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i o RMEASURES POR A CLASS OF PIECEWISE

MONOTONIC TRANSFORMATIONS

. - Steve Papadakis

’

)

Let 1: [0, 1]+[0 1] be/a .piecewise C2 transformatlon with

the property that ldT'>l where the slope exlsts. We define

the Frobenlus-Perron operator P L1+Ll by the formula
. . w /
'- Copf(x) =3 M ofwres s
t T 'dx -1 . ) y)day.
Tt ~[0,x]
It is 'shown that the variaﬁioﬁ of Pkf is bounded for éll k.
This is the crucial fact in ;qi;bllshlng the main result of :‘f

thé thesis: T admlts a (not necessarlly unlque) absolutely

contlnuous J.nvarlant measure.
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CHAPTER I
| “INTRODUCTION
l . 3

Y

. 1.1 ABSOLUTELY CONTINUOUS INVARIANT MEASURES

. | ' R
. ©Let J = [0,1] and let t be a transformation from J into

i

J, not fnecessarily one-to-ohe. For Ac[0,l], wq let!
r-;(A) = {x€J:T (x)€A}. We c?nsider the average amount of
time the orbit {t™(x)} spends in a set ScJ, where 1 denotes:

the nth iterate of T and x is any point in J. The number of

times {t™(x)} is ir S for n between 0 and N is

™M

X (TR {x)),
‘n=0 8 1

where ¥ is the characteristic function of tife set S, i.e.,
< R
xs(y) =1 if y€S and 0 otherwise. The average time spent ?b

S may be deflned to be

- ' " N-l ‘
(1.1.1) lim. I Xg (M (x)), ..
- ‘N+ n=0" 5. ‘

-

4 ' - - , ,
when this limit exists. We will say £ is 4 demsity of x for
! . . . . : o .

T if

G | |
lim l I Xg (TR (x)) eﬁlsts.and is equal to fsf(x)dx*
N+co '

¢ 2

|

fcr every measurable set SJln J. Since xJ(Tn(x)) = 1 fof
L
\

all n, it follows that. .

L

7 . ' . r
° . N T ¥
4 .
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.of 1ntegrable,funct10ns on J, such that

L PR g

(1.1.2) 1 fxyax = 1.
0

t
4

frequently £ is ""almost" independent of x, i.e., f is

the density of x for t for almost all x. ' The Birkhoff

bErgodiciTheorem {7, p,'Lé] givas a condition for f to be -

independenf of x. First we recall some definitions.
A measure y is an absolutely continuous invariant

measure (with respect to Lebesque measure) if and bnly if
C\j )

there exists .a functlon £:3+[0,%), fELl"= Ll(J), the space
. w(s) = [sf(i)dx , o .

for every Lebesque measurable set ScJ.. The density in

(1.1.2) or the corresponding measure u is said to be invariant ¢

under 1 if wit™l @) = ua for. every measurable set A.

| The Birkhoff Ergodic Theorem says that if there exists

\ o . . :
«an invariant density ang the density is unique, then the

ilimit (1.1.1) exists for aimost all x and fﬁrtﬁermOre

\', . . - ~%

\ 0 (1.1:3) lim gt (x)) = (1 gx)E(x)dx, .a.e.u
® ) 0 .

N-o

ll ™. ll

P rZIn—-
o

v ]

where\g is aﬁ’integrabie function. In other words, except

for x in a set A, u(A) = 0, the time mean

. N-1 ok
llm,; £ g(tN(x)) is egual to the space mean,

N+w " n=0

fi‘g(x)f(x)dx.
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v

3
For.g(x) ='x$(x), (1.1.3) takes on the ﬁamiliar form -
. l N-:l n b .
.(;.1,4) : 119 5 io xs(r (x)) = jsf(x)dx{ a.e.P.

We now make the following two important ébsefyations.qp
a result‘of_the absolute éontinuity of u: !
1) time averages are equai to spécé averages,' and
2) . the sets.of poip%% x for whic? gl;l.lf)does not

convergé constitute a set of/Lebesque heasure 0.

This gives a feel for the size of the set on which .

»
convergence does not occur.
N //
o o ! . . P .
Our interest in absolutely cdntinuous invariant measures
is inspir'ed by the foregoing two observations. An important

question in matheﬁatics and which is of great interest in the

physical and biological sciences is to-.find verifiable

conditigns oﬁ a tfansformation which will ensure ihét it
admits an ‘absolutely continuous invariant meé%ufe. Once this
is done, the'ngxt stép,;s to prove that it-is unique, which
would imply ergodicity. . This thesis will deal exclusively

with tﬁe problem of existence. e g

1.2 SCOPE OF THESIS
, .

In Chapter . II, we introduce the Frdbenius Perron

'opegator and develop some of its properties. This operator

+ -

is the tool needed to establish the existence of absolutely
continuous invariant measures for .a large class of transfor-

. . . . .
mations v, namely those which are piecewise C2 and satisfy

o,

-

-
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the cgndition that [g%]>i, where the derivative exists.

In Chapter IIT we present and prove a number of well—

-known results which are needed 1n the ex1sten5e theorem

Helly's Selection Principle, Mazur's Theorem and the

Kakutani-Yoshida Theorem.

In Chapter IV, we prove 'in full-detail the existence

¢ v . ¢ . (:,
theorem of Lasota and Yorke [l]. This.theorem gives
>

sufficient conditions for 'a transformation to admit a fiﬁite
absolutely continuous invariant measure. IQ Section 4.2, an b

example is given which shows that the slope }ondltlon is,

- . t

essential. “ .

Chbﬁter V deals with recent results of Pianigiani (47,

~

which employs the foreg01ng ex1stence theorem to establlsh

the existence of absolutely continuous 1nvar1ant measures for

transformations which have slope less than or equal to one..

-

Even if.it is known that there exists a unique absolutely
continuous invariant measure, finding it may be a tedious .
chqre. In Chapter VI we discuss a way of approximating the

fixed point of the Frobenius-Perron Operator with fixed points

- ' .
con

4
of matrices. '

. In Chapter VII we show that for certain transformations,

the fixed ‘point of the Frobenius- Perron Operator is practlcaily

a constant. Thus for- such transformatldns, the Birkhoff
Ergodlc Theorem implies that the average time an orblt spends
'in a set A is approx1mately the Lebesque measure of the set A,

This is important i the thepry of pseudo random number

2 'S

generation. : ' ,

e e e, Sy J;r

——— e
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‘ : CHAPTER II
) / T~ THE FROBENIUS-PERRON OPERATOR -
- ' > '
.. - @
. 2.1 INTRODUCTION o g | .

.

[}

- N s I
g Let us suppose we have a random variable % on [0,1] with
. . >

b

- # Prob {XeA} = [ £dh
. A « ) //
| <

. .. R .

where m is Lebesque measure. We would like to knov‘ the
probabillty that X 1s in A afterlbelhg transformed‘by T.

Thus we write,

\ . -

- s \

. ' - -1
Prob {T(X)€A}A = Prob {Xe€r (‘a}}' \

£ . = f_l fdm' ‘ |
T ) (A).r R f
. L T e s . :
Further, we would like to know if there exists a function ¢

such tha\t - s O

.

Lo ¥ ! . ’ T
Lo Prob{t (X)€a} = | dsd;(,/ : ' ,
. A \ \

N
¥ ¢"

’

‘Such a functlon ¢ w:.ll obvmusly ‘depend on f and Te v;'!e

refer to it as the Frobenius—Perron Uperator actlng on f'

i
i ..

Wn.th ‘this in mn.nd we proceed.

’,

Let 'c [0 l]+[0 1] be a measurable transformation such

that m(r (A)) =0 if m(A) = 0 for A a measurable subset of

[0 1], and deflne a measure u where -“

-

SR u(A)=I_1 £am R
. X‘T ~




-?

,where feLl[O,l] and’'A is an‘arbitrary measurable set. - ' -
\ . .

We seesthat m(A) = 0 = m(T—{(A)) = 0 = uf{A) = 0, that
is pu<<m.. Then by the Radon-Nikodym Theorem there exists

¢€Ll[0,l] such that for all measurable sets A

N )

f " p(A) =-[ ¢am
A

E S ) R
and ¢ is'unique a.e. L
° We define the Frqobenius-Perron Operator for t by éetting

P.f = ¢. Thus, for all measurable sets Ac[0,1]

- , o . “
Y \
[* p_fam = £dnm,
. 0 ™ L(10,x1) .
and so
« d . )
vP_E(x) = 5= [_; fdm..
T c 9 7 liro,x1) -
'Y . “

ASs an éxample, let us consider the transfotmation
* ¢

{2x , ' Osxs% .
r(x) =9 4, 5" 1.4 -
. o 3 X +3 2<x$1
\ L »
We 'see that T M - o

- ril(TO;X])_é‘[O;%X]WJ[% - %x,l]-



¥y

) ‘ )

If xz%, and'

>

v (10,x1) = 10,3x].

If x<%. Hence ﬁdﬁ‘any fEﬁ_[O,l] and'B"= [%,l]~
; % |
s J £(s)ds = [? £(s)as + [* f£(s)xg(s)ds.
T T (0,%x]) . 0 .53 .
4 4
‘ {
Therefore e ' ) : -
‘ L l.% . 3.,534 .53
BoE(x) = PGl PG
Sl 43,53,
where J = 1 (B) = [%,l], Later we éhall generalize this
type of répresentation for p_£f. : .

" We shall find the Frobenius-Perron Operator useful in
establishing the existence of absolutely continuous invariant

measures for a largé class of transformations. Before we do

‘,this,'we shall study some. of thefbroperties of the Frobenius-

¢ ¢ .
¢ . \

Perron Operator. . ¢

o

Everywhexé in this paper, integ;atién is with respect to

Lebesque measure ﬁm" unless specified otherwise.

1 -

L . T TR
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e et e ST
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2.2 PROPERTIES . '
- « v

We first notice that P is linear: for f,gGLl[O,l] and

a,b scalars,-we have .

j_l (af+bg) - ot

[ P_(ag+bg),
A - T “(A)

!

' S af_ f + bj_ g
’ : ha)y iy

af’P_f+Dbf Py . c
A T PO .

. f (aP_f + bP_g). ‘l
Ny ' . ‘ “ A, T T | L

Since A is arbitrary, we have
Pr(af+bg) = aPTf+bPTg.) .
e ) . 'In Lemma 2.3, we will show that [IPT(f—g)llsl!f-gll and
: therefofg it'foliqws that P 'ls continyous since )

4 . F : I’

(Ip £ gli=| (2 (F-g)||s] | £-g][+0 -
as [[£-g][+0. : :

" Lemma 2.1. fezlr071] and £20 ' P_£20

Proof. For A<|0,1]




i
[ g . L 9 :
. : {
Hence Pszo since.A is abritrary. Q.E.D. * f
: . ) ' |
: , :
Lemma 2,2. P, preserves integrals. : K \ f
ok e -1 _ ;
Proof. Since t ~([0,1)]= [0Q,1], . .
l ) ) { |-
f 1 o !
P_£f = £ = :
¢ 0 T T l([.o;l]) 0 f QoEoDa \ -
» o :
'Lemma 2.3. JlPTfl!S!lfll ' ' _ R N

[

e
>

max(£,Q) and £ = -min(Q,f).

Proof. Let fELl[O,l].. L‘et;‘f+

Then £',£7€L'[0,1], £ = £'-£" and |£| = £7+£

d
A

H

i

+ -
P (£ -£) D

=p £t p £
, T T
‘ o + [ -1, ' .
jprf{sIRTf |+;PT; l ‘
— ' + ~ - . ’ '
= P EHR E . ,

. by virtue of Lemma 2.1. Then by using Lemﬁa 2.2 we have
- /

) :

- 1 1y 4l -

g IPTfl s é P_f +£ P £
o - - . - ’
' = fLogtest £
T 0 0

o
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Hence ,
e £1] < [£]] Q.E.D. .

4

-

il

Lemma 2.4. Let T [0,1]1+[0,1], 0:[0,1]1+[0,1] with m(t r(a))=0

and m(0 Y(A)) =0 if m(A) = O, thenP f =P P f and
S Teq™ T o

(Tn denotes the nth iterate

consequently P nf = P:f.
T .

n N of T)”. ‘ ‘4
© Proof. Define  y(A) = [ . _, £, fer, (0,1];
i . (Te0) T(A) ‘
N . o ’
. L, =1/ ’ \ I
m(A) = 0 = m(t “(A)) =0 ) - X
- m(o txa = 0 S8
N . »
= y<<m.
» " . . ’
Therefore y(A) = [ P cf‘ is well defined. , '
> . ° A o < : -t ’
. Now
fep. . £=1 . £ o
- A.T%  (Too)l(a)
\ = g ]
, ot tian)
@ = [, . B,
| . Ly @
=[PP £
) A O
% 1
4 / - “ ~ i)
N .




Since A is arbitrary Proof =P

¥

; ..
If we assume P _f = Pnf, then
- T X

N

and.so inductively we must have

~

= n u
PTnf . f”Tf. Q.E.D.
Lemma 2.5. Prf = f -un(r'l(A)) = u(A)VA, du = fdm.
Proof. .zAssume‘u(T-}(A))= u(A) * for any measurable set A. -
Then -~ '© ‘ AR
- [_y- fam = [ fam, o
T T (A) A
‘ 4 I
and therefore v .
E. N i j- \ .
J'.Prfdfn = { fdm. '
a .l A .
S
D
/"“E - N
! 1 RN
. . A
. A




Since A is ‘arbitrary ¢
Pf = f \
5 T
" Assume PTf = £, then
\
A - A
By definition . B S o .
1 A
f P fdm = f_; fdm ‘ o
. A T T (A)
° ! ¢ : *w o
and so
._l N ’
u(t ~(@A))y = u(a). ~ Q.E.D.
L . N
Theorem 2.1. ‘Let ¢i€él[bi;l’bi] and monotone where. —_

0= b0<bl<b2<...<bq = 1, Assume élso, for the sake of

convenience that each'-¢i can be exténded as a monotone

" 12

Cl function on [0,1]. Then for J. . !
6= 3 ¢ here B, = [b, ,,b.],.
- = v .X ’ where s = s 17 . e
;=l i Bi . i i-1771
- L
. \‘ , . ) q, .
. " L ‘P¢f(X) = izl‘f(\vi(:.c).)-oi{xv)xJi(x),
- wh‘eréh; =97t a; = "w'[ J. = ¢.(B.) and x, is the
S TR RS TS RS S T | A
chafac;efistic function of the set A. c T -
‘ ~ \ R M I» .
{;;;_—_N- '. - . - f)‘ I




We want

Ay ()

_ Since ¢i is monotone, wi is monotone and ¢i and‘wi a

LBy &)

. -1 .
- }_' 1 R A
Set A, (x) "= ¢,7 ([0,x])NB; = ¥, ([0,x])NB;
:? —
R |
b (x) SRR
[ f(s)ds = £[ 1 . £(s)xg (s)ds
3 ¥y Q) i

”,
Cwt %
»

¢
‘£ 2 0 when £ 2 0.

t

;eithér_both~increasingqor both decréasing. Therefore

We useé this to set the sign. Thus,

R

'
. ) -
[ .
.
v

P! (x) P!y B

—= = = Vx,y€[0,1].,

vl el - '
P ‘

tooo

v by (x)

f f?s)ds = £(s)xy, (s)ds
1

A ) THENE i@
' ! (x) Vs (x) : S
S5 fmas = A — 9 [ Tr(g)x, (s)as 3
A (x) RGO} B 2R ()} i .
| e 'f(w (%)) ¥y (¥ “w'( )
== (Y, (X)) X (U (XN (x
RZECT I S :
ey f2 NP
= = £ (¥, (X)) xg (W;(x)) - '
[} (x) | Bt - |
= £ (K)o GOXg W G).
" N i R ’ | ‘ B ”.'. . “
. Ny . . R . .
o o . ' “
A##“___________...__._-

R ST S |
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3 .?hm.

‘ 14
We note that B
| . ' . ) o r
j . v
xBi<wi(x))='l o~ ¥, (x)€B, , . )
-— x€4)i(Bi) = Ji ’ 1 -
N } ‘ . \AC@.F
- e xo (x) =1,
AT N '
i
" Therefore x; (x) = )(B"(zpi'(x)) and we_ obtain N
\ i i T : -~
] 3
- . - _d~__.l _ to .
. . i Pél(x)f(S)ds = .f(wi(X))°i<X)XJi(X)' ]
o ' / . \
F $ % P~
or = E . X
i=1 l».Bl‘ !
- g
¢ “((0;x]) = U Ai"(x).
. i=;L o ,
. where Ai (x)'s are disjoint since Bi's are.disjoint. Thus
L , 4 ‘
P f(x) = 2= [_ f(s)ds
¢ - 9% o=l x1) _
i q N ’ R '
f =3 I [ f(s)ds.
S oi=1 A, (x)
* % B 1
: &
Therefore .
N a o o
Yoo o P¢f(x) = E f(wi-(x))oi(x)xJ.(x),— Q.E.D.
. i=1 ' i ‘
PRI i e
T :

AN etn e ek e it R

gt

hn Aamen et e S & bk e,

O e s e =
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PRELIMINARY RESULTS -,

R \ . 1 4
Many steps in the main Tpeorem of [1] are left out.

In this chapter, we £ill in aknumbér of steps that will

make the proof of the main‘Theorem: easier to .follow.

i

. i
3.1. THE LEMMAS. ‘
Lemma 3.1.  If £€C’[a,b] with |£'|>0, then £ is mopotone
;o on [a,b]. “ S '
1 | ,

Proof. fec” [a,b] = f'ec(a,b].

. . . !

. [ A €150 = (i) ' ~=<£'<0 or

' . |

y; O (ii)  0<f'<em . .

\

N ‘ ‘ ; :
Since f' is continuous, it .is only possible to have .
T I‘ * N M I
L .£'<0'vx€[a,b] or f£'>0 vx€fa,b]. _ - o .
' ‘ In either casé f is monotone onl[a,b]; Q.E.D.
\ - .
. BN . <L
f . o . . <o ' .
: - o r’s Ch 4 - o
Definition 3.1l. Let P be a partition of [a,b] ™here
" . . | ’ N s
- . a ﬁi§0<xl<x2<...<xn = b, th?n,we define
& ‘ ‘ ‘ . b '- - W . ) .. . ¢
' ’ v(f,P) the variation of £ with respect to P to be
Tt oa . ‘ ' : ) s L
b n ;' .“ .. b b ‘
vV(£,p) = £ If(xi)- f(xi_l)l and V£ = sup V(£,P),
P» " a ' i=l . a “ P a .
. . ,

[




B ——— . B
-
{ P .—/.;ﬂ '
. l - . e
) j the wariation of f on [a,b].
Ai * “‘
o . b b b " b n _ n b
| Lemma 3.2. V{f+g) s Vf € Vg and thus v( £0s I VEL
, ] ’ a . a -~ a . a k=1 " k=l a
; - ) : :
. ‘ -
¢+ Proof. ' Take any partition, P, of [a,b] with
a = x0<xl<x2<...<xm = Db '
» ' M . ‘“g
_ b m . i i
= Y - -y, /
, . then V(f+g, P) = E ]f(xk)fg(xk) £l _q) g(xk_i)l ‘
: a k=1 S .
“ ! . . m | //// ] m | : ' | o
’ s E JE(x )-f(x, ;)| + I |g(x)-g(x,__;)}
k=J(/ k ‘kol k=l k k‘l / .
o ' /;/ o ' ’
5 . b’ b c : ~
, - s VE + vg
: v, a a - ’
) \
i :
Since P is arbitrary °
; - . b . B B
;T : ' V(f+g) s VEf + Vg. -Q.E.D. . W
: ‘ a a a - , _
i "~ ' ' I
¢ ) - . Coa . b ’ '
! Lemma 3.3.. “x€la,b] = [£(a)| + [£(b)| s VE + 2[£(x)] .
: ' :
c Proof.  For'asxsb, {a,x,b} is a partition-of [a,b], call -
it p. |
l; : v
A 4 \

R tteenr o+




LT

MM et « e o o e
B

'Then

and so

L

Lemma 3. 4'.

Then for

.Proof.

b
[£(a) [+|£(B)] s VE + 2|£(x)
1 a‘ .

A e
P ‘ : :
¢2§§§"fi be def;?ﬁs on [oy,8;]<(a,b] a?d

[\

]

v

xi(g) =§

-
V(£,B)
a

[£(x)~£(a) | +|£(b)~£(x)]

[£(a) [-]E) [+]£m) =] £(x) ] .

.

0, otherwise .‘

For, £ (x)x;(x),

Equality holds if a; *a’and B, +b.

By

a
o i

-

LN

1, xE[ai{Bi] w

-

Q.E.DQ RS

Moo ”

S o

VE X; < X‘fi + {£fa;) t+|fi§s'i)‘l.

i

(See Figure i)

B n
, |
VE,+ '.il(lfi‘“i”*lf}(si) .

~

17
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o s G

14
.:\
1 A ] "
a ?; b
£ ' 1
| \ ! N ¥
ﬁ -
\ \4 {
.. Figure 1 ® (
A ' . q
/ o )
Then from Lemma 3.2 )
1 . b b n
' VE = V(E £,x,)
P * a ai=1 * 1 ‘ :
\
. |
‘ s T VE.x.
j=1 a * - )
' -4
. * - n Bil’# o L
S, s I (v fbga) [+]£(B) (). Q.E.D. ,
‘ : f , i=1l a. -
N 1 .
Ly
‘ 4 )
’ |
e . O :
' ‘ ©
£ k ‘
wA, . ) .




- 4
Lemma 3.5. Let f be differentiable and oﬁe to one, and
...-l‘ [gd v 1
let g=f =, If [£'l2a then Igglga
i ' '
roof. fg(x)) = x
J ‘ e
N o ) )
f'(g(x))g'(x) =1 .
[£7(g(k)) | = —Lwmr 2 g T
gt (x) ]
therefore . [g'(x)] = é . > Q.E.D. .
’ o -

Lemma 3.67 If fec?la,b] is.monogone on [a,b], then g;]f'l‘

<"

exists everywhere-on [a,b]. o .
Proof. * £ monotone = £'>0 Vxe[a,bj or f'<0’,Vx€1a;b]
N © 7 = lf'i=f'vx€la,b] or |f'|= -£'vx€[a,b]

£'ect(a,b] * = -£'ectia,b]. Hence [£'! iz :

‘differentiable everywhere on.[a,b]. -

“ P ! - }

Q.E.D.

)

¢

-1, , " .
Lemma 3.7. - If Vf<a and |[f]||sb, where |[f{|=}1[f{ .
R o - - -0

by “
°

{  then [£(x)| s a+tb vx. ’ ~}¢“>

-

ca o S
|| sb=3a such that @) lsb. If not, then
£] | she h th f(a)!lsb £ h
S ) ¢ '. ' ! 1 ' 1
. [£(x)|>b vx€(0,1] and therefore | g > b =b
: . . 0. 5 -
" * . - : : N
’ and 'Wé have a contradiction. *

19
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Therefore

Lemma 3.8. For feLl[Q,l] and €>0, there exists r=tr(¢)

)
v

* such that fl(f+-r)+'+ jl(f--'r)+ < ¢,
0 0 .
, T
where, £¥ = max(£,0), £ = -min(0,£).
’ r ) G o . . . .
Proof. - Let ¢ be a simple bounded fyhction such that
$20 and let M = max ¢§k). Then ¢~r s M-r and
) ' ’ ' ‘
. . M-r, if M>r
. + + o
o o (emr) S(B?'r’ ,‘{o , if Msr
« ‘f . - .
} T, » ; o

- o

Given €>0, we set r,such that r3M-c. Then

;.

o

ok A e ek A E WY ACk H S emimaad o o

I ST

« \ . ¢}.
M-r<e. | ! . ! ’,
: o
. < v . L
%hékefore V(M;r)+se ; o
. o V! .
. . 1 . o o Y
and . so . | P
foen” - wod®ee 0
. . o oy
e + + . * .
Since’® (M-r) #A¢-r)  we have . . )
g . v
. _ A
1 + .
c J7(e-r) s €.
0 ' ‘ i )
o ¢ ) P
; o + /‘ L/ [ .
. . ) ' ' -
. < ] ' . © -




21
% *
Thus the Lemma is proved for ¢ simple and bounded.
The sé; of boundfd simple {Encgions_is dense in Ll[o,l]
so for f€Ll[b,l] and &£>0, we can choosg ¢ and |y simple and

boundéd such._that

‘ + | e '
Hf "¢HS% and/L'-I -lPIIS%r $,¥=20. ‘
For ¢,y we can choose rl,r2 such.that
\ L ~ L
+ € + &
g (¢-r,) sz and é (y-r,) "<z

Then for r= max(rl,rz),' ' | (J/i

. |
ettt e et
0 S0

I

AT o A S R G O
0 I S

0 .
v e fl|ﬁﬁ-¢p+gl(¢-r$++£1]f‘1wy+£l(w5¥>+

- s 0

ﬁ L)
! Lt /
» . ’
\ " ~—~——— bu N
> * -

sttt et den Tt e e e
0 : 0 0 .

PRSPPI SR Y

PCT——




3.2. HELLY'S SELECTION PRINCIPLE

Theorem:3.1. - I1If F is a family of functions such that

ot ek T fo oAbt Al S
- R

b ) R , .
fEF » VEfso and [£(x)!s8. Then 3 a seguence (£ }eF

-* such that £ ~E* vx€la,b] and £*€BV(a,b].

J
| a ' |
1

by B
(BV[a,b] = {¢|I tdd’l = V(b<?°})-' .
a a ’ v 2
Proof. Assume first that F is a family of non decreasing X

functions. Let {r.}" be all the rationals in [a,b].
: i=]l =« . »

For all fe€F, |f(rlf1sB, so there exists a sequence {fl ;} that
. 1

‘converges at ry. Also |f

1,
’ v
{len} c {fl,n} that converges at r

LS

n(rz)lsB and so 3 a subsequence

1 and T, In this manner

11T, and ry. Coht;nuihg this - L

{f37n}zc {len} ?onvergeS'at r 3

procedure we get the diagonal, sequence {wn} = {fn n}
» ’ ’ ,

converging\Vri. Thus, Vri-

n

v, v . )
) ,

(RN

L o | Qherﬁ Y is non decreasing.
| ‘ ’ § - . . . ‘ : . - : ) ' i

| Let x be a continuity point of ¥ on. [a,b], then for
| o o .

e  . . - g>0 3650 Such'that‘ ’ »

- et
i R ?

o). = v [ <E

whenever [x-y!<6.




]
Choose r and s rational sugp that x-6<r<£<s<x+6 and -

choose n such Ehat

[y -

4

b, (D)= (x) [<g and> |b_(s) - v(s)|<g -

Then
[0, () =y (8) [ =]y (x) =0 (x) +h (r) = (x) +§ (x) =¥ (8) +b (s) =V _(s) |

STV (B =9 (x) [+19 (x) = (x) [+]9 (x) -y (s) |

N

+[0(s) =y (s)] :

RO}

2¢

3 ':_ ' | 'l

+

< + 2 4

Niem

£ g
6 6

(2114 ]

(N

Since wn fis non décreasing
\~yn(r) < wn(x) K wn(s).

Hence - }

Vo () = b 0| < 52

It therefore follows that

<

|9 (0=, () [} uxd =y (0) [+]9 () =y_(®) [+h o)y ()| 7

i

4

. " 2¢
< + + = g,
(3 ’

(=24 1 B

£
6

"' Thus \{mn} - converges at all continuity points and ratiomal

-

o, :

points..




B .;ﬁ{q':w.‘, [

~—
.

!

" Since ¥ is non-decreasing, ¥ has at most a countable number

of discontinuities. Let {zi}§=i be the discontinuities.

{ '

- -3 ' v i
Note that Iwn(zl)lsB, therefore 3 a subsequence

. . » ‘ . !
[wl,nlc:{wn} that co§verges.at z,." Also, le’n(zz)rsﬁ.

" Therefore, 3 a subseguence‘{w.2 n}7:{wl n} that converges
~ I 14 -

at z, and z,.

diagonal subsequence as before. Hencé it follows that the

' We continue the process and extract the

sequence {¢ﬂ} = {wn n} converges Vx€([a,b] *to ¢ non- -
© 14

© decreasing. .

’

b
but Vfso, we have _ ",
a

£ = m=v VEEF

-~

L

o~

" For the family F with fe€F not/hecessarily non-decreasing

K ’ X -
such that w(x) = V€ and v(x) = 7(x)-£(x), wh?re 7 and v are

a
non-decreasing. We see that

&
k !

X b .
M In(x)] = VE < VE < o
a a '

1

v | s Im) [+ £ ] < a8
Therefore 3 a sequencé {fd}CF such that

vn(x) f fn + 1% (x) VxE[a,Bl.

<X

24

L

e i o i
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Also '3 a sequence {fn }‘c{fn} such that . .
N k' < ! )
" . . .
. v 1 > : N v
. v o(x) =7 (x)-f_ (x) = v*(x) Vx€[a,b].
ny ny ny . .
Therefore ‘ _ _ ' v ‘
£ = my -v o> mEovk = fR ~ '
, O
P '
and f*e€BV{a,b] since w* and v* are non-decreasing. Q.E.D.
' . rd i ct 3
' i . . ' ¢
’ i
! 4 )
R
» b
r )
i
P .
f
: . ~ ‘
&
J ; -
—— - Tt e . ey - e
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'3.3. MAZUR'S THEGREM

-

Definition 3 l A <X, a metric saaée, is 'totally

bounded' if for every ¢>0 a{al,az,.ﬂ.,an}éh such

that ACS({a ;azl-o-an}lns)r

¢

where

faLd(a,ai)<e}

S({al'aZ""'an}'F) = 1

i

ncp

and d(x,y) is the metric on X. IR \ ‘ o
o .

For the proof of Mazur's Theorem, we ‘follow Dunford

‘gnd‘Schwértz [21.

Theorem 3.2. Let.x be a Banach Space with AcX relatively

-

compact then co(A) is compact where co(A) .is the convex

hull of k and co(A) denotes it's closure w1th respect

to the metric topology.
. .

4 S \ . ot
Proof. co(A) is complete since co(A)cX. -  Therefore ‘it

. only remains‘to‘show’that co(A) is totally bounded .

Choose .£>0. A is totally bounded since A is compact.

, Therefore there exists a finite subset {¢i,¢2,...{¢n}cA

P s

such- that ‘ o .

A s{ey by r0 ) D).

w ’ ’
R A S VIS TP -

]

il b ¢

n




Let B = co {¢l,&>2, ....,"¢n}) and note that

So(A) < S(co(a), %).

Let v:A + {1,2,...,n} be such that

ger = \lg-o, 1< 7

For YEco (A)

m
where ' V€A, aizo and I a,=l.

@

Then -

I m - m
- I . b}
o= = agoy =11 2
o _ “m
s I
J' i=1
"< 'E' r.'
g
-,
That is

for yY€co(A) ) S

i e h
‘d(w,B) < ZI jN

A

Thus co(A) < S(B,5] = S(co(a),f)= §(B,5), and

Yo ' ;; ’ ‘-5
hence co(A) < S(B,--i .

ai(wi_¢v(wi))"

b"‘_ t. ~
'ai' le ¢V(wi) l P

27 g
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P ' I

Now, the mapping

. . n
u:(allaz‘l";Ianl¢ll¢200--l¢n) + E

i=1

is a continuous mapping of the compact set ,

n
{0,1]x[0,1]x...x[0,1]1x X
’ - i=1

~ i ~

&

¢i onto B.

Thus B is compact and therefore totally bounded, and so

[ g
Yy ¢

'3{81,82,.,.§k}c g such that

B c S({BIIBZI'---Isk}I %)-

T

i

Since ESXA)cS(BJE)cS({Bl,BZK...;Bk},e), co(A) is

totally bounded and hence compact.’ Q.E.D. -

a

28 ,
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3.4. KAKUTANI YOSIDA THEOREM

Theorem 3.3. ‘Let T be a bounded linear operater which

~—maps a Banach space X into itself, and such tkat.
3c>0 such that ||[T"|[sc- vn=1,2,3,.... ! Furthermore, )

if for any x€AcX the sequence {xn}, where

]

- ''n .
;X 0= 1 z Tk(x), contains a subsequence {x_ } such __ . . .
n n ._ : ‘ : n
. k=1 / . k. ‘ .
bl , ( -1 kS
! : . " that x converges in X, then for any x€A, = I T (x)
n . n
k . k=1
& - ntl - n
converges to some x*€EX and T(x*)=x*. (T "=ToT"). J
»
| . C
Proof. Let ¥ -+ x* for some xOEA, then
k 1 i .
|
n n =
+
) e o=x [ = [12 = P2 s r*d) || ,
_ 5 k- Tk k k=1 - Uk k=l
D ‘ n, +1 .
: == Tk gy 050 e .
X.
. ' 2c|ix ||
\ s n 2 )
. k . -
‘ L] I:.
. .
. Therefore- T(x*) .= x*. Now, let .
| ' - :
v . <
’\ t A ' -~ o
Ve _ R_ = Range (I-l[T+T2+...+Tn])
; n n, .

n-1 2 _2

Range ([I-T] [T+22L 74822 g2y o 4L o071y,
. S ¢ n

n

i ' c . “ —\

-

it

So  yER = Y€ Range (I-T)=R and' 3z€X such that

~ )

- ' 2 ! . 4

o WG - e L
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t 3
| .y = 2z-T(z).
| ‘
! ) , . n ’ n ’ 1] " 4
o mus, (1 = il =3 5 (@) -r @) o
| . kzl/ . k=l ) ¢ 9
A - = HllT(z) - N || , S
Iyl
o 26iiz{i L,
n
. ‘We have,
X = x*(x_-x*)
~ - n
xn=-l=- X 'Ifk(xo)
) Dog=1" !
s n .
= x* + 1 T Tk(x -xX*)
: : k=1 © i
It follows that o ' : : .
Do , X ~x* = x -+ lim (= = 'I‘k(x 1)
v © . "0 nsw Pxk=1 . ©
: : x
.and hence .. xg-x*ER, therefore we have o ‘ S S
s R R L B |
< L ' ’ ' ) : o ¢ ‘
_yi 4 . , ) .
| !
g
. i ¢ ' :
gi 1 - |




b

S~y

e A g

EE e S

L R A troum s 1o L

For €>0 .and x€A such that

A
Hlxexgiic e, 7
we write  x-x* = (x-xo)+(xo-x*). Then -
. / h .
n ¢ . ' ¢ n .
k=1 k=1 =1
rn n
s 2 x|t eex) I 1E £ PR - ]|
k=1- k=1 o
-n 1
< ce¢ + II% T Tk(xo—X*)I! + Ct, ‘
k=1 '
_Thus,
L ‘ -
.= L T (x) converges Vx€A. Q.E.D.
n . 3
k=1
® 8
-




\“‘\ CHAPTER IV
EXISTENCE OF ABSbLU?ELY CONTINUOUS -
INVARIANT ME%SURES FOR PIECEW;SE /}
r MOTONONIC TRANSFORMATIONS
4,1, LASOTA ANB_YORKE THEOREM ’
' ) ‘In this chapter we shall prove that a t;gnsformét;on
rECzi(piecewise), with inf |[t'[|>1, édmits'an absolutely

. B {
continuous invariant measure.

. Definition 4.1. Aset AcX, a Banach Space, is relatively
' . / w,
compact if every infinite subset of A contains. a

i

sequence that converges to a point *in X. - ~
’ e d
, Definition 4.2, A transformation 1:[0,1] + R is piecewise
2

c” if there- exists a partition 0 = a0<al<...<ap=1 such

that Vi =1,2,...,p, the restriction T, of T on\(ai_l,ai)

o,

is FZ and can be. extended as a C2 function on

"

[a, }a.]. T need not be’cohtinuous at the points a,.
i-1""4 - i

.0

-

Theorem 4.1. Lét 7:{0,1]1+{0,1] be a piecewise C'2 trans-

formation such that inf |t'|>l. Then forLfELl[ﬁ}l] the
] N .

sequence - = Pif is convergent in norm .to
k=0 : :
) f*GLl[O,l] with the following properties: - C .

9

S
v " *

[

e . : . R
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- ’ " . é
. A ‘ . i
1) fz) =» £*>0 . * ™
) , T . i
2y ek = gle ;
.0 0 ' {
3) PTf*"= £* and.theréfore du* = f#dm is invariant é :
under 1 -~ ‘ : . é
T i
} 7 s ' * n }g
4) £*€BV[0,1] and moreover 3c independent.of initial i
| . 4
choice of f such that o
1 | : ) i
vex < cll£]]. L
0 ' b
. . . : . ) g !
. -~ -
Proof.: Let’s = inf |7'| and dQSise N such that sN>2. Let
¢ = TN, where TN = ToTN-%. ¢ 'is also piecewise C2. Set .

0 = by<b,<b,<...<b_= 1 as the corresponding partition
0 71, 72 q . T

ofy¢ with ¢, as the corresponding‘c2 functions. By the '

. : [ N - ' '!
L chain rule ,¢i(x)st vx€lb; _,.b;1. i
) ‘ ! .
- —l' =! o ! i
Let wi ¢i an? Oy ,wi;. We see that

l r’ 0~ n , ’
o,(x)< .  From the fact that [¢i}z &N and-Lemma 3.1, !
‘ ‘ |

S .
. C - | v, .
we see that ¢i is monotone. Thereforg by Theerem 2.1

f(ll)i (x) )?°i(X)Xi(X) ]

¢ =1 .

(4.1.1) ° P f(x) = £
. , 1=

O P o
_ 1, §€Jia7,¢i(;bi_l,bi])
where X, (x) = » -
7f“\~\\. ot 0, otherwise . . . .
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: 4 I ‘
Yret fEBV[O 1]1. Then f(lb ;&) o (x)x (x)-= 0 for
x£[¢i' ) ¢ (b)],and so by Lemma ‘3.4,
. l . q . l
| (4.1.2)«} vPyg < lEltg (243005 ¢ Iff?i-1)°i(¢i(bi-1”*
. , ) |
- + |#(b)a, (6, (b)) 1),
N
Sinceb = o .(x) < sV we have
e . < ’ ‘ ¢
(4.1.3) - %p £ g vV (f w') + N g ([£b, M|+ £DdI])
«d. : < oW.)C. s s 1 . .
0¢ i=1g YR oy -1

7 o

X (Eo¥;)oy ﬁwg Ld((fogi>oi)!

~

,
‘.'l » L
ry v
.\ ot
. . ¥
‘ v

Lo - 13 .
1 f 1£oy;li0fldm + g o lalfay,)]

<

e AR

 f—

. qg " il . IR |
. \ v o @ ‘ ’ Ny
~ o ‘ N
BN Sk [ g0y loam + sV A £y Y]
LY bR § Tovi
N . J. . : J.
. : -1 o ) i -
. maxI (x)l '
_ where K = _1_}_(______ .~ By a change of variables we get
. X mln(c (x)) : N .
«* \ . l x >
: by -N Pi ’
(4.1.4) V (£,p,00, < K J |Eldm + 8™ [ © ldf].
S e s T i1
R4 ) . . .
. ‘ B
. IR
O S o
4‘ 8
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Letting d; = inf {]£( x)I.XE[b l,bi]} and by using -
Lemma,3.§ ‘'we have . ’ R .
r f“x\ i AT » ]
' b, ' ]
[N :f(bid"l)i.’-!f(bi)! < V f + Zdl ‘i
. ‘o b. i
i-1 ]
Letting h = min(bi-biil) we see that ¥ ‘ '
by ‘ 1
d;h = { * | £|dm .
- + . -
* : - b, 3
.qa q i 1 9 by P
; (4.1.5) r ([£(b i- l)|+|f(b )Q) < X VE+2n . [ 7 [f|ldm
i=1 - i=1 b, i=1 b, ;"
i-1 i-1 !
: i 1 1
) = VE + 2h 7| [£]].
0 e
By putting (4.1.4) and (4.1.5) into (4:1.3) we get
N : R O S I S R |
(4.1.6) VP, £ = K| €] 1+e™Y vers™ ve+2s V07| £ ). ;
. 0 0 - 0
.7 . , ’ 0 §
. oo =N, -1 : -N . :
Létting o = K+2s 'h and B =.2s .<l, we write
v . «
i . [1£]! - ‘
(4.1.7) VP, f s of |£]|+BVE. -
0o ¢ oA
. : k, "
‘For the same £, let fk = Pr f. Then
J P \ N ‘ ’ A |
> ;‘ - - . “ 1



Therefore,

%
1 L1 -
vE = VP £ P
0 Nk o & N (k-1) ,
‘ 1
< allf

N(k-l)‘l*‘ag N (k-1)"

+,

-

By Lemma 2.3, |[f£,|]<[[£f| wm=1,2,3,... . Thus,

o

N (k-2)

o'qr

. . 1.
f.s ollell + sallellve Ve

.

o !

iy \ » ﬁA - .
k=l oo 1. A
s T af||f]'+8 vV E_ .
n=0 Q ? )

.7 ' - 4
L] . 4 (‘
' Consequently, noting that fo=f’ ‘we get

1

w ‘. l ) 3
(4.1.8) Im Vg s of [£]] '

kvo 0 NI 1-8
L ]

By (4.1.8) and by Lemma 3.7 we have Vk,

lka(x)} < Eiijji.;"rlgll, e
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‘a A .
With this.and (4.1.8) again, and using Theorem 3.1, we have

1

that every infinite subset of C = {ka}k— contains a

a ,
subsequence which converges in ngo,l]. So C is relatively

compact, in Ll[O,l].

~ Since P_ is continuous, PkC is also relatively compact,.
T jéilf
Since
}m" le
{f u PIC, ‘
k* k=0 k 0

we have that {fk}:=0 is also relatively compact.

EN

By Theorem 3.2,

is reiatively compact.\ It then follows that

1 b= -1
{H )3 P f} c co (C)
k=0 , !

is also relatively‘compactf Finaliy, by Theorem 3.3,

n-1 .
17 Pkf ~ £*€L, [041] g
- % k=0 ‘

. wWhere
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Properties 1), 2) and 3) of the Theorem follow from

Lemmas 2.1, 2.2 and 2.5 respectively. We therefore proceed

. to prove property 4). So far; we know that f*ELI[O,lI. -We

1 \
will now show that £*€BV(0,1] and that 3c 3 Xf* < cl|£).

i "l [‘1 .
L= T .= jatl .a
We set o, i By jay i -and redefine

.71, x€Ii ='ri([ai_l,ai])
Xi (x) = i
: 0, otherwise

- I

!
.

Invoking Theorem 2.1, we get

I

, p B
P Efx) = izlf(ai(X))Bi(X)Xi(x)? -

4

. o ~
By Lemma 3.4 and the same procedure as before, ‘we get

o .
- \17Pf : (£,0,)B ! g(lf( Y +1E(a)])
T s T Vv a.)B, + = . a, J)+if(a,
0" im1x, PR sy i-1 i
) 1 ~ ¢
13 l 1 -.n
< ¢y gf + czllfﬂl, -
and .
1 1 .
v £ =¥ P_£:
0 Nk+1 o T NE
7 1 o
[ ¢, g fo c2i|f!, /

\i‘ H

——— . s

o
i e e b




for somé cl, ¢2>0. Also

1 1
R . . . [g] !
g faks2 S €1 X Bkt * cpliEl
L 1l
' < ¢ (e g ka + 02;,f|1)+ czllf
- o2 % £ - +(c1c,+c2){{f{ .
> e o Nk
Consequently, form = 1,2,...,N-1,
; " '
1 o 1 m~1 'j[] ]'
vV £ s c, VE + c I c £
0 Nk+m 1 0 Nk 2 =0 1 !
\ m 1 l—c§‘ '["'
! < C V f + C - : fl |
\ 1 0 Nk 2 1 Cl
and
1 n S l—c? el
Iim v £ < c, limV ¥ + c £

With this and (4.1.8), we have

1 ot
Tim v pXf < ci|£]!, e>0
ko 0 T

'~for feBV[0,1], where ¢ is independént of f£.

] .
For such an’f and for any n,
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l ., n-l ‘ n-11
vd £ efm) <2 1 vk
0" k=0 ‘T " k=00 T
n—,l
s% r cf, £l
k=0
.= cllfll' ‘ -\
Let
n-1" ! :
' T, = 17s lpf
| k=0 °
Then o o Z
o ’ . . ° * _
1. \ \
(4.1.9) . veT fscl|l|lEl], . £f€BV[O,1].
y.‘ 0 n ' ’ i \ '
Now, ) ,
, " ‘
1t k
e el s+ = L2k g]) -,
k=0
g n~1
<25 |iel]
( N k=0
T = el |
" This, with equétion (4.1.9) and Lemma 3.7, yieldsu:
\ 7
{(4.1.10) lTnf<xj} s (c+1) [ TE}]. § : .




From (4.1.9) and (4.1,10) and Theorem 3.1, it follows that.

there exists a subsequence {Tn ﬁ%\wgéch converges everywhere
; . \

on [0,1] to a function of bounded variation. But Tnf

a

) converées strongly; thus

< 1
(4.1.11) -~ - v Tf < of £,
. . o ' . '
where |
’ T = lim‘ I&.‘ .
3 n-FW n

For  ¢,y€5,00,11, o ,

’

-

. . 1 n-1 K
T(4+9) = lim (2 I PY(6+Y))
. n+e T k=0
o n-1 ; n-1
=1im & 5 P¥ ) 4 1im@E £ PX y)
nre D k=0 n+e M k=0 T
=Ty + TY

so T is linear.

We note that I,[0,1)cBVi0,1] and therefore for any
feLl[O,l] there exist a sequence {¢n}c BV[0,1] such that
6, + £- By (4.1.11) |

1. :
: g T, s c]{¢n|§ .

41
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Since <
. ~
e il s [1eg ! -
, it follows by Lemma 3.7, that
/ : .
T, )| s (e [op ]
'. R
For ¢€>0, 3N such that vn>N ' : Ji
| v . F
!|f ¢nl{ < 6. . A ;
N ’ ‘ !
Therefore, vYn>N
) ‘ t
, e It < evlig]].
' .

2

~

Thus, Vn>N ,

1
VT s cle+| €]}
o .

and

\

T ) s (el)(e+] [ £]])

]

By using Théorem 3.1 once more, we Have.the existénce of a

subsequence {¢

k

} e {¢h} with nk>N,l such that

Td; +> f£* . . : ' X

.

~

e e o iyt

H

P :,_...,Aj-ﬁé‘ . : . AU B



L . .
’ y * .
. ’ ‘

for some f* of bounded variatiqn. But also T¢n > Tf and

T } < {T¢n} ) since T is continuous, thus

k
v
Tf = £*€BV[0,1] i
f -
© for’ fGLl[O,l]..
This compietes the proof. Q.E.D.
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4.2 A COUNTER EXAMPLE
In this section we shall show that the condition o : .
{T'L2a>l is essential.. In the example, we shall use a
‘ ' . / . |
transformation, 7, where |t'(0)! =1 but [7t'(x),>1 for all
other x in [0,1]. .This example will prove that for | L -
X . 1l
, N O AR
- T(x) = 1
~ 2x-1, Esxsl
5 there exists no finite absolutely continuous inyariant
NN ' ' \
measure. ’ ‘
. ‘ x 1 )
Set Tl(x)‘ = 1% ', U'stz
L S :
/ _ _ " l'-l i ‘{.‘
Tz(x) = 2x-1 ’ stsl
1 » - ! \
J, = 1,000,511 = (0,1]
a . l l ,2 , .
\ . . ~ /
- 1 _ ] ' .
/\ Jz - Tz([zll])," [Ol‘g-]- ‘ ,
-/ A -
Define, for x€[0,1] ' |
Co IP, (x) = 1-¥(x) ‘ ’
S S N | :
% o
. = ’
a e lﬂ,{ / ”
g ¢
' 4
' o k|
’ .o . : yi #
In—— . ) — ‘. == / - “ -
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and
. - ”
» fl‘z(x) =1, (%)
- x
5
Also, define’
Y /
o, (x) = le(x)l
. .
= _}__2_
. (1l+x)
4
&
~and
vy (x) = e300 | .
= 1
2
By Theorem 2.1: ' '
{
. 1 X 1 x+1
P f(x) = { )+ £f(==).
Let ﬁo 1, set fn+l = P'rfn' and define )
. f . \ ‘ v “
. 9,{x) =x£ (x). . |
/ . . ,
N Ve
S
, X
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)]

P e e e A o

Then, - .
gn+l(x) = an+l(x) -
o
= xPTfn(x)
¢ .
1 X g x+1
. . = x[ - f (=) + Sf (===)]
(1+x)2 n' 1+x 2’ n' 2
o ) _ 1 X X X x+§ x+1
T Ix I+x n(1+xh+ I+x 2 fn(_f— .
Thus,
v o1 L X . X x+1
(4'2';) T IFx gn(l+x) t Ivx gn( 2£?'
' For gg(X) > 0 we have,
‘ ’ 1 % X x+1 !
gl (x) = g'( ) + gl'(=5=) &
n+; (l+xf1\—g 1+x 4 (x+1) °n’ 2
‘ C1 - oxtl X
' ' , + [g ( )-g_(
. , ‘ “(1+x)2 n )2 S %n t14x
We note that ' :
o : . . -
2 x+1 . x
(x+l?‘ 2 2x =» 3 2 1%
. x+l, . X
,‘ugn(‘z ) gn(l+x)
Y M;’M b
since.gn non decreasing. Therefore, Vxﬁ[O,l] .
. 2 .
s . -~ .
s 3
i 4 ’
\




and
Thus Vvn, s
(

Hence ‘ ’ <f\\'

1
gn(i) +

.
Q
o
%
fl
[Nl

N -
,.\Q
=
—~—~
=

|
"q
5

H .

g (1) + 3

N

= gn(l),

o

and so gh(l)‘cbnverges to some numbe;ya.

. o . _ .
L S ~ . ; < k
. Now set X, ., 1+xk
VxE[xg,l].
= From (4.2.1), we have
—_ ’ \ ) - . \
L]
’ /
. N |

and k°=l.' Assume lim gn(x)ﬁa

N+

47
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B P

. -
. -
- : /e n » . ) .
', '. o | - ) xkﬂ) +’ X 1+x )
Do In+1 F) T Txs InTix) * Tk, I T2
' v . '
: ‘: Ve ‘ - . = .——.L.—.“g (x + \-‘Xk- g (l+xk) ]
L \ 1+x % k+1) 1+X n' 2
. . . k X
Yy . ~» o . . 1+ !
) . It//is cleéar that. 5 E[xk,l] . Thus by taking limits on
’ ,j)oth sides wye get - .
N . " d\‘.,w - - . B \\
A % v A
. X,
. . AR i S
‘ R N ;La-l»g\ I K1) {' T4, Q- '
.r; R Co ‘ ///#\_
Hence, ‘
K . R lim g Ax ) = a.
o n4°° n k+l
v l~) i ‘ ’
LI Since g_(x) is increasing vn, lim g‘ (x) converges -
N ﬁ v’n o nso n
| . w: to o on ‘[xk+l,13 . It follows that
e . N . o
- v A . )
R gn(¥) > o vxe[0,1]. - . N
K el 0 . i . Lo
[ R \§ ‘ \
. ‘- Hence, Vx€[0,1] . .
, . ¥ ) A \ 4 .
j‘ o ’ ‘?n < fn(x) -+ %- “ !

. ,

. . ,
R - #gsume a>0. Then 3¢>0 such that .
o \ o :

v . " ' -
- o . £
- - 1
v .o - v Y , { ,% dx > l,
» | r
. & i
. t e A L) 1
. -
4 Y ; ~

prd

e s o




¥

that is

But we have £

Therefore

Thus 0=0 ..

Now asgsume

¢ T

-

n+1“x) =

b

s

.

Lim [* £ [(x)ax > 1.
nro g

!

2 0 and so by Lemma 2.1
, *
£ 20 vn. -
n q
P )
v '
L3
e o=gte. \
\
. [
/
1. 1
7 s [TE
e 1 0 n /
»
1
e = I |
o 0 fo
=l.
fx;so’ Il
21 X 1
- £ (=) +
(ex) S R IFE T 08
1 o x+l
+ 4 fn( 2

=)

£'(

X

b

n l+x

)
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Also, fé{x) <0 Vvx€[0,1] and so féxis non-increasing vn.

¥

Therefore fn + 0 uniformly onf(e,1], for ¢ arbitrary.

’
.

For 'feLl[o,l] with

3

£5 = max(£,0), £ .= - min(0,£).

and given £>0, we can, by Lemma 3.8 choose r .such that

0 i
< .
Since
- I3
we have
o K \
f*ief
C . 1
L Y

. ’

AN

Meterytam ¢ e er) Tam s ¢
0

£lam < [t P? £am + rt P® £dn

< 2rf e (1)am + f
c T .

’

= 2fYp%am + [P (£t -p)am
€ T

€ £

. £

1

0

Q ,

+ YR (£ ~r)dm
P T

)

sZr,flPI:(l")dm+é§ o
€ - ) ,

Since 'fn,* 2’ uniformly onle,1l], by the Dominated:

Convergence Théerem we haye{) ‘

~

A

)

-

Lgtrytam + fH(E7-0) "am ‘
. 0 ~

50
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-

lim fldpn(l); S0+ .
n»e g T . \

PIE > 0 a.e.  VEEL [0,1]

1

t -

for x€{e,1]. But ¢ can be arbitrarily small. Thus we have

convergence to 0 a.e. on {0,1].

i R «

o
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CHAPTER V

., EXISTENCE OF INVARIANT MEASURES FOR TRANSFORMATIONS

WITH SLOPE LESS THAN OR EQUAL TO ONE

(¥

F
.
3

5.1. PIANIGIANI'S THEOREM ‘ e
- ‘(l‘

t

In this chapter we shall consider.trénsformations where ‘
, i

71| is not necessarily greater than one. In [4] it is shown
. - ' ’ A - : .
that under certain conditions such a transformation will
' ‘ 4

admit finite absolutely continuous invatriant measures.

!

Theorem 5.1. Let T be a piecewise C2 transformation from

v
7

* .{0,1] into itéelf. If there exists a function h,

piecewise Cl, such that: ‘ )

' a) h(x)> 0 a.e. andv fl h=1 . .
& ‘ 0 ,
‘ _ oane LT h(T(x)) - : ?
b) a = inf h (%) >1 , | - 'r |
“‘ ’ i . . t
~ . [ \ ] N L
. then there exists a'finite absolutely continuous invariant
measure for t. ' ‘ B
¢
Proof. Set g(x) = fx h. -
: . 0 -

4

We see that g:(0,1] ~ [O{l] is monotonically increasing and

therefore g-l'is monotonicélly increasing.

Define = gorqé-l , T is piecewise C .f

-




¥
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CT(g(x)) = g(T(x)) :
(Note that g(x) maps (0,1] onto: (0,1] and hence
Tog:[O,ll + T0,1].)
Thus, g i
) - 1

i

T (g(x))g'(x) = g' (t(x))1' (%)

- ig' (txNT(x)7

. ' ' "
and {T (g(x))! gl(x) i ’
: oo lme] hrx)
| h(x)
. % 'r
bl > a,
i
|
o
Therl by Theorem 4.1 there, exists a measure invariant under ,
T. ‘That is there exists f*€Ll[0,1] such that . -
N " =~ !
g = [ £% v¥Ac[0,1]. !
~ —l(A) a .
By Lemma 2.4, we have the following: ) ’ .
I o ' ‘ .
\ , . .
. [, £* = [ P E* R L
-1, A . ~
T “(A). i
= [ P PP _ f* -
. a 97 g 1 .
|
. .F I_i Pr(Pg—lf*)
(A)
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JEx=g oy #
A g{g ~(A))
= | P _,f*
-.l g
g~ (n)
Therefore . . -
J'_.l P (P _jE%) = j_l P _f* .
(a) : g @) 9
—l .
Set B=g (A) and y* = P _1f /
g \
Thén,
I R AL
}) _l B

(B)

i

and so there exists a finite absolutely continuous invariant

" measure under T. Q.E.D. S

' ‘Corollary 5.1. Let t be defined as in Theérem 5.1 and’
et Y, = Tifl. If there exists a function h, piece-
ise Cl such that: i ' .

a) h(x) > 0 a.e; -and fl h="1 .
3 - Y 0 :

lv; 1 hov, (x))

b) A = sup AEI) <1 vi,

g ™




then 1 admits a finite absolutely continuous invariant

measure.

M

Proof. Set

and define

" Let

If follows that,

and

Hence

g(x) = [*nh
, o
. /
T, = 9oT o9
v, =17t
1 b
-1 -1
¥, T 90T, o9
-1
= gowiog .

L
-
/

!
¥ (g(x) = g(¥; (x))

1

_ | hoy )

¥l = ——xm :

30 | h(v, ()

If sup

Y63 % A<l

{?il <A vi

Wi(gjx))g'(X)_= g' (b (x))p{x)..

vi,

then

-~

. ettt St .




’

and : ) -
3
1 . ‘

|| =
Til 2 X > 1 Vi

[

and so T, by Theorem 5.1, admits a finite absolutely

56

B g .

continuous invariant measure. Q.E.D.
_ -
/ H
&~ . C
) .
o ’
~ ~.
"‘ , \‘ n
“.« L :_ T
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C P L

5.2.

note that T'(x)<l for some x€[0,1].
no help to us here, but we still can show\that there exists

an absolutely continuous invariant measure.

andg -

' Then

and’

Set -

. We sée that h(x)>0 'fbf all xe[0,1] and that

AN EXAMPLE

If we consider 'the transformatiofi t1(x) = sin 7 x we

Let

AN

L3

v, = 15t x)

J

t

Tl(x)

sin ™ x_

rz(x) =gin 7™ x

‘I)i(xj

\

¥

“~

=1 - % Arcsinx.

—
" h(x) = —2
VX (L=%)

L]

! nwax

v

0

l.

i
2
8

’,)‘Z‘AP“'A_, o

1

for 05xsl

for l<xsl.

N
a

¢

2

&

S

T

Til(i) = = Arcsinx.

\

2

eorem 4.1 is of




[ 1]
58
We then have
' ¢
lwi(x)[ h(wl(x)) ) v;ﬁj:;ﬁ
h(x)
. 17\/1-x2 \/;];- Arcsinx (1l "?lr' Arcsinx)
T >
- Vx (l-x)
V{-xz Vgrcsinx (7 = Arcsinx)
- Vi-x Vx 1
A = , ) *
Vi-x“ VArcsinx VG - Arcsinx
- 51.1.\/%— < 1.
With ¢, in the place of y; we gét ' ,
, lo3 () | hiv, (x)) ==
“h(x) = —
. 2 1 : 1 .
—_ wVﬁ X YQ;—“ Arcsinx) . T Arcsinx .
¥ . f,

. lwi(x)l h (9, (x)) -
B ’ h(x) R :

: NPV a

bl
, . n

s

-

Ca

Therefore by Corollary.5.1, there exists ah absolutely

- ]
continuous invariant measure under @%x)‘= sin 7 x.
L% S
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CHAPTER VI

. APPROXIMATION OF INVARIANT MEASURES
A Y

[ A\N

\

In this chapter we shall study fixed points of simple -~

operators which converge to the fixed point of,PT.

Let [0,1] be divided into n equal 'subint@rvals

S . _ _1l_ .
IppIgeeee,I with I, = [(a; ,.,3;]1 and m(I;) = = = L vi. We

1

define Pij as the fraction of I which is mapped into

4

interval Ij.by T.

Let

»
|

Then, . g : o t : .

1]
H
P |
s |
H
~

Aij . ik j fo ° § . NN /

B \ ‘
_ -1
Wg see that r(Aij) = t(Iinr‘ (Ij))cr(I;)ancIj.

Therefore

-1 . o

Pij T mOI) T Y69

n

. Let 4 be the field generated by {¥1}1=1' where X,  is

©

the thafacteristic function of ii’ and define Pn(r):An*An as

a linear operator such that

~

o e
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(We will use P for Pn(r) wherever possible).

Ulam's conjecture states that the sequence fn where

Pnfn fn should converge to a fixed point OE P wherfever
P has a uniqge fixed point. We.shall prove a very
interesting result about the fixed pointS'{fn}'but first we

ﬁhallylook at some lemmas.

| r
t
. n ' h@ n
| B —
Lemma 6.1. Let Ap = {z a;x;ia;20 a I oa = 1}. Then
i=1 i=1
o]
- 1 1]
b Pn An+An. ,
? : ) 1,‘\“\
Proof. . Let f € Ag . then .
1
, n
Pf=P (Zax.)= ZIa,P x,.
n S IR R j=p 107
Since .
' - ‘ {
n-
PX: = L P,.X.
n*i =1 it
we have
i n n .

n n :

L L aPiiXi. ' .
j=1 =1 1t 1]

.
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’

We have that aiPijéO Yi,j. Therefore it remains to show

that
.
n n ;
b, =1 withb. =°Z% a,P...
( j=1 3 i=1 %]
Q
.+ We have
n n n n
I b, = L (ai rIP..) = % ai =1
j=1.3  i=1 =1 13 i=1

And so.P fEA'. Q.E.D. I '
. n -°n ,

¢
L] -~
c

Since pn(Aﬁ)cAﬁ, by the Brouwer Fixed Point Theorem (8],
|

‘there exists a point gnEAA such that Pngh =g,. Set

f = ng_, Then f€A_  and :
n n n °

112, 1=l lngy || = nlf £ agx,|

"
5
—
.—-I
M
1)
<

]
8,
™M
[V}

>

il
o
S
HmMs




‘e

o~

¥ Definition 6.1.,.

. ts define.Qn:Ll*An by - \
B ) ~ ) > N
~ \
) n - 1
f = I c.y, , = .
’ Q, . i=lclxl where ¢, R(T;) £ f(s)ds
. . / - i
’ ‘ , i 7 . .
We see that £20 = anzo and that Qn(af+bg) = éan+ang.'
' ’ + - ) o -
. . = - !
Hence Q f Qﬂ(f f°) and [an,s an +Qdf
g, ' , ’ , .
Lemma“6.2. For f€L,, the sequence Q,f converges in 1, to £. I
. . . : ~ ,
A L N
v Proof.’ fELl - for. e>0 there exists g€C (the sﬁe;g\\

/ ' A ., 62

For fELl and for every positive integer n,

oontlnuous functions) such that ,lf g]|ﬁ3\ g is . \

unlformly continuous on [0,1] and so we can ‘choose N

iuch that n>N = [g(x )

. .follows that ,

e ,

S L 1,9 (s)-g(s) [ds

%fxz)k Vxl,x2€I V.. It
7/ s "

*
,
¢- o

) -om 1 )
[ ] T (== J dit)at)x.(s)-g(s) !ds
1, 3=1 ®lIy)1 J !

- I' A} .
i i j
* ® '
N - , » /- “ l . % _
Y=g 2y ] atvrax; (s)-g(s) [ds
s I.' L3 1 I-
.- i i . :
) ) - <7 .
. . /
s since s€t,. Therefore;, "
v - i ; . }
' . 8 . v . !
- * - A '
€ "g‘ ]
.' - ) i
. e
) . R

T e A R R IR R Pt o

- A

3
i
3
3
3
g
}

TADE-S A




[}
Ve s. )
d 63
N
¢ ) J {(Qng)(s)-g(s){ds s I“m](-I ) J lg(t)-g(s)|dtds
I. I. i’ I, . ‘
i . i . i
- < nWlT—) J' I 3 dtds
i’ 1, I,
4 - l l |
v ! .1 '
”
. 4 = m(Ii) ‘g' ‘ ¥
. .
' Hence, . , . N
" iea-gll = fo gl
- 1 %q i ng g
0 L {
{ ‘ 3
D ’ N -
. = .z [ logg-9l !
; . i ~ \
i ! ~
! . /
n :
¥ < z"r ‘m(I ‘) - = '3' Y '
i= \
\
. And f €L - '
O €Ly s, ‘ P
Q .(
' . o1 . o.1n . o - :
1 St e = [T E (e [ d(tatix, ($)ds - S
0 (ISR U A | I
; s o , . -
* . ‘n -/ . N
\ o 1 1 «
, . .= I. J ()™ x. (s)dsdt . . i 3
b . C s M) T TR o -~ {
. P ot 1 '
‘.. ) . ,
| ' ‘ r =ty | Yolt)a
‘ = . m(I. t)dt. .
e): / ) ' h i=l T I.J:.d)u Ii 1 N
Lo . 'n S0 .
é - g - .. .
. \ = % [ emat = [ro. ‘ .
' - ] 4 -~ i=1 I. A Q- Z e, v, . [~
o ) 5 i o o | - v
. 4 )
. * o ™ ' . <
} & * 4 ‘
i , s &




/ , .
- §
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) jI‘hen, 4 |
‘ 1 o+ .1 - .
a [loeit < /7 Qe¢" + [7 Q¢
\ 0 0o
’ 1+ .1 -
= [T + [ [1e]] ‘
\> - ) 0 0
y ‘
‘ . Hence, ' Ve
lo (£-g) || s !lf-g]|
AN
Thus, - . . ' , . .
’ )
| ‘ , )« * '
. ¢ Vo £-ell s [l £00all + o g-gll + [1g-£!] |
£ € € _ , .
‘ - , , < '3- + 3 + "3— = £ N Q.E‘OD.
[ 5'&
B I
Lemma 6.3. fEAn - ?nf = Qn?Tf | "
« & ‘ - ‘ , J\.
§ Prf:of.,‘ P X; ()‘c) = EEI ‘ X; (s)ds. N ‘
\’ ‘ T ([le]) to ! ' \
d ‘ , " - ak "o A
o 3 \
-4 : - f PoX; * [ a( . i(s)d's‘)'
- I 25-1 Yro,x ‘ : '
* . N l
o - I ((s)ds - f  (5)38 .
o - ([Oal) ([O,a 1) ‘
o 7—‘[ Xg (s)ds + . xi(s)ds - I" j X (8)ds
‘ : ‘ T ([O,aJ 1) T ([ajfl,aj]) r ([0 aJ 1])
‘ = I x (s)ds. , ‘ 1';
Y- T T (I ) |
i
— 1Y .
‘;\ 2 . \ ‘



Therefore, .
-~
“ -
Since tf(Ii) = m(Ij)
L]
v Qn(PrXi)
.. n
_— And so forwf = L
. k=1
'
\ > '
. , i QnP'tf =
- ‘ )
? S —— _
i ‘ ) 1 C\
F
: -
! e
' 92
\
)

Sl

%
i
>

{

1+ | Ij \
1 r
l[mT_I-) I—llxi(S)dS]
~ 1 1 (Ij)

H™M3

='= Vi,j , we have,

m(I~iﬂT-l(I )
m(I.) * X5

]
LI g =]

X:e =P %o

n
= T Y .
= J Id n-i

P..
j=1

ckxk, we have

n
QR (I cX)
naT g k*k
R

I ¢, Q. P x,
k=1 k*n "tk

s

[————) { (PTXi) (x)dx

4Xj

Xj-

+ 65
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Lemma. 6. 4. feAn - Pnf PTf. . j ' |
] i
’ P
Pro?f. By lemma 6.3, fEAn - Pnf = anrf’ ;

/ . H 4‘

By lemma 6.2, anrf +-F1f. Q.E.D.
- '

) 1 1
Lemma 6.5. If £€L,, then V Q f < V £. |
LY 0 n 0
n. 1
Proof. of = .E ciX; Wwhere c., =3 [ £. |
i=1 Ii -

v %

/

We see that an is a step.function. We can choose points
‘ \ . b\ )

X.,Y,€I, such that
ifditvi &

. 'lf(xi) < {.f < Zf(yi).

. i ' !
et ]

We see that [ci—ci_llg max {!flxil—f(yi_l){, lf(yi)—f(gi_l)[}

Vi=1,2,...,n. L - e
\ _ -
Let r,. ; =min(x,,y,) ‘and Tay =_max(Q§,yi)-’
. v ) T I
Then L ) | -
1 2n 1
v fts I [£(r,)-f(r;!})] sV i Q.E.D.

0 i=2 - 0

Lemma 6.6. If 1 is pj.ecewise'c2 with ?artition“fbd,bl,...,bq}
» - v . N/ N

. , . 1
and s = inf|t'|>2, then {V £ }.is bounded.
. $" 0 .

]



0 ‘ g o
’ &

“
é f 5~K+h_l
0 n 1-8

WO

w . : ‘ N\
<. K 1l , ) g
Since fHEAn, X_fn < @, Hence,
4’ )l -l
' (1-B) V. £_ < K+h ,
i 0 n . N
4 » )
and I
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Proof. By lemma ?,3 fn = Pnfn é.QnPrfn. vn. By {emma 6.5
~ ~
1 ] 1
VQP f svVvpPpP £,
0 BTRT 5 Tn |
\
By Theorem 4.1 -
. ) ; ,
. VPE < (Kt2s h )|l |l + BV £ |
i o TR 0,0
max o, '(x) . ‘
ix |- =Ly, . b
Wlth K min 6'~ (X) ¢ 0. = I ( i ) I ’ h = m].-n (bi— /l_l)
Co o, (i) 1
l,x .
and B = 2s™%l. -
Since ||f |] = 1 , we have o ,
n -
~N -
1l by 1 '
v fn‘s (K+h ™) + BV £ ., “
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Theorem 6.1. Let t:[0,¥]+[0,1] be a piecewise C2 function

with s = inf|t'|>2 and suppose P has a unique fixed :
] peint. Then, for any positive integer n,Pn has a fixed
i i ! - ’ .
point f €A with ,lfn,, 1 and {f} co§verg§s to the N
- fixéd point of P_. , ;

Proof. From Lemmas 6l6 and 3.7, and from Theorem 3.1, the

set {f } is relatlv?iy compact. Let {f é {fn} be

k

"a convergent' subsequence and let £ = 1lim £ . Then,
: : k+o= Pk ‘

/

. R ' N . . N J ‘ ;
[1\~P_£]} s |l£-£ [[+]If -0 P E 1[I '
N\ T Mg P e T . '

. '
4

| . )
| : ' . S '2llg P £~
R | + JLanngnk anPTf],+{‘anPTf Prfl

« . 1] ’ )
‘ x By Lemma 6.3, ||f -0 P £ |]=l|p_£ -0 P £ [] =o.
’ ‘ ) .' ny Ry T N, n, nk n, Tooy ]

Pr<f‘nk-f>'1 slle, 1) ‘HPTU IHe, ~£l1 7 0 as

t

Also, lQ
| > nk
fn +£, and by Lemma 6.2, Qn

o ' | . PTf - Prf' Hence PTftf.‘

k
t 1 [

Any convergent subsequence of {fn};converges to a ‘L

‘ fixed point of P_. By assumption, PT_has'a uniqﬁe fixed
point and so we must have £ »f.  Q.E.D.

7 ' / Q
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Corollary 6.1. (Of Theorem 6.1) Assume l<s<2 and PT has

.~

a unique fixed point. Choose N such that s‘»>2. Set

% =tV and £ is fixed point of P (8), (P is

defined at the beginning of this chapter). Let

.
P E
0 T

[Ts!
0
2

N-1
z
( 1=

Then {gn} converges in Ly to the fixed point of P_.

' i s o
Prooﬁ;//y/i‘= P 1 is continudus Vi. Therefore we have
T .

T
' N-1 N-1
fsf=t 5 ple 2%y pleag
i=0 i=0
or , g~ g.' )
*N=-1 -, ‘
Pg = % x P$+l £
i=0
- —
N
SIS S
- ) i=1
f
R Dot
@ N L5 T N :
l— 0
N
sipce TN = ¢. And since P¢f = f we have
‘ :N_l A ' J *
" o ‘P9 = % %’ z Pi £ °
/ : i=1 . '
1 N-1 .
=5 I P, f=g. Q.E.D.
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CHAPTER VII
FIXED POINTS OF SMALL VARIATION
In this chapter, we shall show that under certain .
conditiohs the variation .of the fixed point of P; is small. , ;
For x€[0,1], we define for the C2 function g: §
"\3
s = inflg'(x) | i ]
t n}( \\_'——-"‘JA ;
! \ . M TR
= ! "(X) ! ' q°
‘ | ‘ 1
. | . i
— ¢ - ¥
B = max(l,Bo) . . ]
Theorem 7.1. Let g:{0,1] *‘R be a C2 function and'éao.
Let 7 =hg (mod 1) and let f be a fixed pggnt of P, 3
. ot ‘ ‘ \ (
W such that | £/ = 1. Assume also that s>3. Then :
1 | , l .
vV £ < §_B_._. . : DI I
0 s-3 ‘ ; . : ( ‘
) /‘ ’ * . o w !
. \‘ : . “
Proof. Let 0 = b0<bl<....<bn =.1 be the partition of [0,1]
where T is piecewise c? on [b; ,sb;]. With t, = T on - .
- - w L . ’
[b;_1sb;] we have [t![2s. . . .
By Theorem 2.1, we have

’ . R
* 1 1 s

T n s,
PE(x) = z £ 0oy (x; (x)

i=1
o I 14




- | -1 = |ygt! S
where wi =T, ) 0y = xwi, , and X; is the \
. characteri‘s’tic f};mtn:tion of J, = T, ( [bi_l,bi]). We note }’
that for,i = 2,3,...,n-1, J; = (0,11, and hence ‘
, | rr i
1 n 1 .
VP f < I Vf(w (x))o, (x) ¥, (x)
0 T =1 O o i A . .
- ) ;
1 n-11
= v f(w (x))c (X)xl(x) o B V(E.y,)o,
0 , i=2 0
. l ,
. _ > . -f- X\f(tp (X))o (%) x, (%) |
4
since J; = [t(0),1] or J, = [0,7(0)], by Lemma 3.4
-] l . e ‘ ‘
¥ UEevpogny =V (fabploy + [£(p, (1(0))) oy (1(0))]
. | 1
‘ J
Similarly, since Fn = [0,T(1)] or Jn‘= [t(1),1], we have
¢ ? l ~ ) ° | N '\ ‘
. f V(folb )G on =V (fowh)qn + lf(wn(r(l)))cn(l'(l))f
! ‘ 0 3 . .
' 1 . S
We have o,(x)s< =. Vi, and hence
1 ' -] ) —t -
* o1y ' ‘ n-1
: vE £ sV (£uday + 8L s s v (5,u )0, + (£, Vo s )
¢ 0 - J ’ i=2 J, .
2 l N . n
| !
)
o 1.=l Js , 1
. N < : 3 i . |
- ! ) - . ) . | |
S e N
. ’ o ' L " ' L
' I E U . L LD T
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From Lemma 3.5
70 = )] e e
']‘r,i(\bi(x));
Hence,
LT ) [ |
Lo o= >
[t (¥, (x))]
B-hd . . «.l
' " ‘ ‘ ‘ -
foi | ) It vy ) | 1 8
o, 0 ltfw el lrre e ®
[ N ‘ s
. ‘\ '
By Theorem 4.1, ot
“ LA et
C ”g.(Afo‘l’i)oi s sup ch g.lfo\bi!c’li + s t{.‘d(_folpi)l(
h B . i i .
.\ b " b, f .
{ - ! 1t !
, = S f 1£J t 3 J lag]
biJ% ity ,
| B , )
Therefore, .
' N ! , :
vp st Hf|g+_1_vf+Lf(0){+lf(‘l)l I
T s s 9. s :

fos ]

Since ||f|| = 1, by Lemma 3.7 we get
. N £ *
R

CEx) s 1+ V£,
) ’ I 3 0 .

4
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With this and the fact that PTf = £ we have,
1 8 11 1 1 1
VE <=+ =VEf + =(1 + Vf + 1 + VE)
0 5 S S 0 0
LY . ‘,
. 1
-1 s 3
_S(B+2).+SX:'E . -
- SN <
Since Bg21,
AN 1 : S
(1.-3) ve s 3p
st g S
and ' , T
1 ‘ . :
VE s 38 Q.E.D. \
‘0 s-3
Note also that if g(Q) and—?}(\l) are integers, then ) .
Jl = [0,1] and Jn = [0,1], thus i
1
B : . .
Vf S — e
0 s-1 )
If ||£]] =.1, then there exist s,t€[0,1] such that
Tf(s) s 15 £(8) - »
- k ) ;
and , . ) 4 >
: , ‘ 1 . o
1£(s)=1+1-£(t) | = |£(s)-£(t)] s VE |
, . . \ 0 L
Therefore, Vx€[0,1] '
. N 1 o s - .
[£(x)-1] < gf.\
LS
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. 1
Hence, with o = VE,
)

l-a<f(x) < l+a

. For Ac[0,1] l

, (L-a)m(Aa) s [f < (l+a)m(A)
» . . A

where m is Lebesque measure.

. 4
. If £ with ||f!] =1 4is a unigue fixed point of *P_,
& .

then ﬁPF xX€A,
-

' . n=1 ®
., 1 k
w(@) = [f = lim(= I x,(t"(x))).
A n+« k=0 [
. If we choose g(x) = lON(].fo2 and set T(x) = g(x) (mod 1),
we have 7
, =[ g" (X) L
BO sup|m, ) ) - )
. ‘ Y 3
, . .. i &® -
. N N " .
) . - Sup 2(13 )4 D l ;1" {
o S 2(307) (1+x) _
and since g (0¥ and g(l) are integers .
R | ‘ | .
VE & —Fp—t :
0 2(107) -1 .

e

s

.- -
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s : - '
for £ the fixed point P_. By [9, Theorem 1), thig f is
unique and so for Ac[0,1] and/xEA
N * . n-1
m(a) (1 ——-—]-'—N—) < lim% T XA(rk,(x))) .
2(107) -1 n+e U k=0 _ /
. - s 1
‘(_--) . < m(A) (l + N .
. 2(10M) -1
‘ N\
R S oo
|
‘ /
Y - —
“ A
|
|
| -,
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