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ABSTRACT -
. | ‘ .
. THE WEIGHT DISTRIBUTION )
. ' ' OF A (54,27) CODE
i George Robert Young )
A (54,27) error-correcting code has beenr examined, and.the
+ ' weight distribution calculated. By exploiting 7§me cyclic properties
. ) .

of the genérator matrix, the computation time‘hés been reducéd.signi—

. ficantly. The results were verified for accuracy by two indepenﬁgnt
checks.
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Chapter I

4‘. ) -

GENERAL

1.1 Intfoduction .

Coding of digitallinﬁormétion beforg_transmiésion offers the .-
' . , . . t
. possibility of removing errors introduced by a noisy transmission
N~ . . S
medium. Block coding breaks up a digital transmission stream into

4

_equal segments called blocks of length @ bits [8]. -Each block is
formed from k information bits éccording to some rule'and the re-
sulting set of'2k codewords is called an (n,k).block code.

It is convenient to thipk of/codewords ai vectors from the
vector space‘Vn of all n-tuplés. A iihear b;ock code is one in which
the codewords form a k—dimenéio?al subspace of Vn. A kxn maprix'which
has, as its roﬁs, basis veétors_of,the subspace is called the gene- °

~ rator matrix of the code. The codeword corresponding to a particular .

k information bits is found by pre-multiplying the generator matrix by

4

the 1lxk information vector.

This paper describes a (54,27) effor~correcting linéar block
ébde, and the propedﬁre used.t04ob£ain‘the welght distribution of tﬁe
code. As a meﬁho&‘of yerifying:ﬁhe accuracy of the results, the code
;as extended to a (56,28) co&e, and the.weight distributidn of the

extentled code was compared with previously tabﬁla?&d results [9].

-,

S

1.2 Generator Matrix . S

1 L4

The generator matrix [3] is given by

G0 = 127:A



where

and each of P,Q, and R is comprised of nine 3x3 circulants'whicﬁ ;

1

" . .are given by

P1:PyP3 1:0:1 1:1:1 0:0:0 4

P = pyipyipy with py = 1:1:0, p, = 1:1:1, and pg = 0:0:0, - ©
""" o 0:1:1 :1:1 0:0:0
P2iP3iPy . ‘
91792°93 . 0:1:0 0:1 0:0:1

Q= 9374, qztwith 9y =0 0'1, 9, .5959, and qq 1:0:0, and
1:0:0 :1:0 . ", 0:1:0
92939 , o ‘
T17F2 %3 1:130 - 1:0:1° 1:0:1 -

R = ryiryiry with 1y = 0:lil, xy 7 1:1:0, and gy = L:L:0.
":":;‘ 1:0:1 0:1:1 0:1:1
Tgilgily ' 5

“The weight dis;ribuﬁion of this code had not been evaluated
previously, as the incidence matrix A was not a simp}qrcirculant,{3].
5 ) -

The above definition of the generator matrix empﬁaéi es its“cyéiic

and repetitive properties. However, it will hé useful to present

the matrix in its’ complete form as shown in Table ].

-

f

1.3 Extension to (56,28) Code - .\i\ -

«

As a method of independently checking the resulth of this ..

'pagér, it is useful to examine the code obtained by motifying the




Table 1

I

{54,27) Code Generator Matrix

~
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the (54,27) code. Thus the (55,2}) code is specified by a generator

matrix - - v Cd

- . . . - )

where i is a éolumn:vector-of 27 ones. This gives:evefy row of Gl

i .
I

even parity and thus every vector of the code geqerated‘bi’Glgalso ‘has

-~

even parity. o o | 5

[N

To Gl’ a row vector j of 55 ones is added to give a (55,28)

code generated by

. ) I,_:A:i.

. The result of this change'is that the set of code vectors is enlarged ‘

to include the complement of every vector which was in the set.
‘Finally, an overall parity is added to the (55,28) code gene-

rated*by G,. This yields a (56,28) code generdted by the matrix /

where @ is a column vector of 27 zeros. The code géheratgd by the G,

genafatof matrix is self-dual, 'and all weights present in tbé_waight

,
)

distribution are integer mﬁltiples of four [3]. Since e@ﬁﬁﬁnfarj TOW '

. » - Ll .
operations and column permutations on the., generator matrix result in

S

an equivalent code, the (56,28) code can also be specified by

1.4 Block Length

The block length of tﬁe'(56,28) code is an inte;er multiple

-~

:5f-ei ht. It-i% not.demonstrated‘in this report, but if this code is
B S

L N 4



- . - R &
e used commercially for transmission purposes, the coding and decoding

circuitry required may be siﬁplified, as microprocessors and families

o«

~¢+of digital integréted circuits, which might be used for hardware
impleméntatipn, are strongly oriented toward 8-bit-arithmetic [2].

- : ) ) :
In addition the block length is beneficial in itself, as the proba-

bility of error in transmission goes down exponentially as block

length increases [8].



! . Chapter II .o

WEIGHT DISTRIBUTION

2.1 Weight Distribution Determination

The weight distribution of a code 1is’ very jmportant from many
points of view. For communications engineers, its importapce 1ies in

the exact determination of' the post—decoding bit error rate [1]. 1In

addition it can be,used to ascertain the error-correcting capability

‘

of the code. \

The determination of the weight-distribution.of a &ode is a

. straightforward if lengthy procedure.' All oﬁtput éodewords are geng;

rated, which 1s to say all possible modulo-2 combinations of the rows

i 'R

of the generator'matrix are formed, the number of ones in each code—“

word is counted, and the auantity of output codewords of each weight ;

. .

is totalled. -

The Eibve procedure would seeﬁ éo lend itsélf immediately to
solution by computer program, and the Control Data computer at
Concordia Univers;;y was useé@ Assembler language progiamminé was

~“‘chosen for its ease.of handling binary numbers and logﬁg operations,
and its relatively high executioﬁ speed eompgred to higher 1evel' .
languages sucﬁ.as ?or?rén. . f .

2.2 Exploitation of.Cyeclic Nature
of Generator Matrix

A direct method, which simply generd}ed all code vectors, and

counted the ones in each codeword, would require an estimated' three

- , v
and one-half hours of central processor time to complete the deter-

1



mination of the entire weight distribution. The cyeclic nature of
the generator matrix was examined, and methods were found which re-

-

duced the required computer time to under half an hour.
; R 7
‘2.3 Definitions

-

ot

. ~ A vector is an ordered n-tuple of numbers. A vector set

+

operator is a transformation which changes a, set 'of vectors into .

another set of vectors according to a certain ruié._ For the theorems
that follow, certain vector set Operators‘willfbe defined which are
applicable for vectors with length an integer multiple of nine. °

1) Left Shifr; LS( ) . .

-
'

./ This operator transforms each member of a set of vectors

-

'accqrding.to the rule; the vector,(an,an_l,an_z,...aa,az,al)'changes

to'(an—l’an—Z’an’"'aZ’al’aS)'
2) Right Shift; RS( ) .

-
-

This operator. transforms each member of a vector set from

- . v
v

(an’an—l’an—2’"'a3’82’al) to (an-Z’an’an—l""31?33’82)'
3) Left Cycle; LC(/)

This operator transforms each member of a vector set from

(an’an-l’an—Z’an—3?an—4’an-S’an—B’an-T’an-B’"'

4..ag,aa,a7,a6,a5,a4,a3,a2,al)

to S

(3 302804 °30-5"35-6"%n-7"20-8"20201 23027 " 0 -
| :z'36;35”84’33’32’al’ag’as’ay)V
4) Right Cycle; RC{ ) '

This operator transforms each member of a vector set from

-



(@08 102020803280 4030598067307 2308 -
...ag,aa,a7,a6,35,34,é3,aé,al)

Lo

(an—G{an-Yfan-B’an’an-l’an-Z!an—3’an-4’an—5’"'

"'a3’82’a1’39’a8’a7’86’a5’34)'

2.4 Properpisp of Vector Operators

In the following statements of the properties of these vector

-

operators, F and G are vectors, X is a set of vectors, and Gy is the
‘generator matrix. Addition is modulo-2.
1) a) LS(RS(X)) = Rs(Ls(ki) f'x
b) LC(RC(XY) = RC(LC(X)) = X |
2) a) LS(RC(X)) = RC(LS(X)) -
b) LS(LC(X)) = LC(LS (X)) .
c) RS(LC(X)) = LC(RS(X))
d) RS(RC(X)) = RC(RS(X)) - | . o  J}
©3) a) LS(F*G) =‘LS(F) + LS(G) ' - .
b) RS(F+G) = RS(F) + RS(G)
©) LC(F+G) = LC(F) + LC(G)
d) RC(F+G) = RC(F) + RC(G)
4 @) 1SASCO) = RSO -
" b) RSRS(X)) = LS(X)
. ¢) LC(LC(X)) = RC(X)
d) RC(RC(X)) = LC(X)
5) a) LS(FxG,) = Ls&F)xGO

b) RS(FxG,) = RS(F)xG.O



. , ' 9

-
&) LC(F;GO) f PC(F)de

d) RC(FXG) = RC(F)xco

- 2.5 Theorems

" Two theorems and one lemma were discovered which justify the
. ° <

reduced‘amoﬁnt of computation time used to-determine the code weight

distribution. For the purpose of these theorems, combination implies

modulo-2 summation and all arithmetic is modulo-2. Rows refer to rows

ur-
v -

L

of the (54,?7)-gengrator matrix GO.-

2.5 Lemma

The vector operators LS( )}, RS( ), LC( ), and RC( ), when

applied singly or in pairs to a set of vectors, do not change the

L]

weight disfriﬁution of the set. ' ‘ .

2.5.2 Theorem I

The set S, of vectors given by

1
. e ‘ .
*" [(arbitrary combination of top nine rows) + (all possible combinations

of bottom 18 rows)]

haé the same weight distribution as the set S2 given by

[LS(same coﬁbination of top nine rows) + (all possible combinations

- o

of bottom 18 rows)],

and similarly for the RS({ ) operator. r
Proof: Theorem I

In the bottom 18 rows, if B is a row then so are LS(B) and

*

RS(B) by inspection of the generator matrix. It follows then that

the set D of all possible combinations of the bottom‘iB'rowé'is closed

under the operatofs LS{ )} and RS{ ).



Breaking up D into subsgts of vectors gives
. D ='[p',Ls(D"),RS(D")].

C is any combination of the top nine rows. Then

- ) 5, =c¢ + [p',Ls(p"),RS(D")]

and

S

, = LS(C) + [p',Ls(D"), RS(D y]1.

Applying the LS{ ) operator to’ S1 ‘gives

1]

LS(s,) = Ls(C) * [LS(D'),LS(LS(D')),LS(BS(D'))]

Ls(c) + [Ls(D'),RS(D"),D']

Ls(c) + [n',Ls(ﬁ'),RS(D')]
) SZ' .o
Using the }emma, the weight distribution of S1 is equal to the weight
distribution of 82, and similarly.for the RS( ) pperator. Q.E.D,
2,5.3 Theorem II

Thg set Sl of veétors given by
[(arbifrary combin#tion of top nine rqws) + (all possible combinations
= .

of bottom 18 rows) ]

has the same weight distribution as the set S2 given by

»7

{LC(same combination of ﬁép nine rows) + (;il possible cémbinations
’ of bottom 18 rows)],
and siqilarly for the RC(-) operator.
Proof: Theorem'II
In the bottom 18 rows,_if\B is a row, then so are LC(B) and
RC(B) by inspection of the generator matrix. = It follows then that

.the set D of all possible combinations of the bottom 18 rows is closed

under the operators LC( ) and RC( ).
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11
Breaking up D into subsets of vectors gives-

D 5-[D',LC(D'),RC(D')].,

-C is any combination of the top nine rows., Then -
: ‘ > |

. Sl.= c + [D':LC(D'),RC(D')] L

“and

~ .f

s, = Lc(c) + [Dp',Lc(D'),RC(D")].

_ 2
*  Applying the LC( ) operator. to S1 gives

b ' ' i

Le(e) + [LE(d"),LE(LC(D")), LC(RE(D'))] .

: -LC(SIZ.
' " = Le(@) '+ [Le(d") ,ke(D"),D')
= 16(c) + [p',Lc(D"),R(D")]
= Sy

Using the lemma, the weight distribution of S, equals the weight dis-

1
tribution of Sys and similarly for the RC( ) operator. Q.E.D.

2.6 Tmplications of Theorems

2

4

Insﬁgction of the generator. matrix (Table 1) shows that‘thé
set of the top nine réws is closéd under the vecto erators"LS( ),’:
RS( ), LC& ), and RC{ ), either siqgly or in pairs. 'Hence thé set of 
al; possible combinations of the top'nihe rows is also closed under

';he same oﬁérators, again either singly or in pairs. .

’ One-method of calculating the weight distribﬁtibn of:the code
is to add the weight sub-distributions obtained by tgking an grSitrary

‘.combinagion of the top nine rows, and combining it wifh all possible
combinations of the bottom 18 rows, and repeating this procedure

for -all possible combinations of the top nine rows. This represents

a summation of 29 or 512'weight sub-distributions.

!
/
/
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Theorems I and II state that there are sets of weight sub-

distributions which are identical, and hence only one weight sub-

-

'diStribution in each -of these seps need be calculated. The other

members of these sets can be identified by subjecting the combination
of the fifsfﬂnine rows of any sub-distribution to the_vectdr operators
either;singlﬁ or in paigs. According to'propeftf five of the wvector .
opgratérs, this is-equivalent to supjecting the nine most significant
inforﬁation bits to these same operétors. This leads t6 a possible
eight additional members generatgd by Ls( ), RS( ), LC( ), RC(_).!
LS;(LC( }), LS(RC( )), RS(LC( )), and RS{RC( )); which because of the

closure property, are all part of the 512 sub-distributions. " Some of

. these sets do not contain the full nine members, as these operators

-

do not necessarily generate unique vectors.

2.7 Program to Determine'Equivalent .
Sub-Distributions : g

A program (Appendix 1) was written in assembler language t6
determine the miﬁimum number of fundamental sub~distributionms required
to caiculate the ovefall‘weight distribution, and to f{:ﬂ;th;%number
of identical sub-distributions in the seg corresponaing to eacﬁ.

A coun;q;,generates binary.numbers‘from 0 to 511 decimal; ‘
which repfesent.the niné most significant information bits. Each
number is subjgcted to all eight véctor oper;tors,'and the tréﬁ%formed
binary numbers so obtained are compared in magnitude to the original

number. I£;n6ﬁe of the*transformed numbers is smaller than the

original, it is arbitrarily retained as a fundamental number cortes-

' ponding to a fundamental sub-distribution, and printed out.-’ 1f one or -

-



. . !
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. . T 13
more of the transformed numbers is smaller than the origiﬁal number,

.

the smallest.of these is printed out, indicating the set to which the
~originai number belongs. The results appear in Appendix 2. There
were found to be 64.fundamental-sub-distributions (see Table 2) out of

. the orig@nal 512.

2.8 Central Processor Time Reduction

- The individual ﬁrogram runs to calculate the weight sub-
distributions took approximétely 22 seconds each of C.P.U. time. The
entire 64 runs reguired approximately'ZQ minutes, which is approach}ng
a nine-fold reduction in tofal computer time.

2.9 Program to Calculate Weight
Sub-Distributidns

L

An assembler language program was written, a description of-

which follows, to calculate ‘the“weight sub-distributions (Appendix 3).
The rows of the incidence matrix are stored in 27 memory locations.
The nine most significant information bits are specified by an exter-

1] .
nal parameter (X1) and remain fixed for an entire run. .The 18 least
" significant information bits are generated by a counter. .-~ .
The program first calculates thé modulo-2 sum of the speci-

fied combination of the top nine rows. This is done by examining/éhe

n

- . .
nine most significant information bits, one at a time, and retrieving

- from memory those rows corresponding to non-zero bits, and adding them
into an accumulator.
Using a similar ﬁrocedufe,‘the vector formed from the Eop nine

rows is added to all possible combinations of the bottom 18- rows, one



Table 2

Fundamental Sub-Distributions and
‘Frequency of Occ%7rence
Nine Most Frequency . + Nine Most Frequency
Significant of ‘ Significant of
Information Occurrence Information Qccurrence

* Bits (Octal)

Bits (Gctal}/

000
001
003
007 -
011
. 012
013,
014
015
016
017
031
032
033
034
035
036
" 037
071
073
077
111
112
113 -
114
115
116
117
123
124
125
126

b
)

127
132
133
135
136

L 137
142

143
146
147

< 153

155
156

157 .
163-

165
166
167
173
175
176
177
333
335

336

337
356
357
365
367

377

777

-




1R

weight sub-distribution.
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combiﬁatién at a time, to férm the parity biés of Ehe codeword.” The
complete codeword ig then formed from the information and parity bits.

_It was %ound'to be_worthwhile-in this part of the program,
which is executed 218 or 262144.times,'to write‘out explicitly a.
sequence of five assembler language instructions 18 times;.rather than
to use the same.five instructions in a loop, with two additional
instrucﬁ}ons.peéfo;ming the éSLnter and end—éf-looﬁ—check functions."
This reduces executio; gime by a factor of five-sevenths.

The number of ones in each.codéword‘is counted; and'depehdihg
on the number found, the corresponding memory location is incremented.
Fina;ly, tﬁe contents of these 55 locations are printed, giving the

’

There are two oétal pafameters which must be specified for

‘each program run (see Table 3). One of these (X1) is a nine bit

number which determines the apptopriate combination of the top,niﬁe
rows. The second (Bl) is a number which specifies the end point of

the computer run.

2.10 Program Outputs - Sub-Distributions

The 64 weight sub-distributiotis are preseﬁted in Appendix 4.
The overall Qeight distribution is found by multiplying each of these
sub-distributions by the frequeucy of occurrence from Tablé 2, and

summing. . . :



Table 3 ' s

Main Program Parameters (Octal) ' C
. ,

Combination Stop Point ° Combination . Stop Point
of Top Rows - Bl Register - of Top Rowus Bl Register
X1l Register ‘ ' X1 Register ' .
; .
000 51 127 ‘ 46"
001 50 7 132 51
003 47 : 133 47
007 ' 46 135 7 - 50
011 A ‘50 136 51
012 ' 51 " 137 44
013 . 47 142 51 .
014 1 | 143 SR ¥ A
015 - 50 © 146 . 51
016 ' ' 51 : 147 _ 46
017 45 e 153 47
031 56 . . ‘ 155 _ 50 ,
032 51 : 156 . 5%--
033 . 47 . , 157 {/ 45
- 034 . 51 163 47
035 - 50 ‘ 165 . 50
036 51 166. . 51
037. e 44 - - 167 ' 46
071 - 50 173 47 .
073 47 175 50
077 43 176 | 51
111 50 ‘ 177 42
112 51 . 333 47
113 - 47 - 335 ' 50
114 -+ 5 ~ 336 51
115 50 5 337 44
116 5L 356 . 51
117 45 357 45,
123 47 ‘ 365 30
124 : 51 367 6
125 50 377 41
126 51 : - 777 40
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¢ Chapter III o / :

RESULTS AND VERIFICATION

3.1 Results ‘ £

-

The weight distribution of the overall code, which is a linear-

. . . v ——
combination of the weight’sub—distfi utions, is presented_in’TQEIE-&a
Table 4 .
(54,27) Code Weight Distribution
’ Weight | Population \ .
0 (‘! ‘ l. -
i1 1404~ -
12 . ' 5031
15 129312 L
16° 315198 . N« .
19 o 2734992 ' , :
20 o . 4786236 A NN
23 1618532 '
24 T 20906028 ' ‘ _
27 T 29006824 !
- 28 ' - 27970866
31 . 16185312
32 - 11633193
S . ‘ 35 . 2734992,
36 - 14436468
39 - : 129312 ‘3
40 - - 48492 -
43 : 1404
LY - ' 351
o )

3.2 Independent Veri&fcation

ihe weights.wéﬁe total;ed to'vérify that.the sum equalled
27 _ L e -
2 = 134217728.

As a second check, the code was extended as déscribed-in the‘

introdﬁctioﬁ, in steps to a (56,28) code. The weight distributions of

L)

-

¥y



- -

the extended codes, corresponding to G

. 1

from the (54 27) weight distribution

Adding an overall parity shifts the odd weight vectors into

2,"and G3 can be derived

e next higher weight as shown in Table 5. : ' ‘:

¢ ' SR Table 5

(55,27) Code Weight

,.

Distribution
\ .

. Weight <

- 0
12
i 16

- 20

- 24

28

32
6 . - t
I Y

-

Population

1
6435
444510
7521228 .
37091340
56977690
27818505
4178460
177804
1755

Adding a row of 55 ones to the generator matrix inserts the

complement of each vector into the code, as shown in Table 6.

Adding a second overall parity to the .generator matrix agein :

collapses the odd weignts into the next higher even weight, as shown

in Table 7.

18

" The weight distribution given in Table 7 is identical to that

the upper bodnd chat the minimum weight can assume,

.formula'

N

where n is the block length, and [

part'[9].

" for a (§6 28) self-dual code with minimum weight d = 12 [9]. This 1s

.d £ aln/24) + 4

" ] means retain the integer

as,giben by the



)

Weight : Population
.0 - ' 1
12° . - . ' 8190
16 622314
20 11699688
24 64909845
© 28 113955380
32 . ‘ 64909845
36 11699688
40 622314
44 8190

Table 6

(55,28) Code Weight Distribution

Weight Population
0 1
11 : 1755
12 . 6435
15 ‘ 177804
16 , 444510
19 P 4178460
20 o 7521228
23 Jfﬁhu 27818505
24 37091340
27 ' 56977690
28 - 56977690
31 37091340
32 : 27818505
35 7521228
36 . . : 4178460
39 A 444510
40 . 177804
43 6435
44 - 1755
55 1
Table 7

(56,28) Code Weight Distribution

56 | 1

19



’ . ' - 20
. The generator matrix of this code was not previously known;
N : y

only the unique weight distribution had been tabulated. Thus an

important secondary.result i1s ‘that it is now poss_iblé to 'couipletely

characterize the (56,28) self-dual code with wéights divisible by fgur,“

-
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Chapter 1V

CONCLUSIONS AND OBSERvATIONS

4.1 Coﬁdlusions
. Y K

The available literature on error-correcting codes of the
block type was consulted, and a (54,27) code, which had not been

completely characterized, was chosen for further study. This code

seemed to have the potential for high error-correcting capability. 1In

addition, the (56,28) code, which is an extension of the chosenlcode,

might lend itself well to hardware_impleﬁentation because the block

.

:length is an integer maltiple of eight, and microprocessor technology

) .

. 1s st;ongiy committed td eight bit arithmetic. Howevér, the study of

" this code presented some difficulty, due to its lagge number (227 =

134517?28)-of codewords.
" The éenerator matrix possesses some pseudo—ciréhlant proper-

ties, énd-thgse were studied with the idea in mind of reducing the

amount of cqmbuter time required to find the weight_distribution,.c;ﬁ-

pared to a’ direct evaluation approach. . Two theorems were derived

which permitted a significant reduction in the amount of C.P.U. time

necessary. The computational sections of all programs were written in
assembler language, again with the purpose of reducing execution time.
The results of this work were presented'in detail in this

report, but in essence the weight distribution of the (54,27) code

'was determined, and the minimum distance was found to. be d = 11. The

A

* weight distribution was checked for accuracy by verifying that the

sum of the weights equalled 227. As a further check, the code was

4

a
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extended to a (56,285 code, and the corresponding weight distri-
butien was comparea to that already ta;hlated in Ehe\liser&ture. This
report then, relates two previously published paéets by ‘finding the
weight distribution of a (54 27} code with a known generator matrix. .
and finding the generator matrix for the (56, 28) code with a known ‘
weight distribution. .

The two theorems in this report were derived in a form spe-
cific to a block length an'integer multiple of nine. Howeeer, in a
more generalized form, they'can be used to justify reduced computation

b .
time in the study of other codes which possess similar pseudo-

circulant properties.

4l2 OSservations

| The (54,27) code does not contain the all-ones vector. How-
.ever, it does display the odd weight symmetry which has been observed
;reviously for other codes [2,5].

sThe weight sub- distributions calculated and presented herein

were not all unique. In fact, approximately half of the‘64nSUb“
distributions were identical to, otheq sub-distributions. If some way
had been.found to‘prédict these repeats, based on some heretofere

unnoticed property of the generator matrix, the computation time ‘could

have been reduced even further, o
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APPENDIX 2 -

Equivaiént Sub-Distributions. and Frequency

of Occurrence - Computer Output
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