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ABSTRACT . .
'The Construction of Meaning for

Algebraic Expgesaions

- Louise Chalouh ; , )
; A

A review of cutrentﬂ textbooks used in secondary schools indicates
how difficult it is to introduce algebraic expre;oiona, i:he starting
point for most 1nirqductory a‘lgebra courges, in a' wa“y"which might be
meaningful to begiqning atudexit:s. 'fhia study aims at designing and
expérimént‘i;g a new approach for the 1ntrdduétion of these expressions.

A teaching outline, attempting to guide students to construct '
meaning for algebraic expressions is forn;;;lated ta/l;ing into account the
cognitive obu'facles‘uncovered in prior research. The stude;ts t\u-e led
to identify algebraic expressit;ns as "answers to problems". The problems
to be used are highly pictorial'ein nature, easy to viauglize, and wbuld.‘
not in themselves ;:re_s,t:e cognitive obst'aci]‘.ea.' The three problem types
selected inwvolve the quantificationwof a rectangular array of dots, 'the.
length of a line di\;ided -into segments and the area 9f a rectangle.’
| In the experimental design, an exploratory phase involving an
InitiaJ: Pilbt Study with t';hree studeﬁtu,;nd one Case Study is conducted.
Both these studies are essential in the actual construct;.on of -the
Teaching Outline. A final version of the Teaching Qutline, qonsisr.ingﬁ“
of a Pretest, three lehuoﬂi.(aqd a Post Teat’,’ is developed and experi-
it I

v

The _methodology that is used in this study is a version of the
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gSoviet "tesching experiment”. This method allows for the teaching and . *
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_and the student's con’:n}- about 1it. “
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learning prdauou to bclutudiod gimlng.noquly. Six. students of vari-

-

. , . ¢
-ous abilities from Grades 6 and 7 are interviewed individually. Each

intervievw is audio-taped, fully transcribed and then is correlated with
{ i #
the written work.. Thus the analysis is' based both on the 4ritten work

7

The analysis shows that all the subjects are able to: construct |

meaning for algebraic exprassions, as intended in ‘the Teaching Outline.

' Iptcraitfng resul'ts concerning -the novice's perception of algebraic

. % :
‘symbolism are revealed. New insights are uthered‘ regarding cognitive

. obstacles uncovered in prior research, such /28 the name-process dilemma,

4,

the acceptance of laqk of doa@t?. specific unknown versus generalized

mmber, and the conflict betwean the learner's algebraic and igithﬁetic
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. . INTRODUCTION ‘ o
\

"I vas a*ys good idl mathematics until I"got to High School”.
! . f

This familar statement, spoken by many people, implies that their

mathematical failure began with the int'roduction of algebra, since it is
at the high school level that algebra is first presented. As a \'figh
school mathematics teacher, I evidenced the frustration of many Islt:udents
with their initial acquisition of this subject. During interviews with
parents, I found myself continually reassuripg many parents that their
child still had capabilities in mathematics, it was algebra that appeared
- to be‘his stumbling block. Although I was aware of the negative impact
that algebra had on these students, I could not provide any possible
solution fo, their problems. Consequently upon entering the program at
rComordia University, Masters in the Teaching of Mathematics, my imme-
diate intent was ‘that the subj/eict/fc:r my thesis would involve some aspect
of the teaching\and learning of algebra. | |

The topic chosen for this thesis ''The Construction of Meaning for
Algebraic Expressions' and the Teaching Outline developed was the result
of many hours of thinkfng and discussion with Prof, N. Herscovics. Ié
was finally concluded t such a construction was basic in the learning
of algebra and ahouéd be a first topic in its introduction.

The knowledge I have acquired by &oing this research has made me
significantly more aware of the cognitive problems that algebra students
encounter with their firat introduction to this subject. By sharing
tﬁis work with ophers, I hope that the Teachidi Outline presented in
this thesis will be only a beginning in dn attempt to make algebra

easier and more meaningful for the beginning student.

-

A
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by K. Collis and D. Kuchemann. Based on this revi

-2 -

1

"i'he following 1s a brief summary of the conte:;ts of eachjchapter. ;

Chapter I poinmts out the pedagogical problems representeg by the o=

- 4
learning of algebraic expressions and points out how widespread this

problem is. An evaluation of three current or recently revised text- \

a

books' treatment of this topic is presented, justifying the need to v

design a new approach for the comstruction of mean%.ng fge; %lgebraic
i N2
expressions. . . - , 4

‘Chapter 1 ) eviews the rucent regearch literature concerning the
e T
difficulties s encounter in assigning ‘mearing for algebraic expres-
%o, £ .,
sions and-opérations. R. ‘f)avis' and M. Matz's work on the incongruencies

betvéen arithmetic and algebra are cited, along with recent research done

the possibility of
using a geometric approach for the introd ction of algebraic expressions

is propdsed.

Chapter III outlines the pedagogical considerations in the prepara-
tion of the Teaching Outline. The theoretical basis of the Soviet
"teachi}ig experiment" is presented, jus;:ffying a vergion of it as the
method&log_y most app:ropriate for om.: investigation. This chapter also -

dg‘éribes the selection of the éui:jects and their bnckp:ound, as well

%s the planned analysis of the data collected in the interviews. :

Chapter IV details ¢the Construction of the Teaching Outline. In-

cluded in this c¢hapter is the analysis of an Initial Pilot Study and an

Exploratory Caz“e Study, showing how these two studie.g were instrumental

in the development of the "final Teacling Outline used- in this experimént.
Chapcer V firat describes the Pretest administered to each student

and the- tationale for each section of the test, This 13 followed by the

responses given by the six subjects to these questions, which are then

«
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analgzed, bringing out the prealgebraic interpretations assigned by our
subjects “to algebraic symbolism and notation.

Chapters VI, VII and VIII analyze the protocols of the individual

interviews with the six subjects, for Lessons 1, 2, and 3, respective&y.

The six students' responses are examined in detail, showing their think-

ing about the new material during the actual teaching and learning sit-
uation. A.comparison of the written qndgverbal responses of these
students is presentéd, including a description of the common thinking
patterns which emerged. Any cognitive obstacle inherent to the Teach-
ing Outline is aiéé pointed out and'some suggestions made.

. Chapter IX analyzes the subjects' responses in the Post Test in the
forp of case studies. An attempt is made to detetmine how the Teaching
Outline had affected each individual subject's knowledge. That is, each
student's responses are compafed with his answers from the Pretest, and
verified to see if the difficulties he experienced at the end were
similar to those he had experienced‘duriﬁg the three iessoha.

Chapter X first presents a summary of the discussions an& results
from the preceeding £1na chapters. Thé)second part examines more ‘
generally questions such as the quaiicy of the Teaching Outline, the
appropriateness of the methodology used in this study and the fmpli-
cations of our results for further research as well as for teaching.

As a final comment I would like to point out that this thesis came;
out of a project funded by the Quebec Ministry of Eéucation (FCAC grant
EQ-1741). N. Herscovics directed the part of the project dealing with

algebra.

7
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CHAPTER I . ‘ L

\ STATEMENT OF THE PROBLEM

7 ‘ .
" e ©
While one mﬁy believe that the difficulties students experience in ‘

. . 4
Secondary School Mathematics are mainly due to the complexity of the

more advanced algebraic concepts, two recent studies, NAEP (Carpenter,

et ai., 1981) and CSMS (Kuchemann, 1977) indicate that a great many \
of them havg not been able to assimilate even the most fundamental ideas
intﬁeduced at the very beginning of a fi¥st formal course in algebra,

* those involving algebraic expressions and their manipulations.. These \

two assessment studies have provided data showing that a significant

. number of students who have had one or two courses in algebra- still have

. @
difficulties with concatenation as used in algebra, numerical substitu-

tions in aigebréic expressions,, and simple tasks such as combining like

terms and multiplying algébpaic exptessions. That so many séqgents /

-

continue to experience difficulties with these elementary notions brings *

into question whether or not students have been able to construct mean-

N

ing'for algebraic expressions and the simple operations ‘they involve. .. ,
0f course, the kind of meaning the§ are likely to construct depends on \

the type of instruction they receive. To some extent, one can g.'a.t:hm:\’Q
“ . %
information about the ‘teaching of this topic by examinidg different

&

approaches used in current textbooks.
To substantiate the pioblem represented by the difficulties that

students experience in learning aigebtaic expréss ons, this chapter will

-

be dividea into two parts. The first part will deal with the learning

B

aspect of the problem by reporting and examining the results of the two

@ » ' [)
. " \ ot R
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. assessment studies. The second part will deal with the instru&tional

:) aspect through a careful analysis of three current or recently revised
. o 1]
textbooks: Mathematics 9 (Kelly et 3};, 1981); Algebra in Easy Steps,

(Stein, 1982); Algebra 1 (Dolciani et al., 1980). These books will be

compared for.their treatment of the definition of algebraic expressions,

concatenation, and the evaluation of aiéebraic expfessions Eﬁfough ny- ;

. -

merical substitutions. .

+

A, What have the Students Learned? v

An answer to the question, '"What have the students learned?" can

be’gathered from two major assessment studies which deal primarily with

the extent of the problems and ot particharly with their causes, ©

Research aimed at uncovering these Eauses will be the subject of Chap- ‘
’ Y

. ter 2. . - ¢ - .

Tﬁe first study ig question ié'the National-Assessment of Educa-
tional érogreas (ﬁAEP) which compared thg mathematicél performance of
70,00Q American students aged 9, 13, and 17 between 1973 and 1978.
These students were examined on five content areas, one of which was
: alggbfa: Part of the daéa collected was used ;ﬁ'the evaluagion of the
] performance of 17-year-olds based oh their mathematical background: N
’p\**\\67zlof the students s&rveyed reported cémpleting one year of élgeb:a
anh 35% réported taking at leagt a half year of second»yéar algebra.
(Caréenéer et al.;~198l)
- The second study;‘Canepts in Secondary Mathematics and Science
{CS@S) originates from Gre@t B?itaig and tested the mathematical under-
'Qtanding of 10,000 children thféﬁghout England (Hart, 1981). The alge= ~ ~~—~—
bra compon;%t'invclved 3000 students aked’l3, 14, and 15. (Kuchemann,

.

’ '
N e ) . a .
- R

U Rtk
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1977)

1. Overview of the Problems

" The two studies mentioned .above can be used to determine how wide=
spread the problems are after an introductoryn ;ourse in salgebra. Since °
.most British students start their secondary school between the ages of
11 and 12, by examining the Kuchemann data for l4~year-olds we-are

assured that most of them have been exposed to ome or two years of alge-

- bra (Kerslake, 1977)., The same applies to NAEP data describing 17-year-

olds with one or two courses in algebra. However, as Carpenter et.al., )
(1'981) po;.nt out, the assessment was for many‘ 17~year~olds "an inventory
og algebraic skills and understanding retained one or two y.ears after f
studying elementary algebra. Furthermore, they note that although the
reslxlts of 17-year-olds with two years of algebra were <cc;mazist:ent:ly 5

to 10X above the average of those with only one course, one cannot con-

_clude that the students' performance is related merely to the number of

courses taken for oply the better students take tixe additional course.

[

Cbncatenation

That concatenatioﬁ does indeed present cognitive obstacles ):o the
,beginning student is illustrated by the NAEP study in ghe context of
the solution of simple equations in one unknc;wﬂ; 91Z of 13-year-olds -
vere able to solve '4 x (0 = 24', but only 657 c‘o"t:ld find th; correct
ans:ér/w/ '6ém = 36'. Although Kuchemann has not"eaozamined d‘:l;ectly .t:hg

difficulties students might have with concatenation, onme of his results |

ﬁears some relation to this question. To the problem:

N

f

N T TN e
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Cabbages cost 8 pence each and turnips cost
6 pence each. If ¢ stands for the number
of cabbages bought and t stands for the
number of turnips bought, what does

8c + 6t stand for? i

only 12 of the children gave a clear correct answer. Most children
thought "8c + 6t' meant "8 cabbages and 6 turnips" (52%). Thdb, if
the letters used are perceivéd as shorthand notation for various vege-

tables, the problem of concatenation does not even arise for 8c does
+

) i
not denote a multiplication at all.
N o

This also illustrates one of the major obstacles pupils encounter

with word problems. Even where thé letters are clearly specified as

L]

representing numbers this 1s not necessarily the interpretation given
to them by the learner. As shown by Clement (1979) this persists even
at the university level where a large number of the undergraduates

tested (37Z1) translated "There are six times as many students as pro—’
LY
fessors at this University" by "6s = p'". Thus it is not surprising

that many 17-year-olds cannot translate simpler problems not even&in-'

¢

volving toncatenation as shown by the NAEP question:

. Carol earned D dollars during the week.
She spent C dollars for clothes and F
dollars for food. Write an expression

. using D,C, and F that shows the number
. of dollars she had left.

v 7

Only 57Z of the students with one year of algebra and 67%7 of those with
two years responded correctly. This illustrates a major dilemms with
word problems. On one handtthey are essential to create relevance for

the study of algebra. But on the negative side the translation problem

involves major cognitive obstacles. If letters are not perceived by

it o




-8 -
the beginning student as numerical symbols he cannot possibly be expect-

ed to translate the numerical relationships implied in‘ a word problem

in terms of algebraic expressions.

" Substitution
Regarding problems encountered with the evaluation of algebraic .

expressions only one result from the NAEP deals directly with it. To
the question "What is the value of 'a + 7' when a = 57", 70% of the
13 year-olds and an average of 972 of the 17 year-olds with one or two
courses in algebra provided correct responses. This trivial problem
contained only one unknown and did not involve any concatenation. Thus
the possible difficulties students may experiexiéé with more é;)mplex
expressions such as 'Ja+ 2b+5' 4if a=4 and b= 5, can only be
inferred indirectly frqm problems of evaluation within the context onf—
functions. Carpenter et al. state that between half and two-thirds of :
the students (13. to 17) could find w when given a value'for 2 in
'w= 17 + 5a'. This is in line with equivalent questions in Kuchemann's
test: 62 of 14 year'—olds could evaluate m where 'm= 3n+ 1',
given that n= 4 ., “However, the presence of a dependent variable might
have had an effect on the evaluation, and thus differences might be
expected in the evaluation of an algebraic expression, since no depen-

“dent variable is present explicitly.

~Combining like Terwms

Kuchemann reports that the simplifications involved in expressions
éontaining like terms causes few problems. For instance, 86X of the

l4-year-olds tested could simplify '2a + 5a'. Perhaps this rate of

v

L P
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success can be attributed in part to the interpretation of the literal
symbol as an "object" (2 apples + 5 apples). As soon as unlike terms
are present and have to be regrouped, there 'is a sharp decrease in

correct responses:

©

PROBLEM 2 CORRECT RESPONSE
~ ' : . U‘
2a+ 5b+as= 60%
(a+b)+a= 53%
3a-b +ta= 47%
(@ -b)+b= 232

’

A surprisingly large number of students (20%) responded with "8ab" to

the first question in the table. This certainly reflects the difficul-

" ties students have with interpreting"auch algebraic expressions and

pethapslit stems from their inability to accept "3a + 5b' as an
answer, Of course, as the resﬂts indicate, the cognitive problems are '

increased with the intrjoduction of subtxiaction and brackets.
EXPANSIONS

Kuchemann's study illustrates some difficnl(t:y students have in
expinding algebraic expressions. Only 14X of. the lé-year-olds were
able to respond correctly to the problem 'Multiply n + § by 4'.
Coxnoﬁ wrong answers were 'n + 20' (31%), '4n + 5' (19%) and '20'
(15Z). Although this topic is often introduced with reference to6 the
distributive axiom in a begi:ming algebra“ coul‘se, the resultis clea‘rly
indicate that m;ny students are unaware that both eiqents of the

expression must be multiplied by .

Another area of ‘difficulty in expanding is evident ip the NAEP

A

, A
.

AN

T S
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" study's example requiring the student to siqplify '5(1 + 5x) +3'.

Once again many students did not gultiply each element in the exprgs:-
sion 'l + jx' by 9, but rather first interpreted 'l + 5x' as 6x
and then performed the multiplication. In this example the pupil's

inability to distinguish mnlike terms prevents any perception of the

problem as one involving expansion.

Summary . | e
Th; results of these two studies indicate‘cléarly that the problem
is widespyead, that is a large number of students in the United States
and Great ﬁritain experience d’,ifficulciea in learning algebraic expres-
sions. Concaten.ation and substitution appear to involve unsixspected

cognitxive obatacles which ’Bring iato ~quest‘:mu the kind of meaning they

have constructed for these expressions.

B. Textbook Analysis

S

1. Defining Algebraic Expressions

., Most high school textbooks use algebraic. expressions as the first
tppic in their introduction tol algebra.& Inherent to these expressions
is the notational problem of goncatenation (the replacement of the
multiplication symbol by mere juxtaposition, that is,'2y° a:= 2',

"2xa= 2a'). We now Wne the treatment of this topic in Mathe-

matics, (Kelly et al., 1\96‘1); Algebra 1n Easy Steps (Stein 1982);
Algebra, (Dolciani, et al. ,11980). " \

" Kelly et al., start by int;'oducing the formula for area of a
rectang\le, A= 1 xw and then sf;ate that "letters such as A ,1l

and w, which represent numbers, are called variables". The suthors

f e

R T i T L
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continue by defin:lng forml,as as "the result of combining variables and

numbers using the basic operations o£ aritlmetic", which they illustrate

6x

“by examples such as x+ 7 ’ \ﬁ‘ -5, 7n, 5 - The latter two are fol=- ‘

lowed by the comment, "The signs X and + are usually omitted with

variables". (p. 6) '

\

From formulas, Kglley et al, proceed to inttoduca algebraic expres-
sions as the right hand side of a formula. An example is used to

illustrate the terminology:

- 1-3 Introduction to Algebra_

| One use of the language of algebra is
to expres%nd solve problems of arith-
metic, In order to use it for this ‘
purpose, we need to know the words of :

. the language.

§La

Consider tﬁe formula A=1+x-2z+7xy = *

These are terms. £+5-3y_+_7_§‘1
These are c'oeffic'ji..enu. 1+ 1x - 2z + Ixy
These are varh‘blu.f 1+x-2 +7_1_<x
This is an ggtﬁ reuiog.. l1+x-2z+7xy
) ‘ (Relly et. al.; p. 10)
Although, as can be l;eq above, the authors use an ‘ex,eiplgr in
their introduction, they nevertheless provide the studenr: with a formal
definition of the glossary.' (p. 6225: "Expression: any c;:nbination N
of numbers, varinbleé, and nywboi‘l" with examples 3x + 5, / xz + y2 .
On the other hand Stein (1982) first presents "numerical expres-
sions" (p. 15) nuch as '4 + 7" 16 x 9' . He th¢n proceeds to

define "variable as a placeholder" ("a variable holds a pllace open for
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a number” (p. 23) and finally definu an algebraic expression as a

“translation of a mathematical verbal phrase. The following problem is

- used as an example:

-

“'Wtite as an algebraic expression the sum of
', B and s.ix" which he answers by 'n + 6'. (p. 23)

Within the pr&ednre outlined for the "translation of a mathemati-
cal verbal phr;ae into an algebraic expression”, Stein poi}xts out that
"No multiplication symbol is necessary vhén ‘the factors are two vari-
ables or are a number and a variable named by a letter. In the latter
case the nuneral alvays preceeds the vnr:lable". (p. 23) As an illus-
tration the following example 1s'uud "rite x multiplied by nine
as an algebraic expression” which is answered as 9x (p. 24).

Dolcian!. et al..(1980) also start with "numetical expressions”

‘but go further than mers exnnplea by defining them as "a name for a

number". For instance "4 x 9 1is a numerical expression for the num-
ber 36" (p. 1). The authors then continue by defining variable as a
"letter such a8 n, a or x .or a symbol such-as ?, used to stand for

a number or numbers" and variable expression as "an expression contain-

ing one variable but nny also contain other symbols, including numerals"
(p. 2). ‘
" The authors then deal with concatenation by merely stating that "in
a variable expressionllike '3 xn', thg, multiplication sign is often
omitted”. An example follows to illustrate this idea:

, evaluate 5y; y= 8. :rhe, solution is as

follows: Sy=5x y=5x 8= 40,

R S
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These examples illustrate how difficult it is' to define algebraic

‘expressions in terms that are meaningful to the students. Even r.hé

introduction of a numerical expr’easion as a "name for a number" meets
with cognitive problems. Davis (1975, P 18) points: out that ‘to a pu-
pil '3+ 5' is a probléul‘ or question and 8 is the answer. Thus"l con-
structing meaning for algebraic expressions on the basis of numerical
ones seems questionable. »

On the other hand, Kel}y et 'al., introduce algebraic expressions b;' de-
taching them from wniqgfdl formulas. Impl).icit in their pre;gnmuon is
the idea of an algebraic expression being the answer to a~ problem. For

\

indeed, if a stands for the area of a fec:angle,"then '1 .-w is

the answer to the problem of finding the area. Héwever, there 18 nd

attempt here to comstruct such meaning explicitly. ]
Following this textbook anaiyais,' one could raise the question,

"Do teachers have any other means to deal with the problem of defini-

tion?" Judging from the iack of‘articlea in mathematics éduc‘ation

journals, this appears to be doubtful. The complexity of the problem

is alluded to in the Teqcher'a Manual of an earlier edition of the
Dolciani et al.,text. Here the authors discuss the analogous problem
of defining polynomials:

This chapter presents the formal techniques of calculating
vith polynomials. In advanced courses, polynomials may be
regarded simply as forms for which suitable operations of
addition.and multiplication are defiged. From this point of
view; the letter x in 5 + 4x + 3x° does not denote an
element of some set of numbers, and the + signs do not :
1Ediclte addition. Rather, the + signs as well as x and
‘x” , function as "bookkeeping devices” to keep track of the
coefficients 5,4, and 3. This is your meaning when you say
that a polynomial is determined by listing its coefficients
in order. .
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On the other hand, if you think of x as denoting an 2
element of a set of numbers, then the polymomial 5 + 4x + 3x
tepresents some number for each value of . For example,
if you replace x by 2, then 5 + 4x + 3x~ represents the
sum of 5, 8, and 12 or 25. In this case, you regard poly-
nomials as functions. With this interpretation, the com-
mueative,; associative, and distributive properties of opera-
tions with numbers determine operations with polynomials. 2

Both interpretations appear in elementary algebra, al-
though the concept of a polynomial as a form, while implicit
in manipulations like factoring and simplifying, is usually
not discussed explicitly with immature pupils. The distinc- .

. tion should be clear to you, but pupils at this level are
easily confused by the idea of x 'as an indeterminate.
Furthermore, for polynomials over the set of real numbers (or”
over any infinite set) the two concepts are abstractly iden~
tical in the sense that the set of polynomial forms and the
set of polynomial functions are isomorphic.

_ (Dolciani, et al., 1965,"13. 22)

\

Similarly to polynomials, algebraic expressions can be interpreted

¢y

mathematically as forms and functions but such interpretations afe'be-
yond the reach of‘\beginning studenr.sJ for obvious reasons. ﬁhereas
advanced students may have the mathematical maturity to haqdle matixe—
matical forms by relating them to their stgdy of formal systems such as
polynomial rings «(Dean, 1966, Chapter 6), for novices this interpreta-
tion reduces algebra to the meaningless manipulation o'ﬁ meaningless
symbols. Nor can they perceive sﬁch forms as functiom:;, a topic which
they have: not yet seen. 6ne could always ar°gue that this may be an
appropriate way to introduce thia concept. However, algeb;:'aic expres~
sions such as '2x + 3' convey ‘the concept of function only implicitly
since they lack a dependent v;nriable (as in 'y = u2x + 3') which con-
veys explicitly the notion of relationship. In this sense, algebraic

expréasiona are but "incomplete" mathematical statements.

-

T
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2‘. Nunericai Substitutions for Literal Symbols
After dthe:lr initial presentation of algebraic expressiong, text-
book authors then proceed to have the students evaluate these expres-
sions f)y substituting numerical valugs .for literal symbols. This step
Vis an 1mport;nt one since it assists the student in bridging the gap
from arithmetic -to algebra. It may be thought that this is a ttﬁrial-
1y simpie process; however, NAEP results indicate otherwise. For .
example, for a formula like W= 17 + SA , pnly dbout half the 13-year-
olds and two tHirda of the 17 year-olds were able to find ¥ (yhen given
the value for A (MAEP, 1981, p. 69). \
As poi.xit"ed out earlier, Kelly et a;y.start with algebraic formulas \
‘ra/theru'\t:han algebraic expressjons. They then proceed to have the stu-
dents ev‘aluate formulas by jmbstituting given values for all but one of [
the variables. ' Three of the four examples are of a geome;gic nature Q.n)
such as the‘circmfetem:e. of a circle, 'c = nd'. This is followed by .
11 problems containing formulas which the students are asked to eval-
uate, . Only then are algebraic expressions introduced as the right hand
side of a formula. .
Students are then guided into seeing a need to evaluate \;xpgeasiot;s: ’
.For instance, an algebraic expression is first obtained from a word
problem: o
Victoria Falls is twice as high as Niagrara Falls. . °
Write an expression for the height of Victoria ’
Falls if the height of Niagara Falls is x metres.
Answerré 2x nétrea high. .

(Kelly et al., 1981;.p. 11) -

Yo
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However, it is pointed out that to find the actual height of the falls,
a value has to be substituted for x. Thus, within the context of a
word problem the substitution process, is ‘not reduced to a fiechanical
exercise, but instead gives the answer to the problem. Once the authors
have established the relevance ofkevalu'ating eipressions, most of the
eleven probleme which follow have students evaluate expressions without
referring to word problems.

In contrast to Kelly et al., Stein does not attempt to justify any
need for substitution, putting as he does all the emphasis on the rele-

vant procedures:
4

I. AIM: To find the value of simple algebraic *
expressions when numbers of arithmetic
are assigned to the variables.

II. PROCEDURE:
1. Rewrite the given expression.

2. Substitute in order the given numerical value
for each variable.

3. Perform the necessary operations as indicated
to get the answer. See sample solutions 1, 2,
3 and 4.

4. When there 1s a numerical coefficient, it is
rewritten and used as a factor to find the
nunerical value of the expression. Seé sample
solution 5.

5. When there is more than one term (part of
expression separated) by the + or - sign,
first find the value of each part. Then
combine as indicated. See sample solutions
6 and 7.

6. If the expression is a fraction, simplify
both the numerator and denominator separately,
and then express the fraction in simplest terms.
See sample solution 8.

(Stein, 1982, p. 96)

PRS- e G Y,
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Eight sample solutions are given in the text and these are follow-

ed by eighty exercises. e

0f ' the three textbooks, the Dolciani et al, one gives substitution
4

the most cursory treatment.  Within the same pafagraph intrq@ucing
variables and algebraic expressions, the authors define "replacement
set" or "domain" as the set of values of the variaﬁle and illustrate
it with the following example:

If n can stand for 2 or 5 then you write n = 2
or n= 5, 3 x\n is a variable expression.
6
15

If n= 2, then 3 xn
If n=5, then 3 xn

3 x2
3 x5
This 18 called '"evaluating the expression".

(Dolciani, et al., 1980, p. 2)
This example is followed by 30 exercises involving:Pumerical substi-
tutions without any further reference to replacemeﬁt sets:

For numerical substitution, we.see that Kelly et al.q address
themselves to the motivational aspects by presenting substitutions
within a context which is relevant to the student, but ignore the
procedural difficulties inherent to the symbolic notation. This latter
aspect is the only éne'emphés;zed by Stein whereassthe Dolciani treat-

ment does not indicate any awareness of the cognitive prgoblems associ-

ated vith'substitution.

el

' Summary ‘ v

<

This section has been devoted to a careful analysis of textbooks

' used in a first course on high school algebra. It has dealt with the

instructional aspect of defining algebraic expressions. The authors

&
of the three books have used very distinct approaches. The Kelly et al.

il
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text has consistently dealt with problems of justifiéation and motiva-
tion showing a §reat awareness for the learner's problems. These prob=-

lems have been igﬁared in Stein's procedural appréach which, nonethe-

. less, has brought to light some possible difficulties due to ndtation

and' symbolism. Dolciani et alls formalism has shown little concern

for the beginning student's need to construct meanin’g for algebra.

CONCLUSIbN

The objective of this first chapter was -to esgablish not only the
existence of the pgdagogical problem represented’ by the learning of
aigebraic e§pressions but also to determine how widespread this prob-
lem was. The two assessment studies clearly show that -many stude£ts
do not jﬁ@age to deal with the very(first conéept introduced in their
initial £6rﬁﬁl course in algebra, that of élgebraic expressions. These
studies also indicate that concatenat # and substitution represent
cognitive problems far more serious than suspected. Thus one must
question whether or not these students have been dble to attach any
significance to these expressions. ’ '

The difficulties in constructing‘meaning for algebraic expressions
become quite evident in the textbook analysis. kelly et al's presen-
tation seems to be the more accessible ‘one for the novice since they
define expressions as a righé—hand side of a formula. It is hard to
see how Stein's definition of an algebraic expression as a translation
of a mathematical verbal phrase ("'n + 6' 1is an algebraic expression
for thegsum n and six"), can be relevaﬁt to a beginning student. And

Dolciani et al's definition of a 'variable' expression as "an expres-

sion containing one variable but may also contain other symbols,

Rdaad 4 .. T
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including numex:als". is purely“"}f.ormal and as such cannot betrelated to

the students' experience. Quite clearly the last two definitions are

a

beyond,'a beginner's abiliéy to construct meaning. Whil.e Kelly et al's
definition’ia meaningful, they do not develop it sufficiently before
movix.lg in to word problems and subsequeht evaluations.

Considering the scop°e of the probiem as well as t_he lack of J
appropriate presentatiohs, the need for new ways of introducing thls
topic is warranted. This will be the object of the research prt;_sented
in this thesis, that of des:{gning and experimenting a new approach t:o‘ '
the construction of meaning for algebraic expréssions. Of course, ‘

befoxge suggesting a new approach ome has to study carefully ‘the research

=~

) Pt 2o
ficulties. This researgh 1s discussed in Chapter II. .

which has uncovereq' the possible causes of the students' learning dif-

<
o
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© 7 CHAPTER.II

COGNITIVE OBSTACLES_.

a ”
o . ». E ‘-l \\ .
Whereas the first part of Chapter I was devoted to the students' '

*

,- performance and the second part to. an analysis of textbook presentations,

this chapter will deal with the cognitive obstacles uncovered in the > b
existing research literature. This review will focus on the difficul-

ties pupils encounter in assigning some meaning for algebraic expres-

\ , -
\\

sions.
One can distinguis_h two stages in the learni'ng/of algebraic expres- -
sions, \that of an initial ass}gnment of meaning for the algebraic;. forn‘
and a second phase invo{lving transformations suc:h as substittftions and
manipulations. As has been shown in the textbook analysis, little
emphasis is given to the first part. Such a.presentation assumes thAt
t;he transformations wiil ultimately provide the necessary significanc;e.
However, the two assessment studies reported in Chapter I indicate—tt‘mt

for a large number of students, this approach leads to the manipulation

‘of meaningless symbols.

On the other hand, the student might have accepted the meaning "an

aigébraic expression is part of a formula" as suggested by Kelly et al.

A

(1981) b{t' this isolated piece of knowledge is far from sufficient by

qtself

handle the solution of algebraic problems. In fact, such
problems involve s&bstitutions and‘maﬁipulations and thus, the "con-
structions of meaning for algebraic expressions' has to be interpreted

in a larger senge, in the sense of an operational schema which includes

the necessary transformations. ‘ '
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A. ‘Algebraic~Bipreasions

Textbook authors use aiggbraic expressions as a starting point in

a first year aigebra.course. -However, in light of the importance of

 this topic in the ‘further learniﬁg of algebra, it is necessary to con-

sider some of the cognitive obstacles students meet when first attempt-

ing to assign some meaning to these expressions. =

) .

. Kieran (1981) asked ten children aged 12% - 13%, the meaning of

" '3a', 'a+ 3', - o 5. For 'a +3', seven out of ten subjects could

L

‘not assign any meaning to the expression, because they could nSt find

tﬁe value of 'é' . The children did not accept the expression on its
L]

" own and were searching for some equality in order to arrive at what

they perceived as dn answer. For 3a ome student said, "If we had the
R .,

”ahsyér, like ('3a = 307, we could do it." Thus for these students, the

expressions on their own were meaningless. The inability of these
7

 children to attach any meéning to these expressions indicates some of

. the difficulties students have with tﬁeir first introduction to algebra.

Davis (1975, 1978) points out ‘the incongruencies between arithmetic
and algebra, and the subsequent inability of children to regard alge-
braic expressions as legitimate 'answers'. In their article "Cognitive

Processes in Léafning Algebra" (Davis, et al.%1978), the authors illus-

- trate the distinction between "algebraic addition” and 'arithmetic

addition'. In algebraic addition, 'x + 7' 18 "the name for the answer

we get if we do it" (p. 17) and in arithmetic addition the process re-

quires to "state a standard numeral for the sum", as in '5+ 2= 7',
Davis (1975)  in his first interview with a twelve~year-old student,

Henry, states that in atandard elementary school '3 + 5' is the proﬁ-

4
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lem or question and '8' is the answer. However, ipn standard high
school algebra '3 + 5' 1s both the process and the name of the answer.
For example, Henry was unable to accept 6x as a name for the answer
of what you get when you mu;tiply 6 by x . To Henry, 6x , in his
elementary language, still was a statement of the process of 6 multi-
plied by 5 .

Further on in the interview, Henry was \Imabie to multiply by
'3x + 1', because to him '3x + 1' was not a number and'he could not
Perceive of multiplication in any other framework.

To Davis, the child's inability to accept algebraic expressions as

'answers' presents a formidable cognitive adjustment for many begimiing
| .

algebra students - one requiring accommodation rather than assimila-

tion. He feels the student must accept that the notation in an expres-

sion "indicates both a process and also the result that will be obtained

when one carries out the process". (Davis 1975, p. 28)
Marilyn Matz (1979) confirms these findings: "Commonly, naive
students respond to a request like "multiply by x'" with a bewildered

"you can't do it, you don't know what x isl" (Matz, 1979, p. 4)

L4

Similarly, she states that accepting expressions such as '2x' as a-

'name-process' (reference to Davis), requires that the student changes
. * / ‘
his expectation about well-formed answers, that is, an 'answer' is not

just a number. Thus algebra is not a simple generalization of arithme~-

tic.
: @
The arithmetic-algebra transition can be highlighted by an examina-
R, . ‘
tion of the different interpretations which must be given to concaten-

ation. "In arithmetic, concatenation denotes implicit addition as in

O
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‘concatenation denotes multiplication, as im

-

-23 - : - \ )

-

. both ‘-the-[;;;ce—VJa_l_ue'nmber syéteﬁ and mixed fraction notation", (Matz, .’

)

i979,' p. 8) For example, '43' implies '40 + 3' as does 42 which

~i.nvolves addition of units to a frgctioﬁal part. However, in algébrfa
2 7 .

.

! ‘or_ "3x' . Data has

xy

'shown that students using their arithmetic interpretation will commonly

o

nake the following typical errors. For instance, when asked to sub=

Istit;\ute’ "'6' in '4x', they may give '46' as an answer. .Similarly

when the va;ues:‘x = =3 and y = -5', they may conélude that xy = -8.

o

."In the’intetpretatio'n of concatenatjon, we see once again that algebra
 1is not a straightforward»generalization of arithmetic. Thus both Davis

and Matz attribute some of the cognitive obatacles with algebraic expres-

sions to a student 8 strong attachnent to an arithmetic frame of refer-,

uv

ence. (e.g. the name-process distinction and concatenation).

A}

. Collis (1974, 1975) proposes another\ explanation for: the difficulty

students have in accépc‘ing algebtéic expressions és ‘legitimt:e ansvers' .
To Collis it 18 the inability of some students to hold uynevaluated oper-
a’tions in suspension. The express:lons 'x '0; 7' and .'3x' are incom-
plete hgntmces -v that is,u mot closed. “He"not'es\' that this-changes

gradually and that eventually (by age 15) bupils can indeed hold un-

N

evaluated obérat:t‘."gqs in suspension to which he refers as the D"Acceptance

of Lack of Closure".

<

On the basis of his observations of children's mathematical behav-

Q<

iour, Collis distinguiahes four levels of cognitive sophistication with*

n

respect to children's 'Acceptance of Lack of Closure'. (Collis, 1974).

o

The level of closute at which the child is8 able to work with operations

, )
depends on his ability to regard the outcome of an operation (or‘a

A o . o5 93
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serieg of operations) as unique and "real".

At the lowest level (age 7+), he requires that two elements con-

N

necuted by an operation be actually ‘replaced by a tlird element.
| Alt the middle level (agé 10+) he. regards the outcome a8 unique but

.does not net;d to make the actual replacement to guarantee this. He can

go beyond his empirically veriﬁiable range (273 + 472) and can use two

S

operations (6 + 4 + 5) . ‘ A /
Later (age 12+) he can refz;ain from actual closure and is capable
of working with formulas (v =1xb x m) "provided each letter stands
for a unique nuqber and each’ binary operation may be closed at any
; s-:t:age'l'. ’
At the fipal 4et;age of development,. (age 1§+), the adolescent is
able to "consid:ar closure ‘:,N the formal sense "because he 18 able to
! work on the operations themselves and does not need to relate either
othe elements or. the ope;ations to’ a physical reality". (Coll;Ls , 1974,
p. 6) ' |
Collis con.clufles tha; the development of hi'gher levels of reason-
:Lné is ;close‘ly related to the child's tolerance for pnclo;éd operations.
T‘hat is, t:'he closer to early concrete reasoning (refei‘ting to the .
Piﬁg‘étian sub-stages), the more the child depends on an immediate clo-
sure of the operation in oxlder to make the situation more meaningful
to him. On the other hand at the top level of adolescent reasoning
(fom‘al)_ the subject is able to withhold closingu while he considers the
effect of r;h; variabled in the problem.

Considering the developmental focus which Collis places on the

learning of mathemacics, one might bg- ten?ted to conclude that algebraic
1/

j o
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expressfons can become a meaningful form g_n_lx_ when, the student has
reached the cognitive level of formal reasor;ing ‘which is necessary for
acceptance of lack of closure. However, a clogser look at Collis' tests
reveals that the questions asked favoured the formal ;hinkér since the
problems involved the manipulation of formal algebraic statements (such
as "m » means x and y must be in the ex[l)ression but no other

letter"). This type of auestioning might have led Collis to conclude

that formal reasoning was required for the acceptance of lack of clo- -

sure. However, since no concrete support was used; such conclusions

" may well be unwarranted. Nevertheless, Collis' Acceptance of Lack of

Closure is an interesting theoretical const,ruc't which can explain {vhy
young children cannot accept '2 + 3' as "another name" for 5, or
why some children are unable to accept or attach any meaning to alge-

braic expressions.

f

Discussion

The many ideas which emerge thus far from the review of the research
lite;amre need to be related to each other and their significance
analyzed in the search for new directioms of ipvestigation.

Kieran's t'vork clearly &emonstrates the student's need for some
referent in his construction of meaning for algebraic expressions.
Davis and Matz have shown some of the cognitive obstacles created by the
usual arithmetic frall;e of reference in the learning of algebra. The

name-process dilemma they have identified obviously relates to Coll;Ls'

Acceptance of Lack of Closure. If '2.+ x' is viewed as an operation

to be performed, how can the pupil be expected to hold it in suspension

if he is looking for an answer?

L4
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To a learner of algebra \;hoae main exposure t:? mathematics has
been arithmetic '2'+ 3' 1s int:.erpx_-eted as a problem a;xd 's! és the
answer. Thus he cannot view an aigebr;ic expression such a; 2x + 6" .
as both the problem and the answer to the problem. Can he vigw the ‘
algebraic expression as a pi:otilem? Only in the very limited case invol- <
vilng substitutions. Can aﬁ algebra:j.c; expression be 13}:3}‘preted as an -
"answer"? Of course, all kinds of problems can be ét;t yielding alge-

braic expressions as the answver. For instance the expression '2x + 6'

will be the answer to the following problems:

kit

x

et = ﬂ,ﬂ )

Length = 2x + 6 - ‘ Area = 2x + 6

In these examples the alg'eb\raic expression '2x + 6' becomes the
answver to problems which cin be easily represented pictorially. To a
studeni acquainted with length and area, such p?ﬂoblems are readily 0
visualized and allow him to foc;.m his attention on the’answer 1t)si:ead
of having to cope with the difficulties c;f gra's;;ing the -question.
Of course this 1s mot the first time that geometric problems have
been suggested in order to teach algebra. Horak Borak (1981) 11lus-

trate the use of geometric proofs for some algebraic identities. How-

ever, such use is at most sporadic, no continuous geometric treatment



Ny

e

L e v o, R i N -

i}

a

o , C "
' -27 -
(<]

® o

'l

having been Qttempted. Furthermore, in the isolated instances where
s I '
9 @

geometry is used, oni} ane type of problem (cf. giea) is seletted con-

y

veying to ‘the stﬁdenivﬂ single limited use of algebra. It would seem

¢ a

rather obvious that the very general nature of algebra can only be con-

veyed by selecting many diffefent types of ‘problems (discrete uses,

o S 0 .
lengths, areas, etc.). Of course, if these different types of ‘problems
yie%d the same algebraic expression as an ahswer, their general nature
Q

is inescapable.U ~

B. Algebraic Ozeratio;s , ) ¢

In the previous section we dealt with the cognitive problems stu;
dents meet in é:iemptipg to assign some meaning to algebraic expressions.
This paté‘will fbcus on the cognitive problems associated with the alge-
braic manipulations of these expressio;s.

As stated in the introduction to this chapter, it is not realistic
to view the cdﬁniéive problems associated with algebraic manipulations
as a separate topic from those associated wish algebraic expressions.
This artificial separation is only being used as an analytic too%. The
neceslaigy% for the student to construct meaning for algebraic expressions
should once again be emphasized because without this initial understand-
ing, algebraic operations would become for many students merely mechan-
ical procedures, to be learnt by rote and thus easily forgotten and con-
fused,

Marilyn Matz (1979) in her theory of errors in high school algebra
views the diffic@;;ies students encounter in terms .of the arithmetic-

algebra transition, and states that cognitive chaﬁgés to concepts and

)
reasoning styles are required of the student as he moves from arithmetic
R
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to algebra. She claims that many of the errors students make and the
difficulties‘they encounter correspond precisely to these changes that

are not made. (Matz, 1979, p. 1) u

K. Collis adheres to his premise that the child's level of success
with algébra will be a reflection of his developmental level. According
to Collis, the student's ability to accept lack of closure and the
interpretation he assigns to the litgral symbol will be determining
factors in his ability to deal with algebraic operétions.

Not only did Collis -identify four levels of development with res-

t

pect to the child's "Acceptance of Lack of Closure" (Chapter II, Part A),
/

he also identified three deferent ways in which proﬂumerals can be

viewed by children (Colli 75):

-~ Initially a child will attach a specific number to the letter
symbol. If‘this one trial does not give a satisfactory result, the '
child givgs up working on the problem. For instance, given the problem
'6+a=19", he will attempt one value for 'a' to see if it is a
solution, 1f not he simply gives up on the problem.

- At the second level, the child will map a group of numbers onto
the literal symbol, using a trial and.error technique.

‘= At the top level, the child has what Collis refers to as the

generalized number concept. That is the symbol b (say) could be re-

garded as an entity in its own right but having the same properties as

any number with which they had previous experience. Collis believes a -~

child should acquire this concept by the age of 14-15. (Collis, 1975,
p. 4) !

There seems to be fairly little difference between Collis' first
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two levels of interpretation of pronumerals.. In fact, as shown by the

= 9' the child is essenti#liy\treating the symbol as

an wn which he may or may not determine by mere substitution. The

~ 3

‘difference betvéen'theée levelbhéeems to be only one of perseverance.

The third level is indeed markedly different, for Collis' state-
ment "b could be regarded as an entity in its own right" brings out

one of the criteria implied in Matz' observation about the need for

‘cognitive changes that are to be made in the transition from arithmetic

to algebra. ' S ‘ ‘

Moreover, by J;fining "generali;édunumber" as a pronumeral endowed
with "311 the properties of number;" Collis achieves a characterization
which seems to be very useful in describ;ng.thé students' interpretation

of literal symbols.' This deﬁ;pition is far superior to a defin&fian of

‘variable as a "set representqtivé" (Herscovics, 1982), a rather static

interpretation which does not reflect the operational nature of the
chiid's‘thinking. Thus, in our own Qork we will use Collis' definition
for 1t justifies the inclusion of algebraic operations in any construc-
tion éf meaning for algebraic expressions.

The one aspect of "generalize§ number" which must be brought into
quest;on is again the developmental nature that Collig’ assigns to it.
Although he observes that this level is evidenced at the age of £4—15,
it is difficult to arguela relation with maturation in view of the lack
of control over the "instruction" variable. Indeéd. the late develop-
ment of '"generalized number" just might be a product of the arithmetic-"

m—

algebra linkage. However, by using consistently a geometric frame of

reference to construct algebraic exptessions kcf. the examples page 26 ).

f}
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the’c'hild may prove to be able ‘to reach this level of interpretation at
an earlier age. o ' o S
Ed Expanding on Collis' work, Kuchemann (1978, 1981) devised an alge-

bra test in which he describes six different ways the letters can be

used. A detailed discussion of his taxonomy is essential for it bears
directly on this thesis and furthemre only a detailed analysis brings
out the fact that his terminology conflicts with current usage.

Kuf:he‘mann's first category is "letter EVALUATED" which he illus-
trates with the problems "if a+ 5=8, a= ..." or "if u=v+3
an;l v=1,u= ...,". It should be noted that in the current litera-
ture: "a"' is referred to as a "placeholder" or "unknown" and either
-u or Vv as functional variables. ’ “

His second class, "letter IGNORED" merely reflects the fact that
1n’some’ problems the child ’ne'eds only to focus on the arithmetic part
"of the operation as in "if a+ b= 43, a+ b+ 2= ,,.",

His third usage 1s classified as "letter as OBJECT" which he
descr:‘lfbes by "the letter can be operated upon without first having to
be evaluated, but the letter is regarded not as an unknown number but
as an object: Oor a name or sh;rthand for an object." The examples used

\ . «

to illustrate this are of a geometric nature such as,
n

A= ..., Kuchemann states that the letters are names or labels fc;f\ the
. -
sides rather than unknown lengths. This comment brings to light one ﬁf

the Znn;]cor drawbacks of Kuchemann's taxonomy. His clasaification is not\\

o
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. -at all based on "meaningful uses" lmt:‘r on putely i;echanical and formal
usage of symbéls. For indeed, wh'at:lia the meaning of area if n and

*. m represent merely sides and nof their length? In fact, as will be
'seeu in the example iuugtrati;?g the next category, a slight change in

‘the area problem forces Kuclemann to view the symbol as a "specifric :

i

unknown".
Kuchemann's fourth category is "letter as SPECIFIC UNKNOWN" where

the letter is thought of as a specific but ut}known number "which can be
\ J
operated upon witho\)ut having to be evgluated". For example in the

problem

"Part of this figure is not drawn. There are n éd.gs altogether, all

of length 2. p= ..." A second examplé; announced in the last para-
graph, deals with area: : : .
AN

\\

A = 000 L ' ’L - ‘1

o ]
‘. This last example highlights one of the dilemmas in 4 taxonomy
based purely on a rote use of symbols. Any such classification haa‘tg

break down since any non-trivial level of algebra necessitates a mean-

ingful approach. For instance to classify as an object a letter

S
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H

representing the side of a rectangle and then calling "specific' unknown"

a letter representing part of a side seems somewhat ‘contradictory. It

also illustrates the very limited value of the "object" category and

how inevitably meaning qgé to be brought in. Nevertheless, the fact

N :

that?a‘child could interpret the symbol as a label and not a length must
be kept in mind and verified in any teaching experiment using geometry
as a basis for algébfa.

’ Kucﬁgmann's "specific unknown" seems very close to Collis' "gener-
alizéd number" for in order to operate on ihe literal symbols the stu-'
dent must view thém as entities in their owm right and as being endowed’
with the properties of numbers. Surprisinély, Kuchemann's definition
of éeneraiized number ("the letter is seen as being able to také, or as

'representiné, a geries of values rather than one value only" differs
from Collis', for it emphaéizes set representation. 1In tﬁe exampie
'
"e+d=103 c <d , c = 1" the leiﬁp{ ¢ does indeed represent a
- set of values but the context of an ;lgebraic relation seems to be ig-
nored. l .
f - ]
Finally, in his last cé{sgory, "letter as VARIABLE", Kuchemann
very clearly implies a‘functio;al context as illustrated by 'which is
larger, 2n or n + 2?".' Thus it ié surprising that in the case of‘a

function the letter is taken as a variable but in the case of a relation,

it remains a generalized number.

i -

Using a population of 3000 subjects, Kuchemann determined the
students' rate of.success for .each type of question and these rates were
® then used to formulate a hienaréhy of levels of understanding which were

theh related to Piagetian stages of development. This work remains open

]
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't¢ serious criticism. For instance, it seems quite questionabie whether

the success rate on a problem does indeed reflect the level of under-

@»

. standing. In fact, it is di7/ficult: to see how the answer on a wtitten

test can conve}; the student's thinking and furthermore how this think-
s

ing could he evaluated wi;hout a prior epistemological analysis of the
cc;ncepts invc;lved.

This critiqhe of Kuchemann's work should not take away his valu-
able contribution. 1In fact, the distinction of letter as object (l;bei)

and letter as a specific unknown will prove to be useful in the present

work both at the levei of experimental plannél.ng and experimental veri-
‘ c .

‘fication. Tha® such distinctions are important seems also to be evi-

denced by the recent ing,ga&igation of James Kaput (1982).
Kaput attempted tp measure ho&mind sets created by first doing
’ te 4
arithmetic or geometry 'Qiffer in their impact on error patterns in word=-

to-equation translations. Two different groups of students, ome prov-

ing a theorem in geometry and the second one doing non-trivial decimal
calculations, were asked to deal with Clement's Students-Professors

Problem (Clement,°1982). In this problem the sibjects are given to

s

At a certain university there are six times as mapy,
students as there are professors. If S ‘stands for the
number of students and P stands for the number of
professors, write an equation that describes the rela-
tionship between the number of students and the number
of professors. ; ;

D

translate into an equation:
»

In a number of experiments Clement has shown that a large percen-

+

. * \
’tage of college freshmen (about 387) mistakenly reverse the equation,
: {

obtaining -'6S = P' instead of 'S =6P'., Toa large extent, -the

L4 B , - “

o
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-+ explanation of this reversal is that the students use the letters-as

iabels for Students .and Professors and not as letters represeht:l?ng
their number. Kaput's hypothesis was that a prior ge;ametrip activity
would encourage the °label ix;térpretation and thus cause an increase in
revefsals. His res:t‘zlts have confirmed his hypothesis and this raises
the question of the.value of a 'geometric frame;rork for the teaching of

algebra. N

Kaput justifies his results by 'pointing out that in Euclidean

, geometry, connections between the symbols and the referent tend to be

direct, concrete and figural, "most often mediated by visual percwtl:ua_l'

or imagistic processes”. He notes that "the role of quantity is secon-

~

& B
dary even when measures are involved". (Kaput, 1982, p. 3) And in fact,

in the task given to the geometry group, which had to prove the. equal-
ity of angles in an isoscles triangle, the equal length of the sides is

implied by definition but in fact plays hardly any role in the proof.

\ w

Without doubt, in formulating a proof, as in the above example, a

1

student need not be «concgged with the quantitative measurements of the.

!

figure. Consequently, a mind set based within this framework could ‘lead to

T esmen

Kaput's results and conclusions. However, these have but a limited
value with respect to the geometric construction of algebra suggested
on page 26. For in fact, problems of length and area cannot be per:'

ceived without an explicit reference to quantification in the sense of

measure. Given the rectangle !
< i , n \

. o,

it is meaniixsléas to, say that the area'is 'm x n' wi‘t:ho'ut first
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realizing that the letters represent the length of the sides. Surely
one cannot multiply sides, only numbers.

]

This analysis of the literature has been'ggseutial for any coher-
ent discussion of algebraic operations. Collis"‘ work has shown the
cognitive change which has to occur in the stu&ent. In(order that the
operations become."meaningful" the literal symbol must be perceived as
a "generalized xjumber"‘ in the sense of having the same properties as

n\;mbers. Kuchemann's taxonomy has provided the important distinction

between the letter as a label and the letter as a specific unknown.

And, although Kaput's study dealt with geometric proof, it does signal

that caution must be used in developiné a geometric framework for the

L]

learning of algebra.

' C. Evaluating Expressions

As pointed‘out in Chapter I, practically all textbooks follow up
the introduction of algebi‘aic expressions by exercises requiring the
student to evaluate th;m by substitut;f.ng numerica} value(s) for the
literal symbol. This should not be confused with the'activities used
by Kuchemann and Collis where it is ﬁot the evaluation ofl the algebraic
expressio;n which is involved but rather the solution of an equation
(if a+5=8, a= ?7) or the determination of a ';iependent variablel
(f u+v=3 and v =1, u=2?),. \

Although evaluating expressions by substituting numerical value(s)
for the literal symbol(s) is viewed by Matz as ; means of bridging the
éap temporarily between arithmetic and algebra, she feels this fype of

exercise merely "slap a veneer of names on an arithmetic base" (Matz,1979,

N
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p. 4). She clai‘.ms that the difficulties assoclated with algebraic
symbolism &x':e‘not overcome by this method of substitution. The work
sti];l.remgins in arithmétic and the student finds it difficult to oper-
ate on or with a letter symbol without fir'st being given its numerical
&

value. Consequently the student may respond to "multiply by x " with
a bewildered "you can't do it, you don't @ow what x 1is!" (Matz,
1979, p. 4) ' .

As discussed in the rprevious section, cognitive changes are requir-
ed of the student in the transition from arithmetic to algebra. One
important change is the student‘s development of the 'generalized
number' concept. However, it is questionable whether the continuous
substitution of numerical values for the literal symbol is sufficient
in helping the student develop this much needed concept, since the
student must be able to treat the literal symbol as an 'entity on its
own',

Matz' comments put into perspective the limiting aspect of these
evaluation probléms, since ultimately the algebra student must perform
algébraic operations which require the manipulation of the literal sym-
bol without any prior evaluation. Thus althoxféh these evaluation prob-
lems may be necessary, (to bridge the gap from arithmetic to algebra and
for a first view of letters as representing numbers), this type of
activity does not appear sufficient in assisting the student in his
development of the 'gentralized number' conmcept.

The question' then arises as to howfan the student develop the

'generalized number' concept. Or more specifically, how can he learn

to regard it as "an entity in its own right endowed with all the F
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properties of »nunbers?"' One could venture here the hypoth;sis that this
might be achieved through situatiomns in which the literal symbol is
tlearly perceived both as having a numerical referent ami also requiriixg
its manipulation without the poséibility of priorﬂ evquluation. , Problemﬁ

o

involving length and ares, such as

and X

N
\

reflect these requirements. For indeed, the literal symbol clearly in-
"dicates a specific but undetermined length. And presuming a minimal

understanding of the concepts of length and area, t'he student should be
able to make the trangition from purely numerical problems to algebraic
expressiorfs. ‘

5
CONCLUSION

This chapter has dealt with the cognitive obstacles encountered by {

students in assigning meaxling to algebraic expressions and in performing
algebraic Operati)ons. The importance of constructing meaning for alge-
braic‘ expressionf; was emphasized, particularly its significance with .
respect to the pupil's performance of algebraic mnipul;tit;ns.

The review of the reseafch literature has demonstrated some of the
diff:iculties inherent in the transition from arithmetic to algebra, also

1llustrating some of the limitations of an arithmetic referent. (Davis,

-
e
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Matz). Highlighted in this /teviéw;/m the importance of the student's
__ ° attainment of two concepts for his learning in algebra, the 'géneralized

—_

nunfer concept’ and the 'acceptance of lack of closure'. Although

Collis maintains that a child's level of development will determine the .

extent to wl'ﬂ.ch he can acqﬁire these concepts, vfe have m';ggested that
. perhaps a new direction in the presentation o’f algebraic expressions

and oéerations, 8 geometric frame of‘refe'rence, would assist the student
in forming‘ these concepts at an earlier age aﬁd also assist him to over-
come some of the cognitive difficulties associated with algebra.ic oper-

ations.

I
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CHAPTER III

METHODOLOGY

"An analysis of current textbooks (Chapter i) has shown how difficult
it is to intéoduce algebraic expressions in a way which might Se meaning-
ful to beginning students., A major cognitive obstacle encountered by
them is the "mame-~process" dilemma uncovered by Davis and Matz (Chapter
I1), who showed that these students have difficulty peéceiving algebraic
expressions as "answers". Thus_ the need to find alternaté appro;ches was
more than warranted and justified the research problems investigated in
this thesis, The research problems were twofold: first, to design a
new approach in the construction of meaning for algebraic expressions
and secondly, to expe¥iment it with students.

In designing a new approach we wanted to overcome the meaninglessness
of algebfaic expressions resulting from their introduction as indeter-
minate forms. We aimed at finding situations in which these expressioqs
could be viewed as answers to problems. And since the focus was to be
on the algebraic expression, the problems selected had to be readily
accessible to the studgnt without being trivi;l. To meet this criteria,
we selected problems which were visual by their nﬁture such as the area
of a rectangle, the length of a line segment and the number of dots in a
rectangular array. — |

These ideas were developed in a sequence of lessons, our Teaéhing

Outline, the design of which was tested step by step as it was being

~ formulated. Thus, each pedagogical intervention was tested as soon as it

was conceived in a pilot study involving three students. This constant

B O
3
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feedback enabled us to prepare a first‘drﬁft'of our TeacHing OQutline con-
sis,t:ing of three lessonQ. These lessons were then tested on a single
subject as an Exploratory Case Study which again provided feedback jus-
tifying further md;ficatién of the Teaching Outline. A full account of
the construction of this Teaching Outline is reported in Chapter IV.

' While thf first problem researched in this thesis was the design of
a teaching outline incorporating a new. approach for the constrt;ction of
meaning for algebraic expressions, the second reseath problem consistedv
in experimenting it with e;tudent_:a. The objectives in this experimen=-
tation were to As;esa the accessibility of our new approach, to deter-
mine 1f it enabled the students to overcome some of the cognibivé obsta-
cles uncovered in'prior resea’"rch, and finally, to uncover if new cognitive
obstacles might be inlherent to the teaching ocutline.

Since the object of the experiment was the "codstruction" of mean-
ing for algebraic expressions, this needs to bé distinguished from the -
nere "assignment" of meaning. The latter .suggests that the role of the
student is that of a "passive recipient"', the emphasis being placed on
instructiog. In the "construction" of meaning, although the teacher still
plays a prominent role, Eha subject i; morelinvo'lved in the aétivity in
thfe sense of actively participating in establishing the meaning. Thus
to investigate this conat:ruction’ one needs ﬁo find a nnéthodology which
will enable the expériménter to observe the way the learner understands ?
and thinks about specific content‘ during the actual teaching' process.
The only method available meeting this criterion is a version of the

Soviet Teaching Experiment applied to single case studies.

This chapter will further deta‘il tl:he pedagogical considerations in- C
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volved in the preparation of the teaching outline, the theoretical basis
of the Soviet Teaching Experiment, the selectidn of the subjects and
their background as well as the planned analysis of the data collected

?

in these interviews. ‘ .

A. The Teaching Outline

The Teaching Outline used followed Herscovics' principle of "Didac-
tic Reversal” (Herscovics, 1979). Algébraic expressions were shown as
Tepresentations of visualizable ideas (geometric and pictorial). Thus
we started from the students' cognition and attempted to achieve accom—
modation of the new concepts through assimilation. This method required

that the student be guided in small manageable steps in order to con~

struct meaning for algebraic expressions using his knowledge of geometry

and arithmetic. It was expected that the new algebraic forms should then

become more meaningful and manageable to the student since they would be
an extension of his existing knowledge. Once the student acquired some
meaning for algebraic expressions, a reversal was encouraged. That is,

from the now '"meaningful' algebraic expression, the student was asked to

find a geometric and pictorial representation. Not ounly does this method

asgist the students in assimilating the new algebraic form, but also, the

experimenter can evaluate the students' acquisition of the new mathemati-

cal idea, on the basis of these correct reversals.

B. The Soviet Teaching Experiment

This study intended not only to invescigate the cognitive processes

involved in the students' acquisition of a new algebraic concept, but

also intended to evalunté _A new teaching method. As Menchenskaya points

l/‘/ '.—; ’ +

AN

AN




- 42 -

out, there is an "insepax"éble link between two proces‘ses: the develop~
ment of concel;ts in the students' minds, and t:t‘xe process of forming con-
cepts as one aspect of the teacher's activity." (Menchenskaya, 1969,
p. 76) Thus a methodology was required which enabled the experimeptet
to oiaserve the way the learner understands and thinks about ’specific
content during the actual teaching process, since learning and instruc-
tion must be considered simultaneously. ’ ‘ u

Piaget's clinical method was developed to provide a situation which
would ensble the exploration of the thought processes of children. The
clinical method takes the form of a dialogue or conversation held in an
individual session between the Iinterviewer and the subject. The essen-~
tial character of the method i1s that it constitutes a hypothesis—-testing
situation, permitting the interviewer to infer rapidly a child's compe-

o

tence in a particular aspect of reasoning by means of observation of his
performance at certain tasks. (Opper, 1977, p. 92) ) |

The clinical method has undergone a number of alternations and revi-

sions. One outcome is the partially standardized clinical method.

" According to Opper, in this method the subjects are presented with a

standard problem and certain identical manipulations are applied to this

material. The subjects are then asked a number of identical questions

relating to both the material and the manipulations. Having presented

the_se identical situations and questions, the interviewer may then con-
duct the experiment as he deéems appropriate, thus retaining some of the
freedom of the clinical 1ntervie‘;. (OPPer: 1977, p. 94) This version
of the clinical interview allow; for comparability of results between

case studies.

~
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fn our study we used the semi-standardized clinical interview since
it allowed the interviewer to discover the learner's c(:.)gnitive procesaes,
and at the same time allowed for comparability of results. ’However,
since we wished not only to consider the learning process, but also to
evaluate this process*within a specific‘lteaching situation, the teaching
component had to be taken into consideration.

The Soviet '"Teaching Experiment" is an example of an experiment in

which b(;th the learning and teaching process can be evaluated. This

experimental method is "primarily directed at disclosing and elucidating

the very process of learning, as it takes place under the influence of
Eedagogz‘;"' (Menchenskaya, 1969, p. 89) By means of clinical interviews,
the researcher attempts to develop essential knowledge, abilities, skills
and modes of activity in the child during the experiment. This is done
in order to reveal the child's psychological traits in the making, that
is, 1t explores the dynamics involved in the learning process. The
teaching experiment requires that the abilities and skills needed to
master the new tm;tefial be arranged in a hierarchy. (Menchenskaya, 1969,
p. 6)

This expefimental method is divided into two categories 1) exper-
iments of assessment and 2) experiments of instruction. The former
investigates a 'produce” of instruction which has already been formed
(mestered) and the ability of the student to use it to sollve problems.

In lthe second category, instruction is direct, and it thus is possible
to investigate knowledge during the process of transmission. 'I“he latter
one enables the invesxtigator to «observe development and changes of par-

ticular mental processes and, because the same pupils are investigated,

the‘ direct influence of teaching on the process is easily displayed-

. ——— R i p—— g
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The "experiment of instruction" has differentyformgj two basic ones

are: the 'experiencing' method and the 'testing' method. ‘In the first
cases the experimenter uses only one precise method of instruction, and
evaluates the influence of this one method. However, in the second case, -
different methods are used and the investigator attempts to discover
which one promotes the most effective mastering 6f information.

1
For our research the version of the Soviet Teaching Experiment

'

used was the "Experiment of Instruction”, an example of the 'experiencing

mode', since we wished to investigate the influence of our teaching method .

on the students’ understanding of algebraic expressions. And as mentioned
before, this “experf;;;;a:f instruction" was c%ndﬁcted within the con-
fines of 'semi-standardized clinical interviews'.

This methodoiogy was chosen because it emables the interviewer, by gﬂﬁ
means of individual interviews, to discover changes Lithin the learner's
thinking, and the effect; of the planned instruction. _Another reason for -

the choice of this method, was that although the idstruction is planned

in advance, there is a built in flexibility, since the interviewer can

alter his plan or pursu2 any unforeseen or interesting respomses which

may come out dgfing the interview, This flexibility allowed for more

\

depth in our examination of the levels of understanding of the new con-

cepts presented to our subjects and the effects of our teaching outline.

)
w

}

b

C. Selection of the Subjects |

The number of students involved in this study was six: three of g
them were from Grade 6 and three of them were from Grade 7. The students
were selected from these grade levels for we wished our subjects to have

<

a minimum exposure 70 algebra. The study was limited to six students

i



; six subjects selected for this experiment.’

- 45 =

since we were not tfyiﬁg to generalize to an entire population, but

~iD 1

rather, ;hé object was to evaluate our teaching outline in the comstruc-,

tion of meaning for algebraic expressions, and to uncover any ‘cognitive

N

obstacles inherent in it. The students were selected to represent
y -

4

different levels of mathematical ability (Weak, Average, Strong) as

. identified by their teachers on the basis of their previous school per;

formance. oo |

The following table describes the relevant information about the

Name Frankie | Wendy | Antoinetta | Yvette | Filippo Gail
Age at : ’

First 12.6 C11.6 11.3 12.9 12.7 12.6
Interview :

Grade 6 6 6 7 7 -7
Teacher

Rating - Weak Average Strong Weak Average ! Strong

D. The Subjects' Background

Our Grade 6 subjects attended St. Ignatius Elementary School and

our Grade 7 subjects attended Marymount'Higa School, both schools yeing’

" part of the Montreal Catholic School Commission. An examinatio& of their

program indicates that a formal course in algebra is introduced in Grade

B, Furthermore, discussions with the Grade 6 class teacher and the

-

Grade 7 mathematics teachers gave us more information regarding the

students'’ R?ckgroun&s.

4 .
£ S
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An analysis of the textbook used by these Grade 6 subjects

(Investigating School Mathematics; R. Eicholz; etal.,1974) indicated

a that all the_subjects had been exposed to letters within various con-

0
»

8 texts, The literal symbols used were not restricted only to the letter

AT AN T e s

s

n, but rather a wide variety of letters were presented to the students.
y > The contexts in which the literal symbols weré presented varied as

well. The letters served as 'specific unknowns' within the contgkt of

J
»

equations suchas 6+7=a, s -7= 3, 5+x= 10 ; in probiems

involving axioms, 68.+ 27 = n + 6§, powers, 102 x 102 = 1ob , and

bases 23(6) + 4(6) =35 . - ) '

The literal symbol was not merely presented as a specific unknown,
¥

. " A
but was also introduced within the context of 'functional variable', as

illustrated by the 'Function Rule'. For example students were presented

with the problems of the following type:

4

. : n + 6
' . n | £(a) "
7 =
» 9 S H
8 * 5 = }

In conclusion it can be said that the Grade 6 subjects in this

‘v
LAY

experiment had some exposure to.letters in many different contexts, with

»

- more than one interpretatdon. Their teacher indicated that this work

was to be covered between September and January, for the following'ses-

5

’ stoy was to be devoted to arithmetic work with fractions and some éeo-

t

metry. .

o

-
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Since our Grade 7 students were in the same school board they had
all used the same text in their prior grade. ”;9iscussions with their

mathematics teachers confirmed that the school year was devoted essen-—

tially to the introduction of integers and to g review and consolidation®

of the notions introd yed at the elementary school level.

rf *
1. o
E. The Experiment

We conducted five individual interviews with each subject, each

L

approximately 30-40 minutes long: Pretest, three Lessons, and Post

jTest. Each interview was carried out in the schools each subject being

~

reléased from his class for the allowed time. In order to have con-

tinuity and to avoid memory related problems, it was decided to conduct
, &

two interviews per week wi”th each child. The exception, however, was ’

a

the timing‘of the Post Test, which took place‘q\pproximately one month
[\\

hfter‘the third lesson. Each interview was audio-tap_ed on a cassette

“n
3

. recorder, following which the tape was fully transcribed.

F. The Analysis

-

' The analysis of the protocols for five students (all students _
except Wendy) tool:c plfce after the completion of the five interviews.
In the cdse of Wend}lf, after her las;: interview,‘t:he Post Test, an '
immediate atial;vs'!’s was deemed necessary, since after her‘ interview we
lfglt that some changes were required in the quxestionnbg of the Fost
Test. In f:ct some si:gnifbicant changés were made based on t:t;natf inter~
view. Thege changes anél the rati?hjb,/or them is described in det'ail
in Chapter 'IX. .

- \
‘The analysig of the protocols was made in two different manners.

» N h . . '?\ /
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., for- the Pret‘ést and ,the three Lessons, we' did not follow gicase:s}:udy
approach to .the analysis, but ra\ther we reported t:l:e responses of all
the six subjécts' for each question. Thus we were able to compare
these responses, and to determine their c(on'sistehcy'.\ Also, based on
the number of students who were e@erie‘ncing, the same difficulty, we
were able to determine if a comtiw obstacle was particular to an.
individual, or of a com&r‘x nature, or due to the poor wording of our.
question,

However, we changed the method of ;analysis for the Po;t Test,
because at Fthat point we were no longer ihterea&ed in the éognffive ob~
.stacles inherent in our te.aching putlir;e, but ;:att;er, how the/l teaching
outliaé had affected each 1ndiv1dix$l sul;ject's knowledge. Thus a case.

' N
study approach was used in the analysis of the Post Tést. That is, we
analyzed each student's responses in the Post Test, compared them with
his answers from the Pretest, and verified if the diffi‘culties he ex-

perienced at the end were similar to those he had experienced during

the three lesaona.‘

3,




CHAPTER IV

CONSTRUCTIbN OF THE TEACHING OUTLINE

INTRODUCTION 5 . ;

The ﬁreparation of the teaching outline occurred in stages. The
first step was to study in detail the current approaches to the intro;
duction‘of élgebra.- This was done by analyzing three new or recently
revised textbooks (See Chapter I). While these textbooks were quite
different in their approach, ail three introduced algebraic expreséions
before the topic of algebraic eqﬁations, Although tﬁe possibilitj/of
introd&cipg equations before expressions was considered, ‘this altérnative
was eliminated in the light of Kieran's results indicating that within
the context of equations the problems involved in.algebraic manipulations
were still present (Kieran, 1981). Thus, there was no evidence s;ggest-
ing that a change in the conventional sequence of presentation would
prove(to be of any pedagogical value. Hence, the teaching outline de-
veloped for this experiment used dlgebraic expressions as a starting
point.-

The -second phas; in the preparation of the teachiné outline &oncen—
trated on identifying the cognitive obstacles invélved)in the iearning
of aléebraic expressions as uncovered by prior research (see’Chapter 11).
Among these mgjor obstacles which had to be taken into account were:
the fact tﬁat aigebraic expressions had no fntrinsic meaning to the no-
vice (Kieran, 1981); Davis"(1975) apd Matz's (1979) name-process
dilemma, (the inability to perceibe an algebraic expression as an answer
as well as an operation); Collis' (1974) acceptance of lack of closure,

.

2
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(the ability to hold unevaluated operations in suspension); problems — —
asgociated with concatenation, (Matz, 1979).

As a possible solution to spme‘of these cognitive obstacles we in--
tended to design a teaching outline which would enable the student to

interpret an algebraic expression as an answer to a problem or to dif-

ferent types of problems. Of course, in order to have the student focus

on the "answer to a problem" in;Lrpretatfbn, ohe needed types of prob-
lems which would not in themselves create cognitive Abstacles. Thus the
problems selected were of a highly piétorial natu?e, easy to visualize.
They involved the quantification of an array of dots, the leggth of a
line divided into segments, as well as area problems. ‘

In oFder to ascertain that these problems were readily accessible
to th?‘student, a first pilot study was undertaken. This pilot.study
involved both a selection interview and an initial draft of Lesson 1.
The selection interview aimed at determining whether or not -the student
percei#ea the multiplicative nature of the above problems within an
arithmetical context. The igitiéi draft of Lesson 1 consisted of the
same types of problems but yilelding aigebraic expressions: Three Grade
-6 students were selected since, at this level, none had received any
formél’fhstruction in algebra, and thus could provide us with spontaneous
responses -unaffected by prior exposure to the subject.

This.initial pilot study provided us with very strong evidence about
the.digficulties students encountered in using a létt;r as an unknown .
number.\ This led us éo modify the initial lesson plan by introducing

‘the "box" as a placeholder prior to the introduction of letters, both

within the context of "a hidden number". The use of a "letter as an un-
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unknown m}mber was thus delayed until Lesson 2 which ’also introduced con-
catenation. Finally, a third lesson was designed to motivate the use of
different operatiqns (multiplication and addition) as well as the use of
two different letters. These three lessons were tesged in an explorﬁtory
case study involving another Grade 6 student. The analysis of this case
study allowed us to improve these lessons by expanding on some questions
where more clarification was deemed necessary as well as some minor

changes in the sequencing of questions.

A. THE YINITIAL PILOT STUDY .
e .

The objectives of the initial pilot study were to test the selection
interview as well as the first draft of Lesson One of the proposed teach-
ing outline. "The ihitial pilot study consisted o'f one individual inter-
view with each of three grade 6 students deemed average by their mathe-
matics' teacher. (In this particular private elementary school,”mathe—
matics instruction is given in French, by the French teacher.) Each
interview was approximately forty minutes long and was tape recorded;

.

the relevant parts were transcribed. ’

B

l. The Selection Interview

In viev of the problems selected for the teaching outline, it was

esgsential to determine if the subjects to be chosen for the case studies,
perceived the multiplicative ndture of the wvarious pt‘oblems. To this
effect, the following three problems were presented; wi.thin a purely
arithmetic context.- '

€
' Problem 1: ‘What would you do to find the length of this line?

L 7 1 7 :“ z M
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Problem 2: How do you find the number of dots in this picture?
. ) ) 4 . . » o .

v /,(;;j'n [} . . o [

o[/" P P . [ » ]

Problem 3: Can you tell me what you would to to find the area of this
rectangle? y

The area question was to be presented last since the first two

‘

problems could be answered by using repeated addition, or, especially
with the array of dots, by straight counting.
In the case whei'e the student would be unable to solve the area

problem the rectangle was to be divided into square units:

I: Can you tell me what is the area? -

If No: Are all squares equal? How many

squares do you need to cover the

rectangle? (Student may use re- .

peated addition or straight .
counting.)

(Reinforce: So area means the € 1

number of squares needed to cover. T

~=- then give another problem. i

Vv

I: Can you tell me the area of this
rectangle?

i

Two further area broblems (rectangles, 9 by 8, and 13 by 7) were given

to the student, the dimensions being large enough to discourage counting.

2. Firat Draft of Lesson 1

Lesson 1 attempted to construct meaning for algebraic expressions
. such as 3x, by presenting these expressions as answers to three dif-

,fg.rent types of problems, - area,‘\length, and number of dots. In each
- /a . i h
! | B

~ ’
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problem a letter was used to represent some unknown number (the base of
a'rectangle; the length of a part of a line; the number of.vdot:g in a row.) .
Prior to the introduction of these problem types, we felt it was

‘essential to create a'situationo which provided some rat;onal explanation

{

for the use of the literal symbol.‘ Thus the follow@ng' problem was pre~
" sented to the students.

Suppose I want to carpet a room, and I
need to know the floor area in order to
find out how much carpet to buy. This
is the drawing of the floor. {(Inter-
viewer sketches the rectangle showing .
only. the height as 8 units). I know ]
that one side is 8 units, however, I
realize I forgot to measure the basge.
Until I can measure it I will assign a
letter for the length of the base.

Choose a letter. (The student chooses a ?
letter and the rectangle is subsequently C
labelled accordingly).

This problem illustrates the use of a literal symbol‘ as an ;‘unknovrn
numl;er". The explanation "I fotgot' to measure the base" pro\rigies a need
to represent this unknown quantity until it has ’be'en. measured. This
introduction of letter as a specific but unknown. number rather‘ than its
use as "generalized number” (Wiple valued) was considered preferable
since as both Collis (1975) and Kuchemann (1978) have shown, the latter
interpretation is much more sophisticated and usually occurs at a 1ater"
stage. The request for the atudent to choose any .letter was motivated . _
by the need to convey the arbitrary nature. of the symbol as has been |
shown by Wagner (1981 ).

The interview proceeds with the followi:ng line of queswtioning and

the projected ahswers.

R e 4 ey 1 £
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Can,you write the area of t:his room recalling

the formula for area? : ‘

(8 times x, or 8 x x). J
What does x represent?

?

What 'does 8 x x represent?
? . .
So 8 x x 1is the area of the room. If I were to

" measure the base, I would know exactly how much carpet-

‘ing to buy. Let's say that the base is 12, that is
12. How much carpeting would I need? Please

show your work.,

(8 x12 = 96) ‘ -

. This last question was to stress the fact that t:l';xe letter was of a tem-

porary use in the initialoproblem. The process of nuﬁ]erical substitution

was intended to underline the numerical referent.

Following this justification of the literal symbol, the three dif-

ferent problem types were introduced:

I:

S:
I:
S:

%

Suppose I have this rectangle. I know 4

the height is 9 and the length of the
base is some unknown number x . Does
it matter which letter we use? q
? )
Write the area of this rectangle.
(9 x x)
W :
€ X »
' Can you write the area of this rece:
tangle? T
?
3
. J( X »
What would you say is the length of ™
this, line? i A R 1
? (3\""‘::) . . =X b > ==Y
X
. . A
Now I have a row of dots, but I do o 4 &~ ~ > @

not know exactly how many dots are 3
in that row. (Show .,.———=....) -
We will say that there are x dots * s @ — — o o
in the row:
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I: What does the x represent?
S: ?
I: Now suppose I had 3 rows with the
' same number of dots. I dan draw
it like this. How many dots are

there?
: 2 i \
I: Look at these last three problems. \
What is the answer?
8: (3 xx) '

I: Can you see that '3 x x' can be
the answer to different types of
problems?
S: 7
It should be noted that in the dot problem it was necessary to illustrate
a convention used to indicate an unknawq number of dots in a row, that
}
is, some dots followed by dashes and then more dots. The dashes were
used to fepresént the unknown part. The total number of dots in the row

was labelled with an Xx .

After the presentation of the three different problem typqg; the

planned lesson continued as follows:

I: Can you make up an area problem where the
answer would be '5 x x'?

§: ? ]

: A line problem?
s: ?
I: A dot problem?
§: ?

This generatioﬁ of problems by the students was deemed 1mportaﬂt in
terms of 'didactic-reversal’' (Herscovics, 1979). For having constructed
meaning for these algebraic expressions based on the problem types, the \
subsequent generation of the problems‘by the student might indicate a \\
perception on his part of 'the equivalence of the two representations

—(the algebraic and geometric form). This 'reversal' can also be used

to determine the -extent to which the student has understood the new con~’
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_ cept, for his ability to generate such prob%fms implies a greater grasap
than mere recognition of the problems. ’

Since the three problem. types d%rected the Ftudeuta to write aléeﬁ
braic expressions such as '3.x x' ,;lt seemed appropriate at this éoint'
to introduce the notion of concatenation; in this case, the juxtaposition

of a letter and a number to indicate multiplication. Thus Part II of
*

Lesson 1 begins as follows:

I: How many ways in arithmetic can you write
8ix times seven?

S: (6 x7; 6 *7) (If just one, no need to
go further.)

I: 1In algebra we can use all the letters of
the alphabet -~ capitals and swmall letters.
We often use the letter x . This can get ,
a little confusing especially if you have /
2x's as in ‘ |

In order not to have aﬁy confusion, in
algebra, we can just leave out the multi- oo
plication sign and write o

8x for 8 x x \<

Whenever you see a letter attached to a Ty
number there is a hidden multiplication \
sign there. & B
What does S5a mean? 4b?
HE ¢
I: Can we do this in arithmetic? That is,
" can I write '6 x 7' without the
multiplication sfgn? Why not?
S:  (67)

|
8 x x (say eight times x)
1

The last question was included ih the lesson to ensure that tﬂe
students would not generalize this concept to arithmetic. We expected
the ‘students to perceive the result of "sixty-seven' and thus conclude
that concatenation was only ﬁossible in' algebra.

The opportunity now existed to reintroduce two of our original

ﬁroblens (area and length) however, with the inclusion of concatenation.
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I: Can you make up an area problem
where 5a is the answer?

S: ? ‘

I: Can you make up a line problem
where 4b 1is the answer?

S: 7

t

The final topic in the initial lesson was the illustration of the
convention in algebra of writing only the literal symbol when one times
a letter is the answer (the expression), that is, 'l x x, 1x' written

as x . This convention was illustrated within the context of an area

problem.
I: Here is a rectangle, can you ¢< X =
tell me what the area is? 2
S: (1 x x or 1x) 4
I: What do we do in arithmetic
with a product 1 x 3?7
S: ? (We just write 3)
I: The same thing in algebra, ( (
we omit the 1 and just write ‘ o
X.
3. Analysis of the Initial Pilot Study \

In accordance with the objec(t:ives of this initial pilot study, the
analysis o%\ the interviews will‘be presented in sections dealing with
specific parts‘ such as the testing of the selection interview, the intro-
duction of a letter as an unknown, the te;ting of the tt;ree problem types,

and concatenation. The cognitive obstacles uncovered in these sessions

- will be substantiated by quotes from the three students who will be

1
o ¢

labelled student A ,B, and C , respectively.

a) Testing the Selection Interview

The testing of the selection interview on the three Grade 6 students
revealed that only the area‘ problem created some difficulty. Student A

did not remember how to find the area of a rectangle ("I just learned
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1

it yesterday and I forgot'"). The interviewer then proceeded to cover the

4

rectangle by a grid. Student A counted the square units in this\rec-

tangle but thenuﬁultiplied the height by the base in all subsequent area

problems. Student B confused area with perimeter and required numerous

examples

using a grid. Once their difficulties were overcome, the

multiplicative natur% of the area problem became as evident .as with the

line and

thz dot problems. Thus, on the basis of these interviews, the

type of questions, as well as their sequence, in the selection interview

seemed appropriate.

b)‘ Introduction of Letter as an Unknown }

Despite the attempt to create a rational situation (the carpet prob-

lem) ‘for

that all

the use of a letter as an unknown number, the interviews reveal

three students experienced major cognitive problems. In fact,

the evidence gathered here is even more striking than that shpﬁn by
-~

Davis' interview witHyHenry/("How can we multiply x when we don't
i . v

know what x 1s?"). (Davis, 1975, p. 17).

Student A"

ol

When presented with the carﬁé; problem involving a missing dimension,

the student was asked:

1:

v

+.. Now until I can measure it, I will assign a letter for o

the length of the base. You choose a letter. -
0f the alphabet? v

Yes. ,

b

We will call the length of this base 'b' (completes the drawing)

3

1 - ,

> . o vepm——
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\ ¢ - I: Can you write the area of this rectangle? Keep in mind
" the formula for area of a rectangye.’
SA: (pause) (Writes '8 x 8= 64') )

B

Even if on the surface Student A seemed to accept the use of a letter as

]

: a? unknown number, when it came to using it in expressing the area of the
~ rectangle, she estimated the length of the base by comparing it with the
height aﬂd provided arnumeéical answer, thus avoiding the use of the ‘
- letter.u This avoidance became even more evident as the interview pro-
| gressed: |
I: What was the formula for the area of a rectaﬁgle?

SA: Length of the height times length of the base.
I: What is the length of the height in this rectangle?

SA: 8 '
I: What is the length of the base? {
SA: b

I: So you wrote 8 times 8. 1Is the base 8?7

SA: No. (changes her answer to '8 x 0').

I: There is no base? What is the length of the base?
SA: b. But we can't multiply 8 with b. ‘
I: Yes, you can.

SA: 8 times b .

>

'This comment, "But we tan't multiply 8 with b", shows very clearly Stu-

dent A's inability to dgﬁl with a letter as 'an unknown number. In fact,
‘this probably explains the change in her apswer to '8 x (' , for then,
.zero 18 used to symbolize the lack of any number to represent the length
‘ o of the base.

‘ Student A did nofjexperience any diféiculty with a numerical sub-'
aticution\in this carpet problefn (b = 12); The next two ;rea problems
('9 x x' and '3 x x') as well as the length of a line ('3 x x')

were handled easily. However, the difficulty in using ;he letter as an
unknown -resurfaced in the array of dots where the léthr represented the

number of dots in a row:
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I: I have a row of dots but I don't know the exact numbeg of dots.

, (éhows) . P P - - - ’ .
The' dashes mean.that I don't know how many dots are in the
middle. I will say that there are x dots in the row.

®» o6 & = = = &

What does x represent?
SA: It is a letter .
I: I have a row of dots but I don't know how many dots are in
that row. I will say¥>that there<are x dots in thaE Tow.
What does x‘ represent? . g '
(no response)
How many dots are in the row? T .
We don't know. . ?
So x stands for...?

We don't know how many there is.

?w?m?

Student A's response to the question "What does x represent”, "It is

a

a letter", indicates that she had not identified it with the unknown

number’ of dots. In fact her interpretation of the letter becomes even

t

more ‘evident in her last comment, that x stands for "We don't know

how many there is".. To her the letter does mot imply how many there is,

but rather "we don't know'" how many there,is. Thus for Student A, a

°

- )
letter is used' to indicate a situation in which one quantity is unknown,

‘and not the unknown quantity. Her avoidance of the use of a letter is

further evidenced in the following problem:

I: Let's say I had three rows of dots with x dots

in each row: x

.
A - = =
AN N ) A

oo 0 _ _ _ 4,
How many dots would I have altogether?

SA: (Pause) Can I say the whole answer or how many dots? ‘ }

(Student writes 3 x 8 = 24) .

I: How do you know there are 8?7 T

SA: Because you said 3 rows-and the first row has 3, and the
other has 3... (referring to the dasHes)

I: How many dots are in the row? Do we know the number of dotg?

-

F-‘-MM‘M\J B A I
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SA: Noa .
I: How pany dots didg we say there were? ro

SA: We said .
I: How do we find the total number of dots?

. SA: 3tx x . ~
. N.QJ . -

This part of the interview indicates that the student had difficulties

~

with the convention used to reprgseﬁt the unknown number of dots (the

use of dashes). Her -question "can I say the whole answer, or how many

Sy,
. dots?" shows that she did.not interpret the dashes as representing a
« misging part of the array. In giving "the whole answer'" she counc‘ed the
. number of dots and the number of dashes in each row. Although thims
. N E ‘

. clearly shows her different interpretation of the intendg.d* convention,
nevertheless, it also provides §ur‘cher evidence of hefP avoidance in the
use of the literal symbol.

kr ‘ . L4
The stongest indication of Si:u_cleng: A's struggle with tlhe use of a
" literal symbol representing an unknown number ‘appears at the end of the
- . interview, in the context of- concatenation. Although she seemed to
~ ' . s <l
accept the concatenational notation: ' Q
- A o - s .
1: We said *8x meant? \ . «
SA: 8 times x . 7 N -
" . I: So 5a? ‘ y
SA: 5 times a ' ' \
I: And what about 4b? )
. 8A: "4 times Db : ' . o
' - I: Can we do this in arithmetic? That is, can I write
; < '6 x 7' withouf the multiplication sign?
' . SA: No .o
- 1I: Why? o : , L.
8A. (no response) . ' . ’
s I: In algebra we have a I‘etter W, th number, so we can leave
. .t out the multiplication sign. ®But in arithmetic we have
g .- this problem. (Writes 67) e
SA: How can you multiply a number with a letter? , ©
“It is probably impossible to gather clearer evidence of the novice' 8/ " o~
Y % _
’ diff;[culty in accepting the use of a letter as an unknown number. Even
S \ ® . *
. ! . s )
~ " — » »

35 eaat e o
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'at the end of a foxty minute interview during which Student A appeared

L]
to accept it and use it, her final comment '‘How-can you multiply a
/

number with a fette“’r"‘ revedls the extent of this cognitive obstacle.
Due to the difficult:l:es Student B experiericed with the area of a
r_ectanglgz there ‘was insuf'ficient timé to cover the entire first lesson.
Hm:;ever, the carpet problem was presented to hfar and it provided more
evidence concerning the difficulties students first meet in using a
letter as an unknown number. :
Student B was asked to choos\e a letter to represent the base:

¢

I: ... choose a letter.

SB: d -

I: and d 1is going to stand.for what? . : .
SB: . stand for? , ' »

I: uh huh B i

SB: I don't understand the question.

I: t is the 8 here?

SB: The height. o
I: The length of the height. Do.we know the length of the bage?
SB: No. - .
I: So what does d . stand for? )
SB: The length of the base.

‘

Her initial difficulty to ¢xplain what the letter d stood for api)eared
to be ovicome in her last statement: "... the length of the base".
However, her actual interpretation of the literal symbol becomes apparent

when she 1s asked to write the area of the rectangle.

I: Remembering the formula for area, can you writef for me a7
: what the area of the rectangle is? .. X
SB: The area of the rectangle? ) ! _
- I: wh huh s ¢ - )
SB: The formula? s ' \
“ I: No, we have the formula here (shows Area = length of height x . o

length of base). Using this formula and looking:.at this picture
(referring to the rectangle), can you tell me what the area of
the rectangle 1is?

SB: (No. response) . .

I: BHow dg you find the area? ’ -

4

[ X ) '
g B SRS
! ‘ ~
L A |

~
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SB: Multiply the height and the base. (writes 32)

I:' How did you get that? ' -

SB: I am not sure if it is right, but d 1is numl;er 4 in
the alphabet, so I multiplied. 8 times 4.

*

'A‘lthough Student B knew the formula for area and stated previously
that d stood for the length of the base, it is not until after some
hesitation that she fina)ly provided the response '32' » ignoring the

letter. Similarly to Student A, she seemed compelled to give a numeri~

cal answer. However, her explanation is quite different from Student A,

who used comparison to evaluate the ljteral symbol. She determined the

value of d by relating it to its position in the alphabet. Thus

»

once again we have evidence of the tendency for the novice to avoid the

. use of the literal symbol, by providing for it a numerical value.

Towards the end of the interview the student is given the correct

response '8 x d' by the interviewér. ¥

) I: So you write '8 x d'... ’
" What bothers you about this?
. §B: Oh, it is not important.
I: What did the: d stand for?

S SB: The length...the base. o

I: Is it a number? : a
«SB: No. . '

0
’

¢ ‘ : 9
i The last statement that d 1is not a number clearly shows that

[

Student B had not acceptecﬂ the letter as an unknown number, even though

she stated, .it stood for the length of the base. To her d is a

letter, which probably explaihs her inability to give the answer '8 x d',

. o

since to her d is not a number. ‘
. :
. o ) . ' :
i I
L D .
- \ T + .

/ >«
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Student C ’ »

As in the previous two interviews the student was asked to choose

a letter to represent the unknown length of a side of the room in the

'carpet problem'. \‘ . .
I: Choose a letter.
SC: ‘r
I: What is the r ?
SC: a letter
I: And what does it stand for?
SC: The length
1: of what? E
SC: The base

The student's immediate response that r 1is "a letter", indicates

1

that there is not a spontaneous connection made between the letter and

gome unknown number - r is a letter. She said it is ‘the length of

-

‘the base, but it is questionable whether she thinks of it as a number.
The difficulties she subgequently met in writing the area of the rectangle
’

demonstrates her ina§jlity to see and use the letter as an unknown
i - A
quantity. /
: ¥
I: ... Is there some way to write the area of this rectangle"
sC: 77
I: How did you get 7?
SC: Because I turned it iato squares again. I would get 7.
I: Show me.
SC: (Makes a 8 by 7 grid)
I: BHow did you get 7? What is the length of the base?
SC: 7 , ,
I: How? . '
SC: Normally it is one less than the height,
I: 1Is that the type of problems we have been doing all along?
Shows student previous problems; student sees that in the
other problems the bases are not one less than the height)

SC: That is the number I think it is.

id -

As in the cases of Student A and Student B, Student C rejected the
i
use of the fetter ih writing the area of the rectangle. She said the

base is '7' , "explaining that “normally;, it is one number less than the
- ‘\ N

]

it
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height". After being shown evidence to the contrary, she still maintain-

-

ed her answer by saying, "that's the number I think it is".
Her avoidance of the use of the letter becomes more evident further

in the interview:
® ( g .

...What is the\length of’ the height?

8

And what is the flength of the base?

We don't know yét.

(What does the r stand for?

The length of the base.

So what did we say - the area of a rectangle equals...
6

the length... |
The length of the height times the length of the base.
Can you write the atea? , ad
(no "response) '

What is troubling you?

So it is 8 and 8.

.o

2888888

2e 86 e 4% se @e e e e 0

Thus Student C continued to provide numerical values for the letter

L) -

r , 6 and 8, which indicated a very strong rejectim; of the use of the
. literal symbol. At no point did she seem able to provide an expression
for the area involving its use, but preferred to attempt to evaluate the
letter.. The answer '8 x r' was finally givﬁ:o her but the difficulty
she had in accepting this as an answer becomes apparant when she was
agked the meaning of '8 x r':

I: What does 8 stand for?
: The length of the height.
: 'r"? ’
¢ The length of the base?
: and '8 x r'?
SC: equals 8...we can't...we don't know the length of the base yet.

Her response to th# question "what does '8 x r" stand for", "equalé 8",

oncé again reveals her search for a numerical answer. Her final rejec-
N i

tion of the ‘algebraic expression, '8 X\r', appears when she said 'we

\
\

. \
can't...we don't know the length of the base."
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The interpretation she assigned to the literal symbol becomes very

apparant in the subsequent part of the interview:

It

- What does the '8 x r' stand for? .

The rectangle?

What of the rectangle?

(no response) o

What were we trying to find? N
The length of the base. ' '

What were we trying to find out?

The area

So '8 x.r' stands for what?

The area - v

appears that the introduction of the letter may have signalled

to her that being an unknown, its pumerical value had to be found. The

problem was "find the length of (fhe base" - not "the area of the rec-

tangle", since writing the area of the rectangle is an impossible task

for her

without knowing the length of the base, 'we cgn't...we don't

know the length of the base...".

Further evidence o'fvSt:udem: C's avoidance of the letter can be seen

when s'he) was presented with the dot problem. :

I:

Let's say I have a row of dots, but I don't know how many
dots are inarow. (draws ¢ ¢ ¢ . - — ¢ © o ) 1

am going to say there arE X dots in the row.

I have 3 rows of these ;‘ots. ’

f‘ﬁ- A \}

[ Y B REeapsey BN N J
L I B B B B ]

-

HBow many dots do I have altogether?
Are these suppose to be dots, too? ‘'(referring to the dashes) '
No, they show I don't know how many dots there are... How

many dots are in that row? (referring to one of the rows

of dots). ) :

9 . ,

Do we know how many dots are in that row?

Nao :

Bow did you know there were nine dots in that row?.

3
I3




illustrate an unknown quantity of dots in a row.
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sC: I countéd ic.

Student C was' experiencing some difficulty with the convention shown
for.an unknown number of dots ‘i'n a row. However, even though she stated

that she did not know the numbér of dots in the row, she still provided

.a numerical value for x by counting all the dots and dashes.

In an attempt to try to overcome some of the difficulties associated

with this convention, the student was asked to develop her own method to

I: Can you draw me something that would show a row of dots,
where I don't know how many dots there are?

SC: (drawse o ¢ 0 o 0. 0 0 _ )
I: We are going to say there are x dots in that row.
What does the x stand for?
SC: How many dots there is. :
I: Make 3 rows of these dots.
SC: (Draws /
' o @ 0 9 ¢ O 0 0 _ _
® o 00 00 00 . o
® o o 00 ¢ 00 _ _.
I: How many dots do we have altogether?
SC: (writes '3 x 8') )
1: Where did you get the 8?
SC: There are 8 dots so far that I know. !
I: Is that how many dots there are altogether?
SC: No. . .
I: (gives answer '3 x x')
N This part of the interview demonstrates clearly Student C's avoid-

ance of the use of the literal symbol. Even within her own convention
for an unknown number of dots‘, she still determined a numerical value for

X , rather than use it to represent some unknown quantity.
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Summary

In summary despite the rationale for the use of the unknown; we
witnessed among.the three students, not just a nﬁ.ld avoidance but a very
strong avoidance of the use of tile letter, and within many different con-
texts (rectangle, dots, concatena_tion) . All three students felt the need
to provide numerical values rather than use a letter as an unknown.
Student B's avoidancg brought her to rationalize 'd' as the fourth'
letter of the alphabet. However no stronger evidence can be found that
Student A's response, after a forty minute interview, "How can you mul-
tiply a letter with a number?"

This evidence indicated that the introduction of the literal symbol
as a gpecific unknown presented far greater cognitive problems than was °
expected. The;need for an alternative approach seemed essential. Thus
a preliminary phgse was added to the teaching outline using the empty
box as a placeholder for the unknown, for it was felt that the use of
this familiar convention might bridge the gap between the notion of an
unknown quantity and its symb:'.‘vlization by a letter. Furthermore, as was
the case in Herscovics' and Kieran's (1980) “"Construction of Meaning for
Equation”, the idea of at firist us}ng the box in conjunction with the
"hiding" of one of the dimensions of the problem was introduced as a
means of providting an enactive representation (Bruner, 1966) to the

)

concept of unknown This change will be dealt with in the section cover=-

ing the Exploratory Case Study (Philip).

c) Testing the Presentation of the Three Problem Types
The results of the testing of the presentation of the three problem

types indicated that only the dot problem created difficulties for the
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students. The convention used to denote an unknown number of dots in a

row, that is, dashes representing the missing part, was not understood

by the subjects. Both Student A and Student B in giving their answer for

the total number of dots in the array, and the number of dots in a row,

respectively, counted the number of dashes and inpluded them ag a part

of the number of dots.

' Thua the need for a mbdification in the dot problem became necessary.
Inst‘:ead of the number of dots in a row being“the unknown qt.}pntity, the
problem type was altered so that the number c;f rows became cm“mkmm
part of the problgm. This was done by showing to the student only the

number of dots in the row, and using a square to denote rows that were

covered.

.

[} k4

Prior to the use of a square, in the previous lesson a pici.:ce of card-
board was used to cover the rows in the array.‘ Thus this new convention
for the dot problemewou]&d be merely an extenssion of these prg_ﬁlems, that
is, the square would repiace the piece of cardboard.
d) Concatenation

Although we only managed to test our preeentation on concatenation

with one student, the Initial Pilot Study indicated that no change at

0y

this.point was required. Mrefore, the sequence and structure of the

&

Questions was maintained for the Exploratory Case Study. LN

-s

A

L,
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B. AN EXPLORATORY CASE STUDY

Bagsed on the results of the Initial Pilot Study, the first three
lessons of the teaching outline were prepared and experimented in an
exploratory case study. The student selected for this study was a sixth
grade student, (Philip, aged l%l years) judged average by his teacher.
In order to avoid repet t}of(,/the rational of the lessons and questions

. e
asked will be presente{ in Part C, the final version of the teaching
outline.' We will limit ourselves in this part to bringing out those pro-

blems experienced by Philip, which warranted a revision of the teaching

outline. ~

3

1. Selection Interview

The selection interview revealed that Philip perceived the multi-
plicative nature of the three problem types. Although initially when
writing the area of the rectangle, he had a mild confusion between area
and perimeter, he, himself, corrected his error. Thus'Philip was con-

sidered a suitable subject for the experiment.

2. Lesson 1 - Transition From Placeholder to Literal Symbol

The rational for Les;on 1 was based on the results of the "Initial
Pilot Study". An empty box as a placeholder was introduced prior to
that of the literal symbol. Furthermore the box was used in conjunction
with the "hiding" of one of the dimensions of the problem. A dot prob-
lem was presented to the student first, followed by a line problem and
then an area problem. This ¢hange in sequence, that is, pl;'ncing the dot
problem first as opposed to last, as done previously, in the Initial

Pilot Sl:udy,' was due to the new orientation of the problem types — the
4

i
e T m——————— o - s Gt
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hiding of one of the parts of the prbﬁlem‘ It was believed that the . ’

"~

‘ array of dots proyvided an excellent situation to intréduce the notion; of

hiding, and could be initially more easily visualized than within the

‘context of the line or area problem. The presentation of the three prob-

lem types was as follows: \

Dot Problem

Here is a card. .You can see artow, , , o o o o
of 7 dots. And 1 have hidden more ’
rows each with 7 dots. Here is the

problem. How would I write the <o fo/nj‘ '
total number of dots if I don't :

know the exact number of rows. So 5 Rews
. let me show you how I do 1it. :

Number of dots = 7 x O

Since I don't know the exact number
of rows 1 am meanwhile using a box.
Now I am going to let you have a :
peak at what I have covered and ask
you to fill the right number in the
box. "How many rows are there .
W altogether?” . o

Line Problém

Now look at this line problem. .
Each part is 4 units long. But P :
you don't know how many parts CQ vering

there are. Can you complete this FH & Parts
' equation? )

Length =

{(Uncover) ;

- So what number has to go iﬁ%

the box?
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{

Now I will draw an area problem, in

which I will only show you the height

and I will cover the rest of the rec- :
tangle. (Draws rectangle and covers <
the appropriate part) G{
Can you complete this equation?

HiJ( ‘

T111

Area =

‘ (uncover dnd have student fiil in box)

‘

Each problem,reduired the evaluation of the placeholder (the empty

bo;ST\that\Lgl\the 'uncovering' and the ‘'filling in' with the correct

—

T~

number. This evaluation was deemed necessary in order to guarantee a

numerigal referent for ;he placeholder. After the preséntation of eacg"

p%oblem type and the subsequent evaluation, the student was required to

generate his own "problems" corqup;nding Fo given "answers", as for -

example, "Can you make up a dot problem likelwe just did where the J
total\numbef of dots is 5 x0O 12",

ra

All three problem types presented no difficulties for Philip. His

' spontaneous and correct responses indicated. that the presentation was

clear and that the hiding of one of the dimensions proved to be enough

W

' justification for the use of the box. He was also able to generate all

-

three problem types with equal ease. Thus at this point no modification

in the lesson appeared necessary.

The second part of Lesson 1 'involved the transition from boxes to
letters for the hidden dimension. The three prbblem typés were presented
within the same context as the first part, hévever, in answering the
problems the box was replaced by a letter - one selected by the studeqt

himself. The introduction to these problem types was as follows:

~
-

e e S e e -
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Dot Problem

I: Let's do another dot problem.
You can see that L have a row “
of 5 dots, But you can't see
the exact number of rows.

This time, I am going to use a e

letter instead of a box for
the number of rows. Choose
a letter. 2
S: Chooses a letter.
I: So let me show how I write
- the total number of dots .using
your letter.

' number of dots = 5 x a
(or whatever letter is chosen)

e Now I ¥ill let you look at the
number, of rows. How many rows
are there?

S: 4 -

I: So what number does your letter
stand for?

S: 4

I: Can you now complete this equa-
tion? " ’
numbef of dots = 5 x

Line Problem &+

Now let's try a line problem, where we
will use a letter instead of a box for °
the number of parts. Each part is 3

units long but you don't see how many F::

P

+

2

,covering

parts. Can you complete this equation .
using a letter instead of a box. ”?sﬂ"ﬂj;

Length =
(uncover) . . »
So what number does the letter stand for?

i . -

§ Parys

-
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. Area Problem

Now I will draw an area problem, where you
will see only the height, because I will
cover the rest of the rectangle. ‘(Draws
rectangle and covers the appropriate part) 9 ‘Hill Yy
Can you complete this equation?

a

' Area =

(Uncover) , 4 , "
Sq what number does the letter skend for? "

3

Following the same format as.the previous section, the presentation

of these problems was followed by an evaluation.of the literal symbol

and the subsequent generation of each problem type by the student.

Phiiip experienced no difficulties in the transition to letters

from the 'empty box', and easily wrote the require& algebraic expressions"
) ﬁéing many different letters. None of the cognitive obstacles éncopn—
tered in the Initial Pilot Study were experienced by Philip in his first

use of the literal symbol. Furthermore, the fact that Philip used a4

8

wide variety of letters indic;ét:ed that he. was ver'y aware of their arbi-

-~

trary nature. =
° %

The final sectioh of Lesson 1 dealt wilfh a series of questions de-

o

signed tq determine the student: 8 perception, of the.differences and i

-

similarities between the use of letters and the use of boxes, and also

to uncover any hesitation on the part ‘of the student in his use of the

letter in an expression such ag '3 x a!, as evidenced in the initdal
Pilot Studyg"l‘he questions v'lere as fQllows: - -

1. Do you find it more difficult to use letters than boxés?
2. Gan you tell me why?

? 3. Does it bother you to see a number- multiplying a let:ter?

" like Jn '3 x a"?

‘v

4, Can you tell me why? T , '




1 3

N o v N <

\ 5. What about boxes, does itsbother yau the same when co '
e " . ‘syouseg '3 x07? . e " .
) «6. What dif erence do you see betwéen X a and P x 07 ’ . : L

a L
) 7. Can we uge a letter like a box% v . . o R
i 8. When,we hncover the part ‘that ‘gives us\the migsing | "l v

oo s IPhiliup's -responses to thesyd‘lresti'ons indic‘ated\that'to.’hin letters '

) LI A b > .
1 and boxes were "fhe same thing". He saw no difference between '3 x a'

' . ' ) ! ~ * , N . k
o and '3 7 O N . ) h /
. Since Lesson 1 proceeded ile;y smoothly with Philip, no modification

f .4

" offthis lesson was ‘defhed necpssary for the final version of the teaching

] . v, ‘
v . «

. »
s i A A ' .
outline. , v ) '

. , f -~ -~ L2

: . o =7 | 4
» ’ / L o
F™ 3. Lesson 2 - The Literal Symbol as-an Unknown Quantity, ’.
A T

LI

. THe aim of Lesson 2 was to introduce the conventional usage of the’

:‘\ o 7 . . ’ 8
. literal symbol as an unknown quantity, not_jtfxst a hidden one. The basis - !

X . PN Y

. +
7 4 % .

of. the box as a placeholder seemed & useful intermediate step prior l1:0 '

.
the’ intfoduction of letters. Moreox;er, their use as tepresenting an

' L4
> for this construction had been preparéd in Lesson 1. The introduction

; tualﬁ hidden tluantity also eliminated the rather artificial 1just:if:l.- .

\ L

; cation as done previously' (the carpet pioblem) Thuk the transition .
. 4

from a mdden quantit:y to. an unknown one seemed but a, small step. Of

") N ' $
) courst this could ‘only be managed' in thd area ’and‘ line problems where "
, : : S ‘ .

4 .

\ LN . . ¢ ! ’ i . A
P the unknown dimension would remaifs ynkhown until they were measured. ‘ : .

&

However, due to the p:zsentation of the dot array problem (a drawing of. .
L]
' o - J N ‘.
Vo a cardboard hiding somk of the rowéir the transition from hidden to un-
2 known was /' not poss’ible.‘ ‘ : , ' o ‘ K, i
The presentation of the pzoblem types was as folloys: . . \ L

- . ' ' ) ' 1} o' e : . ‘ P |
v ’ . ’ ‘ l N g }
» " - ,‘( . . s . ~ )
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. Area Problem : ( . o o .

e

Let's look at this area problem. ' 2 '\_’\,/
"- Do you think you could write down
the area of this rectangle?

L

. So this problem is different in
” that neither of us knows the

- length of the base. But the’ T ‘
letter a can be uged to

b stand for it. Can you now write _ , -
the .area? h , L

‘g

&
N
«

o
v

PN

’ . . . Ay nt_ ! v
Line Problem ) . 7. - B L .
Here 1s a line*problem. How\‘ _ . A ‘ .
many. parts do you see? . _ ‘ L
! e -~ - v ' v t ’

What "do you think the letter ' W

. a stands for?

‘

’ .

4 Can you write the length of the K { C e
. . line? ‘ a8 N
. , . ” ) :
' : . Y }e ) "
Dot Problem ‘/ ) o : \ » coL
e e R . 'S [ ] ; [ ] .Y e ,‘ ’ @
Heée 'iﬂg&a dot problem. How > o o N s e .
many dok%s are in each row? 7 * el
¢ What do you mﬁi the letter ’ b " .
= b ftands for? ' . . -
Lo - ’ ‘ . o | ' ,
‘ \ Can yg;kw:it'e the total ' o o T e '8 o’ o )
i /’. mm}be'r of dOtT? ‘ ' N e .9 o o NI ¢,
(v I ’ ‘o ! : p . ’ " ’ :
[N ¢ . a v . . ‘ . .
L e . i ) K “ ‘ by { PR

. . (N 3 .
After, the in'txjo'duction‘ of each problem type, the student was required
‘ Lo " : ) L
to generate a similar pgoblem. given an algebraic ekpressiomn such as -
"5 x &'. The numerical refergtit éf e literal symbol was.also-emphasized

13

. ’ ¢ “Z
by having the student measure the unknown din%:nsi\:‘ in one of the

- »

s
x 3

area an&one of 'the 1lin2 problems, With.this measiure the student then

L

L 4

evaluated 1,t:he inftial algebraic expression. Obviously this-evaluation \
(“ . \ M N P2 - .
: ’ . " : PR L. ¢

]

PRRVINROPIT Tyt
13

-
[}
.

re
\
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process could not occur in the dot problem due to the nature of the prob-

0, ¢

) 1emu As‘seen<4n the diagram above in the dot problem one_cannqt égsign to

/
the literal symbol a measureable value. In this®class of problems the

letter remains associafed with a "hidden unknown".

l"" '

In the area problem, Philip easily adjusted to using the letter as
the unknown iength of the base, and at no point demonstrated any di{fie b
culties in any of the aspects of these éroblémn; the writing of the

¢~

'answer' (the algebraic expression), the generation of his own area p%eb-

. lem and the evaluation of the expression. )

A2 ‘\ s

However, the iine problem created some confusion for Philip due to

, the change in its presentation. 1In Leeson 1, the letter represented‘the @

unknown number of parts, but in this new version of the line problem, the
| ) .

!

letter represented the unknowi length of each part: Philip's confus}on

. Y 3
is evident in the following part of the interview:
. » .

I: re is a line problem. v ¢
Hoi' many parts do you see? . N

What do you think the letter bg stands for?
N ' ‘
How many parts are there? .
4
And what do fyou think the le,tter a, stands for?
How many pafrts...how many centimeters...
How many centidéters...
between each line (referring to the separation on the line)
So "'a" stands for the length of each part.’
YES 4
0.K. Can you write "the length of the line?
* (begins t¥ measure a ) .
Without measuring ‘ . oo e
4 centimeters Ay - ’

[ ’

-

WHORHAHOHW®EHWDH®RHN®

Lines 4, 8 and the final answer Philip provided for the JFength of [
7
the iine, 4 centimeters, illystrates that Philip had not adgusted to the
- . ' N ’ \
new orjgntation' of the line.problem. It would appear]that he determined

.
( ~ s
o
o
.

4\ . ~

w

-
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¢
the length of the line to be four centimeters, by estimating the leng}:h

of each’ part to.be ot;e cexftimeter. After a further explanation by the
interviewer, he managed to ‘correctly an]swer this lin.e pr\o%lem and all *
subsequent lirre problems presented to him.

This confusion of Philip's led to a minor change in rhe finel ver~
sion of rhe teaching outline. A preamble was asl&ed to the lintroductibn
of line problems which pointed ‘out: t;le difference between the line prob-
lems in Lesson 1 and those in Lesson 2, .

Philip had no difficult:y in writing an algebraic expression for the
nember of dots in the dot problem. However, in generating a dot problem
_he .xperienced some minor:‘ dif,ficul;y in his interpretation of what the
letter represented.

I: Can you make up a dot problem where the toral number of dots

is '7.x e"?

S: (Draws a problem with 7 dots in

t

s O 0 6 0 P o ,
o 0 0 0 000 PN

each tow Aamd 2 rows)

A :
: I would say that the number of dots in your drawing is '7 x 2',
Yes
Can you drav a dot problem where the totgl numRer of do}s is
'7 x¢e'? ! ;
!
S: Here is C (Writes g}‘ next to the twe’Trows)

l

W

&

C.'.....
» ‘."."

I: /F(your problem I know the number of rows so’ I don’t need
to use the letter. . Can you make a problem’ similar to the

o © one..I showed you, where we used the letter b . Why did

we use the letter b ? ..

S: Bechuse we didg‘t know the number of rows. ...so that should
¥ 7-be more rows. k
~ I: Do.we know the number of rows in your drawing?
.S Yes
I so is it necessary to use a letter?
S: No, we can see it right away. - b
I: Can you hake up a problem where we wouldn' t know the number

of -rows? ’ . N 4
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S: Should I use a box? (referring to the sduare)
I: uh hub
S: (draws problem correctly)
& )
i

Although Philip was eventually directed to drgw a correct dot prob-
lgm, this .patt of the int:!erview. alerted us to possi‘zle difficulties we
might encounter in future inte;)views. However, seeing the ease with
which it was resolved no modification was made in the teaching outline.

| Part 2 of Lesson 2 involved the introduction of concatenation. ;rhe

questions and their gequence were that of the In’itiai Pilot Study. How-
o ~

? ever, the interview with Philip illustrated a possible area of confusion.

’

After the introduction of the convention of writing '8 x x' as 8x

" and’ tge subsequent examples, 5a for 'S5 x a' and 4b for '4 xb',

\ r o
. the interview proceeded as follows:
I: Can we do this in arithmetic? (hat is8 can I write 6 times 7
without a multiplication sign? *
S: No, because it could .be minus of addition, you would never
yi know
j I: If you remove the multiplicatiomsign and put the numbers next
. to each oth,k’r, what do you get? "
S: 13
I: (says and writes) '8 x x' we said was 8x. Can we write
'6 x 7', leaving out the multiplication sign and putting the
v " numbers next to each. other? .
S: No, I don'%t think so.
I: What do you get?
S: 13, you just get like, if you didn't have the times sign you
wouldn't know which one it was,
I: 1In algebi'a we put the number and the letter next to each other.
We don't leave a space in between, So if we did.that in
arithmetic it would...
S: 13 . 1
I: Why 13? o :
e - S: 6 plus 7 , . ' .
. ‘ . I: Where is the plus sign? .
i s:' (no response) ) i}
‘ "I: It is just the number... ‘ '
. ' / S: (no response) . ) J‘j N
' . 'I: (writes the. 6 and the 7 next.to each other) sixty—ge¥en

, - 8: Ohyes!! \ .
t E\| , ' - ‘q.

b

—'.‘:

etk 5w D
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At no point in the interview did Philip write the 6 and the 7 next

B
to each other. Perhapspt}\e empty space between them led Philip to con-
dider an alternate operation, in this case addition. Thus in the final

version of the teaching outline, ah initial greater insistance on putting

the numbers together was added, since it was judged necessary for a con-

" trast with algebraic concatenation. Furthérmore, the convéntion of

writing ‘'a x 3' as 3Ja was also included, This addition was deemed

necessary in light of the nature of the type of problems the student

- ‘

would be meeting in the subsequent lessons.

4. Lesson 3 - Algebrai¢ Expressions Involving Both Multiplication
v * and Addition

[

The algebraic exprestsions in Lesson 2 were of a purely multiplicative
nature (3a). Lesson 3 introduced ;xxore complex ones, ‘involving bloth
multiplication and additigq, presented within the context of the three
problem 'Eypesf. This lesson was divided into two sections. The first

»

- /
part concentrated on algebraic expressions with only one gnknown quan-

t
tity, such as '3x + 6'. The second part introduced alﬁraic expressions

with two unknown quantities,)such as '3x + 3y'. Ounly the,area and the

line problem were used in the second part since the nature of the dot
problem did not 1emi itself easily "to be used within this context. In

part one, the problem types were introduced as follows:
+

@
t .

Area Problem ' A
I: Here is.a rectangle (outlined in blue). ' 1
The length of the height . is 3 units. |
‘The length of thé base is in two parts, 3 3X 4
one is unknown, so I marked x, and ;
, . the other part is 2 units. In order X e w—

to find the area, of this rectargle,
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I: I'm going to simplify the problem.
Here, I'm drawing a line, splitting
it up into two smaller rectangles.

° What is the area of the rectangle
on the left?

S: 3x (recall if needed, area and
concatenation. Write 3x in
rectangle),

I: What is the area of the rectangle
on the right? [

S: 6 (Write 6 in smaller rectangle?

I: What is the area of the blue *
rectangle? (that is the rect:angie ‘
we started with)

»

Line Problem

I: Here is a line. What is the
length of this line? ,,

I: Herq is a dot problen{ What
is the total number of dots
in the circle?

’k 2

: o _ )
/?ﬂ'&presentation of each problem type was followed by a 'reversal',

-~

which required the student to generate his own problem given an algebraic

. expression such as '3a + 9'.

‘

During the interview, Philip experienced some minor and major diffi‘

i
culties with the area problem. When the rectangle was'divided into small=-
L

» :
er rectangles he easily responded that the area of the rectangle on .the

left was 3x. However, some confusion arose when he had to write the

— 4

area of the rectangle on the right,

»

[P AR
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S:
I:
S:
I:
S:
I:
S:
I:
S:
I:
S:
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What is the areadf the rectangle on the right?
Three two umm two L

What is the 'length, of the height?

3 —_—

What is the length of the basge?

2 .
So what is the area of the rectangle?

Threg two or six (writes 6 in rectangle) ’

Six. When you said '"three two" what were you thinking?
Like 3 times X'.

How would you write that - three two?

(writes - 32)

Philip has some confusion with.;ﬂe use of concatenation. He had

i ot

generalized this convention to arithmetic by writing '32' (three two)

meaning three times two. He maintained this misinterpretation when he

was first asked to write the area of the rectangle.

.Why woyld you say 6?

Now canagu tell me the area of the blue rectangie, that is,
the rectangle we started with?
6 . kY

Three “x and three 2.

Although his final response did not justify the answer '6', it is

nonetheless evident that he wéq still holding onto the expression 'three-

two'. Not only did Philip experience difficulty with concatenation but

o

l ¢
he also had further difficulties in the writing of the atea of the rec-

tangle.

After he had responded that the area of the rectangle was '6',

the interview proceeded as follows:

I:
S:
I:

ﬁ:

S:
I

You'said the area of the rectangle was 6, what is' the area
of this rectangle (showing only the one on the right)

6 .

Is the area of the blue rectangle the same as that of the
right? :

No. -

So the area of the rectangle on the left is 3x and the one
n the right is 6, so if you wanted to write the area of the
blue rectfangle it would be?

thrbd. times 6 g

Why is #t three times six?

1)

v L 9
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S: There is 3x and 6, so it is 3 times six.
. N
Philip's last statement indicates that within the context of area the ideas
. o ,

of multiplication was solptr;ng, that it interferred with his ability to
perceive the additive aspect of ' the problem. It should also be noted that
he ignored thg presence of the letter (in 3x)i After a further atteﬁpt
by the intervigwer to ;mphasize the area of the two smaller rectangles,

he then.responded with '18', once again focusing on the 'multiplicative'

aspect of area. At that point the interviewer directed Philip to the

correct responge as follows: .

,I: The area of the blue rectangle is equal to the area of this
rectangle which is 3x, plus...
5: .6 '
I: That's it. The area of the rectangle on the right. So .the
area of the rectangle is 3x plus (the interviewer présents:
Area = 3x + ). :
S: (student adds 6)
-1: You seem to be bothered by the 3x + 6, what is troubling you?
/ 8: Well, I am not used. to it. I am used to 3 times 6, or some-
) thing like that. .
I: In 3x + 6, which part are you not used to?
S: The plus, we use 3 plus 6, or 3 times 6, or 3 times x, or
three plus 6.

Philip was obviously troubled by the sudden use of two operations.

Although he could accept the lack of closure in one operation (3x) , *he '

-
4

was upset by the presence of an expression containing two operations,

In view of Philip's difficulties (the strong- adherence to multipli-

¢

cation in area problems, and the difficulty in his.acceptande*of two

-

operations), the final version of the teaching outline was modified to

include an additional step. In the event that a student would experience

‘similar’difficulties, an area problem shoyiné the additive aspect of

thesé problems at a purely numerical level was added. For example,

-

Ca
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this rectangle, 4

ko 12

followed by the question, "What is the area of the lai'g'e recta;xgle?" I't:

" was expectefi t the student would see tt}e similarily between this pure-
ly numerical problem and the algebraic onme.

Another minor change was ‘méade to this problem. This change however,
was not a di;rect result of the interview with Philip. In order to avoid
any possible confusion with the x as a multiplication sign and x
as some unknown quantity, it was decided to chaﬂge the letter in the

area problem froman x toa ¢ .

"

. J . “i
‘ L4 2 4

Further in the interview, when Philip was agked to generate his own
" area problem involving two terms '3a + 9' , he drew the problem as
follows: .

e | \

l )
a 9 .

A new element is brought out here in that gpr these pr&{lems the student

requires a fairly good knowledge of multiplication factdrs. Philip
associated the 9.with only offe dimension, thﬁt is, the length of the -
base of the second rectangle. This could be due to the'facf that 3x
represents an obvious problem but nine has to be decomposed.
In writing the 1engthlof the line in the line p;oblem, and the
A}
number of dots in the array (see page 81 ), Philip responded with D6

{meaning D times 6) and 5a , respectively. This is further eQidence

)

i
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of his avoidance of ;lgebraic expressions %;;gi;igg—z;a‘operqt ons.
Philip’easily overcame his difficulties once he was directed to see the
two parts of each problem which had to be added, and responded correctly
to subsequent line problems. Philip alsa did ‘not experience any dif-
ficulties in generating either a line problem or a dot problem.

Thus only a minor change was necéssary in &he final version of the’
teaching outline. Initially the presentation of only one line problem‘
seemed sufficient. However, the ipterview with Philip pointed out the
nécessity of the inclusion of an additional one in such cases where the
student was experiencing some difficulties. In the dot problem no
change was deemed necessary at this point.

Part 2 of Lesson 3 consisted of the introduction of two unknown
quantities. A line problem was first u;ed to convey the notion of using
two different letters to denote two different numbers. The problem was

presented as follows:

©

- I: Suppose I had a line as follows: L I }
You notice that it's in two parts. ¢ X——le— Y —
Why do you think I used different
letters?

w
.

(two different lengths)
I: What is the length of this line?

Length of line =
S: x+y

V4

Philip understood immediately that the use of two different letters

’

represented two different lengths. However, when he was asked to write
the length of t?e line he responded as follows:

¢ Do you\:E;;;\}ou can write the length. of this line?
xy ~(says it hout the times)

When s no sign between, what sign was hidden?
The x (student refers to the multiplication sign)
i Which means times or multiplication

HW YWD M
s es se



8: yes ) , .
I: So the Yength of the line would be x times y ?
S: There is an invisible x (referring to'the multiplication
sign) ‘
: So what.is the length of this line?
S: x times y
: I: Suppose I had a line 4 units and 3 units. What is the
length of the line?

e i

—t—

‘ S:V\éxtimes 3. .
I: So that is 12; ...1if this were centimeters.:.
S: Oh, 4 plus 3 . : '
¢ 4 plus 3 : ‘
S: Oh, so x plus y (writes a '+' between the X and the y)
1

Philip multiplied instead of adding (xy) and he did this even at a
" purely numerical level (4 times 3). It is only when the idea of
) ﬁﬁzsurement‘is suggested that Philip wa; séarked.into seeing~the addi-
tive aspect of both 'the numeriéal and algebrait problems presented to

»

him, '
* The introductory line problem was then followed by an area problem
in which the base of the rectangle was divided into the same two unknown

lengths as in the previous line problem.

I: Here is a rectangle. Can you write the area of this .
rectangle? ‘

Q} X >'¢ Y >

Philip initially gave the area as '3x + y', an error similar to
the previous area problem he génerated, that is, he used the y as

representing the area of the rectangle on the rigﬁ%: Once he had divided

the rectangle into two smaller rectangles and had written their respec-
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tive areas, Philip managed easily ‘to correct his error and wrote /
! 0 . ‘ . . 1

'3x + Iy'.. The eubsequent\aree and line problems of this type (two un-

knowns) presented no further difficulty for Philip. he easily wrote the.

’

required algebraic expressions and correctly generated both an area and

a line problem.

.
A . : ‘

‘Since Philip experienced only some minor proB}ems.with this section

of Lesgon 3, no thahges were deemed necessery‘for the final version of

the teaching outline. T

C.® THE TEACHING OUTLINE ’ .

Lesson 1 '
3

The use of boxes as placeholders was motivated by the results of ' ° -

exploratory interviews which showed that the direcE introduction ogh

letters (standing for the number of rows in an array of dots, or the num=~

ber of equal segments in a line or the length of a base of a rectangle)

©

raised major cognitive gbstacles\("How can you multiply a number by a

letter?"). This brought about changes' in the planning of the teaching

~
" -

?

experiment: - : : 'J
’ <l
1. Placeholders have been introduced first because of the
gtudents’ familiarity with them from the elementary
school work.

2. The placeholders have been introduced in conjunction with
the hiding (covering with a carton) one element of the
ptoblem, thus illustrating correctly the idea of "unknown ‘ oo
quantity". ‘ '

3. By eventually removing the cardboard, the unknown element
of the problem is revealed, thus allowing the student to
f111 in or substitute, thus linking the placeholder or
letter to a numerical referent.

N
Py



-

Y

Lesson 1

Transition From Placeholder to Literal Symbol (Lettef)

ca

N

-

1

hd
¥

lems

Dot Prob

A'- I:

N

.

"t

8

»

Here is a card. You can

see a row of 7 dots. And

I *have hidden more rows each
with seven dots. Here is
the problem., How would I
write the total number of
dots 1f I don't know the
exact number of .rows.. So
let me show you how I do it.

Number of dots\= 7 x 0O

Sihce I don't Know the
,exact number of’ rows I am
meanwhile using a box.

Now I am going to let you
have a peak at what I have
covered a?d ask you to fill
the right number .in the box.

-e

1

-

N I N < ‘. . . ‘
Comment: This first problem is of a demgnstrat;ve nature. We are °

-

showing the student how to use the box gs a placéholder. Thi's function’
of the box is translated into action by the student when he actually

. The other purpose of the question is to verify if the stu-
dent will use the total number of rows or only those that have been

fills it

covered.

B. I:
S:
I:

In such a case we ask,

"How many rows are there altogether?" °

b Q=

o

(Presenting another similar problem)

You can now see 8 dots in’
each row, but once again I
am covering the other rows
so you don't.see the exact
number of rows. Can you
complete this equation the
way I did before? (Present
student with a sheet of
paper on which is written:

number of dots =

(No response) - T
Remember what we did in the

©es 0000

co V"/"ﬂ
3 rows
T “ -~
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Line Problem

A, I: Now look at this line problem.

v i ' . « T ’ ! v,
. L - 89 - o . v ' / ‘
k other problem when we ‘H‘i/n 't v, L. : s ~
" Rnow the number of ro ’ Yy ‘ P Con i
‘\'.What:didwemfort; . . . ‘
d number of rows? o , ~ T .
8 x0O . \ -y - f AY

H . \

%: (uncover) N Po*
How many rows are there al- fo
together? What number has .

\

) ‘ to_' o in the bex? Y )

e second problem Berves to verify if the student ca himself ..
The purpose of filling in the bok is to

. T

Comment: [
use the box

’ | as a placeholder.
keep the idea of num\!er constantly present,.f

¢ §

C. ' I: O.K. Now it's your turn. Can
_ you make up a dot problem like

we just-did, where xO 1s .

thé total number of Yots. o
(Encourage student Yo hide her ' : -
work while she 1is draving , o '

the problem) ' A

t

- . 0

Comeﬁt' The purpose here is to have the student: generate a problem
giv€n an algebraic expression. =- Didactic Revetsal between expression
and problem.

I: Now let's look at another type £ > s TR
of problem. Do you remembar ) -

how y(zu found the length of

this miz |

I: "(Writes formla'

Length of line = N

length of each part x number of parts. o ‘

. Each part is & units lomg.’
But you don't know how many
parts there are. Can you com-
plete this equation:-’

length =

~—

|t 2l

3

coverin

s

rts

”

PN T

-
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No answer
length = 4 x | R

No answer L C ' ( N

What/do you thigk I should write L

sfor [t Ll:e number of parta? 4 .

No wer - - .
Do you remember what we did -in '

S the dot probXem?

e
e o0

FT Y]

S: No answer . .
I: Because we didn't kiow the num- ‘ !
. ber of rows we used? - - /
S: A box.
: Could you use a box here?
S: - '\ " »
“I: (If no, interviewer completes . LK

' the box.) B

(Uncover) o

So what number hiu to go into .

the box? : '
S: (7)

I: (If incorrect)
How many parts are there alto-
| gether? v '

Comment: The purpose o}f this problem is to illustrate another situation’
in which an algebraic expression is needed. The initial question veri-
fies if there 1s any immediate transfer from the previous type of prob—
lem. The questioning leads as slowly as possible the student eﬁw
possible transfer, . ) .

4 . v

B. 1I:, Your turn now to make up a line - -
problem where 3 x0 is the ° :
length of the line, Hide your
work and show only the first
put‘of your line.

Area Problens
I: Do you remember how to find the " 7
area of a rectangle? ‘
S: .
I; Writes

Area = length of height x- ,
length of base , N - )

[ RS

S
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*Comment: Ex;'aloratory work has indicated that students like to make their
_own probléms. Therefore, problem B is left open to the subject.

I:'

HwmnHWm

«®
xﬁr' ) (
" Now I will draw an.area preblem,
in which I only show you the

heflight and I will cover the
rest ¢of the rectangle. i

(Draws rectangle and covers
the appropriate part)

" Can you complete this equatio}?

_ Area =

no response
,Area = 6 X
no response

What do you think I should write

. for the length of the base?
no resaponse

* Do you renambglj what we did in

the dot ahd line problem?
no response
Because we didn't know the

number of rows and the number 'of

parts we ubBed?
A box,

Could you use b box here?

(If no, interviewer completes '
the box)

(Uncover)
(Have student fill in box)

So what number has to go into the

box? .

(If incorrect)

What is thé length of the rectangle?

‘Now it 18 your turn. Make up an.

area problem, where I can only
see the height of the rectangle.
Don't forget to hide your work.
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Transition to Letters ' : r g .
- v " ‘A . ﬂ'
Dot Problems , ' . .
s A - N
A. I: Let's do another dot problem. -t s s b0 0
' You can see that I have a row of —
5 dots. But you can't see the .
exact number of rows. This . Covering

time, L am going %o use a letter
instead of a box for the number
of rows. Choose a letter.
8: Chooses a letter. . $
I: So let me show how I write the ‘ -
total number of dots uaing your
letter. ) . .

3 Fows

number of dots ™ 5 x a &

(or whatever letter is choosen)
1

Now I will let you look at the
. number of rows. How many rows

: are there?

5: 4

I: So what number does your letter
stand for? ’

S: 4 & ' .

I: Can you now complete this equation

It

* riumber of dots = 5 x

B. I: (Presenting. another similar problem)
You can now see 6 dots in each row,
but once again I am covering the

o 0 00 b o0

other rows so you don't see the co vering
exact number.of rows. Can you

complete this equation using a- 2 Rows
letter instead of a box? )

number of dots =

S: No response

I: Remember what we did in 4
problem when we didn't kn
number of rows. What did we use J .
for the number of rows? oo . &
S: 6xa ‘ :

I (Uncover)
How many rows are there altogether?

S:
1: What number dves the letter stand

’




- 93 -

It for?

C. 1I: Now it is your turm. Make up a
, dot problem where the anmr will
be gxe,

PR

Line Problems i

) “ 5y \f ‘
A. 1I: Now'let's try a line problem,
where we will use a letter instead
of a box for the number of parts.
Each part is 3 units long but you
don't see how many parts. C
you complete this equation uzn ng
a letter instead of a box.

Length =
[}

S: No answer

I: Length= 3 x

S: No answer

I: Do you renedué‘ vhat we did in .,

the ptevious dot problem?

S: No answer'

I: Because we didn't know the nunbar
of rows we ugsed?

S: (Should say a letter, if student
says a box,remind him that we are
now using letters inatead of boxes)

:t Could you use a letter here? |

3

I: (If no, intetviewer completes °
equation with a letter.)

(Uncover)
So what number does the letter
stand for?
s:. (6)
I: (If incorrect)
How many parts are there almgethet?

B. I: Make up a line problu vhere the
answer is 7 x .

-t

.

<o veriag
1 1

1.

L
L

‘ 5§  Ports

*
1
3
s
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B.

roblems ~

I:

Ss

.9 -

. .
Now I will draw an area problem,
where you will see only the height
because I will cover the rest of
the rectangle.

(Draws rectangle and covers t:he
appropriate part) Vv

Can you complete this equation?
V
Area =

no response

: Area = 4 x

no, response

What do you think I should write
for the length of the base?

no response *
Do you remember what we did in
the dot and line problems?-’

No 'tespouse

Because we didnft know the number
of rows and' the number of dots we
used?

(a letter — 1if gstudent respdnds
vith a box, remind him that we
are now using letters instead of
boxes.)

Could you use a letter here?

If no, interviewer completes with
a letter)

(Uncover) '
So what number does che letter
stand for?

(If incorrect)
What is the length of the base of

. the rectangle?

Now it is your turn. Make up an
area problem where I can only see
the height of the rectangle.

A
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Comment: Although the only @hange tﬁ these problems is the transition
from box as placeholder to letter, the difficulties students have in
their initial use of letters warrants a slow approach.: Thus three dot
problems are used in the initial introduction of letters.. In the first

. problem the student is shown how, in the second he has to complete the

equation, in the third he has to generate a problem.

Although we have not raised with the student the difference in-the use
of a box and that of a letter, the mere evaluation process in the case
of .the box simply requires filling-in whereas in the case of a literal
symbol, the letter has to be substituted by a number. ‘

;

‘Boxes v, Letters .

1. I: Do you find it more difficult to
use letters than boxes?

Can you tell me why?

Does it bother you to see a number
multiplying a letter like in
3xa? '

4, I: Can you tell me why?

<

5. 1I: What about boxes, doei_it bother
you the same when you see 3 x (0?

6. 1I: What difference do you see
between 3 xa and 3 x 07

[ 4

7. 1I: Can we use a letter like a box?

8. 1I: When we uncover the part that >
gives us the missing number, do
we do' the same thing when we use .t
a box or a letter?
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Homework
I: Por our next neetinj, please make

a dot problem where the answer is 3 xa
a line problem where the answer is 5 x b
an area problem where the answer 18 6 x d

Comment: Questions (1) to (5) attempt to uncover tle student’s thinking
about the use of letters vs the use of boxes. Questions (6) to (8) try
to bring out the differences between the two symbolizations: a letter
can be used the same way as a box except for their evaluations.

The assignment of three homework problems should lead the student to
continue thinking about the lesson but moreover, it provides for a review
at the beginning of the next lesson.

Lesson 2

*

Lesson 1 introduced the literal symbol as an extension .of the place-

holder which was used to express a hidden dimension of a problem. This

was essential, since students objected in the pilot study to arithmetic
operations using both letters and numbers.

The object of Lesson 2 is:

1) to introduce the conventional usage of the.'literal symbol as an
unknown quantity, not just a hidden one. There is no reason why tﬁis
convention needs to be re-im:ented by the student. However, its linkage

to the previous work should be explicit. Furthermore, whenever possible,

' ‘that is with the length apd area problems, the motivation for M tion

can be generated by measuring. (6f course, this is impossiblzg :1\1:11/ the

dot problem). c

2) to introduce concatenation.
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* At our lnat‘meet.ing, 1 had asked

-
-,
N

you to makeup 3 problems. First

a dot problem, where the total E .
number of dots is 3 x a,. ‘

What does the a stand for?

And a line probleh, where the
length of the line 18 5 x b .

What does the b stand for?

And an area problem, where the .
area of a rectangle is 6 x d .

What does the d stand for? v

Do you recall the formula for
area?

(writes Area of Rectangle =
length of height x length of base)

Let's look at tﬁin area problem.

Do you think you could write )
down the area of this rectangle?

No response

What 1s the length of the height? I
8

What do you think is the length

of the base? - A
No response. (if yes - still go ‘
through appropriate explanation)
What do you think the letter a
stands for?

No response .

This problem is a bit different

from what we used to do. In our
other problems we used to cover

the base so that you didn't know _
the length of the base. Do you
remember, what you did then to

write the area?

Area ® § x ‘ .
(completes with a letter or box,
if box continue...)

And vhat did you use after the
box?

A 4

Fl
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"S: Area= 3 x ¢

_ - 98 -
. .
S* (completes v{g a letter¥ .
I:

So this probléh is different 'in
that neither of us knows the
length. of the base. -But the
letter a can be used to
stand for it. Can you now write
the area?

S: Area = 8 x a

I: What is the area of this
rectangle?

[4

(Reversal) - S
I: Can you make up a problem where
the area of a rectangle is

5xd4¢1¢
S:

(SQbstitution) N ‘

17 Here is a ruler. Can yoh measure
the length of the base? [lst ‘
problem) ' ’

S: (measures) i

I: So what does the letter a~
stand for?

¢ (number) ]

I: 'Can you replace it in the formula?

-S: Area ™ 8 x (the number)

* Line Problems

A.

I: Here is a line groblem. It is
slightly different from the
ones you did befbre. In this
case we know the|number of parta
but we®do not know the length of
each part, That's why we use a

letter.,
‘How many parts do you see?
S .
I: What does the letter a stand
. for? '
LH '

I: Can you vrite the length of the
line? (If student is unable to
respond, have him recall the

—y—>

'S
™N
v

Y T —
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1: formula for determining the length
Of  } lm) 4 .
S: Length of line ™ 4 x a :
B. I: Here is another line problem. .
‘Can you complete this equation:
Length of line =
C. I: Can you make up a line problem
with the L
" Length of 1ine ™ 5 x b
" (reversal) °
D. (Substitution)
1: Here is the ruler, can you measure
the length of a part? .Problem A.
S:
: What does a stand for?
S: (number) ‘
I: Can you replace it in the
. formula? .
S: Length of line® 4 x (the number).
Dot Ptoble- .-
A. I:  Here 1. a dot problem. How-many
dots are in each row?
S: ’
I: What do you think the lattét b
© stands for? . .
S:
I: Can you write the total nuﬁbcr
' ‘of dota? .
S: Total number of dots
S: :
B. (Reversal)
I: Can you make up a dot problem where

- 99 -

«!

the total number of 'dots {8 7 x ¢ ?

Ar-

Rt J
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- Numeral and Literal Symbols

»..

I: How do you write 6 times.7 in
arithmetic? '

5:

I: 4n algebra we can use all the
letters in the alphabet - cap-
itals and small letters. We often
uge the letter x . This can get
a little confusion especially 1if
you have 2 x's as in

8 x x (8 times x)

. In order not to have any confusion,
in algebra we can just leave out
the multiplication sign and write:

e
8x for 8 x x
Whenever you see a letter attached
« to a number, there is a hidden
maltiplication there. '

What does 5a wmean?

S:
I: What does ib_ mean?
S:
¢ Can we do this in arithmetic?

That is, can we remove the
multiplication sign in 6 x 7
and write the numbers next to
each other as in §x ?
S: (67)
¢ Can you make up an area problem
where ; 4b 1is the answer?

I: Can you make up a line problem
vhere 5a 1is the ansver?

I: Here is a rectangle, can you tell
me what the area is?

S: (1 xx or 1lx)

I: What do we do in arithmetic with
‘a product 1 x 37

S: We just write 3.

I: The samething in algebra, we
omit the 1 and just write x .

’




o

- . : ‘ R . .. o s \ v
y . . oo
1 . . . o o / LR ¢
- 101 - . <o : -
c. I Oné other convention that I want L. :
to show is the following one: . T ’ .
a x 3 we also gfrite as 3a . 4 .
Does it make any sense? Do you c . ) R
think we should write a3? S / : : '{
S: T s
I: It does nof make much difference / b
since | ' ' et 2 .
ax3=3xa o ‘ T : .
Is this true for any value, of . .
- ‘a-? » . »
v s J
I: Can you ch it with some number? - '
S: , v ﬂ',’ - v, . v
a I: And anotHer ' _ : . ’ ‘
S: From noy onlwe write - \
. L/ ) c
b x5 as Co. : - )
c x 6 as N ,
. . te \ . ‘.
(Note: Some -transition is taking -
place here, since in substituting- ~ o
different values for a ', the .o
idea of generalized number is -
starting to appear). i
3° . ’ - k
" Homework b : ' ,!
. ' . y 4
- For our next meeting, please make up '
- an area problem witere the answer is 6a
- ] - H
- a dot problem where the answer is 4d . . +
g -
1 = a line problem where the answer is 6b _
- a line problem where the answer is lc or ¢.. “

. Lesson 3  RATIONALE - k

1
In Lesson 2 all problems were of a purely multiplica,e nature,

Lesson 3 'introduceé more complex omes, involving both multiplication
and a&dition. Although the poss‘ibility‘ exiatséeere to present a situation

to the student where a contradictien leads him to see the need for . °
. - N .o

o

3

N

o »

¢
A
|
KO
. . ",)\n’ "
! ' . . - ‘ﬁ' rb“ , :4

I




O b by S Ve R ——

B,
S

R

brackets ( e.g.

- 2 3

X 2

area = 3(x + 2)), such an introduction of this new concept at this point

»
PR

in this lesson.

¢

+

In this lesson, the area of the rectangle will be determined by

-

subdividing it into smaller parts, making it 1eés\confusinggand easily

A3

visualized. .

A. I: At our last meeting I had asked you
: to make up 4 problems.
First an area problem where the
answer is 6a , that is the area
of the rectangle is 6a. '
S: ) .
. It And a dot problem where the total
number of dots is 4d .
S: . '
I: And a line problem, where the
. length of the line is 6b . .
S: . ’
I: And a liue'problem where the
length of the line is lc.

PART I: One Unknown

I: "Here is a rectangle.' The length

of the height is 3 units. The -~ —- .

length of the base is in two

o parts, one part is unknown, so I

. marked ¢, and the other part
is 2 units. 1In order to find
the area of this rectangle, I'm
going to simplify the problem.
Here, I'm drawing a'1line,
splitting it up into two smaller
rectangles, T,

4]

What is the area of the rectangle
on the left?

!

_may cause some confusion. Thus’the topic of bracketing is not iiitroduced
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3c (Recall if needed area and
concatenacion. Write 3c in
rectangle.)

What is the area of the rectangle

on the right?

. 6 (Write 6 in smaller
tectangle)

What is the area of the blue
rectangle? (that is the rec-
tangle we started with)

(adds up) We can expect student
to perceive additive nature of
areas)

0.K.. We can write:

Area of blue rectangle =
Fills in 3c + 6

3

Here is another rectangle.

What is the ‘area of this
rectangle?

(If no response guide student
into separating large rectangle
into two smaller ones and follow
similar line of questioning as
in previous problem.) .

Now it is your turm, can you
make up an area problem where
the areda of the rectangle.would
be 3a + 97

Here is é line. What is the
length of this 1line? ’

(If student is having difficulty,
present him with another line
problem as follows;)

Make up a line problem where the
length of thé line would be
be + 8

i foan e
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Here is a dot problem. What is
the total number of dots in the
circle?

Two Unknowns

Suppose 1 had a line as follows: . L

You notice that it's in two e

parts, Why do you think I used
different letters?

Two different lengths

What is the length of this line?

Length of line =
x+y

Here i8 a rectangle. Can you

write the area of this rectangle?
no response . 3]
Recall how we found the area of
the rectangles in the previous

problems. (Draw line)

What is the area of the rectangle
on the left?

3x (Fill in the drawing) (If
the student does not answer cor-
rectly, have him go through the
line questionning where he must
tell the interviewer the length
of the height and the length of
the base.) :
What is the area of the rectangle
on the right?

3y (Fill in the drawing)
Area of rectangle =
Completes 3x + 3y

Lo
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C. 1I: Look at this rectangle. Recal-
ling how we. found -the area of
‘ the previous rectangles, can
you write the area of this y
rectangle? .

! L
: &gy e—p —r 3 —>

- {
D. 1I: Now it is your turn. Make up
an area problem where the
answer would be:

5d + 5e + 10

E. I: Can you write the length of

e this line?
.,_xixLX1x1xL7,7,y1>r.yJ
1 1 1 | 1 | { v
S:
4
1
F. I: Can you make up a line problem
where the answer would be
5a + 3b?
- CONCLUSION . ) co .

The purpose of this chapter,w;a to describe'i& detail thg construc-
tion of a teaching outline. This Qas deemed to be useful since the
essence of a teaching experiment is the experimentation of a new approach
in thglteaching of a particular topic. Thus, the teaching outline be-
comes the principle area of investigation. The aim in sgch an emperi-

ment is npot t6 uncover unrelated cognitive difficulties but in fact

designing an' innovative presentation to overcome the known cognitive

_problems involved.in the learning of the given topic and then to verify

if it has not created new learning difficulties.

It follows that the preparation of -the teaching outline requires

* ~
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an initial investigation of the cﬁirent teaching pr{act‘ices -ais‘well as
a search of the research literature relatedA to the cognitive problems
‘ involved. This was presented in (.;iwptet; 1 u( II, respectively. On

the basis of this wofk, a new presentation based on a systmaﬁic geo-
netric approach was judged as gﬁ alternative which_ might eliminate some
| of the known "-p:roblems.

I LY
h

HoWfver, the construction of such a teaéhing‘outlj,ne needs to be

7

must be the result of an 1n;e;ac:1ve process whereby the elements of
the planned lessons, as well as their order, must con?tantly ba veri- «
fied with subjects. In this experiment, the initial pilot study as
well as the exploratoryu case study provided this input in the elabora=-

tion of the outline to be experimented.

i_:onstantly tested and revised during ite develoﬁmnt. Suéh an outline .

. oo =®




_ CHAPTER V

. _ ANALYSIS OF PRETEST

A. Objective of Pretest

h 'VAltho.ugb Kuchemann (1981) en’n;ned the various interpretations
British students assigned to lité:'al symbols, his study was more gen-
eral than ours for ft covered equations, problem-solving, fun:r.ions,
etc., whereas the present investigation focuses on algebraic expressions,

And thus, the pretest has been designed to study how the students' per~

ception of the letter used in algebraic expressions varies according to

. the context.

B. The Pretest

1. Have you ever used letters in mthematics?
Can. you show me?

2. Wben I show you something like this |3a | , can you tell me what
does it mean to you?

(Multiplication? 3 a's?, 3 apples? 3 “times" a number)

2a. Can you give me an example?
Can you show me?

3. If I show you something like this » does it mean the same-
thing to you? ’

3a. Can you give me an example? "
Can you ahow me? -

4, If I ask you to tef:lace here s the letter a by the number
2, can you tell me what you get? ‘ '

Batiomie for First Four Questions

In these 4 questions, no arithmetic operational symbols are used.
The only possible connection is the cancatenation of a number and a
letter.

ot
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a

We wish to investigate how the student interprets the letter in this
' context (number, label (apple), object, (a's) and whether the concaten-
‘ation 1s spontaneously interpreted as-multiplication.) The letter is
chianged to verify if the "label" interpretation might not induce the
student to think of 1n as a number. In question 4, the substitution
should determine whether the student is multiplying or not, if the prob-
lem of concatenation is always present for the beginner.

5. When I show you something like this , can you tell me what
it means to you? K
a) & plus b ¢ . D
b) I don't know ‘
c) & plus some number

5 (a or b) What do you think the letter could mean? Ve

a') I don't know - . -
b') some number -

5a' Do you think it is possible to add a letter with a number?
5 (b',c) Can you give me an example? . .
Can you give me another example? . .
How many examples could you think of?

6. When I show you'this can you tell me what it means to "
you? (a,b,c as in 5) . :

‘6 (a or b) What do you think the letter could me;n?

6c Do you think there is any difference between

4
w [ii

7. When I show you something like thié can you tell
me what does it mean to you? . .

' (a box to fill in with a aumber)
7a. Can you give me an example? (puts ina number}

7b. Do you think that these two mean the aame"t;hiug?

5+0 and 5+c

a)[ﬁo S b) Yes
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7¢. (If no) What do you think is the difference? -
(If yes) Do 'you think the letter ¢ and the box can be used the
same way? Example?

Rationale for Questions 5 = 7

-

In these questions all possible problems due to concatenation are
avoided: However, the symbol for addition now places the letter in an

,aritjmetic context., The addition can only make sense if the letter is
‘intePpreted as a number. Thim could depend on the letter used, which

explains the transition from "® to n. The difference between the
letter and the placeholder is explored in question 7.

8a. Can you tell me the area of this rectangle?

4 ' R

8b.‘,Caﬂ/;ou tell me the area of this rectangle?
{ . .

Jo

9. Can you tell me the area of this rectangle?

5
q
9a. What do you thiAk the letter a2 stands for? (eide, the base,
the length)’
S 4
: -« a »

\

vy
9b." Do you think the letter g means the same thing in these two
.\, rectangles? ‘ ’

i
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Rationale for Questions 8 and 9

Questions 8 and 9 are to verify the meaning of a letter in a geo-
metric context (label or length). Question 9 should indicate if the
student can use the 'letter in formulating the area. Question 9b 1is to
verify if students interpret the arrows as conventions to denote length.

i
o

10. Look atthis work card:

Simplify 2a + 5a

Can you tell me what you think it means? (Put them together - or
7a)

10a, Can you do it?

10b. Can you explain how you got that answer?
(a's or apples?)

10c. (If a's) What do you' mean by 2 a's and 5 g's?

11. Can you do this one?

Simplify
{n + 3n

lla. What do you think the letter n stands for? (number)

11b. Can you give an example? Another?

Rationale for Questions 10 and 11

Combining like terms does not require the perception of letter as
number, the object and label interpretations are sufficieant. Note that
this guestion also verifies the answers obtained in Question 1. The
swi from a to 1 1s to verify if the label interpretation may
lead "number",

12. Here are some workcards:

a) Add 4 onto 8 Answer
1 b) Add 4onto n+ 5 Answer
¢) Add 4 onto 3n' - Answar
‘ \ :‘/ s -
v A\ Q
l y @
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13. a) Multiply 8 by 4 T . ' Answver
b) Multiply n+ 5 by 4 Answer ,
c) Multipl;g 3;1 by 4 Answver

Rationale for guest:ions 12 and 13

This is question 4 from the Kuchemann' test, which will give us
some compatison with his results. ?

l4a. Can you simplify

3ati4éa+ s

14b. Can you simplify

| ‘.
2 + 3d + 4c : . N

" 15, Why do you think two differentalettera are used in the second

problem? -

15a. What do you think ¢ could mean?

d could mean?

Rationale for Queltions 14 and 15 : E ]

In these problems we are verifying if the student not only conbines
like terms but also would "collapse” unlike ones. We are also inves-

tigating wvhat meanings he would give to the ptesence of two different }
letters. ~ . v

!
+

16. Can you work out

;Gx (2 + 3)

16a. What do you think is the meaning of brackets? (Do.the operation
in the brackets first) Ca

17. Can you work out

[Fx G¥35)] , | §

" 1

PR,
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e

Is it‘possiiale to do the operation in the brackets here?

‘Even if we can't do the operation in the brackets, can we
multiply it out? Show me.

If he can do it try:

Lex (3+2b) |

5 x (2a + 3b)

3

Rationale for Questions 16 and 17

In these questions the multiplication sign has been included to
avoid any confugion. Clearly the meaning of the brackets changes in
the context of algebra and this might prevent the stujent from using
distributivity.

_ For the purpoges of the analysis the pretest las been divided into

seven parts, each one restricted to a particular aspect.

1,

2'

3.

b,

5.

6.

1.,

Open Question (Question 1).

Co@témtion (Questions 2-4)

Letter in the Context of Addition (Questions Sf?')‘7\
Geometric Context (Queations 8&9) ‘
Kuchemapn Test (Questions 12 & 13) ° BN

Simplification and Combining Like Terms (Questions 10 & 11;

‘14 and 15)

Distributivity (Questions 16 & 17)

C. Anmalysis of Pretest

1. Open Question .

"Have you ever used letters in mathematics?” -

"Can you show me?" - o .

This question aimed.at eliciting the s;gxdenﬁ ‘spontaneous int&gre—

R -

<
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tation of the use of letters. The question was open ended and did not
provide any clues.

LI

Frankie responded by stating thdat he could use n for a number in
"n x n' or as a subdivision label {"like when you start a question
you have al"). .

Wendy indicated that letter could be used as an answer to an arithmetic
operation or as a specific unknown in an equation (25 + 20 = n)

Antoinetta referred to the use of a letter as an answer to an arith-
metic operation (9 x 9 = n), and also gave as an example expressing
commtativity (30 + 40 = n + 30).

Yvette interﬁreted letter as an,answer to a numerical operation
. (1238 + 5678 = n) and as a specific unknown

2_1n
(79 -
Filippo used a letter as a specific unknown (x+ 1= 2), and as an

angwer to an arithmetic operation (10 x 15 = y)

GCail used a letter as a specific unknown in an equation (4 x n= 12)

The answers show a prevalence of two interpretations: letter as
a gpecific unknown in the context of an equation and letter as an answer
to an arithmetic operation. Each one of these interpretations was given
by four student;, letter as an unknown in an equation was identified by
the three Grade 7 students and by one Grade 6 student; letter ds an
answver to a numerical éperation was used by two students from each grade.
The other interpretations - use of letter in an algebraic expression
(Frankie), use of letter as subdivision label (Frankie, use of letter
in axios (Antoinetta) - cannot be considered here as common since each

was expressed by onlj‘one student.

2. Concatenation-

The second part of the pretest was aimed at verifying whether or

not the problem of concatenation is always present for the beginning
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student.

. 2. When I show you something like this |[3a] (a card with the
expression 3a written on it) can you tell me what does it
mean to you?

Q. 3. Can you give me an example? Can you Show me?

Based on Kuchemann's study, the expected responses were that the

- student might interpret ):he letter as an object (three. a's) or as a

first letter abbreviation (three apples), or as a number, or the intended

meaning (3 times the number a). The interpretations of the six students
were 38 follows:

Frankie interpreted 3a as a subdivision label: "third problem,
first part".

Wendy thought of 3a as 31, a place value interpretation of concatena-
tion, "three one because a 1is the first letter of the alphabet".

Antoinetta first responded with a subdivision label idterpretation
("Number 3, a is the first one), and later with a first letter abbre-
viation (3 ants).

Yvette Interpreted 3a as a subdivision label ("lil%e 1, a, b, c...)
and also in terms of place value ( 90 ) .

-60

3A

Filippo assigned to 3a a subdivision label (3a, 3b)
Gail spontaneously assigned three meanings, first that of a subdivision
label (3a,3b,...), second that of a first letter abbreviation (a can
stand for annex), and third that of place value- (30).

These regponses are very different from the ones obtained by
Kuchemann. Five out of six students interpreted 3a in terms of a sub--
division.label, an interpretation which never came to light in the
British study. Anotherlunexpected response provided by three students

(Wendy, Yvette and Gail) wabg place value assignment to the letter a .

Two of the six students showed evidence of a first-letter abbreviation

{

' e s 2 i St s




_ Wendy thought that the expressigq,

"a number, a missing number or something".
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interpretation. a "

Q. 3. If I show you something like this , does it mean the same
thing to you? Can you give me an exXAmple? Can you show me?

This question was raised in order to verify if the lettgr n, as
opposed to letter a , would induce the students to think of n as a
numbe; (based on a first letter abbreviation) andlthus result in a sub-
sequent change in their interpretation of concatenation. Another reason

for the change of letter gtéms from Wagner's (1981) discovery of some
“ “ %

students assigning a numerical value to a letter according to their

-

rank in the alphabet (as for instance Wendy above).

Frankie odid not perceive J3n as being the same as 3a and stated that
3n is "three times a number or three times n".

af
%

8 3a and 3n were analogous in the
sense that the letters could be eplaced by their rank in the: dlphabet
("yes, because n can stand for \... whatever number it is in the alpha-

' bet") but the two expressions werk not the same since the value assigned

to the letters were different. Wh s for Wendy 3a. was 31, for 3m,
"Let's just say it was 13 or 14, I'm not sure, sp' 313 or 314".

1
Antoinetta could not at first assign any meaning to 3n since it did
not fit into the subdivision label associated with 3a because to “her,
a classification "It usually doesn't go all the way to n". However,
later on going back to viewing 3a as "3 ants" Bhe continued this
first letter abbreviation and explained that the n 1in 3n could be

o

Yvette felt that the change of letter did not make any difference. She
maintained the two interpretations she assigned to 3a : thus in the
context of a subdivision label, 3n was '"like p3a, b, ¢ up till n"; in

the context of place value she wrote 681 .

-652
3n .

Filippo continued initially with his subdivision label meaning of 3n,
"In question 3 and it goes to a,b,c,... and 80 on till n". However,

the letter n triggered another interpretation as indicated by his
statément ''Sometimes I guess like 3 times something equals 12 or 13 and
4 ..." which he wrote up as '"3n4 = 12". Filippo thought some letters
such as n and h (but not a) could be used '"like a blank" to express
some unknown gperationm as in the example above '"but x they wouldn't
use, because it woiuld mean multiplication."




o g Mg 4w

e o prrmgmts are

- 116 -

Gail did not think that 3n was the same as 3a since in the sub- .

.division label 1nt:erpretation "in elementary we " don't have n's, we only

have 3a or 3b". When asked to assign meaning to 3m, she reverted

to her first letter abbreviation interpretation and wrote "3 numerators"

for which she gave as example ..

n+n+n
! 12

for which she later assigned different values

2 1 4
n+n+n
12 )

These responses bring out the strength of the subdivision label
interpretation. Of the five students who initially used this fi',nterpre-
tation for. 3a, three of them maintained it for 3n, while for the

other two (Antoin%tta and Gail) this initial perception created a con-

flict. Two of the three students who had initially indicated a place

value interpretation with 3a gave further evidence of this with 3n
(Yvette and Wendy) . ,

Th?change in letter from a to n ai.\pears to have resilted in
some unexpegted changes in interpretation of the letter in the context
of concatenation. Only in the cases of Frankie, who used the intended

meaning for - 3n (3 times a number), and of Antoinetta, who referred to

n  as the missing number, was there any evidence that students spontane-

\ , 3
ously think of n as opposed to a as a numbéer based on first letter

abbreviation. The n in 3n resulted in an entirely different inter-
pretatiop for Filippo, that of a 'missing operation', and for Gail,
thinking in terms of first letter abbreviation did not lead her to

interpret 3n as 3 numbers, but rather 3 numerators.

Wendy's respor?se reinforces Wagner's discovery. To Wendy 3a is

o
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31 and 3n is 313 or 314l It is' interestirig to note t for Wendy ‘ H\“ -

!
the letter in 3a-and 3n, 1s not interpreted just as place values,

but rather as place holders for numbers in some place value system. The . \:‘5
value of the letter is always determined by it's position in the alpha-

bet,

q

Of the six students only Yvette thought that the expressions 3a

and 3n had the same meaning; to Wendy, they were similar in the sense
. ' Y I N

that the letters represented their position in the alphabet, but for the

. . . ) o
other four students the two expressions could not be accepted as equiv-
alent. ‘ A ‘ v ‘ ’ }
Q. 4, If I ask you to replace here the letter a by the number ' &
2, can you tell me what you get7? " ) .
This question was aimed at determining whether or not those stu-
dents using a first-letter abbreviation (a for apples) or a letter- _ . C

as-object (3 a's) interpretations would in fact use| multiplication upon

being asked to substitute. 8

Frankie at first responded "I would put 3 times or plus by 2" and

wrote '3 x 2', But substitution bgought other interpretations: "or
there is another thing (he wrote 3%), the base 3" and "or also, some-
times there is a number on the bottom, it would show you (he wrote’ 32)"
. Identical interpretations were obtained by substituting 2 im 3n.

Wendy responded "0.K. thirty-three, because the a is one and adding

on the two would be three, or if you just drop the a and put 2 it would

be 32". When asked to substitute 2 in 3n she wrote "32 or 17" the

latter answer being-justified by "I just counted a4 is 14...14 plus 3...",

However, she later reverted to the initial procedure she used for sub- .

stituting in 3a, "because n 1is 14 plus the 2, is 16, that would be

"

- 316", ' . : ¢
Antoinetta  departed from her initial interpretations of concatepation
and upon subgtituting 2 in.either 3a or 3n responded with "32",
thereby indicating a place value interpretation. '
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before and wrote "3a = 32", = ‘ N

Filiggo also diverted froﬁ his in:l,tial dnterpretations of concatenation

- and responded with 32, a pldce value meaning.:

Ga:ll upon being asked to substitute responded with "thirt:y-two or three
‘times two or. threé plus two...or three minus two" and wrote '3 - 2,

3 x 2, 3+2, 32'

3

';'he‘sixbsti,t:ution questionvpr&;vedato be inosr. interesting in terms
‘of n:fexpeéted ‘res“ponses(. A1l stﬁdente, except Ffrankie, used a place

value inltetpreﬁation. Although wendy. Yvette and Gail had given some

n
N

prior evidence of this, Antoinetta and Filippo had not. The two

4

' ,acudents (Antoinetta and Gail) who had indicated that they could use

a first letter abbteviation did not continue chis when they substicuted

§

although Gail as well as Frarkie did menci&n "3 times 2" along with
(‘ o L, ®
other possible operatione. '

&

Yvette eontinued with the blace value interpretation she had indicated .-
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Summary .
What 1is striking 1n these results is that the two most prevalent

1

interpretations chosen by five out of the six students (subdivision

lab‘el\\éand place value) did not appear at’ all in Kuchemann's study. .The -

:?ttength of these iqterbtetatiéns is evidenced by their consistent \use:
.the subdivision label was used twice by four of the students, whereas
the plaee'value interpretation was used thrée times by two students and
. twice by another. |
~Wh:ile none of our subjectg used letters as objects in this centext,
" three at:uher.its did indicate a: uge of literal symbel as a first letter
abbreviation. Two’ of these three students did in fact indieate that
\3a meant mlti;)licationiy\hen a was replaced by 2. However, this -
substitution task brought }he place value intérptetation among two oUt:her
students who previougrl'y had not made any reference to it.
Interestingly enough t:he change of letter from 3a to 3n 6nly
induced one student (Frankie) to think of.ml;iplication while another
one (Antoinetta) did mention "number" withoutp any reference to ‘multi-
plication and, a third ;ne (Gail) looked for a word starting with the
) letter n and found "numerator". Thus the ehange of ?ﬁtter did not
/ provide the expected evidence of chenge to a numerical refp:rent: in the .
students. . ‘ M
Almost all the students (5 out of 6) did not perceive 3a‘ as being
the same as 3n . Antoinetta and Gail explained it in terms of classi-
fication nof usually extended to n parFs; Frankie shifped from sub-
division label to multiplication; TFilippo shiftedl frc;m subdivision

label to an arithmetic operation; Wendy perceived them as different

N AT b o e 1 A s o
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3

B

eince to her the letter represented a number determined by its position
N . + é . N N
in the alphabet.

3. Letter in the Context of Addition

In these'qﬁestions all possible problems due to concatenation were

évb;ded. uoerer’; the symbol for addition now replaced the letter in
an arithmetic context. The addition could only make :sense if the letter
is interpreted as‘k a number, ’This could depend on the letter used, which
exgpléim the transition’ fron b to n. The difference between the

3

1éqser and the placeholder was also explored.l

Q. 5. When I show you something like this , can you tell
me what it means to you? @

' The followlng three possible answers were expected:

a) 4plusb® b) Idon't know ¢) 4 plus some number

c

In the cage of answers (a) and (b), where the word "number"' wds not uged

- explicitly, the queséioning proceeded with:
'Q. 5.a,b. What do you think the letter could mean? r
The expected responses were:
a') I don't know . b') some number
In the case of answer (a'), the student was further prodded with:
)Q. 5a' Do you think it is possible to add a letter with a number?-
As soon as the student referred to the letter as representing a number
.he was askecll:v
Q. 5b",c. .Can you give me an example?

Can you give me another example?

+

Frankie explained "it means 4 plus a number, equals something « the
answer" and-gave as an example '"Like 4 plus 2 equals 6",

v

— ek gt
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ndy answered "yes, 4 plus b would be 4 plus 2, because b is the
second letter in the alphabet.” She thought that b had to be 2 but
that "b can be the abbreviation fof bananas" provided that it was’
preceeded by a numeral like "4 bananas™.

. Antoinetta replied "...it means 4 plus like a number, like a number is
missing" and gave us examples 4 + 44 and 4+ 11,

Yvette thought "The b represents a mumber, you have to find the
number b'" but claimed that "it can be 4 plus any number" and wrote

'¢ + 6' and 4+ 5,

Piliggg replied, "It would mean 4 plus something equals a certain
‘number”, and wrote '4 + b = 12', and explained that "it could mean a
blank space of missing number". He thought that the value of b could
be different as in his other example '4 + b = 32'.

Gail's initial responsk was "just b, but you can put any number here
but you have to look for an answer" and she wrote '4 + b= 7'. She

later stated "You can put any number if it is not an equation" and
wrote '4 + 2, 4+ 1, 4+ 7",

Without any exception, all six students responded to the context
of additiotlx and thus perceivéd b as a number. None of them expressed
any cognitive conflict <‘iue to the presence of a letter and a number, as
might have been expected on the basis of .the pilat study.

Noteworthy is the fact that three students (Frankie, Filippo and
initially Gail) transformed the expression into an equﬁ'tion. Whether
this was due to their inability to accept the lack of closure (Collis'
ALC) or to their prior exposure to equation cannot be determined.

In terms of the students' perception of the literal symbol, we find
here a wide array of interpretations. To Wendy, since letters are just
representing ﬁheir rank in 'the alphabet, b is not even an "unknown
number”, it is more ; constant value. To Frankie ahd Filippo, the

. —— . N
expression '4 + b' needs to be "closed" into an equation, and within

such a context, the letter becomes a “gpecific unknown" (c.f. Kuchemann,
- 1

Collis) since it has but one numeral golution in any given equation.
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The three other students (Antoinetta, Yvette, and, Gail) indicate that

ul

they have a broader perspective, that of generalized number in the sense

that the letter can represent either more than one number or "any' num-

ber. Most interestingly, it is also these last threﬁe studerits which

gave evidence that they cc;uld accept the lack ot: closure for '4 + b'.
Questioﬁ 6 was the same as é)uestion 5 except that the letter was .

changed from b to n in order to.determine if more students would

view the letter as a qumber.

~

Q. 6 When I showyou.this |4 + n| , can you tell me what it means
to you? ’

(a, b, ¢ as in 5)

6(a) or (b) What do you think the letter could mean?

r )

6c Do you think there is any difference between 4+ b and

E¥aq) ? i u

~ 13

Frankie stated, "They mean the same thing, because they both stand for
a number". i

1

- . -
Wendy's interpretation shifted from her previous "alphabetical" one.

She now thought "that would be 4 plus n, you would have to have another
number after the n, like an -equal sign" and wrote '4 + n= 6'. She
did not think there was any difference between '4 + b' and '4 + n'

.8ince in both cases one had "to replace the number',

Antoinetta thought that '4 + n' was "the same as the other one" and

that there was no difference between the two expressions,

Yvette responded that '4 + n' was "4 plus n, that could be any ‘numbe:".

She felt there was no difference between 'Y+ b' and '4 + n' because
"they both stand in for a number”.

Filippo answered "It means 4 plus something equals something" exactly
the same response as for '4 + b' ,

Gail again first thought of an equation, as evidenced by her reaction to
'4 + n' : "The same thing, like you have to find another number to fit
the equation" as in "4 plus what equals, you can put any number there".
When asked why in the present example she saw no difference while she
did for 3a and 3n, she responded "because there is no sign".

-~
Mo
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Since in '4 ¥ b' all students perceived the letter as a number,

b .

’ “ ! a ]
it is not surprising that for all but one pupil\ (&Apdy.) no change of

For Wendy, this

-

interpretation resﬁfted from ‘the change in letter.
. ! EY
change initiated a new interpretation, that of an unknown number in an

equatioﬁ rather than the alphabetic rank'of the letter; Gail's last

v

‘ commentJhints at a plaubible explanatton for the difference perceived

between 3a and 3n and the lack of it between '4 + b' and '4 + n'
since in the former "there is no sign" indicating a possible operation.

The final set of questions in this section intended to determine
wvhether the students' interpretations of letters were similar to that .
of placeholders, the box, or if not, what were the differences.

Q. 7 When I show you something like this

Can you tell me what does it mean top you?
(expected response was 'a box to fill in with a number')
Q. 7a Can you give me an example?
(expected response - puts in a number)

'Q. 7b Do you think that these two mean the same thing,

. and [23? - h \

a) no b) yes o
Q. 7c (If no)  What do you think is the différence?
(If yes) Do you think the letter ¢ and the box can be
used the same way? Example?

Frankie responded that 5 + 0 meanf "also 1 think it means the same

thing, like 5 plus something equals". e gave as examples '5 + c = '
and 'D+ c¢', the latter he transformed into an equation 'S5+ 2= 7',
Like um, mostly when you have an equation, you can put a ¢ or a box".

T
Wendy sought a numerical value for the box "this d be one (referring

to the length of each side of the box), each side wo be one, so that
would be 4", She maintained that the numerical value of the box was

e P -
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determined by its perimeter. '5+0' and '5+ ¢' were the same.

"For here you just add up the sides like I did, 4* here 5 plus ¢,

vhen I said before it was the third letter in the alphabet:, according to
this I think you could put 4 also, because there are both 5, so maybe
you put 4". In this context the box and the c could be "just 3 or 4".

Antoinetta answered that "usually when you have a box it means to put
another number there", and gave as example '5 + 5'. She responded that
'5+0' and '5+ c' were not the same since "that's a letter and that's
a box". When prodded further as to their differences she stated, "well
that one means there is a missing number (referring to the 'S5 + (')

and that ome you have to say what number ¢ represents.

Yvette stated that 5 + 0 meant "to put the number you get inside the
box.”" and gave as examples: 5+0 , 5+ 4 " or it can be 3, any
number." She showed a fine distinction betweem '5+0' and 'S + ¢'
"this means you have to put the number in the box, but this means to put
the number therg.,"” As ¢éxamples she wrote '5+c= 5+ 4'; and she
wrote '5+0 and 5+ 4 ', side by side.

A N
Filippo responded that 'S + (' meant "Find the number that goes in

the square" and as in the previous questions he transformed the expres-—
sion into an equation and wrote 5+ 0= 28 . "And it would equal 23".
He stated that '5+ 0 and 5 + c¢' "both mean you have to find out the
number that is in the space there."” He gave the following equations as
examples:

5+@=10 5+£=18
c =13

°

Gail maintained the same two interpretations she had for the literal
symbol, and initially stated "you can put any number here, just like the
same thing, instead of a letter you put a square, you just have to find
the number that fits in the equation." But she later added that if there
were no equation "then you can put any number."

Except for Wendy, the change in symbol from a letter to a box did ’
not result in any significant change in interpretation of the symbol used
in this additive context. Even in the case of Wendy, it was merely a

question of how she would determine the specific or 'constant' value of

the different symbol - the box. While the value of a letter could be
determined by its position in the alphabet, the value of a square required
the measurement of its perimeter.

The three students who had perceived the prior problems within the
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contut of equntion (Frankie, Filippo and :lnitinlly Gail) consequently
saw no difference between the ‘box and t:he 1ettgr. ‘To Wendy also the '

box. and the letter were the same s:ane they both represented specific

- values. Ant:oinetta and Yvette, however, who had used a generalized
i numbet" 1nterptetation of the letter in '4, d' b', perceived subtle
v.vdifferences between the two synbols.- To Antoinetta the box 1nit:iated a

more general response t:hnt of "m:lssing number”, a void tp fill, but for

"you have to say what number ¢ represents". From this

' last comment ve cannot infer whet;her Antoinetta was thinking of a

- specific unknown or of a genetalized nunber. Yvette saw the difference

only in terms of fbm, that 1is, in the case of the box the answer had

v

'
Yo

to be written ins:l‘.de a box. * 2
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| Summary

; In contrast with algebraic expressions' involving concatenation,
those exprea&ions in which the algebraic operation is expli.cit elicit
from the students a numerical referent. For the expression '4 + b',
all six students thought of b as a number. The openness of the expres-
Ision did not seem to cause any cognitive conflict in the sense of being
rejected by the pupils. We did not get any response such as, "you can't
add & letter to a number';. The numerical referent for the letter was
used immediately. However, three of the six students (Frankie, Filippo‘
and initially Gail) felt the need to close the expression by transform-—
ing it into an equation. Gail, along with two other students (Antoinetta
and Yvette) expressed their interpretation of letter as '"generalized
number" by either referring to the letter i;_ as "any number" or by
substituting more than one value for b in the expression without
closing it.

All six subjects signified that '4 + n' was to them the same as
'4 + b'. This is not surprising since the initial referent for the
letter was numerical. We did not go further than this response to gather
more data which might have enabled us to ascer!:ain in all cases if the
initial interpretations for b as a specific unknown or generalized
number were carried over for n. ‘

This last comment must be qualified in the cases of Wendy and Gail.
For indeed, both expressions ('4 + b' and '4 + n') were viewed as
"the same" only in the sense that the letters represente\q. numbers. How-
ever Wendy shifted her alphabetical rank interpretatio'n‘ for b to that

of specific unknown for n . ‘Gail expressed both a specific unknown and

[ "
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a é;neralized number interpretakion for b but» ﬁly the former for n.
- Regarding the question of whether or not étgszﬁts péiceive a letter
as equivalent to a placeholder in an expression, the data seems to in-
dicate that in generay(they dp to some extent but also that thege is
some ambivalence. Fivéygﬁi f six students give such evidence although
Hendy's and Yvette's responses can be viewed as ;ontradictory. Although
Wendy claims that '5+0' and '5+ ¢' are the same, she determines

the value of the box in terms of the box's perimeter, while the letter

“ .

¢ 1s associated with the number 3, it's alphabetical rank. On the
other hand, Yvette claims that ;he two expressions are different but the
difference appears to be one of form, not of meaniné, since she uses both
e£pressibns in a similar manner.

As pointed out earlier, in the casé of '4 + b' ,: three students
(Frankie, Filippo and initially Gail) needed to transform the expression
into an e;uétion. Wendy followed a similar pattern with '4 + a'. This
need to change an expreséion into an equation can be interpreted as
evidence of the students inability to‘accept the lack of closure involved
in an algebraic expression. Collis' criterion of the number of substi-
tutions m;de by a pupil dogs not apply here since such a transformation
reduces the letter to a specific uﬁknown. As mentioned previously,
although this transformation seems to be another criterion for ALC ,
neveréheless, one cannot determine if it is’due to their prior e#poguge
to equations:

Two of the dtuden;g\iéntginetta and Yvette) did not transform the
expressions into equations and thus gould assig; different values td fhe

|“

literal symbol, hence indicating a 'geﬁeralized number' interpretation.

A
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npmbgr by simply considering the eXptession either as an equation, or
if there is no equation, putting in "any}ﬁymber". From these obser- .

! . ’ b " '
vations, it appears that our criteria for/ALC, the need-to transform an

. algebraic expression into an eguation, is'a dgﬁermining factor in the

o -
!As;udent’s perception of ‘the literal symbol. If he needs to perform
© ’

. this transformation, he is inevitably bound by the letter's role of a

P
specific unknown. If this transformation is not performed then the
context remains opén for a génera%}zed number interpretation.

This discussion brings into question the validity of the approach

4

¢ followed in our teaching outline where the algebraic expressions use

@
letters as specific unknowns. For indeed, one could argue ‘that

Antoinetta, Yvette, and Gaiﬁyhad the saie backg;ound as the other stu-

-dents and yet manag!ﬁ to forego the closure of the expreséion thus- .
. 'f%" »
e S
achieving a perception of letter as generalized qtmmer. But we have
¢ v -

absolutely no idea of how this was achieved and the probiem of bringing

the other students to-this level remains complete. However, the fact

== LS

that in our teaching outline the "answers'' to the prohlems remain in

° il

the form of algebraic expressions seems to be a possible stepping

stone since these expressionsf%eed not be transformed into eqpations.

‘o

4, Geometric Context .
(

B

This part of the pretest changed the conngt of the literal symbol
. - “’ i
. and placed it within a geometric one. The ques:{oning proceeded as

- M + '.” 0

[

follows: -

Gail;,on the other hand, eould move from épecific unknown to genefﬁlized‘

~a
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Q. 85.. Can you tell me the area of this rectangle?

I AE
H

‘ -
u»\\n

Q. 8b. Can you tell me the area of this rectangle?

”
!
¢
. 10
Q. 9. Cain you tell me the area of this rectangle?
5
a / ’ -~

Q. 9a. What do you think the letter a stands for?

The following three possible answers were expected:
side, the base, the length.

Q. 9b. Do you think the letter a means the same thing in these
two rectangles? = . .

Y

’

The questions aimed at determining whether the students used a
geometric label (side) or a léngth (.mmerical) intérpretation for the
literal symbol, and also whether thé students ‘could us‘e‘ the lettet’in
formulating the area of the rectangle. The last question was 1m1ud9d

to verify if the students would inierpret the arrows as a convention to

)
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deno\\t.e length., The responses were as foll‘ows:”

Frankie viewed the a as the length of the base. He stated "you would
have to measure this side, to find the number you would times it by".

He hinted at'a possible distinction between the use of arrows and their
omission "this shows you a the length (with arrows) ‘and this just
shows you you have to get the number (without arrows), they don't show
you the arrows." However, he ultimately saw no difference.

ndy maintained her 'alphabetical' interpretation for letters and res-
ponded that the area of the rectangle was 'five'. "In area you times,
and it is five times & and a is one because it is the first letter
in the alphabet, so five times one is five." The presentation of the
two rectangles, with and without arrows, resulted in a first letter
interpretation for a - to add, - an interpretation she did nmot pursue.
However, the arrows brought on the notion of measurement "You would have
to measure, I guess'". Ultimately Wendy concluded that a could be "one
or the measure of the length”. '

Antoinetta viewed a as the 1ength of the base and estimated it to be
"G or something like that". She responded to the two different notations
for the length of the side "yes, well I chink they could mean the whole

...yes, it means the same"

Yvette focused on the definition of area as the number of squares it
‘takes to cover a given surface and responded that "there are 5 rows
across, but thete isn't any number, you don't know how many are there,
so you have to find that nunber there". The a respresented "the
amount of lines going up." The arrows induced Yvette to think in terms
of horizontal as opposed to vertical lines.

Filippo estimated tbe length of the base to be 9. And as he had done

_ previously formed an equation and for the area wrote '5 x a = 45';

'S5 x 9= 45'. The letter a in both contexts, with %nd without the
arrows, to him meant the 1ength of the base.

Gail estimated the a, with and without the arrows, to be 6, and res-
ponded for the area of the rectangle "it could be about maybe 30".

Within this geometric context, all students used a numerical refer-
ent éor the ;1teral symbol. Five of the students thoqght of the a as
the length of t.he base, only Yvette used a diffetent numerical meaning,
“The amount of lines going up".

Since four of the six students initially petceived the a in the

rectangle as representing the 1en.gth of the base, the additional inclu-

1
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sion of the convention of ;rrows%to denote length did'not reéult in any
change of interpretation. For Wendy,-howeVe;, the arrows definitely
sparked the idea of measurement, that of length, and the letter then
took on two values, either, one, the letter 8 rank iu the alphabet, or
the measurement of the length of the base. Yvette viewed the a in
terms of the number of "lines going up". C : ‘

. It is interesting to note that none of fhe's;ugqﬁféfﬁrqgeflls x a'

as the area of the rectangle - an opeﬁ algebféic'gxpréaaionf Three of

the students substituted estimated values for a (Antoinetta, Filippo

aand Gail). Frankig/and Wendy auggested’the need for mgasu;ement. How~-
ever, Wendy claimed that a ;ouid also have a value‘of one, based on

its rank in the alphabet. Yvette did not seem to'bé able to express the
area of the rectangle, since tﬁe letter indicated she was missing a num-
ber. Filippo, was the only subject‘yho did write at one point '5 x a',

~
however, as he had done previously, he closed the expression by trans-

*fofmins it into an equation, '5 x a = 45',

The situation here is in’contrast to the previous additive problem
where two of the six students (Antoinetta and Yvette) were able to

accept the lack of closure of expressions such as '4 + b' ‘and '4 + n'

" since they did not have to transfdrm these expressions into equations,.

In the geometric context, none of the students were abie to actept the
lack of closure as evidenced by either their need to substicute‘values
for a or their reference to the need for measurement. But this dif-
ference could be e#plained‘by the fact that the pupils vieved a as

the length of the base (even Yvette "amouﬁt of the lines going up" is-

asgsociated wiqp length), thus implying a specific but unknown number.

VO
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Hence the students were more prone to substitute an estimated va»lue or

simply . leave the area question open until the measure was determined.

Another factor which cannot be ignored in comparing the two situations
is that in the area problem the student waal ‘exgecting to gedérate the
algebraic expression whereas in the additive sittiati;)n the algebraic
expression was presented to him, notwithsﬁanding the fact that the oper-
ations were different. J

These results 'algain bring into question the validita:y of our approach
used in preparing the teaching outline. After all, if a geometric con-
text induces a greate‘r need for cl;)sute, why base a whole teaching out-
line on 1it? |

If we had attempted, as we did im the pilot study? to move directly
from a standard geometric approach in order to induce the algebraic
expregsions, this objection would have ﬂeen quite valid. In fact, the
pilot study showed that it created cognitive problems such as "How can
you multiply a letter with a number?" The intermediate step which was
added to the revised outline involves problem‘s in which one of the di-
mensions 1is not only unknown but actually hidden. This hiding by force,
prevents the student to estimate or measure the unknown quantity which
in his mipd nevertheless exists, e:ren if he cannot see 'it. Thus the
need for a convention to express the total number of dots, the length of
a line, or the area of a re_ctangle is being established. And since
initially this hidden qua'ntfly is represented b); the usual open box @,
the ensuing iqtroduction of the letter is within the context of a

placeholder for a hidden quantity. Thus the letter takes on a meaning

different from the one in the geometric situation involved in the pre-

!
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te
test where the data shows students view the literal aymbol as a specifie

unknown but visible measure.

5. Kuchemann Test

Question four of Kuchen;nn's test was included in the pretest in
order o give us some comparison with his results. Since the stud‘ent:a
in our stﬁdy were 11 and 12 years old and had little if ;my exposure to
formal A\}gebra, it was decided to compare their responses with Kuchemann's
'Level 2' students. iPersonal communication to N. Herscovics, 1975)
In his study the 'Level 2' students were 13 year-olds who had had two
yedrs experience in algebra.

The following questions were presented to the students, each ques-

tion was written on a card. .

Q. 12a. Add 4 onto 8 All students gave the correct response - 12,

Q. 12b. Add 4onto a+ 5

Eglanation
Frankie @ 4+5=9 . No éxplan\a\tion was given.
Wendy 4+5=9 "I took the n and changed
‘ the n to 4 and 4 plus 5
equals 9"
Antoinetta 13; 4+ 4+ 5 ‘ . "There is a 4 there so maybe
I thought..." -
Yvette 4+ n6+ 5; "The n can be anything,..,
' bd+n+5=15 : let's say it is.a 6—15. That
. can' be any number. It just
( tells you, you have to find
the number.” :
Filippo 4+n+5=15 To Filippo, "the value of - n
4+8+ 5=15 depends on what you are going
to put here (referring to the
. 15) .o '"
£




Referring to the n "It can
bé zero or you can put that
number (4)"

In K'pchemnn's study 617 of the Level '2 students provided the
c-:orr'ect response tol'this question, whereas 20% gave '9' as an ansver,
and 3% a;xswered by éiving "a gpecific obvious numerical answ?r". In
our study, only one student, Yvette, was ’a}:le to write the answer in the

form of an unevaluated algebraic expression '4 + n + 5', Although she

e

Jogp

ultimately assigned a numerical value for the n, (6), she maintained\ Vil
bher previous interpretation of the literal symbol that "the n can be . |
any‘thin;". Three of the subjects q(Frankie, Wendy and Gail) ignored the f«
letter and gave '9'" ag an answer co&apcMing to the 20% of.Kuchemann's
students with the same response. A "“specific obvious numerical answer"
-was given by Antoinetta that is, 13, Filippo, as he 'had done previous=-
1y, closedithe expression '4 + n + 5' by transforming it into an equa-

tion, '4+n+ 5= 15', and subsequently solved for n.

Q. 12‘ Add 4 onto 3n

Explanation
Frankie For 3n wrote: ) Frankie interpreted small
4 + 3, letters as subscripts, which
: . may reflect his prior intro-
f°f_ 3§N wrote: duction to bases other than 10.
Thus the question was changed
to '4 + 3N',

"I took the n as the answer
and I made it equal n...since
. , Grade 1 we used letters to
-7 ‘ show what plus what equals...
o : we would usually use n..."

Wendy gp 4% 3%
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Antoinetta

Yvette

Filippo

Kuchemann's results indicate the following:

40

4 + 38 = 40
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"thing.
35, 36, or 37...
That tells you

She questioned whether ;‘.‘.'
"always have to be the
same number" because when

she worked with n it wasp't
a number, it was always thé™—-

answer". .

"That could mean thirty some-
(referring to the 3n)

any number.

It could be

there 18" a number there.,"

He claimed you could have put
any number (referring to the
39) "as long as you pat the
right number there".

"You can put any number there".

In or 12n was the

most common response (41%) while 21% gave the correct answer and 17%

ignored tlie letter and wrote.7 or 12. Wendy's response, '4 + 3= n', .

appears to be similar to the Jlatter, however, the equation she formed

included the letter n, because as she stated "...gince Grade 1 we used

letters to' show what plus what equals...we would usually use n ...".

The five remaining students provided an interpretation for the ‘n which

Kuchemann did not observe, they used the place value interpretation for

- N

the n in 3n, as evidenced by the fact that all their numerical values

remained in the 30 to 39 range.

Within this place value interpretation, one must note some differ-
ences between Gail and Yvette on one hand and Filippo on the other hand.

While remaining in the place value context, Gail and Yvette still main-

14

.

tained that n could be “any number", but théy both firat substituted

and :hen evaluated the expression. In conttast,‘Filippo first trans-

\>
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' pretest, an expression such as 3a is viewed by most students as a
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formed the expression into an equation (4 + 3n = 39) and then proceeded

to solve for n in 3n. 0
That the 'students used a place value interpretation in this task -

is not too surprising. If, as shown by the answers to Part 2 of the

o

&

clas;ificﬁtion label, within the numerical context provided by the re-
{

quest to substitute, all the students fell back on the only arithme%""’ -

perspect:ive they knew, that of place value. Hence, the instruction
"add 4 onto 3n" refers them to an arithmetic operation and immediately
brings them back into a numerical framework initiating the place value
interﬁretation. . - - |
Q. 13a. Multiply 8 by 4 All students responded correctly - 32.

Q. 13b. Multiply n+ 5" by 4

"Explanation
Frankie - b+5=9 __— "You take the 5 (pointing to

the 4) and you put it here."

Wendy No response , "How can you multiply 'n + 5'
.+ .when there is a plus?,..You
can't add and multiply 5, you
can add and multiply 5 but you
would need another number”.

Antoinetta 3+ 5x% "I picked 3 because the other
one was 5 so..." ‘

Yvette 4xnt5 "...it means you times n. I

4xn+5=n guess you take 4 times, this
4 x5+5=nq could equal 4 times n+ 5,
4 x 10 = 40 this could equal 5,0r 6 or 7

(referring to the first n),
S - could be any aumber,.."
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Filippo (n+ 5) x4= 28
(2+ 5) x4= 28
Gail 20 "n can be anything"
3+5=8x4= 32
7+ 5=12 x 4 = 48
# 4+ 5=9x 4= 36

Kuchemann's study revealed a wide variety of responses to this
question, with only 8% giving a correct one. The most common answer was
n+ 20, n+ 9 (397), while 16% chose to ignore the letter and gave
the answer 9 or 20. Apother 12X gave answers such as '4n + 5,
n+5 x4, 4n5, n54, n+ 54', and 71 provided specific numerical
answeirs.

None of the students provided the response that was most common in

Kuchemamn's study. Only one student, Frankie, chose to ignore the letter

(in the sense of Kuchemaun) and gave '9' as an answer. This is in con-

-
. L3

trast not only with Kuchemann's results, but also to the first question
in this section "Add 4 onto n + 5' where 3 students (Frankie, Wendy

and &ail) had ignored the letter. The change in operation from addition
to multiplic;ation could in some way account for this difference..

For Wendy the presentation of two unclosed operations appears to
have created a cognitive conflict which interferred with her ability to
provide a response, as she explained: "How can you multiply ‘n+ 5'...
when there is a plus?... You can't add and multiply 5, but you 'would
need another pumber". It is quite obvious that Wendy does not view ' n
as 8 number and hence she cannot petforﬁ two operations on two numbers.
Thus Wendy also ignored the letter here, ;ust as she did pteviousl(y in
the question "add 4 onto n + 5" where she responded '4 + 5= 9',

Yvette once again managed to initially write an open expression

~

o
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. (even if incorrect) viewing n as "any number;'. Hoqwever, as ‘shown in
the. sec;ond line of her work (4 *xn+ 5= n) she used n simultaneously
to represent both "any number" and also the answer, Yvette's use of
n as an "answer" reflects many such comments obtained in the first
question of this "ptetest; Quite interestingly, Yvette gsubstituted 5
for n in the eiprigsion yielding 40 as the answer for the other n.

Filippo was consistent in this problem. He once again transformed
the algebraic exp.xéssion into an equation, drawing in the necessary -
brackets, and solved for n .

Similarly to the 7% of Kuchemann's students, three students in
this study provided specific numerical responses, Antoinetta, Yvette
and Gail. Antoinetta, however, did not arrive at a final numerical
answe-r, but\ left an open arithmetic expression. Gail, however, s-uggest-
ed that "n also could be anything", and subsequently illustrated this
by writing three more diffet:ent numerical substitutions. Her written
work is quite interesting for it reflects the operational nature of her
thinking. Although 3 + 5% 3 x 4 she simply wrote the answer '3 + 5'
and proceeded with the multiplication. This kind of evidence is similar

to Kieran's findings (Kieran, 1979).
§

Q. 13c. Multiply 3m by 4 -
. Explanation
*;Frankie 32+ 4 a
Wendy 3x4=12 u "The n became a l;../:and then

I multiplied.*

Antoinetta 32 x 4 =128 .




Yvette 3nx 4= 32
—_—— x &
126
Filippo 3nx 4= 128
O x 4= 128
Gail 30 x 4= 120
© 31 x &= 124

\

"The n means a number you
are suppose to put there'.

"If you put the - n, ‘then you
can't put the answer there, .
so you just put a box, you are
using that for an empty space,
and then you just put the
number in".

"n can be any number".

— \
, /\ w’s results for this question are: 397 correct responses.

T~

177 ignored the letter, 117 gave as answers In or 12n. Our results

contrast with those of Kuchemann's since all our students, except Wendy,

a

used a place value interpretation as shown by the fact that they wrote

numbers between 30 and 39. Wendy continued to ignore the latter and

'3 x 4=12',

The following table summarizes the responses given by our six

students and will facilitate a comparison of the varioua tasks.
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53

This téblé'indicates a striking consistency in the students' fes-
ponses. Four of the six studenté responded to requests f&r operations
on the algebraic expressions by substituting anerical values for the
literal symbol and then evaluated the resulting arithmetic expressiong:
The other two students were also very Q?nsistenc. Wendy'iénored the
letter in all four problems, Filippo®transformed all the‘expressio;s'
into equations and solvéd for n. . . | <

This consistency is even more obvious if we compare questisns 12¢
(add 4 onto 3n) with 13¢ (multiply 3m by 4). In both problems the
students’' responses were absolutely identical. Except for Wendy who
ignored'ﬁhe,lgtter, all other students used a place value interpretation.

[ 3 s
It is interesting to note that Kuchemann's results did not indicate such

a strong similarity in the responses given to these two questions. &&

However, the gqxplanation for this disparity is quite gimple. To our

students, there was b#t one operation involved since they did not view

3n as .3 X n wh;reas the British students did. & i
Although there is consistency between 12? ﬁadd 4 onto n + 5) and

13b (multiply n + 5 by 4), it is not as strong as In the other two

;robiems. As shown by the table, four students (Frankie, Antoinetté,

Yvette, and Filippo) gave identical responses to both questions. Only

Wéndy and Gail showed some change. Wh}ke for 12t Wendy ignored the

letter (she gave 9 as an answer) for 13b we can only infer this from her

statement - "...you would need another number". Gail on the other hand

5~
3

ignored the letter in 12b (éhe gave 9 as an answer) but for 13b.used the

letter ,g as indicated by the multiple values she assigned to it.

P
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Summary J ' -

-

*

The .difference in our results and those of Kuchemann's are to be
expected since the students in our experiment ha'd little, if any, formal

instruction in algebra, whereas Kuchemann's students had two Wears of

such instruction. Thus the responses we observed are more an ipdication

~

. of the spontaneous interprétations assigned by the beginning élgebra

b

‘student to algebraic notation and opdfations, rather than a measurement

of the students' retention of learnt material as was the case for
r ‘ ’ .
Kuchemann's test. For instance, unlike the British students, our novices

*

. L]
- gave a place value interpretation for concatenation.

What is quite striking in this part of the pretest is the consis-
8 ~
tency of our.students' responses to the four questions. It indicates

that our suﬁjects are not responding erratically nor arbitrarily. They

assign a logical meaﬁing to the problem at hand and sblve it in accor-;:
) : R
ldance with this meaning. ' N

. A

\

It would be tempting to compare‘here the changes in our students'
acceptance of lack of closure QEALC) and in their notion of generalized
numb;ér observed in Section C.3 (What dt;es 4+ b' mean to you?). For
instance in that section Fhree students, showed their inabiiity to accept:

the lack of closure by transféming th‘:é algebraic expression into an

o

equation whereas in the Kuchemann questions only one s;:udent: (Filippo)
maintained this pattern. Howeyer, a comparison is not recommended in

L ‘ :
view of the different instructions given to the students._In the A

' * © i
-questions of part ¢.3 the s;udents were asked for '"meaning" whereas in

© C.5 they were asked to perform operations on algebraic expressions. ris

future comparisons are desired, they should be of the form '"What is the

~
e
@

\
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meaning of '4+ (n+5)'? ;'(n+ 5) x 4'? These expressions involve

two operations and the brackets clearly indicate the sequence to follow.

A\

\

6. Simplification and Combining Like Terms

This part of the pretest focuses on two aspects of simplification:
1) given two like tegs, to simplify (to combine) them into one term,

and 2) the combininé like terms in the presence of unlike ones. The

. -

following questions focus on the first aspect. (It should be noted

9 ' - "
that in the pretest ‘these questions preceded those of Section C.4)

~

i) Combiniﬁ'rwd Like Terms o o /

Q. 10 Look at this card: . [Simplify 2a + Da]
Can you tell me what you think it means?
(expected responses were - Put them together or 7a)

Q. 10a Can you do 1it? - . N

Q. 10b Can you &xplain how you got that answer?
(expected explanation a's or apples) ' {

Q. 10c (if a's) “What do you mean by 2a's and 5 a's?

Q. 11 Can you do this.one? Simplify 4n + 3n

Q. 1la What do you think the letter n stands for'!
“ (expected response 'number') -

Q. 11b Can you glve an example? Another?

These questions were included in the pretest because a simplifica-

tion prbbLem does not require the perception of letter as a number. We

‘ expectbfb possibly observe differept inteipretationg for the literal

symbol suéh ;s its use as a 'first-letter!abbreviation’'. Also, since
concatenation is involved in these éxpressions,- these questions cquld
also be used to verify the responses the students gave §o Question 2,
where they‘were asked t'he meaning of Ja:

0
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3 4

Once !gain we c'haixgéd the letter from a to n in order to deter-
mine if the lé:i:ter n would spark the idea of _number, and that conse-
‘1-;1uently the stticients would change their responses fron ka '"firgt-letter
abbreviation" for a to a numerical one for n.
The f6116winé wére the responses given by the six students:

Frankie initially responded to the simplification of '2a + 5a' by
writing '2,.+ 5, , again using his 'base' interpretation as previously
observed, and maintained that '4n + 3n' meant the same thing. How-
ever wvhen the n was changed to a capital letter, '4N + 3N', he wrote
'44 + 33 = 77'. Even within a fixed context he did not feel that the
same letters had to have the same value.

Wendy returned to her 'alpbabeti.cal' interpretation of literal symbols
and wrote '2a + 5a = 72' with the explanations "I used the a as one
- in both cases, 21 plus 51 equals 72", Similarly for ‘'4n + 3n', she
wrote: 'n = 14, 414 +:314 =728'. "I put n equal to 14, because it
was the fourteenth letter in the alphabet." She felt a had to be 'one'
and n had to be 14. ’

Antoinetta responded to ‘'simplify 2a + 5a' by saying, "Maybe it is
trying to tell you to find the afiswer..." and wrote '25 + 52'. After
further questioning she coucluded referring to the two a's '"Probably
it has to be the game...that is why they have the other Tetter the same."
and then wrote '21 + 51'. For '4n + 3n' she wrote '48 + 38'. She
stated that she didn't know what "to simplify" meant, but finally con-
cluded that her answers were simplified, "I think this (48 + 38) is
simpler than this one, (4n + 3n) because they are the same numbers."

Yvette answered by saying "I think it means 2, and the a can stand

for any number.” She wrote '2a + Sa; 24 + 55' She felt that the

a's could be different numbers within the same problem, and went further
and said "It can be 2a and 5n or somethipg, and it would be the

same thing, it would be two different numbers, it doesan't patter what you
put.” For '4n + 3n' sghe wrote '44 + 33' and '44 + 35°.

: Filigm _stated that it meant ' '...twenty something plus fifty something"
and wrote '2a + S5a = 78 + Sfj= 78'. He felt the a's could be

the same or different "...as ong as you put the number that would equal
- the last number there, 78." For '4n + 3n', "It's the same thing as
the last one" and wrote '4n + 3n= 71: 4]+ = 71'. He stated that

any letter can be used "It could have been an n, it could have been an
a" .

Gail initially wrote 23 + 51 = 74, but when questioned further as fo
the use of the same letter she said-"yes, it could be the same number,
this could be 3" and then concluded "mo...it has to be the same number."

i,

R SN -
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changing her answer to read '23 + 53 = 76', Then for '4n + 3n' she
felt "It is fhe same thing, but you have to get the same number." How-
ever, she ultimatley concluded "it could be the sameé number, or different
numbers.” depending "on how you were taught to do it. If they had
directions to fill in n , the same number, say n is equal to 3, that
has to be 3 and that has to be 3." An attempt by the interviewer to
initiate a first-letter abbreviation interpretation (as she had used for
3a) was rejected by her.

'

v It is interesting to note the consistency of the responses observed.

b ]
All students used the place value interpretation for concatenation. For

Wendy it was a placeholder for numbers in some\place value system, as
for example 4n which she interpreted as 414. The previously observed
'"subdivision label' interpretation and the expected and previously ob-

served 'first letter abbreviation' interpretation for concatenation

(ref. Sect.C.2) was not used by any of the students. However, the expres-'

sio\gs in this section differed from those bfASectiori C.2 in that these
explicitly indicated an operation, to add; (2a + 5a). Therefore, it is
not surprising that the students fell back on the only numerical refer-
ent .they had fc;r concatenation, that of 'place value'.

The responses given show that a majority of the students (4 out of

6) did not feel that the use of the same letter within the same algebraic

’

expression had to have the same value. Two students, Antoinetta and
W?ndﬁ, thought that the repeated use of the same letter in an expression
meant the same number. Antoinetta said "Probably it has to be the same...
that is why they have the same letter." However, for Wendy to use the
same léttet was merely a natural consequence of hernpremise that the
value of a letter is determined by its rank in the alphabet. Thus, to
Wendy, a fixed context is not the determining factor, for a and n

'

would have the same value in any context - any ex;iression.
. ,

It is not surprising that‘Yvettg maintained that the same letter in

=T s et
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a fixed context éan take on different values. This response reflects y
her perception of the literal symbol in the sense that it can represent
'any number', with no inherent restrictions as to context.

All students felt that there was no difference Petween the two
proﬁlem, '2a + 5a' and '4n + 3n'. This can be explained by the fact
that the students ‘had all used initially a numerical referent for the
‘a in '2a + 5a' , and consequently the change in letter from a to 1
did not result in any change in interpretation. They mreiy maintained
their same numerical referent - that of place value.

The regponses given by the six subjects also indicate that the
. instruction to 'simplify' is not easily understood by the beginning
student. Five students responded to this instruction by substituting
values for the letters. Frankie, Wendy and Gail followed the substi-
tution with an evaluation of the éxpression, while Antoinetta ax{d Gail
left open arithmetic expressions. The instruction to| 'gimplify' also
did not alter Filippa';; procedure of forming equations.

ii) Combining Two Like Terms in the Presence of Unliice Ones.

/ B

The next set of simplification questions involved the combining of

like terms in the presence of unlike ones. These questions were includ-
ed to determine if the student would not only combine like terms but *
also would 'collapse' unlike ones, that is, write '5a + 3b as Bab'.
(See Chapter 1, p. 9 ). We were also interested in investigating what , ‘
meanings the student would give to the presence of two different léttets

L
in the same expressions.

Q. l4a Can you simplify [3a+ 4a+5] ?

Q. 14b Can you simplify {2c + 3d+ 4c| ?

T
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Q.15 Why do you think two different letters are useéd in the
second one? A ,

1/ ‘ | .
could meanf’ .

'Q. 153‘2 What do you think c
d could mean?

The responses given by the students were as follows:
Frankie wrote '45 + 33 + 5' and explained that the value .of the
lett‘ers in '3a + 4a + 5' would be determined by extra problems, for
example “they would write 2 plus 1 equals a and that is how you would
get the a ." For the 5, he wrote '2+ 3 = n'. He continued a simi-
lar procedure for the second problem, writing '24 + 33 + 45'. He felt
the same letters in a fixed context did not have to be the same but that
they could. "It depends on what it says in the paper."

Wendy maintained her 'alphabetical’ interpretation and wrote
31+ 41 +5 for '"3a+ 4a+ 5' and '23 + 34 + 43" for .
'2c + 3d + 4c'. She thought different letters were used "to get chil~
dren mixed up if they did the problem, they would just put any numbers
instead of thinking what number ¢ or d come in the alphabet.”

Antoinetta wrote '35+ 45+ 5' for '3a + 48+ 5' and ‘23 + 34 + 43'
for "2c + 3d + 4c'. She claimed she did not have 'any idea' why differ-
ent letters were used, but in both instances used the same value for the
same letter, .

Yvette wrote '31 + 40+ 5' and explained "the a 1n this part is onme,
or could be any other number, and the same goes for this, the a is
zero." For the second problem she imitially wrote '2c + 3d + 4c =n'
and then substituted gumerical values for the letters, and wrote 5
22+ 31 + 44 = ', and stated that "...but it (the letters could be
any -number."” Her response to why different letters were used in the
second problem was "...that could be any other letter, the ¢ you could

have put an a ora d.," , ’ 2
Filippo once again transformed the expression into the equation

"3a + 4a + 5= 79' which he then solved by writing '3[+ 4[Z}+ 5= 79'.
For '2c + 3d + 4c' he wrote '2c + 3d -+ 4c = 99" which he solved by writ-
- ing 221+ 3@+ loE*‘ 99', Although he used the same value for the

a's in the fIrst problem, this was merely accidental as he showed by using
different values for the c's in the second example. Which he-explained
by "...you can put any letter you want, you canput an a, a d , a
¢ or you can put all c's . But you can't put an x, that is for
multiplication, you could get all mixed up.”

Gail wrote '33 + 43+ 5= 81" and explained '"You can put it to any
number, .the same number here will he the same number here (referring to
the 2a’s). As another example she wrote 317+ 41+ 5=77". For

2c + 3d + 4c’ she wrote '23 + 32+ 43 = 98' .- She claimed that

different letters were used '"because they wanted a different o
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number from ¢ " and that ¢ and d could be "any number' but.the

c's 'hoth have to be the same".

The introduction of unlike terms in the simplificat:ion problems did
not result in any significant change in the tesponses of five of the

six subjects. Only Frankie answered diffetently by introducing a new .

‘agpect to the simplification problem. To h.im the' problem was incomplete,

and required additional equations in order to determine the value of' the.

letters, suchgs '2+ 1= a', ‘

\

None of the students provided thebeicpect:ed response, that of "eol-
. T

)lapsingy" of the unlike terms. This is not surprising since all the

students had mai'nt:ained' the place value interpretation for concatenationm;
they mérely substituted numerical values for the letters, co‘naequently
no leCtefs remained to "cbllapse".

The students who had previously claimed that Jthe same letters had
to have the same value in a fixed context (Ant:oinetta and Wendy) main-
tained such responses for these problems, even though Antoinetta claimed
she did not know why different letters were used. Wendy continued to
use her 'alphabetical' interpretation of literal symbols'.' Gail on th:
other h'and had shown some ambivalence in the m\i'ous Ptoblems, but the
presence of the unlike terms finally led her to conclude that the same
letters in the expression had to have the same value and saw the use Sf

"

the different letters as a means to indicate "...they wanted a different

. number from c"

The other students (Frankie, Filippo and Yvette) still used diffeér-

' ent values for the same letter, vitix Filippo and Yvette reemphasizing

that 'any letter' could have been used, - that is, the c's did not have to

1

0
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. :ba,‘ﬁhg same. It 1s interesting to mote that although Filippo feels you

. can use aﬁy‘ letter he excludes the use of the letter x, one commonly

uégﬁ in algebra, with the very reasonable justi?ication ", ..but you

“can't put an_ X, that is for multiplication, you could get all mixed

up . L B ) ,f&.

)
o

Summary

The juestions presented to the subjects in this part of the pre-

‘test (the simplification and the comb:lnirig of liie'term), bring out, tﬁe
Q

1setrength of the place yalue interpretation for concatenation by the

beginningialgebra students. All six subjects responded to the questions

using this interpretation.

'T‘his pai‘t of the pretest also demonstrated that the algebraic con-

8y

cept that the same letter within the same expression must have the same
. V4
./

——

value 1s not perceived as necessarily the case by some of thé beginning

algebra students. The following table summarizes the students' percep- .
tion of the same letter within the same expression whether they repre-

sented the same value or different values.

o
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TABLE 4 Students' Perception of the Same

Letter within the Same E{gression

B L .

.0
['a] r
+ +
A & 3 3
+ + + +
8 & A &
Frankie same
different v/ / / 4
Wendy same 4 v/ v Y
‘ different
Antoipetta same Y Y Y Y
different ’
Yvette same
different 4 Y v Y
Filippo same
different 4 v v v
GCail same v v v Y
different 4 v/
The consistency of the subjects responses is remmrkable. Even with

the change in questioning from presenting expressions containing only
_like terms to expressions containing like terms in the presence of unlike
ones, Gail was the only subject to alter her response.

Another interesting aspect which was brought to light in this part

of the pretest was the subjects’ different perceptions of the instruction
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to 'simpl:f.fy', one used very often in algebra textbooks.

7. Distributivicy

The last part of the pre-~test was to determine the students'
spontaneous responses to problems involving distributivity and also to -
explore: the students' interpretations of brajpkets within an algebraic
context. In the follo%d,ug questions the multiplication sign.was ?ncluded

in order to avoid any confusion:

Q. 16 Can you work out |6 x (2 + 3) ?

Q. l6a’ What do you think is the ﬁeaning of brackets? - .
(Expected response: '"Do the operation in the brackets first") /

|

»

Q. 17 Can you work out x (a+ 5 ? C ‘ |
Q. 17a 1Is it possible to do the operation in the brackefs here? \‘

Q. 17b Even if we can't do the operation in the brackets, can we 5
multiply it out? Show me. ’

If he can do it, try: fé x (3 + 2b)1 -\

., & \
[5 x (2a + 3b)

The students' responses were as follows:

Frankie stated "first you do the ones in the brackets," referring to the
problem '6 x (2 + 3). When he was presented with '3 x (a + 5)*, he .
claimed, "in the book they would tell you what would be the figure there
(referring to the a )". Then he substituted 4 fo? a and wrote

"4+ 5; 3 x 9= 27", For the problems which included concatenation, he
again used a place value interpretation and wrote '3 + 22; 25 x 4 = 100’
for '4 x (3 + 2b)'. He claimed that the problem '5 x (2a + 3b)' would
be the same except that two numbers had to be found for the two letters.

' Wendy claimed "...You have brackets to separate the numbers. So you

would work with the brackets first." However, for the problem

'3 x (a+ 5)' she claimed the a could have two meanings. "I can either
use a like I did all the time as one; or if there was an answer...Let's
say it was 19,(and wrote '3 x (a + 5) = 19' I would have to find what
number this is (referring to the a)". The other questions were not pre-

ok rp B emm——g p—— o o A TS T
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LY

sented to her.

Antoinetta thought brackets "...make it easler, that is what you do
first."” She wrote '3 x (2 + 5) = 2%' for '3 x (a+ 5)';

4 x (3+ 22) = 100" for '4 x (3+'2b)'; and '5 x (23 + 32)' for
'S x (2a + 3b)'. ; ,

”

Yvette said that brackets meant, "you start with that first". She ¢
wrote the expression '3 x (a + 5)' and for the a she claimed "...

you could put a 2 or any number, so 7 times 3 is 21", (she wrote the 2
over the a). For '4 x (3 + 2b)' she wrote '4 x (3 + 22)'; and then

'4 x 25= ', once again stating the b could be any number.

Filippo stated "you always do the brackets first'". He once again trans-
formed the expression into an equation and wrote '3 x (a + 5) = 39°',
stating "you just put an answer and then find the value for a ". He
then %rote '8 + 5' for 'a + 5', and fipnally '3 x 13 = 39'. For

'4 x (3 + 2b)' he wrote "4 x (3 + 2b) = 108' and solved for b . Whereas
for '5 x (2a + 3b)' he first substituted values for a and b , -

'5 x (23 + 32)' and then evaluated.

Gail stated the brackets 'come first". For '3 x (a + 5)' she answered

'24' but stated, "it can be anything. It can be zero, (she wrote

'3 x (0+ 5)=3x5= 15", or (and wrote '3 x (4 + 5) = 3 x 97 27') . ,
twenty-seven." In the problem '4 x (3'+ 2b)' she wrote '23 x4 = 93'

and explained, "well b can be anything, any number, I just put it as

3 for an example. It was zero, so 20 plus 3 is 23", and gave anotS:r }
example '4 x (3+ 21) = 4 x 24 =96". For '6 x (2a + 3b)' she wrote )

'5 x (21 + 32) = 5 x 53 = 265".

The distributive axiom is8 initially introduced to students within
an arithmetic framework. Thus we expected the students to respond to
the expression '3 x (a + 5)', and s%mi}ar other prqb}ems, by either
claiming they could not perform the operation (due to the algebraic
context) oriby applying their arithmetic knowledge of the distiibutive
axiom to this algebraic situationm.

However, the students responded in a totally unexpected manner.

They spontaneously assigned numerical values for the letter(s), con-

‘sequently the problems were no 1ongef algebraic, but arithmetic. The

'need for the distribut;ve axiom no longer existed for these students,

They merely performed the operations required with the numbers they had.

S S »
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The consistency. of the students' responaes ‘was still ’evident since

all six subjects used the 'place value' interpretation for concatenation
where appl'icah(;é. Also Yvette and Gail still maintained that the letters

could be 'any number', a further indication that they had the 'general-

A )
ized number' concept. = , . VT -

Noteworthy is the slight' change in Wendy's response. The letter is
not only ;;he specific value as determined by its posifion in the alpha-
bet, but“ she also claimed it could have other values if the expression
was placed in an equation: This response is not inconsistent with her
previous work. The Uidea of tw possible values ‘fpr the latter, came up
.;ihen Wendy was degcribing the meaning of the letter a in the geometric
area problem (it was one of the measurements of the s-i'de). She had also
deviated befo‘re from he/r‘ ‘alphabetical interpretation when she was pre-
sented with the exptessicx; ‘ 4 + n' . She transformed the expression

into an equation '4 + n = 6', and the letter thus became a specific

unknown.

a -

D. A Summary of Each of the Subject's Responses

Frankie R

X

Frankie's preception of concatenation was not consistent throughout

. the pretest. For the expression 3a he used a 'subdivision label'

interpretation. The iutro/duction of .the lettenr n 1in place of the
letter a in 3a did result in a change in his interpretation. He

stated it meant "3 times a number'”. He maintained this latter inter-

v

pretation wheﬁ he was required to replace the letter a by the number

21in 3a , he wrote. 3 x 2, However, in none of the succeeding ques-

tionsL did he again refer to this operational definition for concatenation,

3

v
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but ra‘ther he proceeded to use a 'place value' int:'erpretation for all
concatenated expressions in.,the remainder of, the pretest.

Except fog.' his initial "subdivision' label interpretation for 3a,
Frankie always used a numerical referent for the literal symbol., He
either substituted numerical values for the letter (as in the prroblem
ﬁultiply| :}P_ by 4, he wrote '32 x 4') or he would make some reference
thatuthe iétter represented a number (for example, he explained the ,

meaning‘ of the expregsion '4 + b' by saying it meant "4 plus a number

equals something". Even within a geometric context he used a numerical

referent for the letter as seen in the discussion of the area of tﬂe

rectangle

g

4

he indicated that the a represented the measure of the base. This
numerical referent for letters was also extended by Frankie ‘to expres—
sions containing like and unlike terms, for example '2a + 5a' and
'2c + 3d + 4. waever, at no time did he indicate that the same letter
within the same expression represented the same number.
Frankie also tended to close open expressions such as '4_+ b'.
handled these open expréésions in two ways; he either transformed
them into equations (4 plus b equals something) or he substituted
numerical value(s)vfor the letter(s) and then evaluatqil Ztﬁe exp‘ress.ion.
The section of the pretest used for a comparison with some of

Kuchemann's test items, indicated a tendency of Frankie's to ignore the

letter in problems such as 'add 4 onto n+ 5'; he wrote '4 + 5= 9",

_ It was also in this part of the test that Frankie first began to use a

™

-
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plgée value interpretation for concatenation.
Iﬂ gé&eral Frankie definitely haqﬂ;he perception of let}ers as-
' represeﬁting numbers in mathematical situations. However, he does not
{ . appear to haye‘a generalized number concept in the sense.that he never
| indicated that the lette; could represent 'any number'.‘ N;r ﬁ&és he
appear to have an acceptance of lack of closure. He interprets'conca-l
- tenation in two different®ways; either as signifying multiplication 3

4

(for simple expressions) pr place value (for complex expressions).

Wendy's responses throughout the pretest were remarkably consistent.
. ‘ She repeatedly used the place value interpretation for concatenation.
To Wendy letters represented numbérs, A not just 'any number' but each
letter had a specific value. This valPe was determined by the letter's
’ position in the alphaﬁet;
- Wendy deviated from'this alphabetic interpretation in only a few
problems. In one instance wﬁen she explained the meaning of '4 + nf
«~ she formed an equation, She wrote "4 + n =’g'. This deviation could be
expl;ined by her prior experiénce yith the letter n ., That is, the
v | letter n was usﬁally presented to her within the context of equations.
She also fo;med an equation for‘the expression '3 x (a + 5)! and said
that the a could be ggg or another value determined by the equation
" x (a+5)=19", ‘
The Kuchemann quéstiqng also résulted in Q\Fhange in her ﬁerception
of the letger., In all four problems she ignored theﬁletterf fhib

resulted in a cognitive conflict for her in the problem 'multiply n+ 5

by 4', since she could not "add and multiply by 5".
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The geometric context for the letter ( p - )

\ ‘ 7 Z _

resulted in Wendy sugéeﬁting‘two intqrpretations for the letter a .

&

Either the a 'was one, accor&ing to her alphabetic interpretation or it-

T L3 ‘o
was the measure of length of the side.

-

L1

In general Wendy does not have the generalized number concept since

g

the ]:eti:ers do not represent ‘any number', but’ rather their value is
usually determined by their rank /i,u{he' alphabet. She also does not

appear to have an acceptance'of lack of closure. For most expressions"

]

sl})e usuaily “substituted a numerical value for the letter (based on its

a

rank in the alphabet) \and. then eval\}ated the resulting numerical expres-

’ »
sion. " } . Ca
. ' Vi
Antoinetta )

o

. Antoinetta used’ three different int:erptet;at{.ons for concatenation.

Initielly she suggested a 'subdivision label' 1nae‘r/pretation’ and then

, ¢
that of 'first letter abbreviation'. However, when more complex expres-

sions were }ntroduced and when operat:ions on these expressions were
required, such as ‘add 4 onto 3n', she switched to a place value inter-

pretation and maidtained this interpretation for, the ‘remainder of the
v ’ . « * .
pretest. ‘. L .

¢ - ’ .

Ko

Antoinetta used a numerical referent for the literal symbol. She

. «did not transform any expressions into- equations but rather substituted

. Lol

a pumerical value for the given letter. ' She claime that the letter’

-

could be ‘any numf:er . This suggests that she may have fthe ‘generalized

nuxﬂger' concept. However, within the geometric con!ext, 4
% s A —z
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. she definitely did not perceive the lettey as representing 'any number’,

-

but rather it was a specific unknown measurement. ' Not only did she use
' a numgtical referent for the li&(al symbols but akso the problems re-
quiring the simplification agd cbll;bining'of like terms led her to con- g
~ ‘clude-that the. same letters inl the same'éxpression h;ad to have ..the sane‘
numerical value.
In the problems‘relar.ed to the Kuchemann test, ’Antoinetta solved
them by substituting numericaf values for the letters, and then either
i’ evaluated the resultant aritimetic expressiom or left the expression as
an.open one. She chose differentlvalueg for the letter n in each of [N
the problems and indicated timt she had merely chosen the§e numbers
randomly.

In general, Antoinetta appears to have the generalized number con-
cept. Her primary int‘erpreta,tion fo‘}; concatenation is that of 'placé
value'. Also it appears she has some acceptanée of lack of closure.
This is evident by the}fact that she does not transfotig expressions int6
equations and often leaves open arithmetic expressions unevaluated. o
Ivette R

Yvette responded conaistentl’y thrbughc;ut ;he pretest. She main-
c'ained a place value iterpretation for )concatenation in all ;.xanples.

Alsd in all situations she used .a numerical referent for the literal . -,
‘symlzol. ‘ Furthermore, site stated that the letter could represent 'any

number', ‘hinting at a possible 'generalized number' concept.” Only

1 , -~

within the geo'mettic context, .
X ‘ 5 < ‘ 6 -~ -
: - ‘ .

did she deviate ‘(fron a 'generalize;i number' interpretation for the lettér

A

’
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3

a to that of *specific unknown'. That is, the a to Yvette fepresegted
'the number, of lines going up 'vertically from :the balse', thus suggesting
some specific unknown length. ¢

Yvette also demonstrated an ability to accept open alge\braic ex-
préssions. For example, she viewed the expression '4 + b' as '4 plus-
any numb«:r' and did not express the need to cransf‘om the expression into
an equation. In.the section orhx the Kuéhe;ann test, she also indicated
this acceptance. She would always i;}itially write an Ope; algebraic
expression such as '4 + n + 5', and only then would she substitute a
number for the letter and evaluate it, each time statiﬁg that the letter
could be 'any number'. |

She maintained this procedure of substituting numerical value(s)
foi: the literal synbol(s) in the problems involving the simplification

and combining of like terms (suggesting each time the letter could be

'any number'). However in these problems she did not evaluate the re-

sulting ari;:i’une‘tic expfe‘ssions, but rather left them as open expressions.
Since she maintained that a letter could represent any number, she

did not assume that the same letter in the same expregsion had to have

the same value — a letter could be 'any number’.

‘ In general, Yvette appears to have the generalized number concept.

There are also uumerous” examples which hint that she has some acceptance

of lack of closure since she is able tt; write both open arithmetic and

open algebraic expressfons. Her predominant %terpretation for con-

catenation is that of place value.

. I's /
/
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Filippo

F{lippq's responses throuéhout the pretest were also very consistent.
Although he had initially provided a 'subdivision label' interpretation
for concatenation, he switched to a place value interpretation as soon
as operations were indicated fOt.these expressions and maintained this
interpretation for the remainder of the test.

Filippo usually vié;ed the letter within a numerical context, except
for his initjal interpretation of concatenation. Not only did he view
the letter as a number, but it was a placeholder for some specific
unknown number. He indicated this .by writing the numerical value he
assigned to the l%tter in a box. For example, he wrote |
'2a + 5a=78; 2 EI“' 5|:é]= 78'.  As can be seen from this example
and in the other simplification problems, Filippo did not believe that -
the same letters in the same expression had to have the same value.

Filippo did not &émonstrate any acceptance of a lack of closure.

In all expressions which explicitlyj;ndicatﬁd an operation (eg. 2a + 23):

s
he would transform them into equations, which he would then solve. Thus
; N

to/!iiippo the letter is not a generalized number, it is a specific

unknown nu,her. Even within the geometric context
: s

a

for the area of the rectangle he wrote: 5 x A='45; 5 8‘9 = 45",

' In general, to Filippo the introdugtion of 4 literal symbol causes
hi; to innediately‘think of a specific unknown number. He feels the
necessity éo close all open algebraic expressions by transforming them
into equations. Also his primary iqierpretation for concatenation.is

that of 'place value'.

7 f

£ A ——— A o o eb 4l - [EPRP




«.

- ]_62 -

Gail

Gail assighed three interpretations for concatenation: first‘letter
abbreviation, subdivision label and place value. However, as some of the
previous subjects had done, she used only the place value interpretation
for concatenated termsa, when these terms were parg of more complex
expressions (2a + 5a). ‘

Throughout the pretest, Gail repeatedly stated that the letter could
represent 'any number' énd for each problem gave more than one example

illustrating {'this point. Thus it can be concluded that Gail has the

generalized number concept. It was onli within the geometric problem

the area of \ -

5. g - -

a
)

that Gail suggested that the letter represented some specific number,

the length of the base. .

Although Gail mgintained that the letter could represent any
number, she.ultimately concluded that in expressions where the same
letter appeared more than once, this same letter had to have‘the same
numerical value.

In the questions related to the Kuchemann test, Gail's responsges
were basically consistent with her previous responses. In the problems
involving concatenation she used a place value interpretation, emphasiz-
ing that the letter could be any number. However, in two problems,

‘add 4 onto n + 5', an& ‘multiply n+ 5 by 4', she ignored the letter
and answered 'nine' and 'twenty', respectively. For the latter she ;130'
suggested alternate responses sucg as '3+ 5=8x4= 32,

N .

Gail gave some indication that she could accept the'lack of closur

"

of some open efpressiona by leaving open arithmetic ones such as
A
\

\
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. 4+ 2', and '4 +1' when writing the meaning of the expression

) '6‘ + b'. However, at tiimes she would close some expressions by either
. transforming them into equations (4 + b= 7) or by solving the open
arithmetic expression (for '2a + 5a' she wwrote '23 + 51 = 74'").
( In general Gail appears to have the generfllized number concept and

demonstrates some acceptance of lack of closure of open expressions.

As with the previous subjects, her primary interpretation for concaten- )

ation is that of place value.

CONCLUSION

The result of the Pretest clearly demonstrates our subjects' per-
ceptions of algebraic symbolism. None of them had any formel instruction
in algebra, thus it can be concluded that these prealgebraic interpre-
tations Were spontaneous ofies, not reflections of learnt material.

One of the most interesting results was the interpretation the
subjects assigned to concatemation. The two most prevalent ones were of
'subdivision label' and 'place value'. Although the 'place value' inter-
pretation for concatenation had been suggested by M. Matz, in our experi-
ments, this interpretation appeared not as a mere possibility but was
‘the strongest prealgebraic interpretation for concatenation. The h

’ strength of this interpretation became even more evident within a numer-
ical context (replace a by 2 in 3a) or when the simplification of
two Oor more terms was required (simplify 3a + 5a), where all the sub~
jects used only this interpretation.

A The presentation of the expressions '4 +b' and '4 *t:n' brought
about me‘ very interestin'g responses with respect to the students'

interpretation of the literal symbol. Three students (Frankie, Wendy,
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Fili;po) closed these expressions by tr#nsforﬁing them into equations,
while Antoinetta and Yvette left the expressions as 'open' expressions
and merely substituted numerical value(s) for the letter. Gail suggest-—

ed both possibilities. The former approach indicated that the subject

perceived the letter as a specific unknown. The second method seemed

to reflect a broader interpretation of the letter, that of géneralized
number. Not only do these two approaches reflect different interpre-
tations of the liFeral symbol, but they could also be a basis for
suggesting whether or not the students had an acceptance of lack of
/closure. The need to transform the expressions into an equation appear-

.

ed to suggest that the student could not accept its openness and con-

’

sequently did fot have an acceptance of lack of closure. Conversely,
those students ;ho left the expression as an open one appeared to have
acceptance of lack of closure. 'Thus we conclude that'a possible crif
terla for ALC is the absence of the need to transform algebraic expres-
slons into equations.

The fact that three students gave evidence of a 'generalized number'’
interpretation for the literal symbol, brought into question our teaching
outline in which the letter is presented as a specific ;nknown within
the algebraic expression. However, sincé not all the students had

achieved this level of interpretation, that is ‘generalized number', and

since in the teaching outline the 'answers' to the problems remain in the

form of algebraic expressions, this seems to be a possible stepping stone,

since these expressions do not need to be transformed into equations.
Thus we felt the validity of our teaching outline still remained.

The problems involving a geometric context (what 1s the area of-

s ) -
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also brought into question our teaching outline. The responses indicated
that within this context no;e of the students gave any evidence of an
i acceptance of lack of closure as evidenced by either their need to sub-
| stitute a numerical value for the letter and then give a single numerical
answer for the area or by their reference to the need for measu;;ment.
Thus it appearé& that the geometric context induced aﬁgteater need for
' closure. It could be questioned why we -based a whole teaching outline
von it. It should be recalled that in our Inicial Pilot Study the
direct gebmetric’approach to introducing algebraic eipressipns unco-
i vered gome cognitive difficulties: ‘'How can you multiply a number‘py
“é a létter?' Thus we changed the initial introduction by adding an inter-
mgdiate step in which one of t@g dimensions of the problem was not only
unknown, but actually hidden. This hiding eliminates the possibility
that the student will seek to estimate or measure the unknown quantity
which in his mind nevertheless exists, even if he cannot see it. The
need for a convention to represent this unknown quantity is established

- at first the conventional box is used, and then the box is replaced by

a2 letter within the context of pléceholder for a hidden quantity. Thus

the meaning of the letter in our teaching outline is different from the
one in the geometric situation involved in the pretest where to the
Ftudent the literal symbol was a specific but a visible measure.
The responses given by our subjects to the questions from the
" Ruchemann test were markedly different from those obtained in the original
test administered in Great Britain. However, it must be kept in mind

that the subjects in our experiment had little or no formal instruction

in algebra, whereas the British students had two years of such instruction.
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Therefore the responses given by our subjects were spontaneous iﬁter—
pretations of algebraic symbolism anq notation rather than a reflection
of learnt material. Four of the six students responded tb requests for
operations on the algebraic expressions by substituting numerical values
for the literal symbols and'theq_gvaluating the resulting arithmetic
i}égession. The other two students were also very consistent. Wendy
ignored the letter in all four problems. Filippo transformed all the
expressions into equations and solved for n. For thevquestions which
involved concatenated expressiéns (add '4 onto 3n' and multiély 'In
by 4') five of the students used a place value interpretalion in their
response. .

The simplification problems did not bring out any new interpreta-
tions. The students again were consistent and maintained the interpre-
tations théy had assigned throughout the Pretest, Of interest to note,
is that three subjects felt that the same letter within the same expres-
sion did not have to have the same numerical value. Antoinetta felt
they had to be the same; Gail was ambivalent; and Wendy claimed they had
to be the same based on her alphabetic igterpretations of letters. The
different percepiions the students had of the instruction to ‘simplify’
was also highlighted in this part of the pretest.

What proved to be most remarkable in the p?etest was the consistency
of all our subjects. Each one provided some interpretation for algebraic
expressions and tried-to answer all the questions within the framework

e

of his interpretation. For instance, the place value interpretation of
concatenation was used in each part of the pretest indicating that the
students' thinking was not erratic nor arbitrary but rather that they

agsigned logical meanings to the problems at hand.




~ CHAPTER VI

ANALYSIS OF LESSON 1

The Transition from Placeholder to Literal Symbol (Letter)

IiiTRODUCTION

The initial pilot study revealed that the direct introduction of
letters standing for some unknown quantity (such as, number of rows in
an array of dots, or the number o;f line segments in a line, or the
length of the base of a rectangle) raised major cognitive obstacles.
("How can I multiply a number by a letter?") Conseq\uently, an inter-
mediate step was added. The use of a placeholder, the familiar box,
was first int:"c;guced to represent the unknown quantity. This introduc-
tion was done in conjunction with the hiding (covering with a piece of
cardboard) of one element of the problem, thus illustrating concretely
the idea of "unknown quantity"”. The cardboard was then removed and the
"unknown quantity" revealed allowing the student to fill in or substi-
tute a numerical value for the placeholder, thus linking the placeholder
to a numerical referent. ‘

Once the three problem types (number of dots, length of linme, and
area of rectangle) had been introduced using the placeholder, they were
reintroduced using a letter im place of the box to represent the unknown
quantity. The presentation followed the same pattern of covering and
uncovering that was done when illustrating the us;. of the placeholder.
Thus the literal symbol bgcame an extension of the placeholder, both

%

representing unknown quantities, both linked to a numerical referent.

[

[
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A. The Introduction of the Three Problem Types Using a Placeholder

\ L3

1. Dot Problems

The dot problem was presented as follows:

. P 4 . o o o
* Here is a card. You can see a row of 7 dots.
And 1 have hidden more rows each with 7 dots. covering
Here is the problem. How would I write the ¥  rows.
total number of dots if I domn't know the
exact number of rows? So let me show you

how I do it.

Number of dots = 7 x [

Since I don't know the exact number of rows,
I am meanwhile using a box. tlow I am

going to let you have a peak at what I have
covered and ask you to f£ill the right
number in the box.

- How many rows are there altogether?
The students' responses were as follows:

Wendy upon seening the expression’ '7 x (0' , stated "If you wrote 7
times box I would have to say what the box stands for." Upon uncover-
ing, she filled the™ox with the number 5.

Frankie followed the presentation and filled in the box with the num-
ber 5.

The remaining four students responded similarly to Frankie.

The presentation of the box representing the unknown quantity did

not appear troublesome to any of the students, except iﬁitially for

Wendy, who felt the expression was incomplete and had to provide a
numerical value for the box immediately upon seeing it, as indicated by
her statement, "If you wrote /A% ' I would have to say what the box
stands for." However, all ;ix subjects correctly wrote the number 5
inside the box, thus indicating that they correctly perceived the box

as repregenting the total number of rows, not just those that were

covered.
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The sugceeding problem was aimed at verifying whether the student

himself could use the box as a placeholder.
You can now see 8 dots in each row, but once ® ¢ ° ® ° o & &
k_,again I am covering the other rows. Can you co V"”j
complete this equation the way I did before?

3 reows

Number of dots =

.(Uncovering) How many rows are there al-
together? What number has to go into the
box?

A sample response was Antoinetta’s:

Antoinetta completed the equation b& writing.ﬁq x ', and after un-
covering, filled the number 4 in the box. ~

The other five students responded in a similar uanner.

None of the subjects experienced any difficulty with this problem.

They demonstrated that they could correctly use the box as a place-

holder by writing '8 x 0O'. fhey also, once again, illustrated that
they understood that the box represented the total number of rovs,.ky
¢ ~

stating theye were four rows and that the bokx stood for the number four.

4
Finally the students were given an expression, and were then re-

quired to generate a similar dot problem.

»

Now it is your turn. Can you make up a
. dot problem like we just did, where 5 x O
is the total number of dota?

A typical response was that of Gail:

Gail hid her work from the interviewer and
when she tgtned around, she showed a row of
5 dots and covered the remaining rows.

&—cover

S ee 9je
...’. L
TV gfe
"800 4o
sSe 3o

The other five students behaved in a similar manner.

The reversal was done easily by all six subjects. However, their
behaviour showed that they had grasped the meaning of .the box as repre-
senting a hidden number, and therefore had to hide the number 6f rows

-
- H
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from the interviewer.

2. Line Problem : ‘

The line problem presented another situation in which an algebraic

expression could be used as an answer to a problem, The problem type

was introduced as follows:

Now look at this line problem. Each part , _ lovering
is 4 units long. But you don't know how ey
many parts there are. Can you complete § farrs

this equation?

Length =_ -

(Uncover) So what, number has to go into
the bex? ‘

I1f the student was unable to respond, questions were prepared to

guide the student into using the box. )

What do you think I should write for the number of parts?
Do you remember what we did in the dot probl

. Becayse we didn't know the number of rows we“used...?
Could you use a box here? 0

The students' responges were as follows:

13

3

Wendy did not spontaneously think of using a box. Whep asked what she
should write for the number of parts, she respondgd,&ﬁ'ght then correct-

ed herself by saying, "No, there are not &4 parts, the length is 4 in |
each part, so that is your 4." The succeeding questions did not lead
her to correctly answer the problem, thus she. had to be reminded that a”
box ‘wag used to represent the unknown number of rows in the previous
,problem type. She then stated that & box could be used in this.problem,
and correctly wrote '4 x O', and later wrote 6 °in the bux.

Antoinetta after first QuestéoningN"Do you still have to put a box
like the other one?" wrote '4 x 0", and substituted correctly the num-

ber 6. When questioned why we were using a box, she responded, "It's
for hovw many parts." '

.

Gail, Filippo, Frankie and Yvette ;xperienced,no difficultieq and

immediately wrote the correct response, '4 x 0', and subsequently fill-'
ed 6 in the box.

v

The introduction of the line problem demonstrated that 5 of the 6

4 <

‘w
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, expression .and also provided the correct substitution.
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students were able to spontaneously transfer the knowledge.they had

acquired in the previous dot problem (that is, the use of a box to re-

. - present an unknown quanfity)f/'bnly Wendy was unable to see this link

between the two problem types.. However, after being reminded about using

the box in the preQious problem, she hed ndﬁd{fficulties in writing the
) s~

t

The second problem *P this section required a reversal. The prob-

" lem was as follows: - >

" Now it is your turn to make up a line
problem where '3 x O' is the length . v
of the line. =~ . °

The responses were as follows:
GAEI turned. around to hide her work and

then presented the following dtawing
to represent the expression '3 x O°'.

Wendy, Frankie, Antoinetta and Yvette behaved similarly and drew
correct variations of the problem.

Filippo at first drew @—JT-—‘ claiming "I thought

e

1]

you meant ‘there were three spaces and I had to find what was in the
middle of the space". He then responded to the question '"What did we

. use the box for?" by stating "we used the box to find the missing

number." AXter a review of the previous problems, illustrating the use
of the box to represent an unknown quantity, Filippo then drew °

(.\ar
—
&?"3"'>'_—3 {« , and concluded that the box repre-

~ i

sented "the number of parts".

s

Five of the six subjects easdily generated a line problem where

_the length of the line was '3 x 0'. Only Filippo experienced some

B

diff::ﬁﬁpy with the reversal, by initially drawing a line divided into
nts each one unit long. His statement”fl tﬁb&ght you meant

3 se

. . . . .
‘there were 3 spaces and I had to find out what was in the middle of the

- space"”, indicated that he *did not appeengio comprehend the meaning of

a8



'TheJr‘em.;ainmg 5 students responded similarly to Filippo.
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the box in this problef’ as representﬂxng the unknown nupher of parts.

He seemed to Jhave interpreted th\ box a standing for the length of "\

\

each line Ment. However the final problem he generated indicates
. v °

A

\ + .
7z "‘ \ P Y B K\
! {

he had accepted the convention. \ ) )
“ : ' . \"\v' "
Togr 47« )
3. . Area Problem { ’ ) .
* .ﬁ ’ v ‘

Ihe area problems were also introduced to provide another situation -
3 ¢

in which'algebraic expressions ’é’ouldhbe‘ presen ed as answers to a prob-~
\ ’ .

lem. The presentation went as follows: ‘ A /avef‘
. ~

[ |

Now I will draw an/area‘problem, in '
which I will only show you the height, .
- and I willecover the rest of the v Vim ,xt L
rectangle.
Can you comﬁfete ithis eqdation? _ , ¢ : g . .
(Uncover) So what number* has to . ’
go into the box? C e .

e

4

- Filippo's. r¢sponse ig representative of all the students. . " "

. ¢
Filippo completq.d the equation by wﬁiting '6 xO", and then after the
E%ering filled in a 7 in the box.
!

Thus all six subjects easily transferred the notion of using a box E\
. "’ , . \
to represent aty unknown 'quantity “by using it to represent the length of '
I

,ine base of t{\ rectangle in writing its area, » 7 T

- The reversa\i problem in this: section kvas altered slightly 1in that . f

the student was encouré.gedcto make up his own problem e’xtirely, by not

J
'

being given any numericalr suggestione\ The ,problem wa@s presented in '
. Y : R . .
this open format since exploratory work had indicated thdt- students ‘

\

. . L .
like to make up their dwn problems. Thg problem was stated as, follows:

., | How it is your turn. Make up an 4 ca ‘ - J
B problem where I can only see the fleight & ° '
of the rectangle. ’ . w

»
i !
Ll
- -
N
[
e,
-
b
1
i
|
|
e
-
\»...
.
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The responses were as .follows: Vel i . )
. Filippo after first hiding his work, *
presented the following problem. 3
L b l The remaining five 'students behaved simﬂarly, using a variletj of num-
’ bers. D '
» - : .
} . The responses indicated that nome of the subjects experienced any
T ,difficulties in generating t:h\eii own area problems,. : .
Al ) *
' 3 ———-r—ﬂ /,B AN

7. Excépt fetea few minor inatances in the line aegnieut prqblemé, the"

\

use of a placeholder, t:he empty

- i

box, ‘to repres\ent some hidden and there~

‘fore unknown quantity in three different problem. types did not present ‘
¢

any cognltive difficulties for the subjects. Ulcmately all six subiects

weré ablé to write the correct expressions to represent the 'answers

a,

. _ N ' ' ) - '
. ' \—-ﬁ%{/ ' i '
to the ¥vén problém types. The generation of the tlree probllm types |

- A
'

»t ‘!

‘ 'B. The Transition to Lettefs

L}

a letter qu',used instead of an

-

quantity.

. , {
was’ also accomplished by all the subjects. Thus, at this point,we.can

" conclude that the i:eaching outlig/ wag successful in introducing

4

’

s

placeholders to represenf: hicﬁien q'uantitie.s, and could be ‘used eb& the

students :Ln completing equations, such,as 'number gf ‘dots =.8 x or.

/) .
E]
4 R .
[ ' L
s ,

4 ‘ The problems 4n this section of' the teaching oufliﬁe,, were ‘presen- .

i . . ’ i . . L i L
ted exactly as in the previczug section, 'excg;t that in these ﬁroblﬁmg b

'empéy box! to represent the” hidded -

\ .
I ’ . .

‘. P $ a “ o - N
§ I ' ? E‘ ,, ‘) .
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1. DPat Problems K ‘ . -
‘The‘difficultieas' the students experienced in their first. use of
/ ' - ' '
letters, as evidenced in our initial pilot study, warranted a slow

'ap'proach‘ to the introduction of letters. Thus"‘three dot problems were
. i " -
used. In the first problem, the atudent was shown baw to use the letter

a -

7
in the expregsion. The second pgpblem required the student to complete

. an’ equation by writing the correct algebraic expression representing

‘the problém. And finally the student was asked to generate his own
) v oo d ’
problem given the algebraic expression.

;l'be first problem was presented as/ followk:
e e  follovp

Let's do another dot problem. You can v oo o -
see that I have a row of 5 dots, but you ' @
can't see the exact number of rows. (oya-f-j
‘This time I am going &0 use a letter 3 rows
instead of a box for the number of rows.
Choose a letter. So let me show you ' ("

how I write the total number of dots
"using your letter.

s .
Number of dots = 5 x\a (or whlateverf’letter is chosen) & 4

“  Now I will let you looR at the number of rows.
How.many rows are there®r.What does your
letter stand for? Can y u complete this
equation?

% .
, Number of dots = 5 x
» .

The responses were as follows: o

’ e

" Wendy chose the letter a: Then, after uncovering, she stated that the

a stood for 4, and.wrate 4 next to the & (5 x a). She completed the
“equation 'Number of dots = 5 x ' by writing the number 4y’

¢
v .
1
3

Fraunkie chose the letter m, and then after the uncovering answered
»that the letter n stood for the numbdr 4 .and then completed the equation,

L3
ne,

The remaining 4 studentsgrespor;ded like Franl'cie.: ‘ Antoinetta chose the

le{tter( < Gail,' the letter a, Filippa chose x, and Yvette, n.

.

, .

. " > ?

i N * oo,
Ua " - . o+ * " .
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.,A/ériety 6f letters was chosen by the subjects. All students
y ‘

-

~ .y‘ﬁeared to ac:c:el:at:w the use of the letter they chose as part of the al-

Kgebraic expression, 5 x (the letter they chose), to represent the total

letter stood for the total number of rows; ‘since all students completed

 number of dots. They exhibited no ‘difficulty in uﬁderstanding that the

L

+ the final equation by writing a 4, (number of dots = S~>< 4).

0f interest to note is Wendy's quick tesponsé that the letter a

(the letter she chode) stood for the number 4. Thraughout the pretest

.

she had ‘maintained that the vajue of a letter is determined by its rank

in the alphabet.. Yet at no point did she suggest this alternate value,

one, for the letter a.
"er a

\\
\

The next probl;m aimed at determining whether the student, himself,

could use a letter to represent the unknown quantity in writing the

answer to ‘a dot problem.

z

The responses were as fgl:J\.ows:

4

coverin

Wendy mleted. the equation by wri(ﬁ;g '6 x a' .and then after ‘Un_.

You can now see 6 dots in each row, e 0000

but once again I am covering the
other rows so you don't see the
exact number of tows. Can you

(Ol/el‘/ﬁj "

complete this equation using a ’ 2 rows

letter instead of a box? ‘

Number of dots = ) o L

L ' , N

The rows are uncovered, followed by the questions:
How many rows are there altogeéther?
What number does the letter stand for? . s \

1
x a',

ote '6 x 3', under the '6

-

_ Frankie (:;Eing the letter n), Gail (using the letter a)-and Yvette
(using the'letter n)» responded the same way as Wendy. WitMbut being.
agked, they wrot?,the numerical expression '6 x 3' under the algebraic
one. - . . . - :

¢

. * . LR
'
. L
T , K
- N N
‘
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Antoinetta wrote '6 x d', After uncbvering, when asked what the 4

stood for, she stated 3. She did not rewrite the expression substitut- -

ing 3 for.the letter d as had been done by the two previous students.

Filippo wrote '6 x y' to complete the equation. When he was asked what
the y stood for, he wrote 'y = 3',

The six subjects easily wrote a correct algebraic expregsiont

- represent the td®al number of dots. They usej a letter without an

hegitation. None of the cognitive dilemmas evidenced in the Initial
Pilot Study surfaced, such as, "How can you multiply a number with a
letter?" Four of the students (Wendy, Frankie, Gail and Yvette) used

‘the same letter as the ome they had'chosen in the previcus problem.
¢ v ‘

Th‘?o‘ther two students, \Antoinett:a and Filippo, chose different letters,
i

indicating explicitly !:hat they understood the randomness of the selec-

-

tion of the letter.
\ .

-

All subjects perceived the correct numerical referent for the

letter (3). Four of the students (Wendy, Frankie, Gailfand Yvette)

spontaneously rewrote the equation substituting the number 3 for their

A

letter. Filippo wrote y = 3, and Antoinetta merely ’st:EQd that the
i N
letter stood for the number three. However, in all cases it was very-

clear that the subjects maintained a numerical referent for the letter

they chose. ?

Once again it is interesting to note that Wendj;r was able to pro-~
vide a different numerical value for the letter a, that is 3, without

any evidence of a_cognitive dilemma. -

-

In the next probl"em“'ighe'students were given the algebraic expres-
sion and they were asked to draw a repres’entat%ve problem.:

Now it is your: turn. Make up a dot
problém where the answer will be
19 x'et, o 3

] ' .

-

i
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The responses were as follows:

Frankie . after firstPhiding his work, presented the following problem:

o & & & » » & & o
oo 4 '00001100,
"B - 0 94 5,000 0 7 .
: \§ ‘000000000 -
. ﬁ; o P 9 9 0 o0 0 0
a’v_‘\.\ ovoc-ooo_cc .
and then after uncovering wrote T3 < 6T,

Antoinetta, Gail and Yvette behaved similarly.

csd
Wendy presented the follovin:g %;oblem. N R
. . 61 ? o o 0 0@
% loeo 2.0,
ol e o 0 0 0 cover
. 1 N A :
” 2o 0 0 00
: tl 20 @ 0 @
. ¢lo @ 0 ¢
- , ’ o 0 0
Filippo's problem was as follows:
, 010 o o 2 0 0 0 o LA
ole ¢ 0 0 0 0 0 o ‘
‘ §50e 000 0 00 0 C——coever
. 0]® s 00 e ’ e * .
le ¢ 400000 .

Four students (Frankie, Anotinetta, Gail.,and Yvette) drew a correct

dot problem similar to the‘%revio“us examples. Wendy demonstrated some

-y

1
originality in her problem. She drew a correct representation for the
’

expression '9 x ¢! » however, unlike .the p,revio)xs examples, the
letter ¢, in her problem, stood for the unknown nymber of dots in

. .
each row not the number of rows. Later upon uncovering she wrote that

¢ = 6', since in each row there were six dots. Thus Wendy preceived
EARN

that the letter represented some hidden quantitz But that: it did not

*

s
1

nec!Zssarily have to be the number rows.

2 '
i Filippo, - a the other hand, drew a 9 by 5 array of dots, but 4

covered the number of dts in each row, showing 5 rows. Unlike Wendy's

repregentation, his drawing represented the expression '5 x c'

14

s rather

PP
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than '9 x c'. However, once the interviewer remarked that the answer to
his problem would be 'S x c'_, he responded' "Oh, .I showed you the answer"
*and stated that the c stood for 5, the number of rows.. Thus Filippo's
error seems to l;ave been accidentai since stating, "Oh, I shoyed you
the answer ", implies he understood the probiem and réalized his error.

. ’ f

.2, Line Problems ' ‘ . %

The line problems were presented as in the previous ’sectionvbut ,

once again the student was esked to use ‘a letter instead of a box to

2

represent the hidden quantity.

The presentation was as follows: » , '

Now let's try a line problem where
we will use a letter instead of a
box for the number of parts.

Can you complete this equation . ‘ x
using a Jetter instead of a box? A .
:ength =  Coveriys § i ———over

Parts ¢
(Uncover) So what does the letter . . p,
stand for? , -

B
(If incorrect) How many parts are
there altogether?

The. respdnses were as follows:

, . . 1
Antoinetta completed the equatiom by writing '3 x b'. After uncover-
ing, slie stated the letter b stood for the number 6.

1

Gail wrote '3 x.m' and after uncovering substituted the number 6 for
th% m by spontaneously writing '3 x €' under the '3 x m' when

. questionned what the letter m stood for.

~

Wendy, Frankie and Yvette responded similarly to Gail.

. . N
Filippo wrote '3 x y', then after the uncovering answered the ques-
tions by writing: 'y =6, 3 x 6 = 18".

All six subjects transferred .the knowledge they had a?:quirec! in the

previous dot problems, and experienced no difficulties in writing

» E *

R
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algebr'aic expressions as answers té: the g‘gen line proﬁlem. A wide v;-
‘riety of letters was selected by -the subjecits to repres%nt. the unknowhn
number of parts. When they were asked what the letter stood f:or, all
students provided a numerical re\ferent for the letter. The same four:

+ students’ (Wendy, Frankie, Gail and Y.vvett:e)’v'rfote '3 x ' , thus sub~
stituting the number 6 for the letter 1;' their expression. Filippo

" wrote 'y = 6', and then evallxated the éxpression, while Antoinetta
merely stated that her letter stood for the number g’

This initial line problem was succeeded by a problem I:equiring a

J (;eversal:

Make up a line problem where the answer would be '7 x a',
The sample response was as followgg

N - .
Yvette after first hiding her work presented the following problem

R

Lol i 7 k——cover:

-

and then wrote '7 x 4' after uncovering.
All other subjects responded in a similar manmer.

The responées indicate that no student experienced any difficul-ty

in drawing a correct line problem to represent the algebraic éxpfession'

' x4,

. T
3, Area Problems

The area problem was also reintroduced but without any suggestion ‘

4

that the use of a letwas required. The problem was presented-as
follows: A oo ;

v e+ veaa
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Now I will draw an area problem where you
will see only the height, because I will
cover the rest of the rectangle, Can )
you complete this equation? — (OV‘fIﬁj .

g

«
|

Area =

(If the student used a box; he was to be
reminded that we were fiow using letters)

(Uncovering) So what doeg the ‘letter

stand for?
(If incorrect) What is the length of .
the base of the rectangle? o

The responses were as follows: ‘ ‘ :

Wendy fir{st questionned "any letter or a box?" then wrote ‘4 x c'
Later after uncovering substituted 6 for the ¢ and wrote '4'x 6’
when asked what the letter ¢ stood for.

Frankie wrote '4 x c¢', then after uncovering wrote '4 x 6' , stat-
ing that the ¢t stood for 6. oo

H
-t

Antoinetta after first queséionning "I put a letter?" wrote '4 x a',.

and then stafed that the a stood for the number 6.

/

"Filippo completed, the equation by writing '4 x d', and as he had \one

previously, he wrote 'd= 6" . When he was asked to write the area,
he wrote '4 x 6.3 24'-,

Yvette completed the equation by writing '4 x b', and then after un-
covering substituted 6 for the b and wrote ‘4 x 6'.

Gail respondéd similarly to Yvette but used the letter m.
Only two stqdents (Wendy and Antoinetta) questionned whether they
. - K "
should use a letter. Ultimately all six students wrote a correct alge=-

braic expression to represent the area of the given rectangle. When

asked what the letter stood for, they responded by giving the numerical

v ~ v
value, 6 . All students, except Antoinetta, rewrote the expression

N

substituting the number 6 for their letter. Filippo again went further

A\

by providing a final answer, 24,

°

The final problem in this lesson required the student to make up

S kin s ST 4 An N 0 &

<
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;hia own area problem.: . .

Now it is your turn. Make up an a;ea_problem t
where I can only see the height of the rectangle.

A sample response is the one of Gail.

Gail afte{ first hiding her work, presented the following area
problem: -

.

3 L Je——cover

and wrote '3 x ',

H & ‘
The other stgdints presented similar correct problems but used diffef-
ent numbers and letters.

All six students drew correct area problems accompanied by an
appropriate expression, demonstrating no difficulties in understanding

the use of letters in this problem ‘type.

]

Summary

The subjects did not experience any éognitive dilemmas }n their
uge of a 1etté¥uto represent a hidden quantity and in the wrizkng of
algebraic expressions. The problem evidenced in the Initial Filot Study
(How can you multiply 8 number by a letter?) did not surface ag;dzy

point in this Lesson. The presentation used in Lesson 1 provided a

situation where the letter became a natural extension of the.student's
use of plaéeh9lder, the b:;, and both were explicitly linked to a nu-
merical referent (the number of rows; the number of parts; the length
of the base). Consequently, the dilemma in writing a number multiplying
a letter did not occur, ?ince the letter was always tied to a numerical

referent. The ease with which the Qubjects were able to use literal

J

A

PN
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. , :
' symhols cannot be solely attributed to our presentation, Since—the pre-

test had indicated that the students; prior té this lesson, already had
a numerical referent for retters used in mathematics.
It is interesting to note‘Wendy's ability to use different letters
and to abandon h;r theory that the numerical value of a’letter is de-
0 .

termined by its rank in alphabet.

C. Letters vs. Boxes - ‘ ’ ’ ) . ;

The final section of Lesson I dealt with a series of quest;ons aimed
at deterrining the students' perceptions of the difference and similar-
ities‘between the use of letters and the use of boxes.

The first two questions were as follows:

1) Do you find it more difficult to use letters than boxes?

2) Can you tell me why?

Wendy, Frankie and Antoinetta felt that lettérs and boxes were the

'same thing', thus one was not more difficult to use than the other.

Gail claimed she found letters more difficult to use than boxes

“because they are different letters and you can get mixed up...sometimes
I think that every letter is a different number". When questionned
whether she thought that every letter had to be a different number, she
replied "no". .

Filippo stated he found it more difficult to use letters, using as an
example the expressiomn, 'S5 x x' . "You are not going to be sure what
does the x mean -~ multiplication or something'. He also cited
ancther possible confusion, "You might thipk it meant a letter or some-
thing...Like when I saw it (an expression with a letter and a number) I
thought it meant a number times a letter. He later stated "And I would

-ask what is a letter, does it represent a number, a symbol or something.”

(He was referring to his earlier experiences with letters.) But now he
claimed he knew "They represent the missing number."” He felt the box
was clearer, "You know that something belongs in there... But 1if it is
a lettérﬂ?$9gu"dqg't know what it means, it makes it more difficult."

. Yvette preferred letters. She explained by writing, '6 x n' and

'e xO! "I prefer the n becalse you know the n stands for a mis-
sing number. When further questionned if the letter a was used and
not n, she claimed she still preferred letters.

4
o=

\ R . .’

. N . . . .
- oo . Y 3
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The responses indicate that only two of the subjects, Géil and

Filippo, had more difficulty in using letters than in using boxes, each

one highlighting possible confusions which may arise from the use of
letters. Gail pointed out that the use of different letters could
imply perhaps different ﬁambers resulting in a possible ‘mix-up'.
Filippo astuﬁely.brought attention to the dilemma ﬁhat could be exper-
ienced with the letter x , whether it stood for mulﬁiplication or re-
presented a number. He also hinted at fh; cognitive difficulty "How
can you multiply a number by a letter" exposed in the Initial Pilot
Study. Tt is interesting to note that one student, Yvette, éctually
found the use of letters to bé simpler than boxes, in terms of what she
believed was their diréct reference to numbers. That she-did not limit
this preference to the letter 1, which could be linked to the word
'number’ , was evidenced by the fact that she still preferred the use of
letters when questionned about.the ‘use of the letter ,g~}

The next questions aimed at verifying eEElicitlz whether or not the

cognitive dilemma, agsociated with the use of letters and numbers, evi-

denced in our Initial Pilot Study (How can you multiply a number with a

N

letter?) was present for any of the subjecfs after the presentation of
4 .

Lesson 1. It must be recalled that Lesson 1 was included in the teach-

ing outline in order to avoid the cognitive problems associated with a:

direct approach to the use of letters. -

The questions were as follows: N

N

Y

3) Does it bother you to see a number multiplying a letter, .
like in '3 x a?'

4) Can you tell me why?

5) What about boxes, does it bother you the same way when you see

v A
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All six subjects stated that it did not bother them to.see a number

_.pmltiplying a letter, thus confirming that no cognitivé dilemma existed

for them and suggesting that the primary aim of Lesson 1 had been
achieved. This positive result could be attributed tdbthg presentation

of the lesson, where the letter was continually linked to a numerical

referent, ‘coupled with the subjects' prior appa?eptimnderstanding that

P

letters represented numbers; as evidenced in

?

Naturally since numbers multiplying letters were g;/presenting
any cognitive difficulties; and since Lesson 1 presented letters as an

extension of the placeholder, the:box, 'the expression '3 x[O' did not
L] \\r-

Singe Lessﬁn 1 present%d the literal syﬁb?l as the extensigg of the :
placeholder, the next two questions were included to determine g; what h
extent the stuc@nt did view the letter as playing the same role as the
placeholder, and whether or not the subject saw anyﬂsignificant differ- J
ences between the two symbolisms.

The questioning proceeded as ‘follows:

6) What difference do you ége b;tween '3 x a' and '3 x3"?

.3 o
7) Can we use a letter like a box?

]

The subjects responded aérfollows

" Wendy. felt there was no difference between the two expressions "..-.

because \in both cases you just have to f£ill in the number, the a and ”
the box"r She also responded that a letter could be used like the box.

Frankie saw no difference between the two expressions, and stated that .

a letter could be used like a box. "The box can be either an' a or a
box." and he wrote as an example '3 xA x 4=
' 0

"You can put a A or a box, there's no difference.”

a N ‘

I o e wfw»
a - .




A

£S

\ ) -185—

N N

Antoinetta. claiméd the only differdhce in the tWOnexpressions was that
one was a letter and one was a box, however both represented a 'missing

" number' .To the question, can we use a letter like a box, 8he res-

ponded hesitantly, "] guess so."

Gail saw the difference in the two expressions in terms of 'the shape
and also that the letter and the box could (but not necessarily had to)
represeht different numbers. She stated that a letter could be used
like, a box. : :
. .

Filippo viewed the difference between the two expressions in terms of
the evaluation of the symbol. "I don't think there really is a differ-
ence, only where ‘the number goes. That's -al) this would mean, a = 7

' or womething (referring to the '3 x.d') and this would mean 3 times

something (wrote *3 x [B] ")

Yvette Egain repeated her preference for letters when questiomed
about the difference between '3 x a' and '3 x0O' ., "I like it bétter
with a letter, the letter let's you know there has to be a number there
and you don't have to stick it (the number) in a box."

n

a

Two students (Wendy and Frankie) explicitly claimed there was no )

. difference between the two expressions '3 x a' and '3 =0'. The
: )

1

difference cited by“two other students, Antoinetta and‘&gil, reflect a

Qifference of form rathet "than ong: of meaning, "one is a letter, one
¢ ’ ‘

‘was an extension of the placéholder.

s .
¢ - . -

is a box", and "the shape'". Filippo's resﬁonse went further than merely
a question of form, touching on a differenée‘in the evaluation procedure

~ the box required a 'filling in', whereas the letter required an equal-

°

a;f 7' . (The different evaluation procedures will be

e

ity statement, '

dealt with in the next question.) Yvette continued to maintain that
the only difference was that she "liked it better with a letter”". Her

final statement ‘"you don't have to stick it in a box", like Filippo's

.response, also touched on the evaluation procedire. Although some -

differences were cited by four of the students, the meaping of both ™"
expressions to the students wes essepgially the same; both meaning 3

. by
times some number. Thus the subjects grasped the idea that the letter

Y

a

I TR
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In order to determine further whether the students were able to
perceive that the only difference between the two symbolizations was in
their evaluation, the following question was added.

8§) When we uncover the part that givea' us the missing number, do
we do the same f:hing when we use a box or a letter?

The responses were as follows:
Wendy claimed that the same thing was done when using the letter or
the box. ' . o

Frankie stated for "the a we wrote '3 x 7' and for the box, we
put 3 times 7 (put 7 in the box)" N :

!

¢

Antoinetta stated that we do the same thingfor the letter as the box.
After being further questionned by the interviewer, she said that for
the box we "filled it in" and for che letceri"filled it in, or we said,
wvhat the letter stood for."

Gail also clainec\(we did_ the same thing for the letter as we did for
the box, she said ""We were trying to find the number that fit...they're ,
both the same thing."” L

Filippo as a response to the previous question had discussed the eval- N
uation of the two different symbols. For the letter, he claimed, an

equality had to be written, (a ® 7) and for the box, no equality was

required, that is a number merely had to be filled in the box.

Yvette following heér belief that "letters aré better", followed her

previous explanation by pointing out that for letters you merely have
" " L

to write "3 x 6 below 3 x a" (she yrote g::') but for the

6' and make a box". She {llustrated her

box you have to write '3
statement by writing x
x

B0

3
3
]
The subtle difference in the evaluation procedure of the two
symbolizations, that is, letters required the ro.writing of the expression
’ M F 2

whereas the box merely required a 'filling in’,was perceived by three

of the subjects (Frankie, Antoinetta and Filippo). Wandy's and Gail's
responses reflect that both were either not aware of this difference or

did not assign much significance to it, with Gail concentrating on the

’ \

L
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fact that both represented a number. Yvette viewed the evaluation

procedure quite differently than all other subjects. She felt that both

the letter and the box required a rewriting of the equation, in each

\ .
cage substituting a numerical value for the symbol. However, the
evaluation for the box was more tedious, since this symbol required that

a box be drawn around the substituted number.

Summary

The fundamental aim of Lesson 1 UAB'CO introduce the literal syﬁbol
as an extension of the placeholder, 'the empty box' - both‘repreaenting
hidden quantities, both tied to numerical referents. This was done in
order to eliminate the cognitive dilemma evidenced in the Initial Pilot
Study (How can you nultipi} a number by a lgcteg?)

The responses to the eight questions in this section confirm that ‘
the aim of Lesson 1 was achieved. The subjects uitimately perceived the
two symbolisms, 'the empty box' an& the letter, as bothlhaving the ;ame
meaning since they both weréltied to a numerical referent - a hidden or
'missing’ number. The differenceé that were perceived were that of
form (oue:in a letter and omne is,a boxi, the possibility of some cbn—
fusion that may arise from their use (x for multiplication; is it ;n
operation or a number?) and the different evaluation procedures.

The ultimate test question used to evaluate the success of Lesson
1 va; "Does it bother you to see a number multiplying a letter?", to
which all subjec:a‘tonponded "No". This suggests that the presentation '
in the Lesson successfylly maintained a close link between the literal '

symbol and a numerical referent. This consequently allowed the subjects

to accept a number multiplying a letter since to them the letter always
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represented a number. Thus the cognitive difficulties evidenced in our
Initial Pilot Study, the basis of Lesson I, had been successfully dealt

with in this Lesson.

D. Auoalysis of Homework

At the end of the Lesson problems were assigned to the students,
and reviewed with tRem at the beginning of Lesson 2 about 2 da-ys later.

Please make up a

-~ dot problem where the answer ig '3 x a'

~ line problem where the answer is '5 x b'

='an area problem where the answer is '6 x d'

The assignment of homework problems had two aimg. One, it allm;ed

the student, himself, to review the topic covered in the lesson, and

two, it set the stage for a review in the succeeding lesson of the

* previous one, which then provided for a stepping stone into the next

topic.
‘rhcl questions prepared for this revlew vere as follows:

At our last meeting, I had asked you to make up 3 ‘
problems. First a dot problem, where the total

" number of dots is '3 x.a' ., /
What does the a stand for?

And a line problem, where the length of the
‘line is 'S x b' .

What does the b stand for?

And an ared problem, where the area of a rec-
tangle is '6 x d'. .

v ¢

What does the d setand for?

The following is a summary of the review as it proceedad with

each subject.

”

e e e
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Handy drew three

correct problems.
Dot Problem: ) .

) TL__(QVII 5

i
ojl® o @ .

and wrote '3 x a'.

Then she uncoverad and said the

stood for 4, and wrote
Line Problem:

'3 x &',

covaer

-~

and wrote 'S5 x b'.

Then she uncovered and said the b stood for 3} and wrote 'S x 37,
Area Problem:

Y OVRT

and wrote . '6 x d'.‘

’ .
Then she uncovered and said that the "d stands for 6", and wrote
'6 x 6', |

t
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i

Antoinetta ’
Dot Problem: She showed three rows, sight dots in each row,
"I x B= 24,
e 8 00 090 0 .
& o 00 o 2 4
¢ 000 0000

7 A
The interviewer then gave her a piece of cardboard to cover the approp-
riate part, however, she did not use the cardboard. She had written
'3 x 8= 24", 80 she covered the 8 with her finger. The interviewer
reminded her that in the previous lesson we had covered a part of the
probles, and proceeded to cover the bottom two rows and asked "How
would you write the total number of dots?" Antoinetta responded by
writing -'total number of dots = '. However, she was unable to con-
- tinue. She was then prompted into completing the squation with
'3 x a', by the suggestion that she was auppo"u&tﬁ ‘draw a problem
vhere the total number of dots was '3 x a'. When she was asked what
the a8 stood for, she replied 8. From here on Antoinetta was able to
present the problems she had prepared for her assignment in a correct
manner, that is, by hiding one of the dimensions. ’

Line Problem: She presented the following:

.

wWANSWINETIWS |——cover

-

She covered the parts showing only the length of one of the parts, and
wrote ‘length ™ S x b'. After uncovering, she wrote 'S x 6= 30'.

Area Problem: She presented the following problem:
7

¢

After uncovering, she vroéo._ '6 x T = 42". ,




- 191 ¢ -

Frankie -
Dot Problem: When he was asked to show his dot problem, he questionned

"Should I cover it up”. After a positive response, he presented the
following problem.

olo o o 0
olo o 0o 0o 9 |[¢——coVer
ojle 2 0 0 0

After uncovering, he stated that the a stood for the number 6. At no

point -did he write the expression '3 x a', nor substitute a 6 for the
a.

. .
Line Problem: Has also presented a correct line, covering the approp-
riate parts. '

A ST A A . cover

& 3
N . ) g
Again at no point did he write the algebraic or arithmetic expression,
he merely stated that the b stood for "the number of parts, seven'.

Area Problem: ' For the area problem, he hid the height showing the
base to be 6. X R

-

e COVET

This was a correct representation of ‘6 x d', however, in his problem
the letter stood for the height not the base (as shown in Lesson 1).

After uncovering, he said "the number would be 4", (referring to the
latter ¢ .) .

v
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Dot Problem: She showed 3 dots in a row, hid the other rows and wrote
'3 ® ‘l. PP .

LI .
’» 04 |e———coOvVEr
s o @ ’ .

N

When she vas asked what the letter a stood for, she questionned
whether she should lift the paper. She was encouraged to respond with-
out lifting. She then said '"You have to find another number that fits .
the operation”. And then being asked "It stands for a number and it is
the number of .....7" She answered “rows".

Line Problem: Her line problem showed one part to be 5 units long,
she hid the remaining parts and wrote 'S5 x b'.
Sxbd

W F___(qvcr’

When asked vhat the b stood for, she replied "the number of pieces”.

N

Area Problem: She presented a rectangle showing only its height to
be 6, and covered the base, and wrote '6 x d' next to the rectangle.

€

Eud

y

When asked vhat the d stood for she said "the length of the base".

Filippo did not prepare the homework problems. He was then asked to
prepare the problems vhile the interviewer waited. The problems wers
not prasented in the same order as the other subjects, since the inter-
viever did not ask them in that order. ‘ .

Aresa Problem: He drew the following rectangle

Py

and vrote 'AREA = 24',
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Dot Problem: Be showed the number of im. but hid the number of
dots in esach row, :

4 - - ’ covey

L 4
e o o
e "%
L I I )
e Q'
o @ "

(4
.
o

- 4

.

and wrote 'Total = 21'. - o
When asked vhat the a stood for, he uncovered and said 7.

Line Problem: He showed one part 5 Jnits long, and covered “fhcpthcr
P‘r“, ” .

{

and wrote 'Total = 25'.
When he was asked what the b stood for, he uncovered and said 5.

The interviewer then went back to the area problem and reminded Filippo
of the problem types in the lesson, drawing a rectangle with height 6
snd hiding the base with a piece of cardboard, followed by the question:
"...how would you write the area of this.rectangle?” Filippo replied,
"I would write 6 times somathing equals, or 6 times a equsls N."

He was then reminded that he was not given the area, to.which he replied
"We. just said 6 times a ."

Tvette prepared the following dot problem. She showed 3 rows and

covered the number of dots in each row. She had written above the
problem, '3 xn= 15, n= S', '

[
" o

e P OV
» ’

i. °
‘. @ ©
o 9 ©

glnn she vas quastionned if she could have written '3 x a', she replied
yas",

Further questionning in the interview revealed that there had been a
misunderstanding in the instructions. She had read the word 'is' to be
the number 13 in the instruction "Draw a dot pxoblem where the total
number of dots 1s '3 x a'." She had prepared a line and ares problem
indicating the same’misunderstanding.
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and wrote '3 x A",

'Thres of the six 'ltﬁdtnen; Antoinetta, Frankie and Pilippo indicsted
‘some cognitive di!ﬁcul.ty with using letters as “tcpru"cutinn hidden

i,

e Ne IS o | | .
f«\"\‘ 5 Sxﬂ/f‘ \ e

vas then asked to redo the three problems.

Dot Problem: She presented the following problem,

Whan she ‘was ukpd vhat' thy _é stood for, she uncovered and said 4. ’
Area Problem: She redrew one to represent 'thc expression '6 x d'
as follows: y - ; | '

-

She hid the base, and wrote '6 x d'.
When she was uk.d what her letter stood for, she unicovered and said 4.
The hq-uvui-k shows tiué Lesson 1 was not as sasy as it appeared,

quantifiss. Antoinetta did not bother to cover .any dimension in the
dot prodlem; Frankie feit he had to ask, "Shquld I cover it up?"; and..

[N

> A

xS

i

,

|

}

|

! g . . oo ‘ . B '

i M N ' ' N > !"

. . N . : \'N/
' . . \
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Filippo 'dtev. a rectangle’ showing the heightoto be d ;xnica inxlength
and wrote 'Area = 24', instead of '6 x d', thus avoiding the use of
the letter d for the unknown quantity. It should be noted that these
responses reflect different kinds of difficulties. for Antoinetta it ,
may be ; question of remembering how to set up these problems, f,?r.
Frankie\ 1,t could be merely a question of reus;xtance. and fotf"Fi{ippo
it nihht indicate an avoidance of the use of letters. Bmvever,'the
cognitive difficulties should not be juri‘g'ed out of proportion since they
were easily overcome during the course of ‘the review, as :I.ndicateq by
their second and third problems. ‘ Sh

It- is interesting to note that in the dot problem, 5 out of the 6
s_ubjectu whversed the original presentlltion by having the letter repre-
sent the number of dots in each row rather than the number of rows. ,ﬁ
Also in the area problem, Frankie indicated that the lett;r represented
the height, not the base, as in the problem type that was presented in

' Lesson 1. Thus, the.subjects did not sppesr tied to specific repre-
sentations, and had understood that the literal symbol cc;uld stand for
' any hiddes quantity.

The presentation of Lessom 1 linked aigobuic expressions to
"equations”, as in the example: 'total number of dots = 5 x a', where
the left-hand lidcg expresses in words the quantity or measure that is
sought. ﬁmnnr. three of the 6 subjects, (Wendy, Gail and ngttc)
in pru‘mtihz thti; problems wrote the algebraic expression by itself,

_as the 'answer' to the problem. This could pctﬂapi indicate that they
were able to nclccp: the lack of closure of such expriuionn within :thq
context of such visualizable problems. Even Filippo who was very tied

»
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to an equation framework (He wrote aanuaylity gut to each problem) ax..
first stated that 'I would write 6 times uo-ething equals, or 6 times
_a_ equals N ", but finally concluded at the end of the review that if R

{

he were not given the area of the rectangle "We just write 6 times a ."\{\K
This ability of the students to leave expressions such as '6 x a' as 3
answers, not only touches on the acceptance of lack of closure, but also
sddresses Davis' 'name-process' dile-a: Students wvere specifically

asked to draw problems where the ansver would be a particular alggbtaic
expression. For example: "Please naken up a ;;mblem type w‘hete the
answer is '3 x a'." At no point did any of the subjects question that
the expreu:lon; vas the _’_m_!_e_g and in most cases p'reisented correct prob-
lems to represent these 'answers'.
ooncw‘smn .
Lesson 1 vas deQeloped to prepare the student for the sul;sequent
leu-;anl in the teaching outline. The aim of the teac‘hing outline was
to construct meaning for algebraic expressions by presenting them as
ansvers to visualizable problems. Thus the first step was to introduce
the thre; different problem types ‘(t?ul nusber of dots in an arrayﬁ;J )
length of a line ;cmté area of a rectangle). The analyiis of Lesson
1 ind{icated that the‘ introduction of these problem types pr;eaent;e:i
little or no difficulty for amy of the subjects. Only Filippo had
expericnce;l some minor difficulty in drawing a line problem where the
answer would be '3 x0°', He had interpreted th; box as representing
the length of each part in a line segment ut'her than the number of

parts.

A fundamental part of the presentation of the problem types was

-
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the Qderntanding that tt;e placeholder, and later the lit:é;:al symbol,
represented some hidden dimension of the problem. The extent to which
the subjects had grasped this concept ;lminportant to determine. The
extent of this under;canding can somehow be inferred from the 'rever-
sals', tpat is, where students had to generate their own problems cor-
responding to giv}en algebraic expressions. During the course of Lesson

1, the students had very few difficulties in generating these problems,

vhether the hidden quantity was represented by a placeholder or by a

A\l

literal symbol. As shown in the in/terviewm the minor difficulties were

. easily overcome. ) / »

However, the homework review had provided evidence that this con-
cept, the representation of the hidden dinensi‘c»n, was not so easilyl
understood or remembered as initially believed. Antoinetta had c04
plctel\y forgotten about hiding a dimension of the prot;lem; Frankie .
questionned vhether or not to hide; and Filippo merely drew a rectangle
with height d unitl, hiding no dimension of the figure. However,
:hue difficulties were easily overcome during the course of the review,
and by the end, all students were présenting cor¢r'ect problems, hiding
appropriate parts. Whether ;he:e difficulties uncoverer'l in the review,
are due to understanding or to memory cannot be‘ ascertained.

Another major concern of Len;on 1 was that the students should not
experience tH: cognitive dilemma evidenced 1in out Initi:al Pilot Stud§,
"How car you multiply a number by a letter?” Thus, the lesson intro-
duced letters as merely extensions of the familiar placeholder, 'the

empty box' ~ both represented some hidden quantity, both were tied to

a rumerical refcnnt» The analysis of %hu leoson indicates that the

-
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. s
transition to letters was very easy ‘for all of the subjects. None of
L
the etudents experienced any cognitive dilemma with seeing and writiné‘
p :

g!b' transition from

»

numbers. multiplying ietters. The ease of the stude

placeholder to letters can be explained by the-fact that the placeholder,

7/
and then the literal symbol, was always tied to a numerical referent.

The placeholder, itself, based on the students' expefieﬁce, carried with

it the notion of number, in pafticular the 'filling in' of a missing

¥

number, And since the letter was introduced as an extension of the

placeholder, this numerical referentvwas‘maintained. Also, the pré- )
%entation of the lesson associatéﬂ both symbolisms with the represen-
tation of some hidden quantity which was continually evaluated after

tter and a

-

the uncovering. The tie the students had between the le
numerical referent cannot be.solely attributed to the presentati®n of

the lesson since such a connection was also evident in the pretest which

indicated that the students, prior to the lesson, had vietfd letters

as representing numbers.
AJ

A final interesting aspect to note is that some of the subjécts

.were beginning to indicate acceptance of lack of closure, as evidenced

IEl
o]

by their leaving expressions such as '3 x a' unconnected to equations.

The students accepted thégg_g;{;ébsions as answers and drew appropriate

problems, Such results égggesf/;hat the predentation in Lesson 1

. provides a possible solution to Davis' |'name-process' dilemma exper-

ienced by many beginning algebra students, who cannot view an algebraic

s

o

expressidn as both an answer and an operation,

\

e ex o e
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CHAPTER VII
}

ANALYSIS OF LESSON 2

I3

The Literal Symbol as an Unknown Quantity

INTRODUCTION

Lesson 1 introduced the literal symbol as an extension of the
pléceholder, and both were used to express a hidden dimension of a prob-
lem. Assuming that the subjects could use literal symbols #ithout any
cognitive dilemma in the context of a hidden quantizy, Lesson 2 aimed
at introducing the conventional usage of the literal symbol, that of,
representing'ﬁn unknown quantity, not just a hidden one. The same
tbree problem types introduce; in Lesson 1 were presented again in
Lesson é. Thus th:‘literalfsymbol used as representing an unknown
quantitp” became an extension of its previous use, that of repFesenting .
a hidden quantity. 1In this lesson, where possible, the motivation for
substitution was generated by measuring. Of course only the area and
length problems pfovided such a situation. For the dot proplem, the
notion of hiding had to be maintained.

Concatenation had been delayed until the second part of Lesson 2.

-

This was justified essentially by two pedagogical considerations. First,

1£ was felt that prior to ;esson\3, thch dealt with algebra#c expres<
sions involvqng both multiplicatlon amd a?dition, it was essential that

) this conventioﬁ be introduced in order to make the expressibn\less
cumbersome. ' The second consideration which prevented the immediate
intrgduction of é;ncatenation was based on the results of the pretest. o

These results showed that concatenation was a major problem, since to

} RRea
. . I\
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the student, this notation eliminated arithmetic meaning, that of a
product. Thus, in order to keep the literal symbols close to their
numerical referents, the multiplication sign is essential at the be-

ginning, since it explicitly creates an arithmetical context.

A. The Literal Symbol as an‘ﬁnknown Quantity

The order in which the problems in this-leséon were presented did:
not coincide with that of Lesson 1. The f£irst problem type to be in-
troduced was the area problem, since it provided the bést situation to
represent the letter as an unknown dimension. The dot problem, although
the first to be presented in Lesson 1, was presented third in this
lesson, since it was found in the Initial Pilot Study that a simple
convention that we.couid devise to denote an unknown quantity of dots
wag not interpreted as such by the subjects. Canequently. this problem

type was presented last and the notion of hiding was maintained.
<

¢

1. Area Problem

i) The Initial Problem

The first area problem was introduced as follows:

Let's look-at this area problem. Do you
think you could write down the area of ,T
this rectangle? . ¢
- If the student was unable ta respond, J'L* o
the interview continued as follows: N c >

* What is the length of the height?
What do you think is the length of
the base?

What do you think the letter ‘a : ,
atands for? . ' s
This problem is a bit different from

what we used to do. In our other

problems we used tq cover the base so

that you did not know the length of = '

- P e T S WA S A A
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the base. Do you remember, what
you did then to write the area?

Area = 8 x ?

(If the student completes with a
letter continue. However, if he
uses a.box, remind him about what
we used after boxes)

So this. prgblem is different in
that neither of us knows the length
of the base. But the letter a
can be used to stand for it.

Can you ‘now write the area?

(If the student was able ta-
immediately answer by writing
'8 x a', the explanation regar-
ding the difference in the
problems in this lesson and the
other one was still presented).

Wendy 4

The interview with each of .the subjects proceeded as follows:

I: Do you think you could write down the area of this rectangle?
W: Can I-use the ruler to find the measurement of the a?

I: Without the ruler.

W: (writes '8 x a = 'Y I couldn't, I would have to find what

'g x = ') replaces

I: What if I write this: ‘'Area =
W: (writes '8 x a')

i'

S
Complete this equatiom.

I: You have written 8 times a. Do you understand it better when
I write Area equals, rather than if I ask you to write the

area?
W: Pardon

. I: When I wrote Area equals, you completed the equation easily,

but here when I asked you first to write the area, you wrote
'8 xa= ', and then you wrote 8 times a line. Why did

you write 8 times line?

W: I didn't have to-draw the line, I could have just left a

space. .

¢ Why would you ﬁavé to leave a space?

: Because you would have to have the measurement of a .

I: So if I say what is the area of this rectangle, you can't

just write 8 times a .

W: No, unless you write 8 times a is the area of the figure.

4 Am e dummen Fon o it o 3 o
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This iﬁterview excerpt with Wendy higplights four important prob-
lems: 1) the unintended misinterpretation of the question, 2) the
transition from a letter representing a hidden dimension to a letter
representing an unknown diménéion, 3) the strong ;}Pkéiéllettérs with

| B

o the notion of placeholder and 4) the inability to accept\lack of

. \
closure as well as the cognitive obstacles involved in the 'name-pro-

¢

cess' dilemma.

'

1) Based on Wendy's ability to produce a problem when the question was
worded as in her homework "ple?ae make an area problem where the answer
is 6 x 4", it was expected that no difficulty would be encountered
wvhen she was asked to write down the area of the given rectangle.
However, the form qf the first question in thislinterview differed from
the area problems in Lesson 1, where each question was started by asking

her to complete the equation, 'Area = '. This may partly explain

vhy Wendy felt she had to measure the@@ngth of .g: rather than provide

an algebraic expression as the answer.

2) ‘This need to measure cannot be simply attributed to the wording of

the question. It may also reflect the change in the connotation of the
literal symbol (from hidden to unknown dimension). It may be easier to
h;ld in suspension an algebraic expregsion such as '8 x a' in the -
context of a hidden quantity, for the hiding implies a second phase,

that of uncovering, which will ailov th? student to evaluate the ex-

pression. On the other hand, in the context of unknown dimension, as )

in 8 , the notion of hiding is missing and thus cannot
a

help in holding '8 x a' in suspension. This may also explain Wendy's

s e e e, -

b
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H

} :
./apontaneou response '"can I use a ruler..."

3) “The strong link of the letter with the plaieholder interpretation

is expressed by Wendy writing '8 xa= '

and 8x___ = ¢
It should be noted that she wrote the equal symbol, thus indicating
that either form of expression was still mcoq;lete.‘ | And it would re-
main incomplete until she would be able to evaluate a ("I would have

to find what replaces a ").

4) Thus as seen, '8 x a', is incomplete. It is only when Wendy was
asked to complete the sentance, 'Area = ' that she seemed to accept
'8 x a' without feeling she had to evaluate the a . B'y at first
writing the equal symbol af:\u‘thel expression. '8 x a', Wendy clearly

indica&d that she viewed the expression '8 x a'  ag incomplete. Her

_expressed desire to find what replaces a is a clear indication of her

inability to accept the lack of closure of this exprassion. The problem

heré is not limited to the lack of closure of the expression, but it

also involves the name-process dilemma. This is very clearly illustrated

by the fact that Wendy had no difﬁculty in completing the equation
;Krea = ' and by her further comment indicating that the expression
'8 x A' was acceptable g_a_]_.l in this context ("unless you write 8 times
a is the area™). A poasible explanation here is that in the context of
completing the equation 'Area™ ' the expression '8 x a' need not
play a donblo,roll. that of nane ax_ug that of process, The word "Area"
‘fppuring on the left cxvruui t?e ;_“..‘.;‘;’ thus '8 x a' can be limited
to express the process. It seeme that ths question "Can you complete

- Yos
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'Area * ?'" might avoid the cognitive problems involving lack of
closure and the name-process dilemma.

The 1nterv1¢;i with Frankie proceeded as follows:

I: Do you think you could write down the area of this rectangle?
F: 8 times a, you would hnve to find the number for a .
(Writes '8 x a').

You have to find the number for a .

You could measure it. \

If I said (says and writes) 'Area = '

(Completes with) 8 times a (writes 8 x a)

Gl AR B

Frankie, unlike Wendy, was able to spontaneously write '8 x a',
However, he demonstrated that he sensed it was not the answer by stating
"You would have to find the number for a ... you could messure it."
Thus, in the sense that the algebraic expression is not the answer, he
was unable to accept the lagk of closure. As in the case of Wendy, the
context of an equation ‘“Area = .8 x a" appeared to have assisted him,
and he no longer appeared to require the measurement of a . Thus
within this ‘context tha dnswer seemed c@lc:e. since no desire fc{:t
measurement was stated. ‘ ‘

Antoinetta responded in the following manner:
Ancoinetta '

I: Do you think you could write down the area of this rectangle?

A: (no response)

I:' 0.K. What is the length of the height?

A: 8 .

I: What do you think is the length of the base?

A: (no rasponse)

I: What do you think the letter a stands for?

A:... maybe 10,... well T am just Tooking at the lines.

I: This problem is & bit different from what we usad to do. 1In
our other problems wa used to cover the base so that you
didn't know the length of the base. Do you remember what you
did to write the area?

A: (no response)
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You could write 'Area= 8 x '

I: ‘
" .A: Times a (conpleth vith an a ;)

Antoinattt was initially toully unable to provide any response at
all. And this is quite surprining, nfter all, the pretest ahawed she
had no problem with area in a numerical context: the area problems
pteunt-ed in Lesson 1 were handled easily yith tixe lite;:al symbols
representing hidden quantities; and the first homework sssignment was
dealt with efficiently.’ So it was quite surprising to'find that
‘Antoinettn could not make the transition from letter used as a h‘idd;n
qulgtity to httcr used as unknown quantity., In fact her paralysis

indicates quite a major cognitive gap, preventing this transitiom.

-

When probed about the meaning of the letter a , she responded

oumerically by estimating the length of the base. Reminding her of her

'

previous work did not elicit any response. She had to be literally fed

the ansver to the problem by completing the equation "Area = 8 x ",

The interview with Gail proceeded as follows:

I: Could you write the area of this rectangle?’

G: (writes '8 x a = ; 8 x10= 80")

I: You wrote 8 times a equals, and 8 times 10 equals 80, why
did you write 8 times 107 ,

G: Becauses the a stands for the 10 -

I: How do you know it is 10?

G: Because of the length, it is a little longer tlun that
(referring to the height), it's two more, so ie- would be 10.

: Do you know for sure it is 107

G: No.

It So is the area definitely 80?

G: HNa. :

I: (explains the differsnce between the problem types of this
lesson and those of the previous one, then asked) Do you
recall the formula for area of a rectangle?

G: Area?

I: Ares = length of height x length of base (uy: and writes 1it)

G: (says formula with interviever)

o
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I: What is the length of the height?
G: 8
-I: Write 8 (Gail writes 8 under the words 'length of haight')
and What is the length of the base?
AREA = LENGTH OF HEIGHT x LENGTH OF BASE
8 x a
G: a (writes 'x a')
14

Gail initially behaved similarly to Wendy, and provided at first

{
the responge '8 x a= ', but then substituted the number 10 for the

a (an estimate of the length of the bane); arriving at a final numer-

ical answer (8 x 10 = 80). Thus as with Wendy, the expression

'8 x a' was incomplete to her, as indicated by her writing an equal
-igﬁ after it, and by her further attempt at'providing an estimated
answer for the area. This behaviour strongly indicates her inability
to accept the lack of closure of the expression '8 x a'. quever,
within the context of the fofnnln, the numerical and literal sub-

stitutions seemed acceptable.

Filippo's interview proceeded as follows:

Filippo

I: Do you think you could write down the ared of this rectangle?
F: Like what do you mean, make it.up.
. I: Can you write its area?

F: No -
I: What is the length of the height?

F: 8

I: ‘What do you think is the length of the base?
F: 127

I: .Do you know for sure it is 12?

F: No.

I: What do you think the letter a stands for?

F: The missing nhumber, the nunber that signifies the length of
the base.

I: (explains the difference botvcan this problem and the ones
of the previous lesson) Do you remember what you did them to
write the area?

F: First I would have multiplied the two numbera that I had.

I: Let's say I would have covered it, how would you have written
the area? Area =

*;

~ rapm
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F: says and writes '8 x d'.

I: (continues to explain the difference between the two problems)
So we write the area as... Area = 8 x

F: a (writes 'a') '

I: Something seems to be bothering you.

F: Hall first of all, if you are trying to find the answer you
won't get it.

I: The answer does not have to be the area as a nuaber, I want to
find a way to write the area without knowing the length of
the base.

F: So you are saying you just have to say what you have to mul-
tiply to get the area.

" As in the case of Antoinetta, Filippo could nng re;pond to the
initial question asking him to write the area of the given rectangle.
And the reason appears to be his numerical frame of mind which is in-
dicated by his need to estimate the length of the base.

Within the context of the eqﬁacion "Area = 8 x ", although he
completed it with an a, this correct answer did not suggest to ‘
Filippo that he had finally arrived at a rqopon;e to the original
question. He clearly stated, "If you are tryins to find the answer you
won't get it." Thus the algebraic gxl;teusioﬁ to Filippo is definitely
not the answer, even within the context of the equation. ,YTo Filippo,
the expression is a statement of the operation to be perférmpd to get
the answer. ("So you are saying you just have to say what you have to
multiply to get the area.”) Pilfppo': difficulty to perceive the
algebraic oxpuuioq as the answer clearly duonlttato; the Davis '"name-~

process”" dilemma.

The interview proceeded as follows with Yvette:
Yvatte

I: Do you think you could write down the area of this
rectangla? Area * :
Y: Says and writes '8 x A'; that could be & number; so '8 x 2'.
(vrites it under '8 x A'
'a ‘x 2')

P NP e e
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I: So ybu wrote 8 x A and then you wrote 8 x 2, Do you know
the length of this line? (referring to the base)
Y: No, you don't. It could be any number.

“ I: If I want you to complete this ‘'Area= ', is it '8 x A'

or '8 x 2'?

Y: The area is '8 x 2',

I: The area is '8 x 2', why?

Y: Because that means yop have to find how long that is (referring
to the a)

I: Do you know it is 2?

Y: It could be any number.

I: How do we show it could be any number?

Y: You put the '8 x a’',

*I: The a 1is any number. So if I were to ask you to write the
area of this rectangle, without a final number angwer...

"Y: You would just put 8 times a .

Yvette hadsthe advant;age of a variation in the wording‘of the
initial ?uention. The interviewer immediately provided the incomp’lete
otlmcnt\ "Area = ". This can explain why Yvette did not have the
initial cognitive problems that the_ other students expcrienced. _ She

completed the statement with the expression '8 x a'. However her

' insistance phat-"8 x 2' and not '8 x A' answered the question "to write

the area" indicates that she also feels an incompletenesa with the
algebraic expression, even in the context of an equatu‘m. This need '
to provide a nun‘riul answver indicates her difficulty in accepting
lack of closure. She stated however, that if no final numerical an-
swer was requ;:ired.,"you would just put 8 times a ". Recalling from

the pretest élf;t Yvette was the student who had achieved a’ very high
level interpreting the literal symbol as a 'generalized number' (" x
can represant any numher”) it is interesting to note that this inter-
pretation did not seem to help her in accepting the lack of closure of

'8 x a'. n

e g el e o
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FIRST REMARKS

In Lesson 1 we l:ad asked students to complete equations such as
“area (length, number of dots) = 7", while they x.cet;e shown ;n approp-
riate representation of the problem in which one element of the problem
was hidden. Within that first lesson, the students were asked verbally

"to make up a line problem where the answer- (or length) is seven times

d ", vhile only the expression 7 x d vas written. Similarly, they

were asked verbally "to make up a dot problem where the total number
of dots (or the answer) vou-;d be nine timel. 5‘ while only '9 x c'
appeared in writing. For the area problem, students were free to make
up their awn problem without being provided with any expression.

. Iy . .
Furthermore, they were successful in generating such problems for their

* homework. Thus it uued that our subjects were beginning to accept

the lack of clocure of algebraic uprusionn.

'

Lesson 2 qtarted with 8 review of the honework md therefore

I

these types of Buestions, in which the algebraic expression appeared ~
3 ’ N !

by ‘lticlf » were fresh in the student's mind. Thus we did no;_;muqi-

pate any difficulty with the question "Can you write down the area
K¢ h

" of this rectangle ( G )I"  since lll tlut vas te')q“ui,nd was h.

for thc _student to write '8 x a . nmnver, :he gesponnel of uch one
of our six mbjccta indicate that t:hcy all upericncud new difficul-
tin. An uuly-:b of tlu 1ntlrviev reveals that the -o:phnation fox:,
this dmcton is quitc conpl;x, : | - - - '

| A first ohltrvntiou 1: that all otndcnti liunurprcud :hc

" quastion in thc lmc that chqy !clt: that chcy lud to provide a

" numerical m_c_ to the problu. Both Hcady and Frankie oxproued the

Pl
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need to measure the length of the base. Antoinetta, Gail and Filippo
egstimated thg length. While Yvette immediately substituted a numerical
value in her expression.

This need to provide a numerical answer did not manifest itself
in Lesson 1, where the literal symbol represented a hiddep quantity.

Thus it seems that this ctansition ta letter ugsed as unknown involves

greater cognitive obstacles. The conjecture provided in the analysis
of Wendy's inteﬁiw seems to be a reasonable explanation: it may be
easier to hold in suspension an algebraic expression such as '8 x a'

. in the context of a hidden quantity, for the hiding implies a sec;md

' phase, that of u'ncoverinl\\g, which will allow the student to evaluate the

& et

ﬁ};:gression. On the other hand, in the context of unknown dimension,
the notion of hiding is missing and thus cannot help in holding '8 x a'
in suspension.

0f course, one can hardly discuss holding an exp‘ression in sus-

pension without relating it to the acceptance of the lack of closure.

© Two qf our hgjectn, Vendy and' Gail, indicated tﬁat they viewed the
expression '8 x a' to be incomplete by writing an equal sign after the
upr;uion ('8 xa= '), Both Frankie and Yvette wrote the expression
'8 x 2’ but immediately made some reference to evaluating the a .

. Antoinetta and Filippo were not able to write the expression, whereas
they had managed to da so in thé previous lesson. Thus it appears our
assumption based on the.results of Lesson 1 were premature and that in
fact our subjects did not accept the lack of closure of an algebraic
expression.

While our subjects gave strong indications that 'thcy could not

Y SRR U
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accept the algebraic exprfuion by itself, they also indicated that it
was far more acceptable tc\ them in the context of comi:leting the
equation "Area = ", Wen\‘dy stated that "no, (you can't j'ust write

'8 x a), unless you write 8 times a is the area of the figure."
Frankie completed the equation without further reference t‘:o the need
for measuring. Gail substituted '8 x a' in the formula for the area,
without :ising her estimated’ length for, a . Filippo also completed

t;he equation without using his estimated length. A possible explanation

of the u:udegtn' greater acceptances of the expression within the frame-

work of an equti&n can be sought in terms of the name-process dilemma.

By completing the equation . “Area = ?", the left hand side clearly
expresses the name, thus leaving to the right-hand side the function
of exprusiz;g the process, 8 x 3. Yvette indicated this process
interpretation of the expru;lon by responding to the ﬁuestion about
writing the area of the rectangle without a final numbel' answer:
"You would just put 8 times 'g_" . But it is Filippo wh:: expresses this
idea most explicitly in commenting on the '8 x a' in the question,
'Area * 8 x a': "So you are saying you just have to say whag_you have
to multiply to ué the ares." N
Filippo perceives the algebraic expression as indicating a process
'gg!__g_o_ find the area’, rather than as an answer to the problem. He
clearly stated that in writing '8 x a' for the area of the rectangle
"if you are trying to f:l.lnd the answer, you won't get it.” Based on
his comments, it is interesting to conjecture whether or not a process
oriﬁtcd ipproach (how to") in the';"c,:onstmction of meaning for algebraic
expressions might lca;l ~t.o an easier acceptance of lack of closure.

A ¥

¢
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ii} The Second Area Problem . s

The second area problem provided another situation for the subjects

to write an algebraic expression to represent the area of a rectangle.

The problem was presented as follows: C(:T/

What 1is the area of this rectangle?
T 3 J

< >

N

F

All @bjects went about finding an answer to this problem without any
of them expressing the need to ask further questions.'J
Wendy, Antoi;etta, Filippo and Ybe(ie wrote 'Area= 3 xc¢'.

Frankie and Gail wrote just '3 x \<~/?s the answer,

The ease with which all studenﬁs found the answer to this second

problem indicates that the cognitive difficulties uncovered with the
first problem seemed to be overcome. None of the.students expressed

the need to measure or to provide a numerical value for c . Quite

v 3

obviously, this second area problem was interpfeted by the stu&énts as (.

intended. The students seemed to have made the transition from letter as

a hidden quantity to letter as unknown. It would be too hypothetical to

infer abott any change in thelr acceptance of lack of closure, since no

further questions were asked. However, it 18 interesting to note that .

four of the subjects spontaneously answered within the format of an

equation, and that two of them just wrote the expression.

-
‘1

-
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111) The Reversal
As in the previous Lesso;, ‘the succeeding problem provideﬁ a
situation which requited the subjects to generate a problem given the.
. -
algebraic expression.

The subjects responded as follows:

Wendy at first preseefed the following problem.

-

L

.and,wrote 'S5 x 47,

The interviewer then”/proceeded to remind Wendy of the type of problems
in this lesson, that 18, a dimension should be'unknown to both student -
and interviewer. The interview proceeded as follows:
: .Why did we use the letter d ?

¢t Because that 1is the letter you gave me. o
: Yes, but why are we using a letter?

: . Because we don't know what 41t represents.

: We don't know what it represents, we don't know what fiumber .
I had asked you to draw a rectangle where the area is 5 x d.
I would aay that the agea of the rectangle you drew is 5 x 4,
I kndw the d .

(says something inaudible).

I: ZWhy do we have to use a letter for that rectangle?

W: We don't have to.

I: Could you draw a rectangle whare you would have to use a
" letteg? v

“W: No. ¢ .
I: No, could you draw a rectangle where we both don't khow the
length of the base? ~ R
W: 5 times d ? : ) e
I: Uh hum . .
W: (draws the following) € d > )

+
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W: That wasn't supposed to be there, the squares. ‘
i Why weren't the squares supposed to be there? .
W: Because we weren't dividing them into parts. We were Just

given the length and the base.
¢
The interviewer asked Wendy to draw another rectangle where the area
would be '7 x t' . She drew the following correct rectangle N

~ & . N
3 L 4

) :

.I v | ‘ .

Frankie drew the following rectangle

»~

Lo

§ w ‘.
—A- 5 |

When he was reminded that the area was supposed to be 'S5 x d', he
changed the a toa d. '

and wrote '5 x a',

Antoinetta drew the following correct problem.

£y

d

—p———

Gail drew a ractangle as follows: ) S '

v

s
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Filippo presented the following drawing: v
i ! . ' ; M

v

When he was asked what the d stood for, he replied, "The number that
would help you find the area, the height."

\

Yvette drew the following rectangle:

I

‘ * > ~ k) N
@

Y4
B
+ .

o

|

4
.
\7

The problems precen;ed by the ;1x subjects inﬁicate that five of
them grasped the concept that the letter represent;d some‘uhknovn
quantity, and présénted correct rectangles to represent the algebraic
expression '5 x d' . Only wénd;‘inigiaily experienced some difficulty.

She drew a problem in which the two dimensions were known. "Her grid

g
o™

gseems to be ‘a 'throw back' to lLesson 1, but it is not accompagicd by o -
any hiding. This indicates that our assumption based on ﬁir success
with the second area problem was premature, and that she did not yet
use the letter to represent an unknown qunntity. However, as the
" interview proceeded she was able to grasp that the letter was intend-
ed to represent soue unknown quantity, .tating. "That wu;n t luppoted to

be there, the lquare-." Her succeeding problem (a rcc:angle vhose area

N et b e e e e
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was "7 x t') indicates that she (as well as Filippo) perceived that

the letter could répresent any unknown dimengion, not just the base.
Filippo's response, "(d) the number that will help you find the

area", further indicates his process interpretation of the algebraic

expression.

iv) Substitution

The next problem required the measurement of the length of cﬁ%
u;knovn dimension in fhe first area problem. The measurement was fbl-
lowed by the substitution of this numerical value in the algebraic
expressién representing its area. The aim of this problem was to main-
tain the numerical referent for the literal symbol that had been estab-
lished in Lesson 1. Previously, the'link wag accomplished by uncover-
ing, now it required measurement. The problem was presented in the
following manner:

Here is a ruler. Can you measure the length of

the base (referring to the first area problem, _

height 8, base a).

Student measures.

So' what does the letter a stand for?
Can you replace it in the formula, 'Area = 8 x. '?

The responses were as follows:

All six subjects measured the length of a to be 12 cm.,
stated the a stood for '12' and substituted the number
12 for the letter. a by writing '8 x 12',

Yvette wrote the entire equality, as follows: 'Area = '8 x 12'.

Frankie and Gail completed the equation, 'Area = 8 x- ', with
the number 12, with Gail giving a final numerical answer, 96.

Filippo ;nd Antoinetta wrote '8 x_1z“f besides the '8 x a'.
Wendi just wrote '8 x 12',

m . rewame s Re
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The responses presented by the studen;:s indicate that no difficulty
was present for any of the subjects. All students perceived the a to

be the number 12 and provided appropriate substitutions.

Sumary .

\ 'fl;e first area problem revealed unsuspected cognitive difficulties
e;perienced by the students. Our assumption that they had started to
accept the lack of closure of an algebraic expression proved to be pre-
uEure. None of them viewed Q'S x a' as the answer to the area problem
as we had expected. They expressed tﬁ need to provide a numerical
value for a.. This might have been due Eo the wording of our question,
p'roblen;a in the transition from let;er used to represent a hidden quan-
tity to letter as an unknown, as well as the inability to accept lack

" of closure. The expression proved to be far\ more acc'e;table to the sub~
jJects inv the context of completing the eq;ation ."Area = - 7", This can
be explained by the elimination of the name-process dilemma.

The correct responses given in the Iaecond area problem by all six
subjects, suggest that ;:be cognitive diffiéulties experienced by the
subjects in the first problem had been overcome. No reference to
determining & numerical value for the liteéral symbol was made by any of
the ou%jectn‘, luigelcmg that they had accepted the notion of @knom
qmntity; This may be true for five of the six subjects, since the
reversal probla;l showed thoat‘Wendy had not made this transition.

The nmeasuring and subsequent substitution, proceeded with no

evident cognitive problems,

LYy




[

- 218 -

.23 Line Problem

A modification in the line problem was necessary due to the change

in the orientation of the problem from the letter representing a

hidden quantity, to the letter representing an unknown quantity. Pre-

viously, the number of parts was hidden, thus, the letter represented
the unknown number of parts. Since these new problems did not require

any hiding, the number of parts was shown, therefore, the letter now

_represented the unknown length of each part. This new veréion of the

line problem had caused some confusion for the student in our Explora-

tory Case Study. Thus, the introduction of the line problems in this

lesson required a preamble which explained the change. The presentation

9

was as follows:

Here is a line problem. It is slightly different from
the ones you did before. In this case we know the
number of parts but we do not know the length of

each part. That is why we use a letter.

How many parts do you see?

F—t-)k—a-) =816 o>
| i ] |

What does the letter a stand for?

Can you write the length of the line?

(If the student is unable to respond, have him recall
the formula for determining the length of a line.)

The subjects responded in the following manner:

Wendy The interviewer explained the new version of the line problem,
then asked : "What does the letter a stand for?"

W: 4

I: How do you know?

W: Because there is 4 parts.

I: O.K. There are 4 parta. If we know the number of parts do

ve need to use a letter for the number?
No. .
This time we know the number of parts, but we don't know the

el et 8 i 4%
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.

I: 1length of each part, so we are using the letter a to stand
for the length of each part. :
: & times 4 (and then says) 16. .
: Did you say & times 4?
W: a3 times 4
I: What is a times 4?7
W: The letter a times it 1s 4 parta. We don't know the length.
I: 1s it this, the length of the line equals...(writes 'length
of line = '). What is the length of this line?
: 4, no it is divided into 4 parts.
I: Can we write the length of this line with the information we
have? .
W: no response.

Wendy appeared to be having some difficulty and became rather confused.
Thus, the interviewer proceeded to have Wendy recall the formula for
determining the length of a line segment, and a purely numerical
problem was presented to her as follows.

l:(alo-(-)p-ﬁl

To which she resnonded the length was '6 x 3' . When she was referred
back to the original problem, she said, "a times 4" and then was in-
structed to write 'Length = a x 4',

Frankie was asked to write the length of the line, by completing the
equation 'Length of line= ', He said and wrote '4 x a'.

Antoinetta did not wait for the explanation regarding the different
versions of the line problem, she immediately stated, "I think I know
what to write'", then wrote 'Length= 4 x a',

Wh;n she was asked what the letter a stood for, she answered "the
pa T

Gail responded to "Can you write the length of this line by completing
the equation, 'Length of line = '?" by writing 'a x &' and '4 x a'.

Filippo was accidentally presented with the second line problem,

a4, 4

instead of the line whose length was '4 x a'. The explanation and
questioning proceeded in the same manner prepared for the first prob-

lem. When he was asked to write the length of the line he wrote,
'3 x d',

Yvette responded to "Can you complete this equation: Length of line
= " by saying and writing '4 x a', She spokd in a questioning tone,
thus the interviewer proceeded to inquire what she was questioning. .
To which she replied, "You could have put an n there', (instead of a)
(commenting on the choice of letter).

e e

s
e % s AN ol s e <




ey s e R ¥ agw

- 220 -

The respon:eé’éiven by the subjects go the firsthiine problem
indicate that £ive out of six subjects were able to understand the line
problem, and showed no cognitive difficulties, as evidenced by the eaQe
with which they wrote an algebraic expression to express the length of
the line. Only Wendy had experienced the same confusion that was
evidenced in the Exploratory Case Study. That is, she was focusing on
the literal symbol as representing the number of parts, not the length
of each part, which resulted in some cognitive c;nfusion for her. She
appeared to ha;e overcome her difficulty by the end of this sectionm,
as indicated by the fact that she was able to provide Ehe correct-answer
to the problem. '

Of interest to note is that none of the gtudents provided a numeroq
ical referent for the a , either by refe?ring to 'measuring' or by
stating an estiyatéd value for the letter. They appeared to accept the
concept that the literal symbol represented an unknown dimension, and
that this letter could be used as part of an algebraic expression re-
presenting the length of the line. The ease with which Frankie, Gail
and Yvette were able to solve this problem, by providing a correct
algebraic expression, was likely due to the request to complete the
statement, "length (of line) = ". Antoinetta, herself, spontaneously
wrote the full equation 'Length = 4 x a'. While Filippo wrote oniy the o
expression. ,

It seems cléar that the reason for the subjects' success in this
first line problem is that after being prenent;d with the area problems
and with the letter representing an unk;own dimension, they now under- jf

stood the nature of the problem in this lesson, and thus were able to




- gt n

e o

- 221 -

respond according to the inte:i’d‘éd meaning of the question.
S

Ll

A similar line problem, followed the first one. This additional

Q

problem vaeg included to ensure that the subjects understood this new -

vaersion of the line problem, and would be able to provide correct

u

algebrdic expressions as answers to the length of the linme. The problem
- " N ¢

2

was as follows:

Y5 U

Here is another line problem. \

e g D jemdd)

Can you write the length of this line?
The responses were as follows:
Wendy, Antoinetta, Gail and Yvette formed an equation. On the left
side they wrote either 'Length' or 'Length of Line' and on the right-
side completed the equation with the e:fpression 'd x 3" or '3 x 4',
with Gail writing both expressions.

Frankie just wrote '3 x 4°',

Filippo was presented with the first line problem and wrote ‘4 x a'
as the answer. .

Both Frankie and Filippo d!d not write an equation. They wrote

~ I

the expr‘eaaioﬁ by itself aa an answer. .
The‘zesponses to the second problem confirmed our impression that
the line problem was well understood by all the students, including
Wendy, with four of the six aubj;zcts spontaneously formlng their own
equation, although they were not asked tc; conplet.}, aa equation.
As in the previous section, the iiztro.dnctioni'of the problem type

was followed by a reversal. The student was asked to generate a line °

problem as follows:
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Can you make up a line problem where the length of
the line is '5 x b' ?
Antoinetta, Géil, Filippo and Yvette drew correcc problems, such as:

/e b e b= fom B [ B [

vbeaides the given expression '5 x b' which was written by the inter-
viewer.

Wendy presented the following line problem.

L RSk

The interviewer pointed out that there was no unknownm, to
which she replied, "Am I supposed to cover it?"

When she was asked, "How do you make a problem where

1 don't know the length of each part?” She replied, "the

5 would be before the b". (She was referring to the
expression '5 x b'). The interviewer then discussed the
commutative axiom of multiplication, showing that 5 x b =
b x 5. She was then asked to draw a line problem which is
5 xb in length and "You and I both don't know one of the
numbers.” She drew the following line:

bbb by

and wrote " x 4 or 4 x b",

She was then reminded that :he was asked to draw a line

whose length is 'S x b'. She subsequently added another
. part to the line b units in length.

Frankie (Accidentally the interviewer forgot to present this problem
to him),

Wendy was the only subject who experienced any difficulty with
this problem. Once again, she was focusing on cthe original line prob-
lems, where the letter represented the hidden dimension, asking "Am
1 supposedto cover 1it?" Also previously in an expression like 5 x b ,
5 it‘ui:lcated the length of each part, and b 'was to represent the number
of parts, Therefore, she felt that if b was to rel;relent the length
of each part, the expression must be written, 'b x 5'. The short

-

review of the cosputative axiom assisted Wendy in perceiving that the
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order was nc;t of importance, but éhng: the ﬁterai symbol in :hefe prob-
lems represented the unknown 1ength‘o£ each part, and the 5 the number
of parts.. She fin;nlli seemed ‘to grasp this r;oti;zn, by drawing vtwo
co;.-tec: linfi problems,. one which rep;*géented, T4 x B'm (after which she
wrote '4 x b or b x 4') and another for 'S x b'. The remaining
four‘ students pré:l“ellxt'ed‘c;:rrect '1in€é segments, f,,he b t?.presenting

the unknown length of ‘e‘t.chk part 1néiéuting they uuderstood\ the nature

_of the problem, and the role of the literal symbol in the algebraic

expression..
The final problem in this lec(‘::lon required the measurement of one

of the parts in order to miintain the link between the letter and a
numerical referent within the c(:‘ontextub'f the line problén. The problem
vas ai follows:™ T
‘Here is a ruler, can you neuure the length of a part
(referring to the first problem '4 x a') .
What does a stand for? .
Cm you rephce it in the fomla?

The ruponqes were as follows:

All six nubjcctl correct:ly measured the a to be 2 cm., and stated

-

the .‘-‘-, stood for the number 2.

endy '3ivon the incomplete statement ‘“Length= ", cc;nvleted it with
'2 )

Frankie wrote '4 x 2', under the previously written '4 x a'.

Antoinetta wrote '4 x 2' beside the original '4 x a'. However, she
appeared confused, and then when questigned about what was troubling
her, she said, "I get'mixed up from the other ones... Before I was
writing how many parts, now I wrote the length of -each part”.

Gail completed the equation, 'Length of line = 4 x ', first with the

number 3 and wrote, '4 x 3= 12', then changed the 3 to a 2, and wrote
' x 2= 12', (She forgot to change the 12).
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“Fil " wrote '4.x 2' beside '4 x a', however he added
= Jength'. ("4 x 2 = Length') ‘ “
Yvette completed the equation, 'Length of line = ' with = :lo x A:
. = "4 x 2

‘

All six sﬁbjects had no difficulty with these problems. Antoinetta,
however, did make some reference to the confusion from the change in

orientation of the problem type.

Summary

‘The line pro'bllg.ns’ did not appear to cause any major difficulties
for any of the subjects. The confusion experienced by the student in
;)ur Exploratory Case Study (that it, focusing on the letter as repre-
seni:i:;g the unknown number of parts, rather than the unknown length of
each part) was experienced only by Wendy who had difficulty adjusting
to the new problem type, as evidenced not only in the first line prob-
lem, but also in the reversal. Antoinetta, also, in the substitution
problen, (state:d that she felt a bit confused by this nev‘version of the
line pfoblem. |

.The students' efficient handling of these line problems can be
attributed to two reasons. Firgt the initial line probiem was presented
as a completion one, that is, they had to complete the equatio:; |
'Lgngth of line= 7', vhic!xu again eliminated the na{ne—p:ocess dilemma.
The second reason appears to be transfer from th;ir experience\w.ith the’

“

area problems involving an unknown to similar line problems.

3. Dot Problems

AN
As mentioned previously, the notion of hidden quantity had to be,

<

A\

paintained in thé dot problem since a simple convention acceptable to

i
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‘The students responded in the following manner:

<‘225“‘

the students to denote an unknown number of dots in each row, or the
unknown numper of rows, could not be found. In place of a piece of
cardboard, a rectangle was drawn in these problems to represent the
cardboard used in the previous lesson. ‘

Prior to having the students write the total number of dots, a ,

-sequence of questions was prepared, such that it would ensure that the

subjects were clear as to what each factor was in the resultant ex-
pression. It was presented as follows:

Here is a dot problem. How many ¢ 00000
dots are in each row? ® o 9 o 0 L
What do you think the letter

b stands for? b
Can you write the total

number of dots?

L I B B A

» 20 000

Wendy at first stated the b stood for the number of dots, but then
changed her response to the "number of rows". She completed the equa-
tion, 'Total number of dots = ' with 'b x 6 or 6 x b'.

Wgndy's response indicates.that she understood what the letter
represented (the unknown number of rows) and could write a correcé
algebraic expression to represent the total number of dots, when given
to complete the equation .'Total number of dots = '.

Frankie responded that b stood for the "number of rows" and completed
the equation, "Total number of dots = ", by writing '6 x b'. However,
he seemed to question his response stating "I thought you had to count
all the dots.'" The interviewer then pointed out that the problems were
similar to the other ones in Lesson 1 where the total number of rows

was unknown. However, in the present problem, no uncovering was
possible, therefqre the expression '6 x b' must be left as the total
number of dots. '

v

Frankie also exhibited no difficulty with the dot problem and seem-
ed to understand the use of the literal symbol (the unknown ''number of

rows'"), However, he did indicate that he gave some thoﬁght tae the

.
\ e e o
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notion of counting all the dotd, which would have allowed hiq to provide

a final numerical response to complete the statement 'total number of

dots = ',

p—
Antoinetta appeared to have some difficulty with this problem. At
first she stated that‘tge b stood for "The number of things you have
under the square" but then corrected herself "no, all the rows". When

she was asked to write the total number of dots,.she wrote "6 x 8 = 48".

(Lined paper was used and there were 4 lines under the rectangle, thus
she counted each of these lines and the 4 rows that were shown to arrive
at 8 rows) The interviewer then explained that neither of them knew

how many rows of dots were under the rectangle.

I: How do you think we can write the total, number of dots even
though we don't know the total number of rows?

A: 6 times b, but I don't know the answer.
She was then asked to complete the equation:

'Total number of dots = ',
She then completed it by writing on the right-hand side '6 x b'.

Antoinetta's atﬁ;mpt to provide a numerical value for the letter
b (6 x 8= 48) and her ultimate conclusion "6 times b, but I don't
know the ahswér", highlights a major difference between this problem ’
and the previous ones. Previously, the letter could be evaluated either
by uncovering (as in,Lassﬁﬁfl) or by measuring (as in Lesson 2). This
dot problem presﬁpted no such situation. Possibly 'the lack of an
opportunity to evaluate thé unknown, as well as thé quant;tative nature
of the dot problem (How many dots?) are explanations for Antoinetta's
search for a numerical answer.

Another reason for her difficulty could be due to the fact that
this dot problem was presented to Antoinetta in a similar -manner as
the first area problem. That‘is, no equation to be completed, such as

'"Total number of dots = ' was initiilly ptresented to her., She was

merely asked to write the total number of dots,

Y

/
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Gail when asked what the letter b stood for, replied 'There are
supposed to be dots here, but they are covered (referring to the rec-

'.tangle)"
G.
I:
G:

b stands for 487 a

to which she then added:

48

yes

=

It appeared as though Gail was a little confused by the problem and the

first question, (What do you think the letter b stands for?), thus
the interviewer had her .recall the previous dot problems where the

statement

"Total number of dots = .

She wrote '6 x b = 48" to complete the statement.

G:

shows a need to provide a numerical value for b and

letter stood for the number of rows. She was then asked to complete the

I looked at it, and each row was on a line, and there arge
8 lines (referring like Antoinetta to the lines on the

paper) *

...what if I didn't write dots on all the lines, and some -

were closer together, could you write the
dots?

total number of

Says and writes '6 x 8 = 48' under the '6 x b= 48'.
I am maying you do not know the number of rows. Why are

we using a letter?
Because we don't know the number of rows.
Right, you don't know how many rows.

You think there

are eight if I drew dots on every line, but you don't
know. Maybe one line doesn't have dots or there is a

row of dots closer together, you don't know.
You can't find out.

So to write the number of dots... v
(says "6 times b", but writes '6 x b= ',
equation was completed in the following way:

'Total number of dots = 6 x b= '

Gail's response '6 x b= 48', and '6 x 8= 48

that is, the

, like Antoinetta's -

to provide ulti-

§5 mately a final numerical answenﬁ’as she did by writing '6 x' 8 = 48',

‘The incompleteness of the algebraic expression that she felt, was

1

further ind{cated by her final response, (toéhl number of dots =

6 xb=

')where by placing an equal sign at the end, she seemed to

‘indicate symbolically‘(not verbally like Antoinetta) that she had not

arrived a

v&_.

t a final answer. .

\
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Filippo had difficulty perceiving that the b stood for the total
nu:Zer of rows and stated "b stands for the | missing number of rows.

_Eveh when he was referred to " his homework review problem
( o0 ¢ 00 0 ¢ )
(Ol'.l.‘)

P o g 0t 5o

("Total number of dots = 3 x a'), he claimed that the letter was used
"To find out what the missing amount is, like a would equal the mis~
sing number of dots."

"The, interviewer then covered the rows, showing only one row of 7 dota.

I: How would you write the total number of dots in the
problem yeu drew here?

F: (writes '7 x a'")

I: What does the a stand for? :

F: The amount of dots in the height. (writes and says a = 3)

I: So a stands for the total number of ...

F: dots

I: All the dots?

F: no response

I: a stands for the total number of rows.

F: Oh yes, that is true.

i: Going back to this problem, what does the letter b stand
for?

F: b stands for the dots, and you have to see if they go
1n there,

I: What 1f I did &his (covers the -rows, shows only 6 dots
in the top row). What does the b stand for?"
*F: The amount of dots...in a row...the missing amount of rows.

The interviewer returned to his review problem showing him that the a
was 3, and 3 was the total number of rows, not just the miasingrrows,
however,  he still maintaineg the letter stood for the missing number of
. TOWS. ‘

F: b stands for what is missing. b wmeans hov many other rows
‘there are and you have got to £ind out what it is, like there
might be 1,2,3,4,5, it's covering it up, b equala what is
under there (tefertinz to the rectangle).

The interviewer then pres&nted an entirely new problem as follows:
1 @ ¢ & 6 o

® 0 ® 0 0 '
o 0000 |[E—cover
® 0o oo ]|

(A row of 5 dots was shown; the other rows ware covered.)




- 229 -

I: Write the total number of dots using the letter b.
F: (writes '5 x B')
I: Alright, I am uncovering, what does the letter b stand for?
F: b stands for how many rows there are in all.
I: How many rows there are altogether.
F: says and writes, 'B= 4'.
I: So what does the letter b stand for, the missing rows,
or the rows altogether?
F: All the rows together. ;
I: So let's look at the first dot problem. What does the b

stand for?

F: °'All the rows.

I: Can you write the total number of dots in this picture?

F: writes '6 xb'.
That is all you can do for now, you've got 3 rows, you .
don't know how many are in there,. there could be one.

Filippo did appear at the end of the interview to Lnderstand that
the b stood for all the rows, but it is difficult to ascertain to what
extent he had actually accepted this concept. The future dot problemg
may perhaps provide a better indication of his understanding of thia
concept.

He ultinqteiy wrote '6 x b' as the total numb:r of dots and
stated "That is all you can really do for now..." This response in- ‘
dicates that he had accepted the algebraic expression as the answer but
only to a certain extent. It is an answer which cannot be given a final
numerical value, thus he added "for now" suggesting that he did not
perceive his answer as complete. It should be fecalled that Filippo
views algebraic expressions as 'operntibns', (see previous area problehs)
and an operation is not complete until one has arrived at a final nu-
merical answer, which is not attainable in the dof problem.

Yvette when asked what the b stood for, replied, "Bow many rows
there are.” When asked to write the total number of dots by completing
the equation “"Number of dots ™ '"she wrote '6 x b'.

Yvette's response indicates that she had rno difficulty in under-

standing the meaning of the letter within the context of this dot
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~

problem, and could easily write an algebraic ‘expression as an answver by
co/upleting a given statement such as '"number of dots =" ", .
| As in the previous problem types, the students “wére now asked to
make up a &ot prob]:eﬁ, given an algebraic expression.
N
Can you make up a dot problem where the total
number of dots 18 '7 x c¢'? -

(The interviewer wrote the expression '7 x c¢')

The subjects presented the following problems:

[3

Wendy, Frankie, Antoinetta, Gail and Yvette " drev a problem such as theA

following: o0 0 0 e s

1

Filippo's variation was as follows:

o 00 00 o 9

" Be did not indicate what the € represented.

The subjects did nfst experience any difficulty with the reversal in
this problem type. Ahtoigetta, Gail and Filippo appeared to have over-
come some of the cognitive difficulties they were experiencing in the
previous dot problem. notfever, 'Filippo'a acceptance of the letter as
representing the total number ’of dots is still not evident, since in

his drawing he did not indicate what the ¢ raprucntid.

\
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Summary .

The first dot problem presented some cognitive difficultieg for *
three séﬁdents, Antoinetta, Gail and Filippo. Antoinetta and Gail felt
that their answer '6 x b' was incomplete, and Filippo had difficulty
comprehending what the letter b stood for. He also indicated that
the algebraic expression ;6 x b' was mot a complete answer. A possible
explanation for the difficulties could be that in contrast to the pre-
vious problems in Lesson 1 and Lesson 2 where the letter coula always
be evaluated by uncovering or measuring, respectively, th%F dot problem.
did not allow for any such evaluation. Also the quantitative nature of

the wording of the problem ("How many dots?") must also be considered,

since such a question implies a numerical answer.

B. Concatenation - Numerical and Literal Symbols

1. The Introduction of Concatenation

As discussed in the introduction to this chapter, concatenation
was not immediately introduced to the subjects since research literature
and the results of the pretest suggested that tﬁis notation could result
in cognitive difficulties for the beginning algebra student. However,
it was felt that prior to Lesson 3, which dealt with algebraic expres-
sions involving both multiplication and addition, it was essential that
this convention be introduced in order to make the axpressions less
cumbersome. The justification for concatsnation presented to the
students was that concatenation eliminates the possible confusion be;L
veen the letter x as representing am operation, or as representing

some unknown number. The introduction began as follows:

TN
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How do you write 6 times 7 in arithmetic?

In algebra we can use all the letters in

the alphabet - capitals and small letters.

We often use the letter x . This can get

a little confusing especially if ycu have
* two x's as in

'8 x x' (8 times x)

In order not to have any confusion, in algebra
we can just leave out the multiplication sign
and write:

'8x' for '8 x x'

Whenever you see a letter attached to a number,
there is a hidden multiplication there.

What does 5a mean?

What does 4b mean?

The responses to the presentation were as follows:
Wendy, Frankie, Filippo and Yvette followed the presentation and

answered that 5a meant 'S times a' and that 4b meant '4 times b',
writing 'S x a', and '4 x b', respectively. i

Antoinetta and Gail questioned if it 1s always multiplication, with
Antoinetta ultimately concluding that if it represented other operations
"Then you wouldn't know what to replace the sign with...addition, sub-
traction.” They both correctly responded that 5a meant 'S5 x a' and °
4b meant '4 times b'.

Thus, to this point the students appeared to c0mprehend"the new
notation, with Antoinetta indicating further understanding in her sug-
gestion that it can only represent one operaéion in order to avoid
possible confusion. The presentation then proceeded to illustrate why
this type of notation was only possible in algebra.

Can we do this in arithmetic?

That is, can we remove the multiplication sign

in '6 x 7' and write the numbers next to

each other as in 8x ?

It should be recalled that the statement "and write the numbers

next to each other' was included in the teaching outline since the

Exploratory Case Study had indicated that the student did not

. —— e e . O s el T A
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opon:anéou.ly_write the nuqbera next to each other, and subsequently
began providing possible explanlltionn for the blank space betw;cn the
nunbers. Thus this statement was added in order to eliminate such con-
fusion. It was expected that the students would see that concatenation
was not poa&ihle in arithmetic since a number sixty-seven (67) would be
formed, vhich is not tixe product of '6 x 7' .

The student# responded as was expected.

Wendy, Frankie, Antoinetta, Gail and Yvette answered that it could not
be done in arithmetic since, "It would be sixty-seven".

Filippo provided the same response as the other five subjects. How—
ever, he added that he had reservations about this new notationm,
"Because some .people, thev might find it difficult. Like in 8x , they
might think it is a number with something missing. They might think it

. is eighty something... They might get confused.”

Thus the subjects observed the difference between arithmetic and
algebra and accepted the fact that concatenation was not possible in
arit_tic. It is interesting to note Filippo's comment on the 'p.lace
value' interpretation for concatenation. He still felt that even if
the students knew the correct :l.ntc:puta’tio:lx for concatenation they
might still think in terms of a 'place value' on;, and consequently
get confused.

The ﬁruentation then proceeded to tie concatenation with the
problem types introduced in the teaching outline. The justifications
for this link 'are: 1) it does not leave the introductior. of concaten-
ation as an isolated topic, but rather ties this convention explicitlv
to the oroblems in the teaching outline, and 2) this convention is a
necessary part of the problems presented in the succeeding lesson which

involved more complex sxpressions. The problems were as follows:
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Can you make up an area problem where 58 1is
the answer?
Can you make up a line problem where 4be 18
the answer?

The responses were as follows.

Wendy, Frankie, Gail Filippo, and Yvette drew correct problems such
as.

e b3t b
f. L | 1 1

Antoinetta drew a correct area problem, as above, however the line
problem presented some difficulty for her.

. At Does the 4 stand for the parts or the length of the part?

I: We are not going to cover anything?
A: (drew the following:
‘ r'l—:—'l—J;V- 5—-#-!

1

I am not too sure what the b stands for?
I: If I were to ask you what is the length of this line...
A: Oh... (erases the 4's and replaces them with b's..

She later explained, "I put 4 before, because I didn’t know 4 parts...
I thought b was the parts, and I didn't know how long each part 1s?"

The responses demonstrate that the students in general, had no!
difficulty linking this new notation to the previous problems.
Antoinetta's diffi;ulty was not due to the new convention, she had for-
gotten the new orientation of the line problems presented in this
lesson, and thus could not initially perceive the need for the use of a
letter, Her difficulty was alsoc evident in the last line 'problem, the
one requiring substitutioﬂ, when she had hinted that she wis becoming a
bit confused with the two versions of the line problems, and lta:ed,‘ "I
get ‘mixed up from'the other ones... Before I was writing how many parts,

now I wrote the length of each part."

—— v M et e f8 T




- 235 -

2. . The Introduction of Some Conventions in Algebra Involving
Concatenation

At chis point in the teaching outline two.other algebraic conven-
tions, both 11n§?d to concatenation, were introduced. The first one,
was that of multiplying a letter by the number one, that is 1lx is

written as X . The presentation was as follows:

Here is a rectangle, can you tell me

what the area i8? (expected response
"1 x x'° or 'lx') | \\
What do we do with a product 0

1 x 3'? (expected response,
"we just write 3") )
The same thing in algebra, we
omit the 1 and just write the x .
The students responded as fpllows:
Gail and Filippo wrote 'Area = 1x'.
Wendy just wrote ‘'lix'.

Yvette and Frankje wrote first 'lx' and then '1 x x',

Since the presentation of this convention was in the form of an
exposition, it cannot be determined to what extent the students had
understood or accepted this convention. Only succeeding problems where
this convention is present could be used as an indication.

Bowever, it is interesting to note that all six suhjec;s had used
the convention of concatenation, showm in the previous section, that is,
they all wrote 1x . A further point of 1ntere;t is that three students
(Wendy, Frankie, and Filippo) responded to "can you tell me what the
area is", by just writing the expression 'lx' and/or "1 x x', unattach-
ed to an iquation.

The next convention to be prlncntcd; was that in algebra, an

expression coutaining a letter and a number is always written with the

l A e A Wy B i A M Bt $ T g M T T
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number preceeding the letter, thatsis, 'a x 3' is not written as a3
but as 3a. The presentation was' as follows:

One other convention that I want to show you is the
“following one: .

'a x 3', we also write as 3a .

Does it make any sense? Do you think we should
write a3? It does not make much difference
since

'a x3=3 x g

Is this true for any value of a,
Can you check it with some number?

And another?
From now on, we write
'b x 5' as?

'c x 6' as?
The responses to this presentation were as follows:

Wendy stated that 'a x 3' or 3a was the "same thing, in algebra you
leave out the multiplication sign'. She was not asked to substitute

different values for the a . When she was asked how to write 'b x 5',°

she responded by writing b5 or 5b, underlining the 5b, and res-
ponded similarly for ‘'c x 6'. v

Frankie at first €elt "a x 3' should be written as a3 . Within the

context of the commutative axiom, he was shown that 3a equals a3 apd
provided appropriate numerical substitutions as follows:

'2x3=6" '3 x2=g"
4 x 3= 12" '3 x 4= 12" ,
Be correctly wrbte that 'b x 5' s 5b and 'c x 6' ‘is 6

Antoinetta's first reaction was, "what would happen if you put a3?" -
The interviewer proceeded to explain that they were both the same.
However, the convention in algebra is to put the number before the
letter. She provided appropriate numerical substitutions to illustrate
that 3 x a= g x 3, by writing

‘4 x 3= 3 x 4
2 x 3= 3 x 2

She wrote Sb for 'b x 5' and 6c for 'c x 6'.
) }

Filippo felt 3a was correct since "it still 13 the missing number
times 3," and illustrated this by writing: ‘a x 3
3x0 3a

and stated ",...something times 3." He saw that 'a x 3= 3 x a', "as
long as you have the same number for a" and wrote '7 x 3= 3 x 7'

o i 1 e e 4
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and showed that if one of the 7's were a 6 "it wouldn't-work out". He
then wrote 5b for 'b x 5' and 6c for 'c x 6'.

&

Gail thought that a3 would be better, but accepted 3a for a
Ta x 3'. Tosh@ 3xa=ax3 she wrote:

t3x3=9

3 x3=3x3
6 x3=3x6

and wrote 5b for 'b x 5' and 6¢c for ‘'c x 6'.

Yvette unlike the other students spontaneously preferred 3a , although
she clearly saw that they "can mean the same thing, 3 times a". She
illustrated that '3 x a = a x 3' by writing

"2x3=6' '3x2m= ¢
4 x 3= 12 '3 x 4= 12

‘She then wrote 5b for 'b x5' and 6¢c for 'c x 6'.

This presentation, as the previous one, was an exposition and thus
not oné where the students could exhibit any cognitive problems they
were having with this convention. Of interest to note is that three
subjects, (Gail, Frankie and to some extent, Antoinetta) felt more
comfortable with Ja3' rather than '3a'. Thus the convention to
write the number before the letter to the beginning algebra, student,
may not be as obuvious or acceptable as some instructors may believe.
All six subjects responded correctly to the llut questions and wrote
S5b for 'bx 5" and 6¢c for 'c ;“6'. However, their actual accep-
tance of the necessity of this couventi?n is quescioiuble and cannot be

determined at this point.

c. ,Amlnin of Homework
As at the end of Lesson 2, problems vere assigned to the students,

and reviewed at the beginning of Lesson 3, which occurred four to five

days later, depending on the student. The problems were as follows:

o
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For our next meeting, pléase mke up a/an:

- area problem where the answer is 6a

- dot problem where the answer is 4d

- line problem where the answer is 6b

- line problem where the answer is _1£ or ¢ .

The questions‘ prepared for the review were as follows:

At our last meeting I had asked you to make up 4 problems.
First an area problem where the answer 1is 6a, that is,

the area of the rectangle is 6a.

And a dot problem where the total number of dots is 4d .
And a line problem, where the length of the line is 6b .
And another line problem where the length of the line is
lc or c .

The review of thev; homework assignment proceeded as follows with each of

i

the subjects: !

Wendy did not prepare the homework agsignment. Therefore she was
asked to do the problems at the beginning of Lesson 3.

Area Problem: She drew a correct rectangle.

< L3
£
Dot Problem: She dfew the following problem:
e
- o0 0
Jr e
® o 00

The interviewer asked: 'When do we use a letter?" to which she replied
"to represent a number”.

Line Problem: She drew a correct line segment to represent the
expression '6 x d', as follows:

pﬂpﬁ;ﬁ#ﬁ#ﬁp—_"ﬁ

The interviewer then proceeded to explore her difficulties with the dot
problem. Wendv was questioned whether she knew vhat the letter a stood

for in her area problem, and the d in the line problem, to which she
responded, "no". However, it was pointed out to her that in the dot

problem she knew whit the letter d stood for. g
. ' \,’\\‘\

The interviewer proceeded as follows: '

I: What did we do in the first lesson when I didn’'t want
you to see’ the number of rows?

et
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W: You covered it.

I: In the second lesson, I didn't have a cover ao I did,
something else instead. Do you recall what I did?

W: No-response. ’

I: I used a box. I would draw 4 dots, and 4 would pretend
that there is a cover by drawing a box. (Draws the
following:)

: . "o 0 /

W: Oh Yeh! and that is your d (writes a, d next to the
number of rows with a brace | bracket, and then writes 4
on top of the rows:

'.'I"

d ) .

[

a

Frankie for his homework had prepared four correct problems.

Area Problenm: : Vg

Y

“

Dot Problem: \
. R
. e 9 0 :

L I N 4

[\l

'Linn, Problems:
‘ M LT XA L b3t
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2

¢ Antoinetta for-her homework had drawn the follc;wing problems:
e —————————— )

] : Q (
¢ .
. e
A : *
and had written: 'Area = 6a’. o
2 é 0 00 0 o 0 .
& 690 06 08 0 *
? ® 1000000
y' o9 ® 09 o &0 *
b4
— « .
and had written: '4d'. -
Lt by by bbby b, - fis
¥ T ¥ 1 I
and had written: 'Length = 6b’ ’ - i
' <
A5 *———' .
' . -
£ -
and had written: 'Léngth = 1c¢' . X
. q
The interviewer then poiuted out to Antoimetta that in the area and
line problems a letter was used because we didn't know the length of the
a and b'. However, in the dot problem she had presented, this was not
the case. As with Wendy, the interviewef reviewed the dot problems pre-
gented in Lesson 1 and.2. She was subsequently asked to draw a dot
problem "where the ‘answer ia 4d ". She drew the following:
* 0 . ’
' [ I 4 o
o .0 ’
. e @ ’ . ’ +
When she was asked what the letter d stood for, she replied, "the -

'number of rows." . -

L1 }




>y TG

.
PR

.

L3

/ and had written:

Lo

kY
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&
€ L 2

.

. -

"6 x.A= 6a’

R

presented the following problems for .her homework.

i }
and had written: '6 x a'
. 6a
‘ . . . . +
S For the dot problem Gail presented the array as follows: .
b0 o ¢
" o o 0
0 04 .
o0 0 0 ,
= o o o O -
o .
‘and had written '4 x d, 4d and then asked for a cardboaid to be used
as a cover, She then showaed only one row and hid the other rows. - 2 -

[ .
and had written: 6b.
- ” ‘ ’
and had written; lc.
. ) - s R , . ‘ . . .
Filippo presented the following problems for his homework. . Lo .
e ]
- e \ ' i
‘m . hd 4 ’ . 0‘4
. ; |




e

_and had written: 'l x ¢ = 1c'

-.242 -

4

g0 0 0 »o T

5 ° o090
l{o‘la.to )
000000N

' !
\ . .
and had written: &4 x d = &4d .,

tt-)'G- ‘-)'g b-)l:l -)Fb-a < b:l

and had written; '6 x b = 6b'
e, ' |
5 o /

(The error Filippo mde vith the dot problen was not pursued by the
interviewer.) .

e

Yvette had forgotten to do .the homework assignment, Therefore, she
was asked to do it at the beginning of Lesson 3. '

Dot ProbLem: She did the dot problem first, and drew the f:ilowiug:
D
o o9 ®
o Qo0 00 -
B 2 RIS o
o0 ® o

She was then reminded that letters were used to represent a number we
didn't know, and in Lesson 1 we had covered the rows, and in Lesson 2,
we drev a square to show that the rows wvere covered. She then drew

the following problem: : 9 *
_ ~ 00 00
. L S I ‘
Y
“ o .0 0 0 ’
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Area Problem: She drew the following problem: S
‘ ! '
HENN ‘

[

The interviewer then showed her.how the area broblem'had been drawﬁ in
the previous lesson.

€

Line Problem: She drew the following:

b bop by ehawdrchy

The homework review indicates that all the students were able to
draw appropriate area and lime pribplems to represent the given algebraic
expression. They appeared to havy overcome the cognitive difficulties
a;tociated with these two problem types that were uncovered in éhe
analysis of Lelson 2. 1In e;;h case they had no diffi&ulty interpreting
the concatenated form of the expression presented to them, that is, they
correctly understood, that Sa meant '6 x a', and that 6b meant
'6 x b’ « Also in the area and line probicnl drawvn by the subjects,
they illustrated that thay understood that the literal symbol represent-
.dllo-c unknown dimension (1cnsth).v

t

-
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However, the do£ problem did not reflect the same understanding
of the iiteral svmbol within the context of:this problem type. Only
Frankie presented a dot prablem as illgstrated in Lesson 2. Although
Gail's pro£lem correctly represented tﬁc expression 4d , she had for-
gotten the new version of the dot problem and reverted back to hiding
the rows with cardboard as in Lesson 1. fhe four other students pre-
sented dot problems showing all the dots, thus no unknown quantity was
present, that is, their drawing did not justify the use of a literal
symbol. Thus is appears that the convention used in Lesson 2 to sug-
gest an unknown quantity in the dot problem (an empty rectangle) was not
understood or remembered by the majority &f s%éjécts. Perhaps.a new
convention to represent an unknown number of ééts might be developed or
failing that, we could perhaps consider removing the dot problem from
the teaching outline at the point where the literal symbol is introduced
§s>an unknown quantity.

Of interest to note is the students' obvious acceptance of con-
catenafed expressions such as 6a to represent '6 x a', and their

obvious facility in the use of this notation.

CONCLUSION

Lésson 2 introduced the letter as representing an unknown quantity

" v

within the context of the three problem types (area, length and total
number of dots in an array). Also as part of the lesgon, the algebtaic
convention of concatend/;on was introduced, along with some other con-

ventions associated with concatenation (g; is written as 3a, and 1x

i-‘wtitteﬁ as x).

In this lesson, the letter was used within the context of the sanme
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problem types that were presented in Lessou 1, v\\:here the letter repre-
sented a hidden qﬁant:lty. It was therefore believed that since the

seme problem types were used the subjects would view the letter as re-
presenting an unknown quantity as merely an extension of it representing
a hidden quantity, and thus n;)t experience any llj(;t cognitive diffi-
culr.’iea. However, the first problem in this lesson (an area problem)
proved to the contrary. The transition to lettfr used as unknown was
not spontaneous, vith new cognitive difficulties surfacing.

Some of the cognitive obstacles uncovered were due to the change in
wording of the question. In Lesson 1, the lul;jec:s were always re~-
lquu:ed to complete an equation such as "Area = ", However, in the
first area problem, the incomplete equation was not provided, they were
merely asked to "write down the area of the rectangle.”

All the subjects appeared to have misinterpreted the intended mean-
ing of the question and sought at first a numerical answer to the prob-
lem, by either providing an estimated length for the base of the rec-
tangle, or by the suggestion of nguuring. Since the need for a numer-
ical answer did not appear in Lesson 1, possibly the new context of the
letter as an unknown and not a hidden quantity, could have been one of
the causes for this response. It may be easier to hold in suspension-an
algebraie expression such as '8 x a' in the context of a hidden quan-
tity, for the hiding implies a second phase, that of uncovering, which
will allow the student to evaluate the expression. On the oéhcr hand,
in the context of unknown dimension the notion of hiding id missing and
thus cannot help in holdin‘g '8 x'a' in suspension.

The inability of the students to hold the expression in suspension

1
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appears to suggest that the subjects did not achieve a high level of
acceptance of lack of closure. However, although they could not accept
the expression by itself, it was far more acceptable to them within the
context of the equation' 'Area = ', as evidenced by their verbal
statements, such as Wendy's "You can't just write '8 x a', unless you
write 8 times a 1is the area of the figure". A possible explanation
for the students' greater acceptance of the expression within the frame-
work of an equation could be sou;ht in terms of the name-process dilemma.
By c;mpleting the equation 'Area =; ', the left-hand side clearly
expresses the name, thus leaving to the right-hand side the function of
expressing the process.

As the lesson proceeded, Ehe students appearéd to have overcome the
cognitive difficulties they had initially experienced. The questioqs
seemed to be 1nterpre§ed.by the students as they were intended. They
no longer expressed any need to determine a numerical value for the
literal symbol, and accepted it as an unknown quantity. Thus it seemed
that they haa made the transition from viewing the letter as a hidden
quantity to letter as an unknown quanéity.

Of the three problem types, only the doF problem created an} sig-
;ificant difficulties for the subjects. Although a new version of the
line problem was introduced (the letter repteaen:gd the unknown length
of each part,“hot the unknown number of parts), only Wendy and‘to a
small extent Antoinetta, appeared to have any difficulty in adjusting
. to it. The dot problem presented no major difficulties for the subject;
during the lesson, however, the homework review indicated that the con—-\

“

‘vention used to denote unkﬁown number of rows was not remembered by five

o B L ORIV
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?

of the six subjects. '1_'hun pcriupn a new convention to represent an un-
known number of dots might be developed, or failing that,lwe could per-

‘haps consider removing this problem type from the teaching outline at

the point where the literal symbol 1is introduced as an unknown quantity.

The second aim of Leilon, 2 was to introduce concatenation. The
interviev proceeded in the form of an exposition, thus no cognitive
, . {
difficulties were uncovered, and all gsubjects appeared to accept this

. ]
new notation.

The analysis of the homework provides an indication of the extent .

of the achievement of the aims of the lesson. All subjects pfenenced
correct ares and line i:x:oblenl which indicate that tb;y now understood
that the letter :epfeaente@ some nnknovn’qmtititj. U(As mentioned pre-
viously, the difficulties evi@enced in the dot problem could be due to
the convention used to represent the unknown qmti;y.) The cognitive
difficulties uncove;ed‘ in Lesson ‘2, did not appear in the homework
review, giving further evidence that they had been overcome. 1In the
homework assignment, the concatenated form of .t‘be‘cxpreu_imi was used,
for example 6a was used instead of '6 x a', None of the subjects ..
-tpnluq any difficulcy 'cortlctly intntprdtinx the con&tmttd form

of the expression.

~




CHAPTER VIII

'ANALYSIS OF LESSON 3
Algebiaic Expressions Involving Both
Multiplication and Addition
INTRODUCTION
Lesson 2 introduced the letter as an unknown quantity within the
context of three different problem types (area, length and number of dots
in an array). All the problems were purely multiplicative in nature.
‘In Lesson 3, more complgx problems were presented, involving both mul-
tiplication and addition.

In this lesson the area of a rectangle was determined by dividing

it into smaller parts ( 3 ) , in order to make the problem
Z )
less confusing and easily visualizable. Although it would have been

possible to introduce the topic of tracketing in this lesson (e.g.

3 , area = 3(x + 2)), it was believed that bracketing
:‘ ’ |

might cause some confusion at this point and thus it was not included.

The lesson was divided into two sections. The first one introduced
expressions containing only one unknown, thg gef:ond, two unknowns. All
cl;ree problem types were presented‘in the first section. However, in
the second part, the dot array problem was omitted because the conven-
tion to represent an unknown number of rows, did not lend itself easily
to represent two unknowns, and consequently could cause too much con-

N

The problem types were introduced in the same sequence as Lesson 2

" fusion for the student.

in the first part (one unknown). Hovever, in the second part (two

3 v iy o e
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unknowns) one line pi'oblu was introduced before the area problem since
it demonstrated more clearly the concept of two unknowns, that is, two

different segments of a line each a different length.

A. PART.1 (One Unknown)

1. Ares Problem
The first area problem was presented as follows:

Bere is a rectangle. The length of the
height is 3 units. The length of the
base is in two parts, one part is un-
known, so I marked ¢ and the other
part is 2 units. In order to find

.. the area, of this rectangle,’ I'm going
to simplify the problem. Here I'm
drawing a line, splitting it up into
two smaller rectangles. T

What is the area of the rectangle
oun the left? (3c)

L N

(Write 3c in that rectangle.) 3 3L

What is the area of the rectangle L

on the right? (6)

(Write 6 in that rectangle.) e C 3 & 2=V

What is the area of the blue
rectangle? That is the rectangle
we started with.

(Student was expectsd to perceive
additive nature of areas.)

0.K. ilc can write:
Area of blue rectangle =

N

The responses of the students ware as follows:

H&ndz responded that the area of the rectangle on the left was '3 x ¢
or ¢ x 3', UWhen reminded about concatenation, she wrote 3c . For the
rectangle on the right, she answered as follows: -

1

W: 3 times 2 ' ‘
I: Write down what you have just said
W:  (Writes 32) ‘ ‘
I: You have written 32 (three-two), what number is that?
W: Three times two
I: Read the number you just wrote
© W: Thres two in algebra

The interviewer then had Wendy recall what had been discussed in
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the previous lesson, that is, that concatenation was not possible in
arithmetic. She then said that the area was 6. She was then asked to
write the area of the rectangle, and after a- little confusion (she mis-
understood which rectangle) she completed the equation "area of
rectangle = " by writing "3c x 2' .,

Wendy's responses highlight the cognitive obstacles uncovered in the
Exploratory Case Study (See Chapter 4, pp. 83-85). When asked the area
of the rectangle, she said "3 times 2" and wrote 32 . When questioned
about it, she explained her writing by saying 'three two in algebra”.
This is very interesting because it z;ppears to be a first instance of N
generalization of a convention learned within the context of algebra
being transferred to arithmetic. Wendy very logically specifies "three
two in algebra", because in arithmetic she obviously knows "three two"
(32) i# thirty-two. Thus she believes that as long as she is working
in algebra, she can uae. concatenation also for the product of two
numbers . ’

As in the case with Philip, Wendy also indicated that her strong
assoclation of area with multiplication prevented her from percei:ring
the additive nature of the problem ’presented to her. (She wrote
'3c x 2'.) As will be seen further, all the other students, with the
exception of Filippo, used multiplication inatead of addition. The
remedial part of the ingervievs are dealt w:thh after this first intro-
duction. ‘
Frankie correctly answered that '3 times c¢' (3c) aﬁd 6, were the dreas
of the rectangles on the left and right, and he wrote 3c and 6 in the .
appropriate rectangle. When he was asked to complete the equation ’
"Area of blue rectangle (outside rectangle) = " he wrote '3 x c x 2',

Frankie's expression to represer-zt the area of the blue rectangle

resembles that of Wendy. That is, he foo was assoclating area with

multiplication. Bfg:ho multiplied 3¢ by 2, part of the base.

4
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Antoinetta responded that the area of the rectangle on the left was

"3 times c or 3c" and the area of the rectangle on the right was 6
(she wrote 3¢ and 6 in the appropriate rectangles). When she was asked
"What is the area of the blue rectangle", by completing "Area * " she
first wrote "3 x ¢ x 2" and questioned whether she could write

'3¢ x 2' , which she ultimately did.

The link between multiplication and area is once again evidenced in
this interview with Antoinetta. She also used part of the base as the

second factor. ¢

- Gail at first responded ‘to "what is the area of the rectangle on*the

left" by saying "twelve" since she had estimated the ¢ to be 4 units.
When her attention was returned to the previous lesson, which included
similar rectangles with height 3 and base some unknown length ¢ , she
ultimately saw that the area of the rectangle was 3c and wrote 3c in
the rectangle. For the rectangle on the right, she wrote 6 inside that
rectangle. When she was asked to complete the equation "area of blue
rectangle = ' she wrote '3¢c x 2'. ‘

Gail's spontaneous response to estimate the length of ¢ and her
subsequent numerical answer (12) , for the area of the rectangle omn the
left, indicates that she was once again searching for a numerical answer
in response to the question "What is the area...?" (She had previously
done 80 in the first area problem, and the first dot problem in Lesson
2.) Although she did ultintely:provide ‘the correct response (3c) sug-
gesting‘ her difficulty may have been a question of memory, the fact. that
she spontaneously thought of a numerical answer rather than an algebraic
expression, may suggest thit she was not yet comfortable with algebraic
expréessions as 'answers' to open questions such as "What is the area
of ...7" As with the previous students, she also related area to mul-
tiplication, since she wrote '3c x 2',

Filippo responded that the area of the rectangle on the left and right

was 3c and 6, respectively, and wrote the areas in the appropriate
rectangles. When he was asked to complete the equation "Area of blue

_rectangle ®* ", he wrote '3c xc + 2', When he was asked to explain

his answer, he changed the plus sign to multiplication and wrote
'3.x ¢ x 2', However, when he was asked to explain what he had just

[N - . ST N S
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written, he said "first you try to figure out this one, so that's 3 times
¢, and then that one vhich is 3 times 2 (pointing first to the left
rectangle and then to the rectangle on the right). So 3 times ¢ plus
3 times 2". And he wrote '(3 x ¢) + (3 x 2)'. The interview proceed=-
ed with Filippo explaining the use of brackets in this problem. He was
then directed to write '3 x c' as 3c and he finally answered by writ-
ing '3c + 6').

N

Filippo was the only student who perceived the additive nature of
the problem. Even though at one point he appeared to be changing his
response to Jthnt of miltiplication, his further explanation indicated

that it wvas only a temporary reversal.

. Yvette first wrote '3 x c', then '3c', after being reminded about
concatenation, for the rectangle on the left. For the area of the rec-

tangle on. the right she responded:

B

Y: ...It is times 2 (writes '3 x 2, 32')
I: thirty-two?
Y: Oh no, (crases 32 and replaces it by a 6) '

u

/. WVhen she was asked to write the-area of the blue rectangle by com-
pleting the equation "Area = " ghe wrote '6 x 3c'..

. Yvette's response indicates that she, like Wendy, at first general-
ized from aléebra to arithmetic by writing '32' for 3 times 2. The
interviewer's interjection of the number 'thirty-two', however, led
Yvette to quickly perceive her error. Her final response, '6 x 3c¢',
"also shows that she linlgs the sunuo'I the areas with multiplication and
does not 'perccive the additiuve aspect of ';he problem. However, her .
rg-poﬁle is slightly different, since she multiplied 3c by 6 (the area
of the other rectangle) not by 2 (the length of part of the base.)
The responses thus far in the first area problén point out some

very interesting aspects. 1) Wendy and Yvette revealed the possibil-
ity of stuaents transferring tne cbncntenatvion convention from algebra

to arithmetic, (eg. '3'x 2' written as 32 in algebra). 2) The res-

ponses alsq indicate that although concatenation had been ptevioualy'
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presented to the students, three of the six students (Wendy, Filippo .

.

and Yvette) did not spontaneously use the conventidn, and had to. be re-
minde;l about this new form. 3) One very clear result is that to the
novice student, the area concept is so strongly linked with multiplica-
tiog that it creates a 'mind-se;', preventing him from perceiving the
additive nature of the problem involving the sum of two areas. This
was evidenced by five of the six subjects, with only Filippo perceiving

{
the additive aspect of the problem. In the multiplication of areas,

!

the second factor used by four of the subjects (Wendy, Frankie, Antoi-
netta and Gail) was not the area of a rectangle, but the base of the

second rectangle. That is, they wrote '3c x 2', not '3c x 6'.

“ This perhaps could be exp]wained in terms of their focusing on the for-

1

mula for area (Length of height times length of base).
The inability of the subjects to perceive this additive aspect was |

not anticipated in the preparation of the teaching outline. For some

reason we believed that this behaviour observed in the Explora\tory

Case Study was exceptional. ’Thus a spéntaneous at‘itl;metic. situationa ) N ’

was presented to the students by the 1ntgrviewer in order to demonstrate -

that the correct.response required the addition of the areas of two

smaller rectangles. A rectangle divided into two parts was drawn, such

as | |2 yo » the area of each rectangle written inside each one.

The students were then asked to write the area of the larger rectangle,
which would be '12 + 40" or 52. Consequently, it was expected that

the students would then relate this problem to the one they were origin~—

ally doing 3 é and subsequently provide the correct .

A 1

answer, '3c + 6'. Of courss, this presentation was not required for

p——




Filippo. )

The responses were as follows: .

-

Wendy first“responded that the area would be "twelve times forty".

The interview then prg;eded:

I: You are saying 1% times 40 (writes 12 x 40). What is area? ,
W: Multiplication g

The interviewer then rroceeded to demonstrate that area meant the
number of squares it takes to cover a given surface. Proceeding along
this line, Wendy responded That 40 and 12 squares were required to cover
each of the smaller rectangles. The interviewer then asked '"So how many
squares would it take to cover the large ractangle?" Wendy replied,

"12 times 40". The interviewer then attempted to divide the rectangle
in 12 and 40 squares, anc asked how would she determine the total num—
ber of squares. She still insisted upon multiplying, 12 and 40.

The interviewer subsequently drew a smaller rectangle with 6 and 9

squares.
PaEP
! C .

-
C

Although at first she insisted that there were 6 times 9 squares, after
counting them, she realized.'you add." However, upon relating thias
arithmetic problem to the original one, she still replied '"3c times 6"
for the area. When she was reminded about the additive nature of the
problem, she wrote '3c + 6' .

Frankie at first responded that the area of the rectangle would be

'12 times 40' but then changed his answer to '12 + 40' saying "If you
times it you are going to get a bigger answer. And it wouldn't make
senge." When his attention was drawn to the original problem and asked
to write the area, he wrote !3 x c + 6' . After being reminded about
concatenation, he wrote ‘'3c + 6'. '

Antoinetta replied that the area of the rectangle would be '52'. When
she was asked "How did you get 52?" she replied, "add, you really are
supposed to multiply, but you want to knew how much it is altogether,

80 you add." She was again asked the areas of the two smaller rectangles

in the original problem, followed by the questions:

.

I: So altogether what is the area? ’
A: 9 ?

I: 9c

A: Idon't kapw because I don't know what ¢ represents.

When She was asked how she determined the area of the rectangle which
contained the two smaller rectangles (12 and 40) she replied

AT A LA ]




N . . ' - 285 =

A: I added thein i :
I:y Do you think you can add here (pointing to the original

problem)?
A: No

. I: Why? .

: A: Because it is not a full number like 40 or 12.
- The interviewer then presented an example which provided a specific

value for the c¢ as follows: , ' .
£ o ) .
. ‘ 3l P o[ 13 ,
. . .
€14 ' .

+

When asked what is the area of the large rectangle, she replied, ''18".

- © I: 12 1s 3¢ ... If I didn't know the length of ¢, hqy.could I
write the area of the regtangle?

e A: (writes 'jrea = 3c + 6') ' —

- -~

Gail responded correctly to the arithmetic prdblem, and then subse-
quently provided the correct ansWer for the original area problem.

. - When she was asked why she had previously written '3c x 2' she answer-
' ed, "Because I thought of area and I put 3c and then I multiplied by
2, because that is the length of that 1ifele plece.

Yvette was presented wi;th the following rectangle,

-

T .| 52 /2
and when she was asked the area of the larger rectangle she wrote ,
- '52 x°12' , The interviewer then drew a smaller rectangle —
3 /2 ¢ .

* This vLime YvetEe responded that the area would be '12 + 6' and sub-
séquently changed the answer she gave fory the first rectangle, "to
'S2 + 12" . Returning to the original problem, she correctly completed

the equation "Area= " with '6 + 3c' . . ey

- The responlﬁe by the subjects given in this section of the inter-

views once again bring out the strong: aseociation between area and mul-

tiplication,, as evidenced byf*three of the five subjects using multipli-

Y

.cation even within a visualizable numerical (not algebraic) situation.
(They wrote 12 x 40). Wendy clearly indicated this ntrong link when

she responded to tl’g& question, "What is area?"." she replied, "multiplis

A * L
L ] ’ .
’ ’
b
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cation". Even when she was uked to count the number of squares, she
mltiplied Antoinetta, also, correctly responded. '52'. When asked
how she got '52', she responned initially by saying ".. .Yo? really are
supposed to multiply..."

Antoinetta's difficulty. however £ was not merely a question of the
close .1link between area and multiplication. . She could not add 3c and
6 because 3c to her "...is not ’a fuil nunber like, 40 or 12". That
is, 3c to Antoinetta does not Tepresent a number. Her conflict a\ppeara
to be similar to the one experienced in the Initial Pilet Study ("How
can you multiply a number by a letter?") only in this case, it is a
question of addition, vaich includes a concatenated expression, 3¢ .

Her response is quite surprising becaule.in the pretest and in the first

and second lessons, she seemed to pfri:eive letters as representing num-
» . L

bers.

’

A 'second area problem was then introduced to ensure that the

students had grasped the new version of the area problem. The presen—-

tation was as follows: 4

Here is 8 t\zungle.
What is the area of this rectangle?
« (If the student was unable to respond,
he was to be guided into separating &
the large rectangle into two .smsller ¢

ones, and the line of questioning -
would follow that of r.lu previous . ¢ a—>' 35
problem.)

The subjccu rupondod in the folloﬂ.n: msnner: ) *
Wendy divided the rectangle int.o two smaller onss and wrote inside
each rectangle their respective areas, '4a' and ‘4 x 3= 12', Her

final answer was written in the form of an oqul:ion 'Area = 4a + 12°.
\ - . ;

<
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Frankie initially began measuring the length of a , when he was asked
the area of the given rectangle. The interviewer then requested that
he not measuré, so he wrote '4 x a + 3

ta + 3

He was then asked to divide the rectangle into two smaller ones, and
then asked their areas. He replied 4a and 12, and vrote the areas
in the appropriate rectangles. He then responded to "What is the area
of the blue rectangle?” by writing ‘'4a + 12' . The interviewer ques-
tioned why he had written plus 3 at the beginning, to which he replied, .
"I was looking at that rectangle here (points to the one at the right)
and there 1is a 3". As the interview proceeded, it became apparent that
Frankie did not comprehend why the answer was '4a + 12'. He stated,
"I don't understand this problem.. You times this and add that and you
get 4a plus 3, what is the difference, if you write '4a times 3'.
The interviewer then presented Frankie with a purely numerical version
of the same problem.

y

1 ‘
drsy ! 3

By substituting the numerical value 4 for a, he was shown that numeri-

‘tally '4a x 3" (16 x 3) does not equal '4a + 12' (the correct answer

to the problem) since it would be '16 + 12'.

Antoinetta wrote ‘'Area ® 4a + 12' without dividing the given rectangle
into two smaller omnes.

Gail wrote ‘'Area of rectangle = 4a + 12'. She also did not divide
the rectangle, however, she qwq.oned whether she should have.

Filippo first wrote (lulA) + (4 x 3). . An attemot by the interviewer
to have him write  4A + 12 caused some confusion for Filippo, he began
subetituting a numerical value for A . However, he easily returned to
his i{nitial answer. He commented on the problem as follows:

"I think a thing like this is very confusing for some student... with
the four like this, they won't know what it means...drav a line into
separate squares. Like here it would be simple (showing a divided rec-
ganglc). When they put it together (no division) they have to multiply
it altogether without the lines. (Thus he was stating that the divid-
ing line made the area problem clearer.)

During his discussion, the interviewer managed to have him say that
'$ x 3' was 12, and he rewrote the expression, as & + 12.

, &X
Yvette ote 2: and 13 in each of the two smaller rectangles,
and then wrote 12 + 4a as the answer.

‘ The responses given by the sybjects to the second area problem

i

suggest that they had managed to accept the additive aspect of these

\
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area problems., However, the interview with Frankie brings into question
the ‘extent to which they understand or accept t;\e additive aspect of the
problem. Frankie wrote '4a + 12' but further questioning by the inter=
viewer revealed that he did not completely understand why it was not
"4a times 3". In the case of the other students, no further question-
ing had occurred, thus perhaps they also may have been still exper-
iencing some cognitive problems. Filippo clearl; stated that he felt
the inclusion of the line, dividing the rectangle into two small rec-
tangles was imperative in order for the student to clearly see the
additive aspect of the problem. |

It 1is 1nurut1n-g to ndte that all the students were now using the
concatenated form of ‘4 x a', ‘that is 4a , without any need of a
reminder from the interviewer. |

The next problem required a reversal. Given an algebraic expression

containing two terms, they were asked to generate an area problem similar

to the previous ones.

Now it is. your turn. Can you make up an area problem
vhere the area of the rectangle would be '3a + 9'?

. Hendy drew the following rectangle, (the interviewer had written the
expression '3a-+ 9')

7

Y ‘ ’ .
The interviewer then asked her to write down the areas inside each of
the two smaller rectangles. She wrote 3a and 27 in the appropriatg
rectangles. Seeing her error, she changed the 9 on the bage to a 3.

g <
Fraokie. (The interviewer accidently omitted this problem with Fraankie).

¢
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Antoinetta drew at first

T

I
. —aei—

but then changed the nine to a three, without any intervention by the
interviewer. ' ' ’

Gail apon:ane'ously presented the following correct rectangle.

il

. |
— e 35

Filippo drew the following rectangle: /

31 3A | 27

1

and wrote '3A + 27 . When he was again asked to drav a rectangle
vhose area was '3A + 9' he drew the following:

3 ™

i
—

and wrote '3A + 9'. The interviewer then asked him to separate it into

two smaller rectangles. He then stated, "Now I understand what you

mean..." and drew a nev rectangle.
' K

and wrote '3A + 9' .

Yvatte drew the following:

r 9 o .

) IxA 9
3 A | 27
A ?

and wrote '3IA + 27' . She first drew the rectangle on the left then
When asked to draw a rectangle
vith an area of '3a + 9' , she drew a rectangle with dimensions

sdded to it the ractangle on the right.

TE L Y S e
4
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3 (height) and A (for the base) and attached another rectangle with a
9 written in the centre.

3 ' 9

A

When she was asked the length of the base of the rectangle on the fight,'
she first wrote 5 , then subsequently changed it to a 6 , and then
said, '"Oh, I wae plussing it, it is times) and changed the 6 to a 3.

The reversals suggest that the students now understood the additive

}.i:ect of these area problems, overcoming their strong link between area

and multiplication that was eévidenced in the first area problem. Yve;te's'

draving in particular, illustrates her interpretation of the additive
upec‘t. She drew one rectangle with area 3c, and then added on another
rectangle whose area was 9. However, 5 out of the six subjects could
not spontaneougly determine the correct dimensions for the base of a
rectangle wvhose area would* be,\'k + 9' . They were still focusing on
the second term of the expression as being a part of the base, as evi-
denced by their writing a and 9 as the length of the two segments
of the base. Yvette and Filippo perceived immediately that the area

of the rectangles they drew to be '3a + 27°' . However in each case,
once the students were directed into seeing that a correction was nec-
essary, they easily provided the correct dimensions. It is lnte:est.:lng.
to nc;:e that Filippo m:‘ble to provide a correct response until he
drev a 'dividing line' in his rectangle. I'n the previcus problem he
had .luggested that the omission of such a line could create confusion,

vhich"it did for him.

»

¢
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o'rha presentation of the area problems requiring ‘two operations,
'additic;n and_l-;nltiplication. highlighted some new difficulties. The
first a‘ru problem reyuied tl_xe strong link students have between area
and multiplication, which interfered with their ability to perceive
the additive aspect of the problem. It also indicated a transfer by
two students of the concatenation coavention from algebra to arithmetic,
that 1s, '3 ti-’l 2' 1is '32' in algebra.

As the lesson proceeded to the next area problem, it appeared that
the students hade.managed to overcome the difficulties they had experi-
enced '1n the first onle, that is, the? perceived the additive aspect.
'I?hel reversal provided further evidedc,e of their apparent understanding
of the additive aspect of this probl';- type. anvc;, they experienced
some difficulty in determining the dimensions of the rectangle, a dif-
ficulcty vhich vas easily overcome as soon as the students were brought
to view the second term as an area (product) and not just as another

part of the base.

2. Line Problems
A .line problem was then introduced which required as an answer an

expression containing both multiplication and addition.

Here is a line. What is the (X= T2 =T = y =2y

length of this line?

The subjects responded in the following manner.

Wendy completed the equation '"Length = " by writing '4 x ¢ or. 4c'.
Xendy

The interview then proceeded as follows:

I: (covering the part of line &4 units long) What is the length of
the line till there?
"8 3..03c - A

PO gy P s 47 3
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I: Very good. (Covering the c's) What is the length of this
part of the line?

W: 4 '

I: How would you write the length of this line?

W: 4 tisms 3

I: Let's drav another line. I will divide the line into two
parts, 1 12 ¢ &

Jro—

Let's say the length of the line till here is 12, and the
other part isg 6.. What would you do to find the length of the
line? -
12 plus &
Now looking at our original problem. ‘What is the length of
.the line from here to here (Pointing to the 3 c's)
3...3¢
Right, and from here to there (pointing to the part 4 units
long) . ,
. hc...n0 just 6.
Yes, it is 4, so what is the ‘length of the line?
"4 plus 3
4 plus 3. Is the length of the line from here to here 3?
3’ ‘
from here to here .
&
Altogether, what is the length of the line?
4 plug 3 '
(redtaws the line, dividing it into two parts and hbeuing the

first parc 3¢ and the’tccond part 4.
L — 4 ¥ -
) e 'V € 7 ¢ 7 L}
So the length from here to here is...
W: 3¢ . .
I1: and from here to here .
W: 4
I: So what is the length of the line?
W: 3c plus &
3¢ plus &, good write it down."
, W (writes 3c + 4) :
I: You got the correct answer when I redrew it and wrote 3¢ and
4., What wvas bothering you when you saw the separate c's?
W: 1 dropped the c. I knew this length was 3c and that was 4§,
and said 3 plus 4 , I forgot all about the ¢ . When it is
beside I can see 1it.

k.
s o0

-
.

HERSHMD R~
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[ o]
.
<

.+ Wendy had a number of difficulties in determining the length of the
line. Initially she was concentrating only on tfa multiplicative aspect
‘of the line problem, thus she andwered 4 times €. The line problem

in Lesson 2 involved the product of ths length of a segment (unknown)

- L g R s s & 4TAN Y
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times the number of segments, so it is possible that Wendy was trying to
fit the new problen into that framework.

A lecond difficulty she experienced was that she tended to ignore
the letter, as evidenced in her two responses '3 times 4', and
'3 plus 4'. It was only when the interviewer wrote 3c on a drawing
to represent the length of that segment, that she correctly responded,

explaining "Pdropped the c . I knew this length was 3c and that

was 4, and said 3 plus 4, I forgot all-about the ¢ . When it is beside

I can see it."” These last words of Wendy s bring out the difference i{n
this pretenution and that of the'area problen. Had the sequence of
questions been asked for the line problem, as in the area problem, the

firat question would have required the sg;,udent to write '3¢’' on cép of

. the left-hand side.

Frankie initially wrote '4 x c', He then changed his amer to

¥4 + c'. The interviewer then showed Frnnkig that '4 + ¢' only repre-
sented a part of the 1ine, so he addéd 2 c's to the expression and wrote
'S+ttt .

1: What is another way of writing 1t?

F: 3? . .

I: That's it, very good. So the length from here to here is...?

F: 3 times ¢ ‘ :

I: or 3¢, and here to here

F: & ) : .

I: Good, so can you write the length of the line?

F: 3+ 4

I: That i 7.

F: &4 timea c

I: (Drawing a new line) If I said the length from here to here
1s S and from here to here is 3, what is the length of the
whole line? l 5 } 3 i ‘

. l Al
F: 5plus 3

I: 5 plus 3 (Drawing another line) If I said that the length of
the line from here to here is 3c , and from here to here is 4,
what is the lensth of this line?

™ 3
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F: 3c plus 4
I: (Looking at the original problem) From here to here what is
the length (Pointing to the c¢'s)?

F: 3
I: and fromylre to here (pointing to the part 4 units long)
F: & g

: So how would you write the length of this line?
F: 3c plus & ’ A

The interviewer then divided 3¢ into 3 parts, each. ¢ units long to
show that it was the same problem as the initial onme.

= 1'3‘1 5 i

]
ya ¢’ ¢ v

i

Frankie experienced some of the same difficulties as Wendy. He
also init‘::ully wrote: '4 x c' as the length of the line. However, he
. quigkly perceivgd the additive aspect of the problem as evidenced by his
writing ‘4 + c\"(‘ ct+te', bu\t was unable éo write '4 + 3c¢', (at one
point :lgr;oring the letter-and writing '3 +4'), until the interviewer
drew a line, which containeti two segments, one with length 3 (to
reptecent' the 3 ¢'s) an;:l one 4 units long. As in the case of Wendy, he
also required a clear separation of the line problem into 1::3':\:10 parts,
_:3_9_ and 4 '1in order to arrive at the correct answer. ‘
Antoinetta in response to the queal.:ion "What is the length of “this
line... length equals" wrote 'Length = 3c + 4'. She claimed that ini-

tially she was going to'write 'c + ¢ + c', for 3c , but corrected
herself afte: she wrote the first ¢

" Antoinetta did not experience the difficulties uncovered in the
interviews with Wendy and Frankie. She, herself, separated che problem
into its two parts, 3c for the 3 c's and 4, that is, she spontaneously
perc;ived both the multiplicative and additive aspects of the problem,

as evidenced by her writing ''Length = 3c + &',

' Gail was erronecusly presented with the line

ldldl‘l‘L ‘ d
L4 L) L) ) 1 1
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as opposed to the intended one. She respo to the question, "what

is the length of this line?"” by writing 'Length = d x 6'. She explained
"There are four d's and each one takes a space, and probably two of
these spaces would d equal to the 6". The interviewer remarked that she
did not know for sure that the 6 contained two d's . And proceeded as
follaws:

I: What is the length of the line till 'here? (showing only
? the d's)

G: Writes 'Length = 4d'

I: Good, and what about this? (showing the 6)

G: (continues to complete her equation: ‘'Length = 4d + 6')

GCail's plausible explanation for her first response and the ease
she had in ultimately providing a correct answer, suggests that she wvas
not experiencing any co.gnitive problems. Her explanation for writing
'6 x 4 could possibly account for Wendy's and Frankie's initial answer
'4 x ¢'. Since in !;he problenm, |

BEE e Cre ¥
they may have just pefceived the 4 to be another ¢ since it vas close
in lensth' to the ¢ .

Filippo fir-t questioned "is 4 everyone?", to which the interviewer
replied, "no, the length of these is c and the length of this is 4".
Be was then requested to write "Length = ", and he responded by wric-
ing "Length = 4 + c" , but then put a 3 next to ¢, "Length= 4 + c3".
After baing reminded about the convention of writing the number before
the letter, he wrote '4 + 3c¢', under the '4 + c3'.

Filippo had ng difficulty in writing the length of the line and
perceived the additive and multiplicative nature of the problenm.

Filippo's first question "is four everyone?", confirms that the line
, e

probles appeared to be divided into ¥8ur equal parts. Thus Frankie's

I

and Wendy's initial incorrect response '4 x ¢' becomes more justifiable.

Yvette was pruonud wvith the same problem as Gail.

L‘l‘ld JL‘{

¥ ]

She answered by writing "Length= 4 xD .
4D"

—

—
5
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' The interview then proceeded:
. 1: What is the length of the line till here (showing only the

d's)?
Y: 4 o '
I: The length of the line till here with the d's 1is 4. ‘

Y: four parts and the d you don't know...there are four parts
here and the d you don't know.

I+ How can you write the length of the line from here to here,
_the part just with the d's?

: 4 times d

: Right, so from here to here is 4 times d or 4d , how

, much longer is 1t?

Y: 6 ’ . .

I: Now can you write the length of the line? A ]

*Y: Says and writes '4D + 6'.

Yvette's response, '4 x D, 4D' , suggests she was focusing on the
multiplicative aspect of the line problem, based on her experience with
the previous line problems. She also was able to éasily ar_x:}le at a
correét response, once l;he problem was simplified by its separation into
two parts, 4d and 6. ‘ |

The first line problem illu-\tratu some of the difficulties asso-
ciated with this problem type. One: ‘the student may focus only on the
ml}:iplicative aspect of the problgn, based on the line problems pre-
sented in the first and second lesson. Two, some students require the

separation of the line into two parts, such that each part cléarly re-

presents each term of the required expression, that is,

_ \ 3¢ ;
b - eyt {

This is ‘not to say.that the problem should have been presented as :

follows:
o L 3¢ | 6

L)

since Lesson 2 had provided the background for the students .to perceive

<
that the length of a line ,L < lf ! < 4

—
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is 3¢. (Antoinetta and F;lippo managed themselves to mké_ the separ- ,
‘ation.) However a series of questions appear necessary for some stu-
‘ dents, such as in the interview, which would assiat the lst:u'dﬁeﬁt’\ in ‘mak-
ing this separation, as was done in the first ar.ea problem,
Perhaps the neeci for this separation may also Be explained in terms
of Collis' Levels of Acceptance of Lack of Closure, whe;eby initially a
student can handle only one open operation. Perhaps the reason the
students managed to write tlfe two r.e;:n expréssion when each part was
clearly indicated, could be due to the fact that no longer wete two

’

operations explicitly indicated. That is, the writing of '3 x c', as

3c, nigh.:‘hnve visually removed the 'multiplication'. Tﬁus the
exvreuion*;ty have appeai'ed to the student to contain only one opera-
tion; additiod{ o
i \ A third difficulcty seems to ﬁave been .caused by the s_imilarity of
'i:he .‘lken;th denoted by a number, and the length denoted by gj;e letter.
This seems to have induced many of .the ‘students (Wendy, Franlg.:l:e and

Gail) to multiply 4 times c or 6 times d . ' o

A second line problem was presented to thé student;;:to ensure that ~
" they undc;:'tood this new version of the line ptoble&.’lb‘Alchouéh it was

~ ‘prepared in particular for only those studetu::who w;ere' eiperiencing
difficulty, all subjects were presented with a second line problem.

What is the length ‘of this line'? v

EARNENE NSy

v
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Wendy said "4d plus 6", and then wrote "Length of line = 4d + 6".
Y
Frankie wrote '6+d+d+d + d',napd then '6 x d', and '6d'.
The interview p?ocagded as follows: s

I: What is the length of the line from here te Egre,(pointing to

the d's)?
F: 4d ) ’ )
I: ...and from here to here
F: 6

I: .So what is the length of the line?
F: says and writes "4d +\6"-

Intetviéwerjpresented him with ‘another problem,

e e

. to ensyre he understood the line problems. He correctly wrote "sa + 4"
. ’ »

Antoinetta and Filippo spontaneously wrotz '"Length = 4d +'6" .

Gail and Yvette were presented with the first line problem:

Lelclcl 4% g
¥ o v ¥ 1

1

Gail wrote "Length = 3c + 4" and Yvette wrote

"Length = 3 .x ¢ ot o :
3¢ ° 3¢t 4. ’
04 v

R L
. .

The difficulties evideﬁced in the firgt line problem, only surfaced

PIs

1= »
in the interview with Frankie, who required again that theiproblem he

explicitly separated into its two térms. The other five students

-
)

spontanedusly wrote the correct expression, each responded by forming. an

equation such as "Length (of line) = 4d + &". The ease with which the'

-

initial di¥ficulties had been overcome could be explained in terms of

familiarity witH the problem‘ﬁype. ' )

As mgl previous problem types, the student now was requested to

generate his own line problem. .
’ ! .
Make up & line problem where the 1enzthkﬁ
of the line would be ‘'4c*+ 8'

¢ L

/\

o e
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Yvdtte first drew
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I d

. v
. €, e,€,¢€ )
S .-
t : : .
then added on.a part '8 units long \
¢-Ic|:“c, 4 I \ \

4

problems. A ponlibln explanation qugostcd vas that this lcparltion

) Gl A + PY
and wrotg~"4'% c
' 4c +: 8-,

. '
’ . J

Filippo and Gail* drew a correct line sych as

‘ 3
‘16014 ¢ |

¥ LR

T

At no point was the expression 'Ac + 8' ~gitten by either the inter-
viever or the student.

Antoinetta and Frankie generdted the follouing.problen to reptenen: the
written éxpression, '4c + 8': /

Wendy dreﬁ

and 'wrote '4c + 8,
The ease di:h which-the correct line problem was generated by each
of the lubjehtl confirms that all the subjects had overcome any initial

difficulty they were experiencing, and now clearly understood the adturg

of this type of line problem. Yvette's method of -drawing the line prob-

lem in two parts, illustrates her obvious need for the separation of the

problem. . N ’

Summary -
The presentation of the first line problem 1llustrated that some

ltudnntl tiquite the separation of tﬁe problem into“two explicit parts,

clch tcprenonting a term in the final anlwer, as was donc in the area

-

. |
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possibly reduces the problem to one operation, addition, for the stu<
ents. That is, 3c may be perceived more as the result of the oper- ‘
atiot; rather than '3 x ¢'. If this is sa the expression '3c + 4' may
be perceived primarily as ox;e operation, which is eagier to accept than
an expression with two operations since 'accor:ding to C‘ollis' levels of
Acceptance of Lack of Closure, initially a student can only handle one
unclosed operation.

The possibility of a link between sultiplication and the line prob-
lems, a link based on the previous lessons, was luggu:;d as another
f'euon for. the difficulty the students experienced in perceiving the
additive aspect of the probleu.\ However, it became apparent (in G{il's
interview) that thehproli:lteu, tbem_elves; could have accounted in part

< < \
for this error, (In-the line } 5 < 4 qjl the

segment of length 4, appearedm'tq be the same length as the c's, thus

the students could have perceived rlhe length to be '4 x ¢', '4c'.)
In the second line problen“only Frankie required the separation
ausgu'Ced above, ‘since he was still operating solely with;n a multi~-
plica‘tive framework. '1‘1'1e c.:ther five students spontarneously responded
correctly, indicating that they had ov;rcome any initial cog;xitive dif- .
L

ficulty, and now understood the problem type. The reversal further con-
14 \ L)

firmed their understanding.

3. Dot Problem 3 .
The inherent difficulties in the dot problem (that is, the diffi- -

culty in finding an appropriate convention to, represent an unknown quan=-

. . * \
tity of dots) resulted in the inclusion of only one dot problem, with

¥

no'rav_erul. in this lesson. This dot problem was added to illustrate

~

.
' 4
: .

et
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nnd;her situation wvhere an algebraic expression containing two operations

- could be presented within the context of a visualizable problem. In the
v » .

formulation of this problem, ve were well aware of the possible dif-

ficulties that the subjects may experience. Nonetheless, it was felt

that it would be useful to the subjects to present this third context.

The problem was presented as follows:

Here is a dot problem. What is
the total number of dots in the
circle? (The words 'in the
circle' were added in orxder to
ensure that the subjects consid
ered all the dots in their ans-
wer).

The students responded as followa:'

Wendy:
I:

fu
.

NERENENSNEnEox

oF:

W:
I:
W:

Frankie

Here is a dot problem, I would like you to write the total
number of dots in the circle. What does the a stand for?
The number of parts.

What do you mean by parts in thia problem?

"How many dots...yes, how many dots in the row.

You can gee there are 5 dots in each row.

No, the rows

The number of rows

Yes, the number of rows

0.K. Can you write the number of dots in this circle?
Writes and says 'S x a'

or

5a

Is that the total number of dots -in the circle?

Yes...no, there are twenty-one dots that are showing.
Twenty-one dotg *showing. How many dots are here (pointing
to the left side . s

15 B . ' N .

There are some dots which are not showing, that is why we have
the .box here. How would you write the total number of dots
here? . :

5 times a

Yes, 5 times a , what about these here?

Oh! Writes and says 'S5a + 6'.

spontaneously responded by writing '5a + 6'. He responded to

the question, "Do you remember what the a stood for?" by sdying, 'how

many rows'.

s St A ————— AP, 5w o ey
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Antoinetta first questioned, "Do I have to write the equation or just
the number of dots?" She then wrote "total number of dots = 5a", but
questioning, "Do I count these here?" (referring to the other 6 dots)
She then completed the equation by writing 'Sa + 6'.

Gail was first asked, "What does the a stand for?" to which she res-
ponded "You don't know what is behind the square.” She was then asked,
"Can you write the total number of dots in the circle?” After some
thought, she wrote '5a + 6'. Further questioning by the interviewer
revealed that the inclusion of the word "the circle" assisted her in
arriving at the correct response.

Filippo wrote '6 + 10+ 5 = 21 dots' in response to "What is the total
number of dots in the circle". The interview then proceeded as follows:

* It Why did I use the letter a7
F: a represents the number of rows.
I: Do you know the number of rows?
F: No
I: Yet you are sure there are 21 dots.
F: No, only 21 dots are showing.
' I: Oh, 21 dots showing, I would like you to write the number of
dots including the ones that are covered.
F: So what you are saying is I have to give you the total nunber .a
so that is 5 times a , all the rows down, plus 6 (writes
'5 x a+ 6'"). After being reminded about concatenation, he
wrote '5A + 6'.
Yvette was first asked "Do you remember what the a stood for?" to
which she replied "the rows'". When she was asked, "Can you tell me
what is the totdl number of:dots in this circle?", she said, "5 times

a, which 18 5a and you have 6, so it is 5a + 6 (writes 5 x A
SA + 6)

The difficulties we had anticipated for the dot problem did not
. .
surface to the extent we had expected. Wendy and Filippo, both were
focusing ou the dots that could be seen (21).. However, as soon as they

understood the nature of the problem, they experienced no difficuléy

"in providing a correct response., The other four subjects did not show

any evidence of any cognitive difficulty "Eﬂ‘ this dot problem, and
appeared to have understood what the a stood for — the unknown number

of rows.
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B. PART 2 (Two Unknowns)

H
L
%,

~ In this part of the lesson, the subjects were prtsented problems
containing two unknown quantities. Only the first problems involved one
operation, addition, while the others involved two operations, addition
and multiplication. As was stated in the introduction to this chapter,
only two problem types were presented, the area and linehproblems. The
dot problem was omitted due to the difficulty in illustrating explicit-
1
ly a dot problem with two unknowns.

The sequence of the presentation of the problem types was altered
slightly. At first a line problem was presented since it was felt that
it better illustrated the notion of two unknown quantities, that is,
two segments of a line, each a different length.

The introductory line problem was as fo}lows: .
Suppose 1 had a line as follows: . , .
parts. Why do you think T used [ Xy

different letters? What is the
length of this line?

The responses were as followa:

Wendy at first rvesponded that two different letters were tsed,

"because you hid the number of parts". When she was asked, "Could I
have used an x here and an x there (referring to the two parts).

She replied, "Yes, it is complicated in algebra." Although she per-
ceived that the x and y segments were two different lengths, she did
not relate that to the use of two different letters. The interviewer
essentially had to tell her that two differept letters were used because
of two different lengths. When she was asked to write the length of the

line, she correctly wrote 'x + y'.
"

Wendy's rationalization for the use of two different letters
"because you hid the number of parts", may stem from the fact that all
13
previous line problems consisted of many segments of equal length. Here

there was only one segment of each length. Although Wendy was unable
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to see why two different letters were being used, after the explanation
by the 1nterv1e\;et, she perceived the additive nature of the problem
a;d correctly wrote 'x +y' as the length.
Fpankie immediately saw that two different letters were used "because
one part is longer, and one part is shorter". He responded to, "Can you

write the length of the line?", by writing 'x + y'.

Frankie clearly saw that two different letters were used to repre-

-gent go different lengths (numbers), and had no difficulty in writing

the length of the line.

Antoinetta responded that to different letters were used "because they
represent different numbers”. The interview then proceeded as follows:

I: Can you write the length of this line?

A: Can you put two numbers together like x times y ?

I: Show me what you mean. )

A: Before in numbers you could put 3x which is 3 times x ,

©  here can we put xy? (writes 'Length = xy')

I: When we left out a sign, what was the hidden sign?

A: times . )

I: Times. In algebra when we have two letters together it also
means times. So you want to write x times y since you
wrote xy ? '

A: (Changes her answer, erases the y ,puts a plus sign in and
then rewrites the y next to the plus sign)

Antoinetta had no difficulty in realizing Ehat two differentﬁ}etters
represented two different numbers. However, she appeared‘ to be focusing
on the multiplicative nature of the line problems presented in Lesson
1 and 2. ,'Rer response 1is surprising since :n the first“line problem
in this, lesson, she was one of the ohly students who spontaneously real-
ized the additive aspect of the line problem. Perhaps she was con{ued
by only one éegment. of . each length, whereas in the previous line probleim
there were many segments of the same length which required multipli.ca-'

tion as vell as addition. JIn this problem no multiplication was re-

quired.

b ol b T8 Bt
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Gail immediately saw that two different letters were used "because
they are different lengths". When she was asked to complete the equa-
tion "Length of Line = " , she wrote 'xy' . However, when she was
reninded that xy meant x tinel Y » she changed her answer to

's + y'. She was then asked why Bhe wrote 'x times y' to which she
replied, "I was thinking of all the pieces that we ‘did, so I took x
and I multiplied it by y because it was a different piece."

Although Gail realized that the two segments were of different
lengths, she, like Antoinetta, was confused due to the fact there was
only one segment of each length, and she was still thinking {n terms of
the previous problel;:a, where there were "all the pieces" of equal lengtil
which had to be multiplied.

Filippo felt that two different 1ett;rs were being used to represent the

two different parts of the line problem shown in the previous section.

That is, in the problem y
L d 1 d; 44 4, § . .

i
' L] oy i RS R

2

the d's were one part and the 6 was another. Thus the x would be
one part, and the y another. ‘

I: If I would put x and x 1t would be more d s? .

F: It would be like a whole . thing of d 8. . .
When he was asked to write the 1ength of the line, he completed the
equation "Length = " by writing ‘x + y" The interviewer then
attempted to have Filippo see that two different letters were being usad
because the length of x was different than that of y .

2
I: What about x and y? Are they the same in length?
F: ~No, because chey are different partsh Just because they )
are different parts it does not mean they have to be
different lengths, but in this drawing the x is-larger
than the y .

I: If they were the same length would it be necessary for me to
‘use two different numbers?

F: You could have used; b and ¢ .

I: Of course in'this problem 1 could have used b and ¢, but
what I am saying .. .why did I bother putting an x and a Y
and not two x's?

F: You are trying to show me that .they are two different parts.

-

Not only are they different parta, they are also different...
Lengths.

2

is interestingto note Filippo's interpretation as to why two

’
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different letters were used. He vas fo'cu,-ing on the line problems in
the first section of this lesson, and thus he associated the two dif-
ferent letters to the two differ}ent parts (the'xlettet part and the nu-
merical part). Although he maintained that they could be different

lengths, they did not have to be. Thus he did no't spontaneously real-

ize that different letters were used to represent different numbers
[}

(lengths). Filippo's response is our firat experience with a literal
symbol used as a label for a geometric part rather than as an unknown

length, as has been reported by Kaput (1982) and discussed in Chapter 2.

)

Yvette did not see why two different letters were being used. .Although
she realized that the segments were of different lengths, she did not
relate .this to two different letters. The interviewer had to tell her
why two different letters were used. Wheg she was asked to complete

the equation "Length of Line= " , she wrote 'x x y', and then

'xy'. The interviewer then presented her with a purely numerical
problem, a line as follows:

4 ‘ T ' 1

and she responded that its length was '6 x 8'
The interview then proceeded as follows:

I: What is the length of this part?

Y: 6 .
I: And the length of that part? ‘ '
Y: 8

I: So altogether how long is it?
Y: Oh plus (and wrote- '6 + 8 = 14')

When she was dirpcted back to the original line problem, she correctly
said and wrote ['x + y'. An attempt by the interviewer to determine
why she had written x timea Y did not result in Yvetteé giving any
clear explanatioS\

As vith Antoinetta and Gail, Yvette thought that in order to write

the length of the line, she must multiply x times y. Although Yvette

did not provide any clear explanation for her answer s the reasons dis-

)

# . N °
cussed in the analysis of Antoinetta and Gail can provide a possible

B e e b el e B DR
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explanation. That is, the natux:e of the previous line p}'oblem were
interfer ing with her perception of the additive aspect of the problem.
Yvette also did not spontaneously realize that different letters were

used to representdifferent lengths (numbers).

Summary
Only three of the six subjects, (Frankie, Antoinetta and Gail)

perceived that two different letters were used because the segments

" were of different lengths (thus different numbers). Filippo was focus-

ing on the previous line problems, and concluded that the different
letters reptea'epted the two different parts (the letter part and the
number part;). The prohlem presented here was a visualizable one. The
two segments were obvi ly of different lengths, ye,t still three

students did not relate the different letters to the different lengths

: (numbsts) .

In writing the 'length of the line, Antoinetta, G:-;il and Yvette
multiplied x and y . ~i'13 er;:or was due to their viewing the ptol.:-
lem within £he framework of the previous line problems, where se7ents
of equal length hAd to be multiplied. ‘In thig problem, there was only
one segment of each leﬁgth. However, in all three cases, they easily

\
were directed to see that x and y had to be added.

1. Area Problems

Once the idea that two different letteis represent. two different
lengths was presented, an area problem was then inttéduced where the
base was divided into two unequal Isegmem:s, both -lengths unknown

(x and’ y). The presentation was as follows:

1 SN AP | o
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Here is a rectangle. Can you write
the area of this rectangle? (If ne
response, the interviewer was to
divide the rectangle as done pre-
viously, and then have the student

determine the area of each of the 1
smaller rectangles, that is, 3x ” v >« y—
and 3y.)

The subjects responded in the following manner:

Wendy at first responded by writing '"3x + y'. The interviewer then

" had Wendy divide the rectangle into two smaller rectangles, and she was

directed to write the areas, 3x and 3y 1n the appropriate rectangles.
When she was again asked what the area of the blue outside rectangle
was, she said '"3x times 3y", then changed her answer to "3x times
y". The interviewer had her recall what was area, that is, the number
of squares it takes to cover a surface, saying 'since 3x and 3y

are the number of squares it takes to cover each of the rectangles, so
what 1f you want to know the total number of squares?' Wendy replied,

"you add", and then wrote the area of the rectangle was '3x + 3y'.

. Wendy's initial response, '3x +y' , shows she was keeping in mind
both theJ multiplicative and additive nature of ths problem. However,
after Wendy deéermined the area of each of the rectangles, she reverted
back to using only multiplication (3x times y, 3x times 3y.) 1i1lus-
trating that the additive aspect of this type of problem is very tenuous.
The notion' of providing an answer whith would give the total number of

squares, led Wendy to dnce again perceive the additive nature of the

L4

problem, and she then provided thé correct response. . !

Frankie 1like Wendy wrote that the area was '3x + y'. Even when he had
divided the rectangles into two smaller ones and subsequently wrote 3x
and 3y in the appropriate rectangles, he still said that the area was
'3x + y'. The interviewer then had him look at the previous area prob-
lems, where the areas of the. smaller rectangles were added to determine
the area of the 'blue rectangle'. He then wrote '3x + 3y' . Further
questioning revealed that Frankie was not sure of his answer. The
interviewer then provided & numerical situation, by assigning values to
the x and y ,and drawing a representative rectangle.

. | : )

!
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Viewing area in terms of the numper of squares it takes to cover a given
surface, he vas directed to see/that 12 and 6 squares were required to
cover each. of the smaller rec es. Thus to cover (the blue rectangle
it was '12 + 6 = 18'. However, he had written '3Ix A\ y', which would
have been '12 + 2, (14)' and not 18.

Frankie's initial response, like Wendy's indicates that he was
avare of the multiplicative and additive aspect of this problem. Al-
though Frankie did finally provide the correct answer, once again (as

in the second area problem in the first section) we see that his correct

response did not necessarily imply an understanding of the problem.

Antoinetta first wrote 'area = 3x + y". She was then asked to divide
the rectangle into two parts, and requested to write their areas inside
each rectangle. She wrote 3x and 3y 1in the appropriate rectangles.
She subsequently changed her initial answer saying, "You times it, 3x
times 3y". After being reminded about the previous problems, and the
definition of area, that is the number of squares it takes to cover a
surface, she then changed her answer by writing "Area = 3x + 3y". The
interview then proceeded as follows: :

I: ... you seem to be concerned about something, please tell me...

A: I'knewv 3y meant 3 times y . I started getting really -
confused and started writing 3x times 3y.

I: Which part confused you? - -

A: well...uh...because it was adding and I changed it. -

I: Because you had 3x +y and then you had to change it?

A: Well...to find the area you always multiply, I just...I got

confused because I thought you had to times it.

® .
Antoinetta, like Wendy and Frankie, initially wrote '3x + y' as

}he area. This constant omission of the 3 in the second term requires
some explanation. Perhaps the placement of the 3 on the extreme left

of the rectangle‘could account for the omission. This problem could be

overcome perhaps by writing the 3 on the right-handfside as well as the

‘left—hand side of the rectangle. '

Also, as in the case of Wendy, Antoinetta reverted back to muitip-

lication, and changed her answer by stating, 'You times 1t, 3x times

3y". It is interesting to note that Antoinetta had no difficulty in

o
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the second area problem in the first section of this lesson, and imme-
diately had perceived the additive aspect of that problem. However, as
in the case of Wendy, Antoinetta's acceptance o‘f the additive aspect of

the problem is very tenuous. Thus the acceptance of addition in an area "

> ¥

problem aeem‘s rather diff‘icqlt for a novice who strongly links area only
to multiplication and cannot perceive it within any other context, as
Antoinetta clearly stated, "to find area you alﬁaysn multip-ly...I got
confused becaﬁse I thought you had to times it."

Gail at first wrote 'Area of rectangle = 3xy'. She then was instructed
to separate the rectangles into two smaller ones, and wrote 3x and 3y
inside thd appropriate rectangles. When she was again asked, "What is
the area of the blue outside rectangle?", she wrote, '3x3y'. When the
interviewer reminded her that '3x3y' meant 3x times 3y, she respond-
ed, "No, 3x plus 3y" dnd wrote a plus sign between the 3x and the
3y . She claimed she had ‘thought it was multiplication but "because it °
is two pileces, you add."

D

Although in the second area problem,

L
4 T3 -

it had appeared that Gail had understood the additive aspect of this
area problem, her responses (3xy and 3x3Jy) indicate, like Wendy and
Antoinetta, that the strong link she had between area and multiplication

was difficult for her to overcome. She appeared at the end of the

.

interview to once again see the reason for the additive aspect of this
problem by stating "because it 1s two pieces, and you add them"., .

Filippo spontaneously responded by writing 'Area = 3x + 3y', indicat-
ing he clearly understood this problem type. '
Yvette wrote the area of the rectangle as follows: "Area = 3 + xy'".
When she divided the rectangle into two parts, she wrote the areas

'3x' and '3 x y', meaning multiplication and underneath it she wrote .
'3y' in the appropriate rectangles. When she was again asked to write
the area of the blue outside rectangle, she wrote "Area = 3x x 3y", but

~
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she then changed her answer saying "no plus, (changing the times to a ,
plus sign) I just remembered.” An attempt by the interviewer to uncover

.why she had added resulted in her merely saying that "you have to add

them up" without providing any explanation.
Yvette's first response also indicates that she was well aware that-

two operations were required and wrote '3 + xy' for the area. Like

-

Wendy and Antoinetta, further questioning led Yvette to drop the addi-
tive ‘aspect: of the problem and' she then wrote the area as '3x x 3y"
which she spont;ﬁeo;ély corrected to read '3x + 3y', explainidg, "I
just remembered."

‘The first area problem with two segments on the base of unknown

’ >

length, brought back soue of the initial cogniiive difficulties un-

+

coverec in the firat area problem of this lesson. Wendy, Antoinetta,

Gail and Yvette reverted at sowce point to using only multiplication in

'Ixy (3x times vy), and/or 3x3y ?ax

T

their answers' by writing eigher’
times 3y). Thus the strong link between area and multiplication was
once again interfer ing with their seéing the additive aspect of the
problem. It‘is interesfiqg to note that three éf those students, Wendy,
Antoinetta and Yvette had initially responded by providiné an expression:.
with both operations, however, the additive part of thé_expression was
quickly dropped by them., This showed'just how tenuous was tpeir accep-.
tance of the additive aspect of the problem.

Once agaiﬂ in the interview with Frankie, we saw that a correct
response did not actuaily imply understanding.

Also, three stﬁﬁents responded initially by writing '3x +y' as
the area, 1t was guggested that‘the omission of the 3 could be due to
the location of the 3, which‘appears on the extreme left, and that per~-

haps the writing of ‘a 3 on the right-hand side could possibly overcome

X
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this problem. h

s . . [N

¢

The second area problem went one step further. The base consisted

of three parts, two segments of unknown length and one segment of
‘ .

known length. ' - . v

Recalling how we found - .
the area of the brevious v
rectangles, can you write L t
the.area of thig rectangle? . — & — h—> &3 .
' * P
‘The responses of the subjects were as follows:s

Look at this rectangle. . ' T
| ' 4

. ~

. ) .

Wendy divided the restangle into three smaller rectanglgg, writing

'4a, 4b, 4 x 3 = 12', 4n the appropriate rectangles. She then wrote, .
'Area = 4a + 4b + 12',. ‘ . .
Frankie also divided the!recthnglé into thfeé smaller rectangﬁés, writ-

ing '4a, 4b and 12'-in the appropriate rectangles. He then complet:ed

the equation "Area = ", by writing '4a + 4b + 12'. .
Antoinetta just wrofe “Area = 4a + 4b + 12°. Y

o
N

Gaf!’ divided the rectangles into three smaller rectangles, but she diﬂ )
not write their areas inside. She just wrote’ a. final answer °'Area of‘
rectangle = 4a + 4b + 12'. .

Filippo wrote '4a + 4b + 4 x 3, then wrote a 12 under the '4 x 3'.

He was asked to write his answer in ome line, he wrote '4a + 4b +,12'. .
When he was asked to explain his answer, he said, "First of all it is

4 times a then 4 times b and then 4 times 3, and then you add them.

Yvette divided thé reziangle into three smaller rectangles, and wroté
"4 x a (4a), 4b, and 4 x 3= 12' in the appropriate rectangles. Her
final answer she wrote in the form of an equation, 'Area = 4a + 4b + 12",

All six subjects responded easily to this problem indicating not :

-

only that they had overcome their initjal difficulties, but also that

they could transfer and extend their knowledge and understanding ac- -
— !
. quired in the previous area prbblems to one whose area had to be exbress-
i

ed by writing an algebraic expression containing three, not two, terms.

Thus it seems that once the initial difficulties are osercome the area
problem provides a visualizable contexty whiclk can easily be handled by
A 4 . /
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