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L " ABSTRACT . o :
. i The apprpximafion of . the transfer function fo? the elliptic '
Y o . -
filter usually involves the use of elliptic functions, the use of .
, a transformed frequency var1ab1e or itergtive a]gor1thms These ' . "\
Coe metbods are generalﬂy ted1ous and require high prec1s1on as well ) -

Ve as a high amount of storage in the computer. . This report describes.. _

. : an approx1mat1on process avold1ng e111pt1c funéiions-by'using tonvergent
. r L4

. ser1e5, and establlsh1sg the’ transfer funct1on of the eP}1pt1c filter. .
. - Actual computer programs are descr1bed as we]l as their use; some . .
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* to select signals of spegﬁc frequencies and reject others.

- CHAPTER'T .

. INTRODUCTION - - .

1.1 Genera1 Con51derat1qns - o

It 1s d1ff1cu]t to 1mag1ne a,modern electronic system mthout a filter -

Apphcat'nons
of filters are numerous covering frequencies from less-than a hertz in

seismology, to the gigahertz range in the mic"owave tra/nsmission Fi]ters.

are at the heart of frequency division mul tiplex commumcation ‘systems,
and are present to a 1esser extent 1?\ any commumcatmn system, be it a '

voice te]evyswn, data, te]emetry', or swgna]hng system. Filters will

gént‘inue to_play an important role, even with the shift of emphasis from

[ ) % . — . . -
frequency-division to 'time7d1'vis1'qn multip]exing. — ‘
A filter is a de_vjce which can be'used tq separate analog signals

into well defined frequency bands. However, nowadays, any’ device which

‘can be used to modify the frequency 'r'esbonse of a system i§ loosely called

a filter, wWhether it is linear or non-linear, time-invariant or time-

dependent, ana'log”or digital. : . _ o

r

passive"elements (inductors, capacitors,

Fﬂters may contain p
res1stors), they may be of the Ctive RC type, they may contam mechamca]

resonators (quartz, crysta], and her piezzoelectric resonators) or they

’may be built of d1str1buted parameter components (mi crowave or active

d1str1buted RC fﬂters) Recently, d1g1ta1 filters have been 1ntroduced

Whﬂe .all these different types of.
\
reahzatmns have a certam number of common proper‘twes, their de5’1gn

wmch may be built by us1ng gates

" procedures are substantially_djfferent, resul ting in different computer
- v - . o ' . ‘ B Y
aidls. i . : . : ) . .

.
+
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‘ v 1.2 Image .Parameter Filters

' B E The'fifter designef has severaf sets of tqggs at his diéposal th
simplest and o]desf being the image paﬁameter hethod {1). Th1s method ‘ N

{ is useful in the des1gn of LC, p1ezzo e]ectr1c crygtal, and mechan1ca]
v ' _ .
f11ters and, in fact, is st111 be1ng used for;g?e latter: two types - - e

'bxtens1ve1y.. 1t is easy to use, requiring hardly more- than a sl1dqoru1e~ ws

,4 and a handbook type set o% tables (2). The method is based on the é%f:y S s

- " of propert1es of certaln simple-networks (elementary sections) in term

-

. ' of their 1mage transfer constant,- and the primary and secondary jimage’

. *1mpedances. A number of such sections hav1ng the same image impedances -

in both directions can be connected-together in a ladder network,.which '
‘ ”

o
~3 *

will have an overall imagétlransfer constant equal to the sum of the

"7 individual image transfer constants. With 1ittle computational work

s

and relat1ve1y shart time, a networ’ configuration can~be constructed .

- < to meet approxwmate]y the required specifigations. The €1sadvantage of R «

this ‘method is the inherent assumption that thevf1lter Yis terminated by ‘ \

- - “« - + ¥
. .

o its image jmpedanceﬁ,;while, in practice, the filter=is ' most often term{nated .

}
by pure resistancé§. Consequehﬁ]y, a number 9f corrgctipn factors andi )
additional matchiﬁg'networks a}e needed for the filter so }haf the desired
transmission properties may‘be achieved with resistive terﬁinations. “Hence, | ;
. thé iﬁage parameter approach is econ9mica1 for sma}1 productiﬁn runs only, E

where the design cost is a substantial part of the overall cost. ‘ oY

" . ) ¢ - , o oo .
In’ recent years, the image parameter method has-beep refined extensively .
by Rowlands (3), Colin’(4), and ‘'others, to the point wher%’the resulting™

\ ! . . . .
filters may compete in-efficiency with filters designed by the use of
. . C e s
' - more modern theories; however, the computationa]ltechnﬁqugs became ‘much

)
4

more involved in the process. Unfo%tunate]y, these thé'retica1 refinements




A4

came aleng in tfme.wheh modern theonies_habe become established, consequently,

they Rave, ‘to a large extent, been -ignored. L |

L.3 I'nsertion Less Filters . ’ \ v

L

Today,, the insertion 1oss method is. usua11y the bas1s of f11ter des1gn

It tackles the f11ter as a ]umped parameter system, and dea\s d1rect1y
W1th the var1ous parameters that characteraze the f11ter Thy "Insertlon
Loss" technique 1utroddced by Dar]1ngton (5) is an exact method for LC

. ff]tgrs‘work1ng between hes:st1ve terminations; it leads. to the s1mp]est

and hence the Jeast -expensive désign under normal cond1t1ons, but, at

-~

the price of a vastly_nncreased complexwty in the computattons . The '~ -

-

essent1a]s of this method have been Tearranged by §aa1 and Ulbricht (6) . .

in easily comprehen51b1e steps, so that a filter des1gn may be eas11y

obta1ned without thorough understand1ng of the extens1ve proofs. The
. ' .,
design of insertion 10ss fwlters has® been s1mp11f1ed further by the works
]
of, Saa] (7):and Skw1r;ynsk1 (8). -These contributions provide extensive

tab]es of normalized low nass Tilters whiciycar be easily transformed ;

- .
~

vinto'other-types of'fthers. ' . " -

Many computer programs were wr1tten in tfe. past on the iC ladder

.

. f11terJ but they lacked the numerical prec1s1on espec1a11y for h1gh
. degree fllters To overcome this dlff1cu1ty, two d1fferent approaches

/\\were tried. The first one.is the use &f a transformed 1ndependent

1

var1ab1e b4 1ntroduced s1mu1taneous1y by Szentirmai (9)$xand ‘Orchard and
Temes (10), where the passaband-1s transformed fram the' s plane into the -

¥ whole imdyinary axis of the z plané; thus the criticat frequencjes‘yhich.'
: - ~ .

clusterlneah the twe.eut-offs, in terms of the. conventionat frequency ’

t

.variable, will be w1de1y separated from each other, in terms of. the new

N N

.o

A}

*

/ 2 ﬂ. ‘/
- ‘ ‘ ' -‘ s
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‘ variable The other so]ut1on to the numer1ca1 accuracy prJQ{\W, equa]]y

"

‘\&\ successfu], is the product method initiated by Norek .(11), and elegantly

A

B AR AN
¥ ‘o

. .elaborated by Skw1rzynskﬁ (12); in this method the polynomials are kept = *

. < in factored’fo%m.and.mu1t1p1ied out}isince during the synthesis, it is '

; v . ” . . . B [ - - ]
~ . 4 .

| > the roots of the polynomials that matter and not -the coefficients. =~ -

*

+

- S Bes1des LC Tadder f11ters, a great varlety of structures is ava11ab1e

_‘\§ ‘and in use; namely crystql f1]ters, act1ve fc f11ters, and dT@1taL f11ters )
' ' . ¢ - o '

14 ‘Crystal Filters ~ - . ) S

.
Ve . *
B

y Th1s is the area where one, of the earlier attempts‘{QS) was made to EN

. v .
yuse 1terat1ve optimization and where xhe transfgtmed‘var1ab1e method was. -

1ntended to be used (2). On the other hand the majority of crysta] CoL f '
f11ter des1gners still use the 1mage parameter methodsw ) ) LT

. . .
+» . . . ° . “~ o

. - . ].5“Active RC Filters I T . .
N .. - ' ’ N ’ nf .o - RN ‘
.These filters have come a long way since their .introduction. From

. R ~ * o » ’
bu]ky size and high Power consumption of vatuum tubés, their size, o ’

-

- cost and power consumpt1on n2§‘reduced cons1derab]y with the advent of e ;

trans1stors,1ntegrated paSST%Sjipd act1ve components tqgether w1th an

-~

- ’ ‘ . .
1ncrease in system re]1ab111ty -in comparison to the discrete vers1on

'1?: rThey are being 1ntroduced 1n—many‘d}eas'sugh de te]ephene and daea . f’ .
| cdmmundcdfion‘systems; precision instruments, etc.. Their-!??mary -, o .
\</f application is stil] at”]ow frequencies, d -c to roughﬂy 200KHZ where ' {&
- N inductors are-not su1tab|% because of the1r bulkiness and Tow quallty, -
. whereas pass1ve f11ters are more,ettnactave at higher frequenc1es. Active
- “ RC f11ters do not need e‘aborate computer aids in the1r presentﬁy popu]ar
’ fﬂ cascade realization beyond those needed to find a fqgtored trangfer. SN

(.

. ‘ . \ ‘
+ . { . s
i )
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é o - o

function. .. A specigl problem, though, i; pairing pole and zero pairs into

’

biquadratié¢. blocks and sequencihg these in arder to obtain optimum-
. performance as far as dynamic range ahd/or sensitivdty is concerned.
' Jo‘improve the sensitivity, twogepproaches are p.esent]ytavai1ablé to

— active RC.filter designers: one ié—éo employ gyratons{-éésentia]]y—' —

~g<m‘requiring'an LC Tadder filter de§fgn‘or use multipﬁe feedbatk to gjmuiate

the ladder st¥ucture somewhat ‘differently. ' B S
[o) . \/’ 2 .

196 Digital Filters - s

. This is_the anea-that has seep tyremendous activity in recent years.
Digital filters have been used extens1ve1y in vas1ous fields, such as
o spac1a1 f11ter1ng of photog(aphs, te]emetry, commun1cat1oqs, s1qha1
processnng, b1omedica] eTectron1cs, Just to name some. The1r main

. . ‘
advantages -over analog f11ters are the1r comp]ete freedom erm dr1ft

hum and ac p1ck-up, the ease of chang1ng f11ter~eharacter1st1cs, and their -

-]

capab1]1ty of realizing transfer funct1ons which caﬂhot be rea]1zed as

~

- - " N -

ana]og filters. e , ‘ R - .
The ma1n areas of app11cat10n of ghe d1g1ta1 fl]ter are as fo]lows
{a) at very low frequencies- :i:' ol ' -
F(b).inlhenlhee] time' operation . ' 3&' 7 .

N . A : - ‘ N
e . {c) wherever high phecision and driftless operations or variabld
‘- . s N .

\
(RS

. 4 ‘ et
charaeter1st1cs (equalizers) are essential

e v

-

(d)ahhere signﬁTs are discreté.

-

M d
Digital, filters can also be used for the processing of continuous
. r

7

signals by converting them into discrete signa1s, using ahalog to digital
dl’,
and d1g1ta1 to analog converter% before and after’ the digital filter - L~

. P

_respect1ve1y, but at an Tncreased cost. The d]g1ta1 f11ter whose behavior

v . ° . "

o

- KU
- ‘ .
. A O o
ht T . -
' ' . »
‘

v

o/

’
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is-analogous to that oﬁjthe continuous timé fiiter. is an invaluable,

-

addition to the di%cieline of filtering. Al hohgh it is replacing
analog filters in certa1n applications, 1t is hot expected to rep1?ce

ana]og f11ters comp]ete]y

LY

1.7 "Comparison of Filters.

- '

Figure 1.1 shows pract(iel operating ]imits for fj]ters The frequency

and percent bandwidth for . the dwfferent Filters shown in the flgure are

. representative over-all f1gures.

o
#

The [C'fj]ter covers the Targest area, of frequehcy spectrum andbpercent
bandwidth; At frequencies:1OWer than H KHZ , inductance values and physical
dimehsions of the LC filter become exceseive. The -active’filter and the
digital filter can provide filtering at frequencies evén lower than a
hertz. For frequenc1es greater than 100 MHz, d1scréte LC structures
fail as f114ers because of paras1t1c capac1tance and inductance. M1crowave

ft]ters‘qpmposed of d1str1buted e]ements are used agfthe higher frequenc1es.

’

It is evident from F1gure 1. 1, that the: operat1ng limits for varlous

¢~ filters over]ap Here design trade offs must. be made to obtaim phys1ca11y

rea11zab1e ahd econom1ca1 un1ts Var1ous factors, including percent

bandwidth, temperature, shape factor, and cost, 1nf1uence the selection

> of a part1cu1ar f11ter type Mechan1ca1 filters are excellent devices

o

where sharp se1ect1v1ty 1s requ1red Crystal filters are well su1ted
for narrow band appL1céf1ons, they are idea];for{integrated.circuits.

Ceramic filters exhibit a reasonably good shape factor and are economicat.

L.

They are not recommended for high temperature where it may be more.

»

‘economical to use an LC filter. * - .

—~y \ , -

- ' 4
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1.8 The Approximation } . A L . .

i

, 1 . Inm insertion loss filters, active f1]ters and d1g1ta1 f]]ters the
Vf1rst step is to obt§1n a §p1tab1e-mathemat1ca1 funct1on for the transfer

funct1on which w111 sat1sfy ‘the des1red saec1f1cations. This is sdid to

be.the approximation prob]em. ; .
) - . The purpose of th1s report is to deve]op a computer program for
'_g\ "E]]1pt1c Transfer Funct1ons" wh1ch can be. used as a computer aid for
’ the des1gn of Insertion Toss filters, Active filters, and Digital.
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CHAPTER II

. THE_APPROXIMATION S .

’

. N 2.1 Introduction .. o : L 1

‘e ' ‘ 3

A filter .is a frequency.sensitive component which is'ab]e”tg pass,

v &

with minimum attenuation, a select range of frequencies, while, suppressing

the transmission of unwanted~frequencies outside this band. .
N / L ' t
@ If one_were able to bu11d the ideal f11ter,‘¥ts characteristics wou1d o

be as shown ip F1gure2 1 . The passband has unity ga1n perm1tt1ng s1gnals

R ' in the range of frequenc1es def1hed by f1 - f2, to be transm1tted wwthept

attenuation.’, In-the region outs1de the passband referred to as the ©or ‘ -7

stopbahd one huhdred percent suppress1on of frequencies 1s obta1ned

The transition from the passband to stopband or vice-versa is over®

*

v zero fréquency, i.e. instantaneous. - Examination of the phase characteristiqs

shows that the phase'shift changes linearly with F?equency in the passband.
. - . . . » "

Actually, filters do hot\goesess zero attenuation iR the,passbapd_
and suppression in the stopband 1is not infinite. Furthermore, the
! ) ) h ‘ ." A -
: « ° transitidn, or "ro1l off", between bands is graqua[, and the phase shift

is non;linear.‘ The filter desigher must approximate ideal|filter

characteristics as closely as possible, with combinations pf passive

e1ements tike inductors and capacitors (Lclfilters),.with resonant
S
transducers (crysta], ‘ceramic and mechanica1 f11ters), co b1nat1on of
1 L. |
‘ - an amplifier anq'pass1ve'compdnents (RC act1ve f1lters), nd, at microwave . . .

frequencies, distributea; cevity and-Qtrip line fi]ters.
1
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. . . . \ ,
such”as the Butterworth, Chebychev and E]liptic approximations. Network

synthes1s methods for filter design genera]]y start out by specifying a
transfer function as a(;unctwon of comp]ex frequency (s = N Jw) From
L the transfer funct1on, the imput ]mpedance to the circuit is found as
a function of s; then by varions continued fraction or partial fraction
» . expanslon procedures the input 1mpedance is expanded to glve the element .
. ] - values of the f11ter Image concepts ‘never enter in- thns procedure, and
;. the effects of the term1nat1ons are included in. the 1n1t1a1 spec1f1cat1ons

of the transfer functlon.'

2.2 The Butterworth Approximation .

N The Butterwork approx1mat1on which is also known as the maximally

f]at approx1mat1on, is character1zed by a max1ma11y f1at amp11tude response
with no ripple in the passband, and monotonically increasing attenuation
N [ - . .

<~ in the stopband as shown in F‘éure 2.2. The Butterworth transfer function

) - el . [}

is given by . A

Tliw) =VF%? . ‘/ Ty R (2.1)

The'slope of the amplitude response in the sfop-band approachés Gn’db
per octave, where n is the order of the approximatibn.\ The response

‘is_reduced b} 3 db at the cut-off frequency for all values of n, as
R §hown'in.Fi§ure 2.3, _ A , . ,

.
) . o -

. % The poles of ‘the normalized lowpass Butterworth transfer function
: . ‘e L7 _‘«( ,‘ -~ ' . Lo
' are uniformly spiged along the left semjcircle in the complex frequency

- ““tane and,are given by: T ¢
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where ) ’ . .
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K=1,2,.....2n

Tﬁe above equations will give some po]es in the right half s-plane
/

which are 1gnored =Although the po]es can be calculatéd eas1ly with

the a1d of tr1gonometr1c tables, most oF%en these are tabulated for

( PEEY

d1ffetent values of n (14). ,The Bu;terworth approx1mat1qn is the only

. . . - 1
- one that gives maximally flat magnitude about the point w’='0.“

i

‘The-éreét advantage%o? the Butterworth~approkiméyion is its Rathemqtical
S1mp11c1ty and in th1s sense it is one of the best. A]thoug% it 1§~verx
useful, it has 11m1tqg app11cat10ns!‘ When un1f9rm transmission of
frequenc1es in the. passband and a sharp cut-off Eharacteristié\ﬁs '

desire%, a high order approximafion must be used. \
1 X ]

.*2.3 The Chebychev Approximation

’ _ The ‘Chebyehev approximation is characterized by an equal magﬁitdde
ripple in fﬁe.passband, and, ﬁonotonically‘increaging attenuation jn the .
\ Stopband  as shéwn in Figure 2.4. The number of‘maxima and minima ribﬁ1e
" peaks is gqua] to*the order of the filter. The'Chebychev transfer funé%ion
is éiven by: _’ , i \ .
: : L - .

L TG = ] S : (2.2)
‘ : ‘P + €2p,2(w) . :

- . " . St SR ~ .

where e is ‘a.real constant referred to as the ripple factor, and Pp(w)

is the nth order Chebyche@ polynomial defined as:
. : - R
Pnlw) = cos{n cos=V w)-

-
1
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qr preferably défined in two intervals:

]

! . .
Pnlw) = cos(n cos™! w) 0<wcgl ' \3h\ ~

cosh(n cosh™! W) w> 1 : ‘ 1 . ,
. [ * ’ ) ' . 1)

As the ripple and order of the filter are*increased, the rate of_attenuation

"

in the stopband increases. ‘ ~ L Y :
. - . ' *

The Cbebyéhev approximation gives a sharper roll off, or,square?.
'fpmplitude yesponée thaﬁ the Butterworth:épproximation of the same qrdér,{/"
6ut gives Tless desirable phasé'and groub_de]ay characteristics. It is .
- excéeding]y;useful in applications where the magnitude qﬁ‘phe transfe&i
funct%on‘is‘of primary concern; but whereQer a constant time Qelay is
of paraﬁount importance, itg use is precPuded due Fo its nonglinear
phase characferisgic andﬂﬁhe“¥é§u1£ing vari;gion pf its time delay. For
- a canstant time_dé]ay,filter, the Bes;e] approximation is USe§ which
Y gives'a maximally flat time' delay just as the Butterwd%th-approximétion"

gives a maximally flat magnitude response (14).°

2.4 Chebychév vs Butterworth

5

., " The Butterworth and Chebychev approximations are used most frequently .
' N
ifar te]emetry filter app11d§t1ons Because of their ba]anced amp]]?yde -
. -phase character1st1cs. The Chebychev apprbx1mat1on gives a cut-off

| ) . characteristic which is super1or over that glven by the Butterworth

’aéprox1mat1on af the same oraer, “that 1s, it gives sharper roll-off but
less desirable phase and- group delay characterlst1c3 A fourth order ,
Chebychev appﬁbx1mat10n g1ves an amp11tude response w1th a s]ope at | . |
cut-off equal to that of a Bytgprworth approx1mat1oq of qrder 16. On-’ f\

the other hand, the poles-df,the,ghebydhev transfer function have a

-t ’ -
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higher Q than the.bo1es of the Butterworth transfer fuhction, e.g.
v '

" if n = 8 the-Chebychev.poles nearest the jw axis ‘have a Q of 22.9,

while the Butterworth pd?es nea;est the jw axis havefa Q of only

2.56. Consequently, more- care ﬁs'necessan& in the cpnstrhction of -
Chebychev.filters. The high Q also cadses-the step respdnse of Chégiihev
filters to ring for-a Tonger time (15); furthermore, ihe passband

ripple of the Chebychev f{1ters may be objecxionable in some

appiications. ‘ ) - . \

2.5 Transitional Butterworth-Chebychev Approximation

Ah approximation with properﬁies lying between those of Butterworth -

and Chebychev approximations would Be Clearly desfrab]e. Such an

apprg&imation is described by Budake and AronHi@g,(]G). The transfer

function for this approx1mat1on is given by

\

/ﬁ + WZK(% K(w) 3 ;
T (w =§‘ 1 = OOSIKfn ) 2.3). % .
Lo + w2Ke2_ (W) Lo B

where the factor wzﬁc*h k{w) is a mixture of Butterworth and Chebychev
parameterS" As K approaches zero or' n the properties of TK n{iw)
1

approach those of the Chebychev or the Butterworth ‘transfer funct1on,

v 4o

respectively. S1nce Cilw) = w, the<new funct1on réduces to the

Butte}worth funct1on for both K = n 2 1 and K =n. If (n-K) {is even,

_then from the Mac]aur1n expans1on of equat1on 63), (2K.-.1)- derivatives

of Tk, n(w)2 are zero at W.= 0., f (n- K) is ‘odd§ then (2K + 1)'

\

der1vat1ves are zero The magn1tude character1st1c of the trans t1ona] .

\:

funct1on becomes more flat at the origin as K is made larger. The



- 18
. » v ) A
magnitude of the slope at cut-off becomes larger as K is made smaller;
. ‘ : “. - d TN
" the s]opE.of ITK,n(wj1~ét w=1=®, is given by: L -
.y . ,, s ‘—‘ . . - — 7;\
d|Tk,n(1) |/dw ='mp = -273/2 (k) %% k) c

N X .

-
.

For 0 < K < n-1, the magnitudé cha?acteristittgiveh by the tF\nsiiional
approx1mat1on exh1b1/s~Butterworth 11ke\behav1or near w = 0 and '
"-6hgbychey=l1ke behavior near w = 1. The amp11tudeﬂpesponses g1ven
'by thg’ tr:anéitiona] approximation for n = 8 and K = 0 2, 4, 6, and °
8, are shown in Figure 2.5.- The wave for k = 8, porresponds to the
Buttgrwortﬁ‘approiimationlwhereas,the curve for K = 0 coprgsbqnds
Fo the Chebxphev approximation. Polgs of the %raqéfer fuﬁctié:
- Tk,n(s) are obtained by replacing w by -js in the denominator of

i g : * - .
equation (2.3) and then solving for the left half plane roots.
» . l . ) ) N , R

' The transfer function pdles for n =28, and with K =.0}2;4,6

and 8 are Q]otted in Figure 2.6 as: K increases} fre poles move away
from the\Chebychev po]e 1ocat1on (e]]ipse) and m1grate toward the

.Butterworth po]e 1ocat1on, consequent]y the 0 of the po]es decrease
"} . » S
2. 6 E111pt1c Approx1mat1on . , ‘

‘1-&“

A]though the Chebychgv and Butterworth approx1mat1ons are the most

. popular, there—arE'many others wh1ch-are in use. By perm1tt1ng ripples

i
« of attenuat1on in the passband, as .in the Chebychev approx1mat1on and,

. S

r1pp}es in th"stopband it 1s poss1b1e to -obtain an even féster
' A ]
: transwt1on from the passband "to the stopband,’ than, can be’ obta1ne

T
wwth the Chebychev approx1mat1on F11ter§>result1ng fromathhf

«approx1ma€hon are usually called E111pt1c Filters, mavn]y because 2

S

of cons1derab19 1mportance becuase 1t provl'gs s1mu1taneously sma11

C” n‘

IS . . . R G .
\ . . .

e111pt1c funct1ons are‘used in their des1gn The e111pt1c f1]ter is o«

o

>
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Fig. 2.5. Magnitudes of Eighth Order

Transitional Filters for
K = 0,2,4,6,8. .
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passband ripple, large stopband attenuation, and, véry sharb cut-off
with equal r1pp1e behavior in. both the passband .and the stopband

?

as in Figure 2.7. - , .

To obtain the desired approximation function, sq%tab]é value;~’
of pgssband éttenuation Ap, stopband attenuation As, the degree |
qf the filter n, an& the parameter K that defines the steepness of
the transition bahd or the sg]ectivity of the filter mUst'be chosen.
-A11. these parameters, are used to0'obtain the poles and zeros af the
transfer function, by means of elliptic functioné-an&ne1119tic 1nteg}als.
Because of the complicated way in which these paraméters are related,
considerable time can be spent in Juggling those parameters in order to
bbtain compatible vaNues. A]so considerabTe work is required to obta1n
a suitable approx1mat1on functfﬁn b%cause of certa1n computat1onal
d1ff1cu1t1es such as inadequate ;ab]es of elliptic functions.and the
necessity of interpo1atiop. Comp]été tabies of elliptic filters of
fourth through nfnth order were compiied b& R. ‘Saal (7), givihg all
component values to fodr'p1aces”.and cut-off frequencies to seven p]aces..

A much abbreviated but quite useful set of tables.of e111pt1c filters
of third to e]eventh order are g1ven by P.R. Geffe (]7)

‘4

The Nomographs for E111ptic Filters

Nomographs, dev1sed by Henderson (18}, re]atlng the design parameters

of the filter reduce considerably the amount of work required and are a

Al

valuable tool for the de51gn of e111pt1c f11ters Thg nomographs enab}e one’

“tochoose a tentative set of. pardmeter values. These.are then esfab]ished'more

accﬁra%e]y by meanps of tables and/or series, before evg]uatﬁng the formdlae

leading to the épproxiﬁation func;ion.‘ Thus, extensive trial and error

AY . v -

'

. o
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/
procedures, prev1ous]y necessary im obta1n1ng a compat1b1e set of parameters,

are ‘eliminated. Once this is done, the approxlmat1on funct1on is obtained

in a straightforward manner. Even and odd degrees must be d1st1ngu1shed
I
In Both cases, the zeros are on the jw axis of the s plane, (s = o + Jjw)

and the poles occur in conjugate pairs-in the left half plane, wiph'an

additional pole on the negative real axis (for odd n), -hence a zero

°*
-

at 1nf1n1ty, 1n the case of odd degree. Tables of the eliiptic . .
. {o Q
funct1ons, SN, cn, and dn are read1]y ava11ab1e, however, 1nterpolat1on

" is necessary. most of the-time, which makes the task tedious. It is .

easier then to calculate the e11{ptic functions directly as described '

by H.J. Orchard in (19) or by using converging series as described by - <
A.'Grossman (20). . BT P
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1fdnction,tab1es. L .

. ‘ CHAPTER 1III| - »

ELLTPTIC TRANSFER FUNéTiON

LIRS . -~

- 3.1 Introduction o - ' r

0f the. many published papers tfiat tried. to br1dge the gap between

Darlington's theory and its applicability in pract1ce was one due to

A. Grassman (20). 4-Th1s describes very simply Darlington' s theory

of e]eétriqél1y symmetrical reactive networks with particular attention

to elliptic .type filters-which exhibit Chebychev type performance in

. both the passband and stopband This paper also outTines a step

by step procedure to be followed in the deSJgn of symmetr1ca1 filters

“using rapidly converg1ng series’in the computations in p]ace of elliptic
. d . . .

P

) .

This chapter uses Grossman s work for the derivation of eldj pt1c
1owpass transfer funct1ons A procedure is developed, éhat aHowsj
durect ca]culat10ns of- the zeros and poies of .the transfer functlon,
when the parameters of the f11ter (number of filtey sect1ons, the r1pp1e
constant and the se]ect1vmty factor) are given. _Most of the‘computat1ons

involved are stra%ghtforward, No transformation of the frequency'

"variable is necessary. Furthérmore, the process is-very fast and ros

1
.
)

Also no interpoTatfon or iteration is necessary.

3 2 The Insertxon Loss Character1st1cs of the Elliptic F11ter

"The 1nsert10n loss character1st1c for a two section 1owpass

\
.

elliptie—filtér w1]1 now be: con51dered ‘ . ‘ | o

’ -

From Figure (3-1), the passband ‘extends from zero to the frequency

LY

. . . , L] .
fp, thi%JOSS'rippleskextend between zero and a prescriﬁéd maximum ap.

N

1

+ yields satisfactory results without the direct use of‘e][iptic funcFions:f ,

+
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As for the attenuation band which extends~from the frequency f; to

_ihfinity, the loss oscillates between %n infinite value and a prescribed
: a

minimum og. These two bands are joined by the transition band extending

3

1.

network.

from fp'to\FgQ\\IQE\zifi;jnce frequency to the norma11zed frequency
variable @ and the selectivity factor k are def1ned as )

fo=Vfp fs
Q= w/wo = f/fo
k = fp/fs SRS

Ll

Hence the passband term1nates at ©.= vk and the attenuation band

-beglns at Q = 1//_ 0
Q- " o
The insertion loss characteristic shown in. Figure (3-1) may be.
’ - v
represented by the insertion power ratio e
l © 20y
e =14+ (e P -1) rFpn? e (3.1)
where

the function F(Q) has the fo]]owing/;haracteristics:
F(Q) =0 at Q=0, 9, Q .
Its hagnitude is unity at Q = /E and at two other frequencies which

are separated-by.the zero-loss po1nts.

1T 1

F(Q) is infinite at @ = oy w )

.,

I'ts magnitude is equal/ to ./ezc"-’S -1) (ezap -1)atas= Yk

and at two frequencies which are sgparated by the infinite-loss .

. 0
points. : -

tx s

.This function 35 to be realized by an e]ectrfca]]y symmetrical

i, , ~

A1l these Fequirements can be sétisfied if:

’
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/ ae? - ed)(a? - a 2)

F(R) & Fp — IR CL L (3.2)
| (1 aka?)(1 - 9292) ' "

' o L

provided that Fo and the frequencies of the zero.and infinite loss,
/’
. are.chosen preper1¥. o
3.3 gpecifying the Zero Loss Points, and the'lnfinite Ldss,Points '

By studying equation (3.2), we find: that:

1.  The funetion (- F2) has a single root at =k, and double roots

in the passband where the magnitude of F is unity.

> 2. Another derived function {1 - k%FZ), where

) Vo Se— o ' . . 3.3
\ k] 2(15. ‘ i . . “ . ( )
has double roots at t2§ minima of F2 be%ween the frequencies of

infinite loss and a s gle root at Q 1/“F

LY

3. The derivative of F, dF /d2, has s1ngle roots at the maxima of F2

o jn the passband and at’ the minima of F2 in the attenuation band.

|
| o If we divide the derivative by the square root of the product of the
- _ other two functions, we obtain

dF/dn t My

\/(1-F)(1-kF2 V(l-g/k)(l- ka?)

beaause the single roots of dF/d2 cance1 the square root of the double
roots of the other functions, Jegving on]y the s1ng]enroots at Yk and
1//[ and d‘constant mu]iiplier Mo. -This equat1on may be expressed in

o terms of qef1n1te 1ntegrals as follows: ,
R . * ‘ Q/\/_ . s

dx -ty &S % +Co - (3.4)

F
{\J(l ><2)(1-J<2 2y 3 0 @-yz)(l—kzy?)

> . ——n
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m‘v

where x and y are variables of integration and C is a constant of if
integration. J .
: " These integrals are known as the elliptic. integrals of the first

kind. By making the transformations:

~ x = sin 8y
F=.sin ¢ '
y = sin 87, S . -
e/vk = sin ¢s
Equatmn (4) can be put in the more desirable form i ‘ ‘\
by Hy
+ + C4 (3.5)
1
A J] - 1(2 s1n2 9] f{l - k2 51n26 P : .

The solution of- this equation, giving the relation between F and 1
' |
|

Q may be wm‘t'ten wn the form of a pair of simultaneous m‘fxafiohs as:

Q = Yk sn (u,k) . ‘
ﬁ(u) = sn (+ Mu + Cq, kq) o 7T (3.6)
where. . " e .
o, do - { '

) ‘(]-kzsinze ) ‘ o AN

0
. b . . : '
1 : .
)6— a8 . - '
sMutCy = = : . ‘

} v

) T,he real périod of the e'lh'ptic sine, sn (u, k) é 4 K where

’

K 1s the complete elliptic mtegra] of modulus k given by - ) o ™
/2 - '

SO0 )

f(—k251n26 - .

% S
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°

4

Vg

The passband at positive frequencies is traversed once by values S

of u lying between 0 and K, the quarter perioq. ‘ On the other hand, the .

real period of sn (+ Mu + Cy, k1).is 4 Ky where Kq is the complete

elliptic integral of modulus kj.

If F(u) is to cdrrESpond to F(R) of Equation (3.2), it m{zst be zero
for u = 0 and increase to +,1 as its argument increases to Kj and then

decrease to zero at Qy ‘where ifs argument is 2Ky, it must trace out a | "
3 N . . t

“similar negative cycle between Qy and ©_ and then increase ‘to +1 at

Y
2 =, or u=K To obtain this behavior, we must -set C} = 0, and

a

M to 5Kj/K .omitting the negative sign. Therefore, equation (3:6) becomes:

Q

F(u)

/K sn (u: k) * ‘
sn (5 u Ky/K, k1) R ' (3.7)

By observing the plot of these\func‘tions in Figure (3-2), we fin
that the zero loss points are located at u = 0, 2K/5, 4K/5 and 'tﬁe
- S“~ N .

unit maxima are located at u = k/5, 3K/5, K.

The frequencies of zero loss are e

o= Ksn (2 9K/5, k) (1=0,0,2) ..+ (3.8)

Hence, the zero loss pdints of F(Q) in Equation (3.2) have been

determined and the,fdnction will exhibit thé type of performance
desired in the passband: N y

.

_The infinite loss pointé, and the choice of selectivity parameter.

ok and the discrimination parameter k‘] » can be determined.by studying

the behavior of F(u) in the attenuation band, i.e. for the.i-‘requenc,y . !

interval {

[y

J//I?ss‘gg oo’
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If u is replaced by (u+ j-K') where u is real, 0 <u <K,

and K' is the complementary complete integral-or the complete integral

of modu]us k' i.e.
/2

S

Equation (7) becomes

1

.‘Q= 0
/Esn(q,k)

F(u) = sn [5 (u+ 3 K') K3/Ks Kq]

~

It s pequired that this function be infinite at infinite. frequency

5102 0

4

and at two other undetermined frequencies to describe the loss

&
characteristic shown in Figure (3-1).

L

When u = 0, sn (u,&) = 0 and therefore " .

]
Yk sn (0 k)

Q=

is infinity, hence F(0) =

-~

will be the case for

‘ .§__K_'_-_Ki__¢
> K Ky

-

where K] is the complete e111pt1c La?egra] of modulus K
The parameters X, K' and Kys K! are fun§t1ons of k and k1, respect1ve1y.

Therefore, the two finite frequencies of infinite loss may beﬁdetermined_

1

n (55 K' Ki/K, k7) should be infinite which

b}

"'"]'k]

s 1

1

N

by introducing condition (3.10) in Equation (3.9) to get

~

. K "1 )
g(u) = sn (5uph+ k1> k)

A
R L ) s “°

. 5,.

°

The sn functxon for, comﬁlex values O0f the argument shows that poles

of F(u) are &fcated at the vgkues of the argument equa1 to 21K1 +J K] ar

»
N g .“ /

|
R

o (3.9)

{
(3.10)



:
- L]
B .

-
-

* L)
(i is an integer). Hence, to calculate u, we set 5 u Ky/K = 2 i Ky

and obtain u = 2 i K/5. Therefore, the frequencies of infinite loss

are obtained as

L 4
, - Q; = ] i=0,1,2 o3
}:’» % sn (2iK/5, k) R
» Thé frequencies of infinite loss in the atténuation band are thus
\k} \ the reciprocals of the frequencies. of zero loss in the passband as seen
b}*"“. / -
> from equations (3.8) and (3.11). y
‘ . /
Therefore, equation (2) can be written as
2 . »
a(e? - af) (0% - ad) .. .
. F =Fq- > o, . .(3‘]2)
-1t g 92)(1 -5 %)
R} 1 2
) This funct1on has equal ripples in. the passband and equal> minima in
‘ the attenuation band provided that the 91 are se]ected in accordance
*, with Equation (3.8).
: & 3 .4' 4
The general case of an m - section filter is 9 o B
L . =Yk sn- [2 ik : k} *i=0,1,...m (3.13)
2m + 1 <
where Qi are the fréquencies at which the loss is zero and the X
reciprocals of\the frequencies at which thei1oss is in{finitd.
C; = é—-w111 be the Zero of the transfer funct1on
i .
o 1 : m s? + G
Ts = 3373 T SN .
p 0 i=1 +A;S+B ) - ,
. . . . . Vs

,~ ™ 3.4 Determination of the Poles of the Transfer Function
‘T\

-

Cons1der the circuit of Figure-(3.3) in which a 1ossless e]ectr1ca11y

- symmetrical network is inserted between equal resxstance termination.

. - o
! “
.
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. 1. The complex insertion_ voltage ratio is defined as .

-

-

— ] Pt
6 _'0 C
& TV
' where 0 = o +Jj 8, o being ‘the inseVﬁion‘1oss and
. N L R . “
. . B the 1nsert1on Epase'shlft. AP
~Vqy = the voltagé hcrossothe load resistance when the generator’

~*
-

?

and lead are connected directly.

the°vpltage acros§ the load after network js insegteg
/
between the generator and the load. : ..)

T3
L]

2. The compiex 1nsert1on voltage ratio may be written in the fo<T

¢ Fod .3
. Q“r

, Vv .
"1 0 A +.S B & N . . (
c2 - AEsB R 3.)4)

v - pr

. where A:‘B, P are even polynomials of the frequency variable and have

&

real coefficients. The roots-of the numerator in terms of the fréequendy '

. y v
parameter s(s*= jw), are the natural modes of the terminated network.’

3. The insertion 1¢ss a, is found from the insertion bower ratio whith
is defined as AP . T .
2 | 4 ’
20V 7
e = |¥ |
, X P
Consequent]y, the zeros of the 1nsert1on power ratio, qre ‘the zeros

\ = -
of the complex insertion voltage "ratio. The 1atter ones are the natural

modei\of the network which will a1so be the poles of the : transfer funct1on

- Re{enr1ng to qu@t1on (3. ]) after subst1tut1ng Equat1on (3 7) for

- _ 3

the genera] case we get
e 14 (e _ 1) sn? [(2m+ 1) uKi/K, k] (3.15)

which may,be regarded as the product of.two factors, one of them being

v | /—_2?";-—

1.+\JV(e - 1) snf€2m + 1) u Ky/K, k) ) R : ‘s

[ Y

&
. 1;;
N .
. ' 0
)
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i - V 2 )

The roots of this factor are the negatives of the conjugate factor. -

This méans lzhat*the values of u which satisfy the equation

' . . }
e sn [(2m + 1) u KI/K, k1] = —p= ‘ g (3.16) :
. \ e aP - ] . ¥ %
and their negatives -are the zeros of the insertion power ratio. Hence,
_the solutijons of Equation (3.1'6) will give the zeros of the insertion
: . power ratio. Substituting-u = jvp in 'Equa.tion (16) will give
/ - . ! ) ) ° i ) .
) ' snl(2m + 1) v, Ky/Ky kgl 1 : )- . .
- T = N . ’ 3.17
cnl€2m + 1) vo Ky/K, k1] 0y _ 1) | . ,
$ ‘ wheré k; =‘\}(1 - k12) is the complementary. modulus. Fr:)m Equation (3.17)
. . r * :
“ ‘it is.possible to evaluate vy. One va]uF of the argument satisfying
N (3.16) will be (2m + 1) j vo Ky/K with a real period of 4 Ky for the «
elliptic sine; hsnce the solutions are: °
| . . K 4iK
(2 + 1)3vaKy/K + 4iKy = (2m + 1) — [Ivo + 53 7]
N . . ! o
| . Where i = 0,1,%..2m . . B ' ,
‘”ThereN, the zaos of the .insertion power ratio in terms of u
‘are . f ) ' . . B " . B [
- 4ik - - ' 1)
| el U=JV9 +m—T 1 {‘0,],2,...,2m : (318) ' K
| it 2 i RPN sl '
. In terms of the frequency parameter s = jQ = jvk sn (u,k), the real
’ — ) ° . . .
| root is given by )
LN LY .
| ‘ % _ . sn(v_,k') ]
o e S ag = erlz,Sn {ivo,k) = - /Ec—ﬁ(vg—’rr)— . (3.19)
i » . | A | [
| and the remaining roots are given by
’ - ""'ﬁ - P
. W) oand . » 2.K : N 3
R _ s+ aj +jby =(-1)7 J'_/Izvsn’ [Jvg * ZELJI_T , k1-(3 =1,...,m) (3.20)

- . ° L
T <N .



Since the value of an elliptic function depends not only on the argument
. by

AN

. ' N, "
Qoting that the roots. come in conjugate pairs, and knowing that

) sn x.cny.dn y + cn x.sn y.dn x \ .
. sn(x+y) =
1 - kzsnzx.snzy ,/
andswith the aid of the standard re]afions between eTliptic functions, ° ’ -
. N
equation (3.20) may be written as - .
: (-1)ia Q. + JQ W : . . '
a; + jb; = o1 ! i=1,2...m (3.21)
1 ! 1 + a2 Qz ’ ’
‘ 0"
_where : ‘ ay
W =\ﬁ1 + kab)(1 +a%/k)
¢ * . . -
, L
Vs ="(1 - k@2)(1 -'ad/k) . g i
. : b ) .
Q. =4k * sn (&ﬂi_ * k)
i- . 2m+1
For even values' of i the sign of the roots should be reversed. ?op the - *
tﬁb séction filter uqder study, the pplynomials will be
’ . ~
o (s+a+ Jb])(s + a7 - jby) (~& , ] )
and. (s + ag)(s + ap + jby)(s f_azrz jby) .
o ‘ - . 4" ,

The transfer functibn can, in general, be written-as S

1 1"‘_‘ 52 + ]/W? S )
i=1. (s + aj + jby)(s + a;j ~ jbj)

~

The parameters of T(s) can be computed by using elliptic function, tables.

°

but also on the modulus, these tables must be double entry tables. Conse-

quently, jnterpo]atjon between tabulated values is laborious and subject to

ér‘or. . The need for éT]iptic function tables can be nemoVed completely by

Pm



folloys:

using auxiliaryfunctions cal]ed Thetq Functidns, whiﬁh are represented

by rapwdly converg1ng ser1es as def1ned below:

Og (u /2K, )~= 1 +2 Z ) cosZn
o Q. ol ﬁ 2K

el(u/eK,q) = Zq]/4 ZD(—l)"q"&"'])sin(2n+1) %%
. n= ~ .
‘ s “
' Gz(u/ZK,q) = 2q / nEO qn(p+])gos(2n+1) %%
. ‘ - )
-\ n o TU
93(u/2K,q) =1 + 2-n£1 q 'c032n 5K
] ™ »
where g = e K /K modular -constant+
K = complete elliptic integral of modulus k o
, ’, : ) '
K' = compiete ®1liptic integral of modulus "'/1 - k@

4

<

The elliptic functions are exp!ésSed in terms of theta functions as

o e u/2Kea) .

_snbwsk) = /K 9, (u/2K,q) o
. b (u/2K,q) .

cn{u,k) = Vk' e

3 O(u/ZK,q).

" ) = T c2lrEKa) X
dn(u, K' '
, eoiu/ZK,q?

]

. . [y ’ . .
To determine the modulus q in terms of k, the approximation

e = l» - %
2_ 1k
-, | .
is formed based on the obsefvatioﬁ that "
) - © (OaQ) .
re Vi 23 - . g
dn(0,k) = *k" 5 ey - y
Therefore, ' \' i
M 7]

3

g =¢+ 26 + 1669 + 150e3 + ...,

* {3.22)

~

¥




- equa] to tﬁ“mwn1nump¢§;L‘gre

Also,, by noting that: . . . ,
) 91“/2&]) . . .\‘1
sn(K,k) = LI = ‘

Ve K Oolllz,qi

the™p sband loss is zero, and. the reciprocals of the freqlﬁ & .
wHichai;;\;ETE%ugﬁion band<loss is infinite, are: ' T ‘ |

. where i = 0,1,...m
I

we obtain

_ 2, 6 ' .
k=4V/q ]+q +q4+ r..‘ . . - )
- v 1+ 29+29 + ...

These approx1mat1ons are equa]]y valid for 97 and k.

Usually the filter design problem consists of: the spé!:f1cat1on of »-

‘the number of filter sections that is required to attain prescribed

‘ minimum stopband 1loss, a tolerable passband ripple and a prescribed

transition band.

»

. t ;
In terms o#‘thghjheta function series, the frequencies
+ - ‘

 at

S~
] ~

' 2o 3im 51n . N
2 2q1/4 [s1n 2m+] qQ°sin 5o+ Q sin 5o ] (3.24)
. N\ ; :
-1 - 2qcos 2in +° 2q4cos g;il

2mt1

1
-

7 S L, :
and z; =,1/Q; will be the zero of the transfer function. Similarly,

the frequenc\ies at which the passband loss is equal tQ, the maximum °ap,

and the rec1procals of the frequenc1es at which the stopband Toss is

!

Ztﬂ 3(2t+ 6 ZHJ
‘ t” , 2qcos 2t+] ™+ 2q cos gfgiil}



where t = 0,1::..m - S

- - - N :
"~ As for the real root ap it may be written as (

07(3vy/2K,0) L . . .

© % 7 g (3ve/2Ksa) ‘ | '

_ pgl/4. sinhh - a%sin3p + qﬁsinh5& toane. ‘ (3.26)

Pl 4 ' '
-1 - 2qcosh2h + 2q'coshdh + (...t =
V. az )

200 ] 2_,.Py ’
where A = K™ = 2(ZweT) ﬂ]oge 3 +']2) | (3:27) z

Using this value of ag in terms.of the Theta fUnctiqn, the complex

. . ~ '
conjugate roots will be: | : . §
ag Y(1-k29) (1-05/K) + 2, §(1+kal) (1+a/k) -
aj * Jby = — 57 — N (3.28)
1+ aOQi . .
: ) . ' . B \
" which -with §s 2 constitute the poles of the transfer function. The
// ’ . . i . . e R
f/ transfer function -now can be written in the following fonm:’ L
/ A : ) . - s
/ T - m g - 2 - . -
/ Hoye ol L SrE | (3%29)
- , s) = . . . ! )
PR s+ 3 0=l 2, 2a.s + (a? + b?) - . " :
- ] 1 1 1 . \
( (
’ / ,
o b <
® [*S o’ .
* n /
| / , , .
| - * - ,
1 7
\
. . o



. ~ CHAPTER 1V

THE COMPUTER AID

4.1 Introduction - : .
4 ' °
The theoretical approach of.Chapte3 I11 was used to-develop two

n of}elﬁiptig transfer functions
& - . i
and the other, for frequency domain ana]ﬁsis. The first program uses

computer programs, -one for the evaluati
&

t?e dgsired filter specifications as jnpufqdata and pr%nts the pa#ameters
of the transfer funftién; The second prbgram evaluates the a%p]itude
response of the desired filter. Design charts can also be obtained using
" the firdt program. AN ca]culatfons are carried out in 6 digit precision.
This method requires little storage space and is extremely fésﬁ. Various’

computer runs on the' CDC 6600 at Concordia University yielded ve;y

good results.

4.2 The Programs ' . o ) ¢

t

-’

The Transfer Function Program

PROGRAM CALTRAN 1in Appendix A ’calculates tﬁg zeros and poles of
‘the transfer function for the normalized 1owpas; elliptic symmetric
filter. It also provides the coefficients of the.transfer function. The
prog}am fs described. by the fiow chart of Figure'4.]. From equation ?.26 '
the pole on the jw axis is'calcuaated (symmefric filter). The reciprocal
of equation 3.24 gives the’zeros of the trahs??r function, while equation’
‘3.28.gives the poles. The qggffﬁeients of” the transfer function are'
calculated from tke poles and zeros as shown in the fié@ chart.

Thé‘input,data for the program inciudes the order .of the filter n,
the pass-band ripple ap in db and the selectivity factor kﬂ The program

will print out n, op» k, the Stop—band,attenuation in db, the zeros and

po]e§ of the filter and the.transfer function in the product form. A

typical output js shown in Figure 4.2.

[



At

» L=1
o ;
. Read n, %, ap
‘} N
m= (n-1)/2 .
~ 1
kl ...‘ /] - k2
~
+
o1 1A
2 1 + /k*
i
g=c¢+ 255 + 1559”
X}

as = 10, Togy o 10%P/10

- 10 n logjy g - 12 S
' }
Print Title, n, ap, k,as
J o

A =.%-[1.427424 -
1 1.151292 log ap
-+ 400052 op?)

} -

- 2q)/4 sinh - ¢sinh3n + qOsinhsa )
‘1 - 2qcosh2p + 2q4cosh4A

®




)
. ) . .
oodm o 3 s 3in 6 ;. bim
Iy sin o= =97 sin =%+ q° sin L
wi =<4 - y r ain
1 - 29 cos —%£-+ 2q' cos —%E
P
E ey
X “/(l ¥ kof) (1 - w2/
. 8§ =39 2 -2
: 1+ ao ,u)i

‘V{] +

k ag?) (1 + a,2/k) |

b: = ws
;
.1 1 ao2 wi?
Print 73, aj = j by
- T .
PRINT
: m 2 42
1 T S Zi .

s© + 2a;S + (ai2 + b}z)

|
Fig. 4.1: Flow-

")

Chart for Program CALTRANS
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" from which the amplitude in dbs calculated as ' -

’this‘program. PROGRAM FREQAN uses PROGRAM CALTRAN as a subroutine

The Frequency Analysis Program

(
3

. ]
PROGRAM_FREQAN in Appendix B calculates the amplitude response
for the normalized lowpass fe]Tiptic symmetrié filter. The flow chart
in Figure 4.3 describes-the necessary equations and steps used in
to evaluate the parameters of the transfer function. These parameters
are used to combute the amplitude respohse for the normalized frequency

rangé. ' From Equation (3.29), the constant multiplier H is computed as

follows: ~ ' -
2 2
a, (a;% + by)

o]
5
Z;.

H =

Replacing s by jw ih:quatioﬁ (3.30), the amplitude AMP is obtained

as follows: . .o o T

»

Amplitude in db = 20 ‘log,, |Amp| dbs

oo °

<

The input data required by this program includes the order pf the
. 1Y
filter n, the passband ripple ap in db, the selectivity factdr k, as,
well as the normalized frequency range and frequency increments. A

typical output is shown in Figure 4.4.

N




@D

Read p, ocp, k

L
+

CALL CALTRAN .

PRINT TITLE
N, ap, kK, o
P e Kooy

......

Y
. — ]
k =2
0 |
L .| oM = k/100
L=
@ :
LA=L-1

PR

44




. ‘ 45
j=1
, AMP(L) - Z;52 - X(L)?
AMP(L) =
- a;2 + b2 - X(LY2)2 + (22§ X(L)2 -
~ )

P 0 ,

\ AMP(L) IN DB = 20 1ogm|AMP(L
<4

@— L=l

PRINT X(L AMP(L) in db

D k="K'+ 2 : )
Read Next r -
Card j§
% ’ B

Fig. 4.3: Flow-Chart for Program.FREQAN:'

, ° -
°©




THE FREQUEMCY mnuqxs ;
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: » y .70 © =00 1.70 -75,12 2.70 -a4.21 3.70 -75.54
,,;' J -.00 10757 TS0 04T T 2,072 T Zea 7T T 275,90
" ) . o ~.24 o786 / =75.21 2.76 . -R1.24 .74 -75.R4 ]
- 76 ~.b4 1776 -75:p2 2476 -A2,R] L 3.76 -75.R2
« 78 409 1.78 Y =75,29 278 -RP.42 .78 -75.79
«HO -.10 1.R0 -7q.18 2.90 -RPOO‘; 3.H0 -75.75% !
4 - b? -.00 L -75,51 2.8? -A1470, 3.82 -75.72
"Ca TB4 T RAT YRGS TR T2 A H A IgA 1786 TSR TES
. - 3B -6.27 " 1.R6° ~I5,R8 ¢ PR -R]. 1,Ah -75.h6 R
. - +8BR -5.09 1.8% -7h,11 2.8 -AQ.7 3.88 -75.A3 ‘
o ¢ 90 ~11.R8 | 0 -7, 2T 2,90 —R0 .52 3.50 +60 ,
' .97 -18.15 1,92 “1n,A/5 2.a7" -A0;26 3,92 AT K ]
L G 22,17 1.94 AT6 .06 0 .96 1 ~R0,03 0 46 <7K,.5
¢ raa VIR T PG, 04 T TTTLOAT T TTRTT, AL T 2,907 270 KD, —_ A 96" 295, sf“‘“‘“"f'
. .98 -29,55 T 149H, -118A7 20 3R -7Q.GH :
) " 1.00 -3\ 06 2700 =18,07 3.00 =79, JU SlkﬁEORéﬁn\t’JLLlAM
+ A - ¢ - . v +
N A i ¢ . . . ~ . . o . o
R “ <+ Fig. 4.4: :Typma](ﬂ'utput of Program FREQAN +
* .~ 1 N
. - .
-
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Tﬁe Charts Program

-

The program given'in Appendix C is in fact a part of PROGRAM CALTRAN.

'.Its purpose is to relate the d1fferent filter parameters name]y filter ,

degree n, se]ect1v1ty factor k, passband ripple -op and stopband atte- .

nuation ag. The 1nput_data needed to rup‘theaprogram comprises .ny ap

and k. Two of these paramete}s are kept const;nt and the fhird ogé is

varried as follows: ' K

S— Keeping ap and k,coﬁstant, varying n and computing tgé corresponding'
stop-band attenuation og. ‘

b- Keeping'n and ap éénstant, vaﬁ<jng k.anpd comput{ng the corresponding
ag. - . v

c- Keeping n and k constant, yarying ap and computing as.

Typ%ca] ;pruts for the 3 cases are 'shown in Figure 4.5.

[N

4.3 Resu*ts Obtawned R SR ) s

The FrequencxﬁAna]ys1s

’

The freguency ana]ys1s for various fv]ters has been plotted -in F1gure

\]

4.6 through Figure 4. 8 ‘
* Figure 4.6 shows the amp]1tude response for filters of degree 3,5, 7*
lalﬁ hav1ng the sam passband ripple 0.5 dbs, and a se]ect1v1ty factor 0.7.

‘The scale-in thefpassband .is exaggera\gd to show the ripples. .The higher

the degree of the filter the greater is the minimum stopband attenuation.

F?gureu4.7 is fo} a filter of degree 7, paséﬁband ripple 0.5 db and
differen£ §e1ec}ivity factors 0;6; 0.7,,0.8 to compare the minimum stop- .
band)atfenuation for the corresponding se]eatjvity factor. The 1?55 the
sellectivity factor fhé higher the stopband attenuation. ‘ -

B 1~‘ N
~ .

P S . ‘ . . . ® l

%
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PROGRAM CHARTS

Fig. 4.5 Typical Output of Program Charts.

FILIER “RIPPLE SELECTIVITY _STUPBAND .
DEGKEE DR FACTOR © AT 08B
.3 <10 70 - 12.98
5 <10 70 40,52
7 .10 o 70® 6R.06 )
9 010 .70 95,59
1) o 10 .70 123.13
5 C .39 .60 54,29
S ¢ 20 0'70\ 45,39
g ¢ 30 .80 364,40
b 0’30 '90, - 26-“‘4 -
) .30 y .92 23.50 t
5 « 30 T 20.62
> « 10 .96 17.135
5 « 3¢ 93 T 12.3%
9 .10 JT6 40,52
S .20 .70 - 43.58 ,
5 .30 «70 45.39 o
.5 a‘ao 070 ?06069 '
5 S0 70 47,71
5 «6Q .70, 48,55 |
L .70 .70 49,27 [
» N R
5 - <80 .70 43,90 gg *
S " «SU « 70 50447
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Figure 4.8 shows the response at various passband vripples 0.1,

0.3 and 0.5'dbs for the same filter degree 7 and k = 7.

Design Charts

The design charts %ﬁ Figure 4.9 through Figure 4.12 are very helpful
in the selection of the oﬁtimum design parameters wﬁich comply to the
;speciffcatioﬂs. The chart in Figure 4.9 relates filter'deg;ee to the ' \\u
attenuation band for constant passband ripp]e and se]estivity factor k. .
From the chart in Figure 4.10, one can select the propér‘filter
degree for a specified stopband attenuation passband ripple and
selectivity factor. As for the Charts in Figure 4.1& and '4.12, éach
relate the selectivity factor.to the'attenugtidn-band fof a diven filter
degree and a fixed V§1Ue of the passband ripp]g. The eharés have Qgen‘

drawn for a(bassband ripple of 0.1, 0.2, 0.3 and 0.5 dbs. o
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Stopband Attenuation in DB

~ ‘ n=11
100}- —’__f___,,,__-—————“"""'ﬁ .
{ [
90¢
) )
80} . ‘ n=7
'70__ //— )
60+ 7
50l ' ’ n=25
/‘ -ﬁ
a0} R .
30- '
20} / e n=3
JoF ' ! ' k = .7
A 1 1 1 X 1 1 1 I 1
] 2 .3 A 5 6 7 .8 9
vy

54

Passband Ripple in DB

Fig. 4.10. Design Chart For E11iptic Filters of Degree

3, 5, 7 and 11 when k = .7
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CHAPTER V S,

CONCLUSION -
4

, o ;

) . - . v “"-’,.':‘ei‘
An approximation method has been described which 1eunds directly

|
|
|
l
| a to the transfer function of the elliptic lowpass filter. The me;hoé :
} was used to dgvelop computer-aided design programs. The str‘uz{ur‘e anq .
| use of these programs is described. ‘Practical exam.p1es are included to
illustrate the speed and accuracy of the method. Désign charts are also.

derived from which the design parameters can be selected.

The method involves Tittle storage space in the computer and is

extremely fast by comparison to the iteﬂ'cion algorithm methods or the

Iy method using the transformed frequency variable. The'prpgrams are very
e N . . ) . ) .
simple and very easy to use.
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h )
.-
) \
[
18 ‘
[ .* N
J .
. . A
. 1Y
[ _
°' s Le 4




102

1.

12.

. IRE Trans C.T., Dec. T968

(Theory@ January 1971. :

- 58

REFERENCES

@ o
J.H. Mole, "Filter Design Data for Communication Eﬁgineers",
New York, Wiley, 1952. oo ‘
A. Grossman, "Electric Wave Filters", fn~ﬁ. Pender and K. McIlwain,
%d., Electrical Engineers Handbook; Communication é1ectf0nics,

New York: Wiley, 4th edi., 1950.

R.0. Rowlands, "Double-dérived Termihatioé", Wireless Engineer, Vol. 23,

Nov. 1946, pp. 292-295.

, <3 ’ ;
J.E. Colin, “Généralisation des FiTtres en échelle du Genré Zobel?% . /////»
.

Cables et Transmission, Vol. 12, July 1958, pp. 185-205.

S. Darlington, "Synthesis of Reactaﬁée Four-Poles*, Journal of
Mathematics and Physics, Vol. 18, Sept. 1939, pp. 257-353. ‘
R. Saal and E. U1br1cht, "On the Design of Filters by Synthes1s",‘

&

R. Saal,,"The Design of Filters Using the Catalogue if'Norﬁiiized

Low Pass Filters", Telefunken. ‘ »

JuK. Skwirzynski, "Design Theory and Data for Electrical Filters",

Van Nostrand, 1965. .

©

G. Szentirmai, “Computer A1ds in F11ter Des1gn", IEEE Trans. on Cirtuit

3

Theory, Vol. CT- 18 No. 1, Jan 1971 PP. 35-40.

H.d. Orchard G.C. Temes, "leter Design Using Transformed Var1ab1es",
IEEE Trans, on Circuit Theory, Vol. CT- 15 No. 4, Dec.- 1968, pp 385-408.
C. Norek,: I‘P\roduct Method for the Calculation ofthe Effect1ve Loss

-LC Filters", in Proc. Int, Symp. Networg Thgpry, Belgrad, 1968,

pp. 353-365. S /Lu e )
J.K. Skwirzynski,® "On Synthesis of Filters", IEEE Trans. on. Circuit



.

’ o P -
.
4 /*

) '13‘; ‘ H J. Orchard and D F. Sheahann, ,"Inductor]ess Banq\ pass Fﬂter's"
‘. : IEE J. Sohd -State C1rcu‘1ts, Vol. SC- 5‘ June 1970, PP, 108 118.
- 14 e;;lberg, "Network Ana]ys1s and Synthes1s", McGraw Hill. )
: . 15 K He der.sonﬂand W.H. Kautz, "Trans1ent Response of Conventiona1
R . Co .’Fﬂﬁers",' IRE,? Trans C1rcu1t Theory, Vo1 CT-5, Dec. 1958 pp 333- 35‘/
e 16. A. Budakg and P. Aronhhne, ra’s1t1ona1 Butterworth Chebychev Fﬂters"

-

v IEEE, C.T. May 1971

]

RO AR, Geffe, "S:mphﬁed Modern 'Fﬂ‘éer‘ Deslgn", Rider, 1963.

L

‘ 1_8 K,w Henderson, "Nomc?graphs for Des1gmnq EH1pt1c F)m\twn Fﬂters",
- /’ . ¢~’
e ' < IRE Proc. C1rcu1t Theory, Nov 1958 pp 1860- 1864
. s -
' 19, H.Jw» Ov(':hard "Comp&tatmp of E]hptw -Functwn of Rat1ona] Fra!twns
SRS
L " of a'Quarter Period!, IRE Tr. C.T., Dec. 195@,.pp2 352-355. .
) - . -~ 1 ‘ - .
20. A. GrBssman, ”Synthes1s of Tchebycheff Parameter Symmefric] Filters",
. ) * , / ‘ - ’ ‘
' [ Proc. of the IRE, April 1957, pp. 454-473. ‘
-~ 's g ‘. ' a
. \:\ . r.:- TN ] ’ ’ %.ﬂ R '
i SN, - | . _
t - L g ‘&. h - Y -
’n " v./ : .f =
. 4 ® . LIPY N “
' - ¢ s . . , .
v PR P . . \; N - ot
Y ) Ly .‘ -
3 z Nt ~ 3 “& * ‘ T L
. 1, - * T L
e e -
P ) Y { o
L I N . %
’ 2 ' } l‘-\-' ~ ‘~ \ - A
A . , ~ . .
3- 4 , ‘ . ‘; » ¢ Aﬂ
| ! > ,/ .
0 RN T / ’
e “ ’t e .o ‘ ¢ ! ’ . * s \ . L
oL, ' ‘ r Y .
1 \‘" J ' *
-~ - N - < \

pp. 413- 415 L . o

-




C

cow g -

-y e & it s -

4 by B

PN
& ¢

)

o\

[

APPENDIX A

CALTRAN T, )

PRIGRAM (A
. .
b pPoORRAM CAL TRAN (THPUT..OUTPUTY ¢

DIMENSTONT wr?O).H?M.M?n)-(‘I?‘iﬁl'?or.bl?o’ -7(20)
neoan 1214200
REANLD N TP AK
FORUAT(I2%2F10.6)
AKP=COPT (], ~AK#8D)
Sax=50rY {2xp)
E SR 1 =GAKT /T JESAKT
N=CeP.0F285,)5,0Eseq
TR=TP/10,
TA=104°ALOGI0(10.P*TH 1.)-10 '(2."401 YeALOG1O(Q)=~12,
M= (Np1Y /2 .
Dcwr 1 . ’ )
rnc"indt-]rr,anx. THE TRANSFER FUHCTTNANG T/ 449X 8 0F e/ 37X 9 TAE ELT
1IBTIE LONPARK FILTFRO//)
PRINTIToNGTPAKWTA
FARUAT(/20X o 2N =295t 4RIPPLE -t.n..?.?v.tl)‘u-'ﬁx-tSFLFcTIVITY FAC
1T0P= 2.F6,2/720542STOPRAND ATTENUATION =2.F10.6.5H DB}
“c:?.lu)ﬁw?aqu?.m»l.ﬁ
Taz>a(0er.1) ;
V=2, 6045GR/ 1A=, 102646 /7TACALNGIN(TR) o AN} FOuy (AR TR
AN=18e 266 (FAP (V) =FXP (=V)=0n82, 8 (FXP(1,8V)=FXP(=1,8y) ) i0sehe (EXP (S
leoVa=fYP (= Q.’V)))/().-0'(FX:’l’.'vhflol-?.'V))o\)"k'(EXP(lo w)orxP .
Ple=t, oV)) )
PRIMT 12420
17 PQD'IAT(//?ZX-IZEQDES!‘IST.H’nLE';ff/«'Eﬂ(.l :.rq m
DO 201=1w
WLT152.%000 258t (18N} =982, 9SIN( o)
172.270C0S (2. w]eD)e2, m--ucosu.-l'm)
otiN=1/znln
7O =L 1) 082
LYSAE Af‘"i"\:'rr(r::nk"wrﬂ"?)‘TT-WTTF"?IKKH/H.oAO"Z'W(Y\"?)
url)-w(l)OQ')“T(H.‘\'\'AO"?)°H.MO"P/MH/(I.‘AO"?'H(”"?) !
PelrzA(l)vepin(]r1oep
CIIr=7,°nTT)
228 831 1-9(1)‘MI).R(H
Cﬂ:‘JYH.‘H[-_
FORILT(22K e t=2yF
PRIYTIO0H, AQ' L
qu-;n](//\?x.tlll? 2412(1H=)/30X 25+ 24F10 ,A)
DOIITI21 W™ o
BRIMTIIN (7L« PLT))
FOPUAT(//0AX222/3%K 902G +24FR(H6/25X 4 20 1.27(1'1-)/30!.:?’/?9)(.&5 .
12 FR bhe?2%S" s2eF8,6)" ¥
CONTINUE
s10° ¢
END 3
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ARPEND

IX B

ROGRAM— FRFOAN &y - N

PROGRAM FRFOAN(INPUT s 0UITPIT)
DIMFNSION A(20)B{P01 +PLPOV

Dosntiz)e200

REANDIONIAP ¢ X

1F (NLENO00MGOT04]

10 FORMAT{12.2F10.M)

c N=FJLIFR Ofﬁﬂth M 1 Plstn

T FACYOR

C THFE FREOUENCY AMNALYSIS (Arre?mn

C ELLIPTIC FILTER

CALL CALTRAN(N«AP+SKeAQPs7s
PRINTY

FORMAT(IMY// 60X 9 THE FREQUF

CDC ARVOFIN
[} .
702010 20Y s XT20TVAMPI20TVADR (70T

AN

AND nlnPLF IN DBSs SK 1S THE SELECTIVITY

~ -~
» .

10N RFSPOSE) FOR THE NORMALISFD LOWPASS

AthC'AS)

-

NCY ANALYSIS"/okql"or'q//t37! s#THF E

1CLIPTICTLOWPASS” FILT“Q-./H
M= (Nel)/2
PAINT 114N APSKLAS .
FORMAT(20X e 2N =7[? 15X ¢ #RIPPL
10R= 2eFQ,/£+/20X.2GTOPRAND AT
C M IS THF NUMKER FILTER SECTIN
TTASTIS TTHE MINTUIIMTSTOPRANIN “ATTEN
Hz AN
DOlal=1M
M=MeR (11 /7 (1) 4
PRINTIA
FORMAT(// e 10X ot (AXs®OMEGAR, Y

15
11

4\

19

25 36

F =2 eFiy?e2X+2DA7SXe 2SFLECTIVITY FACT
TENUATEON =4F 104647 DRz}
NS

TAT YON’1N‘ D‘“E

‘

Xe®AMP DR®)) N

D010 K*2VT00V? i
OM=x/100.

DO 400 L=1.4

LAa=L -1

X(Ly=LA+Om

AMP (L) zH/SQRTIX(L)**?, e AD#Sp

»

30

v

‘ SIR GEOR(hVH:LlAMS UNIVERSITY C.

)

DO TIETVW

-

UM=7 (J)=X(L) e
UE‘-‘-SORH(D(J)-xu_l"’)"?o(ru)-x(L))"?)
AP (CTEANPTLY 804 70PN ——

ANHIL) =20, @ ALOGIN(AAS CAMPALYY )
PQI\'TTL\(X(L)!ADR(L)oL-l-l-)
FORYATIIOX & (6XeFea?s AXWFT,2))

CONTINUE
ST00
ERD

35 17
400
.10
34
40
4l

<«

40 \

T
\

TOC 6605 FIN VI 0-PEIE NPT 157aX774. 1R 4B T6

¥ SURROUTINE CALTRAN(N'APSKiANsP o7 e AR C
vl-«rkgm'«11?or.'ﬂ?onnrzm'.p‘rzm‘.?{?m’-‘
Mz (N=1)72 .

SSK=SORT{] . ~SK#sp)

,SAXK=S0RT(SSK)

E=eS%(14=SAK) /(). +5AK)

O=Fs? .0t 085 15uFa09

TR=AV/T0,

AS=10.%ALOG10(]0, 29 TH~ l-) ~10.®*NSALOGIO(N) ~12,

0=3,14159265/N

1a=>e0

V=2 ASLBLR/TA=?, 'M?SRI.IIA'ALO(‘»)O(AP)‘.OolIOI‘/H'M’"? .

AQ=0®#, 758 (FXP(V)~EXP (=V) 08028 (FXP (3, 5V)-EXP(~3.0V) ) +0%840 (FXP(S

l"VT—FlP('-T:‘V)Y)'/(lJ'-O' (['XDHZ.'V)—OTXP( F‘VIFO"Z"(EH‘TI-.'vﬁ PR

w 20=6,9V)))
NO 201=1lm
W(T) 22,0008 , 350 (SIN(1*n)=nerss vshua.'l'm00"6'5le-'1-0))/n.

P 12.%08C05(2.21%D) 2, %0848 (0S5 (b !I'Dl)

BROUTTRE TALTRANT

v

AS)
1207

z S

10

1

15

2(I)=),/tnif)ee2,)
AT1Y= AO‘SQ”T\'H--SK‘-”I')“?)'\T’.-W”)"?/SR))
RCLYZN(1)eSART((1,45K8A0082)8 (), ¢AQ® R /5K ) /1,
PUIV=A(l1v®248i(]) 007
Clly=2,%A1(1)
CG'I’HM)E

RF TURN

END

1T AG= V2R (1 peesT
YV IYCTI S TS 3]

< H

/ .
+ "5‘ ° . ‘
»“{" SIR GEORGE WILLIAMS UNIVERSITY C

20

_\/




. . . , _\
° " ! .
. T ; -
) h . )
N L. E
. \ - WKl Je =
e B T aQlLs 17 T
. . (€93 xlls2° 73 X0l ¢ g xa.mp x91) AV, gUd [\ .
SV ¥5¢dav eIl Livi ur ' . ~
\L SHYUG NI wOLIVIINILLIY ulyveaUls Wi INTa u..z.p 51 Sv O . : .
e 1=t UTI0 WaNa T~ (" l=tosu~ 0D UluLIVE"” ~|u<. ST - .
s —_ ..l,.nuc.r\nr.«..m-
N e R T A z ! )
) ;qvﬁ:;vquo.,:u Co
. . (¥50) PUNS=XT .
M; ot ’ {caa¥s="1) LciS=x5S al.
) , . SN (R ETARD DRIV ul ) b
G AV AU R EUISATIERITS IE A . -
. ’ - l ¥Sr Vet vluvaddg . s -
oo ’ . ' vhet1="1 vv LG *
. . o' . : . (/7 wvle ] " s - i
LUasx01* a0 0Vdas X0 240U X2 23309300 251 /6UliveclSaéxs oA Ing1D471 -
mvv.xwocm-_aagaz.xm.vn....:.:ut.,ywa\\.twhnf.c .v..caccnan.x:..\\ml:r..‘.ncu_ l .t !
—r ;—r—ﬂm\maf N -
tliiglvnusineitl I slevad wwaulaa
— ——— —— — Nlg 0099 24D o Slcevnd A X DIV I
. N r , - ! K
3 . .
v N
—+ . . -
. _ ) "3 XION3ddv .4 -
f/{ - ) ' . s
: ¢ ] . .
© \.“(\\ B} .




