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o ABSTRACT . ' * \

A~teg?niqué is presented for éesigniﬁg stable
two-dimensional (2-D)‘recﬁrsive filters. whose magnitude
re%pdnse is approximately circularly symmetric. Thié
is ach}évéd by caséading‘two individual elementary oneQ~Ln
dimensidnalf&AfD) filters and they are designed from an -
approximatﬂﬁg»fqnction whiéhxpossess circplarly‘Symmgtrf

properties. The function is obtained by TaylofISeries-
N i ‘

. expansion about the origin and Using the Laplace trans-

formation ;o obtain the corresponding analog“fiiter,
and then using the bilinear z;traﬁsformation tolbbt;in
tﬁe corresponding digital filter. Stability of these
filters is considered in detail aﬁH the résults for

* each second-order section obtaiged and stated in: the

form of three constraints.  Finally, the method has been

7 i
developed into a computer-aided design program.
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CHAPTER I <
mm@nuc'nou
1el GENERAL .
~——_ B ) ﬂ -
Two-dimensional gital f{lter offsi's nany N ,

advantages in digital si o essing. Applicationa exist

in the procesaing of image geophysical data. Onms of\’the
ways is to ‘proco s the 1 siknai with filters whose response

is approx:!.mately 2t rly synmetrj.c.

The deaign tachniqnes for recursive filters :l.n one~
dimenet onal (1-D) case can often be extended to. tho~tto-d1men- '
si:‘o case in order to obtain the d.rcnl-arly symmstric . )
magnl tude rébfpl)nae 0] . on the other hand, the donigo of
recurkive filters in 2-D becomes difficult due to the fact
that a polynomial in two vu-j.ablos B(z‘,za) cannot be tactored
(sonorally) into ﬁ.rst order polynoniala. It is also d‘!.fﬁ.cnlt
to teat the stability of 2-1) recursive filters except of some.

simple cases. '

“».;.,,‘

This report 18 restrj.cted to thn study of appronmatoly
: c:l.rcularly symmetric systems, vhic.h s.llo's ‘us to use the tach- :
n:ane ot Taylor SGr:Leo Expansion analysis. This approximation-
tochn:!.qne has proyed :Lta value'z;: numerous probleu of

practical interest in both 1-D and 2-D system (1) »
N
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~Definition 1

‘0 -2 -

his reaport, we 'i'll discuss ho;r to obtain a 1-D
recursive rilter based on the technique. of Taylor' Serioa Exparn-
siom of runctj_gg\‘e c(t +t ). Also, we will ahov_r how to \/\
claac'ade a number kof: such filters in order to oi)tain a stabls -
t:chularly symmetric 2-D digital filters.’ -

In the course oi this discussion, 1t is essential to
atudy some of the important simularities and d.iffepencces
between 1-D ard 2-D digltal systems.

[}

v

1.2 DEFINITIONS ' - S

-

Some accepted defim tions of 1-D and 2-D digital system:
4

functions are given below (8]. Y :
K » ! h

o

A lnﬁ.nito éespme linear sghift invariant 1~-D systems
can be described by finite difference 'equa%iohs of the form

Ne1 ' N H"‘ [ ‘
Y, = x(n=k) =~ I(n-k) (141)
07 F X vk
and they have rati'onal 2 tramsforms . >
b N.lv .
-k
- zZ
B(z) g I ., A2 (152)
zZ)= - - B e . .
E 2% B=) * . ‘
X=0 bk
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. -3 - .
e . Definition 2 . o
., A infigite response E.nqar shift invariant 2-D system-v
i L L
_— can be described by finite.difference equation of the form
% % N1 Nt |
? }l ‘ i a(n, ,n,) ‘z(nl',-nl Bl )
n1=. n2= . ) . ‘ L
5. . -1
, ) | = g -;: b(n.' ,na) I(l n, ,EZ"‘nE) (1.3)
; 4 )\ -0 n ’ v 3
- where { x(n1,n2)} is the i.nput array, {y(n],na)} is the output )
array, and (a(n1 *"'2)} {h(n,,nz)} are the coefﬁ.dent matrics
which define the transfor Iunétion of 'cho filter. Q
‘ In the (z1 .zz) plane tho tilter representod by (1.3) :
*
. 4w descride by the transfer function
. N-1 N-1" 8 B ’ S 1 ‘
- V Ea aln,sm,) 2021 2,702 - Coe ‘ |
"L S . 1887 2y 1 % “ - S
! n, n, . | o
B H(z z,)= ' ¢ ~
‘1042 E . ' s
g %.; -n : " . ,
o b(nl,nz) z1 LA z 0 ‘ S
. ) ' : ] N . , ‘ :. ' * . ‘ .
\—««t ' - ‘ - ! : / ' .: L ° ¢ ,
) . A(z1 ,,za) , ,
= . , . (J4)
' B( y : : | | A
. ot b R -
f- ", - -
N s , ;
. \ ) 't [}
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! " 1.3 SOME ADVANTAGES OF 1.D SYSTEMS

~

" In several interesting cases, gome 1=D systems can re-
present special classes of two and higher dimensional systems. \
Some exanﬁles are '
- a) In some cases, 2-D arrays can be represented exactly by
\ 1=D sequences [1#]. Tﬁis ap;;oach has great potential for 2-D
diéital.signal proc;ssins‘L !&nce the resulting sequences can
bo processed by familiar 1D techniques and the results can

then berreuapped to 2-~De.

)

b) In some cases, some I-D'aystoin have the same magnitude
~charagtarisfiés as some class of 2-D sysiems. An 1-D aysteﬁ
can be represented a 2-D lowpass filtering (LP) system with
approximately cireularly symmetric response. For this reason,

, those 2=D resnlfs\can be regarded as stralghtforward extensions
of 1=D results. ) ) ‘ ' ;

-

Y, c) Because there are many operations which are more easily oo
performed using 1-D mathematics, it is worthwhile to use 1-D
filters t6 perform 2-D taskse = ' o ‘ ‘ 4 .

4 .
¢ q

~

1ol ~ SOME SIMILARTTIES OF 1-D AND 2-D DIGITAL SYSTEMS

The following are some 0f the similarities of 1-D and

2=D recursive digital system:

#

f‘ a) Fundamental properties: For all stable 1-D an& 2=D digital
P systens, Lt is desirable that both 1~D and 2-D digital systems are

» v
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time-invariant and shift- invartant.

!

b) Pole 1ocafion conditions for BIBO stability: In 1- e a4
digttal systems, The BIBO(Bounded-input,Bounded-output).
stakility condition can be related to the position of the poles

in the z-domain, that is to the region of amalyticity for the
transfer function H(z). Such as
- »
- B(z) # O for lzlg1 .,
0 ‘ ’ 1
This can be extended ta 2-D digital systems. As shown below
B(%y22,) % O for [zil§‘1n|22|$1 .

Bimultaneonsi&.

\

¢c) Constraints on the coefficients: The stability of the 2-D

digital sysé;n can ;iéb be determined by the éBgfricients-or‘ (//

‘f _ the denominator polynomial, B(z1,za). The gemeral criterion |
for stability gliven by Shanks [6]~ié that for the coefficients
'of expansion of 1/3(21’22) "in a positive pbwer of z, and 7z,
to converge ébsolutély, it i3 necessary gnd suffiéient that

. . the poles of l/i(z‘,za) muat Aatisfy'thé pole location . '
¢onditions for ﬁIBO stability. This is sin}lar to the con~

straints on the 1-D case.

. d) Magnitude response: Some 1-D digital aystéms.have same

magnitude response as some class of 2-D/digital systems. For . .
example, gome 2-D.digital filterw, Whose frequency response is
approximately circularly aymnetnic.' This car also be obtained

b§ béscading a number of some classes of 1-D digital filterse N -




1.5 SOME DISTINCT DIFFERENCES BETWEEN 1-D AND 2-B DIGITAL

SYSTEMS:

Some of the important difference between 1-D and
2=D digitai gystems are:
a) Factorjzation of the polynomial: The difficulties of B-D

digit;l éystpms‘of degree 2N are almost always related to the

- fact that thqre is no gnndamentai theorem of algebra for poly-
‘nonia;s in two independent variakidles which allowé us to

factorize it into a product 2N polynomial factors of first

’degree [2] On the .other hand, there are gsome theorem and’
poverful techniques’ which allows us to factorize an 1-D polynomial
of degree N into a product‘or N polynomial factors of first
degree, thereby alloying us to find the roots of'polfégnials

to check the pole.location conditioms for BIBO  stability.

h) Siggggggggiea:df rational funetions: Im 1-D digital

aystems, all poles are isolated. It‘is only fiecessary to
locate a fimite set of poles in z-plane, which require that

the system function have no poles outside the umit circle.
-

’,In Z-D digital systams, due to the factorization problem, thcre
¥

. ' 1s no techniques for computing the continpum of poles for g

-

general 2-D function.’ However, for a low-order 2-D runcfion,‘
we can astimate the region of poles, but we cannot guarantee

ﬂtghility. In gpneral,‘it requires that the system function
" havd no poles ontaide.tha unit sphere.



-

1.6 SCOPE OF THE REPORT: .

-

AN
u

The objective of this ?echnicalkrequrt is to discuss
some aspects of the mathematical framework underlying the 2-D
‘digital filtering having approximétqiy Eiréularli' symmetric
response, and to deaigdithis type of 2-D diéital filters. ’
The remainder of this report is divided inmto VII
chapters. In chapter II, some properties of cireularly
symmetric 2-D system are presented. This will establish {:he
obiective to later chapters. In chapter III, we, discus;ed

the approximating techmique by usihg‘TaylorISeries Expansion.

Taith,

The rppresentatfon of one-sided ({;e) approximation, two-sided
(2-s) approximation of 1-D and 2-D_comtinuous filter functions

are 'also discussed here. 1In chapter IV, we discuss the digital

e

f1lter function which can be obtaimed by using double bdlinesr 1

.

5.
P T S
R R R N

z-transformatiom. Also, we discussed the stability testing
procedure for the syggzn function; ; chapter V, we presente&,
the design Qiamﬁleé. In chapter VI, we discussed the cOmpuferu
. alded demign of thia type recursive digital filter. In chapter : e
VII, we villlrayiei the design technique for 2=D digitgl low- ' Q,%

pébs‘filter with.apbroximately c¢ircularly symmetric response.

¢

N

S <

o T : T tETEEOR A 5T



CHAPTER II’ | %

SOME PROPERTIES OF CIRCULARLY\ SYMMETRIC 2-D SYSTEM

2.1 IETRODUCTIOR 2

In many applications,a 2-~D digital filter is reqﬁire,d
to possesé clrcular symmetry in ité frequency response. Some
typical applications exist in the pro?eaaing of images amd - ‘
geoghysical data. When desigming such filters it is deairgﬁ}e
to know the clags of transfer functioms that possesé.%he desi;ed
circularly symmetry, so that the approximation can be carried
out in the domain of .lthat class of filter functions.

In this chapter, we willlexamine‘sone”prbperties‘ of N ;
‘2-D systems 'hoée magni tude reéponse is approiiyately eircularly ' é
) d

symmetric.

.22 PROPERTIES OF CIRCULAR SYMMETRY 2-D FUBC?ICN

Under circular . symmetry .the fumction is invariant on ]
any path around the origim in the desired S- or Z-plane. The
nature of the éond;tiond’imposed by circular symmetry on the ~\\

™

analog and digital functiona are gerived\as follow:

a) Analog function: A two-variable function HQ;I,BZ)‘iq sald

" to poasess circularly"syﬁmatrickmagnitude regponse, if.this

magni tude funétion satisfies following conditions(4].

' . ' ’ oo, !
- 8 .- N 'I .\.‘

L
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1) Under the circular symmetry, the function magnitude is
o _ invariant or any cireular path around the origin in S-

plane. This can be written as
\

: . o 2. 2,2 PR o
i [Bcaysm)| = B e ¢ 55) ' (2.1)

ry Vo .
2T LY

2) H(s],aa) poasessés circular-symmetry in its magnitude |
response, iff its numerétor and denominator possess the
ahéve symmetry property individudlly.

3) A tvo-variable polynomial P(s1’82) possesses circularly

o symmetric property in its magnitude response, iff éach

of its factors individually are

' 2
2)
%) From the conditions (2) and (B) we then concluded that

P(s1,sa) = P_ (s + 8 (2.2)

T TR e

* a two~-dimensional rational function H(sl,az) pppsessing

. '“‘these properties can besexpressed as

IR CE N AT A

2 P(B1+82) ) -
L~ IH(SI’B )l ———e, . (2.3) /

0 . Q (5.' + 52) ///

N ) ,
.b) Digital function: Any,digitai transfer runctiou'ugz;,za)

can-be generated from analog function H(si,sa) bg/;eans
of hilineai zétransforhation. As the circuIa€1§ symmetry
': ‘ of a function depends .on sl'and s, in E-domafﬁ, the
: circularly symmetry behaviour is unafractdd by bilinear
z-transformation. Therefbre, the cunditions to be required

by digital functions to possess circularly symmétry can




. / : o 10~ | ; o w
. | o w “
/- L » I

ade T A

// be'obtained from the correspomding conditions oﬁ the . e
// +  amalog functionas., . '
§/ ) . .
A two-variable fumction H(z}}?a) is said to posses cir-
cularly symmetric magnitude response, 1iff this fqnctidn . '
‘ // . satisfies the following conditions.'/[\ - L
1) TUnder the circular symhetry, the fumction magni tude is
-~ . irveriant'on any ctrcular path around the origin in Z-
o pland. This can be written as
2 z,=1 2,21 N
. 1 2 2 2 s
? ' /[H(zT.za)l A LA A (e .
: 2) . H(§1,z2) possesses circular symmetry iﬁ its magnitude.
) response, iff its nunarator_and.dapouinaton;poss;gslthe :
, . v \ ’
) //ahove symmetry property individually.
3) A two-wariable polynomial P(zl,za) possebsea.circulariy . 4
a symmetric property in its magmitude response, 1ff each
/ of its factors individually are S
| r N, 21
. . 1 2 42
' S 4) From the conditions (é) and (3), we then concluded that

' a twoedimensional rational function E(z1.zé) possessing

these properties can be expressed as )

L . , . -

o ' e AR LY ”

| ?B( (;;;T) + S;;;T{ ) | ,
N 'H(Z1 lza) ' = - : ° (2.6) .

L %= Z,-1 ‘ '
UAQE 2 SE (;2;—,)2 o ~

-

g . - ———

REEERTRN R o o O ST N : ' N DRI
. . . PN . " KL 0
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235 SUMMARY SCUSSION .

In this éhapter, we have exami ted the properties of

2-D system whose magnitude response is d.rcularrsyimetry. To
achi eve a circularly symmetric ~r:espc:uuae, the transfer function
required itg,mgniqgiu response is invariant on any ci\rgular
path a:."ound the origin in the deaired domain. In a similar

_ maniner, one other vay ‘to define a ecircularly symmetric function

is that both numerator and denominator polynomials possess

circular symmetry propérties.\\

4

From the theory of multivariable polyziomiala: it 15'
found that an’ exact cireularly aﬁmetﬂ.c function which is
roq'uired.to satiéty all the ahove—con}ditions cannot be <.J'htained. -
(8). But it is possible to obtain a good approximating fumetion -
which ponse;e‘bés circular symmetry in its magnii:u‘é'b:‘ response.
One_of this "appfox:l.l\n;.tins'prohlm will e eiand.ned in the
following chapter. ] R

* ki
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MR III

 APPROXTMATION

Y.

3.1 INTRODUCTION ,

¥rom the theory of multivariable polynomials and the
properties of circularly ametr.'f.c 2=D system, 1t can be shown °

‘ that the relauon in chapter II caxmot be satisﬁ.ed by any

polynomial other than H(s1,,sa) =1, 0r H(z1,z ).= 1 [1]. This | -

implies that an exact cireularly symmetric filter eamnot be “

oh;ained in any rq.tibnal, causal and stable two variable,

function. However, we could obtain an approximated function

which péssesses irer;y good approximately circularly symmet':i-ic"

responsa. ' | ,
In th.is chapter, we vill exami ne some rational functf.ons

wh;ch po‘sseas appz:oximatels" ci‘rcnla:;ly symmetry in 1t nagnituc;e_’

. ‘
response.

2

3.2 CIRCULARLY SYMMETRIC FUECTION. APPROXIMATED BY TAYLOR SERLES' -

o

. " \
An exact circular symmetric 2-D function which requires

', that the filter frequency respouse H(sT,sa) be a function of

2 ' ’ ~
8y + s‘; in S-domain cannot’ be obtained(8]. This can be proved
by the theory of mmltivariable polynom.als. Tt can also be
shown that there is no. polynom:l.al which can satisfy all the

above conditionp, other than H(e1 ,sa)a 1. But it is poesrble

- to obta1n~a good approximating function by Ta:lor ‘Series which

-12 - -
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.
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"o satisfy comdftion (2+1) to (2.3), equation (3.1) can bé

, é.ppronmated by

| ’ =13 -

possksses circular symmetry. Also this 2-D functiom can be
gseperated into a two one-dimensional funétions of the type
f[i(ti); for 1 = 1,2 « So that

2

E(w1

:'g) = K,(vf) . Ha(wg) (.3-1)

expressed as S g/ ‘ . /
, o // ‘ .
H (02 + ¥3) = H, () o B,(w3) (3.2)

One of the solutions of this approximating prohlem is to approximate
\ .

: 2
Hi(wj?:) = e X"t ; for L = 1,2 _(3-3)'
_Where x, 15 a Scalar which gives the required response of
Hi(wf) at v, and its magnitude response can be shc}wn in figure A

'(3.1). Them, its 2-D filter function Ha(wiwg) will  be ’

\ :
' v

R S Y N N ®
ot Eg(wy,W ) = By (w]) o By(¥3) ,
N 3 , .
‘= G—xé!$ « @ XC'Z . ) /
, 5 . . .
= &% (") ¥ ¥3) L (3el)

/

' . ‘ ¢
and its magnitude response'can be shown as in figure (3.2) for . p

[}

xéﬂ/z, and 1ts contour response-is shown af in tigure (3.3)

Equation (3.4) will possasses.re'qnired' circular symmetric _

2 2

properties with .wi + w3 = constante -
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' . Tt is 1npogaible to obtain a ratiomal function in _S:-(51 >
. domain whose frequency response is the game as in equation (3.4).

Howevwgr, there is a class of functions with its impulse

‘.3'; response approﬁ.mately circular symmetric and rational in

-x t

; . 2
o . s~-domain. These can be obtained by expanding function e ¢

. T
o

in Taylor's Seﬁ.es about the oris!.p in posit:l.ve direction,, or

+

t;O as - o o : : ' - .
2

B(t)=e~%c®
: A X N
Sy x t t t
21 - X, ta - of

+ -—— * 4e00e

a2 /31 L1
. (,1)%§t2”‘
R ) L+

3 . 3“ ni "_ )
i\ t\ ‘ \\ ' )

: . Vo .
’ . = 0. for t&0

.
" *. kﬂﬂﬁ:;-i*;:": e

5 st s00 - - (3.5)

5

and its’ Laplace .Tramtomation%ill be

. 2x. . 12> 1200 1680xt
Ba) e = 4 g - 2
s 8 f‘ 37 s9

o 30240:“ ,

_—Tr + sceccns

— . , ' . :
Tt as ¥ -+ w f\ (346)
- It is posaiblo to obtain some. class ot mtional

nctions, vhose continued dd.vision gives an appronution -
to cqnati.on (3.6). As \ RN

,8,)
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: Hp(s) = — | (3.7)

\ . .
where 1) K is the Rth ( or s"'n)‘power approximation of

equation (3.65

2) m>»l; n=Ntl for N1
v ﬂ 2. '

39 ,,all’a:L and b.'i - are positive ans z:eal

£}

’ 'Then, long division of the numerator by denomimator -

of H(s) of equation (3.7) , yields ) ) V

P TP S

~
PPN



1 a, - b (a, = b,) - 2, (a;, - b,)
. 1 1 2 27 . 1Y 1
STt 3

( (a bS) - by(a;-b,) ) - ( (ay~ b)) - by(a; = B,) )
n ;

(((a, = b,) = bs(a; - b))~ 1:.2(('a2 - ba)"- b (a, = bT))?
-h1(((a3 - b3) - Z(a‘! "\h‘)) - b1((a2 - ba) "b1(a."‘b1)))
' 5

4 .
8 . )
,

e iy #om e

C(((ag - by) = B (a, = B)) - By - ) = by (a;=b;)))

~b,(((a5 = By) ~by(a; = B;)) = By ((ay = By) ~by(a,=5;))))

by ((((a,- b,) =by(a; = B,)) - b((a;, = b,) -b,(a;=d,)))

-b1(((a3-b3) - by(a, = b)) - b, ((ay. - b)) - b1(a1-—b1))))
. z .

(((((ag = Bg) =bgla; = b)) - B ((ay = B,) = By(a;=b)))
-b;(((ag = By) - a(a - b)) -, ((a, = b, ) =b, (a ~-b,))))
. -hz((((a 14.) -bs(a - b )) bz((a - b, ) - b, (a b, )))
By ((ag - by) -By(a, - b)) = b,((a, = by) =b,(a;-b))))) -
-b ((((((a5-b b, (& - B;)) by((ay ~ by) -, (a;-b,)))
2(((3.3-.123) - by(a, - h,)).‘ b]((‘,aa - ba) 'bl«(al-hl))))
b, (C(((a,- '4)- bs(ay - By)) = by((ay- by) =b,(a,~b,)))
-5, (((a5 = By) -by(a; = 1)) - b, ((a, - by) ~b,(a;~b;))))))

O Sl TN - WU,

-
atrtad it

‘,%
}

37 7‘\

. . )]
""' s00cecsee N 1 aa‘l - 0 (308) *

‘ .
. B C ee——
dodinn L . .

4 ) TR
v TEU Te 1&,;*:- R PR N
- PRSI TIRS uts TN A - g sl )
RS IT A ~‘-A..'—A?}«. % e AR Foon oy _,_.m
Y 1:@‘2&9’? oL 500 i R S IR CRP . %
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’

By comparj.ng equatiou (3. 8) and equation (3.6), we - ¥
obtained the following.relations N
. J i
. a1' - b1 = 0 (3+9)
{ ’ "(&24— b?_) - h{_(a1 - b1) = -Zxc |
. or ' .
a, = b, = -ax (3.10) ’
_ (Sa3-b3.)_-_‘02_(a]__b,1))_-J:TLLaa-;ba)-bl‘( a,=bj ).) = . :
, By atmplifying, ¥& obtained , ’ c
az = ,"3 -2Xcby . S | :(3.11) ‘ e
((au-hh)de(al'b ))éba((a -b,)-b (aI-b1) . o | %
- g RS- C
‘ -b1 ((('as-b})-ba(a )) b‘ ((aa-h a)-bI (a1 "'b1 ) ) )-12Xc } ;
_and _ - i '55
? L. T‘;
BRSNS 2x? - 2byx; Ge12)
Simlary, we obtained . ' VJ "
o 2 : i 3 - .
ag = bg = i2xchy - 2xcbs oo B3 ; M
‘ &6 - b6 = "12013 - Zxcbu "'12Xib2 (3.]‘})
ay. -‘b.? - -120x3h + 12x2b3' s (3.15)
sy - by = 16801 - 120x0b, + 12::3'24 - 2% b |
. (3.16) .
anh'so 6n for higer terns, B; snhstitutins eqnationa(3.9) to -
(3.16) into equation (3.8) ve get k!
1 - a, -1 a, =b + 2b; i
H(S) = + 2 2 . C 45 2 " ot
I z'f g2 e e . 'é
» v :f‘g‘
. &6 - bs - 12b2 + ab"_ i:f
gl - , ‘ A
J ag — by + 2bg ~12b +120b,
) + ) 3 .
ra 89‘ o
+ ce0ee as N ".'G) (3.17)' .

e . ST
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If we define- E (e) to be an Nth-ordar appronnating \
furetion to equation (3.17), we obtainad
1 a, - b2 4
2
H;(8) = = + .
3 s | ; , . .
+
\ o= t o ) </
-
s +hs+h
(- « 1 2
8 + a )
) . - (3.18)
) 8" + a8+ 2x,
i : \
oy, N

- b +‘?§2

|

. 8 ; 8’ . -

LY ) . 2 i : '
.8+ a8+ a,

m;}‘w; i
N M
P
w .
~
0

: R

‘;.;‘ ‘. . 2

; ‘, ) aj + b5 + b8 +b3 _ .

¥ ’ 8> + a8 + bxg ~ '

‘». ! = . ' (3‘19)

u ‘ 3 2 ' .

‘ 8 + a8 :+p6xca + 2xea,

: ? : " . .‘2:' o ‘au;- bz;'* 2b,
“: (8) S ea— 4 + .
1 A A |
& . o .8 - B - 12, +.2b, . ,
" \" 0 ) 3 N .B .
. ) 5
% .- ‘ g8 + a8 + a.s + a, . |
: : B R ] 2 2 e
“15, ) . ) N . . 4 4 N 3 l 2 , ‘\“
\ . 8. + b.is + bas +b33 + b
- ‘ o s3+a1sa4-10xs+l+xa1 .
= (3020)
, « . . 2 2 a %
| 8 +a15§ + ,12xcs + 6xca1 + IZxc )

o
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' : . 1 . a, - b . a =b, +2b
. Ty - - T 4 " Oy 2
i (3) = eema + -
: % . T 3
| . ag - b6 - 12ba + 2.b,+(
s7 N
) . . +‘, a8 - h& + 2b6 - 12b4 + 120 b2 &'
| 9 ‘ ) . | o 59
. st + a133 + a.:zs2 + a;s +a,
» : ) : '35+h1sl"+bzs3+ b332+bl+s+h5.
. l+ .' 2 N : 2
_ 8 + a153 + 18xc§ + 3Oxca1s +32x |
5. A 2 , 2 ' 2
. \ 87 + a18 + 20xc35 + 1axca1a + 60xcs + )lj‘.ﬂxcan.1
(3.21)

w

3.3 OBTAINING A TWO-SLDED ONE-DIMENSIONAL TRANSFER FUNCTION D
In the preceding section, we have successfully obtaimed the

. Ntk order rational, ome-sided ome-dimensiomal tramsfer function

by ‘'Taylor Seﬁea, l as

; ' Tl g
- E . . 8 N
| By(s) = - S
T . ) - i bdsn-j . ; .
=0 _ . . x i
wvhere n = (N + 1)/2 ‘ \ *
, | 1%
x ta' 3

\fron the pr'c:pertiea of function h () =e ¢ , . o

’ 4




it shown the function symmetric to h(t) in both positive
and negative t. Then its two-sided one-dimensional

transfer function can be obtained in summation form, given

as . - : r ‘ T b
Hon(8) = Hy(s) + HN(:S); L . " (3.22)

Equation (3.22) shows that this is the even part of HN(s)

- —-,.«TMT-W

and the poles of Ev-Hn(s) occur in gquadrantal symmetry.

This two-sided one-dimension transfer function can be
- ‘\‘ R f
© written as - P - ‘ )

Han(S) = N(s) : !

((sipl)(s-pa)......)((S+pl)(s+p2)..,...) .

| " (3.23) Co
Since the numerator polynomial of HN(s) is one degree lower
than the denomipator polyﬁomial, then tﬂe resulting numerator
polyﬁoﬁxfl in two-sided .one-dimensiomal transfqr fgﬂcﬁion is

»

K(S) = 2an_lbn: " - | .‘ (3‘024)

- - After rejecting the poles‘in right half plane, we .

“obtain  the ‘required low-pass transfer function, as

1Y

Hy(s) = ( zn.'l?“)% 'D G N
EZ% bjsn-J . . E
(o Cman? G i
(s+pl)(s+p2)..f.(é+pn)q ‘ o ;
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+ ‘34 OBTAINING A TWO-SIDED TWO-DIMENSIOEAL TRANSFER FUNCTION

Te obtain.-a rational, causal . and stadble 2-D ‘/

[~ 3
analog tranéfer function whose magnitude response is -
' approximately circular eymmetry, we can cagcade -
« ~ two identical two-sided one-dimensional tramsfer functions L
" J v . I' ‘ . t
—~— with two different variables 8, and 8, reapectively, Henee, f
. - We can write ' : | \
HEDN(81 ’32) = Hzn(ﬂ.‘ ) IS Ean(sa) t
< y f
' " (%+1) | "
¢ s ‘ . .
’

151 (s, + pﬂ)(gg * pyp)

‘where K= 2a _;b.' and Fia and p,, are the ith

*
. . Doles of function in S; and S, direction. ‘
. | i .k ' I TN
J’ "' \
Equat16n (3427) cam also be writtdn in the following
form . o o , .
1‘ . ) N"']) . e . ‘» o
i " Eppy(agasy) AT T (s,8,) " (3.28)
!:‘ ‘ © =1 .
: | | W, @, . . @,
2 . | o iy y 850 't 891 B2 F 21p' 8y * 817785,
W . : waere B,g8.) & cgw
. Boo  * Boi 2 * Pyg 8 * by 88y - -«
. ”’"“ , ’\ (3029) . . A
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'herje : ’
ag;) =1 ) ‘ ’

1]

ag) =y =alf) =0 . h
‘ it 2 ’ )
v = Py ’
"%) . P12
SHAE Fi1P12
. \
3e5 Sonnczorzamn \ \

o .

Normally the error in any approﬁnation solution cannot
be ‘deternined exactly ( ‘unless the exact solution can be tonnd.
by another uethod, in which case the approximation technique is

- tmcessary ).‘ We can specify exact bounds on round off errors

|

. but mot for truncation errors. However, a measure of the mag- _

nd tude of a trux;c'a.tion error is provided by the (negl cted )
subsequent terms of thé series. In fact, it'iéithe arder of
error which is hamful to the magnitude response for e lower

'order ot appronmation ( or’ system). This error will prear in

each stage of ‘the rour filter section, - and can accumulate as

the 2~D signal passing throught it, and may swamp the |true
ﬁ
reaponse. ‘
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’ For a Ntk order approximation, ne assumed all higher
order coefficienta to be zero. As a result of this, we know
that the error in each sectior will no be greater than the
(®+1)th order term. = From this, Lt provided us a bound of the
error, which may be helphxl in improving the performance of
designe;l system, Normally, this error can be reduced by'. ,
varying the coefficient in the Nth order term (the vftriation
should not be greater, than the (W+1)th order ternl), and this

will be discussed later:

‘ . . IS

36 s‘tnmmx'mnnxscussmn o P .

s | ~
Prom the theory of nuJ(.tivariable polynomials and the

properties or*al.rcularly symetrj.c 2-D system s 1t can Dbe .

shown: that an exact d.rcnlariy symnetric runction cannot . he

' obtained in any rational, causal and stable 2D function, However,

it 18 possible to obtain a good appro:d.mafing function which

poasexses cj.rcular aymmety by Taylor Series Expansion.

\ .
. From the study of Taylor Series Expansion of a ratioual
function e ~Xe t y and Laplace Tranmsformation or this series,

we obtained an one-sided approxinmting function which is alao
rational in 8. Its tto-sided approximating function Gan be

obtained in smnnation rom of two 1dentica1 one-~sided function.

' Pinally, a rationa.l, causal and stable 2-B functiom, whose

'magnitude response is approxi.nately sircular symmetry can be

PRy




PRI TR
AR R S

KR o

M

o

S RIRErE g v ¢

o

-27 -

ecixievect by cascade two identical two-gided one-dimenaional

* function with twe different variables Sl and S2 respectively.

.

The source of error in the approﬁ.mating function is
als’o stndied. -This enror can be reduced by Va_rying the
coetﬁ.cient in Nth order term.
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R

direct substitution into a continuous frequemcy response

function H(s‘l ’82? .

8 ta.ui. i‘[ ty. . . ‘Q' ' L}

4.2 ‘BILINEAR Z_TRANSFORMATION

CHAPTER I

TWO-DIMENSIONAL DIGITAL TRANSFER FUNCTION

4.1 INTRODUCTIOR

K

L8 .
The usual approach of designing of recursive digital

filter 18 to perform a suitable tramsformation, such as

bilines®* z-trapsformation, of a given analogue filter. This ‘
technique provides- good resulta for a filter having picewise constant.
frequency response. 1In this chapter, we would like to discuss’

the deslgn of circularly symmetric 2-D digltal filters as a ‘ :
- \ . ' 4

B
¢

¥ The stability of a 2-D digital filter is onme of the \—

n‘:a.ior problems in desisniig of digital filters. It 3.3 possible
fof a 2-D returstve tilter to be ,t‘mstable.  Mat 18, glven a
bonbded-input érra:;, the output érz:ay can be unbc;nndeq. Later
in this chapter, we would like to ‘able to pl'a'qg some constraints

o

on the cp'efnd;’énts of the 2-D recurasive filter to assure 1ts

' —

¢
0

'The bilinear. z-trahsformation is a direct method to

deriving a digital ﬁ.‘ltuer from an analog filter. . 'This direct

%
L -
e \

-~ 28 -
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replacement in H(s8) of the complex frequency variable S by

2(1 - 271
(1 + z°7)
i)
or
2(z - 1)
g - S———
?(z + 1)
Equation (41 ) also known that
. 2 L . !
¥ =3 === tan (N7/2) : (4e2)
. - X
where v = frequency variable for anmalog filter

. s frequency variable for digital f{lter

" P = sampling period

’

. . ¢ !
.- The mature of this mapping is that the entire J¥ axia

in the w»-plane is mapped onto the umit circle, and the entire
lett-half plan§ in/s~-domain is mapped into inside .ot the nmlt
circle . in Z-plane, as shaown in figure 4.1

Y 14

Let E(s) be the tranafer function of a ;Lven'prototjpe '

analog filter. Then its corresponding prototype digital filter

can be obtafned from bilinear z-transformatiom by making  the

. .
algebraic substitution of equation (4e1); i.e.

Sy

B(z) = E(S)

4

-1 (le3)
8 = 2(1-z. ; . , .

. T(14z”
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. It is also showr that the orders of the denominators
. of H(z) is same as H(s). -However, the order of numerator may -
v . 1 :
be differ. Finally, if a given filter in analog domain 1is a

r’ . Y rga.lizahle, stable and continuous system, it will result into
a realizable, and stable digital system. ' > -
P

' 443 DIGITAL FILTER FUNCTION IN CANONIC FORM

$ . -

From last section, it is easy to shown that a (

2-D digital transfer function can be obtained from an
~:l1,~ ) approximately circular symmetric 2-D , funmction wiith o
; ) two variable ‘ing by using double bilinear z-transformatiom.
¥ 1 . .
%{‘ ‘ L1.0e K .
':T ) ! ( h ° ‘ * . I's
¥ o . - . :
5 2(1-27") | v
":;" B,' —p (4“*)
, : f g =1
’2». : T](1+z1 )
f’ ' or
. : . 2(z1-1-)
- 31‘ - N -

. - . T, (z,+1) .
: S e 20-g3h) -
he : B, L =1 (4e5)
; s TZ(""Z )' .
i or; ”

2(z,=1) )
s, — 2 o
T,(z,+1) ,
2'°2 ! - ~

- ) o “ . ‘ M © v
where T1, Ta are sampling period in Zgs 2p plane respectively. (

- ——et
-——
. »

[
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The prototype dig!.tal filter with approx!.mate circularly
symetric response correaponding to the analog function with
same characteristic is the algebraic aubstitution of equations

(4elt) and (4+5) 1n equation (3.29)s 1.%e

HEan) E€8”32) 2(1-z -y a(1-z")
. i e
/ . : (1+z |) R$l1+z‘2
T (9+1)
. an
= T 8 )
iz 102102 2(1-5’;1) ‘a(vd-_z;)

8.= B.=
1 T1~(1+z;l) > T2 Ta((li-zgl.)

(®1) . '
= A ;!T Ti(z.' ’22) (406)
=1 : LT .

®

where . -1 =], =l =
R R

Ty (2452,) = = '
B CTIRNCE R I I IR

2 r z
. 2 1 %
. gl Y Byttt gz, G
L), (L (1) (1)
a +h "% +,g za+d 2,2,
and _ , ) .
(1) _ (1) (1) 2 (1) 2 V. (1) 4
, amt =b = by i A b © T * by !%Ta
. , " LY

TR

i

.
S {
S W

3d

e e B

Ui,
S

e

I - S

-

ol
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(1) (i) (1) 2. (i) 2 (1)
LIRS 2 b1o"'i‘? bn’ﬁi‘z

IS

1) | (1) L) 2 .. .(1) 2 pL) 4
d = boo + b01 * TZ * b10 . 11 ¢

. ~: 172
~ ’ ‘ ’

4

. 4o4 STABILITY OF THE DIGITAL FILTER

*+

There are two major problems in design of digital filters;
Q . .
approximgtion and their stabllity. If a filter is unstable, any

. inpni‘ including .noise can cause the filter-output to grow

withowt bound. Thus, we tould like to place some constraints

- on the coerficients of this Z-D recursive filter to assure its

-

stabflity. : \ L

A 2-D digital recursive filter is characterized by .the
2-D tranater £unction '

P9 .o
mzé-'o ;I;O fan %1 %2 -
B(z,2,) = ‘ o (ked)
P 4." p'Rm o
\ 2 2 b %2

where a  and b n are cons%ant.

If we expand equation.(#.a), H(z1,z ) into a power
series, ¥ obtain : -

e H(z1az =ZZ . T (e

‘ m-O n=0

whers the coeff%cients #mn repqiigpt the impulsé rgsponae‘of

v

’

e "
PPN v Ve

)
LN
“
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the filter. To assure its stability, it can be easily show 5
that this requires that the impulse response of the filter

P

h (m.,n) -ghould satisfy the 1nequal1.ty

® ® L
,;) :,4?50 o, | < o (1+10)

The basic theorem for guaranteeing a system with BIBO stability

is due to Shanks (5](6]. ~~"

Testing stability of a gj.i\ren 2-D function by using
Shanks theorem is wery hard work, and-tedioué to apply. A
simplified version of Shanks theorem done by Huang (7] is
as follows. '

—

A causal ‘filter characterized by
1 . 7

H(z,,2,) = "(z]:zg)_ - (4.11)

) 3(21 1Zz) : o

is stable L1f —\‘

1") &(zl, z,) & O for |z | = 1 andlzé‘».l

z) b(z),+00) =k O for |z1|

According to. this theorem and the theory of algehrad.c /’

tnnctidns in z“gag(zl), we have following test procedure:
‘1)  map éd1 = (z43; |z-1|=1) into the z, plane
, acmw B(z,2,) = 0. ; _
2) check 'he er the image lies outside. -
dy = (za, 122‘41) . . OB

3) sgolve B(xl,o) = 0 to check whether there

are.any roots utii nagni tude smaller than “1 .
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We next conaider th.e ith sectior af 2-D filfter .

funetion of

°

N¥+1)
H(z,52,) = A H AN .
whgre ] | J
u A(z,52,)

"

T"(z z.)
o2 D(z1,z2)

\ R R T T ‘
. ’ 1 2(12 412)

o , ad) . h(:.')z1 . c(i)zz . d(i).z)za

e

i

j We first estabilisk, the sthb:;lity cand,itione in terms of

coefficients a(i), h(i), c(i) and d__(i) using theorem 2 (Euang).

o . 4 ]
Let ' . . o . N
' ) L ) iy (1)
?(21.22) =a" + b) zy + ¢z, v 4 7,2,
=0 | . ' . (4e13)
Thus, we obtained ' - ‘ > - '
¢ . \\,

2, % - % et
?(i) v alt)y

1 -

. Eqnati.on (4.1#) 15 a new H..'Ltnear transtom’d.on mapping d.rele
1nto eireles and honce the 1uge of the \m:!.t d.rcle

r

$a, = (zi; [z]=1)

-

in the\ Z, plane i5.a circle. L

- ors o b wde o o 1
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From équation (4e14), the center of this image circle
is on the real axis‘and its intersection with realuaxis at”
" .

L), (1) o
za=_a.+h ; for z, =1 ~ (4e15)
C-(i)"' d(i) . . ’
and ' ]
(1) (1) ' '
Z, = - a_-b ;  for z, == (4.16) >
c(i)_ d(i) _

Again, from theorem 2 (Hummng), it 1s easy to obtairn the following
constraints, | In order to satisfy cond:l.tion 14 that is

3
1

12

1.4 . W ,
Comstratnt 1, |2t B[ (4e12)
. @), g
and ‘ : .,
ST L) ) .
. Constraint E, a__ - b >1 (4e18)
i d1) o (1)

In order to satisfy corndition 2,' we ai:tained following

__ comatralnt t )
, N

‘B(zl,o) ;-..a(i‘) + h(i)z1 -

= 0

e P .
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Thus ' f\

COnafrqint 3, ' a(i)

1 C L (4e19)
hziS > .

v -

After repeatins’j:he above teéting procedures for all

ith section of l!i(zl1 .za),, we can conclude:

The approximated function is stable, 'if ‘and only

S T Y Yt Pt

if all ith section of T;. (z1,z2) are stam.e‘. '

Proof: @ ’
Since E(z,,2,) is a product of (N+1)/2 second

| brder.disltal 'tilter fnnctions T;-(z',za),, and ' "

. | . 1 1,(z2,) 18 stable; for all i, them -

t

¥+1)

F]
‘ " v R
B(zy,25)= & 1l=1| T (zl,za)

also represents a a'l,:&ble_ rilter
Q.E.D.

. From the above constraints, which is in terms of
- coefficients of a(i),, h(i), c(i) and é(i), 1t will be easy
. to obtain the corresponding constraints for a, and b 4,

A ) 1

DR TR e

“d ol mm
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~ In this chapter, weo discussed the digital filter

'

function with circularly symmetric response which is obtain-

ahl‘e by applyingp the double bilinear transformation to a
continuous frequency response function H(ws1 ,s‘,_).‘ The resulting
2-D digital filter function consists of (N+1)/2 secovnd order
seétione connected in cascade. The cascade form has the

following advantages over the direct form: [15].

1) The world length that guarantees the stability of the filter

after the rounding of its coefficients is shorter. This dme
to the _fact that sensitivity of the mapping of the unit

circle of Z ~plane into the 21'-plane under ’_che denominator
of transfer function T' (z1,za) 18 lower [16]
2). The error caused by quantization effect and ﬁ}nite coefficient

A |

' glze 13 lower [1?]

. 3) In 2-D filters, the number of muitiplié:ations needed for

each output using the cascade form is less than that needed
- in direct form. Fo

4) It is eamier to chgck the stability of the cascade tiltar

dn.r!fg the testing proceee.

We .had established some constraints on the coefﬁ.cients

of the 2-D filter function. In order to check the stability of

" the cascade filter, we started from first section ofi the £ilter

, ] L.
by substituting the coefficients of the denominmator of Ti(zI,za)

L]

:
}'
k
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5.2 DESIGN EXAMPLE 1 =~ -

CHAPTER 5 - o

DESIGN EXAMPLES

i

5.1. INTRODUCTION | :

«

In this chapter, the design téch’ntqués oﬂ'r 2-D recursive
digital filter with approximately circularly symmetric magnitude

’r‘eébpomse by néing Taylor. Series Expansion and double bilinear
z-transformation are illustrafeql thrd.ﬁgh the following éxanplea:
1) A th.ird—o‘f%!m approximation function. _ ' \

2) A Ztifth-orde; approx;natioqfrhnsﬁion. . |

Q

\

Des!.gn.é thd.‘rd—oxfderf épbronnation lowpasa 2<D aigital
filter with apiro:!.n&tly cj.'rculérly symmetric response.

-
L

. Solution : From c';hapt‘ez;’},, 'we. obtained the ome-sided one-

' dimensional anaioé transter ‘tunction as

‘(5.;.1)

° zero 'a'.t 8 = -a r ’ .
' - 2 /2
a, + ( aj - 8x, )

poles at - 8 =




- 41 -
w2 -s )
3 * c
8 =
2
; If.-p, and p, are the poles of E3 (s), the one-sided
! pne-diﬁensional transfer function can be written as
\ Hy(s) = . (5,2.2)
» . ¢
. o (s'+'py)(s + p,) ,
and'its two-sided one-dimensional transfer functior will ﬁe
> . ' a . .
e . La,x -
2, ’ Hys(s) = 1° (5.2.3)
¥ (8+p,)(a+p. ) (s+p,) (s+p3)
p _1ETRyistp Jieteg)(stey)
' . o » * ’
_gﬁ o : ’ where: P, and pa' are the complex conjugates of Py and P,
o regpectitéh.i'o, ‘ L ~0 T ’
o _ - Therefore, ite tﬁo-_sigled two-dimensiochal analog transfar .
function will be | .
B n3(8y085) = 33(31) . By(a;), ' .‘ f
“l. , . ‘ ” ., \ i Aa x . o
- . U= *4‘ ) nl)i . ) P )
R TR A ST RS R S PEAS R P
(A : . hayx. 2
~ =< - (Se2el)
. §82+p21)(82+p21)(sa+paa)(52+p22) PR
where p,.s -pia are the poles at 31\plane and’ o

°

» . ’ . .
Piqe p12, are th? complex conjugates of p11 and p1a.l

. °




¢ - l'_a - ) . T -
: - - ‘ .
@

plare and

are- the poles -at 5,

Y p21 ’ p22
»

- ’ ! '
"Payq . p,, are the complex conjugates of Poy and Pyy o

?
Equation (5.2.4) can also be written as - .

1

' N ; _
EEDB(EI’BZ) =\A Tr : (5¢249)

1 (8y+pg ‘?2**’12)

a7 !

A | ,
v ' . 1 ' . ,
| Com (1),(L) ¢ (L) g spL)g (3.2-6)
| 1=1 (L), (L 1 1 |
b, *bcn 8,+By 8 *By "85,

‘

: where A= 16a1x

.1th complex pole 1;1 8, plane

o
1]

»

P, = 1th complex pole in s, plane

2
v g : ’ .
w _

by’ = Py

-

. | (1)

Lo Pt = Pa, T
: . (1) D( ‘
b . by7T =Py qPyo

, , ' \ ) ’ .
After applying double bilinear z-tramsformatiom to squation.

| (5’0206)’ "ﬂ obtain

3293(21 ,zz) =.d TT 1424242, 2, ,
\ W), ), )y "(“"r‘a
; »
& . (5.247) /‘
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? where alL) o bgﬁ) - Bg%),,.é_ - 553). - bg%)° 4
. I, T, ~ T,
1) N \
b)) _ () J ) 20 [ W) 2 | W) &
oo ol 10 11
T2 T - 4T

(1) _ (L) (1) 2 _ 1) 2 _ .1
Poo” * Bo1e R T ‘T&;
1 “1t2.

[y

d(i‘j - b(i) + b(i)‘ _g_ + h(i)o ._2_ +‘ b(i). _L_

/ (1] o1 10 11
T, T 7,7,
. ‘ 1
o . . -ah+(a$-8xn)\/2“ Vi
: Now for 1 =1, Py = —t and
{ e : 2 a .
: -d1-(a$-8xc)3/a '
P =
. 12 2
f and thus bg;) =1
(1) ~a,+(a7-8x ) Ve
b = p =
Y 1 - >
’ ' (] ) -a,l -< af;axc)l/a

Bio =P = >
k ' hg:) = p'_ P = Zxc'
: ‘ 11 12 -
é /
; a(1)=1+a1+axc ‘

(1) | :
B =1 - (a2 - 8x)?- ax,

3Gy ot



s B emes

SR ' = b4 -

- -8, - (ai‘ - 81(‘:)1/a .
,For 1 =2, we have Py = . °
v . 2
“-ay + (af - 8x )2
3 P = <
L g 22 2 .
3‘5} and . bgg) =1
) ' s c, 4 ¢ o
-a, - (a> - 8x)! ‘
b(a) = p. = 1 1 C
o1 T *2i > —~ .
[ ’ ' ‘ - ' ;
: -a, + (a°'~ 8x )V~2 - _
) éi.) 2D = 1 1.7 77¢ ,1,
¥ ¢ ~ P22 > :
S‘: - 't ‘ :2
- ., . )
2 Diy = PPy * &g ]
b ,
i (2)
§3 a =1-a, + Zxc |
¢ 1/2 5
?_ b(2)=1+(a2-8x) --2x
; 1 e [
'd(a);1.+a1+213 - ‘ o
K v R r o ‘
a)i ' . L ‘ R ‘ . - ‘ \
. 74 . ‘ / . i : . : (N f]
2 ) ‘ b
~a, + (aj ~ 8x.) | _ L
e S (az -8x ). : |
g N | (] ' * .
2 o .
N Y ' r
N U '




2 * 1/2
Bx )1/2

&, = (?

-
§

2
2 1/2
o] - bx, - & (a] - 8x )2

> -
2 _ o 2 «y1/2
«(3) - 8 - bx, - a,(a; - 8x,)

]
—
]

[

c L2 2 1/2
a; - 4x_ -+a,(a’-8x )
8x )]/2 1 c 1'% c

-

“

2 ¥

. © e

. 2
N . ‘ R
. - « vl
R ct x
4
-~ . . - . ! .

For 1 =4, we have Py = - S ¥ ‘ A

2 - ) Ay

and i) o

2

2 - 2
(4 8y = bx, + a,(a; -

ix)1/2
P11 "’mpua T 2 '

-

(4)

a

2 a2 y1/2
)1/2 -"’x +a1'( 1-axc) )

= 1 + a p+(q;1-81 =
. 2’
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L \
? 2 ‘ \ 2 1/2 *
" ag = 4x +'a,(a; - 8x )
2 ‘
T 2 _ - 2 1/2
a - 4x_ + a, (a7 - 8x ) /"
S i _ q(l;) =1 = 1 c 171 ¢
. ' | 2 ‘2 L, 2 1/2
§ : ) 2 172 , a5 - 4x_+a,(a5-8x.)
{ ‘"’ =1 -a, =(a7-8x)
‘e _ g 1 1 L ‘ 2
H - ‘. . (
. \ Now consider the stahility test for the resulting 'tzn'ansr%
function ’ _ |
" For 1i=1 . .
;. I . > . i a(l) + h(]) .
RN From - constraint 1, we have >1
‘ ‘: - ' i h C(CI) + d(1) *
i ) X ; :
% By asubstituting the”‘i(”,h(l-),c(” and"d(” values into .
‘ . .l * . ,‘ N ,;
: comstraint 1, we havae,
- . , B i
o2t a - (a.,af- Bxc)'/2 4
, e y P , {
o 1/2 R | |
- 12 - at * (ay - 8x.) . ’
. From - contraint f, 'we have C ' - i;
i ' .o . ¥
3 a1 o (M) 3
P -— >1
c‘(I‘) - 1(1) "3
By assigning a(”, h(”, s:(” and d('}‘ valne;into constraint 2,
ve have ' |
S ’ ‘ N
T &, + 4x *(aa-ax\)'/a
~ ° 1 N © 1 c

4 [} * . ‘ " 1,/2 7]‘
. L ai'lfxc+(3%-8xc) ‘

i
. , .
. ; ‘
]
. .
N . '
N v . . . N
b e ‘ , .

. .
. . . ‘ )
’ l nd . ‘ N | 1
DA SN RS T AU . R 2 . -

M et e e
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g
= - 2,
,»%
e

a1 y
From constraint 3, we have —_—1>1 L1
* - (1) v !
fo aasigming a ’ h(”, c“.) and d(” values -into constraint 3, B
we have .
1+ a, + 2x
1 (] > 1
1 = a + 2xr-

a

By »appljing ~the . testing procedure for i=2,3 and 4, we
obtain the similar results . for each conatra:f.n.t'.t_
From comstraint 3,”we can easily ohtained the constraint B

for a, (, . as a’>0 .

From constraints 1 and 2, we obtained the constraint

P

ST e
.

- . for x, asxc#O and xc>0. L,

1{ o . For xc=‘1 ;a; e 3 :.nd 'i’1='1‘2=2,' we obtain the
nagn:f_tude response for thia third-order approxmating functiom

- as sl;d'm in ﬁ.gure S5¢ele The perepoctive view' of this functiom

is ghm in ﬁ.xu.re 5.2, ‘and the contonr plot, of this function

is shown in figure 5e.3.




e I o i

48 -

aa

LARERN -

D TR

R-El)i
22

~

4

£ Ty

€ = 1Y HLIM

°

43030 OdE 30 mmzommmm 30NLINSIM TG 914

ST Q1

=3

0'o

e D e ot W e >

.
o
-

-L—F-.bP_-rhVP

Car dbimcaerrle SHL

v

T N R N N T N —

—0°'0




- 49 -

T =3X o R | -
& =14 o L L
u € = N N30N0 HIIM S e e -

| “3SNO4STY 30NLINDYW 40 MIIN INILOIJSNIL 'S DId

~ . ’ =M . s . ) ' -

"x

-™a
e
s : N .
. ooy oo
.-, -2
T . -
=0 . ,
, ® .
. -
N r
p .
[ . i
1 -
. " ¢
, -
N ;
.
3 o, -
~
. . a -
o
.

- h : -

v R

L3 ™~ :

- . '

3
N




P

VPRV

%

(o . . ‘. . .:‘

N . e n o >b.,h\v¥i.,z-,fi.i?ﬁgfgyhpaazi.n

PSPPI VUGS T Y

B e I S



e reas = b PE——

.
a ’ *
N 4 ey e SRR,
.
‘

- 51 =
2

5.3 DESIGN EXAMPLE 2

>, .

Design a fifth-order approximation lowpass 2-D digital

filter with appronmatély cirecularly symmetri¢ response.

>

o k]

Solution: From chapter 3, we obtained the one-sided one- \ s
. dimensional analbg transfer function as
2 \ N

8" +as+ l":c. .
Es(a) = :3 3 - (5.3-1)
: 4 * 88" * bxm v 2xa D

Ry
i

After the error analysis, we obtained an optimum transfer

function as

2 o : B
. L s + 8,8 + 41 . ° ] z
o 35(5) = j 1 . (5e3:2) ,
C + a.ls + 6x, 5//470 5a1x ‘
If we choose X = | : S
a, = 5
. , ) ' ) -
| and . Ty =T, =2 o | ‘
‘the corresponding transfer function will be . , L ' e
ao . 2 ‘; + l& . o o . ( " ) .
E5(B) = 2 28 . 543.3)

53.+53+63+a.5

The pole and—zero locations of the function as follow:
‘zeros at &8 = =1.0 ,,

.and - 8= <=heO o :
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¥

‘one-dimensional transfer function can be written as

e 52" N 3

poles at 5 = =0.,7582 -~ Jj0.3779°
s = -0.7582 + 30.3779
and . 8 = =3.4837 + 10.0

¢

Let Py » P, and-p3 be the poias,of H5(s), the.t'g_gided

' 20 :
H25(“) = : " - (5e3.4)
- (s+p, )(s+p, )(a+p2)(s+p2')(s+p3)(s+p3)

where p;, p; and p; are complex conjugates of pl; Py and.p3

respectively.

4

. Therefore, its two-sided two-dimensional analog transfer function

will be

H2D5(81 ,Ba) = Has(a.l) . Hﬂas(sa) ‘ . (5.305)
20 |

(8y+By1) (812 )8y +By, ) (8,+P5; (s *p5 ) (8 ¥B5,)
g . 20 '

(35%Py5) (850 2) (857255 85+P35) (87P55) (8,7835)
L »

' . » ‘
where Py1r Ppy» p31, p”,np21 and p31 are poles at 31-plane

‘ L) » . ° .
Py3s Ppo» p32f Poos and Pz, are poles at sa-plape.

Equation (5.3.5) can also be written as , L
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‘'where _.

(5e3.7),

whare

N

. =53 -

- e

f 6 R
1 ) 1 . ‘
HED5(81,82) =L -rr (503.6)
1=t (81+pi1)(82+p12) . .
1
= A -'T a (503.?)
- - =1 B{L)4n{1 s 4n{L)s *“%)31'2

A = 400
PU = {th pole in 31-pl°ane
piZV = 1ith pplo in s -plane

()

i)
bc(n

(1)
[+

]
.
R

11 Pi1Pyp

we obtain . ’
‘ 6 ‘ i+z,+za+z1zz
HypsiZyszy) = & T
La1 (1)+h(1)z RED) a"d('i)%za
1) _ o) |, 2 1) 2 (i)
a’t = by = "01‘ !Zo-b“o.’-;; 113%')"};'
« R \ N
L) | o) () 2 . .(1) .2 1)
S P 2 2
2 T 1%2
CO I hgg) L), 20 0 @), 2 ) b
°. T, T, T, Ty

. After applying double &linear z-transformation to equation

(5¢348)

2

B A

;
A
:
:
¥
<SS
B
R
i
X
3
=
iy,
1
3
,
.
‘
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. 10 11
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-
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P

For =1, ve have

. Pyp = =0.7582 '+ 10.3779

The corresponding digital function for this section is

L T B )

‘ : 302314-*'(0;2824'0'10.7558)‘2;.‘#(0.282#—30.7558)22*'0.20132122 -

The stabdlity teaf for tiis sactiom is .

conatraint 1 : |

21

1) 4 a1

3423 +(0.2824 + 0758) | a
0.2824~10.7558 + 042013

which 18 satisfiede-
Constraint 2 :

L3

(1) 2 41 B
>1

a

o1 - ot

30234 = (0.2824+30.7558) >, !
fo.2824~ 307558 - 0.2013

which 18 satigfieds

/

/

% A

o

9y,

A
‘ ;‘43
g
;
3
d :
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and
comstraint 3 ‘ a( 1) >
1
3,234 > .
0.2824+30.7558 '

'he;-e constraint 3 also satisfied. Thus, section 1 is stable.

1

For 1 =2, we ﬁave ‘
le = -’057582 + JO‘5779 ) : , [

Py, = -0.7582 - 10.3779 . '

The correeporidj.ng digital function for this section is ,

o

142, 42,422,

'Ia(z1 ,zé)= .
.. 3,234+ (9.2824* j0.7558)2 i +(0 .2821:;*'30 7558 )22*’0’201 321 ZZ

and the stability test for this section as
constraint 1 :
a(2) 4 (2

) ‘g(a)( + a2?

}3.234+(0.2824- 10.7558)}
0.2824+10,7558+0,2013 |

7 o
which is satisfied.

ct;nstrgint 2 : ' ‘

. —] > 1
2 _ @]

2
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3234 = (042824~30.7558)] _. .
0s2824+10.7558 - 0.,2013
which is s&tisﬁe@. T -

1 ‘&

c'onstrai‘nt 3

\) .
L2

>1
p(2) .
/ 3,234 |
5:3332¢:—35:7§§§l,)> 1

-

1

« .

. where constralnt 13 also satisfied. Thus, section 2 is
stable. ' ‘ . L . '

o

For 1 =3, we have

Py = =3.34837 + § 0.0 | -
Py = =3e34837 + § 0.0

' Then the corresponding digital fumction for this  section is v
' \ s ‘ . B .
142 *+2, + 2%

20.} - 11.1421-- Melhz, + 6.f69z1z2

and the stakility test for this section as follow:

comstraint’ 1 ¢ : ‘
o S TG IS ) B ‘ ‘ .

a + b . ,

t.;(.3) +$d(3) \ - N

200 1=11o14 L . .
* > “K* o

\I -11.14"‘6.]69
vhick is satlsfied.

. , .
\ -
.
L) 1 .

- e
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eonstraint 2 :

A~

o

a$3). 5(3)‘ >
e(3)_"(3)

-

ao.1+11.1qu >0

-1 :‘ 014‘6.1679

\ which is satisfied.

¢

constraint 3 :- L ' - -
‘(3) :
——— > 1

b3

[20.t

- :> 1
-11.14

-~

7 ) . where comtrﬁnt 3 glso satisfied. Thus, s@ction

3 18 stable.

g

1

-

. The poles for sections 4, 5 and § are complex

conjugate of the poles of sections 1, 2 and 3/. Since section

-

1, 2 and 3 are stahle then section 4, 5 and 6 are also
¥
stable. Thus, this fifthworder appoximation filter is stable.

. 3
. The magnitndmonse of this fifth-order 2-D' digital filter

as shown in figure 5.4, 5.5 and ~~5.6.> | '

?
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| CHAPTER 6 . .

E °
b

COMPUTER-AIDED DESIGN OF RECURSIVE DIGITAL ‘FILTERS

6.1 INTRODUCTION: -

As indicated earlier, the technique for the
design of 2-D digital filters with approximately c1rcularly
symmetric magnitude response described above is. straight-
:forward and computationamy\efficient What we propose
in this chapter is to add" to the normal design procedure,
.a computer analys1s step\}or the sole purpose’ of the ' ) )
2 problems of solvins simultaneous equations, finding the ' h )
zero. and pole patterns of the required function, performing\
bilinear,s-transformation ceen etc. We shall see that the
t.addition of this’computer°analysiszstep is highly effective.
‘ ‘ ' & . T 2 ' .

y

’6 2 COMPU'I‘ER-AIDED bss\en PROGRAM . T

]
K °

. From the previous design examples, it ha een

" shown the, computer-—aided program is quite efficient and :
successful. It.should be noted that the procedure suggested S
in.this report, various levels of approximations are

' involved. In the first level, it generates a’ set of -

simultaneous equations for a given order of. approximation,
n'u F . C o ] . o
. e : L ¢ : ' ‘
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°aund:this approximation always leads to a globally optimum
sglution wi£h rgspect to a séparable‘approximationdof the
2-D magnitude specification (circulary's&mmexric). In the
‘secoﬂd level of approximation, a'computer-aided“technique
‘ig used for-solving the simultaneou; éQuatiohs which are‘
obtained in the'p?eﬁiqﬁs step, and then, to gbtéin a one-

- dimensional transfer function which is "close" to the 1-D

N

magnitu%e specificaﬁiqné. *In the thiqﬁ ieVel, a«cogzufer‘
sﬁbrouﬁiﬁe will compute £hepzero and pole patterns of the
fransfer function, which are obtained in the previous step,
"and<phen, toeform aﬂnnmber of second-order elementary Z:D
filten3.~'In the fou?th’level, the computer éupprdgram‘
\williprov;de a) theé magnitude respdnse, b) cohtogr plot, .
’ an§ c) perspective plot of the resuftfﬁg filter }unction..

The basic flowchart of program'is/shqyn in figure_é.i.
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START |~

READ.ORDER OF APPROXIMATION N &\

"GENERATE A SET

OF SIMULTANEOUS EQUATIONS]

[y

SOLVING THE SIMULTANEQUS EQUATIONSs;)

<

1]

CALCULATE THE REQUIRED APPROXIMATE FUNCTION

+

oo

FILTER

FORMING N+1 SECTIONS OF SECOND ORDER 2-D

~ |COMPUTE THE MAGNITUDE RESPONSE (

7

. i

PLOT THE MAGNITUDE RESPONSE

. e, .

3

PLOT CONTOUR RESPONSE

(’ . ‘ l s

PLOT PERSPECTIVE VIEW OF 2-D FILTER RESPONSE

4

STOP R

3

Figre 6.1 computer aided design flowchart. S
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o : CHAPTER 7

e . - " CONCLUSION T

. |
The ‘work described previously concerns the
. b \ I
design of stahle two-dimenrsional recuésive filters

1}

' whose magnitude response apprbximates a circulérly

symmetric fuﬁction. The Taylor-Series-Expan51on about
theforlgln of this recursive transferffunction in tlme
' domain has been examined, and-a direct and simple technique

for expressing tie genera;‘analog fupction in term of the

coefficients of the Laplace trénsform of this approximating .
funection. By cascading two such filters, one with variable

8, and the other with variable S,, we obtained a requirefl ;

2-D transfer function with the .required approximate é

N A T T T T o o
AT

BN A \ﬁf,%? RS g R LD et
.

magnltude response.

The qgthod has been developed into a comﬁuter

]
o

A h s oy

aided-design progranm. ‘The structure and the use of

5 s these programs have been described Some practical

ek s Bk

examples haveé been included to show tpe aceuracy of this
approximating technique. The principle advantages of the
L] .

method are the following:
1) - sStability can be guaranteed. , ‘
’ , - S :

(Y




2)

3)

L

EES 65 -
| '
The filters are factorable into’ lower order filters,

so that they can be easily realized.
The calculation of the coefficients of a filter
using a digital computer is fast.

. , . .’ \
Finally, we have given some warious computer

programs for CDC-6600 =&t Concordia University which

yield very good results. Further work‘could‘be done

on frequency domain synthesis in order to control the

desired cutoff. frequency in each given direction.
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APPENDIX A
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- ° " Definition 1:

% ‘ .
.
5
. :
A
»
Definition 2

‘ 'HM(B?‘:; =4

A~ it St

4.69 -

'A Mth order approximation of Téylor
) Series is a apprbximation fﬁnct;g.on
which will give a result good through
‘SM terms in Taylor Series expansio

‘M-is defined as

M=2n-1 . for n22

or . J
n=(M+1) /72 . for M2 3 and odd

A rational function

a

. n-1

Nel=i.
ais . . ) r_. ‘ ~
= : ' (43.1)

.;l%- h'jsn"'j

where an and bo are unity whose long

‘division is équivalent to the Taylor TR

Series expansion of & given function

' only if the long division of the -~ .. -
‘. equation (A3.1)%is ‘
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A a, - b ('aa-b)-b(a - b,)
H(g) = - 1 1 + ‘2 1M 1
' '8 sz -~ 53
.'l , ’ & )
. 34 .

((.(al* -,b#) - ‘n‘,,(a1 - b?))- b,((a, - ba) - b,(a, - b1))).~' -

|

A+ 85
i . A . .
| ((((ais- 5)(- by (a;. - b)) - bs((a, -'b ) = b,(a;~b,)))
“b5(((ag = b) =by(a; = b)) - b ((a, = by) ~b,(a,-b, ) |
"Dy ((((a- B,) -ds(ay = b)) = b,((4, = by) =b,(a;=b, ») -
=by (((az=hy) = by(a; = b)) = B, ((a, - by) = by (a -,))))
D'+ “ 0 aef |
((((Cag = Bg) =bgla; = b)) = b,((a, = B,) = By(a,-b; )
~bs(((az = bs) =by(a; = b,)) = b, ((a; = by) -b,(a,=b,)))) '
A‘-ba((((a#— B,) -bsla; = b)) = by((ay- b, ) = by (a=p ) -
b (((ay = by) ~by(a; - b)) - b, ((ay - ba) -b1(al-b,)))))
-2 ((((((ag=bg)~By (a; ~ b)) = bs((a, = by) -b,(a,=b,)))
~b,(((az- b3) - 2'(a1 - b)) - Waz = by) M (a -b N
=B, (((((a,~b, )~ b3(a; - b, ) - b,((ay- By) ~b, (a;,~b,)))
b (e o ?)ﬂwz(al1 - b)) ~ b,((a, - bz)‘-b1(a]-‘b1))))))
* T 4
87 ¢
+ sresccees .' L ) as eN -> (D 4 ‘\\(.A3-3)
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The Laplace transformation of Taylor Series of. a continuous

2
function f(x) = e X a5 follow .

i J

2 L 5
12x 120x°. 1680xt  30240x
H(s):_i - Zxc + ‘c.‘? + c _ TC e e

8 8 g2 g’ . &7 glt

el _ |
s as  n—+ (A3.4)
= . . .

By comparing equation (A}.}) and (A3 ), we obtained =

following relations ' .
. T . ‘ - ’
e - bl =0 = SN L © (A3.5)
A *aa - b°2 = 2%, : 3 o 38
a5 - by = =2x.by | - | ‘,'\ | =(A3.?)’ |
‘a,* - b, = le - 2bx, - | o (a5.8)
a5 -’b5='12xcl - 2x;by | - \ ‘ (A;.é)“
rag - be = -120;3 2x b, + 1.2-.x"éb2 R gAs.‘lo) ‘
TR ~120x2b, + 12x2b3 — 2x b5 - . (A3.11)
. ag. - by = 1680x - 120x§ba' N IaxibLP‘L 2x b | (A3.12)
., . ) .
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The values of ai's and bjfé of equation (13.1) can
be easily obtained through same procedures as following

BN

examplés:
EXAMPLE 1 : Design a'Ehifd-order approximation function ,
J ' s+ which possesses apprbx;mateiy circularly -
i P symmetric response, |
: Solution For N=3, ' we haveé
g" ’ ’ n= E:} =2 ‘ . L 3
‘2 o \ ’I'
) . Then the required rational transfer function ‘ :

\ )
willl be - ‘ .
B l s i R ] - .
aj'_‘a‘?r'l'i

Ejts)= ’ ‘.."\ : n

- S . 2-3‘” '
: b,s8" : Lo~
ad P L é 1 . « . . '

e oA PR T
=
uy
[ "
.
-

U : = ZaQs il | - ' - ’
Co S ' _Bgs” * byst By |
. . ) 8.d+ 'al . ‘ ] . 3 :
o 32'+bs+b NG
" . 1 2 ) - £ ’
\ S " Fron the relations of equations (A3. 3) and )
— ‘ (A3 A),o we ha;g_Qgiiowing set, of equations
i, L ) - .
] ‘; al - bl '-' o . [y
&, = b, = =2% .‘ o L o ) .
\ 2 2 () . S ‘-
) N./ -
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b
i
-
-
’ v
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B
IS

Sglution For N =5 ve_haye', ] ' | ‘,

f
g, B
. VR
' v . ¢ + °
» . . .
) i L — '
. B . .
' i ot s 2 : I'. . . . \
- -y N . - 4
o : ' . o . - N r
. ¢ . ® 4 . s [ [
- ) < . -
. B .
.
'

3’ v
oo This function will be generate & ramily of
.._“ o 3(s) mf a.ny poaitive value of par&deter al.-
: : . Al i

IR ‘

L .
. ., ° s “, i

EXAMPLE a' Dasign a ﬁ.fth-order approxination runction
| 0 uhich ppsﬁee appro:d.matel; circularly
: S aynpqtric responae, <
v .
'N+l“ £ |

.:-3:"‘ YN

Theri the required-rational transfer function

\ N - »

» . rwill be. - P L
3 | éi 33-1-JA ‘.,1-‘ ‘

$

V. » : iaoi ‘ Y, .
S Es(")i .

N \ 1
4
L]
. - 3 J . N
- t : &

s :

5 : ) ” n
7 v, 1 J - o Ml "
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v
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.
-
¥ )
.
'
]
.
X
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J o
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P + D
"r 0 LN B
| N e
- )
R o,
. N
* ol bea
[ oL
PRAS i
B ) : s 1
DA,

oo
) ) J
: - 42 _
. 848 * a;8 + a, -
: H5(3) = J}L‘ - I ‘
' ' boB T“ bls + Pas + ‘b3 - ~
Q ‘s‘2 +j a.-§ + a o
AR § 2
o, - 3 2 ll g .
8° + th L+ b8 + b3z ) n
Fiom the~relations of equations (A3.3) ‘and
© - (A3, e have following set of equations
. al - bl - 01 . \.
n g ;
- - - » * /‘r ®
a.“2 b, = 2X, "
N B e
. : - 2 _ . . :
3 Fal* b J bl?. - laxc ahaxc , N \v

‘& 0btained

-

-
. f

) .
. . ' ¢
ba = ch F 4
~
. ' - . o
. .
' S . [ -
% e [——— .
)
v ) Loy . o
. . (- - '
Ve AP [ u L
N % h
5 . . {
> N r RN ey
[ T em ' ' [N
2 T e e ' e

~ them n 1 )

?.a-b2+2x¢§’0 . L
":b3 + 2chl =0

2

ZbpXe = e =0Q .

'
6]

Solving this set of similtaneous

.
- ,...b- [N -
w83 =0 :
ar \ h'
14 i * *

»

.
o
X
- T
-
* e
A 1
«
. .
B N
¢ :
s
i
0

Since ay, -.»O;,.bu-.: 0 :,jas =0, and hS = 0»9

PN N




.
. .—::»—wm«/ s
. o
) - ¢ 9 i
g T e e SR R - W
¥ * ' -
¥ . '
2 3
o N ¢
I3
o v 4 !
) S =75~ "
i . o
§ ) ]
°
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4 v - ) to <

: L. - . aa = 4xc N ‘ ° . o

: .. B .
. - « :‘ ¢ ’

: ’ o o .
° . /
. I
finally obtain the required transfer function
\' ) ' . , . 82* a’ls‘ +. L',xc ~_,.1‘ t °

-
- R ° -
s
L~ -
-]
Y
o’
N
A
.
.

e,
- 3 * ° A
o

. 3 " 2 , o ) "’
: + + + ‘ '
5~ \Pals . 6xcsn aﬁlxc N .
Lo . , T ‘ P
y ' ¢ ) a
3 ' ’ u‘ I\’ ) ’ ' L4 .
' .. EXAMPLE 3 : Design a seventh-order approximation functian
;‘ . . . . = | ' N . . “
y ' e v . . J s
) . - e which possesses approximately circularly; "
N : T o ‘ . 7
o symmetric response. e
¢ “ " . 4 .
: q e e : :
- 86lution For N=7, we have - .
- .. . ! .
: n ,
': : \ e
; . -~ . vy .“ ‘ l f‘)
. Then the required rational transfer function -
' ) . & v o , . ‘ B - o
. .+ will be : ~ ! ’ :
. . )'r ‘ ’ . .
//“ ‘ < ¢ o . °' a S”l’~l-i B . * ‘
e (o) o O - . - o
. "Q Ho(8) = 2 = : T
S ] 7 \ . :
. i “‘g‘ N " 3 ;(Jf b ,sl*-Jk ___’-r .‘ L] .
. : o ! o ' ‘
) | . 3 - ' .
- o e - . + + a.,8 + .
o - _ a,8 ' q@&s a, a3
Ve + . - 4 3 2 - - o e .
‘ ' b.8" + b8’ + b8 + bys + b, ° S
. . 0 1 2 . > R "R .
. . i t o ' . 4
Lt i '. T ry " ' )
PN . . | |
.. . [}
} ’ . /‘ ' ‘ ) \ ' ) 1 \
. . R . '3 L] Ve q - A
© ' 4. @ : - ’ o~ L
. * :¥ . ’ R ., ! -~ >
) ’v’ o . 'b ) ‘ T‘ 1 t * . n
; . “ . l‘g\, - . [y ",..,', B , ) ‘..‘ . . it ::, . t ,
4 + > L] ) had r 4 & . . .
x * A i : R : o e " . .
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-
2
-

aa _' ao= _Zx L =

+ Zxcbl b3

N

80 + a,

a.8° + a8+ .
18 7 887 ag

Ld ”~

0 .

1]

-2xc

_"Zxc l

i

12X - abéx

o

2,

;lax b

=a5=b5‘-

c

Nl
O

= 12%
R C 4
- 2% b3 =

o

[
o

.;‘

kil 3 - .
-%;Oxc. 2x b

i

e b4

b, hisE +.b2é?‘

+zb

. 2
+ }Extb

L

~

ax bu = 120x3

A

‘e

e

+

)

By solving this set of simultaneous equations,
obtained '

wﬁ 35 + hhq

[

N

_ﬁngm»the relations of equationg (A3.3) and
(A3.4),

. We have‘fol;OWipg}séf‘6f‘équationé-

¢

2

' '
b I

»
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A L ‘ ”[k_
. D ' = 77‘0- ’ * 1
a:!. = bl ‘
a.ls2 = lOXC ! 0
¢ A .
> ¢ .b‘2 :/ lec ] )
o o a3 = uxca.l
\ | . ‘
'h3. = 6x9al/ , .
' . o L - 2 § =
) . ;’ a1+ — laxc u , ’ o
‘Finally, obtained the required transfer function
i ' ‘ L o
< 53 + alsa + 10xc@+ uq’xcan‘{ R . . : .
’Jﬂ?(‘s) - l+ f . . 02{) . a .
) . e [ N s, © ot 3 . S e
co ) 3 8T + a8’ + 12x 8 +‘6.xcals‘+ 12x,
o ) : P ‘ '.J
° . ' ’ . ' - ] N n
"EXAMPLE 4 : Design a ninth-ofder approximation function
. ‘which possesses approximately e{irculaﬁly
| symmetric response.’ K
". Solution - For N=9, we have
) o n = ¥+l _ 5 .
2 T
. o -~ ' ° - ‘ \ .
Then the required rational transfer function -
rd . . ' \
" will'be . | .
' L Ea St |
. : /" Hy(s) = 1=0 ; . A
b . -5 -3
. Sb.g’ ;, 3
I R L -
+ v i‘,, - . . "x‘;‘(‘ ‘ ‘
et “',!. . K o, ; ; \2 e ‘L')“ . L “
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Hy(s)

g
- 78"
\ 'y
ao?k i ai¢3'+ aasa T azs + -

5 I 3 ) -
bog + bls f.hzs + b3§ + b48 + b5
l+ 3. , 2 - ' Y

8T + aps’ o+ a,s"~ + aBS + et,+
51+ h154 + b253 + b3sa +-b48 + 55

s

‘

’

al"’bl

[}

t

0 K

. From thé relations of equations (A3.3).and

A

"(A3.4), we have following set of equations

: 0

8y = ﬁé = -Zxc

a3 - b3 = "éxcbl
.8 f:h# = lgxi - Zbéxc

ag - b= 12x%h, - 2x by |

ag '~ By =--120x3 - 2xgh) +.12x30,
a, - by = -120x2b, + 12x§53 - 2xgby
ag - by = 1680x. - 125;2b2 +j12x§bu'-'2xbb6
. Since, ag - ag = b, = a, = b7 = ag
“then .

ay ~by =35¥§ -

a, -‘bé =‘-2'cl ;

?3}f_2*cb1 7 hs =0 ; ,;

” . N i

efn



A

Einéllys,the required. transfer function is °

—— O S p bt £ Sent

- 2
= 12xc

\

2
—lecbl + 2x b, = Db

. ’3-8%=0
2 e 1 153 ‘ o
l2x:b, -'2x b4 = 120xy : |

| 120:231:l - 12x2 + 2x 0, = 0

3 c5
1aox3h2 - 12x by, = 1680x .

©N
Solving this set of equations, obtained

(al = by . . ¥

18x I o ]

o
()V)
]

N-
]
S

ZP%O - u . ]
%3 = lo§cal i

2 . - I
saxc . . o "“

w
+
.

blq,': 60xc ) o . . .""‘

- 2, - )
b5 : ;axcal - SRS

) S ) / )
a#’+.ais3 + lBi g% + 10x A8t 32x2 e

9(s)-— - ,

+ als4 + 20x 53 + 12x 218 * 60x 8 + 12x 8,y
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APPENDIX B

* Shank's theorem of stability:

H(2zq, )2) =

A -caysal recursive filter with z-transform

———————_— At

o

A(Zlg; ZZ) )

B(zq, zz)

[

' where A and B are polynomial of 'zl and z, is

".stable if and only if there are no value of 24

{

and z, such that B(zl, za) = 0 and ‘zl‘sl and

-
®
‘2
2 ’
t
°
- o
5t
-5
. 9
.
- .
hd . '.‘ :
. .
\ Y o
a [
' e oy !
- > 4oL
o
PPN
N +
¢ ’ o -
- .
A.""
.

IR

L)
°
’
’
-
i \ .
- .
“ L
< ‘
9
.
. .
s
~
T, L4
v 4
. - 1 3 M
' t
.
.
X
' o
SN
< .
. ,X.
i \.
' \ | Mon N
: I RS
. i ; S,
W R e
: A o AR [ AN
R4 “ ‘ i *
t . [ e
A 2 1 W
! - A A ad
] Ta
Ll A8 3
f




1 ' "81-
»*
APPENDIX C
’.

1

Huang Stability Theorem: A simplified version of
Shanks’ Théorem . ‘

A causal filter with a 2z transform .
' A

A(zl; za)

hg(zi, z5) =
B(zl, z5)

. where A and B are polynomials in Zq and Z, is-

gtable if and only if

1) the map of 2dy (zl: {zl' = ; ) in the z,

W

L, plane,'according to B(ZlP z2) = 0 lies

I v

outé;i.de' davg (z;: lzalél)‘;

[ '

L}

and |
, " ' . . _Y . < .
L 2) no point in dy = (z: [ 29)%1) maps into th‘
ﬁ point Za'z 0 by the relation B(zlg ia) + 0',
o 3 .
4 \ <
) ~ ‘: | g o ’ : | ' -° [
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PROGRAM CIRCULA(INPUTrOUTRUTrTAPE5=INPUTvTAPEéﬁOUIPUT)
O X o '
- * + RN
X FROGRAM CIRCULA IS A COMPUTER-AIDED FILTER DESIGN
®) X PROGRAMy  WHICH DESTEN A NTH ORDER TWO OIMENSTONAL
* DIGITAL FILTER WITH AFPROXIMATLY CIRCULAREY SYMMETRIC
: X MAGNITULE RESFONSE .
O X o -
X
- ( *
O ! . DIMENSION FOLEIRCA0) sPOLEIT(40) s FOLERRCA0) sFOLER2T(40)
. DIMENSION XCDF(4O)rHODTN(4O)1R00T1(40)rH(ﬂbilel)erﬂ(BOi) *
1 TIMENSION, X(40) Y (40) yHI(41y41)
. O e COMPLEX TS00yNS01,0S10.0811 s HGKIAD (81 ¢ G2

- COMPLEX ‘BOO(40) yBO1(40)yR10(40)yB11(40)
COMFPLEX AC40) 2 B(40)yC(40),0¢40) o
COMPLEX Z1u70uHZ (ALadlduTZNCAO) L TINANYLTILANY ; %

O
¥z

X
. . X z
- ) X INFUT ORRBER OF APFROXTMATION IN TAYLOR SERTES
7 * FOR THE DESIGN FILTER . ‘
!.' i * . . -
o0 X
O e ‘
o FRINT 10 ’ '
L O 10 _FORMAT(SX«XFNTER ORDEER OF AFFROXTMATION M X)
READX s M
X INPUT THE XC VALUE FOR ‘THE FILTER
M FRINT 20 :
20 FORMAT(SX»¥ENTER THE XC VALUE ‘%)
B READX s XC
(L %
O ~
. X ;} , ,
\_.) X UT. A1 Ual LI LNOTES X (23=a1) - i
PRINT 2 \
R - 25 FORMAT(SXyXENTER THE VALUE FOR AlX)
v \ 4 READE X (2
¥ : ’ ,
; i INFUT THE SAMFLING FERIOD FOR T1 AND T2
X : . ,

PRINT 27
FORMAT (SX,XENTER THE SAMFLING FERIOD FOR T1 AND T2X)
REANX Tt T2

INT 21 ‘

MAT(SXs¥ENTER FILTER OFTION O=DIGITALyl= ANALOG*)
ALk, T TOANM /

PRINT 2 '

FURMAT(JX:*ENTEP THF MAGNITUDE) FLOT OFTIONX)

A

F‘ETNL 23

o

(
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‘\

- 23 FORMAT(SX,X1=MAGNITUDE FLOT)
PRINT 24
24 FQF”A;( XK 2= 0N
FRINT 26

26 . FORMAT(SX,¥3=PERSFECTIVE VIEW FLOTX)
READK L IMOELOT

: PRINT 28 -

28 FORMAT(SXs¥ENTER NUMBER OF FOINTS )
REAIK NEOINT / ,/
FRINT 29
FORMAT(SX,XENTER FREQUENCY SCALE FACTORX)

R A S C AL

IF(M.LE.1)STOF
IF (MOD(M»2) \EQ.0)STOF
IE(HM.EQ.3Y B0 TO 30
IF(M.EQ.S) GO TO 50
IF(M.EQ.7) GO TO 70
I (M B0 60 T0 20

X(1)=1.0

xk2)=x<2\\\
Y{iy=1i,0

Y(2)=X(2)
Y(3)=2%XC

Ga2eX L2 1KY LX) -

GO TO 100
X¢1)=1,0
XSY LDy
X(3)=4%XC
Y(1)=1,0
NLIY=X L) N
Y(3)=6%XC ‘
YC4)=0,5%KXCKX(2)
e ELE DX e AT A XYW
GO .TO 100

o X(1)=1.0
Ay{nl_yqu
X(3)=10%XC
X(4)=4%XCKX(2)
"ZABTL I, T
Y(2)=X(2)
Y(3)=12%XC

TN SV AT I T ZRY
Y(S5)=6,0kXCk*2

=2KX(4)XKY(5) -

GO-TQ 100
X(1)=1,0
X(2)=X¢2)
S xS AER TP
X(4)=10%XCkX(2)
X(5)=32KXCXK2

/
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ey

' 4
"= 85 =
w O R
5 ® ,
B O (D
ONE Y(13=1,0 )
2 Y(2)=X(2)
‘:’-:, . ' Y(3)=20.0%XC
& O - Y(4)=12KXCkX (D)
‘ Y(5)=65,0KXCK%2
% Y(4)=4,0kXCKXCXX(2) " o
% O - G=2XX (SOKY (4) '
* "
i X . .
(NERG X S . :
%3 . , X° COMPUTE THE ZERQOS OF THE 1-S-1-D AFFROXIMATE FUNCTION
s b . . : .
. S .
b
x L
100 I=(M+1)/2 . . ' . *a

DO 110 K=1s1I
XCOF(I-K+1)=X(K) o
110 CONTINUE
I=I~1
. CALL ROOT(XCOF»I»ROOTRsROOTIyIER)

Em

L3

" PRINT-THE ZEROS OF 1-5-~1-D APPROXJMATE FUNCTION

~

FRINT 120

120 FORMAT (SXyXTHE ZEROS OF 1-S~1-D APFFOXIMATE FUNLTION IS%»/)

PRINT 130, (KyROOTR(K) »ROOTI(K) sK=1+1) .
130 ENRMAT (X T2, X ZFERN = KF10,4,% | XF10.4) Y

*
X L
X COMPUTE THE POLES . OF THE 1-S-31-0 ARFROXIMATE. FUNCTION
X o -
J=(M+1)/2+1
o140 balal
XCOF ¢ J-K+1) =Y (KD

140  CONTINUE g .
L= J=1 -
‘ CALL ROOT(XCOFyJsROOTRyROOTIs IER) -
¥ b 4
O X ERINT IHE EOIFS'OF 1-8-1-[ AFPROXTMATE FIUINCTTION
A ;X oo A
£ - PRINT 150 N _
4 O 150  FORMAT(SX.XTHF POLES OF 1-S-1-0 APFROXIMATE FUNCTION 15K»/)
: : . PRINT 160;(K;RO0TR(K)yROOTI(K)yh =15J) .
160 FDRMAT(SX,I FOLE = %»F10.4s% J *rF10.4), )

g O & 1 .
3 X CDMPUTE THE 2-S~—1-D FUNCTION o .
E ! L\ x ' ' ' _ N
; 9 gf G=n . : _ ,

. /DD 170.K=1yU Y
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ROOTR{J+K)=-ROOTR(K)

170

ROOT L =R OO T I

CONTINUE

1=k d

X

X

X
ke

'

qr . -
PRINT THE REQUIRE st—lLD AFFROXIMATE FUNCTION

180

© PRINT 180 : !

FORMAT(S5Xy»*THE REQUIRED 2-S-1-D AFFROXIMATE FUNCTION IS%s/)
_PRINI 19Q,0 : -

190

200

FORMAT(SXsXSCALAR FACTOR = X+F15.4y//) L
PRINT 200, (KrROOQTR(K) yROOTI(R) #K=1+JJ) ’ . v

EORMATLSX I0ak POLE = XoF10. 4%k . XKeF10,4)
\

COMBUTE THE 2-6=2-01 AFPPROXIMATE E“NPTan ’ ;

HA=GXG : J B

DO 210 K=1yJJ _ . . ~
POLE1R (K)=ROOTR(K) . y o

210

POLEITCRY=ROOTT (KD ' ) . N |

FOLE2R (K )=POLE1R(K) .
POLE2I(K)=-FOL 1I(K) . '
CONTINUE 4

i
]

b O . G P J

0 0 0 000 0 0’0 0 0

LR R

ERINT TN

Q ’ .
E'D TMJ'_ ')"m

[

35

L 230 RORMATASXKSCALAR EACTOR = % il Sednlld

220 7 FORMAT(SXyXTHE REQUIRED 2-S- -2-D AFPROXIMATE FUNCTION ISXs/) .

PRINT 230sHA

PRINT 233

" FORMAT(22Xy%FPOLE AT S1 PLANEX,12Xy¥FOLE AT S2 PLANE*:{)J”ﬂf
7 - . . v . 3 . 'y ”y - e

1 ‘ . _”‘
i ’ N ! L

@]

)

W ,

240  FORMAT(SXsI2r% FOLE FAIRXrF?.4r% J KsF9.4,9X/F9. 47X JKrF9.4)
; X ' S - T ‘

$} @ B S £0 UNCTION . .
! g T(I)(81,82)= 1/BOO(I>+B01(1)92+B\\fg}81+B1I(I)818“
x| b 4 . a
B O e ‘ ' 4 . :
& DO 250 I=1,JJ ° ‘ v .
g , "BOO(I)=CMPLX(1.0,0. oy , , n
ki O FER TIN-LEFE TUNE
i ‘ BIO(I)=CMPLX((di.O*POLE‘R(I))r(~1.0#FDLEQI(I))) ‘
: - B11(I)=BO1(I)%B10(I) . ‘
F O ‘ —
] en g : ‘ )
o L * - ”

k' .
e .
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ERYNT_ITH SECTION EUNCTTON

DO 260 I=1l,J4J
FRINT 270r1I

FRINT ”807306(1) RO1(I),R10CI)sB11C(L)
FORMAT(SX»2E11, 4% ot kv 2E11.4y%82+ Xy 2EL
CONTINUE 1

+ArkS1+ Xy2E11%4yXS1

52%)

& .
ol

L

COHPUTE THE COEFFICIENTS OF T(IJX(Z1,Z2)

I I PE I ¢

AFIER THE DDUBRLE RILINEAR TRANSFORMATION TO LTH SEQTION
OF ANALOG FUNCTION A Y

0o 300 I=1,.01 . -

ACI)=BOO(I)~BO1(I)>%2,0/T1~-B10CI)%2,0/T24+R11(1)%4,0/(T1XT2)
BCI)=BOO(I)~ROL(IHX2,0/TL+R10(I)X2,0/T2-B1i(I)%4.,0/(TLXT2)

_CCI)=ROQ(CID+ROI (T y*2,0/T1-RIOCIIX2, O/T2-R11(II%4,0/(TIXTZ)

7

300
X

D(Iy= BOO(I)+BOl(I)f2.0/T1fBiOII)*2.0/T2+Bll([{*4.0/(T1*T2)
CONTINUE

‘,Z
%
iy
.‘;'
']
A

Ve

X
X \

_PRINT ITH SECTION DIGITAL FUNCTION

’

ng 210 I=1,.L1

PRINT 320,11
FORMAT(SX»XTHE Xy I2s% SECTION, DIGITAL FUNCTION ISX»s/)
ERINT 330

FORMAT (SX.» *KNUMERATOR FOLYNOMIAL 12142242122 %)

PRINT 340;A(I)1B(I)yC(I)7D(I) b ~ .

CONTINUE ' , o

P
\,

s

COMPUTE THE DIGITAL RESFONSE OF THE FILTER

z

_ DO 350 Ki=1,41
OMEGA1=(K1-21)/1.0

Z1=CEXF((0,0¢1,0)KOMECAIXT1) '
0o 360 K2=1s41 ' :

. OMEGAR=(K2-21)/1.0 ‘ »

Z2=CEXF({(0,0,1.0)X%X0 MEGA”*T“) ; :

HZ(K1,K2)=CMPLX(1.0+0.0) . ) .

Do 370 I=1,JJ ’
TZN(IY=1,04Z1+72+Z1%22

TZD(I)= A(I)+B(I)*ZiPC(I)*Z°+D(I)*21*ZA
TZCI)=TZNCID) /TZRCT Y

]

-

.
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- 88 =

A

HZ(K1yR2)=HZ(K1+K2)XTZ(I)

370 CONTINUE
HOYK19K2)=(=20,0) ¥ALOGLO( (CABSCHZ (KL pK2))XHA))

340 CONTTINIE

P

+ 350 . CONJINUE
CALL NORMAL( HD;NFUINTpHID)
IFCIDIGANERLYY B0 T0 101

! 6

¥

¥ o |

X ERINT THE OTGETTAL BESRONGE OF THE FIITER
X

¥

TF(IMCFLOT.EQ, 1) CALL BIOT(HIT41,GCAIE)

IF (IMCFLOT.EQ.2) CALL CONTOUR(HD»41)

. IF(IMCPLOT.EQ.3) CALL THREED(HIDs41)
SI0F

N=14(M+1)/2 0
900 Ki=1,81
S1=CHPLX(0,001,0)X(41,0-K1) /20,0

101

DS00=CMPLX(0+0+0,0)

DSO1SCHPLX(0401040)
00 910 T=1,N

DS00=05004Y (LI XS1k¥ (N-T)

DS01=D501+ (-1, 0)XK(N=T)XY(I)XE1XK(N-T)
Q10 . CONTINUF

D0 920 R2=1,81 -

- 62=CMFLX(0,0s1,0)%(41,0-K2)/20.0
NS 0s0MR X(0,.0.0,0) :

. DS11=CHFLX(0,0+0.0)

DO 930 I=1N p ‘
US10=081 0+Y (I XK (N-T)

[511= DSil+(-1.0)**KN-I)*Y(I)*SQ**(N‘I)

930 CONTINUE
HSK1K7=1,0/(ISO0KNS01KNGI ORNS1 1)

H(K1sK2)=CABS (HSK1K2)
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- L IN=0 . K\
M : 50— X=X0.
X0=-10.0%YQ
_ YO=~-10,0%X b
' L’ X . .
v Y=YO ) N )

- "IN=IN+1 . ‘ ‘ ‘ -

[\ QQ 1059 ‘

- 35 "IFIT=1 :
.. XFR=X

] » YPR=Y :
' 59 ICT=0 ' ‘ . )

o 60 UX=0,0

- P¥ QO :

) =0, Q- .

oA~ YT=0.0 -

R S— :
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SURROUTINE ROOT(XCOFsMsROO0TRsROOTIrIER)
X SUBROUTINE ROOT IS COMPUTING THE CUMFLEX ROOTS
. * OG- I MNEN RO L Y NOM IA A —

X ACL) FALDIX + evrees 4 ANIXKK(N=1) + A(NFLIXXK(N) =0
X XCOF(I) = COEFFICIENTS OF, FOLYNOMIAL ‘ .
" M D GRG0k EOLYNOMIAL
* X ROOTR(I> = REAL PART OF KOOT(I)
X ROOTI(I)> = IMAGINARY FART OF ROOT(I)
X - . 1
X . . ' .
DIMENSION XCOF(30)sCOF ¢30)sROOTR(15) yROOTI(15)
nﬂllB] & EE] |:|S|||N xn.z“. x.!.xr-'l;'. !E‘E'.HY.IIY.U'.Y_’I‘..YT.H
DOUBLE PRECISION XT2yYT2sSUMSQyDX»DY,»TEMFALFHA
IFIT=0 \ .
N=M
1IER=0 :
IF (XCOF(N+1))10525,10
10 TF’(M]1‘].‘_‘L_§;1"’
15 1ER=1 g
20 RETURN . o
25 IER=4 : . .
- GO TO 20 - ., C /
30 IER=2" A . [
‘ GO _T0O. 20 . , K1
§;> 32 IF (N- 14)3Jq35,30 2 / ~ j
35 NX=N
DX Xad 1 , @
N2=1 : V. .
KJ1=N+1 L o
D0 A0 L a1l It !
, . MT=KJ1i-L+1 \
40 COF (MT)=XCOF(L) = + ~
4, xg_n hn"n(\1 n1 2

. YO=0, 01000101




L L

\, -/

XT=1.0
L=COF (N+1)
IE(I) A5 .1 3045 Y

63

DO 70 I=1sN
L=N-I+1 - -
IEMP=COF (1)’ \

XT2=XKXT-Y*YT \
YT2=XKYT+YXXT
U=+ TEMPXXTS N

«~ 0

© V=VHTEMPXYT2

FI=I :
UXﬁuX+FIXXT$TEMP L

UY=UY-FIKYTXTEMF . ' Y
XT=XT2 .
YT=YTZ2

SuMsQ= UX*UX+UY*UY

IF(SUMSR) 75110475
NX=CUKILY=IKLX) ZSUMSR

X=X+DX ’ o,
DY=- (UXUY+VXUX) /SUMSQ, L
Y=Y+D0Y : B T

IF (DABS(DY)+DABS (IX)~1,00~05)10080,80
ICT=ICT+1 "
IFC(ICT-500)40,85,85

85
90

IF(IFIT)>100+90+ 100
IFCIN~ q)50r9579u
IER=3.

95

100

GO TO 20

DO 105 L=1sNXX
MTaKd ) 41

- TEMP=XCOF (MT)

XCOF (MT)=COF (L)
COE( Y=TEME

ITEMF=N

* N=NX

110

NX=ITEME

IFCIFITY120,559120

IF(IFITY115,502115
Y=XFR

115

120

120°

Y=YPR . .
IFIT=0 :
TF(HAHQ(Y/X) 1.00- 4)13591 Bell

125

ALPHA=X+X ~

_ suMsa= =XXX+YXKY

N=N-2 s

130 .

GO TO 140 L ' -

X=0.0 !
NYENY-1

I
.

135

NXX=NXX-1 = S

Y20.0 °

L
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‘Yv'n
I
Ay
T
4

\

e

,_
.

el

e

\ ./

| UMSR=0.0

-

,:, o {i~'£":

ALFPHA=

m_u‘i

140
145

150

COF(")~COF(°)+ALPHQ*COF(1) o : ' .
DO, 1S5S0 L=2+N
FnF(lL1)_CQE([*])£A]EHA*CQE(|) SHﬁSD*CQE(I =11

~
v
e

£

155

ROOTI(N2)=Y
ROOTR(NZ2) =X

Al=N2.b1

IF(SUHSG)léOvléS;léO.- ‘ ' — — -
Y-y : “ |

&

” SUMSAZ0 .0 e .
60 T 155 R

IF(N) 20y20,45
=END

—
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 SUBROUTINE CONTOUR(ZsNFOINT)

DIMENSION Z(101:101)

.‘ CALL INITT(l%OrSrévOrO)

NXI=NFOINT
NYI=NFOQINT

Xa=-2,0
,YA=-500
XB=2,0

¥B=200 ‘ ’ . .
200=0.0
[Z=0,1 -

. Lens bR e e IR A

ZMIN=0.0 )
ZMAX=1.0 , . ( C
NS=1 . "
SIZE=0,15
b XAX=4 . :
YAX=4 " . \
CALL CDNTPLT(Z»NXIpNYIrXA;XByYArYB;ZOO;DZ;ZMIN;ZMAX;NS)
B . r 4
CALL FINITT(O;?bO) oo
RETURN — -
END I
' )
’ é
Yy
..I ) »‘ ‘
\ 0
\\ )
o W
s / ; ‘

el
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e , ; ; =
! - 93 - /, A
/\’ ( ' /
- / - N - ¢
. ( | -
o X
Q \)\. . N ;'/r ‘v
N - SUBROUTINE CONTPLT<Z,NXI,NYI,XA,XBwYAyYB;zoo.uz,jﬁINyznax,NS)
X N . " ) iy
O - : — A
b § ) i
: . X SUBROUTINE CONTPLT IS A COMFUTER PROGRAM TO PLOT
O — MO Mam SHOT I L NG CONTOUR L INESEOR—ANY (U0 [ IMENGTONAL
S XA AND XB ARE THE ENDN FOINTS OF THE X-AX1Sy XAJLT.XE
. X NXI=NUMBER DF X-POINTS OF THE GREL Z(XsY) .
’ 3 : HE Y -AX1G./ YA LTLYR
‘ X NYI=NUMERER OF Y-FOANTS IN THEGRLD Z(XsY)
X ZOO=ONE OF THE CONTOUR LINES TO EE FLOT
) X DZ=CONTOUR—SEACING S
X ONLY CONTOURS Z=CONST WITH ZMIN.LE.Z. LE, ZMAX WILL™KE FLOTTED
, 3 THE ROUTINE WI QNTOUR LINE FUR THE LEVELS Z00 : _
O X L2004 L= 072 ZO0H A A207 . UNLESSTHE | TMILS -
X ZMIN AND ZMAX DRNJHE MINIMIUM VALUE OF AHE ARRAY Z (S EXCEEDED.
- * b 4 u
> © ,
- ' x <, (
O DIMENSION 7(101,101)X(
. DIMENSION NEXT(40056) s XLL(S) yYLL(S) y14(4) )
. X(1)=XA -
@) ‘ LY L2 =XA : '
. G:} XMIN=X (1) . , .
R 1Y(L)=YA : - ’ ‘
0 ' ITIPL] E—— : '
NV - — )
4 YHIN—Y(l)
@ =13 i
ﬁ%-(Y(ﬂ) YHIN)/FLOA (NYI-1)
Z0=200
‘i) DZ0=D7 : . - - +
\ LZO=~1 o ‘ )
TP X NEW LEVEL Z0 ,
B 55 2020402720 < - .
56 ' NZO=1 TN
‘ IF(ZO.GT+ZMAX . OR.ZO LT ZMIN) GO TO93
. DO 80 I=1,NXI
- DD 80 K=1sNYI
) ————-—v——+—-4ﬂ4&vavui;4-5ﬂ 1059
. . IF(Z0-Z{I+K) 160761960 ' . i .
¢ IF((Z0-Z(1sK))%(Z0~Z¢
%) :
O VTV ZTINERY. = F A~ WLV 47: FERT G 1 -
‘. IZ(NZO)=I-1 | ' .
g . L NZO=NZO+1 ‘ ‘
."\ O &.;)_——o‘_ e O > / g a 7
SN ‘

.
e O BARTREHE N e, DTt ki




- AQ

- IF(NZO GT.400) GO T0 82
" SEARCH FOR Z(IsK),LT.ZO.LT,Z(I+1sK) OR VICE VERSA

[ECTLLTANXTAGO TA 20

4

IF(Z0~-2(1+K))80r61 80

XINZO)»=XNIN+FLOAT(I-1) xﬂx

6010 77

70
1,
27

TF((Z0-Z(1sK))%(Z0- z<1+1,k )) +GT404 4 ORVZ0,EQ, Z(I+14K))GQ TO 80

X(NZO)=XMIN (FLOAT(I-1)+(ZCTyK)-Z20)/CZCTyK)=ZCT+19K) ) VXIX
JZ(NZQ)=I-1. ' ‘

_N0=NZO}H

V(NZO)=YHINFFLORT(K-1) KDY .
KZ(NZO)=K~1

80

IF(NZ0.GT 400} GO 10 8” .
CONTINUE - _ : .
60 10 90 .

82
85

FRINT 83+Z0
FORMAT (21H CONTOUR TUO LUNG; = ylRE15,7)

90 N70=NZQ-1 .

X

95

¥

IF(NZOJE.0) GO TO 100 | e

NO CONTOUR Z0 ' ' : by

CONT INUE ’
RETURN |
700

¥

b

D20=-DZ0 .\

LEVELS Z0ME.Z00 . . :

20700 L . L

' - ~
1

N§=-TABS(NS) | S |
.60 TO 56 s [

100 N=-N3

-

INUM=1 ’
PRELININARY ORDER OF CONTOUR FUINT (SMALLES#\PIQTQNCES%.
D00 140 I=1sN70 :

_{
{

CIF(I,GT.1) GO TO 130 L



—( )

140 . YX=X(I) 9‘

‘(\_') el Y —

X (L)=YX ' , ' :
CYX=Y(D) .
YLIN=Y (L) -
Y(L)=YX N | J e
J=IZ(D) -
I1ZLI13=17¢1 )
1Z(Ly=J . .
, J=KZ (1) | : )

NZLI =R ZL1 )

160  KZ(L)=J : /// )

X - POSSIBLE CONNECTIONS BETUEEN FOINTS OF UNE COUNTOU EiNE'

N7M1~M7nn1 }
'DO 220 I=1,NZM1 ' ' .
. DO 210 L=1,6 . C . . ,
210 ~£x14;+u4.n : !
J=1 \ ‘ .
. IR1=I+1
! nn 220 K= TP1.N70
. IF(IZ(I)«NE.IZ(K) . AND. CIABS(IZCI)~1Z(K)) +NE.1.0R+AMAXLI (X (I)yX(K)),
*NE.XMIN+AMAXO(IZ(I)vIZ(h))*DX)) GO TO 220 , Y,
IE(KZLTY N ’ \ .
Q:) ENE . YHIN+AMAXO(KZ(I)th(K))*DY))GO T0220
NEXT(IyJ)=K o . ! - 71
J=d+1 ! . .
. 220" CONTINUE
! DO 340 I=1sNZM1
- Il 1§n P—i-ég
. . IF(NEXT(I+L).EQ.O0) GO TO 340 o k .
‘ X . ' C£RODING OUT OF USELESS INThRShCTION -
. IR1=I+] i o L -
NEXTIL= NEXT(IyL)
DO 300 K=IF1,NZO : ) ‘
DO 300 J=tsbs M : z
3 FOR IDENTICAL FOINTS: ' )
¢ IF(IWEQ.NEXT(KrJ) sORKLEQ, NEXT(I;L) OR » NEXT(le) EQ, NEXT(K;J) OR,
KMNEXT b pd - E QOGO T0— 300 : |
X FOR FOINTS BELONGING TO DIFFqRENT GRID CELLS? .

: - I4(1)=1 } ;3 :
O e 14423 =NEXT (Lol i . : s

- 14(3)=K . . .
L K ' 14(4)=NEXT(KrJ) - '
BO-250—M=1 o3 °_ : -
I4M=I4(M) . . .
/ MFP1=M+1 , . . R
O DO 250 NaMELe4 ‘
© Y I4AN=I4(N) ‘ ’ N
' IFCIZCIAM) JNE.IZCIAN) .AND, (IABS(IZ(I4M) IZ(T4N)) «NE. 1. OR.AMAX 1 (X
‘*TAN4+X444N44+NErXM4N+AMAxO44Z4I4M4-4+4Z4I4N#—44*ﬂ¥44—90—10—3&0————

* . . . -

O

O O

s oy,

O 0O O O O 0O

-
- gt

o v

O

C
@)

J 1
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TF(KZ(T4M)> s NE+KZ CIAN)  AND < IABS (RKZ C LaM)- RZCIAN) ) NE.1.0R.AMAX1 (Y
XI4M) »Y(TAN)) . NE. YﬁgN+AMAxo<Kz<I4M>~1.Kz<14N> 1)%0Y)) GO TO 300 ..
250 AFnNTINHF‘u

M=3
N=4 ~ <
NEXTKJ=NEXT (Kr ) . )

a3,

IF(X(NEXTIL).EQ.X(I)) GO TO 270

VIF(X(NEXTKJ) .EQ.X(Kk)) GO TO 290
YX21=(Y(NEXTTI =Y (TII/CX(NEXTTI )=X(T))

— . PARALLFL 1 INFS2

YX43= (Y(NEXTKJ)—Y(K))/(X(NEXThJ) X(K))
YX=YX21-YX43

»
S s I 1

" ~IF(YX.EQ.0) GO TO 300
COORDINATES OF THE INTERSECTION:
X8=C(Y(KI-Y(T)+X (T IKYXD ]—X/HSIXYXEK)/YX

)

X

.

YS=Y(I)+YX21X(XS~X(I))
INTERSECTION INSIDE THE GRID CELL

.W}‘S-Iiﬂ:’é}a

Kl

aLs IELAMINI (X CTY XCNEXTT! ) o X(KY o X (NEXTK IV GF XG0 XG, GF  AMAY1 £X(T)

KX (NEXTIL) » XCR) X ONEXTRKI) ) JORAMINLCY (1) s Y CNEXTIL) » Y (KD y YANEXTKJ) )
XGE.YS.0R.YS,.GE. AHAXI(Y(I)yY(NEXTIL)rY(h)vY(NEXTKJ))) GO 7O 300
NFXT(KLJ) =0 -

- 270 XS= X(I) ¢ .

SO o,

GO Ta 360 . s

YSa (XS —X L)Y

290 .. XS=X(K) ' ) v

GO TO 265 L,

YSa Y(T)-&(Y(NFXTT] )—LLT)UIXINEX[” I=XLT)IXK(XS-X(T))

300  CONTINUE

GO.TO 265

KsNZor
et

J=6é ’ - , .
PLOT OF ONE CONTOUR LINE

V4

p

XL (23=X(T)

XLLC1)=X(NEXTIL) '
YLL¢(2)=Y(I) ' : ' -
YlLI1 (1 \-_ﬁ(NEYiTI hY

-

DO 310 N=3,5

D0 310 M=1,2 . .
‘Tr(wl(Mﬂ XLL CNLY AND YL L u_n EQ.YLLANYY G0 I0 320 - d

310 CONTINUE" . . !
N=3 ‘ ) . o

Mi’:’ z 3

%

IFC(IABS(NS) .EQ.3) INUM=1

(XS»YS) IS THE CURRENT PEN POSITION
320 CONTINUE °

[

X
X

IF(XLL(M)WNE XS, OR.YLL(M) . N§.YS) CALL FLOT(XLL(M)«YLL(M)r3)I
FLOT(XrYsN) MOVES THE PEN TO (X»Y)
EEN JIF TF N=3X, EEN OOLIN T N=2

M3M=3-M .
CALL‘PLOT(XLL(M3H);YLL(H3”):

- CONCORDIA UNIVERSITY
B L R )

T
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o i e, T e

A g
A
r-l \ /
D0 330 NH=1»s3 | . ’
O M= 4 pidd ’ < : ' .
' . NP2=N+2 . " .
KLL(NP2)=XLL(N) :
- 230 YL L (ANED L LA
'NSP4=NS+ . ,
N GO TO (350+3460+340,3460y340,340¢350) 1NSF4
( 348 IE(NEXT(Iad LT NZOL2 ANDL T LT . NZ0/2) G0 10 340 .
350  IF(INUM.EQR.2) GO TO 360 . /
= CURRENT PEN FOSTTION ¢ \ /
4 ? INUM=? :
CALL PLOT(XLL(3)»YLL(3)y3)
360 CONTINUE ) )
O NEXT CONTOUE L INE " ‘
.,60 TO 55 o o
e _ END " "
A}
Cri
C - =
¢ |
C A
C\
0
O — ’
N - \
(". -
( 1 / s
¢ ) :
) [ {
C A
N
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SUBROUTINE PLOT(XsY»Jd) L
X MOVE -JHE FEN T0O THE FDINT (XsY) Py
3 WHERE ¢
X X--18 THE NUMBER OF PLOTTER INCREAMENTS
X, ALONG THE gENGTH OF THE FAPER FROM THE ORIGIN
b 4 Y--I8 THE NUMBER OF PbOTER INCREAMENTS
- X ACROSS THE WIDTH OF THE FPAFER FROM THE ORIGIN
X J--IS THE PEN STATUS
X 2 LOWER PEN BEFORE MOVING
X 3 RAISE PEN BEFORE MOVING
X y IF J IS5 NEGATIVE THE GhlbIN/ ILL RESET AL (XeY) °
4 IREFY=YX1920+398 ' N
IREFX=X¥190+512 ‘
o IFc¢ LT .0) CALL MOYABSC(IREFY-TREFY)
. . IF(J.EQR.2) CALL DRWABRS(IREFAy[REFY) ¢ »
IF(J.EQ.3). CALL MOVABS (IREFXs IREFY) V
RETURN. .
END
. -,
DA
, I
pd . —
) . ‘
s X . -
7w#h - 4= -
L N ‘.

N

> -
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r
e ‘ - 99 - ;’
. . . .
‘ R ) .
| \_();f .
9] _GURROUT NG NOEMALLH» NEOINT) i g
‘ DIMENSION H(1015,101)»H1D(301) - “ . o : . ~
HMAX=H(1} 1) S
@) 00 10 I=1APOINT i
DO 10 J=1sNPDINT ’ Z -
N IF(H(I»J) .GT.HMAX) HMAX=H(IsJ) .
O 10 CONTINUE ) . -/
N=(NRLOT+1)/2 . . ‘ - ) .
, DO 20 I=1,NFOINT - . .
2 00 20 J=1,NPOINT : . _r
. IF(I.EQ«N) H1D(J)=H(I,J) : ) — "
e o HC(Ery J)=H{IyJ)/HMAX .
O . 20 - CONTINUES a .
. ' RETURN ) . .
. O R . » END . s\/ s
' O ] - *
N - :

| . . o

| O < 1 2 —

O . .

, | ay ;

O ?
G .
~ . -

:t O{) ’ ' &
| ) ]
O » -

J‘ O " ’ * ¥

- R N

% C‘::’ @ Fl l 54

i £ 7 ;

| _ ; : 3

+ : B ] ﬂ/)
. U 1 ‘ -
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SUBROUTINE THREED (HsLINEFPON)
DIMENSION MASh(“OOO);UERTEX(ié);YDATA(41);ZDATA(41)
OIMENSION XDATa(4d ) Hidgd.41)

CALL INITT(120+5+6+050)
ICROSS=0 .
IUXYZ=10

XSCALE=-0,1
YSCALE=1.0 , A
ZSCAlE=0,1"

NPNTS=LINEFON-
FHI=-45.0
MWHETA=33,0

XREF=5.0
‘YREF=3.0 N
X1 ENTH=10.0 i &

DO 11 J=1,16
VERTEX(J)=0.0

END ‘ Y

L

oy CONTENLIE o 3
‘ﬁ DO 20 NLINE= I\vLINEPON ! .
) T XDATA(NLINE)=0,0
i DO 10 NPOINT=1,t INEFON
ZDATA(NPOINT)=0,Q
- w .. YDATA(NPODINT) H(NLINE;NPDINT)
G 10 CONTINUE
- " CALL PLOTBD(IUXYZvXDATAvYDATA:ZDA(d:XSCALE;YSCALt:ZSCALhy
:) . ANLINEsNPNTSs PHIyTHETAs XREF s YREF y XLENTHy MASK yVERTEX » ICROSS)
- C 20 - LCONTINUE -
- g ICROSS=1 : )
- IVXYZ=1010 S
s XSralE=~-0,1 ° ‘
: ZSCALE=0.1 o
- DO 30 NLINE=1sLINEFON . .
- ZUOATA (NI INEY=0.0
. 30 CONTINUE
) * D0 50 NLINE= 1:LINEFON
- O XOATACNL INFY=0.0
- 1 DO 40 NPOINT=1,LINEFON
C YDATAL(NPOINTY=H(NL INE+NPOINT) :
40 . CONTINUE B &

P) CALL PLOT3D(IUXYZ:XDATAyYDATAvZDATArXSCALE;Y&CALE;ZSCALL;
U SKeVERTEX  ICRNSS)
. 7 50 . . .

A . CALL FINITT(O;?&O) ‘ o
U RETURMN. : <

2.

-

P PN ¥

~ e b ok, L

At o S et -

S D o
P AT, X

<

BT e,
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SUBROUTINE PLOT3D(IVXYZ, XIATA, YOATAy ZDATAs XSCALE » YSCALE s ZSCALE
KNLINE s NFNTS » PHI» THETA» XREF » YREF s XLENTH HASK » VERTEX LCROSS)

SUBROUTINE PLOT3D [S A MASKED 3-LIMENSIONAL FLOT
EROCRAM WITH ROTATLIONG

THIS ROUTINE WILL ACCEFT 3- DlNhNSIUNAL DATA IN VARIOUS FURMS
AS INFUTs ROTATE IT IN 3~ SFACE TU ANY ANULE AND

XY FLANE, LINEAR INTLRFULATION IS USED RETWEEN DATG
FQINTS, THOSE LINEY-OF A FIGURE WHICH SHOULDN kE HILLEN LY

AR AL QU AR AR

EACH CALL TO PLOT3D CAUSES ONE LINE OF A FIGURE TO BE
PLOTED,

 §
TWO FARAMEIERS OF ®HE FLOTTER ARE SET ON THE INITIAL CALL
FOR EACH FIGURE.,
LETEIN I THE NUMBER OF FLOTTER INCRIMENTS FER INCE,

(NYFI) IS THE NUMBER OF INCREMENTS AUAlLABLh ACROSS THE

WIDTH OF THE FAPER ( Y-DIRECTION), v
ICROSS=0 NO CROSS HATCH.

ICRGSS=1 CROSSHATCH TO BE FLOTED.
T (PHI) AND (THETA) ARE TWO ANGLES (IN DEGKEES) USLL TO

I I JE W I P I I pc I I ¥ 3 I & I I J6 I I P F I K

QEEC];[:}‘ THE nEg]pgn r & UJNI AGTHINAL  BHTAT TN -

FOR THE INITIAL SYSTEM OF AXES XYZ
ANGLE (FHI) IS ROTATED COUNTERCLOCKWISE ABOUI g"ﬁX159
- ] . . SR WTRE AL Y AY

.(XRhF) ANDL (YREF) ARE THE COORDINATES I[N INCH
RELATIVES TO THE PLOTTER PRIGIN. ’
(XLENGTHI IS THE L ENG Tk 4N,{M[“, IO WWICH FHE ELOT L8

RESTRICTELD.
(NASK) IS AN INTEGER ARRAY OF ”*XLhNGYH*FIFI ENTRIES WHICH

Iy A

3¢ ¥ J& % P& I I

THE CONTENTS OF THIS ARRAY SHOULH NOT RE ALTERED AT ANY TIME

INTEGER HIGH,OLLHI nlnan : '
DIMENSION XDATA(41)vYDATﬂ(41)vZDATA 41)vNASh(“OOO)rUERTLX(léf
. DATA INIT!JUXYZvSFHIrSTHETA/ 1;-1; -1,0E99 -1, 0E99/

TLlMlTME ra,n\ Pﬂ Tﬂ TEA

ABAL X ARV RATIARA S I

TECONM TNE NE 4y 020 TO AN



- 102 -

20

LT e

I=0 s
TE(IUXYZ o EDLIUX[Z) GO T0 70 E

JUXYZ=IVXYZ
INODZ=1
INOY=1

INDX=1
INDU=1
JECIUXYZ L T,1000) G0 TG 30

INDV=2 . .
JUXYZ=JUXYZ-1000 | _—

TE(IUXYZ. 1 T.100) GO TO 40 , e
INDX=2 ‘ . S

JUXYZ= JUXYZ 100 ‘ : ‘ ) .
IF(IYXYZ.LT.10) GO TO S0 » 5

INDY=2" ° ¢
JUXYZ=JUXYZ-10 : .
IEIUYYZ LT 1) G0 IO AQ "

40
70

INDZ=2 . . T 4 -
JUXYZ=IVUXYZ ' :
IF(PHI . EQ.SPHT .ANDLTHETAL.EQ.STHETAI (O TO 80 . L

SPHI=SIN(O.0174532925%FHI) oy
CFHI=COS(0,0174532925XFHI) - . 3
STHETA= GIN(0J0174u3°925ﬁIHETA) : :

CTHETA= QOS(O 0174q3“925*THETA)
A11=CPHI -
A13=~GFHT p

L ARZ=STHETAKCEHT

80 INCI==INCI *

I=T4+INCT

A21=STHETAXSFHI o ‘ . - %
) . :
SPHI=FHI ' '

A22=CTHETA
STHETA=THETA « ‘ X

IF(I.NE.O)I=NFNTS+1 4 T
DO S30 K=1:NFNTS '

90

?ﬁg_:w

'

30 TO (90,100) s INDX T ; .

IF(ICROSS.EQR.0) ifXDATA(1)+(I—1)*XSCALE
1 : =XDATA(L Y+ (NI INE~1)XXQCALF

S
= Bw b
Pt

100
110

GO TO 110

X=XDATA(I)*XSCALE ‘ .
A0 TO(120.130)  ITNNY L A

120

130

2 a3 iy Do P
et ENe e

Y=YDATA(1)+(I~ i)XYSCALE
60 TO 140 ‘
" YsSYAATA(T)KYSCAIE 4

140
150

GO TO (150,160)yINDZ v
IF (ICROSS.EQ,0) Z=ZDATA(1)+(NLINE-1)¥ZSCALE
IECICEQSS Eg 1) z—zunxa(j)*([-jleSFAIF

160
1720

_ Z=ZDATA(I)XZSCALE

GO- TO 170

YXX=Al L kX +ALIKTLXREE - T

o o




- 103 = ¢

XX=XXX
IX=TROUNO(XXXFIFI)

AFATAY] p.ua k] o B WAV & oY wl i

LI T e & A = 1T P IVELT

YY=YYY+AR2XY
y IY=IROUNDCYYXFIFI)

IF(IX.GT.LIMITX) IX=LIMITX

IF(IY.LTv10) IY=10
IE(TYLGT.NYET) IY=NYFI

Q
C) k- V200 W 0 s S W 421
Q

: IF(K.NE.,1) GO TO 250
o - LOW=IX+IX

MIGk=L Ol ;

Y - S,

,_‘
s
N4

' MLOW=MASK (LOW)
MHIGH=MASK (HIGH) .
L IF(MHIGH=IY) 200s210+180

@

180 IF(MLOW~IY) 190r2307220

190  LOCOLD=0
Q* ‘ GO-T0 240

200 MASK(HIGH)=1Y
IF(MLOW.EQ.~1) MASK(LOW)=1Y
O 210 OO0l D=t

GO TO 240
220 - MASK(LOW)=IY
O 230 10CO Ds-1

= 240  CALL IPLOTC(ICROSSsIX»IY»s3)
& | x=IX
) I¥Y=TY

IYREF=IY
.{ . “IF(INDV.EG.1) GO TO 530
INDEXSTNCTI+4

VERTEX ( INDEX)=XX
VERTEX(INDEX+1)=YY .
VERTEX(INDEX+8)=XXX. |\ -

o VERTEX (INDEX+9)=YYY
‘n IF(NLINE.NE.1) GO TO 530 .
VERTEX(1)=XX. -

- VERTEX(2)=YY -
VERTEX (99 =XXX

o o0 o

UERTEX(10)5YYY

. GO TO 530 .

250 + IFLIX.NE.JX) GO TO 260
lv_Iv

. GO TO 280
260 YINC=FLOAT(IY-JY)/ABS(FLOAT(IX-JX))
P THCX,‘]*_]X’A'ARS{T\I" lY\

I yamgy , n oy
1. 270 Ux=dx+INCX . . \

Yo=Y b Y INE
T . JU¥=IROUND(YJ)
LOW=JX+JX
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O -
’ , HIGH=L0W-1
4 MLOW=MASK(LOW) ,
@ f MHIGH=HASKLHIGHY
280  IF(MHIGH-JY)300,300,2%0
290  IF(MLOW-JY)>310,320,320
0 - 300 1 0C=41
IF(LOCOLD) 3409 370,430
. 310  LOC=0
0y . IE DCOLD) 340 350 330
' 320 LOC=-1 : .
Ir(LUCULD)JlOv440944O
Oy 330 IF(MUIGH I F. TYREFICALL IFIOTCICROGS, JXy MHIGH 2)
' ‘ GO TO 350
. 340  IF(MLOW.GE.IYREF) CALL IPLOT(ICROSSvJXyMLUwa)v
Q 350 call TEIOTC(ICROSS, JXs Y030
GO 'TO 520 ‘
3460 IF(MLON~IYREF)370,1g0,380
O 370 IE(MHIGH-TIYRFFEYA00 4320 390.
380  CALL IFLOT(ICROSSsJXsMLOW,2)
‘ 390  CALL IFLOT(ICROS SyJX;MHIGH;3)
O : GO TO 430
. 400 - IF(MHIGH.EQ.=1) GO TO 430
OLDHI=HIGH-2%XINCX
O IE(MASK (Ol OHT ) ~ 1Y) 420,420,410
(:> 410 _ CALL IPLOT(ICROSSyJXyJYs3) X
GO TO 430
O 420 CALL,IELDT(IEhDSSyJXrINCX;MASR(DLDHI);3)
) 430  MASK(HIGH)=JY
IF(MLOW.EQ.~1) MASK(LOW)=JY
O Call TPIOT(ICROSSy IXs IYs2)
» GO TO 520 4
440  IF(MHIGH-IYREF)4605460s450
@ | 450 IE(MLOW-IYREE)420.47204480
1 46 CALL -IPLOT(ICROSS s JXyMHIGH2)
470  CALL IPLOT(ICROSS»JX¢MLOWs3)
O N Tn W o = WL, W2
480  OLDLOW=LOW-2%INCX
- . IFC(MASK(OLDLOW)~JY) 4905500500
W e 420 CALL IR OT(LOROESS Xk s
' GO TO 510 ~
. 500 CALL IFLOT(ICROSSyJX- INCX;MASK(OLDLOU)13)
{J S10 - MASK L OIS 1Y '
CALL IPLOT(ICROSS;JX:JY:Q)
) 520  IYREF=JY °
S LOCal n=1 0 _
IF(JX.NE.IXY GO TO 270
530  CONTINUE |
@) Call IFLOTLICROSS, IXe dY o3 f
IF(INDV.ER.1) GO TO 540 . _
{ INDEX=~INCI+6
f 3 /
O —
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.
[ - -
VERTEX(INDEX)=XX
— S R T LA X ey .
' VERTEX(INDEX+8)=XXX .
. VERTEX(INDEX49)=YYY ‘ (\;
— JELNLINE NF 13 60 .10 540
VERTEX(3)=XX : ’ S TN
VERTEX(4)=YY T . )
— . MERTEXL L1 3aXXX : .
VERTEX(12)=YYY - . o
540 I=I-1 _ .
— EETIEN , >
" 550 INIT=0 =
RETURN -
ENI
0 \
“\\
) t
_ . e
'FUNCTION IROUNI(B) .
—_—  IROUND=R+40.5
RETURN
END
N T — 3 '
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SUBROUTINE IFLOT(ICROSS»IXsIY»J)
MOUE THE £FEN TO THE POINT (IXsTY)

WHERE , _ ,
" IX--1S THE NUMEER OF FLOTTER INCREAMENTS
AL ONG THE | ENGTH DF THE PAFER FROM THE ORIGIN

1¥Y--IS THE NUMBER OF FLOTER INCREAMENTS
ACROSS THE WIDTH OF THE FAFER FROM THE ORIGIN
I-—19S THE FEN STATUS

2 LOWER 'FEN BEFORE MOVING

3 RAISE PEN EEFORE MOVING .
IE 1 TS NFGATIUE THE DROGTN WL RFESET AT (IXsTY)

ITEMPX=IX | \
ITEMPY=TY , , -
IFCILT.0) CAll MOVARS(IX,TY)

IF(J.EQ.2) CALL DRWABS(IXsIY)
IF(J.EQ.3) CALL MOVABS(IXs1Y)

IX=LTEMEX
IY=ITEMPY
RETURN
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SUBROUTINE PLOT(H;NFUINT:SCQLE)

DIMENSION X(4);Y(301)yH(301) .
LA (\ >
; CALL BINITT o \\\ 7
' \

L

7

pATA IN XARRAY DEFINE AS FOLLOW

X(1)=

=1

MR N AR OLINEAR

XL2I=NEQINT o NUMEEE

O _LDATA I~ﬂer T nEBLOr

/

— X(3)=FIRST ELEMENT VALUE IN X AXIS OF FIRST DA[/}IN X
X(4)= INCREAMENT FOR EACH DATA FOINT IN X AXIS

2% ¥ 3 % ¥ K o*

-

-X(1)=z21

{ﬁ\—ﬁﬁnrmr '_ : *
X(3)=0 : ‘ .
X(4ry=sCaLE

DATA IN YARRAY DEFINE AS FOLLOW
Y(1)=NFOINT NUMBER OF DATA TO BE FLOT

I} - ¥ I I K

YD =Tl (I=l) DATA-UALUE IN-¥ AXIS -

.

Y(d );NF’ﬂTNT

o

N=NFOINTHL : o
DO/1 I=1sN
Y LI 3mHLTI

1

_LCaLl

JCONTINUE
JCALL XFRM(4)
YERM (4]

LIS, P VLS .

CALL CHECK(XrY)

CALL DSPLAY(XsY)
CAL—EINITIL0200)

RETURN :
END
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