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situation, researchers “developed these tests through some 'ad hoc’
t | . N " .

gy

R o ABSTRACT
xqrssrs OF HOMOGENEITY OF VARTANCES

, or Noquf“ LINEAR MODELS

. ‘ . A,B.M! Nur Enayet Talukder °  ° : ‘
N - . ) ‘ * ,g\‘ Q

Many test procedures have been proposed in the literature ‘to detect
t.he hete‘roscedasticity of statistical pbpulations. Each of the tests

& -
t}as its own assumptions regarding the populatiog\ distributions.  Some

.pf'the*tests‘were developed with a view to detect heteroscedasticity in
., », - . ¢ .

] . .
linear models. These tests can also be used to test the equality of

¥ ’ ‘I
‘variances of nofmal populations with common mean. Since the classical

methods of 'opcimum" test cqnstructions did ;bt work well in this

K

~ ~ . -

approach. In this thesis attempt is made to find.a Bayesian solution to

' [y

test equality of variances of k(‘z 2) no populations with common

location parameters and to extend it for de ecting he,té.z'dscadasticity

~ .

?
in k( 2) linear models with common regression parameters.

.

In Chapter II qf this thesis we coﬁsider the, Bayesian solution for

N testing‘ equality of variances of two normal populations ‘with common

means. This method’ is compared with the classical F-test in cér;ns of

* - . . s
highest posterior density intervals and is found to have shorter widths..

The Bayesign solution is extended for testing equality of variances in

‘two linéar modWon regression parameters in Chapter III, the
method is applied to a real 1life problem (Boot and DeWitt's (1960) -data)

and is ohserved to give better result than F-test. The extension of

3 ]
+
t
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the Bayesian method discussed in.Chapter II and III s, for };he" case of
. . . . . ‘ .qr i - ! ’ »
more than two, normal ﬁopulationq ,is difficult. Finally, a 'likelihood

A

ratio type' test, proposed by Chaubey (10980) is;’consideréd for the 1

détection of hetefoet‘:gda’ icity in k(2 2) 1linear models.

is studied in detail for a particular case to investigate its proper-

t\:iea. A chi-gquare approxi‘mation, ‘which seems.to be \reasonable ‘is, '

propesed for the test statistic.’

This test ‘
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INTRODUCTION

.1.1 Introduction

Many statistical theories have been developgd on the basis of
‘ :j'some assumptions on the nature of the random variation present in a .
set of data or among s3imilar statistical processes,ne.g.'thé theory
of linear models,Atime series analysis, analysis of variénce. .For an
efficient statistical,anaiysis it is necessary to test the aégumptio&s
before applying the me;hod of analysis relying on them.
Sometimes it may be‘of.direct interest .to tsst the equality of
variances of different populations.. Many sta;;stical-methods have been
~ developed to test such a hypothesis under specified distrib&tiqnal
structure,.;;ch as F-test for test@ng equality of variance§ of two
normal populations, Bartlett's tesg and Hartley's test for tésting
. equality of variances of K normal populations; Ail these tests assume
that the dafa have come from néémal populations with different location
parameters. However, there are situations where data may come from
populations with the same location parameter, e.g. in maging inference
about the precision of two measuring imbtruments (see Grubbs, 1948).
Under such situations how can we test the equality of the variances
'efficienfly'? The word 'efficiently' means the optimality of tye'tgst.

Many researchers have worked on this problem such as Chaubey (1980,1981),

Harrison and McCabe (1979), Theil (1971) and Goldfeld and Quandt (1965),

2




‘ while otWers may not use all the available information.

1
'

' ‘but most of these consider a general linear model set-up. Moot of the

tests are suggested on an ad hoc. basig Some of the tests'are very

complicated in termg of their<distributionsAand/or their computations
. ; , . ,

In this thesis an attempt is made to find tests which use all

the information present in the eampLe data and also have some theor-

etical basis. With this spirit we inveetigate a Bayesian solution of

the problem. Bayesian solution is difficult for k(> 2) population
case, For such a situation we consider the proposal of Chaubey (1980)

of a "likelihood ratio type test' which is computationally simple and

uses all the sample data., In the following section (see 1.2) we dis-

cuss some preliminaries of the Bayesian Inference and Section 1.3

presents the detailed outline of the thesis.

1.2 Some Preliminaries of Bayesian Inference

We here provide some preliminaries of Bayesian Inference. How~
. . -
ever for a detailed treatment the reader is referred to the excellent

-

text by Box and Tiao (1973).
In Bayesian inference, the parameter 6 about which the inference

is to be made, is considered as a random variable with a specified

distribution. This distribution is called the prior distribution of - |,

® . Given the prior distribution -p(8) , the corresponding posterior

distribution p(68]|Y) of '8 given the observed data (Y) 1is obtained |,
as
N © p(e]D) aL (o D) e - C .2.1)

where L(8]Y) is the likelihood function of 8 gfg!n the data

{

S v
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w

) -
Y= (yl,yz,.. .,yn) . The inference abqilt 8 1s then based on p‘(elY) .

From' (1.2.1) it is clégr- that the selection of prior for 8, is im-

-

.portant in Bayesian analygls. ' Some guidelines for the choice of a °
prior. distriﬁui:io:n have beér;’i:ut forward by Raiffa and Schlaifer (1961)..

. However, Sir Harold Jeffreys ‘(1961)' first.-gave a rule for the choice

[}

- : ~ o .
oﬂ"‘non-infogﬁétive' prior. - According to Jeffreys, the prior distri-
) -
bution for aYparameter 6 is approwfmately non-informative if it is
gs taken proportional to the'“squar‘e root of Fisker's information measure.

He justified this rule on -the.grounds of its invariance under parameter

» . N i

transformation.. b
In Bgyesié.n anélyéismsually interval estimation abou; thé para-

meter 6 ié done through the highest posterior demsity .P.D.)

e

/ D . .
. intervals of a specified probability content. In the next section -

we give the definition of H.P.D. interval and an algor‘i‘thm to conmstruct

fad
) 1

- '

such an interval.

o

1.2.1 Highest Posterior Density (HPD) Intervals

‘

Definition: The interval (ei‘ s eU)' is "said “to be Highest Posterior

Density interval of content  (1° -~ a) for o if

1) “Pr{e€ (o, ,’8,)} > -gr{eet (6, » 8,0} - o
.Ai) (BU - eh) is minimum. < e, p
- B eU " - ) et ' ~
and , -i44) I p(8|Y)de = 1 - o . ‘ i
oL . , o

P

L) subject to

o cy

. -
e. v o - \
. .

v ) . A .
The above conditions lead us to minimize (6U -8

the constraint
. U
. I p(BIY)de =1 -a

. eL : .

— A men e e o me e e * A e b e e - o e man e s




) . v

. . e

~ . To get the required. interval we mininmize the f6lldwing function with

»

resbect to B8 6. .

. L0 . o o, - N
. G(0y + 85 A) = (8, =0, )FA( j p(8[¥)de - (1 -a)) (1.2.2)
' - . . ' . eL J
. ‘ ) 4ﬁ *
Taking the derivativerof (1.2.2) and setting to zero we get,
. * . ~
9G 9
' © 0 g =1+rz—P(6, V) =0 ,
. CE 9, U w
! . P 9 .
.and -19=—1—x—lpw vy = 0, (1.2.3)
BBL ) aeL L >

o

where P(8|Y) is the posterior,distribution function, which imply,

[y

ploylD) = ploy 1) - : ' (1.2.6)

- » ’

- Thus, (8, s 8,) 1s an HPD interval of content (1 -o) for & if

. . eU . «
. S .

p(e]Y)de = 1= a \ (1.2.5)

'1 eL ) ] . . ' .

and - plo ) = p(ey ) . ' (1.2.6)

The con,dition (1.2.6)@implies that if we have a unimodal posterior

-

pdf - "we choose the interval around the mode. Choosing the inte/rval
(8, ,0.) 1in this way, satisfies' the conditions (i), (i1) apd (iii),
L U . . |

he;rce (BL ) SU) satisfying (1.2.5) and (l.)2.6) is a HPD-interval.

L.
HPD interval is not invariant under parameter/l:anéfb‘rmati.ons.

-,
~

,. For this reason we consider HPD interval for a function of 8 with
- s N

-~

locally uniform non-informative prior. The interval for 6 based

on this HPD interval i8 called th standardized" HPD interval. '
o ’ //I*—' ) .. N

a3

P
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—_—

~call them 6

- - 'ﬂ

1.2.? An Algorithm To Find The HPD-Invervals \ Ay
. o R . . .
Let (GL , BU) be the HFD interval of content (L -a) for @
based on p(e IY) . That is (eL . eU) is "such that

<

8 i ’

» U < ,
j p(8lY)de = 1 - a
BL\ . . _. )

-and the value of p(elY) is eszual at 6 =96 and 8 = 6., . However,

L U

.to get the standardized HPD intervals (in our case))we have to con-

/

sider the posterior pdf_.’ of u= logt6 given Y/ The standardized

’

HPD interva.l is computec} from (BLS , eUS) where (BLS " eUS) areé |
such that , ’ ~
lneUS
' J p(ul¥)du = 1 - o
1n6LS
and ’ p'(u|Y)} ~ . ,=°p(u'|Y) . N
. c ., u=log eLS u=log eUS -
1 _Q : . ’
The fc;llowing iterative procedure can be adopted to find (eL . BU)
Let 8 be the mode of p(8 |¥) then the equation
p(8[Y) = cp(8|) ; 0<ec <1 L(L.2.7)

has two roots (Fig.l2) for every c¢. in the Iinterval (0,l)>. Let us

—

1c° %2 -
° , 1 . .p(le) ' '




k(> 2)‘ populatidns, a'si:raight forward Bayesian solution is diff
X s - . .

Ve

-6 -
x‘ ., i

c over the range /éO , 1)
for which the

-

o
’

and choose that value of ¢
6
1c’

two solutions 8
_such that

g Of the equation (1.2.7) are
- N N o+
eZc :
J . p(8|Y)de = 1 - o . o
/ , -
1o S -
The interval (61ﬂ , eZC) is the required HPD interval of content
(1L -a) for 8 . 4
. ) =\ )
. 1.3 Outline O0f The Thesis

’

AN

As discussed in the beginning of this chapter that our interest

x 1s in testing ‘equality of the variances of normal populations, we

v

consider the problem of testing equality of wvariances of two norma

populations with same mean -y , in Chapter II, where some earlier pro-

’
s

posed tests are briefly ‘desc;‘ibed.and a Bayesian solution, is proposed

-

for the probiem. In Chapter 1II we consider the problem of testing

. !} ) . -
equality of variances of two populations where the means of the pop-

ulations dépend on some common factors in a linear set up. We -

describe the tests proposed by Chaubey.\(l%l) and Theil (1971) 4in this

chapter. A Bayesian solution for this case is proposéd and compared
with F-test. 'We consider the problem of testing equality of k€ 2 2)

linear models 'in Chapter IV.: In this chapter we describe the-tests

proposed by Goldfeld and Quandt), Harriéon and McCabe {1979). A

S

‘prpposal is made to use Bayesian anaIysis using the method described

in Chapter III by grouping the data by some criteria as was done by
- /

Goldfeld and Quandt (1965), and Harrison and McCabe (1979). But for’

o

icult .
and we-propose a 'likelihood ratio type' test .for this case. An

P e e e L]

o [
.
(o
PR

*
¢
We vary

-

»
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S ]

*

? chi~square .diétribution is proposed., A special case is investigat-

é‘g in detail to study. the properties of the test.

‘ approximat:_ion for the distribution of the: test criterion in terms of

-
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—

- “ ] N
we want to test the hypothesis HO: o, = 0, ,where g

) - e

CHAPTER II . -

. NORMAL POPIEIL:_\TIONS ’WIT!: EQUAL W

S

2.1 Introduction - . . ' )

Testing equality of variances of two populations fv'i_th\equal' means

commonly arises in aksituation de%cr-j.bed'as‘follows. ‘Let u be the

true length of a rod which we wish t'ca measure using two measuring

instruments. We want to compare the precision of .the instruments i.e. .

2 2 2 and 02
1 2 1 ., 2

the variances of the two idstruments, using the sample data (see also.

are

‘e

Grubbs,".194~8). The more .general situation, where the observations de-
AN . . N Lot .

L] . . g
pend on other factors, is & particular case of testing homoscedasticity
"in a general linear model (see Theill;, 1971, pﬁ. 2144218). This general
\

case will be discussed in Chdpter III. However, because c; the impor-~

chapter. . ; . -

s s / . i ’ .

There are situations where we have two independent s

ples from. '
two normal populations with different means ﬁ'l and u, respectively,
e.g. in analysis of  variance, when the-expe}rimental error appears to

-

vary considerably from treatment to treatment, so that ja préliminary
) ]

test for the homogeneity of the error variances is required before we

~

proceed to investigate the treatment means. It is well known that the:
N !

best test of Ho in this situation. is provided by e F-test. The

hd -

o ’ \ - .
Bayesian solution for testing Ho in this case, with the assumption
. . _ 5§ -

[

, oy .."’/) -
A

’ “ . . M . ) ) . )
. TESTING EQUALITY OF VARIANCES OF n(V\ T
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of noninformative reference prior also gives the F-test (see Box and : S
| © » :

Tiao, .\:.975, pp. .110). Our focus is mainly on the equal mean situation

. . . P -
discussed. at the beginning .of this chapter., A co7siderable amount of
work has been done in tﬁe literature on this prob/len {see Chaubey, 1981

.8, and reference therein), most of which discuss ~the problem in a general , ° ‘

linear model set-up. These t:ests can be adapted in the situanion dis-

‘'
o

cussed l-ier'e, as a particular case. _Some of the tests have been criti- ’
cally reviewed by Chaubey ( loc.cit.). Im the same paper he prdposed a .

test based on the average”‘of the;SQuared residuals and named it average

. ‘squared residual test (ASR-test). ASR-test is a modification of the

-t

test .proposed by C.R. Rao (1970) using the MINQUE of the v:ariences,
which in some cases u;ay -prroduce negative estimates for the \;ari'anc.es.
ASR—test depends on the least squares residuals lfke the test proposed
by C.R. Rdo, but it removes the difffculty of using negative est:imates

of the variqnces produced by the method of MINQUE. . A Y

P

T

L -t -

Spme of these tests are described in section 2.2 and a Bayesian
, "\ :
" solution for the problem is preseated in sectfon 2.3. Section 2.4

/ s, .
presents an empiridal comparison of the different test procedures.
2 ' .

L 2;2}:\' Some Tests of H E ;
o o : . i
\ 7 & i
\ - : <\ !

o ,Let Y11 ° ylZ" .oy yl 1 and - YZJ,’ Yog seee »You n,. be two independent

' . randqm samples of size n, ‘and n2 from two normal populations with

equal mean u and variances cri and ai respectiVely. ' We wish'to . L
: test Ho: ori = oi . Below te present some common tests for Ho . o !

F-Test T

v

The following test statistic is used to test 'Ho R ,

1 ¢ .
.

<<<<< R .. ~ o~ -  per——
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H

N

- BLUS Test

\ - 10 - ~
. '\ ’ b
- Rl - " ' -I ° . ) v LY, '. ("%-'2.1)-
. : Yog . a
. i R |
. 2 l LR 2 - 1
- . = I - ey 3 o I .
where 8 ;1:—_—1\ =1 (yij YTy, a, 1 Vi 3.

=1,2, = 1,2,'...,11i . ' The statistic Rl has the'F-d:i.Qtribution

with (n -1, 0, 1 degreés of freedom. This test ‘does not takd into

consideration the equality ‘of the population means.

I

ASR-Test f \.

4 Voo .
ASR-test procedure leads to the following test statistic for the

particuiar problem we are discuss\ing in this chapter,
, ]

4 .
- ,
: R e
Rt o v ‘ (2.2.2)
2 . )
f 21 E 2o 1 2 1 K
where °i T 1= l(yij ..y) » ¥ T 51 4= 1 Yyg - ang

\ :

n = n, + n, . The test statistic R2 \i‘xs ba'sed on the MiNQ' estimates

_of the variances 02 (see Rao-.-and Chaubey, 1978 for MINQE)-

i
ASR-test is empirically found (Chaubey 1981) to be 1ocally more
powerful than’ the F-test. But the exact di§tribution of the ASR-test
statistic is complicated Chaubey (1981) al\o gave an approximation

b

of the distribution for the test -statistic. R%

A

"The adaptatign'of Theil's (1971) procedure l‘:l\.eads to the following

test statistic ' . ’ \
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~vl and v, are regpective degrees of freedom such that v

v .
1‘ A2 - ‘ ’ : -
L fF1814/ : " -
\ K, = ' - ; (2.2.3)
: Vo ' S
\ DI ' .
=1 %237V ‘ -

where E i=1,2 are BLUS (best linear unbiased with scalar covaf-

1]

iance) residuals obtained from the least squares residuals obtained

from the least squares residuals e (1i=1,2 , i=1,2,... ,ni) s 7

15 Y1377

+ = -
1 Vo) T 1 1.

Under Ho ,R3 has the F-distribution with (\:l ,vz) degrees of free-
dom, This test is compared in terms of power in Chaubey (1981):-and is
found to be less powerful ‘than the tests based on the test statistics

Rl and R,. Though the distribution of R

9 under Ho is simple,

3 9
its construction is arbitrary and complicated.ﬂ Goldfeld and Quandt (1965)

+ - -

considered the test statistic R1 for.testing\homogeneity of variances-
- ; + ‘

by dividing the total sample in two ﬁalVes. ¢

There is no clear statistical theory behind theldefivation of the

test statistics discussed so far. 'In the next section we are presenting

a Bayesian method for testing Ho {

2.3 A Bayesian Analysis

, ‘ L2 -2 ' 2y 2y o
THe null hypothesis Ho' o, = 9 is equivalent to Ho.(clloz? 1.

We shall consider Bayesian inference on the ratio ci/oi = w , on the
basis. of the posq§}ior probability density function of w given the .
knowledge of the data, Y 1i.e. p(wlY). When there is a poste;ior

evidence that the ratfo w = ci/cg is close to one, we may accept Ho

1
rd

and if this ratio significa;tly differs from one, we reject Ho »  In-

ference about w 1s made by constructing Highest Posterior Densiﬁy,(HPD)

" intervals of w.. First we derive the posterior distribution of V.
. \]
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2.3.1 Posterior Distribution ofl W

The likelihood fun%mef the observations Y = {.yi g0 1=1,2 ; -

3=1,2,... ,ni} is

%y ) | n 26 n
B0,02,02Y2602) 2 (02) 2 expi-d( E SR 4 g Z21 7 -y
0759, 1 2 , 151 2 351 2
. o o
1 . 2
. -2 2 . .
; - <u<°°a,-0<.al<°°.0<02<°°- (2.3.1)
We consider the non-informative reference prior on (u, oi R cg) as.
2 2 .1 ' e
p(u, o’l ’ 0‘2) a 73 . . (2.3.2)
0102 . ] -~

~

The joint posterior pdf of (u, ci R c§ )gi\(eu Y with réspect to the
above prior is given b)r"
2 2 - 2 2 ’ 2 2
Te p(utol’czlY)a L(u’cl’UZ ’Y) P (uiol’dz)

~

n n
1 2 n 2 n
-——-1l ,-—-1 1(y, . -w". "2y, -w
a @ 2 Toh ?  empt-#( I A+ P 2~
1 9 , [ SRR &5 )
L 1 92
: 27 -1 i ant 2, 2 2
- +
a(ol) , (0’2). exp{ iol (vlsl WZSZ)}
[ TPPUEE S 2.,
c x* exp{4 —5((y; - W "+ Ay, ~WI}, " (2.3.3)
. sl 201 P )
‘where
. N ni -
o= 1 (y y 2, |
v, Ty
. _ 3
Y3 T ym Yiy/ra o . -
y - .
i v, = (o, - 1), P e
\- N L] /

- e e Mk et e B e g i < - ke o swwaw w oA

2
)}
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oo s w= 02/02 'Y

‘

.
CSIN

» 13 -

1/%2 S

i,

CoL and '. A ={-—;L— .’ R-i - . .

Writing

where U

.the posterior pdf of (u,c

By

- 2 - 2 - =22 ~ 2 .
- + - = - AT -
(y; =07 Xy, -w) (y1 y2)1+)\+(“ B (@) 5 :
~ .:JA §1+ A;z N - ‘
= =5 s
2 02) iven Y becomes
rl! 2 8 .

)

~—~ 1~

i )~ n,A 2
2, 2
@)

n:
1
‘a_'- . 12 - -
i exp(= = (9,374 w8, ¥Ry (T =7y )
g

2 2 2
P (N,UI,UZIY) a (01)
/ 2
: a. (1) -, 1., .
- X exp{--—-—z——(u - )7} . _ (2.3.4)
- 2a ‘
1
The marginal posterior pdf of ( Oi ’ Gé ). is obtainad by integrating R

out M from (2.3.4) over its range - ® < py < » ., Thus

2 > 2 ’
p(ci, oo l¥) o L plu, 0y gdg'l Y) du :

. n,
9 --(——+2 D o
02 )

1
(1+0)?

"1
275D

a (07) (

x expl- =L (%)) ' " (2.3.5)

Zal ) . s
' 3 2 MM g
) = + R - .
vhere sXw) [vys) +wvys) + 755 (v,-5,)7 1. o V
) ‘ ' : a

Making the following.transformation *

-2 2 2 2 - - ;
(ql”GZ) +(0'1, w—al/o'g) ( -

in (2.3.5) and noting that the Jacobian of the tramsformation is

<

ci/w? , we get the posterior pdf. of (oi,w) ‘as S
. - . ‘ . .

- ”
N e

-
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2 } .
P(o‘i,le) a(O‘l) 2 (1+ 7&)-i exp{---]-'i- (sz(w))} . (2.3.6)
o 29 o
‘ . 1 .
\ 2 :
;3 O <wyc<o@ ., g” >0,
1 -
L Hence the marginal posterior ‘pdf of w 1is L ' T
M hd ) ~
© 2 . 2, ‘
p(w|Y) a fo p(crl,w|‘f).da:L
: ~ +n, -
, "2 . I M
t}qu(l'l' A)-& w2 ' [sz(w)] 2 3 0<w<o, (2.3.7) _
The final form of the posterior pdf of_‘ w glvem Y 1is , f—
. « 3}
»~ ‘* -
L A i22"1 2, 2. %% o o Xt :2 = | 53
P () Wt [ypsphee+ S (7 -9y v
1 . 172 .
: O <w <o, . (2.3.8)
Therefore, 1
p(w|¥) =K - g(w), - (2.3.9)
where
. n, (njtn,-1)
ngw -} -1, e
gw) = (I+——) w Bw)] - s
1
and
KL= !: g(w) dw . ‘ . (2.3.10)

2,3.2 A Transformation for the Computation of K-l and the
Distribution of w . :

The following transformation is used to .replace the improper
integral in (2.3.10) which helps to get rid of the truncation error

involved in a numgi:ical integration of a@per integral.

/- :
\



- 15 =

-

The transforn}ation used is o

1}

= X .
.z 1rw 0<z<1 ,
w

which ffiplies that

= z/AL-2 and dw=l/(1—z)2dz . Hence K
in (2.3.10) can be written as : T

' B . -2 i
- X J;[g(w)lwz,ﬂ_z) AL-2) “dz .. (2..3.11)

The integral in (2.3.11) may be conveniently evaluated using IMSL sub-
routine DCADRE or any other comparable subroutine.
The posterior pdf of w and ‘logw are obtained through the
- {

distribution of 2z and those distributions are used to £ind HPD

1

intervals and standardized HPD 1intervals for w respectively.’

~

The posterior pdf of w given Y 1s found usging the ,postériqr
distribution of 2z as follovs:\

p(w|Y) = [p(z]|Y) - (1-z)2.] , . (2.3.12)

w

=

Itw

and the posterior distribution of u = logw given Y 1is obtained as

pulY) = [p(z|D) * 2(1=2)] . . (2.3.13)
: z=e“}(1+e~u)
The modes of p(w|¥) " and p(u=logw|Y) are obtained iteratively (or
-, e

othelrwise)i by solving respectively, h(w) = .0. and h*(w) =0,

where . 2 -~ 2
< n, -1 n, (nl‘*'nz—l) nim, (yl - yz)
W= G - DY - o Faw 7, Lvys, * 7 |
3 } 1 2 23" (w) (n1+nZW)
and ) )
. nz ‘nz (nl+n2"1) 2 ninz (;1 - §2 ) 2
h*(w) = == [v,s-+

2w 2(n+n w) 2 252 2 .
(B +ny®) 287 (W) i (o) N

FORTitAN source listing for this purpose is provided in Appendix A2.1

(Subroutine SOLMOD and SOLMOD1} .

< o~
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. The posterior distributions p(z|Y¥) , pw[Y) and p(ulY) are

computed using the IMSL integrating subroutine DCADRE and are plotted

for different values of n,,n,, 81,’ s, and D = §1-§2 (see Figs.

2,1 to 2.4), The fortran program listing is“provided in Appendix A2.1. :
Tﬁe values of ‘si', 8, and D were randomly generated ﬁsing GGCHS and
GGNQF subroutines of IMSL for generating chi—s;uare and normal ‘random » °
variables. The distribution p(u|Y) looks symmetric iin each case,

hence inferences based on logw may be quite appropri;ite_. In the

next section we present an empiric;al comparison of B#yes‘ pro;:edures

based on w and u and the F-statistic. |

L4

2.4 An Empirical Comparison of Bayes-Procedure with Other Analysis

We generate 32 s 32 and D such that (n, ~ 1)52~ x2 s
2 2 , 1 1 ) -
- - - —_—
(r/\2 l)w32 xn2_1 and D ~ N(O, n, 2) for given n, , o, and ‘

W, lOO‘ times. We confine our attention to the small samples because
of the computational limitations. (Even for values of (nl s n2) as
small as (20, 20), computer time needed to generate two samples,

compute HPD and’ standardized HPD intervals 100 times was more than

—

* 3000 CPU seconds). On the basis of those generated samplles we
computed the HPD intervals of content .95, .99 based on p(w|Yy and
standardized HPD intervals which are based on p(logwl|Y) using the
algorithm described in Chapter I. i{PD intervals are also caléjtflat:ed
uein§ F-distribution (see Box and Tiao, 1973, Eq. 2.6.2). We conpare
these intervals in terms of the average number of times they contain )
the specified ratio w_ (cZ)verage frequency), which is presented in
.table 2.1. We did not compare BLUS test 'since it is found less power-

ful than F-test (Chaubey, 1981). Also, we could not compare ASR because

. 2 A
o d e ot ah——— o Shin - . e g
.
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TABLE 2.1 COMPARISON OF THE BAYES-PROCEDURE WITH CLASSICAL F-TEST
-'COVERAGE FREQUENCY AVERAGE WIDTHS
BASED ON BASED ON
'3
n, n, w w logw F \Y - logw F
' @ = .01 g
.10 98 98 97 3.36  4.61  2.97
5 5 1.0 98 99 97 24.66 34.16  39.68
2.0 98 99 97 . 46.95 65.39  59.37
.10 99 98 98 .69 .82 74 .
10 10 1.0 99 98 98 6.63 7.:92 7.36
2.0 100 99 95 24.95 32.93  22.67
. .10 99 99 g 1.72 2.13 .94
5 10 1.0 99 98 95  14.14 17.59 9.43
2.0 99 99 95 27.59 34.47  18.87
.10 100 99 95 1.23 1.62 2.42
10 5 1.0 100 99 95  12.89 16.96  24.21
2.0 100 99 95 25.02 33.03  48.42
= .05
10 91 90 84 1.39 2.00 .1.40
5 5 1.0 89 88 84  11.11 16.08 - 13.98
2.0 88 90 84 21.26 30.94  27.97
.10 97 97 98 0.40 0.48 0.45
10 "10 1.0 97 98 98 3.95 4.79 4477
2.0 98 98 98 7.78 9145 8.94
210 93 © 96 90 0.76 0.98 0.58
5 5 1.0 92 94 90 6.55 8.38 5.77
v 2.0 92 94 90 12.82 16.45  11.55
10 5 .10 97 98 89 0.68 0.91 1.16
1.0 98 97 89 7.37 - 10.04  11.55
2.0 98 98 89  14.40 19.73  23.10

R .
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the péocedure for finding the confi&nce intervals using the distri-

bution of ASR-test statistic umier Eo 18 not clear. The source
listing of the FORTRAN program which generates the samples and finds

the HPD intervals mentioned above is given in the Appendix A2.2.'

' This ‘program uses IMSL subroutine ZFALSE and DCADRE to compute HPD

ir\tervals’. It is observed that HPD-interval based on p(log w|Y) is

almost always better than HPD-interval based on F-distribution on

omparing the coverég\e°frequency. The HPD-intervals based on

=

p(wN) and F-statistic may have smaller widths but in such cases

o

they Ipose in terms of coverage frequency.

v
P
<

-5

A e L vnpeperw S b

m‘;w



s

) 4 * . : N "
" " °we are-treating the case where the observations from two sources

9

)

M
.

-

- 5‘ .\, .
\ CHAPTER III . -
K K 2 . °
F\ 0 . . ' . . . . . 1Y R . -~
TESTING EQUALITY,OF VARIANCES OF TWO LINEAR . ‘ . Lt
3 , ' '
. MODELS WITH CO.MMON- REGRESSIOND PARAMETERS : \

f . .

3.1 Introduction v ‘ '

It is quite naturz'al in practice’that the observatiohs frofn two ‘

- sburces depend on some common as well as some uncommon factors.. But

-

linearly depend~6nly on common facﬁors. For example, in analyzing

14 )‘

gn investment time series data relating to two corporations Boot and

;_DeWitt (1960) assumed ‘that thé annual investment is a linear function '

c

of expected pro?‘fitability and real captial at tﬁe‘beginning of the °

year (see Box aﬂxd Tiao,‘]f973, Chapter 9) .#-In this\gxample the data

-, e . "
from two soyrces 1i.é. the corporations, depend only on two common

factor,s.. There are situations where data may depend on p(>2) com-~

mon. factors. Such a sityation is represented by the modlel,

<

i

- . ) lh . Y (3-101)

i
where. Yi 'is'ban (pi

=X18+ei;

x 1).

L3

1,2

P-4

X

" known matrix (matrix of observations on the® p - factors), B8 -is

observation vector,. is an ' kni X p)

. . ] , ‘ ) .
(p x 1) unknown 'paral_neger_ vector and ¢, 1is the (ni' x 1) distur- . .

i

bance vector, which’ s assumed tb be normally distributed with zero .

mean and dispersiorli matrix oy I‘n » £y being independent onf €,y - t
" a s i ' .

Because of 'the indeperdence of the two sources it is quite natural

E

-

to expect that the’variances in two sources will be different.. If they,

° -

for some ‘reason, could be assumed to be equal then the data from the two

'
"
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different sources could'be pooled under onme linear model and the analysis
of a single linear model would’ be épplied. Hence to detect the différ-

ences in the variances associated with the two linear modeis is of
" - )

'int:;_rest. Thus, we are interested in testing the h'ypothesi' HO: oi = "2
¥r equivalently HO: c:%// ci = 1. This is a geﬁeral.case of th¢ problem
s § R

discussed in Chapter II. As pointed out before, because of the gener-

-

ality qf this problem, it has attracted the attention of- many réseérchers.

1

"Goldfeld and Quandt (1968) considered the problem of testing the

homdgenéi‘tir—of“vartances*mf‘ —linear model against-the-alternative -that e

the variances are not equal. They ciivided the observations into two \

groups b}'means of some criterion and then computed the-.-sum of squares

of residuals from the regressions fitted seperately to the two groups .

by least squares method and used the ratio of resultant residual sum of

squares as a test statistic. In this approach, the test statistic has

N 1

F~distribution under the null hypothests, even if the regression para-
K ) 8 ‘ B ) .
meters of two linear models are different. They have also proposed a
‘\\ . . .
non-parametric test for testing H . '

\ -
We a\bgeady mentioned in OGmapter II that Theil (1971, section 5.2)

o R - f
proposed a test for testing Ho using what he called BLUS (Best linear

. . . {
.unbiased with stalar covariance) residuals instead of least squares . ‘o

residuals. Theil's BLUS—test statistic also has an F-distribution under

' "Ho’ which is its only simplicity (see Chaubef{ 1981).

’

Chaubey (1981)'pr§posed a test fbi’ tesgting HO using the average

of the squared least squares residuals. He named the test as ASR~test.,

KS‘R—te.s: 1s found to be invariant under some important transformations )

2

and the power ‘funqtion of the ASR-test depends on the ratio w = -o'i / gy - .




U

P P L i Rt Lol e Lent s & s - R

§ .

-33 - ° -

4 .

ASR~test is locally mdre powerful'though F~test is found to be reéson—.

v

able for large samples. . | @

Pd
If we c0nsidqf k(>2) sources instead of two then the .problen’in

general is to compare the variances of k(>2) linear models.

3

. Harrison and McCabe (1979) suggested a test to compare k-var-

iances and called it "Bounds test'. The test statistic used 'by‘

0

Harrison and McCabe is similar to that of ASR-test.statfstic though in

a more (general context. The problem of k(>2) linear models may not '

be easy to deal with, however, we discuss this problem in Chapter IV,
e - o \
A Bayesian analysis for testing Ho for the model (3.1.1) is

presented in section 3.3. In section 3.4 we present anm example using
~ -~ L3 . [ .

' v

the Boot and DeWitt's (1960) data to which different- methods have been

alfp’ﬁed and compare the F-test and Bayes-procedure. As it has not
1S

been possible to compute the confidence interval for ASR-test .statistic,
we could not compare ASR~test with Bayes-procedure. S:ane‘B'LiIS-.-’test'
and F-testwere compared in Chaubey (1981) and,E"-test a{owed better
results than BLUS-test, we compared only F-test with the Bayes pro-
ced;lre. ,Section 3.2 describes various tests discuséeci above. '

i
3.2 ., Some Common Tests of Ho

.

One simple method to test: Ho is .to consider the F-statistic,

computed in the following way,

A L ere, /(a, rp). \
Ry = L — (3.2.1)
~1
e,e, /(n,-p) ) . .

= -2 ' T
17 oy m X (%) ]xi!Y; ’

5
[L]
[ad
[
?

o

”

¢ ®
¥

l
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o (1= 1,2) d.e. e, 's are the 1east—.sqqares resi\duzils,for the ith model.

i
. Obviously, this F-statigtic ignores theléquality of the regression ‘para-

meters of the‘two linear models in (3.1.1). Under .the null hypothesis,

the test étatisgic in (3.2.1) has .F-distribution with (.nl.—p', n, - p)

»
i

degrees of freedom.
BLUS-Test - ’
. ’ s
’ Theil (1971) observed that the least squares residuals are not con-

-

. - - \

venient for testing- Ho , since the least square residuals e, in the

‘combined model
‘

Y= X8 +e , L - (3.2.2)
¢ = - Vo ! oyt t = voe ot

where Y (Y1 : Y2) , X (X1 - XZ) s E (e : 62)"

have non-scé.lar convariance matrix under Ho:. cri ='U§ = 02 , viz. - .
D(e) = o2 Q . < - ©(3.2.3)

where Q =.,(1 -X(X'X)—lx') is an idempotent matrix. Theil suggestéd
‘ R

to obtain- that estimator of .¢ whieh is linear in Y, unbiased and

has the minimum variance among the class of other estimators with the

scalar covariance matrix 02 I . Such an estimator of the residual-

\d

) N . . ~ . I g

vector is obtained by choosing the estimator € = CY, where C 1is
. 4 '

[ ) -

.

such that .
L CX=0 and ct=1. . (3.2.4)
3 t / . '
C has at most (n-r) rows where r = rank(X) and‘the order of I

‘ in (3.2.4)71'9 (n-1), ,’I.‘herefore,’ € represents at most (n-r) com-

» * ! -

A S

ponents of the disturbance vector ¢ . N

v { :
The model (3.2.2) can b ar:itioned as

] %1 [e]/ L .
) :nun e B + e . (3.2.5)
L A 5 x| e : .
. . . ; .0‘ ‘0

(o]

B O g = [P —
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q 1 ) A .o ( )
. , ; -
and equivalently, . S , ' . . S
Y X e , -
) o . o g .
L - LRI B + [ 4 . 3.2.6)
' gC x° o°
o o o

where E is the least-squares estimh'f:or of B, e's 4re the least-

squares residuals and X, is non-singular. Assuming that X, corres-

b3
ponds to the first r observations, it can be shown that -~
e

L € e~k C
ey ° (Xoixo) e, - | ‘ (3.2.7)‘
From (3.2.7) we conclude that the lst r residuals and last (n -I). .
l- M \ . ‘
residuals are equally informative about ¢ . So the (n-r) /residuals

having scalar covariance qmt'rix could be made to 'co}respond to the 1asL

-~

"{n-71) disturbances.- Let e. -and ez denote the BLUS~residuals for
‘ N -

1
the first and second m?dels-resepectively. The dimené(;l.ons of El and

-

€y ‘depends on the selection of X . If X, has r, rows of S
. / »
= + . , X .
and r, rows of XZ s ther‘x T }:l T, The statistic @ ¥
- - l
ele, /@, -x,)
R, = 11 F1 (3.2.8)

A' -~ _

€3 €5 /(ny = Ty)

which bhas{the F-distribution with (n,-r, , n,~r,) degrees of free-
. . 1 "1 2 "2

dom, can be used to test’ B

~

The least-squares residual vector e of (3.2.2) can be written

as e' = (ei eé) " where v

3 eee

=" - J - ] - 1 - ] T . ' .
N o ¥ Gy ~X D 0y, X X'0) Yy, .
A ' 1 ) ll ~
- ' Tl - 1y et
(]'.n2 XZ(X X) xZ)YZ XZ(X X) lel .

' and - e,

9 ~

The ASR~test statistic for testing Ho is cogst\:ructed on the basis
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of the above resjidual vectors as follows.

g _ eiel / nl 0
- ®3 "%, Tn,
- . 272 2
. i : 2_ 2
The-acceptance region for H: o, = ¢ against H
AN ) o] 1 2 . ¢ N

on R, is given as !

<c
Ry < C
. S
‘ where C 1is such that | . '
s
PriR;<C[HE]=1-a.
3.3 The Bayesian Solution o .

2

l:.ﬂ'

(3.2.9)

> o§ based

2
1
(3.2.10)

(3.2.11) -

—

Y

N A Bayesian‘ appraoch for teséing Ho can be given through the o

ta

. ' Bayesian inference on the ratio w = 012_/0 . When theré is a pos-

-
teriori evidence that this ratio is significantly close to one, we.

2

. .
. may accept Ho . Thus, we first derive the posterior distribution (

of w. ,
7/
3.3.1 Posterior Distribution of w

The likelihood function of the model (3.1.1) is given by

! )
N : - -—= 2 (¥, -xB)(Y -Xx.8)
2 2 272 272 SR Sl | O |
L(B,07,05[Da(oy) ° (o) -° expt-3 2 = }.(3.3.1)
. . 1 -
We consider the non-informative reference prior for (B,oi,og) //
. //
2 2 1 : //
P(B,0,,0,) & ——5— . (.32)
0.0 . P
) 172 o
P . The posterior distribution with respect to the above prior is given by o
2 2 2 2 2 2
P(B,07,0,[¥) a L(8,01,05 V) -p(B,07,07)

o o 12 2 ) g2
R T 2 | v,8.+S{(B)  v,8 +8,(B)
a(eh 2 @) 2 ept-aed 1283 222y

' : - . g 1

: . _ ©.(3.3.3)

.
H
'
* *
i
. . .
. R ) /§
- . ‘ . 4 b
.
. i ! - - T . r———— 4 e e me e e
iy . X , - L -
‘ ) - - e BT e o
- - - .. S N A - Py N = I
- * . _ -

T2




g R R P Wbt T A=y

Moy, N . i

- 37 -

e e e o . P

2 - -~ ~
where vi= ni—p, ~§i=vil(Yi-X8 )_’o(Y -XB ) , |
ST B A D7, si® = 8- B xR (B-8), 1=1,2.
. »
Integrating out B from (3.3.3) giyes the posterior distribution of
2 2 )
ol s 02 » namely, ]
n n
1 2 2 2
-1 - -1 v, 8 V482
2 2o, 2 2 2 2 171 272
B IR SRR (o)) exp{~}(—5 57— /
o o
N 1 2
| ® 5,(8)  5,(B) .
x J exp{-4( 5 ot 2 )} dB (3.3.4)
o 9 92
. Using the following identity to simplify (3.3.4),
AN - , . .
) =
"y 5,(8) * w8, (B) = S(B|w) + D(W) y (3.3.5)
where
. = - A Yy ' -
\/~\ S(Blw) = (B-8)'(X]X; + wX)X,)(B-B) ,
D(w) = w (' 13)1{l l(xlxl+wx1c)]7zx(e By) ‘{
and {
T I 3 = + Y. *
i — R Y “‘1"18 +"xz 289) - I
/ Using (3.}3.5) in (3.3.4) gives, ) ot ‘
‘ n n, -
-~ 1 2 y 2 2
’ - o T -1 ‘ v,87 twv s, +D(w)
2 2 2, 2 2 2. . 171 2 2
Py >5[ @ (o) (0) expl-d——— )} -
. . . ' 1
x J exp{-4 S—‘-B—i"—)}ds . ' ;
o Ul 3 ' ]
o, D, y | 1
2772 272 71 -4 |
a (@) S (o) |Xjx; +wxix, |~ ;
/
"1i+"’"2§+0(") g
, x exp{-% 5 } . (3.3.6)
91
. . |
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. , ] .
.Making the transformtion from (cxi » ci) to (ci , W) as in section 2.3,

and integrating out 02

1 from (3.3.6) gives the posterior distriblitiqn i
of w as | '
' D2 R Tl
‘{\ p(w|Y) = Kw 2 1xixl + wxéxzf\_é[sz(w)] 2
wherP: the constant K 1s determined from .
a_ 2:».3‘1 4,2, n1+t212—p

K~ = J LA XX, + wxéle [s“(W)] dw (3.3.7)
= 2, .. 2 ! 2

87 (w) = (vy8; * wy,8, + D(W))/(ag+ n, - P). ' ‘

.. This distribution is derived in Box and Tiao (1973) to be used in
computation of the posterior distribution of any subset of B8 anci is

simplified as
+n -
2, e i
p@|D = x[x'x, |72 101+ )12 2 2 2
171 o 4 3j

for 0O<¥ <=, (3.3.8)

‘where )‘l’)‘z" .o ,Ap are diagonal elemen : of a matrix A en by

A= P’Xéle? where P 1s such that_ P'XP( P=1. Computation of Ew

and sz(w) now simplifies to _
-~ = + _; ~ + -~ PS - _.l P - , ;
Bw P(I ‘WA) (¢1 W¢2) > 4y P Bi » 1=1,2

and
2, _ -1, 2 2
s°(0) = (oy*n, -p) “lvys] *wves, + 1) I

To replace the improper integral im (3.3.7), we make the transformation

- W
z = 1+w and the constant K i1s given by

- . 1
. i

¥

o §
- e
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n

3 1, 2 .
w1 = . 1 = -i 2 '
K= XX, | fot(ji}lmwxj)) w \
- n1+n2—p \
! xte?@r 21 -2 (3.3.9)
w='i_—z‘ ! .

where [°]
w= ———

1-z

brackets is evaluated for w =

expresses the fact that the expression in syuare

1_fz . Computational aspfcts of this .
1s addressed in section 3.4. HPD intervals based on p(z|Y) ,p(in)
and p(u = 1ogw1Y): for Boot and DeWitt's data are obtained using the
algorithm described in Chapter I and are presented in the next section.

The posterior densities p(z|Y), p(wlY) and p(u= logwlY) are obtain~

ed through the procedures discussed in section 2.3.2. When the regres-

sion parameter B 1s not known to be common apriori, the HPD intervals

can be obtained using F-distribution (see Box and Tiao (1973), pp. 14l1).

3.4 An example P

We consider the time series data reported in Boot and DeWit (1960);
relating to two large companieé, General ‘Electric (GE) and Westizghouse
(W)*. In this model, price deflated gross investment (I) ig assumed to -
be a lihear function of expected profitability (P) and real captial
stock at the beginning of thé year (S). As in Grunfeld (1958) the value
of éucstanding shares at the beginning of the year is taken as a measure
of a company's expected profitability. The two investment relations

are: . ' o \ -

"% This example is taKen from Box and Tiao (1973).

e .~ iid s~ oue - . DS A il
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Y14 7 Bo1 * 81Xy +8 %129 ;kaj

YZj 602 * BlXle 82x22j 2j ?

where J denotes the irdex of ayear, 3=1,2,...,20

and variables are identified as,

variable _ GE v oo

\ #
1 Yl 4 Y2 j

& -

P %13 Xoyy

S X124 X924

/
Error El 3 52 i

!

Performing similar analysis as in section (3.3), we can eliminate

=

. B

o1’

B

02 and represent the posteriotr of (81,82,0

2

1,03) in _the

form (3.3.3) (see Box and Tiao (1973), pp. 496-497) where,

x'x, = 10°%

1M1

0.777 x 10°, 8%

i

V2

2

-~

3.254 0.233

| 0.233  1.193

-
02655

| 15170

= 0,104 x 10

= 17 . The matrices P, A

4

NI S I

SN, P - -

=

(ST

0.940 0.195
6
1 =
LX), = 10
| 0.195  0.074
_
. .05289
Bz= ?
| 09241

/\lga p"Zt

and vectors ¢1 and ¢2 are
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) o -.19814  .52196 [ 02703 o | -
P =10 ) s A=
(I | -Bswes 22306 | o  .30513
h .14331 . .07128
-, Ch
: ‘ Ch =R = 10| . 3, = P16, = 10° .
.10527 .12839

- The modes of p(wIY) and p(u = logw|Y) are obtained by solving

h(w) =LO and h*(w) = O iteratively (or otherwise) respectively,

vhere .
: N hw) = @, - 2wt -1y v e
2 2, .2
x [v,s2 +§ ARG - B0 5
h* (w) = nzw_l—mj(l'*'w)\j)—l—[ R
2 -2 .. a 2
Togo A, TGy - 8,07

5

FORTRAN source listing for this purpose is provided in Appendix A3.1
(subroutines SOLMOD and SOLMOD1). For this data the mode of p(w|Y)
and p(u LY)( are found ta be at w = 5.‘8586 ,and wh = 7..349 respev.:-~
tively. Tl;e subroutine DCADRE from IMSL Library was used to compute
the constant (3.3.8). The value of K 1is obtained to be

, ” KL = .1385105765137285 x 1073 .
The posterior pdf of =z 1s given in figure 3.1 and that of w and
u are given in figures 3.2 and 3.3 respectively.

E.IPD - intervals were obtained using the algorithm given in

Chapter I. These are given in Table 3.1. For each ¢ the roots

; Uy, > Uy, Were obtained using the subroutine ZFALSE from 'IMSL
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- Library.. The program is given in Appendix A3.1. We also evaluate
equal tail Bayesién 1nte;yals and these are given in table 3.2, which

seem not to be .too far off from the HPD - intervals.

o

Two points become eviderkt'in the analysis of the given data:
i) HPD/ - intervals based on w and u are shorter than
,  those based on F o :

ii) The ratio of two variances is concentrated far away from

one. : -
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TESTING EQUALITY OF ##ARIANCES=

T ] ::}N k(2 2) LINEAR MODELS

4.1 . Introduction

Let us consider k(_>__ 2) linear‘models with common £ parameter

4

1= 1,2,3,.0k - GLD

\

= +
Y XiB €

i i’

where Yi is an ,(niXI) vector of observationms, Xi‘

f A
matrix with rank p and p ‘f_ n,, B isa pxl vector of parameters, ¢

is a known (ni x p)

i
is disturﬁance vector of or (ni X 1)!I for the ith model with
.- _ . _ 2 / ' _
E(ei) v 0 s V(ei) oi I“i ’ cov (ei’ej) o H ‘ i # j —

and assumed to be normally distributed. The situations where such a
case of ‘linear models occurs is discussed in previous chapters (also

see Box and Tiao (1973), pp. 478). We are interested in testing the o

. 2 .—: 2 =‘ = 2. ' .
hypothesis Ho' 9y T 0, e T 0L . The problem of testing Ho has

been coi\s‘idered by many researchers (see Chaubey 1981, and Harrison and -
McCabe (1979) and references therein): The test proposed by .Harrison
and McCabe (1979) divides the observations into two groups following the

suggestion of Goldfeld.and ‘Quandt - (1965), . though the test statistic is

‘different from the test statistic proposed by Goldfeld and Quandt: The

|

Bayesian analysis for this k-linear model case is difficult. However,

a simple way to get a Bayesian solution for. this case is~ to divide the
observations into two groups and apply the procedures discussed in sec-
tion 3.3. The other way 1s to generalize the likelihood ratio’ statistic

J i .
for testing the homogeneity of variances in normal populations, which

il 26 €
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has some Bayesian supporé (seefg::h;;d Tiao 1973, pb, 134). In this
séerit we'consider the préposal of Chaubey (1980) to use a test similar
to‘likelihood-ratio test, which is based omn ordin;ryﬁlea;t squares

-
residuals. Thé test statistic proposed here'is‘computationally simpler »
than that given by the standard likelihood ratio test. We have studied

the properties of the test for two normal populations with common mean

as a special case.of (4.1.1) and give results for general case (k > 2) .

It is observed that the proposed test statistic has an' approximate chi-

square distribution with (k-1) degrees of freedom. The present test

_ 1s also computationally simpler than some of the Sther tests proposed

L}

in literature. The next section (4.2) gives the tests proposed by

GoLé}eld and Quardt and Harrison and McCabe and the new test is described

in section 4.3. Section 4.4 presents an hpproximation to.thq distri-
buyién gf the new test statistic in terms of its moments which are evai-
uated for the special case with' k ="2 and studied in detail for com-
parison purposes.

4.2 Goldfeld and Quandt's Parametric Test

prs

Goldfeld and Quandt's parametric tesf for’testihg Ho can be des-

cribed for the combined model,

\

Y=XB +¢ ~ 1 N (4..2’.1)

. = [yvr~— 110 = [y?'* ‘gt 1 =[~1°* *N17t
where Y [Yli"'ZYk] , X=1 l"":xk] y E [Elf"'I k]

as follows.
First the observations are arranged in ascending order by the values

of the variable X where X is the potential deflator in econo-

metric problem. The ordering is given in terms of the second subseript

of Xt -indexed.so that x_, < x

o < 1f and only if 1 < j, and the

t]
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remaining variables are indexed so that the indexed values corres-

pond with those of x This. ordering is based on the presumption

ti’

that variance of the observations increase with Xt . Ignoring m

[l

central observations, two separate least—-squares regressions are fitted

‘to the first (n-m)/2 and las’t_: (n-m)/2 - observations, provided that

o

the .(n-m)/2 > p, the number of parameters to be estimated, ‘and that
the (n-m\)/_Z observations be distributed over at least p distinct

T . .
points in X. space, i.e. thé rank of matrix with the (n-m)/2 obser-

b

vations must be at least equal to p . Denoting Sl and 82 '

of squares of the residuals from the regressions based on the relatively

the.sum

. small and relatively large values of xt respectively, the test stat-

istic is formed as . - . :

= \
Rl. SZ/SI , (4.2.2)

n—m—22p-2 , nfm—22p—2) degrees of

which has F-distribution with (
freedom under the null -hypothesis.

Harrison and McCabe's Test -

Harrison and McCabe (1979) proposed the following test statistic

for testing HO y

_ e'Ae N

b. = e'e (4.2.3)

where A “'is an appropriate selector matrix of order (nxn) with
m(0 <m <n) ones and (n-m) =zeros on its principal diagonal and
zeros elsewhere, and e 1is the least squares residuals obtained from -

the combined model -(4.2.1).

This test uses the F-distribution for finding the critical values

<&

af b, and one sided Ho would be rejected 1f b < bi and accepted -

U L

. ) .
if b > b* and the test is inconclusive if b]’: <b < bﬁ ; where b
\

X !

FRETa—— - . “~ . " e

MPCTPETE 5o
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x .
and bU are critical values of test statistic for a required level of . / '
, ! ]
i
significance and obtained using the a critical value of F as ) /
(n- m)Fa(n -m,n-k) -1 3
k = + ‘
' ¢
(n-m-k)F (n-m-k,m) ;
-1 f
k= [1+ o
b& = [1 = .
where Fa(vl,vz) denotes the upper ~ a - percentile of F-distribution

with degrees ofi/freedom (\:l,vz) . When the test is inconclusive, use
|

|

of an exact test using an exact or an approximate distribution of b °

is proposed,

4.3 A Likelihood Ratio Type Test for, H, |
‘Chaubey (1980) proposed the following likelihood ratio type test 1
for testing Ho . This test is motivated by the likelihood ratio test :

critérion (A) for testing equality of variances of k normal popu-

o
1

i.ations, which has the form ~
k n,/2
- ~2 2.n/2
A igl (oi) /(87) , (4.3.1)

where 32 is the maximum likelihood estimate of 02 and '.S2 is the

i i

maximum likelihood estimate of 02 (the \common variance under the
|

null hypothesis). Since the computation‘of Gi ''s are difficult in

the present case it 1s replaced by , _
AN ~2 . )

- ' [
9 eiei/ni
where e, = Yi—xiﬁ and § is the ordinary least-squares estimaté of

B8 for the combined model given in (4.2.1) and substituting the -maximum .- E
likelihood estimator (32 = e'e/n) in place of S2 in (4.3.1) we
obtain |

\\ . k k ’ IR
T=+2ln A= - 151 n, ln(e; ei/e'e) + igl n, la(a,/n) . (4.3.2)

'

i
\) |
- "
'
!
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The test statistic T 'for large samples has approximately a chi-

square distribution with ¢k~ 1) degrees.of freedom, even though c;i
are not individual MLE's of oi . The exact distribution of T 1is

very difficult to obtain and we shall instead obtain an approximation s
to its distribution as follows.

4.4 Approximation to the Distribution of T Under Ho

We approximate T by a constant multiple of chi—sq\hge variable,
because T is a linear function involving the variables (%i/e e)
which behaves like a beta variable and negative logarithm of beta

variable behaves like a chi-square variable (see Wise (1950)).

Thus
letting T ~ ax\z) and equating the first two moments we get,
= ' = v :
a= uy/2uy , v 2ul/u? , (4.4.1)

where ui and My represent the mean and variance of T respectively.

These are not explicitly obtainable. However the approximate moments

can be obtained as in the following section.

4.4.1 Approximate Moments of\ 5T i
\F

Note from (4.3.2) that %
k N

~
' T= (b) o ln(n /n) ’
)
&
. - : -
where 13 (b 2, "bk bi ‘ i i/e e
- k—l o : k-1
and g(b) = —i“l ?1 In(b —n.kln(l-i_l i) (4.4.2)
We find the approximate moments | f T by expanding g(b) ' in Taylor's
P :
series sbout = E(b) ! \ .
! ! N
‘ fk-l f ag(b) - . )
. + _ . o
g(b) = g(e) p (bi-0)%5— 35, ' :
b=8
Tq kel kzl 4 328(13)
IE TR X —_— .
Yot dfy i (=00 by~ 005 v 4
; 173 1 pag

v . A g WS Abms b e G4
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Taking expectation on both sides of (4.4.3) we get,

L k=1 k-l ' azg(b) '
= E(g(b)),z 8(,9_) +-Z- E § uij ab '(4.4.4)
"3 g
where
Myy T BBy -0 (by -8y . | | )
" Also from (4.4.3), g ‘
) 2g(h) dg(b) .
8, = EGe() -89 = L} E(b =8 (b =0,)¢ b, ob |
3 ly=q
1T g 2g(r) 2%a(®) ‘
+iﬁﬁ'E(bi-ei)(bj-'Sj)(bl‘el)(abi ‘9b ab) ’
171 g
. s 2 38(6) ,
4 E®;-8) (abi)
. b=o ,
| a2 3 22 d
LI N2 g® s 27z 2s®)
PLEEG -6 (-0 (—5 - 53 ab ab, = @b, '

k , : ab I I .
T2 2
. : 3°g(b)y 37g(b)
lrzs el - - <. -
Y g B0 8 by -0 (b e1)(abiabj a3,
32&(‘9) azg(l_:)
+ 2. . )
, 359
' ) abi ,bJ ‘bl b=6
+Lrr Ee 0% )%azg@ L (azg(bjf) !
e -8:)%(@, -6 . |
t 7 Iy By m05) (b -6y a"i ,1 abi 2, . Bt

3 28® 2%

+ I
P EG -6 (-
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. 5 2%g() 35 (k)
+Eﬂ"i E(bi-ei) (bj-ej)(abz 'abiabj)
—~ 1 b=¢
[ . 2
: 3 7g(b)
1z —o ) r— 2
LR TR A " ) ) o (4.4.5)
) 1 b=8

L

2

Ordinarily, approximations for Gl\::xd §,  may be apprdpriate by
< considering only the terms with first derivative and ignoring the terms
with second and higher order derivatives, but at least in one situation
1t is not so, as we will see in 'section 4.4.3. That is why we retained

terms with second derivatives in (4.4.3) and (4.4.5). Using these

approximations we can obtain u]'. and My to be used in (4.4.1) as
t = +
My 61 Eni ln(ni/n) s ; (4.4.6)
S T L (4.4.7)
2 2 1
. gomputation of Gl and 62 in (4.4.4) and (4.4.5) involve the moménts,

roés-—momeﬁts and cross-moments of higher powers of bi’bj ’bl which are

obtained in the following section.
4.4.2 Computation of Moments, Cross-Moments and Cross-Mg‘xﬁents of

Higher Powers of bi"’ bj s bl

Since bi's are independent of e'e by Geary's Theorem (1933),
the moments of ’bi's are easily obtained as
. ' r '
=~ E(e iei)

4 - = r T er———r—
u E(bi) Ete'e) . (4.4..8)

1
r
The raw moments in the numerator and the denominator of (4.4.8) are
obtained from the following formula for the rth cumulant kr of a

qdadratic form in normal variables with zero mean and covariance matrix

I (see Searle, 1971, pp. 56, Corollary 1.1),

4

i
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K= (x-1)! Tl ean® (4. 4.9)

A\l

and using the following relation (see Chaubey and Talukder, 1983,
Lemma 1, pp. 676-677) successively between the raw moments ml'. "and
the cumulants kr ,

r

ym' | k £=0,1,2,... . (4.4.10)

t
n =i {41

= z (r
’ : r+l {i=0"1

The cross moménts between b i’b j’bl and other cross moments of higher
_ order can be obtained using Geary's result as
: |
ECele ) (ele)®(ele )"
'E(bib?bi)a 141 J 3 11 (4.4.11)

" where I is positive definite, then '

+
E(e'e)r s
where' r,s,t take values from the set (0,1,2, 3). Noting that ,

= de e'le, = e'A,e, where Q = I-X(X‘X)-lx' , and A, 1is Block-
& TRE L 4%

i i

diago,naJ; matrix with ith Block being Ini and zero elsewhere, the
’denominator of (4.4.11) can be evaluated using (4.4.9) and the expec-
tations in the numerator can be evaluated using the results of Magnus
(1978) .qtioted below:

Theorem:

Let A,B and C be symmetric matrices of order n and ¢ ~ N(0,%)

_ 1) E(c'Ac - €'Be) = (trAI) (trBI) + 2 trAIBI) .
i1) E(c'Ae - ¢'Be - €'Ce) = (trAlL)(tr BL)(trcCL) -
+ 2tr AT) (tr BECT) + (er BI) (tr AZCI) + (tr CZ) (tr AIBI)]
‘+ 8 tr AE_BECE .
111) Ee'Ae)? . (e'Be)l = (tr AD)%(tr BX) + 4(tr AZ) (tr AZBI)

+ 2(tr BD)tr(AD)Z + 8 tr(AD)2Br .
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1v) E(e'Ae)? - (e'Be)?) = (eran)’(erBo)? + 16[(tr AL) (trAZ(BD)D)

+ (tr Bx) (tr (AL) 21."2:)’]

.

&

+ aeran D eran?) + 2(eramn?
+ 2er AD)? + (ex (D)%) + 4 (er AD) (tx BE) (ex AZBE)
+ (erBE) 2 (er (AD) B .
: + 16[tr(AzBD) + 2¢cr (AD) 2 (D)2 .
v) E(e'he)? . (e'Be) + (e'Ce)] = (tr AZ)Z(tr BE) (crcE) :
+ 8 [(tx BI) (tr (az) 265y +(ex CIXex (AT) 2BE)+2 (ex AZX tx AZBECT)
4 Ker (AD)2tr (BICI)+(tr AZBE) (tr AZCE)+(tr AZCI) (tx AZBD)]
"+ 2 [er AD)2(tr BICE) + 2(tr AD) (tx BE) (tr AICI) .
|+ 2(tr AZ) (trCE) (tr AZBL) + (tr BE) (tr CI) (tr (AD) D]
+ 16[tr (AZ) 2BICE + tr (AL)2 CIBI + tr (AIBIALCE)]
vi) Elc'Ae)>. e'Be] = (traI)>(erBL)
+ 24 (trAZ)(cr (AZ)2BE) + B (trBI) (tr (A)>
+ 12(er (AD)?) (ex AZBI)+6[(tr AT) % (tr ATBE) <D o -
+ (tran) (trBE) (tr ADD)] e
+ 16 [2cr (A1) s + er (A2) BrAT] .

4.4,3 A Special Case

In- this section we consider the special case of (4.1.1) where.

I .
.PJ,:.?.],
0 -0

= 1 =
1 ~nl’ 2 ‘:lv'nz’Q—(I nEan)’Al{'

k=2 =1

s X
0 0
A, =) el and E is nxn matrix all of whose elements are
2 o . In nxn . ) ‘
Pm, . o
unity, In

1
(n;x1), (1= 1,2) vector of eléments unity.

i8 the identity matrix of order n, and l‘n ,1s a
. . i

Partitioning Q as
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1 DL
I -=E I -ZE
nl n nlxnl . n nlxnl
es L . L
n nzxnl : D.2 n' nlxnz

and multiplying by A, and A, respectively, we get v '

B < 7

A1Q= R AR IR N (4.4.12)

(4.4.13)

B
N
0
]
-

1
1 1 The Taylor's series

gxpansion of g(bl) about el = E(bl) = nl/n

In this case g(bl) = «n.lnb - n, ln(l—bl)-
ives as a special )

case of (4.4.3), since

n n
2
g'(ep= - e—l-*‘-l—:'g-‘- 0
1‘ 1
- l-_ " i
\
1 " 2

Applying the method discussed in section 4.2 we find the central moments

. mi(i =1,2,3,4) of b, which are,

, 1
m = :l_ . ‘
1 n °? , .
w . ¢ R
. 2nl(n ~-2) Tnl)‘ . ‘
= ’ ]
2 - n2 (n2 -1) . . SF
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; N
N 8n, (n-3) (n“- 2n,) (@ ~-p,) . a , \—/
el -ney S IR

llnl {n - nl,)[ o, (n-nl) &n-6) (n-'-10) +6p2 (n-1)]
- n*(a2-1) (a*3) (a*s)y

*

and . . By

USing (4.416) and (4‘4'7) we get : . o ‘
N YO )R " T (4.4.16)

1> 73 ; ,
and (@™ -1) ! .
. 120% (n - 4) o l@-6)@=-10)
2 am,@l-D@EN@Ets) (a?-1Xx +3Xn+5)
- C4.6.17)

It is observed (see tab_le'a».l) that as the sample size n increases
the mea.n “]l_ and the variance My of T app;oaches to l' and 2 '
resp_ectiveiy; and also the constants of approximation. a and v 1in
(4.4.1) approach to unity v;hich shows the- justification of the chi-square

2

approximation to T .

Table - 4.1: Constants of Approximation (4.4.1) for different ny and 1,
' | A | ’ A

n . on n, uy uy o v a ) . )
10 5 5 .808 | - .839 | ,1.557 519

11 5 6 825 | .912 | 1.493 .553

13 5 8 .851 | 1.089 1.330 | .640 o

15 .| 5 10 .871 1.276 1.188 .733

20 5 15, .902 | 1.704 ‘{" .956 944

1
nz we get the same value for ui . u~2 ,v and a as in table 4.1 if
we increase n, keeping n:a fixed. In the next sect:i;on we investigate.,:

:

the Accuracy of this approximation. . - e : .

* " . - . ’ * 2 N P
N r] o L. . ) A .
PN B
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4.4.4 Adequacy of the Approximation ) .

x In order to check the accuracy -of the chi—squal(:e approximation to
‘ thl&issbﬁution of T under “ Ho . a computer simulition is performed.

App;:oximate 100(1-a)% pbints of T denoted by " = axz

l-a via
2

Xy denot.:es‘ the upper «a pe‘r.:cent.ile of chi-square distribution with
]

-, Where

-1 2

~ v degrees of freedom are,éb‘tained for different n, and n by
, evaluating X\Z,.a through the IMSL ‘subroutine 'MDCHI. We, generate 5000
© 4 } - .

ot

random values of T wusing ‘the fact that

» 2
. ¥ ele, = U 4]
o . + N
’ 171 (nl’nz) 3
] n 13
e,e, = U 1

o 1 d— ..
+
Lo 2% 2 T @ ) s
where Ul s U2 . U3 are. independent chi-square-tandom vari'ai:les with
\ ‘ . R %

nl-l ’ n2-1 » and 1 degrees of freedom respec'tively when

2 2

. 9, = 02 = 1 ' (see Chaubey (1981) for the proof). The relative frequency

. %* .
of the event T > Tl-a denoted' by fa is observed and presented in

table 4.2. If the chi-square'approximation to the distribution off T

' 1s reaspnable one should expect f~ Ta . It is evident from table 4.2 .
that the approximation is 1in close agreement with the true values of

- Tl-a. even for a small value of n = I5 . It is also observed that

i

. for- n <15, the approximat:ion is not very good. Numerical calculations
s
b M o .
.also indicate that as- a grows large, fu approaches closer to a .

a
L - N ' . °

at
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Table 4.2: Approximate .(1-a)100% Points of T and a
’ Comparison For Theit Accuracy .
- * * g N £ ¢ £
a8 Tleo  Tles T 99 .10 .05 01
r ! : Ct /
s 5 1.9772  2.6484  4.2289 = .18056  .11380  05099-
6  2.0395 2.7430  4.4120 ° .16797  .10200  .04599,
8 TR.16317 2.9512  4.8312  .15917  .09440  .03279
10 2.2684  3.1440  5.2615  .14797  .08820 02680
o 6 2.0395  2.7430 4.4120 .17397 . ,10280 - .04099
2.0796  2.8009 4.5141  .15637 10380  .04279
k 2.1728  2.9525  4.8106  .14577  ,09420  .03139
10  2.2606  3.1065  5.1533  .14677  .08760  .02720
8 2.16317 2.9512  4.8312  .15197  .08300  .03059
L, 6 2.1728  2.9525 “4.8106  .14597  .09700  .03539
T8 2.2181  3.0162  4.9193  .14817  .09340  .02819
10 2.2741  3.1124  5.1263  .14017  .08500.  .02720
10 5  2.2684  3.1440  5.2615  .14177  .09060°  .02700
2.2606  3.1065  5.1533  .14257  .08440 = .02480
8 2.2741  3,1124  5.1263  .14037  .08460  .02819
10  2.3057 3.1596  5.2130  .13097  .08180  .02540
N v
e
- . ™~ .
s - -

o ——— e e
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.+ END ‘ .
SUBROUTINE CMEAN (X, Y, Z, U, W, FU, FW). !

.~ - . \
- 63 - 1

+ APPENDICES = ’

' . APPENDIX A2.1
.

PROGRAM MAIN( INPUT, QUTPUT, GRAPHD, TAPE&L=GRAP
THIS PROGRAM COMPUTES P(Z/Y),P(U/Y) AND P(W/
FOR DIFFERENT SAMPLE SIZES M, N» SAMPLE -
VARIANCES Vi,V2 AND DIFFERENCE BETWEEN THE ,
SAMPLE MEANS D

DIMENSION X(99),Y(99), Z(99), U(99), N(??)pFU(??):FN(??)
gg?MONéBL/M-N-VI V2, D

FORMAT ("ENTER VALUES FDR M. N, V1, V2, D*) '
READ#, M, N, V1, V2,D
PRINT 15, M,N, V1, v2,D

HD) ;
Y) :

1FORNAT(“ M= I2," N="12," Vil = “F8 4, " VW = ", FB. 4

y YD = '“FB.4)

CALL CMEAN(X: Y: Z, Us Wi/FU, FW)

DO 10 1-1099 C ‘
WRITE(S 100) XCI)yYCI) o ZCL,UCT), WCID), FUCI), FW(I) .
FORMAT (7(2X,F13. 6)) % \

.gUNTINUE

TOP ' . S

CDMPUT%S THE POSTERIOR DISTRIBUTION OF \

Z,U AND W
DIMENSION X(99),Y(99), Z(99), U(T9), W(9P9), FU(F), FW(9F)
CEAMMON /7BL/M, N. V1, V2, D '
“EXTERNAL F

AL=0. OEO

AU=1. OEO |

AUX=0. O1

CONS=DCADRE(F.: AL, AU, 1. OE-25, 1. OE~-1.ERR, IER) .

=1
{;?ChDQE(F.AL:AUX'IM OE-23, 1. 0QE-1, ERR, IER)
(I1)=FX/CONS ' '
(I)TF(AUX)/CDNS

P S
[
.

) . ‘ .
+NaVL, V2, D ) Lo
EOC OR X.EQ. 1{.0EO0) QO TO(I -t

N

N2=N-1 )
Tim(NI#V1+N2#W#V2) ‘

T=MaN#WxD#D/ ( M+N#W) ' .
FP=(M+N»*#W)

FPau# { (N/2. 0)—=1. O)#FP %% (-0. S)#((1. o—x)*a(-z 0))

F=FP/(£1+T2)**((M+N-1 0)/2.0)




e

anon

mn TmMgucH4%v
>

OGRAM PLOTM( INPUT, QUTPUT. TAPE99, TAPES=INPUT,
PE&=0UTPUT)

HIS PRDGRAM PLOTS P(Z/Y),P(U/Y)AND P(W/Y)
géggA;HE DATA GENERATED BY THE PRECEEDINGC
IMENSION X(101),Y(101),Z(101),U{101),W(101),
U(101), FUW(i0L)

DO.10 I=1,99°

EAD(S, 100)X(I), Y(I), ZCI), UCI), W(L), FUCL), FW(I)
ORMAT (7(2X, F13. 6))

CONTINUE ,

CALL SCALE(X, &6.,99, 1) o

CALL AXIS(1.5,1.9,' v —=1,6.,0.,X(100),X(101))

CALL SCALE(Z,6..,99:1)

CALL AXIS(1.5,1.5,' “,1,6.,90.,2(100),2(101))

CALL NEWPEN(1) '

CALL PLOT(1, 5, 1.5, -3

CALL LINE(X, Z, 99, 1,0,0) :

CALL SYMBOL(-.29.,2.7,. 14,102, 290..,0)

CALL SYMBOL(-. 29. 2.9, . 14,40,90.,0) ;

CALL SYMBOL(~. 29, 3.1,. 14,120,.90..0)

CALL SYMBOL(-. 29, 3. 3,. 14,124, %0.,0)

CALL SYMBOL(—.QQ,Q.S..12;121,90.,0)

CALL SYMBOL(~-.29.3.7,. 14,41, 90..0)

CALL SYMBOL(2.95,-.6,.14,120,0.,0)

CALL PLOT(O..,0..,999) '

CALL SCALE(U, 9..,99,1)

CALL AXIS({.5,1.5, ' /,-1,6.,0.,U(100),U(101))

CALL SCALE(FU, 6..,99,1)

CALL AXIS(1.5,1.5, ¢/ 7,1,6..,%90.,FU(100),FU(101))

CALL NEWPEN(1)

CALL PLOT(1.S,1.5,-3) {
ALL LINE(U,FU,99,1,0,0) A
ALL SYMBOL(-. 29.2.7,. 14,102, 90.,0)

CALL SYMBOL(~.29.2.9,. 14,40,9Q,0)

callL SYMBOL(-.29,3.1,.14,117,90..,0)

CALL SYMBOL(~. 29,3.3,.14,124,790..:0)

CALL SYMBQL(2 95; - . 141 117o 0. .0. )

CaLL PLOT(O..,0..999) .

CALL SCALE(W. 48.,99,.1),

CALL AXISCL. 5, 1.5, 7 *1~1,6.,0., H(100), W(101))
CALL SCALE(FW. 3,99, 1)

CALL AXIS(1 9. 1° 5,7 *)1,6.,90.,FiX100), FW(101))
CALL!| NEWPEN(1) , ‘
CALL PLOT(1.5, 1,5, ~3) :
CALL | L INE (W, FW, 99, 1,0, 0) | .

CALL |SYMBOL(~. 29 2.7, . 14,102, 90.,0)

CALL |SYMBOL (- 29,2, 9. . 14, 40,90, . 0)

CALL |SYMBOL(—. 29,3 1.7 14,118, 90.,0) '
CALL 'SYMBOL(— 29,3 3. . {4, 124, 90.,0)

CALL SYMBOL(—. 29: 3 51 . 141 1211 90. ’ 0)

CALL, SYMBOL(—. 29,3 7..14:41,90.,0) - __
CALL SYMBOL (2, $14,115,0.10)

L(2. 95, = &,
CALL PLOT(0.,0.,999)
CALL " PLOT(0., 0. .9999)
STOP )

END '
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APPENDIX A2.2

' PROGRAM_GDATAZ( INPUT, OUTPUT, RES, TAPE{=RES)

THIS PROGRAM GENERATES THE SAMPLE VARIANCES
AND THE DIFFERENCE BETWEEN THE SAMPLE MEANS
FOR_TWO INDEPENDENT NORMAL POPULATIONS FOR
GIVEN SAMPLE SIZES AND THE RATIO W USING

THE FACT THAT THE SAMPLE VARIANCES ARE DISTRI-

BUTED_ AS CHISGUARES AND DIFFERENCE BETWEEN
: THE EANS THE

S NORMAL AND CDMPUTE
HPD TERVALS BASED ON W _AND LOG(W) R THE
CORRESPONDINO SAMPLE SIZES AND SAMPLE VARIANCES
IT ALSO OBSERVES THE NUMBER OF TIMES THE HPD-
INTERVALS INCLUDE THE SPEC IFEED W AND THE
AVERAGE WIDTHS OF THE INTERVALS
COMMON /BLI/M.N: Vl V2, D/UBL/WIC, W2C/BL1 7ALPHA
1/UBL 1/W1CU, W2C .
DOUBLE PRECISION DSEED & :
DIMENSION Nl(b).N(S). Z(
7/, CMIN/. 0001/ CHAX/ 999/
/,FMAX/6. 086/

c

L fNTHu-O: 0 N

DATAON%/% 50: 15,20, 30, 50/, W/.1,.5,1.0,1. %5, 2.0/

00012 Kw3,3

L=
DSEED=345673631 DO .
WisW(K) .
NUI.-H-'I .
NUR=N-~
HBITE( 1: 101)W1, ALPHA
FORMAT (3X, #ld1=», F1 0. 4, »ALPHA=%,F10. &)
R=QGNQF (DSEED ) /
D-R*SGRT( 1. O/M+1, O/(Ni*N) )
CALL GGCH8(DSEED, NUi, Z, Ul )
S?LL OGCHS (DSEED, NU2, Z,U2) .
=
'V2-U2/ (N 2#W1 )

-

. CALL. HPDW(M , N V1, Vv2,D, ALPHA. CMIN., CMAX,W1C, NZC)

NIF=EMIN#V1 /Y 2
WeF=FMAX#V1/V2

CALL, HPDWI (s fr V1, V24 Ds ALPHA, ‘CHINS CMAX, W1CU, WRCU)
IF((W1.LT. W2C) .AND. (W1, GT.WiC))IFW=IFW
IF((W1. LT. W2CU).AND. (W1. 0T, WiCU)) IFU=IFU+1

FY) IFF=IFF+1

IFC(WL. LT, W2F ). AND)(NI CT. W1

WRITE(4, 100)M., N, Vi, V2, D
FDRMT(’X! *ﬂ-*l 13, aiN=#w, I3, *Vl-*v F8. 4, "\ 2u%, F8, 4
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1, *D‘* F8. 4,/) :
WRITE(1, 102)WiC, WC, erCU: W2CU, W1F, W2F
F?RMAT(/ 3X, #W1Cm=#, F10. 4, #42C=», F10. 4, #W1CU=H,

F10. 4, #W2CU=», F10. 4, *Hlﬁ-#; F10. 4 *HQF-*: F10. 4, /)

L=l

IF(L L$ 99360 TO 13 \
WTHW=WTHW/100. \ , .
WTHU =WTHU/100. O b Ly
WTHE = WTHF/100.0
WRITE(1,'103)

FORMAT € 7, 5X, *AVERAGE W IDTHS-I’ )

WRITE(1, 104) WTHW, WTHU, W

FORMAT (7, 5X, sWTHK=#, F'10. 21 BWTHU=#, F10. 4,
*WTHF=#, F10. 47)

WRITE(1,109)°

FORMAT ( 7, 53X, #COVERAGE _FREGUENCY=#)

WRITE(1: 106) IFW, IFU, IFF

FORMAT (7, 5X, #1FWn#, 14, #IFUm#, 14, #IFF=#, 14)

CONT INUE ,

CONT INUE

CONTINUE

D
SUBROUTINE HPDW(M, N, V1,V2, D, ALPHA, CMIN. CMAX, W1C, W2C)
COMPUTES HPD INTERVAL BASED ON W
COMMON_/BL/CONST ’
EXTERNAL F.HPDC
CONST = DCADRE(F., Q. OEO. 1. 0EO, 1. OE-23, 1. OE—lO: ERR, IER)
ITMAX1=100
EPSl'l 0E-10
))Elﬁ% CMI
=
CALL ZEROHPD(HPDC: XL.1, XRl. EPSI. ITHAXl csoL)
RETURN

OQUTINE SDLMOD(N)
COMPUTTES THE MODE QOF P (W/Y)
COMMON /BLI/M, N,V1,V2, D

EXTERNAL H
EPe="1. GE-10 .
NSI¢ o
- NET2 12 8e-20 '
XR ‘= (V$/v2)+20. 0 -
ITMAX_=100 <
CALL ZFALSE(H, EPS, NSIG, XL, XR, Wi ITMAX, IER)
RETURN t
EUNCTION H(H)
.COMMON ~ /BLI/M, N, V1,V2,D "
Ti=(N/2. 0-1.0) /W LT ‘
T2 % N/-(2. 0% (M+N#W)) ,
T3 = M+N=-1.0 ' /

CTA = (N=1.0)#Y2+N+MaM#D¥D /( (M+N#W) %22, 0)
“Th = 2. 0% (M=1. 0)#V1+(N-1. 0)#V2#) ,
= MuN#W*D#D/ (M+N*W) .

FP = T3#T4 -

»

»
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FP = FP/(T&+2. 0%T7) . T
H = T1-T2-FP
RETURN

END ’ .
FUNCTION  HPDC(C) -

x?

COMMON /BL/CONST/BL1/ALPHA/BL3/PRC/UBL/7WIC, NEC/BLI/M.N:'

ivi,ve, D

EXTERNAL Fi,F2

THIS FUNCTION FINDS THE VALUES W1C, W2C SUCH THAT
THE INTERVAL (W1C,W2C) - -HAVE THE SAME POSTERIQOR

ORDINATES FOR A GIVEN C., THE_ VALUE OF ORDINATE -
RglNGETHgDERODUCT OF C AND THE POSTERIOR ORDINATE

AND- THEN QIVES THE PROBABILITY CDNTENT OF THIS

—
X

INTERVAL ” e

CALL SOLMOD(W)

WRITE(1, 700) W

FORMAT(2X, F13. 46)
= (1. +W)

XR=1.0-(1. OE-20) > .

PRX = F1(X) :

PRUW=PRX# (1. =X) ##2, 0 S .

PRC = C#PRW |

1THAX = 100

CALL ZFALSE(F2. 1. OE-IO.IO.XL.XM XlC»t#MQX.IER)
ITMAX = 1

XM=X

0, XMs XR » X2C, ITMAX, TER)

E
FUNCTION

~CT
W
N~
1 V>
WU~
-~

F2=F1(X)*
RETURN

END
FUNGTION F(
COMNON /BLé

IF(X . EQ
W=X/(1-X)
Ni=M-1
N2=N-1
‘Ti=(N1#V1+N2#UW#V2)

T2=M#N#WnD%D/ (M+N#W) )
FP={M+N*W)

EP=W##( (N/2. 0)~1. O)#FP## (-0, 5)*((1 0-X)##(-2,0)) ’
F = FP/(T1+T2)##((M+N-1. 0)/2.0)

GO 10 2 . . .

F = 0.0EO : . .

RETURN -~

’N 1[ ’ )
EQO .OR. X .EQ. 1.0E0) €0 TO 1

el
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EN
SUBRQUTINE ZERDHPD(HPD; XMIN, XMAX., ERROR. ITM. XSOL)
SUCH HPD IS ZE

FINDS THE SOLUTION

vO

T.0.0 . AND. FMAX.LT.O.0)

N. OT*O 0 . AND. FMAX. CT.
N+XMAX) /2. 0

I’.(.E Eqaom/oo T0 &
T.ITM) GO TO S
.0) ¢0 TO 3

GO
PRINT*. "NO OF ITERATIONS HAVE REACHED MAX IMUM,

1 HPDm*,
T

VALUE OF

Q0 710 1
PRINT#, “SOLUTION DOES NOT LIE IN THE OIVEN INTERVAL"

¢0 70 1
XS80L = X
RETURN
END

SUBROUTINE HPDW1(M, N, V1. V2, D, ALPHA, CMIN: CMAX., W1CU, W2CU)

COMPUTES HPD INTERVAL BASED ON U
COMMON /BL/CONST
AL HPDC1

MAX
gALb ZERDHPD(HPDCI. XL2, XR2, EPS2, ITMAX2, CSOL.1)

N
SUBROUTINE SOLMOD1 (W)
COMPUTES THE MDDE aF P(LOGW/Y)
COMMON /BLI/M.N. Vi, VQ,D
EXTERNAL H1

1. 0E-10
XR = (Vl/V2)+20 0 :
ITMAX
Cé!.r.L ZFALBE(Hl EPS, NS1G: XL, XR: W, ITMAX, IER)
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END
FUNCTION Hi(W)
COMMON /BLI/M. N.V1,V2, D

T1=N/(2#W)

T2 = N/ (2. O#(M+N#*#W)) R
T3 = M+N-1.0 '

T4 = (N~—1.0)#V2+Nu#MsMeDeD /( (M+N#ld) ##2, 0)
TE = 2. O#((M=1. O)#V1+(N—1. O)#V2%U)

T7 ® MeN#WrD»D/ (M+N*W)

FP = T3#T4

FP = FP/(T6+2 O*T7)

Hl = T1-=-T2-F

RETURN . :
D

EN
+ FUNCTION HPDC1(C)

COMMON /BL/CONST/BL1 /ALPHA/UBL.S/PRC1/UBL1/N1CU. Wacu

1/BLI/M. N, V1, V2, D

. EXTERNAL F1,F2U

THIS FUNCTION FINDS THE VALUES W1C, W2C SUCH THAT

THE INTERVAL (W1C, W2C) .HAVE THE SAME POSTERIOR

ORDINATES FOR A GIVEN C, THE VALUE OF ORDINATE OF LOG(W)
?\?I%"SE Hg ERDDUCT OF C AND THE POSTERIOR ORDINATE
- AND THEE GIVES THE PROBABILITY CONTENT OF THIS

INTERV
CALL SOLMDDI(N)
X W/ (1 +W)

XLm1. OE-10 ‘
XR=1.0-(1. OE~-10) A\\‘
PRX = F1(X)

PRW=PRX# (1. -X)#%#2. 0 )
PRU=PRW#*W -
PRC1 = CxPRU
ITMAX = 100

= X
CALL gFALSE(FQU: 1. 0E-10, 6, XL, XM, X1C, ITMAX, IER)

ITMAX = 100 .
O;Ié?:’ & XM» XR, X2C, ITMAX, IER) |

. =X2C))

2C, 1. OE—100, 1. OE-50, ERR, IER)

FUNCTION FU(X) '

COMMON _/UBL3/PRC1

Fa2Uu = F1(X)#X#(1. -X)~PRC1
RETURN :

A Y
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APPENDIX A3.1 . .

PROGRANM HPDINT(OUTPUT' TAPES) | S
THIS PROGRAM_COMPU T THE _HPD-INTERVALS BASED -
W.AND U FOR BOOT AND DEWITT‘S DATA o -

OHMON /UBLZ7W1C, H26/BL1 /ALPHA/UBL 1 /WiCU, WRCU

DATA. ALPHA/. 03/,CMIN/. 0001/, CMAX/. 9999/

WRITE(1, 101.)ALPHA

FORMAT (535X, #ALPHA=®, Flo 4)

CALL HPDW(ALPHA, CMIN, CMAX, W1C, W2C) . ) :
- CA HPDW1 (ALPHA, CMIN, CMAX, W1CU, W2CU) -
. WRITE(1, 102W1C, W2C, WI1CU, W2CU .

FORMAT(/, 5X, #W1Cm#, F10. 4, mzcu. F10. 4, #l41CUmu,
1F10.4, #W2CUm=x, F10. 4, /)

SUBRDUTINE HPDN(ALPHA: CMIN, CMAX, W1C, NZC) ’ o
COMPUTES E780 '{‘ g¥ERVAL BABED ON W :

EXTERNAL F, HPDC
ONST = DgADRE(Fo 0. OEO, 1.70EQ, 1. OE-235, 1. OE-10, ERR, IER).

1 = CMAX - - - .
?lo.lﬁNZERDHPD(HPDC. XL1i, XR1, EPS1, ITMAXL,CSOQL) .

E :

SUBRDUTINE SOLMAD ¢ W) .
COMPUTTES THE MODE QF P(W/Y)
EXTERNAL H

EPS= 1, 0E-10
NSIC =10

XL, = 1. 0E—-20

XR = -(V1/V2)+20.0

ITMAX =100

CALL ZFALSE (H, EPS, NSIG: XL, XR, W, ITMAX, IER)
RETURN

END
FUNCTION H(W) .
Tim 17.0/W
T2 = .02703/(1.0+. 02703%W)

T3 = . 308137(1. 0+, 30313%W)

Ta=17%(777. Q+104. O%M)

SSAW=(T4+W* (T2#3188. 3209+T3I*334. 5344))/36 0
Tami7. O#104. 0 > Y
TSm. 02703#3188. 3209/ (1. O+, 02703#W) ##2. 0
Ta= 30513%534. 5344/ (1. 0+ 30513%) #%2. 0
'é's-ru;'a' 1-T2-Ta-(T4+T 5+T5) /85GMW

END

FUNCTIDN HPDC (C )

COMMON /BL/CONSTIBLI/ALPHA/BLS/PRC/UBL/HIC: wac .
EXTERNAL F1,F2

THIS FUNCTION FINDS THE VALUES W1C,W2C SUCH THAT

THE TINTERVAL (NlCo NQC) HAVE THE SAME POSTERIOR

ORDI NATEB FOR A GIVEN C, THE V OF ORDIN.

BE ¢ THE PRODUCT OF C AND THE PDSTERIDR ORDINATE

3. —
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.~ ITMAX = 100 . '

AT THE MODE.
. AND _THEN CIVES THE PR ABILITY CONTENT OF THIS

INTERVAL
CALL SOLMOD (W) j

>3

=W/ (1, +W}
XL=1, K OE-R0

XR=1. O—-(1. ?E-RO)

RX = F1(X
RUW=PRX#(1. ~X)#%2, 0
RC = C#*PRUY

>0V

Ma=X
~CAlL ZFALSE(F2. 1. OE-lOoIO:XLaXH X1C, ITMAX: IER)
ITMAX = 10

0. XM, XR oXZC:ITMAXnIER)

/

END
FUNCTION F2(X)
COMMON /BL3/PRC
F2=F1 (X)#(1, =X)
RETURN
END ,
FUNCTIDN F(X)

IF(X .EQ. O.0E0 .OR. X .EQG. 1.0E0) ¢O0 T 1 |
W=X/(1=X) .
Ti=W#. 02703/ (1. O+. 02703%W)

. TR=W. 30813/ (1, o+ 305 13#W)

T3m17%#(777. 0+104. O%W)
SEQW=(T3+T1#5188, 9209+72;534 5344)/36 )
FPm(1. O+. 02703#W)*#(1. O+. 30513%W
gau;6825*((1 0=X)## (=2, O))*SSGN**( -18. O)#FP## (-0, 5)
F = 0. OEQ
RETURN
END

_ FUNCTION F1(X)
COMMON /BL/CONST
Fi1 = F(X)/CONST
RETURN

END
SUBRDUTINE ZERDHPD(HPD.XMIN.XMAX.ERRDR.ITM:XSDL)
FINDS THE SOLUTION SUCH HPD IS ZERD

SOLUTION XSOL LIES BETWEEN XMIN AND XMAX

MA OF ITERATIONS

TM = X N

RROR = ERROR BOUND
FMINy= HPD(XMIN)
FMAX - HPD(XMAX)

IF( (Fnru.or.o.o .AND. FMAX.GT.0.0) .OR.

[

0
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1
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2

0.0 . AND 'FMAX. LT. 0. 0)) 60 T0 2
Txnax» /2.0
M

&E ERROR) QO T0 6
. CT. ITM) OD T0 5
0)'e0 TO 3

~nZALN

N4
4T X

G OC 4 4 =g vy
O:)!"l

4

>
= 4
-fz‘
a o
N
>

GO
PﬁégT*.;ND oF ITERATIUNS HAVE REACHED HAXIHUM: VALUE OF
=,

GO0 TO 1

gRI#B*."SOLUTION DOES NOT LIE IN THE QIVEN INTERVAL“
XSOL = X : ‘ A ="

RETURN - " '

END
SUBR&UTINE HPDNi(ALPHA-CMI CMAX.WlCU.HQCU)
COMPUTES HPD INTERVAL BASED N U,

COMMON /BL /CONST

XL2-CMIN ‘ ‘ ' N

XR2 AX

CALL ZEROHPD<HPDc1.xLz.xaz,sPsz.ITnaxz.csoLz) S

RETURN o ..

SUBROUTINE SOLMOD1 (W) F , Ly
COMPUTES THE MODE OF P (LOGW/Y) y :

CORMON /BLI/M/N. V1, V2, D o

EXTERNAL H1

EPSm _.oe-1o . !

NSIQ =10 ‘ . o .

XL = 1.0E~ SR

%R = tui5uad+20.0 : ,

ITMAX =100 ‘
82%6 ZFALSE(HI:EPS-NSIO;XL:XR.N.ITHAX:IER)

END
FUNCTION H1 (W)

TimiQ/W ¥
T2 = . 0R703/(1. 0+, 02703+W) A
T3 =, 308137 (1. 0+. 30513%W) t . .

T2 = . 02703#3188. 32097 (1. 0+, 02703#4) ##2, O -
T3=, 309134534, 3344/(1 0+. 30313%UW) ##2. 0 .
T&=17#(777. 0+104. O*W) .
SSQN-(T6+W*(T2*5198 3209+T3l534 9344) ) /3646, O ‘ r

T7m17%104 .
ML om T1oT2oT3-(T74T4+TS) /SSQH .
RETURN | o :
END . ® P
EUNCTION  HPDC

COMMON /BL/CDNST/BLI/ALPHA/UBLS/PRCl/UBLI/NICU.NZCU

v - - S

2

- - -
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g ATTH

S =13 - ; \

EXTERNAL F1, F2U - .
F‘UNCTIDN ans THE VALUES W1C,W2C SUCH THAT

N]r'ER C.H!C) HAVE THE SAME POSTERIOR
ORDINA 8 FOR VEN:C, THE VALUE OF ORDINATE OF LOO(W)
THE ERODUCT OF C AND THE POSTERIOR ORDINATE

‘%3

MOD!
AND THEN GIVES THE PROBABILITY comem' OF THIS
- INTERVAL .
caLL scu_mmw)
X =W 7 (1, +W)
XL-1.0E-10 .
XR=1i. 0—(1. OE~10) ~
PRX = F1(X)
PRW=PRX# (1. =X ) ##2, 0 )
PRU=PRW#Y 7. :
. PRC1 = C#PRU , .
’Itgmxx- 100 ’ . S 5
%u. Fawemzua OE=-10: & XL, XM: X1C, ITMAX. IER). )
ITHAX = 100~ ‘
CALL ZFALSE(F2U. 1. 0E~10, & XM, .XR, X2C, xmx. IER)
ULiC = ALOGC(X1T/ (1. -X1C))
© U2C = ALOG(XZ2C/ (1. ~X2C))
WiCU = EXP(ULC) . ,
W2CU = EXP(U2C) . .
PROBC = DCADRE (F1, X1C. X2C, 1. OE~100, 1. OE~30. ERR. IER)
HPDC1 = PROBC~-(1.-ALPHA) ) e ,
RETURN . ~
END
FUNCTION FU(X)
c N°/UBL3/PRC1 :
F2U = F1(X)#X#(1,=X)~PRC1
RETURN
END ,
3 e " A
’ -
. . . ) T .
U ( . . _
‘ : ' _ A




