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/ ABSTRACT

[
]

Analysis of a Folded Plate Sandwich Panel Roof System
Using Assumed Stress Hybrid Elements

- Krishnan Gowr i

In single s;torey commercial and industrial buildings, the roof can
be integrated with pEssive solar glazings to achieve énergy savings in
space heating and daytime illunination. The geo&xetry of a folded plate
sandwich panel roof can be chosen to provitde an appropriate angle for
the g]aiings, thereby increasing the seasonal efficienéy in'solar énergy
collection. Sandwich panels with good structural resistance pr(;pert.ies,
‘can'_satisfy the required insulatiaon stangards. The structur.a]l analysis
’of such a roofing ‘system is complicated because of the unusual geometry,,
composite materials and the openings used for glazings. The available

structural analysis procedures are reviewed and the assumed stress

hybrid finite element technique is found to be suitable for analyzing

the proposed roofing sy‘stem. Rectangui ar stress hybrid bending elements

are formulated ysing simple assumed stress functions and their conver-

\\
gence properties are investigated. The bending elements are combined

with membrane elements to generate ten different shell elements. A

special purpose finite element program has been developed for the
/

elements and the results are compared with experimental values. An
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analysis. A prismatic folded plate has been analyzed using these’
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_analytical roof mode) has been.chosen and a stress analysis is perfoniied-
.to study the load deformation characteristics of the proposed structural
‘system. .
effeét of certain material properties on the structural behayiour of the

roof system and khe resultss are presented. ' ‘

A series of parametric anaiyses is carried out to study the "
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CHAPTER I
< J !
INTRODUCTION -
! )
- . »
1.1 General . , .. . \

R o~ % 4 - e
] .
" It-is possible to enhance the economics of solar space heating by
K integratihg the components of the solar collectors with that of the

building thereby reducing the 'dup1icatidn of material and cofstruction

“v . time.

"

In principle, there age two methods (11) in use for the collection

of solar energy in space heating: '

g

- . & Flat plate collectors and . “

b. Builfing and its elements as cpllectors.

Flat plate collectors be]on# 't:c‘)' the active ‘sélar enezg/y\system in
whjch the collected eqerg‘jv‘is transported and delivered . by rpgchanica]
means. The 'use.of building and its comeoLnents as co11ectorks‘)be1ong to ~
the category of passive solar sysggm: in which the coilection and
" utildization of solar energy is achieved by ’natura1 means, of c,onduction,
-convectian and rgdiatibn. In the building industry, solar aréhitécture
pr'inciples have been developed fqr the residential. buﬂdir;gs of North

*»  America. .Passive solar co/mponents. are integraﬁed with the structure to
provide an economic and energy efﬁcient;}aui]diﬁg. For the integrated
"desigh of s‘inglec storey comerc%gl and "industrial buildings, there is
not much work re&)rted. Becal'm‘. of the varying utilization of the
enclosgd space, it is very difficult to develop a éeneral desigh_proced-

\‘.
ure for such buildings. Of the total energy consumpt ton, a typical
' .. 4 a
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North American single storey commercial building ‘consumes 48% for space

heating,” 24% for lighting, 12% for cooling and 12% for water heating

(22). Henctmg);xo? solar energy for space heating and ®Waytime
illumination can reduce substantially the amount of electrical load -in
- \

comercial buildings. Since the problem of storage is not critical, it

'is possible to develop an industrialized integrated roofing system for

/ . .
this type of building. \

*» v

1.2 Literature Review

Before the develdpment of passive solar concepts; écti,ve solar’

collectors mounted on the roof of buildings were widely used fpr solar
energy saving. ; One of the first few modern commercial buildings using
solar eneréy is the La Quinta -Motor Inns Inc., (5). The solar
collection system has 19 flat plate collector panels covering 400 sq.
ft. and 2500 gallon storage tank. This system operates in connection

with conventional water te air heat punps. The solar coHectors are

. oriented on the réof and add1t1ona1 structural components have been used

o]

* to keep the collector arrays in the appropriate position.  Another

example is the Carey Arboretum Science Building, New York (32). This is

a two storey building with 27,400 sq. ft. of floor area. B85% of its

spage is solar heated by 5650 sq. ft. of two different water -type

collectors. . The roof of the building is of Saw- tooth form. There are

- six comp'lete "tes;th" 25 feet apart on centres, covering six bays Each

’”“vbay has several sky lights. Between successive teeth are "4 foot wide "

(4

\

/

-

oy
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horizontal walkways. All the sky‘lights~ are made of double glaz{ngs and )

equipped with a siflitter consisting of a rotating insulating vane, which
can be operated manually. The 561 ar coﬁection is assisted by the white
- shingled reverse slopes of the "teeth". These slopes at 30 degrees
from the 'horiAzontah reflect additional solar radiation t-o the

collectors. Many more case studies can be found in Ref. 32. Most of

the e;r]ier‘qomercia] buildings using solar energy are equipped with

active systems.

A raesearch report on solar flat plate collectors integrated with
the roof, was cione by J.D. Balcomb ‘et al. (2) in 1975. The most
important a.dvantage has been the po'tentiahfor cost and material savings
due to combined funct\ions. The integration of active solar ;omponents
paved the way to the development of passive solar architecture. Active
components have been %ound to be uneconomical because of the transport-
ation loss'and maintenance cost. Hence passive solar concepts gained
importar.me in the planning and design of buildings. Most of the passive
solar residential buildings have been constructed with a large area of
south facing glazings.  Skylights, also termed as roof apertures Ire
used in the warmer regions to reduce the daytime electric load useq in

illumination. Lawrence Berkeley Labora‘tory has prepared reports about

"using roof. apertures for office buildings in Atlanta, los Angeles and in

New York (29). N

LT PSR SNN
.
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\\\\pnocedures have been reviewed and the numerical finite element technique

~ N -4-

1.3 Scope and Objectives

The primary objective of this study is to develop a tool for the

structural amalysis of a sandwich panel roofing system which can

integrate the passive solar glazings and to investigate the structural

behaviour of such a system. - .
’ . . )

-~

Among the available roofing systems, folded plates offer the
possibility to\integrate the passive glazing-arrays at an appropriate
‘angle. 'Fo1ded plate roofs can span q?eat distances with little material
and .with relatively simple formwork. A sfructuralty efficient fo]Qed
plate geometry can be chosen to integrate passive solar glazings which
will have a good seasonal efficiency for spéce heating. Lighé weight
three layer sandwich panels with good tgermal resistant properties can

be chosen as the roofing material. These kind of panels are suitable

for simple fabrication, transportation and installation techniques.

/

The structural analysis of such a roofing system is complicated
" because of the unusual geometry of the roof anqapecause of the composite

behaviour of the materials used. ~ The available structural analysis

pased on hybrid stress formulation is used. Rectangular elements with
simple assumed stress functions hdve been formulated and their suitab-
ility has been verified based on convergence tests. The use of finite
element technique avoids several assumptions used by most of the exist-
" ing fo1déd plate theories. Also any qrbitrary folded plate geometry of

a roof can be analyzed. There is no restriction on the boundary

A

™ \

A e
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conditions and loading. An anh1ytical raof model has been chosen to
sfudy the structural behaviour of the proposed roofing system. Effect
of certain material properties on the maximum deflection of the roof
system is alsd investigated. ° . ﬂ

. ~ . .

B

1.4 Organization of.the Thesis

Chapter II deals wifhﬂthe various factors involvell in the selection
of roof geometry and materials. It also includes a brief description of

the proposed Fystem and its limitations.
/
In Chapter III, the ‘available structural analysis procedures relat-

ing to the folded plate theory and sandwich panels are reviewed. Their

viability to solve the problem at hand is discussed.

Chapter IV describes the investigation carried out on the develop-

ment of simpler rectangular stress hybrid’ elements. Various stress

functions are wused in formulating finite elements for bending and
membrane actions. A convergence study is carried out on two numerical
test cases. Ten different canbinagion of shell-elements are generated
for pﬁe 5na1ysis. The suitability of the shell element; are tested on a

folded plate problem for which experimental test results are available.

Chapter V briefly explains the analytical roof model chosen for the
an$1ysis. It” includes the description of the finite element idealiz-
» ation and the results of analysis. Effect of various material prop-

erties on the structueal behaviour of the system are also inves}ijsted.

{

1
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- CHAPTER II

SELECTION OF . ROOFING SYSTEM

2.1 Introduction

In single storey commercial and industrial buildings, passive

'glazings can be_integrated either with the wall or the roof of é struct;//,

ure for solar eneréy saving. If the building encloses a large floor

_area and if it iss provided with only south facing glazings oriented on

the wall, then the solar radiation absorbed may .not be sufficient to .

supply the required amount of erergy for the interior. By placing the
\south facing g1azt?gs on the roof, the north section of the building can
be solar heated directly. Also a uniform ilTunination of the working
area can be achieved. The results of the study by Wayne Place et al
(29) indicate that a large fraction of the electricity c&hsu;ed for the
day}ighting in a single storey commercial ?ui]ding can be replaced by
glazings integrated with the roof. This chdpter deals with the various

factors involved in the orientation of gl zings, selection of roofing

material and the description of the proposed system.
v ~

2.2 Collector Tilt Angle and Orientation

14

Passive systems use solar radiation that enters through the glaz-

) ings directly into the space to be heafled. Most of the solar radiation

entering the building is converted fto heat. Solar intensitj on the

.glazings should be maximized to minimize the required area of glazings,

N I

.
L S,
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thereby minimizing botﬁ the cépi£a1 cost of the glazing and the deleter-
jous thermal effects of condqgtive/gains and losses tﬁrough the building
envelope. The collection ef sglar radiation. during the winter should be
comparatively higher than the collection euring sunmer, so that excess
solar gains tend to occur more often during the heating season than dur-
ing the cooling season. The eunlight entering the building through the

g]az1ngs should pr0v1de un1form illumination of the working surface

Also there should be no problems of glare

For good seasonal e%ficienoy, the solar rays ‘should approxim-
%tely normal to the glazing surface. The orientation of tﬁe glazings
depend on the latityde of the site, economic considerations, architect-
ural and user requirements of the building. | For maximum year round
collection, the south facing glazings should be tj]ted toward the
equator at an angle slightly greater than the lafitude of the site,
by approximately five degrees. For summer collection, the best angle is
latitude minus 10 to 15 degrees and for winter collection, latitude plus
10 to 15 degrees (25). The steeper the collector tilt angle, the 1esser
will be the problems of snow accunu]ation'and rain. The orientation of

the collector should favour the wind scouring of snow from the trough.

\

Collector array spacing should be chosen to avoid mutual shading of
one array on &o another. A general rule for collector spacing is that
the shadow line of one collector array should intersect the bottom of
the next collector array dur]ng the 1ast two weeks of December (17). 1t

is uneconomical to design the co11ector spacing for max imum saving on



3
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December 21st, since the sun spends only a few days in that position
near the winter solistice.  Structural and ec{)nomic considerations show
that some shading has to be tolerated in order to achieve a suffi¢ient

ratio of collector to floor area.

As an example, for winter space heating ‘in the Montreal region,
assuming south facing glazings, the collector tilt angle can be

calculated as shown below: '
. .

collector tilt angle = latitude + 10 to 15 degrees N

45.5 + 15 = 60.5 = 60 degrees. v

1

When the altitude of the sun is less than 30 degrees, ‘aH the .
\glazing arrays excepting the first one will be shaded and the shaded
6\1azings can absorb only reflected ;nd/orl scattered radiation.
Optimizing the fold geometry to receive maximum direct solar radiation
during this period will result in increasing the til# angle or the width

of the horizontal separators. In either case, the structure becomes

unecon\;mica] and structurally inefficient.
Ji:3

2.3 Insx\lation and Storage

H

4
Propery insulation of the building envelope and the ‘g’ﬂazings are

required to\vin'imize the heat loss. ~ The walls of the building should

o

_ have a. highe}\f value to meet the required insulation standards. (R

value here ref%rs to tge insulating ability of the material). Anderson
\

(1) suggests ar\R value of 40 for the buildings in colder climates.

-
’

»,
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Maximun heat is lost through the glazings when there is no solar gain.

Therefore, the glazings have to be well insulated with shutters or with

spgciaf type of Venetian blinds to avoid the loss of thermal energy. A

¥
reflective insulating blind can be placed over the innerside of the*

glazings. This will avoid the excessive illumination and heating on

certain area. Also the glare can be well controlled.

Since solar energy is not constan@]y available, some sort of stor-

age ds needed to sustain a solar powered thermal system through the
Jnights and at times when the supply of solar energy is cut off by local
weather conditions. The storage system has to be as close as possible,
to the space where the energy has to be delivered. This is desirab\é to
avoid the transportation loss !from storage to the space requiring
energy. Of the ones avai1ab]e,‘the phase change storage technique is
found to be suitable for use in industrial systems (25). The phase
change storage material can absorb great quantities of heat when they
change from solid to liquid state. The same amount of heat is liberated
when thg material solidifies. The phase change material is light in

3

weight and occupies less volume.

2.4 Selection of Roofing Material

The following is a list of suitable materials available for the

N

proposed roofing ‘system:

.

1. Concrete (reinforced, prestressed and lightweight)
2. Cold formed steel sheeting \

3. Three layered sandwich panel

o e

SRl d sl tn o w b we o
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Conc\@fer\is a satisfactory material considering the thermal and
structural characteristics. But the dead weight is much greater than
the expected maximum live load of the roof. This makes the choice of
concrete very uneconomical for single storey long span buildings. Light
weight concrete is thermally efficient but the structural performance is

not satisfactory for long span roofing and so it is not considered in

"this study (33).

Cold formed steel has a satisfactory load carrying capacity and is

.

f ¢ '
1ight in weight. But it has poor insulation characteristics and hence
. 4

this material is not suitable for the proposed roofing system.
. >

Sandwich panels can be factory fabricated and are ten to fifteen
times lighter when compared to the traditiona] roofing material of
equivalent strength. The cow;e of the sandwich panel can be chosen to—
serve as an effective insulating material and it also adéjs to the
transverse shear stiffness of the panel. fhe face material can be
chosen to serve as_vapour barriers and they‘add to the membrane stiff-

ness of the panels. Since the pane1s$gre light in weight, no massive

- supporting structure is required for this type of roofing.” Hence the

sandwich panels are chosen to be the roofing material for the proposed

system. -
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2.5 Description of the System

Fig. 2,1 shows a typical fold geometry suitable for winter space

heating .in the Montreal region. The passive solar glazings are inciined

at 60° to the horizontal and the roofing panels are at 30° to the horiz- '

ontal. Maximum reflected radiation will be directed toward the glaz-
ings, because the roofing pane]‘s‘ are nearly at 90 degrees to the glaz-
ings. The glazings have to be provided with metallic extrusions. This
metallic frame will rest on adjacgnt sandwich plates. The horizontal

walkways will provide access to the glazing panels.

Double glazings made of fiber glass are proposed. These kind of
‘glazings have a higher R value than the conventional glazings. Reflect-
ive insulating blinds (31) may be used to ensure the effective insul-

ation of glazings.

For storage, the latent heat storage material usually packed in
plastic coated foil pouches may be used. - These bags of suitable size
can be chosen and placed on the inner face of the roofing panels. The

choice of storage is at the discretion of solar scientists.

A back up heat{ng system, (ex. base board electric heaters) is
necessary to supplement the solar thermal power system. View glazings
on the side walls are suggested to sa{:isfy the required 1lighting
standards. These side wall glazings will reduce the glare on the

working plane and will provide energy during December.
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_100% of energy saving or space heating is not assured.
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A computer graphics routine has been developed using MEGATEK to
delineate the roofing sys‘tem. A typicalﬂview of a rodf with six arrays
of glazings is shown in Fig. 2.2. '
- » v

2.6 Limitations of the System

&

The proposed system is suitable for single storey commercial buil-

d1n§s only. It is preferable and ad\}antageous for long span structures.

This is true

with all the solar powered systems in use. The roof sandwich panels

have to be designed to safely resist the maximum accumulation of snow in

the fold sections. The detailing and construction of the fold 1line
joints are very important. : . |
- ' i N . ) ‘ z
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* CHAPTER 111 e
" REVIEW OF AVAILABLE STRUCTURAL ANALYSIS PROCEDURES
: . )

3.1 Introduction - o .
. " «' t

.

- The proposed roofwng system has an unusual and ungymmetrical folded

B Ul —

plate geanetry and is madé up, of compos1te lnateria1s. ~There i$ no

closed form solution awqglable for the analysis of such a structure.

. N -
This r;hapter reviews the available methoﬁ% ‘of structural anahys1s

related taq the. fo]ded p]ates and sandwich pané]s, and their v1abil1ty‘to

solve the problem at hand is assessed.

4
4
- ¥

» 3.2 (Classification of Available Structural Analysis Procedures

. Many author; have developed solytion procedures for the anq]ysis of
“folded pl&teé and‘sandwich panels depending on a speéific hged.{ The
av;i1ab1g metﬁﬁds of structural analysis can be classified "into the
following four, cateéories (based on assumptions aggh\skructufal
idea1ﬁz;tions used) : - ’
i) Slab - beam method
ii) C]ass1ca1 fo1ded plate theory

iii) Direct stiffness method and

iv) Approximate - numerical method.
“ .

<

~f
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. of the experimental test results.
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3.3 Slab-Beam Method

A.H. Ni]son~(2v4) has used the slab-beam theory by 3eparating the
folded plate deformation into two different behaviours. In the trans-
verse direction between fold lines, loads are carried by slab action and
the loads ap»pHed to the sur:face being carried hetween fold lines by the
bending strength of the surface. In the longitudinal direction, the
reaction of all such transverse beam strips is applied ds a line loading

along the fold lines. The action of folded plate units in resisting

. this load is similar to that of inclined deep girders, laterally br‘aced

by adjacent .plates, and spanning between the end Naﬂs of the structure.

Fig. 3.1 shpws thé“slab-beam action in a simple folded plate. ™ The ‘fo1d

-line joints are treated as hinges and hence “there is no moment transfer

~

between the p1ates.‘ This theory has been used to analyze a light gauge
steel folded plate and the results are shown to be in good agreement

with that of an -experimental testing of a protot ype Eode].

A.G. Vinckier and M. Van Laethem of Belgium (33) analyzed a plywood
folded sandwich plate roof by idealizing it to be of a statically deter-

minate arch. A cross section of the roof and the idealization are shown

in Fig. 3.2 and Fig. 3.3 respectively. . Based on static equations of

-equilibriun, the in plane force in the plate is calculated and the

N \ .
thic¢kness of facings are desjgned to resist this in plane force. The
slab behaviour of the plates are not considered in this method. The

results of the analysis using this method “are reported to be within 5%

Il
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FIG, 3.1 SLAB BEAM ACTION (R/tr-'. 24)
. '
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FIG. 3.2 CROSS-SECTIONAL VIEW OF FOLDED PLATE (REF, 32).
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Both the above methods use a gross approximation. They are applic-

able only for prismatic folded plates of very long span. In such
idealizations, it is not'poss{ble to take into account the‘tr;;sverge
shear deformation of core in the sandwich:plates. Also the application
of this method is restricted to folded plates made of.homogeneohs mater-

ials.’

3.4 C(lassical Foided Plate Theory.

J.E. Goldberg and H.L. Leve (18) have developed an elasticity sol:
ution for the analysis of ,prismatic foldéd plates. The theory takes
into consideration the simultaneous-bending and membrane actions of the
plates and yields a so1uti9n involving tabulated functions. The forces
af the longitudinal edges of each slab are expressed ase fixed edge
forces modified by the effect of displacement of ~ joints. The

generalized displacements are taken to be four at each joint::

7

- two components of translation and a rotation (all lying in

a plane, ‘normal to that of the joint) and
- a trdnslation in the direction of the joint.

Corresponding to these displacements, four force components have been

|
s

considered at each longitudinal edge of the slab:

a force in the plane of slab normal.to its edge

a shear in the direction of thickness

a Tongitudinal shear and

an edge moment.

o i , _ ‘
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The joint displacements are expanded in terms of a half range
Fourier series. An arbitrary harmonic of one of the displacements is
applied to one edge of the slab and the resulting homogeneous boundary

value problem is solved for the displacements within the slab. These
e

displacements define the resulting forces in the interior of the slab '

and they establish the [forces at edge du.e to the displac?ment at one
edge. The edge-displactgment relation has been used to establish the
joint equi]jbriun equations, as well as in evaluating the fixed edge
forces‘of the loaded slabs. A general analysis procedure has been

presented in Ref. 18.

The effect of transverse shear deformation in the plates has not

¢

been included in the analysis. ° This theory is suitable for folded
plates made of homogeneous materials and the solution procedure is very

long, tedious and cumbersome. :

A

.

3.5 Direct Stiffness Methods

A. De Fries-Skene and A.C. Scordelis (10) used the ordinary theory
of folded plates and formulated a stiffnegs matrix for each plate. The
assembled stiffness matrix of the plate structure has been used in solv-

ing f!or the unknown displacements. Four independent 'disp1acement

degrees of freedom are considered. In this met’hod, the effec“t of shear

deformation in the plates has not been taken into account.

P. Fazio and J.B. .Kennedy (12) analyzed folded sandwich plate
: .

structures by extending the direct stiffness method described by

-

)
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De Fries-Skene and Scordelis. Starting with the slope deflection equat-
jon and accounting for the transverse shear deformation of the core, an
eight by eight stiffness matrix has been formulated for each plate. The

stiffness for membrane and bending actions are calculated separately and

‘using the principle,.of superposition, the element stiffness matrix is

.

assembled. . The element stiffness matrices are transformed to a global

N

" reference axis system and the structure stiffness matrix for the plate -

assembly is formed. Standard direct sti‘ffness solution procedures awke

used in evaluating the displacements and stress resultants at each

- joint.

P. Fazio and J.F. Dewall (13) and G.M. Folie (16) independently
modified Goldberg and Leve's thedry for the analysis of sandwich folded
plates and used the direct stiffness matrix formulation for the analy-

sis.

All the methods described above are applicable only for prismatic

" folded plates. Composite folded plates with openings .or with inter-

’

mediate edge beams can not be analyzed.

“ L

o

3.6 Approximate - Numerical Methods

For a mor@genera] and practical application, the apprbximate
nunerical meth:;ds can be conw\\/eniently used. , The analysis procedure éon-
sists of dividing the structure into elements; computing the stiffness
of elements, assemb]i'ng them into a structure stiffnes;s matrix for the

entir;e system, and solving that matrix for any applied load. The stress

°

'
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resultants and displacements at any point on the structure c¢an be evalu-

ated. The majoriac‘ivantage of using such a techrluiqueﬂ is that there is no
restriction on the material properties of the elements and also there is

no restriction ‘on the boundary conditions. The structural behavioyr of’

a roof with openings and beam/bar ,members caﬁ be egsily simulated b);

using thié method. The available approx imate ;numerical methods can be
classified as:
i) Finite Element Method , . i

. i1) Finite Strip Method '
iii) %m’te Panel Method  and
iv) Finite Layer Method

The finite strip method, finite panel method anc{ the finite layer
method can be viewed as special elements formulated using ‘the finite
element technique. The application of these elements is 1imited and G\s

not dealt with in this study. ‘

‘A nunber of finite eleménts have been developed for the analysis of

,folded plates and for sandwich - plate bending. The available Tinite

‘elements can be classified based on the fornulation of the stiffness

matrix:

i) Compatible models . ‘
\ .

i

el

Equilibriun models , ’ T~

Mixed models and

1v

)
)
141)
) Hybrid models. \
, »
the \

In fomiu]ating the stiffness matrix by compatible madel,

displacement functions are chosen to satisfy complete compatibility

]
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aldng interelement boundaries. In such a formulation, the stress equil-

ibrium is not satisfied within each element. Whereas in the equﬂ’ibriun

model, stress functions are chosen to shtisfy equilibriun conditions,

which result in the violation of interelement compatibility requirement.
In general, the solutions obtained by using compatible models are lower

bound and th'at of equilibrium models are upper bound. .

In mixed models, neither displacements nor stresses are given pre-
ferential ‘treatment. Aiso, a mixed model may require more degrees of
freedom than a displacement m_ode] to achieve a given e;ccuracy. Gener-
ally, mixed models can predict stresses more c]oseL_)-/ thaﬁ the assumed

displacement formulation (9).

Hybrid elements can be df_ various types. The most successful is

the assumed stress hybrid, in which compatib]g displacement functions

are assumed along the interelement boundaries, in addition to thé equil-
fbrating stress field in each element. The solutions using hybrid
elements are much closer to the exact and may be either upper bound or

Tower bound or even oscillating about the exact. A comparison of all
!

the finite element formulations are reported by T.H.H. Pian and P.Tong

[

(27).

. .
Rockey and Evans applied the displacement element for the analysis
of folded plates. This element does nof consider_the effect of trans-

verse shear deformation of the plate and is applicable only for homogen-

4

eous folded plates. A refined higher order displacement element for

S

folded plate analysis is reported by“J.E. Beavers 'and F.W. Beaufit (4).

b e e Ao
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This element  has too many degrees .of freedom and_,is/ast/not applicable

for non homogeneous plates.-

»

A nunber of finite elements are available for the analysis of sand-

-wich plates in bending. A detailed study on the available sandwich

e'lements is done by B. Jafari-Naini (23). Assumed stress hybrid models

are identified to be suitable for -developing bending elements which

account for transverse shear deformation.

The importan;, feature of hybrid elements is that the transverse

shear deformation of the sandwich core is taken into account wit@t
introducing any additional degrees of freedom other than the disp) a|ce.-:

ments and edge rqtation‘s, and the derivation of the stiffness matrix is

simpler. A shell glement of six degrees of freedom per node can be
,formulated to analyze sandwich panel folded -plates. The required
compatibility criterion can be satisfied by assuming a suitable
displacement function along ‘the element boundaries. Hence the assumed
hybrid “Stress elements are used <in analyzinge the proposed roofing

system.

,
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CHAPTER 1V ,

A

FORMULATION OF SIMPLER RECTANGULAR HYBRID ELEMENTS

*

4.1 Introduction

For sandwich plate analysis, two rectangular hybrid stre'ss elements
are available at present (3,16). Both these e]ement; éssune a linear
variation in edge displacements along the boundaries and a complete
qua'dratic stress  distribution over the domain of the element. The
derivation of. the stiffness matrix for these el'ements is very long and
involves tedious matrix operations, because c‘>f the assumed quadratic
stress distribution. Also the results obtained using such elements are
expected to be conservative for predicting deflections, because of the

seventeen independent parameters used in the assumed stress function.

A.J. Barnard (3) has assumed that the thickness of facings are much less .

than the thickness of core and hence for a~1arger thickness of facings,
the results obtained using this element will be much more flexible than
that of Fazio and Ha (15). Three tfiangu]ar elements with linear stress
modes have been reported by R.D. Cook (6,7). To form a general quad-
rilateral/rectangul ar element, four such iriangu\ar elements have to be

used and the degrees of freedom associated with the central node have to

be statically condensed to that of thé corner nodes. This chapter deals |

with the investigation carried out in formulating simpler rectangufar
hybrid stress elements for the analysis of sandwich folded plate struct-
ures. The stiffness matrices for bending and membrane actions are

derived independently. and assembled to form a general six degrees of
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freedom perr node shell element. Ten shell "element combinations are

generated from five bending elements and two membrane alements. The

suitability of these elements are tested on a folded plate problem whose

4

experimental results are available.

4.2 Assumptions

‘The following are the assumptions wused in the stiffness K matrix

-

formulation.of the rectangular sandwich plate elements:

*
’1. Displacements and strains are small and the materials obey

Hooke's law.

-

2. Perfect bonding:ex3sts between the faces and the core of

the sandwich, so that no slip can occur.

\

3. Transverse displacements across a section normal to the

middle surface are the same. '

4. Bending stiffness of the facings about ‘their own plane and
the shear stresses in the facings are neglected.

5. T};e core resists only transverse shear stresses. Normal
stresses in directions p‘araﬂe] to the faces, are neglected N
and ‘

6. Local buckling of the faces due to menbrtane stresses is. not

considered.
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4.3 Formulation of Bending Elements

Consider a rectangular sandwich plate of dimensions a, b‘consisting
‘of a core thickness 'h' and facings of equal thickness 't' (fig. 4.1)..
The facings and the core of the sandwich panel to be treated Hére ére of
isotropic material. (Orthotrop%c materials and unequal thickness of

facings can be analyzed with minor modifications).

The strain energy in the element due to bending action is (21),

L b2 % L 2 27,
U= S T 7 [Ty -2 v My Ms2(1+v)Mey "] + Ty [0 40y ldx dy

where d'= h+t

o —

Fig. 4.2 shows a rectangular sandwich element which has three degrees of

freedom at each node: rotations 6 and 8y and transverse deflection w.
'The stiffness matrix for this element has been derived using the assumed
stress hybrid'pechnique. .The sunmarized procedure from Ref; 20 is given

in Appendix A. The approach is simple and we1y documented in Ref. 27

and hence will not be discussed in detail here.

‘~

Four different assuned stress modes using five, seven, nine and
eleven independent B parameters are used. The assumed stress distrib-

utions used in each case is given below:
(1) Five stgess mode (RH5B):
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FIG. 4.1 CROSS SECTIONAL VIEW AND GEOMETRY OF THE SANDWICH
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(i)  Seven \é\tress mode (RH7B): ' \ , ' g | ! \

s
it

B1+ Byx +Bs y . '

y .82"'859"'87’(\

=
i

| o My =B .
| |
1

LD
>
n

BH/a ' : . ay

. . Qy Bs/b . ’ , . ' _ 3)
| . ) . | I

(i11) Nine stress mode (RHB): ' ' g , {

- 3 - [ - ‘ —?
\\ :_Mx =61+Bn.x+f7y
My =82+85X+8gy )

4 !

B3+ Bg x + Bg y

=
>
<
"

By/a + Bg/b

-
u

= Bg/a + Pa/b
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(iv) Eleven stress mode (RH11B): e e

My = B1+ By X +B7y + Bip Xy

—Bz+85§+83§+8(11;y

t
‘<3
|

B3 + Bg X+ Bo ¥ ,‘ . |

’ Myy =
‘* . : - B N - : ‘{ L
. Qc = Bu/a + Ba/b + B1o y/a . .
Q = Be/a + Bg/b + 5.11 x/b ‘ °

>

‘ The complete quadratic stress mode (RH17B) used by Ha (20) has the

following stress distribution:

L -

\

AN

Z—\ ! T My

n

BL+ Bz X + B3 F+ B, X2+ Bs X+ 8§ ~

. v

W -

By + Bg X + Bg'y 4 B1o X2 + B11 Xy + B12 7°

1 hd My =
{ . b a - -
; Myy 2 - (3 Butg B12) Xy 4+ Bi3 + Biy X
;
§ i Bys § + Byg X2 + By7 §°
{ Eeisy 16 17 Y
’g.
! .
¢ Qx‘_f_2_+£g;+_8_§_-_5_2_5122+___515 +2 By
! a a a b b b
b 5 .
) b < 9 By -, Bi2~ - 1% 2 -
= . 8 + 2 4+ 22 X + 2L + = + 2 Br1g X
Qy = B y s 5 Y A S Bis
E,.‘ »
o in which X = x/a, ¥ = y/b and B are the unknown stress parameters.
' )
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The above assumed stress distributions satisfy the following
<

homogenous equations of equilibrium of a differential element (fig. 4.3)
d ¥

subjected to bending action:

¢
©ax ay )
3 - 9
My v My L -0 and
dy Ix

M vy 4 q =0
Ix dy

1

where q is the intensity of transverse loading.

For all the elements, a linear variation of the generalized edge_

¥

displacements is assumed. For example along edge 1-2,

/
Wi, =Wy (1-X) +w, X
‘ »
] - 0 -x) + 6, x
eyl_z = e‘yl (l—X) + eyZ X

The linear variation of edge-displacements assures dispiacement
continuity along the fold lines of a three dimensional folded plate

structure. The admissibility of the above assumption is confirmed by

Cook and Ladkany (8). '
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By means of cohp1ementary strain energy principle, the stiffness

matrix of the el;ment can be shown to be (26):

k) = 111" 1t 07

where [H] = /[ 1 [P]T [N] [P] dv and -

vo

=/, [R]' [L] ds
in which [r] r;presents assunea stresses
[Nj.contains material properties
[R] expresses surface force in terms of the undeterm%ned
B parameters and
[L] expresses the generalized edge displacements in terms of
nodal displacements |

- <

Si refers to the line intégral along the element boundaries.

The explicit forms of [H] and [T] along with [P], [N], [R] and [L]
for the RH11B element are given in Appendix B. FORTRAN subroutines for °

stiffness matrix generation of all the above elements are listed in

Ref. 19.
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4.4 Convergence Test '

-

‘ &
Two numerical test cases are analyzed using the four elements

‘described earlier. The results are compared with the RH178 élement and .

with analytical solutions. The sandwich plate problems considered here
are a simply supported square plate and a clamped square plate, subject-
ed to uniformly distributed transverse loading. The material properties

and the geometry of the -plates are shown in Fig. 4.4 and Fig. 4.5.

Because of the symmetry in geometry and in loading, only -a duarter of

the plate needs to be analyzed. Various mesh sizes are considered in
the analysis. The calculated central deflection and the maximum moment
in each mesh size for all the five elements are given in Table 4.1 to
Table 4.4. The ratio of computed value to the exact analytical solut-

ions is plotted in Fig. 4.6 to Fig. 4.9.

(i) Convergence for Central Deflection:

It can be seen from Fig. 4.6 and Fig. 4.7 that the linear stress
mode elements and the RH11B have a rapid convergeﬁce rate whpn compared
with that of the RH17B element. The rate of convergence decreases with
the increase in the number of independent B parametery used in the
assuned stress function. As the mesh size is refined, théilinear stress
mode elements converge towards the exact, but the RH11B and RH17B
elements stay asymptotic. When coarser meshes are used, RH17B element
gives better results than that of the linear stres§'mode elements. It
can be seen thf

t the deflections predicted by the RH17B element and the

RH11B element are almost the same.
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FIG. 4.4 SIMPLY SUPPORTED SQUARE PLATE SUBJECTED TO
UNIFORM LOAD
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NO. |  MESH RH5B RH7B RH9B RH11B | RH178
SIZE ’ . -
1 2 *2 -4,951 | - 4,843 } - 4.764 | - 4.543 | - 4.539
2 3 *3 - 4,603 | -4.558 | - 4,525 | - 4.446 | - 4:446
3 4 * 4 - 4,497 | - 4.472 | - 4.454 | - 4.414 | - 4.414
.
4 5 %5 - 4,452 | - 4.436 | - 4.424 | - 4.400 | - 4.400
5 6>* 6 - 4,428 | - 4.417 | - 4,409 | - 4.392 | - 4.392
6 7 *7 - 4,413 | - ﬁ.405 - 4,399 | - 4.387 | - 4.387
7 8 *8 - 4,405 | - 4.399 | - 4.395 | - 4.386 | - 4.386
EXACT (analytical) - 4,292
(Ref. 30)
TABLE 4.1

COMPUTED CENTRAL DEFLECTION (in inches) -

[ D

# b e s b e o o

SIMPLY SUPPORTED SQUARE PLATE.
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NO. MESH RH5B ‘RH78B RHB RH118 | RHI7B ~
SIZE
1 2 %2 -1.488 | - 1.439 | - 1.385 | - 1.313 | - 1.280
2 3*3 . | -1.338|-1.315}|-1.292 | - 1.268 | - 1.250
3 q %4 -1.290 | « 1.277 | - 1.264 | - 1.252 | - 1.244
4 5 %5 -1.269 | - 1.260 | - 1.252°| - 1.245 | - 1.239
5 6 *6 -1.257 | - 1.252 | - 1.246 | - 1.241 | - 1.237
\6 7 %7 -1.250 | - 1.246 | -11.242 | - 1.238 | - 1.236
7 8 *x8 -1.246 | - 1.243 | - 1.240 | - 1.237 | - 1.235
XACT (analytical) - 1.225
(Ref. 30) .
TABLE 4.2

COMPUTED CENTRAL DEFLECTION (in inches) - CLAMPED SQUARE PLATE

PSRN NP TSN

A A = B

PR DI DN
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T AT s st < e

ST N

- T
NO. MESH | RHSB RH7B RH9B RHIIB | RH17B
SIZE
1 2 %2 -721.88 | -801.11 | -736.37 | -747.15 | -736.20
2 3 %3 -704.64 | -780.41 | -71.81 | -712.91 | -71.31
3 4 x4 -698.08 | -718.09 | -701.83 | -702.28 | -701.94
4 5*5 | -695.02 | -707.78 | -697.39 | -697.58 | -697.53
5 |' 6 %6 -693.35 | -702.20 | -695.00 | -695.09 | -695.11
6 | 7 %7 -692.27 | -698.76 | -693.47 | -693.53 | -693.56
7 8 *8 -691.82 | -696.79 | -692.74 | -692.77 | -692.81
EXACT (analytical) - 689.76
(Ref. 30)
, TABLE 4.3

-~

COMPUTED MAXIMUM STRESS (in psi) - SIMPLY SUPPORTED SQUARE PLATE

-

i}
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NO. MESH RH58 RH7B RHI9B RH11B RH178
SIZE s
T . K

1 2 %2 613.25 614.24 '| 489.41 543.95 | 511.94
2 3*3 637.53 | 647.74 | 546.96 | 563.41 | 553.97
3 4 *4 644.47. | 651.31 | 569.72 | 577.09 | 573.08
4 5 %5 645.81 | 650.96 |'582.89 | 586.83 | 584.82
5 6 *6 646.04 | 649.87 | 591.58 | 593.94 | 592.80
6 7 %7 645,62 648.6% | 597.71 | 599.25 | 598.55
7 8 *8 645.39 | 647.75 | 602.58 | 603.64 | 603.19

EXACT (analytical) 5904
s t —

|

|

. i TABLE 4.4

I - ' .
COMPUTED MAXIMUM STRESS ( in psi) - [CLAMPED SQUARE PLATE

R L e
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(11) Convergence for Maximum Moment: « \)

'
L 3

In the case of a clamped square plate, the maximum stresses evalu-

afed using the RH5B and RH7B elefents converge toward a wrong value.

~RH§B, RH11B and RH178 elements follow the same pattern and prédict

satisfactory values, closer to the exact solution even with a coarse
¢ .

mesh.
The RHIB element is fo::'nd to be having two*zero energy modes, in

‘

addition to the rigid body modes. In part_iculatl*. for anticlastic plate
¢ ® T 0/ . .
bending problems, all the linear stress mode ﬁe1er_nents are found to be

unsuitable, because of the missing Xy term in the assumed stress funct-

. 7 ‘ ‘
1on‘(28). N . - »

A

4.5 Formulation of Membrane Elements \)

.Two rectangul ar membrane r;lements hﬁSM énd RH?M having an assumed
linear stress distribution with linear edge displacements are> formulated
using the stress hybrid technique. The nodal degrees of freedom are
shown in Fig. 4.10. The _assuned stress distribution for the— elem_ents\

are: ~
(i) Five stress mode (RH5M):

Q
f

x =BlL 4+ B2y

B3+3h-

<
W
*
~

T =Bs

(O EWRN

wrsiinrn Fan sl
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FIG. 4,10 NODAL DISPLACEMENTS FOR MEMBRANE
ACTION ]
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(11) Seven stress mode (RH7M):

o, =By +B2X+B3y

: 0y=ﬂq+85x+85y

| Ty =87 - 2827 - & 86 &

! .

| E S

! ; To ensure compatibility, linear edge displacements are assumed along the

f . edges. For example along edge 1-2,

w

(1-X) up + X uy -

4

<
n

(1-x) v1 + X v,

0 AP e Airr o v oo e o
&

. The stiffness matrix for these ‘two glements.are'fbrmu1ated'in a

manner siMilar to that of the bending elements. The details of matrix

Caide

P31, N1, [R], [L], [T] and [H]'fof RHYM element are given in Appendix C.

i The complete gquadratic stress mode membrane element using twelve

.

\ I, .
. } independent B8 parameters, ;useé/by Fazio and Ha (15) is found to give
é " exactly the same results as the RH7M element. .

»
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4.6 Assembly of the Six Degrees of Freedom Per Node Shell Element o

\,{ o
The membrane and bending actions of an elempefit are characterized by

i
+

the stj ffness equations,

(kn] {qp}

[Kp] {ap}

(g,
{Qb}

where the subscripts m and b’refer to the membrane and bending actions
respectively. By principle of superposition the stiffness matrix for

the bending and membrane actions can be put in the form:

e T
Qm kn O Am
' | L < ’
Qb 0 kpf ap .
L JL 1 L "

It should be noted that the in plane and bending actions are
uncoupled within an element. This assumption is valid when the

Ay

deformations of the element are sniall.

-

To facilitate the transformation ' of forces and displacements in
three dimensional space and for general applications, it is necessary to

include the Fictitious in-plane rotational degrees of freedom. The

.corresponding force displacement relationship will be: Ny ,

/
10} = [K,] {qz}

combining the above,

R e TR Jor S

P N . LT




g — 7 N
Qm Km 0 0 Om
1mp=]0 kK o0 |{aey
Q, 0 0 Kz 4,

. L — \. P

Because q; does not affect.the strain energy in an élement subject-
ed to bending and merﬁbrane actions, the stiffness matrix [kz] should be
a null matrix. However, to avoid the il1-conditioning of the stiffness
matrix, small and arbitrary values are assigned to kz. The details of

matrix k, are described in Ref., 28

A FORTRAN IV pragram FEASP (19) has been developed to generate ten

different stiffness matrices for shell e1eménts. Any one of the five
bending elements can be combined with RH7M or RHM to form a shell el-
\Ct\ent. A1l the ten ?heﬂ elements are tested on a folded plate problem

ho'se experimental results are available for comparison purposes. The

dgscription of the test problem and the results of the analysis are

-

di]scussed in the next section.

i "
F*‘J
4 l\\

Analysis of 19 Foot Folded Plate

g -

[

(J\ Since the stressés in-folded plates are caused by both membrane and

;
be\r:ding actions, the complete stiffness matrix which includes both types
of'action must be used. Along the intersection of the panels which make
up .the folded plate, continuity of displacements and normal slopes
shﬂuld be maintained; these compatibility requirements are satisfied by

‘the elements described earlier.

Y . b e e et @ o e e

i o o Sl R L a0 o
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Fig. 4.11 shows the folded ph'ate to be analyzed. It consists of
six similar sandwich panels rigidly connected by means of aluminium
channels, which were welded - together at four inches interval. The
panels were made up of 0.025 inch thick aluninium facings, bonded to an
‘one inch thick honeycomb core. . Details of the connections and the test

procedures are fully reported in Ref. 12.

For the finite element analysis, rectangular elements and beam
elements are used to idealize the panels and reinforcing channels
respectively. A coarse mesh of six by ten (Fig. 4.12) is used in the

analysis. The structure is subjected to a uniform pressure of 26 psf.

‘) Table 4.5 to 4.8 show the calculated displacements and longitudinal

(N . ~ -
\\\/_A:resses (in top facings) at the mid-span section of the folded plate,
I

/

Nl e e

7/

“for each combination of the shell element. Since the membrane action is
dominant in folded plates, combination of any one of the bending el-
ements with a membrane element (either RHIM or RH5M) gives almost ident-
jcal results. The RH5M element combination gives a more ﬂexib]é solut-
fon when compared to that of RHM. But it is interesting to note that
the solutions obtained from RHS5M combination agrees with that of the
“exp‘erimental deflection observed at the right extreme edge, whereas the
solutions obtained using' the RH/M combination of elements agree with
that of the experimental defl ectior; observed at the left extreme ridge.
.Good agreement between finite element solutions and experimental tests

can be observed for stress resultants.
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FIG. 4.12 FINITE ELEMENT MESH FOR THE 19 FOOT SANDWICH
FOLDED PLATE.
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. From the'results of test problems it can be concluded that the use

.

of RHL7B e1emenffézn be avoided by replacing it with the RHEES element.

{

_The shell element formed by combining the RH118 and RHM s Qen to be

performing -‘well when cbmpared to that of ‘other combinations.
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CHAPTER V

STRUCTURAL BEHAVIOUR OF ROOF ING SYSTEM

¢

5.1 Introduction 1 f/\/\
' » Q

A three fold, 20 feet (6096 mni span a?na]ytica] roof model shown in
. »
Fig. 5.1 has been chosen to study the structural behaviour of the

b3

proposed system. The material_properties of the sandwich panel usgzd in
the anafysis correspond. to*that of ‘a 19 feet span experimental,
synmetric sandwich folded plate tested by Fazie (12,14). -~ The roof
structure is assumed.to be simply §uppor_ted on all the sides a’long the
boundary. The roofing sandwich panels are connected along the fold
Vines using aluminun extrusions' the connection details are given in
Ref. 12. The size of the glgzing panels ‘used in the ana]ysié are 30" x
15" (762 mm x 381 mm). These glazings are® assumed to bé framed with
aluminum extrusions. The struc.tural behaviour of the roi)f;"ng system is
simulated using rectangular as;suned sﬁress hyb;id finite e]'emeqts. The
roof is subjected to a uniform.pressurg of 26 psf (1.245 K Pa). A
series c‘)?f qnalysis has been performed to study‘the change 1in:maximum

deflection dué to the fo]\om/ng: . - .

i) Effect of shear modulus of core

“i1) Effect of elastic modulus of facings - v

¥

iii) Effect of thickness of core._ ‘ >
iv) Effect of- shickness of facings
v) Effect\ of span of roofing and

vi) Effect of number of folds.

v

4

A

Ve A a———
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'

5.2 Description of Analysis

Taking the advantage of synmetry in geometry ang loading, only one
half the span of the roof model has been analyzed. .Fig. 5.2 shows the
finite element mesh used in the analysis. The discretized roof consists
of 52 elements and 70 no@es. The width of each rectangular element
equals the distaric8 between the consécutive fold ¥ines and the length
equals to thirty inches. The fold line joints are represented by beam
elements, the properties of which are inpuf as edge beam for each
element.  The area of glazings have been treated as openings. An
element type Having the stiffness of tHe edge beams alone, has been used

to replace the openings.

i (S .
The program FEASP (19) has been used fof/i;ZNanalysis. Six degrees
7

“of freedom per node shell elements formu]ated‘by combining the RH11B and

RH7M elements are chosen for use in this analysis. Six sets of analysés

have been done to study the effect of certain parameters on the struct-

ural performance of the roof system. In each set of analysis, only one

parameter is varied while keeping all the others same. The details of

the analysis and the results are discusiéd in.the next section,

5.3 Results of Analysis

The deformed shape of the fold lines are shown in Fig. 5:3 to Fig.

: -
5.5. From the graphs on fold line displacements, it can be noted that
the fold 1lines bracing the solar glazings undergo almost the same

pattern of displacement across the span. The in plane deformation of
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the ridges bracing the glazings is of the order of .001 inch yhich can
be taken up by the cushioning pad placed between the g]azing; and the
framing extrusions. Fig. 5.6 shows the deformed geometry at the midspan
section of the roof. The maximum fold line displacement is off from the
centre and it occurs at node No. 66. This is due to the unsymetrical
geometry of the fold section. Thelmaximun displacement is 1/340 of the
span length of the roof. The results obtained from the analysis are

conservative, because the glazing area is treated as openings.

Y- - :

The maximun principal stress is observed "at node no. 23, and its
magnitude is -4236.40 psi (29.21 M Pa). The maximum bending stress is
bbserved at node no. 6} and its magnitude is - 1991.45 psi (13.73 M
Pa).- The distribution of longitudinal stress on the top facing (includ-
ing both bending and membrane action) at the midspan section is shown in
Fig. 5.7. Since the glazings are treated as openings, the stress
distribution cannot be evaluated over the glazing area and hence is not

shown in the figure.

\
5 AN

(i) Effect of shear modulus of core on maximum deflection:

A set of analyses has been done by varying the shear modulus of the
core over a range of 20 psi (137.9 K Pa) to 2000 psi (13.79 M Pa). The
change in maximun displacement which always occured at node no. 66 is
shown in Fig. 5.8. It can be observed that the stiffness of the struct-
ure 1ncrgases rapidly with increase in shear modulus within the range of

20 psi (137.9 K Pa) to 420 psi (2.895 M Pa). Increasing the shear

-
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:

mﬁﬁzlus from 420 psi to 2000 psi has very little sﬁénificance on the
increase in resistan@g offered by the core.

ii) Effect of Elastic Modulus of Facings on Maximum Deflection: -

The roof structure has been analyzed for various values éf‘e]astic
modulus of facing. The change in maximum deflection due to vardation in
the e]astié modulus is shown in Fiq. 5.9. It can be seen that’ increas-
ing the elastic modulus within the range 5 X 106 (34.475 M Pé) psi to 25
x 106 (172.375 M Pa) psi increases the stiffness offered by-facirigs.

Increasing the elastic modulus beyond this range does not improve the

[

resistance to maximum deflection.

4

-

iii}) Effect of Thickness of Core on Maximun Deflection:

"~

Another set of analysis has been performed by varying the -thitkness
of core from 0.5 inch (12.7 mm) to 3.25 inches (82.55 mm). The change
in maximum displacement due to th{s variation is shown in Fig. 5.10. If
can be observed that the maximum deflection decreases almost linearly
with the increase in the thickness of core. It is obvious that the ]
increase in core thickness separates the facings by a ‘lafge amount v .

resu1tiﬁg in a higher lever arm and this increases the bending rigidity

_of the panel. ' >
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iv) Effect of thfc\}ness of Facings on Maximun Deflection
‘Thisé set of analysis has been performed to wtudy the clange in
maximun displacement due to thé variation in thickness of facings. The ]
* thickness of facings has been varied over a range of 0.010 inch (0.254
mm) to 0.2 inch (5.08 mm). It gan be observed from Fig. 5.11 that there

is a rapid increase in the resistance against maximum displacement due

to the increase in the thickness of facing:within the range of 0.010 to

b 0.1 inch (2.54 mm). Beyond which the effect of increase in thickness of

facing is not very significant. N }

It has been observed that doubling the thickpess of facing decreas- i
es the maximun deflection by 30.0%, whereas doubling the thickness of

y 1
core results only in a 16.2% decrease in the. maximum deflection. It

" ‘ should be noted that the core resists only transverse shear deformation,

but the faces resist both bending and in-plane stresses. .
\/’ ‘ i [J h * .
’ .
v) 'Effect of Span Length on Maximum Deflection

~ ’

The span of the rbof has been varied from 10 ft. (3048 m) to 30

ft. (9.144 mm), with the cross ~secﬁon geémetry as in Fig. 5.1. 'The
computed maximun deflection for various span lengths within the range of

10 ft. to 30 ft. is plotted in Fig. 5.12. It can be seen that the

| increase in span.length has a significant increase in maximum deflect-
ion, which is obvious. It should be noted th_at the rate of increase of

maximun deflection is increasing with the ‘increase in span length.

i)
{
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vi) Effect of Number of Folds on Maximun Deflection

The number of folds of the roof has been va.ried from two to eight
with the same fold geome'try ang span as in F\1g. 5.1.  The maximum
deflection corresponding to ghe various number of folds are shown in
Fig. 5.13. The foof becomes more flexible with the increase. in the
nunber of folds. But the rate of increase diminishes with the increase
in the nunl?er of folds. The maximum deflection for an eight fold' roof

’ a

covering an area of 560 sq. ft. is 0.8710 inch (22 mm). which is -1/275 of

the span length. o . 4
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CHAPTER VI
CONCLUSION

The investigation reported in this study deals wi'th the developnent
of an integrated, !energ‘y efficient passive solar roofing system and its
structural an'alysis. The preser;t research has resulted in the formul-
ation of simpler rectangular assumed stress hybrid finite elements for
the three dimensional analysis of sandwich .plate structures. The
following conclusions can be drawn on the basis of the work reported in

\

this investigation:

i) The geometry of folded plate Qof can be chosen to integ-
rate passive solar glazings which will provide natural day-
time illumination and winter space heating energy’ for

.single storey commercial and industrial I:‘uﬂdings.

i1) Sandwich .panels can be used for roofing. These paneis_hégre
satisfactory structural performance and can satisfy t.h“e

required thermal insulation standard. ) '

1i1) Rectangular assumed stress hybrid finite elements can be
conveniently used for the . analysis of complex sandwich
plate structures.  Since the elements possess only ‘geome“t-
rical degrees of freedom such as displacements and rotat-
ions, no difficulties arise due to they transfon;;ation of

the generalized forces and displacements along the joints.
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.

iv) In the rectangular assumed. stress hybrid elements with’

v)

vi)

linear edge variations, simpler assuned stress modes are
found to perfom better when compared to higher order
adssumed stress modes. Use of a simplér stress function
results 1n' the reduction of the size of inatriges to be
used, length of the program and the computation time for

the generation of an element stiffness matrix.

‘re—~lgad-defermation characteristics of the analytical roof -

model are within the serviceability limits. The structural’
per formance of the roofing system can be improved by

increasing the thickness of facings and core. Also,

increasing the shear rigidity of core and elastic modulus

of facings will result in an increased.stiffness offered by

the structural system.

The maximun vertical deflection of the roof increases with
an increase in the span of the roof. and wigh an increase in

the number of fo]d;.
Q
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CHAPTER VII

RECOMMENDATIONS FOR FUTURE STUDY

1. A prototype model with glazings can be tested in the laboratory to
studj the structural behaviour. The results of such an experimental

test can be compared to that of the finite element analysis.

2. Different fold geometries with various inclination of glazing
panels have to be investigated, ¢
3. 'Detailed energy analysis can be performed to.study the viability of

integrated passive roof systems for use in single storey 1ndustrxial and

commercial buildings.

4. The effect of the ratio of the glazing area to that of the building

o

aréa has to be investigated.

5. Design.details for connecting the glazing panels with the roof‘ing
sandwich panels along the fold lines should be investigated.

A
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Step: 1. sung stress distributibns in the element
. {o} =[P] (B}, - (A.1)

r J‘ ‘ _
‘ﬁ where ' {o}: generalized stress vector, must satisfy the
equiiigriun conditions.’

- {8} : undetermiped\stress parameters. -

° . \\\
[P] : functions &5 . the coordinates. ' _ -
, M \ Q@
. Step: 2. Evaluate the strain energy in terms of stress parameters
\
U =4 {8} [HIB} .- (A.2)
p— The matrix [H] may be determined directly from the

strain enerqy'express?bn or as follows:

Strg&s-Strain Relation » .o
(e} =[N] {a} ] ‘ ‘/) ~ (A.3)
- .

Strain Energy U = f.fv{o}T{e} dv
' J

P _ . . '
Y Substitutfoq\?f {e} from egn. (A.3) and {0} from egn.

(A.1) into the above equation yields:

4
- 1 U= eI i v 7
) N P :
: -1 a7 eI P v (8 .’\' o
Then g TN 3 \
Lol S, TN . L (A

Mqi:ij [H] is positive, definite and syﬁmetric:

\.

. ,
,
Ll
N .
. - ¥ .
R R B Y . ) ,

X

N, -



R m.mww'u* R

where , _ )
[T] = ¢ [R]'[L1ds o
The vqua? {q} of nodal generg]izéd forces is defined

by

& * ] -
. R ’ ) k
£
- 85 o " )
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L Step 3: . Introduce‘?ﬁJErgeheraIized edge displacements ’ .
L 4 ) - . \ .
A {u} = [L] (g} - (A.5)
where ’ »
. . @
Vo _ {q} : generalized nodal displacements.
. 4 S
) {L} : functions of the coordinates. -
o ' .
/ By chosing suitable interpolation functions' for [L] the N
" e : 7
displacement compatibility along the element boundaries
' can be achieved. ' - o
/ ~
"
\ o -
Step 4: From the generalized edge forces {S} in terms of {B} by
« using (A.1). b
) I s
, (S} = [R]{8} '
The coefficients in {S} should correspond to those in
{u} so that the work done, by the edge” forces is given
by, the expression : '
eh .~“p e _
W= ¢ (S} ukds )
. p = ¢ (BY[RIT[L](q}ds
. R (O M s [t (A.6)
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(Qg} = W = {8}[T]Lg)
‘ S : oy .
- ’ or .
Q¥ = (T176Y | I (%)
. , i &
, . ' ‘Step 5: form the total complementary energy ’ p ) ‘ , |
» . . oo
. , I ’ . ’ .
i Hc =U-W=4 {8}[HI{B} - {B}'[T]{q}
;’ N ., T " The principie of stationary comig]’énentary' energy
. 7 L , requires that ’ N - ) .
. ‘ . ¢ ‘ ‘ i; ‘
' e {8} - [T]{q} - '
—S£ = [H}{B} - [T =0 : : :
- - ey - AL ’X N '
‘ . - * .
Hence R ' .
-1 * »
. f {8} = [H]™ [T){q} - (A.8)
A ; :
. /‘ : * s * ' f ’ R
Step 6: i \ ‘ & :
l | S ‘The stiffness matrix [K] is given by ‘
L. s ’ Q) = [K1{q} ' . (A9)
o \ , |
,,/ Using eqns. (A.7) and (A.8)
- . ¢ ’ . . T _1 .u
S . TK1(e} = [T'(H] [T)Ma) o >
T : . Then .
- , ‘ _— ) |
~ A LY L A0 R L LD R -+ (A.10)
1] . \ . »
uv . A \\_ ' o 4 s
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