : ’
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J, "f4 | égssg? function of order v . .

. .. coefficient of flexibility
&L -« mapping S

: ' ' o | Ly
,/V(' bending moment o .
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gbl domain, o | ’ ‘ : ' " S
(D)' . 'interior domain to .fgj A ; - . © .
‘ - ;l{(gb) mass of ,55 ,
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f . R " set of real numbers \
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P o CHAPTER I . o

- -
. INTRODUCTION T s e
. {

1.1 The Chifmey = = ' ,

* As its name indicates, the chimney is a pipé designed to expel into, .
the'atmospheré—the burning‘gas of plants. Slnce the d1menswons of plants
keep gett1ng larger and 1arger, there results a constant increase in fFe

size of the chimneys.

For both the manufacturer and.the engineer, this gives rise to N
majbr conceptual préb]ems of increasing difficulty, So, the height of -

the chimney is con§idered'td be one of the most important parameters in

.
A}

its design. . ‘

.

In fact, since man is systemat1ca11y modifying the environment, | 5
. po]]ut1on now _poses a permanent threat to hea]th 50 it-is imperative to
reduce the volume and varieties. of ‘gas and smoke,that threaten the ot
immediate environment. Thus, the evér increasing regu]afions imposed by
the Environmental Protectfoﬁ Agency have led, in the last two decades, .

to the de;igning of chimneys of more than two hundred to -three hundred

.

meters tall. \ ‘ ) \

Unfortunately, nature is not so easily dominated;~étapi11ty and
ecdnomics become concom{tant elements. . As a result, reinforced concrete
: was‘the solution to, the problems encountered in the construction of tall
° chimneys. However, ;teel is used with increasing frequency.. This thesis
is %ntended to be a contribution to the static aﬁd dynamic buck]ing

analysis of guyed stacks with variable inertia.
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1.2 Statement'df‘the Problem

~ ~§

The formulation of the problem is-as follows: consider a simply

, s . \ . -
, connected system in an Euclidian Space, schematized by a revolution sur- *

face with a vertical axis, whether or not stayed by elastic supporté
coﬁstituted by a set of guys. It is required to ana]yzé‘the,stabi]ity of
this system under the set of the most unfavourablevvértica1 and-horizontal

-

forces to which it can be submitted during its life-time,
1.3 Hypotheses T -

The,guyed stack with variable inertia is one of the most difficult

problems of the science of construction. v

In fact, the system at rest is set in motion by variable horizontal

s

forces according o a certain direction, such as wind:forces. However,
the stream of airflow in its motion generates secondary effects, such as
Von Karman vortices transmitting to the body oscillation motions in a,

p]éne perpendicular to the initial direction.

In its displacement, the surface compels the guys to move in planes
which are not necessarily the same as their vertiéa] planes. The
guys, whose purpose is to minimize displacements, develop compression
"forces on the surface. This inevitably geﬁerates variable vertical
displacements, along with tﬁe temperature effe;ts. As a result, engineers
a}e confronted with a problem which, by reason of its tridimensional

nature, is a complicated one. It is therefore necessary to put forward

’

Ay

some simplifying hypotheses. '

“a) Depending upon the case, motion will be one-dimensional.

b) The effect due ;o'temperature is neglected, but it can always

n

be introduced into the thepry which has been developed.

#*

[y
]
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J

taken into accounf, the assumption being that it does not affect the
: s

c) The shortening of the stack, under axial load, will not be

behaviour of the sfructure.

‘

d) Regardihg the static and dynamic behaviour of cables, the

12 -
®

author has accepted as valid, and therefore uses where necessary, the
findings-of Kolousek [1] or Ddvenport [2] in their résearch on guys. He
has preferred to focus'his attention on the derivation of motion equatioﬁs

of the stack itself.

* '

e} The geometry of the system is cénsihered as that of a éurVi-
linear medium, to which can be applied the fundamental eqyatjon df
Continuum Mechanics, by restricting the design to the linear field and
taking into gccounf the'fundamental'hypothesesqu Strength 5f Materials.

f) The random nature of the phen;mena generating the'exciting
forces has not been specifically copsidered. But it can possfb]y be
introduced in_the derived solution. ,

g) Only the elastic buckling is analyzed,’and no mention will be

«a

made of the devices used to reduce cylindrical vibration,

Despite these limitations, the devélopment of the equations has
led to férmu]ae which can appear very soph%sticated. .

1.4 Origin ) L
P4 J P vy

The origin of the problem is as follows: As a doctoral thesis,
Pfofessor Troitsky. proposed that the author conduct research on-the

problem of the'guyed stack. . ) ‘

1.5 Review of the Literature

°

.
2

The behaviour of cables is ane of the most important factors in
A3 . .

’

. the design of guyed masts or chimneys. However, their analysis is not

Y
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very simple. In the past century, this analysis has been the object of

extensive study by hany fesearchers, as outlined below.

Contamin [3] mentions the ministerial circular of the French
Government dated August 12th,‘185é concerning the use of cables in sus-
pension bridges, and gives formulae for the utilization of chains and

cables.

Pigeaud [4] analyses the role-of cables in suspension bridges and

A\

formu]ates a method for finding, by trial and error, the disblacemenf of

two cables symmetr1caf?y fastened at a point C and subjected to a .

horizontal force at tﬁ+s’bo1nt 5 Ny

o
~

Re1f and Powell [5] conducted experiments on.cables of different
sizes 1nc11ned at an angle g 1in the direction of the stream of airf]ow
They ver1f1ed mhat the normal force on the cable is perort1ona1 to the

square of cosines of the inclined angle g, _as it s expressed in

Hoerner's [6] book. . . Ca

But it mLst be Rointed out that the problem of gu?ed masts has
been clearly recoénized by Bou:séiré [7]. He mentions in his article
that the literature on this problem was sparse. By usiﬁg descriptive
geometry, he presented an excellent method for the analysis of cables, ’ ‘ .
pheir,in%tial tension and also for the design of pylons. The problem
was treated as a beam on elastic supports. He then derived the faméus

formula relating horizontal force.at ‘the connection of guys to the ten-

sion of hard and slack guys

Sainf]ou [8] continued Bourseire's [7] research. Using therreézjzsff‘—’/

pub11shed by Pigeaud [4], he formulated the classic third- de r \9at1on

relating geometry, displacement and the initial and\fupdl tens1on of

~

/



leeward and windward cables. : i

. In the technical notes of the "C.E.C.M." written by Joukoff and
Massonnet [9], wind action on cables was considered by the use of -4
. spherical trigonometry. Using the formulae of Bleich [10] and Agyris [11],

they put forwgrd their solution in a graphical form.

Different techniques have been used by researchers to analyse the - -g
siatic and the dynamic behaviour of guys, as qudted in references [12,13,

14,15,]6,1?,18,19,20,21,22,23].

Some of these techniques are: implicit functions, successive
approximations, expansion in power series from the Catenary equation, the
technique of linearization and the technique of optimization from the

Powell quadrati& interpo]ation'theory.

ls/yuavenport [2] studied the behaviour of cylindrical columns, whether
or not stayed.by guys. By using and simplifying Kolouseck's [1] work on i
cables, he proposed a formula expressing the dynamic elasticity of guys, .;

whether or not they oscillate in their vertical p]éne.

)

Availing himself of Davenport's [2] research, Addie Robert [23]
studied the tiidimensional behaviour of cables under the effect of

horizontal forces.

‘Cbncerning the design of the mast itself: Bourseire [7], neglec-

ting the shortening of the mast, expressed the three equilibrium
equations at the connection of each set of guys. Thus, forces and bending

moments weré determined by assuming a linear displacement along the |

height of the mast.

~ Sainflou [8] applied Bresse's fundamental equatibns and arrived~at

-
q
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a system of five uﬁknowns ét each node ¢ vertical and horizontal dis-
placements, ro?ations, tension of hard and slack quys. a
1‘Kolousek4[1]; after neglecting the influence of the verticaH dis-
placement, wrote in his analysis of the bending moméﬁt the equation of
ﬁhe‘uneven beam, by taking into account at each joint the influence of
the elgstic support settlement. He proceeded in the same way when

.

analyzing the stafic and dynamié buckling load.

~ Joukoff and Massonnet [9] indicated a procedure to be followed in
the design of guyed masts, and mentioned that, despite the complexity of

the computation, the normal procedure should be to consider the horizontal

"and vertical forces acting together, as well as the secondary effects

due to the elastic deformation of the mast. -

Schott and Thurston [24] desiéned a tubular mast‘By using the beam-

column equation as it is expressed by Timoshenko [25]. q‘

Davenport [2] used the generalized coordinates inferred from the

classic solution of the differential equation of the beam-column, and

‘presented formulae leading to the determination of forces and bending

moments of guyed masts and chimneys. \

Meyers [16] used the theorem of implicit functions to s%uoy mastA

deformationy but the crit1c§1‘load has not been determined in th& analysis.

Grad sty [26] used Clapeyron's equation and by taking into account
the influence of the axial force concentrated at each joint of fhe mast,

developed two approximate methods from the determinant he introduced into

. the theory. This determinant was divided-into four sub-determinants.

The first element of the main diagonal, called the "reduced déterminant", .

b

gives the critical load.
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Mac Cann [22] developed the method proposed by Heteny1 [271.

us1ng Mac—Laur1n s series, he der1ved a set ‘of formu]ae re]at1ng together

13

“d1sp1acements, bending moments and shear focpe, the d1stﬁ

uted externa]

force appear1ng in the form Qf a mu1t1p1e 1ntegra1 of the fourth order.

+

Goldberg

Gaunt [28] stuflied the stability of the guyed mast.

The formulation of their method,, a ‘similar one to Meyer's, led them to

a set of non-linear equations, numerically solved by the Runge-Kutta

. method.

Ly

Addie Robert [23] ana]yzed the non-linearity of the stat1c 1oads

He also cons1dered vibration under'dynam1c 1oads from the determ1nfst1c

. ‘%

and random points of view.

1.6 Proposed Solution

&

The procedure out]ihed in this ithesis is in line with that of

-

RE

o

Ko1ousa§ S memo1r, and the proposéd $o1ut1on consists in the an1ys1s of

an element -af the system subJected to any set of loadings, without

limiting its generality.

‘nen-continuous. . . )

mathemat1ca1 so]ut1on

k)

-

M

@

Therefore, the 1oadﬁngs may be continuous or

[¢]

be made between a numerical solution, the finite Elements Method and a
. 3

The third solution has been selected because it

~N-

After the derivatjon\og the equations of Motion, the,choice has to.

has appeamﬂﬁ,the S1mp1est, and apparently nothing has yet/been pub11shed

that is relevant to the research which is being conducted.

13

Qias expressed, by Kolousek [1].

static loads is analyzed in Chapter III,

. » In Chapfer IT, the classic equation of cables is restated, as it

_ The bending moment of .the system under

<,

, allowance being made for the influence of the structure's own weight,\

"

*

J

and_ static buckling in Chapter IV,

i
:
3
1.
1




-

- e seriey pf«analytic funﬁ;ieﬁf has been proposed, leading to a pertubatfpn-

- /'. ~

g -8 . -

including the weight of the lining. - o .,

Due to the compTexityoqf the differential equation of the fifth

order obtained by derivation under the(sjgn' f , an expansion in power

’ type’equation with characteristic polynomfa] of the fourth degree. As a

résult, it seemed mo&b elegant and more pract1ca1 to 1ntfoduce into the N
. - .

thesis the fundamenta] ‘matrix of the auxiliary system associated w1th

the d1fferent1a1 equation which has been*der1ved h//

-

-~

In Chapter V, the case of the bar with constant inertia is -

ana]yzed with the help of Bessel functiéns by extending the Greenh111 5 . '

,r[29] solution. ' b : ‘|
. " . ‘ , 1 N
4 ' ‘ i ‘
. ‘ Chapteﬁ<VI is devoted to the dynamic analys1s of the beam with a : )

~ oy

n?r1ab1e sect1on, and Chapter VII to the dynamﬁc ana]ys1s of the '‘beam

|
|
wtth)constant inertia. For the beem of variable inertia, a partial . a
diffe}entia1 equation of thelsixth order has beenlder{yed, n the case of
'damped motion. Th1s part1a1 differential @quat1on reduces" to fhe fifth
s 3order when undamped mot1on is cons1dered .The method used in the stat1c )

part has 1ed to a charaeter1s§gc po]yn9m1a1 of the fifth degree

In Chapter VIII, numen1ca] bxamp‘es are so]ved by the use of a

computer progra developed for the punposetc Chapter IX conteins a brief

\ . . . N .
-summary o the tudy, together with. concluding remarks. . '
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CHAPTER II -

. STATIC BEHAVIOUR OF CABLES - - -

2.1 Elastic Support Displacement

Each support of the system is protected against excess1ve dis-
p]acement by a set of guys. Under action of the uniform load per unit
1ength the guy assumes the shape of the catenary, which deys not drffer

‘ much from the parabolic shape. However, the parabolic shape is used
(in accordance with genera] praétice in design), since the guy is not
on]yaloaded Q% i%s own weight and wind, Qut also by concentrated loads

: .8 :
such as isoldtors, tenders, etc. So, the catenar@ does not correspond

" . to the real shape af ‘the curve assumed by the guy under loads.

‘ . oo

b )
C ’ Generally, in the case of four guys symmetrically fastened and
opposite, two by two at a poﬁnt, the most unfavourable imposed conditions

for which the structure is to be built are those schematized in Fig. 2.7

T N ; i

b . . At the laying of the cables, the guys being adjusted in calm
weather, one will call the state of fixing of the cables that at which!
D - wind actidn and the force at the top of the guy are zero. Thus, only

perménent_]oads are- acting upon the system, i ' /’,/

In‘this case, the guy is stretcheq by the f%xing axial force’SO
and actédyupon by the uniform load 9 whose resultant is QO along the
“chord of the guy and, the maximum displacement is f (Fig. 2.2). Under
the w1nd action, aj%ens11e force® S 1is developed in the guy, the trans-

)
. Al

versal load component being Q and the displacement f (F1g 2. 2b)

1 ‘ 1 1

f2 S5 .
| O SR R A e
, ) ¢ c c¢ ’ '

w|oo
wjoo
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245, o ACEc 2450 CEC , S,

v

-

; Fhe system being ;ymmqtﬁ?qglly stayed and loaded” according to-
the symmetrical plane Afﬁ. (see Fi§.2.1), one will designate y.as the

disp]éqgment of the sdpport dr joint connection of gu§s.‘ By coﬁsidering

Fig.2.1 and Fig.2.2, relation (2,3) can be easily derived from y and Ag,

- B

L] I
‘ = _i__ N - .t i - u . -,
Y ® CoSo cosg . ‘ (2.3)
" i } L '
Thus, - Lo ‘ ' ‘ T o
y = A . B'S +(C , } s - : o (2’.‘4)
5,2 ‘ . - X
. ' h‘« i . ‘o B - ? . v
In (2.4); the different parameters have the following values:
Vo 2g . . .
A= - 5o cosg - S : - . A2.5)
’ D S ) ) - e ’ I
Bl': - . . ) ) ) ) (2.6)
Acg:coso cosg. . o ’ -
v Q'ZS . S ' . . ™ . R o !
¢- (24‘5 ) AOE ‘c0501coss ‘ (2.7)
0 0cC \ , , . ‘ : ‘

5

2.2 Support Flexibility

N
By considering formula (2.4), for a given value of vy, one can

easily determine the tensile cable force. A third degree equation is

then obtained; according to the case, the tensile force is increasing or

-1

il

e

PR %1 SR
2
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’

deéreasing (Fig.2.3). Thus, for a given equilibrium stayé/, t}he hom‘lzonta]
‘reaction V at ‘the support numbered k of the continudus beam schematized
j-.yin Fig. 2.1 is qual to the horizontal component ¢f the tensile force of

guys at support k. In the case under considerTltion, if \Ik is the

.horizontal reacti'on, then: - :

C ; _ - .
Vk = Z(Sk,l Sk’H)‘——SkI \ / .(2,.8)

This reaction acts in the symmetrical plane A-A. Then equation.s' (2.4) .
and (2.8) éGabh‘sh,a non-linear re]a’t'ioh between y and V Since

(2.47 is not a linear one. In order to consider the system as a contin--

.« uous beam oy@stic supports one will assume the linear relation (2.9)

Sk, - Y '-'](*‘IV : . ~ (2.9)
JS andx are constant pavrafneter;s which can be designated as coefficients

. of support flexibility. j

, THen, the represéntative curve V(y) of equation (2.8) is re-
placed by.-a straight Tine whose equation is formula (2.9).. This hypothesii.
1§L§rue if the straight line is tangent to the curve at the po{nt of .
\support‘(y,v) whose coordinates are exactly the displacement and horizontal
'ieactioq at fhis point of the continuous beam acted upen by the given
'a}oading. Since the location of this point is not known a'briori, one has

. to proceed by trial and error.

..

Nes
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. CHAPTER I1I |

BENDING OF :I'HE STACK UNDER STATIC LOAD

This chapter is an attempt. to .ana1yze the f1'exu'ra1 bending of the

s_\'/stem subjectead tb a set of horizontal forces assumed to be static.

3.1 Equilibrium Equations

The system under consideration is schematized by an arc 1ength

-

whose extremities are designated by 1 and 2. The E)ath of this arc length

is followed '1'n its rﬁotion, and its peints M. are located by a curvilinear

" abcissa.

‘The two vector functions Z(s) -ar!d/"((s) , defined along the arc

' 1-2 (see Fig. 3.1), determine the internal forced in the medium in its

motion, and will be considered to be continuously ‘differentiable. They
represent the external forces exerted by the part 'of the body s 2 So

ubon the part of the body s ¢s_, at a pdint MO- whose abcissa lies

0
between 1 and 2.

. The external forces applied to the system will be defined:

- - by di‘stributed forces on 1-2 defined by the linear density
f(s) (applied in the-domain of definition of the system)

- by forces applied om terminal sections represente_d- by elements
of reduction at points 1 and 2 of the wrench that they

g.constitute, namely: S

[gf] with components (V,, M;) at end 1-

i ' .

I?;] with components (V,, M. ) at end 2 IR
2 2?2 ' .

These wrenches correspond to the forces applied at the boundary.

o

o
T

=g
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Therefore, one can apply’between points 1 and 2, in agreement with

_ - - : i . -
Germain [30], the fundamental lemma of Continum Mechanics, stated below: LL

x--

Let $(M) be a continuous function defined in a domain @), let

(D) be an interior domain@t\o\\@); if

ff0[¢ (M) dv = : \ : | (3.1) .

‘\ whatever be the subdoma1n (D) 1nter1or to @ , the funct'(on ¢(M) is . \

identically equal to zero in (D)

Th1'ls leads to the two equilibrium equations: . < /

4.
+ 4= 0

LM+l =0 | o @a
-, - ’ . u;)

LN

unit vector of -the tangent at M to the arc-curve 1-2. Similarly,

the wrench of the rate of deformatmn at each pomt and at each time ) ‘ {

/

1]1 be defined’ by its e1ements of reduction at M as v (s,t) and€ (s,t).

oy

<, ;fU'(s),t) andWs,t) designate the speed and the rate of rotation at

point M, it follows that formulae (3.3) can be written:

\

Y ®%s

(3.3)

Uy g ’ '
—a-s_ +T)\w . . ~ o, . - - h

3.2 Hypotheses and Solution

g -

The motibn of the elastic body will be located in an Euc11d~1$n

space. The entire elastic body stayed by guys is, considered to be a

simply connected system ana]yzed' with all the facﬁiti es provided by thé
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StVenant principle. The behaviour law of elastic media will also be

*

- applied to any point of the moving body. The locus of centers of inertia .

of the right cross-sections is defined by the‘x-axis, while the directions

N

of y and z axes are those of two principal axes of these sections.

The effects due to shortening or extension of the solid body will
A\ r

be neglected. Temperature effects w1:H not be taken into account.

f Ll

If eagh part of the\gtack 1ying between two sets of guys is
considered to “be an e]ement,a the system will then be made up of n
e]ements'. Therefore, the 'sol_utw'on to the flexural bending problem due ‘
to static loads is‘given by ;‘_he mapping:

-

Lo, g S (6.9

Thiis mappingj defines the constraints at ‘contiguous or non-contiguolis
‘extremities, that is to say the equi]ibrium‘equations, which means that

_the wrenches at extremity i or éxtremity 1i+1 form a set equivalent

’ to zero.
. L]
3.3 The Law of Inertia .
' he Because the cables serve as supports, the system with variable

inertia is analyzed as a bar on elastic supports, having the shape of fru-
g stum of a cone‘."The law of inertia I(x) whic:'h.is édopted in the present
thesis is that proposed by Pschunder [31], so'that I(x), as\indicated in
Appendix A, s -a continuous differeﬁtiab]e function. Assuming' that the
' thickness t'(x) verifies at each point of the bar the following inequality

(3.58) | , B .

™|

< g | o S " (3.5A)



then

e
?
-
a
b}

I(x) = Io(1+l;x)(1+ax)’

3.4 Element Subjected to a Lateral Displacement and to a
3

Flexural Bending at its Ends

- The Eurve (c) is assumed to be plane and, 1ocai;ed in the p]ané
;oy. The curvilinear abscissa s is the absc'issa 'x measured along the
axis of the element. It is assumed that the bar is subjected to a dis-
"placement field at extremities 1 and 2. For the flexural bending
analysis, it will be assumed that the external forces are noﬁna] to the

b

curve (c) Fig. 3.1. (However, in‘f'luence of axial Toad on Be'ndh:g is

-
-

considered in Appendix K).

By designating @'(x) as angular rotation of thei section at ab-
scissa  x, u'(x) and‘y(x) as.components of the displacement function .
U'(x) according to ox and oy, the bending moment/( being carried by the '
x-axis, equations (3.5A) and (3.5) allow one to write at any point of
the-bar formula (3;'6) | . ‘

EX(x) 4 - M, + V,x ‘ , (3.6) ”

. dx?

. L
If K 1ds the flexural rigidity of the element with constant [nertia I0

defined by: , . . /
‘ K= EI0 ‘
one will consjder the mapping ¢ such that: '

r : /

o1 x +olx), VW oxe RYU {0}

and defined by’




M‘z’ 3 i,zx
#(x) = + (3.8)
(1+ax)*(1+ bx) (1+ax)3(1+ bx).

, I
» ’
.

®

Moreover, one will assign as domain to ¢ the compact set [0,2].

Therefaore, ¢(x) is uniformly continuous, and the indefinite

integral (3.9) is the solution to equation (3.6)
1 . ’ .

. - K'Y(X) =ff¢(X) -d.x dx' | . | | R . .(3-09')

_If one uses the boundary conditions at extremities I, and 2, equation
. “(3.9) is expressed in an explicit form by 3.10). -

HE=Y

, \ .
Ky(x) =V, |- b x Tog (1+bx)-x + .
' (b-a)3 ‘

\/ ] ] - . Do
Tog (T+bx)¢ + ~ ' - g (1+ax) .~
p 199 | X" ?az(b— a)(1+ax) a(b-a)2 K

+(b b Y %x Tog (1+ax) -x+% log (1+ ax)} +
3 ~a ‘
(bta)x _ 1 J 4 \

2a(b-a)?. 2a*{b-a)

;
Mo =D
" (b_’a)a

x Tog (1+bx)<x + %109 (be)}

- 1 s —0b log (1+ ax)
. 2a(b-a)(1+ax ~ a(b-a)? ' ‘
. i
. . . g
. SO L {x Tog (1+ax)~x+-a- log (1+ ax); -
(b -a)? - 8
' [ 4
' ‘ LY




. ‘ , (N
- 3b-a + T + Kelzx + Kyz . » ‘ - (3']0) . ix
2(b-a)%  2a(b-a) o _ I
53; ‘ ) . 1 {.

~ Therefore, the hypotheses assumed in paragrgph (3.2) are expressed by ) 2
) () Z . P S

g:’ Cyu S \ e (3.11y L
o et T ’, . .

. In thjis fo‘rmu]a‘z:{' is a 4 x4 matrix, andu is t‘h\e~ displacement e
] . a} ‘
N .

vector at the ends, including effects due to the elastic supg_ort‘s.

3.5 Elements Subjeéteri'o a Flexural Bending’at End 1 \ )

. - R { S I . . '
- In thisccase M, = 0. Then:: R R ’ - ;
. (\\ ‘ V : o §
g V,x C . , ;
p(x) = ————— o R ) R |
. ( (’I+ax): (1+bx) Lo ‘ - A
The so]utmn is g1ven byg(3 10) in whmh M f 0. A'lso (3. H becomes . * it

N\
‘

‘a 3x 3 matrix. Note that aH cond1t1ons .of support at extrem1t1es 1 and

' » l

t Fiad

W2 can be cons1dered 1n (3.10) or (3.11). o o - \\-_
' . v . ‘ ' . ) . , “ ! ) h A
3.6 Remark '// L. : ..-/“%5 . B
Note -that the preceeding formulae are also.vabid in the case of a - L

hallow sectiﬁonfﬁ%-cyﬁndm’ca]l shape (see paragraph 4.5} whose int;}nal

,diametel: is’ fixeds while the external diameter varies lipearly with, | ’
) ' . v '

3 ’ ' + . u ! [] .
‘respect to its thickness.. . - . ., L ;
" ° > “ ’ w t ' \’ . o~ . T
3:6.1 ’.Remark\ o ' L '
, P a——— - * a ’ ; )

i

‘ If one assumes the cone to be of. constqnt th1ckness, the pre-
ceed‘ir{é equations are apphcab]e in"all their generahties ~ Hith the

defin?twn of the parameters listed 1n"Append1x A, it w1H sufﬁce

[ 5 ’




g

1
L
H
i
)
1
N
|

to write: b =0.and c = 1. "
. . gy
Therefore, the equation given y{x) can be written as follows:

oy ’

Ky(x) = V. |- 1 - 1 Tog (1 +ax) .
‘ 2a (1+ax) a? o o

*3.6.2 Remark

“ If the cross-section is uniform Gver the entire length of the
L4

chimney, one deals with the case of the cyfindri”cal bar. Moreover, in
N ~_

the preceediwaragraphs, the lateral displacements at extremities. 1
and 2 v'vere con;id;ared One"can also t?ake inm ac“c<\)unt tr;e inf'luence of
the ama] Toad, ifait, e;nsts apphed at the ends of the bar (Appendix -
K): “In the case of a tensﬂe force, the f1e1d of displacement decreases,

\ rd
and it increases 1n.the-case, of a compressive force. . . ’

(\ rd

3.7 * Effect of Transversal Loads

- L L ,
. The principle’of superposit‘ion ‘being applied, the bar.is considered

. N s ‘ i
¢ toﬂ,ﬁb under“fixed sypports, preventing any rotation or traq.slation at the

.extremities, depending on ‘the, casé undér congideration. Gwen the trans-

L}

=1

\
‘(verse 1oad functi\:iN p(x), and neg]ectlng the mf]uence of, the ax1a1 force,_,

(x) 15 expressed by\ (3.14) in the case of a fixed-ends element.

]

#
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(1+ax)3(1+bx) (1 }ax)?(‘] + bx) ' 2(1 +%ax) 3(1 +Bx)

' "M <V, ' B 2 . ’ 1
p(x) = 2 + 2 p(x) x* - . ~.

. If p(x) is the constant function for a given_ element, ’;hen

e

equation (3.14) is expressed in explicit form by (3.15) S R

|

x 1og (1+bx)-x+lb-‘109 (1+bx)‘

Ky(x) =V, [‘ -
(b-a)?
o 7 o

ot ] - o9 (1+ax) - ‘x’log (1+ax5
2a%(b-a)(1+ax) a(b-a)?2 (b-a)? |

P

W

> ~

: 2a(b-a)2 2a%(b-a)

¢

PP USRI

"x log (1+ bx) -x+;—1og (1+bx)l

:

: “Jog (1+ax) . - . )
2a(b-a)(1+ax) a(b-a)z > _- ;

™~

. 2 :
’ ( b )5, x log (T+ax) - x +;§- Tog (1 +ax)
b-,a - o, ’ - "

_{3b-a) ] .

2(b-a)2 2a(b-a) : DL

N , , S \ -

v
[ ‘+ ] _ ~(-232‘|'3ab-l)2) 109‘21'*'3)() +
- .2a¥(b-a)(1+ax) ~a’(b-a)d

[ :




[N AR — -
'

. -22-
\\
']‘ , N 1 . . ) .
—— !x log (1+ax) =.x + 5-1og (1+~ax)‘ +
(b-a)® [ . ' _ .
\
. 2 ) L o
X { 1, (-2a%+3ab-b2)| _ 1 ) (3.15)
a® (2(b-a) (b-a)* ) 2a%b-a) ‘ ,
' ',. ‘.' . < L]
®

It is sufficient to proceed as in paragraph (3.4) in order to -

determine the }eaction forces, andf&Lis a function of, the lateral load.

In the case where end 2 is hinged and 1 fixed, it is sufficient

to write in (3.15): M. = 0.

2

3.8, Remark

’

The remarks stated- in paragraph (3.5) are also applicable in the

case where the effegts of the transverse loadings are considered.: A

'Qniform Toad has been analyzed, but any other law of variation of p(x) -
can be ctonsidered by the- previous method, since one is confronted with &

a doub]e.integral and_boundaries problem,’
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CHAPTER IV

-

y b
STATIC BUCKLING OF THE STACK WITH VARIABLE INERTIA

4.1 Stability Under Axial Load

. B -
The stability of the bar with variable inertia is a complex

problem, since the own weight of the structure increases with height and

constitutes a non-uniform “loading.

JIn addition, lateral displacement of the body modifies the tension
of thg}guys, which introduce, as reaction, compressive force on the .
strufture, and as was seen above, the support f1exibility is a non-linear

function. Therefore, it becomes important to take into account the in-

' Y

f1ucence.of moments introduced by the vertical variable forces according .-

to the vertical ax{s.

As a result, the analysis of the stack's stability under the set.

of applied loads becomes more difficult.

In spite of all, stability is anveigenva]ué prob]em. A safetyv
factor 'G' ‘against buck11ng will"be introduced'in the search for the
ejgenvalues, equ1]1br1um cond1t1ons at the ends of the bar be1ng express-

ed by the mapping ;fsuch that: ‘
LR L g . - ’

The problem to be solved is fhe following: << for what value of 'G' is

the operator éi:\a singular one? >>-

The equation obta1ned ‘being transcendenta], one will assign
d1fferent va]ues to 'G'. The Towest value of 'G' for which ;;f is a

singular operator glves the cr?t1ca1 1oad "

:

AR, nt—.__—-w o
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4.2  Differential Equation of the Neutral Axis

-

The reference under consideration is the reference oxyz. In the

state of deformation of the bar, a bending moment carried by P4 appears
in each section. The stability analysis will be performed by neélecting
v ' ) infinitesimal values of order at least equallto two with respect to y(x)

and y'(x).

Theﬁ, the components of T, n and the radius of curvature (Fig.

4.1) are written:

tro(Ly') . on: () - :
] = " : g_s. = ' ! ‘ i
T{- =Yy ' dx 1 (4.])

o -

.- T It can be noted that the own weight, per unit length of the eldment, is
,‘/ a contipuous function of x given by equation 24.2)
’ [ 1q(x) = q (4+ (a+b)x+2(1+ax)(1+bx)) ’ (4.2)

In this formula, q, is written

1

qo = % p Dpt,

This load q(x) is distributed along the vertical axis ‘ox.

|
{
¥' ~
}. .
! By considering the set of veftical and horizontal loads, the forces
. . &
acting at ends 1 and 2 of the element, the previous equations, (3.2) and
(3.3), are expressed by the integro-differential equation (4.3) which

translates the differential equation of the elastic line of the element,

in a state of deformation.

\
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: [
. 2
E1(x) S =g, [ (0 (arbhxr2(1 430 (14 b)) i) - y(x))an
dx g < .
- Py + M, +V,x-p €§~ ' (4.3)
' /
The inertia function I(x) verifies the restricted inequality

I(x) > 0. Moreover, on the compact set [x,%2], q(x) is.uniforhlyﬁcontin-
uous . THer%fore, one can apply the following theorem: << If f(x,;q) is ’

a function, depending on the parameter 0, and if this function is con-

tinuous with respect to both of the variables x and n over ascertain

compact set D, then it is a continuous function of x, and uniformly

with respect to the parameter n. >>

Therefore, equatidn (4.3) is continuously differentiable. Then,
by the definition of the bending moments, the shear force, the pressure
. o
at any point of the bar, the, differential equation of the fifth order
i
(4.%) is obtained.
It indicates the gradient of pressure at point x, and is also

the differential equat}on satisfied by the elastic lines in its deforma-

tion. The integral equation has thus been transformed into a differential.

equation with variable coefficients:

5, ' 4 2
u+(9a+ 3b)d_y_+(18a .

dx*® 1+ax 1+bx/ dx* (1+ax)?

. ‘ 18ab ' G(P + 64 qo) ) - 9% [ C
(1+ax)(1+bx) K(1+ax)3(1+bx) K(1+ax)¥(7+bx)

' ’ 3
(6-32(a*b))x +(-12ab+3a + 3b)x2+-2abx3]) 3_% +
: . ‘ j .

\




- ew—

+

+
T+ax)?  (T+ax)2(T+bx)  K(1+ax)3(1+bx)

3 ' 2 q i
(( 62 18a2b ) 0 [12_/92 (3 +1)

. i ‘ ° ' 2
+ 15(a+b)x - 12abix + ]6abx2]> 9~f
) dx

9 : .
- 0 {9(a*b) - 12abL+24abx) 3L = 0 (4.4)
K(1+ax)?(1+bx).

4.3 ~ Proposed Method of Solution

The proposed method is related to the one evolved by Fuchs in the

[}

study of differential equations of the second order in the neighbourhood
of a "singular point". The problem is thus transformed into a perturba-

tion probTéh by an expansion in ‘series of analytic functions.

In fact, the fo{]owing'hypéthesis can be assumed on the'va1ue of

e
—k—" <<]

£ :.length of the element.

Moreover, the two functions and 77;5; can be expandéd ‘

1+ ax

into a series.of analytic functions inside the disk of radius of conver- _

gence:

L)

R = inf(% , ) o (4.5)

o|—

this necessarily implies:
lax| < 1 and |bx| <1

From the definition of a and b, it follows that:
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1-A X
EIRE
(4.6) -
Ie—é—s %- < 1 ¢
!
The set of relations (4.5) and (4.6) lead to the two inequalities:
1 D ' .
—2— < ——1-\( 1 ,
(4.7)

/2 <ty /ty <1

The inequalities (4.7) are called: << mathematical conditions which
1imit the "diameter and the wall thickness at the top with respect to the

5

diameter énd thickness at the bottom of the element of Tength ¢ >> .

If, for example, the following series is considered:

-’

, — fli (1) ™) (04 1) (4 2) e S
; 1

\
With the hypothesis made on -%-, it verifies the inequality:

-~

2o at” 3 1™ (04 1) (n+ 2)am )
1 1

\ 55 55 (n+1)(n42)alM1) (M) (meni2)
1 1 ' '

- equivalent to the estimate of the term of upper degree in the coefficients

, N 3 - ! °
of- Q_E_ . This series is absolutely convergent inside the disk of
dx

radius of convergence defined by inequality (4.5).
'So, if we expand in entire functions the coefficients of equation

(4.4), the series is convergent. Therefore, the state of buckling of
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9

the element is given by equation (4.8) below, the parameters a;, 8,

i=1,..,4, being defined in Appendix B. *

-

5 4 3 2 ' - 4
d_.Y_+ al.d_.x+ azd_x.p aag'_x-i.‘au_q_y_: el(n’m).d_l +

dx3 dx* dx? dx? dx - dx* N
. ' C43 . 2 - )
8(m,n,x) b2 8,(m,n,x) L 8, (m,n,x) Qx_q (4.8)
dx? - dx? - dx . .

a

As indicated in Appendix B, this is a perturbatidﬂ equatién. So, the

differential equation of the fifth order can be transformed into the

+
LY

“differential system (4.9).

W[+ B(x)Tu , | (4.9)

In this'formula, A is'a 4 x 4 constant matrix, while B(x) is a 4x4

perturbation matrix whose elements—0 when both n and m »~ = , x € [o0,2].

Under the form (4.9), the search for the solution to the problem

under consideration is referred to a problem of spectral theory.

In fact, given the set of complex numbers € and Z, the set of
. .
integers, one defines by,/V[A the subspace associated with X (an eigen-
value) such that: ~
Y .
'Mx={X: (AL-A)" x=0} . °

: o o ~(4.10)
AeCandve VU {0} . : -~ :

~

v : “index of the comp]Ef number A relative to the linear operator A,

EM being-projectors of the spectral decomposition associated

with A, the solution to the homogeneous equation can be written:

! «
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V- Vs . :
i-1 (A,x) -
u(x) = 2 (A= I)M" e ! E>‘1‘ U(O)\ (4.11)
i=1 m=0 - \ . i
I : identity matrix ( '
A; + solution to the following equation: ,
| -A 1 o 0 :
B ‘j )
‘ o 1 . 0 =8 . (4.12)
0 0 =X 1
. =8y CES -dy -(al'f‘l)

s o ~

a1, a7, aj, ay: parameters defined in Append1k B. [So, i agreement.

with Roseau [32], any solution to the d1fferent1a1 quatlon (4 9) con-

forms to a Volterra's [33] 1ntegra1 equation of the lsecond k1nd

) = Uu) + qu o) SRR

In this formula, U(x) is the fundamenta1 'matrix of (4.9), such that:

u(o). =1 =~ : o

- Therefore, the equation satisfied qf the deflected sha e will be written

under the form given by (4.14)

’ , X X' ) ‘
y(x) = ¥(x)y(0) +f U(x"' - 7)B(1)u(t)drdx" ' (4.14)
00 .

In this formula, Y(x) is a 5x5 matrix defined in Appendiis B, and the
double integral fis reduced/ée a simb]e integral for Whe |lines different -

from the first line.

¢
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4.4 Remarks _ . o

°

«#

The knowledge of y(x).implies'the complete so]uﬁion to the problem

under conside?ation.. As one is interested only in the critical load, .

the integral part of equation (4.14) will be ignored. So, (3.4) becomes ..

a system of homogeneous equatjons with respect to the parameters of

deformation.

%

4.5 Element With a Constant Inside Diameter

-

The same method is again applied. Since the parameters defined

in Appendix A remain the same, a s]ighggmodification'is introduced by

putting:

N,

. : . ' - (4.15)

UIH’

<d=
2

1

The own weight distributed along the vertical axis is given by: !

3
- 8
-
'

.(4.16)

. d(x) = q0(6+.3(’| + d)bx + 2db2x?) j
. n
. In this formula 9, is defined by:
TP D2t2 . P -
go - 6 . ’ ! (4.]7)

2
[ t

The di“ferential equation expressing’ the stability of the e]emeﬁb‘is

d5y+( 9a , _3b ) d'y ,
dx5 \l+ax 1+bx/ dx* ¢

wﬁitten:)

18a% + _ S
(1+ax)? (T+ax)(1+bx) K(1+ax)*(1+bx) K(1+ax)*(1+bx)

 18ab 6(P+62 q,) % [

Ay *‘ N 3 ’
(6 - 6b2(1+d))x +(3b(1+d) - 22db?)x*>+ 2dbx3] _ d_)g’_
. . ‘ *dx

[N < ‘
. s

L]

. . .
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41 ?aa 4 18a%b . ¢ / 9% . []2- : |
1+ ax)® t (T+ax)?(1+bx)  K(1+ax)3(1+bx) i
. . - . , 2., ° e
9ba(]+d)-+ (15b(1 +d) - 12deb?)x + 16 db”-xz]} &y P
. ' - ‘ dx? C L ca.
RN A o
" . o . 9b( 1.+ d) - 12d2b? + 24db2x }a{- = 0 .(4.18)
KT+ ax) (1 + bx} ; : \ , ’
\3 - . ) t - @

. The"ne‘w.\irarwes of parameters a; and 6., i=1,...4, béin;g defined in

\

1

Appendix OC, -the sof]utjgp.rto gquatioﬁ (4.18) 1s of the same form as that .

- of relation.(4.14). - . T . o

) ” . - o \.
4.6° - Bar of Constant Thickness - oL

. ) K vt ' i ' ® ' 0\ - .
Consider now the cak8 of the- conic .bar of constant thickness.

Y

This case can be solved if one uses Lagrange's solution. But, tH& method

described above will be applied. The thickness being constant,-b=0,

c= l;lthe distributed”load q(x) i3 written:

-

‘ vq{x) = 3 9 (2 +ax) C a , } (4.19)
. ‘ R . ‘ al ! . . ,f)
- .In &.‘19,)“%"15 defined by:' “ L . -\
N S
. q = T.a Dot . : ) * o .
. o 6 - - -
o, U Ve ? ‘ LY ) u ¢ ) ' ”
! »The. bending moment at-a point of ordinate x ‘is givén bw (4.20)
- e . B v
’ - B 2 ’ 3
. K(r+ax)?® &y . Bqu (2+ax)ly(n) - y(x}] dn
! : ) dx? ' .
N By X . ° ’
NN "L ) - . ~° h‘ (4'20)
B e ~
. q. J" ' 1 "i ;. ‘\ & ’ I ' o - .
# ' Whence.the .differential equation (4.21) verified by ‘y(x): - —

-
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[ Y - - 217
- _1+ 6a _X+ 522 +'P+3q0{2£ (aL: fo ax }] a2y
. \d)ﬁ T+ax dx® . [(1+ax)? K(1+ ax)? cJdodx?
Vo i ‘ IR
\ - | |
0 % 1 '
Y + - [Gal 2 - 7ax] dy - p - Pt , - (4.2
e K(1+ ax)? dx K(1+ax) :
. R - .
£ / ~
’ If, as was the case earlier, there is to be an expansion in series of .
analytic funet1ons, the first condition (4.7) is written: . RS
La ’ o N 2 " ) ‘7
. D, , oo
C 2 <5 o5 ] I | o (4.22)

1

fhus; the following equation is obtoiqed;.wh,en the safety factor ‘G’ s
.y ; ' ' K - ‘

introduced; = . - - M S

. . ' ' o .

Ty

6(P+64q,) 2
—x+6a—x+(6az+—r——-——)g—x+—2(6a-2)%¥
K.

« dxto T odx? K dx2 . .
a : ',. - ‘ . A (4.23)
e("xn)——-y—+e(xn)—d—2'y-+e(xn)—l+
dx? o odx (Hax)3
X

8,» 6,5 8, being defined in Appen@ﬁk D, the linear system associate‘d\ ’

with the differential equation (4.23) is written:

W eI, o (G20

4

4.7 Soiution to Differentiarl Equation_(4.24)

. If one considers the homogeneous equatmn assoc1ated w1th equation
* o . . * &
(4. 24) the character1st1c equation is written: v



-In_(4.26) U(x) 'is the fundamental matrix.defined in Appendix D.

-34-
¢ ' \"X . ’ \ ] ’ ' 0 “
» ‘ ' R { ! N .
N a . | | (a2s)
. . -ﬂéﬁal-ﬂ -[a +HP+6mdﬂ .
‘ . K N K R -(6&*‘\}\)

So the solution is written:

u(x}'= UI(0) * f U(x-1) (T)u('r)d'r L | |
fU(x-T o BV ‘(4.26);‘

oo

1

Therefore, y(x) is writteﬁ:
y(x) = Y(x)y ff u(x' -T)B('r)u('r)drdx ] C ,
[ 2 . ‘ | - - ek ] C
- f f U(x' -t) )de)‘t' “ , - (4.27)

In (4.23), Y(x) is a 4 x 4 matrix defined in Appendix Q; the double.
integral. is reduced to a simple integral fok'the lines different from

the first line.

cu LN > -
- 1
L . [ »
%
- ;\ . B
™ L
! ’
*
o., ‘
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Set of Acting Loads
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¥ | CHAPTER V

BAR WITH CONSTANT INERTIA«- STATIC, BUCKLING

5.1  Introduction

The case of the chimney with constant inertia does not differ
much from the welfignown case of the guyed tubu]ar mast.-AHowever, the
formulation of the problem is quite afother matter if, in addition to

~the axial load, one takes into account stresses introduced in the member
by the bending moment due to the oun weight, unifgrmly distributed along -

the vertical axis.

Euler, was the firsf to statelthe stability problem of the bar
with constant inertia fixed at one end and free at the other, acted upon
by its own weight uniformly distributed é]ong the vertical axis. Accord-
ing Eg'Todhunter [34],\Eu1er did not seem to be satisfied with his own

"solutions« b
/
‘Greenhi1J'[29], using Bessel functions, carried out the final

solution of this problem.

\ ' According to Timoshenko [25], Grischoff“[35], By using two para-
meters, tdackled the problem .of the cantilever acted upon by the axié1
load and the uniform load. One barameter‘was related to the axial load, )
and thé other to the uniform load: _He set up a table of critical loads
of the column. The same methoq has been extended to the bar hinged at

both ends;

Based ,on G%eenhi]]'s;[ZQ] solution, and 1ntroducing:a new operator
- attached to the Bessel functions and which can be, certainly, extended

to the -other mathematical functions, a‘complete sodution 1saproposed, in

[
-
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the following paragraphs, to the problem stated By Euler. I %
~ ° ! - - i ' ) /
5.2 Formylation of the Problem e
. . L ' S
The. bar with a vertical axis, acted upen-by a set of vertical and

horizontal loads, is schematized 1n'F¥§.4.I . The differential- equatién

of the elastic line s expressed by equation (5.1)

2

' 2
y 3 d—f= fnqo(y(n)-y(X))dn - Py
/ dx* X \ \
' \ xz o . . \ /
+V2X+M2-B§— (5.1)

If one/defines as fictitious length 2' the quantity below:

AN E =4 - . . ' ’ 5.2 :
9% . ' ) ' ) (5.2)
then, by derivation under the sign j‘, the integral equation is trans-
formed into the non-homogeneous. différentia] equation (5.3). of the third

order whose left-hand side is similar to the equation derived by Euler:

Erﬁjfsimo(z' -x)'%svz-px o ()

The sd]ution to the homogeneous eqdation is of the same form as

' that of Greenhill (291, as_exprlssed b& Timoshenko [25] or Courbon [36].

Then, it is sufficient to solve the equation with the right-hand .
© side, the quantity q (2',-x)»being replaced by G q, (2 - x), where 'G'
is the safety factpr against buckling.

e

v

If one considers the‘change of_vaniab]e.

. .
. s S U P RDY fs b ” N Y
A do bbb R AR 0%
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Gg (2 -x)° :
z-§-‘/——°———— ' (5.4)
: El , |

the boundary conditions are written:

t 3
2 G g 2
3V o
' : 2 “/GPa
x=L z(L) = -
‘ 3q0 El

>
n
o
N
—
o
~—
H

)

- dy :
u= 5 | \\\\\\\

equation (5.3)_is.fﬁrther expressed by equation (5.6) below:

_d_z.y_+ lgy.+ (-‘_]...)ui
dz?- z'dz 9z%/ -

p | 3 ey - :
Leelg el @) R e

wir

The solution to the homogeneous equation is the Bessel function of the

first kind of. order v =1/3.

This solution is written:

1]

U=c,Jd_, ()+Cd . (2) j ©(5.7)

1/3 /3

In equation (5.7), C, and C, are constants of integration.

The functions J  and J being solutions of the. homogeneous

-
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.differential equation, the Wronskian is written: g ;

Jv(Z),'Qv(z)} - - 2slmor. - R (5.8)

5.3 General Solution to Eguation (5.6)

5.3.1 On_the Existence of a Linear Operator T Attached to

/ r N
& Bessel Functions - j

Considering Bessel function Jv’ one defines Tn as an operator
attached to Jv. This operatof designates the only operation of'mﬁltip11~
//// ‘ cation. .Subscript 'n' varying from 0 to = is the integer appearing in ;

the expansion series of Ju(z) such that

T =1 ¥V o . (5.9) (

| By the definition of this symbol, Bessel fuictions can be handled with
more eleqgance and facility, mainly operations of integration and differen-
tiation since, keeping as denominator the initial Gamma function correspon-

r ding to Jv(z); one proceeds as in the elementary operations on polynomials.

'MoreoVer, Tn is a linear operator. It therefore has the following : N

properties:

1 Th(AJv) = XTn(qv)
2) T\(3,+9,) = () +T,(3) | |
3)‘Tn verifies also (recall that Jv is a special function):

T, (9,(2)d (2)) =‘Tanv(Z)) T, (0,(2))

That is, T s a ring homomorphism, and:

3
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o ‘ D™ r(v+u+l+n+2m)d (2
‘ L T0,(2)3,(2) = B T e e il
- | n H 0 m T (+m+1)T (v+n+1) :
: »

Then, the following identities hold:

= (=1)"(u+v+2n) (1/2z)“"““é"
({209 (2)) = & ——

A ) . n=0- ! T (u+n+1)I(v+n+1)

i

In this form#la, (u+v+2n) is obtained when Vandermonde's theorem is

used, as stated by Watson [37].

th

_U/ZZ?“W - n F(-n;-u-n;\5+1,1<)(1/2'z)2" '
_ Tn(J\)(Z)Ju(Z))— Tlv+ rE) ('1) - n! T (u+n_r‘|) k//

In this formula, F is the hypergeometric function of Gauss.

In the or:dinarynconditions of integration and differentiation:

2T Dt ven+2)d L4 (2)

(t+v+2n +1) T (n+v+1)

Z
4) /‘ ZtTnJv(z)dz=

k s v

t-k ' ‘
S 24T (I]I(t+‘v+2n+’ll-k))I‘(t+v+n-k)Jt+v(_Zl)(
5) —¢ (27T J,(2))=

dz I (1+v+n)

5.3.2 Solution to Equation (5.6)

Using tﬁe ordjnary relations between Bessel functions and the -

properties of the operator T.» the general solution to equation (5.6)

+is written:
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f

Uz) = ngx/a('z) ¥ Czdl/a(z) +/—H?Q):l§)

('] )anT(2+n +2k)d‘ + Zk(z)

k! T (2+n+k)

‘ 1 ; ] .
[(4/3+2n) B (2/3+k, 4/3+n) (2/3+2n) B (2/3+k, 2/3+n) ]

-

.

(

k
-1 T (8/3+ 2k z)
( )Tn (8/ +n) J5/3+%k

™Ms
-

ps/8 LY
ﬁUko kKt (1+k+n) !

1 - ‘ 1 ](5.10)
(242n) B (2/3+k, 4/3+n)  (4/3+2n) B (4/3+k, 2/3+n)

In formula (5.10):

(ZT.=.§. [Vl + é (_E.+ 2) G%—]

1 3 qo

Y (e

and B(p;q) is the Eulerian Beta function.

Y. .2

2
t 36q,,

So, it is easy to see that the displacement function y(x) is

written: N
-1/3+1 y
2 Tn I (5/3+H) J2{3(;)

3 \
y(x)=C,+% C + .
2 ST 304 1)r(2/3 4 n)

3 o1/3 T T (7/3+n) J4/3(z)

_Z-Cz 1/3 B + )
2'/° (3n-1)T (4/3+n) ' -
. A ,

I
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U § 0f 2 @raen 11,50
ki (T+k+n) ! (3+3k+3n)

wlf =3

rojw

k=0

1 - 1
[(4/3+2n) B (2/3+k, 4/3+n)-  (2/3+2n) B (4/3+k, 2/3+n)]

+ %-(?2

o=
"

1]
[an]

k ,7/3 (z)
(-1)" 2 r. (11/3+2k+n) Tn48/3+2k[
k!(1+k+n)!(4+3k+n)

\ LY

] ] e}
(2+2n) B (2/3+k, 4/3+n)  (4/3+n) B (4/3+Kk, 2/3+n)]( )
5,11

-

In (5.11), C

, 1S a third constant of integration.

5.3.3 Remark

In the preceding paragraphs, one was interested in a factor of

safety 'G' such that:
]<G<oo

Then, the gerie; defined by (5.11) is absoiute1y convergent, éincg Bessel

r

function Jv is also convergent. This equation is the general solution

when four unknowns of that equation are determined. ‘)

.
So, this solution can be used to analyze the bar with constant .-

inertia under all the different support conditions tbat one might en-

counter in practice. .

\’



5.4  Critical Load ' \ .
Equation (5.11) leads to the éritica] load of the bar, when one
‘considers the combiné& action of the horizontal 16ad, thé uniform -
vertical load and an axial load. The ordinary boundary conditions are
-as Tollows:
5.4.1 Bar Hinged at Both Ends
. )
f(iY(x))2=Z(0) =0 \ , $
x=90 ‘ ’
(d zfx)) - - \ N .
’ X z=z(0) .
Q . y v (5.12)
(y(x))z=z'(!,) ='0' '
o ‘ ’ P - \
X =2 . {
(Q_Aﬁ) -0 o
o t dx /z=z(4) :
5.4.2 Bar as Cantilever .
» / . . ’~~ A ]
" ;75 =2t) B
x=0 ' , . ’
- \ - .
2 . & : .
(d 2x ) ] = 0 X ‘)
dx*. J._ .
fz=2(2) y A
o (VX)) yg(y) =0 , »
X =% (913%2- <0 .«
.3 ' Z’Z(l) p “ ) Ny (5-13)
. \ :
b ]
0
PR N )
¢

S 1 . o - e O K b STty (e ) Pt M‘ﬁ\ﬁ‘:‘:ﬁ;m PRI R
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5.4:.3 Bar Fixed at Both Ends . -
. (Y(x))Z'-'Z(O)‘: 0 ‘ |
o N @ . N 1
x=90 ' 2
dx. z=z(0) ’
(.Yo(x)_,)z=z(2) =0 ‘
° X'= 4 ) < -
(—ﬂ——)-d d X ) =Q,.0 <% ’ ’
X Jz=2(2) e o  (5.19)"
. . 1 ‘ T
R A ]
5.4.4 Bar<fixed at One End and Hinged.at the Other
AV / 9 ‘ . v . \
For example: : . '
\(Y(Z))FZ(O) =0 ,, ‘ )
x=0 s . Lot o .
. (: (d X)) = ( . T : ’
- . dx z=l(0) .
= 9 F
‘ (y(x)) o (2) = 0 :
X = 2’ < . l‘ T
¢ (d?zgx}) - 0 T
| 2 - . : e
dx z=z(2) . - Lo *(5.15)

-

. s ‘ : . ’ P
The set of conditions (5.12), (5.13), -(5.14), £5.15) is expressed by the

,homogeneous”system of the linear equation:
Ac=0 S (5.8)

A and.C represent a 4x4 matrix and array column - . <}

v
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"‘Fcl ) -
fc, |
? respgttive]y.
v ~ C3 ° ' \
‘-VIJ ' o , ' \ 13

5.5 Qpntinuous Beam on Fixed or-Elastic Supports

} Conijder1ng equat1on (5.11), the slope deflect1on method can be

*

used éo analyze the bar under mu]t1p1e f1xed or uneven supports. "I the

N

number of spans is 'n', the’ equ111br1um conditions at each support are

expregsed b:;the mapping ;i?such that: .

J. ‘ [ ' ' N -7 ! * «‘ -
o O RN ‘RZ"\ o | (5.17)

L.

‘v

Then,-theqoperqxor A expressing (5.17) is a,§n>c2n matrix. In (5.16),
4 N v 4 [

as 452(5.17), the Jomogeneous system of linear equations obtained has a -

‘soTution if the determinant associated with A is equal té zero.

L]
“values will be assigned to 'G'.
If: ™ ]
& qlet A=D ~ ' ' : ‘ : (5.18)"

. The,éﬁ@ation f(z) obtained being.trahscendenta1, different

then the Tkast valué of 'G! which satisfies (5.18) leads td the first ’
Valua.gf the critical load. 'To this ya]ug of 'G' there corresponds a

specific Qalue of Z(0) and Z(2). e

. . . -
Pqtion‘leads to formula (5. }9) which expresses the critical load:
' . Py .

Coﬁsidering the 'set of relations (5.5), a simple algebraic hahipu-

. ) 1/3 /s
(P+42/3) o= o (22(0) )-%-L?((gz(z)') (m)’ (5.19)

&

4
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5:5.1. Uniform Distributed Load Acting Alone

It is 1'nter‘estj\ng to ask at what theight the failure of the column

~.

will etcur under the uniform 1dad acting ‘alone and according to various

. ‘ - ‘8
conditions of support. In this case .
P=0, 2=2 o - ' \ -
b . :
~ ¢ o

5.5.2 Column as a Cantilever/

This cae is the Greenhill [35] solution. One knows that!

.z =1.868 J
‘ ' . 3 .
SO)\the following identities hold: , R
a \ AN [ \
C N e |
. T 7.83 =
| S t\-'h ‘ . ~ . R‘ "

t

B . .O C?‘ ’422

[

LA . T2EL
< : | (1222 2)?
\ : | VS

5.5.3 Bar Hinged at Both Ends

M>ar sypflementary condition to those ewpréssedby‘ (5.13), one

- ~
3

simposes , ’ .
= ' ' ' L
¢, =0 .
w “ . ;
Then, conditions of sﬁpp’ort i‘mb]y: ~ ’
L WCi= 0 s D . e

" . , o »

‘

In this case A 94s a 2x2 matriKX.) Thé least value.of z satisfying

(5.12) .is given by: Y
= 3.56665 . - | i -,

v
~ ” A

¢ N

¢

-




o /' ) .
.o ‘ / R ’
. ) v =47~ .
, 4 ' y !
‘Then, the fo}iowihg#identities hold: ‘ : _ ?. ‘ (
' ®
- _
| es.e62 B, :
+ ) 24 g;
* - ! ® ¢
- (m2EI)
, (9,85, 2,900~
HZEI\ | \ . ‘ i *
- 1 2
| (0.5872 2) .
o o= L .
5.5.4 ~ Bar fixed at Both Ends
A is again a 2x?2 matrix; the least value of z satisfying e
. conditions (5.14) is given by - i “
z = 4.81165
Then the following identities hold . - o
. } _ . " o . o ‘, o :?.J
| s2. 091945—1- S R
) ) " A ' ! ’,, Y . i 4 s
. o \\4 IR S
. (q,z)‘ =, |1.319 L___l‘?leEI S o
. " ' - \19' ' - S - fy - _" ’ .
. | : oo b _mAEL M3EL - - . 4 e )
\' N C (0,434282)% - S S0 SR
. ] . - L , o L N
. , o o : et \ g
5.5.5° Bar fixed'at One End and Hinggd atvthe Other " R 4
<. ' o o
, - 4 o i
For example, the origin is assumed.to be f1xed It seems that.r . V4
this prob]em can be solved.only By using dn arb1trary funct1on S0 .one
imposes :
C, = 0 T S R

and defines the following arbitrary function:

\
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Then:
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‘ - o T J (z)
u(z)=z~*/3c,[d (z)+l] %‘7/ 5 Infzker®)
. ' -1/3 C vV J k:O (2n+2k+])

" ) 1 .
B(2/3+n, 7/3+n+2k)  B(4/3+n, 5/3+n+2k)
S o .

Qf . s, . 22
(Z0E" B - IR EY : '
VE73ON (3 . .) A [21/%2<+2n)P(7/3+2n)B(2/3+-n, 5/3+n)

~

¥ 2"/3 k)
- (5.21)
2-1/3 (4/3+2n) T (6/3+2n)B(2/3+n, 4/3+n) . ,
c ‘s an arbitrary'constant such thaf: i
5<cg6 - \ 7 CL o
' EI T :
28.622 El < (q 2) . < 52 09194 3 " . (5.22)
\ o ‘cr ) .

2,2
In the second inequality (5.22), the lower limit and the uppen'limit'

correspond respectively to ;he éase of the bar h{nged or built at both -

“ends.

L4

3@[2““’ T en) gy ) L./a}
2 [(3/2+3n) T (2/3+n) ﬁal 2¢

y(x) =

.

Sk .
2‘2[ i (-1)72%(2+2k+n) 1 T dymer (2)
> 2 3 on . K! (1+k+n)! (3+3k+3n)

‘ 1 1 ‘
[(4/3+2n) B (2/3+K, 4/3+n) ' (2/3+2n) B (4/3+K, zmm)]

L]

A



(H/3+2k+n)T4413+2ku)

k! (‘1+k+n) ! (4+3k+n)

1 1
¢ [(2+2n) B (2/3+k, 473+n)  (4/3+2n) B (4/3+k, 2/8+n)]

(5.25)
If c =5 the set of relations (5.15) : { . \
z. = £.05026
Then:
,r36.91'o375§
(q »R')cr"= 1.8693 _LlI__ELL ' 3
"o (0,707 2)* . _°F
N 2 ‘ . ' » ~_
JEL \
(0,5171 ) '~
If.c = 6 then; o C o
z = 4.35618
And:
‘ | 42 69668 iﬁ SR
~ 1 (g z)cr_ - | 216277 —JLE—I—L— .
e | (0,707 ) . 5
,"4 3 ./‘ . \‘,N. X [ ’ .’v ' ) .
S| lmEr I
. \ . (0480788 2)°. Ty oy oL
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o CHAPTER VI

DYNAMIC ANALYSIS. BAR WITH VARIABLE INERTIA -

The above static analysis emphasizes the difficulty of analysis
of the stack with variable inertia or of any ;imi]ar'structuré (according ,"
to the assumed_iﬁw of inertia). In order to analyze the dynamic behaviour )
of the system, the same hypotheses assumed in paragraphs (3.1) and Y3ﬂ2)
are ;onsidered. Moreov;r, it is commoniy accepted in practice that

oscillation- under Karman vortices is the most dangerous for stacks.

Thg design one isawbrkiné on wj]1 therefofe be valid fo; both
the plane of, action of hoéizonta] f&rcescénd the plane perpendicular to .
it, if one ignores.tﬁg bidimensional or.tridimehsional naturé of the
problem. The only thing subject to change' is the intensity of the

exciting forces, according to the case under consigeration.

First of all, the motion of an element of the system is anélyzed
and, secondly, the influencé of the motion of the guys is determined by
using the findings of Kolousek [1] or Davenport [2] on guys. The method

_ described in Chapter IV will be applied. <

6.1 Equation of Motion | :

~ L

* The dynamic behaviour of the guyed chimney is a nonlinear problem.
That can be seen if one takes into account the shortening or elongation
" of the element under the axial load. However, these effects and those

_die to temperature will not be considered. Then, the chimney and the

set of guys Eonétitute a system (S) in motion in the reference
previously defined (in paragraph 4?2). ‘At time t , the mass M of the

4
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p@rt(gaa)of (S) whose density is o (M,t), is considered, M beidb a
point of the system. This mass/lfcégis given by formula (6.1) below: ‘

%(@) ffé o (M,t) dv ’ | ' (5.1)1

-

- . . The field of velocity vectdrs of'the point M ofégb)being designated by
VM), (Q) andltzéﬁ being respectively the wrenches of momentum and
acceleration, in the neighbourhood of M , the density of acceleration

is defined by y (M)

Then, the fundamental law of dynamics is writfen:

,Va]- = f—t (ol = (87 . : o (8.2)

The equilibrium equations of the system in its displacement around the ~

vertical axis are given by the integro-differential equation (6.3),

m(x).being the system's unit mass.

L ALY
2 2 §%y ¢ .

S E10) 2L wm(x) = f 4ably(n,t) - y(x,t)1€a5) 4, .

X axs St X ‘ a_.

q

°—§Q [6-62(a+b)+{9{a+b)-8aba}x+ 10abx?] éﬂa:—’ﬂ '+

9 : o

7 [-62+{6-32{a+b)Ix+{3(a+b)-2abelx® +
' 2abx ¥] 3—219‘2—‘51 +p(x,t) - g M_)%P_)_ : ~(6.3)

X ) Sl .. - )

4

One can transform (6.3) into (6.4):

-

H
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1 l\.,

ax> . Ll+ax 1+bx N ‘

5 »
8%y (x,t) +[ 9a . _3b ] 'y(x,t) ",
ax \

P 18a? 18ab

+ -
[Kg(1+ax)3{1+b‘x) (1+ax)? ) (1+ax)(1+bx)
a ‘
9 ,

-6i+ [6-3%(a+b)Ix+[3(a+b) -'Zabz]. x? +

Kg(1+ ax)3(1+bx) 3

2ab;<_3}] 2%y(x,t) +[ G2, __laa% )
‘ . 3x? (1+ax)”  (1+ax)?(1+bx)

!

. | o
9 } 12-92(a+b)+[15(a+b) - 12abL]x +. R

Kg(1+ax)3(1+ bx )

- lsab}(z}] %y(x,t) _ % [
: ax?2 Kg(1+ax)3(1+bx)

9(a+b) -~ 12abe+ 24abx] y(x,t) ‘

ax ) ' ._
. q, ' ‘ 3 | ' |
+ 0 ‘ [6+3(a+b)x+2abxil 3yx,t) _ -/
Kg(1+ax)3(1+bx) ‘ 4 3xot?

N

Y ) [3(a+b)+4abx] Ey(x,t)

Kg{1+ ax)3(1+bx at2.

+

(2 " Y 6.4'
(ax .P(X t)) K(1+ax)*(1+bx) - e ‘ (6.4)
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Inside the disk of radius inf %—, %- » let us perfo?m an expansion in

- series of analytic functions. Then, the partial differential equation

(6.5) of the fifth order, with two variables, is obtained (see Appendix
E): ‘ ‘

S L 3 2
.a_l-}-al.a_xv{-azu-{-aaa_x -

6.2 Natural Frequency of thé’System

ox3 ax* ax? 9x2

q : 6q 3 3q (a+b) .2

0 rg(a+b)-12abg] AL+ 2 ¥ 0 Y .-

. Kg ax  Kg oxot? Kg a2

. Co 4 3 '

2 (p(x,1))) ‘ +o, 2L ye, 2L

X Kg(1+ax)3(1+bx) ax* X
2 A 3 2

933_14.9“& +35_§__¥__+e.6u i (6.5)
ax2 x axat? at2

In the set of indefinitely differentiable functions, let us choose

y(x,t) as being the product of two indpendent functions; this product
means that the shape of the curve taken by the system does not vary with
time, and that amplitude is the only thing that varies haﬁmon%cazly under

conditions of free vibration.

Therefore:

y(x,t) = Y(x).T(t) - (6.6) -

The amplitude is assumed to be small in the undamped motion.
So, what is the natural frequency of the structure under the action of
Karmén,vortices or the varibale thrust due to any set of horizontal
]

forces, such that it is possible to avoid resonnance, when the axjal

load is identical to zero?
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First of all, the influence of the mass of quys 1s'ne§1ected.

-’

Therefore, a beam-element and equation (6.5) are considered. One appliés
(6.6) to the homogenebus part of (6.5). The fwo following differential

equations are obtained:

R

. : v 0+ a0+ a0 + a0+ a i (x) +agix) = 0
' (6.7)
. T+wT = 0 : (6.8)
/ ~
Parameters a , a,, a,, a,, a5, w are defined in Appendix E. SRR
Note that the characteristic polynomia]qlead¥ng to the eigenvalues

is of the fifth deéreé. Any numerical method or tpe new one proposed by

——— ——— —

* E

R the author for solution to algebraic equations of order -3 5, can be
K used in order to find the eigenvalues. : b

d Then, using Fubini's theorem, the general solution to (6.5) is

written (see Appendix E);
; : ' x t . ,
y(x,t) = y(x,t) y(0) + ffY(X-u, t-1)8 (u,1)y (u,t) dudt (6.9) ‘
g o ’ '

So, with the aid of Cronwall's lemma, and since one is interested only \\\
in the hombgeneous system of equations, the first term in the right-hand

side of (6.9) will be used.
So,

y(x,t) = yv(x,t) y(0) \\ (6.10)

Then index v, of the complex ﬁumber ki' has been taken to be equal to

’ , * To appear: <<Contribution a la solution par radicaux des polynomes
algébriques de degré 25.>> I1 a été découvert que les équations
dérivees forment un groupe a 4 eléments de meme structure quele
groupe de Klein.
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1; the case where vy > 1 has been exluded for the problem under con-
sideration, since the partial derivatives of the second, third and

fourth orders are different from zero.

6.3 Flexibility of the Supports

Large deformations not being considered, one agrees with

L]

Kolousek when he says that, for minor displacements, the support flexi-

bility of the symmetrically guyed pylons (the pylon not being loaded)

is the same in any direction.

Therefore, oscillations are the same whatever be the plane of
-

vibration under consideration. In this case, the flexibility of the

. support and the horizontal force.at the level ’k of the set of guys are

given by Kolousek's [1] formulae (6.11) and (6.12).

3

o |

. 2 7
= g%g cos?0 + 2Eu cosc(éF - 2fs E& cosc) - (6.11)
. SO

Vi - . ol

> |—

6.4 Influence of the Motion of the Guys

AN - .
The results quoted in this paragraph are excerpted fram Daven--

port’s [2] publication.

Considerjng Fig. 6.1, one formulates, with Kolousek [1] and

Davenport .[2], equation (6.13) in order to find the.modes of vibration

of quys. .
, 2 2
WX ging L) L En(O preeyyn + Tro(t) (6.13)
9\s 3t2 - at? \ \

The top displacement of the guy being given by:
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3 - .
v(t) coso = ﬁ—TE-S— + f y'n (t) dx (6.14)
cec¢ A '
when guys and column are vibrating in the same plane, the introduction
of (6.14) in (6.13), and the expansion in series of Fourier Tead to

formula (6.15), which expresses the dynamic modulus of deflection of

the elastic support. j
o 2 '
_K _ EcAc cos?a . F.a2-1 (6.15)
X s . - () - 1
In (6.18), parameters have the following values: ' N
: . ‘ , \
F - 1T sing . !‘
Yoy 2 2
2ws :ECACcos (o] .
s

f 1 M '}
’9 278 ll o
' 3,2 2 4
s’w? E.A cos
cCC N . A K/ e
—————— » -~
P N

92 - Szmuz ' ! “ \
meT y * \
2
o(a) = T-_tg—(m—) (6.16) -
I '
-7

N

in the case where cables and mast are not vibrating in the same

plane, it i$ assumed that the vertical plane of the guys forms the angle

8' with the p]q@f of vibration of the column- (see Fig. 6.2). L.ike

-

v/
'

M P . ‘ .o - B F—— . ", o
o T RR IR 1 B LT it ke YRt e o AR T s frtialay

b et

Mottt ol § ke v 2L
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:genport [2], one defines in this case:
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, . A
e ] [y
-

cosf'. » cosc

cos¢ T 241 ‘2
1 -cos“8' cos“o

3

Then, the dynamic modulus of deflection of the elastic support is -

expressed by (6.18)

1

cosg' F-0%-cos?¢ ]

s " 059 (6.18)

EtAc cos2o cos?e! []
S ' ‘Q-cb (@) - cos?¢

-

The parameters have the same significance as inq(6.15). Note é]so that

the dynamic modulus of the set of guys is obtained by a]g‘ebraié summation.

-
~

6.5  Mode of Vibration . .

"

.. The system being continuous,.there exists an infinite number of )

modes of vibration obtained from équilibrium equations. The frequency
equation (f(w)) being transcendental, it wil] suffice to plot the curve

by assigning values to w. - T

[f one defines as E the set {mj} such that:

P

fla;) = 0 : .
/\ \)1' ° e L . . ‘
t.is easy to find the subspac:e)(m , that is-to say the fundamentdl
i N -
modes of vibration. Note that, from the definition of € , _{m1 ¥.is an

infinite set.

6.6 Dynamic Buckling . “Q,j '

. ,/'
E) / .

The mass is, in vibration'problems, a factor of paramount

-

importance,%}since it tends to decrease the amplitude of oscillation of Ve

L)

the structure, ) L ,
So, the set of gravc‘i\ty loads constituted by elements of the sygtem :
» ’ ” ( N 3 y .‘

o
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and the vertical force %kansmftted by- guys under horizontal thrg;ts,

slows down vibration. There follows a decrease in the critical buckTing

-load. Only the fhr§% cr1t1ca1 force is of interest, since, beyond 3t

P . ‘.F*

the system is upstable. Thws dynam1c critical load is obta1ned when

\

1nert1a>forces and the sét of vertwca] forces form a system equivalent

to zero. Then, P is d1fferent from zero iff equation (6.4).

-
* - r

- » -

6.7 Forced Vibration ands@amping

’ One will now consider v1brat1on with the presence of viscous

»

forces Two t}%es of viscous damping can be incorported 1nto,¢he for-
mu]at1on: res1stance to transverse d1sp1acement of the e1ement and a -
viscous res1stance to stra1n1ng of the beam mater1a1 They Jimit the

amplitude of v1brat1on of the strugture. The linear behaviour of the

¢ material is‘applied be7ow. Moreover, it is. known that the qpmp]ex Young

‘ - "
modulus of a material is given by: . . N

N . . 4 \
=E"+iE" : . o
where E' 1is the elastic or storage moduli,~and E", the loss moduli.
For a material such as steel, }t is accepted that

v ] 2
4 .
i »

Sa,

C.={(1+62)I(x)E o ‘ (6.19)
. S al, 4 ’ A -

A f
where Cs is the resistance -to strain velocity, and §,: the ‘damping.
® " ’ '

. - The resistance to.transverSe velocity is common{; répresented by

C'(x). = : *

r

Then, the damping force corresponding to C'(x)and the damping

stress corresponding to CS are given by formulae. (6.20).
Y .

fotrmn
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N | ' \
a= Ly ~ e

-
1]

'=C'
o SE

‘If p(x,t) is the density of the applied forces then one obtams be]ow
ns):

. the partial d1fferent1a1 equatmn (6.21) of the sixth order with var1ab1(;

. coeff1c1ents . ) ‘
SRS ) -
o %(xt) L %y(x,t) [ 92 36 ), » .
© S axdst oaxs 1+ax 1+ bx / Lo
| ., ' . - *
v - o 2%06t) |, at(x, t)] 182 | 18b )
. | STaxt ax ] L0+ (T+ad)(1+bx)
LY 2 ] PO
o y(x,t) +a(le] 1 - "
| S ax%t . ax? Kg(1+ax)*(1+bx) - : : , ‘
o’ \ ‘ . .
o ) o . Coe : ',\
| ‘ “q, {-62+[6-3a(a+b)Ix+ [3(a+b) - 2abs]x* +
( ¥ ! o .
‘.\\”‘ N - e ) q ‘ "' \,_/"‘ .
. " labxa}]a?ﬂx’t) - 2 - [12-_92(a+b) ,
\ ’ ax? Kg(1 + ax)3(1+ bx) :
i - . } oz . >
A . \ . - ?
e + {15(a+ b)-12ab£ﬁ+16abx{| Mx—;ﬂ- -
X /
. C “ q ) ‘ v .\ } . ' P
3N 2. [9(a+b$'-12ab£+24 bx] alat)
-  Kg(1+ax)?(1+bx) N S
’l 4 ‘ ' ' ‘ -~ "
B ' % “ § Iy(x,t) | d
D F —— [6+3(a+b)x+2abx] + ..
Kg(1+ax)’ (1+bx) - xet: - v
’ -\ a o : / |
o A L % j
- ) b ' o, ' L \
. . ;oS - ) . .
Qi .

-
A d
~p
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q. .. .
. 0 - [3(a+b +4abx] —ML +
Kg(1+ax)®(1+bx) . at?,

-~ ' ,
] 2
€ A0ot) B px,t) - (s.21)
K(1+ax)3(1+bx) axat X, K(1+ax)*(1+bx _- ;

-

\
In (6.21):

(- 2
CL=1+ 62

An expansion in series of analytic functions leads to equation (6.22), °

4

as indicated in Appendix F. . ‘ R
S ‘ ; " \
) C! 3%y(x,t rc: ady(x,t ‘ | - ‘
—is———L-)—+ (9a+3b){ 3 yoxet) + a“y,(&;{l + .
ax°at L ax*at ox*
'Y s.» ' . | . . a“ym) 3 |
9 ,!gx’t) + (]832+ -leab)[ S . o+ 9 _Y(X,t)] +
%3 : st 3% , .
. ' ’ " .o . ,
(5a3+12azb)[C bt GZY(x,t)] . ‘ o
. ax23t ax? ‘ " ~
. ' \ "
q ' 2, (6 2"”$) ‘w3 o
o (12-9g(a+p)) Ty L aylat) | -
g S Kg o ax? !
.+ 6g 3 ¢
. . 3%yix,t
[9(a+b)=-12abs] &L + =2 +
. ‘ \ax N Kg.l ) BXBFZ ’
' . 4 \ /
M . t \‘ \ " i
3(“b)qo ylx,t) . €' Pylx,t) "‘ - o
kg e a2 K axst. - . , g
P) ) s ~ ) ) . 4 . - : . ’ N

4
., ; ‘r“-“

*




s ' ko,
] c 2 p(x,t) + ¢(x, Qi(—"—’% , t) (6.22)

L K *ax)d(Tebx) x| axSat
i s !
k=1,5 s =0,5 u=20,2 g Stu= k
[ | | A
e ' 6.8  Solution to Equation of Motion

v

i . As formulated by equgtion (6.22),thénprob]em’Becomes easy to

' solve. So, -t suffices to use one of the common method; of mathematical
pﬁysics, with certain modificatioﬁs. The solution -proposed here involves

/ the utilization of the classical method of d'Alembert or the method of
separation of variables, and the derivation with respect to the time

variable. ‘ )

~ The two operations lead to the fundamental differential equatioﬁs_

" \ el . 2
(6.23) and (6.24) ‘

N

‘
. *

() + 2,8 (x) + 2,90 () w;aa;y(z)(x.) tagy(x)+ag'=0  (6.23)

, T+ T -2'T=0 \ (6.24)

X' being a constant of integration and w the frequency.

Note that the axial force does not appear in equation (6.23),
whether or not the 1nf1dence of this force is taken into accéﬁnt. Eight
o cﬁnséants of integration appear in the solution. HoWeV9r, they are not
independent, since one is dealing with a partial differential equation

N L o )

“of the sixth order.
.- " As indicated in Appequ§ E, the genera1)solutioﬁ to (6.22) is

expressed by (6.25), using Fubini's theorem.

. . . ]

) ) ' X / \ ‘lr
{ ’ ‘ . a
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4

‘y(x,t)=Y(x,t)y(0)+f Y(;(-ﬂ.t-r)é(u,r)y(u.r)dudr
‘ 0 0 ,

t . ‘\ ‘ , . ,
- +ff Y(x-u,t - 1) (7, 1) dide _ . (6.25)

6.9 Remark ' o !

~

When the axial force is equa1 to or d1fferent from zero, one
obtains either free vibration 1n the presence of viscous forces or the

dynami¢ buckling load, by~app]y1ng the equilibrium equation.

6.9.1 RemarkA

~

The boundary conditions applied to y(x,t) and to its derivat1ves

T~

with respect to the two variables x and t, provide the comp]ete solution

to the problem stated above. co ‘ ~
6.9.2 Remark ' ‘

The method used in paragrapﬁg 6.1 and 6.8 leads to the terms

-

1 ;; (x,st) 1nstead of p(x,t). According to the epxression of p(x,t), the

third term™in the right-hand side of (6.25) can, therefore, be equal to
or different from zero. However, with the help of the initial conditions,

axial forces (according to the case under consideration) and unit load.

density will be incorporatéd/in the general solution.

4

. 6.10 Bar With Constant Inside Diameter

Vs

6.10.1 Undamped Motion

The unit mass being obtained from relation (4.16), the equation

of motion is expressed by relation (6.26)

S
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Y

y(x,t) +[ 92, _3b ]aﬂy(x,n'
1

" ax® +ax T+bx| ax*

" P L 18a% 18ab g Yo
Kg(1+ax)*(1+bx) (V1+ax)? (T+ax)(1+bx) Kg(1+ax)3(1+bx)

}-sm [6-6b61 + d)2lx + [3b(1 + d) - 12deb2]x2  +

!

-~

2dp’x3ﬂ3—31(x,t)+ 6a® . __ 18a%h .
ax? (1+ax)®  (1+ax)?(1+bx)

q , : = ‘
0 {12-%1(1 +d) + [15b(1 + d) - 12deb2]x  +
Kg(1+ ax)3(1+ bx) ) S

A}

.lgdbzXZ‘] BZ.Y(X,t)_ - ‘qo [9b(]+d) A i
i 1+ bx) ‘

ax? Kg{1+ax)3(
}

12deb? + 24db2x] ‘BY(x,t) ‘ 9g [ .-
-, X Kg“‘*ax)a(]fbx)-

6+3p(1 +d,)x+2db2x2] aly(x,t) %. [
T o axat® Kg(1+ax)3(1+bx)

2 ' : .
3b(1+‘d)+4db2x:| 22y(x,t) _ L 2 p(x,t)” (6.26) -
: at? K(1+ax)3(1+bx) ax '

¥

6.10.2 Natural Frequency of ‘the System
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T+uTe0 . . o (6.8)\
The coefficients are ‘definad in Appendix C.
So, the solution is expressed by (6.25). N \ o

6.10.3 Forced Vibration and Damping

In this case, one -obtains the partial differential equation of the

" sixth order similar to (6.21). The expansion in series of analytic

, k
. functions leads to (6.28), the function ¢(x, 3 , t) being defined
ax>atl
in Appendix G. %
c: Lxlxt) (9a+3b)’[C:' 27y (x,t) 4 3“le’t)] 4 ‘
S axSat S axtat ax* .
p ‘
Byt ma'mgazb][c. 2ty (x,t) , a’y(x,t)} .
axs . S e ax?
(6a3+]232b)[cl 33.Y(X:t) + az.y(x't)] +
‘ S axtat ax2 :
A ,
¢ 3 q T, 2,
L (p+6q g) L) | 20 1p_gopireq)y Eplxt)
Y
Kg o ax3 Kg axz

o [gb(1+ q) - 120wz 20at) . 2o B(xt)
Kg . .oax Kg axat?

3b(1 + d) A %y(x,t) , C' 3%y(x,t)

K
Kg at? ox 8t
3 1 " 3k (x,t) .
(—- p(x,t)) +¢(x. S ,t) (6.28)
oX K(1+dx)3(1+bx) ax>at
k=15 s=0,5 u=0,2  s+u=k
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Then, the solution is expressed by equation (6.29)

A

Xt '
y(x,t) = Y(X,t)y(O)‘*Jif (X =u,t = )8, 1)y, T)dude
' 00

. X t .
+ff Y (x-u,t - 1) F(1,0)dude (6.29)
00 ‘ :

6.1 Constant Wall Thickness and Variablé Diameter

6.11.1 Undamped ‘Motion <

The step followed in paragraphs (6.1) and (6.2) is again the same,
but the order of the partial differeﬁtia] equation to be solved decreases
by 1. \ i

As in paragr;ph (6.2), neglecting the influence of motion due to
the gugls in the anal‘ysis of free vibration, the ex.tern~a1 Toad >w1'H be
taken as eciuiva]ent to zero for the element ‘un-der consideration. By
using equation (4.23)', which expresses the static bqék_]ing load, and by
using the method indicated- in paragraph (6.1), one obtains the following

partial differential equatidn of the fourth order (see Appendix I):

» o :
4 N ; 2
3'y(x,t) , 6as y(x,t)‘+ [6a2+ 1 (P-+62qo)] 32y (x,t)
ax 93 9K ax?

3q, | 6 g
T30 (o4par) lxat) , 20 Aylxet) L '
Kg X Kg at? \
k | .
—BLGEL oy (x, 2URE) . (6.30
K(1+ax)? x93t ' ' , ‘
s=1,3 u =02 stu=k, k=1,3 /‘x
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By considering thé homogeneous eduation and the solution as givep.by

(6.6),‘ one arrives at the two differential equations (6.31) and (6.32).

v )+ 62y (x) + [502 + T (060,001 0 -

(6.3é)

T+ T=0

Then the general solution to equation (6.30) is given by (6.33), as in

Appendix H. :
“y(xt) = Y(x)y(0) ¢ f f ¥lx- u,t - 8(u,Tly(r,T)iude

+f Y(x - Q,t - ) f{u,1)dudt (6.33)

In equation (6.33) Y and B are two 4x4 matrices. This equation can be

-
used to analyze either: free or forced vibration.

6.11.2 Damped Vibrdtion

As 1'6 parag’raph (6.7), the two types of viscous forces, giver'1 by
(6.20), are considered in the course of the anglysis.

In this case, the equation of motion is given by the partia'll
differential equation (6.34) of the fifth order. |

c! BS_Y(X_,t) + 3“_Y£X,t) + 6a c! (3"!§X2t! +
S x“at ax* 1+ ax S ax3at

a3y(X.t)‘)Jr 6a’ (C. ly(x,t) azy(x,t)) '

ox? : (I+ax)2 S ax2at X% .

[P+ 3q,(2 - x)(2+ax)] —ﬂ&ﬂ v ‘"

Kg(l + ax)

P e om R T e Ny
- Vo masadnoeiied Rllad¥os . L0 -
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3qo L Jy(x,t)
———— [-2+2at-3ax] +
Kg(1 +ax)? ax
CE R e R DA 7 R
Kg(1 +ax)? at? Kg(1+ax)? at : ‘
] E'x t! 7 ' N (6‘34)'
K(1 + ax)? T

N 1

As was the case above, the expanijgg in series of analyjtic functions

which has been proposed, leads to (6.35)

c! 35!§X2t! + BbZszt! + 6a (C.,BU(X,t) + a’y(x,t) +
S xtat ax* §.ax3at ax3

* .n3 2 2
a2 (c; 2y(ut) ay(X.t)) e L [page g 2vLE)
x2at ax? Kg . ax?

3q : . Gq '
-0 (-2+2a2) M +___°32 X',t +_(_:_ 3z§x,t2 -
kg ax - Kg o at? kg st

i

k N
—1  pixt) + ¢(x, i—-ﬂx—ﬁl ,,t) (6.35)
K{1+ ax)? axSat ‘
3

. k=1,4 s=0,4 u=0,2 s+tu=k

When the solution to the homogeneous eguation is considered, one obtains

equations (6.36) and (6.37):

‘ C' - g%\
(+) () ey 4 gaagl2) (______ Sl W
-y (x) + 6ay” " (x) + 6a y‘ (x)+ S y(x) (6.36)
T+ - AT =0 : l ' \/(5,37)"

.

-
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The general solution to (.635) is of the same form as the solution given
: A

© by (6.33), but seven constants of integration appear in it. So, one can

-

i

obtain either the free vibration or the dynamic buckling load. .

.

L
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T
V! .
n T+ AT .
N y 0 N
static catenary Y e
. . /
N / |
L
: { guy during vibration
i . / -
% 2
n'(t) :
9 ¢
A -

A

>

Fig. 6:.2: Displacement Diagram for\Guy Anchor
- When the Guy and Vibration of the Stack,
are not Coplanar

’
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CHAPTER VII

s
N

CONSTANT INERTIA DYNAMIC ANALYSIS

.

Aa
Apparently, the case of the beam with constant inertia is the
v/ . ’
. s*imp'les"t)\one. However, the results obtained in the analysis of the -
static bucking 1oad show that tﬁe problem becomes complicated when the

influence of the own'weight is considered. / -7

7.1  Undamped Vibration

4

Let us app]y the dynam1c equation by using, the mtegro -differen-

¢ tial equation as formulated m\the static part. In this’ way, one-obtains

>

the partial differential equat‘lg}? of the fourth order:

’ ™~ ! } « 8 3 h R
) u - = 2y(y -
P Nty Lopeg (2-x)] 2y(et) N
f ax'O gK axz RN :
- -
. b (n?:ﬂ—l“*’t + 2o 22y(xt) |1 p(x,t) T (1.0)
o Kg Ix . Kg at? K . .
Aggin, (7.1) is an equation with variable coefficients. The search for
. L N , 3 i :
the solution in the form given by (6.6) leads to (7.2) and (7.3)
, . | /
. —L [P+ g2~ 1)1y J(x) Y (x) -2 w2y = 0
Kg , Kg
J - |.‘ 4 ’/} . 04 ' L 4 \
T+w?T =0 ' Y (7.3)
. . 7.2 Solution to the Equation of Motidn ’
. ! ' e ‘#J\ , . o
Let us seek a solution as Jn expansion 1n series of functions
/
, convergent at x =0, First'of all, by the ¢ ge of variab‘l@ft
B ‘ ' \‘ N N
il - . IS Y . .
- e o
. | e~
v . 2 \

B

I
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- \‘\ A e )
=71= N N
~— o » \/‘\i ‘
\\ ~ L 3 -~ ™~ N
K4 T , RN -
one defines: ’ T g ~ .
oI T T WJ-—-- - L T i
P+g.L.» r ) V. ‘
[y N o B " ! . ' * ! ‘ &
al - . . ' - .
2,29 , ) - . . : . R Sy S
i ' : .. » ' - / N
A - < . -
~ o q . \\'\ ' /{ »
G‘ ; - 0\\ . : o ) \ ‘,_‘ :'\"‘ * \// ?
2 2?9& : . . 7
.<q \ \ /(
as TR, _—.o—— - S / R ’
- ISQK ‘y x ~ . » > '/ Iq
. . / 5
. - .,
T _ qow - R s /
0’.“ - - o1 . S ~ /
o | \
o , ¥
“Then, (7.2) is written? , BN .
00+, +op) 3100 e, v 00 0, y00 = 0 (7.4)
’ B . .o, Y -
Let us consider equation (7.4); the method used in the search for
. . ‘ - 1 »
" a solution to Hermite's differential equation of order 2 is considered,
as formulated, for example, in Parcdi’s [38] work. The solution sought
) . } .. N
will be of .the form: - ° Lo ) N
, . . . . . \\ .
yx) ='x" e T ¢ X e . (7.5)
n=1 i , ' ) s ..
' A4
o b [ o .
Ip the case under-considerétion, the indicial equation F(r)-is written:
rir-1)(r-2)(r-3) = 0. (7.6)
To\thé root;r5>3, one obtains the poﬁ(esponding solution: ‘ *
L | Lo -
. b -4 '
u/ ] u\
lft' ' »
et 1o BT 0, 1] R LRI .‘:anséﬁ&"’k« RN 2 ' - ’ s e “ "; ‘Y e
’ _ ‘A N n \‘7




o/

.

-

(

~

(r+p) (r+p- 1),Cp+’{a2(r:l~p-'l).+a;\“}(r+p)cp_.l+a c

S L . v v
Coe N sty v . S
/ A ~ s Y . ) N
’ . \ _
: . e =72- \
- . N - N ! - v
Ty £x) a9y s dapta, o
. X = X - e X - X - -
a DWW EX T —%0
' . Lo J -
L4 , 1 . -

‘o

(rp+2) (r4p#1 ) (rep=1)

‘] L}
27p-2-  r+p

]
> K -
With: ~ ' S _
_ ‘ [a,(r+p)(r+p~T)CP +a, (r+p- 1)(r+p)C + Cp 3
CHP -- — } ]
" (rp) (r4pT r+p+2)(r+p+3)
. ‘7 M * ®
«Co-=.1>
c,=0 )
- - '
C? o NN , N /
_ Aa,tag _a,’-a, ' -
S R iy 7 ¢ '
. . 4 .
To' the rogt‘_r;\ = 2, one obtains the corresponding solution:
! ’ /(x) = X2+C XT}_ E_l_ )'(l’. - J—— (3a C,+a, +a )‘ xS ’
o \.2 ® 1 12 60 ‘l 1 2 .3
g Lalmddre)G, +loy(r+p-2)+a, }(r“fp/-HC atebpal s
p=2 . (r+p+2)(r+p+1)(r+p)(r+p 1) ‘
. S~
With . L= ;
“ ’ N S
.Co =] o : 4
L~ . - - \‘\\\' SR
C1’ indeterminate \\" g
Co ) o - - “ . . M ~
Cz - -..Tz_l i . . \ .
L= - -6% [2;1011(31 + 'az +, 0‘3]
- cH (r+p)(r+D 1)c +a, (r+p-2)+a, }(r+p- 1)c +a“cp_2]
c = .
P (r+p+z>(r+p+1)(r+p)<r+p 1)
c \ ‘ ( .

(7.-_7) n -
N
S
N
(7.8) -

el canih s - 0 L.




* ) <\ :- . ) \x‘\:
7': . I .. - A .
* R Y A & ) '
, \ S
| ) y A
~— -,. ..‘ . S
[ © To the root r = 1, one obtains the corresponding solution:
s N * ’ T E g, v ‘ >
. " 20, ¥ o 6a C. +20. C +a, - :
- = f .2 3- 1 3 b-_ 172 21 L} 53 i
- ya(x) “C"f + Coxd - —57— X IR X
. K v .
~\\\\\ﬁ;\5§ o, (r4p) (¥p=1)C o, (rtp-2)+a, }(r+p-1)C

. s

i p--'1+°‘~cp-'2.} 3)
o PRI oo (rep2) (rtpt1) (rép) (r4p-¥)  © - (7.9)

Lo

with: . ® ‘

. ... ’
wler » . 3 L

"« ., C, and C; indeterminate.
T . . . - R : - s
G =T - S

_ ay(rep) (rep=1)Ct o, (=2 M=) Gy, €
o (repe2) (repH) (rep) (rep-1)

Crrp

A

0.

A

STQ the root r = 0, corresponds the solution: - e

. N —og.
(2aC:+a C +ta ) ‘
172 371y

y {x) =1+Cx+€x2;tx3~. X

C ERE o N .

o N : g -«
LS Lyp(aeIC ey (p2) e, M p-1)C
S PR3 (pr2) (pH1)plp-1),

. g
e,

b1 +uth_2] x\é+p

with:
: Cl,‘CZ,'C3 {nde;erhinaté : '
L ’ -
[ZalC2 tal +a]l :

26, ’

1 [a,p(p-11cp+{al(p—2)+a3}(p-1jcg_]fa“cp_zj |
; LT - (pe2)(pT)p(p-1)

Iy
1]
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«‘Then, the so]ut1on to the 1nhoﬁ?§eneous equation is written: o N\f‘uﬁ\\.
'y'(x\)j(Alyl(x)+A2y2(x:)+A;y3(x)+Aqyu(x-))(Elcosmt sEysinat) T (7011),

g e » 1 ’ .
That s to.say: y(x,t) is expressed as a linear combination of the pre=

ceeding solutions, and the general solution to (7.1) éan_a1way§-be

-~

w1tten o -‘_. ‘.

: x . ot N
~ y(x t) Y(x t)y(0) + f f Y(x-u, -T)'f(l.l , r)dud-r (7.12)-
. o o0 .

hod

7.3 Remark .
Remark N _ - | .

v

Note that, as in the search for SO]UthﬂS to d1fferent1a1 equat1ons
of the Hermite type\\one obtains for each so1ut1on.that corresponds to the
roots 'of the indicial equat1on F(r) & number of arbitrary -parameters

identical to the integér which is the di fference between the greatest

4

Ll .-

‘root and the root under consideration.
§ | . - ‘

. In addition to those parameters, there exist six other constants

of integfafion. .The number .of relations that one can writé corresponds
. 5

8o the number of parameiers. However, the problem becomes more and more-
complex, and 1t‘seems that we are oﬁ éur way tp obtaining non-linear

b
relations ameng those constants.

*

|
. o

wr | :
So, for the ﬁrob]emfquér consideration, one is restricted to
the case where the six constabts obtained from (7.6) aré[identica].'

They will be taken as 1.

7.4 Remark

B

Since the objective is the determination of the critical dynamic“

load; the 1ntegra]°part\of equation, (7.12) will not be considered. So, -

; ~\/ i ' ‘.‘ ' Baid




.The search for the solution in the form (3.6), and tpe method indicafed

~75-

\

the-linear system as§oc5ateq with.the equilibrium equaﬁions leads to the

natural frequency or to the dynamic buckling Toad.‘ | -

5 p_bamped Vibration

"By using‘once again re]ations (6. 20), and by apply1ng the
A} . :
equ111br1um equation, one gets the pgrt1a1 d1fferent1a1 equat1on (7.13) -

of the fifth order with yar1ab1e coefficients. v . . L
2
g AX0t)  2HGE L L oo 0)] EX () -

5 oaxat ax* Kg - ax? ‘ ' )

Go ay(xst) , o ?y(x,t) , € dy(x,t) = 1 o(xt) (7j3)'
. Kg 3  Kg at’ ' Kg', st K |

.

in paragraph (6.8), lead to'(7;14) and (7.15).

w)) q . s ' '
U + o (Tl =0 T (7.14)
T+wT-2 T=0 B " . (7.15)

.

Itlié interestﬁng to find that, if mZC'<} (7.14) is of the same.fgrm as

the d1fferent1a1 equat1on of the beam .on e]ast1c support formulated in

the o]¢ Winkler hypothes1s.

So, accord1ng to the value of w, the quantity (1-w?C") can be ,
either positive, negat1ve on zero. The method has therefore led to the
formulation of differentiaﬂ'equations with constant coeff1c1ents. From

the boundary values, one obtains the influence of the axial load, whether
’ "

or not it is considered. The elements of the fundamental matrices are

.
¢ 4
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" . ) . (Za) R . .
4
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(26) . ‘ \ . *
¥,,(x).= ]’j-'l chox sinax ‘= shax cosax.
- (20d .
o1y =y 0 L
AN T (1-1)3
b)' . T-w? <0 :
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y,,(x) = -2—-}-:1' (shax + sinax) -~ -
. a”, : : g
. , )
: /
’ yla(x) < E;T:T (Chax - COSO.X_) " ‘."v .

. <



1 Y

!: R . [\

.
, .
. . . . .
B Rl o o e A A T A L I
v * M ‘s . M .
L . v
.

. .

. . c

. R .
’ LN

’
P . R ~
. « o .

"
’ . -
- L
! * . .
\ .

. -
A’“(x) ;;:}'7—1— (shox -smocx‘)

- o m 2o
|

" ) ‘,. } . . "‘
- d

.

, [ , .
“ c) .+.d,-wC=4Q )
& * - [l
5 E " \"- ' _ , ;‘
I y :(x) = __‘XQJ_P ' -
SR R

. ' S I (x =‘dx Y(1_]) (%)

Id

. ) . E

-

L4

- Thten the general solution to (7.13) is written:

o RN ]
P ‘ A ':YqJ(X)'—j':T dx (.Y(i_})j.(x))(.

|

r. X t '
y(x,t) =Y xt)y(0)+ f fYo(X-'uyt-rr)f(t.
S . 0 0 > C

\ .

i

-

a-T)dudT’

’
"
3
’
L3
\
! ~N
. -
v
-
A
’
[
N
4



&

4 .
.
.
. .
‘ ’
’
-~
.t
' .
i
Y
- *
e
! s
“
! N
\
. +
.
5
»
f
v
.
\ .
|
. - .
P
'
> .

°
.
-
- ’
‘
]
N
¢
. .
B
. \

<
v
‘. “
.
LI 1
Py
.
\ £ e
.
. -
.
v
'
.
.
. .
. .
>
[
LI
. .
.

A .
° .
N

]
o
‘
.r
-~
k4
L
'
Py
P
.-
,
'
-~
.
. s
*
.« .

. . ) L . o,

ST ,
.y LRI XY WP ERe s ome r-"g Ta AT LR R T e vy e e »\, .
‘ - . T
‘ LY ! . v
. L
‘ LI - t '
' . [
« . . .
: > > ~
o
. . |
”ws i} . . . ,
- ' 3
N .. - . -
L0 ' *
.
T M * "b_ 4 - M
b 1 . . A
- n A
L
- . . . - s
. . R )
* +
N . .
. ! . . =
- N
. N
. N ot .
- * +
- v A} t -
) -' * ' -
- ’ . - - -
- . R :
. " .
; N + P . s
. - . . .
.o ’
° ! B - .
» B . .
o o0 .. v -
, '
.
4 - L. ’ . oo
- w't ’ N -
. 2 . N
- - . ~ .
e . . " M v
. ’ - " -
. . .
~ . .
CHAPTER VIII )
- "
-
>
+ .
NUMERICAL EXAMPLES - '
4
P — _
c ’
: . [
. .
. - . N '
% ‘s
- Al - N . -
b .
. -
e -
~ -
[FY , R
- ' [
- N
o - g ' .
* « N
, -
. ..
C, . +
- 4 «
) , .
LY M .
. :
. A~ .
BN
- -
" .
1 A ’
’ A
‘ , C
. .
D
. . . .
. '
. ) . . .
.
»
! -
T N ~ % .
. -

’
PRt
- .
)
.
.
-
14
.
' .
'
N .
-
'
'
~ e t
D
[
..
.
.
"
B
.
°
.
-
.
N

. .
.
.
,
\
’
.
A k]
f
. ’
¥
ey
-
. «
4
'
-
. .
. ’
.
. .
'
»
.
.
v e
.
.
S
N
.
AR
.
)
.




S IR CHAPTER“ vuT

NUMERICAL EXAMPLES

»

. This chapter seté out to illustrate the theory which has been

deveToped. Some riumerniqal examples related only fo the bar with variable

inertia and to the bar with constant inertia, are propdsed.

IS

8.1 Horizontal Loads ’

-

As examp]es of homzontal 1oads, the wmd effects ame analyzed.,

'y

It is clear thate one wﬂ] proceed in the same way to analyze any other

; type'of homzonta‘l forces such as blasts or earthquakes

e !
;

The speed of the w1nd reference is assumed to‘}be of 100 mph or

‘., 160 Km-h at 10 m above ground level. On each element of the ch1mney,

lying between two sets of guys, the wind force is assumed to be uni form

and constant. ' . L 2
X ' ' s
8.2 Properties of the Stack

As an-example, let us analyze a stack 200 m tall stayed'by five

‘sets of guys. It is assumed to be hinged at the bottom. The vertical

|

- 8.3 " Remark on Cables

\

distance between two sets of guys is constant and equal to 38 m. An

“overhang of 10 m terminates the stack. The lining is assumed to be of

’

light concrete whose specifi¢ weight 1‘s‘i:aken as 1500 Kg/m®.

AN

The d1fferent operatwns and parameters are summarized in the

foHomng tab]es - N o

»

'

In an unpublished memair, the author [39] has. shov{n‘ the existen'ce‘

1' of a'parameter called multiplier, analogous to Lagrange's Multiptiers in .

| Ana]ytiba] Mechanics and which has been used to analyze the vibration of

s
\, 1
A

-



o g

v
3

*.continuous beams.

-79- ' B

. When formulae (2. 3) are used to compute the tensile forces 1n up~

o

: ward and leeward cables for a g1ven vatue of the d1sp1acement the ten-.

s11e forces are’not the same for the zero d1sp1acement and for a certatn

1eve1 of guys., It seems that it is p0551b1e to 1ntroduce the mu1t1p11er

in equations (2.3) in order to set tensile force in the cables back to

the 1n1t1a1 tensfon, for th1s zero displacement. The result is showna

in Tables 2 to 10 below. 'O R

The stat1c critical. 1oad obtained 4s shown in tables 3 to 10 wh11e ‘

the d1fferent equations -of frequency lead to the fo]]uw1ng values

E—— "s

wi : Fundamental Frequency

P :-Axial load at level 38m 5 radT?nS per second )

- . < -
e Damped Motion
Undamped
Wotion,  * | ‘62 = 0,0001 62 = 0,0001
, l ¢ = 0,03 c' < 0,3
' Pz 4 ‘ -
P =0 Ton§6 peo| PrA86| pog | Prds

,sthk with

variable inertial 8.7963 -] 8.6091 | 8.7468/| 8.5476
wy = ’ ,

stack with con-

stant inertia 66.56 | 66.22 28.4108 | 28.0686 | 66.30 65.36
Wy = . '

Note that the magnification factor can be easily obtained frem the inte-.

gral part of the'solution to the dynamic motion of the stack.

’ ¢

[T
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'Fig. 8;li Tensile Forces (Cables No. 1)
sz Horizontal scale 1mm= 500kg

Loy

=xVertical scale Tem= .5cm
’é’i_'_-’/ o N
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a .
tyT A
'/use of the
“multiplier
£ —» cm
Fig. 8.2: Variation of the Horizontal
' Reaction V- .
Horizontal scale 1 cm= ,5 cm.
Vertical scale. = 1 mm = 500 kg
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) 2 CONCLUSIONS AND RECOMMENDATIONS Lo

-

“The théory deye]obed in -the outline pf this *thesis was devoted to
,jj%b‘static and dynamic buckling analysis of guyed stacks with constant
and variab1e fnertia. It‘consisted mainiy in the linearization of

d]fferent1a1 and partial q*fferent1al equat1o%§ with variable COeff1c1ents

. ‘ 1n the neighbourhood of a singulas point in the real p]ane‘
T - . With reference to the'present ana]ysis,hthe following conc1giyon&

. can be made: ) - ‘ T
. ' ) . - ‘Q
- . 1) jhe equation of cables have-been sthted in the static part.

For the zero displacement, the use of the multiplier allowed the tensile . ' .
.o . . ] - ‘
. force in the guys to be-set back to the inNtial tension. '

. r

2) Consider the case of twp guys symmetrica]]y‘fikeq at a point.

‘ ‘ ¢ : 4
‘ . located atlg,certa1n elevation; consider a]so the formulae g1v1ng the

. displacements of the upward and leeward guys when they are in the neigh-

bourhood ©f the rest position. Then the tension'of,the upward Cable is

]

always greater than the initial tension. %here,exists a 11mit value of

a®

the initial tens1on'for which the teg?1on in the Teeward cab]e is always

s

'greater than the 1n1t1a1 tens10n, and, for a g1ven hetght, th1s tension

. is always greater .than the initiad tens1on. .
\ 4-/‘ » < . . [} - R f
* 3) With éspect to the bending moment due to the static loads, e :

“

it can be observed that the bending moment and shear forces of the system

‘ J S
' are widely mod1f1ed by the 1ntrbductwon of the axial load' whi]e the .
N 1ncre@§e in-the d1sp1acement of the 1ower supports is “small, 1t is’
T é _important for the upper supports. . - a . T '
/7 . . . | - - \ -
» ‘ '
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B 4) .In the case of the system under the set of applied forces,

if én.equi1ibr1um position of cables is determined, the search far the
diameter of the chimnej such that the computed displacements coincide

with the initially determined displacements of the cables is a leng

process, which could lead to an overdimension of the diameter.:

o

.5) In the formulation of the pr651em of the bar.with variable

ingrtia, it can be observed that the axial Toad for an element of length . .

ﬂ‘ is equivalent to the concentrated load plus six times the .total load:
of the bar of length "2, This total load is that of the bar of uniform

tHickness, which is equal to the thickness at.the top of the element.

In the case of the-bar with constant thickness, it has been
shown thﬁt 1/3 of‘the totalruﬁiformlload is considered to be applied to
the tgpmof the bar. By using Bésse] functions, an entirely newfget-of
 formulae have been stated. Theéé fdrmulae, in the case of combined axial

load and uniformly distributéq load, are clearly distinct from thosé of

Eu1er;
P

For the first time, in the case of the bar-hinged or fixed at

both ends, the researﬁhen has stated the theoretical value of

i

the critical load when the bar is acted upon by a uniform distributed

load a\bnghtﬁe verticgl axis.- Through the use of an arbitrary function,

L]

a formula is also proposed for the bar considered hinged at one end and
fixed at the other.
' One shquhd also note that the linear operator leading to the -

critical Toad is a non-symmetric matrix.

Vo

R

6) The lfnéarization f the partial differential equation of—thé .

sixth order, which expresses the dynamic equf]ibrium Eonditions of the

L)
1

oo s e s
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.

bar, Ted to the natural frequency and consequént]y to the forcing frequen— .

cy. A compar1son of the two frequenc1es shows: that the ax1a1 load due

=

“to tens1on‘of cables does not substantially modify the natural frequency

of the stack. This is in agreement with Novack [40].

It should also be po1nted out that the first frequency obta1ned :

. in the case of the ax1a1 load, in the motion of the stack(w1th 1nert1a, -

- which expresses the frequencylas a function of the ratio of the dynamic

1

- constant or not) seems to be in.accord with the formula of Xolousek [ﬁ]] |

axial load and the static critical load.

'7) In the'case of the bar with constant inertia, the proposed

‘method of solution to the partial differential equation translatihg the

¥

damped motion led, when the influence of the own weight was consideréd,
. 1

to the ordinary d1fferent1a1 equation of the fourth order for the

computat1on of the frequency, and to the d1fferent1a1 equat1on of the

beam on elastic foundetjon in the-old Winkler hypothes1s,

‘In the undamped motion, -2 new solution was proposed in order to

f1nd the fundamental frequency, th1s solution seems to be more complete :

-

than that proposed by G]uck [42]- , .

8) In the case of the static buckling Toad and the dynamic. load, ,/’(f

. the first mode shape was p]otted'by~the‘consideration of the oofactors'

assoc1ated with the determ1nant of the linear operator eXpressing the iﬁ\\~

equilibrium cond1t1ons This method could Tead to an overdimension of
the sectgon, One should also note that'the influence of the uniform

load ‘Ted to’ the formulation of equations distinct from the ordinary
. , R ’ , 1 //
static and dynamic buckling equations. J

i
i3

Vo

AW

t
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equations F(r). One cow]d undertake a more elaborate investigation, by

considering the ordinary boundary conditions which seem to be expressed

o

by non-1inear relations between these constafits. o - e

6) The theory was elaborated by neglectjng the influence of .the
’ N %g)

' ¢ : .
temperature and shontening of the stack; a more elaborate investigation

could be undertaken w1th a view to 1nc1ud1ng those parameters Tn the
deve]opment s

7) The pre\edwng research work was based on the e1ast1c domaﬂn
It could be interesting to extend 1t to the 1ne1ast1c domain.

3

’8) The deterministic behaviour of the guyed ch1mney under the

exc1t1ng forces has been con51dered 1n the. precedlng work It m1ght be -

1nterest1ng to extend th1s worksto the random aspect of the phenomenon
Yy

s 9) In the outline of this thesis, the oscillation of the stack
’ & * . . -
according to one plane of. vibration was only considered; in fact under

Von Karman vort1ces, oscillation occurs in two perpend1cu1ar planes.
One cou]d 1nvest1gate the problem nore thoroughly by considering its

b1d1mens1ona] or tr1d1mensrona1 aépects

10) By taking 1nto account the InFTuence of damptng in the dynam-
1ca1 behav1our of the stack w1th var1ab1e 1nert1a, it is seen that the °
ax1a1 force and the damping do not mod1fy the fundahenta1 frequency,

es opposed to the. case\of the stack with constant inertia. It cou]d be

i
~ °

1nterest1ng to investigate the reason - for th1s differential behaviour.

11) Given the system stayed by the set of guys, does there exist

a limit value of the diameter or of the v1scous damping coefficient for'

o

wh1ch the ratios of cofactors related to the same row of the equ111br1um‘

' , , . . i

»

\ SO
- s

_ ,
s b+ Dbt e e o i s e




RECOMMENDAT IONS
, .
‘ 1) With regard to the theory which has been developed, 1t can
bg(extended to any law of inertia for which. the integer n 2 2, in the |
Pschunder [31] formu]a, the order. oflthe characteristic polynomial for

the search for the critical load or. the fundamental frequenéy becomes

n+d, .

2) This thesis offers a theoretical as well as a numerical
solution to the static and dynamic buckling analysis of guyed stacks.
_Further, experimental observation could be done in order to preseht a

Al

!bmparat?Ve,Approach. ‘

; 3) iThe s19p§ deflectioﬁ method, which was used in the pfésent
) regearch, led to an homogeneous set of lTinear equations, in the absence
‘of terms not 1nq1ﬁdiﬁg the deformation parameters. A more elaborate
méthémﬁtfca1 investigation could be embarked upon in order to determine

the influence of the perturbator terms on the results obtained.

4) At first, the energy method was considered as the way to a

o

éo]u;ion, and Lagrange‘s'equéiions were written by using the static
¢éﬁ;Ves ofiCﬁapter V. Due-to complications in the computation of the‘
\resu]ts,yphe linearization method was used in order to solve the vibra-
' tion‘probaém of the stack. It might be possible to solve the problem
by thé energy mefhdd, in which case the solution would be mereiy.of

academic interest.

v ’ 5) ‘In the search for the frequency of the stack with codstant
! ]
1nert1a1 in 1ts undamped mQt1on the value 1 was arbitrarily attr1buted

%o the, six constants obtained from the four solutions to the indicial

* .
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. bidimensional or tridimensional’ aspects.

o oa01- -

equations F(r). One could uhdertake a more elaborate investigation, b§

'considering the grdinéry‘houndary conditions which seem to be expressed

i ¢ :
.by non-tinear relations between these constants.

6) The theory was elaboratéd‘by neg]ecting the influence of the
temperature and shorten1ng of the stack; a more elaborate 1nvest1gat1on

could be undertaken with a view to 1nclud1ng those parameters- 1n the

- . Pad

_development.

7) The preceding'research‘wO}k was based on'the'elastic domain.

\

It could be interesting to extend it to the inelastic domain.

8) The deterministic;béhaviour of the guyed chimney under the
exciting forces has been considered in the:preqeding work. It might be

interesting to ggtend this work tJ:the nhndeh'aspect of the phenomenon.

'9) In the outline '$f this thesis, the oscillation of the stack -
accordtng to one plane of. v1brat10n was only considered; in fact, under

Yon Karman vort1ces, osc111at10n occurs 1n two pe@pendxcu]ar planes.

One could investigate Ehe problem more thorough]y‘by considering its

N

A

»
10) By taking into account the inflyence of damping in the dynam-

ical behaviour of the stack with variable inertia; it is seen that the

axial force and the damping de not modify the fundamental frequency,

‘as opposed to the case of the stack with constant inertia. It could be

interesting to investigate the' reason for this differential behaviour.

[eS

11) Given the system stayed by the set of guys does there exist
a 11m1t value of the diaméter of the viscous: damping coefficient for

which the ratios of cofactors related to the same row of the.equi]ibrium
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matrix diverge, leading conSequent] y to an overdimension of thts diameter?

Further investigation could be doné,' baéed on this criteria,

R 12) In.the search for the buckling load or the natural frequency

. of tlf;e 'stack with variable irigrtia, 1t'\wa‘s' observed that the operator
‘ expressing the equilibrium conditi on§ is a non-symmetric matrix, when
] one consideres the influence of the own weight. Further analytical
LY . .' ..lipvestigation éou]d be pursued in order 'to analyze”'the gxact structure

of this matrix. ' f). . -
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_FUNDAMENTAL- PARAMETERS OF THE CHIMNEY WITH VARIABLE INERTIA - ’
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A1 Law of Inertia : s ' ’
- = i . . /‘
~ Let us consider a section of chimney of” 1ength JL 1y1‘ng between "~
. two sets of guys. Thts e]ement constﬁ:utes a frustum cone, of variable ; (‘
th'lckness and diameter assimilated to the bar‘ w1th variable 1nert1a tet - .
us take as parameters those deﬁned by Pschu der [31]. '
| - i) N - , L \
By considening Fig. A.1, one defines: \ o o
ty | S LT, 9 -
c = =2 L i - (A‘?'l) e
' tl \——\’ .
i [ ' o . fl * .“ Ky . 0' ' ’
At a point of'ordinéf)e X, the thickness is writtén: ” g ’ p
i > \ n T , \ | - SN |
: ~c\[x - :
e b PRI
If the linear var;ia,tg'on‘of thickness is only considered, one sets up: - e
A A ' I )
Then, if -~ . ot L -
‘ N LN S~ (A.3)
- Cga S ! : " ¢ B ' a -
-' . . w . . / . . . ' '\‘ .
‘®  the t’nickr{ess t'x is written: _g’f’_ : L )
RICE tic (1+2¢) : * o (A8) °
: S1m11ar‘,\y, if: . o Lot Al . . 1
9 A "
. 0 . ' ) A 5 :
. A= - | ) . v + ‘ (A.S) '
i 01 H A )
! v i ) i he ! :. [ /
one defines: . 4 , - i .
. ]‘QA ’ ? - o - e : . ‘) . 9
) a= A :E’ \ ' . ‘ e (AS)
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D(x) = D, A(T+ax) . '
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: : Ly
If fnequality (3.5) is verified at any point of the.element,

inertia can be writteén;

.

. K = RS (), :
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APPENDIX B e L

“'STATIC BUCKLING OF THE STACK WITH VARIABLE INERTIA <

i FUNDAMENTAL MATRIX \
, —=
B.1 ‘Differential Equation of the Elastic Line

Let us i:onsigler\the differential équation (4.4). Inside the disk
of radius of convergence.inf (—;— ,J/b)‘, let us perform an expaﬁsion in

sqries_ of analytic functions of ﬂl’a—x- and 1_47]'57

~ So, one defines the following parameters: . - \
ey (xemen) = 2 (DM@
! n=1 ) .
4, amn) = 2 (CDMe" D '
o n=1 y - '
¢, (xomn) = 25 (<)1) (ax)"
’ n=1 \

["]8

¢L. (x,m,n) = i (l])n(an'*'bn X + i ( ; m+n) nb (lTH'n‘)

n=1 m=1 n=]
o« ! © x ' .
$5 (x,mn) = 25 (-1)" [n+1) a e X" +E] }: ) (n+1)a™ m, (m#n)
. n=1. . - n=1
¢, (x,mn) = 3, 1" ﬁ."...}léﬂfﬁ (ax)" o o

7¢7 (X;f"sn) = iﬁ (_])"[Lliu?ﬂz_)\_ an*bn]gn+ f:] ‘i} (_])(m+n) -.“ )

X-
- - . .-
. e .

L

i




B.2

If: ‘ ‘ T : ;n <
8 (x,m,n) = -(9a¢, (x,myn) + 3bo, (x,m?n)) A

8, (x,m,n) =-(18a%¢, (x,m,n) +18abs, (x,m,n)+]K [G(P+62q,) -

" q,{6-32(atb)x+ (-12abe + 3a+ 3b)x? + 2abx?Hg, (x,m,n)) .

‘ ‘ q
-~ 85 (x,m,n) =-(6a%p, (x,m,n) +18abo, (x,m,n)-To [12-92(a_+b) +

s
N

e {15(a+b) - 12abe} x + 16abx2]¢, (x,m,n)

v

" q
8, «(x,m,n) = —K°— [9(a+b) - 12abg + 24abx 18, (xymyn) -~

a,’=9%+3b . . o ¢

|, t | | (P+62q,) ‘ ‘ , :
| » 2, = 18a2%1gab+ 6 — 2 \ ; ‘
a, - ' )
3, = 6a +18a’b- - 12-92(a+b)] , -
(. o qo ! ' ’ . ‘ ~ . : T 3
s (1eabe-staen)) S |

r \" then, the following equation is obtained:

. 5 - ' l ' . s ‘
. d_.Y. + a, .d_“.l-l- a, .d_a.x-iu-\‘a3 ﬂ-}- a, gl = .‘ ) ' -
« dxS dx® dx3® . dx? dx ' o

' ' b
8 d

£3 . T L0y £y
1 (X,m,n) dx“ + 92 (msn)X) dx3 + 93 (m’n’x)

dx?

8, (m,n,x)_% . | . . (B.1)

Parameters 0 (i= 1l,4) verify: ‘ “ - | ¥

>’

e
1 e

(myn) + = I (B.2)////’

e (x,myn)| ~0 . ' C o : -
| | -

v

So', equation (B.1) is considered to be a perturbation equatiion*. /By/fﬂe :

e




B.3

rs

change of varfable: . .
T : - / o - -
ey . | - o ]
R : ' (8.3)

equation (B.ll) is transformed into the Mnear system

= [A,+B(x)] u L o (B.3)

[

. }
In this equation A and B are 4x 4 matrices. In agreement with Roseau

[32], over the compact set [0,2], B(x) vemﬁes the fo]lowmg Cronwall’ s

Temma:
<< If y and-v are continuous functions of t with positive"va]ues; Ca
if k 1is a positive constant and if: : ot
t — | ' | .
u(t) < k +fu(s) v(s) ds ' ' ' o -
. ' . 0 . \ . \ . /’////'
then: ot .
N ) “ t . .‘ s ///// . . , .
u(t) <k exp f vis)ds > - < R
The solution to (B.3) will be wmtten
u(x) = U(x) u(0 f Uéx - r) B(T) u(t) dt - (B.4)

0

In formula (§B.4), U(x) .is the fundamental matrix of (B.3).

B.2  Fundamental Matrix of (8.3).. . =~~~ . ' .
The following fourth degree equation is the chara‘bteristi ¢ poly-

nominal associated with (B.3) | o : e
AC+aAt +aatadta, =0 T (8.8)

Any method can Lj:ei,used to solve the quartic equationl. ‘ S_1rice the qua’r'tic



.o

8.4

B >
§

equation is not bi-quadratic, it is impossible for the four eigenvalues

to be purely imaginary numbers. Then, the folliwng cases are considered.

defined:

B.2.1 Case of Four Real Rdots ‘

If a, B 6, n are the roots, thé folliwng parameters are

4= (8-0)(8-8)(8-a)(5-n)(n-B)(n-a)

- .
A111

A

112

A113

AL

A121

123
124
Al;l
A132

133

122

-
=

[]

36n(6 - 8)(n - 8) (6 - n)/A
cndle-a)(e-mn-al/a
a0(8 - o) (6~ 8) (6 )/ - | |
(8= a)(n-8)(n-a)/a
-LZ—[(nz-st)(ea-sa)~(n'hea)(ez—éz)l
L0(n?-a2)(6°- o%) - (62- a?)(n® - 0]
- L8 -a?)(8 - o) - (g2 ) (82 - 0?)]
T [(82 -;2)(n3-.a3) - (8- %) (n2 - a2)]
]E [(n- 8Y(6°-8%) - (8-8)(n* - 8°)]

-+ (n- a)'(e3-a3) - (é-"a)<s3- o)1
%[(s-#)(es',aa) - (6-0)(8%-a)]
-'JA_ (8- o) (n® - a7) - (n-a)(Sa'-‘(‘x;)]
-+ Un- B;(e-p)(e- 8)]

L In-a)(8-n)(6-a)]

i
H

sen e ok ewe,




B.S 4

, AL, = - 1+ [(B-a)(e-8)(a-a)]
,' Al.,,; = L [(8-0)(n-B)(n-a)] 1
If:
IBESREE
1 ¢ < 4

= i-1 ’
A= O A
where Ag, k=1,4 designate the four roots.

9

So, the elements of the fundamental matrix are written:

« 4
Uiy = EE%' Aijk exp (Ax)

One obtain§ immediate]y;

-

k3 4 - .
- =3t

P21 3y Yy

(x) =0

yi1

B.2.2 Case of Four Compiex Roots

In this case, the eigenvalues are written:
A = o+ 18 Xy = B +'in

A, =a - 8 N, = 8+ in

I R T ) (RN ree ame,

G

(B.9)




e

> e
r 7 <

"One defines:

P

A131
A132
A133

AISM

=

141

143

Alh{

- 2B [ 362 62+ 3a]

‘>F"

12 -

1]

B.6

~on [8-a)? + (n+08)21[(8> @) + (n-6)2]

+ 280 [g2 4 2] (824 n?) + 408 - 302 + 62]

20 (g2 4 2] [28(a? - 62) - a(B2 +n?) - alo® -0%) + 2007]

?_AQ‘[az +02][-n(a? +82) - 3nB2+n®+4abn]

20 [a?+071[-B(o? +82) + 3gn? - 87+ 2a(B? - n?)]

0 La(n2 - 362) -8 (6% - 30%)]

20 (2 402)? + (a2-82)(n? - 367) + 26a(a® - 36%)]

ﬁ'l [6(6 - 302) - aln?- 38%)]

P

29 [(a2+82)2 +(82-n2)(82 - 302) + 2Ba(B? -

\
2 [9%- 302 - n? +38]

- %'l [28 (82+n?) +a(n? - 38%) +a(a® - 362)]

a

[y

A

w28 [2(a7 ¥62) + Ble? - ) + 8(¢ - 312)]

I>I

1

(a 8)

[(g-a)? - 62+n2]

Jh D13

208 (g - q)

273- [(8-a)? = n*+62] ,

3n?)]

(8.10)

—



—

© BT

So, the elements 6f the fundamental matrix are writien:~ 5

go s

oL ta i-1 | in
Uij(x) (A1j14-1A1j2)(A1) exp (A, x) + (A1j11.1A

i-1 - .
(A,) | exp (A,x) + (Alj3-+1Alju

L . i-1 ,
| + (A1ja"1A1ju)(A“) exp (A;x)

v

" . While, the elements of Y(x) are written:

°

=1y = 0 &
Yiu(x) =1
A TTRNOREREING

=

yi,(x) =0

1j2

B.2.3 Two Roots are Real and the Two Others are Comg]ex

v

In this case, the eigenvalues are written

o+ B

>
-
1]

<

>
[\
i

a-8

6 + in

>
w
]

6 - in

>
£
[}

the following parameters are defihed:

b= agn[(0+8-a)? + n?I[(6-a-8)24n?]

AL

o

»

- l— [2n_(a - B)(8% +n*){62+n2+ (- a)2-20 (8- d)}],

DRI TR

) .

)(00) "7 exp (%)

.(8.11)

.
(B.12)

.
SO SRE wLs T Tt




B.8
/

'Auz = - JK [2‘1(0’-""3)(32*“2)’{-(92 +'n""') -(a+8)2+20(atB) ]

All3 '

b3
]

[28n(B% - a?)(n% + R% - a2 - 36% + 4a8) ]

110 = - x128(82 -a?) {07 - 2007 - 8(3n? - o) +2an? - 082}]

W

Aray = '\Z-ATL [-(92+n2)2+(a-8)2{362-n2-29(a-B)}] .

Arzz = BL[-(62+12) %+ (ot B)2{362 - n2 - 20(a+ 8)}]

@

R A123 = n_ﬁﬂ_ [C‘(nz ‘362) + 6(3012"'82‘)]

4

124

N

Arss = 20 [(a-8)(382 -n2) - 26(82*n?) - (a-8)°]

+

A132="2£' [(G+B)(392"n2) - 29(92+n2) - (a-’- 8)3]

Ayys = - 2B [n? - 307 + 302 4 2]

133
Ao ® % [oala® - 82) - 6(3a+8) + o(s® - 3n?)]
Ais = B+ (e-at)?]
L Arg = - ZALL[HZ**(e-'a-s)z] ’
Aius =E‘%rl[0'-‘9]
AIM“= - -Z-Aﬁ [2 7\"2+a2 -Zae-‘e.z]'

2 )
- i1 : ‘
Uij(xl) = |:2=:1 A ik (Aex) 7" exp (A x) +

I
(A i"]

1J3+ 1Ax;l'u)()\a)

The elements of the fundamental matrix are written:

»

’

Riay = - Zf_[(az_ B2)%+2a8(8% - 3n?} - {3a®+82)(6% - n?)]

Ean)

(B.13)

LY

exp (A x) + (A 5 - iAIJb)(Ab)i"'].exp (A %) (8.14)



S

v

whi'le, the elements of Y(x) are wmtten

i=1 .yi(j+])(x) f U, (x) dx

¥y,(x) =
‘i.>'| 1(J+])(X) (.' ])J(x)
¥g,(x) = 0
¢
[ |
Y
3

3

von B el e WINSE LI R e R -

da o

ot

(8.15)
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h L APPENDIX C-
CHIMNEY OF CONSTANT INSIDE DIAMETER AND VARIABLE THICKNESS .
P . o ; o ) r\ N ]
“C.1 # Differential Equation of the Elastic Line . . . ‘ o
8 Given the differential equation (4.18), one performs an expansion
vooa,in éeries of the coefficients inside the:Msk lof“radius' of convergence
(172, 1/0). L \ ; .
So, the following pgrainepers‘are defined: : \ , *
e, (x,m,n) = - (9a¢?.7£x:?n,n) + 3bé, (X.m;n)") e o,
o 6y(xymen) = = (182%¢y(x,m,n) + 1'8ab¢t.(x,m n) + ¢ [G(P+6£qo) - 0 .
" - ICRCE 5b2.(1dﬂd)x+(3b+“3bd 22.db )x +2db2x 3}]¢,(x,m n)) .
' oo =
ea(x,m n) == (6a ¢ (x m,n)-+ 18a2b¢ (x,,m n) -—-— [12 9b2(1+d)+
. 9' ! .“ ' ; Y
T {15b(1+d)- 12d2b Ix+16db2x* ]9, (x,m,n)) -
e q - ’ [ 8 . .
. 8, (x,m,n) =,-T(°l [9b(1+d) - 12dgb? + 24db2x]Jo,(X,m,n) - -
’ Fd - A . .
) a1='9a‘+3b - C o oo : “..,
’ ) v Y ' . ! N v
| - G(P+6ta) o, R :
. ?\2=18a2+18ab+-—-—-—|-(——:~ L < ‘
. : ) : . ' o ' , "
) 5 g ) Q% . . . S S
;g 2, =62l +18a% - & [12-9p2(1+ )] ‘ T
" ‘ - 0 ‘— 2 ‘ . . B . ] ) ;
a, = ¢ [12d®? - 9(1+d)] - | e
s . . : . -
' Then, (4.18) is of the same form as (4.8). So, the solution is given in !
' Appendix B. . . ‘ . . J
) o DY . { # 3
. J
. % » ! .
Py ] Y
’e «'t ! s , N ] \
o o P \
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BEIR
APPENDIX D B

CHIMNEY OF CONSTANT THICKNESS

» v

A

-~ 0.1, |, Differential Equation of the Elastic Line (r

8,

~ Given the differential equation (4.21): -

. ) - . X 02 Yy ay 2
N d“_Y . 6a 9_31 f 6a2 P+3qo{22+(al 2) x-ax }]d_zl‘:
d - Trax dxt L(Hax)z K(1+ax)? dx2
62, a ,
+—2  (6ag-2-7ax) XL = P ,
“K{(1+ax) ©dx K(1%ax)3 o (4.21)

Y
one performs the expansion in series of adﬁ?ytic functions of the.co—l _—

a . (:)
efficients inside the circle of radius convergence 1/a.

~So, the following parameters are d??ined{

o0

8, (x,n) = -6a > (-D)" (ax)"

8,(x,n) = [6a22 -1 (n+1) (ax)" + -(—14"32—2]: (—1)"@%‘1121(%)"'
°+—'(-9-(a2,-2)x; 1)" Mﬂ*—-’(ax — ); )" "”?_"J'z (aX)]

8y(x,n) =-—2- [(Saz-z)Z( 1) “Mlﬁ.‘ﬁl (ax)" - 7axZ( ] n §n+1)§n+2) ? o

K
(ax) ] - (D. 1)
. o - N B ' - ’ ~
By the. transformation: S J -
' . ‘ / . ‘
dy _ . ‘ - ‘ ,
Yo, | . .
_-the linear system of ijferentialleqqation associated with (4,21) is. - v

o
[



i X i e il elas L b R IR L AR | N 8 SRS L 5s T it g
. Y
- D.2.
written: -
U s . ‘ S
o = [A+B(x)] u + f(x) \ : [4.24)

1 ’
* In this equation, A.and B are 3x‘3 constant and perturbation matrices

respectively, while f(x) is an array column. y

¢ / The characteristic polynomial associated with A is of third degree.
N B 4 4 . .

.+ If the three roots a, 8, & are real, one will define:
. . » : .

LA T

A, = B

[

= § : : o - , ! +

)\3
4 = (8-a)(8-8)(6-0)

Aux;’ % BB(8 - B)‘
e I--lae"(e-a) - o ’ L
’\~. : A WY\ e . - " g : !
: y /‘=%§(B-a)‘\ o : L ‘ | " ’

;?_l_ (62 "_BZ) ' o

>
-
-
N
[}

>
-
N
f—t

T

Alzzﬁh % (6%~a?) " T

. v - ‘612'3 =_%\(B—2._a2) ._ ot ‘ B . o

Bl— )=

(e-8) o ST

(a-ej'

. >,
i
w

#

:’K(B-a) : T e (b.2)

So, the elepents of the fundaméntal matrix are written:



. . / .
«
" - . - -
— . ) N N
—

D.3

. 1-1 '
“1’j(") Ei:] Aijk ) exp (xkx)

While, g

- i=1 yi(j+])(x) = f uij(x) dx.
. Yuulx) =1 :
) .

SERERETRIC RN

-

yix(x) =0

3

If the roots are complex, ~'they.cab be expressed és;

o
-
n

-(2a+8)

a-06+iB °

>
]
1]

>
w
"

a-6-18

!

'S0, the.following parameters are defined:r -

=4
T

28 (9a2+82). °

Auai= 8 [(a-0)2 v 87
- Ay, =-2B '(e+2u4)(4a-:6) - .\
Alys = i (20!"‘9) [- 32+;G(0 8)]
- A2 .-...%.@. .(0‘5)
LYPY "':QA'E.(’G“G) .
Aigs = % (B"+3a2+6aé) ]

.

(0.3)

(D.4)




e e PRI BT BRI 2 e i RS yes g e h = Y
. D.4

Ays, =% . : ,

Then: - o o ‘ |
-1 .. ‘ s 4i-1
U eA ()] ]expr(}lx)-!-(Aij2+1Alj3)()\2) Texp (1)

)ﬁl ! .
+ (A -«iAﬂja)(xa)i'] exp (Ayx) . o (D's). a

yulx) =1
AT et = a0 L

¥y, (x) =07

¥
N
. N N
. L]
! " #»
‘ d
-
L] /
o 1]
/ ] » & o s
. » . I ,
& . .
i
\ .
s
* -
.
1}
N
.
A}
*
i
i 1 \
LA .
.
!
@
N -
/ N ,
e

R O P PR [ UPU Ir SO N



* ¢ DYNAMIC ANALYSIS OF THE,CHIMNEY WITH VARIABLE INERTIA -
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“inside the disk of radius of convergence inf (1/a, 1/b). The following

E.1
APPENDIX E IV .

"DYNAMIC ANALYSIS OF THE CHIMNEY WITH VARIABLE INERTIA N

“E.1 Undamped Motion

Let us consider the partial differential equation (6.4). As it
is difficult to solve this equation, the method developed in the static’

TN
part will be extended to the dynamic part.

So, one will perform and éxpansion in series of the coefficients

AP

parameters are.&eﬁned:
8, (x,myn) = - (9ad,(x,m,n) +'3b¢2(x,m',‘n))
8,(x,myn) =- (18a2¢3(;(,n;,n)+18ab¢‘l,(‘x,m,n) +T(lg' [P+62qd - . 3 /
q, {6 - 38{a+ b‘)x'+ (-12abi+ 3a+ 3b)x2 +\2ab xs}]np;,(x;m,n)) |
< S . ,
| 9 (x,m n) =-(6a3¢¢(x, m, n)+18a2b¢ (x,m n) Eg 12 - 92(a+b)
. ’+ [15(a4 b) -_12;b£]x+?6abx2}¢7(>q<‘,m.n‘))

' ‘ q
8,(x,mn) = KS‘ [9(a+b) - 12ab& + 28abx]d,(x,m,n) )

q
- ~°— [6+3(a+ b)x+ 2abx2]¢,(x,m,n)

L es(xvm’n) =
|
8 (x,m n) = [3(a+ b)+4abx]cb (x,m, n)
k
d(x, -515%& = 6;(x,m, x) —A—'—)Nz(x,m n) —ﬂ—'—)- +,
‘ X t

3(X;m n) __,Y_(_;__)_+ 6.,(x,m n) M+es(x:msn) —"Y‘(Ml - Lo o
“‘ ! + x m, n) __lg._l_)_



E.2

9a + 3b ‘

al‘ =

o, P+6£q°
a, = 18a“ + 18ab +'—Kg_— ,

‘ 3 2 9 e ‘ |
a, = 6a° + 18a*b - g (12-92(a+b)] (E.1)

Then, one obtains the partial differential equation- (6.5). In this

equation, 81.; (i= 1,6) are the perturbator-terms.

E.2 General Solution to Egua'ﬁon' (6.5)

. Giviryequat'ion (6.5), one will tackle the problem by one of the

¥

methods: used in 'soTving the non-homogeneous partial differential equations. -

E.2.7 Solution to the Homogeneous Equation

The motion is assumed to be haromonic, as stated in paragraph (6.1).
So, the d'Alembert’'s method or the method of separation of variables is
applied to the hombgeneous part of (6.5). The two following differentiall

equations are obtained:

5, " 3 ' 2 . T
S‘—-'x+alg—-“'—+a2i—l‘+aa‘g--1+a.,5’=.x+asy=0 , . (E.2)
"dxS dx* dx? dx? dx «
frw2T=0 _ P %)

where w'is the frequency and:

a, = - T('g' [9(a+b) - 12abe+6u?]

3q°w2 N
l 'a'5=-'.K (a+b)
L ) A g
L By the transformation ‘ N -

e

s
. P i Tt
v Sk geR s A Y ;

Y e p . PR RSN
O P O Sy AT L 20 M N PR .



E.3

[

One gets the linear system of differential equation associated with (E.2)

- ‘ . .

dy. o

i =AY I (E.4)
, c" In this equation, A 1is 5x5 matrix.

‘ R Then; the characteristic polynomial:will be of the fifth order:
»

AS +.adt + @At +agA\ttatag =0 ~ (E.5) .

Any method can be used.in order to .get the eigenvalues. When they
are obtained, ,it becomes easy to write the fundamental matrix. The,roots

are assumed to be distinct.

o

°

E.2.1.1 Case of One Real -Root

1
In this case, the eigenvalues are of the form: -

P Ay = a
] A = 8 + 16
. A3 = B -~ i8
Ay = 8 + 1in ﬂ
As = & - in ‘ ' . (E.6)

So, the fo'l]ovh‘ng paramete;‘s are defined:

b =~4onl(8 - @)? +62][(5 - 8)2+ (n+ 8)71(6 - 82+ (n - 0)21[(5 - )2 +n?]
My =~ 280 (g2 +92) (62 +n2)[(6- B)2+ (n+ 0)2[(6 - 8)2 + (n-8)2]
Ariz = 220 (624 12) [(5- )2 +n2][(28- a){(8 - B)2 +n? - 02} -

2(5-8) (8 - 6% - 8)] S B

-

Ay = TE (87 4n2) (- )2+ n?][(8 - aB - 02)((8 - B)2 +n2-62) +...

20%(s - B)(28 - a)]




£E.4

Aure -i"‘e—“(82+62)[(8 @)? +821[(26 - o) (6 - 8)2 #.62 -2} +
26-8)(6 -ntse)] L )

Aus =728 (g7 4 02)[ (5 - a)® + 62]4[6% - n? < 60J[(6 - B)2* 62 - 7] -
2n2(6.- 8) (26 - a)} . [

Arar = B0 (624 07)2(B(s7 + n?) + 587 - 3082 + 28(p% - 02)] +

880 (B2 + 02)2[5(82 + 62) + gn’ - 38? - 3882 + 26(62 - n2)]

-

[oo]

Apyy = -% (62 +n2)2[-(B2.~ 62) (5 - B) + B{(5 - B)2 + 12 - 62} ] R
532—°‘i [{(8 - a)(s; - 82) - 2862}{38% - n? - 26a} +
(362 - 62 - 260 (4602 + (o + 8) (367 - n2) - 25(26% + aB) }]
fuas =4 165+ 02T (o (5 - o) #atni- (82 - 62) [(5 - )2+ - 02 -
46%8(5 - 8)} -@A“—z {~06%(382 - 6% - 208) (362 - n? - 260) +
(8 -0) (8% - 64) - 2864 [40n (v 8) (35" - 2)-25(26% + a)) )

B0 (g2 4 g2)2[(5- g) (82 +07) + 8L(5 - B2 e 0P ntt] +

AL, =
2 (62 ) (5- ) - 20ntH(E - 02 4 2608 - )} ¢
{362'-n2-26a}{(82-92)(-28+d+6,);'28[(8-00(6-8)462]

Al =5A§ [(62+é2)21{[{'(a—s)f+ eZ-n?.}(a2 -n?) -4sn*(s~p)].- =,

.aé[(B -a)? +02], +£%ig [n?{38% - n2 - Zda}{Bz‘,.- 8%+ 28(8-a) -

{(62-nz)(s-,a)-2cn2}{(62-ez)(-zs+a+a)+2ef(3-a)(§-e) +

82]}]




| E.5:

.S

[-(8% + n2)3- (B2 + 02) *+(82 + n?+ g%+ 67) (382 - 82) (362 - n?)]

>
=3

5
Aiap =

a

e

§

A3, [(62+n?)+ 48a®(n?- 6%) - o*(n*- 36%)]

+
~
~{3
[«o]

(62 - 382][-(8%+n?)(n? - 38%) + 4ad(n? - 6?) + a*].-

L]
o
o>
<D

[6% - 82][25(82+ n?) + a(n? - 38%) + o]

Aias ="‘k%1 (§2+ n2)[-(8%+n?)?2 +a?(368%2-n%) - 26a?]

(524 n2)2 - 168017 (12 _g2) 4 IBI8% (2 g52)

d]

[8% - 362]1{(5% + n*)(n? « 38?) - 4as(n? - §7) - o}

g+ e" 68262][28(82 + n?) + aln? - 382) + o]

|5

\

{(82+02)3-40%3(R% - 02) - a*(0? - 382)}7%@ (n2 - 352) -

E
g
(e~

. A13u =
[(B2+02) (6% - 382) - 4ap(6? - 82) -a“]-ﬁ%‘m [28(82+02) +

a(82 - 382) +a’l

A = 8 (Bz+ 82)[(82+62)2+az(62-382)+2833]‘5%[82+82)3‘

135

g

ba?8(8% - 0%)-a" (47 - 498 [(62 - 3n%)I0(82 + 02) (62 - 387)-

408(0% - B82)-a] - TL6* +n* - 6n2621[2(82 + 62 J+a(6? - 36%) .+

. ]
a?]
=t

A”1 -_8_§l"__8_[(52+92 32-n2)2+452n2+4éz(62-nZ-BZ)] v

+ 88&19 [(BZ + .n2 - 52 - 92) + 48292\){' 45_‘(82 - 52)]



E.6

- L

Asis = lA [-16086m(§2 + 07 - n* - 8%)-4an6{(&*- n? - a?) 2¢ 44%n?)

~

! 498n[{262(62:n2- a?}+(82+n*+ o?) (8% + o? +\2\9§- 2.6;- n2)3] o
Aies = lﬁ [4adn {(§2+ 6%~ 87 - n?) 2+4(82n? - g292) }46né{(62- n?- a?)? .
+ 462n2}+2n{262(62+‘r12 sa?)(B?- 62 - a?) + (82 +n? +a?)[40282 ]
+(B%- 82~ a2)(82+62- g2 - n2)]}] ‘ |
Aryy = -}g. [-lﬁasaen(§2+ n?- 82~ 62) - 4gne{(p?- 02- a23;+ 4g292
e asan@sH(te 57 at) (82 074 a) (g4 o <207 - 267 67)))
Arys = ]Z [4p80{(8%+ n? - &% - 62)2\*'4(8282- 8n?)} - 4888 {
(B%-08%-a?)2+4p%02}+20{2p%(B%+ 82 - a2) (62 - n2 - a?) ’ T
Hg2+ 62+ a?) 46702 + (87 12 02) (824 n? - 62 - 62)]]
Aysi =20 [(6-0)2+ (n+ 0)1]0(s- 82+ n-0)2] - | -
Arsz = i,‘ill [(6-a)2+n?][{s-8)2*(n-0)2-2(p ~a)(s-8)] ‘
., \ |
A= =20 [(s- )2+ n7](20%(6- 8) + (8- o) ((6- )2+ n2-0}]
uss = 0 [(g- 012+ 67105 -8)7+ 07~ 7 205 - a)(6 8)] |
Arss =-4A—9[(e—a)”ez][-znz(s-35+(a-a){(s—s)’;+e2—nz}] | ;

~

§<;, the elements of thﬂ 5x 5 fundamental matrix are written:

-

yij(x)=A%jl<x1)"‘ exp(,x) * (A5, #1800, el + 7
(A5, 1A 50001 exprx) + (A5, + 18,5000 1T exp(a0) +
. - -1 ’
(ijt. 1A1j5)(7\ )] exli(k X") ' . (E.7) .

1
i

[ AP




e ot Ty ¢ e e
\ P,

E.2.1.2 Case of Three Real Roots ' .

In this case, the eigenvalues are of ‘the form:

A\ =a
. Ay = 8 . T
) ’)\3 =90 : ’ ) ,‘
‘ A, =8 +1in ) ) .
Ag=8-dn . R (E.8)
So, the fo]]o&ing parameters are defined: ,
. a=2n.(8-a)(0o-8)(e-a)l(s-8)2+n?Il(6-8)2+n?]1l(5-a)?+n?]
@ A= B (- g)[st e ntl(s- 0)2+n2ll(s" 8)2 4 nt]
. I . . . -
Az =-Z8 (5-a)l82 ¥ n210(6 - )+ n2](5 - 0)1+02]
’ ' * : . e ) .
Auvs = 2898 (g-0)(82+n2)[(548)2 +n2][(8 - @)+ n?] '
Arr =- 2088 (g_of(6-)(0- B)[E26 - 0)((6 - 8)(6 -a) -n2} +
(26 - o - B){8(8 - 8) - n?}]
Auvs = 2389 (g-q)(0 - 8) (e~ a)[{6(6 - 8).-n?}{(s - B)(6-a) - n?}
-n2(26 - 8)(28 ~ a - 8)] * .

.

Aizy = 3 (-2n(62+n2)2[62(s - 6)¢ + 022 - 82 (s - 8)2 - g2n?] -

o E.7

K

v

2n(6 - 8)6262[25(s - 8) (8-8) - 2602 + (62 - n2)(28-8-0) 1}

Mizz = 3 (2002(62+n2)20(6 - 0)? 2] - 2na2 (82 #n2)2[(6 - )2 42 +

-~

2n(0 - @)6202[26(8 - a) (5 - 8) - 28n2 + (82 - né)(ZGj'fa - el

-~



’ = 20m(8% +n?)[(82 +12)2 + o (n? - 362 ) +260°]

\ .
“
k) - 0
~ )
. ¢ ! * h
v, N .
LR » . ~
- ? .
i - . -1 . s
‘e . .
: * 3

Arzs = % {-2n(82+n2)2[B2(8 - B)2 + B2n% - a?(§ ~ )2 - a?n?]
. \ - 2n(B - a)a?B2[28(6 - o) (6 - B) - 2602 + (62 - n?)(26 - = )]} - .
~ " l \ 2; - . H ©y !
Arzy = 5 {n(0 - 8)0?B*[28(5- ) (8 - 8)-26n2 + (82 - n?)(26 - B.-0) .
N -n(6~a)a262[26(6-6)(6-a)—26n2+(52-n2)(25_a_3)]}" %

?les = % {-628%(8- 8)[-0?(B-a)(8-a)+ (82 -n*){(5-0)(s- B) -nzi
A7 2en2(26=- 8- 8) +a202(0 < @) (82 - n2) {5~ 8) (8- a) - n?}
. - 260%(26 - a- 8)] - (8-.0)a282[ (6%~ n2){(6 - 8) (8~ o) - 2}

. B

}

| -{ang(za-at-e)]} : \ L

¥ L -
Arsy = 3 {26n(62+ n2)[(82+ n2)2 + 62(n? - 362) + 266°] -
] ’ v ! . : ' .
Co28n(82+m2) (82 +n2) 2+ g2(n? - 362) +268%]
- 2n86[-8262(0.- 8) + (0% - 8%) (362 - n?)'+ 45(02.- 82)(8* - n2)1}
i ,

Araz = 3 (2en(2+n2)[(62 + n?)? + 0%(n? - 362) + 266°]

N

+ 2an(82 +n2)[(82+02)2 + o (n? - 367) + 2807

| ) LARNS : ‘
‘ . F 2m8[-a?62(6 «a)* (83 - a®) (362~ n?) + 46(82 - a2) (62 - n2)1}

.

Migem T (28n(62+ n2 X162+ n?)2 + 82 (n? - 362) + 268°]

v zﬁas[-azsz(s-ah(33-ua)‘(3627-n2)+45(s”2-az)(az.-nz)J}
T . ' R .

[
.

3 -

s’

o

~




N

g

B (n2 - 35) (B0 0% - 8%) - (8" - B*) + o(0- 8)] +
- . N . / 4
A Aen(n?- 62)[6B(0%- 87) - o(67 - B +a(e- )1} ¢ .~
[ ]
Arss = £ (-ago(80%(0- 8) - a2(8% - 8°) +a’(6% - g2)] + .
S |

- 8[B%0%(6 - g~ (0" - 8*) +a*(0°-8%)]

~ ™
E.9

. T R i s _ B
. Ausy =% (n[8%%(a- 8) - o’(6"- 8% +a*(67 - 6°)] -

x .

-16(52 - 3n2)t88(63 -g%) - al6*-B*) +a*(p-8)]

+[§*+n* 7/66%2][65(92 -8%) - ale®-8%) +a® (6-8)]1}

o 7 & (8ong(5% - A% - 62)2 + 467021 - 46n0[ (87 - n? - B7IF + 46207]

I g .

~2n(0% - B{(6% - n? - 02) (8% - n? - 82) - 48%n%] + >
& ! i .

/ 4s2n(e? -.82) (262 - 2n2 92 - g2)} .

.

Aiuz = l-4onal(6% - % - 822 + 462021+ donel (62 - n? = o2)? + 45%n?]

+2n(6% - o?)[(8% - n? - 82)(8% - n? - o) - 48%n%] -

.46~Zn(92 -a2)(282 - 2n2.- 82 - 02)}
y

Arura g (4gnal(8? - n? - 62)2 + 45702] - 46ng[(6% - n? - a?)? + 4g%n?]

)

- 2n(g? - a?)[(8% - n? - g2)(&*-n? - a?) + .

|

: v 4
46%n(8* - 0?)(24% - 2n? - a® - B?)} .

Agus = %{-ZaGn(ez—Bz)(ZGZwZnZ-Bz'-BZ)+26n8(9’-a2)(2§2-2n2-62-.a2)

- 26m0(2 - 02) (267 - 267 Vot 4 82) (8 - ?) (67 - 2] (6% - o?))

- 1

-7



! BN ’ "« ‘,' i —. !
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. : ’ .

o Aaas = 2 qa(6 - 82)[(6% - n? - 62)(6% - 2 -,

v

- 8(8% - a®)[(8% - n? - 6%) (8% - n? = a?) -|46%n?]

8(8% - a2)(62 - §2) (8 - 0?) }

Arsi= Z1 (6-8)(s - 8)2 + n21L(8 - )2 + 2]
L i

. Arsr=-8R (9-a)[(5- )2+ n2]0(5-6)%+n?]
. i

CArsam 20 (8- o) [(6-8)2 #n2IL(8 - )2 +n?]

A
- Arsy= —AZ— {-n(8-a)(e-8)(6-a){(s-8)(s-a)-n*+ (8- e_)(éa-a-s)l}
O ) | |
o Aiss= 5 {(8-a)(e-8)(6-a)l(s-0){(s-8)(8-a)n*}-n*(26 -0 -8)]}

" So, the elements of the 5x 5 fundamental matrix are written: .
o i-1 ‘ KR,
AT expla0) + (K, 5, + 1A Y(A,)' T exp(X,x)

1ju. 1js

B F SR , - .
. + (‘\ij-]‘Alj\S)(Xs) exP(Asx). - - , ' " (E.g) .

. E.2.1.3 Case of Five Real Roots -

'k\\ln this case the eigenvalues are of the ferm:

\

X, =8
A, = 6
A



™

M s Boén (6-8)(s-6)(s-8)(n-8)(n-8)(n-8) ]X

. k . E.T
So the followind parameters are defined:

Z = (B-a)(6-8)(6-a)(6-0)(5-B)(6-a)(n-8)(n-0)(n-8)(n-a)

L]

A;12=—9—‘3Aﬁl,(e-a)ka— 6)(é—a)(n- §)(n- é)(n-a)

Aras = 280 (5o a)(5-8)(6-a)(n-6)(n-8)(n-a)

L ' .
Arry = -8 (8- a)(0-8)(0-a)(n-8)(n-8)(n-a)

Aris = 995 (- o) (8- 8)(6-a)(5-0)(5-B)(5-a)

Arzr = & (-626702(6 - 6) (n - 6)(n - ©) + 826212(5 - B) (- 6) (- 8)
- 8%6%n*(6 - B)(n-8)(n-8) +8%6%5(6- 8)(6 - 6)(5- B)}
Aizz = § 16%6%n%(8 - 8) (n - 8)(n - 6) - 4267%(6 - ) (n - ) (n - a)

4 ] ,
+0L26’2r12 (6-a)(n-8)(n-a)-a®826%(6-a)(s-6)(5-a)}

Ai23 = % {-Bziin?(ﬁ -8)(n-68)(n- B).+' szﬁznz(d -a)(n-68)(n-a)
-aZBZn"(é-a)(n-Bj(n—pcg)+a28262(§-a)(6-'61(55-a)} )
une = 1 {8%67n? (0 - B‘)(n— 0)(n - B) - a267n%(6 = a)(n - 6)(n = a]
+a282n2(6-a)(n-8)(n-a)-aZB;VSZ.(B;a)(G—B,)(é-a)}
Arzs = %{—329252(9- B) (S - 9)(5 - 8) +a2qu<52(e -a)(s-0)(s -&)
’-a28262(8-a)(6-B)(S—a)*‘aszBz(BTa)(G-B)y(e—a)}
A;a; = -]5 (6503 (n=6)(8-8)+8°n°(n-8)(B-6)+6%6%(6-8)(n-8)

+8on°(n-6)(6-0) +8%°(5-8)(6-n) +B%0°(8 -8)(n-81}

\



E.12

A1z ='1K {63n3(n-6)((!-.9)+Oana(n-'e)(ﬁ-a)*'8’6’(6-.6)(a-n)
+a%n¥(n-a) (8- 8) + 8% (8 - a) (n - 8) + 8%a7(8 - a) (6= )}

A

133 ~

’{Gan‘(n‘- §)(8-a)*+8°n(n-8)(a~8)+826°(-8)(n-a)

D —

+ain’(n-a)(6-8) +a®6* (8- ) (8- n) +a’8¥8 - o) (n - 6]}
/{13., = -l— {626°(8 - 8)(a-8)+8%6%(s - s)(aj-e)+ 8°8%(o - é)(a- s)
+a3<s3(5-a)(8-e,)+a3ea(e~a)(s-5)+o§63(s-a)(e-63
Aiss = -‘}{eana-(n—e)(s-a)+33n3(n-‘s)(a-e)¥9333(9—3)(nja)_ ‘
+a'n?(n-a)(8-8) +a%°(8-a) (8- n) +a%*(8-a) (n - 6]}
Avs = x {G(nz-léf)(nz-92)(62-62)‘-6(62-82)(#-62')(112-62)
+‘a(ez-sz)(d2-ez)(n2-ez)—n(ez-sz)(sz-ezl(ahsz)}
Ariz = F (-0(n - 62)(n? - 62) (62 = 62) + (6 - a2) (n? - 62) (2 - a2}
_—6(82;a2)(n2-82)(!'12-az)+n(62-a25(62-82.)(62-;2)} |
Aues = 3 18(n? - 62)(n? - 82)(5% - £2) - a6 - 02) (2 - 62) (n? - o)
+6(82-az)(_nz-Bz)‘(nz-az)l-n(sz-a")(Gz-BZKGZ-aZ)} ,
Aryy = %{-q(pz-ez)(ﬁz -ez)(nz-s?)'+ (62 -a?)(n? - 62)(n? - a?)
-é(sz-az)(nz-éz)(nz—az)m(éz-az)(ez-sz)(ez-az)}\

Arus = 1 {a(6% - 82) (6% - 62) (82-p2) - 8(6% - a?) (62 - 87) (87 - 0?)

s

\ 4687 - a2) (67 - 82)(8% - a2) - 6(4? - a2) (62 - 8) (67 - o)} \

LI



: : E.13

- A5y = %’ {(e-g)(s- e)k&« B)(n -fS}(n-B)(mB)}
T s ey {(@-a)(d-e)(é-a')(rn-é)(n~’9)(n-;)°}~ '
Aiss = JA— {(B-a)(Gl- BJ(8 —a)(n-6}(n- B)('ﬁ:a)}
| Aisy = -Z\— {(;S—a)(e-6)(9—a)(n-9)(n—8)(n\- a)} :
Arss = 1 (8= )6~ £)(6 - a)(5 - 0)(4- £)(6- )

¢
So, the elements of the 5x 5 fundamental matrix are written:
+ 5

- i-1 ' - g
iy * EE%IAljk(Ak) exp(x) . (E.]})

E.3 ~Qenera1 Solution to Equation (6.5) .

The general solution to equation .(6.5) will be the sum of the
homogenéous solution and a part%cu]ar sé]ufion.‘ One consfders (E.2) and
- defines by T(t) the 2x2 fﬁndamenta] ma;rjx of this equation. According
to the hypothesis of paragraph (6.1),'the motion is assumed to be har-
monic. So, y(x,t) and the exciting force will be the product of two
independent functions. One performs a series expansion of the term
containing the exciting forée and, applies the method used in solving

/

the nhp-homogeneous partial differential e&uation of the second order. .

If one considers thelboundary values with respect to t and

defines the djsp]acemgnt;

\

| y(x,t) ='y(x)[]‘ o L L (E.12)

@

‘where the array column designates the value of T(t) and {ts derivatives

at t=0, then y(x,t) can be éxpre§sedlin the form:

§




-E.14

[N

yint) = v(x t) y(0) + f (-t - 108, Tly Gy )nde
O )

L l .. ‘ ff Yx -yt - ) Fu,t )dud'r ‘ | . - (6.25)

‘terms and f(u,t) the array column of terms including p(u,t).
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F.1

APPENDIX F

FORCED VIBRATION AND DAMPED MOTION:OF THE
STACK WITH'ARIABLE INERTIA =~ ~

F.1 ° Damped Motion

Let us consider the partial different;ia] equation (6.21) of the
sixth order.
One performs/an expansion in series of analytic functions inside

the disk of radius convergence inf (-;— , 11)-)

So the following parameters are defined: ‘
8,{x,m,n) = -(9a ¢,(x,m,n} +3bg, (x,m,n))

8,(x,m,n) = -(18a%¢,(m,n,x) + 18ab¢, (m,n,x))

'

0,(xsm,n) 'T(lg' [P-q,{-62+[6-32(a+b)]x +
[3(a+b) - 2abe]x? + 2abx*}1¢, (x,m,n)
q
85(x,m,n) = K% [12-9¢(a+b)+ {15(a+b) - 12abs}x +

16abx2]¢,(x,m,n)

8g(xsm,n) = ;—g— [9(a+Db) - 12abs + 24abx]$,(x,m,n)
' N 8,(xsm,n) =--;5g)- [6+3(a‘+‘b)x+2§bx2]¢,(x,m3n)
. 84(x,m,n) =-%—g— [3(a+b)+4abx]c[;,(x,ﬁ1,n’) |
es(x,m‘,n)'=\-%‘-’i7(‘x,m,n)" . o \ ' F.1)

8,(x,m,n) = -(6a%p,(x,m,n) + 12a2bg (x,m,n)) P e



N PRt <0

F.2

- The fo’Howmg 1nhomogeneous partial d1fferent1a1 equatwn 15 wr1tten.

¢ Lylut) —aY-(——l" t) 4 (9a+3b)(C' ylut) BQY("'”')

o S 5xSat x5 ax it ax®

3
+(18a2 +13ab)((:' y(x,t) 4 3 Y(’bt))v(ea +12a2b)(c; By(x,t)
o > ax’at . x? | ax*at -

P+6q 2
+ 3zj(x,t)) q 33y(x tl 0 (]2 9£(a+b)) _1(_L.L
ax? Kg ax?

-2 (9(a+b) - 12apg) ), 0 T Y(X)
) g, T e

C3atblay sz ot a%y(xt) o

T Kg At —Kk——3x3t

] 2 p(x,t) + (x, —y-(——%), | '
K(1+ax)?(1+bx) axSat (6.22)

k , ey
o(x, TUKE) [y .ex(x,m.")<c' 2 y(xt) , 2 y(xit[) +
ax“at! i S x'at 3

»

Aty(t) |, By(x, t))+ 6 (c' 3y(x,t) ny(x,t)')‘
QZ(X"m’n)(CS x5t . sbomn) 2ot LS A

b

8,(x,m,n) —-Y.i—-!—l+ 85(x,m,n) _Xﬁé_zl?_]_+ 8, (x,m n) xgx t)

I T Tl o SR L IR M



WEETEE L0 S L

F.3

+ 8 (X m ﬂ) _ﬂ.’.‘ﬁ + 67(x,m n) -—A&!—t-L + eg(x’m n) _ﬂ_x_ll:l

- axat? at? axat

k=1,5  s=0,4 4=0,2  s+u=k

As the proposed solution, one applies the d'Alembert's method and a

derivation with respect to the time variable t to the homogeneous

+

equation in (6.22).

Consequently, equations (6.235 and (6.24) are obtained:'

d&ghqldﬁﬁ+adyx} _ﬂﬁﬁa.ﬂﬁd%ﬂ”—ﬂ (6.23)

dx® dx* dx? dx?
Tre?t-aT=0 L - : (6.24)
- where: 3 o ‘ \
a, = 9a+3b
a, = 18a*+18ab.
a, = 6a®+12a%
¢ 6aw?
‘a, ] pAr -
b KCS Cg Kg
w*(a+b)q . .
8 " "CT Kg '

. w is the frequency and A' a constant of integration. One can observe .

that the coefficient of the term T in equation (6.22) is the left- hand
side of the static buckling equation (4.8)\ By applying the proposed

method, this coefficient disappears.'

S0, the solution to (6.22) is §iven by (6.25).

\
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G.1

APPENDIX G

CHIMNEY WITH CONSTANT DIAMETER ' T

Undamped Motion

One considers equation (6.26) and the method developed in Appendix

E. With the modification introduced by the parameter d, o;ne will

define:

o x
8,(x,m,n) = - (9a¢, (x,m,n) + 3bg, (x,m,n))
4 e
8,(x,m,n) = - (1832¢3(x,m,n)+1'8ab¢.,(x(,m,n)+]2—g- (p -
q, {j-sz+ [6-6b(1+d)elx+ [3b(1+d)-12deb?]x2 +
2db*x%}]9,(x,m,n) - o
: , % .
6,(x,m,n) =-(6a3¢s(x,m,n)+18a2b¢5(x,m,n)-Kg- {12 - -
9bg(1+d) + [156(1 +d) - 12deb2 Ix + 16db2x2 }¢,(x,m,n)) A
’ q
8,(xum,n) = gz [9b(1+d) - 12dgb? + 24dbZxTp }x,m,n)
S 9% .
8, (x,m,n) =-ZT(-8— [6+30(1+d)x*2db2x21g, (x,m,n)
q
. es(x?""") =--R-% [3b(1+d) +4db2x] ¢, (x,m,n)/ |
3, = 9a+3b | | M Q
N - .
a, = 18a2+18a%b + (P+62,qo)/Kg :
o g ,
a, = 6a3+18a2b-T(-g- [12-9bg(1+d)]
q "
a, =- K% [9b(1 + d) - 12d2b? - 6w?]
3q ¢ : : N
-_ -0 Y
a, _-Té-' 2b('|+d)

»
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'\“ . axatz

‘ So, "t(heh solution €o equation (6.26) is given by (6.25). e

..
LAY
o »
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.
=3
Q
. <
-
g

- g

G.2 ~ . S

-

¢(x’ay(xt) t):B(xmn)_l.(__z_)..,.e(x,mn) yixt) L

~

+ 83(x,m,n) BMM , (x,m, n) Jﬁihe (x,m n) __.L(_&ﬂ

“ ﬂ 2 N - . N l ' i N . . M o
+ 0, (x,mn) 200E) o | (6.1)
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, - APPENDIX H . ,
! , ' - { o . L
) CHIMN%Y OF CONS]’ANT INSIDE DIAMETER C - o \
FORCED VIBRATION AND DAMPED MOTION L
’ . . N .t
H Equation of Motion ot .
As in Append‘ix F, one considers the damped mot1oncof the stack of ,
constant ‘ins1de diameter. With the modification ]ntroduced by the\ , : ¢
parameter d, the expansion in series 1eads to the following paran\etér§:
| \ >
8,(x,m,n) = -(9as (x,m,n) + 3bg,(x,m,n)) o

N

Ly

‘ez"(x,m,'n) = - (18a%,(x,m,n) + 18abo, (x,m,n))

‘

’ea(x,m:n‘,’)\ =-(6a ¢ (x,m,n) + l_Zazbfps(x,m,n%)

-

8,(x,m,n) =-Ki§ [P-q{-62+[6-6b(1+d)2]x +

Yo [3b(1+d) - 2d%3]x% + 2dbx*F]94(x,m3n)

qO
= g [12.- 962(1+ d)

A

' +{15b(1 +d) - 12dgb2 }x + 16db2x2 ¢, (x,m,n)

eS(*om)n)

D
L G o o = . . 3 —
8¢(x,m.n) = g= [96(1 +d) - 12dgb? + 24db2x]¢,(x,m,n) - ,
| % iy 1242 ‘
. 8,{x,m,n) ] [6 + 3(1 + d)bx + 2db2x2]¢, (x,m,n)
Cq |
84(x,m,n) = 'K% [3b(1+4d) +4db2x]¢,{x’,[n,n) .
. . v : . * e
8g(x,m,n) =;§E‘¢7\(*{-m,n) N "
, = 9a+3b | ., .
I‘
a, = 18a2+18b . ¢ - L
i\ ) - (2 } ‘
' . ®
v - ‘



v e pean i w

W2

.2, = 68 +12a%
. 2
. . CT. i 6q v ‘ ‘
[ T - - -
. | KCq CSKg. . e
’ 3w?b(1+d)q .
= 0 : i
3 T Kg o AP
. -1 g ) . . N
. ‘ ) .
s k : ' 5 K y | .
¢ (%, -a——xé-x—’%)—, t)'-'el(x,m,n)(C's poy(x,t) , 2'y(x,t) |,
axat ax*at axt /7
‘ L 3 . 3’ N
op(m(ey ZU) s xlatlly o (cmmy gy 22
: axdat Cax3 > ax2st
rd 2 3 2
m.y).ei(x,m,,.) y(6t) 4 g (y ) LHE)
N 4 axz 3‘x3 axz
"1/ o ) , L . ,
- C 7l ' D g i 2 \
\ 8¢ (x,m,n) Ay(x,t) +08,(x,m,n) Ay(x,t) 8,(x,m,n) 3y(x,t) |
' ax . 3X3t2 , atz .
. .
' : LY 2 . . ’
. a + es(X,m,n) .a_l‘.&..tl “ (H.'l).
- ’ axat .
/ . ' [ 4
‘s . ) - .
- ~ So, equation (6.28) is obtained. The general solutiol has the same form
[ ’ M -
- as that of (6.22).
.' ) ) - & N 1
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CHIMNEY OF CONSTANT THICKNESS AND VARIABLE DIAMETER
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1.1

APPENDIX I

CHIMNEY OF CONSTANT THICKNESS AND VARIABLE DIAMETER

I.1 © Undamped Motion

I.1.1 Equation of Motion

-

Let us consider the partial di fferential equation (6.30). One

wﬂ]A perfBrm the expansion in series of the coefficients "inside the

circle of radius of convergence 1/a. | X N

So, the following parameters are defined:

¥

8,(x,m,n) = -6a¢, (x,m,n)

8, (x,m,n) .- [6a%p,(x,m,n) *+- 'K]E (P+3q {28 - (an-2)x -

~

~.

ax?}) ¢, (x,m,n)]

~

A 1q
¢+ 0,(x,m,n) =-~K—gg (2ag - 2 - 3ax) ¢, (x,m,n)
. %
¢ Bu(xemen) = - g (24 ax)g(x,man)

k . v -
o(x, =L [ 1) =0, (xnn) 2L g () 2ALE)
X

axSatY ox?
-~ 2
. &+ ea(x’m’n) M-{- e“(x’m’n) .a_ﬂil_tl.
ax at?
X So, one obtains equation (I.1) below
b 3 P 2
By(t) | ga 224(K0t) 4 T6a +_‘k. (P +6eq.)] 2xt)
ax'! axa g 0 , BXZ

N 3, . ' 6q 2
. _TQ_ [(_2*.2&1) ay(x»t) + KO ? .V(xttl =
g - ax g .: 3t2

M¢(Mt)

K[+ ax]? adat!

) ;. . . ' ‘:‘3’_‘;‘?‘-&{!
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1.2

-

If. the d'Alembert'slmet.hod is applied to ‘the homogeneous part, the

fbllowfng parameters ﬁ"ﬂ] be defined: o ..

a, = 6a
P1~6.?.qD
qu(az-l) o R -

swzqo |
a..:‘- Kg -

-

w s the~fréquency.

The characteristic polynomial is an equation of the fourth degree.

So, the roots are of the same form as those in Append1x 8. The general
solution is given by (6.33). —
A ——~ \
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J.1

APPENDIX J .

CHIMNEY OF CONSTANT THICKNESS AND VARIABLE DIAMETER, DAMPED MOTION

t

~

J.l Equation of Motion
Let us consider the partial differential equation (6.34). One
will perform an expansion in series of the coefficients. Tﬁen the

, fo]lowing parameters are defined |

8,(x,m,n) =-6a¢p,(x,m,n)’

3 8, (x,m,n) =-6a2¢,(x,m,n)
- * ' /

8,(x,m,n) f-%g [P +3q, {22 - (ag - 2)x - ax2}]g(x,mn)

3q (
8,(x,m,n) = "Kgﬂ [-2+2az- 3ax]¢,(x,m,n)

. . ' 3q° o . ' 1'.
8(x,mn) = "o (2 +ax)¢,(x,m,n)

. 8g(x,m,n) = CT ¢4 (xsm,n)

k , — __.; - \3 1
plx, ZL—, t) = el(x.m.n)(C; M*““"A&Q)’ 8,(x,m,n) -
xat ‘ ax*at ax® ]

? . 3 2 . - 2 L v
(Cl ) Y(XQt) +2 _Y(X,t)) +63(X3m:ﬂ) a_ié.Lt)_ + el’(x’m’n) M +
2 , a9x? 3ax .

S ax2at x

2 N
5 (x,m,n) LHlXeE) X251 +o, (x,mn) yx,t) (3.1)
) ot ot -

! .

So one 'obtains equation (6.35). If the method-used in solving (6.22) is
applied to (6.35), the following parameters will be defined: -

c

A




pan o g e

.

e ]

\ J.2 »
a, = 6a A
=‘ 2 ! '
) a, 6a . |
o a, =0 ’ g
- i - 2
a =" T 'C| - Gw qo
s~ KCT S g
The characteristic polynomial is an equation of the fourth degrge. Sb, \
: the roots are of the same form as those in Appendix B. The géne’ral
solution is given by (6.33).
. b
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APPENDIX K
_ INFLUENCE OF THE AXIAL FORCE ON THE
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K.1

APPENDIX K

INFLUENCE OF THE AXIAL FORCE ON THE

STATIC FLEXURAL BENDING MOMENT

K.1 .Differential Equatiom of the Elastic Line

'Let us consider the bar with variable inertia acted upon by the
set of vertical and horizontal loads at ends 1 and 2. The pérameters
having been defined in Appendix A, the differential equation of Fhe

A Y

elastic line is written:

y(z)(x)= 1 — My + Vox - Py - px2/2) o (K.1)
| K(1+ax)3(1+bx)

¥
$

Inside the disk of radius of convergence inf (1/a, 1/b‘), one will
perform an expansion ip series, as before, of the denominator. 5o, the

elementary Zh’fferential equatién of the second order is obtained.

y(z)(x)wzy - X (M +Vox - B2) + (M+ sz‘-PY‘m(z'i)‘t-,(xsm:?)'

. where: : ‘ i : (K.2)
_ P ' : -
w* = X ’ . '

~

So, the influence of the axial load is taken into account in the static

*

flexural bending moment of the stack.
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