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ABSTRACT

THE COMPUTATION OF GALOIS.GROUPS

Leonard Soicher

We discuss methods of computing invariants of the

conjugacy class o% the Galois group of a separable ' s
polynoniial £(x) over K, n = deg(f) > 0. IThe a%m is ;n.
determine the class of Gal(f/K) in S, We concentrate on

the éasé K = Q and f(x) is irreducible éQer K.

.

The main tool discussed is the resolvent polynomial-.
For F in K[xl,...,xn], the_factarizqtiqp of a resolvent
polynomial is used to determine the orbit length partitioﬁ
of {F(xlp,...ixnp) { P iﬁ‘ﬁn} g:ger‘the action of Gal(f/K). ‘ q
An important class of resolven£ polynomials consideieq

are the "linear" resolvent polynomlals, where F =

@ X +eate X, ey in K and 0<r<n. The use of ilnear

Y resolvents in determining Gal(£f/K) is-discussed. A new, »

method qfutohpu;ing linear re@dlvents is

describe 11 as the computer: implementation of this

method over the integers.

For every transitive permutatlon group G of degree up to
7, we have computed a polynomkal f(x) such that
Gal(f/Q) = G. We ‘also list gany new examplgs of polynomlals

\ with PSL(3,2) as Galois gtoup over 0.
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char (K)

K(Vl""’vn)

R[xl,...,xn]

AT

£(x)
deé(f)
éisc(f)
£' (x)

G (N/K)

\

‘Gal (£/K)

Q
Z
p/
Z:

- R

i mod b - .

F mod p

the polynomials in the indeterminates o '

"the Galois group of f£(x) éve; K,

,homomorbhism from Z onto Z

',F witH its coefficients replaced by their

=w1th c e£f1c1ents in 2),

. ey e
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‘the image of t undér)fhe mapping. S,

the cardinal of the set'C,

‘a field, ~ ’ ' \ v

Y
the c¢haracteristic of K, .

the field extension of K obtained by

adjoining vl,...,v to K,

X1reessX With coefficients in R,- : 1
a polynomial in K[X], ¥ 73 | o
the degree of f(x), - ' . = .
the discriminant of f(x),‘%ﬁ

the formal derivative of f(x),
the Galois group of the normal -extension N

A} * hd

over K,

the field of rational numbers," ‘
the {ing of rational integers,
a positive prime,

the field of integershmodulo P, } ‘ <.

th? image of i under the natural

p’.

1mages mod p (F a (multivariate) polynomlal

n




£ mod g~

res(f,qg)

rep(G,C,*)
im(rep(G,C,*))

abq(c)
clegreaye ]

£
mdfﬁ(e!M)

mult(v,£f)
. gcd (a,b)

alb \
vallb

a' {-— expression

‘the representation of G intg Sn defined by . \

the multiplitity of the element e in the.

~

the remainder upon division of f(x) by g(x),

the resultant of £(x) and g(x),
a group, e ' ' o
" s 1 b

the symmetric group on {1,...,n},

the glternating group oh {l,...,n}, L
H is a éubgrbup of G, o
a group actién,

the action of G by * on the ordered set C,

3

the image o0f G under the preceding

representation,

/ ‘ '
the stabilizer %nﬁG of ¢,
the multiset of elements gl,..;{er,a

)

multiset M, ) ) s .

the’multiplicity of v as a zero of £(x), S

~ 5
the greatest common divisor of a and b,

M

a divides b,

a divides b and gcd(a,b/a) =1,

r‘o\‘jl .
‘the value of a is replaced by the value-
' w
of the expression. i
\ P R
1 D 0
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. © CHAPTER 1 , )

g N I¥TRODUCTION
v
Galo1s theory gives an elegant answer to the questlon of
/wﬁether a polyﬁomlal equation, f(x) = 0, over a surteple
field K (e.g. the Eatlonals) is solvable by radicals.
¥Solvable by.raeicals" meanszthat the eero of ) can be

)

expressed as finite expressions ln the coefficients of f(x),
where thF only permitted operatlons are the field QE:ratlons A
"and the extraction of roots. 1Ip Ghlois theory, to e ch

polynomial f(x) over K, there is an associateds group G

scalled the Galois group of f(x) oyer K. The structure of ¢

this group describes the structure of the. smallest field'

extension of K containing a;l the zeros of £(x), and the
L

"equation f (x) = 0 is solvable by rédieals if and only if G
¢ o ) \\ [T
is a solvable group [VDW,p.173]. =~ 7 o
. ' o . , ~ . Q\

In this thesis we study the problem of computing'fhe,

' q§lois group of a,given polynomial f(x), with distiact

zeros, over a fieid K. We are especially inferesree in the'
cese K = Q, the field of retional ﬁumbers, and when £ (x) fe
irreducible over K. - The thesi§fis intended ae a' , '
contributién to the domain of stBolie and algebraic

computation.
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We assume the reader is familiar with basic algebra
including group theory,. field extension theory and Galois
theory. References for this algebra are [BIR,VDW].

é -

1.1,BASIC DEFINITIONS AND RESULTS

'h’ -
We define our terms and state several useful basic
results. \
|
/

‘

1.1.1 GROUP ACTIONS ' | /

‘.\_s
- Y !
. ‘

-~

"~ We define the' action of.a group on a set. This is

undamental as we, will be co\nc{erne'd with détermini‘ng the

' "

- ‘ . ’ . 4
action of the Galois group on various sets.

-~

. . .7 . .
DEFINITION l.1. Let C be a set and G be'a group. We °

say that G acté on C (by *), if for each pa¥r (c,5) where
c in C and” S /1n G, there 1is defined an element c¢*S in C such

that for all ¢ in C and 8,T in G the following axioms hold:

”(l)‘ c*lG ='7/ ¢, where lG is the 1dent1ty e;ement of G, anfi

/

(2) c*s/)‘*'r = c*(ST).
Leét G be a gro p, C a set, and suppose G acts on C by *.

be in C.

-

; ‘“ The o/rblt é‘ontaining 'c (under G) is defined by

/- "¢*G = {¢*S : S in G‘}. . T .

{c*G| is called the orbit length. ‘The set of orbits of C

.

e gemen s (o s et gt fHEOY 40 34 Sy g FWWWWQ’; LI




-
— - + .

%

P . . “ o r o e QMMQV,_, ‘,v.,‘:u;,g,:z..\ e “‘WWW
- - 3
K . { '
under G, - !
A*l »
. t ' . . 1
: {c*G :"¢c in C}, o
4 ' ‘ ‘
g , ‘ ¢
N partitions C. This partition of C induces a partition of
& o . . .
* ICi, called the orbit lermgth partition of C under G. This
4 . . RS
B partition of |C| consists of the lengths of the distinct
' orbits of C under G. ‘ C
/. * -
» . - .
- The stabilizer of ¢ in G is defined by y
X .
= i . * -
2 | 4 stak?G(c) {s 1rhG‘ : C*S cl. Lo
n 7 S . - ) N - R s
: Let §,T in G, c,d in C and H = stabg(c). It is
¢ . » '
5‘ stradightforward to show that the following facts are true
g’ & {(see [NEU]): . ‘
g (1) c*S = ¢c*T if and only if I-iS = HT; that is, iff s and T rog
i are in the same right c'oset. of stabG(c) in G. '
@ - had ' ' ' ‘ ’ ' /
; (2) stabg(c*s) = s™lus, | o
9 .
(3) Suppose that |C|] = n < o0, and let an ordering of the
¥ -elements of C be C = (c;,...,c ).. Then there is a natural
X oot )
J permutation representation (homomorphism):
i . ‘ :
. rep(G,C,*) : G -=> S,

where S --> S under this represe'ption‘,,an'd § is defined by:

iS = j if and only if c;*s = ¢y

for all S in G and i in {\l,...,n}.‘ The kernel of rep(G,C,*)
. : R . 2
.‘

is *
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iQIStabG(ci) .
\

- The subgroup of 5, which is the image of rep(G,C,*) is
a [

3

d?noted by im(rep(G,g,*)). ‘ ' .

rey AR e
b

Let H = im(rep(G,C,*)), and let P be a permutation in

Sn. Consider a new ordering of the'elgments of C:

C. = (C"l.y--olC'n) = (clp'...,cnp);

Then im(rep(G,C',*)){= pup™l.

u

1.1.2 THE GALOIS'GROUP OFlA POLYNOMIAL

- n . . :
tLet f£(x) = Zaix1 be a polynomial in K[x], an#O,
’ i=0 .

n = deg(f) > 0.

-

DEFINITION 1.2, We say that a“field extension N of K is

1

a splitting field of f(x) over K if:
(1) £(x) can be facdtored into linear factors, f(x) =
an(g—vl)...(x-vn), in N[x], and

(2) N is generated over K by v,,...,v._, that is, N
1 n

K(vl,...,vn).

{

We call VyreredVy the zeéros of f(x), and we may assume’®

that £1{x) is monic (an = li.

]

From field-extension theory we know that for the.given

field K, and £(x) in K[x], we can éfhays construct a-

ﬁﬁgplitting field of f(x) over K and this splitting field is

unique up to field isomorphism. Thus we may speak of the -

Ll

ot Rt il St 4 P
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w in N is a zero of a unique separable, monic, irreducible

4 . , i ~ o . N » . R I e R P o

splitting field of, K f£(x) over K.

. >
DEFINITION 1.3. Let L be a field. An automorphism of L

is a l-sto-1 mépping, S, of L onto L such that for all

elements a,b in L, (ab)S = (aS)(bS) and (a+b)S = (aS)+(bS).

¢

DEFINITION 1.4. Let N be the splitting field of f(x)

over K. The Galois group of N 6ver K, denoted by G(N/K), is
the group of all the'ahtomorphisms of N which fix each

element in K. -

. o 3
Let N be the splitting_f}eld 6f £(x) over K and let G =

G(N/K). We call f(x) separable if its zeros in N are

N

distinct. Many of the results of Galois theory apply only
to the splitting fields of separable polynomials (the
so—ca%}ed normal and separable-extensions: if N is the

splitting field of separable f(x) over K, then each element

-

‘ , I
polynomial over K.) We now assume that £(x) is a separable

N

polynomial over K.

Let‘nn.ordering of tge (distinct) zeros of f(x) be Vv =
(vl,..;,vn): G sends a zero of f(x) to a zero of f(x) (see
Lemmé 2.6) and thus G acts on the set Vv = {vl,...,vn} by *,
where the action is defined by vi*s = v.S for every S in G

and i in {1,..,n}. Thus there is the natural representation
>/X ) ' ‘ '
rep(G(N/K) ,¥,*) : G(N/K) --> §_

n

-as described in Section 1.Y.1. .This representation.is

o




-

*

) faithful since if an element T is in the kernel of

rep(G(N/Ky,X,*), then T must fix each of the v; as well as

. ]
- the elements of K. Since V generates N over K, T must be

V the identity element.

1

.» DEFINITION 1.5. The Galois group of f(x) over K,

Gal (£/K), with respect to the ordering V = (vl,...,vn) of E',.

the zeros of f(k), is defined to be im(rep(G(N/K),V,*)).

If we do not fix an ordering of the zeros of f£(x), then
Gal (f/K) can be determined at best to within cénjugécy in
. 8,./ This is stronger than to within isomorphism and jn this

thesis we are usually not concerned with the probléﬁ\vf

[ER N

ordering the zeros of £{x). "If w%ng‘not speéify an

A Y

N v

< ordering of the zeros of f(x) and we state that Gal(f/K) =
N ~ i
: G,. we mean that for some ordering of the zeros of f(x),
. Gal(f/K) = G with respect to that ordering.
. . ]
’“; 1.1.3. THE FUNDAMENTAL THEOREM OF GALQIS, THEORY -

Lo . For later reference, we state the Fundamental Theorem of

Galois Theory (for a detailed discussion see [BIR]).

e

THFOREM l.6, Let G =‘G(N/K) be the Galgis group of the.
' splitting field N of é separable ﬁolynoﬁial f(x) over /K.
There is a l-t;-l correspondence between the subgroups H of
G and the subfields ‘L of N which cégtain K. Given L, the
corresponding subgroup H'is the group of alllfhe

& automorphisms in G which fix every element in'L. Given H,

)

mtme Sumwiorae s 8 At
M
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the correspondlng subfield L consists of all the elements of

N_left flxed byaevery automdrphism in H. For each L, the

A.n -

covrequndzng subgroup B is the Galois group.-of N over L,

and IHI is the degree oérN over L.

In particular, if an element b in N is left fixed-by all
automorphisms in G(N/K), then b belongs to the base field K,

the subfield of N corresponding to-G(N/K).

S

/ - .
1.1.4 THE FUNDAMENTAL THEOREM ON SYMMETRIC POLYNOMIALS

a i N

We state the Fundamental Theorem on Symmetric . :

Polynomials. o : .

THEOREM 1.8. ([Vchp.Bl]) Let R be a commutative ring
with identity and let A in h[xl,...,xn] be a s?mmetric'

polynomial (that is, A(xi,...,xn) = A(XypreeesX for every

<]

nP)
P in Sn)'“ One can construct a unique polynomial
-

B in R[xl,...,x ] such that A = B(sl,...,sn),.where 84 is

the i-th elementary symmetric polynomlal (that is, s; =

Efx ...xJ , where the sum is taken over all l§j1<...<ji§n).
i . .
S e n n-i
If monic f(x) = 2:a1x .has zeros vl,...,vn, then a,
i= 0

i . . . .
(-lz si(vl,,..,vn),éfor i=l,...,n. Thus if R is a

i
commutative ring wi hlidentity, then any symmetric
polynomial over R in the zeros of f(x) can be expressed as a

polynomial over R in the coefficiéents of £(x).

-
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1.1.5 THE RESOLVENT -POLYNOMIAL

—

Lgt.F = F(X;s...,x) be a polynomial in K[xl}...,xn] and

let P:be a permutation oli{l,...,n}. We define

* = .
F P F(le'noo,an)o ) .t /4

We call F*P a conjugate function of F.  In this Qay any
permutation group on {l,...,n} acts on K[xl,...,xn] as a

&
group of ring automorghisms.

4

DEFINITION 1.9. Let F be in K[xl,...,xnr, £f(x) in K([x], .

and n = deg(f) > 0. Let the zeros of f(x) be vl,..,,vn..
. ]

The resolvenf polynomial associated with F and £(x), R(F,f),

is defined by:

k
R(F,f) = _Tfl(x = Fi(Vyseenv))
i= ‘

\ L .
\yhe:e {Fy,...,F } = F*s_ (F, distinct functions).

. We may take Fi = F*Pi,(i=l,...,k), where.{Pl,{..,gk} is a

Qit'of right coset representatives of stabs (F) in Sn (see
‘ n \
Sgﬁtion 1.1.1). ) N

\

he coefficients of R(F,£f) are symmétric polynomials

.

over ﬁiin Vireso,Vp and hence by the Fundamental Theorem on
Symmetric Polynomials, the coefficients of R(F,f) can be
expressii as polynomials over K in the coefficients of £(x).

ote that R(F,f) is . independent of the ordering of

Y

the zeros\?f'f(x).

We also

et

K A i AP, S0 830t b s b e N e g =
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~and let the zeros ¢f f(x) be VireeesV

w———

-

A&

Ah important resolvént polynomial we consider in this

thesis is what we call the linear resolvent polynomial.

L]

DEFINITION 10+ Let £(x) be in K(x], n = deg(f) $'o,
and let €reeese, be in K, 0<r<n. Let the multiset M =
leyreeere,]. The linear resolvent polynomial assaciated
with M and f(k)(\LR(M,f), i; defined to be tﬁe resolvent
polyhohial associated with F and f(x), when F = F(xl,...,xn)
= e1x1+“‘+erxr’: |

]

l1.1.6 THE DISCRIMINANT

An important symmetric function of the zeros of a

polynomial f(x)“is the discriminant of f(x).

DEFINITION 1.11. Let £(x) be in K[x], n = deg(f) > 1,

The discriminant of

ne
f(x), disc(f), is defined by

'

disc(f) = 17-(vi - v.)z.
. i<j J

We,noﬁe that disc(f) =0 if and only if the zerqgs of
M ' -

f(x) are not distinct.

1]

/

The discriminant of monic £(x) can be computed

efficientiy using the relationship (see [CHI,§.283-236])=
(1.1)  disc(f) = (-1) "N/ Zregs,er),

wherefres(f,f') is the resultant of £(x) and its formal.
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derivative f'(x). The resultant and formal derivative are

!
’

discussed in Section 3.2. ‘ . : -
E ’ , . : . e

a

1.1.7 THE SPECIALIZATION TO Q

Let monic'separable f(x) be in Q[x], n = deg(f) > O. ‘We

' - ' ' <
take the splitting field of f(x) over Q to be a subfield of
] ‘ -

the complex numbers. Secondly, if we wish to compute
Gal (£/Q) we may assume that f(x) has rational integer
coefficients, for, if not, we may apply the following

transformation to £(x):

-

Let ¢ be the least commqp multiple of the denominators:

)

of the coeffiéients of £(x). Then
n
g(x) = c f(x/c)

is a monic polynomial in Z[x}, If (vl,...,vn) are the zeros
of f(x)‘then (cvl,...,cvn) are the zeros of g(x), and with

respect to these orﬁerings, Gal (g/Q) = Gal(f/Q).

1.2 CONTENT AND CONTRIBUTION QF THIS THESIS

Let £(x) be a separable polynomij in K[x], n = deg(f) >

H . o {f‘(’ Y
0. o

S

2

Iq\this’thesis'we are concerﬁed with the problem of
computing Gél(f/xz whén we have a factorization élgorithm’ \
for polynomials in K[x]. Although there exists a finite -

algorithm for .solving this probiem (see Section 2.1), from a.
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difficult.

-

In this thesis we pay special attention to the'éase

where K = Q and f£(x) is irreducible over K. In this case
Gal(f£/K) is transitive (see Proposition 2.7). We note that
\ ‘.,

for reducible £(x) the most efficient.metheds of finding

Gal (£/K) would probably include determining‘the

intersections of the splitting fieldf’of pairs.of

“ixredupible factors of f(x). e

r

. We will discuss algorithms which determine invariants of

the conjugacy class of Gal (f/K), when given f(x). The aim
ié to efficiemrtly determine enough information to spécify a
representative of the conjugacy class of Gal(f/K). We use
_the tables in Appendix 1 of non—cohiuqate transitive
permutation gro@ps'(of degree up to 8), and invariants of
their respectixggconjugacy classés. fhese tables were

‘supplied by G. Butler. .
C / . o @

In Chapter 2 we discuss computational methods used to
f <

determine invariants of Gal(£/K), including work done
previously. We discuss in detail the use of resolvent
poiynomials and show how the linear resolvent can be used in

determining Gal(f/Kx.

t

In Chapter 3 we describe agnew, practical, exact

. ]

algorithm which uses polynomial resultants to compute linear

resolvent polynomials. Our algorithm requires some
o

Wbt ol b e Py 4 kMR
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restric;ioﬁs on the base fieid K when char(K)#0.

5

In Chapter 4, we implement the algorithm of Chapter 3

P

over K = Z_, for p sufficiently‘larggﬁ as a modular

%égptithp which computes linear res;ivents over 2 fo? monic

po?ynomials f(x) in 2{x]. Also‘in Chapter 4, we include

examples whicﬂ illustrate methods described in this thesis.
i

An extenéion of this\wo;k would be to develép practical

. 1
exact methods to compute an arbitrary resclvent polynomial.

For every transitive pgrmutation group G of degree' up to
7 we have computedka pQ}ynomgal f{x) such that Gal(f{QB = GT
These pol&nomials'appear in Appendix 2. This is the firs£
such list of which the auth:? is aware. In’Appendix 3 we
list new examples of degree 7 polynomials with the simple ,
group PSL(3,2) as Galoié group. These polynomials were

found by computer searchin@ as were many other of our

examples.

- e sy el g, A e Segten LR v 3 e R N RS SO DY ;. inzed
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'CHAPTER 2

METHODS OF DETERMINING GALOIS GROUPS

In this chapter we discuss algorithms to determine

properties of the Galois group of a polynomial. The aim is

to determine sufficient pro rties efficiently to specify

f the ‘conjugacy class of 'the Galois group. We include -work

1
done previously in this chapter, and our discussion“centres

-

on the resolvent polyromial.
. AN

. i
N For an hiStorical perspective on (computational) Galois J

theory see [DEH,MAT,FOU-1]. . :‘ - e
X /
) .

2.1 DETERMINING THE GALOIS GROUR IN FINITELY MANY STEPS

3+
S

“Let f(x) be in K[x], n = deg(f) > 0, furthermore suppose ‘- y

'f(x) has distinct zerés, vl,...,vh, in the splitting field

of f(x) over K. L

%

If there is an algorithq for factoring multivariate

polynomials over K then one can defermine_Gal(f/K) in a -

"

<

1A
;
b4
H
I
£
5
A

finite number of steps using a method detailed in van der .
ﬁaerden (VDW,p.189]. We note that such a factoring
aigorithm exists when there is an algorithm for factorizing .. ’

_univariate polynomials over K [VDW,p.135].

13
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<+, - poss

\ ible pagmutations to the in?ices of the Xqe Set’
’ ) nt ‘ . , S -
F = F(z,xl,.ai,xn) =,:[I(z -t

\ i=1
F has coefficieq}s symmetric in the vi.and(hence the, .

! coefficients of F can be expressed in terms. of the | )
coefficients of £(x) and the Xj Let the factorization of F ]
into *

7 B v

'The’permutations of the X4 which® leave invariant any factor, ’ .
. say F;, form a- group G. ~ .
\ .

THEOREM 2.1 ([VDW,p.189]) If we assume that the zeros of ‘
f(x)'ar? ordered §o that xlvl+...+“xnvn is a zero of FI! then. K
Gal(f/K) = a. ’ .

. .A PN ‘ '
- This method is clearly impfactical from a computational '
. point of view., However, the result of Theorem 2.1 is used

o vl
to prove [VDW,p.l191] a comquationally“useful result for the
case K = Q.- This result is stated in-Theorem 2.2.  °

. ‘ | |
o ~ £ -
o

This Galois group algorithm proceeds as follows:
’; ‘ - *
" Form the expression .
t = x. v,+ +X v 7 “ v
10 l c“n- n nl . N
& Xysde04%, are indeterminates.~ﬂLet tl,tz;...,tn! be . ﬂ

the distinct expressions obfained from t by'applyiqgvall the

—— i b o \.

PR I ik ol N SR S E I T

irreducible factors over K[z,xl,...,xn] be

¢

"F = Flef..Fr‘.

©
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2.2 THE DETERMINATION OF CYCLE TYPES IN Gal (£/0)

P AT TR A © TR PR ST

r

.
“

Let £(x) be a monic separable polynomial in Z({x], n =

&eg(f) > 1l,'and let p be a prime.

We define theicycle txge‘of a permutation P in Sn to be

the partition of n induced by the lengths of the disjoiht

cycles of P. The factor type of f(x) mod p is defined to be

the partiﬁion of n indﬁced by the degrees ' of the irreducible
factors- of £(x) mod p over Zp. A useful method to diécovef
information about Gal(f/Q) is to determing cycle types-of
peer§at10ns in Gal(£f/Q) by'fa?to:izing f(k)_mod‘p over Zp,ﬁ
for,primes p not dividing disc(f)ﬁ‘ This method has been

dlscussed by many authors including van der Waerden [VDW],

Zassenhaus [2A5-2] and McKay [MCK].

, . /.
THEOREM 2.2. For any prime p not dividipg disc(f), the
facpdt type of f(x) mod p is the cycle type of some

permutation in Gal(f/Q).

The following result which follows from the density
theorem of Chebotarev may also be used (see [SCH,LAG]).
THEOREM 2.3. Let T be a partition of n. " Then as
e K
k ~->°°; the proportlon of occurrences of T as the factor
type of f(x) mod P i= l,...,k, (pl,...,pk distinct pr1mes)

tends to the proporthn of permutatlons in Gal(£/Q) hav1ng

. the cycle type T. v

- .‘,:#Lm SRt e
e
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" We may factorize f(x) mod p over Z_ using the algorithm~

P
of Berlekamp [KNU,p.420-429]). However, as we are only
interested 7in the factor type of f(x) mod p, we may‘usel£he
partial factorizatién method described by'kndt% o
[KNU,p.429-430], which provides us,with the‘neceséary
information. . '~ . ’ q&
Tables 3C,..,,8C in Appendix 1 contain the distribution
of permuta£ion cycle types in transitive permutation grou;s
of degrees 3 to 8 respectively. 'These 'tables are used when
applying Theorems 2.2 and 2.3. Applying Theorem 2.2, we can
determine cycle typeé of permutations in Gal(f/Q). After
doing this, we exclude pefmﬁtation groups as candidates for
Gal (£/Q) which do not contain. permutations having theée
determined cycle types. Applying Theorem 2.3, we can make
an educated guess as to Gal(f/Qf after factorizing
£(x) m&d p for a "Bufficiént" number of primes p. Note,
howevéf, that there are two distinct groupé of even

permutations of degree 8 (T32 and T33) having the same

.number of elements of each cycle type.

If Gal(£/Q) = Sn or An then we can usually quickly

determine Gal(f/Q) by applying. Theorem 2.2 and:using the
fact that Gal(f/Q)_<_An iff disc(f) is a rationél integral

square (see Probosition 2.12).
: _ . . Co 1
' We now give an example of a polynomial having 56 as

!

Galois group over: Q. o o

™y
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EXAMPLE 2%4. Let f£(x) = xP+2x+2; disc(f) =

6

.=2789.227. f£(x) is irreducible over Q using Eisenstein's

criterion with the prime 2. 'The’fadtor type of £(x) mod 7

)

is (3,2,1) and the factor type of f(x) mod 11 is (5,1).

[ s

Hence Gal(f/Q) is transitive and contains permutations with

5

cycle, types (3,2,1) and (5,1).. This implies that Gai(ﬁ/Q) =

56 (see Table 6C in Appendix 1). )
L} . o . -~
We now give an example which shows how useful Theorem

v

2.3 can be to make an edudcated guess as to Gal(f/Q).

!

.. /
EXAMPLE 2.5. Let f£(X) = X/ -14k>+56x%°-56x+22; disc(f) =

6,10

7°". £(x) mod p was factored over Z_ for the 42 primes p

P
in the interval [2,193] which do pot‘divide disc(f). For
one prime th? factor type is (17), for thirty érimes the
factor type is (32,1) and for eleven primes it is (7)..

Referring to Table 7C in Appendix 1, one feels confident

from.this in@prmation that Gal(f/Q) = 7T3, the ?bobenius

group of order 21. In fact one can show'that Gal(f/Q) is,

‘indeed 7T3 (see Section 4.3, Example 4.1). .Note that since

disc(f) is a square, Gal(f/Q)5A7. This, together with the
cycle \types in Gal(f/Q) we have determined, has narrowed the
candidates for Gal(f/Q) down to 7TBl 1Ts, and_?TG (= A7).

4}

Complex conjugation is an autombrphism of any subfield

of the complex numbers. If f(x) is separable over Q, then

1

complex conjugation induces an element in Gal (f/Q) of cycle

type (Zc,lr), &here ¢ is the number of complex conjugate

RS
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pairs of zeros of £(x) and r is the number of real zeros of-
£(x). The number of real zeros of a polyném;al over Q can
pg determined by a Sturm éolynomial rémainder sequence
'[BUR,v0l.1,p.198-203]. We note that the polynomial £(x) in

Example 2.5 has all zeros real. This is a necessary

conditior? for |Gal(£/Q)] to be odd. L ;

The preceding factorizations modulo p, discrimifants, i

and the number of real zeros, were calculated using program " )

R4

ONEPOLY written by Regener and Rohlicek.

2.3 THE RESOLVENT POLYNOMIAL

~

’

Let f£(x) be separable over K, n = deg(f) > 0, and let an
: -
“ordering of the zeros of f(x) be v = (vl,...,vn). Resolvent— —=

polynomials are classical and computaﬁionally useful tools
to detérmine Gal(£/K), and it is the methoa wé concen;;a%e
on. For F in K[xl,...,xnj, we use the rgsolveht polgnomiai
R(F,£f) (with distinct zeros) to determine the-orbit length
parti:ién of F*sn under Gal(f/x).

273.1 THEORETICAL DEVELOPMENT . i ) v ’

-

Let N be the splitting field of f£(x) over K. Then
. G(N/K) acts'qn N in a natural wa} as a group of
automorphisms. We now show that each orbit of ‘elements in N
under the action of G‘N/K) consists precisely oﬁ the zeros

. 'of a monic irreducible polynomial over K. First we prove -

0
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the followindﬁ

. b2
LEMMA 2.6. Let W = {w,,...,w} be contained in N (wii
. K ) |
distinct), and g(x) = TT'(x-wi). Then G(N/K) maps W onto W
‘ i=1" .
if and only if g(x) is in K[x].
ko | _ &
PROOF. Det g(x) = 2 a,x , w in W, and § in G(N/K).
i=0 . .

Suppose g(x) is in K[Xx]. As S is an automorphism of N
fixiﬁg K we have:

0 = g(w) = g(w)s = :EaiS(wi)S

= Za,(we)! = gus).

Thus wS is in W for all w in W and S in G(N/K). Hence

Q(N/K) maps W onto W.

Conversely, suppose G(N/Kz maps W onto W. Then eagh
element S in G(N/K) induces a permutation of W. .Thus ais =
a; for each co,‘efficient*ai of g(x) because a; is a symmetric

function of‘¥l,...,wk. This implies that a; is in K. // f
‘ Y ’

PROPOSITION 2.7. Let G = G(N/K), and w in W =

{wl,...,wk} contained in N’(wi Qistinct).ngenoté by ¥G the

set {w5S5 : S in G}. Then W = wG if and only if
K .
g(x) = TT(x—wi) is an irreducible polynomial over K.

i=1

PROOF. If wG = W, then by the éreviqus lemma, g(x)- is

N

T h(x) in K[x] where h(x) = 1'T (x-wi), for some I properly
iin1I ’ '
contained in {1,...,k}. Then by the previous lemma G maps
%
>
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{w{ : 1 in"I} onto itself, which contradicts the fact that

3

\ ~ v
wG = W..
Q
' . . ” ,
L . Conversely suppose that g(x) is a irreducible polynomial
. in K[x]. By the previous lemma, we kﬁow that G maps W onto

itself. 'Thus wG.is contained in W. Suppese wG =

R

{w;. : i in I}, where I is properly contained in {1l,...,k}.

Then by the previous lemma, h(x) = | | (x=w;) is in K(x].
‘ T iin1 .
Since h(x) is a proper divisor of g(x), we have arrived at

the desired contradiction. //

~

We apply the preceding result to determine the
information available from the factorization of a given’

resolvent polynomial.

; Let F be in K{x;,...,x ]. Recall that the resolvent
I polynomial over K associated with F and f£(x) is:
. k . .
R(F,E) = T[] (x = F,(V)), -
i=1 !

where {Fl,...,Fk} = F*S (Fy distinct). -

] . For 8 in G(N/K), let § -=> S under the“;epresentation of

. G(N/K) onto Gal (£/K) discussed in Section-1.1.2. First we

1 - , o .
- show: % ’ \ - e

-

. LEMMA 2.8. F(V)S = F*5(V).

PROOF. F(Vl,...,vn)s= F(Vls,.\.-,VnS)

= F(Vlg,...,vn-s') = F*-S-(Vl,...,vn) . //

. '
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of R(F,£), for all i in I and j=1,...,k, F; (V) =“Fj (V) if

. transformation [BUR,vol.2,p.171-175] applied to'f(x).
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Thus Gal(£/K) acts on polynomlals in the zeros of f(x)

in precisely the same way that G(N/K) does.

PROPOSITION 2.9. Let t'be in I contained in {l,...,k}
(1) If Ft*Gal(f/K) =~{Fi s i in I} and the F (V) are

distinct'for i in I, then

g(x) = 1T (x - Fi(g))'is an irreducible polynomial
iinI ot e E .
over K. : ‘ 4
(2) If g(x) = ’FT (x - F (V)) is a non—repeated
iin 1

irreducible factor of R(F, f) then Ft*Gal(f/K) = ' %

-

{F;, : 1 in I}.

PROOF.

(1) Apply Lemma 2.8 and and Proposition 2.7.
(2) As N is sepa?able over K, g{x) must have distinct Zeros.

By Proposition 2.7 and Lemma 2.8, [Fi(!) : iin I} =

PERS

{F*P(V) : P. in Gal(f/K)}. As (g(x) is a non-repeated factor

and only ff&i=j. The result follows. //

-~

COROiLARY 2.10. Suppose R(F,f) has distinct zeros.
Then the orbit length partftion of F*Sn under G;l(E/K) ;s"
the same és the partifion of deg(R(F,f)!) induced by the
dedrees qf the irreducible fac;brs of RkF,f) over K.

'
A method of dealing with the occurrence of repeated

zeros of R(F,f) is the use of an appropriate Tschirnhaus

N o

" v
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Now suépose R(F,f) has distinct zeros:

F*Pl(*),...,F*P (V) , vhere {Pl,...,P } is a set of right

coset representat1ves of stabS (F) in sn‘ We see that ;//
Gal (£/K) acts on the zeros of R(F,f) by permuting the ;.

We have Gal(R(f,f)/K)'= im(rep(Gal(f/K),g,Q)); where g =
(Pl,..;,Pk) and the action * is defined by Pi*T = P,T for

all T in Gal(£/K) and i in (1,...,k}. Note that the orbit
lehgth'partition of F*Sn'dnder Gal (£/K) depends oﬁly on '

¥

stabS (F).
The following result is also of interest:

LEMMA 2.11. Let F (V) be a zefo of a non-repeated )
irreduciblg factor of the resolvent polynomial R(F,£). Then

K(Ft(!)) is the fixed field corresponding to H, where

',HSG(ifﬁ) maps oﬂto StabGal(f/K)(Ft) under rep (G (N/K) ,V,*) .

'2.3.2 CONSTRUCTION AND FACTORIZATION OF RESOLVENTS

PROOF. Now F (V)sf;/”t(V) for all s in H. .If F (V)S =
F (V) for some S not in H, then this implies that Ft(!) is a

répeated zero- of R(F,f), which is a contradiction. //

A

-

The resolvent polynom1a1 R(F, f) can be constructed by
expandlng R(F,f) symbolically in the zeros of f(x) and then
determlnlng the coeff1c1ents of R(F,f) as polynomlals in the
coefficients of f(x). .See Lauer [LAU] for methods related
to symmetric polynomials.' Unfortunately, unless deg(R(F,£))

is small or. f(x) is sparse, this leads to very exten51ve
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symbolic manipulat}on. However, if we use this method, we

get an explicit formula for the coefficients of R(F,f) in s

terms of the coefficients of f(x). Such formul3s have been

publisﬁed for specifijc resolvent polynomials in

[BER,DEH, ERB,MAT] .

In Chapter 3, we describe a new exact algorithm to
construct linear resolvent polynomials. This algorithm does

not expand ‘the resolvent symbolically in the zeros of £(x).

For K = Q, mopic f(x) in 2Z(x], and F in Zixl,...,xn], we

7

note that the coefficients of R(F,f) are algebraic integers
and .hence rational integers. Thus if we form R(F,f) using
numérical-approxfmations to the zeros of £(x) and we know

that the accuracy of these approximations is. such thag the

)

coefficients of R(F,f) are calculated to within an absolute

error less than 1/2,  then we can“determine the coefficients

«

of R(F,f) exactly bytrouniing. Stauduhar [STA-1,STA-2] uses .

?

this method‘(see/Section 2.3.4).

-

' , ’
In Section 4,1 we discuss ‘a ular approach to T
computfhg R(F,f) when f(x) and are in the preceding,g
paragraph. )

o

We have assumed we have a factorization algorithm over
K[x]. For K = Q, factorization algorithms are discussed in
[KNU,p.43l-434,SCﬂ,ZAS-l].‘ In practice, For_K = Q, monic
f(x) in ZIX]' and F in Z[xl,...;xn], one can determine

candiaétes for factors of R(F,£f) by using numerical
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approximations to the zeros.of f£(x).

2.3.3 FUNCTIONS BELONGING TO GROUPS:

Let F be in K[xl,...,xh] and G = stabs (F) . We say that
' n

F belongs to G. ' Note tbat for P in S,r [F*P. belongs to

P-lGP, and in addition,.Ftﬁ(X) is a zero of R(F,f)..

1

Applying Proposition 2.9, we see that if Gal(f/K)iP' GP for

\

. some P in Sn’ then R(F,f) has a linear factor. Conversel?,

v

if“R(F,f)"has a non-repe%ted linear factor 'then Gal(£f/K) {§

contained some conjugate of G.

&

Resolvents where a linear factor determines if-Galif/K) ”

is coﬂﬁaingd in a group of interest are diééusseﬁ in
[BERLFOU—Z,LEF,STA;l,STA—QJ. Alﬁhough linear factors are
easy to find, the linear factor 2an give information énly
about the Galois group's containment in -a group and its
‘tonjugates. The complete factorization of a well-chosen

resolvent “polynomial often distinguishes Gal(f/K) among many

"possible candidates. . J

2.3.3.1 THE ALTERNATING FUNCTION /

/”_éuppose éhar(K)#z and n>l. Then the function

¢ . v L3

D = D(leco.,xn)‘= .Tr(xi - X

.)
<5 J

belongs tO'An, and is called the alternating function: If

P in S, is a odd permutation, then D*P = -D. Thus

.-

[

rd
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2

R(D,£) = x2 - (D(V)2.

If f(x) has distinct zeros, then R(D,f) has distinct zeros

A

and R(D,f) has a linear factor over K if ,and only if D(K)? =

disc(f) "is a square ‘in K. Thus we have proved:

o

PROPOSITION 2.12.: Gal(f/K)<A_ if and only if disc(f) is
a square in K. ’

In [STA-1], and in a ;ond;nsed'version [STA;Q],‘, .
Stauaﬁaar descrjiwes an effective méthod of éetermining‘the
Galois group over ‘Q.of a monic i;feducible pol?nomial‘f(x)
over Z. He describes the implementation of tgis methpd for

n = deg(f) up to 8, and suppli tables of information

necessary for this implementation. Schnackenberg ([SCH]

"includes a discussion of Stauduhar's method in his thesis

which surveys techniques to calculate Galois groups.

Stauduhar proceeds asgfollows:.
Let V = (vl,...,vn) be an orderiné of the zeros of f(x)'and
suppose thét with respect to‘;his ordering Qe know that
Gal (£/Q)<G. (Initially ' we know that Gal(f/Q)gSn). ~If G has

no transitive proper subgroups, then Gal(f/Q) = G.

-

' Otherwise we check to see if'Gal(f/Q)SH, for each maximal

@

transitive subgroup H of G.

A

R R i RSP
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For H a maximal transitive subgroup of G, we determine

1

if Gal(f/Q)<P "HP for some P in G. Choose (from a table)_a

L 3
polynomial F in Z[xl,...,xn] such that stabG(F) = H and

consider thg factor of R(F,f): C | ?6 iy
. .
: RG(F/£) = TT (x = F; (),
i=1 ‘

where Fi = F*Pi (i=1,...,k, Fi distinct), {Pi} a set of

right coset representatives of H in G (obtained from a
<

table). Gal(f£/Q)<G implies that eachelement in Gal (£/Q)

.+ induces a permutation of the Fi. Hence RG(F,f) has rational

integer coeffigcients which are determined by expanding
— . . . ' . . & '
RG(F,f) using high-precision approximations to the zeros of
f(x) and then rounding the approximate coefficients of
RG(F,f). If Gal(f/Q) 1is contained in some conjugate of H in

G, then R.{F,E) bas an integral zero. Conversely, if

G(
Ré(F,f)‘has a non-repeated integfal zero, then Gal(£f/Q) is
contained in some conjugate of H in G. We test each,

approximate zero z of RG(F,f) which appears to be integral

to deterﬁine if BG(F,f)(roﬁnd(z)) = (), Suppose RG(F,f) has

a nonfrepeated'integra% zero, F*P(V), P in G. Then

Gal(f/Q)ﬁP~lHP. 'We may reorder the zeros of f(x) by éq@ting

V to (v , and with repect to this ordering,

1p7°*Vnp)
Gal(£/Q)<H. " ,

1

If Gal(f/Q) is contained in no maximal transitive

a

subgroup of G, then Gal(£/Q) = G. Otherwise, ye'have

“' determined that Gal({£/Q)<H with respect to the ordering V,

Al

¢

<
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where H is a maximal transitive subgroup of G. We may then

¢ ;//// set G to H and repeat the entire process.

S < WA M LAY ..
e AT
L

In [STA-1] the information available from a quadratic

R

. factor of a resolvent polynomial is discussed.

Stauduhgf's method is straiéhtfofwand‘and practical.
R -». . y;

- REN TSR PR

- : . 7
However, highly accurate approximations to the zeros of f(x) °
are necessary, and one must have much tabulated information
available. Furthermore a search down the subgroup Lattice

of Sn is required since if a function F belongs to G, then F

is fixed by the elements of any subgroip of G.

P

2.3.5 THE USE OF‘LINEARXRESOLVENT POLYNOMIALS .

o

As usual f(x) is a separable polynomial over K, with
Zeros vl,...,vn and splitting field N. Let the multiset M =

[el,...,erl, where e; in K and 0<r¢n. We call r the length o

(LY. A Ma@w.@yt

of M. We may also write

m m .
k . o
M= [all,..k.,ak ], - * © - S

where the a; are distinct and m;>0 is the multiplicity of a;

1)
”

N in M. . . ‘
i s 3 S S
- . Recall that the linear resolvent polynomial LR(M,f)
2] ¥

associated with M and f{x) is the resolvent polynomial
- —~~ v

R(F,£f), where F = elxl+...+erxr. We treat any zero elements

of M as symbolic plac%hoiaers: The degree of LR(M,f) is the

number of ways of phoosiné r objects out of n, times the

Y

i, T R R

.
. ,
N
W— " T T
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 can be used to determine Gal(f/K),exactly.

2.3.5.1 ACTION ON SETS AND. SEQUENCES . "

'{ila,...,irp} for all P in G. It is clear that the action .

* s nrer e o s mmmgerees A ATy DR T BN S

number of distinct permutations of the elements of M. Thus

)
A
-

(2.1) deg(LR(M,f))

“(g) r!/(mlli..mk!)

[t}

n!/(ml!f..mkl(n—r)!).

Linear resolvents form a general class of useful .
resolvent polynomials for f£(x) of any degree. Often the,

factorization of linear resolvents of relatively low degree’ . ;

o : b
Py -O
A permutét&on group Gisn acts on the r-sets contained in
{l,...,n} where the action is Qefined by {il,...,ir}*P =
of G on F*Sn, where Fo = fo...+xr, is equivalent to the
action of G on the r-sets ofl{l,..f,n}. Thus the

factorization of LR([lr],f) (with distinct zeros) determines \

the orbig/iength partition-of {l,...,r}*sn under Gal(f/K).

-

McKay [MCK], and Erbach, Fischer and McKay [ERB] suggest ..
using resolvents of this form in order to determine the

transitivity on r-sets of'Gal(f/K).

The following remark is of interest: Suppose f(x) is
irreducible (Gal(f/K) is transitive) and n=rs, s an integer,

s¥#¥1,n. Then LR([lr],f) (with distinct zeros) has t

irreducible factors of degree s i{f and only if Gal(f/K) has

t systems of imprimitivity of s blocks of size r. -

-

T AT e
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L

: f
A permutation group Gﬁsn acts on the set of r-sequences

-

(iii°'f’ir)' with iy in {1,...,n} and the i, distinct

(j=1/...,r). This action is defined by (11reneni )*P =

13

(i)Pyese,i P) for all P in G. It is clear ‘that the action.

* | = » {sti i
of Gon F Sn’ where F ele+...+erxr, e distinct, is

equivalent to the action of G oh r-sequences. ' °

[y

Now suppose LR(M,f) = LR((e},...,e ],£) has distinct’
zeros and the e; are distinct. LR(M,f) is reducibieliff

Gal (f/K) is not r-ply trahsitive.

There is also a simple field theoretic interpretation to

3 . 1] — “ y

phe factor%zatlon of this LR(M,f). Let z = &Vipte-ete Vo p

bg a zero of ER(M,f) (P in Sn). We see that stabG(N/K)(z) = ;
~

St

.r e ' s
(‘StabG(NkK)(viP)' and hence by LEMMA 2.11, K(z) =.

i=1 ' . ' . .
K(ler~-'7vfp)- The degrees of the irreducible factors of

LR(M,f) correspond to the degrees ovgr K of non~-conjugate

1

subfielss,of N éenerated by r-sets of the zerQS‘of f(x), In
particular we note that if r=2 and f(x) i€ irreducible, then -

LR(M,f) has irreducible factors all of degree n\if #nd only
{
if N ='K(vis for éach zero vy of £(x), since K(vi) = R(vj)

for all i,j=1,...,n in this case. We also note that if r=n
then LR(M,£f) has degree n! and N = K¢z) for each zero zof oy

¢ \q “ ¥ "
LR (M, £) . ‘ : :

Tables 3D to 8D contain the orbit length partitions of
r-sets and 2—sequ%}ces under the action of tite trénsitive

"t

§ 2
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permutation groups of degrees 3 to 8 respectively.,‘Eor
irreducible f(x), these tables are used to determine
candidates for Gal(f/K) given the factorization of a linear

resolvent which determines the orbit .lengths of the action

of Gal(f/K) on r-sets or 2-sequences.

v . . !

2.3.5/2 DIFFERENTIATING ALL TRANSITIVE GROUPS

OF DEGREE UP TO 7

Suppose char (K)#2. If Gal(f/K) is transitive and we ;
. ' . . -~ ' 3
know from disc(f) whether Gal(f/K)SAn, then for n=3,4,5,7,

the'§onjugacy c\ass of Gal(£f/K) 'is determined compleéely by .

s

the orbit lengths of the action of Gal(f/K) on 2-sets,

3-sets and 2-sequences, with the exception of distinguishing

group 5T3 from S5TS. a ‘ : | - {
FEEAN .

Group 5T3 can ge distinguished f{om'STS (= S.)' in the

2

g) in

following way. Let F = (X.+X.~X,-X and note that

11X %37%y)

R(F,£) (x%) = LR([1%,-1%],£)(x). We use this linear .

For deq(f) = 5,
I}

resolvent to compute R(F,f).
deg (R(F,f)) = lS, and the orbit length partition of F*S
' )

5
under 5T3 is (10,5).

. 4 -

. For degree 6, all the transitive groups can be

-

differentiated by disc(f) and the action on
and 2-sequences except to distiﬁguish group
from T13, and Tl14 from T16 (see Table 6D).

these.groups one can use ad hoc techniques,

B
9 5

Cw

2¥sets, 3-sets

T from Til1, T9
»

& ~

fo distinguish’

or Stauduhar%s‘
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method if K = Q. : . ’ » ‘ , S.
4 . N * < . .

~

We brlefly outline a su1table ad ‘hoc technlqu% We

assume that all polynomials discussed have distinct zeros. atd

Let ' D'= disc(f) not b)e a square in K, and d(x) = xz-\Dc
If we are working over Z we m;\y take D to be the~ squarefree
part of disc(£f).. Let r(x) be a monic irreducible factor
over K o;f a resoivent polynomial R(F £). Suppose
r(}?t (XS) = 0 f‘é‘t some ordering V of the zeros of f(x) and F
in F*S The following are equlvalent ] - | :
L) StabGal(f/K) (Fe)Shg - , | - ¥
(2) K(F (V)) contains k(d/?). |
(3) sz(r(x),d(x)) has a factor over K of degree dég(r)

(see Section 3.‘2.5Qor an explanation of SZ, and also

 see (vow, @£ 126-1277) . - :

Now suppose n = 6. ' )

Suppose Gal(f/K) = T8 or Tll. Let r(x) be the monic
irreducible factor (over K) of degtee 12 of LR(([1%],f).
Then Gal(f/K) = T8 if and only if 8Z2(r(x),d(x)) has a

factor (over K) of degree 1§‘.

Suppose Gal(f/K) = T9 or T13. Let 'r(x) be the monic
irreducible factor Of degree 2 of LR([13],f) . Then

Gal (f/K) = T9 if and only if SZ(r(x) d(x)) has a factor
of degree 2.
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suppose Gal(£f/K) = T14 or T16. Let r(x) = LR([13],f).
Then Gal(£f/K) = T14 if and only if SZ(r(x),d(x)) hasl}
factor of degree 20, tg
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In this chapter we describe an algorithm to construct
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CHAPTER 3 ,
- ‘ S /

: » ! :
, . g L&NEAR REfS_OLVENT POLYNOMIAL CONSTRUCTION .
§ .
! }
i I
;
o

. any linear resolvent polynomial over a fie}d K subject to
the restric*ions-in Section 3.1. The algo;ithm is’exaét, .
uses polynomial resultants and does noé expand the resolvent
symbolically in the zeros of}f(;).‘ This approach was

! ‘\ipspired by Trager [TﬁA], who used polynomial resultants in

| " a similar manngr to fégkorize polynomials over alg:praic

extension fields.

.The usefulness of the lineaf,resolvent”in computing
Gal (£/K) whea we have-a fagtorizatiqn algorithm’ovef KLx] '
has been discussed in Section 2:3.5: 5 7'
| ‘ .
3.1 RESTRICTIONS ON THE FIELD

e e e o

&

2 .
The linear rLsolvent algorithm is designed fo work over °
an arbitrary field K, except for the following restrictions: l\
p | »
. | / u ‘
If char(K)#0 then we require that chéar(K)>D, where D is
the maximum degree of any polynomial used or constructed- by. )

the main algorithm or any sub-afabnithm. If char(K)#0, then

char (K) is a prime, and char (K)>D if and only if char (K)/D!.
' |

.
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.requirement, |K|>2D is sufficient. We note that our

‘as;ume that f(x) and g(x) are not both the zero polynomial.

following recursive formulation of the gcd to compute

—re ey e T

o e e ae N e serme At B TRE R B, e G T IS TS RN
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If K is finite, we need K large enough to construct:

required pelynomials by interpolation. For this

interest is not in finding the Galois group of a,polgnomial

over a finjte field (such a Galois group is always cyclic),
. .

but we may use resolvent polynomials over finite fields in a
modular algorithm (sSee Chapter 4).°

RN
3.2 QOLYNOMIAL OPERATIONS > . S

AN : . ;
n this section we describe our b%sic operations on ‘

pelynomials over K. jfe use these operations for the linear

-

resolvent algorithm. (ﬁ\\ —

i

q

3.2.1 THE GREATEST COMMON DIVISOR

4 - »
Let £ = £(x), g = g(x) be polynomials in K{x)}. We

%

DEFINITIGN 3.1. The greatest common divisor of f(x) and

g(x), denoted gcd(f,g), is defined to be the monic

polynomial in-K[x] of largest degree dividing both f(x) ami

7 \
g(x). ‘

i

If deg(g)>0, by ‘the polynomial division algorithm there

-

+

exist q(x), r(x) in K[x] such that £(x) = q(x)g(x) + r(x),
OSdeé(;j<deg(g)¢ We dencote this r(*) by £ mod g. As ary:

common divisor of £ and g divides f mod g, we may use the
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gcd(£,9): .
If. g(x) is the zero polynomfél,
Ehen ;cd(f,g) = ﬁ%x)/(leadipg'coeffiéient of f(x))}f
else, if deg(g) = 0, then gecd(f,g) = 1;

else, gcd(f,g) = ged(g,f mod g).

Let e be a non-negative integer, and let N be the ’
splitting field of f(x). over K. We say that f(x) has a zero

v of multiplicity e, if (x—v)ellf(x) in N[x]. We write

e = mUIt(V,f).z (

’

We note that gcd(f,g) over ahy extension L of K is the

.

same as gcd(f,g) over K. This is because the gcd
calculation is carried out exactly the same way over L. .In
particular, for L the spiitting field of £(x)g(x), the ZE8ros
of gcd(£f,g) are the common zeros of f and 9, and if v is a

zero of gcd(f,g), then mult(v,gcd(f,g)) = ' ‘
¥

min{mult(v,f) ,mult(v,g)}.

L

iy

Let £ = f(xY, é = g(xX)’ be polynomials in K[x].. Let f(x)
= a(x-vl)...(}—vn) and g(xi = B(x—wl)...(x-wm) over the
g

)

. splitting field of f(x)g.(x). Furthermore assume that n =

deg(f) > 0, and m = deg(g). ' -~ .

, -
.

We treat the resultant in a similar hanper as Childs

[CHI,p.283]. See alsp Collins [COL].

P
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g ’ "DEFINITION 3.2. The resultant of £(x) and g (x), '&\\;
¥ N ‘x \
( m.n n m .\ »
res(f£,g) = a b TT TT(vi <~ w.). L.
: ' i:lj: J ’

The resultant is a symmetric function of both the vi and.
wi, and hence‘res(f;g) is an element of K. The following

1 .
3 : facts are immediate consequences of Definition 3.2.
o mn_ | T 1
(-1) " 'res(q,f) . : \ , .o
n
m .
a TTg(v.)- - .

(3) If m = 0, then res(f,g) = b". (For our purposes it

(1) res(f,q)

(2) res(f,q)

i

.

is convenﬁent to assume the degree of the zero ‘ ~°

polynomial is zero, so that here we do not ‘exclude, the

N
»

possibility that b = 0.) ‘ o ) o .
) : ¢ -
We use (1)-'and (2) towproye the foliewing lemma,

-
ROV N S
. -
4
)

LEMMA 3.3. Suppose m>0, and let r(x) = £ mod g, ;Tpep

res (£,9) = (-1)™B" 799D rag(q ) <« . . :
;o N - |
: ) - |

PROOF. res(f,g) = (;I)ines(guf)

-

1™ T (g (wa(wy) + E(wp))

e

. i=1 ) -
' mn m T ‘ o
. = b Tr ~ ’ . . °, o7
oo ‘ . £ ) s ‘ ' ' ./A‘: ‘5l =
) = (*l)minbn- g(r) ) ‘

res(g,r). // ‘

'Combiniﬁg (3) and Lemma 3”3, we have a recursive

formulation of res(f,q) 51milar to the recur51ve formulat1on

. Y
‘ ' of gc?’(f,g) « This formulatlon is used to compute res(f,g)
, eff‘c ently. One, can also compute the resultant or gcd "
'
. L . ) ' " t\




e Lk L IO

————— S

e R e L A A

R ' 37 .

—~ »

non-recursively by using a polynomial remainder sequence.

3.2.3 THE FORMAL DERIVATIVE AND ITS ZEROS
. . AN

»

P

The formal derivative of a polynomial over a field K ‘is
similar to the usual derivative of a real polynomial, and

shares many common properties.

a

DEFINITION 3.4. .Let £(x) = jf‘a x* be a polynomial over
K. We define the formal derlvatlve of £(%), denoted f' or
£'(x), by
£ = £Y(x) = ‘2:1a x* -1 P .
: i=1 =

where iai means ai+...+ai (i times).

{

There is a important relat}bnship between the

<multip1icity of zeros of f(x) and the zeros of f' (%), which

we state in the following proposition.

P

PROPOSITION 3.5. Suppose f(x) has a zero v of

multiplicity e>0. Then if char(K)fe, mult(v,£f') = e-1,

PROOF. Let E(x) = (x-v)%h(x).
Then £'(x) = e(x-v)® 1h(x) + (x-v) ®h* (x) . Thus"
mult(v,£')>e-1. Now if (x—v) lf'(x), then (x-v)leh(x)
This cannot happln as char(K)/fe 1mplies that e#0 and by the

definition of multiplicity, x-v .cannot divide hi(x) . //

2

COROLLARY 3.6. Suppose char(K)>n. For each zero v of

£(x) of multiplicity e>l, v i8 a zero of gcd (£,£') of

LTS P—— B T

- .
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multiplicity e~l, and gcd(f,£') has no other zerés.

o

3.2.4 "MULTIPLY ZEROS"

Let £(Xx) bé‘a monic poiynomiaioover K, n= déggfy, and

let the zeros of f(x) be vl,...,vn. Let d. be an element of

K. We want to calculate a monic polynomial of degree n

- having the zeros dvi,...,dvn. The required polynomial is

denoted M2 (4d,f) (Mpltiply Zeros) and is computed as follows:

MZ(d,f) = d"f(x/d), if d¥0; X", if d=0.

3.2.5 "SUM ZEROS"

Let £ = f(xf, g = g(x) be monic polynomials in K[x].

 Let f(x) = (x—le...(x-vn) and g(x) = (x-wl)...(x-?m) over

the splitting fighd of £(x)g(x). - » -

1
We need &o calculate the monic polynomial in K[x] of

degree mn with zeros vi+wj, (i=l,...4n, j=l4...,m). This

polynomial is denoted by SZ(f,g),(Sum Zeros) and we note

that eQuality (3.1) ﬁolds as thz?leftfhand side and the

rigthhand side are both degree mn monic polynomials having
the® same zeros. -

. . .n ~ .
(3.1)  sz(£,9) = Tlg(x-v,).

- N i=1 - : .
Thus for any element y in K we know the value of 8zZ(f,q) (y).
It is:

»
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—

((3.2)  SZ(£,9) (y) = res(£(x),(y-x))..

If K is sufficiently large (and we assume it is), we can

calculate z; = SZ(f,g)(yi), using (3.2), for i=1,2,...,mn+l

and yi.in K distinct. Then we can determine SZ(f,g) by

interpolation. That is; we find the polynomial t(x) (=

SZ2(f,g)) of degree at most mn such that t(yi) = Z;y for
i=1,2,...,mn+1. For interpolation algorithms, see
L]

[KNU,COL] .

4

3.2.6 "POLYNOMIAL ROOT"

-, Finally, we need an algorithm to. solve the following

problem. Let k be a positive integer and let u(x) be a

- monic polynomial in K[x], deg(u) > 0. Suppose we know that

IaY

u(x) = r(x)k for some. unknown monic r(x)'in K[x]. Denote

this unique r(x) by PR(k,u)\(Polynqmial Root). We compute
ol rd -

PR(k,u) using the algorithm POLYROOT, which followsf 'We

assume char (K)>deg{u) or char (K)=0.
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Algorithm POLYROOT; -

1

?

Input: positive  integer k and monic polynomial u(x). in K(x],
deg{u) >0, such .that u(x)

k ,
r{x) £for some unknown monic
& :

' \
r(x) in K[x]. " We ‘assume char (K)>deg (u)

or char(K)=0.
Returns : PR(k,u).  ( = r(x) ).
¢ R

(1) if k=1 then return(u(x)), and stop.

(2) ‘set "t (x) <-— u(x)/gcd(u,u');

{u' is the formal derivative of u(x). t(x) is separable, and

the zeros of t(x) are precisely the distinct zeros of
‘ u(x) (recall Corollary 3.6).}
S

%

: ' . ‘ ]
(3)/Se€'r(x) <T; t(x), and s(x) <-- u(x);

-,

(4) while deg(r) < deg(u)/k, execute

steps (4.1),...,(4.3);
/
(4.1) set s(x) <=-- s(x)/t(x)";

(4.2) set E(x) -~ gcd(s,t); ,
{In the i-th iteration of this loop, at this pbint,\gbe |
zeros of t(x) are preciseiy the distinct zeros v of
u(x) such that mult(v(u)>i.} ’ Q
(4.3) set r(x) <-- t(x)r(x);

(5) retu;p(r(x)), and stop. ’

-

L

3.3 MULTISET OPERATIONS

@

~ We define‘thé operatiéns + and - for multisets. They
are similar respgctively to uidion and difference for sets,
-except that multfplicities are counted. We use these
operations in the proof following and in the liéear

A .

resolvent algorithm. mult(e,M) denotes the multiplicity,

of -

. oo ‘ A
y R
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»

' t
the element e in the multiset M.

Let M and N be multisets and let e an element of the
"universal" set from which M and N draw their elements.

Then M + N is a multiset, and mulﬁ(e,M + N) = muit(e,M) +

mult(e,N). M - N is a multiset and ‘mult(e,M - N)

-

. “mult{e,M) - mult(e,N) if mult(e,M) > mult(e,N); and

‘'mult(e,M -~ N) = 0 otherwise.

)
N -

3.4 CONSTRUCTIVE PROOF

‘&i\

Let K be a field satisfying the restrictions described
iq Section 3.1. Let £(x) be a monic polynohiaf in K[x], n =

deg(f) > 0, and let the zeros of f(x) be VireessVoe Let

€,,..0,€_be in K, 0<r¢n, and iet,M = {e.,...,8_]. We now
1 r N S -l r

prove: 1

R4

PROPOSITION 3.7. The linear resolvent polynomial

, [ )
LR(M,f) can be constructed over K using only the operations

MZ, SZ, and PR discussed in Section 3.2.
PROOF. . By induction on r, the length of M. ’ :

If r = 1 then LR(M,f) = MZ (e £) .

?
\

ml m

. K
Now Suppose r>l. Let M = [el,.. .,E,r_ll‘ = [al 7 e T .,-ak ]’

t

where a,,...,a, are distinct and m; = mult(ai,ﬁ) > 0 for

i=1,...,k. B& the inductivé hypothesis we can compute .
i s

‘\ —

t(x) = S2( LR(M,£), MZ(e ,f) ).
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For each zero w of LR(ﬁ,f), t(xjfhas precisely the zerbs

w+ervl,...,w+ervn. Thus we ;ee that . g

[y )

. -k c. -
£(x) = (TTLR(M,,£) ")LR(M,£)C, e
i=1 - fo \
where M; = (M - [a;]) + [aj+e ], ‘.
c; = mideg(LR(ﬁ,f))/deg(LR(Mi,f)»),
and ¢ = (n-r+l)deg(LR{{,£f))/deg(LR(M,£)).
We can compute cy and ¢ using the e%pression (2.1) fdr the
.o ¢
degree of a linear resolvent polynomial. 1In fact, by

straightforward calculation involving these expressions, one

sees that c; = mult(ai+er,Mi) and that c¢ = mult(er,M).

A

'

By hypothesis we can construcp'

k <y
s(x) = LR(M;,£) ~.
=1

i
Then the desired linear resolvent polynomial can be computed

?

by: - : ' f

’
)

LR(M,£) = PR(c,t(x)/s(x)), //

3.5 ALGORITHM LINRESOLV
Let K be a field satisfying the restrictions stated in - N

- Section 3.1. Let f(x) be a monic polynomial in K{[{x], n =

, \ Q [
deg(f) > 0. Let e;,...,e,  be in'R, 0<r<in, and let the:

g
multiset M =qLel,...,er]. ®

I T A e R o ade i 1 g g o oo i ]
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-8

N

-The inductive proof of the preceding section motivates |

our recursivéﬁgggbrithm to construct LR(M,f), the linear

reéolvent associated with M and f(x). Changes from tﬁe

method of the ?foof have been made for considerations of

" efficiency. The algorithm is called LINRESOLV and is-

o

_Algorithm LINRESOLV;

I » .
petailed below. B .
: 7 \ L ) . ' ‘

™~ s . - . -
Input: a monic polynomial £(x) in K(x] of degree n-*>.0, and

multiset M = [el""’er]" 0<r<n, where'el,...,er in K.

e assume K satiifies the restrictions stated in Sectjon o g

3.1. |

Ouppp;:.LR(M,f); the liqgar‘tesolvent polynomial Sséociated
| Qith‘M»and f(x). ' V “ . -
(1) {1f any of the elements in M equals 0 (the aingaVe ]
iqénfity ;f-K) then‘these zZeros ate signifiéént as : '

symbolic place holders. However, this step €11lows. -

L4

. LR(M,f) to be calculat by cdnsfdering just the maximal

submultiset of M which contalns 6n1y non-zero elemehts;f
: +

[
T .

2 ‘ C )
" (1.1) set m <~-~ mult(0,M); - h A

(1.2) if m = 0 then go to step (2);

7 : . .
™ . (1.3) if m = r then set/t(x) <-- "x",

ot

and go to step (1.6); S o :*
(1.4) set M <-~ M - [0™];
(1.5), set t(x) <-- ‘%R(E,ff;

e . . 5 .
{recursive application of this algorithm}

)

-
¢ ot tT ' -
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(1:6).set d <~~~ (ni;+m)' return(t(x)d), and stop.
(2) if r = 1 then return(MZ(el,f)), de stop. |

(3)-Arrange the elements of M so that multber,M)émult(ei,M)j

\ N
for i=1,...,r;

{This emsures that the degree of the polynomial constructed-

in step (4.2) is as small as possible.}

(4.1 set M <<= [e) ... e ] o
m m N ‘ : : .
(='[all,...,akk], where al,...,ak are distinct and m, > =
¥ . ‘ A

o gor i=l’o-olk‘); - K

(4.2) set u(x) <-- LR(ﬁrfj7

{using this algorithm recursively}

. Ll
N 'k Ci
[5) set s(x) <-~ TT LR(M.,f) - ,
.t 1 -
: i=1 , o
= ~" s {c =
(wheré Mi = (M [ai])‘+ [al+er], and ¢y ¢
’ .
mult(ai+er,Mi) Y
{using this algorithm/recursively} L
. (6) : L E .
(6.15 set ¢ <~~ mhlt(er:M), g(x} <-«\M2(er,f);
(6.2) set d to be a positive integer duch éﬁat for all b
. ¢ : NN
= ac,Bfor some a in K, .
_(i) ad is unique in K, for all solutions a in K of ‘ o~

b = ac,ﬂand v
/ (ii) we can efficiently com;ute this ad.‘
{We may alygys ta!£43=c. Howeve{,'it is most efficient to
. .cheose-d as small as pbséible. Fof‘example{ when K = Q:

1f c is odd then let d=1, and a% is the unigue c-th root

.

L et R e o A s el
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Dg% in Q of b; if ¢ is even then let d=2, and a is the
ik ‘ - . 3 - * ‘
%s ( .unique positive (c/2)-th root in ' Q of b.} -
2 (6.3) set m <-- d(deg(u)deg(g)-deg(s))/c+l; ﬂ\
v b ‘ . ]
3 d
? {m = deg(LR(M,f) )+1} -
e : . , :
g- (6.4) for m distinct Y in K (i=1,..,my? such that
wy
¥ s(y;)#0, set z; <-- res(u(x),g(y;=x))/s(y;): . ° A
5 {This is where we need to assume that |K| is "large enough"}
: e &
; Lz = 82(u,9) (y;)/s(y;),= (LRME) (y;)°) oo
C (6.5) For each z;, we know that z,' = ag for some
// .
| ~a; in'K. \> . o
i . . ’ o |
r {ai = LR(M,f)(Yi)} , i
i ‘ ‘ FOI' i=lyooo'm set z, <-"‘, BQ,‘ ‘ ) A
& . ' , 1 l ' v
i {We can do this due to the choice of d as explained in step . :
f \ - . ‘ .
(6.2).} o . )
.- ‘ . .
- (7) set t(x) to be the polynomial of degree m-1 such that
s . : t(yi) = Zi, for i=l,...‘,m; Co ’
{using an interpolatidn algoritha}
‘ " (8) return(PR(d,t)), and stop.
g B Y
- 3.6 REMARKS
o ' As r increases, the efficiency of Algorithm LINRESOLV
. deecreases markedly. However in practice; r is gsuall? quite
‘ ‘ small; often r<3. For a giQen field K, embirical
ébservations can be made to determine the practical range e
' : for r and n., For example, using the implementation
- - f ' * : -
) . ) o \ LA
. S ' ‘ ‘ <
- ' o \ .
!
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described in Chaptg; 4 over K ='210066139 and f(x) a degree

‘11 polynomial with rio zero coefficients, to compute

5 N

, " \ -
LR([1°],£) for r=2,3,4,5, it took respectively 3,13,129,426
CPU seconds. -

* When Algorithm LINRESOLV computes one resolvent

4
. J, . whe . \
¥ 4 polynomial, it must usually compute other resolvénts

-~

recursivély. If these "byproduct" resolvents are useful

I3
H
¥
-
13
&
]

théy should be saved. For example, to compute LR([13];f),

LINRESOLV must also cijpute LR([12],£) add LR(11,2],£).

. * 4

-~ v -
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v * ™~ ' ‘ ’ .
. .
. a 1 ‘
\ v
J ' / !
L]
€ . « “
y
' .
/ > ¢ :{ o
FASE | ( ; F
b Q -
, < C
3 ' L ) ]
: o ) /4 N -
e/
S TN
{7/ ‘ ’
-5 - -
. o .



o vEr ’

. 'F‘W‘/“‘

B S R Sy e e n g """“"“"‘"”3"'"'"’”“:’ﬁwwwwfﬁ‘m‘“m%w"

L4
CHAPTER 4
. / . l .

3.

s - IMPLEMENTATION AND EXAMPLES

Throughout’ this chapter the following holds:—~
n ® . . « .
f(x) = x4 ‘anixn-n‘1 is in 2{x], with zeros VireserV
i=1 . -

{el,...,er], with ey in Z and 9<r5n#

n.M=

JWe discuss our modular algorithm to compute LR(M,f), and
the computer implementation of this algorithm. We give
examples of\fhe determination of Galois groups over Q, using

/;v this implemeé;atioh.

P e

M

)

4.1 A MOQULAR APPROACH TO COMPUTING RESOLVENTS .
. " ' i ’

.

. Let S(xl,..;,x;)'be a symmetric polynomial over 2. By
the¢ Fundamental Theoreﬂxon %ymmetric Polynomials, ,

.5 = T(sl,...,sn), for a unique T in {[xl,...,xn] and S5 is
the i-th eiementary symmetric ‘polynomial.
. n - .
- . — be -— —-— —
( Let £(x) mod p = £n+2aixn ‘1 have =zeros Vl""’vn” an‘d S, T
i=1 :

. be respectively Sgmod p, T mod p. Then over Zp:

v

g(vlp . —op-‘;n) ": T(—-a-l\. '—52!--0 ’ (-l)n-an) .

Thus , ‘ . p : ’

N
Ty

-

& ‘ | i -
.(4.1) S l,...,vn) mod p g(vl,...,vn).

47




e i I . )

csapr . m e — Mm*.w—u%nu‘ B R VU —

48
. We see that for any Fin Z l,...,xn] such' that

stabS (F) ;,stabs (F mod p): :
n n . v

o 2 A wm"ﬁm‘""‘m ks BE.‘T%«!

(4.2) R(F,£) mod p = R(F mod p,f mod p),

-

-

/
B
. . \ '

where the latter ‘resolvent is calculated over Z_. To

N
il
B

compute R(F,f) over Z, we can compute R(F,f) mod P;

(us%ng (4 2)) for dlstxéct prlhes Py such that Trp >2C,
where C is an upper bound on the magnitude of the
coefficients of R(F,£f)s R(F,f) is then built up over 2
using the Chines; RemainderyAlgfrithm [(KNU,p.268-276].

. , \
We calculate C by bouriding the magnitude of the

;
:
i
i
H
4
i
4

zeros of f£(x), which allows us to %alculate a bound on
the ‘magnitude of ‘the zeros.of R(F,f). If B is an upper

) . bound on the magnitude of the zeros Lf R(F,f) and d =

Ve

deg (R(F,f)), then , ‘

‘ ‘ o d,.i ‘.
' ’ c —’max{(i)B 1 1<ikal

. . ) / R
i . is ﬁn upper bound on the magnitude of. the coefficients

o of R(F,f).

4.1.1 BOUNDING THE ZEROS OF £ (x)

\ 1S
- . ) N

. We need to compute.a bound A such'that A>|v;| for

all zeros vy of £(x). Zassenhaus [ZAS~1] suggésted

A

max{la /(D) 1Y/ 2/"-1) : 1gignl.

e T R T AT T

IPATIR AT 2 0
»
3
o
-
-
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d

. We suggest the following method of computing a

suitable bound. Let g(x) =

14

n it n-i
0 < Zolaglxh,

and let

R>0 be a strict upper bound on the magnitude of the real

zeros of g(x).

1

}
(By Descartes ruﬁe 'of signs, g(x) hds at

most one positjve real zero (coﬁntlng mu1t1p11c1t1es),

so we mdy take R to be the least positive integer such’

that g(R)>O ) Now note that foq?any complex number z

vsuch that Iz|>R q
FE(z) ] > g(1zl)" > g(R) > 0.
Thus R{Ivil for each zero v of

o

We have found this bound to

.than that of Zassenhaus, and we

exahples of Section 4.3, -

4.2 THE IMPLEMENTATION

G\We have programmed ékgori;hd LINRESOLV over K =

f(x).

]
be often much better

use ouf bound for the

Y -

Z;,

in the language PASCAL on the Concordia University CDC

Cyber 170-800 computer.

computed LR (M, f) mod P for distinct primes p{.

e

[

This program is used to

LR(M,£f)

is bu11t ‘up over 2 using the. Chinese Remainder

Algor1thm, and them LR(M £)

is fact@rlzed using Hensel

factorization [KNU SCH,ZAS~ l]i; For these two operations

we use programs written by D. Ford in the language

ALGEB, on the PDP-11/34 computer.

o
The language ALGEB

./
was designed by D. Ford, and it allows computation with.

]

J
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integers®of arbitrary size. \\'
4.2.1 LINRESOLV OVER K = z, “ S
+ l N

Zp satisfies the restrictions of Section 3.1 if

p>2D, where D is the maximum degree of any polynomial

4 , —
used in the program. In practice we choose p such that *
L .

P” 1s nearly equal to the largest %nteger we can operate

on (107<p<224 in our implementation).

Addition, subtraction, and multiplication over Z_is
s

implemented by doing these operations over the integers

and then applying the PASCAL mod operator to the result.

it v e S

To.divide we need multiplicitive inverses in Z_. Given

. d . .
a in Z, pfa, we need to determine b in Z such that
ab moé’p = 1.. We know

AN

1 = gcd(a,p) = ab + tp,

for some b,t in Z. b can be computed using the (half) - - . ﬂ

°

extended éhélidean algorithm (KNU,p.325]. ‘

{

S

Tﬁg main problem which is dependent on the base’

field in the implementation of LINRESOLV is the choice

of d in step (6.2). Using the notation of step (6) of

Algorithm LINRESOLV, we claim that 4 = gecd{(c,p-l) is

o

appropriate. Note that

4 = ng.(c.:lp‘l)

[

SC + t(p—l),

C . -




A A -] ‘W&Z{’":W

T N ST SRR

q} D Vg YR v e e

e o

e v

ey

for some s,t in Z. Let b = a® for some a in z_. Then

bS = afS d

= = a -

This is because yp~l 1, for any y#0-in Zp. Now we

need to show that yd ='zd for any y,z in Zp such that

b = yc = zc. We have

When we use algorithm LINRESOLV over Zpa\in order’ to
° © i ~
compute LR(M,f) over Z we choose primes P; such that

jl(Pi'l) for j=3,:.,nru—;n~1his,cpse d- is never greater

than'2 in step (6.2).

4.3 EXAMPLES

EXAMPLE 4.1. Let £(x) = x -14x°+56X°-56x+22
(discuséed iq\ﬁxample 2.5). We compute and factorize
L(x) = LR([13],f) of degree 35 to prove that Gal(£f/Q) is

group 7T3, the Frobeniué group of order 21.

An upper bound on the magnitude of the zéros of f(x)

‘is 5, and hence 15 is an upper bound on the magnitude of

ﬁhe zeros of L(x). An upper bound on the magnitude of
the coefficients of L(x) is (1/2)10%%. L(x) mod p; is

computed for six primes p,5107. This step requires 10
i

CPU seconds on the CDC Cyber. L(x) is constructed over

Z using the ‘Chinese Beméinder Algorithm. Factorizing
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L(x) into irreducible factoﬂj over Q, we find L(x) =

Li(x)Lz(x)L3(x), yhere

Ly (x) = x'-28x%°+224x%°

L, (%) x!-28%°
-2l

L3(x) =

~-448%x+94,

3

+224x~-448x+192, and

(]

-84x1%42436x17-31136x1%+6358%x14

" +203840x3-84392x2-733824x} 1+420728x10+1480102%° /

7 5

-988064x%-1652036x -620928x*

3

+1138368x°+986496x

~284032x°5+137984x%+27104x~10648.

This factorization takes 12 minutes of CPU time on

the PDP-11/34. = «

L(x) has distinct zeros and its factorization shows
that the orbit length partition of 3~sets under Gal (£/Q)
is (72;21). From Table 7D in Appendix 1, we see that
\

/

Gal(f/Q) is 7T3.

EXAMPLE 4.2. Let £(x) = x°+15x+12; disc(f) =

2103455., f(x) is irreducible over Q, and since disc(f)
is not a square, from Table 5A in Appendix 1 we see that
Gal(f/Q) = ST3 (the Frobenius group of order 20y or 5T5°

(85).

Let ¥ = (xl+x2~x3—x4}2. We cémpute and- factorize
R(x) = R(F,f) of degree 15 to distinguish between the
two tandidates for Gal (£/Q) (R(F,f)(xz)'=

LR([12,-1%],£) (x); see Section 2.3.5.2).

-




s AN,

An upper bound on the magnitude of the zeros of £f(x)

g . O

is 3, and hence 144 is an upper bound on the magnitude
of the zeros of‘R(x){ An upper bound on the hagnitude

' of the coefficients of R(x) is 1033.
4

R(x) mod p; is compufed for five primes pi>107.

This step’'requires 11 CPU seconds on the CDC Cyber. ] 1

" R(x) is constructed over Z using the Chinese Remainder
*©  Algorithm. Factoring Rki) into irreducible factors, .we
find R(x) = Rl(x)Rz(x), where deg(Rl) = 5 and

deg(Rz) = 10.

This factorization takes 2 minutes of CPU time on

the PDP-~11/34. ' v

R(x) has distinct zeros and i&s factorization shows

that Gal(f/Q) acts iptransitively on F*S., and hence

Gal(f/Q) is S5T3.
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For.each degree we present the information about the
‘ . »

. i . ‘transitive groups of that degree in a set of tables. - The

g . groups are named .Tl, T2, etc...,.for conven1ence, and 1f

there may be confus&on about the degree of the group we .

: ST wrlte nTi to‘meaﬁ the -i-th group, of degree n. . A a4

. ‘ , . .. .

- ‘ o In Table'A we 'list the order of the grBup, ohether it -
— . contalns only even permutatlons, the number of inequlvalent

{ ‘ 4 ‘«'mlnlmal sets of imprimitivity of each possible type, and the d

s ‘ nunber,of conjugacy'clesses~of elements. If the group has a

~

U faithful, representation of smaller degree this. is given in

I3 : N . . A

o
Pt ot A A b

1
! ) % the column headed '"Other Representation', and if the éroup
is known by a common name this name is given in the column

headed 'Qamef; ' ’ .

In Table B we give a set of generators for each group.

i R : ‘

Table C sets out the number of .elements of each group

with each cycle type. ‘ : . T
S ¢ ' |

f, ' . Table D gives the-orbit length partitions of r-sets and

, S . o BN
E"’ 2-sequences (with distinct elements) under the action of

' * ‘ j
) @ each group. ‘ f\\" - _ i " r
¥ b AN . ) o X . !
. e <& - i . d
> The notation for.the group names is ds follows: n

. . ) .

v denobes the cyclic group of order n; denotes an

i

v

elementary abelian group of order -p", where p is a'prime;fDn

'denotes the dihedxél group of order n; Qg is the quaternion
. / »

) group of Order & A,

. » . . T
LA o v B . . ©
. ‘ {
[ ‘ o, . Q at
' N Fidd . ~ .
. » N . . .
. ¥ : . K . ' N ‘ PR ¢
. . . . . .
* g . ~ ~ -
. . . . .
, i
. .

is the alternating gxoup of degree n,.
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s

o

9

Iy is the .symmetric group of degreé n. 1If A and B are names

. B} . © .y
[ ~ s a - f ’ s

for groups then A.B denotes a group with a normal subg roup

” ‘ isomorphic to A such that (A+B)/A is isomorphic to B; while
AxB denotes the direct product, "L o .
. ' syt v Fi
" ‘ . ) “ - -
— o
" ‘ N .~
- 7 . ,
1 \ .
o
. ‘8 :
i v ]
N R ° «'
. \‘ t cl < B
. , .
s - L
| s - .
. ;o
~ o R /
g ? S \\ },"/ Y
. * | ‘7
. 7‘ . S
. ' ) 1 3 ' ?
% N ’ M f
N . - @
) b ’
. 3
- - M P} . o -
. . A Cs K . L0
[ ] * ) 3 1
'w ) ” 1. s
’ -, S 1) . ’ . . 9"
. . " , s s
. . : ! -
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Table 3A: groups of degree 3 . .

Group Order Even Number of Name -
“ . : } . Llasses. ‘ ‘

& e

. o 3. + . 3 . : ’

-12 .| -6 S 3. z

/}' © Tdble 3B:. group generators ' B .
[N ) 3 . L . . . . ,’ LN . ) )
| e ¢ a)‘= (] ’2’31 “b°= (" ’2) . | o
" ° Th = <a> \ T2 = <a,b> ‘
° L . ‘ . A & ’ o
o . ’ R / , Y
Table 3C:- cyc‘le‘ fype”di‘str’ibut’ion “ " ) )

‘ 1 -1 3
. . s . e e
o ' ' . 1 F3
- -
T1 ]_ . . 7 2 N . 7.
\
v - -
T2 | 3 2 \ ,
- i < v ’ .
z ~— . .
f ° .U -
R -
, -
o . «
)
°
. . .
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. i .Table 3D

Orbit length partitions of Sets and sequences under G

L}

G . 2-gets 2-sequences .

- GKAS .

' |
o \—-/-\ - I
’ f L3 N . {
-
I3 o - -
? Al
- fee
\ -
» ‘ E
. >
A ]
> 3
-~ Al
a
© . " L]
- .
R . N
R -
' .
~
e 3
'
.
®
o 1
- ’
. . i
-
o
» . :
* 3
r
'
.
~ : N v
J
A -
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Table 4A: groups of degree 4 ) '
Group Order Even 'Imprimztive )‘ Number of - Name
»[2¢] classes '
T] 4 / LY 4 4 L]
T2 ¢ | 4 4 s 2’
T3 8 4 5 Dg "
. . - \J B 8
T4 . 12 + 4 A4
. AN
T5 24 S Ly
. - _ //' e
Table 4B: group geherato}'s —~ )
‘ a = (1,3,4)- c = (2,4)- ,
- b:(]j) d = (1,2)(3,4)
I , ’ &
. T .- =f . <ac> T4 = <a,d>
T2 = <bc,d> - ‘5 = <ac,d>
T3 = “<éc,bc>
Table 4C: cycle type distribution
’ ; 2 : 3 ] (
1 12 22 1 4
( &
T 1 ] 2
T2 i 3 . :
1T N TR 3 2
M 1 3 8
‘ 15 T 6 - -3 8 6
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Table 4D

- 0rbit length partiti'ons of sets and sequences under.G

G 2-gets 2-sequences

, G<A, . 0

. . T2 2

.
o
L]

v i '] A
i .
\ T3 2,4 4,8
.
,-
, TS 6 ; 12 :
L3
. 2
v 3
o
- * ‘
o
N ‘ v ’ - *
e &
‘ . 1 .
~
Y] - ’
o
»
-
Al
i .
- . .
A . .
I ——t
~ ~ i N
~— .'
4
~
K
. '
L] - < . N .
L e *
H s . N o!
v N ‘ ' .\ n
!é . ~ a
' .
’ ‘ L ’ . - -
¢ -
’ - ’
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- ’ /-
- o Al
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. Table 5A: groups of degree 5 ‘ /-“*
Group‘ ‘ Order | Even Number of Classes . Name
Tl 5 + ‘5, 5
T2 10 |+ 4 Dyo
T3 20 5 5.4
/ T4 60 + 5 A5
T5 120 7 Zs
L o
.Jable 5B: group generators ‘
~a=(1,2,3,4,5) ot ‘¢ = (2,3,5,4)
b=(1,2) |
m = <az 4 = <a,bab>’
T2 7 = <a ,c2> 15 = <a,b>
. T3 4 = <a,0. ’
S = [
Table 5C: cycle type distribution
. 2 3 3 4
I C N L
T |1
} & N N . 4
: T2 | 1 v, 5 . 4
T3 | 1 ~ 5 ‘ . /,{/ 10 X n
§ . - \
T4 |7 . 15. 7. 20 \ 24
15 |1 10 15 20 20 30 24

~-




n,’w meaET W
64
- .
) Table 5D : : s

Orbit length partitions of sets and sequences under G

1 G 2-sets 2-sequences
q 17 S S
7 52 - sf
T2, 52 102
\ ) .
\
T 10 20
G£A5
T3 ¢+ 10 20
T5 10 20
/ o ‘ )
/ .
/
// e
f N ¢ N
{ ! . 1
//
! ./ -
| / .
s ] .
/
/é
/ a ) i
-~ - . > .
\\ .
‘L
- \
.\‘ N
\‘ ,.
gi i ) N "
4 \\, L3
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Table 6A: groups of degree 6
Group ' ‘Ordér Even | Imprimitive Number of Other . ‘Name
. L R .
2311521 Classes | Representations

T1 6 y |V 6 6
hr 6 vy v 3 T2 . .
T3 12 J | 6 | Dy,
T4 12 + Y 4 4T4 Ay
15 | 18 / 9 3x2,
Te | 24 Y B 2xA,
T7 | 24 ¥ 5 475 £,/2°

T8 24 Y 5. 475 Z,/t
T9 | 36 /. 9 (322
T0 | 36 * / 6 3%.4
T | 48 Y 10 ‘axz,
792 | 60 + 5 574 L(2,5)
T3 | 72 / 9 3%.0g
T14 | 120 7 5T5 PGL(2,5)
T15 | 360 + 7 A
Ti6 | 720 zi n 26




6 . _
Table 68: group géneratorsl
; S as (23 L= (L3es ' !
" b= (L@SNEE = (Le)2SEE
¢ = (1,5,2,4)(3,6) k= (1,2,3,4,5) '
d=ab ' . 1=(1,6)(2,5)
e =be? ‘m =(2,3;5,4) ,
f=(1,2) |
g = (1,3,5)(2,4,6)
h = 1"gfg2 . ,
M = <d> , M = <fg,i
n s < ) T2 = <,l>
B = <de o T3 = <a,b,e> |
™= b T = Gl |
T5 = <a,b> T5 =  <,k> , )
\ T = <guf> . T = <ok | -
7 = <ghi o \
8 = <g,i1,j> - \ .
™ = <abe ‘

. TI0 = <a,c




1

R by RS B 15 2 e, 1oge,

& .
Table 6C: cycle type distribution
2 22 3 2 4 25
I L L A LA D A T T T
% LU R I . 1 2 2,
2 11 . S . 2 .
.13 .3 4 . 2 .2
|1 S 3 8 .
Bl ST S 4 .6
{1 3 3 ] 8 8 ,
| L 7 |1 9 . 8 6 . ;1
18 |1 36 8 6 -
z 19 |1 9 6 4 4 : 12
To} 1 9 .4 4 18 ]
Smyr 3 9 -7 . 8 6 6 . 8
nz2| 1 .15 , 20 . 2
mit s 9 6 4 22 4 . 1B . 1
mafr .l 10 . . 200 300 . 2420
T15] 1 : 45 B 40 . 4 - .. _ 90 144
T6[1 15 45 15 40 120 40 . 90 90 144 120
- | ',
} .
-
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RN _ ‘ ‘ ‘ Table 6D
Orbit length partitions of sets and sequences under G

r

G - 2-sets J-sets. 2-sequences
cen | .
T4 3,12 42,62 6,122 '
7 3,12 42,12 6,24
T10 6,9 2,18 12,18
E T12 15 - 102 - . 30
T15 15 .20 30
! '6555‘ o /////;//,~ .
' 1 3,657 2,63 6 -
l///sz”//” 32,6 2,63 6°
A T3 3,62 ©2,6,12 6,12°
TS 6,9 2,18 62,18 )
6 3,12 . 6,8 6,122 .
3 8 3,12 8,12 6,24
79 6,9 2,18 ~ 12,18
T11 3,12 8,12 6,24 _
T13 6,9 2,18 - 12,18 | ‘ -
T4 . 15, 20 30 S _ e
| TI6 15 20 307 |
i - .
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Table 7A: groups of degree 7 /" : i o S
Group Order Even Number of Name -
. Ny Classes C T
T 7 o+ 7 7
2 | 4 5 Dig
T3 .21 + 5 7-3 !
T4 | 42 7 7.6
T8 168 4 6 L(3,2) %
o i . . - |
T6 2520 + g - A
» ! i 7 . \ 3
’ 17 5040 : <~ 15 27 . =
" Jable 7B: group generators \ &
, ©a=(1,2,3,4,5,6,7) = (2,3)(4,7) ]
‘ b= (2,4,3,7,5,6) d = (1,2,3)
' . mn. = <> - ©T6 = <a,d> o
| | T2 = <apd STT = <bydd
T = <’ - . :
T4 = <a,b> | ' N
T5. = <a,0 -
L%
S
1 ‘.‘ w
) L
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. Table.7C: cycle type distribution a . o 0 . | )
: v ) 3 .- ]/ /\. . # , ~ ..r, . A.. R
2 22 2 3 2 3 % a4 2 & .5 5 .56 T
: A C R T LR R CHN RS L N AP G JUN B
- S (1 I T i ) . X . . . S .
: .o | : LT : : : S A
- . ‘ . - © ° _ N
13 {1 e o : A T L : A
_ T : coT CT R I : . : A L
T5 |1 : 21 . . .. 56 .82 L. ... . 88
S |1 . 105 . 70 . 219 280 . . 60 . 504 . . 720
. . wl|r -z s 105 70 40 200 280 210 .630 420 504 504 840 720 -
| - / . -
ﬁ T . R ) ’ I . - ) \\x
| J o ]
M \ . e - ) ’ ' “ N
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“
*

inég;sf
" g3
e 31 .

C 21

¢

¥

v

3-sets .

i
oy ,

Py

LI 16
S.":
72,21
7'2?\, ’

{;’ © 42

~ T4 14,21 , 42
v Vs
.
L
o . . , .
77 . 21 5 42
/ o b
. . ) .
; PR N - R
/ ' A .
¢ “.\
- o 3 / .
N N .~
< -] .
‘ B . \ *
. . A -
« 3
Y . \ N
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‘ 4 ~ \ {W . Lt
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- . . . .
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. e
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’ Table 8A: groups of degree 8
Group | Order | Even | Imprimitive | Number of Other Name
[24] [42] Classes | "Representations
T 8 N 8 8
T2 8 + 3 |y 8 2x4
T3 8 * 7 v/ 8" 23
\" +
T4 8 ' 5 | v. © 5 413 Dg
. P 8 + N 5 Qg
T6 16 VAR 7 v
T7 16 y |/ 10
.18 16 /oY 7.
N BT T R 3]y 10
LMo e |+ 3 [v 10 3 |
. m 16 + VoY 10 ‘ ,
' RN ' ‘
T2 26. | 4 / A - sL(2,3)
' " '? / . .
24 + oY 8 W, "6T6 2xA,
N t
" 24 LI A 5 ~ 475 Iy
~ s N
- : Y . -
T6 A no v
k v .. \ o , I," .
T17 Y|/ o «
'T18 + A 14 , 1 ,
T19 + Y | 1 o
. a |- : "D
T20 + 1y 1
) T21 32 e - 1 .
- ’ | ‘\\ s
TZ2 32 + Yy A 17 | \\i
723 i N2 8 Y
. © . Q o ; .
T24 48 -+ VAR 10N LTI 2x I,
e SN e s T
— . j" N 'ﬁ v ' /‘ ’

R
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o4 %\ Table 8A  (continued) ' ; “
w ' Group| Order | Even [ . Imprimitive | Number of Other " Name
[24] [42] - Classes Representation
T25 56 + 8 3.7
[ 126 | 64 2 A T |
t 5 ,
K ‘727 64 YV 13
P T28 64 /| 13
. T29 64 | + 2w 16 y
730 64 /v 13 \ )
T31 64 oY 16
. . T32 96 + v 1 ' ..
E -
P 133 .96 | + . 10
i
N T34 96 + AN fo \ !
@135 128 2 20
| T | 168 | + 8 b8 (73)
' T37 168. | [+ 6 715 L(2,7)
T38 192 v | 16 ~
- 139 192 | o+ | 13 . ) “‘
., ds0 | 192 | / ; 13
© T4 192 |+ A T ¥
: L.T42 | 288 + v 14 a :
S R (% 336 ~ 9 o | PaL(2,7) . -
- . T4 | . 384 Aol ow ]
L s RN S RV 16 ﬁ
., - - T46 20 M k- M
I R /ol W s |
~ N 4" € A.
T e T g m ok W 22
" ¥ 149 .} 20160 + A 13 Ag’ °
o 150 | 40320 + KA B " Ig
| < ¥ . - (ool ,
£ T —— i — / . R .
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b T e e o L A
.'ab'le 8B: group generjaj;prs .
o a = (1,416,8:2,3,5,7) q= (156.2,5)(3.7)(4.8)
b= (1,3,5,7)(2,4,6,8)  r= (5,6) .
© = (1,6)(2,5)(3,8)(4,7) s = (1,3)(2,4) B ‘
d= (1,8)(2,7)(3.6)(4,5)  t=(1,2) - o
T e = (LN(28)[3,5)(46)  u= (1,5)(2,6) . P
£ = (1,7)(2,8)(3 ,6)(4,5) = (3,4)
; g = @9,7,2,8)(3,5,4,6)  w =:(1,3)(2,4){7,8)
- h = (3,4)(7,8) x = (2,4,3)(6,8,7) .
i i = (1,6)(2,5)(3.8) y = (1,8)(2,5)(3,6)(4,7) |
i=(1,6)(2,5)(3,7)(4.8) .z = (6.8,7)
% = (1,6)(2,5) A= (1,2,3,4,5,6,7)
% L1 =(1,3)(2,8)(5.8)(6,7)  B'= (2,4,3,7,5,6)
| ! m = (1,5)(2;5)(3,7)(4,8) C = (2,3)(4,7)
i ”.! 'n = (3,5,7)(4,6,8) D = (1,8)(2,4)(3,7)(5,6)
| o = (1,4)(2,3)(5,6)(7,8) ' E = (1,8)(2,7)(3,4)(5.,6) |
coop=(12)(7.8) - F= (1 7,3,5)(2,8,4,6) S . J
oo - o ¢ . - L
o= <a» ' - . T26 = <a,f,b%>" '
12 = <bio> R PR )
.T3 = <b2,e,c> ‘ T28 = <a,u>
. .Td: =.<b,d> “4 ( T29 = <b,e,f>
T5 = <a2,g>’ T30 '= <b,p,iku>
/T% =\-<a;1‘:> ’ : T3] = <q.e,t> .,
b7 = <a,hs ! 132 = gé,j,n>,
T8 = <Ia,'i>_ T334= ;F,x> R
19 = <b,e,c> . T34 = <vs'y",x_:y'>
~ T s -
\ . « o
. < .




T10
~

. ™

3
Ti4
115
-/ e
T
T8
T19
720

N —.

T2

-

n

n

n

1]

w

~r

A Table 88 (continued)

qu>
<a2,b2,1>
<g,n>
;hj,n>
<n,0>
<a,f,h>
<a,b2>
<a,e>
éb,e,-j> '
af

<b,p>

<q:'.§>
< 2 b2 >

CR S N

<NLW
<C,N,5>"

<A,D>

{

" 148

75

135 = <a,f,t>

736 = <A,D,B

137
138
739
T40
i
142
143
44
745
746
T47

T49
* T50

1 n - n n i i u 1] n n n n n

2>.
<A,BZ,E>
<v,e,n>
<jsN,s>
<j,n,shv>‘
<F,x,y>
€S, Z,Mm>
sA,B§E>J
<t,p;s>
<S,Z,M,y>
<§,Z,0>
<sv,t,ﬁ>
'<A,C,D> }
<h,2>

A <5,t>
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- Table 8C§\ cycle type—distributi(on
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13

CoTE 7.
. 'ﬂx 1 > 9
s v . 8 5
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o ‘\ 33
B T G S 3 2 22 #
. LI L T L T

123 1 . . A R T . 8

. - \
71 . & . 13 . . . 8
p 25 1 e
E %1 . 6 & 13 . .
71 4 6 4 5 .
T8 1, 10 9
91 - . 10 . 17
T30 1 6 8 5
T30 1° 4 <6 "*4 13
) T2 1 6 13 32
L7331 6 - 1B, .. . 3
T34 1 6 .- 2] L 3
) L 2
; ST 4 0 12 W
36 1 R J S
o £ R H -

139 1 . 18 . 25 . . . 32
W01 . 6 26 13 . . . 3@
w1 1. A -
T2 ). . 6 . 21 .16 . 48 64
(0 " B N N 56 .
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Table 8C (continued) '
| 3 3 4 )
2 22 33 I T Y
S L L L O S SO LS NS LN S LA GO

T44 1 4 18 8. 25 . . . 3 ¥ 12 28 3
s 1 - 42 . 3 16 . 48 &4 . . 72
T46 1 a2 . .9 16 . 48 64 .. . 72 148
T47 1} - 12 42 36 33 16 9% 48 64 . 12 72 180 |
e 1 . 4@ . 49 ... .28 . . 168
T49 1 . 210° . 105 M2\ . 1680 120 1 . . 2520
T50 .1 28 210 420 105 1121120 1680 1120 1120 420 2520 1260
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Table 8C  (eontinued) | o ' .
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| 111 T
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Table 8C (continued)

n

o on
N

-

s . 6
124 .2
17 |
6 . a2
\127. .20

T29 - . 28
LT .20
T30 L2
w2 .

133 .12 .

T34 .36
T35 .28
736 Ce

137 . 42 L

8 .12
8 o . 60
T40 A PR
W . 60
> T42 . 36
o . a2 .
- TAR 60

e X ~-p0 v

32

32 3

32
32

56
32 32.
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T46
147
T48
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T50

Table 8C (gontinugd) ?
s £ .
3° 5 2 5 6 7
1 30 3 18
.~ 108 N [T
36 - . . 144
9 108 : N [ U
;252 . .. 26 34
1260 1344 . 12688 . 3360 5760 ' .
3360 1260 - 1344 4032 2688 3360 3360 5760 5040
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Table 8D

'0rbit length partitions of sets and sequences under G

G 2-sets ‘3-sets | 4-sets 2-sequences
GAg
T2 43,8 8’ 23,4%,47 g’
. 13 g 4 8’ 27,87 L
T4 4°,8 87 2%,44,8% 8’
- TS5 4,83 87 23,88 g’
r T 43,8° 83,16 23,4%,8%,162 83,162
? T10 B3 - 83,16 2,43,8%,16% 83,162
ﬁ T11 . 4,81 83,16 23,84, 162 83,162
f | T12 4,28 . 8,24° 6,82 ,242 8,242
. 713 4,12% 8,242 2,62,8,24% 8,242
o T14 4,122 8,24 2,6%,8,122,24 8,242
) T18 43,16  8,16° 2,43,8%,32 83,32
| T19 4,8,16 8,16,32  2,4,8%,16,32 8,16,32
T20 4,5,18 83,32 2,4,82,163 8,163
T22 4,8 83,32, 23,82, 163 8,16~
28 4,12 8,242 2,62,8,24> 8,242
‘ P25 28 ST I 12,56 56
" T29  4,8,16 8,16,32 ‘2,4,8?,15,32' 8,16, 32
32 4,24 24,32 6,8%,48 8,48
| T33 12,06 . 8,48 . 2,12,24,32° 24,32
/ w34 12,16 . 8,48 2,123,132 24,32
K ‘T36 28 56 14,5 . 56
* ST, T37. 28 56 . 14%,42 0 "s6
4 r * ‘ ) ‘ N ’ N
.o L dr, o |
ﬂH!ﬂllIl-l-ﬁ---l : ) e
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T39
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T42
‘T45
T48
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Table §D (continued)
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2-sets 3-sets
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4-sets
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Table 8D (continued)
G 2-sets 3~sets 4-sets 2-sequences ' '
C£A8 L Y . . & ¢ 3.
T1 4,83 8’ 7 2,4,88 Yy
T6 4,83 83,162 ‘2,4,84:162 8,163 o
7 4,8,16 83/162 ; 2,4,82,163 83,162 BRI
8 4,8,16 83,16° 2,4,82,163 _ 8,167
: 115 4,8,16 é,1§3 2,4,82,16,32 8,16,32
: T16 4,8,16 83,32 2,4,16° 8,167
: T17 4,8,16 '8,16,32  2,4,16%,32 83,32
g 721 4,8 83,32 2018t 8,163 S
{ 23~ 4,24 8,242 ~  6,16,24° 8,48 ;
ﬁ T26 4,8,16 8,16,32  2,4,16%,32  8,16,32  ° f
‘ " 27 18,16 8,32 2,4;164 . 8,16% o
| / . 728 4,8,16  8,16,32  3,4,162,32 8,16,32 . "
1 ‘ T30 - 4,8,16  8,16,32  2,4,16;32  8,16,32 . ..
' 131 a,8%" 83,32 np 23,164 8,16° .
T3S 0 4,8,16 g216,32 ©o2,4,16%,32 816,32 ' - B
T8 4,24 24,32 6,16,48 % 8,48 S
T40 4,24 &*1“24}32 - .6;16,;8.!&J/t 8,48 -
143 . 28 . 36 28,42 \\ 56.
T ora’ 420 0 024,32 616,48 Y 8,48 )
T46 " 12,16 - é,éa 2,32,36 . 24,32 )
Ta7 . 12,16 - 8,48 2,32,36 24,32
L laser 28 s ) 0 - - 56 o -
5 . _ ,N. y
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y o OVER Q OF DEGREE UP TO 7 : ;

7, we have computed a polynomial £(x) such that Gal(f/Q) = X
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7 . POLYNOMIALS WITH GIVEN TRANSITgbg GALOIS GROUPS

3

It is an unsolved éroblem whether any permutation group
can appear as the Galois group of a polynomial over Q. For
each solvable group G it is knan that there txiéts a
polynomial £(x) in’Q[x] sgc: that Gal(f/Qf'= G (see [SHA));
howevér there does not appear to b&\a published general

method of constructing this f(x) given any solvable_G.

For each transitive pe}mutation group G of degree 3 to

G. These polynomialsg appeaf in TaBle A2.1. The.notafian
nTi means group Ti of‘deéreé n. The spligting field £ {(x)

. . ¢
oversQ is denoted by spl(f) -and z denotes a,primitiVe n-t

\ . '

root of 1.

For each polynomial. f(x) in Table A2.1, we proved that
Gal (£/Q) is .the group indichted. Many of the polynomials

f(x) are constructed so that spl(f) is contained }n some

&

known field. The methods of dding this include constructing N

f£(x) to be a resolvent polynomial, constxucting f(x) to be a

éomposite polyn&hial, or if Gal(f/Q) is to Qe cyclic, by

" gonstructing f(x) such that spl(f) is contained in Q(zp), P -

prime (seée [VDw,p.;GB—gggf). This knowledge about spl(fY is

/ o ‘ I

' 85 ~~

S
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used(to reduce or eliminate the work necessary to determine -
Gal(£/Q). 1In fact, the only polyﬁbmials whose Galois groups )
» are_determined\us{ng other information than the splitting
field, cycle types or discriminant are those £(x) with
Gal (£/Q) = §T2, T2, 773, -or 7T5. ‘These exceptions are
proved to have the group indicated byfusing the

. ) . - <o . ~
’ factorization of specific linear resolvents.

. Given G, to find monic f(x) in Z[x] such that Gal(£/Q) =

'

. Al ' *
G, where it is non-trivial to construct an appropriate

splitting field, we dd computer searching. 1If it is

required that disc(f) is a squére'we proéeed in the

following way: ' ‘ ¥ ,

Let p be an odd prime. disc(f) a square implies disc(f)
. ‘

is a quadratic residue (square) mod p or disc(fi mod p = O.

EPE = S S NCRIP R e SRR

((p-1)/2 élements in Zp are quadratic residues.) Note that )

disc(f) mod p = disc(f mod p), where disc(f mod p) is

‘calculated over?Zp (see Section 4.1). We can calculate’

e e

disc(f mod p) efficiently using equation (1.1), and for

-

2 . + -
i SRR e N S, i mes s AL © 1 £ e AR B

. ‘ non-zero @ in 2, we use Euler's criterion [LON,p.111) that
‘ , d is a quadratic residue if and only if g(p-1/72 l.L

.
)

We search over all polynomials in'a given set, ,and K
return those £ (x) such‘thqt disc(f mod pi) = 0 or
disc (f mod pi) is a quadratic residue, for all (small,

F . -
consecutive) odd pripeslpi in a given set S. 1In practice

30<1S1<40. The discriminants over Z of the found

’ m ., -
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polynomials £(x) are then calculated as well as Gal(f/Q).
) $

The above search method to find polynomials with square

‘discriminants_is faster than a method\whibh forms the
completeldiscriminant'err Z for every folynomial £(x)
testeé; because f(x) can be rejected as soon as

Qisc(f mod p) is found’ to be a non-residue for some odd
prime p. ‘Also, working mod p alldws! us to pérfo;m‘this

" PO : ry oL . s
search using a very limited inteqger size., For example, this

search has been implemented on the PDP-11/34 in the languageN'

PASCAL; using only 16 bits to represent an integer.

’\

s

One can aléo search. for monic £(x) in Z([x]) such that

, diéc(f mqg pi) = 0 or the factor type of f(i) mod pilﬁf the

cycle type of some permutation in the required group of f(x)
. Y /

{for all (small, consecutive) primes Py in a fixed set).

McKay and Rohlicek use this technique, arnd in this way they

found the polynomial,iﬁ Table A2.1 with Galois group 7T2.

.-
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. L
e
# o
% ‘
‘ G disc (f)
: ¢t Degree '3
? : 1 72
7 T2 -2233
.Degree 4 .
J T1 53
g ) 12 28
§ 3 -2t
é T4 21234
% Degree 5
’ 10 114+
12" 21255
| T3 2455E
: . T4 23656
% TS 19.151
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N ' Table A2.1 \\\
Polynomials f£(x) such that Gal(f/Q) = G. .
CE(x) Remarks
‘ .
x3ix%-2x-1 . splkf)=Q(z7+z;1)
B2 T -
x4+x3+x2+x+1 spl(f)=Q(55)
' x4+1 5p1(f)=0(28)
/4
x4—2 '
x4 +8x+12 @
\x4+x+l
' \
5,.4 3 2 ‘ - ~1
XT+x T =4x7~3x +3>‘c+1J spl(f) Q(le+zll)
‘ x5-5x+L2 ‘ ' -
x2+2 :
X2 +20%+16 . ‘ C ) N B
x%-x+l
_—/) ' ‘
- Yy
-
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Table A2.1 (continued) V )
"G disc(£) | f (x) ~ U Ren;aéks
Degree 6 |
'I"l‘ —75 x6+xs+x4+x3+x2+x+l spl(f)=Q(z17)
T2 218521 «S+108 . spl(f)=spl(x’+2)
‘73 i1z %542 ‘
74 26838 Cxbl3n?a spl (£) =spl (x*+8x+12)
s -3t x6+)x3¥3 . '
16 - -2838 x8-3x2+41 \ . Gal(x’-34+1/0)#A,
267292 o x%aax?1 \ ! spl(f)=spl(x*+x+1) -
78 2297 / x653x5+6x4-7x3+2x?+x-4 spl(£)=spl (x4+x+1)
1o 2839 x8+2x3-2
r10° 2103854 x8+6x % +2x349x% +6x-4 £(x)2 (x2+3x+1) 2~
r1 -211s272 xbeaxfez L ‘
'm12 23658 x5+10x5+55x4+140x3+175x2+170x+25 spl(£)=spl (x° +20%+16)
13 -28733 xSraxte23x? 42,2 £(x)= (x34x+1) 241
‘114 5i°1931513 X6+10%5+55x3+140%3+175x2-3019%+25 spl (£) =spl (x5-x+1)
Cpis 2163646 , %6+24%-20
116 © -2%89.227 ~ xS42x+2 ' ]
‘ -Deé;ee 7 '
1 290117 x1+x5—i2x577x4+28x3+14x2-9;41 spl@f)=Q(zégz;§§+zzé 25 2)
T2 -354° SN U e ORI ,
73 26910 X' ¥14x2+56x3-55x+22 - K
4 -2877 ez c :
TS5 7?172 x’-7x3414x2-7x01 .
76 358 x +7x%+14x43 : ,
L6 7 < | °
77" -2%5.233.787  x'+2x+2 .
| _ | \
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POLYNGMIALS WITH PSL(3,2) AS GALOIS GROUP OVER Q

1

4
~

. Polynomials f({x) such that Gal(f(Q) = gsi(3,i) (group T5°

. in Table 7A of Appendix 1) have attracted in@erést_over many B

2 years ([ERB,LAM, TRI] nd their.refergnces). Reéentlyf
LaMaEchia‘[LAM] ha§gc0nstruc§ed‘an infinité family of

polynomials‘with‘PSL(B,Z) as Galois group.over Q.

In Table A3.1 we list iqtegralﬁf(x) such that Gal(f/Q) = i
PSL(3,2). We found these ECx) by searching for polynomials
with square discriminants as described in'Appehdix 2, Aall

polynomials searched are of the form:

5 . ‘ , ,
5 f(x) = X7+Zaix1,“ -

i=0 o o
AN ~ . ; e
where_7|ai and Iai!SM for i=l,...,5; aqd~l£aO£2M. The sets :
of ﬁolynomials searched ate: : . . S
(1) {E(x) : M =/Ji4}‘, B ' » g
(2) {E(x) = M =28, and a,,a, = 0}, =~ . L
‘ (3) {Ex) : M =56, a,,a, 5 0, and
ag,a4,a; are of the form 7(2*) 1.
! " ) ! . 1
We know of no monic f(x) in Z([x] sucéh that Gal(f£/Q) =
PSL(3,2) and disc(f) < 78172,
Lo We did some similar séarching in an effort tSAfind :
‘ degree 11 polynomials f(x)“such that Gal(f/Q) = PSL(2,11) or .
R T
. T i
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Gal(£/Q) = M11$\§§i sporadic simple group of Mathieu of -

‘order 7920. No sheh £(x) was found.

-

Table A3.l '
_Polfhomials £(x) such th8t cal(£/Q) = PSL(3,2) . .
" disc(f) (%) R _ - ¢
26365478 ‘x7}l4x5—14x4¥14x3-14x2+2 ’
13678112932 ¥/ -14x7-7x4+7x3-7x%+11 :
22028 CxT=-7x2-1ax3-7x3-7x42
78172 , x777x?-7x4+7x3+14x2+7x+2 !
263478 L S rdae ey - - - -
2678132192 . xT-7x5-7x%+14x3414x% 14w : L
2105278 ) x7-7x5+7x3-7x+4 _ ) . .1 oo ?
21278232 1 T7x5erxde1ax®-1ax+8 S
. 21448 - x7-7x5+14x3-14x48 | - T
2124872 775547647534 7x% 47
26710232 A ‘ x7~lx5+&x4+7x3-14x2+7x+13 : .
26567§ P x?L7x5+7x4+l4x3—I4x2-l4x+6
267817% K7-7x547x b 1ax 3 14x% 4 Laez L
T 285648592 xT-14x%-7x3+24x%+14
2165278 o x7-1ax%+14x3+2 | o - ,\J
28786432 x7-1ax3-14x%+7x+22 .
, 78172 -  xT-7x3414x2-7x41 s
3898 " x7-7x+3  (example of Trinks [TRI])
S ~ . ™
] } : .
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Tablé A3.1 (continued) o
‘.- & ! ’ -
disc(f) Cf(x) ‘
. )’ -
5278132142 x4+ =7x3 7% 14543 |
A \ .
385278132172 x7+14x4-753 14x2-14x413
) 31%478132192012 -+ xT41ax5-7x4-7x3-7x2-14x417
N N
21252781492 x7-28x3+28x+20 . )
, 7
/31278472' X' -21x3+7x427 , |
2078457 x7-14x>-28x3+28x+16 -
212784,2 26092 " x7-s6x3+28x+44 ‘
l
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