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ABSTRACT
A Brief Discussion of Nonlinear Constrained Optimization

and
A Proposal for a New Direct Search Method .7

\

4
Judy Shau Han Tam

The concept of nonlinear constrained optimization is
briefly discussed, and two existing Direct Search stratégies.
Rosenbrock's method (1960) and Box's Complex method (1965)
are described. Both algorithms require a relatively long
computafion time, and a lot of storage space. Moreover, none
of Fhe methods offers a systematic search for a global optimum.
In response, a gzw nonrandoh Complex nmethod (the Revised
Complex method) has been deve}oped for application' to optimi-
zatidn_problems characterized_gl nonlinear objective and
" .congtraint functions.im¥olving cbntinuous.optimizatibn vari-

‘ables. Using a line-search technique to construct the initial
.complei, and a procedure Factor to find suitable values for
, ;ﬁé over-refiection factor R, thécnew metﬁod is believed to
be more efficient than Box's strategy. PFinally, the perfor-
mance of the Revised Complex method with constrained problems,
is compared with those of the original Complex method.
ihese results suggest that the new method offers a good al-
ternative for nonlinear opfimization. especiaiiy when the

problem consisté of several local optima.
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(I) INTRODUCTION . . - B
1.1 Optimization =~ | -

. ‘The con'cept of op“cimization is becoming fiex;vaaive in the
modern world, appearing in engineering, economics,’nathematics.
physics and even the social sciences, It represents the basic
principle underlying the analysis of many complex decision
or allocation -problens. »'Ueing this principle, one approaches
a complex decision problem, involving the selection of values
for a number of interrelated.,variables,‘by focusine%atttention
on a single objective function which measures the quality of
the decision. This objective is mihimized (or maximized de-
pendir;g oil/the formulation) subject to various constraints
which ma); limit the selection of decieion variable values.

It is possible to a\fbid having to optimize w‘nen there is only

one way to carry out a taek. because one then has no other

alternative. However, when there exist two or more eolutions.

one should always choose the best way out. Unfortunately,
one can never be sure whether his or her selection of a8 80-
lution provides the optimal result if no optimization tech-
ﬁidue_ is employed. In response to this problem, nume rous
optimization models and techniques begen 0 develop, an& the
growth of large and fast computing facilities has aided sub-

- - F

stantially in the advancement of this area.

1.2 Scope of this Wwork

with the lack of a univers_alp method of optimization,

various procedures, 'eac.h having only a limited a_pplic&tion N

3
P
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to special cases, are made available. We will not attempt
3

to 1ist them all here. However it is understood that solut-

ions for different optiﬁization models ask for certain parti-

cular techniques; for instance, the calculus of variations and
its extensions provide the mathematical basis of functional
optimization, Problems oflyhis type cannot be solved by the
methods for minimizing (or maiimizing) a function learned in

introductory calculus, because instead of finding the values

. of one or several variables which yield the minimum (or maxi-

mum) of a function, one is required to find one or more com-

plete functions which minimize (or maximize) an integral,

A}

‘Whose value depends upon these functions. Wwe shall not

discuss further this type of problems which are concerned
with finding optimal trajectories. The problem with which
this paper is concerned is that of finding the minimum (or
maximum) point of a deterministic mathemgﬁical function,

where'there exist restrictions or constraints as to what the

) permissible,values of the independent variables are.

In fact, our subject matter is even more limited than
hasjbéen }ndicated so far. Problems involviné linear funct- °
ions subject to linear constraints will nof be discﬁssed
here. They gife ri§e to what are termed linear programming
problems, and linear programming has been.deeply studied in
opérations research, Details of the technigues usually
employed in this special situation are widely covered in
dlmost all mathematical programming texts. Here, we are only

y : <
cqnce;ned with the general nonlinear functions subject to ome



or more constraints. These constraints are all,inequality
constraints, which are assumed to apply to fuﬁctions or'theu
independent variablés as well as té’the indepéndent %ﬂriables
themselves. Moreover, all the independent variaﬁiea are
assumed to be continuous variables, as opposed to variables
which can only take on discrete values, Finally, functions
of one dimension will not be discussed here. Numerous
effective search schemes for this type of proﬁlems have been
developed during the past‘few decades.

To conclude this section, we state that there actuaiii

exists a tremendous amount of optimization problems which

-are of different nature, and a universal optimizer does not

exist, at least up to this point. In other words, there will

always be problems for which a particular optimization method

performs unexpectedly poorly. If there were indeed an "Op-
timal® optimization sp;atggy. all the others would long have
been foggotten, and since all the methéds presently known
can onli‘be used in particular areas of application, it is
necesséry for us first to identify what kind of optimization

problems we are going to examine.
, e

~
-

—

1.3 Stgjeméﬁzyof the Problem

- “First of all, let x be an n-dimensional vector of un-

t

knowns,

-

X = (x1, Xop eees xn), o

and F, Gj (j =1, 2, ¢+ m) be some real valued functions



\?? the variables Xis Xoo coey > We nofe‘that

I
=

Minimum a Maximum
with respect {-P(x) : xeX} = with respect (F(x) : xeX
to x - - to x

4

where X is some subspace of the n-dimensional euclidian space

R" defined by a set of constraints, and we shall confine our

~attention throughout this paper to minimization. Thus the

complete constrained optimization or nonlinear programming

problem can be written as the following: o

Minimize the objeétive function  F(x)
subject to m inequality constrairts Gj(g) > 0,

for J =1, 2, ¢ea, M.

All other constraints can be reduced to this form.

1.4 Size of Problems

TH?se\points which satisfy all the constraints are said

_Igﬂyépzsabfblp, and in their entirety these points constitute
. \

the feasible r?gion¢ All other points are non-feasible, aﬁa
constitute fﬁ;,non-feasible region. It should be noted that

a feasible ;eg;pn does not necessarily exist, in which case’
the problem has no aolufion. However fhis paper will only bew
concerned with problems which have solutions. The optimizat-
ion problem formulated above is conaideréd to be multidimen-
sional. One obvious measure of the complexity of this ki;d

of problem is its size, méﬁsured in terms of its dimension’

or sometimes, the number of constraints. As might be expect-

ed, with advancing computing technology and with improved
\

- -
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-

theorectical methods. the size of problems that can -be efrect-
ively aolved haa been increaaing. With present“day computingh
ocapab;lities. it is reasonable to distinguish between thf;e |
classes of probiems: small-scale problems haviné about five

‘or fewer unknowns and conetraints. intermediate-acale problsma
o %

\\ having from about five to a hundred variables, amd ldarge-scale

problems having more than a hundrgd,and perhaps thousands of
'varkables and constraints. This classification is rnot entire-
‘ X

ly rigid, but it reflects the basic differences in approach
that accompany probléms of different sige. ,

ot

\
7
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(II) MULTIDIMENSIONAL STRATEGIES - DIRECT SEARCH METHODS -

-—

z.j_gntfoduction . .

Thef:>have been frequent atiemptis to éxtend the basic
ideas of one dimensional optimization procedures to several
dimeﬁaions. and various methods are diatinguiéhed according
to the kind of information they need, namely: |
(1) Direct Search methods - which only need the objective

| ) L,L< _ function values F(x),

(1i) Gradient methods - which also use the first partial de-
: rivatives, VF(x) (First Order Stra--

" tegies),
(11i) Newton methods - which in addition make use of the se-
v cond partiallderivativeé. vzr(g) (se-

‘ cond Order,Strategig;{. |

All the above numerical optimization techniques have certain '
features in commoQa, Sugﬁ technigues, which are referred to
as iterative techniques, require an initial point 5(0) to be

specified, .and proceed by generating a sequence of points
.o * o - .

. x(k), k=1, 2, ...;uwhlch‘represent improved approximations

J

¥

Ve’

——

[ 4 !

to the solution, thal is |
P(x(k+1)) £ F(x(X)). ..

we will note here that it is usual td> regard equal function

valﬁes as 1mprovémenta.
Iterative techniques can:conveniently be studied with
the aid of the recursion schemes employed by most multidi-

mensional strategies. The formula is as follows:



x(k+1) = x(k)+s(k) d(k),

.where d(k) is an n-dimgnsidnalﬁdirecxion vector, and s(k5 is
the step length mové; along d(k). The determinétion of a
suitable direction d(k) ma¥ involve several computations of .
jtpe function F. Once g(k)'has’bgen choseﬁ,lr can be computed
at one or more points along this direction, and from these
results*a suitable value for s(k) can be found. Every stra-
tegy differs from the others with regard to tﬁecstep size
.and search direq;ion. Typically, éhe algorithm is repeated
and’a éequence of ever—improviné pdints is generated that
apbgoaches a solytion point x*. For nonlinear programming
problems, the sequipce gengrally does not ever exactly reach
the solution point, but convergés towafds_it. In operation,
for~n9nlinear problems, thé process is terminated whenever a
point sufficiently close to the solution point, for practical
purposes, is obtained. Among the three different iterative .
methods, Direct Search methods wii& be the Jnly fbcus of this
paper. - | |
Direct Search strategies are those which do not requtré
the explicit evaluazion of any partial derivatives of the
function, but instead rely sblely on values of the objective
funcfion P, plus inférmatiOn gained from earlier iterations.
Some of these methods in effect use the objective function
values to obtain numerical apppq?imatione to the derivatives

of the objective function, or to fit low ordgr polynomials

or surfaces through selected points. In most cases, the



"gearch directions and even the atgp sizes are fixed by a sche-
me of some sort, rather than in aﬁ(optimal way. Thus there is
always a risk of not being able to impfove»the objective funct-

“Nd/ion va}ue at each step, and ﬁence failures must accordingly be
planned for such that something can be learnt from them. This
ntrial" character of search strategies has earned them the
n;me of trial-and-error methods. Their attrackion lies notw

f 80 much in theorectiéhi proofs of convergence or the rates of

g convergence, as in their simplicity and the fact that they

have proved themselves useful in practice. Among the Direct

Search methods, there are two which are the most:important -

and effective strategies for constrained problems. There are
the Rosenbrock's method (8) and the Complex strategy of Box

(2, 3). Since the emphasis here will be placed on the latter’
'strategy, we will therefore only look at the Rosenbrock's

method briefly.

2.2 Rosenbrock's Method ’ ) ‘

Roeenbrock's idea was to remove the limitation on the -
number of search directions in the céordinate strategy so that
tpe searcp steps can move_parallel to the axes of a coordinate
system which can in turn ro;ate in the space R". One of the
axes - is set to poiﬁf in the direction which appears most fa-‘
vourable. The remaining directions are fixed orthogonally to

the first and are also mutually orthogonal. We will denote

h

.~ the n mutually orthonormal direction vectors at the K iter-

ation by d(k,1), d(k,2), «.., d(k,n), and by s(1), 8(2), ...,

e
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/

s(n) theﬂ;espective'atep lengths asqggiated with each of”theée
directions. Fﬁr the first iteration, the coordinate girections
are usually ugsed as the mutudlly orthonormal direction vectors.

Starting from a given initdal point x(0) which satisfies
all the constréinta. a trial is made in each direction with

the associated discrete 1nitiai step size. A success is re-

. corded if the resulting function value is no greater than the

current best value. This trial point will replace the current‘

point,. and s8(i) will be multiplied by a positive factor «>1.

Then the next search direction is carried out. JIf the trial

brings an increase in the function value, it is considered to

—

be a failure. In that case, the current point remains unchan-
ged, and s(i) will be mﬁ}tiplied by a negative factor -1¢g<0.
(Rosenbrock found that the values « = 3 and g = -0.5 to be
suitable choices for the operational coefficients.) This

process is répeated until a success followed by a failure has °

L4

occurred along every direction. Following this first part of

——

the search, 'the coordinate axes are rotated,
Now, new direction vectors are to be computed. The re-
cursion formulae are as follows:

Let 4(k,j) represent the distance covered in the direction

d(k,3) in the k™7 iteration, then

8(4) = T A06):806D) o £m 1y 2y ey

so that a(1) represents the total progress made during the

th

k iteration, and a(2) represents the progress made during

B4 -
"\'t

G
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the iteration excluding that madg in direction g(k,1),°and

80 on. Then the new set of mutually orthogonai unit vectors

e

will be computed according to the following scheme. '

\

w(i) .

d(k+1,1i) = for 1 = 1, 2, «vey, n
w(1)] .

where
e ca(4) for i = 1
(1) -{ C i-1 |
2(1)-§:(§(i)T-9_(k+1.:j))-g(kﬂ.:l)

e J-1

fOI‘i-Z, 3, e o0y N,

This procedure does not incorporate a convergence cri-

~ terion. Rosenbrock's suggestions are that either a run be

terminated after a specified number of function 9valuations,
or whenever the magnitude of a(1) is less than a specified
value, and ||a(2)l>0.3lla(1)ll for each of se;;ral consecutive
iterations. This condition ensures that the direction of
total progress is changing - something that Rosenbrock re-
garded as a sure sign of the proximity of a minimum,

Ig\his original ﬁublication in 1960, Rosenbrock had al-
ready given detailed rules as to how inequality constraints
can be treated. His procedure for doing this can be viewed
as a partial penalty function method, since the objective
function is only altered in the neighbourhood of the bound-
aries. Immediately after each variation of thevvariab;es,

the objective function value is tested. The following is

one of the several suggestions of Rosenbrock. For cons-

10
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traints of the form GJ>O (3 = 1, 2. ..;, m), one constructs

the extended objective function F'(x) in the form:

H

m
F (_3_() = JF(_X_)"%BJ(I) . (IJ-F(I) )

in which : ‘ "
0~ T 4 Gy(x)ye &
B,(x) = (3q-40%+2q¢° 1f 04G,(x)<e *
1 1f G4(x)40
and

Q= 1= 2:Cy(x).

-

)
fj is the valpe'of the objective‘function beloggiﬁg to thg
last success of the search which d4id not fall in the region
of the jth boundary. As a reasonable value for the bound;ry ‘
zone, one can take e-16’4. | ‘

The entire algorithm of this method can be easily found
in most nonliﬁear programming texts, and Rosenbrock's strategy
has been widely used to good effect. 1In fact,.numerical
experiments by Schwefel (9) show that within a few iterations,
tﬂe rotating coordinates bgcome oriented in such a way that
one of the axes points aloﬁg the gradient direction. mhe’
strategy is thus able to folloQ sharp valieys in fhe topology

of the objective function. It has however one major disad-

vantage when compared to other Direct Search methods - the

orthogohaliéation procedure is very costly. C(Computation

time is relatively long anf the algorithm reguires a lot of
g

-
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storage space. -

\‘Q

?'3 Complex Strategy of Box

']

After revealing the Rosenbrock'% method, we now turn to
the Complex strategy oﬁ,qu., Box modified the Simplex method
for uncoqstrained minimiza%&on, proposed bleelder and Mead
(7) <o fi;d constrained minima, and termed his constrained.
Simplex method the "Complex" methgd. The'two most important
differences to the Nelder-Mead strategy are the use of more '
vertices and the expansion of the pol&hedron at'each normal

¥ 4
reflection. Both measures are intended to prevent shrinkagé/

of the complex. . ' ya

7

/
In this method, N¥n+1 points are used. It is assumed

that an initial point _ //

: L}(O) =.(x1.‘_(0). X,(0)y weey x(0))

/

which satisfies all the m constraints is available. It.will

/

be one of the N vertices of the intended polyhedron. fThe

’fémaining vertex points are fixed by a random process in

which each vector inside the ciosed region defined by the
explicit constraints has an equal probability of selection.

The complete scheme for the construction of the initial com-

plex is as follows:

x(0,1) = x(0),

.
x(0,v) = §:;Zi'31 fOr v = 2, 3, veey, N .

where the ' is an evenly distributed random number from the

e

]
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range (ai, b;) if constraints are given in the form 8,¢x;Kb, .
Otherwiae; we will take the range to be (xi(O)-O.Sa, xg (0)F
0.5s), where s, for example equals one. A point so selected
will necessarily satisfy the explicit constraints, but may *
not satisfy all the implicit coﬁstraints. If an implicit
constraint is violated, the triai point is moved halfway to- \
wards the centroid of those points alread& selected (where
the given ‘initial point is always included). Ultimatgly a
satisfactory point will be found (it is assumed that the
feasible region is gonvex), agg in this way, all the N points
or vertices of the initial cogfigﬁration can be constructed.
The, function is jthen evaluated at each of theseé points,
and the vertex of grgatest funﬁtion value is determined. '
This worst point wifl be replaced by a point R3}1 times as
far from the centybid of the remaining points as the reflect-
ion of thé worst /point in the céhtroid, the new point being -
collinear with the rejected point and the centroid of the

retained vertices. If this trial point is also the worét,

.1t is moved halfway towards the centroid of the remaining

poﬁnts to give a new trial point, The above procedure is . -
repeated until some constraint is viglated. If a trial ver-

tex violates some of the constraints, then again a furthf}

trial point is constructed by a move halfway back towards the
centroid of the remaining points. Ultimately h permissible )
point is found., (These moves could prove unsuccessful 1if

the region were not convex.) o

The author would like to mention here that in the original

» .
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.
. ® Complex method, Box suggested if the trial vertex does not
- patisfy some constraint on some independent variable Xy ¢

iv= 1, 2, ...;.n, then that particular variable is re-set to
a value OZObq001 inside the appropriate limit. However, as !
-Guin (4) has later discussed that this rule:sometimes causes
the method to ottain a false optimum 1f all points of the
complex fall into this hyperplane. This happens especially
wh@P th% optimum is near, but not'upon the constraint. To
alleviate this situafﬁbp, it is therefore pecomménded thaf_
the above rule should_be abandoned and -that only the rulé
for moving halfway toward the centroid spould be retained to
deal with constraint wviolation. m )

The only stopping criterion built into the program is
a conservative one, namely that the programlshall stop when
several consecutive, values 6f the objective function are the

i

same to computational accuracy. This means that the program

will not terminate whern there is any chance of further im-

L3

>

= provement in the function, but avoids fruitless machine time

. ';%en the complex ﬁasnehrunk to such a size that changes in
the function are smaller than one digit in the least signi- -
ficant place. The usual method for ;hecking that the global
rather than a local minimum has been found is to restart the
program from different points, and infer that if these all

« -lead to the same solution, then this is indeed the global

‘minimum. For cohstrgined optimization, if the feasible region

of the parameter space is small, then it is not an easy matter

to find alternative starting points %hich satisfy all the

. . ‘j,' ' N
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constraints, and which differ substantially from each othér.
With the Complex method, there is no difficulty in using the

_same initial point, but different pseudo-random number se-

quence initiators go perform such a rough check as to whether

the optimum is global. The ease with which this can be done

ie‘considered to be aﬁ advantage of the method. : Va
Furthermore, the use of over-reflection by a factort3)1

enables rapid progress to be made when the initial point @a g."

remote from the oppimum. It also causes a continhalnenlérge-

ment of the complex, and thus is able to compensate for the

moves halfway towargs thé centroid. In other words, it ;a.“.

an''aid towards maintaining the full dimensionality Af the

coﬁplg;. ‘The 5se of N>n+t points also serves this.purpose;

Hoﬁever. the uncertainty in the selection of suitable valﬁes

for R and N may pose difficulties in the entire optimization ?

process. According to Box, it was decided to takeé R -‘1.3

ag reflection factor and N = 2n as the number of vertices,

the choice apparently notabeing critical.l In piacticé, a ’ o

good choice of R can improve the rate of convergence (as it

will be shown later on), and the- use of 2n points appears

t0 be too costly, especially when the dimension is high.

<)
Moreover, Mitchell and Kaplan (6) found that the initial
: : o

configuration of the complg} would influence the results

obtained. 1t is therefore better to place the vertices in a

deterministic way rather than making a random choice.
Even with the uncertainty of R and N, Box found that
the Complex'method is lixely to find a lower optimum than

"
._m"“'f ‘ . e T

o
R
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Rosenbrock's method if the permissihle region contains several
local minima, as Rosenbrock's method will tend to converge to
tpat local minimum which is "nearest" to the 1nitial point in
some sense. Moreover, the initial few over-reflections may
well throw the program from end tqnendigf the feasible region,
i1.e. the first fé; trialsé can scan-the entire permitted region.
However, no systematic search for alternative optima is made

by Boxs~“In response to this questi%n and the conétrucéion of
the initial complex in a more deterﬁlnistic‘@ay, an attempt
to_modify the original Complex methodyis made here. From

now on, we will call this new nonrandom Complex method as the

Revised Complex method.

2.4 Reviged Complex Method r S o B

- The algorithm of the Revis€d Complex method widl follow
basically the idea of Boxt Howevegixin selecting the initial
configuration of the complex and the over—ref}ection factor,
a more deterministic procedure wi;% be emplo&ed regspectively.
Moreover, the stopping criterion<wall be changed. Instead of
using the conservative approach suggested by Box, we will test
Qhether the difference bétqgen the objective function valges |
at the new vertex of the present compl;x and at the worst
point from the previous iteration is less than a prescribed
limit. Hence, the Revised Complex method will require two
input data: an initial feasible point

5(0) = ‘(x1(0). xzko)i veey xn(o))v

and a prescribed accuracy parameter E. However, ?plike Box's

4

wf
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strategy, this new method will only use . n+1 points to set up
the polyhedron.

T Thefgﬁe of fewer/vertices for the complex appears to be
an advantéég'over Bo%'s method. As Box himseelf observed that
for n>5, a number of vertices N = 2n is unnecessarily too high

" and requires more storage space than the Simplex method. (The-
Simplex method uses n+1 points to form the polyhedron. ) This
problem is also shared by Mitchell's nonrandom Complex method
because Mitchell used 2n+1 vertices to construct the complexfj
Thus, the Revised Complex method is able to reduce the number
of objective function calls by us&ng a smaller number of ver-
tices, and the initial configuration of theigomplex is gener-
ated by the .following procedure: N
STEP 1

h

(1) Denbfe the it point in the set of n+1 points by

X)) = (xg (1), x(4)y oeey X, (1))

Let x(1) = x(0).
(2) Denote the explicit constraints on the independent vari-

ables by

~u

ai< xi g bi 'fOI‘\i = j’ 2,}.-0. Ne

Set i f" 1 .

I, w : _

(3) Let /’/ ’ - -

x(1+1) -'(x1(ij. xp(1)s wees xy o (1)0 3, (101), x4 (1),
- ‘ ) ....‘xn(i)).

This point is the aameﬁgglita previous point 5(;) eicépt .o

N



STEP 11
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.

th "“
coordinate. x(i+1) is determined by the follow-

in ghe i
ing algorithm A- :1R2n--) IRn | \

A(Z(i)’ﬁi) = {x(i+1) : P(x(i+1)) = "Min F(x'(i+1))
. 84¢84{by

where x'(i+1) -a(x1(i), xz(i), covy xi_1(i),
ey Xy U8, e x (0))Y

(4) Evaluate all implicit constraint functions at 2(i+1). If
all are satisfied, move on to (5). If any implicit
constraint is violated, then the new pojint is displaced

stepwise towards the midpoint of the allowed .vertices

which have already been defined. In‘other words,

\
-

%(iﬂ) — 0.5(x(i+1) + -} 5(3)2.‘

Repeat the process un:til pld ";1) is feasible.
(5) Reiterate (3) and (4) for i =2, 3, ..., n. This gives

a collection of n+1 points
x(1)y x(2)s oevy Xx(n+1)

which is the initial complex.

The method proceeds to search for an optimum by repeat-
edly,altering the complex, one point at a time, as in the ori-
€inal Compleic strategy of Box. The details of the algorithm

are as follows, e

o

(1) retermine the index w (worst vertex) such that
P(x(w)) = Max {R(x(k)) : k=1, 2, ..., n+ 1Y,

L 4



£0 back to STEP II.

\“-N

-~

Fa

(2) Construct

1

NEWX = AVE + R(AVE - x(w)) where

:Jf-*

g_”lzs(k)- §
k{w

(3)‘Eva1uat€ all constraints at_Nwazk If all are satisfied,
then go to STE? II1; othérwise; carry out the following

contraction procedure:

NEWX €— 0.5(AVE + NEWX). o .

¢

i

Repeat the process until N%fx is feasible.
STEP 11T | ‘
If F(NEwX) { F(x(k)) for atv least orie 1 £ ky¥w ¢ n+1, then

set . : X
\ x(k) for all 1 (‘k#wﬂ( n+1
x(k) é~
. NEWX for k = w,

el 5 g0 back to STEP II:(3) -\appiy the contfaction prdceduré.
' ' C

e

. STEP" IV
2187 1V

If (P(x(w)) - Fgggﬂg)) < E, where h = accuracy parameter.

then determine the index b (best vertex) such that

P(x(b)) = Min {R(x(k)) : k = 1, 2, L., ned].

- s

"End the search with the result x(b) and P(x(b)). Otherwise, -

The main difference of this method to the strategy of
Box is that instead of using a’ fixeq over-reflection factor

R as suggested by ng, we attempt to find a suitable value
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for R at each iteration. The idea is as follows:
‘We will begin the procedure Factor with n+1 vertices of thef

complex being generated inside the feasible region

_x_(k) = (x(k,1), x(ky2), oco, ‘x(kon))

) for k = 1, 2,"0-0’ n+ 1. ’
-’ . ’ .
» ‘ -

- Lat x(w) = (x(y,1), x(w,2), ...,’x(w.n)) denote the worst

\

" vertex, then - s : o

,- n*1 LI
AVE(i) = 'xi%.'u fori = 1. 2’ eeey Ny o !
. ' E-ﬁ
and . | oL .
NEWX(1) = AVE(i) + R(AVE(1) - x(w,1))

"for i = 1, "2Q o-_'?! n,

| If we let % ’

D(i) = AVE(1i) - x(w,i)' 1

then we have »

\

‘f'\ . . : ) ® . : '
» * NEWX(1i) = AVE(i) + R-D(1) - for i = 1, 2, .4s, N

With P being our .objective function, we ggt t

F(xy0 Xp0 eees Xp) = P(AVE(1)+R-D(1), AVE(2)+R-D(2),
' . . o YRR AVE(n)-bR'ﬁ(n))".

Since AVE(1i) and D(i) are known (i = 1, 2, ..., n), hence’
P(x1. Xy :..,.xn) can be reyr{tten as a function fJ with

only one;&priable R. Thus the dimensioﬁ of our objective

;% function has changed from n to one. T : .

%.1 <
‘ .
i

g
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In order to avoid coﬁtrgction. we will thererore only
consider the reflection factor R which is biggger than.or
equal to one. 7The procedure ier Factor is as follows:

(1) starting from R = 1. _ . | ‘
Set Value(1) = f (Rﬁ and k = 2. ’ ’
(2) Let R &— R+s where s is some fixed step size.
(3) set value(2) = f,(R).
If value(2) ( Value(1). then set Value(1) é—— Value(?)
and reiterate (2) for k = 324, ... .
Otherwise, R* = R-s and R* will then be our over-reflection
factor for the given complex.
Thus we have appro¥imated the value for R such that f1(R*) is
a minimum. We do not know whether this is a glebal minimum,
but it does not fall into the interest of our objective, and

therefore we will not disgcuss it further.

Now with a suitable value of R being found, we are able’

s
-

to generate the new point P

NEWX = AVE + R(AVE - x(w)).

we will then check whether NEWX satisfies all the constraints,
as illustrated in STEP II:(3) of the algorithm. .If not, we

will apply one contraction procedure

)

NEWX €— 0.5(AVE + NEWX).

e}

This process will be repeated until all constraints are satis-
g,

fied. .
*u
If this new point gives a better objective function value

than the aeéond worst point, then we will xeplace the worst

¥ ~
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point by NENX'(STEP 11I). In this manner, a new set of n+1

" vertices is found. Similar to the above,
P(AVE(1)+R-D(1), AVE(2)+R*D(2), «ee, AVE(n)+ReD(n))

can be replaced by a new one dimensional function fz(R). We

will note here that f2(R) will not be the same as f1(R). . v

This is due to the fact that new points are being used; thus
AVE(i) and D(1i) will be different from those we have obtained
before (i = 1,‘2. «eey N). We will then carry out the ﬁ%oée-
dure F;ctor again to find an optimum value of R for f2. In
other words, whenever a new setl of vertices is.obtained, we
will use Pactor to find a suitable value for R, and we wi}l
proceed w;th“the entire aléorithm until our accuracy bound is

satisfied.
with this built in function Pactor, it seems that we are

ARe¥) -

able to fing.suitable values for R. However, there is one
¢ ’
important remark about Pactor that we must mention here. It

is highly necessary that we prescribe an upper limit f&r ﬁ:’
This is due to the fact that in some cases, the one dimene-
ion function fi(x) appears to be a sf;ictiy decreasing funct-
ion. Tﬂis means that the procedure Fa;tor will keep oﬁ re-
. peating the entire algorithm unless we have prescribed a
;aximum value fbr R. We will denote this value as R'. (That
is to say, the number of iterations, as denoted by the letger
"k in the proceauré Pactor, must be fixed before hand.) R'
will therefore serve as a control unit for fgctor.

Suppose that after the execution of the entire algorithm,

\
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a 1list of R being used is sorted out, we will denote these
values of R as (Ry» Ré: cees RA)' where A denotes the number
of total iterations. Now let us look at this 1list closely.
If the}e is no Ri (1 =1, 2, 0., A) exceeding the value of
R', then we know that the program cannot converge at a faster
raté or pttain a lower optimum, if there exist more than one
minimum. However, if one or more Rys (i,- 1, 25 ooy A)
reach the maximum level R', then there 13 a chance that the
convergence rate can be improved.further and we will be able
to obtain a "better" optimum. ’
Without loss of generality, we will assume that Ri
(1€1¢n) attains the maxinum level R' and let us increase
R' to R". We will now run the program ?gain and check whe-
ther the algorithm converges at a faster rate., It is under-.
stood here that in“%his case, the new value of R, will be
between R' and R". ’;n other wor@s. we have R' é'Ri.( R".
If the new value of Ri remains\unchanged,1then this implies'
éhat the convergence rate of tﬂis program cannot be improved
further, and with the given initial point, we wili not b;
able to attain a lower optimuﬁ (if it exists). However, if
R' < Ri { R", tﬁen three cases could arise: ‘ .
Case 1 : Rate of convergencekincreases and tﬁe_minimum point
remains unchanged
N - in this case, no further changes of the upper
limit for the reflection factor is necessary.
Case II : .Rate of convergence decreases and the m;nimum point

remains unchanged

i
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- if we recall the proceduri Pactor, then this simp-
ly means that even though the new Ry gives a bett-
-~ er values for the objective function £,(R), the
new point being generated lies faf outsidé the
feasible region and requires more contraction to
be carried out so that all constraints can be sat-
isfied finally. In this case, the extra contraét-
"ion steﬁa imply that the whole\feasible region has
been scanned (in a rough sense), and since the
w optimum being sought remains unchanged, it is
probably the global minimum,
'Cage I1II : Rate of convergence decreases and a lower’optimum
is obtained / Rate of convergence increases and a
lower oﬁtimum is obtained
= in both cases, the important thing is that we are
able to get a better objective function value.
This is due to the fact that the new value of
Ri enables the program to reach another optimum
o % which is farther from the initial”point than the
" previous optimum. ’

In the above three different cases, since R' Ry { R",
any furtper increase 'in the upper limit of the over~-reflection
factor will bring no changes. Now let us consider what might
happen when tite new Ry takes on the value R". This will be
the same as in the beginning when Ri takesiyn the initial
upperllimit R', and a similar procedure should be carried

out. In other words, we will-again raise the maximum value

L] f :
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of the reflection factor. ﬁowever, we should always cease
increasing this upper limit for R whenever the entire pro-"
gram appears to converge at ‘a much sldwer rate and generates
the same‘min}mum. With this built in function Factor, we are
then able to find auitableavalues for the over-reflection
factor and to check whether it is possible to obtain a better
optimum if there exisf more than one, with the same given
initial point. A c¢Omparison with the original Complex method
of Box will enable us to see'whether the Revised Complex
method is a better "e, but at thié stage, we need first to

show the entire algorithm indeed converges.

)
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(II1) GLOBAL CONVERGENCE OF THE REVISED COMPLEX METHOD
wWith the four steps stated in 2.4, our complete algorithm

M : R°— R" is in fact

M= M4M3M2M5M2...M3M2M1 )

where M; is the corresponding algorithm of the ith

step (i = 1,
2, 3, 4). We will assume here that the feasible region is
conyex and F is unimodal. Then the global convergence of M

can be pfovedlbf the following theorem.

'Theorem: Let X be a nonempty closed convex set iQ mﬁ, and let
-the nonempty set YcX be the solution set. Let
F : R"— ﬁ be a unimodal continuous function, and
let M : mn-—a R" be a point-toﬁsgt map stated as above,

then with any given xeX, we have yeY for yeli(x).

SEXEZéi theorems from Bazaraa and Shetty (1), and
._Luenberger (5) will be used here to complete the proof of

global convergence. However before we prove the above theorem,

let us first examine eaéh of -the four steps separately.

STEP I
Starting with one given initial poinﬁignside the feasible

region, this step represents the algorithm M, : RP—y p{0*+1)

where \ A

n-1

M,(x) = (x, acY(x), ac®ac’(x), ..., ac”ac™ '...ach(x)).

u} ‘. "
X = (X9 Xpp eesy xn) is the first point of the initial con-

figuration, and aciaci~? th

i

,.,AC1(§) is the respective i+1
point where C~ and A are two different mappings (i = 1, 2,

«eey n) which haveﬁgﬁe following properties:

L
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(1) Ci :an—§ lR2n

Ci(g) = (X, &4)i 56!1“. and g; is the it

unit vector
(1‘1. 2’ o0 09 n)o,
(2) & : R®"— R"

A(x, Ei) = {I : F(y) = a‘:;,'zb F(y') where Y' = (){1, Xo

Teeey X5 g0 By Xy g eees xn) -for some real °

numbers a and b}.

F is our objective function, and A repx(;sents the line- .

search algorithm, ¢
- 4.

'We_have to prove that the algorithm A is closed on 01(3‘-)’

i

then t’he composite map AC™ is closed on x which implies M1 is

2

continuous. The mapping A : R "5 R"™ can be fe-dﬁfined in

Y

A(x, d) = {X : F(x) = Mli‘n F(y') where y' = x+r.d; reR

the following manner:

=t

and d is a direction vector}.

Since our objective function F is unimodal, hence there must :
. »

. ‘;.:
exist such a y. However y may not be unfque (in the case

.where F has a "flat bottom"). We will verify that A is closged.

Lemma: Let F :!Rn——-) R be a unimodal continuous function, and
let A : R2P"— K" be a pdint-to-set map stated as above,

B!

then A is closed.

Proof: (of Lemma) . C e om
Suppose that {3_1(} and {gks are sequences with X% -
d,—>d. Suppose also that y,€i(xy, d), and that

- Yy—>). We must show thav yea(x, g).'
For each k, w? have y, = x,+r,+d, for some.r, €R.

v

’
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; . Proof: (of Lemma - continued)
, From this; we can write
“ \ ‘ -
’ yk(1)-xk(1) yk(2)-xk(2) yk(n)-xk(n)
r = - = B s e 0. =
k d (1) - a(2) | d (n)
- if dk(i)‘f 0, where the ?umber'in the parenthesis means

the 1" element of the vector x,, Yy and dy (1 =1, 2,

ceey N Ngy recall that d = &, where e; is the gth
o .

- unit vector'(i = 1, 2, ¢e¢y Nn)., This implies
0
- A . .
. llci'lldk(j) =0 for j‘ 1. 2. eesy NNy j#i'

- and

lim

We will therefore only consider the following:

: ’ yk(i)'xk(i) P S
rk = A
dk(i) ‘_\\: . -
Taking the -limit of the above, we see that .

. "

‘ a. i)-x(i
rk—’f_“ﬂ"{"“_‘di) l.q‘
It then follows that

y(3) = x(3) (since d(j) = O for = 1, 2,
| veey M} B fed),
y(i) = x(1i)+r-d(1i).

Thus 43

/3

Yy = x+2.d.

%, . . ‘. . ‘4\
o ' For each k and each r,, we know tha;\\\‘/ﬁi\\ [

i
o i s
o,
s .
fay N .

e o

-



Proof: (of Lemma - contiﬁued)

pe

Fe

F(y )+ M7 B(x,+rd,) (by the unimodality’
ispe. for each k and each r, 0$r<ew,
F(y,) € F(Zkfr-gk).

Letting k =—>»c0, we obtain

~

P(y) ¢ Flxer-d). - x

Thus
Z - ? .
F(y) = M7 p(xsr-4),

and hence

Yea(x, d).

STEP 11

»

This step represents an algorithm which depends on the n+1

points of the complex. M

2

of the feasible region, a new point NEWX will be generated

under this algérithm map using the informations on the n+1

points th@f we have. ' . \

of F)’

: Rn(n*y)——ﬁ R". By the convexity

1 4
Observe that the map M, is continuous.
STEP III .f
Define the‘algorithm M3 : mnf7> mn(n+1). |
Aga " by the convexity of the feasible region, a new set of
n+1 points will be generated. 1In this set, n points are from

the previous configuration, and only one ‘is new., -In other

words, M3(NEWX),yill give a new set of n+1 poinis as

long as

F(NEWX) gives a value at least smaller than the one given by . \

the second worst vertex. . .
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STEP IV

This final atepﬁrepr;éepts the map M4 :an(n+1)-—9'mn. In -

this algorithm, a best point will be chosen among the n+1

s

points when the given accuracy bound is satisfied. This best

.point will then be our solution.

with the above four steps, our overall process M amounts‘l

merely to repeated applications of~tbe composite algorithm

M3M2 until a certain accuracy bound is satisfied. Now let us

concentrate on the algorithm M3M2. We will represent M3M2_as

n(n+1).

M' where M' .: m“(n*1’-—> R Then after each iteration,

n+1 points will be generated. Collecting the "best point"
among these n+1 points (regardless whether the accuracy bound .

4

is satisfied), we will obtain a sequence of best points. We

'will denote this sequence as b, . To prove the theorem

stated on page 26, it will be sufficient for us to show that

as k —>oc0, b' —>°b'where b is the solution point,

Proof: (of Theorem)
Under the algorithm M';we know that {gk\ is bounded.
Since every bounded sequence has a convergent sub-
sequence, hence if we let b to be the 1limit of this
sequence, then we want to show that b is indeed a
solution.
Let {Qk&v'be the convergent subséquence which'converges
to the limit b, ‘ g

Since P is continuous, then it follows that

lim

X900 F(,l_)kv) = F(_t_))-



n

V@,Proof: (of Theorem - continued) ) U ‘ *
¢ L i

This means that F is convergent with respect to this
subsequence. Now we shall show that P is éoﬁvergent
with respect to the‘entire sequence. By the mono-
tonicity of F on the sequence {Qk,&, we know

F(be) - F(b) 3.0  for all k',

Then by the convergence of F on the subsequenée. there

exists, for a giveh £>d, a number X such that
F(Qkf) - F(b) C € for all k">K.

Thus for all kX, i

' R(py) - K(b) CE
which means
F(_t_)k) -_ F(E) as k —9&- /

Hence F is convergent with respect to the entire
Ay .'s

sequence. -
Finally, we have 1o show that b is a solution.

Let us suppose that this is not the case., Then there

exists a point b, * such that

R(b,*) < F(D). ’

0

&
However b is the limit of the sequence and we have
P(Qk_”) g r(_p_k) " ‘for all k.
Thus
F(p,*) < F(b) N

»

simply contradicts the fact that F is a descent funct-

. -
.'7 -
-'. Ed

1 X
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Proof: (of Theorem - continued) ‘ i} o

- fon with reape;ézﬁo the sequence b, . Summing up

.from above, cof¥ergence of the algorithm M is therefore

guaranteed. v

Even though our proof for global convergence of the algo-

- rithm requires that the feasible region is convex and F is

un{modal, however in practice, this algorithm still coﬁverges
when ‘the above\§:o conditions are violated. fThis will be

illustrated in the comparison test gProbiem 3).
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(1Iv) NUMERICAL COMPARISON OF THE REVISED AND ORIGINAL COHPLEX
METHOD

¢ L
.

4.1 Computer Used ¢
Havgﬂépgroved the.global~converéence 0of the Revised Com-
plex method, it is time for us tolcgmpare it with the original
strétegy of Box. - The usual way to do is to refer to a minimum
problem for which the known method fails to find a solution
whereas the new proposal is succeasfui.' Or it is shown with
reference to chosen examples thai computatioﬂztimé'and iterat-

ions can be saved by using'the new version. In our case, the

P

‘latter method will be employed, and since almost all iterat-

. ion strategies require a considerable number of calculation

steps, we need some kind of mechanical assistance,

The machine on which the numerical experiments will be
cafried out is8 a Televideo model 925 from the computer center
of Concordia University. Ali cdﬁputer codes for the problems
of this paper are written in Portran 77, and they are there-
fore machine independent. The codesiare then extensively

tested on the NOS timesharing system of the Control Data

CYBER 830.

4.2 Termination Criterion . *

The two strategies will .be judged by the computation
time that they require to achieve a result, with>a specified
accuracy. The basic guantity for thia purpose is the execut-
ion time of the central unit (Central P;pcessor seconds = éP.l

seconds). We will also look at the number of iterations

o
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since any of these measures is not entirely aatisfactoryf' The
computer time needed to execute an algorithm depends not only
on its efficiency but also on the type of machine used, ‘the
character of -the measured time, and the efficiency of coding.

the number of iterations cannot be.used as the only

" megsure of effectiveness of an algorithm because the effort

R

per iteration may vary considerably from one procedure to
gnother:

r FLThe termination criterion for both methods is based on
testing wgether the difference between the objective function
values at the new point of'tbe*present complex and the worst
point from the previo;s iteration is less than a prescribed
limit E. (The original termination criterion of the strategy
of Box has been changed here in carrying out the tests.) In
this case, the difference between the average of the objective
function'values atl -the vertices of the second last iteration
an% of the last iteration is less than E/(n+1). The'calcul-
ation is as follows:

Let us auﬁpOBe that in the second last iteration, the n+1

objective function values are (a1. Byy eeoy 8

n' an+1) and

‘'without loss of generality, let us suppose that the last value

givesr the worst result, ihen ig the last 1teration, a new
complex is generated which gives n objective function values

. ) y L
By By eeey a, and one new objective function wvalue a ,q ¢

&

’ ]
(a1, Bos ceey By B, ). oy

' Since
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This means that

e
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- ' ]
“Bhitr T Buer & E,
hence if : "
a1+ag+...+an+an+1
c e = A
and
a1+82+..a+an+an*1 .
T n+1 =AY,
then . . ) o
a - a ' ‘ ,
A- A' = n+ 1 n+ 1
n+1 .

[
: E

- U ——— -
A A <n+1o .~

We will set E = 10~ 10 for all problems. Moreover, in
’ ’ : *

order to see how a nonrandom selection of the initial complex --
and the over—;eflect}oh'factor will affect the rate of conver-
gence, both strategies will use the same number, of vertices to
form the polyhedron. In all cases, n+1 points will be‘uaed.
Finally. in Box's method, a “fixed reflection factor R = 1, 3

is employed in all tests. : ﬂ

4.3 Test Problems
The problems that we will carry out comparison are_the  _

following: -

1%
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Problem 1

Objective :ﬁnction s P(g) = 100(x2-x12)2+(x1-1)2; chz.

-Cons%raints ‘x: -3 ¢ X, £ 3,
' -1.5()(2 ‘4050
" Minimum 2 x* o= (1, 1) ; F(x*) = O.

'start x(0) = (-1.2, 1); F(x(0)) = 24.2.
Problem 2 : . ‘ a

2 2 2
Fix) = 2x1 +2x2 +Xy +2x1x2*2x1x37

dbjectlve function
| \ J %x1-612-4x3+9; xeR>.

. ;M/égb Constraints C i x, 20, . S
- ’ 2 X, 2> 0,

‘ ) X 20,

£

-x1-x2-2x3+3 > 0. ‘
x* = (4/3, 7/9, 4/9) ; F(x*) = 1/9.
x(0) = (0.1, 0.1, 0.1); '

. F(x(0)) = 7.29.

Minimum

- Start

]
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Problem 3
Objective function : F(x) = -x12-x22; 55R2.
Tonstraints 1 x, )0
Xy 2 o, |
-x+x,+4 3 O, '
x,
-3--x+4>0
x,2+x,%-10x,-10x_+41 2 0
_ 1 *%2 1772 '
Minimum : x* = (12, 8) ; F(x*) = -208.
Start : x(0) = (0, 0); F(x(0)) = O.

Besides the above global minimum, there are two local

T minima:

MIN, = (2.018, 4.673); F(MIN,) = -25.90,
. MIN, = (6.293, 2.293); F(MIN,) = -44,86.
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X¢
Problem 4 -~
bbjectivé function : F(;) -'3x12+x22-2x1x2-x2: gem?.
Constraints : 0. x, K 1y ’
S \ 0< xy g 10 _
Minimum ‘ : x* = (0.25, 0.75); F(x*) = -0,375,
start : x(0) = (0.5, 0.5); F(x(0)) = O.
] J‘, ' - W '
-Besides the above global minimum, there are three local
" minima: .
MN-(O 0) ; F(MIN,) = O,
M_, 1P = (ov 0. 5)! F(MIN ) = -0,25,
. « MINg = (1/3, 1); P(MIN3) = =-1/3.
}
14
%
° ¥
¥ \ : .

R
-
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4.4 Résults of the Tests

L L

Individuallprograms have been written (éee Appendix) for .
eacﬁ o; the above four problems. All arrays and vectors apé:f\m
cified in the dimension statements have been altered for-each
particular problem. After the codes had run, van&ous results
were obtained and wefe presented in the following five tables
respectively.

‘Table 1 summarizes the results of the tests when the

plex stratvegy of Box .is employed. Table 2, 3, 4 and 5

represent the test results wheh the Revised Complex method
18 used to solve Problem 1, 2, 3 and 4, where.in each case,
different upper limit for the over-reflection factor is-em-

ployed.
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Table 1 @
Complex Mehthod of Box (R ®\1.3
Execution PR Objective
Number of Minimum .
Problem (cp. Eézgnds) Itexfations (x*) Punc;%z?)\lalue
- 0.999696807
1 0.646 ~ 144 0.0000002339
' 0.999431389
/1.333334179)
2 0.964 195 0.777776230 0.1111111111
\ {).444444796/'
(6292895219
3 1.031 337 ) -44.857864%3762
2.292893219 .
N N /
(0.249994855) | - .
4 0.334 85 - =0.3749999999
' 0.749993568
N\ / -
< B
lﬁ ‘.
—
&~
“, ’
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Table 2 (Problem 1)

¢

¥
¥ .

n
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>

Revised Complex Method (Upper Limit of R = R').

Exec&tion : Objective
Number of | - Minimum \
R' (cp Time Iterations (x*) Punction Value
seconds) - = P(x*)
_ : (1.000078043) " | -
2.9 0.282 59 000 0.0000000103
1+000149624 \ 4
' (1.00000276 ‘
3.9 0.278 56 . + 0.,0000000004
. 1 1.000003590
N /
, o (1.000003125) "
4.9 0.301 63 0.0000000000
\1 .000006323/
{

<&
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Table 3 (Problem 2)

[

’

Revised.Complex Method (Upper Limit of R = R')

42

5
=1
"y Ex;gution Number of Minimum. Obgective
me ’ - Punction Value
| (cP seconds) Iterations (x*) F(x*)
(1.333331446)
2.9 0.640 98 0.777778028 0.1111111111
g (0- 444445263 )
(1.333335347)
3.9 0.716 103 | 0.777777371 0.1111111111
0. ’
0 444443641
- / N
1.333331069
| 4.9 0.760 101 0.777780478 0.1111111116
\0- 444444225
(1.333293961Y ~
5.9 0.479 65 0.777779633 0.1111111209
0. 631
(0444463185
N
1.333326931
6,9 . 97 0.777774518 O.1111111113
0.444449275)

v.‘.'
[
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. Table 4 (Problem 3)

43

b o

Revised Complex Method (Upper Limit of R = R')

¢

Execution Objective
s Number of Minimum
R' | Time - Function Value
(CP seconds) Iterat}ons (x*) F(x*)
/
First 9.902343750 : S
2.9 | Time LMt |iteration is -135. 1902008057
obtained \?.093750000
_ o (6.292893219
3.9, 0.691 113 -44.8578643762
2.292893219 '
\ /
. /, o) R
First 8.759765625 -
4.9 Téggegézét Iteration is . -105.7923316956
: obtained 5.390625000
\ /
Cime Limit First (0.029296873);| -
5.9 exceeded | Iveration is -138.6788368225
’ .. obtained ‘6.171875000
“ \ /.
/6_.2 893219\
6.9 0.730 91 5 -44.8578643760
2.292 1
\2-292893219) )
(12000000000 k.
7.9 - 1.115 126 ’ -208,0000000000
.K?.OOOOOOOOO
X , /
: N\
First (8.188476563
8.9 T:m§e£323t Iteration is % =92.4432992935
x obtained \§.039052503, :

-

Remark : Whenever the execution time exceeded the time limit, we

considered the vector obtain¢d in the last iteration to

be the minimum,
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Table 5 (Problem 4) -
s . . ) / ) -
Revised Complex Method (Upper Limit of R = R')
‘;‘ . <~ ’ ‘ ‘ t
Execution |°* . - Objective
R" Time 'I}gggiiogg M%gir;mm Function Value
(CcP seconds) : = F(x*)
‘ ’ 0.249987056 |
2.9 0,315 47 -0.3749999996
~ : " 0.749976666 g _
"}Jj
j %
3 ) . g .
3
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4.5 Discussion

From thewabove dat;, we can Bee that the Revised Complex
m?thod converges at a much faster rate than the Complex method
of Box which udes a fixed over-reflection factor R~ 1.3. 1In
fact, let us look at the results for Problem 3’cioaely. In
Box's method, afterA33ﬁ\ite§ations, only a local minimum is

' obtained, and ‘there is no indication whether there exists a
better optimum. However, in the Revised Complex method, the
employment{of R' = 2.9 gives us an objeﬁtive function vélae_
which is already better than the one we have obtained from
Box's methad (even though the program has been terminated
before it reaches the accuracy bound, and only the first iter-
ation is being generated). Once we have increased the upper
limit for the reflection factor to 7.9§Kthe 8ptimum we get
not only yields a better objective fuﬁction value but also
satisfies the accuracy parameter. We ceased increasing fur-
ther for R' = 8.9 because at this point, the program conver-
ged much, much slower than the previous case (when”R' = T7.9), .
and was only able to give us a worst objective function value.

For Problem 4, both the Revised and the original Complex

strategy were able to generate the global minimum. 1In the
Revised Complex.méthod, we do not need to increase the upper
limit R' further to see whether a better optimum might be
attained because in all 47 iterations we have, théxe was not
even one iteration which employed a reflection factor greéter

than 2.9. 7This means that no matter what R' is, as long as ~

i,

~it is greater than or equal to 1, thé program will converge

L]
. ’ *;{3\1—/

.“)

' A
“ . P



' .
L *
. -
. t
: . 46
.

-

<

at the same speed and produce the same min(in‘ium. Ev'enﬁtho'ugh

E.
w
v
ke
¥
L.
¥ o
fa

' , . 1
both methods gave the same.optimum, the Revised Complex method %
. appears to perform muclr better, at least with the given ini-.

»
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(V) CONCLUSION
With the above diséﬁssion. it seems that the Reviaéd
Compiéx method &ffers significant advantaées over Box's stra- -
tegy whigh involves/a_pseudo-random p?ocess gndmemploys’a
fixed over-reflection factor. This new method appears to be
not only more efficient but is also able to give information
about the global optimum. Iq the case where there exist se-
veral optima, it is extremely important for ué to be ab}g to
discover the global 6ptimum among these local points. iwhé
;ntire process may be very costiy, eeiecially when oné con-
siders the case where an ‘increase in, the gpper }imit for R.
hag led directly to a large reduction in the rate sf conver-
gence (as shown in the test : Problem 3). However, at this
(stage, it seems that we have no alt;;native but tp compromise
between reliabdbility and speed. - ' , .
| In concXusion, the author would like to mention that
both Rosenbrock's method and the Complex method have been
used extensively for constrained optimization and appear to\
be very reliable, even though botﬂ‘ﬁethods require a‘rei;t-
ively long computatioﬁ time and a lot of storage space. (In
thevoriginal Complex method, Box suggested that the suitable
) value for number of vertices in gach configuration was 2n.)
Therefore the new proposal is ;ble to provide a good alter-
native, being able to converge at a‘faater speed and requir-
ing less storage than is neceésary with Box's me£;;d which
uses-2n points to construct the polyhedron.:eaﬁecially when

the dimension of the objective function is large. Moreover,

N

| ¥

47



'poaaible by increaaihg the npperu

\ . .

. wityodt requiring a large preparation and computation time,

a'ratper systematic search for a}ternative optima is'made

: flimit of fheﬁ}ver-rerlection
factpi. However, limited computational experience reported
in the present paper is fnsufficient to warrant a definitive
clagim of superiority of the Revised COmp1e£’methon over

other availabl! methods.



49

o

BIBLIOGRAPHY

Baéaraa. Mokhtar S., and C.M. Shetty, Nonlinear Prégramm-

ing : Theory and Algorithms, John Wiley and Sons, Inc.,

Toronto, 1979, 229-243.

Box, M.J., A New Method of Constrained Optimization and A

. \
Comparison with Other Methods) The Computer -Journal,

B(1965),; 42-45.

B ( .
Box, M.J., D. Davies, and\W.H. Swann, Non-linear Qptimi-

zation Teéhniques, Mathematical and Statistical Techniques

for Industry, Monograph No. 5(1969), 49-54, "

Guin, J.A., Modification of the Complex Method of Const-

rained Optimizatfzn. ’he Computer Journal, 10(1966}}\W§
416-417. ' ‘ N

L3

-~

B
Luenberger;'navid G., Linear and Nonlineaf Proggémming,‘
2" ed., Addison-Wesley PublishingsCo., Don Mills, Onta-
rio, 1984, 196-232. | B £

L

‘Mitchell, R.A., and J.L. Kaplan, Nonlinear Constrained

Optimization by a Non-random Complex Method, Journal of -

Research of thg National Bureau of Standards - C. Engin-

eering and Instrumentation, 72(1968), 249-258.



s”: ) Fd

7. Nelder, J.A., and R. Med&ad, A Simplex Method for Function
————  Minimization, The Computer Journél. 7(1965), 308-313.?2_

8. Rosenbrock, H.H., An Automatic Method for Finding the

-

Greatest or least Value of a gunction. The*Computer'Jour-

nal, 3(1960), 175-184. v

»

9. Schwefel, Hans-Paul, Numerical Optimization of Computer

Models, John Wiley and Sons, Inc., Toronto, 1981, 155-

°

233.

'
v

50



51

APPENDIX

[4

Remark : The following are the individual programs for the

test problems. Because of the high similarity of
some programs, only several of the results present-
ed én pages 40-44 are included. 'The program name

. 'indicates the test problem number and which method

.8

.18 used. Por example, PROGRAM TEST1R means that

W Problem 1 is solved using the Revised Complex me-

-

- thod PROGRAM TEST20 means that Problem 2 is solved

using the original COmplex method. (There are two
programs listed as PROGRAM TEST3R. - The first one
uses 6.9 as the upper limit for the reflection fact-

or while the second program uses 7.9 for R'.)

(1) PROGRAM TESTIR : pp. 52-62,
(2) PROGRAM.TESTIO : fh. 63-12,
(3) PROGRAM TEST2R : pp. 73-81,

(4) PROGRAM TEST20 : pp. 82-91, |
"(5) PROGHAM TEST3R : pp. 92-104,
(6) PROGRAM TEST3R : pp. 105-118,
(7) PROGRAM TEST30 : pp. 119-134,
(8) PROGRAM TEST4R : PP. 135-144,
"(9) PROGRAM TEST40 : pp. 145-152.
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