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Taxation Policy and Portfolio Decisions Under Uncertainty

Panagiotis Tsigaris
Concordia University, 1994.

Abstract

Taxation of risky capital income transfers risk, under certain circumstances, to the
government constraint. This thesis examines how porifolio/savings decisions and the
welfare of an investor are affected under three different assumptions about the disposal
of risk by the state. In the first case, the tax revenue risk 1s disposed in a costless
fashion; in the second situation, the risk is returned to the investor; in the third case, it

is spread across generations.

[ investigate the deadweight loss of capital income taxation under uncertainty in a
portfolio/savings model with non-expected utility preferences. I find that the deadweight
loss of a capital income tax is lower for an investor that allocates more of his savings to
the risky asset relative to the safe asset. The deadweight loss of a capital tax increases
with higher risk aversion parameter values; it also rises with higher elasticity of

intertemporal substitution values as in certainty models.

I examine the issue of implementing an expenditure tax via the cash flow or the pre-
payment method. I find that a pre-payment version of a consumption tax without the
inclusion of excess returns will lead to a welfare loss. The utilization of a weighted

average discount rate to evaluate the risky consumption tax revenue implies that the
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household holds a risky asset that is perfectly correlated with the market portfolio.
Investors that hold diversified portfolios and bear the risks of their own tax revenue
fluctuations are indifferent as to the method of implementation of a consumption tax,
while the investors who hold a less than perfectly diversified portfolio prefer the cash
flow approach. A differential incidence analysis indicates sizcable welfare gains from a
cash flow consumption tax. In terms of tax policy, I argue that the implementation ot a
consumption tax through the cash flow method alleviates the controversy over the pre-

payment wage tax version.

Finally, I analyze the effects of taxation on risky human capital. The results of the
previous analysis do not apply to this problern because the return depends on the amount
invested. I find that a consumption tax or a wage tax creates a positive substilution effect

on human capital.
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Chapter 1

Introduction

The earlier literature on the effects of taxation on risk taking activity (e.g. Domar and
Musgrave (1944), Mossin (1968), and Stiglitz (1969)) assumed that the investors do not
bear the risk that is passed on to the government. In such a framework, Domar and
Musgrave (1944) established perhaps the most celebrated result in taxation policy, namely
that the imposition of an income tax with full loss offset provisions may stimulate risk
taking activity. In the Domar-Musgrave analysis a risk averse investor is confronted with
a choice between expected income and risk. With the introduction of a loss offset income
tax the investor receives a lower expected return and bears less risk. The government
becomes a silent partner sharing part of the expected return and risk. They showed that
in certain circumstances the investor may be able to increase the amount invested in the
risky asset such that the resulting post-tax probability distribution is the same as prior to
the imposition of the tax, without loss of satisfaction. The stimulating effects of taxation
on risk taking activity have been confirmed in a more general one period expected utility

setting (See Mossin (1968), Stiglitz (1969). Ahsan (1974)).

Even many years since its publication, the possibility that a certain capital income tax

may induce an increase in the risky asset demand appears counter intuitive or even



controversial to many public finance scholars. The most interesting challenge to the
Domar-Musgrave phenomenon comes from Summers and Bulow (1984), Hamilton (1987)
and Zodrow (1994). They argue against the taxation of risky capital income. They doubt
the practicality of the risk shifting via the taxation system. Their belief is that investors,
well educated about the diversification theorems in finance, eliminate all unsystematic
risks with a portfolio of assets and while the aggregate or cystematic risk does remain
within the economic system; the investors are compensated for the systematic risk they
bear with a higher expected return. Therefore sharing of risks through taxation of risky
assets is not possible as the work of Eaton and Rosen (1980) dealing with risky wage
income had earlier implied. In the asset choice framework, the state by taxing the risky
capital income absorbs some of the expected return and some of the systematic risk. Yes,
the state becomes a silent partner in one's portfolio. However, Summers et al. argue that
this additional expected tax revenue cannot be used for the provision of public goods
because it has no market value to the investor. They argued that the alleged stimulating
effects on risk taking relied on the ability of the state to bear risks without cost. Gordon
(1985) implied otherwise, ihat even though the risk remains within the private sector, in
a perfect capital market, the government is able to collect sizeable tax revenues from the
taxation of risky assets via taxation of pure profits and/or risk premium revenue without

causing any additional distortions.

One contribution of my thesis is to re-examine the effects of capital income taxation on

portfolio/savings behaviour when choices are made under uncertainty and under



alternative mechanisms of disposal of the revenues by the state. The effects of tax
policies are examined within a two period life cycle choice model of the Dreze-
Modigliani (1972) and Sandmo (1968,1970) type. My conclusion is that the behavioral
results depend on the revenue disposal policy of the government. First, 1 analyze the
common case whereby the proceeds of the tax are spent on a public good, which enters
the utility function in an additive way. This implies that the stochastic tax revenue has
no additional effect on the decision variables and in particular on risky asset holdings.
This has been the traditional approach. This modelling of investor’s behaviour is used
as a benchmark for comparison. An alternative approach is to examine the case whereby
the government re-distributes the random tax revenue back to the investor in the same
period the tax is collected as Gordon (1985) and Gordon and Wilson (1989) suggested.
In this sense the investors uitimately bear the risks of their own tax revenue. A further
alternative is to examine the case whereby the state returns a stochastic weighted average
tax revenue to the investor. The stochastic per capita weighted average tax revenuc
returned to the investor is partly his own risky tax revenue and partly the past risky per
capita tax revenue. This implies that the current generational investors do not bear their
own tax revenue risks but they bear part of their tax revenue risks and part of the risks
of the previous generations. I find that the behavioral response and welfare of the

investor depends critically on the assumption about the disposition of the tax revenue.

Another contribution of my thesis is to propose a new methodology, which is different

from the existing methodology of Stiglitz (1972) in the evaluation



of risky tax revenue. [ assume that the government either re-distributes proceeds of the
tax back to the investors and we let them evaluate the risky tax revenue using an asset
pricing model or the state acts as if it sells the proceeds of the risky tax revenue as a
promissory note and uses the market value of the tax revenue for the provision of a
public good that enters the utility function in an additive manner. This way the traditional

approach and the alternative approaches can be compared more directly.

My thesis also contributes to the debate on the appropriate choice of tax base. I argue
that a move toward a wage tax system from an expenditure tax system will result in
welfare losses. Most proposals argue for switching the personal tax base to an
expenditure tax system and away from income taxation. The expenditure tax is favoured
over the income tax on the ground that the latter increases the price of future
consumption and encourages current as against future consumption. This distortion in
intertemporal prices is alleged to create a welfare loss for consumers. Several economists
have gone a step further and argued for a tax on wage income on grounds of
administrative feasibility and simplicity. My thesis indicates that a movement towards a
wage tax system of the pre-payment type will lead to a reduction in welfare. I argue that
at least for small investors, the private market is unlikely to provide the socially optimal
degree of risk sharing. There 1s strong evidence ihat investors do not hold diversified
portfolios due to market imperfections (i.e., transaction costs, borrowing constraints
etc.). I find that the government, acting as a financial intermediary, can provide some

insurance and increase the welfare of the undiversified person without affecting the



perfectly diversified investor by chousing a cash flow consumption tax over the pre-

payment wage tax system.'

Finally this dissertation examines the effects of taxation on human capital under
uncertainty. I assume that the proceeds of the tax are spent on a public good. I examine
the allocative effects of different tax policies on the decision making process of investors
allocating time to accumulate human capital. Here the return on investment depends on
the amount invested. Hence the results of the previous analysis do not apply. The recent
proposals to alter our educational system in a way whereby students borrowing increases
to finance their higher tuition fees is being viewed by some as unfair to the lower income
families. One way to make the system more accessible to lower income families is to
allow the interest to be tax deductible. This will reduce the cost of borrowing funds and
stimulate human capital. Under uncertainty an income tax will stimulate human capital

by more than the consumption tax much as is the case under certainty.

More specifically, chapter two examines whether more general capital income tax
policies necessarily discourage risk taking. The positive analysis of capital income

taxation under uncertainty has only been conducted in a one period model (Domar and

'Examining the U.S income returns, Friend and Blume (1975) and later Gordon
(1985) established that a large percentage of the nopulation did not own equity. The
holding of a non-diversified portfolio can be explained by dropping the perfect capital
market assumption. Market imperfections such as transaction costs, borrowing
constraints, asymmetric information, heterogenous expectations can cause investors 10
undertake private risks which are different than sccial risks.

5



Musgrave (1944), Mossin (1968), Feldstein (1969), Stiglitz (1969), Atkinson and Stiglitz
(1980)). This past research considered the problem of allociting a fixed amount of wealth
to a risky and a safe investment without worrying about the disposition of risky tax
revenue. The introduction of portfolio/savings decisions causes capital income taxation
policy to affect both the size and composition of the portfolio. Hence, extending the
planning horizon into a two period model makes savings an endogenous choice variable
and may alter the resuits of the previous analysis (See Ahsan (1989,1990)). Ahsan
(1990c) has examined capital income taxation within this same traditional setting. This
chapter reviews these results which are used as a benchmark for comparison.? The
traditional analysis assumes that the proceeds of the tax are spent on a public good,

which enters the utility function in an additive way.}

Chapter three examines the normative analysis of capital income taxation under
uncertainty. Although the stimulating effects of certain capital income taxation policies
on risk taking activity have been well documented in one period models, little if any
work on the normative implications has been discussed in the literature, with the

exception of Hamilton (1987), Gordon and Wilson (1989) and Koskela and Kanniainen

? These results are based on the assumption that the investors do not care about the
transfer of the risk to the governmental constraint. They act in a risk neutral manner
towards revenue evaluation.

3 Stiglitz (1972) assumes that the state has 2 risk averse outlook towards using risky
tax revenue for the provision of public goods. The state’s attitudes towards risk need not
be the same as individuals belief towards risk in the consumption of private goods.
Stiglitz model was a one period model.



(1984). This chapter adds an additional dimension to the normative implications of capital
income taxation under uncertainty. I examine the decision making behaviour of an
investor under the assumption that the government will re-distribute the random tax
revenue back to the investor in the same period the tax is collected and indicate that the
results of the previous chapter depends heavily on the assumption about the ¢isposition
of the tax revenue. The assumption that the government re-distributes back to the investor
the tax revenue, stochastic where relevant, in the form of a uniform lump sum payment
ultimately implies that the risk remains within the private secior, and hence investors
ultimately bear the risk of tax revenue fluctuations. Gordon (1985) makes a similar
assumption and states: "Given that the government absorbs a sizable fraction of the risk
as a result of the taxes on corporate income, one might have expected the market nsk
premium to fall. However, the goverrinent cannot freely dispose of the risk it bears.
Individuals must ultimately bear this risk, whether through random tax rates on other

income, random government expenditures, or random government deficits."

One purpose of chapter three is to compare the behavioral response of the investor under
the assumption that the state re-distributes the risky per capita tax revenue back to the
household. Does the decision making process of the investor change if the risky tax
revenue is returned in a stochastic lump sum fashion? What happens to the size and
composition of the portfolio under various capital income tax policies? How do these
results compare with the assumption that the risky tax revenue is used for the provision

of public goods that enter the utility function in an additive manner? Are there any



deadweight losses of taxing capital income under uncertainty? How do they compare with

the deadweight losses in the certainty environment?

Even though the tax revenue from capital income is transferred back to the taxpayer the
deadweight losses under certain capital income tax policics still exist. Chapler four
attempts to provide a measure cf the deadweight loss of capital income taxation under
uncertainty in a two period portfolio/savings model with non-expected utility preferences.
The existing literature dealing with the deadweight losses of capital income taxation is
done in a certainty environment (Feldstein (1978), Boskin (1978), Summers (1981),
Drifill and Rosen (1983)).* How are the deadweight losses of capital income taxation
affected in the case where the investor can hold both a risky and a safe asset? The non-
expected utility function allows us to separate the relative risk aversion parameter from
the intertemporal elasticity of substitution. Through which path, risk aversion or
intertemporal elasticity of substitution, does capital income taxation policy affect the
optimal levels of censumption, savings, risk taking and deadweight losses? dow do the
deadweight losses of capital income taxation change when there is a change in the

distribution of the asset structure?

Chapter five uses the non-expected utility preferences to examine the effects of capital

income tax polices on portfolio/savings decisions. This chapter extends the previous

* An exception is Gordon and Wilson (1989) who examine the deadweight losses of
capital income taxation in an uncertain environment,

8



analysis to an infinite horizon and examines the effects of various capital income tax
policies on portfolio-savings choice using the non-expected utility function (Svennson

(1989), Epstein and Zin (1989), Weil (1990))

Chapter three, four and five examined the behaviour of the investor when the government
re-distributed the stochastic per capita lump sum tax revenue payment back to the
household. Tn this sense the investors ultimately bear the risks of their own tax revenue
fluctuations. ‘These chapters can be thought as a special case in which the risky outcome
is perfectly correiated for all investors (Atkinson and Stiglitz (1980). In this framework
the state re-distributes the stochastic per capita tax revenue to the investor and this

amount matches exactly the tax payment of the investor.

Chapter six examines a different policy from the previous chapters. I assume that the
government re-distributes back to the investors only a part of the stochastic per capita
lump sum risky tax revenue the current generation pays. The other part is transferred to
the future generations. This implies that there is some nisk sharing of tax revenue risks.
The current generation receives, for sharing tax revenue risks, with past generations a
share of the stochastic tax revenue of the previous lotteries in which they participated
even though they were not yet born. I assume that the future generations share with the
current investors the current "market" or "social" risks via an uncertain government
budget constraint. This way the current generation absorbs a small fraction of the

riskiness of the current tax revenue. The other fraction of the current tax revenue is



assimilated by all future unborn generations. My argument relies on the idea that what
is "systematic" risk at a certain point in time will become "idiosyncratic” risk when this
is shared with all current and future unborn generations. Pooling risks across generations
through tax revenue uncertainty resembles the diversification theorems of the finance
literature. This assumption alters my previous results and new results appear in the
literature. The analysis of this chapter is also a prelude to the choice of the tax base

presented in the next twn chapters.

One principal aim of chapter seven is to evaluate alternative methods of implementation
of a consumption tax in a portfolio-savings model. Proposals for implementing a
consumption tax can be classified into two alternatives. The first, the cash {low method,
allows a tax deduction on savings while the entire proceeds upon withdrawal become
taxable. The second method, known as the pre-payment approach, is a modification of
the income tax systeri, where the "return” on an asset is exempted from taxation. It is
this second method (pre-payment) that is most controversial. There are economists who
argue that all capital income should be excluvded from income taxation (i.e. Hamilton
(1987), Zodrow (1994)) to make it equivalent to a consumption tax, and hence argue
that a pre-payment method or a wage tax is equivalent to a consumption tax under
uncertainty. There are others, who argue that one should retain the extraordinary capital
gains compenent in the income tax base, and exempt the imputed riskless return on the
entire savings (Ahsan (1990)) to obtain the equivalence between a consumption tax and

an income tax, the new tax being baptized the "modified wage tax" (MWT). The

10



argument put forward by Ahsan (1990) requires that capital gains or losses receive the
same treatment under both cash flow and pre-payment versions; they both are subject to
tax. This chapter derives the conditions which are necessary for a cash flow consumption
tax (CFT) to become equivalent to a wage tax under uncertainty. I also obtain the
requirements under which a modified wage tax is equivalent to a wage tax. Finally, |
obtain the conditions under which a cash flow consumption tax is equivalent to the
modified wage tax. Answering the question on the equivalence between a consumption
tax and a "wage tax" or a "modified wage tax" in the presence of uncertainty will
provide a new perspective on the current tax reform debate on consumption versus the

income tax system.

The next chapter, eight, conducts a differential incidence analysis to examine the welfare
gains of a cash flow consumption tax vis-a-vis a pre-payment wage tax under the
assumption that the social discount rate is equal to the risk free rate. Using the risk free
rate to discount the risky tax revenue implies that the state acts in a risk neutral manner
or that the tax revenue risks are shared among the current and future generations. This
discounting rate causes the cash flow consumption tax to be the preferred method of
taxation and yields welfare gains. The differential incidence analysis will determine the
magnitude or the weifare gains that can arise from a switch to a cash flow consumption
tax from a pre-payment wage tax. If the gains are negligible then the consumption tax
might not outweigh the added administrative complexity of the tax system and a pre-

payment wage tax will be the front runner. Numerical calculations are presented using

11



the non-expected utility hypothesis. We present results for two cases a) the investor
evaluates the risky tax revenue in a risk neutral manner due to the risk sharing
arrangement of the state and b) the investor is concerned with the uncertainty and takes
explicit account of the risky tax revenue by using the optimal certainty equivalent future
consumption in the evaluation of risky tax revenue. The certainty equivalent future
consumption is endogenously determined from the preference structure of the household

and used for tax revenue evaluation.

Chapter nine deals with the effects of taxation on risky human capital investments.
Examination of the impact of taxation on human capital investment when the returns are
uncertain has been very limited compared to the amount of research devoted to the
investigation of taxation and physical capital. Research in the area of taxation and human
capital investment under certainty is quite enormous relative to the literature under
uncertainty.’ Investigation in the area of uncertainty, taxation and human capital
investments is only limited to the work of Eaton and Rosen (1980) who basically have
shown that there arc welfare gains from some risk sharing through taxation of risky wage

income. These welfare gains have also been confirmed by Hamilton (1987).

A decision model which includes both physical and humnn capital investment decisions

will provide more insight to tax policy analysis. 1 examine the allocative effects of

5 References include Boskin (1975), Heckman (1976), Summers and Kotlikoff (1979),
Sgontz {1982), Sgontz and Pogue (1985), Davies and Whalley (1991), Kaplow (1994)).

12



different tax policies on the decision making process of investors allocating time to
accumulate human capital. The effects of tax policy on human capital are important for
the following reasons. First, taxation policy may have an important and large impact on
the quality of the work force as well as an effect on the amount of work effort as
measured by "hours of work" (Eaton and Rosen (1980)). Secondly, income contingent
loan-repayment programs that help finance higher education might be financed from
payment of taxes ( Freidman (1962)). Finally, human capital investment has
unambiguously contributed to welfare and economic growth. Individuals investing in
human capital acquire skills and knowledge. The acquisition of skills and knowledge is

a significant factor in explaining economic growth (Becker (1964), Schultz (1971)).

Chapter ten reports the major findings of this thesis and provides suggestions for future

work.
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Chapter 2

Capita’ Income Taxation under Uncertainty

2.1 Introduction

Domar and Musgrave (1944) established perhaps the most celebrated result in taxation
policy, namely that the imposition of an income tax with full loss offset provisions may
stimulate risk taking activity. In the Domar - Musgrave analysis a risk averse investor
is confronted with a choice between expected income and risk. With the .atroduction of
a loss offset income tax the investor receives a lower expected return anc bears less risk.
The government becomes a silent partner and shares the risk. They showed that in certain
circumstances the investor may be able to increase the amount invested in the risky asset
such that the resulting post-tax probability distribution is the same as prior to the
imposition of the tax. The stimulating effect of taxation on risk taking activity has been
confirmed in a more general one period expected utility setting (See Mossin (1968),

Stiglitz (1969). Ahsan (1974)).

This chapter examines as to whether more general capital income tax policies necessarily
discourage risk taking. This chapter extends the analysis of the effects of capital income

taxation in a two period life cycle expected utility model with portfolio/savings decisions.
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I examine various capital income tax policies on current consumption and the size and
composition of portfolio holdings. Both the uncompensated as wel!l as the Hicks
compensated effects are reported. The critical assumption of this chapter is, the
traditional assumption, that the proceeds of the tax are spent on a public good that enters
the utility function in an additive way. This implies that the state can dissipate risk in a

cost-less fashion.

Section 2.2 presents the two period portfolio/savings life cycle budget constraint of a
typical investor and the wealth effects are reported in section 2.2.1. Section 2.3 cxamines
a tax on the excess return of the risky asset. Section 2.4 examines other capital income
tax policies. A proportional capital income tax is examined in section 2.4.1. A tax on the
imputed safe income is examined in section 2.4.2. In section 2.5 I compare the previous
capital income taxes and 1 arrive at soine conclusions. The next section, 2.6, investigates
the effects of a separate tax on the risky income and one on the safe asset income. This
may be viewed as a tax on uncertain corporate dividend income and a tax on the income

of the safe asset, respectively.
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2.2. The Portfolio/Savings Choice Model

Consider a young individual that works in the first period and earns a non-stochastic
wage income (Y,). 'The young household in the first period allocates the wage income
(Y,) to current consumption (C,) and savings (S,). Total savings may be held in the
form of a risky asset (a,) and riskless investment (m,). The risky asset yields in the
second period an uncertain before tax return of x,,, with mean E(x) > 0 and variance
o2 Limited liability restricts x,,, > - 1. The safe asset yields a risk free return of r.
In the second period, when old the household consumes (C,) the gross proceeds from the
riskless and risky investment and leaves no bequests. The period by period budget

constraints are given by:

Cl: = er - ( a, *m, )

C2‘=a“(l * X, ) +m, (1 +r)
or alternatively,
Cpy=(1+r)S, +a,z,

where z,,, = X,,, - T is the excess return from the risky asset. The expected excess

return is assumed to be positive (i.e, E(z,,;) > 0) with variance o’
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2.2.1 The Wealth Effects

In order to evaluate the impact of the various capital income tax policies on the decision
variables of the household we need to determine the wealth effects.! The result of this
section will provide us with the necessary tools to sign the comparative static results of

the problem.

The wealth effects can be determined and signed under the plausible hypothesis of
decreasing absolute (DARA) and non-decreasing relative risk aversion (NDRRA).? In
particular, we can show the following comparative static results:

om,,

>0 ?i]i>0 0<£ﬂ<1 0<.(25;l_‘_<1
aYIr 1 ’ ?

1t 1t 1t

Under the DARA and NDRRA assumptions the safe asset, the risky asset and current
consumption are normal goods. An increase (decrease) in first period exogenous income
leads to an increase (decrease) in the safe and risky asset as well as current consumption.
In addition, these behavioral assumptions guarantee that marginal propensity to consume

lies between zero and one.

The behavioral hypothesis of decreasing absolute and non-decreasing relative risk

aversion also leads to an important income elasticity result; namely that the wealth

! The wealth effects have been derived by Ahsan (1989, 1990).
2 For the derivation of the results in this section see Appendix I section A.l.1.
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clasticity of the safe asset is greater than or equal to the wealth elasticity of savings
which in turn, is greater than or equal to the wealth elasticity of the risky asset. Thus
a onc percentage increase in wealth will lead to a greater percentage increase in the safe

asset than to total savings or to risky asset holdings Specifically,

"z ' 20t
For the special case of constant relative risk aversion (CRRA) the wealth elasticity of
savings, risky asset, safe asset and consumption are all equal to unity. Consequently, the
CRRA hypothesis will give us the sharpest results, in the comparative static analysis of

the tax policy.
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2.3 The Domar-Musgrave Phenomenon (1944)

The Domar-Musgrave phenomenon (DM) can be replicated in a two period setting by
imposing a loss offset proportional tax (t,) on the excess return of the risky asset.
Consider a young generation (t) investor who maximizes a separable expected utility
defined over current and future random consumption by choosing current consumption

C and the amount invested in the risky asset a,:’
Max V = g(C\) + E(h(C,))

where g(C,) and h(C,) are well behaved continuous functions and have positive (i.c.
g’,h’ > 0) and diminishing marginal utility for current and future consumption (i.c.

g",h" < 0), subject to the constraint:
Cy = (140)S), + ay, (1-t) z,,
The first order conditions with respect to current consumption and rishy asset holdings

are given by:

g' - (1+r)EWH) =0

E(h'(1-t)z,) = 0

1+

The first order conditions remain unaffected by this tax policy. The first condition states

that at the optimum the expected marginal utility of current consumption is equal to the

 The assumption of a separable utility function is not necessary for the DM
phenomenon to appear. The DM phenomenon is independent of the households
preferences and can be derived under any well behaved utility function.
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future value of expected marginal gain from future consumption. The second condition
states that at the optimum the expected marginal gain from the risky asset is equal to that
of the safe asset in terms of their contribution to future consumption. The effect of this

tax on the current, future expected consumption and expected utility is given by:*

aC":O , EI_':_fCZ‘) =0 , _E’Z:o
at?. at.’. atz

This tax does not affect the optimal choices of current consumption and expected future
consumption. The expected growth rate of consumption and that of wealth remain
unaffected by the imposition of this tax. The tax does not cause any expected utility loss
to the investor. This happens because the investor alters her (his) portfolio holdings the

following way:

B . ¢

z 4

._a_‘££>0’.___£:0
c’)tz

The individual investor increases the risky asset holdings and reduces the safe holdings
in a way whereby total savings remain unchanged. This implies that the fraction of
savings allocated to the risky asset increases and is measured by proportional risk taking
B,,=a,/S,. Itis optimal for the investor to respond by altering his portfolio in a way
whereby the pre-tax optimal values continue to be realizable post tax. The exact effect

of the tax on risky asset is:

* See Appendix I section A.1.4.



a“(O)
(1-t)

au(tz) =

where «,,(0) is the pre - tax risky asset investment.

The tax on exces: returns reduces both the excess return and the variance of the risky
asset return. This effect makes risky asset demand more attractive on the margin relative
to the safe asset for any risk averse individual. If C,,", C,,* were the pre-tax optimum
consumption bundle the investor would increase the amount invested in the risky asset
and reduce that of the safe asset to maintain the same level of satisfaction a&s prior to the

imposition of the tax.

Hicks Compensated Effects of a Tax on Excess Returns:

Hicks compensation treats investors in a way whereby the change in the endowment of
the investor is sufficient so that the investor can attain the same level of satisfaction as

prior to the imposition of the tax. The required adjustment in first period income is given

5

by:

Although the investor is taxed on the excess return of the risky asset, the individual

investor voluntarily alters the portfolio composition he (she) holds in order to face the

5 See section A.1.4.1. of Appendix 1.
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same probabi’ity distribution without loss in expected utility and hence no need to be
Hicks compensated. The utility compensated effects of inhe tax are the total effects

reported above.

2.4 Capital Income Taxation Under Uncertainty

In this section we will examine the specific and Hicks compensated tax incidence effects
of various capital income tax policies.® First a proportional full capital income tax of t,
will be imposed. Second we examine a tax on the imputed safe income t,. A tax on the
imputed safe income exempts the excess return component and therefore this capital
income tax policy does not affect the variance of the security or portfolio of the investor.
Third we compare the effects of a tax on the return of the safe income (t,=t,) with a tax

on the risky income source (t,). The budget constraint is given by:

C,, = (1+r(1-t))S,, + a,((1-t)x,.,-(1-1,)r)

¢ All analytical results are derived in appendix 1. For explicit expression see the
relevant section of Appendix 1.



2.4.1. A Full Capital Income Tax (t,)

The post tax intertemporal budget constraint is given by:

C, + Cy =Y, + a,(1-1,)z,,

(1+r(1-1)) (1+r(1-¢,))
From the budget constraint we observe that the capital income tax distorts the relative
price of future consumption. The capital income tax increases the price of future
consumption. Secondly, a full capital income tax reduces the excess returp and variance
of the risky asset. The overall effect of this tax on the decision variables cannot be

determined apriori due to the conflicting substitution and income effects.’
Hicks Compensated Effects of a Capital Income Tax:

The full capital income tax reduces the investors income. For Hicks compensation the

required adjustment in first period income is given by:*

7 See Section A.1.2 of appendix 1.
¥ See section A.1.2.1 of appendix I.
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day, _ rs,,

h‘l_
dt, g (1+7)

where r = r(l-¢)

Even though the tax base is full capital income, the income effects turn out to be
proportional to the present value of the imputed secure income. This happens because
part of the capital income tax falls on the excess return of the risky asset and this
involves a substitution effect with no deadweight losses as the initial analysis indicated.
The individual investor voluntary alters the portfolio composition he (she) holds in order
to face the same probability distribution without loss in expected utility and hence ne
need to be Hicks compensated (i.e. no income effects for the taxation of excess returns).
The utility compensated effects on current consumption:

EC_"!T,>0
k

If investor is compensated to stay on the initial indifference surface the tax will induce
preference towards current consumption and away from future consumption. This occurs
because the tax increases, just as under certainty, the price of future consumption. Future
consumption becomes more expensive hence the investor unambiguously increases current

consumption.

The utility compensated effect on portfolio choice is given by:
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akl" > asl > Jp
e 0,__'... 0’_'_‘_>0
a:,,|"< az,‘l”< a, Iy

The effect on risk taking is ambiguous under the existing behavioral assumptions. The
more expensive future consumption causes risk taking to decline since the risky asset is
a mean of acquiring future consumption. In addition, the full capital income tax reduces
the excess return and variance of the risky asset. This latter effect, cxactly the DM
phenomenon, makes the risky asset more attractive on the margin relative to the safe
asset for a risk averse individual. The overall effect of a full capital income tax on risk
taking activity cannot be determined without imposing additional restrictions in the
investors’ behaviour. Also the response of the investors’ savings behaviour cannot be
determined without additional restrictions. There are two effects operating on the
individual's savings behaviour. First, since future consumption is more expensive now,
total savings, a means of transferring consumption into the future, declines. Second, the
Hicksian compensation increases savings. Thus, the two effects on savings are operating
in the opposite direction.’ What is even more interesting is that proportional risk taking

unambiguously increases.

® The impact on savings of a capital income tax depends on whether the
compensation is paid in the first or second period. If the compensation 1s done in the first
period, there is a stronger tendency for savings to increase. However, as was pointed out
by Professor Davies, savings will decline if compensation is paid in the second period
and savings are defined as first period income less consumption (i.e., § = Y, - C; ). |
find that the timing of the compensation does not alter the effects of the capital tax on
risky asset holdings, current consumption and expected future consumption. In this paper,
[ assume that the compensation is paid in the first period. Under this case, the impact of
the capital tax on the pattern of savings is determined by the two opposing effects.
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The portfolio becomes riskier. This implies that the elasticity of the risky asset with

respect to the capital income tax exceeds the elasticity of savings with respect to the tax.

Special Case: CRRA

Under the special case of constant relative risk aversion the utility compensated results
are cven sharper. In fact, a sufficient condition for unambiguous conclusions is the
reasonable assumption of a relative risk aversion parameters of greater than unity. This
constrains the elasticity of substitution to be less than one. The elasticity of substitution
determines the strength of the distortion that is created by the capital income tax on
current consumption, risk taking and savings behaviour. Since the elasticity of
substitution s in general found to be small (Hall (1988)) the effect of a capital income
tax on current consumption should be of a small magnitude. The negative impact of the
tax on risk taking activity will also be of a small magnitude if the elasticity of substitution
is small. This allows the Domar- Musgrave phenomenon to dominate the effect and
causes risk taking to increase. In addi.ion, savings are not discouraged with a low
elasticity of substitution. The Hicks compensation term dominates and increases savings.
The result under CRRA indicate that savings and risk taking are encouraged for all

relative risk aversion parameters greater than unity.'” The utility compensated effects

'% I the preference structure was of the non-expected utility type (see next chapter),
then the distortionary effects of capital income tax operate through the elasticity of
substitution and not through the relative risk aversion. Hence, since the elasticity of
substitution is observed to be small (Hall 1988) the utility compensated effect of this tax
could be close to the taxation of excess returns. A capital income tax will not distort
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of the tax under CRRA and an elasticity of substitution of less than unity are as

follows:!!
Forall g > 1
da
__1'§W>0,§H|§W> ,_aB“§R“>o
ot, ot, ot,
The Total Effects of Capital Income Taxation:
In order to obtain the full specific effects of capital income taxation, it is necessary o

include the income effects. The total effect of the tax on the decision variables is given

by: 12

GX“ 3X1‘ rSu GXM
o, o, ¥ (1+p) Y,

where X, =C,.a,,S, ,B,

Since all assets and consumption are normal goods in this model adding a negative term
to the Hicks compensated effects only generates ambiguities. However, for the class of

CRRA preferences we obtain unambiguous conclusion for values of the clasticity of

consumption choices if the elasticity of substitution is zero.
Il See section A.1.2.3 of appendix 1.
12 See section A.1.2.2 of appendix |
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substitution less than unity:"
Forallg = 1

99_‘|CW <0, __BE(CZ‘) [CRRA < 0, _iaa_l_‘lcm >0, _aﬁl_r!cm >0, E&ICW >
ot k k k k

For low values in the elasticity of substitution the distortionary effect, which is
proportional to the elasticity of substitution, is weak. This allows the income effect to
dominate, and reduces current consumption and increases savings. For the risk taking
decision, the DM effect dominates all the negative terms and leads to an unambiguous

stimulus. Proportional risk taking also increases.
An Interim Summary:

This chapter extends the portfolio choice model to include endogenous savings. I assumed
that the tax revenue, stochastic where relevant, is used to provide a public good that
enters the utility function in an additive manner. In other words private investors no
lenger face the risk taken on by the state via tax policy. This assumption is critical for
these results. Even if this assumption is maintained different results from the standard
pure asset choice model are detected. In the standard pure asset choice models, a full
capital income tax increases the demand for the risky asset under NDRRA (e.g.,
Atkinson - Stiglitz (1980), p. 107). In the two period model we need stronger

assumptions, namely that the relative risk aversion is of the constant type and have a

1 See section A.1.2.4. of appendix I.



value of greater than one or that the elasticity of intertemporal substitution be less than

one.

Similarly savings are encouraged from a capital income tax under the assumption of
CRRA and a relative risk aversion parameter of greater than one, even though expected
future consumption falls. This outcome confirm's Feldstein's (1978) belief. Referring to
a tax cut he argued: "since the net price of future consumption has fallen, this extra
quantity of future consumption can be achieved without an equiproportionate increase in
savings. In fact, it is perfectly possible for future consumption to increase and for current

savings to decrease” (p. S31).

29



2.4.2. Taxation of tiie Imputed Safe Income

The post tax intertemporal budget constraint is given by:'*

C, + C, -y, + a5, 2,
(1+r(1-¢,)) (1+r(1-t))
This tax applies to the imputed secure income on the entire portfolio regardless of
whether it is allocated to the safe or risky asset. Since the excess return is exempted from
taxation capital losses will have to be borne by the investor alone. Hence, the government
revenue is non-risky. Here the investor would be unable to merely adjust his portfolio
holdings so as to face the same probability distribution as prior to the imposition of the
tax. Therefore, the DM phenomenon is absent. From the budget constraint we observe
that the capital income tax that exempts the excess rewrn compenent distorts the relative
price of future consumption just like the full capital income tax. The tax increases the

price of future consumption.
Hicks Compensated Effects:

This tax clearly reduces the investor’s wealth and causes income effects. The Hicksian

compensation so that the investor can attain the same level of satisfaction as prior to the

4 See Section A.1.3
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impositicn of the tax is, not surprisingly, the same present value of the imputed secure
mcome as was the case with the full capital income tax. The utility compensated effect
of the tax on current consumption:*

aCl‘
ot

r

lp >0

T .ae distortionary effect of the tax increases current consumption.

The effect on portfolio composition as well as size is:

aa“ as" > ap];
FILAREIFR SRR S

r r r
The effect on savings is, similar to the case of full capital income, indeterminate. The
effect on risk taking is unambiguous in this case due to the absence of the DM
phenomenon. The dearer future consumption causes risk taking to decline. The behaviour

of proportional risk taking in this case is ambiguous.
Special Case: CRRA

The utility compensated effects of the tax on the portfolio composition under CRRA:*®

AR

r r r

15 See section A.I.3.1 of appendix I.
16 See section A.1.3.2. of appendix I.
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The results under CRRA indicate that risky asset demand is discouraged, savings are
ambiguous but proportional risk taking declines unambiguously. The portfolio becomes
less risky. However, for all relative risk aversion parameters greater than unity the
following results emerge:

For all § = 1

, aS]l -f;RRA >0 , a—B" -f';RRA<0
ot ot ot

r r r

Savings are encouraged. Savings increase because the elasticity of substitution is smail.
With a small elasticity of substitution the effect of the tax on current consumption is

weak and the Hicksian income compensation dominates.
The Total Effects of a Tax on the Imputed Secure Income:

In order to obtain the full specific effects of the tax on the imputed secure income, it is
necessary to include the income effects. The total effect of the tax on the decision

variables is given by:"’

A, Ky S K
ot a, ' (1+p) Y,

w=Cysray s Sy, By

where r= r(l—t,)

17 See section A.1.3.3. of appendix I.
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Risky asset holding unambiguously declines since the income effect reinforces the
substitution effect. For the other decision variables the income effect conflicts with the
substitution effect. However, for the case of CRRA the effects are once again the
sharpest. Especially for all relative risk aversion parameters greater than one we obtain:

Forallf = 1

oC

1t |cm <0

atr
For low values in the elasticity of substitution the distortionary effect on current
consumption, which is proportional to the elasticity of substitution, is weak. This aliows

the income effect to dominate and, accordingly, reduces current consumption and

increases savings. The effect of the tax on portfolio composition is:

E‘LL‘ICRM <0 _(z‘?ﬂlcw >0 E&!lcm <0
’ at ’

r r r

Proportional risk taking unambiguously declines. Hence, the proportion allocated to the

safe asset increases.
2.5 A Comparison
The results of a full capital income tax and that of a tax on the safe imputed income are

different due to the presence of the DM phenomenon in the case of a full capital income

taxation as opposed to that of a tax on the imputed safe income.
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The Hicks compensation effects of a full capital income tax policy and of an imputed safe
income tax on current consumption indicate the same pattern, namely, a stimulus on
current consumption due to the more expensive future consumption. However, the two
tax policies affect portfolio choices differently. The Hicks compensated effects indicate
that an imputed safe income tax discourages the risky asset while that of a full capital
income tax the effect on the amount invested in the risky asset is indetermine except for
CRRA and a relative risk aversion parameter of greater than unity in which case risk
taking is stimulated. In addition, the Hicks compensated effects of both tax policies on
savings is in general ambiguous except for the CRRA case with a relative risk aversion
parameter of greater than unity whereby savings are encouraged. Finally, the Hicks
compensated effects of an imputed safe income reduces proportional risk taking while

that of a full capital income increases proportional risk taking.

For the total effect the only unambiguous conclusions can be derived under the
assumption of a CRRA with a relative risk aversion parameter of greater than unity.
Under this case a full capital income tax policy discourages current consumption while
it encourages risk asset, savings and proportional risk taking. On the other hand, a tax
on the imputed safe income discourages current consumption, risky asset demand and

proportional risk taking and encourages savings.
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2.6 Differential Taxes on the Assets

2.6.1. A Tax on the Return of the Risky Asset

The post tax intertemporal budget constraint is given by:'*

C1 . C2l =Y, + alr((l—tx)xrol_r)
e )

From the budget constraint we observe that the tax on the return on the risky assct
distorts the relative prices of the two assets. The tax does not cause an intertemporal
distortion, as was the case of a capital income tax. The investor upon observing this tax
substitutes (reallocates the portfolio) away from the less attractive asset (i.e risky asset)
towards the more attractive asset (i.e. safe asset). On the other hand, this tax also
reduces the return and variance of the risky asset. This makes the risky asset more
attractive on the margin. Thus we should observe the DM phenomenon. Evidently the
two forces are in conflict. The next section presents the qualitative results of this

exercise.

Hicks Compensated L{fects of » Tax on the Risky Return:

18 See section A.LS. of appendix 1.
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F_f

The required adjustment in first period income is given by:"

dy,, Iy 4 r
ar,

YT @) ()

With the above positive compensation amount the investor will remain on the same
indifference surface as prior to the imposition of the tax. The investor faced with a
different set of prices will alter her (his) decision rules. The utility compensated effects

on current consumption:

8C“
" >0

X

If investor is compensated to stay on the initial indifference surface the tax will induce
preference towards current consumption and away from future consumption.

The utility compensated effect on portfolio choice is given by:

da, > 08y, >
a, v< 0 g e 0 g e

X X x

The effect of this tax on all three portfolio decision rules are ambiguous. The less
attractive risky asset causes the investor to reallocate his funds away from the risky asset
and towards the safe asset. In addition, as mentioned previously, the tax also reduces the
return and variance of the risky asset. This latter effect, exactly the DM phenomenon,
makes the risky asset more attractive on the margin relative to the safe asset for a risk
averse individual. The overall effects of a the tax on risk taking activity cannot therefore

be determined. Also the response of the investors’ savings behaviour cannot be

% See section A.L5.1. of appendix 1.
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determined a priori and without additional restrictions, just as was the case with the full
capital income tax. Savings, however, increase for the special case of CRRA and a
relative risk aversion of greater than unity. The effect on proportional risk taking is also

ambiguous due to the ambiguity of total savings and risky asset demand.

The Total Effects of a Tax on the Return of the Risky Asset:

In order to obtain the full specific effects of a tax on the return of the risky asset, it is

necessary to include the income effects. The total effect of the tax on the decision

variables is given by:?°

oX,, ) .a_x_'1| _ ra,, oxX,,
d&, o, ¢ (1+n-1) oY,
Whefe X" = C“ * alf ] S" ’ BU

The total effect of this policy on the decision variables is ambiguous due to the
conflicting substitution and income effects except for the class of CRRA preferences. In
the latter event we obtain unambiguous conclusions for less than unity values of the
elasticity of substitution namely:

Forallf = 1

% See section A.1.5.2. of appendix I.
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_a_c_'_'.|CRRA<o,_aa£|CW , 2 ,EE’_‘(CRRA>Q
< ot ot <

> asltlcm .0
atx atx x B 4

For low values in the elasticity of substitution the distortionary effect, which is

proportional to the elasticity of substitution, is weak. This allows the income effect to

dominate and reduce current consumption and increase savings. For the ris!z taking

decision the DM effect does not dominate all the negative terms and leads to an

ambiguous result. Proportional risk taking also is ambiguous.
2.6.2. A Tax on the Return of the Safe Asset

The post tax intertemporal budget constraint is given by:*!

o4 C, i +ah(xm-r(l-tm))
o @er(1-)) 1t (1+r(1-t,))

From the budget constraint we observe that the tax on the income of the safe asset alone
distorts the relative prices of the two assets and creates intertemporal distortions. The tax
on the safe asset’s income also causes a distortion in the relative returns of the two
assets. The investor upon observing this tax substitutes (reallocates the portfolio) away
from the less attractive safe asset towards the more attractive risky asset. Since the mean

and variance of the risky asset return remains unchanged, we do not anticipate the

2! See section A.I.6. of appendix I.
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appearance of the DM phenomenon. The next section presents the qualitative results of

this exercise.
Hicks Compensated Effects of a the Tax on the Safe Asset Income:

For expected utility to remain unchanged the required adjustment in first period income

is given by:%

ay,, T

(e

where ;=r(1-tm)
It is interesting to note that the above result depends critically as to whether the investor
is a borrower or a lender. For a lender, a positive compensation amount is required for
the investor to remain on the same indifference surface as prior to the imposition of the
tax. However, for a borrower, the tax acts as a subsidy on the interest payment and we
require to take away from the investor a part of her (him) endowment in order to keep
her (him) on the same level of happiness.
The utility compensated effects on current consumption:

aclt
—ls >0
P IV

m

If investor is compensated to stay on the initial indifference surface the tax will induce

Z See section A.I.6.2. of appendix I.
39



a preference towards current consumption.

The utility compensated effect on portfolio choice is given by:

aa“ > aslt > aﬂlt >
3;:‘7< 0, 'ét—m'l7<o ’ _5{':,7< 0

The effect of this tax on all three portfolio decision rules is also ambiguous. The less
attractive safe asset causes the investor to reallocate his funds towards the risky asset.
However, due to the increase in the price of future consumption the amount invested in
the risky asset must also fall. These tw+ effects operate in opposite directions, and hence
no definite conclusion can be arrived. The only tentative conclusion that can be made is
that with a relative low elasticity of substitution the discouragement of the risky asset due
to the more expensive future consumption will be of a small magnitude and hence risk

iaking might be stimulated with the imposition of this tax.

Also the response of the investor’s savings behaviour cannot be determined a priori and
without additional restrictions. Future consumption being more expensive causes total
savings, a means of transferring consumption into the future, to decline. However, the
Hicksian compensation increases savings for a lender and the overall effect cannot be
determined. Savings, however, increase for the special case of constant relative risk
aversion and a relative risk aversion of greater than unity. For a borrower, since the
compensation is negative, the tax leads to unambiguous decrease in total savings. The
effect on proportional risk taking is also ambiguous due to the ambiguity of total savings

and risky asset demand.
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The Total Effects of a Tax on the Income of the Safe Asset:

In order to obtain the full specific effects of a tax on the return of the risky asset, it 1s
necessary to include the income effects. The total effect of the tax on the decision
variables is given by:®

X, _ oX rm, oX,

1t
Ty T
o, o, "¢ (1+n OV,

m m
where X, =C,,a,,S,, B,

The total effect of this policy on the decision rules is ambiguous due to the conflicting
substitution and income effects. These effects also depend on the household being a

lender or a borrower.

For a borrower a tax on the income of the safe asset acts like a subsidy on interest
payments. This causes current consumption to unambiguously increase since the
substitution effect reinforces the income effect. Also if we assume a relatively low
elasticity of intertemporal substitution the tax will tend to stimulate investment in the
risky asset by more than the substitution effect since in this case the income effect

increases risky asset demand.

For a lender, a low value in the elasticity of substitution causes the intertemporal

3 See section A.I1.6.3 of appendix I.
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distortionary effect, which is proportional to the elasticity of substitution, io be weak.
This allows the income effect to dominate and reduces current consumption and increases

savings. The effect on risk taking is in general ambiguous.

2.7. Concluding Remarks.

Our qualitative results indicate that a tax on the incom= of the risky asset causes the DM
, -homenon to appear. The taxation of the risky asset reduces the risk and return of the
asset. This will stimulate risky asset demand for a risk averse individual. However, risk
taking may not increase since this tax also creates a static distortionary reallocation of
portfolio holdings away from the less attractive risky asset. On the other hand, the
taxation of the safe asset may also not necessarily lead to a stimulus in risk taking
activity. Again there are two opposite effects operating, but no DM phenomenon. First
the tax on the incorne of the safe asset causes the risky asset to be more attractive on the
margin. However. due to the increase in the price of future consumption, the
iniertemporal distortion, risky asset demand will drop. If the distortion in relative rates
of return is stronger than the intertemporal distortion, the risky asset demand will
increase. The results of this chapter depend on ihe assumption that the proceeds of the
tax are used to provide a public good that enters in the utility function in an additive
way. Thus the riskiness of the tax revenue has no additional impact on the choice
variables. The next chapter removes this assumption and I examine how these results are

altered.



Chapter 3

Capital Income Taxation and Re-Distribution under Uncertainty

3.1 Introduction

In the previous chapter I assumed that the proceeds of the tax are spent on a public good,
which enters the utility function in an additively separable way. This implies that the
stochastic tax revenue has no additional effect on the decision vanables and in particular
on risky asset holdings. This chapter examines the behaviour of the investor when the
government re-distributes risk back to the investor and indicates that the results of the

previous chapter depend on this assumption.

I assume that the government re-distributes back to the investor the proceeds of the tax
revenue, stochastic where relevant, in the form of a uniform lump sum payment. The re-
distribution is done in the period in which the tax is collected. The per capita lump sum
payment becomes:

m

> T

_ 1=l
G, = L —
m

where T, is the tax revenue collected from investor i in period 2, and m is the number
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of households. Note that with capital income tax, the tax is always due in period 2.

In order to focus on the no risk shifting role of the state I will assume initially that there
is a common risky asset (i.e the market portfolio) which is bought by all current
generational investors. As was indicated by Atkinson and Stiglitz (1980) this implies that
all risks are rerfectly correlated.! Furthermore, I assume that all investors are identical,

with iderdcal initial wealth. The per capita re-distribution is given by:

where T, is the tax payment by a typical individual.

The state, in effect, returns the revenue raised by the tax system as a iump sum,
"stochastic" if necessary, transfer to the investor in the same period in which the tax is
collected.? This ultimately implies that the risk remains within the private sector, and
hence investors ultimately bear the entire risk. Gordon (1985) makes a similar assumption
and states: "Given that the government absorbs a sizable fraction of the risk as a result
of the taxes on corporate income, one might have expected the market risk premium to
fall. However, the government cannot freely dispose of the risk it bears. Individuals must
ultimately bear this risk, whether through random tax rates on other income, random

government expenditures, or random government deficits."

! Summers and Bulow (1984), Hamilton (1987) and Gordon (1985) all assume that
the households are identical and purchase the same securities.

2 It would be of interest to assume that investors have heterogenous expectations and
examine the implications of such a re-distributional policy.
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How does this policy affect current consumption, the size and composition of the
portfolio of the investor? Is the DM phenomenon observed? Are there any deadweight
losses from the imposition of capital income taxation? If any how do the deadweight
losses compare with the traditional Harberger Triangle? Are the deadweight losses of
capital income taxation different from the certainty literature? How do differential taxes
on the assets affect choice and welfare? How do these results compare with the previous

analysis? These are the main questions that will be addressed in the chapter.

Section 3.2 starts with an equal proportional tax on all capital income. Initially the effects
on the decision variables are reported. Section 3.3 presents the deadweight losses of
capital income taxation under uncertainty with portfolio/savings choice. The deadweight
losses are compared with the Harberger Triangle. We also compare them to Sumrners
and Bulow (1984). Section 3.4 examines the remaining capital income tax policies. In
section 3.4.1 I examine a tax on the imputed safe asset. Similar analysis as the full
capital income tax is conducted. Section 3.4.2 examines the taxation of excess returns
and some conclusion are made. Section 3.5 examines a differential tax on the two assets.
The tax on the risky asset is examined in section 3.5.1 and the tax on the safe asset is

examined in :zction 3.5.2. Section 3.7 offers some concluding remarks.
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3.2. Capital Income Taxation and Decision Making

Under a full capital income tax the tax revenue the state returns to the household is:

Ty =, (7 Sy + 2, 6y)
Where a,’ and S, are aggregate portfolio choices. Notice that this re-distributional

amount is a random variable depending on the outcome of x,, ;.

I continue to assume that the investor maximizes the two period expected utility by

choosing the decision rules and is subject to the budget constraint given by:

- L]

C2r = (1+;)Slt + alr znl + TZ:

where 1 r(l-¢)
g = (1-)z,
and T,  is the per-capita lump sum stochastic tax revenue that is returned to the

household. For a given T, the first order conditions of the problem are given by:
g' - (1+r(1-t,)E(h’) = 0

E(h'z,) =0

Two observations can be made from the optimality conditions and the risk disposal
hypothesis. First, capital income taxation continues to affect the price of future
consumption and causes the well known intertemporal distortion. Second, since the lump

sum tax revenue re-distribution exactly cancels witit the tax payment of the investor the

46



investors ultimately bear the entire risk and as a result the DM phenomenon is not

expected to appear.’

Even though it is clear that there is no risk sharing through the government policy 1 still
need to examine the effect of this re-distribution scheme on the all the choice variables

and compare them to the previous analysis.

The effect of this policy on current consumption is given by:

aC"
'é?:l"’“ >0

NRS stands for no risk sharing.
Current consumption increases due to the suhstitution effect. Future consumption being
more expensive changes the households consumption plans and leads to a higher level of

current consumption. The effect on the amount invested in the risky asset is:

da

ir

at, s < O

Due to the absence of risk sharing, via the stochastic lump sum transfer, the policy leads
to an unambiguous decline in the amount invested in *he risky asset. The decline in the
amount invested in the risky asset arises from the more expensive future consumption.

The risky asset just as the safe asset are means of acquiring future consumption in this

model. The effect of this policy on total savings is given by:

? See appendix 11 section A.II.1 for analytical results.
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a5,, oC,
——INRS = - ...—'|NRS < 0
atk atk

Total savings unambiguously drop. This happens because the increased current
consumption is financed at the expense of savings (i.e from holding a lower risky and/or

riskless asset). The effect of this policy on the safe asset is given by:

om,,
"5t:'|~m <0

Therefore, this policy not only discourages the risky asset but discourages investment in
the safe asset also. In addition, due to NDRRA preferences savings is discouraged more

strongly than nisky investment. Portfolio riskiness therefore increases.

Proportional risk taking remains constant only for the constant relative risk aversion case.
Hence, it is seen that even when there is no risk sharing via tax policy, increased capital

income taxation may indeed lead the investor to hold a riskier portfolio.
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3.3. The Deadweight Loss of Capital Income Taxation

The policy of re-distributing the stochastic tax revenue back to the household leads to a
decline in investor’s welfare. The lump sum stochastic re-distribution is not sufficient to
hold the investor on the same level of happiness as prior to the imposition of the tax.
Capital income taxation creates a distortion in the intertemporal price of future

consumption. The marginal deadweight loss of this policy is given by:

£14 aC,
5t..k.lNRs = —tk r E(h/)—é‘-jINRs

This is the marginal efficiency cost of capital income taxation under uncertainty. This
deadweight loss of capital income taxation is analogous to the efficiency cost of a tax

change using Arnold Herberger’s (1971) measure which under certainty is given by:

n
DWL = - Y T, (AX)
i
where T, measures the value of the tax outstanding per unit of the ith activity and (AX))
measures the change in the ith activity due to the tax change. Harberger developed this
measure of deadweight loss under certainty. Under uncertainty, this measure is adjusted
to the following expression:

DWL = - Y T, E(AX)

The analogy of our result and that of Harberger is transparent. The term
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T,=T=t,rEh)

is the taxes paid on the riskless asset by the investor weighted by the marginal utility of
future consumption.® The reason that this value is used for T, can be seen by analyzing
the optimality conditions of the investor. Investors are indifferent between more
investment in the riskless and risky asset. Therefore, they value the after tax return on

the two assets equally, in terms of the assets contribution to future consumption:

(1-t)E(h’'x,,) = A -t)rE(h")

Also, from the optimality conditions, they also value equally the tax payments:

t,E(h'x, ) = t,rE(h')
Hence the T, can be measured from the taxes paid on the riskless investment.
Gordon and Wilson (1989) state:
"In equilibrium investors are indifferent between further investment in riskless and risky
capital, implying that they value the two alternative after-tax return streams equally. But
since the two streams of tax payments from the alternative assets are proportional to the
two stream after-tax returns, they value equally the tax payments they make to the
government on the two assets. Therefore the size of the tax distortion is the same on each
asset, and can be measured most simply by the taxes paid on the riskless investment."
Hence, even though the investor pays on average more taxes this extra loss to investors
is compensated for the benefit of having the state absorb some of the risk.

The second term representing the change in behaviour E(AX)) is analogous to the term:

This term shows the expected behaviour of current consumption due to a change in the

* This also has been used by Fullerton and Gordon (1983) and Joel Slemrod (1983).
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BAX) = 2k,
k

tax rate. Cleariy, the magnitude of this term is determined by the elasticity of substitution
and/or the relative risk aversion parameter. The lower the elasticity of substitution the
smaller the deadweight loss of capital income taxation. Equivalently, the deadweight loss
of capital income taxation decreases as the risk aversion parameter increases. In the next
chapter, I will show that the deadweight loss of capital income taxation operates through
the elasticity of substitution and not the risk aversion parameter. The path through which
taxation policy, elasticity of substitution and/or risk aversion parameter, operates is
important for public policy and measuring the deadweight loss under uncertainty. For
example a reasonable value for the elasticity of intertemporal substitution maybe 0.1 but
this value would generate an unreasonable relative risk aversion parameter of 10. But

such a high value of the RRA parameter is unreasonable and yiclds no risk taking

activity.

How does our analysis compare with Summers and Bulow (1984)? They use for the tax
distortion term T, the taxes due on a security that yields the weighted average rate of

return. They use the following measure:’

T, = t, [ (E@) -r)B,, + r] Eh)

This implies that the deadweight loss from capital income taxation is extremely large

5 This measure has also been used in many applied studies (See for example Feldstein
(1978) and Fullerton, Shoven and Whalley (1978)).

51



since the weighted average return exceeds the risk free rate by at least 4 times for
reasonable parameter values as shown in chapter 8. Summers and Bulow argue that most
of the risk is due to random changes in the price of the asset. As a result, they argue,
investors require a higher return to compensate for the higher risk of the asset. Under
the existing corporate tax system a segment of this higher yield is taxed away and since
changes in asset prices do not enter the corporate tax base, investors still bear the risk
in asset prices. Accordingly, there is no benefit to investors from the reduced risk

bearing to compensate for the significant tax payments made by them.

In our model, however, the Summers and Bulow argument does not hold because the
personal capital income tax system includes capital gains/losses and hence the
government does absorb some of the risk of either random asset price changes or random

dividend income.®

¢ An important limitation of our study is the two period framework as was the case
with Summers and Bulow (1984) and Gordon (1985). Gordon and Wilson (1989) have
extended the work to a multi-period framework and have shown that the deadweight loss
of capital income taxation is even lower than the one of a two period model. The
Harberger measure in a multi-period framework under uncertainty is given by:

DWL = - ¥ T, CE(AX)

Since the certainty equivalent is lower then the expected change in behaviour the
deadweight loss is smaller.
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3.4. Other Capital Income Tax Policies

3.4.1 Taxation of the Imputed Safe Income

Under a tax that exempts the excess returns. the state returns to the household the

following tax revenue in the second period:

* *
Tz‘ = t’, r Slt
The investor is subject to the following constraint:

Czr = (1+;)S" + a, z;: + Tz:

where T, is the per-capita lump sum stochastic tax revenue that is returned to the
household. Since the lump sum re-distribution is non-stochastic one might expect the
effects of this tax policy to be identical to the Hicks compensated effects of the previous
chapter. However, this is true only for current consumption and the amount invested in

the risky asset.” The effect on current consumption is:

aC" aC'“
- = . 0
at Ivas ot v

r r

Current consumption increases. On amount invested in the risky asset:

aah 12
it = —2]-< (0
ot s ot v

r r

The amount invested in the risky asset falls.

7 See section A.IL.2. of appendix II for derivation of these results.
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On total savings:

aslt _ aClr <
o fmes -7 ‘ét_'mzs 0

r r

Total savings fall since current consumption increases. In the previous chapter no
conclusion could be reached on the effects of this tax policy on savings. The Hicks
compensated effects of a imputed safe income tax on savings was indetermine; only for
the CRRA case with 1 relative risk aversion parameter of greater than unity did savings
unambiguously increase. In this case total savings move in the opposite direction due to
the increased level of current period consumption. In this section there is no Hicks
compensation but a lump sum transfer that is paid only in the second period, and that is

not sufficient to maintain the former level of expected utility.

This policy just as the full capital income tax policy of the previous section not only
discourages the risky asset but discourages investment in the safe asset also. Again due
to NDRRA preferences savings is discouraged more strongly than risky investment.
Portfoiio riskiness therefore increases except for the CRRA case in which it remains

unaffected.

What is more interesting is the deadweight loss of this tax policy. The lump sum re-
distribution is not sufficient to hold the investor on the same level of happiness. A tax
on the safe imputed income creates a distortion in the intertemporal price of future

consumption as the full capital income tax policy. The deadweight loss of this policy is



given by:

oV
a'lmzs = -t r E(h) ‘ahlms

r r

Interestingly, the deadweight losses of the tax on the imputed safe income are identical
to the deadweight losses of a full capital income tax when t, = t, even though the latter
includes the capital gains or risk premium component. This clearly implies that adding
the capital gains or risk premium to the tax base of capital income taxation does not

cause any additional deadweight loss.
3.4.2. Taxation of Excess Returns

The per capita lump sum re-distribution is:

Ty = t, (2, ay)
In the analysis of the specific incidence, it was noted that this tax induced no income
effects, while the suvbstitution effect was restricted to the DM phenomenon in the risky
asset demand. The re-distribution of risk back to the household is even simpler; it also
wipes out the DM effect. The tax is entirely neutral. This casc has also been analyzed
by Gordon (1985) in a more general framework. He concluded that " so long as (a) a
risk-free investment would pay no taxes on net, and (b) taxes paid by an individual arc
returned to him in a lump sum fashion, eliminating income effects, then these tax have

absolutely no effect on the equilibrium allocation” (p.12).



An Interim Summary

In many countries, capital gains are not included in the tax base, and if included the
taxable component often attracts a lower rate than applicable to wages anc salaries.
Canadians, for example, enjoyed up to 1993 a lifetime exemption of $100,000 of taxable
capital gains. This does not include the gains from the disposal of the principle dwelling.
Since most capital gains/losses are taxed only on realization and given the endogeneity
of the holding period length, the effective rate of a tax on capital gains falls well below
the statutory level. Cn what grounds, would this leniency be rationalized given my

results?

I find that in all cases, except the taxation of capital gains (or excess
returns/extraordinary gains), I observe deadweight losses of capital income taxation. The
deadweight losses of the imputed safe asset turned out to be identica. to the deadweight
losses of a full capital income tax policy for equal tax rates t, = t,. Ergo, the inclusion
of excess returns in the tax base of the imputed safe income does not cause any additional
deadweight loss to the investor and can generate more tax revenue to the government.

Attention must be given to the fact that the taxation of excess returns even though it does
not cause any additional deadweight loss is also independent of what the state does with
the stochastic tax revenue. If the state returns the "stochastic" lump sum tax revenue
from excess returns to the investor, in the same period that it was collected, the

investor's welfare will remain unchanged. In this case, the investor will not re-allocate
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his (her) portfolio holdings. The amount invested in the risky asset will remain
unchanged. If on the other hand, as chapter two indicated. the state uses the funds for
the provision of a public good that enter the utility function additively, the investor is still
indifferent in terms of welfare as with the re-distribution policy. However, in this case
the investor increases the risky asset and reduces the safe asset so that he will face the
same probability distribution as prior to the imposition of the tax. Accordingly, the
investor is practically indifferent as to whether the state returns the funds in the form of
risky tax revenue, in the same period it has been collected, or in the form of random
government expenditures that are used to provide a public good that enters the utility
function in an additive manner. The allocative effects, however, of the two policies are
different as I observed. Hence the taxation of capital gains can bring additional tax

revenue which can be used for the provision of a public good.
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3.5 Differential Taxes on the Two Assets

3.5.1. A Tax on the Return of the Risky Asset

The per capita re-distribution amount is:

. *

T, =t x,, a,
Where again a,,” is the aggregate asset choice. Notice again that this re-distributional

amount is a random variable depending on the outcome of x,,,.}

The investor maximizes the two period expected utility by choosing thc decision rules and

is subject to the budget constraint given by:

C, =(+NS, +a, [ x,,(1-t) -r] + T,
where T,  is the per-capita lump sum stochastic tax revenue that is returned to the

household. For a given T, the first order conditions of the problem are given by:

g - (L+r)E(h") =0

E(h'((1-t)x,,-r)) =0
A dividend tax does not affect the price of future consumption and hence does not create

intertemporal distortion. This tax creates a static distortion in portfolio choice.

The effect of this policy on current consumption is given by:

® This dividend tax may be viewed as a corporate income tax.
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|NRS>0

Current consumption increases. Since this tax makes the risky assct relatively less
attractive to the safe asset the investor would lower savings and hance increases current

consumption. The effect on the amount invested in the risky asset is:

aal
T, s < 0

P 4
The decline in the amount invested in the risky asset arises from the static distortion
which changes the relative rate of returns of the two assets in favour of the safe asset.

The safe asset becomes a more attractive way of acquiring future consumption in this

model. The effect of this policy on total savings is given by:

aslt acll
Ex—l”‘“ = - ?xlkas <0

Total savings unambiguously drop. As noted above this happens because the increased
current consumption is financed at the expense of savings (i.e from holding a lower risky

and/or riskless asset). The effect of this policy on the safe asset is given by:

__am“| =_a£1_'| ~ff'.'_'| >
atx NRS atx NRS atx NRS(

Therefore, the effect of this policy on the safe asset is not determined with the given
preference structure. Since total savings fall in order to finance the increased current
period consumption this first effect operates to reduce the demand for the safe asset. The

second effect stimulates the demand for the safe asset and this happens because the
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demand for the risky asset falls. The net outcome depends on the relative magnitude of
the two effects. The savings effect depends directly on the wealth elasticity of the risky
asset and the elasticity of intertemporal substitution. A low value of both would cause the
increased current consumption effect to be of a small magnitude. This would cause only
the second term to be operational and thus cause an increase in the demand for the safe

asset. The effect on portfolio riskiness is also ambiguous.

By L m By <
atx NRS S atx NRS Slzt atx NRS >

The effect on proportional risk taking is not determined with this general preference
structure except for the case whereby the total savings effect is weak (i.e a low elasticity

of substitution). In such a case proportional risk taking will fall.
The Deadweight Loss of Taxing the Risky Asset

The deadweight loss of this policy is given by:

av
'a—t-lNRS = E(hlzm) ‘é%lmes

x

This is the efficiency cost of taxing the risky asset under uncertainty. The first term can
be written as follows, from the optimality conditions:
T =T=E(h'z,) =t,E(h'x,)>0

But from the first order conditions I observe that the investor will be indifferent between

further investment in riskless and risky asset. The investor values the two after-tax return
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streams equally. Hence in this case I have:

(1-t) E(h'x,,)) = rE(h")

As a result the size of this tax distortion term measured in terms of the riskless asset can

be written as follows:

re,

T, =T = E(h'z,) =
i ( znk) (l‘tx)

E(hy >0

As a result the size of the tax distortion increases by rt,/(1-t,) times the marginal utility
of future consumption. This is the certainty equivalent of the tax payment. The second

term representing the change in behaviour E(AX)) is analogous to the term:

_ aalt
E(AX) = —

X

INRS

This term shows the expected behaviour of asset choice due to a change in the tax rate.
Clearly, the magnitude of this term is determined by the degree of quasi-concavity of the
preference structure. Therefore, in the case of no risk sharing, there is a deadweight loss

from taxing the risky asset.
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3.5.2. A Tax on the Return of the Safe Asset

The final tax to be examined is a tax on the safe asset. The per capita re-distribution

amount is:

Ty, =t rm,
Where again m,,” is the aggregate safe asset choice. This re-distributional amount is not

a random variable.

The investor maximizes the two period expected utility by choosing the decision rules and

is subject to the budget constraint given by:

Cp=(1+r(1-t, NS, +a,[x,, ~-(1-t)r]+T,
where T, is the per-capita lump sum stochastic tax revenue that is returned to the

household. For a given T, the first order conditions of the problem are given by:

g - (L+r(1-6,) E(h") = 0

E(W(x,, -(1-t,)r) = 0

A tax on the safe asset affects the price of future consumption and hence does create
intertemporal distortions. In addition this tax creates a static distortion in portfolio

choice. It makes the risky asset relatively more attractive vis-vis the safe asset.
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The effect of this policy on current consumption is given by:

oC >

ltl
at NRS <

0

The effect of this policy is ambiguous on current consumption. The tax increases the
price of the future consumption and hence stimulates the cheaper current consumption.
However, the tax also reduces the return on the safe asset and the investor reallocates his
portfolio away from the safe asset towards the risky asset. However, for marginal tax

rates (i.e. t, = o initially) I obtain:

AC

1e

ot

m

lves > 0
The effect on the amount invested in the risky asset is:

da >

1t I
NRS <
atm

0

Although one would expect the risky asset to increase from the imposition of this tax
there is an additional opposite effect taking place. This second effect, is negative because
the risky asset is a mean of acquiring future consumption and since future consumption
is more expensive the investor reduces the demand. However, for a relatively low
elasticity of substitution or a low wealth elasticity of the risky asset I expect that the
static distortion will dominate and stimulate risk taking asset demand.

The effect of this pclicy on total savings is given by:
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asl: ' aclt

L 0
a,

- ' >
NRS atmm<

The effect on total savings is ambiguous, except for a marginal increase in the tax rate
from t, = 0 in which case total savings fall. The effect of this policy on the safe asset

is given by:

amlt >

|NRS <
atm

Therefore, the effect of this policy on the safe asset is not determined with the given
preference structure. However, for a relatively low elasticity of substitution I expect the
demand for the safe asset to fall since in this case the static distortion effect will
dominate the intertemporal distortionary effect. The effect on portfolio riskiness is also
ambiguous. Again in the case of a relatively low elasticity of substitution I expect the

risky asset to increase and total savings to fall which will result in a riskier portfolio.

dplr

T,

m

T B e < O
NRS 2 g M >
1t mn

ta|=

Rl
atm

The Deadweight Loss of Taxing the Safe Asset

The deadweight losses of this policy is given by:



av om
‘at_lﬂks = rt,E(h") ‘5t'£|nns

This is the efficiency cost of taxing the safe asset under uncertainty. Again the analogy

of our result and that of Harberger is transparent.

3.7. Concluding Remarks

Various tax policies have been investigated in a world of uncertainty. We find, as do
Gordon and Wilson (1989), the deadweight loss of capital income taxation to be less than
that found by economists who have ignored uncertainty. Including capital gains in the tax
base of capital income taxation, does not alter the deadweight loss of capital income
taxation in a world whereby no risk sharing by the government takes place. The results
of this study depend on the government bearing rick at the same cost as private investors.
If the state can bear risks more cheaply than private investors, the deadweight loss of
taxing risky capital income will be even lower as was originally suggested by Tobin
(1958) and later by Stiglitz (1969)). One avenue tor the state to bear risk at a lower rate
is through intergenerational risk sharing (Gordon and Varian (1988)). Another possibility
which was suggested by Atkinson and Stiglitz (1980) occurs if risks are not perfectly
correlated across individuals. In this case the above welfare cost of capital income

taxation will be even lower.

The results of this study are conducted in a two period partial equilibrium setting. In this
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sense our results are limited. However, the results of this study are conducted under
uncertainty. Most studies examining the welfare losses of capital income taxation are
conducted in a world of certainty. In this sense, this is a first attempt to include
normative issues in a two period life cycle model where results of great importance are
uncovered. One early exception is Stiglitz (1972) but his model is for one period and
assumes that the state can bear risks cheaper than individuals. Stiglitz (1972) uses risky
tax revenue for the provision of 2 pubiic good. However, he does not add the funds to
the utility function in an additive way but assumes that the state just as the individuals
has attitudes towards risk. The attitudes towards risks by the state are different from the
attitudes of individuals. Richter and Wiegard (1990) also makes a similar assumption.
Finally, Hamilton (1987) has conducted a normative analysis of capital income taxation
but his results hold only for the special case of constant relative risk aversion and the

assumption of an infinite horizon.

The effects of taxation on savings and welfare have been aralyzed in the past only under
certainty. Boskin (1978) and Feldstein (1978) compute the welfare cost of capital income
taxation using the Harberger Triangle in a two period savings model under certainty.
Boskin estimates a deadweight loss of 25% of first period savings. Feldtsein (1978)
estimates a welfare loss from capital income taxation at about 20% of savings. This
translates to a welfare loss of approximately 1.5% of National Income. His model like
mine is a two period model but with labour in period one. However, my analysis is

conducted under uncertainty with asset choice. Summer’s (1980) model incorporates
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general equilibrium effects, production and a very high interest elasticity of savings. The
most important general equilibrium effects is the increase in gross wages which is the
outcome of an increase in capital intensity due to the elimination of capital income
taxation. His steady state welfare gains from moving to a consumption tax system is

estimated to be 10% of national income.

In the next chapter 1 provide additional insights into the deadweight loss of capital
income taxation under uncertainty using the non-expected util'ty preference structure. 1
will present numerical simulation results in order to capture the magnitudec of the

deadweight loss of capital income taxation under uncertainty with portfolio choice.
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Chapter 4

The Deadweight Loss of Capital Income Taxation

Non-Expected Utility Preferences and Some Numerical Results

4.1, Introduction

The previous chapter, dealing with no risk sharing role of the state indicated that there
are deadweight losses under various capital income tax policies. In this chapter I attempt
to provide a measure of the deadweight loss of capital income taxation under uncertainty
in a two period portfolio/savings model with non-expected utility preferences. The
existing literature dealing with the deadweight loss of capital income taxation are all done
in a certainty environment (Feldstein (1978), Boskin (1978), Summers (1981), Drifill and

Rosen (1983)).!

In section 4.2 I discuss the structure of preferences. In section 4.3 1 provide an explicit
measure of the deadweight loss of capital income taxation. In section 4.4 I provide some

numerical results. In the concluding section 4.6 I suggest direction of future research.

' One exception is Gordon and Wilson (1989) who examine theoretically the
deadweight loss of capital income taxation in an uncertainty environment.
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4.2. The Preferences

I propose to compute the deadweight loss of capital income taxation using the recently
advanced generalized isoelastic multi-period utility function which allows the separation
of risk aversion and intertemporal substitution. This generalized utility function includes
the corresponding expected cardinal utility function as a special case.? The deadweight
loss of capital income taxation can also be computed using the traditional Von-Neumann
Morgenstern intertemporal expected utility preferences. However, these preferences have
a drawback. They constrain the relative risk aversion parameter to be the inverse of the
elasticity of substitution in consumption. The empirical evidence indicates that the
individuals displays a low elasticity of intertemporal substitution and a modest aversion
to risk taking. The von Neumann-Morgensterii utility restrictions on preferences have
been rejected on empirical grounds (Grossman and Shiller (1981), Hansen and Singleton
(1983), Mehra and Prescott (1985) and Hall (1988)). The expected utility model cannot
describe a household as having concurrently a low elasticity and a small degree of risk
aversion. Hall (1988, p. 340) states that " ...the elasticity is unlikely to be much morc
above 0.1 and may well be zero." Based on this figure the von Neumann-Morgenstern
utility would generate a relative risk aversion parameter of the order ten or greater. This

is not consistent with the observed willingness of consumers to take risk and the existing

* Since we are working with the state of nature approach in the two period model
these preferences collapse to the Ordinal certainty equivalent (OCE) preferences analyzed
by Selden (1978, 1979). Extension to raulti - period will not violate the principle of
intertemporal consistency of plans (Johnsen and Donaldson (1985) since the Epstein and
Zin (1989,1990), Weil (1990) preferences are used.

69



evidence on the value of the elasticity of substitution. Friend and Blume (1975) analyzing
survey data on the financial characteristics of consumers found that the relative risk
aversion is constant and in excess of unity. Recently, Epstein and Zin (1991) estimate the
parameters of a multi-period savings-portfolio model which separates risk aversion from
the elasticity of substitution. They found that the elasticity of intertemporal substitution

to lie between 0.1 to 0.5 and a relative risk aversion parameter between 1.0 and 2

The household is assumed to make choices between current and certainty equivalent

future consumption based on the elasticity of intertemporal substitution. The preference

are described by:

1
U(C,,CE(Cy) = [C} + 8CE(C)"°®

where C, is current consumption, CE(C,) is the certeinty equivalent of future
consumption, §=1/(1+p), where p is the rate of time preference, and n = 1/(1-6) is the
clasticity of intertemporal substitution, with 0 # 6 < 1. § may well be negative. The
houschoid computes the certainty equivalent future consumption dependine on his risk
preferences and then relying on ais intertemporal substitutability combines current

consumption with the certainty equivalent future consumption. The certainty equivalent
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of future consumption is given by:’

1
CE(Cy=[ E(C;) 1*

where the constant relative risk aversion parameter is equal to y=l-a. Since y = 0, we

require @ < 1 (again o may well be negatire). Substituting the two expressions yields:

s
U(C,,CE(CY) = [C} + BE(C3)°]

|

This generalized isoelastic utility function allows the separation of risk aversion
parameter from the intertemporal elasticity of substitution. This gencralized utility
function ‘ncludes the corresponding expected cardinal utility function as a special case.
When o = § we obtain the familiar Von-Neumann Morgenstern utility function showing

:ndifference to the timing of the resolution of uncertainty.

|-

U(C,,CE(C,) = [C? + SE(C)]

In addition, the risk neutral constant e'asticity of intertemporal substitution RINCE

3 The OCE preference (U) is invariam under any increasing monotonic
transformation. Any positive monotonic transformation of the utility function will not
change the optimality conditions and the decision variables.
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preferences developed by Farmer (1990) occur when « is equal to one.* They yield the

following non-expected utility function:

1
U(CLE(CY) = [C + BE(C)N°®
Since CE(C,) = E(C)

Furthermore, if the elasticity of substitution is zero then the non-expected utility function
becomes of the fixed coefficient type whereby current and future consumption become

perfect complementary commodities:

1
U(C,,CE(C,)) = Min [ C, , 8E(C;)* ]

Finally, Kreps and Porteus (1978) show that investors exhibit preference for early (late)
resolution of uncertainty if the utility function is convex (concave) in its second
argument, Investors prefer early (late) resolution of uncertainty if o < (>) 6.

In the next section I examine the effects of a full capital income tax or the optimality

conditions and then proceed to derive the deadweight loss expressions.

* These type of preferences are not defined under the von-Neumann Morgenstern
expected utility since a zero relative risk aversion implies an infinite elasticity of
substitution.
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4.3. Capital Income Taxation and Optimality Conditions

The problem of the typical investor is to maximize utility subject to the budget constraint:
C 1-t)az
Cl + -2 - Yl + .._(_._.E)____
(1+r(1-1,)) (L+r(1-1))

The first order condition with respect to current consumption:

CYt = 3(1 + H(1-t))CE(C,)®"EC; ™)
The household will set the marginal utility of current consumption equal to the future
value of the marginal utility of future consumption adjusted for its risk preference. Notice
that if @ = 1 the investor acts in a risk neutral manner and the expected marginal utility
of future consumption equals one and the investor still equates the marginal uti'lity of
current consumption with the marginal utility of the future certainty equivalent
consumption. An interior solution still exists in intertemporal decisions. On the other
hand, if the elasticity of substitution approaches zero we have intertemporal
complementarity. The intertemporal consumption decision becomes of the fixed
coefficient type. Notice that in this case there is no substitution effect cf an interest tax
and hence no deadweight loss for the consumer. Tierefore I expect the welfare losses to

decline as the elasticity of intertemporal substitution falls.
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The first order condition with respect to risk taking:

EC; ' (1-t)2) = 0
Obviously, this condition states that at the optimum the expected marginal gain from risk
taking is equal to that of the riskless investment in terms of their contribution to future
consumption. An interior solution is obtained if the expected return on the risky asset
cxceeds the return on the riskless asset. Notice that if the investor is risk neutral we
obtain a corner solution whereby s(he) allocates all savings to the higher yielding risky
asset and nothing to the lower yielding safe asset. At the other extreme of a very high
risk aversion the investor allocates al! the savings to the safe asset. This case will allow

us to compare our results with certainty.
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4.4. The Deadweight Loss and the Elasticity of Substitution

The deadweight loss of capital income taxation is given by:’

r1, & CEC,)%" E(C;™) aC,

DWL = - |
(CP+8CE(C)®) o ' ©

where the left hand side is the partial change in the indirect utility function with respect
to the change in the capital income tax rate relative to after tax indirect utility function
(V(t)). Notice that this DWL is different and more general then the one reported by
Gordon and Wilson (1989), since the expected utility model is captured only in the

special case whereby 8 = «.

The effect of the tax on current consumption is given by:

aC r§ C
_—thRs = _.____.1‘ T‘ -—-—1—‘ > O
atk (1+r) le

In terms of public policy, I can state that it is the elasticity of substitution, that
determines the existence of deadweight loss from capital income taxation and not the
relative risk aversion parameter. The latter affects the magnitude of the loss through the
behaviour of savings and current consumption. Capital inccine taxation does not cause
any distortion and there is no deadweight loss if the intertemporal clasticity of

substitution is zero. The deadweight losses of capital income taxation remain if the

5 See appendix IIi section A.IIL.1 for analytical results.
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relative risk aversion parameter is extremely large and the elasticity of substitution is not
equal to zero. Actually the deadweight loss increases with higher relative risk aversion
parameters. Combining these two pieces of information, utilizing the first order
conditions, and expressing the dead'weight loss in terms of compensating variation I can
write the deadweight loss in a more explicit form:®

C\lt). 1

( S,y CECLY

Y, Y,

S(t
SRR ) ¢

DWL = (——
(1+r) f Y,

P 1

The definition of compensating variation is the additional income the consumer would
have to receive in the first period to compensate him (her) for the effects of the tax

increase.” Notice that welfare remains unchanged even if the tax increases.

The DWL of capital income taxation does not depend on the endowment of the investor.
There is an important omission in our model. The endowment of the investor represents
the present value of future labour earnings. When a capital income tax is imposed the
after tax interest rate falls. When the after tax intere 't rate falls, the endowment of the
investor rises. The increase in current consumption expenditure due to this event is
termec' by Summers (1981) the "human wealth effect”. As a result savings fall with

income being held constant. The lower savings rate reduces future consumption and the

% A positive linear transformation of the utility function will not affect this welfare
measure.

7 This measure of deadweight loss has been extensively used in the literature. See
Diamond and McFadden (1974).
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welfare of the household. The two period model does not capture this human wealth
effect as was pointed out correctly by Summers. Future research should examine the

human wealth factor.
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4.5. Numerical Resuits on the Harberger Triangle

In order to obtain numerical figures on the deadweight loss I need to obtain closed form
solutions. First I need to specify the distribution of the random variable. Since assuming
a particular density tunction for the random variable makes generalization difficult, I
have decided to conduct the experiment using the state of nature approach (Ahsan
(1989)). Assuming two states of nature x, > 0 and x, < 0 with probability of p and (1-

p) respectively, 1 may write the certainty equivalent future consumption as follows:

1
CE(C,)=[pC;; + (1-p)Cp)®

where C, denotes future consumption in state j, and ¥ = 1 - « is as before the constant
relative risk aversion parameter.

The constraints for the portfolio-savings problem are given by:

C,=Y-(a+m

C,, = - CY+r(1-1)) + az,(1-1) Z,=x,-r>0
Cyy, = (Y - C(A+r(1-1)) + azy(1-1) z,=x,-r<o0

This problem leads to an optimal consumption level, risk taking, savings and certainty

equivalent which are all linear in the endowment.’

7 See chapter 8 and the corresponding appendix for a detailed analysis.
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4.5.1. Parameter Selection

Secondly, I choose the parameters of the model based on empirical regularities. In
addition I examine some extreme cases. The elasticity of substitution and the relative

risk aversion parameter are allowed to vary according to the following table:

1/(1-6) 2.0 0.99 0.5 0.25 0.1 “
y=l-a 0.5 0.99 2.0 4.0 100 ||

In this respect, our choice of the relative risk aversion parameter is made independently
of the elasticity of substitution. The relative risk aversion is assumed to vary between 0.5
to a maximum of 4. A relative risk aversion parameter of .5 will give us approximatc
results of the risk neutral agent (RINCE preferences developed by Farmer (1990)). At
this low relative risk aversion parameter the investor allocates most of his (her) savings
to the higher yielding risky asset. I also examine the case whereby the relative risk
aversion of the household is so large that he invests all his assets in the safe asset (i.c.
100). This represents the benchmark of complete certainty. Notice that he still chooses
the consumption stream based on the intertemporal rate of substitution. The welfare
results of this case will correspond to the two period model life cycle model under
certainty (See Atkinson and Stiglitz (1980)). The elasticity of substitution 1s allowed to
vary between 2 and .1 as was found by Hall (1988). The elasticity of substitution equal

to 0.99 will yield results that correspond to the Cobb-Douglas case.
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The Distribution of the asset, given the probability of the good state of 80% is shown

below:
r xl X2 E(x) E(z) v(x) “
0.50 3.7906 -0.1623 3 2.5 2.5
0.50 3.8660 -0.4641 3 2.5 3
1.25 3.7906 -0.1623 3 1.75 2.5 "
1.25 3.866 -0.4641 3 1.75 3 “

On the choice of the distribution of the assets I make the following observations. The
value of the safe return is assumed to be 50% over a life cycle of 30 years which
translates in an annual compounded rate of return of 1.35%. This annual rate corresponds
to the real yield on government bonds. Also I choose the rate of 125% which
corresponds to an annual rate of return of 2.25%. This increase in the risk free rate can
be viewed as an increase in the risk premium on the government bonds. The rate on the
risky asset is chosen initially to yield an average real annual rate of return of 4.75%.
These rates have also been chosen by Ahsan (1989). Accordingly, this will allow one to
make direct comparisons between the two studies. Then I examine a mean preserving

increase in variance under both cases.

We estimate the deadweight loss of capital income taxation at the 33% rate and I also

assume the discount factor to be § = .95.
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4.5.2. The Deadweight Loss of Capital Income Taxation

The deadweight losses of a capital income tax system under the initial distribution are

given by:
Table 4.1: Deadweight Losses (r=.50,E(x)=3,V(x)=2.5)
Intertemporal Elasticity of Substitution
2.0 0.99 0.5 0.25 0.1

Relative 0.50 0.043 0.036 0.015 0.006 0.002
Risk 0.99 0.054 0.036 0.016 0.007 0.003
Aversion
Parameter 2.00 0.066 0.036 0.017 0.008 0.003

4.00 0.072 0.036 0.018 0.008 0.003

100 0.075 0.036 0.018 0.009 0.004

L]

1" ¢ deadweight losses of capital income taxation are measured as the percentage change

in initial endowment that is required to maintain the investor on her (his) initial leve! of

satisfaction.® The losses range from zero to a maximum of 7.5%. An investor with an

elasticity of substitution of 0.1 and a relative risk aversion of around 2 would require

compensation equal to 0.3% of his initial endowment or wage income to be as well off

as in the pre-tax position. This deadweight loss, under these parameter values, is small

when compared to the welfare loss reported under certainty. Feldstein (1978) estimated

¥ This measure is given in page 76.
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the welfare loss of capital income taxation at 1.9% of wage income (p. 46).° This
translates to a welfare loss of approximately equal to 1.33% of National Income.'® His
mode! includes labour/leisure choice in the first period. My analysis does not capture
labour/leisure distortions but includes uncertainty and asset choice. New observations
from the simulation results include the following; First, the deadweight loss falls as the
intertemporal elasticity of substitution decreases for any given level of risk aversion. As
was explained previously, the role of the relative risk aversion parameter is to determine
the certainty equivalent future consumption. The role of the elasticity of substitution is
to determine the consumption path. With an extreme value of 100 for the relative risk
aversion the investor invests almost all his funds in the safe asset. He (she) invests only
a very small amount in the risky asset. In this case, the investor does not undertake any
risk. For this investor the deadweight loss is the highest for a given intertemporal rate
of substitution.'" I observe tiat the deadweight loss of capital income taxation drops as
the relative risk aversion falls. In terms of public policy, this implies that for the investor
who holds the risky asset or a diversified portfolio (i.e., a combination of the risky and
safe asset) the deadweight loss of capital income taxation will be smaller than the investor
who holds only the safe asset. An investor with a high degree of risk aversion will invest

most of his funds in the safe asset and therefore does not benefit from the state absorbing

® Boskin (1978), in a related study obtains a welfare loss from capital income taxation
cqual to 25% of savings. If we assume that investors save 10% of income then this
translates to a 2.5% of endowment income.

1 Assuming that wage income accounts for 7U% of national income.

"' 1t should be noted though that the deadweight loss does not rise much once RRA
reaches the figure of 4.0.
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some of the risk. For a given elasticity of substitution the deadweight loss of capital
income taxation is the smallest for the least risk averse investor. Furthermore, for the
special case of an elasticity of substitution equal to one, the welfare losses are equal to

3.6% and are independent of the degree of risk aversion.

A mean preserving increase in the variance causes the following effects on the

deadweight losses of capital income taxation:

Table 4.2: Deadweight Losses (r=.50,E(x)=3,V(x)=3)

Intertemporal Elasticity of Substitution
2.0 0.99 0.5 0.25 0.1

Relative 0.50 0.0s1| 0.036| 0.016] 0.007] 0.002
Risk 0.99 0.060 0.036 0.017 0.008 |  0.003
Aversion
Parameter 2.00 0.070 0.036 0.017 0.008 0.003

4.00 0.073 0.036 0.017 0.009 0.003

100.0 0.075 0.036 0.018 0.010 0.004

A mean preserving increase in variance tends to increase the deadweight loss of capital
income taxation for all values of relative risk aversion and the elasticity of intertemporal
substitution. A mean preserving increase in variance will increase the safe asset holdings
and reduce the risky asset holdings of the investor’s portfolio. The increase in safe assct
holdings will increase the losses. However, there is a small change in the deadweight loss
of capital income taxation relative to the previous table. Notice that a mean preserving

increase in variance does not affect the deadweight loss of an investor with an clasticity
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of substitution of one.

The next table represents an increase in the risk free rate. The deadweight losses of
capital income taxauon are given in Table 4.3. The distribution of the risky asset is the

initial one with E(x)=3 and V(x)=2.5.

Table 4.3: Deadweight losses (r=1.25,E(x)=3,V(x)=2.5)

Intertemporai Elasticity of Substitution
2.0 0.99 0.5 0.25 0.1

Relative 0.50 0.207 0.129 0.055 0.024 0.009
Risk 0.99 0.232 0.129 0.057 0.026 |  0.010
Aversion
Parameter 2.00 0.255 0.129 0.058 0.027 0.010

4.00 0.267 0.129 0.059 0.028 0.011

100.0 0.277 0.129 0.060 0.028 0.011

The deadweight loss of capital income taxation dramatically increases for all elasticity
of substitution and risk aversion parameters. For a representative investor with an
elasticity of substitution of 0.5 and a risk aversion parameter equal to two the deadweight
loss of capital income taxation is equal to 5.8% of his initial wealth. This deadweight
loss is large when compared to the certainty literature. This translates to a welfare loss
of 3.5% of National income. This implies that th:2 welfare loss of capital income taxation
will be bigger the smaller the gap between the expected return of the risky asset and the

risk free asset. The deadweight loss of capital income taxation will be larger the smaller
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the risk premium. For a person with an elasticity of substitution equal to 1 the welfare
losses are 13% percent. In the next table I conduct again a mean preserving increase in
variance and find that the deadweight loss of capital income taxation is even bigger than

the previous case.

Table 4.4: Deadweight Losses (r=1.25,E(x)=3,V(x)=3)

Intertemporal Elasticity of Substitution

y l 5 25 1

0.50 022 0.129] 0.05]| 0.025] 0.009

giesl;tive 0.99 0241 0129 0.058| 0.026| 0.010
Aversion 2.00 0259 0129} 0.059| 0.027| o0.010
Paramefer 4.00 0.268| 0.129( 0.059| 0.023| 0.011
B 100.0 0277 0.129| 0.060f 0028] 0.011
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4.6 Concluding Remarks

The deadweight loss of capital income taxation has been analyzed in a partial equilibrium
framework under uncertainty with portfolio choice. In addition, the deadweight loss of
capital income taxation has been examined under the assumption that the stochastic tax
revenue is returned to the investor, in the same period that is collected. This implies that
the investors are the ultimate bearers of tax revenue risks. An explicit formula for
calculating the deadweight losses has been developed under the assumption of CRRA and
CIES for non-expected utility preferences. The importaiit result of this study is that under
uncertainty the relevant parameter for the existence of a deadweight loss is a non-zero
elasticity of intertemporal substitution as in the certainty models. This arises because the
non-expected utility preference structure separates the elasticity of substitution from the
relative risk aversion parameter. Among our major findings is that investors who put
more funds into the risky asset have a lower deadweight loss from capital income
taxation than investors that hold most of their funds in the safe asset. An investor who
allocates most of his savings to the risky asset will benefit from the state absorbing some
of the risk through tax revenue uncertainty. This is an important result and the size of
the deadweight loss depends on the relative risk aversion parameter. As a final remark,
investors that have a high intertemporal rate of substitution are seen to be hurt the most
by capital income taxation. Finally the deadweight losses of capital income taxation

increase as the risk premium falls.
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Future research should examine the deadweight losses of other capital income taxation
policies. Among the most important one is the taxation of the risky asset versus the safe
asset. Our theoretical results of the previous chapter indicated that the deadweight losses

from static distortions could be extremely large. Future research awaits to see.

Future research should also examine a multi-period framework. Gordon and Wilson
(1989) in a theoretical paper claim that the deadweight losses of capital income taxation
are even smaller than previous researchers have found. Finally, research should also be
extended to examine a general equilibrium model of the Summers type with uncertainty

embodied into the model.

87



Chapter 5

Capital Income Taxation and the Infinite Horizon

5.1 Introduction

This chapter extends the previous analysis to an infinite horizon and examines the effects
of various capital income tax policies on portfolio-savings choice using the non-expected
uttlity preferences (Svennson (1989), Epstein and Zin (1989), Weil (1990)). In order to
analyze the effects of capital income taxation in this setting [ will restrict the preferences
to be of the constant relative risk aversion (CRRA) and constant but separate clasticity
of substitution {CIES) form. In addition, extending the model to an infinite horizon with
CRRA and CIES yields results that are identical in form to the one period models of
Atkinson and Stiglitz (1980) and hence we can contrast them to the two period model of
Sandmo (1968) whereby there is interaction between portfolio size and composition.
These preferences, will also permit us to distinguish the path, risk aversion or

intertemporal elasticity of substitution, through which various capital income taxation

policies affect the optimal levels of consumption, savings, risk taking and welfare.
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In secticn 5.1 we present the model and conduct a few comparative stalic analysis. In
section 5.2 we analyze alternative capital income tax structures. In section 5.3 I present

my concluding remarks and direction for future research.
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5.2 The Model

Epstein and Zin (1989,1990) and Weil (1990) independently advanced a generalized
isoelastic multi-period utility function which allows the separation of risk aversion and
intertemporal substitution parameters. This generalized isoelastic utility tunction includes

the corresponding expected time additive cardinal utility function as a special case.

The utility function is defined over current consumption and the certainty equivalent
random future utility.! First the investor computes the certainty equivalent stochastic
future utility depending on the risk aversion behaviour. Sccondly, relying on the
intertemporal substitutability the agent combines current consumption with the certainty
equivalent future utility through an aggregator function W to compute utility at time t

with information I.:2

U =W(C,E(U,. [I))

In order to determine the path, risk aversion or elasticity of substitution, through which
taxation policy operates we need closed form solutions. In order to examine the various
capital income tax polices we will use the CRRA and the constant but separate elasticity

of intertemporal substitution (CIES), defined by the following functional:

I As seen in chapter 4, in a two period model the certainty equivalent future utility
collapses to the certainty equivalent future consumption.

2 This recursive form does not violate the principle of intertemporal consistency of
plans (Johnsen and Dcnaldson (1985))
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U, =1 C + 8 [EUNPO P

withy > 0and 0 # 6 < |.

The parameter § is the subjective discount rate under certainty. The constant relative risk
aversion parameter is equal to y. The parameter 6 is a measure of the intertemporal
elasticity of substitution n=1/(1-6). Furthermore, Kreps and Porteus (1978) show that
investors exhibit preference for early (late) resolution of uncertainty if the utility function
is convex (concave) in its second argument. Investors prefer early (late) resolution of
uncertainty if 1-y < (>) 6. When 1 - ¥ = § we obtain the familiar von-Neumann
Morgenstern utility function showing indifference to the timing of the resolution of
uncertainty. In addition the risk neutral constant elasticity of intertemporal substitution

RINCE preferences developed by Farmer (1990) occur when + is equal to zero.?
Svensson (1989) has extended the portfolio choice model with non-expected utility in
continuous time. Since the analysis to follow is formulated in continuous time we utilize

his specification.*

Following Svensson (1989), the preferences in period t can be written in continuous time

} These type of preferences are not defined under the von-Neumann Morgenstern
expected utility since a zero relative risk aversion implies an infinite elasticity of
substitution.

* Merton (1975) discusses the advantages of using continuous time formulation in
porttolio thcory.
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by considering a small interval At and taking the limit when At approaches zero.

U@ = Lim UCQO,CEL(t+AD)t+Ar)
At - 0

where C(t) is consumption and CE(U(t,t+At)) is the certainty equivalent future utility.
The certainty equivalent future utility is defined with the random utility function given

by:

CE (U(t,t+At) = VIEV(U(t+An))
where E, (V(U,,,)) is a risk utility function.

Assuming CRRA and CIES forms, the non-expected utility functivnal is given by:

U(C,CE(U); tt+At) = e [ C°At + e *MCEWU)® '

where the intertemporal elasticity of substitution is given by n=1/(1-0) and the evaluation
of the certainty equivalent utility function is given by V(U) = U'" . Where v is the

relative risk aversion parameter.

Next, consider an investor who chooses consumption levels C(t) and the portfolio
composition between a risky B(t) and a riskless asset (1-8(t)) in order to maximize the
non-expected utility function defined previously.” The budget constraint facing the

investor is:

5

(1969).

The founder of the continuous time consumption-portfolio model is Merton
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dW(0)=[ B(O(E(x) -r)+r]W(0)dt-C(t)dt+ () W(H) adz
where W(t) is wealth at time t, r is the return on {he riskless asset, E(x) is the expected

rate of return of the risky asset, ¢ is the standard deviation of the risky asset’s return and

dz is a stochastic Weiner process.®’

Explicit solutions for the optimal consumption and portfolio choice are derived in
appendix 1V section A.IV.3 using dynamic programming. The optimal leve} of C(t) and

B(t) are given by the following expressions:

€O _ o) - 0 (E®-r*
W p©O =[ -e (1—6)( 2077 r)]

b= LEA=1)
a’y

As was shown by Svennson (1989) it is not the intertemporal elasticity of substitution that
affects the optimal portfolio composition but the risk aversion and the parameters of the

distribution.® ? On the other hand, both the intertemporal elasticity of substitution and

§  See appendix 1V section A.IV.1 and A.IV.2 for a rigorous analysis of the
stochastic process and budget constraint.

7 It is assumed that along the optimal path C(t), W(t) and W, are greater than zero.

* As can be seen if o < r the investor sells short some of the risky asset. If o -r

> ¢’y the investor will borrow funds and invest them in the risky asset.

® This is different from the multi-period model. In the multi-period model the
clasticity of substitution affects the amount invested in the risky asset but does not affect
the proportion just as in the infinite horizon case.
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the relative risk aversion parameters affect the consumption stream.

Another interesting economic parameter that will be used in our analysis is the rate of
growth of wealth per unit of time. From the budget constraint the ecxpected rate of

growth of wealth is given by:

ECEYYy - 00) - n©
dt

p©0) = BO) (@ -1 +r
The expected rate of growth of wealth is equal to the return of the composite asset (i.c.

the weighted average return) less the consumption rate. The expected rate of growth of

wealth is affected by risk aversion and the intertemporal rate of substitution.

The comparative static results of a change in the parameters of the model on risk taking
activity suggest that a) as the degree of relative risk aversion increases the nroportion
invested in the risky asset falls, b) as the variance of the risky asset increases the investor
reduces the risky asset demand, and c) an increase in the excess return of the risky asset
increases the proportion invested in the risky asset and finally, d) the clasticity of

substitution does not affect risk taking activity.

Changes in the parameters of the model on consumption activity indicate that a) an
increase in the relative risk aversion parameter increases, leaves unchanged, or decre -

current consumption as § is greater than zero, equal to zero, or negative, respectively.

94



Given that the empirical evidence indicate a low elasticity of substitution, a large negative
0, we expect current consumption to drop with increasing risk aversion. Since risky asset
holdings also drop with increases in aversion to risk, an increase in risk aversion leads
to increases in the safe asset demand. Furthermore, since the optimal portfolio is constant
through time let us define a composite portfolio that has a constant mean p =r+G(E(x)-1)
and a constant variance o’(p)={%2. Merton (1969) suggested that one can visualize the
original problem as one being reduced to a Phelps-Ramsey problem of optimal
consumption under uncertain yield of a composite asset. The optimal consumption-wealth

ratio is shown below:

E

8 .., 9.
1—a(p Y > )1

p©O =1

1-

(-]

The following are some of the comparative static results of this problem. An increase in
the mean of the composite asset will increase, leave unchanged, or decrease the level of
consumption as the elasticity of intertemporal substitution is less than, equal, or greater

than unity, respectively.

Following Merton (1969) we can derive the substitution and income effects arising from
an increase in the mean of the composite portfolio. This is shown in appendix IV section

A.1V.4." We just present the results:

' In Appendix IV I follow the procedure of Merton (1969).
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Substitution Effect :

oC(0)

50 o™~ 0 W

0

Income Effect .

W

where W, is the initial endowment of the investor.

The substitution effect indicates that the investor will lower the level of curreat
consumption and increase the savings level since a higher yield leads to a cheaper price
ot future consumption. The income effect on the other hand leads to an increase in
current consumption. The overall effcct cannot be determined a priori but depends on the
elasticity of intertemporal substitution. In particular, if the elasticity of substitution 13
greater than one, equal, or less than one current consumption will fall, remain
unchanged, or increase, respectively. A high elasticity of intertemporal substitution
causes the negative substitution to outweigh the positive income effect leading to a lowes
level of current consumption. The opposite is true with a low level of intertemporal
substitution. The degree of risk aversion plays no role in the determination of the

outcome.

An increase in the variance of the composite asset will increase, not affect, or decreasc

current consumption as the elasticity of substitution is greater than, equal to, or less than
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unity, respec:ively.!' The higher the degree of risk aversion the greater the impact of
an increase in variance of the composite asset on current consumption. The substitution

and income effects are given by:

Substitution Effect :

aC(0) | . ny WO
30%(p) AI(M0) 2
Income Effect :
_., W)
"

An increase in the variance of the composite asset causes a positive substitution effect on
current consumption. This effect is proportional to the elasticity of substitution and the
degree of relative risk aversion. A low clasticity of intertemporal substitution (given the
level of risk aversion) causes a smaller substitution effect. A lower degree of risk
aversion also causes a smalier substitution effect. The income effect leads to a reduction
in current consumption. The income effect is smaller in absolute value the lower the
degree of risk aversion. The total effect depends on the positive substitution effect and
the negative income effect. The degree of elasticity of intertemporal substitution
determines the outcome of such an exercise. The role of the risk aversion parameter

determines the magnitude of the change.

The final exercise, prior to examining the various taxation policies, deals with the

'! Svennson does not examine changes in the mean and varianc® of the composite
porttolio.
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relative effect of a concurrent increase in the mean of the asset and a reduction in
variance. By examining this result we can state whether a percentage change in the mean
of the composite asset leads to a greater percentage change in current consumption or the
same percentage reduction in variance leads to a greater percentage change in current
censumption. This analysis can also provide insights into capital Te taxation since
such a tax reduces the mean and variance of the composite asset. Let us define the

following elasticities:

Elasticity of Consumption with respect Mean:

. _p_ O
Y C@ dp

Elasticity of Consumption with respect variance:

_ o¥p) aC()
C()  ad%(p)

2

Finally, by examining the relative ratio of the two elasticities we get:

|

:.2_CV
s Y

A value of greater than one would indicate that consumption responds more to a
percentage increase in the mean of the composite asset than a percentage reduction in the
variance of the composite asset and vice-versa. This ratio depends only upon the relative
risk aversion parameter and the coefficient of variation. It is independent of the elasticity
of intertemporal substitution. In particular, the ratio varies proportionately with the
coefficient of variadon and inversely with the relative risk aversion parameter. As an

illustration, let CV = 1, then a high risk averse investor (v > 2) would to respond to
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a reduction in the variance by more than a mean increase. A low risk aversion parameter
(y < 2) would indicate that consumption responds more to mean changes than to
variance changes. Holding the relative risk aversion constant, an increase in the mean
per unit of variance would lead to a greater response of consumption to a mean change

than a variance change.

5.3 The Effect of Various Capital Income Tax Policies

In this section we consider the effects of a capital income tax t.. This tax can be thought
as an equal tax rate on both the risky and safe asset. We also consider a tax on the return
of the risky asset t, and a tax on the safe asset t, on current consumption and portfolio

choice under CRRA and CIES."?

5.3.1 A Capital Income Tax

A capital income tax affects the constraint in the following way:

dW(t)=(1-t)[ BE)E(x)-r)+r IW(t)dt-C(t)dt+(1-t,)B(OW()odz

The optimal consumption ratio and risk taking activity are given by:

The expected growth rate of wealth is:

12 The results of this section are presented in appendix IV section A.IV.S.

99



B@) = p@ + (- r

_ B
By = - y

E("W’W = (1) p(t) - u(t)

"W’ AWy 0 - w0 - 0 ri,

The substitution and income effects of a capital income tax:

Substitution Effect :

GC(t)
— |AJ(W0)) nrw,

Income Effect :

- WO

where W, is the endowment of the investor.

The substitution effect indicates that the investor will increase the level of current
consumption and decrease the savings level since the capital income tax makes future
consumption more expensive relative to current consumption. The income effect on the
other hand leads to a decrease in current consumption. The overall effect cannot be
determined a priori but depends on the elasticity of intertemporal substitution. In
par. -ular, if the elasticity of substitution is greater than one, equal, or less than one
current consumption will decrease, remain unchanged, or increase, respectively. A high

elasticity of intertemporal substitution causes the positive substitution to outweigh the
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negative income effect leading to a higher level of current consumption. The opposite is
true with an intertemporal elasticity of substitution of less than unity which is the norm.

Notice that the degree of risk aversion plays no role in the determination of the outcome.

A capital incoime tax also increases risk taking activity. The result is identical to the DM
phenomenon. The investor reacts by increasing the proportion invested in the risky asset
in order to encounter the same probability distribution as prior to the tax imposition.
Private risk taking remains unchanged."® Finally the expected growth rate of wealth falls
with a capital income tax. The reduction in the expected growth rate of wealth depends
on the elasticity of substitution, the risk free rate and the capital income tax rate. Notice,

that these results are different from the two period model.

5.3.2. A Tax on the Return of the Safe and the Risky Asset

A tax on the safe asset at a rate of t, and a tax on the risky asset at a rate of t, affects

the budget constraint as follows:
dw(®) = [ PO -t)EM)-r(1-¢)) + r(1-t,) IW()dt - C(O)dt + (1-1)B(OW()odz

The optimal consumption ratio and risk taking activity:

' With CRRA and CIES utility function the portfolio decision becomes separable
from the savings, and the analysis of the one period model applies.
Therefore, the portfolio decision in an infinite horizon model and that of one period
model are identical.
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8 0  (1-1)ER@)-r(1-1,))
(1-6) 1-6 20%(1-1 )%y

p(t,t,) = [ +(1-1,)n]
_ (-)E® - (-t

(1,1,
Pt a*(1-)y

The Effect of a Tax on the Risky Asset

The effect of an increase in the tax on the risky asset on the consumption stream per unit

of wealth is:

au(t,t,) ((1-t)Ex)-r(1-1,))
I (- ) r
atx 02(1 —tx)sy

(1-t)

A tax on the risky asset will reduce the consumption stream per unit of wealth for all

intertemporal elasticity of substitution values less than unity.

The substitution and income effects of the tax on the risky asset:

Substitution Effect :

3ty Bt
o, e TN T oy

Income Effect :

B.t,)

-r(l-t) Gt

W

where W, is the endowment of the investor.
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The substitution effect of this tax depends on both the elasticity of substitution and the
relative risk aversion parameter. The higher the elasticity of substitution the greater the
substitution effect of the tax on the consumption stream. Also the substitution effect of
this tax on consumption varies inversely with the relative -isk aversion paramecter. The
more risk averse the investor the less the proportion invested in the risky asset and the

smaller is the substitution effect.

The effect of this tax on the risky investment is given by:

ap(,t,) ) B@t,) ) -t )rp,t) 1
ot (1-t) (1-t) (1-t)E(x)-(1-t, )r

x

The effect of a tax on the risky asset depends on the relative strengths of two opposite
effects. The first is the relative inattractiveness of the risky asset vis-a-vis the safe asset
(the second term in the above comparative static result). This discourages investment in
the risky asset. The second effect is the DM phenomenon (the first term in the above
equation). This encourages investment in the risky asset. The overall effect depends on
the relative strength of the two effects. As a general result if the after tax risk premium
defined as (1-t)E(x) - (1-t)r on the risky asset is greater than the after tax return on the
safe asset the risky asset will increase. If on the other hand, the risk premium is smaller

than the after tax return on the safe asset then the risky asset will be discouraged.

The effect of the tax on the rate of growth of wealth is given by:

103



aE(.d‘ZW — N Bee,t) 0
a (n+1) r(l-e, oty

The expected growth rate of wealth wall unambiguously fall from the imposition of this

tax.

The Effect of a Tax on the Safe Asset

The effect of an increase in the tax on the safe asset on the steady state consumption

stream per unit of wealth is given by:

au(t., 1-t)E(x)-r(1 -
Ry -1 1*(( tIE(x)~r(1-1,))
o, o2(1-£)%y

A tax on the safe asset will also reduce the consumption stream per unit of wealth for all
intertemporal elasticity of substitution values less than unity and the investor is a lender.

The substitution and income effects of the tax on the safe asset:

Substitution Effect :

oC(t,.t,)
ot

|A_](Wo)) =nr(l - B(t,,tm)) Wo

Income Effect :

- r (1-p@.t)) Wy

where W, is the endowment of the investor.
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The substitution effect of this tax depends on the elasticity of substitution and the
proportion of wealth invested in the safe asset. The higher the elasticity of substitution
the greater the substitution effect of the tax on the consumption stream. The substitution
etfect of this tax on consumption "raries positively with the proportion invested in the safe
asset which is determined by the relative risk aversion parameter. The more risk averse
the investor the higher the proportion of wealth invested in the safe asset the bigger the

substitution effect of the tax.

The effect of this tax on the risky investment is given by:

Bat) r >0

o,  oA(1-t)y

The effect of a tax on the risky asset yields an unambiguous conclusion. The tax

encourages the proportion invested in the risky asset. This happens because the tax makes

the safe asset less attractive.

The effect of the tax on the rate of growth of wealth is given by:

By aud ki
dt

ot

X

= -rn (-B@.r) - B2 ]

The expected growth rate of wealth is ambiguous. This ambiguity arises because of the
stimulus of the tax on the risky asset and on the weighted average rate. Notice that for

an elasticity of substitution of zero the expected growth rate of wealth will increase from
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the imposition of this tax.

5.4 Conclusion and Future Research.

The comparative static analysis of alternative capital income tax policies indicate that the
effect of the tax on the consumption stream of the investor depends on the value of the
interte:mporal rate of subsutution. First a capital income tax reduces the consumption per
unit of wealth for all less than one values of the elasticity of substitution. The capital
income tax increases the proportion invested in the risky activity. Most importantly, the
tax effect on consumption operates through the elasticity of intertemporal substitution and
not the relative risk aversion parameter. The risk aversion of the investor affects the
magnitude and not the direction of the comparative static results. The intertemporal
elasticity of substitution does not affect portfolio choice as previously noted in the
literature. Second a tax on the risky asset also reduces the consumption stream per unit
of wealth for less than unity elasticity of substitution. The tax on the risky assct has an
ambiguous effect on the proportion invested in the safe asset. The overall effect depends
on the relative size of the after tax risk premium and the after tax return on the safe
asset. Third the effect of the tax on the safe asset causes a reduction in the consumption
stream for all elasticity of substitution values less than unity. The tax on the safe asset
unambiguously stimulates the risky asset since it is more attractive now relative to the

safe asset.
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The results of the infinite horizon are comparable to the one period model. This happens
due to the assumption of constant relative risk aversion and constant elasticity of
substitution. However, the one period model constrains the elasticity of substitution to
equa! the inverse of the relative risk aversion parameter and hence even these results are

altered.

Future work should concentrate on the optimal differentiation of risky versus non-risky
income taxation. This will shed more light on the capital income taxation policy. In
addition, using the methodology of Gordon and Wilson (1989) we can compute the
deadweight losses of capital income taxation. Gordon and Wilson (1989) argued that the
infinite horizon deadweight loss of capital income taxation is smaller than the one

reported in the two period model.
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Chapter 6

Capital Income Taxation and Tax Revenue Risks

6.1 Introduction

Chapters three and four examined the behaviour of the investor when the government re-
distributed the "stochastic” per capita lump sum tax revenue back to the hrusehold. In
this sense the investors ultimately bear the risks of their own tax revenue fluctuations.
In all cases, except the taxation of capital gains (i.e. the excess returns or ext.aordinary
gains), I find deadweight losses of capital income taxation. The dcadweight loss of the
imputed safe asset turned out to be identical to the deadweight loss of a full capital
income tax policy for equal tax rates t, = t,. Ergo, the inclusion of excess returns in the
tax base of the imputed safe income does not cause any additional deadweight losses to

the investors and can generate additional tax revenue for the government.

Attention must be given to the observation that the taxation of excess returns, not only
does not cause any additiona! deadweight loss, but is independent of what the state does
with the stochastic tax revenue. If the state returns the stochastic lump sum tax revenue
from excess returns to the investor, in the same period that it was collected, the
investor’s welfare will remain unchanged. In this case, the investor will not re-allocate

his (her) portfolio holdings. The amount invested in the risky asset will remain
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unchanged. If on the other hand, as chapter two indicated, the state uses the funds for
the provision of a public good that enters the utility function additively, the investor is
still indifferent in terms of welfare. However, in this case the investor increases the risky
asset and reduces the safe asset so that he will face the same probability distribution as
prior to the imposition of the tax. Accerdingly, the investor is practically indifferent as
to whether the state returns the funds in the form of risky tax revenue, in the same period
it has been collected, or in the form of random government expenditures that are used
to provide a public good that enters the utility function in an additive manner. The
allocative effects, however, of the two policies are different as we observed. There is one
important difference between the two analyses; the government by taxing full capital
income can geuerate additional tax revenue. Can the state use these additional dollars for

the provision of a public good? This chapter addresses this question.

Chapters three and four can be thought as a special case in which the risky outcome is
perfectly correlated for all investors. The state re-distributes the "stochastic" per capita
tax revenue to the investor and this amount matches exactly the tax payment of the
investor. This chapter examines a different case. 1 assume that the government re-
distributes back to the investors a part of the stcchastic per capita lump sum risky tax
revenue the current generation pays. The other part is transferred to future generations.

This implies that there is some sharing of tax revenue uncertainty.! The current

! Intergenerational risk sharing has been introduced by Gordon and Varian (1988)
whiie Hamilton (1987) contributed to the normative implications of capital income
taxation under uncertainty.
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generation receives, for sharing tax revenue risks, with past generations a share of the
"stochastic" tax revenue of the previous lotteries in which they participated even though

they may not have been born yet.

We assume that the future generations share with the current investors the current
"market" or "social" risks via tax policy and ultimately an uncertain government budget
constraint. This way, the current generation absorbs a small fraction of the riskiness of
the current tax revenue, the other fraction being assimilated by all future unborn
generations. My argument relies on the idea that what is "systematic” risk at a certain
point in time will become "idiosyncratic" risk when this is shared with all current and
future unborn generations. Pooling tax revenue risks across generations resembles the

diversification theorems of the finance literature.

Section 6.2 reviews the -isk pooling concept. Section 6.3 applies the risk pooling
argument to risky tax revenue. We also discuss different weights that can be used to
discount tax revenue. Sectioii 6.4 evaluates the risky capital income tax revenue using
the security market approach. Section 6.5 examines the effects of this policy on current
consumption, the size of the portfolio and its composition. Section 6.6 rc-cxamines the

deadweight losses of capital income taxation. Finally section 6.7 concludes.
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6.2. Risk Pooling

The concept of risk pooling, not being a new concept in economic theory, was pioneered
by the Nobel price winner Markowitz (1952). Risk pooling is defined as the reduction
in the variance of a portfolio as the number of securities in a portfolio is increased. This
reduction in variance occurs as long as the assets of the portfolio are imperfectly
correlated. To illustrate, consider a portfolio consisting of n assets such that the share of
the portfolio taken up by asset i is 4, and the return per dollar invested is x, in period t.
The investor’s total return on the portfolio is given by:

Ry =3 7, %

=1

which is a random variable. The expected return from the portfolio of assets is:

E(R,) = Y v, E(x)
i=]

The expected return on the portfolio is a weighted average of the expected returmns of the

assets in the portfolio. More explicitly, the variance of the portfolio is:

n n

Var(R ) = z; y? var(x,) + Y. Y v, Y, cov(x,,x,)

=1 j=1
ALl

What happens to the portfolio variance as we increase the number of assets? The variance
of the portfolio decreases and approaches the average covariance of the securities. This

famous result is due to Markowitz (1952). This result is intuitively obvious s'nce the first
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term in the expression has n elements while the second term has n(n-1) elements. More
specifically, consider taking the limit of the variance of the portfolio as the number of
assets in the portfolio increases assuming without loss of generality that y, = 1/n for all

i.2

n n
lim Var(R,) = l:m EI'Y:Z var(x,) + lim Zl: Y v, Y, cov(x,,x,)
R-e= -0 m n~n Jj=1
o

substituting vy, = 1/n yields:

n

. - 1
lim Var(R,) =0 + lim Zl 21: g cov(x,,x,)
R | ot T j-

ji
The first term drops to zero, while the second term remains as non-zero. The second

term represents the average covariance among all assets in the portfolio as seen from the

following expression:

'_ Var(R,) = lim __1; Y Y covix,,x,)

n- nee 1 el el

I

Lim Var(R),) = ‘6:,

N

When all asset returns are mutually uncorrelated the variance of the portfolio can be
decreased to zero through diversification. Hence it is possible, as Bailey and Jensen

(1972) argued, that private exceed social risks if the covariance among returns on a very

2 This result holds as long as all vy, approach zero as the number of securities
increases to infinity.
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large number of assets is zero and the investor cannot hold a very large number of assets
due to transaction costs and indivisibility of assets. A typical example of such an asset

is human capital.?

This analysis has been applied to the evaluation of risky public investment projects in an
article by Bailey and Jensen (1972) arguing in favour of using higher discount rates for
government projects than for private ones of comparable risk. A debate on the
appropriate discount rate for public projects took place in the 1960s with the work of
Hirshleifer (1964), Samuelson (1964) and Arrow (1965). The latter two argued for a
lower discount rate. Arrow (1965) based his argument on "the law of large numbers"
without discussion on the size of the risky project undertaken. Hirshleifer (1964) argued
for a higher discount rate similar to that used in private investment. In the seventies the
debate continued with Arrow and Lind (1970) supporting a lower discount rate for a
different reason and, on the other hand Mayshar (1977) and Sandmo (1972)) arguing for
a higher discount rate. Mayshar (1977) and Sandmo (1972) argued for a higher discount
rate as long as capital markets are perfect. On the other hand, Arrow and Lind (1970)
argued that the appropriate social discount rate for risky public investments is the risk
free rate. Arrow and Lind relied on the state taking projects with uncorrelated retums,
where each project is small in size for the generation of current taxpayers. The only

discussion on the proper discount rate for the evaluation of risky tax revenue comes from

’ As long as there are not economy wide risks this result has been shown by Eaton
and Rosen (1981).

113



Hamilton (1987) who uses a weighted average as the appropriate discount rate for risky
tax revenue. He supports his decision based on the existing work of Hirshleifer (1964),
Mayshar (1977) and Sandmo (1972). In the next section we attempt to evaluate this risky

tax revenue instead of treating it the same as risky public projects.
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6.3. Implications for Tax Revenue Evaluation

Let us consider the entire group of generational tax payers. If the number of such
generational risk sharers is sufficiently large for each to share in a small part of the
current tax revenue risks, and if the tax revenue across generations is independently
distributed, then the weighted average tax revenue across generations has a lower
variance then the per capita stochastic tax payment of a single generation. In the limiting
case the risk of tax revenue fluctuations for a single generation can be ignored. Atkinson

and Stiglitz (1980) state:

"...there appear to be circumstances where the return to different assets which different
individuals purchase is imperfectly correlated, where there may be possibilities for risk
sharing effectively through the intermediation of the government, which are not possible
through the market. Suppose at the other extreme from the p.evious example, that the
returns are independently distributed then in the limiting case the 'ump sum payment is
the expected revenue, evaluated at the equilibrium." (pg. 118)

Suppose that the state returns the following per capita "stochastic" tax revenue:*

n
Rpt = E Yi T;"l*l
=1

where n is the number of generations sharing the risks of tax revenue fluctuations and

Tx .41 18 the per capita stochastic tax revenue of generation t-i+ 1 paid in period 2. Notice

* 1 am assuming that the tax revenue that is passed onto future generations can earn
interest. However, due to population growth it will cancel out if the latter equals the
growth rate of population. Future research should examine this. However, as long as
these rates are not stochastic our conclusions still remain.
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that the current generational investor receives a fraction of the current tax revenue risks
viTs. What he gets from the state in this period is less than what he pays to the state.
But he also receives stochastic tax revenues from past tax revenue lotteries. The past tax
revenue he receives is:

"

Gp, = E Y, Ty

i=2
He participated in these past lotteries when he was not yet born and hence could not have
bought shares into these lotteries. In this sense, the state through this re-distributionat
policy allows the investor to participate in lotteries which he could not have otherwise

bought.

For example with two generations (i.e., in a given time period t the young and old

overlap) sharing the tax revenue risks we have the following payoff matrix:’

t=1 t=2 t=3 t=4 t=5
v1 Tag Y2 Ta
7 Ty Y2 T
7 Tn Y2 T
Vi T Y2 Tas

The first row refers to the time period. All other rows show how the per capita tax

payment of a generational investor is distributed across time. Notice that the sum of the

5 I am assuming that all generations are identical except in the stochastic events
taking place across time. The assumption of identical individuals is standard in the public
finance literature in order to examine efficient outcomes.
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row entries represents the total per capita stochastic capital income tax paid by the typical
young generation deciding in period t. Also notice that the sum of the columns are the
lump sum re-distributional amounts each generation receives. For example, when the
young generation is deciding their consumption stream in period t=1 it pays T, of
stochastic capital income tax to the state in the period 2. I assume that the state returns
only a fraction of the per capita lump sum tax revenue (i.e. the fraction is ;) in the same
period :hat the tax is collected (i.e. t=2). Thus the young generation when old (i.e. t=2)
receive less stochastic return and less risk from his own risky tax revenue. This payment
is shown in the second column third row as 4, T,,. The other fraction of his (her) tax
revenue v,T, is passed onto the next young generation who are deciding their
consumption stream in period t=2. The young generation of period 1 will also receive
in period 2 a fraction of the tax revenue of the previous generation, thus this young
generation will receive a traction of the stochastic tax revenue and risk of the previous
generation’s tax payment (y,T,). Accordingly, the next young generation in period t=2
will receive the fraction of their stochastic tax payment in period t=3 of v, T;; and a
fraction of the tax revenue of the previous generation, v, T;;. Assuming this process

continues each generation receives a well diversified stochastic tax revenue.
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The following is the pay-off to each generational investor:

Time Stochastic Lump Sum Return
t=1 Ry = /T + 1T
t=2 R, = viTy + 1Ty
t=3 R = 1Ty + 12T

Generalizing then at any given period t the young generation receives the following tax

revenue:

n
R, = ¥ Do
i=1
Notice that if the tax revenue is non-stochastic, then the lump sum payment the investor

receives matches the per capita tax payment.®

The v, are the weights placed on the current and past lotteries. The weights have the

common property of adding up to 1, and being between zero and one.

¢ Notice also that this re-distnbutional policy will adversely affect the old generation
at the time the policy is implemented. Thus, this policy like any other policy will have
a transitional phase.
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These weights are determined exogenously in this thesis. Future research should
determine the optimal weighting scheme. Why would investors evaluate this tax revenue
and not their own tax revenue fluctuations? How is this re-distributional policy possible?
What are the implications in terms of decision making and in terms of welfare? What are
the implications for the choice of tax base? These questions are important in terms of

public policy and need to be answered.

Investors evaluating their own tax revenue is also a possibility but imagine, as an
example, another Great Depression happening tomorrow. In this case, a lot of people
would lose a great deal of financial as well as human wealth. In a system whereby there
is capital income taxation, the tax revenue and tax payments from the capital income
source will fall and the government will run a budget deficit and issue debt. In order for
future generations to offset this budget deficit the current generation of taxpayers will
receive a lump sum stochastic tax payment that is lower than their tax payment to the
state. The current generation, however, participated in past tax revenuec lotteries and
hence will receive some stochastic tax revenue from previous generations. In other
words, the current generation will not face their own tax revenue risks. The degree of
risk sharing among generations is determined by a particular weighting scheme society
selects. Gordon (1985), Summers and Bulow (1584) and Gordon and Wilson (1989) place
a weight of one to the current generation. However, any other weighting scheme will

allow current and future generations to share in the current economic risks through tax
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revenue uncertainty.’

Among the suggested weights we may include the equal weighting scheme. In this case:

Y, = Vi

x|

The stochastic lump sum tax revenue returned to the investor is an equally weighted
average tax revenue across generations. An alternative weighting scheme is a declining

weighted average whereby:

Yl>y2>ys>y‘>etc .....

This declining weighting scheme suggests that the current generation weights its own
"stochastic” lump sum tax revenue fluctuations more than the past stochastic tax revenuc
lotteries. We also have the Gordon (1985), Summers and Bulow (1985) weighting scheme

whereby:

y, =0 V izl

Y, =1
The weighting scheme society chooses to place on stochastic tax revenue will have very

strong implications for choosing the tax base of individuals. See the next two chapters

of the thesis for further elaboration.

7 In addition, I am assuming that the current tax revenue risks are imperfectly
correlated with the tax revenue risks of the next generation. In this sense tax revenue
risks can be seen as a supplement to an undiversified portfolio across time.
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We assume that the stochastic tax revenue which is evaluated by a typical investor is the
weighted average tax revenue across generations and not the tax revenue it pays to the

state. The investor is still concerned with the evaluation of this tax revenue and calculates

the expected value of this portfolio, which obviously is given by:?

E(Rp‘) = 1;[: Y,’ E(Tzr-m) = E(Tp)

The variance of this portfolio is given by:

n n n
2 -
Var(R) = 3 vi var(Ty ) + 30 3 ¥ ¥y cov(Tyy s Ty i)

il i=]l j=l
Jei

Assuming that the cocial risks across generations are identically and independently

distributed:
COV(TyyjoypTy) =0 ¥ i%j, i,j€[1,n]

the covariance of tax revenue across generations is zero’. Substituting this yields the
following variance of the portfolio:

n
Var(R,) = y v var(T,, ,,,)

i=l

Assuming a non-time varying variance yields the following result:

' We are assuming that all generations are identical except in the stochastic events
taking place across time. The assumption of identical individuals is standard in the public
finance literature in order to examine the efficient outcomes.

? Even if this is not true, the average covariance across time is relatively small enough
to be ignored.
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Var(R,) = Var(Ty,) ¥ v;
i=1

The variance of the risky tax revenue is greatly reduced. If we take the case of Gordon
(1985), Summers and Bulow (1984), Hamilton (1987), Gordon and Wilson (1989) of

assuming v,=1 and v; = 0 for all j#i. Then we have:
Var(Rp,) = Var(T,,)

This has a very large magnitude compared to the previous one. How many generations
will it take to reduce the variance of the portfolio to zero?

With two generations:

Var(R,) = Var(T,) [ Y + ¥3 |

Three generations:

Var(R,) = Var(T,) [ v; + 3 +¥3 ]

Four generations:

Var(R,) = Var(T,) [ ¥ + ¥3 + Y3 + Y4 ]
It will not take many generations to reduce the variance of the tax revenue approximately
to zero. The equally weighting scheme will reduce this variance faster then a declining
scheme. Notice the correspondence of this result to portfolio theory. In portfolio theory
reviewed earlier in the chapter, an equally weighted scheme was assumed. An infinitely
small amount is invested in each security. In our portfolio theory we can have a declining

scheme. The choice of a particular weighting scheme can be obtained via some social
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welfare function or some political mechanism. We leave this for future research. Also
public finance scholars can devote time and eflort providing empirical research to the

above claim.
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6.4. Security Market and the Evaluation of the Risky Tax Revenue

Let us examine the issue in a slightly different context and assume that a security market
exists. Next, suppose that the government will re-distribute this tax revenue, in the
second pe-iod, to the investor. The investor wants this tax revenue evaluated and rushes
to the stock market to get a price. The investor evaluates this security just like any other
security. However, securities actually trading in the market cannot be considered a
perfect substitute for the proposed one. In fact, this security has something special; it is
defined to exist across time periods. The stochastic capital income tax revenue of interest
to the current period generational investor is:
n
R, = ‘2_; Yi Tyin

where again the +; is the weight that is placed on current and past lotteries. The mean
and variance of this security was discussed previously. Recall that the variance of the
security falls as more and more generations participate in current tax revenue risks. What
price are the investors willing to pay for this security ? I assume that the investors can
sell this security at a price that is established in the market, and add it to their future

consumption stream.

The market value of the tax revenue is usually used for the provision of a public good
or service and not returned in a lump sum fashion to the investor to augment his future

consumption stream. However, since we are concerned with efficiency issues in this
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chapter we will continue to assume that the per capita "stochastic" lump sum tax is re-
distributed back to the investor, in the second period. However, if the tax revenue is used
for the provision of a public good then public finance scholars ought to conduct a
differential incidence analysis to determine preference towards the ranking of a particular
tax base. The answer to the preceding inquiry will critically depend on the value of the
tax revenue. Such a differential incidence study is conducted in the following two

chapters.

The most common approach in the finance literature has been to compute the price of a
security by the "capital asset pricing model" (CAPM) of Lintner (1965), Mossin (1966)
and Sharpe (1964). The CAPM allows us to evaluate the risky tax revenue flow. What
price are the young investors willing to pay for this risky security? Inw. ors that hold
diversified portfolios do not price risky assets based on the variability of the risky asset
but what matters to these investors is the covariance of the risky asset with the market
portfolio.’® Using the capital aseet pricing model we can solve for the certainty
equivalent of the risky tax revenue. This will reflect the price of the "risky” security.
Using the CAPM the price of the bond will equal the expected return less the risk
premium. The risk premium is a function of the covariance of the uncertain tax revenue

with the market return times the price of risk. The following expression illustrates:

' We are assuming that the investors are holding perfectly diversified portfolios. If
the investor held less than perfectly diversified portfolio then capital income taxation
would be welfare improving.
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CE(R,)=E(R,) -Acov(R,,x.,)

A= E(x)-r

2

Oy

where x,., is the return on the market portfolio in the second period, E(x) is the expected
return from the market portfolio, ¢,2 is the variance of the market portfolio and A is the
market price of risk or the expected excess return of the market portfolio per unit of risk,
and R, is as indicated previously. As seen above what is important in terms of evaluating
this security is the covariance of the security with the market portfolio. What price are
young investors willing to pay for the security whose risks are shared among all
generations? Again using the CAPM to evaluate this new stream of revenue, the certainty

equivalent of this tax revenue stream is:

n n
CER,) = E [ EYth:-m I - Acov] E Yo s 2u ]
i=1 i=1

Expanding the terms and using the properties of covariance we get:

CE(RP, = E(Rm) ~Adcov [ YT, + ¥, T, + Y3y + - X%, ]

Since the market or social risks across generations are idiosyncratic the covariance of T,

is the only relevant term in the evaluation of the risky tax revenue. Hence:
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cov[ YT, i) %,]1=0 Vi=zl

Substituting this into the certainty equivalent tax revenue we get:
CE(R,) = E(R,) - Ay,cov(T,,x,,)

This is the price of "risky" tax revenue stream assuming that the household holds the
market portfolio. Notice, that the second period "stochastic" per capita tax revenue of
the t generation will have a risk premium that is lower than the market risk premium by
7, the weight placed on the risky tax revenue. Hence as more and more generations share
the current tax revenue risks the lower the weight placed nn the current tax revenue

risks.
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6.5. Capital Income Taxation and the Value of the Uncertain Tax Reveaue

The full capital income tax revenue the state receives from the investor is:

]

Ly =6, (rSy +ay,2z,)
Where a," and S, * are aggregate portfolio choices. We assuine that this per capital risky
tax revenue is shared between current and future generations. Evaluating this tax revenue

using the CAPM yields the following market value:!

CE(R,) = t, (rS; + (1-v,)6,E(2))

As long as there is intergenerational risk sharing, (i.e. v, < 1) then the price of the
security or the certainty equivaient of the tax revenue will increase relative to the price
of a "risky" anticipation note equal to unity. The individual will be willing to pay a
higher price for some tax revenue uncertainty.” If we take the weights of Gordon
(1985), Summers and Bulow (1984) and Gordon and Wilson (1989) the value of this tax

revenue is given by:

! Substituting the stochastic tax revenue into the CAPM and after simple
manipulations we get the value of the tax revenue. See appendix 5 also.

12 For a person that holds an undiversified portfolio the risky tax revenue will also
have a higher value. My results are independent of the investor’s portfolio holdings.
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CE(R,) = t, r Sy,

The excess return of the risky asset has a zero market value. This however, is a special
case in which each investor faces his own tax revenue risks and holds a perfectly

diversified portfolio."

We continue to assume that the investor maximizes the two period expected utility by

choosing the decision rules and is subject to the budget constraint given by:
Cp=Q0+ n S + 4y ;:: + CE(R),)

where CE(R,) is the market price of the risky tax revenue. This is how much he would

have had he sold the security.

For a given CE(R,) the first order conditions of the problem are given by:
g - (Lir(1-1)E(R") = 0

E(h'z

p]) = 0
Capital income taxation distorts the relative prices of current and future consumption and
creates an intertemporal distortion. This distortion is independent of the lump sum re-

distributional policy of the state. However, the marginal utility of future consumption

13 Appendix V section A.V.2. derives the market value of other capital income tax
policies.
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now depends on the capital income tax rate, directly and through the lump sum re-
distribution policy. Under this setting do we observe the DM phenomenon ? The lump
sum tax revenue re-distribution does not cancel the tax payment of the investor and hence
investors do not bear the entire current economic risk via tax revenue. Future generations
also bear part of this burden. Given this risk sharing scheme what are the effect of this
re-distribution scheme on the choice variables and how do they compare to our previous
analysis 7 And most importantly what is the effect of this policy on welfare and on the
deadweight losses of capital income taxation ? The answers to these questions arc given

in the next section of this chapter.

As a preliminary analysis let us examine the investor’s future consumption stream:

Cit=(1+r)S, +ag, +d-y) ay EQ@) ¢,
A few things one can notice from this policy. The market price of the risky tax revenuc
is equal to the imputed safe income and a certain part of the expected value of the
excess returns due to intergenerational risk sharing. The tax on the imputed safe income
cancels out with the tax payment of the investor. The tax on excess returns remains. This
tax remains whether there is risk sharing or not. This happens, because the investor acts
as if (s)he sells the stochastic re-distributional stream and receives in exchange the non-
stochastic market value of the tax revenue. However, we know from our previous
analysis that the tax on excess returns is welfare neutral even though the allocative effects
of this tax remain. Ignoring the last term we can conclude that the allocative effects of

this policy are similar to the Hicks compensated effects analyzed in chapter two of the
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thesis. The last term is in a way the reward for sharing risks with the previous
generations lotteries.

The effect of this policy on current consumption is given by:**

Eclt
_ >0
B!k le

The effect of increasing the capital income tax rate can be decomposed into two
components. The first effect is to make future consumption more expensive and as a
result current consumption increases. This is the well known intertemporal substitution
effect. There is a second effect in operation: the increase in the capital income tax rate
increases the market price of the tax revenue and causes current consumption to increase
further. If «, is equal to one then this second effect is not observed and the only effect

is the intertemporal substitution effect.

The effect on the amount invested in the risky asset is:

oa, >

1t

o, s < 0

This policy leads to an ambiguous result in the amount invested in the risky asset. There
are three effects operating. The first effect is the re-appearance of the DM phenomenon.
The DM phenomenon re-appears because the tax falls on excess returns and remains with

the investor, hence this tax alters the probability distribution of the risky asset. This

happens because the stock market converts the "stochastic" transfer to a non-stochastic

" Appendix V section A.V.1 derives these results analytically.
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market value. As a result the investor reacts by increasing the risky asset so that she
faces the same pre-tax probability distribution as prior to the imposition of the tax.
Notice that the DM phenomenon appears also if the state taxes only the excess returns.
The second effect is the decline in risk taking activity due to the increased price of future
consumption. These two effects are similar to the substitution effects observed in chapter
2 of the thesis. In chapter two we assumed that the tax revenue, stochastic or not, was
allocated to a public good that enters the utility function additively. The third effect,
absent in the previous analysis, is the increase in the market value of the tax revenue.
This effect will also be absent if v, is equal to one as Summers and Bulow (1984)
argued. Notice that for CRRA preferences and an elasticity of intertemporal substitution
of less than unity, the capital income tax will lead to an unambiguous increase in the
risky asset holding. This substitution effect will be greater than thc one presented in
chapter 2 of the thesis. However, the effect on private risk taking is ambiguous and this
confirms the Atkinson and Stiglitz (1980) result. However, for an individual with a very
low elasticity of intertemporal substitution private risk taking will unambiguously

increase.

The effect of this policy on total savings is given by:

Sy ac,,

— <
o, © o, las

Total savings unambiguously drop. This happens as a result of the increased current

consumption. The effect of this policy on the safe asset is given by:
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amlt' - aslt' - aalt{ <
8tk NRS afk RS at,‘ RS >

0

Therefore, the effect of this policy on the safe asset is also ambiguous except in the case
whereby the risky asset is encouraged. In this case savings fall and risk taking rises,
which will lead to an unambiguous discouragement of the safe asset demand. Under this
policy portfolio riskiness unambiguously increases given that savings fall and that risk
taking increases. Or alternatively portfolio riskiness increases under the assumption of
NDRRA:

B,
...._..| rs > 0

ot
Also, this policy, under the assumptions of CRRA and CIES, and with an elasticity of
intertemporal substitution of less than one, causes an unambignous increase in current

consumption, risk taking and proportional risk taking. The safe asset demand is

unambiguously discouraged in this case.
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6.6 The Welfare of the Investor with a Capital Income Tax

This re-distributional tax policy leads to an increase in welfare for marginal increases in
the capital income tax rate. Capital income taxation creates a distortion in the
intertemporal price of future consumption. The tax also reduces the current economic
risks society is facing and transfers them to future generations. This way a marginal
increase in the capital income tax rate from zero will not cause any distortions and
provide some insurance to individuals. This resembles, somehow, the work of Eaton and
Rosen (1981). However, they argued for a wage tax based on idiosyncratic risks across
individuals within the same generation. I am arguing for a capital income tax rate based
on idiosyncratic risks across generations. The welfare change due to an increase in the

capital income tax rate is given by:

ac aa’ .
V)=t r EGYE o + (1 -y, ) E@ G|+ (1 - v,)ay E(2) ECh')
a, a, a,

For initial t, equal to zero the first two terms drop out. Notice that the last term remains
and this is strictly positive for all v, < 1. Thus for a marginal increase in the capital

income tax rate from zero the investor’s welfare unambiguously increases.
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6.7. Conclusion

In the previous chapters capital income taxation created distortions and provided no
additional insurance. I assumed that risks are perfectly correlated across individuals
within the same generation. In this case private and current social or economic risks were
equal. Capital income taxation cannot improve the efficiency at which the economy
handles risks. Atkinson and Stiglitz (1980) make note that re-distributing "stochastic" per
capita tax revenue to the investor and this amount matching the tax payment of the
investor is a special case in that the risky outcome is perfectly correlated for all
investors. Atkinson and Stiglitz (1980) state:

“The previous example is rather special in that the outcomes of the risky investment are
perfectly correlated for all investors. Hence, there is no sense in which the government,
through taxation, improves the efficiency with which the economy handles risk. On the
other hand, there are strong reasons to believe that the capability of the market to share
and spread risks is limited. Some of the reasons have to do with limited liability laws,
i.e. the ability of individuals to default on their loans. Markets for human capital are, as

a consequence, notoriously imperfect. The state, with its ability to tax, is not subject to
some of the same limitations as are private lenders." (pg 119)

The present chapter takes a different prospective of the riskiness of tax revenue
fluctuations. We view the riskiness of the tax revenue fluctuations of the current
generation as minor when compared with the average across all generations. We show

that by allowing some risks to be transferred the state budget can be welfare improving.
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I assume that the government re-distributes back to the investors part of the "stochastic"
per capita lump sum risky tax revenue the current generation pays. The other part is
transferred to the future generations. The current generation receives, for sharing tax
revenue risks, with past generutions a "bonus". They will receive a share of the
"stochastic" tax revenue of the previous lotteries in which they rarticipated. [ assume that
the future generations share with the current investors the current "market” or "social"
risks via an uncertain government budget constraint. This way, the current generation
absorbs only a small fraction of the riskiness of the current tax revenue. The other
fraction being assimilated by all future unborn generations. The argument relics on the
idea that what is "systematic" risk at a certain point in time wiil become "idiosyncratic"
risk when this is shared with all current and future unborn generations. Pooling risks
across generations through tax revenue uncertainty resembles the diversification theorems

of the finance literature.

We find that this re-distributional tax policy ieads to an increase in welfare for marginal
increases in the capital income tax rate. A marginal increase in the capital income tax
rate from zero will not cause any distortions and provide some insurance to individuals.
Capital income taxation creates a distortion in the intertemporal price of future
consumption. But it also reduces the current economic risks society is facing and
transfers them to future generations. Future generations will also benefit out of this
policy; just like the current generation they too will receive part of the "stochastic" tax

revenue of their own tax revenue and part of the past generations tax revenue lottery.
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The analysis of this chapter is a prelude to the choice of the tax base presented in the
next two chapters. This chapter argues that all the tax revenue which investors pay to the
state has a market value that ranges between the value obtained with certainty to the
expected value of the tax revenue. This in turn brings alive and strengthens the old
argument of Domar-Musgrave (1944), Tobin (1958) and Stiglitz (1969) for risk sharing

by the state with private investors.

Future research should derive results of other capital income tax policies. Particular
attention can be given to the treatment of risky versus safe income taxation. An
alternative interesting avenue for future research is to move towards an optimal capital
income tax policy. One where the deadweight losses are offset with the insurance
clements of tax policy. Also note that investors that hold undiversified portfolios would

receive some form of insurance from the :axation of risky capital income.



Chapter 7

Cash Flow Consumption Tax or Pre-Payment Wage Tax

The Discount Rate Argument

7.1 Introduction

One principal aim of the present chapter is to evaluate alternative methods of
implementation of a consumption tax in a portfolio-savings model. Proposals for
implementing a consumption tax can be classified into two alternatives. The first, the
cash flow method, allows a tax deduction on savings while the entire proceeds upon
withdrawal become taxable; The second method, known as the pre-payment approach,
is a modification of the income tax system, where the "return” on an asset is exempted
from taxation. It is this second method (pre-payment) that has become most controversial.
There are economists who argue that all capital income should be exempt from income
tax (e.g., Hamilton (1987), Zodrow (1994)) to arrive to a consumption tax. There are
others who argue that one should retain the extraordinary capital gains component in the
income tax base, and exempt the imputed riskless return on the entire savings (Ahsan
(1990)) to arrive ‘o a consumption tax base, the new tax being baptized the “modified
wage tax" (MWT). The argument put forward by Ahsan (1990) requires that capital gains
or losses receive the same treatment under both cash flow and pre-pay ment versions; they

both are subject to a tax.

138



Under what conditions does a cash flow consumption tax (CFT) become equivalent to a
wage tax under uncertainty? When does a modified wage tax become equivalent to a
wage tax? Is the cash flow consumption tax equivalent to the mocd fied wage tax?
Answering the question on the equivalence between a consumption tax and a "wage tax"
or a "modified wage tax" in the presence of uncertainiy will provide a new perspective

on the current tax reform debate on consumption versus income tax System.

The answer to u.c above questions centres around the tax revenue evaluation. I depart
from the traditional approach in evaluating risky tax revenuz using the ad hoc discount
rate methodology and propose a new methodolugy. [ assume, just as the previous
chapter, that the government acts as if it sclls the proceeds of the risky consumption tax
revenue as a promissory note and I let households evaluate this stream of revenue. The
state uses the market value of the tax revenue to provide a public good that enters
additively the investor’s utility function. The investors in turn evaluate the uncertain tax

revenue using the traditional capital asset pricing model from the theory of finance.

This chapter argues that, at least for small investors, the private market is unlikely to
provide the socially optimal degree of risk sharing. There is strong evidence that
investors do not hold diversified portfolios (e.g. Friend and Blume (1975), Gordon
(1985)). Thus the government, acting as a financial intermediary, can increase welfare

through taxation policy.
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This chapter concludes that one ought to implement a consumption tax via the "modified
wage tax" or the cash flow approach. The argument is different from previous work in
this area. A pre-payment wage tax is not equivalent to a consumption tax because (a) the
market value or certainty equivalent of the tax revenue obtained from the excess return
of the risky asset is non-zero if people hold less than fully diversified portfolios and/or
(b) households do not evaluate the two period random tax revenue stream they pay to the
state but instead they evaluate and ultimately bear the average random tax revenue across
all generations, alive or yet to be born. As with Gordon and Varian (1988) we assume
that the future generations share with the current households the "market” or "social”
risks via tax policy (i.e. an uncertain government budget constraint). This way, the
current generation absorbs a small fraction of the riskiness of their own tax revenue. The
other fraction is assimilated by all future unborn generations. This causes the certainty
equivalent of the risky consumption tax revenue to exceed the tax revenue generated from
a wage tax set at a rate of t(1+t)", and as a result reduces the social discount rate. As
we allow more and more unborn generations to share in risk, the social discount rate
converges to the risk free rate. Again the argument relies on the idea that what is
"systematic" risk at a certain point in time will become "idiosyncratic” risk when it is

shared with all current and future unborn generations.

Section 7.2. examines the budget constraints under the alternative methods of
implementing a consumption tax. Certain equivalency results are presented. Section 7.3

presents the ad hoc discount rate methodology which is used to evaluate nsky tax
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revenue. Section 7.4 presents our alternative methodology of computing the certainty
equivalent tax revenue. Section 7.5 uses a particular asset pricing model to evaluate the
risky tax revenue. Section 7.6 re-evaluates the risky tax revenue using the average tax
revenue across generations and concludes that the value of the tax revenue under a
modified wage tax exceeds that of a pre-payment wage tax. Finally, in section 7.7 I

arrive at some conclusions.
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7.2 Risky Tax Revenue

This section considers the evaluation of risky tax revenue. The model is the same two
period life cycle model, with a choice between a safe and a risky asset. No discussion
on the preference structure of a household is needed. The period by period budget

constraint of the young household in the absence of taxation is given by:

Clr = Ylt - (a" + m")

C2t = alt(l +xnl) *+ mlt(l+r)

The intertemporal budget constraint of the investor in the absence of taxation is given

by:

alt znl

C, + Cu = (Y, +
(1+n)

where z,,, is the excess return on the risky asset over the riskless, z,,,=x,,,-r. The

present discounted value of the consumption stream is equal to the endowment income

! An alternative way of w-iting the budget constraint is as follows:
C2:=(1+r+ plrzt+l)(ylt -C")

where B, =a,/S;, is a measure of proportional risk taking. This simple re-formulation
of the budget constraint states future consumption is equal to the proceeds from the
investment in a composite portfolio that has a mean value £qual to the weighted average
return. Households choose current consumption and the proportion invested in the risky
asset. As in Merton (1969) one can visualize the original problem as one being reduced
to a Ramsey-Phelps problem of optimal consumption under an uncertain yield for a
composite asset. In other words, the problem can be seen as having an uncertain price
for future consumption.
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and the present value of the excess return on investment.

A proportional cash flow consumption tax, with loss offset provision, affects the

intertemporal budget constraint of the young investor as follows:

C
x 1 (Y, +

C. + - a4y, 40y
e (1)

(1+1)

A cash flow consumption tax falls both on period the current certain consumption C, and
the second period uncertain consumption C,, of the generation t investor. Under the wage
tax the intertcmporal budget constraint is:

arzm
(1+r)

C, + Ca 1-t)Y
= - +
t (1"") W) 4

The wage tax falls on the endowment (i.e. wage income).

From first observation of the budget constraints, it is obvious that the equivalence
between the two taxes is obtained if the pre-payment approach includes in the tax base
the extraordinary capital gains and one obtains the "modified wage tax" (MWT) or

"wealth tax".> Under a modified wealth tax the budget constraint is:

? This is equivalent in terms of ex post budget constraints. This does not imply full
equivalence since the value of the tax revenue is not yet known under the alternative tax
regimes.
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+C7"=

Clr PPN
(1+r)

8y %01

(1+9 :

(1-¢)I[Y, +

This is the pre-payment method put forward by Ahsan (1989,1990).® The modified wage
tax falls on the endowment Y,, and the capital gains term. Under the MWT mcthod, the
government can collect a sizeable amount of tax revenue vis-avis the pre-payment wage

tax set at a rate of t, = t,.

Alternatively, equivalence between the pre-payment wage tax and the CFT can also be
obtained if one excludes capital gains from the cash flow or modified wage tax approach.
If we exclude the extraordinary capital gains from the cash flow consumption tax (Bulow
and Summcr (1984), Hamilton (1987), Zodrow (1994)), the cquivalence of a cash flow
consumption or MWT and endowment tax is re-established. And therefore the results
under certainty carry over to the world of uncertainty. The evaluation of the cash flow
consumption tax revenue will equal the certain wage tax revenue for all t, = t./(1+1).

But why exclude capital gains?

According to Summers and Bulow, the risky tax revenue has a zero market value. They
argue that the certainty equivalent or market value of this risky tax revenue is negligible.

This is in contrasi to Gordon (1985) who argues that even though all risks remain with

3 This method has been rejected by Zodrow (1994) mainly because oi the
administrative problems it can cause. Although one has to consider the administration
costs of implementing a tax system, the other major concerns in public finance are the
efficiency and equity issues of a tax system.
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the private sector the government is able to collect a sizeable amount of tax revenue.!
Summers and Bulow (11984) state about the sizeable tax revenue of the state:
"However, though Gordon (1985) implies otherwise, theie is no free lunch here. Because
the government is taking a claim of zero market value, it can only finance programs that
have a certainty equivalent of zero. If the government wishes to spend the expected tax
revenue of this tax, it must also impose another tax, with zero expected tax revenue but
a high market value (i.e. a countercyclical tax). The imposition of this second tax wnuld
be burdensome on the corporate sector.”

However, in this chapter we show that dismissing this revenue implies that the household
holds the "market portfolio” or a portfolio that is perfectly correlated with the "market
portfolio”. Given the strong evidence to the contrary a wage tax is not equivalent to a
consumption tax under uncertainty. Inclusion of the extraordinary capital gains in the

wage tax base obtains the equivalence. This paper argues that tax base policies cannot

be designed on the basis of perfect capital markets.

The state, under the modified wage tax receives tax revenue from certain wage income
Y, and uncertain second period capital gains a,,z,,, . Under a cash flow consumption tax
the state receives tax revenue from current consumption and uncertain future
consumption. The second period cash flow consumption tax revenue or MWT will be
uncertain whereas the wage tax falls on endowment income and is certain. Under a wage

tax the present value of the tax revenue is:

* This paper will show that the market value of this tax revenue will be positive if
all generations share in the current market risks.
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T, = tw er

This tax revenue stream is certain.’ The tax revenue the state receives from the young

t generation under the cash flow consumption tax is:

1st Period 1t C

[ 1z

2nd Period: t. C,

Similarly under a modified wage tax the young household pays to the state the following

tax revenue:

Ist Period:. t, Y,

2nd  Period: t;a, z,,,

There are two broad ways in which one may account for the riskiness of the tax revenue.
First we can use a discount rate that is higher than the risk free rate. Alternatively, we
can use the certainty equivalent of the tax revenue. Both of these methods should ideally

be equivalent.

5 Lven if this was uncertain the results in terms of revenue evaluation would not

change under the two tax systems. Both tax systems pre-payment and cash flow offer
insurance. Furthermore, endowment uncertainty is eliminated through aggregation if this
risk is assumed to be of the unsystematic type (See Eaton and Rosen (1980a,b)).
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7.3. The Discount Rate Approach: p

7.3.1. Evaluation of the Cash Flow Consumption Tax

The discounting method has been used by Hamilton (1987) and recently by Zodrow
(1994). They both use the weighted average as the appropriate discount rate. They
choose the discount rate on an ad hoc basis.® Letting the public discount rate be any
arbitrary p and evaluating the risky tax revenue from the cash flow consumption tax we
have:

EC,)
(1 +p)

ET)=t1[C,+ ]

or alternatively, after substituting the intertemporal budget constraint of the young

household we get:

KT, = e Y, (1- -—-‘S"(tc) (1 - 1+r+f (1) EQ)
(1+t) Y" )

where S, (t), B,(t.) are respectively the savings and proportional risk taking. Both

S The only discussion on the proper discount rate for the evaluation of risky tax
revenue comes from Hamilton (1987) who refers to the work from the literature of risky
public investments (See Arrow and Lind (1970), Hirshleifer(1965), Mayshar (1977) and
Sandmo (1972)). Arrow and Lind (1970) argued that the appropriate social discount rate
for risky public investments is the risk free rate. They rely on the state taking projects
with uncorrelated returns, and where each project is small in size for the generation of
current taxpayers. Mayshar (1977), Hirshleifer (1965) and Sandmo (1972) argued for
a higher discount rate; government should use discount rates similar to those used in
private investment.
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depend on the cas' flow consumption tax rate.” Under an equal yield wage tax we have:

t‘: - tC [1 _ Slt(tc) ( 1 - l+r+plr(t¢)E(z)

(1+t) Y, (1 +p)

) 1

It is evident that the valuation of the risky tax revenue depends on the value of the public
discount rate. It is clear, that setting t,, = t,(1+t.)" will not in general equalize revenue.
In particular, if the public discount rate is lower than the weighted average rate, r +
B.(t.)E(z), then the cash flow consumption tax rate raises more tax revenue than the wage
tax in expected present value terms if the rates are set such that t, =t (1+t)". Thus a
higher wage tax is needed in order to obtain the same amount of revenue as the cash flow
consumption tax.® On the other hand, if the weighted average discount rate is used as
a public discount rate then both methods yield identical tax revenue in the expected
present value sense.’ In contrast, if the public discount rate is equal to the expected rate

of return on the risky asset, E(x), then setting tax rates in the conventional way results

" If the utility function is of the iso-elastic form then Ahsan (1989) has shown that
savings and proportional risk taking remain unaffected by a cash flow consumption tax.

¥ Zodrow (1994) argued that even if the government uses the safe rate of return to
discount the risky tax revenue, Ahsan’s "modified wage tax" 15 not the only method to
design a wage tax system that is equivalent in present value terms to the cash flow tax.
Zodrow insists that the pre-payment approach could still be used by increasing the wage
tax rate until the revenue requirement is met. Zodrow argues incorrectly. Later in the
paper we show that if the social discount rate is lower than the weighted average rate
then individuals will prefer the modified wage tax approach and not the higher equivalent
wage tax approach.

® This also implies that the state has the same opportunity cost as the private sector.
Zodrow (1994) argues that the state can obtain tax revenue under the wage tax and invest
them to yield a return equal to the average return in the economy. This view is not a
plausible one. The role of the state is not to invest in an equity market. [f at all, the role
of the state is to arrange its policies so as to allow the efficient operation of the market.
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in the wage tax generating more revenue in expected present value terms.'® These

observations provide us with the following result;

Proposition 7.1: If the social discount rate is equal to the weighted average rate, then
a cash flow consumption tax is equivalent to a wage tax. If social discount rate is lower,
then a larger amount of expected present discounted tax revenue can be raised with a
cash flow consumption tax when compared with a wage tax at the rate of t, = t.(1+t)".

7.3.2. Evaluation of the Modified Wage Tax

We have established that a wage tax is equivalent to a cash flow consumption tax if the
weighted average tax discount rate is used. But can one obtain an equivalence between
a wage tax and a "modified wage tax"? Letting the social discount rate, to evaluate the

tax revenue from a "modified wage tax” be an arbitrary parameter k we have:

, 4l EQ)

(1 +%k }

ET,) =t,(7,

Implementing the consumption tax via the modified wage tax method generates more tax
revenue in present expected value tax revenue than the endowment tax set at a rate of t,

= t, for any finite value of the social discount rate k.

7.3.3. Modified Wage Tax versus Cash flow Consumption Tax

' We shall show shortly that this is not possible with a cash flow consumption tax.
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The previous result implies that the equivalence between the cash flow consumption tax
and the modified wage tax may also become questionable. The cash flow consumption
tax might be non-equivalent to a modified wage tax.'' The only social discount rate that
is capable of generating equivalence of the modified wage tax with the cash flow
consumption tax is th2 risk free rate. This can be seen from the following condition. The
present value cash flow consumption tax revenue is given by:

C,t)
(1+1)

Tct =1 [ Clr(tc) + - |

Substituting the intertemporal budget constraint in the above constraint yields:

t a,(t) 21

T [Y, + Lon

= <
“ (1+t)

Setting the modified wage tax equal to t.(1 +t.)"' does not establish equivalence since the
behaviour of the household in terms of risky asset choice is not known a-priori. Under
the modified wage tax the present value tax revenue is given by:

a(ty) Zq
1+

Ty =t 1Y), +

If the amount invested in the risky asset is the same under a cash flow consumption tax

as under the modified wage tax then the equivalence holds.'

1 This was originally discussed, in a certainty environment, in the Atkinson and
Stiglitz (1980) textbook.

12 We shall show that under CRRA the equivalence does in fact hold. The amount
invested in the risky asset is unchanged from the pre-tax position, for both tax policies.
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What determines which public discount rate to use? Why is it that the weighted average
discount raie is the cut off point towards the revenue evaluation if the cash flow approach
is used?’® Why not use the expected return of the risky asset? Why not the risk free
rate? In the next section, we follow a different methodology. The method followed avoids

the pitfalls of choosing the discount rate in an ad hoc manner.

 Hamilton (1987) uses the weighted average return to conduct a differential
incidence analysis.
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7.4. The Certainty Equivalent Approach

In order to provide an answer to these policy questions we follow an alternative but
equivalent approach. We use the certainty equivalent of tax revenue. Under suitable
conditions this alternative method should be equivalent to the discounting method. This
method can provide us with additional insights than the ad hoc discounting rules
prevalent in the literature. In what follows the discount rate used to evaluate the tax
revenue becomes the risk free rate since the certainty equivalent takes into account the
riskiness of the tax revenue. Certainty equivalent of the tax revenue is the certain amount
of tax revenue such that the public would be indifferent between paying this amount and
allowing some uncertainty in the tax revenue. By risk aversion, the amount the public
will pay in order not to transfer the risk onto the budget constraint is a positive risk
premium. The certainty equivalent value of the tax revenue is then the expected value of

the tax revenue less the risk premium.

How does one compute the certainty equivalent of a stream of uncertain tax revenue? The

answer is given in the next section.

7.5. The Capital Asset Pricing Model

7.5.1. Evaluation of the Modified Wage Tax Revenue

In order to compute the certainty equivalent of a stream of revenue [ use the traditional
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"capital asset pricing model" (CAPM) of Lintner (19€5), Mossin (1966) and Sharpe
(1964).'* In order to use the CAPM to price the "risky" tax revenue we assume that the
government behaves as if it sells the proceeds of the risky modified wage tax revenue as
a "risky’ promissory note that has a mean value of E(T,) and variance o,’. Whai price
are the young investors willing to pay for this risky bond?"” Investors that hold
diversified portfolios do not price risky assets based on the variability of the risky asset
but what matters to these investors is the covariance of the risky asset with the market
portfolio. Using the capital asset pricing model we can solve for the certainty equivalent
of the risky tax revenue. This will reflect the price of the "risky" bond. Using the CAPM
the price of the bond will equal the expected return less the risk premium. The risk
premium is a function of the covariance of the uncertain tax revenue with the market

return times the price of risk. The following expression illustrates:

M The CAPM is derived from a mean-variance utility framework or by assuming a
normal distribution for the returns of the risky asset, or even from the consumption based
CAPM if the marginal utility of future consumption is perfectly correlated with the return
of the market portfolio. Future research should use the consumption based CAPM or the
arbitrage pricing model which are examples of more general asset pricing models.

1 If the households view these bonds as a perfect substitute for the risky asset, then
the bonds will command the same price as the risky asset.
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CE(Ty)=R,=E(T,)-rcov(T,,r,.,)

3 o Er) -r

2

Om

where r,,., is the market return in the second period, E(r,) is the expected return from
the market portfolio, ¢, is the variance of the market portfolio and A is the market price
of risk or the expected excess return of the market portfolio per unit of risk, and T, is
given by:'®

alt(td) Z

T,=¢,1Y, + a+r)

Substituting this modified wage tax revenue T, that the young generation household pays
to the state into the covariance term and expressing it in terms of the correlation
coefficient yields:
(E(r,)-r)
a, (t)E@2) o,

r
(1+r) E@ m

o

CE(T,) = E(T, ) - t,

where r,, denotes the correlation coefficient between the return of the risky asset the

investor holds and the return on the market portfoli-y.

Furthermore, in equilibrium the following condition holds:

16 T, is the present value of the tax revenue the young generation pays to the state.
The discount rate we use is the risk free rate. This is the proper discount rate to use
when we follow the certainty equivalent approach.
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Er, - 1) _Ex-n

O O

This condition is derived from the capital market equilibrium condition. It states that in
equilibrium the expected excess return per unit of risk of any security or portfolio is
equal to the slope of the capital market line (i.e. the expected excess return per unit of
risk of the market). If a portfolio has an expected excess return per unit of risk greater
than the market portfolio per unit of risk and investors have homogeneous expectations
the security will be in excess demand. This will cause the price of the security or
portfolio to increate and the expected excess return to fall until the equality is re-
established and vice versa. The CAPM model is assumed to derive an equilibrium f..ce
for all securities under consideration. The value of the promissory note becomes:

a,(t)E(2) .

CET,) = K(Ty) =ty — ¢ s "m

In the case where the household invests in the market portfolio or alternatively in a

"mutual fund" that is perfectly correlated with the market portfolio then

The certainty equivalent of the tax revenue from a modified wage tax then becomes equal

to the expected value of the tax revenue less the risk premium, where the latter is exactly
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equal to the expected tax revenue from the extraordinary gain component.!” Substituting

the expected tax revenue into the certainty equivalent tax revenue yields:

R, = CET,) = 1, Y,

t

This is the only tax revenue that can be used to finance public projects which enters into
the utility function in an additive way. Because the government is taking a claim of zero
market value from the risk premium, it can correspondingly only finance programs that
have a certainty equivalent equal to the pre-payment wage tax. The price of the "risky”
note is equal to the consumption tax revenue the government would raise under certainty.
This certainty equivalent tax revenue of a modified wage tax revenue is independent of
the parameters of the model, such as the risk aversion of individuals.

Proposition 7.2: If capital markets are perfect, and the individual holds a perfectly

diversified portfolio then a wealth tax or modified wage tax becomes equivalent to a pre-
payment wage tax as in the certainty literature.

The evidence provided by Friend and Blume (1975), Mayshar (1979), and more recently
by Gordon (1985) indicates that most households or investors hold less than fully

diversified portfolios.

17 By implication, we immediately observe that as long as the correlation coefficient
is less than unity then there are gains from a consumption tax relative to the wage tax.
Inclusion of capital gains into the tax base of a wage tax is welfare improving at least for
the small investor "vho does not diversify fully.
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It is easy to see that if the household does not hold a perfectly diversified portfolios then
the correlation coefficient between the market return and the portfolio return will be less

than one.

If the household does not hold a perfectly diversified portfolio then the certainty
equivalent of the risky tax revenue will be greater than the pre-payment wage tax that is

set such that t, = t,

The certainty equivalent tax revenue in the case of a less than fully diversified portfolio

holder is:
CE(T,) >1t,7Y,

The certainty equivalent of the tax revenue, which is equal to the expected value of the
tax revenue less the risk premium, is less than the expected tax revenue income from the
extraordinary gain component. The value of the "risky" tax revenue exceeds the tax

revenue generated by a wage tax set at the same rate as under certainty. '

Concluding this section we can state that individuals that hold undiversified portfolios

'8 All these results hold true with a cash flow consumption tax. Appendix 2 shows
the results.
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would be willing to pay a higher price for the "risky" tax revenue. However, for the
investor that holds the market portfolio the "risky" tax revenue is perceived as a risky
bond that is a perfect substitute with the risky asset. Hence the price of the "risky" note
will be lower for an investor that holds the market portfolio. In addition, for a perfectly
diversified investor, the implementation of a consumption tax as a modified wage tax or
an endowment wage tax is a matter of irrelevance since his welfare is unaffected by the
method of imposition of the tax.!” However, for the individual that does not hold a
completely diversified portfolio these "risky" taxes may serve to reduce the diversifiable
portfolio risk that he is exposed to. Hence, such an investor is willing to pay a higher
price for the "risky" bonds. If an economic system, contains both types of investors, then
the undiversified investors are strictly better off with a modified wage tax® whereas one
who holds the market portfolio is just as well off with a modified wage tax version or
an endowment tax. A pareto optimal improvement in resources can be achieved via a

modified wage tax .

19 We show this result later in the paper.

2 preference of a particular tax method is shown later in the paper under a
differential incidence analysis.
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7.6. Intergenerational Risk Sharing

This section puts forward an argument for a modified wage tax that is based on
nitergenerational risk sharing. The intergenerational risk sharing argument is based on
the seminal work of Gordon and Varian (1988). Gordon and Varian (1988) state:

The objective of this paper is to explore the characteristics of an optimal government
risk-sharing scheme, assuming that the government has the power to recommit future
generations. Since there is an arbitrary large number of future generations to share in any
particular lottery (e.g. today’s recession), one might expect, by analogy with the

diversification theorems in finance, that on efficiency grounds each generation ought to
bear an arbitrary small share in the outcome of any lottery. (p. 186)

This argument is independent of the ycung investor’s portfolio holdings. The investor can
hold the market portfolio or any other portfolio of assets. We point out that even if the
household held the market portfolio, and is exposed to "market” or "social" risks, a tax
system that falls on uncertain returns reduces the current "market" risks and provides
some insurance. The government by taxing the risky capital income absorbs a certain
fraction of the expected return and the risk, while the investor receives a lower return
it also bears a lower risk (i.e, similar to the Domar-Musgrave (1944) phenomenon). The
risk is transferred to the budget constraint. We continue to assume that the risk remains
in the system and that evaluation of the tax revenue is needed. However, with
intergenerational risk sharing, the risk of current tax revenue fluctuations cen be pooled

across all generations,?! We argue that what is consid=red as "social" or "market" tax

! The risk can be of the human capital type or the financial type.
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revenue risk at any one date is idiosyncratic risk when pooled with the independent

lotteries of many later generations.?

The state can reallocate wealth across generations cheaper through its debt management
policy. Accordingly, when there is an unlucky outcome (e.g., a recession), this will
generate a fall in the tax revenue and a fall in the financial wealth of a household.?* The
state by absorbing some of the "market" risk can run a deficit and create government
debt.** The government has the ability to issue bonds at the risk free rate when the
economy is hit by a recession. This debt is passed on to all future gencrations even
though it was created by the current unlucky generation. Each future generation bears
a small share in the risks of today’s rece:sion. The evidence indicate that governments
do handle stochastic revenue from risky outcomes by allowing some uncertainty in the
tax revenue. This view is supported by an earlier paper of Gordon (1985) who states that
“This argument provides a ratiynale for high corporate tax rates, perhaps generous
investment incentives, and a variable government deficit. It is intriguing that government
policy has in fact evolved in this direction”. On the other hand, the wage tax (pre-

payment version) has no risk sharing elements since it falls on the endowment of a

22 1t would be of interest to compare the work of Gordon and Varian (1988) with the
much earlier contribution of Arrow and Lind (1970).

B Comparing this with a wage tax, the latter does not cause tax revenue fluctuations
but it reduces the financial wealth of a household by more than the consumption tax. The
cash flow consumption tax or "modified wage tax" has a loss offset provision.

2 When there is a lucky outcome (i.e., an economic boom), the state will gencrate
more tax revenue, which can be used to retire debt.
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household. Thus if a "recession” occurs then not only the "unlucky investors will have
prepaid a tax on expected returns and will then obtain no deduction for the losses they
incur, and if the "favourable" outcome occurs then "lucky"” investors might become very
rich and owe no additional tax liability on future consumption of their wealth” (See
Blueprint for Basic Tax Reform pp. 128-9), thus creating "horizontal inequities". Large
fluctuations in the weaith of the current and future generations would be observed. The
pre-payment wage tax does not provide firancial wealth insurance and does not pass the
"market" or "social" risk onto the future generations since under this tax there is no

fluctuation in the government budget from tax revenues.”

If we assume that all generations (n in number) share in the current "market" or "social"
risk via a stochastic tax policy then the relevant tax revenue valuation is not what the
investor pays to the state but the weighted average modified wage tax revenue across all
generations, alive or yet to be born. In order to evaluate this stream of stochastic tax
revenue we assume that the government sells a security that pays a weighted average
over all generations stochastic modified wage tax revenue. The stochastic modified wage

tax revenue of interest to the current period generational investor is given by:

B This assumes that risk is only of the financial type and not human capital risk.
However, as stated previously both tax systems offer insurance when risk is of the human
capital type. Only one tax system, the cash flow consumption tax, provides an added
financial wealth insurance via the tax system which the pre-payment wage tax system
does not.
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-

n-

Ay = EYde(r-.)

i=0

where 1; is the weight of each lottery that is allocated to the generation born i periods

later and the sum of the weights of each generations add to unity:

For example if y,=1/2, and there are two generations sharing tax revenue risk, then the
stochastic tax revenue under consideration by the young steady state generation in period

t is given by:

where Ty, is the modified wage tax revenue of the currently alive old genecration. The
time period t-1 refers to the previous generation. The old generation alive in the current
period with the t young generation. The government upon observing the stochastic
outcome Ty, transfers T,.,/2 from the old generation in the current period to the t young
generation. In the next period, the state transfers Tg/2 tax revenue to the young t+1
generation from the current old t generation. The old generation in period 2 is the young
t generation. In period 2 a t+1 generation is born. This way the young generation at
time t shares in the past lottery and keeps some share of its own lottery. The expected

value of the tax revenue is given:
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n-1

E(A,) =E[ E Y‘ng-{] = E(Td,)
i=0

The variance of the tax revenue is given by:

n-1

n-1
var (A) = var ( Y vT,.,) = var(T)Y, v
i=0 i=0

Notice that the covariance term drops due to the assumption that the economic shocks are

identically and independently distributed.

What price are young investors willing to pay for this security? Since each weight is less
than one the variance of the tax revenue will fall with intergenerational risk sharing.
However, as stated previously, in the theory of finance the variance of the security is not
important when an evaluation is done. What is important is the covariance or the security
with the market portfolio. What price are young investors willing to pay for the security
who's risks are shared among all generations? Again using the CAPM to evaluate this
new stream of revenue, the certainty equivalent of this tax revenue stream becomes:*

Expanding the terms and using the properties of covariance we get:

¢ Future research should concentrate on the endogenous determination of the value
of v. This can be accomplished with some type of social welfare function or even via
political mechanisms.
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n-1 n-1

CE(T,) = E [ ?%Y;de-i 1 - Acov| EY‘T&_‘ .
- i=0

CET,) =ETy, - Acov [ YTy, + YTy, + YTy * o o) Py}

Since the market or social risks across generations is idiosyncratic the covariance of T,

is the only relevant term in the evaluation of the risky tax revenue. Hence:

cov{ yT,,,r,,1=20 V i#0

T o

Substituting the above assumption into the certainty equivalent tax revenue we get:
CE(T,) = E(T,) - 2 cov( vy Ty, r,,.)

In this framework, individuals would increase :he price of "risky" tax revenue stream.
The evaluation of this "risky" tax revenue assuming that the household holds the market

portfolio is:

a,(t,) EQ@)

CE(T,)= tn [ ¥y + (1 -40) =

]
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As long as there is intergenerational risk sharing, (i.e. v, < 1) then the price of the bond
or the certainty equivalent of the tax revenue will increase?’ relative to the price of the
risky anticipation note without intergenerational risk sharing.? The individual will be
willing to pay a higher price for some tax revenue uncertazinty. The public discount rate

for the evaluation of risky tax revenue is given by:

This is obtained by setting the present value of the risky tax revenue using the certainty
equivalent method equal to the present value of the tax revenue using the discounting
method and solving for the required rate of return. Notice that as v, approaches zero the
discount rate approaches the risk free rate. On the other hand as the weight approaches

unity the social discount rate approaches infinity.

Proposition 7.5: Even if the household holds the market portfolio, intergenerational risk
sharing will lead to a positive market evaluation of the risky tax revenue.

Proposition 7.6: The public discount rate becomes finite and monotonically decreases
as we increase the number of intergenerational risk sharers.

These propositions are in accordance with an earlier article of Gordon (1985) stating that:

%7 The "risky" note will not be viewed as a perfect substitute of the risky asset with
intergenerational risk sharing.

** The evaluation of the risky tax revenue assuming no intergenerational risk sharing.
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"For this to be worthwhile (setting a high corporate tax rate, so that a large part of the
risk goes to the government), however, the government must face lower costs than the
private sector in reallocating risk. One situation where the government should find it
cheaper is in the intergenerational reallocation of risk. In principle efficiency would
require that even unborn generations share in the risk on existing capital. Yet these
individuals do not trade currently in equity for the obvious reason that they are not yet
alive. Also since they are not yet alive, there is no alternative way to sct up a mutually
beneficial contract."

If the number of unborn generations sharing in the current "social" or "market" risks is
large then the social discount rate is equal to the risk free rate. Efficiency then requires
that each generation ought to bear an arbitrary small share in the risks of today's
recession. A similar theorem exists in the literature of finance, namely that of

diversification.

Proposition 7.7: The social discount rate is equal to the risk frec rate when all future
unborn generations bear a small share of the "market" risks of today’s lottery.*

The certainty equivalent value of the modified wage tax revenue is:
a, (1) E(2)
CE(T) =R, =¢t,[Y + M4
The voung generation now views the government as if it sells the proceeds of the
modified wage tax revenue which is in the form of a weighted average across

generations. This stream of tax revenue is also risky. The risk of the tax revenuc is

% Intergenerational risk sharing would not hold in a model where the household has
an infinite horizon as in Hamilton (1987). In fact, Hamilton’s work (1987) is an extrcme
version of a household with altruism towards future generations.
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however viewed as idiosyncratic when tax revenue uncertainty is shared with all
generations, and hence we can use the risk free rate to discount the expected value of the

tax revenue.

7.7. Concluding Remarks

This chapter has examined the evaluation of the cash flow consumption tax revenue of
a two period life cycle investor under uncertainty and compared it with a pre-payment
wage tax. Implementation of a consumption tax through a pre-payment method has
occupied a central position in the agenda of tax analysts. I show that the utilization of
a weighted a-'erage rate to discount risky cash flow consumption tax revenue implies that
the household holds a perfectly diversified portfolio. I also show that an investor that
holds less than perfectly diversified portfolio will value the tax revenue from a cash flow
consumption tax higher than the endowment tax. I further show that if the cash flow
consumption tax revenue is viewed as a security whose risks are shared equally with all
generations the cash flow consumption tax or modified wage tax is the preferred method
of taxation. V/ith intergenerational risk sharing through tax policy, the social discount
rate reduces to the risk free rate. This happens because all future generations are
pre-committed to participating in the current "market" or "social" risks via tax revenue

uncertainty. With intergenerational risk sharing a cash flow consumption tax or a
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"modified wage tax" becomes a front runner in the choice of tax base.'

In the next chapter we conduct a differential incidence analysis to examine the welfare
gains of a cash flow consumption tax under the assumption that the social discount rate
is equal to the risk free rate.’ This will determine the extent of the welfare gains that
can arise from a switch to a cash flow consumption tax from a wage tax. Is this
intergenerational risk sharing argument worthwhile? If the gains are negligible then the
insurance elements of a cash flow consumption tax will not outweigh the added

administrative complexity of the tax system.

3% Appendix VI evaluates the risky cash flow consumption tax revenue and I arrive
at similar conclusions.

3 In the appendix we show that the cash flow consumption tax 1s also of the
1diosyncratic type if all generations share in the current market risks via tax revenue
uncertainty.
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Chapter 8

A Differential Incidence Analysis:

Cash Flow Consumption or Pre-Payment Wage Tax?

8.1. Introduction

Fundamental proposals for switching the tax base from income to consumption are being
advocated by many economists and policy makers in recent years. The efficiency issue
of switching the tax base has been examined mainly through the use and development of
simulation models. Most simulation studies have concentrated in the income versus
consumption tax choice under certainty. The results of most studies indicate large welfare
gains from switcning to tax base from income taxation to wage or consumption tax

base.!

Tumning to an uncertain environment, very few analytical and simulation results have
s¢en conducted to ascertain and evaluate the welfare implications of a consumption tax
with the exception of Ahsan (1989) and Hamilton (1987). The most difficult aspect of the

problem under uncertainty is the treatment of the risky tax revenue. Ahsan (1989)

' For a literature review see the article entitled "On the Specification of Simulation
Models for Evaluating Income and Consumption Taxes" by C. Ballard (1990) in Rose
M.
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utilizes a two period life cycle model cf portfolio cheice and Hamilton (1987) employs
the continuous infinite horizon portfolio-savings model developed by Samuelson (1968)
and Merton (1969). They conduct a differential incidence study to determine the welfare
implications of a tax base switch. They find that the vt{elfare gains of a consumption tax
are of a small magnitude when compared to the literature under certainty. Ahsan uses a
risk neutral approach to the risky tax evaluation and examines consumption versus
income taxation, Hamilton (1987) examines a wage tax vis-a-vis a capital income tax.’
In order to show the welfare gains of a consumption tax he assumes that the market value
of the risky tax revenue from the capital income tax revenue is zero.> The assumption
of Hamilton reduces the uncertainty problem to yield identical welfare results as the

certainty tax results.*

This chapter presents a differentiat incidence analysis of a cash flow consumption tax
versus a wage tax. Numerical calculations are presented using the non-expected utility
hypothesis. We present results for two cases a) the household acts in a risk neutral
manner due to intergenerational risk sharing and b) the household is concerned with the
uncertainty and takcs explicit account of the risky tax revenue uy using the optimal
certainty equivalent future consumption in the evaluation of risky tax revenue. The

certainty equivalent future consumption is endogenously determined from the preference

2 In his model a pre-payment wage tax is equivalent to a cash flow consumption tax
due to the usage of an ad hoc discount rate.

3 This argument was also presented earlier by Summers and Bulow (1984).
4 Implicit in the work of Hamilton is the assumption of perfect capital markets.
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structure of the household and used for tax revenue evaluation. We show that the welfare
gains from a cash flow consumption tax are large even if we positively discount the

uncertain tax revenue.

Section 8.2 discusses the preferences that will be used to conduct the differential
inci“ence study. Section 8.3 presents the closed form solutions. Section 8.4 discusses the
parameters used to simulate the welfare change. Section 8.5 presents numerical results
on the optimal decision variables in the no tax case. Section 8.6 examines the effect of
the tax systems on the choice variables. Section 8.7 sets out to measure the welfare
change. Section 8.8 presents numerical results on the welfare losses due to a move to a
wage tax system. Section 8.9 uses the certainty equivalent future consumption to evaluate
the risky cash flow consumption tax revenue and welfare losses are observed even if we

account for the risky tax revenue. Section 8.10 concludes and suggests future research.
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8.2. The Preferences

A differential incidence analysis requires us to work with explicit functional forms. All
studies that conduct a differential incidence study use the class of isoelastic von
Neumann-Morgenstern intertemporal expected utility function. We propose to conduct
the differential incidence analysis using the recently advanced generalized isoelastic multi-

period utility function which allows the separation of risk aversion and intertemporal

substitution,

The household is assumed to make choices between current and certainty equivalent
future consumption based on the elasticity of intertemporal substitution. The preference

are described by:

1
U(C,,CE(C)) = [Cl6 + SCE(C,)%°
The certainty equivalent of future consumption is given by:

1
CE(C)=[ E(C;) 1°

The first order condition with respect to current consumption:

€y = 8(1+RCEC) @ EC; ™)

The first order condition with respect to risk taking:

ECy'z) = 0
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8.3. Closed Form Solutions: The No Tax Case

In order to obtain closed forms solutions we assume two states of nature x, > 0 and x,
< 0 with probability of p and (1-p) respectively just as in chapter 4. Solving this
problem leads to an optimal consumption level, risk taking, savings and certainty
cquivalent which are linear in the endowment.’ In the no-tax world the optimal level

of current consumption is:®

C,(0) = b(rx,;x,p,5,8,0) Y

Where the function b, the factor of proportionality, represents average or marginal
propensity to consume. Marginal propensity to consume therefore depends on the
parameters of the model such as the risk aversion parameter, the intertemporal elasticity
of substitution parameter, on the risk free rate and on the distribution of the risky

returns. Similarly we obtain:

5 See appendix VII for the analysis.

® The Notation X(0), where X=C,,S,,8 etc, indicates that the decision rules are for
the no tax case. Generally the notation is X(t,), where h identifies the tax regime (i.e.
h=w.r,c, etc.)
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S = (1 - brx,x,p.8,a)) Y
a(0) = c(rx,x,.p,6,a) Y

B(O) - -g% - Blrp,a)

respectively, for total savings, optimal investment in the risky asset and proportional risk
taking. Proportional risk taking is evidently independent of the endowment income. More
interestingly, proportional risk taking is independent of the elasticity of intertemporal
substitution. This result is consistent with Svensson’s (1989) extension of the non-
expected utility in a continuous time framework. Proportional risk taking is determined
only by the degree of risk aversion and not the intertemporal elasticity of substitution.
The intertemporal elasticity of substitution affects the amount invested in the risky asset
(a type of savings), but not the fraction invested out of total savings. Finally, the
certainty equivalent future consumption can e expressed as a linear function of current

consumption expenditures:

CE(C,(0)) = k(rx,x,p,0,a) C,(0)

We find that certainty equivalent future consumption is a linear function of current

consumption.
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8.4. The Parameters of thc Model

We choose the parameters based on certain observed empirical regularities. The
elasticity of substituticn and the relative risk aversion parameter are allowed to vary

according to the following table:

" 1/(1-8) 5 .33 .09 .05 .01
“ v=1-a .5 .99 1.5 2 4

In this respect, our choice of the relative risk aversion parameter is made independently
of the elasticity of substitution. The relative risk aversion is assumed to vary between 0.5
to a maximum of 4. The elasticity of substitution is allowed to vary between .5 to .01

as was found by Hall (1988).

The Distribution of the asset, given the probability of the good state of 80% is shown

below:
r Xy X, E(x) E(z) v(x)
0.50 3.7906 -0.1623 3 2.5 2.5
0.50 3.8660 -0.4641 3 2.5 3
1.25 3.7906 -0.1623 3 1.75 2.5
1.25 3.866 -0.4641 3 1.75 3
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8.5. Numerical Simulation Results

We first present the results of the no-tax worid under the (r=.5,E(x)=3.V(x)=3)
distribution of asset returns. This will allow us to compare the sensitivity of our results
with the expected utility hypothesis. The table below shows the marginal propensity to

censume over various risk aversion and intertemporal substitution parameters.

Table 8.1: Marginal Propensity to Consume: (C,(0)/Y,MPC(0))

Intertemporal Elasticity of Substitution
.50 .33 .09 .05 .01

Relative 0.50 .683 732 .794 .804 812
Risk 0.99 645 .638 743 752 760
Aversion
Parameter 1.50 .621 .656 .703 11 17

2.00 .606 .636 .678 .685 691

4.00 .582 .610 .636 .641 .646

From the table we can observe that average propensity to consume is stable over various
parameters and ranges from a low of .58 to a high of .81. Marginal propensity to
consume falis with increases in relative risk aversion holding the intertemporal elasticity
constant. Also, marginal propensity to consume increases with a decrease in the
intertemporal rate of substitution. In contrast, the expected utility model would make the
following prediction. Decreasing the intertemporal elasticity of substitution would imply

that the relative risk aversion increases and marginal propensity to consume decreases.
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The next table shows total investment in both riskless and risky asset.

Table 8.2: Marginal Propensity to Save in the Assets (S(0)/Y, MPS(0))

Intertemporal Elasticity of Substitution

Relative
Risk
Aversion
Parameter

.50 33 .09 .05 .01
0.50 318 .268 206 .196 .188
0.99 .353 312 257 .248 .240
1.50 .379 344 298 .289 .283
2.00 .394 364 323 315 309
4.00 419 .396 .365 .359 354

We observe that as risk aversion increases more is invested in the combined risky and

safe asset. This occurs because the increase in risk aversion makes the investor concerned

about the future and this leads to a reduction in current consumption and encourages the

savings motive. The safe investment increases, and this outweighs the reduction in (lie

.

risky asset due to the increase in risk aversion. Also as the elasticity of intertemporal

substitution decreases the average propensity to invest in the assets falls. Total investment

in the assets is not independent of the parameters of risk aversion and elasticity of

substitution. Next table presents numerical figures on risky investment.
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Table 8.3: Marginal Investment in the Risky Asset (a(0)/Y,MPI(0))

Intertemporal Elasticity of Substitution
.50 .33 .09 .05 01

Relative 0.50 .483 410 313 .208 285
Risk 0.99 411 363 299 289 280
Aversion
Parameter 1.50 304 277 239 232 227

2.00 232 215 .190 .186 .182

4.00 112 .106 .098 .096 .095

As expected, risky investment falls with a higher relative risk aversion parameter. What
is interesting to note is that the risky investment varies inversely with the elasticity of
substitution as well. The smaller the elasticity of intertemporal substitution the lower the
amount invested in the risky investment. The amount invested in the risky asset depends
on both the elastic’ - of substitution and the risk aversion parameter. Table 4 examines
the riskless asset decision.

Table 8.4: Marginal Investment in the Riskless Asset

Intertemporal Elasticity of Substitution
.50 .33 .09 .05 .01

Relative 0.50 -.165 -.140 -. 107 -.102 -.098
Risk 0.99 -.058 -.051 -.042 -.041 -.039
Aversion
Parameter 1.50 .074 .068 .058 057 055

2.00 .162 .150 .133 130 127

4.00 307 .290 .267 .263 .259

First we observe that at a relative risk aversion below unity the individual borrows, and
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at relative risk aversion of greater than one the individual saves.” As expected,
investment in the riskless asset rises continuously as risk aversion increases.
Furthermore, as the elasticity of substitution decreases the amount invested in the riskless

asset falis. Table 5 shows the behaviour of proportional risk taking.

Table 8.5: Proportional Risk Taking

Relative Risk Aversion
5 .99 1.5 2.00 4.00

1.52 1.16 .804 589 .268

Proportional risk taking is independent of the elasticity of substitution. Proportional risk
taking is independent of the elasticity because both total savings and risky investment
change proportionally with the elasticity of substitution such that the ratio is constant. As
expected, proportional risk taking falls as relative risk aversion increases. This happens
because risky investment falls and the total investment rises with increased risk aversion.
Preportional risk taking plays an important role in computing the weighted average rate
of return that previous researchers have used. Next in table 6 we show the weighted

average discount rate that Hamilton (1987) and Zodrow (1993) have used.

” The CRRA and CIES assumptions guarantee no bankruptcy (See Zeldes (1989)).
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Table 8.6: Weighted Average Return on Investment

Relative Risk Aversion
.5 .99 1.5 2.00 4.00
4,302 3.410 2.509 1.973 1.169

The weighted average return on investment is independent of the elasticity of substitution
also. In addition the weighted average return falls as relative risk aversion increases. This
makes the gap between the risk free rate and the weighted average return smaller. In the
limit as relative risk aversion increases household does not invest in equity and the
weighted average return will equal to the risk free rate.® However, it is clear that for a
plausible values of relative risk aversion, say 2, the weighted average rate will lcad to
discounting the tax revenue at a very high rate vis-a-vis the risk free rate. The ratio
between the weighted average and the risk free rate is close to 4 times. Due to the

preference structure we next calculate the certainty equivalent future consumption.

8 In the limit, what can be said about the social discount rate? What can be said
about equivalence? It is obvious that if households are very risk averse taxation has no
insurance elements.
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Table 8.7: Certainty Equivalent Future Consumption (CE(C,)/Y)

Intertemporal Eiasticity of Substitution
.50 33 .09 .05 .01

Relative 0.50 1394 |  1.178 904 861 824
Risk - 0.99 1.128 .997 822 793 768
Aversion
Parameter 1.50 .965 .882 .762 741 724

2.00 .886 819 726 710 .696

4.00 767 127 .668 .658 .650

The certainty equivalent future consumption behaves as expected. As the degree of
intertemporal substitution decreases certainty equivalent future consumption also
decreases. Certainty equivalent future consumption is used for substitutability with
current consumpticn. Also certainty equivalent varies with risk aversion. As expected,
an increase in risk aversion increases the risk premium, thus reducing certainty equivalent
future consumption. It is seen that only for = O the certainty equivalent future and

current consumption appear to converge.

Concluding this section we can summarize our findings as follows. First, all variables
are found to be stable over all parameter values. A decrease in the intertemporal
elasticity of substitution will increase current consumption and rcduce savings, risky and
riskless ‘rvestment, and certainty equivalent future consumption. Proportional risk taking,
it is to be noted, is independent of the elasticity of intertemporal substitution. As the

relative risk aversion parameter increases, current consumption falls, risky investment
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and proportional risk taking also fall. Finally, as expected, certainty equivalent future
consumption falls with risk aversion. However, as relative risk aversion increases total

savings and riskless investment increases.
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8.6. The Tax System’

8.6.1. A Cash Flow Consumption Tax

The cash flow consumption tax affects the intertemporal budget constraint the following

way:

c v 2oLy, @,
(1+nr) (1 +t,) (1+n)

The consumption tax does not create intertemporal distortions; the effect of a cash flow
consumption tax is to reduce current consumption by an income effect. This occurs such
that gross consumption remains unchanged. The consumption tax by affecting the return
to risk taking causes a positive substitution effect of the Domar-Musgrave type and a
negative income effect. The total effect on risk taking activity is zero, under the joint
assumption of CRRA and CIES. The positive substitution effect cancels out with the
negative income effect. Private risk taking decreases, however, leading to a divergence

between social and private risk taking. Savings also remain unaltered.

° The comparative static results of this section are also derived in Ahsan (1989)

using the expected utility model. Since these taxes do not create any intertemporal
distortions but only wealth and portfolio re-allocation effects, the non-expected utility
model does not provide an answer to the quertion of which parameter, elasticity of
substitution or risk aversion, does the effect of taxation policy operate through. Earlier
we found that the taxation of capital income operates through the elasticity of
substitution, and not the risk aversion parameter. The role of the risk aversion parameter
was to determine the tnagnitude but not the direction.
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8.6.2. A Modified Wage Tax™®

A Wealth tax or "Modified Wage Tax" affects the intertemporal budget constraint the

following way:

C az
C 2 = (1-p (Y
v (1+r) (-9 (¥ + (1+r)

)

The wealth tax, much like the cash-flow consumption tax, does not create intertemporal
distortions. Current consumption is of course reduced by an income effect. The wealth
tax, as with the consumption tax, affects the return and variance of the risky asset. Risk
taking does not get affected with a modified wage tax under the twin assumptions of
CRRA and CIES. Private risk taking decreases with the imposition of a wealth tax. The

difference between this tax and the cash flow consumption tax lies on savings. Savings

' In this section MWT is not necessarily treated as equivalent to the cash flow
consumption tax. As discussed earlier, equivalence depends on the evaluation of the risky
tax revenue. Here we are concerned only with the positive impact of a wealth tax.
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decline with a wealth tax.'' Proportional nisk taking increases with a wealth tax since
risky investment remains unchanged and savings decline. Individuals hold a riskier

portfolio.

"' This is the well known difference in the time path of taxes. Under the wealth tax
(as with the wage tax) the agent pays in the first period a fraction of his endowment
income t, Y, while under a cash flow consumption tax he pays t.C, in the first period and
t.C, in the second period. Given the consumption choice, the individual saves more under
the cash flow in order to pay the higher tax in the second period. There can be
controversy over the modified wealth tax and cash flow consumption tax also. Which
method would a rational household prefer? In the case of perfect capital markets both
methods are identical but as was pointed out correctly by Atkinson and Stiglit.. (1980),
preference to a particular structure depends on capital market imperfections. Atkinson
and Stiglitz argue that a cash flow consumption tax will be preferred if the houschold is
faced with liquidity constraints. The household that faces a borrowing constraint prefers
the cash flow consumption tax method, because under this method the household can alter
his tax liability by consuming less today and investing the proceeds in a lumpy project.
The lower current tax liability will be invested in a risky asset. This option is not
available with a pre-payment wage tax.
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8.6.3. A Wage Tax (Endowment) Tax:

Under the wage tax the intertemporal budget constraint is given by:

c
C, +—2-=(l-1)y+-2
TR e

Since the pre-payment wage tax falls on endowment we do not expect this tax to cause
any distortions. The comparative static analysis of the problem leads to the following
results. The wage tax does not create any intertemporal distortions much as the cash flow
consumption tax; the effect of a wage tax is to reduce current consumption by an income
effect. The wage tax, in contrast to the cash flow consumption tax, does not affect the
return to risk taking and has no substitution effect of the Domar-Musgrave type . The
endowment tax only has a negative income effect. A wage tax discourages risky asset
holdings. The tax causes the same negative impact on private risk taking. One does not

need to differentiate between social and private risk taking with this tax system.
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The following table summarizes the findings of the three tax systems:

VARIABLES NO CONSUMPTION WEALTH WAGE
TAX TAX TAX TAX
Risk Taking a0) a(t)=a(0y a(0) (1-,)a®
Consumptio, C, (O C,(0)/(1+t.) (1-0COM (1)C, (D
Savings S(0) S(t)=8(0) (1-1)S(0) (1-1,)8(0)
Proportional B©O) Brt)=5(0) BOY/(1-1) B(0)
Risk Taking

In summary, the pre-payment approach (without the inclusion of capital gains) to
implementing a consumption tax causes a reduction in current consumption, savings and
the amount invested in the risky asset. The pre-payment wage tax leaves proportional risk
taking unchanged.”” The cash flow consumption tax does not affect the amount of
invested in the risky asset and savings, but decreases current consumption. The wealth
tax, on the other hand, reduces consumption and savings, but leaves risky investment

unchanged. Consequently, proportional risk taking increases with a wealth tax.

12 In a discussion paper version of Ahsan (1989), he recognized that a wage tax
relative to a consumption tax, and under CRRA preferences, leads to lower values of
these functions. This being independent of the chosen values of the pre-tax savings and
risk taking activity.
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8.7. The Welfare Measurement

In order to measure welfare losses that arise from the tax change we will use the
compensating variation principle. The compensating variation is defined as the change
1in wealth required to maintain the individual at the same level of utility holding constant

the value of tax revenue.

We start from a cash flow consumption tax and compute the optimal levels of current
consumption, savings, risk taking activity, and certainty equivalent future consumption'?
over various values of the risk aversion parameter and the elasticity of substitution.'
Furthermore we compute the maximized value of the non-expected utility function. The

maximized utility level arising from a cash flow consumption tax is given by:

V(C,(t),CE(C,y(2))) = ?1-%-)- W(t,) V(C(0),CE(C0)))

where V(C,(0),CE(C,(0))) is the indirect utility with no tax and W(t,) is the endowment
of the household under a consumption tax. The cash flow consumption tax reduces the

maximized non-expected utility level by the factor of (1+t)' relative to the pre-tax

P Notice that a cash flow consumption tax also reduces the certainty equivalent
future consumption level because of the income effect.

" The effect of this tax on the decision variables was analyzed in the previous
section. Basically a cash flow consumption tax leaves unchanged savings and the amount
invested in the risky asset. The cash flow tax like the prepayment wage tax leaves
unchanged proportional risk taking. Proportional risk taking increases only with a
modified wage tax. The pre-payment wage tax discourages both savings and the amount
invested in the risky asset.

188



maximized non-expected utility level. For a given t we then evaluate the risky tax

revenue and compute equal value wage tax rates. The equal value tax revenue wage tax

rates:

) = (1 - S PR

(1+1) Y 1+ p)

The equal value wage tax rates depend on risk aversion and the elasticity of substitution
in contrast to the certainty model whereby equal value wage tax rates are set such that

they are always equal to t.(1+t)".!

Next we use these equal value wage tax rates and compute the compute the maximized
levels of current consumption, savings, risk taking activity, and certainty equivalent
future consumption with a pre-payment wage tax without the inclusion of the capital
gains. Finally, we compute the maximized value of the non-expected utility function with

a wage tax:

V(C\(t,),.CE(C,(t,)) = (1-1,) W) V(C,(0),CE(C,(0)))
Equating the two indirect utilities and solving for the relative wealth terms yields the

compensating variation measure:

15 This equation is obtained by setting the value of the risky tax revenue equal to the
value of the revenue from the wage tax and solving for the wage tax. The wage tax will
be a function of the initial consumption tax, savings, proportional risk taking, the social
discount rate and the weighted average rate of return.
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W) 1
W) - ))(1+t)

A movement to a wage tax base will fead to welfare losses if W(t, *(tc)) > W(t), that
is if the individual requires a higher initial endowment level in the new system (i.e the
pre-pavment wage tax version) than in the cash flow consumption tax system.'
Substituting the equal value wage tax rates into the welfare measurement we obtain:

wit,) ) 1
wi(t,)

L+r+B(t )E()

1+t MPS(t) [1 -
. MPS(t) | T

where MPS(t,) is marginal propensity to save with a cash flow consumption tax.

Proposition 8.1: If the social discount rate is equal to the weighted average rate then the
equal value wage tax is set equal to t(1+t)" and welfare remains unchanged from this
tax substitution.

Proposition 8.2: If the social discount rate is lower than the expected weighted average
discount rate, the individual will require a higher initial endowment in the wage tax (i.e.,

W(t,) > W(t)) in order to be compensated. The pre-payment wage tax rate will lead to
welfare losses.

As long as the social discount rate is lower than the weighted average rate there are
welfare losses from a switch to a pre-payment wage tax. If the social discount rate is

equal to the risk frec rate then a higher initial consumption tax rate will increase the

' We could have compared the relative indirect utility levels under the two tax
systems as in Ahsan (1989). The qualitative results would be the same.
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welfare losses of a wage tax. A higher consumption tax rate will shift more of the risk
onto the government constraint, and to future generations, and less on the households
alive today."” Furthermore, a reduction in the elasticity of substitution will decrease the
welfare losses of a wage tax. This happens because as elasticity of substitution decreases,
so does the proportion saved. An increase in the relative risk aversion parameter reduces
the welfare losses of a wage tax. Recall that as the relative risk aversion increases
proportional risk taking falls; in the limit the weighted average discount rate collapscs
to the risk free rate and ‘hen the model becomes certain since risky investment is zero.
Furthermore, as relative risk aversion increases savings also increase, but the reduction
in proportional risk taking is much stronger. This implies that the welfare gains of a cash
flow consumption tax will accrue to the less risk averse households. Using the risk free
rate as the social discount rate the welfare losses become:
W) _ 1

w(,) 1y MPI(t )E(2)
C o1+

where MPI(t.) is marginal propensity to invest in the risky asset.

Proposition 8.3: The welfare losses of a wage tax are at a maximum if the social
discount rate is the risk free rate.

17" Of course this implies that the welfare gains are maximized at 100% consumptio,
tax rate, However, if we allow labour - leisure choice then the consumption tax rate will
be less than 100% and greater than zero. This occurs because the distortionary effect of
a consumption tax on labour-leisure choice are equated to the insurance effects of a
consumption tax.
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The welfare losses arise because with the risk free rate as a social discount rate the state
can raise more revenue in present value terms than a wage tax set at a rate of t.(1+t.)".
A wage tax set at a rate of t,(1+t,)" yields equal utility with the cash flow consumption
tax if the social discount rate is equal to the weighted average rate. Since more expected
present value revenue can be raised with a cash flow consumption tax, the wage rate has
to increase to satisfy the equal expected present value tax revenue criterion. This increase
in the wage tax rate reduces utility and individuals demand a higher compensation
because of the tax change. Households would be indifferent between a cash flow
consumption tax and the wage tax if the state, in a wage tax system, gave them back the
expected present value tax revenue from the risk premium which was generated with a

cash flow consumption tax.

8.8. Numerical Results on Welfare Change

A consumption tax rate of 33% and a social discount rate equal to the risk free rate

yields the following equal value wage tax rates:
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Table 8.8: Equal Value Wage tax Rates (r=.50,E(x)=3,V(\)=13)

Intertemporal Elasticity of Substitution
.50 .33 .10 05 01

Relative 0.50 0.448 0.417 0.379 0.372 0.360
Risk 0.99 0.418 0.398 0.473 0.368 0.364
Aversion
Parameter 1.50 0.374 0.363 0.348 0.345 0.342

2.00 0.344 0.337 0.327 0.3.7 0.324

4.00 0.294 0.292 0.289 0.288 0.287

Examination of the equal value wage tax rates shows very stable valucs across all the
relative risk aversion and elasticity of intertemporal substitution parameters. Zodrow
(1994) argues that even if the individuals use the safe rate of return to discount the risky
tax revenue, Ahsan’s "modified wage tax" is not the only mecthod to "design a wage-tax
system that is equivalent in present value terms to the cash flow consumption tax".
Zodrow argues that one can increase the pre-payment wage tax unul the government
obtains the same revenue as under the cash flow tax. This is precisely what is done
above. However this wage tax is more burdensome to the houschold than a cash flow
consumption tax. The pre-payment wage tax under certainty is equal to 25% for a 33%
cash flow tax. If the social discount rate is equal to the weighted average ratc a 2%
wage tax would yield equal expected utilities from the two taxes cven under uncertainty.
For example a household that has an elasticity of substitution of .01 and a relative risk
aversion of 2, the equal value wage tax rate is 32.4%. The very high equal valuc wage
tax rates shown in table 1 reduce the households pre-payment wage tax utility relative to

the utility level obtained with a cash flow consumption tax. The welfare losses from
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switching to a wage tax are shown below:

Table 8.9: Welfare Losses (r=.50,E(x)=3,V(x)=3)

Intertemporal Elasticity of Substitution

Relative
Risk
Aversion
Parameter

.50 33 10 .05 .01
0.50 1.362 1.289 1.211 1.197 1.186
0.99 1.292 1.249 1.199 1.189 1.182
1.50 1.201 1.180 1.152 1.150 1.143
2.00 1.146 1.134 1.117 1.114 1.111
4.00 1.066 1.062 1.057 1.056 1.055

The welfare losses range from a low of 5.57% to a maximum of 36%. For a household

who's elasticity of substitution is .01 and relative risk aversion of 2, the welfare losses

arc estimated to be 11%. These welfare losses are large compared to the welfare losses

in the existing literature on uncertainty and taxation policy. The welfare losses fall as the

intertemporal elasticity of substitution decreases. As the intertemporal elasticity of

substitution decreases, the investment in the risky asset falls, reducing the welfare losses.

On the other hand as relative risk aversion increases less is invested in the risky asset

causing a reduction in the welfare losses of a wage tax. A mean preserving decrease in

the variance causes the followine effects on welfare icsses:
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Table 8.10: Welfare Losses (r=.50,E(x)=3,V(x)=2.5)

Intertemporal Elasticity of Substitution
.50 33 A .05 .01

Relative 0.50 1.547 1.401 1.263 1.241 1.224
Risk 0.99 1.456 1.367 271 1.254 1.241
Aversion
Parameter 1.50 1.302 1.261 1.212 1.202 1.195

2.00 1.211 1.189 1.161 1.155 1.151

—_
4.00 1.088 1.082 1.075 1.073 1.072

A mean preserving decrease in varicnce tends to increase the welfare losses of a wage
tax. This occurs because of the increase in risk taking activity and savings. The welfare
losses of moving to a pre-payment wage tax are very sizeable. For example a household
with a relative risk aversion parameter of 2 and an elasticity of suostitution of .01 the
welfare losses amount to 15%. In the next table we show how an increase in the risk free
rate affects the welfare losses of a wage tax. This case can be associated with an

increased risk premium on government bonds.

Table 8.11: Welfare losses (r=1.25,E(x)=3,V(x)=2.5)

Intertemporal Elasticity of Substitution

50 33 .09 .05 01
Relative 0.50 1.143 1.119 1.091 1.086 | 1.082
Risk 0.99 1.110 1.094 1.076 1.072 | 1.070
Aversion
Parameter 1.50 1.078 1.069 1.057 1.055 1.053
2.00 1.060 1.053 1.045 1.044 | 1.042
4.00 1.030 1.027 1.023 1.023 | 1.022
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As expected, the welfare losses of a pre-payment wage tax fall with an increase in the
social discount rate. The welfare losses are still in the range of 2% to 14%. Comparing
two households that differ in risk aversion we can state that the less risk averse
households, as measured by the risk aversion parameter, have a stronger preference
towards a cash flow consumption tax. Only for the highly risk averse households that do
not undertake risky activities is the imposition of the tax through the cash flow approach
or pre-payment approach is a matter of irrelevance.' The less risk averse investors
undertake more risk and therefore are exposed more to "social" or "market" risks. The
next table shows the welfare losses under the initial distribution. The welfare losses
decrease rather slightly relative to the previous table because risk taking is less now, due
to the increase in variance.

Table 8.12: Welfare Losses (r=1.25,5(x)=3,V(x)=3)

Intertemporal Elasticity of Substitution
.50 32 .09 .05 .01
0.50 1.118 1.100 1.078 1.074 |  1.071
g;fslﬁtive 0.99 1.087 1.076 1.063 1.060 |  1.058
Aversion 1.50 1.063 1.056 1.047 1.045 1.044
Parameter 2.00 1.048 | 1.043| 1.037| 1.036] 1.035
4.00 1.024 1.022 1.019 1.018 1.018

' They might have a preference towards a pre-payment wage tax due to
administrative simplicity.
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8.9. Risk Aversion Evaluation and Further Numerical Results

We also conduct the differential incidence analysis using the certainty equivalent of future
consumption to discount the risky tax revenue. This method takes into account the
riskiness of the tax revenue. But instead of relying on some asset pricing model and the
market efficiency hypothesis, we use the certainty equivalent future consumption which

is derived from the optimization problem of the household.

We start again from a cash flow consumption tax and compute the optimal levels of
current consumption, savings, risk taking activity, and certainty equivalent future
consumption over various values of the risk aversion parameter and the elasticity of
substitution. Furthermore we compute the maximized value of the non-expected utility
function. We then evaluate the risky tax revenue from a cash flow consumption tax
using the certainty equivalent future consumption choice. The certainty equivalent tax

revenue of a cash flow consumption tax is:

CE(C,,(t))

R = +
§ 1 Gl + e

where CE(C,,(t.)) is the certainty equivalent future consumption as a function of the
consumption tax rate. Setting this tax revenue equal the tax revenue under a wage tax

yields the following equal value tax revenue wage tax rates:
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CE(C,(¢
Cl(tc) * (1 +2: C))

t, =t [ " ]

The equal value wage tax rates also depend on risk aversion and the elasticity of
substitution, and are not independent as in the certainty model whereby equal value wage
tax rates are set such that they are always equal to t,(1+t,)"'. Assuming a consumption
tax rate of 33% yields the following equal value wage tax rates for the distribution of

returns of (r=.5,E(x)=3, V(x)=3):

Table 8.13: Equal Value Wage tax Rates (r=.50,E(x)=3,V(x)=23)

Intertemporal Elasticity of Substitution
.50 .33 .10 .05 .01

Relative 0.50 0.400 0.376 0.348 0.342 0.338
Risk ' 0.99 0.347 0.336 0.321 0.318 0.316
Aversion
Parameter 1.50 0.315 0.310 0.301 0.299 0.298

2.00 0.297 0.293 0.288 0.287 0.286

4.00 0.271 0.270 0.268 0.268 0.267

First, the equal value wage tax rates are very high relative to the wage tax rate of 25%
under certainty. The equal value wage tax rates are very stable across all the relative risk
aversion parameters and elasticity of intertemporal substitution parameters. Uncertainty
is taken into account by using the certainty equivalent future consumption. Again high
wage tax rates are very burdensome to the household. They discourage the optimal
decision variables of the households. The wage tax rate of 25% obtained under certainty

is achieved only for households that have an extremely high risk aversion behaviour.
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From the table it is even possible, in this mode} of uncertainty and portfolio choice, that
the equal value wage tax rate increases above the consumption tax rate. This occurs
because of the sizeable tax revenue the government receives from a cash flow
consumption tax revenue. As stated previously, the pre-payment wage tax under certainty
is equal to 25% for a 33% cash flow tax. The very high equal value wage tax rates
shown above reduce the households welfare relative to the welfare level obtained with
a cash flow consumption tax. What is different with this analysis is that we have taken
explicit account of the risky tax revenue and still obtain very high equal value wage tax
rates. As shown previously, if we had used the expected present value of the tax revenue
using the risk free rate the equal value wage tax rates were even higher than these. For
example for a relative risk aversion parameter of 2 and an elasticity of substitution of
.01 the equal value wage tax rate is 28.6% using the risk aversion approach while the
risk neutral evaluation yields 32.4% wage tax rates. These rates correspond to a cash

flow consumption tax of 33%.

Once the equal value wage tax rates are computed we determine the optimal
consumption, savings, risk taking and certainty equivalent future consumption using these
equal value wage tax rates. The effect of these high wage tax rates is to greatly dampen
the optimal decision values. Next we compute the indirect utility function using these new
values and compare the two indirect utility functions The relative welfare levels depends
on the compensating variation principle and is given by:

Again a movement to a wage tax base will lead to welfare losses if W(t,(tc)) > W(L).
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In other words, the individual would require a higher initial endowment level in the new

system (i.e the pre-payment version) than in the cash flow consumption tax system to be

equally well off.

The welfare losses from switching to a pre-payment wage tax are shown below:

Table 8.14: Welfare Losses (r=.50,E(x)=3,V(x)=2.5)

Intertemporal Elasticity of Substitution
.50 .33 10 .05 .01

Relative 0.50 1.375 1.284 1.191 1.176 1.164
Risk _ 0.99 1.217 1.181 1.138 1.130 1.124
Aversion
Parameter 1.50 1.132 1.116 1.096 1.093 1.089

2.00 1.092 1.083 1.072 1.070 1.068

4.00 1.040 1.037 1.034 1.034 1.033

The welfare losses range from a low of 3% to a maximum of 38%. In addition, given
the elasticity of substitution is .01 and relative risk aversion around 2 the welfare losses
are estimated to be 7%. For the same values the risk neutral evaluation yields a welfare
loss equal to 15%. The welfare losses again fall as the intertemporal elasticity of
substitution decreases and as the relative sisk aversion increases. Notice that for a fixed
risk aversion parameter the decrease in the elasticity of substitution to zero still yields

welfare losses under a pre-payment wage tax.
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Examining a mean preserving increase in the variance yields the following welfare losses:

Table 8.15: Welfare Losses (r=.50,E(x)=3,V(x)=3)

Intertemporal Elasticity of Substitution

Relative
Risk
Aversion
Parameter

.50 .33 N .05 .01
0.50 1.253 1.206 1.152 1.143 1.135
0.99 1.152 1.132 1.107 1.102 1.099
1.50 1.097 1.087 1.075 1.073 1.071
2.00 1.070 1.064 1.057 1.055 1.054
4.00 1.032 1.030 1.028 1.027 1.027

A mean preserving increase in variance tends to reduce the welfare losses of a wage tax.

This occurs because of the reduction in risk taking activity and savings. However, the

welfare losses still persist and are sizeable. Finally in the next table we show how an

increase in the .isk free rate affects the welfare losses of a wage tax.

Table 8.16: Welfare Losses (r=1.25,E(x)=3,V(x)=3)

Intertemporal Elasticity of Substitution

Relative
Risk
Aversion
Parameter

.50 .33 .09 .05 01
0.50 1.081 1.070 1.055 1.052 1.050
0.99 1.050 1.044 1.037 1.035 1.034
1.50 1.035 1.031 1.026 1.025 1.024
2.00 1.026 1.023 1.020 1.019 1.019
4.00 1.013 1.012 1.010 1.010 1.009

As expected, the welfare losses of a wage tax fall with an increase in the discount rate.

The welfare losses are in the range of 1% to 8%.
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8.10. Conclusion

It is well known that in the world of certainty and under the assumption of perfect capital
markets the switch irom a wage tax to a consumption tax will not affect the weit of
the household. The two taxes are equivalent in their effect on the budget constraint.
However, the effect on savings is not the same since the time path of the tax revenue is

different."

Under uncertainty, however, there is an additional difference in the two tax systems if
the risk arises from uncertain capital income. The difference is that the tax revenues
under a consumption tax are uncertain while that of a wage tax are certain. The role of
the state may become that of a risk sharing partner. If the household does not hold a fully
diversified portfolio of assets s/he will prefer the cash flow approach to the
implementation of a consumption tax. Alternatively, if the household invests in ai asset
that is perfectly correlated with the market portfolio then the cash flow consumption tax

and the pre-payment wage tax may turn out to be equivalent as under certainty.

1 Atkinson and Stiglitz (1980) argued that a household will prefer the cash flow
consumption tax over the pre-payment wage tax method if s/he faces borrowing
constraints and an investment opportunity appears in the future. According to them if a
"lumpy" investment project (e.g, to start a business) becomes available the household,
under a consumption tax, has the option of reducing her (his) tax bill by consuming less
and investing the proceeds in the project. This option is not available under a pre-
payment wage tax.
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For illustration consider the following Pareto improvement example under uncertainty.
Individuals that hold undiversified portfolios would be willing to pay a higher price for
the "risky" cash flow consumption tax revenue. For the investor that holds the market
portfolio the "risky" cash flow consumption tax revenue is perceived as a "risky" bond
that is a perfect substitute with the "risky" asset. Hence the price of the "risky" note will
be lower for an investor that holds the market porifolio. For the pertectly diversified
investor the implementation of a consumption tax as a cash flow or wage tax prepayment
version is a matter of irrelevance since his welfare is unaffected by the method of
imposition of the tax. However, for the individual that does not hold a completely
diversified portfolio these "risky" notes will reduce the portfolio risk. Hence, this
investor is willing to pay a higher price for the "risky" bonds. Hence if an economic
system, contains both types of investors, then the undiversified investors are strictly
better off with a cash flow consumption tax whereas the investor that holds the market
portfolio i< just as well off with a cash flow version or a pre-payment wage tax version
of a consumption tax. Hence a pareto optimal improvement in resources can be achieved

via a cash flow consumption tax.

In addition, we have shown that even if the household holds the "market portfolio” there
is a role for the state. This comes from the intergenerational risk sharing argument of
Gordon and Varian (1988). All generations will participate in the current lottery or
current "market” (or "social") risks with each generation, either living or yet to be born,

bearing an arbitrary small share. The connection of the risk sharing arrangecment operates
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from the loss offset provisions of tax policy and transfers the risks via a stochastic

government budget balance onto future generations.
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Chapter 9

Human Capital and Taxation Policy

9.1. Introduction

Human capital investment has unambiguously contributed to welfare and economic
growth. Individuals investing in human capital acquire skills and knowledge. The
acquisition of skills and knowledge is a significant factor in explaining the increued rate

of economic growth and living standards. (See Becker (1964), Schultz (1971)).

The early economics literature dealing with human capital theory focused attention on
decisions made under complete certainty ( Becker (1964), Schultz (1971). It is well
known that human capital decisions involve considerable risk and uncertainty.! In
addition to uncertainty the decision maker is faced with imperfections in the capital
market making it difficult if not impossible to borrow capital funds to finance the

expenditure.

When householc: make decisions about investing time to acquiring skills and knowledge
in order to increase their earning capacity, and thereby attain better future consumption

opportunities, they incur not only considerable costs in terms of foregone current

! The theory of human capital under uncertainty was elegantly presented in a

pioneering study by Levhari and Weiss (1974). They examined the effects of increased
uncertainty on human capital investment decisions.
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eamnings but are also faced with an uncertain stream of future earnings.

The uncertainty of human capital eamings fall into the following main categories.
Quality of the services received from schooling are not precisely known at the time of
the decision; also the decision maker has imperfect knowledge of the value of his
abilities. Second, changing economic environments make the earnings capacity from
human capital uncertain. Will human capital accumulation provide higher income and
better employment opportunities given that unpredictable events alter future demand and
supply conditions ? 2 The former is known as input uncertainty and the latter is output

uncertainty.

In the face of an uncertain stream of future earnings it is also of importance to stress t e
imperfections in the capital market to provide funds for human capital investment. This
has been discussed extensively ( Becker (1964), Nerlove (1972), Stigler (1971),
Schultz (1971), Friedman (1962), Friedman and Kuznets (1945) ). Freidman (1962)

makes clear the failure of the market to provide funds:

"A further complication is introduced by the inappropriateness of fixed money loans to
finance investment in training.  Such an i.vestment necessarily involves much
risk....Consequently if fixed money loans were made, and were secured only by expected
future earnings, a considerable fraction would never be repaid. In order to make such
loans attractive to lenders, the nominal interest rate charged on all loans would have to
be sufficiently high to compensate for the capital losses on the defaulted loans. The high
nominal interest rate would both conflict with usury laws and make the loans unattractive

2 Another uncertainty an individual faces is the length of working life.
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to borrowers. The device adopted to meet the corresponding problem tfor other risky
investments is equity investment plus limited liability on the part of the shareholders.
The counterpart for education would be to "buy" a share in the individual's earning
prospect: to advance him the funds needed to finance his training on condition that he
agree to pay the lender a specified fraction of his future earnings...One way to achieve
this result is for the government to engage in equity investment in human beings.... The
individual in return would agree to pay to the government in each future year a specified
percentage of his earnings .... This payment could easily be combined with payment of
income tax and so involve a minimum of additional administrative expense.”

The failure of the market system due to the existence of severc moral hazard to provide
insurance against the unforeseen future events has led to government intervention to
reduce uncertainty and correct capital market imperfection through uncmployment
insurance benefits, income-contingent loan-repayment programs and taxation policy.
Freidman (1962) suggests that private contracts do not exist because of the large
transaction costs and argues for government intervention to improve the market

imperfections in such a way as to make capital available.

This chapter deals with the effects of taxation on risky human capital investments.
Examination of the impact of taxation on human capital investment when the returns are
uncertain has been very limited coinpared to the amount of research devoted to the
investigation of taxation and physical capital. A decision model which includes both
physical and human capital investment decisions wiil provide more insight to tax policy
analysis. The effects of taxation policy on human capital are important for the following
reasons. First, taxation policy may have an important and large impact on the quality

of the work force as well as an effect on the amount of work effort as measured by
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"hours of work"” (Eaton and Rosen (1980b)).  Secondly, income contingent
loan-repayment programs that help finance higher education might be financed from
payment of taxes ( Freidman (1962)). Finally, taxation policies that discourage human
capital investment will inevitably lead to a reduction in economic growth and welfare

(see Becker (1964), Schultz (1971)).

Section 9.2 presents the model that is used to investigate the effects of alternative tax
policies. Section 9.3 examines the wealth etfects on the decision variables. Section 9.4
examines the impact of four well defired taxes on physical and human capital
investments. These are, respectively, a cash flow consumption tax, a pre-payment wage
tax, an interest tax, and an income tax. Furthermore, the utility compensated effects of
taxation policy will be presented. The comparative static results will be based on the
common assumptions of risk averse behaviour, namely the hypothesis of non-increasing
absolute risk aversion and non-decreasing relative risk aversion. In Section 9.5 we

conclude the analysis of taxation policy on human capital investments.
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9.2. The Model and Preferences

In a pioneering study, Levhari and Weiss (1974) examined the effects of uncertainty on
the investment in human capital. They developed a two-period Fisherian model where
future wages are stochastic and conditional on the investment in human capital. This
model is somewhat analogous to that of Leland (1968), Sandmo (1968) and Dreze and
Modigliani (1972) analyzing the problems of portfolio-savings choice under uncertainty.
The originality of their analysis is that the return to human capital is conditional on the
amount of human capital investment and on the state of the world. The dependence of
the return on the magnitude of human capital investment makes the model different from
the portfolio/savings rmodel, where typically the return is independent of the amount of
investment. Therefore, taxation policies analyzed for non-human capital investment

decisions may not bear any close relation to the effects on human capital investments.

In the first period the representative individual is endowed with exogenous income Y,
which (s)he allocates to current consumption C,,, investment in non-human capital §,,,
and human capital investments wH;,. The investment in human capital is expressed in
terms of foregone earnings. Letting w be the wage rate per unit of time and H,, the
amount of time spent on human capital from a total time endowment of H,, the foregone
earnings in the first period is Why,. More formally the first period constraint is given
by: C,, = Y, - Why, - §,, where Y, is an excgenous level of income , i.e., Y, = W, +

Why,,
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In the second period the individual earns income from the investment in human capital.
These earnings depend on the amount of time spent on accumulating human capital (H;,)
and on the state of uncertainty u,,. Future human capital earnings are given by:
. F(H,), where F(H,) is the human capital production function. The technology is
assumed to be known. The human capital production function is characterized by
positive and diminishing marginal returns to human capital represented by F’ > 0 and
F" < 0, respectively. The variable p,,, represents the random element entering in a
multiplicative way.? The random variable u,,, lies in the closed interval [a,4,8,.,] With
mean E(u). The random variable affects future earnings and marginal returns positively.
These assumptions have been used by various researchers (e.g. Levhari and Weiss

(1974), Eaton and Rosen (1980), Hamilton (1987), Brown and Kaufold (1988)).*

Proceeds for future consumption are also obtained from future exogenous income, Y,,,
and non - human capital investments, S;(1+r), where r is the certain rate of return.
More specifically, the second period constraint is given by: C, = Y, + p F(HY +

(1+1)S,, where C,, is future consumption.

' The multiplicative form has been used by Eaton and Rosen (1980a,b) for the input
uncertainty case. This form has also been used by Brown and Kaufold (1988) to study
the effects of unemployment insurance benefits on human capital investment. In the later
context the random element represents the proportion of time spent employed and is
determined by shocks to the economy. Therefore the shock represents output uncertainty.

* The assumption of the random variable affecting the marginal returns positively,
implies a positive correlation between marginal and average rate of return to human
capital. It also implies that as time allocated to human capital increases the variance of
future earnings increases, namely the so called principle of increasing risk.
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The individual is assumed to maximize his (her) satisfacuon from current and future
consumption by choosing the amount of human capital investment H,, and current

consumption C;,. More formally:

Max ¥ =g(C,) + E(K(Cy))

where g(C,) and h(C,) are well behaved continuous functions and have a positive

(g’,h’> 0) and diminishing marginal utility of current and future consumption ( g", h"

< 0).

An optimum allocation must satisfy the overall constraint obtained by combining the first

and second period constraints:

Cy Y, N w F(H))

Cp+t ==Y, + —
(1+r) (1+r) a+r

- wH" )

The first order conditions for an interior solution are given by:

g' - (1+r)E(h) =0

E(R' (g F'-w(@d+1r)) =0

or alternatively, we can write the second condition as follows:

E(h'z,,) =0

where z,,,={p.F’-w(1 +1)} represents the excess return on human capital investment.

The first condition states that at the optimum the marginal utility of current consumption
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is equal to the future value of expected marginal gain from future consumption. The
second condition states that at the optimum the expected marginal gain from human

capital is equal to that of physical capital in terms of their contribution to future

consumption.’

9.3 The Wealth Effects

The wealth effects can be determined and signed under the plausible hypothesis of
decreasing absolute and non-decreasing reladve risk aversion.® In particular, we can
show the following comparative static results.

For a non-borrower:

< a(S,,+wH,) <1

oy,

, 0

Under the DARA and N[ RRA assumptions savings, human capital and current
consumption are normal goods. An increase (decrease) in first period exogenous income

leads to an increase (decrease) in human capital, savings and current consumption. In

* An imerior solution is obtained if the expected return on human capital exceeds
the return from non human capital. The assumption of risk aversion is sufficient tc yield
an interior solution.

® Appendix 8Al. examines in great detail the wealth effects on the decision
variables.
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addition, these behavioral assumptions guarantee that marginal propensity to consume lies
between zere and one. Extending the analysis to a borrower, we cannot arrive at any
meaningful analytical results of income effects on borrowing, and current consumption
activity. However, if the individual is constrained not to borrow more than the present
discounted value of his future non-stochastic, non-human income then borrowing activity
decreases with increases in first period exogenous income under the assumptions of

DARA and NDRRA.

For a borrower who is constrained such that: B < Y,/(1+r), the comparative static

results are given by:

, 0 < G(S“in—”_)_ <1
aY,, oY, oY, oY

it

The imposition of constraints on borrowing by financial institutions causes the household

to view borrowing as an inferior commodity.



9.4. Taxation Policy and Decision Making
9.4.1. A Cash flow Consumption Tax

The post-consumption tax intertemporal budget constraint is given by:

Cy 1 Y, R B FH))

C, * = (Y, + - wH
(I+r)  (1+t) (1+r) (1+n)

lt))

As is well known. a consumption tax does not distort the relative price of current and
future consumption. Additional effects can also be detected from the imposition of the
consumption tax. First, in the absence of any compensation, the consumption tax reduces
the present discounted value of total human wealth thus creating income effects. Second,
the tax reduces the return and variance of the random future earnings. The latter effect
makes human capital more attractive on the margin relative to physical savings for a risk
averse individual. The overall effect of a consumption tax cannot be determined outright
because of the conflicting income and substitution effects. As it turns out, we need
additional restrictions corcerning the attitude towards risk in order to determine the

allocative effects of a consumption tax.

The first order conditions of the optimization problem are given by:

g' - (1+1)E(h)) = 0

The optimality conditions remain unaffected. This happens for two reasons. First, a

consumption tax does not alter the relative price of future consumption and therefore,
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does not create intertemporal distortions. Second, the tax reduces the expected rewrn
and the opportunity cost of human capital investment at the same rate, the tax does not

alter disproportionately the relauve return of human and physical capital.
Hicks Compensated effects of a Consumption Tax

The consumption tax reduces the households income. To obtain the compensated

expected-utility results we require that the households first period endowment be adjusted
ty the following amount:
F(H,)

ij—-lﬁf—=(l+t)'1'}’ LI (—~ -1)]
dt [ ¢ L op (1+r) 1r H F,

¢ It

The expected utility compensated effects of a consumption tax on human capital

investment is given by (see appendix 8A4.2):

M s
a, ¥

Proposition 9.1: Under the plausible behaviour of non-decreasing relative risk aversion
and non-increasing absolute risk aversion, the substitution effect on human capital is
positive.

Given the risk aversion hypothesis cited above, the substitution effect indicates an

increased willingness to undertake human capital investment. This increased incentive
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to undertaking the risky activity einanates from the shifting of risk to the state (i.e., the
reduction in variance). The tax lowers the random return and variance of human capital.
Since the risk averse individual is utility compensated s/he undertakes more investment
in the risky activity and hence less of the riskless current earnings.” We observe a result
similar to the Domar-Musgrave phenomenon. The Domar-Musgrave phenomenon, states
that the investor will increase the amount invested in the risky asset in order to encounter
the same post-tax probability distribution as prior to the tax imposition. The difference
between the present result and that of Domar-Musgrave hies on the dependence of the
random earnings on investment. The dependence of the average rate of return on the
investment (i.e., rate of return on investment is equal to (uF(H}/Wh)-1) ) allows the
individual to alter the moments of the probability distribution of the random earnings. An
increase in human capital investment results in a decrease in the average rate of return
to human capital. The adjustment, from the imposition of the tax, will be less than that
in the pure asset choice. One can notice that without diminishing returns to the risky

activity (i.e., if F"=0) we would exactly obtain the Domar-Musgrave phenomenon.

7 As was pointed out by Professor Belzil this phenomenon is in contrast to a large
class of dynamic models (search models) under uncertainty. In search models increasing
risk raises the level of investment in the risky activity. In the two period human capital
model examined in this paper the result is the opposite. In this model a m=an preserving
increase in variance of the risky income will reduce investment in the risky activity. In
this paper investment in human capital (tme spent in schooling) is a way of increasing
future consumption. A mean preserving increase in risk decreases the risky investment.
Risk aversc households will increase the riskless current earnings. Hence a utility
compensated wage tax reduces the vanability of returns and as a consequence the risk
averse household increases the time spent on accumulating human capital. This paper is
also concemed as to whether the DM phenomenon holds when the investment depends
on the amount invested. Future research should examine as to whether a wage tax affects
dynamic risky investment decisions (i.e., search models) under uncertainty differently.
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Differentiating (1+t.)" F(H) with respect to t, we obtain the effects of a consumption tax

on private risk taking:

H(1+1)™ F(H))
ot

[

lV:C < 0

Private risk taking unambiguously falls. Comparing this outcome with the portfolio
choice model we can state that the utility compensated effects of a consumption tax on
private human capital-risk taking decreases while that in portfolio choice models private

risk taking remains unchanged with a consumption tax.

A consumption tax has the following effect on current consumption.

oC
ot

c

1¢

lp > 0

Proposition 9.2: An expected utility compensated increase in the consumption tax Icads
to increased current consumption under decreasing absolute risk aversion.

The substitution effect is positive under the assumption of decreasing absolute risk
aversion causing an increase in current consumption.® This result depends on the
diminishing returns (i.e., F"* < 0) of human capital investment. Because of diminishing

returns and decreasing absolute risk aversion the tax creates a positive effect on current

8 Notice that under constant absolute risk aversion the substitution effect is nil. Also,
under the uncommon assumption of increasing absolute risk aversion the substitution
effect on current consumption is negative.
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consumption. This result is new and different from the portfolio choice model. In the
portfolio choice model no substitution towards current consumption occurs (See Ahsan
(1990)) since there is no intertemporal distortion and no dependency of returns on the

investment.

From the definition of savings, (i.e. S,, = Y,, - wH,, - (1+t)C,), the utility compensated

effect of a consumption tax on savings is given by:

as
= |p>0

[+

An expected utility compensated increase in the consumption tax leads to an unambiguous
increase in non-human savings. The discussion in the appendix indicates that there are
two opposite effects. The increase in human capital and current consumption leads to a
reduction in savings, however the first term, the income compensation, leads to an
increase in savings. Consumption tax leads to an increase in savings if the first term, i.e.,
income compensating effect, dominates. This is precisely what happens and we arrive at

proposition 9.3.

Proposition 9.3: An expected utility compensated increase in the consumption tax leads
to increased physical savings.

Finally, we examine the effect of the consumption tax on the expected future
consumption, and hence on the expected growth rate of consumption. The expected utility

compensated effect of the consumption tax on expected future consumption is negative
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since all other decision variables increase (i.e. physical capital, human capital and current

consumption).

Summarizing the discussion so far, we can state the following. An expected utility
compensated increase in the consumption tax leads to (a) an unambiguous increase in the
levels of human capital, current consumption and savings, (b) a reduction in expected

future consumption and the expected growth rate of consumption.
The Total Effects of a Consumption Tax

The specific effect of an increase in the consumption tax on the decision rules is:’

axlt axlr let axlt
= —l - —lvc 55
ot ot dt ) 9

c c [+

= Clt ’ Hlt ’ Slt

The first term on the right hand side represents the utility compensated effect of the
consumption tax and the second term captures the income effect. Since all assets and
current consumption are normal goods in this model addirg a negative term to the

positive Hicks compensated effects only generates ambiguities.

Continuing the analysis one step further we are able to offer the following unambiguous

* We derive all the analytical results in appendix VIII. We present only the final
form in the text. This is done for the purpose of clarity.
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conclusions about the specific effects of a consumption tax on human capital.

Proposition 9.3: Under constant absolute risk aversion and increasing relative risk
aversion an increase in the consumption tax will increase the level of human capital
investment.

This is obvious since under constant abso.ute risk aversion the income effect is absent,
and the total effect coincides with the positive substitution effect.

Proposition 9.4: Under constant relative risk aversion an increase in the consumption tax
does not affect human capital investment decisions.

oH
ot I CRRA

c

=0

This happens because the negative income effect is equal in magnitude to the positive

substitution term.

The following table provides a summary of the specific effects of a consumption tax on

human capital:

TYPE OF RISK AVERSION DRRA CRRA IRRA
IARA NA NA ?
CARA NA NA +
DARA ? NIL. ?



The specific effects of a consumption tax on current consumption yields the following

resuit;

Proposition 9.5: A consumption tax will reduce current consumption under the
hypothesis of non-decreasing relative risk aversion.

0<0

c

This occurs because the income effect outweighs the substitution effect under the
hypothesis of non-decreasing relative and non-increasing absolute risk aversion. One can
observe that under increasing relative and constant absolute risk aversion the substitution
effect is absent and the total effect is equal to the negative income effect leading to a
reduction in current consumption. In the special case of constant relative risk aversion
the effect of an increase in the tax on current consumption is given by the following

unambiguous expression:

aC, C

_9| = -0
o, CRMA (1+1¢)

[

Proposition 9.6: While a consumption tax leads to a reduction in current consumption,
gross consumption (1+t)C,, however, remains unchanged.

The following table provides a summary of the effects of a consumption tax on current

consumption:
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TYPE OF RISK AVERSION URRA CRRA IRRA

IARA NA NA ?
CARA NA NA -
DARA ? - -

A consumption tax has an ambiguous effect nn savings since the income effect and the
substitution effect operate in opposite directions. However, under CRRA the effect of an

increase in the consumption tax on savings is given by:

oS

5'&&4 =0

¢
Proposition 9.8: Under CRRA savings remain unaffected by a consumption tax.
This happens because under CRRA, on the on hand the effect on human capital is nil,

and secondly, gross cur>nt expe liture Cy(1+t.) remains unaffected by the tax.

The following table provides a summary of the effects of a consumption tax on the

decision variables under CRRA:

Decision Rules CRRA
Human Capital Investment No Effect
Savings No Effect
Current Period Consumption Declines
Expected Future Consumption Declines
Expected growth of Consumption No Effect

We observe that under the hypothesis of constant relative risk aversion a consumption

tax has no specific effects on human capital or savings but it deters current and expected
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future consumption to the same degree leaving the expected growth rate of consumption

unaffected.

Finally, we compare the results with the two-period asset-choice model. We observe that
risky activity, under an expected utility compensation, is stimulated in both moaels."
However, it is important to recognize that the effect on human capital is different from
the amount needed to leave net risky income unaffected by taxation. In the human capital
model the individual is able to alter the returns of the investment (i.c. uncertainty is
endogenous) as opposed to the portfolio model where the returns arc parametric. In
addition, the utility compensated effect on current consumption is positive in the human
capital model, while in the portfolio model it remains unaffected. This too is thz result
of the dependence of the returns to human capital cn the investment. Furthermore in the
human capital model, a utility compensated increase in the consumption tax leads to
increased savings more if the returns did not depend on investment. In the human capital
model a utility compensated increase in the tax rate leads to a reduction in cxpected
future consumption activity, while in the traditional portfolio model expected future
consumption is unaffected. Finally, note that the common CRRA assumption leads to

specific results which are identical in both models.

19 Mossin (1968) was the first to indicate that the substitution effect is positive in the

one period asset - choice model. We generalize the result to the human capital investment
model.
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9.4.2 A Wealth Tax

The intertemporal budget constraint under a wealth tax is given by:

Y. F(H
+ Cz! - (i -1 3 ( Y + 2t + ( p'tﬂ ( ]t) _ WH ))
1t (l+r) w 1t (1+r) (l+r) ir

The equivalence between the consumption tax and a wealth tax can be established easily
if the market is perfect and the consumption tax is set equal to t.=t,/(1-t,). The
distortions introduced by this tax are identical to the consumption tax. Therefore, the
effect of the wealth tax on human capital and current consumption is similar and no
further discussion is warranted (See appendix 8A3.1). However, as pointed out by
Ahsan (1990), the wealth tax has a different effect on savings. The difference stems
from the difference in the time path of tax payments. Under a consumption tax one would
expect individuals saving more in order to pay higher future taxes. Even though the time
path of tax payments differ under the two regimes, the consumption path net of taxes is
identical. From the definition of savings: S,, = (I - t,)(Y,, - wH,) - C,, we can se¢ that
an expected utility compensated wealth tax affects savings with two opposing forces. One
effect indicates an increased willingness to undertake savings due to the Hicksian income
compensation term and the second effect indicates a reduction in savings activity due to
the increased level of human capital investment and current consumption. However, the

first effect dominates.

Proposition 9.7: An expected utility compensated increase in the wealth tax leads to
increased physical savings.
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The specific effects of an increase in the wealth tax under CRRA on human capital,

current consumption and savings are:

oH

gw‘ lcrra = 0
%o | .-G
a, ™M (1-t)
8, ___S
ar, R (1-t,)

Human capital is unchanged; the household does not undertake more of the risky activity.
Current consumption and savings fall. Evidently, savings unambiguously decreases for
a lender under a wealth tax; for a borrower, borrowing decreases.

Proposition 9.8: A wwealth tax under the hypothesis of constant ielative risk aversion has
no specific effects on human capital, but deters both current consumption and savings.
Thus while, under CRRA, a "cash flow" consumption tax does not affect savings, a

wealth tax (a "pre-payment" consumption tax) does discourage savings, since savings arc

made out of net-of-tax earnings.
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9.4.3. An Interest Tax

Investigating an interest income tax will allow us to extend the analysis to a broader tax
base, the income tax base. The interest income tax affects the constraint as shown

below:
Cy = (1) [ Yyri, F(H) ] + (1+r(1-1)) ( (1)L YywH, ] - C,,)

The first order conditions from the maximization problem is given by:

g' = (1+r(1-£,))Eh') =0

E(h' (1 -tw)(me’-w(l +r(1-t)))) =0
In this case the interest income tax creates two distortions. First, it alters the relative
price between current and future consumption. An increase in the interest tax increases
the price of future consumption (reduces the net return to physical capital) making future
consumption dearer; this makes current consumption and human capital more attractive,
on the margin. Second, the interest income tax affects the relative return between human
and physical capital investment. The interest income tax reduces the opportunity cost of

human capital making once more current consumption and human capital attractive.
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The Hicks Compensated Effects of a Capital Income Tax

The interest tax also affects the household’s income. To obtain the compensated

expected-utility results we require that the households first period endowment be adjusted

by the following amount:

dYn|_ rS,
de "V (1+r(1-1))(1-1,)

r

The Hicksian amount required for compensation depends on whether the investor is a
lender or a borrower. If the household is a lender then the Hicksian compensation will
be positive, however, if the investor is a borrower then the interest tax acts as a subsidy
and hence a negative Hicksian compensation is required.

The substitution effect of an interest tax is given by:

a_le, > 0
ot

r
The substitution effect is positive reflecting the tendency to increase human capital
investment. As explained earlier this occurs because the opportunity cost of human
capital falls and because future consumption becomes dearer. Note also that an interest
income tax does not reduce the randomness of future consumption and therefore we do
not find a Domar-Musgrave typc of phenomenon. The substitution cffect does not
depend on the relative and absolute risk aversion parameters as it happened with the

wealth or consumption tax. This leads us to proposition 9.11.
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Proposition 9.11: The expected utility compensated increase in interest tax leads to an
increase in human capital and the effect is independent of the risk aversion behaviour.

The substitution effect of the interest tax on current consumption is given by:

oC
__1|7>o

r

The substitution effect depends on the normality or inferiority of savings. The
assumption of normality of savings, and of physical capital is guaranteed under the
assumption of decreasing absolui¢ and non-decreasing relative risk aversion for a lender
and for a borrower constrained not to borrow more than the present value of his (her)
future non-stochastic, non-human, income, (See appendix 8Al.), lead to a positive
substitution effect on current consumption from an increase in the interest tax. Therefore

we arrive at the following conclusions;

For a lender:

aculwc > 0 as _‘?ﬁ > 0
atr i 1t
For a borrower:
aC, 0B,
—ét_'h"c >0 as — <0

T 1t

Proposition 9.12: Under the hypothesis of decreasing absolute and non-decreasing
relative risk aversion, both a lender and a borrower (Constraint not to exceed the future
non-stochastic income stream) each increase current consumption under an interest
income tax holding expected utility constant.
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Although the expected utility compensated effects of an interest income tax are
stimulating for current consumption and human capital the outcome of such an exercise

on savings is ambiguous.

In summary, a utility compensated increase in an interest tax will unambiguously
stimulate investment in the risky asset and current consumption. The effect on savings
is ambiguous for a lender, while savings decline for a borrower (i.e. borrowing

increases).

The Total Effects of a Capital Interest Income Tax

The total effect on the decision variables of an increase in the interest income tax is given

by (see appendix 8A4.4 for derivations):

X, _ ax,,l_ i rS, axX,,
a, o ' (1+r(1 -1)1-t) oY,
where X,=H,,C,.,S,

The income effect depends on whether the individual is a borrower or a lender. If the
individual is a lender then the income effect discourages the choice variables. If the

investor is a borrower then the income effect encourages the choice variables.

The effect on human capital depends on whether or not the substitution effect reinforces

the income effect. If the individual is a lender then the income effect discourages human
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capital. This occurs because the after tax return from non human capital investment
decreases, and under the hypothesis of decreasing absolute risk aversion, the agent will
undertake less of the risky activity. If the investor is a borrower then the income effect
operates in the same direction as the substitution effect. If the individual is a borrower
then an increase in the interest income tax reduces the cost of borrowing funds and the
income effect acts to encourage investment in human capital.

Proposition 9.13 : For a borrower, an interest income tax unambiguously increases
human capital investment. For a lender, the effect is indeterminate due to the conflicting
income and substitution effects.

The current consumption wiil unambiguously increase if the individual is a borrower
and/or if borrowing is an inferior activity. On the other hand, for a lender the effect is
indeterminate, The outcome depends upon the strength of the positive substitution and
negative income effect. For a borrower with behavioral characteristics of decreasing
absolute and non-decreasing relative risk aversion, and who faces a borrowing constraint,
current consumption will unambiguously increase with an interest income tax. For a
lender, the effect of the tax on consumption is ambiguous.

The effect on savings of an increase in the interest income tax is:

aCO
= - (1-t) ”

r r r

as wH
ot

The specific effects of an interest income tax on savings are unambiguous for a borrower.
The interest income tax will discourage savings if the household is a borrower and if

human capital, physical capital and current consumption are normal commodities. The
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interest income tax discourages savings for borrowers displaying characteristics of

decreasing absolute and non decreasing relative risk aversion and are liquidity

constrained.

Finally when comparing, the interest income tax with the wealth or consumption tax, we
observe that the substitution effect of an interest income tax increase is positive, and that
of a consumption or wealth tax are also positive. The reason for the income
compensated interest tax to stimulate human capital arises from the reduction in the after
tax rate of return to non human capital relative to human capital and from the
intertemporal price distortion of current and future consumption. This makes human
capital more attractive on the margin. An income compensated wealth or consumption
tax does not affect the relative returns of human and physical capital as does an income
compensated interest tax. An income compensated consumption or wealth tax stimulates
human capital under nondccreasing relative risk aversion because it falls on random
future eamnings, and as a result, it reduces the riskiness of this form of investment
relative to non human capital. If the aim of the authorities is to stimulate human capital,
without distorting the relative prices and by providing some insurance then the desired
result is achieved via a wage, wealth or consumption tax. The interest income tax can

also stimulate human capital but at the expense of price distortions.
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9.4.4. The Income Tax

An income tax falls on both wages and interest income. The income tax base explored
in this analysis taxes interest income and wages at the same rate. This tax alters the
agent’s constraint as follows:

Cy

Y+r(1-t))

(1-¢)[Y, -wH
y [ 17 1r (l +r(1_ty))

First we observe that the income tax increases the relative price of future consumption.

Secondly, the income tax reduces the present discounted value of human and non-human

wealth. Finally, we observe that the tax also reduces the variance of future earnings.
The Hicks Compensated Effects of an Income Tax

The expected utility compensated income tax increase will affect human capital as

follows:

oH,, oH oH,,

'v:c = lye * lyc
aty o, or,

A utility compensated increase in the income tax rate will stimulate human capital under
the assumption of non-decreasing relative risk aversion and non-increasing absolute risk

aversion,

Comparing the two tax systems under equal expected utility, consumption tax and income
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tax, we observe that an income tax provides additional stimulus to human capital than a
consumption tax. This happens because the income tax effect can be decomposed into a
positive substitution wealth tax effect and a positive utility compensated interest tax
effect. In fact, Hamilton (1987) argued that the socially optimum level of human capital
is greater than the private undertaking given an optitnal wage tax. He therefore, claimed
that an additional stimulus on human capital can be achieved via an interest incone tax

in addition to an optimal consumption tax.

The utility compensated effects of an income tax on current consumption is positive. This
effect is also composed of two individual wealth and interest tax effects. The wealth tax
effect stimulates human capital and the interest tax effect reinforces the wealth tax effect.
Therefore, as with human capital, an income tax leads to a greater impact on current

consumption than a consumption tax.
As for the utility compensated effects on savings the results is ambiguous, in general.

The outcome depends on the positive impact of a wealth tax on savings and the

ambiguous impact of the interest tax on savings.
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The Total Effect of an Income Tax

The total effect of an increase in the income tax on human capital can be decomposed

into the wealth and interest tax effects.

oH, oH oH

i U ltl

— TO—
15t 1,
a, or, o, "
Where the partial derivatives and choice variables are evaluated at t =t,=t. We
therefore, do not require any additional calculus, we will simply combine the earlier

analysis in order to evaluate the comparative static properties. In general, the income

tax can stimulate human capital under the following conditions.

Proposition 9.15: For a borrower displaying constant relative risk aversion and non
decreasing absolute risk aversion, an increase in the income tax rate will unambiguously
stimulate human capital.

Proposition 9.16: Under constant absolute and increasing relative risk aversion an
income tax will stimulate human capital. This result is not dependent on the individual
being a borrower or a lender.

Comparing the consumption with the income tax under the assumption of CRRA, we can
state that a consumption tax is neutral to its effects on human capital decisions.
Furthermore, the consequences of a consumption tax are independent of the agent being
a borrower or a lender. On the other hand, an income tax will unambiguously stimulate
and discriminate in favour of human capital investment for a borrower. Under CRRA,

an income tax has identical effects on human capital as an interest income tax.
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The total effect of an increase in the income tax on current consumption can be

decomposed also into the wealth and interest tax effects.

aClt = aCll | + ach'l
aty azw ‘w=‘y atr l’=1’

where the partial and optimal values are evaluated at t, =t =t,.
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9.5. Concluding Remarks

Analyzing alternative tax structures we find that a consumption tax creates a positive
substitution effect on human .;apital, current consumption and savings and a reduction in
expected future consumption under the assumptions of decreasing absolute and non-
decreasing relative risk aversion. We show that under constant expected utility social risk
taking rises. On the other hand. private risk taking falls. G.ven the evidence that private
risks eaceed social risks with human capital investment, the utility compensated wage tax
represents an improvement in resource allocation. Combining the theoretical evidence,
the increase in social risk taking, with tie pioneering public finance work of Eaton and
Rosen (1980a,b) on optimal taxation, a proportiona. tax on risky human capital income
is optimal even if lump-sum taxation is feasible."! On the cther hand, an interest
income tax also causes a positive substitution effect on human capital. The positive
substitution effect of an interest income tax does not depend upon the behavioral
characteristics of the investor. Hamilton (1987) has shown that a positive interest tax is
optimal, even with an optimal wage tax. In part this is due to the positive interest tax
encouraging more investment in human capital. This happens because the state chooses
a higher level of human capital investment than individuals choose with a consumption

or pre-payment wage tax already imposed.

"' This optimality arises with the introduction of labour-leisure choice. This creates
a trade-off between the deadweight losses of a utility compensated wage tax and the
benefits from the provision of insurance via a lower variance of earnings.
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Considering the specific effects of a consumption or wealth tax we further show that the
effects are ambiguous in general for human capital. In the case of constant relative risk
aversion, a wealth tax or "a pre-payment" version of the "cash flow" consumption tax
discourages both current consumption and savings but leaves unchanged the level of risk
taking. On the other side, a "cash flow" consumption tax leaves unchanged both savings

and human capital under CRRA.

The interest tax encourages and discriminates in favour of risky human capital
investments for borrowers. The effect of an interest tax on human capital is in general

ambiguous for lenders.

Comparing the consumption tax with the income tax under the assumption of CRRA we
can state that a consumption tax is neutral as to its effects on human capital dccisions.
Likewise, the consequences of a consumption tax are independent of the agent being a
borrower or a lender. On the other hand, an income tax will unambiguously stimulate
and discriminate in favour of human capital investment for a borrower. Under CRRA,

an income tax has identical effects on human capital as an interest income tax.
There are a number of interesting avenues for future research in the area of human

capital and taxation policy under uncertainty that this essay has not touched upon. The

following is a small list.
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Future research should be devoted to tax reforms and welfare. In particular, the conduct
of a re-distributional policy of the type conducted previously will provide more insights

into public policy. How does the state dispose the risky tax revenue from human capitai?

The tax effects on the d=cision variables were conducted under the assumption of a
perfect capital mark:t whereby borrowing and lending rates are equal. However, the
above analysis should be extended under imperfect capital markets as well. Research in
this front has veen conducted by Kodde and Ritzen (1985) but they assume certainty, and

did not analyze the tax policy implications.

In addition the above analysis can be extended to an overlapping generational model
(Nerlove et al (1984)). Examining an overlapping generational model of human capital
whereby, the parent lives for one period and cares for his (her) children’s future

consumption will provide additional insights into tax base choice.
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Chapter 10

Conclusion and Future Research

The traditional literature on the effects of taxation policy on portfolio decisions assumed
that the investor does not bear the risk that is passed on to the government. This
traditional approach has led to the prediction that capital income taxation with loss offsct
provisions may stimulate risky asset demand and investment. This result, was derived
independently of the diversification possibilities open to the investors. In other words,
the stimulating effects were independent of the type of risk an investor is exposed to
(i.e., systematic or unsystematic type). However, if we assume that the investors hold
diveisified portfolios then they eliminate all the unsystematic risk, but they are still
subject to the social or systematic risk. Indeed, the investors are compensated for the
systematic risk they bear with a higher expected return. Is risk sharing through taxation
possible under the case whereby the investor perfectly diversifies and as a result faces
only market risks? Recently, some economists argued that social risks cannot be reduced
further through tiie taxation of risky assets. In contrast, this is possible as the work of
Eaton and Rosen (1980) dealing with risky human capital had earlier implicd, where the
risks may be viewed as idiosyncratic. In the latter framework, the taxation of the returns
from these assets yields a tax revenue that is less risky than the private risks individuals

are exposed to.
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What about the case of small investors, who do not hold diversified portfolios due to the
existence of capital market imperfections? Can the government, acting as a financial
intermediary, increase welfare through taxation policy? This dissertation examines and
synthesizes the effects of taxation policy on portfolio decisions under di{ferent types of
risks. The main conclusion reached is that the outcome of a particular policy depends on

how the state dissipates, if at all the risk of stochastic tax revenue.

[ have initially examined the traditional approach whereby the proceeds of the tax on
capital income are spent on a public good, which enters the utility function in an additive
way. This implies that the stochastic tax revenue has no additional effect on the decision
variables and in particular on risky asset holdings. This modelling of investor’s behaviour
is used as a benchmark for comparison. However, the decision model was extended from
a fixed investable wealth to an intertemporal two period framework with endogenous
savings (See Ahsan (1989),(1990)). I obtain different results from the one period asset
choice model. However, in most cases, and under plausible hypothesis about the attitudes
towards risk, I find that cap’tal income taxation encourages risky asset demand, savings

and proportional risk taking.

I next examine the various capital income tax policies in the portfolio/savings model
under the assumption that the per capita tax revenue, "stochastic” where relevant, is
returned to the investor in the same period in which the tax is collected. This implies that

the investor ultimately bears all the risks in the fluciuations of the tax revenue. This
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alters the conclusions of the traditional analysis. I find that a full capital income tax
discourages investment in the risky asset, the safe asset and savings, although

proportional risk taking increases.

Furthermore, I show that if the stochastic tax revenue is returned to the household in the
same period it was collected, capital income taxation causes a deadweight loss.
Concentrating on the capital income tax, the re-distribution of tax revenue back to the
investor does not eliminate the distortion in relative prices. Therefore, as under certainty,
capital income taxation causes only a deadweight loss and does not provide insurance.
However, only in one case I find, namely the taxation of capital gains or excess returmns,
does the deadweight loss of capital income taxation disappear. The deadweight loss of
the imputed safe asset turns out to be identical to the deadweight loss of a full capital
income tax policy for equal tax rates. Ergo, the inclusion of excess returns in the tax
base of the imputed safe income does not cause any additional deadweight loss to the
investors and can generate more tax revenue for the government. However, does this
additional tax revenue have any market value? How do we measure the market value of

risky tax revenue?

Another contribution of my thesis is to propose a new methodology, which is different
from the existing methodology of Stiglitz (1972) in the evaluation of "stochastic" tax
revenue. I assumed that the governmental tax revenue can be evaluated using the

traditional capital asset pricing model from the theory of finance.
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This way the stochastic tax rever.de is priced like any other asset. One can use the market
value of the tax revenue to provide a public good. This way the traditional approach and

the alternative approaches can be compared more directly.

I next calculate the deadweigh* loss of capital income taxation using the non-expected
utility preferences. The important result of this study is that under uncertainty the
relevant parameter for the existence of deadweight losses is 2 non zero elasticity of
intertemporal substitution as in the certainty models. This arises because the non-expected
utility preference structure separates the elasticity of substitution from the relative risk
aversion parameter. Numerical results indicate that the deadweight loss of capital income
taxation is of a relatively small magnitude. I find that investors who put .... > funds into
the risky asset face a smaller deadweight loss from capital income taxation than investors
that hold most of their funds in the safe asset. This is an important result and depends
on the relative risk aversion parameter. As a final remark, just like certainty models,
investors that have a high intertemporal rate of substitution will be hurt the most by
capital income taxation. Finally, I find that the deadweight losses of capital income
taxation increase as the risk premium falls. Future research should examine the
deadweight losses of other capital income taxation policies. Among the most important
one is the taxation of the risky asset versus the safe asset. Eventually one can discuss

optimal taxation of risky and s~fe asset when all risks are returned to the investor.

This dissertation also undertook the difficult task of evaluating alternative policies of
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disposing "stochastic” tax revenue. In particular, instead of returning, to the investor, his
own personal "stochastic" tax revenue, the state may return a stochastic weighted average
tax revenue. The stochastic per capita weighted average tax revenuc returned to the
investor is partly his own risky tax revenue and partly the risky per capita tax revenue
of previous generations. This impiies that the current generational investors do not bear
the entire risk of tax revenue but in turn, part of the risks of the previous generations.
This argument relies on the idea that what is "systematic” risk at a certain point in time
will become "idiosyncratic" risk when this is shared with all current and future unborn
generations. I claim that the riskiness of the tax revenue fluctuations can be diversified
across generations by an appropriate re-distributional policy or debt management policy.
I use the capital asset pricing model to evaluate the "new" stochastic tax revenue and find
that the market value of the tax revenue increases. Hence, by allowing some risks to be
transferred to the state budget, the investor’s welfare improves for constant marginal tax
rates. However, the capital income tax creates distortions and one ought to balance the
distortions of the tax with the social risk reduction. This in turn, brings alive and
strengthens the old argument of Domar-Musgrave (1944), Tobin (1968) and Stigiitz

(1969) for a risk sharing by state with private investors.

Recently, the income taxation system has been under attack by several economists. Most
proposals argue for switching the personal tax base to an expenditure tax system and
away from income taxation. The expenditure tax is favoured over the income tax on the

ground that the latter increases the price of future consumption and encourages current
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as against future consumption. This distortion in intertemporal prices is alleged to create
a welfare loss for consumers. Several economists (Hall and Rabuska (1985), Bradford
(1986), Mclurc et al. (1988), and Zodrow (1994)) have gone a step further and argued
for a tax on wage income on grounds of administrative feasibility and simplicity.
However, Pechman (1990) being a strong supporter of the personal income tax system
states about such a substitution "Most people would be appalled by a proposal to
substitute a wage tax for income tix, yet that is essentially what expenditure tax

proponenis are advocating." (pg. 9).

My dissertation also contributes to the debate on the appropriate choice of tax base. I
argued that a move toward a wage tax system will lead to welfare losses. A pre-payment
wage tax is not equivalent to a consumption tax either because of (a) the market value
or certainty equivalent of thc tax revenue obtained from the excess return of the risky
asset is non-zero if people hold less than fully diversified portfolios and/or (b) if the
households do not evaluate the two period random tax revenue stream they pay to the
state but instead they evaluate and ultimately bear the average random tax revenue across
all generations, alive or yet to be born. I also find that a perfectly diversified investor
is indifferent as to whether the consumption tax is imposed con a cash flow or pre-

payment basis.

With intergenerational risk shifting, the market value of the "stochastic” consumption tax

revenue rises. The increased consumption tax revenue causes the tax rate to fall relative
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to the tax rate relevant for a matching pre-payment wage tax. This lower tax rate and
broader tax base yields more utility to the investor. Conducting a differential incidence
analysis yields large welfare gains from a cash flow consumption tax vis-a-vis the pre-
payment wage tax. In order to evaluate the gains I used the non-expected utility
preference structure. I also expect that such individuals will prefer the income tax system
to the pre-payment wage tax system. Future research should examine the desirability of
an income tax to a pre-payment wage tax. Within my framework, this extension will

throw more light onto the tax base debate.

I finally analyze the effects of alternative tax structures on risky human capital
investment. Here the return on investment depends on the amount invested. Hence the
results of the previous analysis do not apply. The major finding is that a consumption tax
creates a positive substitution effect on human capital, current consumption and savings
and a reduction in expected future consumption. [ show that under constant expected
utility social risk taking rises. On the other hand, private risks fall. Given the evidence
that private risks exceeds social risks with human capital this utility compensated wage
tax represents an improvement in resources. Comparing the consumption tax with the
income tax we can state that a consumption tax may discourage human capital investment
due to the conflicting income and substitution effects. On the other hand, an income tax
will unambiguously stimulate human capital investment for a borrower. Future research
should be devoted to examining the disposition of tax revenue risks from human capital.

The usual approach was to view the tax revenue risks across individuals within the same
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generation as idiosyncratic. This is not true over the business cycle and even human
capital risks can be of the systematic type. What is then the market value of the wage tax
revenue? I find the use of the market value concept on tax revenue can yield results that
are very different from the traditional approach of evaluating risky flows. Future research

awaits to see answers to these important policy questions.
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APPENDIX I

A.I.1 The Wealth Effects

The effects of a change in exogenous income on the decision variables of a steady state

generation in period t can be obtained by differentiating the optimum conditions with

respect to Y,, yielding:

oG,

| (1+r2E(h"™)

4] day | | -(nEGR",,)
o, |

where the determinant of A > 0 and the elements of A are:
A, = 8" + (1+r*E(h")
A, = -(1+NEH"z,,)
Ay, = E(h'7,%)

The effect of increasing wealth on risky asset demand is:
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da,,  (1+r)g" Eh'"z,,)
A

Decreasing absolute risk aversion (DARA) guarantees that E(h"z,,,) is positive.! This
is a well known result. The risky asset is normal under DARA.

The effect of a change in wealth on savings is:

asl‘ i g// E(h//Z‘,,lz)

oY, A

The effect on current consumption is given by:

oC
aY

1

(1+r)* [ (E("HE(h"z,.,?) - E(h"z,)" ]
A

1t _

Current consumption will be a normal good if the numerator is positive. Under
decreasing absolute and non-decreasing relative risk aversion the numerator will be

positive. In order to see this re-write the expression as follows:

alE(h"E(h"z.) - Eth"z, )11 = EWNE(h"C,z,.,) - ECh"DE("C,)
Clearly, a sufficient condition for this term to be positive is that the term E(h"z,,,C,) be
non-negative. Therefore, the effect of an exogenous increase in first period wealth will

increase current consumption by less under the assumption of DARA and NDRRA.

' It has been proven that E(h"z) is greater than, equal, or less than zero as absolute
risk aversion decreases, remains constant, or increases with future consumption
respectively. Also E(h"zC,) is greater than, equal, or less than zero as relative risk
aversion decreases, remains constant, or increases with increases in second period
consumption.
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The effect of a change in wealth on the safe asset is:

om,,  g"[Eh"z,,,* + A1+nEh"z,,,)

aY,, 4

The effect of an increase in wealth on the safe asset is ambiguous. However, under the
assumption of DARA and NDRRA the safe asset is a normal good for a lender. This can
be seen as follows:

: om,, o i ", 2 "
sign 57 sign [E(h"z,,,7) + (1+1)E(h" z,,)]

1r

The right hand side expression can be written as follows:

S[E(h"2, + A+NE(" 2,01 = m E(h",,?) + E(h"Cpz,)

t+1
Assuming NDRRA the second term is less than or equal to zero. For a lender the first

term is also negative. Thus the term:

[E(h"z

t+1

2) + (1 +r)E(h”z¢+l)] < 0

In conclusion, the safe asset is normal for a lender displaying DARA and NDRRA.
Elasticity Results.

The behavioral assumptions of non-decreasing relative risk aversion restricts the wealth

elasticities. To see the exact restrictions consider the NDRRA hypothesis:
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E(h"z,, C,) <0
Substituting the budget constraint of the investor yields the following result:
™ >n’'2n?
Under n~ndecreasing relative risk aversion and decreasing absolute risk aversion the
wealth elasticity of the safe asset is greater than the wealth elasticity of savings, 7",

which in turn is greater than the wealth elasticity of the risky asset, »". For the CRRA

case we obtain the following resuit:

where n° is the income elasticity of consumption in the first period.
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A.1.2 The Full Capital Income Tax, t,

A.1.2.1 The Hicks compensated effects:

To obtain the compensated expected-utility comparative static results we require that the

investors first period income be adjusted such that:

rS"
dY,, = —— dt,
(1+r)

Utilizing the above constant expected utility requirement and differentiating the first order

conditions yields the following system of equations:

Ly
[ 4
atk le
4] &% |7lp
- 2%
o, ¥
where D,, and D,, are gi >n by:
a - —_—
D,, = rE(h’) - 1_‘;) (1+PE(h"z,,)
k
D, = —_Eh"7.Y
(1 —tk)
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The utility compensated effect of a full capita: income tax on risky asset holdings is:

A

.1 ; 1 na ]
b (1-n ¥,

113

— 5

- alt [ 1 -
o, U (1-t)

The effect of a capital income tax can be decomposed into two effects. One component
is the DM phenomenon and the other component is due to the change in the relative price
of current and future consumption.

The utility compensated effect of a full capital income tax on current consumption:

8C“|_= rS,, 1
at, ¥ (1+r) ©

S

&,
¥y
Current consumption is stimulated.

The expected utility compensated effect of the capital income tax on savings:

The effect on total savings is ambiguous as explained in the main text.

The effect on proportional risk taking is given by:

R e IR 2 b
a, ' (-t) (-7 (1+n O

Proportional risk taking increases.



A.1.2.2 The Sp.ccific Effects.

The total effect of a capital income tax on the decision rules is given by:

X, _ &, 1S, &,
a 3, ' 1+ 9Y,

where Xlr = Clt ’ 11: » Slr ’ pu

Where the first term is the Hicks compensated term and the second term is the income
effect. The specific effects can be expressed as follows:

Risky asset holdings:

da a > C
R A N B ¢ QRO
o, (1-t) (1+r) 0 Y,

Current consumption:

n-a)
-~
—
+
~ 1
Neu”
==
-
@]

JFor Savings:

oS rS C
R LTI I R RS S S T IS
ot (1+r) 67,
For Proportional risk taking:
aBl.' _ Blr 1 ;

- Tnt -]
o, (-t)  (d+r) (1+r) O

Proportional 1:sk taking increases.
In oider to obtain stronger results we will restrict our analysis to the constant relauve

risk aversion case. See next section of the appendix.

265



A.1.2.3 The CRRA Hypothesis.

The CRRA results are obtained by setting all t~e income elasticities equal to unity.
Examining the Hicks compensated effects under CRRA yields:

For Risky Asset Holdings

aalrICRRA_ “u [
1%

—u = 1-- _
o, (1-t) 0 a+n) Y,

Ambiguous.

For Current Consumption:

oCy, CRRA _ rS, 1 Gy
o’ (s 8 Y,
Increases.
For Savings:
v crra _ TS [1_15£]
A (1+7) 6 Y,

Ambiguous.

For proportional risk taking:

Increases.
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A.I.2.4 The Specific Effects under CRRA are:

Risky asset holdings:

iaﬂICRRA:___a“ [1- r lE‘_’_]
ot, (1-t) (1+r) 6 Y,
Increases for ail § > 1.
Current consumption:
_6_92|CRM= Sy E‘.E[l..l]
o, (1+r) ¥, O

Decreases for all § > 1. Income effect outweighs the substitution effect.

For Savings:

ﬂlcmz___rs“ [(1__1_)&]
ot (1+7) 61,
Increases for all ¢ > 1.
For Proportional risk taking:
B P 1
ot, (1-t) (1+r)

Increases and is independent of the elasticity ot substitution.
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A.1.3 The Imputed Safe Income Tax: t,

A.1.3.1. The Hicks compensated effects:

To obtain the compensated expected-utility comparative static results we require that the

investors first period income be adjusted such that:

The compensation is similar to the compensation required under the full capital income
taxation. Utilizing the above constant expected utility requirement and differentiating the

first order conditions yields the following system of equations:

[ oC,, _
v
A atr _ Dlr
[ r ] aa )
16y 2r
5 7
r J
where Dy, and D,, are given by:
D,6=-r E(hY
D, =0



The utility compensated effect of an imputed safe income tax on the risky asset is:

r
o, (1+1)

a

G,
Yy,
The amount invested in the Risky asset is unambiguously discouraged.

The utility compensated effect of the tax on current consumption is:

Current Consumption is encouraged.
The utility compensated effect of the tax on total savings is:
Clt

— n°]
1t

S
il TR

& " aen

|-

Result is ambiguous.

The utility compensated effects of the tax on proportional risk taking is given by:

9B, By, C 1
|’=—:—[—“[‘1S‘ﬂa]'1]
o (1+1r) Y, ©

r

This result is also ambiguous.
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A.1.3.2 The CRRA Hypothesis:
Setting the wealth elasticities equal to unity results in the following effects:

Risk Taking:

&1" 'SRRA = - a ..!. r 51
ar, ¥ Y8 e Y,

Risk Taking is unambiguously discouraged.
Current Consumption:

1
o, ¥ (1+7) B

r

aclt ERRA _ r Slt _C_lg
Y,
Current Consumption is encouraged.

The utility compensated effect on savings is given by:

1 S,
6 Y

Ir

I -

Savings is encouraged for all relative risk aversion parameters greater than unity.
Proportional risk faking is:

aBlt CRRA _ _ r Blt
a, v (l+r) (1-t)

r

Proportional risk taking is discouraged.
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A.1.3.3 The Specific Effects.

The total effect of this policy on the optimal choice variables is:

X, X, ¢

. Xk

a, o Ivec (1+r) oY,

r

where X, =C,,a,,S,,B,

The first term is the substitution effect and the second term the income effect.
On risk Taking:

oa,, _ % TSy, 9y,
o, A "¢ (1+r) 9V,

r r

<0

Risky asset holdings fall. The income effect operates in the same direction as the
substitution effect.

Current Consumption:

aclt_ rSlt &[lﬂ‘"ﬂ‘]

&, 1+ 7Y,

D

Result is ambiguous. The substitution effect operates in the opposite direction to the

income effect.
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For Savings:

as S C
“=-i—‘_i-[1-[1—<1-%)J n° ]

o,  (1+1) Y1

Result is ambiguous.

For Proportional risk taking:

9B, B 71 Cy 1
= ¥ - -1
ot (1-t)@+r) Y, 6 - ]

r

The result of the tax policy on proportional risk taking is also ambiguous. The CRRA

results are easily obtained by setting all the income elasticities equal to unity.
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A.L4 The Risk Premium Tax, t:

A.1.4.1 The Hicks compensated effects.

The adjustment required to maintain the investor on the same level of utility is:

ay.

e = 0 dt,

The change in the first period income, of the investor, required to attain the same level
of satisfaction as prior to the imposition of the tax is zero. The household does not
require any compensation. He adjusts his portfolio composition in such a way (i.e.
reduces the safe and increases the risky asset holdings) as to face the same probability
distribution as prior to the imposition of the tax. Utilizing the above constant expected

utility requirement and differentiating the first order conditions yields the following

system of equations:

. aclt |_
v
[A ] atz a Dlz
z fﬁ|_ D
a, "
where D,, and D,, are given by:
a —_—
D, =-—Y (1+nHEMR"Z,
1z (1 _tl)( ) ( (4 l)
a, "2
= ——— Eh" z
2z (l_tz) ( 141 )
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The utility compensated effect of a risk premium tax on the risky asset is:

lp = e
4
(1-1)

aah
a‘z

Risk taking unambiguously increases. The DM phenomenon.

The utility compensated effect of the tax on current consumption is:

aC
% 70

z

Current consumption is unaffected by this tax.

The effect on the other decision variables is given in the main text.
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A.LS A Tax on The Income of the Risky Asset, t

A.L.5.1 The Hicks compensated effects:

To obtain the compensated expected-utility comparative static results we require that the

investors first period income be adjusted such that:

ra,,

dy, = ——m—
oaen-e) *
Utilizing the above constant expected utility requirement and differentiating the first order

conditions yields the following system of equations:

- acll|

<

& ®

[4:]

where D,, and D,, are given by:

Gy
1x
1-t)
alr

D

(1+nEh"z,,)

ns—2 , rE()
D,, -t Eh"z,,") 1-1)

1t
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The utility compensated effect of a capital income tax on risky asset:

oa,, s 4, , rE(h)As,

&, 7 d-t) (-t) A

X

The first term is the DM phenomenon and the other term is due to the change in the
relative rate of returns of the two assets. The first term is positive while the second term
is negative,

The utility compensated effects of the tax on current consumption:

Current consumption is stimulated. Notice that in this case the effect of the tax on current
consumption depends on the wealth elasticity of the risky asset as opposed to the wealth
elasticity of total savings which was the case of a full capital income tax.

The expected utility compensated effect of the tax on savings:

as ra 1 C
flp = ———[1-= 7]
ot, (1+r)(1-t) 8 Y,

The effect on total savings is ambiguous as explained in the main text. The first term
represents the Hicksian compensation term while the second term is the negative of the
tax effect on current consumption. Notice that under CRRA and an relative risk aversion
parameter of greater than unity savings are encouraged.

The effect on proportional risk taking is given by:

ap B c N A
M = 1Bl 1 - ey LIEGRD B
a v (1) (1+7) b Y, S, (1-t) A

Result is ambiguous.
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A.L.5.2 The Specific Effects.

The total effect of a capital income tax on the decision rules is given by:

Xy _ 'Xul_ _ T, 9,
e, o, ' (+n(-t) Y,
where X, =C,, ,a,,S

it e 1 2 M1t

Where the first term is the Hicks compensated term and the second term is the income
effect. The specific effects can be expressed as follows:

Risky asset holdings:

a, rEh")A,,,

(1-t)A,

aa" = ¢ [ 1 -— r E d] +
a,  (1-t) (1+r) Y

x 1t

Not determined with the existing information even under CRRA. The effect is
independent of the elasticity of substitution.

Current consumption:

oC,, ra, C
= — [
Y,

ot A+r)(1-t)

P 4

a

% -]

The effect on current consumption can be determined only under CRRA. Under CRRA
the effect of the tax on current consumption is determined by the elasticity of
substitution, If the elasticity of substitution is greater than one, equal to unity, or less

than unity, current consumption will unambiguously increase, remain unaffected, or fall,

respectively.
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For Savings:

as,
a,  (1+r)(1-t)

ra,,

Cll
— [0 n? 11

1
[1-n"+ —
8 Y,

Under CRRA the effect on savings is determined by the relative risk aversion parameter.
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A.1.6 A Tax on the Safe Assets Income, t,

A.1.6.2 The Hicks compensated effects:

To obtain the compensated expected-utility comparative static results we require that the

investors first period income be adjusted such that:

dy, = [T

) VS — dtm
(1+r)

Utilizing the above constant expected utility requirement and differentiating the first order

conditions yields the following system of equations:

aclt I_
atm Y Dlm
(41| &, || b
| L
L at"'
where D,, and D,,, are given by:
D, = - r Eh)

D, = - r E%
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The utility compensated effect of a tax on the income of the safe assct on risky asset

holdings is:

The first term reflects increased relative attractiveness of the risky asset vis-a-vis the safe
asset. The second term indicates a reduction in risk taking due to the more expensive

future consumption.

The utility compensated effect of the tax on current consumption:

Current consumption is stimulated. Notice that the wealth elasticity i the safe assct
determines the magnitude of the stimulus of current consumption expenditures.

The expected utility compensated effect of the tax on savings:
A 1 C

= 7 - g™
o (1+7) 0 Y,

r

rm
flp = —= 1 -

The effect on ‘vtz <cvings is ambiguous except for the CRRA in which case savings
increase *ui . lender with a relative risk aversion parameter that is greater than unity. As

for a borrower, total savings decline under CRRA.
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A.1.6.3 Tke Specific Effects.

The total effect of the tax on the decision rules is given by:

where X, =0C, ,a,, S,

Where the first term is the Hicks compensated term and the second term is the income
cffect. Notice that for a lender the income effects reduce current consumption, risk taking
and savings. While for a borrower the income effects provide a stimulus on the decision

variables due to the subsidy on the interest payments,
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APPENDIX II

A.IL.1 A Capital Income Tax, t,

In order to determine the impact of this tax policy, we assume that the argument in
h’(C,) is evaluated at a,,=a,,” and S,,=S,,". This lump sum transfer as stated in the main
text cancels with the tax payment of the household. Hence, the investors future

consumption level is given by:

Cz: = (1+r)Sy, + a,, z,,

Diffirentiating the first order conditions totally yields the following system of equations:

[ aC'“l
NRS
[A ] atk N le
A =
9‘.’3\ D
at,, 'NRS

where the determinant of A, > 0 and the elements of A are:

Ay, = "+ (1+N(+DER")
A, = -(1+NE(h"z,,)
A, = -(1+nNEh"Z,,)
Ay, = (=t)E(h"z2)

Notice that the determinant is not symmetric except for t, =0.

And where D, and D,, are given by:
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D,, = - r E(h%
D 0

p) 4

Solving for the effect of the tax on risky asset holdings gives:

aah _ 4, 1 r Clt a
"““INRs - a Y <0
at (1-) 8 (1+1) Y,

k
Risky asset holdings fall since there is no risk sharing and future consumption is more
expensive. Notice that risky asset holdings is discouraged less with a lower elasticity of

substitution or a higher relative risk aversion parameter.

The effect on current consumption is:

aC rS,,

& 'r‘s> O
er

e = 1
NRS =

o, (1+r) 8
Current consumption increases. The degree of increase depends positively on the
clasticity of substitution and inversely with the relative risk aversion parameter.

The effect on savings is:

By L g
_a_t; NRS atk NRS

Savings fall since households increase current consumption.

The effect on the safe asset is:

amlt| - - m]t _]_»_ r E_l_r m <
ot, & (1-¢) 0 (1+1) Y,

Safe asset holdings fall for a lender. For a borrower, borrowing increases to finance the

higher current consumption expenditures.
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The effect on proportional risk taking is:

The ratio of risky assets to savings increases under NDRRA. This implies that the

discouragement of tne risky asset is smaller than the total savings.

To measure the deadweight losses of capital income taxation we differentiate the indirect

utility function with respect to the tax rate and substitute the first order conditions. This

gives us the desired result in the text.
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A.11.2 A Tax On the Imputed Safe Income: t,

In order to determine the impact of this tax policy, we proceed as the previous analysis.
The argument of h’(C,) (i.e. future consumption) is evaluated at the equilibrium value

a,,=a, and 5,,=S§,,;". The investors future consumption level is:

C, = (1+NSy + a7,

Differentiating the first order conditions yields the following system of equations:

[ GC,,,
NRS
[ A ] atr N Dlr}
’ aa"| D,,
NRS
L at’
where D,, and D,, are given by:
D, =-r E(h%
DZr =0

The effect of the safe imputed income tax on the risky asset is:

da, .

1
[E— = - a -— -
a, | vs 1 (1+7)

r

.gl_‘ nt<0
Ylt
Risk Taking is unambiguously discouraged.

The effect of the tax on current consumption is:

oC rS c
| xs = ’_‘-1--—1511’>0
o, (1+r) 8 Y,

Current Consumption is encouraged.
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The effect of the tax on savings is:

_a.s_‘_‘l =-a_C‘_'|
at NRS at NRS

r r

Total savings unambiguously fall just like the full capital income taxation.

The effect on the safe asset is:

o C
mthks = - my, s LR
o, O (1+n) ¥,
The safe asset holdings drop for a lender.
The effect on proportional risk taking is:
aﬁlr r 1 Clr
= — = —[n""-1"12>0
Py Ives = By a7 0 T, [ -n]

The ratio of risky assets to savings increases under NDRRA again.

The effect of this policy on savings, safe asset and proportional risk taking are the same

as the full capital income tax policy.
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A.I1.3 A Tax on the Risky Asset, t,

In order to determine the impact of this tax policy, we assume again that the argument
in h’(C,) is evaluated at a,=-a,". This lump sum transfer as stated in the main text
cancels with the tax payment of the household. Hence, the investors future consumption

level is given by:

Cy = (1”)51.: + a,‘, 2

Differentiating the first order conditions totally yields the following system of equations:

[ oC,, |
at NRS D1
Ax x - x
[ ] aalt l D?.x
NRS
o, |

where the determinant of A, > 0 and the elements of A are:

Ay = 8"+ (1+rE(h")
Ay, = -(1+DE(h"z, )
Ay = -(1+NEMh"z,)
Ay = (1-)ECR"Z2)

Notice again that the determinant is not symmetric except for t =0.

And where D,, and D,, are given by:

D =

1x

D,, = E(h'x,,)



After simple manipulations we get the following effects:

The effect on risky asset holdings is:

Ca

1 i
E“lrvns = - E(h'x,,,

).A_“,<0
A

Xx

Risky asset holdings decrease. Since there is no risk sharing, the risky asset less
attractive relative to safe asset.
The effect on current consumption is:

ac,,| _rE(N A+ Eh"z,) -0
or, "% A

X

Current consumption increases for initial t, equal to zero. The degree of increase depends
on the elasticity of substitution. For initial t, = 0 we get the ecffect on current

consumption as:

acl,l ) rS

a. M (1+r)

X

C" a > C
- M
Yll

@ |-

Current consumption increases. The degree of increase depends on the clasticity of

substitution. The effect on savings is:

as, ac,
a_t:hvns = - _ai;l‘ms <0

Savings fall since the investor increases current consumption.

The effect on the safe asset is:

The investment in the safe asset will increase if the elasticity of substitution is 7cro.
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a’n"( - asn.l _ &.nl > O
atx NRS dtx NRS atx NRS <«

The effect on proportional risk taking is:

ap 1¢ | .- __1__ aalr l _ _a_l_t. asll I <
NRS NRS NRS
a‘x Slr atx 12t atx >

The ratio of risky assets to savings will decrease if the elasticity of substitution is zero

or the relative risk aversion is extremely large.



A.IL.4 A Tax on the Safe Asset, t_

In order to determine the impact of this tax policy, we proceed as previously and evaluate
the argument in h’(C,) at m,;=m,,’. This lump sum transfer aizo cancels with the tax

payment of the household. Hence, the investors future consumption level 1s given by:

* .
Cy = (1+N Sy, + ay 2,

Differentiating the first order conditions totally yields the following system of equations:

r

aC,,
o, Ias Dy
Am =
[ 4n ] aa,, D,
atm INRS

where the determinant of A,, > 0 and the clements of A are;

A, = 8" +(1+r){1+n)E(R")
A, = -(1+nE(h"z,)
Ay = ~(1+DEh"z,,)
A, = (1=t )E(h"z,, )

Notice again that the determinant is not symmetric except for t,=0 imtially.

And where D, and D,, are given by:

D, = -rEh)
D, = -rE(h’

After simple manipulations we get the following effects:

The effect on risky asset holdings is:
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ﬂ[ __TEM) A, | TER) AL, > 0
a N A, A <

m

The effect on risky asset holdings cannot be determined. There is no risk sharing, hence
the risky asset is more attractive relative to safe asset but in addition now future
consumption is more expensive. The two effects operate opposite directions.

The effect on current consumption for initial tax t, equal to zero is:

GC“ r 1 G,
= —_— ——m m > O
o | ngs 1+ 8 Y, TRl

Current consumption increases for initial t, equal to zero. The degree of increase

depends on the elasticity of substitution.

The effect on savings for initial t;, equal to zero is:

sy

1
o an‘"“é‘t_tlms<0

m

Savings fall since the investor increase current consumption. The effect on the safe asset

s

am“| =?§‘_£| _E‘_q >0

m

The safe asset will decrease if the elasticity of substitution is zero.

The effect on proportional risk taking is:
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aplt | 1 aalc | B a4y, asltl <
NRS = o TRTINRS T T3 TS INRS >
atm S“ U;,' 1 atm

The ratio of risky assets to savings will increase if the elasticity of substitution is zero

or the relative risk aversion is extremely large, otherwise the effect is ambiguous.

292



APPENDIX III

A.IIL.1 A Capital Income Tax, t,

We proceed just as the previous chapter and we assume that the argument in h’(C,) is
evaluated at a, =a,  and S, =S,,". This lump sum transfer cancels with the tax payment

of the household and hence there are no income effects. Hence, the investors future
consumption level is given by:
C,, = (1+n)Sy, + ay, 2,

Differentiating the first order conditions totally yields the following system of equations:

£
atk e le
[Ak ] aalll ) D2k
atk NRS |

where the determinant of A, > 0 and where:

And where D,, and D,, are given by:

- r 8 CE(C)®® E(C*™)
0

le
D2k

The effect on current consumption is:
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aC
—H s = ____rsl_' o S Ww>0
o, (1+) Y,

Current consumption increases. The degree of increase depends positively only on the

elasticity of substitution. The relative risk aversion does not appear.
To measure the Deadweight Losses of capital income taxation we differentiate welfare

with respect to the tax rate and substitute the first order vondition. After simple

manipulations this gives us the desired result in the text.
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APPENDIX IV

A.IV.1 The Weiner Process and Ito’s Lemma

A Weiner Process

Let the stock price behaviour over time follow a geometric Brownian motion. In

discrete-time this implies that:

AP _
F6 E(x) At + o €, /At

where E(x) is the expected return of the risky asset per unit time, ¢ is a standardized
normal random variable (i.e., a normal random variable with mean zero and standard
deviation equal to one), and ¢ is the standard deviation of the stock price. Both the mean
and variance of the stochastic returns of the risky asset are assumed constant. The first
term on the right-hand side of the equation represents the expected return provided by
the stock on a short interval of time At. This term represents the trend of the stock price.
The second term is the stochastic component of the return over time. The variance of the
stochastic return is o> At. The return of the risky asset is distributed normally with mean
a At and standard deviation ov/At. The normality assumption of the asset return or the
assumption of asset price following a lognormal distribution is consistent with limited
liability. The term Az = e/At is known as a Wiener process. The Weiner process or

Brownian motion describes in physics a particle that is affected by a large number of
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small molecular shocks. The Wiener process assumes that the values of Az for any two
different short intervals of time are independent. This term causes the stochastic

movements over time of the asset return from the trend value that it follows.

Let us examine what the above conditions imply about the behaviour of z=AP/P the
percentage change in the stock price over a finite period of time T. Suppose we break
the interval T into n units of equal increments to n=T/At. Then the change of the capital

gain (z) over this interval is given by (let E(x)=0):

As+D-2(s) =Y (AN
1=]

Clearly the change in z over the interval is normal with mean zero and variance T. The

variance of the change in the capital gains grows linearly with the time interval.

Ito’s Lemma

A Taylor series expansion is the best way to illustrate Ito’s Lemma. Consider a variable
x that obeys a geometric Brownian motion with drift as indicated above: dx = a x dt +

o x dz and consider a function f(x,t) that is differentiable. The total differential of this

function is given by:
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df=ﬂdx+f,dt+%fndx2+-é-fmdx3+...

where f,,f, arc the partial derivatives. In calculus the higher order terms disappear in the
limit. However, if x follows the Ito process this is not true. In order to see this evaluate

dx? and notice that all the terms do not vanish in the limit.

dx* = (axd + oxdz ) =
dx? = a%xdi? + 2 a x%0 € x? dt*? + olx%edt
Dividing both sides by dt and taking the limit as dt -> 0O leaves only the last term. All

higher order terms vanish. Now substituting for dx? yields the total differential of a

function which contains a stochastic weiner process:
1
df = f, dx +f,dt+-2-fmdx2

The last term is absent in calculus.
A.IV.2 The Budget Constraint.
Let N(t) be the number of shares of asset i bought in period t, P,(t) the price of the i-th

asset. Let W(t) be the investors wealth in period t, C(t) consumption in period t and Y(t)

labour income in period t.
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The change in the investors wealth dW(t) is equal to the capital gains arising f{rom
changes in the price of the stock plus any non capital income (i.e labour income) less any

consumption in period t per unit of time. The budget equation is as follows:

dw() = i N@dP (1) - C(H)dt + Y(r)dt
i=1

(1A D
Letting 3(t) be the proportion of wealth invested in the risky asset we obtain:
- dP(t
dw(n=Y ﬂ‘(t)W(t)ﬁ - C(ndt
i=1 P(0)
(1A.2)

Assuming that the asset prices P(t) are generatea by a geometric Brownian motion:

dP ()
—— = E(x)dt+odz,
P2

(1A.3)
where E(x,) is the expected return of asset i, o, is the standard deviation of the asset i and

dz, is a Wiener stochastic process. Substituting (1V.3) into (IV.2) we obtain the

continuous-time budget constraint of portfolio-consumption decision model:

dw() = 2": BOE(x)W(t)dt - C(n)de + Z B,(OW(Dadz,
i=1

=1

(1A.4)
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For the two asset case it can be easily shown that (IV.4) becomes:

dw(t) = (BOER)-r)+nW(ndt - Clodt + p)W(r)edz
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A.IV.3 The Optimal Consumption and Portfolio Choice.

The investors’ problem is to choose C(t) and B(t) to maximize his utility subject to the

budget constraint. The CRRA and CIES utility function in discrete time is given by:'

o 1
UC,CE(U)it,t+At) = e ™ [ CO+e taE(U1-M) (N 0

(3A.D

subject to:

dw(t) = [BOE®) -r)+rlW(t)dt - C(t)dt + B()W()odz

(3A.2)

and assuming C(t), W(t) > 0 and initial endowment of W(0) = W, > 0.

Given that the utility function is of the constant elasticity and constant relative risk

aversien form we can guess that the indirect utility function is of the type:

J(Wp) = e ¥I(W)

(3A.3)

! This section follows closely Svennson (1989) who is the founder of the non-
expected utility in continuous time.
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The indirect utility function must satisfy:

8
IW) = lim max [ C%Ar + e™%% [ E, (W(t+An)*Y ]4-V ]

At -0 cw

1
8

(3A.4)
subject to the budget constraint. Given this type of preference structure and the
homogenous budget constraint we may also guess that the form of the indirect utility

function and thic consumption function is proportional to wealth.

IW) =AW, A>0 CW) =BW, B>0

(BA.S5)

where A , B are functions of the parameters of the model.

Substituting (3A.5) into (3A.4), applying Iio’s Lemma, and taking the limit leads as to

the Bellman equation of optimality.

0 = Max [ (BIAY® - & + OI(BEW-r)+) - B - Y";“’zl ]
B,p

(3A.6)

The first order conditions with respect to 8 and B are:
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With respect p :
2
0 (E(x)-r) - 8o°By _ 0
2
With respect B :

% (BIA)®D -8 =0

(3A.D

Solving for the portfolio choice we get:

B - (E(x) -r)
o2 vy
Portfolio choice is determined only by the risk aversion parameter and the moments of

the distribution. No role is given the intertemporal elasticity of substitution.

Solving for B we get:

8
B =AG®

Substituting the values of 8 and B into the Bellman equation and solving for A we obtain:

b-lis o (E;?Z;r)z SALE
(3A.7)
Since C(t)= A”®Y W(t) we have:
KO+ L2 = gy | (E;?Z;r)z rrll
(3A.8)
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the optimai proportion invested in the risky asset is:

B = B(o) = LEXD
o?y

(3A.9)
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A.IV.4 Income and Substitution Effects

We next derive the substitution and income effects of the Phelps-Ramsey problem of
optimal consumption under uncertainty. Consumption per wealth can be re-written as
follows:

5 8
(1-8) (1-6)

2
BO) = [ [p—v—"-—;i’—)n

(4A.1)
where p=B(0)(E(x)-r)+r is the mean of the composite asset and o*(p) =(8(0)0) is the
variance of the composite asset. Let z be a financial parameter (i.e. mean, variance, tax

rate) then the substitution effect is given by:

oC(®) |
aZ J(W0))=C
(4A.2)
The income effect is given by:
Total Effect Less the Substitution Effect:
oC(r) _ 9C(® |
Py G Ho)=C
(4A.3)

Differentiating totaily the indirect utility function J(W(0)) = AW(0) and setting the result

equal to zero yields:
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dA Jdw(0)
0 = WO) o Limoy-c * 4 % |wron-c

(4A.4)
Solving for the income compensation yields:
oW(0) | .. WO a4
oz J(W0))=C A oz 1J(A0))=C
(4A.5)

From the consumption function Cit)= A'""Y W(t) we can easily observe that the effect

of the change in the financial parameter on A is given by:

1
04 _ (6-1) 5 au()
_— = L 0 —_—
% 5~ kO =
(4A.6)
Substituting into the income compensation yields:
1
9W(0) | . _ WO 8-1) (o) © ou(@
& J(W0))=C A 8 Ford
(4A.7)
Consider z=p then the substitution effect is given by:
aC(0) _ au(0) oW(0)
—5;— | iowoy-c = W(0) ‘“é;— + 10 _a‘p_‘ |y -c
(4A.8)

Substituting the relevant information into the above expression yields the desired result:



E0)

Fn Liwoy-c = - n W(0) <0

(4A.9)

The substitution effect indicates that an increase in the mean of the composite asset will

make future consumption more attractive and given a positive elasticity of substitution

will lead to a reduction in current consumption. Following the procedure discussed above

yields the income effect equal to W(O).

Consider z=0%(p) then the substitution effect is given by:

oC(0)

oy 28O, g WO
da*(p)

| oy
30%(p) da¥(p) €

IJ(W(O))=C

Substituting we obtain the following substitution effect:

aC(0)

_ Yo
.802_@) Limoy-c = —— P(0)

2

(4A.9)

(4A.10)

Since an increase in the variance makes future consumption more risky the investor

substitutes towards current consumption. The income effect can be obtained as a residual

from the total effect.
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A.IV.5 Taxation Policies and Optimal Decisions

In this appendix we present the various Bellman equations of optimality under different
tax policies. In order to derive the optimal quantities we follow the same procedure as

appendix 3. The optimal choices are shown in the main text.

Choice under a Capital Income Tax
The bellman equation of optimality unde- a capital income tax is:

vo -1

5 ]

0 =Max[ (BIA? -3 +0[ (1 -t) (B(E(x)-r)+r) - B -
8,8

(5A.1)
Choice under a Differentiated Capital Income Tax
Taxation of the Safe asset t,, and the Risky asset t,. The bellman equation under a tax on
the safe asset and the risky asset is:

o?(1-1) w?

3 1]

0 = Max[(B/A)° - & + O [ B(EM)(X-t)-r(1-1,)+r(1-2,) - B -y
88

(5A.2)
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APPENDIX V

A.V.1 A Capital Income Tax, t,

In order to determine the impact of this tax policy, we assume that the argument in
h’(C, is evaluated at a,=a,,” and S,,=S,,". This lump sum transfer as stated in the text
does not cancel with the tax payment of the household. Hence, the investors future

consumption level is given by:

Cy =(1+7)S, +ayz,, +(l-v)a,E(2)t,

Differentiating the first order conditions totally yields the following system of equations:

[ ac“

EAANEN
[Ak] aa“ = Dzk

|

where the determinant of A, > 0 and the elements of A are:

g” + (1+r) (1+r) E(h"

-[ (1+r) E(h"z,,)) + (1+r) (1-v,) E(h") E@) 1, )
~(1+r) E(h’'z,.)

» = LER"z, % + 1, A-y) E@ Eh'Z) ]

PN
— ~ —
o

Notice that the determinant is not symmetric except for t,=0. Also notice that for very
high capital income tax rates the second order conditions will not hold. In such a case
we do not expect to find a solution to our problem.

And where D,, and D,, are given by:
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= - + _a___l: + al; r 1_ E h,
D, = - r E(h) i A, e (1+7) E@) (1-v,) E(h")
= al" — - I
D, (1-1) [ A, - (1-v)) E@) E(h"z,) ]

Solving for the effect of the tax on risky asset holdings gives:

1¢

a, a C a. E@ a
s = s LI Zuges oy T @ 2 n
a, (1-1) (1-1)8 (10 Y, A-)(1+) Y,

The effect on current consumption is:

J . *
Ly o LB gy G EO Cu s
% A 1= A+ y;

The effect on savings is:

as ac,,

1¢
Tl = - g < 0
atk atk

The effect on proportional risk taking is:

Py

>0
at, ks

The ratio of risky assets to savings increases under NDRRA.

To measure the Deadweight Losses of capital income taxation we differentiate welfare
with respect to the tax rate and substitute the first order condition. This gives us the
desired result in the text.

A.V.2 Evaluation of other Capital Income Tax Policies
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The Taxation of Excess Returns

The capital asset pricing model with intergenerational risk sharing is:
CE(RP,) = E(RP,) - Ay,cov(T,,,x,,)

The per capital stochastic lump sum tax revenue from the excess return of the risky asset

is:

Tlx = tz alt Z‘rol
The market value of this tax revenue assuming that the investor holds the market

portfolio is given by:

CE(R,) = (1-v,) t, a, E(z)
The market value of the tax revenue from the taxation of excess returns is positive if v,
is less than one. The taxation of excess returns does not create any deadweight losses.
The taxation of excess returns can generate revenue to the state. This revenue has a
positive market value. If each generation faces his own tax revenue risks then the market
value of this tax revenue is zero. In addition the allccative effects of this tax policy is
transparent. Current Consumption and risk taking increases, while savings fall,
proportional risk taking increases under the assumption of NDRRA and DARA. Expected
future consumption also increases. Welfare in this case increases since the capital income

tax is positively related to the value of the tax revenue.

The Taxation of the Imputed Safe Income
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The capital asset pricing model with intergenerational risk sharing is:
CE(RM) = E(Rp,) - Ay, cov(T,,x,,)
The per capital stochastic lump sum tax revenue from the imputed safe income is:
Ty =t rs,
The market value of this tax revenue is:
CE(R,) =r1, S,
The market value of this tax revenue is the same as the tax payment of the investor.
Hence the value of this tax revenue matches the tax revenue from capital income taxation

only in the case in which the risk premium has a zero market value. In any other case

the government is capable of collecting additional tax revenue.

The Taxation of the Risky Asset

The capital asset pricing model with intergenerational risk sharing is:

CE(R,) = E(R,) - Ay ,cov(T,,x,,)
The per capital stochastic lump sum tax revenue from the risky asset is:

T, =t x,, a,
The market value of this tax revenue is:
The market value of this tax revenue is a weighied average between the two tax

revenues. Notice that if -y, is equal to one the tax revenue that can be generated from the
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Yy, rt, a, .
CE(R,) = ———— + (1-y)) 1, E(x) a,
(1-t)

taxation of the risky asset is lower than the expected value of the tax revenue. The
market value of t-is tax revenue without risk sharing is:
t a,,

B - )

In all other cases the market value of the tax revenue varies. If v, equals zero the market
value of the tax revenue is equal to the expected value of the tax revenue from the risky

asset.

The Taxation of the Safe Asset

The capital asset pricing model with intergenerational risk sharing is:
CE(Rm) = E(Rp,) - Ay,cov(T,,x,,)
The per capital stochastic lump sum tax revenue from the safc asset is:

* »
T, =t rm,

The market value of this tax revenue is:

CE(R,) = rt, m,,

The market value or this tax revenue is equal to the tax payment of the investor.



APPENDIX VI

The Capital Asset Pricing Model

Evaluation of the Cash Flow Consumption Tax Revenue

This evaluates the risky cash flow consumption tax revenue using the asset pricing model.
We show that the outcome is the same as the modified wage tax. Starting from the capital

asset pricing model we obtain:

CE(T,)=R,=E(T,) -Acov(T,,r,.,)

) = Ery - r
2
om
where T, is given by:
Ct+l(tc)
ch - tc [ Cl(tc) * (1+r) ]
T, = e [y, + 20
“ (1) (1+7)

Substituting the cash flow consumption tax revenue T, that the young generation
household pays to the state into the covariance term and expressing it in terms of the

correlation coefficient of the "risky" note yields:
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(E(r,)-1)
CE(T::) = E(ch) - fe a'(t‘)E(z) O r
(=) —n Ed ™

OI

Alternatively we can write the above equation in the following form:

E(r,,.)-r)
CET) - t, Y - t, aft)E®2) {- o, )
(1+1) (1+) (1+n) E@)
[¢]

X

In the case, where the household invests in the market portfolio or alternatively, to a

"mutual fund" that is perfectly correlated or "mimics" the market portfolio then:

in addition given:

E(r, - 1) E(x -1

Om O

Substituting the above two conditions into the certainty equivalent tax revenue we obtain:

t
= TY= —°<_Y
R, = CK(T,) o)

Again this is the only tax revenue that can be used to finance public projects which enters
into the utility function in an additive way. Even though the government taxes the
consumption of the household and receives more tax revenue in expected present value.

The government is taking a claim of zero market valuc from the risk premium and hence
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can only finance programs that have a certainty equivalent equal to the pre-payment wage
tax. The price of the "risky" note is equal to the consumption tax revenue the
government would raise under certainty. This certainty equivalent tax revenue of a cash
flow consumption tax revenue is independent of the parameters of the model. The

certainty equivalent tax revenue does not depend on the risk aversion of the individuals.

Hence, we observe that by using the weighted average discount rate for a social rate to
discount the risky cash flow consumption tax revenue we are implicitly assuming that the
houschold holds a perfectly diversified portfolio. The social discount rate used to evaluate
the cash flow consumption tax cannot exceed the weighted average discount rate in a risk

averse world.
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Risk Sharing

If we assume .hat all generations (n in number) share in the current "market" or “social”
risk via a stochastic tax policy then the relevant tax revenue valuation is the average cash
flow consumption tax revenue across all generations. What price are the young investors
willing to pay for a security who’s risks are shared with all generations ? Using again
the CAPM to evaluate this new stream of revenue, the certainty equivalent of this tax

revenue stream becomes:

n-1

: T

n-: T ct-i
CE(T) = E [ @y -Aeov [ 22— 1., ]
i=0 B n

I am assuming that the an equally weighted average cash flow consumption tax revenue.

Expanding the terms and using the properties of covariance we get:

CE(T“=E(T“)—-:‘-1-cov[T“+T STt ]

ct-1 ct-2
setting
cov|[T,,, 7, 1=0 vV i#0

Substituting the cash flow tax revenue into the above expression and assuming that the
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household holds the market portfclio gives:

ot Lol aE(2)
R = (1+1) &+ a=2 (1+7)

)

The public discount rate for the evaluation of risky tax revenue is given by:

1+r+BE(2)
l+r+(l—%)BE(z)

p =+ 1-1

This is obtained by setting the present value of the risky tax revenue using the certainty
equivalent method equal to the present value of the tax revenue using the discounting
method and solving for the required rate of return. Notice that as n approaches infinity
the social discount rate approaches the risk free rate. On the other hand as n approaches

unity the social discount rate converges to the weighted average rate.
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APPENDIX VII

The No Tax World:

Given the preference structure:

8 1
V(C,,CE(C,)) = [C} + 8] pCyy + (1-p) Cy]*1°
(A.1)
and the constraints:
C,=Y-(a+rm
Cyy = (Y - CH(1+r) + az, z,=x,-r>0
C,, = (Y - C)(A+r) + az, z, =x, ~r<90
(A.2)

Maximization of (A.1) with respect to current consumption (C,}, and amount invested in
the risky asset (a) yields the following first order condition; With respect to current

consumption:

C)™! = 8(1+NCE(C)®2EC; ™)

With respect to risk taking:

E(C;7'2) = 0
(A.4)

Defining the following quantities:
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8 ]

- (
2 (1-pB 1%

A, = [ 8(1+np(

-pz,
(1-p)z,

L
By = [

A, = Ag'(z, - Bgz)

B, = By(z, - z)(1+r)
and solving for the optimal quantities we obtain for the amount invested in the risky

asscet:

L A+r)(By - D) 4g ¥
141 + Bl

a(0)

The amount invested in the risky asset depends on both risk aversion and the
intertemporal substitution parameter.

For Current Consumption:

For Savings:

5(0) = 4 Y
A + B
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For proportional risk taking:

a©) _ (1+0By -
SO (2 - By

BO) =

Interestingly, proportional risk taking is independent of the elasticity of substitution. This
result is consistent with Svensson’s (1989) extension of the non-expected utility in a

continuous time framework.

Finally the Certainty equivalent future consumption is given by:

1
CE(C,) = [E(C))]°

where  C,, = 4,'C,
Cyy = (By*Ay)'C,

Following a similar procedure under the different tax regimes yields the following effects

on the optimal quantities:

VARIABLES NO TAX CONSUMPTION WEALTH WAGE
TAX TAX TAX
Risk Taking a(0) a(t,)=a(0) a(0) (1-t,)a(0)
Consumption C,0) C,(0)/(14t) (1-)C(0) (1-t,)C (D)
Savings S(0) S(t.)=S(0) (1-1)S(0) (1-1,)S(0)
Proportional B(0) B(t)=B(0) BOY/(1-1) B(D)
Risk Taking
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APPENDIX VIII

A.VIII.1 The Wealth Effects

The effects of a change in exogenous income on the decision variables can be obtained

by differentiating the optimurn conditions with respect to Y, yielding:

| %
(4] oY, (1+ry'E(h")
oH,, -(1+nNEMh"z,, )
ar, |
<8Al.1>
where the determinant of A > 0 and the elements of A are:
A, =8" + A+NER"™) <0
Ay = Ay = - (1+1) E(h",,) <0
Ay, = E(h'n, F™ + E(h"Z) < 0
Solving for the optimum response of the endogenous variables we obtain:
oH, (1 +r)g”Eh",,)
aY,, A
<8Al1.2>

Decreasing absolute risk aversion (DARA) guarantees that E(h"z,,,) is positive.

Therefore, human capital is normal under DARA.
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The effect of a change in the exogenous level of income on physical capital investment

is given by:

35, _ 8" [ Elh'n, ,F" + Eh'Z.) + w1+) E(h'z,,) ]

oY, A
<8A1.3>
Alternatively, we can re-write <8A1.3> as follows:
Sy, _ g" F" Eth'n,.) N g" F' E(h"z,\p,.))
Y, A A
<8Al.4>

In order to sign the wealth effect on savings we need to sign the second term. In
particular if E(h"z,,u.,,) is negative then savings will be normal.! This condition is
sufficient but not necessary. However, this term is related to the behaviour of relative

risk aversion since:

' An alternative interpretation of E(h"zu) being negative is the following. An
increase in p. causes an increase in future consumption and a reduction in the degrec f
risk aversion as measured by the absolute risk aversion. If the percentage increase in the
random variable is greater than the percentage drop in the absolute risk aversion then the
safe investment increases with increases in exogenous first period wealth. An elasticity
of absolute risk aversion of less than or equal to one. An increase in g can be associated
with an improvement in future earnings and future consumption opportunities and under-
decreasing absolute risk aversion the degree of risk aversion will fall as measured by the
odds demanded. If the degree of risk aversion does not fall sufficiently more, the investor
will increase both physical and human capital investments with exogenous wealth
increases.

322



F(H) Eth 'z, p,.) = ECh'z, [C.) - (1-ryS Eh'z .y - Y Eh 2,
Urder non-decreasing reiauve nsk aversion Efm'z_ C,) s non-positve. Consegueniy.

the ‘oilowing propositon 70.Cs.

Proposition 8.1a: For 2 non-herroaer dispiaying decreasing absoiuis 3K aversion anc
non-cecreasing relauve misx zversion sevings are normal.

cS.

I3

S0
B
cY,
<RAL >
This resuit indicates hal enven NOUgn a vert .ender a1l Increase e amount ol

sk acuvity if there 1§ an increzse (n permmod-one aeailh. ne (she) kil &S0 increase e

. ; ey . : Taees .
non TSKyY alunily .néer the zlc.uora sssumpluoen ol ren-cecreas: TEg Teatlne L

‘e -

For a borrower the anai>s:$ :§ more compucaieC and the resulls zre nol as s
‘orsard. In order o determine ‘Aneiher 2OITOWINE INCTERSES "A1Th inCTeeses N Aeall A

<

meed 10 sign the [0il0WwIng exprassion:

= It can be shown that e 2ehaviour of relative nsK aversion LMpPOSEs restrnichons
on the eiastucity of absoiute nisk aversion. In partcuiar. if the relative msk aversion ;s &
:ncreasing (decreasing) funcuon of future consumpton then the elastcity Of zbsoiute ISk
aversion 1s .ess than one (greater than one)
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-
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¢B,, _ g'F’ Ethy, ) g F Eh'y u,..)
cY., A A

<RAl 6>
ne Iirst erm s negeuhe: therefote :n orcer ‘o cdelermine hetner the individual will
inirgese Or Cecrease nls JOTowIng acuvity ae need 0 sign the second erm
Ez . w. ). Agzrn 2y sammein this term s reated 0 the behaniour of relative nsa

»

rsich.

(44

as

F(H) Eth =3, j = Eth 2,.C,) - (1-n)B Eth z_) - Y Eh z,_)

A
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=
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of exogenous first period wealth. Hence borrowing is inferior if constraints are imposed
on the individual.

3B, _
3Y.

1
<8Al1.8>
Proposition 8.1b: For borrowers displaying non-decreasing relative and decreasing

absolute risk aversion and constraint such that their borrowing does not exceed the
present value of their non-stochastic, non-human, eamings makes savings normal.

Therefore increased exogenous first period wealth will lead to reductions in borrowing

activity.?

The effect on current consumption is given by:

aC
ay.

1e

(1+7? [ (EG"NEMh'n,, ,F + Eh’z})) - EGR"z,.)* ]
A

1z

<8A1.9>
A sufficient condition for the dC,/dY,, to lie between zero and one is that the term

E(h")Eth"z, %) - [E(h"z, )} be positive. This term can be written as follows:

Eh"y E(h"z.)) - E(h"z,* = F' [ EGh") E(h"z,,,p,.) - E(h"z,) E(h"n,.) ]

Clearly, a sufficient condition for this term to be positive is that the term E(h"z,, p,.1)

3 This result although new in the literature of human capital has been recently

uncovered by Ahsan (1989b) in a portfolio asset choice model.
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be negative. Therefore, the effect of an exogenous increase in first period wealth will

increase current consumption by less under the assumption of DARA and NDRRA.
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A.VIIIL.2 The Consumption Tax.

A.VIIL.2.1. The Income Effects.

Differentiating the first-order conditions with respect to first period exogenous income

Y,, yields the following income effects:

[ ac, ] [ a+ntEm”
aY,, (1+t)
AT ag |71 aenea”
1t _ Z,.1)
a, | (1+1)?

<8A2.1>

Solving from <8AZ2.1> for the income effects yields the following outcomes:

E(h'2}, E(h'z, )

1+ [ (ECh™)[ECh'p,, F") +
o, U UEWER )~ = TR
Y, (1+)® A
<8A2.2>
and
a”“ _ ( l +r ) g// E(h//zxq-])
oY, (“fc)z A
<8A2.3>

Both of these effects are positive given the assumptions of decreasing absolute and non-

decreasing relative risk aversion. See previous appendix for details.
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A.VIIL.2.2. The Substitution Effects.

To obtain the compensated expected - utility comparative static results we require that

the households wealth be adjusted such that:

Y
dr, = () [V, + s s wh, -5@—, “1)1dr,

1t

<8A2.4>
Utilizing the above constant expected utility requirement and differentiating the first order

conditions yields the following system of equations:

o, [ (1+r) F(H) E(h'z,,) |
atc 4 (1+tc)2 F/
[4] =
Oy F(H) E(h"z,.,
v
o | (1+t)? F’

<8A2.5>
The utility compensated effect of a consumption tax on human capital is given by the

following expression:

oH g"FIEMR", , (1 FQH) [EGh"EG Yz -Eh"z, )]

ltl_ -
v

ot, (1+2,)°F'A (1+) 1’ A

<8A2.6>

Alternatively, utilizing the determinant of A, we can re-write <8A2.6> as follows:
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EAART S (1+t) A

oH Ky (FEDH) | BERu P

Note that we do not observe the Domar-Musgrave phenomenon in the human capital
model as in the portfolio choice model. The difference stems from the dependence of the
random earnings on human capital investment and on the deviation of average from
marginal productivity. If F* was equal to zero then we would have obtained the Domar-
Musgrave result. A constant marginal productivity of human capital then changes human
capital (i.e., by F(HY/(F'(1+t))) and current consumption by zero. As Mossin (1968)
states on pg 77 "the investor adjusts so that the expected net gain remains unchanged".
The change in human capital under F" = 0 would be such that his net gain from the
portfolio remains unchanged and the tax rate would not make any difference to the
investor given the income comensation.

The utility compensated effect of a consumption tax on current consumption is given by
the following expression:

. () D F" Eh"e,) B
a, (1+¢)* F' A

<8A2.7>
Under the assumption of non-decreasing relative and non increasing absolute risk
aversion both <8A2.6> and <8A2.7> are positive. These are reported in the main
text as propositions 1.1 and 1.4.

Examining the expected utility compensated effect of a consumption tax on savings
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through its definition, i.e. S,,=Y,, - wH,, - (1+t,)C,, we obtain:

as,, F)¢ oH aC
[4 [4 c

[

Substituting <8A2.4>, <8A2.6> and <8A2.7>, and after some manipulation we

obtain:
as,, Sy + Yo 1+n)™! F(H) F" / " ! ool
A, 7T @y Gogy 0 ) LT (00 FEER )

<8A2.8>

A.VIIL.2.3. The Specific Effects.

Differentiating the first order conditions with respect to t, and utilizing the utility

compensated and income effects we arrive at the following taxation effects:

311’1_' = il-{-'—‘lv - (1+)! [Y1,+Y2,(1+')"+M‘W 1t ‘a‘}i{
a, ot F' oY),
<8A2.12>
and
<8A2.13>
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A.VII1.2.4. The CRRA Hypothesis.

Utilizing <8A2.8> we obtain for human capital investment:

oH, [g"+(1+NEM"EK",,C,) ¢ OH  (mEG IC,) 8H,,
%, (1417 a "o, g oY,
<8A2.14>
For Current Consumption:
oc,, oC,, (1‘”’)5("”5'74)[1 ¢! t\acl‘] e VE(h'2, )Eh"7,,,Cy)
rr——————— - — — +
atc 1 BY" (1+tc)g n" 4 aYn (1+tc)3A
<8A2.15>

From the definition of constant relative risk aversion:

E(h" z,,,C,) =0

t+1

where RRA = - Wy = - gﬁC_’L,
hl g//

Substituting the above conditions into <8A2.14> and <8A2.15> yields:

For human capital:

<8A%216>
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For current consumption:

oC,, - - Cy
or, (1 +1¢)
<8A2. 17>
For savings:
ft:' = -w c" - (1+2) i;-c‘! - C,,
<8A2.18>
Under CRRA savings:
<8A2.19>
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A.VIIL3 The Pre-Payment Wage Tax.

Since a pre-payment wage tax is equivalent to a consumption tax we present only the

CRRA results:

A.8.3.3. The CRRA Hypothesis.

Fo: human capital:

<8A3 1>

For current consumption:

<8A3.2>

Tiie total effect of an increase in the consumption tax on savings is given by:

aSlr ale aC‘.Il
= - (Y, - wH,) - (l_t“’)w'a_:w_ "

<8A33>

Under CRRA savings:
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aSh' Slr

a, (-t

<B8A34>
A wealth tax leads to discouragement of savings under CRRA assumption. Note that

S(1-t,) remains unaffected by taxation.
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A.VIIL.4. The Interest Tax

A.VIIL.4.1. The Income Effects.

Differentiating the first order conditions with respect to first period exogenous income

results in the follewing system of equations:

(1+r(1-2))* (1-1,) E(h")
+r(1-)) (1-1,) E(h"z,)

Solving from <8A4.1> for the income effects yields:

<8A4.1>

)] - E(h',,,)

aClr - (l-tw)(l+r(1—tr))2 [ (E(h”)[(l—tw) E(h,p,“’F”) . EGh
aY,, X
<8A4.2>
and
aH" _ Q —tw) (1+r(1 "t,)) gll E(h”z‘,l)
ay, A
<8A4.3>
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A.VII1.4.2. The Substitution Effects.

To obtain the constant expected - utility comparative static results we require that the

household be compensated according to:

dy, =(1-t)' (L+r(1-¢))"rsS, dt,
<8Ad4.4>
Utilizing the above constant expected utility requirement and differentiating the first order
conditions with respect to t, yields the following system of equations:
[ oC,,
&, 7 ) { -r E(hY

aH -(1-t) w r E(h"
{ ot

v

lt‘

r

<8A4.5>
The utility compensated effect of an interest income tax on human capital is given by the

following expression:

_a%v e Elfh’) [g”w (1-t) + (1+r(1-£) (1-1,) F' Eh"n,,) 1

r

<BA4.6>

The utility compensated effect of an interest in.ome tax on current consumption is:
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<8A4.7>

Examining the expected utility compensated effect of an interest tax on savings through

its definition, i.e. S;;=(1-t, )Y, - wH,) - C,

oS aY. oH oC
ati' lp = d-t) at:' lp - A-t) w ar," ly - “52—' v

Substituting <8A4.4> we obtain:

as,, - oH,,
-a—t-'l-", =r S" (1+r) - (l“tw) w EIT’

r

<8A4.8>
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A.VII1.4.3. The Specific Effects.

The effects of an interest ,ncome tax on the decision variables can be obtained by

differentiating the first order conditions with respect to t.

A.VIIL.5, The Income Tax

A.VIIL.5.1. The Specific Effects.

Differentiating the first order conditions with respect to t, we obtain:

[ 9C,,|
) o, | QU DER Yy FE ULt ))Y - wH )48, 1) -rEChY)
OHy| | E(h"z,, ¥+, FOD+(1+r(1-t) )Y, ~wH, ) +rS, ) -(1-t JwrE(h")
yJ

<8AS5.1>

where z,, =(1-t,) (. F'-(1+1(1-t))w)

We can easily observe that the total effect of an income tax can be decomposed into the

wage tax effect and an interest tax effect at equal tax rates t, =t =t

a, o, o,

where is X;, = H,,, C,, S,,, respectively.
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A.VIIL.5.2 The Substitution Effects.

The substitution effects of an income tax can also be decomposed into the wealth tax and

interest income tax effect evaluated at equal tax rates t,=t,=t,

1
' Xll _ axll I'v"r"y + axlt I'w'rr"‘}
vV~ L, |y 14

a7 e, a,
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