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ABSTRACT

The Totally Complex Sextic Sy Extension

of Minimum Discriminant

Nasser Haddad

We demonstrate that the totally complex algebraic number field of degree six of
minimum discriminant having Galois group PGL2(Fs) ~ S; is generated over the

rationals by a root of the polynomial

f(t) =t® + 25 + 3t* + 21

This field has discriminant —1778112 = —29.3*. 73 and is unique up to isomorphy.
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Introduction

The computation of primitive algebraic number fields having degree 6 and minimum
(absolute) discriminant has been dealt with except for the case of Galois group
PGL2(F;) ~ Ss. Extensive results (covering most of the Galois groups) are due
to Martinet and others [Berge et. al.], [Olivier 89, 90a, 90b, 91]. But in
[Martinet], the author says “ ... for As, As, Ss, Se extensions, the minimum
discriminants are known only in the Sg case. However A5 and Ag extensions are

probably out of our computational possibilities”.

[Ford & Pohst 92, 93], gave details of computations to determine the totally
real algebraic number fields of degree 6 and having Galois groups As and Ag and
minimum discriminant. These computations completed the table given by Olivier

excepting only the case of Galois group Ss.

This thesis describes a computation to determine the (unique) totally complex alge-
braic number field of degree 6 having Galois group Ss and minimum discriminant.
Chapter 1 gives definitions and results from algebraic number theory, to be used in
what follows. Chapter 2 discusses Galois groups in general, and gives some specific
properties of the group PGL2(F;) that we exploit in our computations. Chapter 3
presents in great detail techniques for limiting the coeflicients of the sextic polyno-
mial f(t) = t® + a1t% + aza* + a3t® + a4t? + ast + ag in order that the number of
examples to be considered be minimized. Chapter 4 gives the results of our compu-
tations. Four appendices include lisiings and documentation of the programs that

were used, and their (partial or complete) output.



Chapter One

Mathematical Preliminaries

If E is a field containing the field F, then E is said to be an extension field of I,

denoted by E/F.

Let a number @ € E be a root of a polynomial p over F, that is, it satisfies a
non-zero polynomial equation with coefficients in F. Among all polynomials over
F, there exists a unique monic polynomial p of minimal degree subject to p(a) = 0,
and p is called the minimal polynomial of & over F. (A monic polynomial is one
with leading coeflicient 1.) The minimal polynomial of a is monic and irreducible
over F. (These facts are to be found in [Stewart 73)). In other words, there exist

elements a;,...,a, € F such that

a+aa” 4. 4a, =0.

The degree n of this polynomial 1s called the degree of a with respect to /. The
n distinct roots of this polynomial ay,...,a, are called the conjugates of a with
respect to F. A root of a polynomial with coeflicients in F' is called an algebraic
number over F. In particular, a root of a polynomial with rational coefficients
is simply called an algebraic number. By [Stewart 79, Theorem 2.1] the sct A
of algebraic numbers is a subfield of the complex field C. We define an algebraic
number field to be a subfield K of C such that [K : Q) is finite. By [Stewart 79,

Theorem 1.8] this implies that every element of K is algebraic, and hence K C A.



DEFINITION 1.1. A complex number 0 is called an algebraic integer when it is a

root of a monic polynomial p integer coefficients.

THEOREM 1.2 [Stewart 79, Theorem 2.2]. If K is a number field then K = Q(9)

for some algebraic number 6.

CoOROLLARY 1.3 [Stewart 79, Corollary 2.11]. If K is a number field then K =

Q(6) for some algebraic integer 6.

DEFINITION 1.4. Let K be a finite extension of the rational numbers and let Og
denote the ring of all algebraic integers in K. The elements u,,...,u, of Og form

an integral basis for K if every element of Ok can be uniquely written as

aiuy + -+ + apip

with ay,...,a, € Z.

THEOREM 1.5 [Narkiewicz, Theorem 9.7]. Every field K of degree n over Q has

an integral basis consisting of n elements.

By choosing a basis v1,...,v, € K as a linear space over Q we may assume that

these elements lie in Ok s.ace the following lemma holds.

LEMMA 1.6 [Narkiewicz, Lemma 9.5|. If v is an algebraic number, then there

exists a natural number N such that Nv is an algebraic integer.

Assuming [K : Q] = n, where both K and Q are subfields of C with Q C K = Q(6),
there exist n embeddings of K in C. The number 8 can be sent to any of its n

conjugates over Q. ([Marcus, p 19])



Let 01,...,0, be the n embeddings of K in C. The discriminant of an integral
basis is independent of which integral basis we choose. This value is called the
discriminant of the algebraic number field (or of Ok). So, if u),...,u, is an integral

basis of the algebraic number field K then
d(K) = disc(u1,. .., un) = |o:(u,)|?

ie., the square of the determinant of the matrix having o,(u,) in the i* row, jt*

column. For two integral bases {u1,...,us}, {v1,...,vn} of an algebraic number

field K, we have
disc(ug, . .., un) = (£1)* disc(vy, ..., v,) = disc(vy, . ..,va),

because the matrix corresponding to the change of basis is unimodular ([Stewart

79, p 53))

EXAMPLE: The ring of algebraic integers of Q[v/5] is Z [1(1 + V5)]. An integral
basis is the set {1, (1 + v/5) } and the field discriminant is d = 5. Details can be

found in [Stewart 79, p 60].

DEFINITION 1.9. The signature of a number field is the pair (r1,72) where ) is
the number of embeddings of K whose images lie in R, and 2r; is the number of

non-real complex embeddings, so that ry + 2r; = n.

If f is an irreducible polynomial defining the number field K by one of its roots,
the signature of K will also be called the signature of f. So, when r; = 0, we say

that K and f are totally complex.



Chapter Two

Galois Groups

Here we describe briefly the idea of the Galois group of an algebraic number field,
and develop the specific properties of the group PGLy(Fs) that are used in our

computations.

DEFINITION 2.1. A bijective mapping of a given set into itself is called a permuta-

tion.

DEFINITION 2.2. Let A be any nonempty set and let S5 be the set of all permu-
tations of A. The set Sa is a group under composition. This groug is called the
symmetric group on the set A. In case A = {1,2,...,n}, the symmetric group on

A is denoted by S,.

DEFINITION 2.3. Let K be a number field of degree n. K is called Galois over Q,

if K is invariant for the n embeddings of K in .

Every such embedding sends K into itself since it sends each element to one of
its conjugates. All such embeddings form a group, called the Galois group of K,
and denoted by Gal(K/Q). In other words, for K = Q[6], there exist exactly n
embeddings of K in C, given by @ — 6,, where the 6; are the roots in C of the
minimal polynomial of §. These embeddings are Q-linear, their images K; in C are
called the conjugate fields of K, and the K, are isomorphic to K. By invariant we
mean that for all the embeddings o, of K in C we have 0,(K) = K. So, the Galois
group may be considered as a permutation group acting on the roots of a generating

polynomial {Cohen, p 153].




Any automorphism o € Gal(K/Q) maps a root of an irreducible factor of the
polynomial f over Q to another root of the irreducible factor and o is uniquely
determined by its action on these roots (since they generate K over Q). Fixing a
labelling of the roots a,....a, of f and observing that any o € Gal(K/Q) defines
a unique permutation of ay,...,an, and also defines a unique permutation of the

subscripts {1,2,...,n}. This leads to an injection
Gal(K/Q) — S,

of the Galois group into the symmetric group on = letters which is a homomorphism
(both group operations are composition). So, we may consider Galois groups as

subgroups of symmetric groups.

DEFINITION 2.4. Let f € Q[z] with n = deg(f) > 1, and let the zeros of f be
ei,...,0n. Then the discriminant of f is:
disc(f) = [[(: — o).

<3
Let f be a polynomial with rational coeflicients. We may assume that f is separable
(i.e., its zeros in K are distinct) and has integer coefficients. "Then the discrimirant
D of f is an integer and is nonzern. For any prime p, consider the reduction in F,
of f = f modp. If p divides D then the reduced polynomial f has discriminant
D = 0 € F,, so is not separable. If p does not divide D, then f is a scparable

polynomial over F, and we can factor f into distinct irreducibles

f=hhkf

in F[z], deg(f,) = n,, i =1,2,...,k.



THEOREM 2.5 ([Dummit & Foot, p 553]). For any prime p not dividing the
discriminant D of f € Z(z), the Galois group over F, of the reduction f = f mod p

is permutation group isomorphic to a subgroup of the Galois group over Q of f

It follows that not only is the Galois group of the reduction f mod p of f isomort-
phic to a subgroup of the Galois g'oup of f but there is an ordering of the roots
of f and of f (depending on p) so that under this isomorphism the action of the
corresponding automorphisms as permutations of these roots is the same. So, there
are automorphisms in the Galois group of f with the same cycle types as the au-
tomorphism of f. The roots of f; are permuted amongst themselves by the Galois
group and given any two of thcse roots there is a Galois automorphism taking the
first root to the second (since the group is transitive; ie., given any two elements
a,b € K there is some 7 € G such that a = 7b). Similarly, the Galois group
permutes the roots of each of the fartors f,,7 = 1,...,k, transitively. Since these
factors are relatively prime we also see that no root of ~ae factor is mapped to a

root of any other factor by any element of the Galois group.

DEFINITION 2.6. We define the cycle type of a permutation T of degree n to be the
partition of n induced by the lengths of the disjoint cycles of T. The factorization of
a polynomial f modulo any prime p also induces a partition, namely the partition

of deg(f) formed by the degrees of the factors.

LEMMA 2.7 ([Lagarias & Odlyzko], [van der Waerden, section 8.10]). For any
good prime p relative to a polynomial f, (i.e., p not dividing the discriminant of
f) the degree partition of the factorization of f mod p is the cycle tvpe of some

permutation in Gal(f/Q).



LeMMA 2.8 ([Lagarias & Odlyzko]). Let T' be a partition of n. Then ass —» oo,
the proportion of occurrences of T as the factor type of f medp,, i = 1,...,s,

(P1,...,ps distinct primes) tends to the proportion of permutations in Gal(f/Q)

having tiae cycle type T.

DEFINITION 2.9. The general linear group over the field F, GL,(F), is the set of
nonsingular n X n matrices with entries { om F. The subgroup of such matrices of

determinant 1 is the special linear group SL,(F).

It is easily seen that |GLy(F;)| = 480. Defining

10 2 0 3 0 4 0
0 1)’ 0 2)° 0 3/’ 0 4
to be the normal subgroup T of GL2(F5), we have

PGLy(Fs) = GLo(I5)/T,

and therefore |PGL2(IF;)| = 120.

The group PGLy(IF5) is isomorphic to the subgroup of Sg generated by (1234 5)
and (1 6)(2 3)(4 5); the cycle types 1.1-1-1-2, 1-1-1.3, 1-2.3 and 24 do not occur in
this group. So if f is a polynomial with Galois group PGLy(Fs) and p is a prime
not dividing the discriminant of f then the degree sequence of the mod p factors of

f cannot be among these four types.

According to [Cohen, p 325], sixth degree permutation groups are of four types. A
sextic field has a quadratic subfield if and only if its Galois group is isomorphic to
a subgroup of

Grz = ((123), (14), (25), (36), (1524)(36)).

8



Similarly, it has a cubic subfield if and only if its Galois group is isomorphic to a
subgroup of S; .- C,. Hence, ii has both a quadratic and a cubic subfield if and
only if its Galois group is isomorphic to Cs, S3, or Dg (these being the groups
that arise in both cases). If the field is primitive, i.e., does not have quadratic

or cubic subfields, this implies that iis Galois group can only be PSLy(F;) ~ A;,

PGLz(]F5) ~ 55, Ae or Se.



Chapter Three

Computing Bounds on Coeflicients

For p1,...,pn the algebraic conjugates of an algebraic number p of degree n, and

for m € Z, we define

Sm(p) =p1" + -+ p7,

Tm(P) = |P1|m 4 ‘Pn‘m-

An important theorem, originally due to Hunter (see Theorem 3.3 below), estab-
lishes the existence of an algebraic integer p having T5(p) within a bound given in
terms of the field discriminant and Tr(p), and further, that Tr(p) can be taken to lie
between 0 and n/2. Once T3(p) has been bounded, a theorem of Pohst (Theorem 3.2
below) can be applied to develop bounds on T, (p), for m > 3. Newton’s relations,
involving S1(p),...,Sn(p) and the coeflicients of the characteristic polynomial y of

p, combined with the obvious fact that

[Sm(p)| < Tmip)

for all m > 1, then enable us to calculate explicit bounds on the coefficients of x.

LEMMA 3.1. Let w > 1 and define the function f on the real numnbers as

1—zv

fle)=1{ T==’

w, for ¢ =1.

for ¢ # 1,

Then f is strictly increasing in the interval 0 < z < oo.
2
PROOF: Let g =(1 — z) 7o 5O that

g=1-2*"1—(w-1)z*"(1 - z),

10



d
andlet h = d—‘:—, giving

h=ww-1)(z-1)z*2.

In the interval C < #z < 1, h is clearly negative; hence g is decreasing. Because

g(1) = 0, g must be positive in this interval. Hence —i is positive, so f is strictly

dz

increasing in the interval 0 < & < 1. A similar discussion shows f is strictly

increasing in the interval 1<z < oo. W}

THEOREM 3.2. Let R, K and m be positive constants satisfying R > 3K/% and

m > 2. Then

Fn(z) =2 + 27" + 27
has a global maximum on the set
s :={ze (R>)® | e+ 2% +0} < R% z1za23= K }
at a point y = (y1,y2,¥s) withy2 =ys and 3} + v3 +y3 = R

PROOF: The condition R > 3K1/3 ensures S is not empty. If R = 3K'/3 then S
consists of the single point zp = (K 13 K13 g1/ %) and the theorem is obvious.

We therefore assume that R > 3K/}, and that Fi,(z) has its maximumon S at a

point y.

Because y? +y2 + y2 < R? we may choose y; so that
¥+ 43 +oi = R?

and apply the Lagrange multiplier method to maximize

Fn(y)=y" + v + y3

11



subject to the constraints
yi+ys +yi+yi =R and yyys = K.
Defining

L{y1,y2,¥3,98, A1, A2) = yP+y5" + 45" + A (v) +v2 + 92 + 92) + Aawiy2s,

we have
oL -
0 = 3o = myy" Ly 2am + A2y2y3
1)1
oL
0 = 6_ = -rn,y;"_l + 2192 + Aay1ys
Y2
AL -
0 = ™ = my; l-{—21\13/3 + A2y1Y2
Y3
oL
0= — = 2 .
571 194

If ya #0then A; = 0. We may form the sum

0 — oL 4 oL + oL
s 0y v Oy2 v Oys
and solve for Az, which gives
Ay = _mOT " )
3n1y2ys3

Substituting back and simplifying yields

0 = 29" - v3* — 95

0 = —y™ + 25" — w3

0 = —u" - ¥ + 2

which implies y = o, which is easily seen to be an absolute minimum for Iy, ()

on S. Thus y4 =0 if Fp(z) has its maximum at y.

12



Because R > 3K'/® the coordinates of ¥ can not all be equal; without loss of

generality we assume y; # y2 and y; # y3. Because
oL
0 = Yigy = my + 2\197 + A2y192vs
7

for j =1,2,3, we have

¥t -y 2 Yy =Yz
y: -y m y: —y3

so that
2 2
" G
2 2
Y1 Y
Y3 y3
-2 1->3
n Y1
v _ Y3
By Lemma 3.1 above we have y_z = —:.:,, hence y2 = 3. O
1 1

REMARK: A general version of this result appears as Theorem 4 in [Pohst].

For totally complex roots, f(t) can be written as

f(t) =t —a1)(t =& )(t — a2)(t — @2)(t — as)(t — @)
= (£ = Bt + m)(t? - Bat + 72)(¢* — Bat + 7s)

=8 + a1t5 + a2t4 + a3t3 + a4t2 + ast + ag

with

13




B =o;+a; =2R(a;) =2R(a,) e R, j=1,2,3
'yj:a,EJ=|aj[2=|a,'|2>0, =123
—a1 = B1 + B2+ Bs
az =B1B2 +B1Bs +Bls + 11+ 12+ 73
—as = B182Bs + (B1 + B2)rs + (B + Bs)v2 + (B2 + Ba)m
ag = 16273 + PrBsv2 + B2Bsm1 + 1172 + MYa + Y2 rs
—as = B17273 + Bav17s + Bz 7172

ag = 717273 > 0.
For the root a of f we have

Sm =8m(a)=ao" +a" + a3 + a3 + o3 +ay',
T = Tm(a) = |oa|™ + [@|™ + |az|™ + |@z]™ + |as|™ + |[as|™

=2 497" 4 ")
for m > 1. Then S,, € Z, and it follows by the triangle inequality that
1Sm| < Ton- (5)

THEOREM 3.3. If K is a totally complex algebraic number field of degree six with

discriminant d(K') then K has an integral element p, with p ¢ Z, such that

0<Tep) <3 and Tolp) < T2 4 (gld(x)l)i.

PROOF: This is a special case of Theorem 6.4.2 of [Cohen]|, with n = 6. The

theorem originates in [Hunter). a

14



THEOREM 3.4. The coefficients ay, az, ag may be chosen to satisfy the following.

=-Tr(p) € {0,1,2,3} (1)
1<a < (B0 @
0 < 2 Tlp)+ 5al (3)

PROOF: Equation (1) follows by replacing p with —p. For (2) we apply the inequal-

ity between arithmetic and geometric means to write

[y

T
a5”® = (nyem)® < zin + 12 +7s) =

(J%)

and the result follows.

For (3) we apply the Cauchy-Schwartz inequality to the vectors 4 = (1,1,1) and

B = (ﬂl,ﬂz,ﬂ;g) to yield
= (B + B2+ Bs)* = (A- B < |AP|BI® = 3(B] + B3 + %) = 3(52 + Ta).

Substituting Sz = a? — 2a; we have

1 2

oy (Be5e)
See also (15), (17) and (18) in [Pohst]. O
To determine bounds on ay,...,as we proceed as follows.

For m = 2, we define Y3 = [T3] (which implies Y, > To > |T2]).
For m > 3, values for Y,, are found by applying Theorem 3.2 with R = /T5/2,

K = \/as. Observing that T, = 2Fn(1/71,1/72, 1/73), We conclude that

T < max{2y +47 | 20} +49% =T2; viy; = as}.

15



The conditions on y,,y; immediately give

4ud — 4Ty u? +T2"’u —16ag = 0

4v% - Tov? + 2 = 0

with v = y? and v = y? (see graphs in Appendix I). Altogether these conditions

permit only two solutions, (uy,v:), (ug,v2), and these solutions must satisfy
T.
0 <u € = < wp < —

T:
0<v25-6-5v1<—4—.

The roots u1,us,v1, v2 can be computed with sufficient accuracy so that the integer

value

Y = rna,x(lZ'u;"/2 + 4'01"/2_' , lZuZ"ﬂ + 41);"/2") > |Tom |

can be determined.

Defining
m—1

Xm = Z anSm—i

i=1

for 1 <m < 6 and applying Newton’s relations [Cohen, Proposition 4.3.3] we have
For any Yy, satisfying Y, > |T,]| we may apply (5) and (7) to get

IXm +ma.m| = lSml S leJ S ym
so that
~Xm—-Ym < < ~Xm + Y

Sam >
m m

16



for m=2,...,6. Also, from (2) we have

When a1 # 0, another bound on a5 may be computed. Taking m = 5 and 6 in (7)

and eliminating Ss, then solving for as, gives

o — -Xg + Ss
5= 60.1
where
Xé = a1X5 - (1254 - 0.353 - a4.5'2 —6a6
so that

—X;—Ys <o < —-Xé-l-Ye‘

30 >
6(11 6a1

17



Chapter Four

Experimental Results

For an appropriate bound B, we are to generate at least one defining polynomial
f(2) =® + art® + ant* + ast® + aat® + ast + as

for each field F with |dr| < B and signature = (0, 3).

Given such a bound B, we construct a set M of monic sixth-degree polynomials
sich that each primitive totally complex algebraic number field F' of degree 6 and
discriminant dp < B contains a generating element p € F'—Q for which tne minimal

polynomial m,(t) belongs to M.

A preliminary computation produced f(t) = t8+2t5+3¢* + 21 with dp = —1778112,
signature = (0,3), Gal(f/Q) = PGLy(IF5), establishing that any totally complex
sextic number field K of minimum absolute discriminant has discriminant dy sat-
isfying |dk| < |dr| = 1778112. So, by setting B = |dp| = 1778112, and assuming

Tr(p) < 3, we apply Theorem 3.3 to calculate

T 2 1/5
Ty(p) < —I—(G‘i + <§B> < 20.336.

An ALGEB program (see [Ford|) computed approximations to the roots u;, us, v,
vy (see chapter three) so that the integer values Y3, Y3, Y5, Y could be determined.

These values, with a listing of the ALGEB program, appear in Appendix I.

18



Having the table above, a PASCAL program was written to read the data in this
table and generate examples. This program is given in Appendix II, with detailed

descriptions of its components in Appendix III.

An ALGEB program computed signatures (using Sturm sequences [Cohen, Algo-
rithm 4.1.11]) and field discriminants (using the Round T'wo algorithm of Zassen-
haus [Cohen, Algorithm 6.1.8]), excluding polynomials with real roots or with
|dr| > 1778112. Finally, MAPLE programs computed Galois groups and confirmed

that all examples with dp = —1778112 were isomorphic (see Appendix IV).

The polynomial generation and screening required about 82 CPU-hours on a Digital
AlphaServer 2100 4/200 in the Department of Computing Services at Concordia
University. The remaining computations—signatures, field discrimirn..nts, Galois
groups, field isomorphisms and integral bases—took less than one CPU-hour in

total, using a variety of systems at Concordia University.

THEOREM. The discriminant of minimum absolute value for a totally complex Ss
extension of degree 6 is d = —1778112 = —2%.3% .73, There is, up to isomorphy,
exactly one field F' of that discriminant with Galois group Ss. It is generated by a

root p of the polynomial
f(t) = & + 2% + 34 4 21.
An integral basis for F is given by

1
1’ P, p2’ pS’ P4, 57_7(29 - 106p + 120P2 - 47p3 + 135P4 + pS).

19
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APPENDIX | — BOUNDS FOR Y3, Yy, Y5, Ve

Using the results from chapter three, the ALGEB program tmtbla.agb computes
bounds on Y;, Y3, Y5 and Yg for each possible combination of values of ¥, = [T2]

and ag. Theorem 3.2 of chapter three implies v; = 73; taking y = /771 and z =

V72 = /73 we define

T,

TIe
I
<
I

®ie

The denominator u is a parameter controlling the accuracy of our approximations.

We know
2 2 u v
T, =2y" 442" =2—-+4- = w; - 2u+4v—ply, =0,
T
2.4 uv? 2 3
ag = 717273 =Y 2 =F = wy=uv’ —p ag =0

which together imply

3

0= %Resultant(w;,wz,u) = — ( - %Tzvz + Ez—ae) = —pudg, (;—i—) ,

1 2
0= , Resultant(w;, wy,v) = u® — pTou® + %—Tfu — 4plag = pgy (E)

where

1 1
g;(t) = t3 - sztz + 5(16,

1
gy(t) = t3 — Tut? + ZT;j‘t — 4as.

The graphs of 3, and g, are shown in figures 1 and 2 respectively. In the main loop
we use successively larger values of p, until our upper and lower approximations of

{T3], |Ty}, |T5| and |Ts] coincide.
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ALGEB Program trtbla.agb
iochan 1;

begin

integer m, ct, ca, cb;

integer T2, a6, a6l, a6u;

integer Y21, Y31, Y41, Y51, Y61;

integer Y2h, Y3h, Y4h, Y5h, Y6h;

integer ull, uih, ril, rih, u2l, u2h, r2l, r2h;
integer vil, vih, si1l, sih, v2l1, v2h, =71, s2h;
integer T21, T31, T4l, T51, T6l;

integer T2h, T3h, T4h, Tb6h, T6h;

boolean done;

integer procedure max (x, y);
integer x, ¥y;
if x < y then max :=y

else max := X

end;

integer procedure ceilg (u, v); { truncate rightwards }

value u, v; integer u, v;

if (v < 0) then u := -u ! v :=

if (u < 0) then ceilg :=u/ v
else ceilg = (u+v -1) /v

end;
integer procedure floor (u, v); { truncate leftwards }
value u, v; integer u, v;
if (v < 0) thenu := ~u ! v := -v;
if (u > 0) then floor :=u/ v
else floor := (u - v +1) / v
end;
integer procedure gy (u); {m3 * gy(a/m) }

integer u;
gy := ((u - m*T2)*u + cb*T2*T2)*u - 4*m*m*m*a6

end;

integer procedure gz (v); { m"3 * gz(v/m) }
integer v;

gz = (v - ct*T2)*v*v + ca*ab

end;
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procedure vsolve (ul, uh, vl, vh);
integer ul, uh, vl, vh;
integer uc, vc, g, gl, gh, d4;
gl := gy(ul);
gh := gy(uh);
if (gl <= 0) and (0 <= gh) then
d := +1
else
if (gl >= 0) and (0 >= gh) then
d := -1
else
d := 0 ! writes(1,"You have made a y-mistake!") ! line(1,1);
if gl = O then uh := ul else
if gh = 0 then ul := uh else
while uh - ul > 1 do
begin
uc := (ul + uh)/2;
g := d*gy(uc);

if g <= 0 then ul := uc;
if g >= O then uh := uc
end;

gl := gz(vl);

gh := gz(vh);

if (gl <= 0) and (0 <= gh) then
d := +1

else

if (gl >= 0) and (0 >= gh) then
d := -1

else
d := 0 ! writes(1,"You have made a z-mistake!") ! line(1,1);

if gl = 0 then vh := vl else

if gh = 0 then vl := vh else
while vh - vl > 1 do
begin
ve := (vl + vh)/2;
g := dxgz(vc);
if g <= O then vl := vc;
if g >= O then vh := vc
end

end;
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integer procedure lsqrt(n);
integer n,x,y;

X = 2; y = X*x;
while y < n do x :
while y > n do x :
lsgrt := x

end;

Py by = xxx;
y+n/ 2%x ! y :

integer procedure usqrt (n);
integer n,x,y;

X = 2; ¥y 1= X*x;
while y < n do x :=:
while y > n do x :

y ! y = x*x;
y+n/ 2%x !y :

{ lower square root }

xX*X;

{ ceiling(sqrt(v)) }

X*x;

if (x*x < n) then usqrt :=x + 1
else usqrt := x
end;
output(1,"AGB$OUTPUT") ; { *** start here *** }
for T2 := 6,...,21 do
begin
a6l := 1;
abu := (T2*T2xT2)/(6%6%*6);
for a6 := a6l,...,a6u do
begin
m := 2°14; done := false;
while not done do
begin
m:= 2%m; ct := m/4; ca := m*m*m/2; cb := m*m/4;
uil := 0; vil := ceilg(m*T2,6);
uih := floor(m*T2,6); vih := floor(m*T2,4);
vsolve(uil,uih,vil,vih);
u2l := ceilg(m*T2,6); v21 := O;
u2h := floor(m*T2,2); v2h := floor(m*T2,6):
vsolve(u2l,u2h,v2l,v2h);
ril := lsqrt(m*uil); s1l := lsqrt(m*vil);
r2l := lsqrt(m*u2l); s21 := lsqrt(m*v2l);
T21 := 2*max(uil + 2*vil,
121 + 2%v21);
T31 := 2*max(ull*ril + 2*vilxsil,
121*%r21 + 2%v21*s2l);
T4l := 2*max(uill*uil + 2*vilxvil,
u21*u21 + 2%v21%v2l);
T51 := 2*max(uil*ull#*ril + 2%vilkvil*sil,

u21%u2l%r21 + 2%v21kyv21%*s21);
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end;
close(1)

end

T6l :

Y21 :
Y31 :
Y4l .
Y51 :
Y6l :
rih :
r2h :
T2h :

T3h :
T4h :
T5h :
T6h :
Y2h :
Y3h :
Y4h :

Y5h
Yéh

done :

end;

2*max(uil*ull*ull + 2*xvil*vilxvil,
u2l*u2l*u2l + 2%v21*xy21lxv2l);
floor(T21,m);
floor(T31,m*m) ;
floor(T41l,m*m) ;
floor(T51,m*m*m) ;
floor(T61,m*m*m) ;
usqrt(m*uih); sih :
usqrt(m*u2h); s2h :
2*max(ulh + 2*vih,
u2h + 2%v2h);
2*max(ulh*rih + 2*vih*sih,
u2h*r2h + 2*v2h*s2h);
2xmax(ulh*ulh + 2*%vih*vih,
u2h*u2h + 2%v2h*v2h);
2*max(uilh*ulh*rih + 2*vih*vih*sih,
u2h*u2h*r2h + 2%v2h*v2h*s2h);
2+max(uih*ulh*uih + 2*%vihkvih*vih,
u2h*u2h*u2h + 2%v2h*v2h*v2h);
floor(T2h,m) ;
floor(T3h,m*m) ;
floor(T4h,m*m) ;
floor (T5h, m*m*m) ;
floor (T6h,m*m*m) ;
Y31 Y3h and
Y4l Y4h and
Y51 Y5h and
Y6l Y6h

usqrt (m*vih) ;
usqrt (m*v2h) ;

writen(i,a6,3);
writen(1,T2,5);
writen(1,Y3h,5);
writen(1,Y4h,5);
writen(1,Y5h,5);
writen(1,Y6h,5);

line(1,1)
end
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APPENDIX Il — GENERATING THE POLYNOMIALS

The PASCAL program tcdeg6 generates the polynomials that define the fields to be
tested for Galois group PGL2(F;). Such a polynomial is constrained to have a root
6 such that coefficient a; = —Tr(8) € {0, 1, 2, 3} and 6 < T»2(8) < B,, < 21; thus

the controlling variable T = [T3(6)] runs from 6 to 21.

The array pr is initialized to contain the primes p in the range 101 < p < 571.

The array Tmb is initialized to contain the values of Y3, Y3, Y5, Y5 for all possible

pairs (a;,Y2), with Y2 = T by definition.

The array B is initialized to contain upper boundson T for a; =0, 1, 2, 3.
Y P

Detailed descriptions of the procedures defined in this program are to be found in

Appendix III.
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program tcdeg6é (input, output);

const a0l
BO
Bi
B2
B3
Tmn
Tmx
nb

1;
19;
20;
20;
21;

6;
21;

239;

var cpu: integer;
T: integer;
B: array [0..3] of integer;

Tmb: array [1

al, ail,
a2, a2l,
a3, a3l,
a4, a4l,
ab, abl,
a6, afl,

X1, X2, X3,
Y1, Y2, Y3,
21, 22, 23,

S1, S2,

alu, cil,
a2u, c2l,
a3u, c3l,
adu, c4l,
abu, cbl,
abun, c6l,

integer;
integer;
integer;
integer;
integer;
integer;
integer;
integer;
integer;
integer;

30

{ totally complex, degree 6 }

..nb,1..6] of integer;
clu:
c2u:
c3u:
cdu:
cbu:
cbu:
X4, X5, X6:
Y4, Y5, Y6:
Z4, 725, Z6:
S3, S4, S5, S6:

oldl, old2, 0ld3, old4, o0ld5, o0ld6: boolean;



type flag = (val, rej);

var c02:
£02:
c03:
£03:
c05:
£05:
c07:
£07:
cli:
f11:
cl3:
£13:
cl7:
£17:
cl9:
£19:
c23:
£23:
c29:
£29:
c3l:
£31:
c37:
£37:
c4l:
f41:
c43:
£43:
c4a7:
£47 .
cb3:
£53:
cb9:
£59:
c61:
£61:
c67:
f67:
c71:
£71:

array [O.

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

array [O..

boolean;

.02-1,

..02-1,
..03-1,
..05-1,
..07-1,
..11-1,
..13-1,
171,
..19-1,
..23-1,
..29-1,
..31-1,
..37-1,
..41-1,
..43-1,
..47-1,
..53-1,
..59-1,
..61-1,
..67-1,

.. 71-1,
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..02-1,
..03-1,
..05-1,
..07-1,
..11-1,
..13~-1,
.. 17-1,
..19-1,
..23-1,
..29-1,
..31-1,
..37-1,
..41-1,
..43-1,
..47-1,
..b3-1,
..59-1,
..61-1,
..67-1,

..71-1,

flag]
flag]
flag]
flag]
flag]
flag]
flag]
flag]
flag]
flag]
flag]
flag]
flag]
flag]
flag]
flag]
flag]
flag]
flag]

flag]

of

of

of

of

of

of

of

of

of

of

of

of

of

of

of

of

of

of

of

of

boolean;
boolean;
boolean;
boolean;
boolean;
boolean;
boolean;
boolean;
boolean;
boolean;
boolean;
boolean;
boolean;
boolean;
boolean;
boolean;
boolean;
boolean;
boolean;

boolean;



type poly = array [0..6] of integer;

function deg (var f: poly): integer;

var k: integer;

begin

k := 6;

while (k > 0) and (f[k]
k :=k - 1;

deg := k

end;

0) do

procedure pswap (var £, g: poly);
var h: poly;
begin

® 0y +h &
I on o
50 Hh

nd;

procedure prdif (var g, h: poly; p:

const n = 6;
var j: integer;
begin
for j := 1 ton do
gli-11 := (j*h[j1) mod p;
gin] := 0
end;
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procedure prmdr (var f, g: poly; p: integer);

const n = 6; { £ <—- rem(f,g), g <> 0}
var j, 8, t, cf, cg: integer;
begin
t := deg(g); cg := gltl;
for s := n downto t do
if f£[s] <> 0 then
begin
cf := f[s];

if cg <> 1 then
for j := 0 to s do
£[j]1 := (cg*f[jl) mod p;
for j := 8-t to s do
£[j] := (£[j] - cf*glj-s+t]) mod p
end
end;

procedure prgcd (var f, g: poly; p: iInteger);
begin
while deg(g) <> 0 do
begin
prmdr(f,g,p);
pswap(f,g)
end;
if g[0] <> 0 then
pswap(f,g)
end;
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procedure prprd (var w, z, f: poly; p: integer);

var j, k: integer; { w <-- rem (wxz, f) }
v: poly;

begin

for j := 0 to 6 do {v<-01}
v[jl := 0;

for k := 6 downto O do {v<=-(v.x + 2z_k.w) mod £ }
begin

for j := 6 downto 1 do
vljl := (v[j-1] + z[kl*w[j]) mod p;
v[0] := (z[k]*w[0]) mod p;
prmdr(v,f,p)
end;
for j := 0 to 6 do
wljl := v[j]
end;

procedure prpwr (var h, f: poly; q, p: integer);
var e, r, j: integer; { h <-- rem (x*"q - x, £) }
y, z: poly;
begin
for j := 0 to 6 do
begin
y[j]
z[j]
end;
ylol :=1; =z[1] := 1; {y=1, 2z=x1}
e := q;
while e <> 0 do
begin
r := e mod 2;
e := e div 2;
if r <> 0 then
prprd(y,z,£f,p);
if e <> 0 then
prprd(z,z,f,p)
end;
y[11 := y[11 - 1;
for j := 0 to 6 do
h[j] := y[j] mod p
end;

0;
0
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function s5cyc (p: integer): boolean;
var k1, k2: integer;

f, hO, hi, h2: poly;
begin
f(6] :
£ (5]
f[4]
£[3]
f[2]
£(1]
f[0]
hO := f;
prdif(hi,f,p);
prgcd(hi, ho,p);
if deg(kl) > 0 then

sbcyc := true { disc(£f) = O mod p }
else

begin

prpwr (ho0,£,p,p); { h0 <-- rem (x°p - x, £) }

hi := f; prgcd(hi,h0,p); ki := deg(hl);

if k1 = 6 then

1 mod p;
al mod p;
a2 mod p;
a3 mod p;
a4 mod p;
ab mod p;
a6 mod p;

. s
won o on oo

sbcyc := true { 111111 }
else
if k1 = 4 then
sbcyc := false { 11112 }
el.e
if k1 = 3 then
sEcyc := false { 1113 }
else
if k1 = 2 then
sbcyc := true { 1122, 114 }
else
if k1 < 2 then
begin
prpwr(hO,f,p*p,p); { h0 <-- rem (x°p"2 - x, £) }
h2 := f; prgcd(h2,h0,p); k2 := deg(h2) div 2;
if k2 = 1 then { deg(h2) = k1 + 2 k2 }
sbcyc := false { 123, 24}
else
sbcyc := true { 15, 222, 33, 6}
end
end
end;
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procedure csinit;
begin
£02 :
£03 :
£05

f07 :
£11
end;

false; £13 :
false; £17 :
false; £19 :
false; £23 :
false; £29 :

false; £31 :
false; £37

false; f41 :
false; £43 :
false; £47 :

false; £53 :
false; £59
false; {£61
false; f£67 :
false; £71

false;
false;
false;
false;
false;

0nunn Il
nouw unn
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function c02srch: boolean;
const p = 02;
var k3, k4, kb: integer;
begin
if not £02 then
begin
for k3 := 0 to p~1 do
for k4 := 0 to p-1 do
for kb := 0 to p-1 do
c02[k3,k4,k5,val] := false;
f02 := true
end;
a3 mod p;
k4 := a4 mod p;
k5 := ab mod p;
if not c02[k3,k4,k5,val] then
begin
c02[k3,k4,k5,rej] := not sb5cyc(p);
c02[k3,k4,k5,val] := true
end;
c02srch := c02[k3,k4,k5,rejl
end;

k3 :

%include ’CS19PV.INC’ { functions c03srch ... c71lsrch similarly }



function csrch: boolean;

{ csrch true <==> for some p, £ not in S5cyc(p) 1}
{ ==> for some p, cpsrch true }
{ csrch false <==> for all p, cpsrch false }
var cs8: boolean;

begin

cs := true;

if not c02srch then if not cO3srch then if not cObsrch then
if not c07srch then if not clisrch then if not ci13srch then
if not ci17srch then if not c19srch then if not c23srch then
if not c29srch then if not c31srch then if not c37srch then
if not c4lsrch then if not c43srch then if not c47srch then
if not ¢b63srch then if not c59srch then if not c61srch then
if not c67srch then if not c71srch then

cs := false;
csrch := cs
end;

const pn = 80;
var pr: array [1..pn] of integer;

procedure prfill;
begin

pr(01] := 571; pr(21]
pr02] := 569; pr[22]
pr[03] := 563; pr([23]
pr[04] := 557; pr(24] 421; prl4a4] 293; prl64] 181;
pr[05] := 547; pr[25] 419; prl45] 283; prl65] 179;
prl[o6] := 541; pr[26] := 409; pr{46] := 281; prl66] := 173;

439; prl41]
433; prlaz]
431; prl43]

313; prle1] := 197;
311; prl62] := 193;
307; prl63] := 191;

pr([07] := 523; prl[27] := 401; pr(47] := 277; prle7] := 167;
pr[08] := 521; pr[28] := 397; pr48] := 271; pr[68] := 163;
pr[09] := 509; pr(29] := 389; prl49] := 269; prl69] := 157;
pr[10] := 503; pr(30] := 383; pr[50] := 263; prl70] := 151;
pr(11] := 499; pr(31] := 379; pr(51] := 257; pr[71] := 149;
prl[12] := 491; pr[32] := 373; pri(52] := 251; pr[72] := 139;
pr(13] := 487; pr[33] := 367; pr[53] := 241; pr(73] := 137;
pr(14] := 479; pr(34] := 359; pr(54] := 239; prl74] := 131;
pr[15] := 467; pr[35] := 353; pr[55] := 233; prl[75] := 127;
pri16] := 463; pr[36] := 349; pr[66] := 229; pri76] := 113;
prl17] := 461; pr[37]1 := 347; pr(57] := 227; prl77] := 109;
pr(18] := 457; pr[38] := 337; pr(58] := 223; pr(78] := 107;
pr(19] := 449; pr(39] := 331; pr[59] := 211; pr[79] := 103;
pr[20] := 443; pr(40] := 317; pr{60] := 199; pr[80] := 101;
end;
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function sbtype: boolean;
var k: integer;
cvalid: boolean;
begin
cvalid := true;
for k := 1 to pn do
if cvalid then
cvalid := sbcyc(prlk]);
sbtype := cvalid
end;

procedure lib$init_timer;
external;

procedure lib$stat_timer (code: integer; var value: integer);
external;

function lbound (u, v: integer): integer;

{ lower bound = u/v; truncate rightwards ("ceiling") }
begin

if (v < 0) then

begin u := -u; v := -v end;
if (u < 0) then

lbound := u div v
else

lbound := (u + v - 1) div v
end;

function ubound (u, v: integer): integer;
{ upper bound = u/v; truncate leftwards ("floor") }

begin .
if (v < 0) then

begin u := -u; v := -v end;
if (u > 0) then

ubound := u div v
else

ubound := (u - v + 1) div v
end;
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function 1lsqrt (v: integer): integer; { floor(sqrt(v)) }
var r, b: integer;
begin
r := 46340;
while r*r > v do

begin

b :=r mod 2;

r := ((r - b) div 2) + ((b*r + v) div (2*r))

end;
lsqrt :
end;

r

function usqrt (n: integer): integer; { ceiling(sqrt(v)) }
var u: integer;
begin
u := 1lsqrt(n);
if (u*u < n) then
usqgrt = u + 1
else
usqrt = u
end;

function square (n: integer): boolean; { is n square? }
var r: integer;
begin
if n < 0 then

square := false
else

begin r := lsqrt(n); square := (n
end;

r*r) end

function gecd (x, y: integer): integer;
var z: integer;
begin
y := abs(y);
vhile y <> 0 do
begin z :=xmody; x :=y; ¥y :=2z end;
ged := abs(x)
end;
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function sign (x: integer): integer;

begin
if x < 0 then sign := -1
else
if x > 0 then sign := +1
else

sign := O
end;

function root (x: integer; var h: poly; n: integer):

var k, v: integer;
r: boolean;
begin
if x =0 then
root := (h[0] = 0)

else
begin
v:i=0; k :=0; r :=true;
repeat
if 0 = (v - h(k]) mod abs(x) then
v := (v - hlk]) div x
else
r := falsge;
k :=k+ 1
until (k = n) or (not 1);
if r then
rooct := (hin] = v)
else
root := false
end
end;
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procedure a2bd (V2: integer; var b2l, b2u: integer);

begin

b21 := lbound(-X2-V2,2);
b2u := ubound(-2%X2+3*V2,6)
end ;

procedure a6bd (V2: integer; var b6l, b6u: integer);

begin

b6l := 1;

b6u := ubound(V2*V2%xV2,216)
end;

procedure a3bd (V3: integer; var b3l, b3u: integer);

begin

b31 := lbound(-X3-V3,3);
b3u := ubound(-X3+V3,3)
end;

procedure adbd (V4: integer; var b4l, bdu: integer);
begin

b4l := lbound(-X4-Y4,4);

b4u := ubound(-X4+Y4,4)

end;

procedure aSbd (V5, V6: integer; var b5l, bSu: integer);
var U6: integer;

begin
b51 := lbound(-X5-V5,5);
b5u := ubound(-X5+V5,5);
if al <> O then
begin
U6 := -al*X5 + a2*S4 + a3*S3 + ad*S2 + 6*a6;
b5l := max{b51,1bound(U6-V6,6*al)) ;
b5t := min(b5u,ubound(U6+V6,6%al))
end

end ;
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procedure tmfill;
var j, k: integer;

begin
for j := 1 to nb do
for k :=1 to 6 do

read(Tmb[j,k])
end;

procedure inittm (var W3, W4, W5, W6: integer; V, a: integer);
var j, k: integer;

begin

for j :=1 to nb do

if (abs(a) = Tmb[j,1]) and (V = Tmb[j,2]) then

begin

W3 := Tmb[j,3];
W4 := Tmb[j,4];
W6 := Tmb[j,5];
W6 := Tmb[j,6]
end

end;

function cubesf (var f: poly): boolean; { £ = g(h), deg(g) = 3 }
begin
cubesf :=
(27+£[3] = f£[6]*(18%£[4] - 5+£ [5]**2))
and
(81#£[1] = £[6]*(27*£[2] - 3*£ [5]+*2%£f[4] + £[5]**4))
end;
function quadsf (var f: poly): boolean; { £ = g(h), deg(g) = 2 }

begin

quadsf :=
(64*£[2]
= 32%f [6]1*£ [3] - 24%f[5]**2xf[4] + S5xf[5]%x4 + 16*x£[4] **2)
and
(64x*£[1]
= (8x£[3] - 4xf[5]*£[4] + £[5]**3)*(4*f[4] - £[5]**2))
end;
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procedure normal (var h: poly; n: integer);

var j, k: integer; { remove factors of x from h }
begin
for k := n downto 1 do
if h[0] = 0 then
begin
for j := 0 to k-1 do h[j] := h[j+1];
hik] :=0
end
end;

function linfac (var f£: poly): boolean;
var 1lfac: boolean; { does f have a linear factor? }

procedure rtestl (v: integer);

begin

if root(v,f,6) then
1fac := true

end;

procedure dtestl;
varm, h, x, y: integer;
begin
h := abs(£[0]);
m := lsqrt(h);
for x := 1 to m do
if not 1fac then
if 0 = h mod x then
begin
rtestl(x); rtestl(-x); 1y := h div x;
if y <> x then
begin rtestl(y); rtestl(-y) end

end
end;

begin

1fac := (£f[0] = 0);

if not 1lfac then
dtestl;

linfac := lfac

end;
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function quafac (var f: poly): boolean;

var hO: poly; { deg5 } ° { does £ have a quadratic factor? }
hi: poly; { deg4 }
qfac: boolean;

procedure rtestq (v: integer);
begin

if root(v,h1,4) then

if root(v,h0,5) then

qfac := true

end ;

procedure qtest (r: integer);
var d, j, m, g, x, y: integer;

{If g(x) = x"2 + q*x + r and £[0] = a6 = r*d }
{ then h0(q)*x + hi(qQ)*r = rem(£,g,x) }
begin

d := £[0] Qiv r;

h1[e] := 0; {q°6}
h1[5] := 0; {q°5 }
hi[4] := -1; {qa }
h[3] := f(5]; {q°31}
hi[2] := -f[4] + 3x*r; {q"2}
hi[1] := -2xrxf [5] + £[3]; {q"1}
W [0] := —r*r - £[2] + d + r*f [4]; {q"0}
ho[e] := 0; {q°6}
ho[5] := -1; {q°5 1}
ho[4] := £ [5]; {q~4}
ho[3] := -£[4] + 4x*r; {q°31}
ho[2] := £[3] - 3x*£[5]; {q72}
hO[1] := =3*r*r — £[2] + 2xr*xf[4]; {q"1}
h0[0] := £[1] + xr*r*xf[5] - r*xf[3]; {q"0}
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begin
qfac :=
dtestq;

quafac :

end;

if (ho[O]
qfac

else
begin
normal(h0,5);
normal(hi, 4);

0) and (hi1[0]
true

g := ged(ho[0],h1[0]);

m := 1lsqrt(g);

for x := 1 tom do
if not qfac then

if O = g mod x then

= 0) then
{q =0is a solution }

begin
rtestq(x); rtestq(-x); y := g div x;
if y <> x then
begin rtestq(y); rtestq(-y) end
end
end
end;
procedure dtestgq;
var m, h, x, y: integer;
begin
h := abs(£[0]) ;
m := lsqrt(h);
for x := 1 to m do
if not gfac then
if 0 = h mod x then
begin
qtest(x); qtest(-x); y :=h div x;
if y <> x then
begin qtest(y); qtest(-y) end
end
end;
false;
= qfac
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function cubfac (var f: poly): boolean;

var p, q, r, d: integer; { does f have a cubic factor? }

hi, h3: poly;
cfac: boolean;

procedure rtestc (v: integer) ;
var b, ¢, u, ¥, x1, y1, x3, y3: integer;
begin
if not cfac then
if root(v,h1,3) then
if root(v,h3,4) then
begin
1= v;
v = (p - £[5)*p + £{4a];
= wkr - £[1];
yl :=r - d;
if y1 <> 0 then { solve E1: qg*y1

q :=x1 div y1;
i€ 0 = x1 mod abs(y1l) then {»rn
if £[2] = (d - r)*p + (w - q)*q + r*f[5]
then
if £[3] = (v - 2xq)*p + g*f[5] + r + d
then
cfac := true
end
else {r =41}
if x1 = 0 then { rhs(E1) =0}
begin
x3 := wkp - £{3] + r + d;
y3 := 2xp - £[5];

if y3 <> 0 then { solve E3: q*y3
begin
q := x3 div y3;
if O = x3 mod abs(y3) then {y3
if £[2] = (w - q)*q + r*£[5] then
cfac := true
end
else {£(8] = 2%p }
if x3 = 0 then { rhs(E3) = 0 }

if square (wkw - 4x(£[2] - r*£[5]1)) then
cfac := true
end
end
end;
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procedure ctest (v: integer);

var j, k, m, g, X, y: integer;

begin

r = V;

d := £[0] div r;

hi[6] := 0;

hi[6] := 0;

hi[4] := 0;

h1[3] :=d + r;

h1[2] := -(d + 2*r)=£[5];

h1{1] := (d + T)*£[4] + r*f[5]*f[5] - 2*£[1];

h1[0] := (f[1] - r*£f[4])*£[6] + (d - r)*(d + r - £[31);
h3[6] := 0;

h3[5] := 0;

h3{4] := d*r;

h3[3] := -2%d*r*f£[5];

h3[2] := d*r*(£f[6]1*£[5] + 2+£f[4]) - (r + d)=£[1];

h3[1] := ((r + d)*£[1] - 2*d*r*£f[4])*£[5] + (xr - @) *x%3;
h3[0] := (f[2] - r*f[5])*(xr - d)**2

+ (£[1] - r*£[4])*(£[1] - d*£[4]);

if (h1[0] = O) and (h3[0] = 0) then

rtestc(0) ;

if not cfac then

end;

begin
normal(h1,3); normal(h3,4);
g :=gcd(h1[0],h3[0]); m := 1lsqrt(g);
for x := 1 to m do
if not cfac then
if 0 = g mod x then
begin
rtestc(x); rtestc(-x); y := g div x;
if y <> x then
begin rtestc(y); rtestc(-y) end
end
end
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procedure dtestc;
var m, h, x: integer;
begin
h := abs(f[0]);
m := lsqrt(h);
for x :=1 to mdo
if not cfac then
if 0 = h mod x then
begin ctest(x); ctest(-x) end

end;
begin
cfac := false;
dtestc;
cubfac := cfac
end;

procedure irtest;

var f: poly;
begin

£[0] := a6;
£[1] := ab;
£[2] := a4;
£[3] := a3;
£{4] := a2;
£{5] := ai;
f£6] := ao0;

if not quadsf(f) then

if not cubesf(f) then

if not linfac(f) then

if not quafac(£) then

if not cubfac(f) then

if sbtype then
begin
wvrite(al:4); write(’ ?);
write(a2:4); write(’ ’);
write(a3:4); write(’ ’);
write(ad:4); write(’ ’);
write(ab:4); write(’ ’);
vrite(a6:4); writeln
end

end;
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procedure abtest;

begin

S5 := -X5 - 5x*ab;

X6 := al*S5 + a2*S4 + a3*S3 + a4*S52 + abxSi;
S6 := -X6 - 6*ab6;

if old4 then

0ld5 := ((c51 <= a5) and (ab <= cbu)

and (abs(S6) <= Z6))

else

0ld5 := false;
if not o0ld5 then
if abs(S5) <= Y6 then
if not csrch then

irtest
end;

procedure adtest;
begin
if 01d3 then
0ld4 := ((c4l <= a4) and (a4 <= c4u))
else
old4 := false;
S4 := -X4 - 4%a4;
X5 := al*S4 + a2%S3 + a3*S2 + ad*51;
a5bd(Y5,Y6,abl1,abu);
if old4 then
a5bd(Z5,26,c51,cbu);
for ab := abl to abu do
abtest
end;

procedure adtest;
begin
if 01d6 then
0ld3 := ((c31 <= a3) and (a3 <= c3u))
else

0ld3 := false;
S3 := -X3 - 3=a3;
X4 := aixS3 + a2*52 + a3*Si;
a4bd(Y4,a4l,a4u);

if 0ld3 then
ad4bd(Z4,c4l,c4u);

for a4 := a4l to a4u do
adtest

end;
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procedure a6test;
begin
inittm(Z3,24,25,26,T-1,a6);
inittm(Y3,Y4,Y5,Y6,T,a6);
if o0ld2 then
0ld6 := ((c6l <= a6) and (a6 <= c6u))
else
0ld6é := falsc;
csinit; { requires a1, a2, a6 }
S2 := -X2 - 2%a2;
X3 := al*S2 + a2*51;
a3bd(Y3,a3l,a3un);
if 01d6 then
a3bd(Z3,c31,c3un);
for a3 := a3l to a3u do
a3test
end;

procedure a2test;
begin
if oldl then
0ld2 := ((c21l <= a2) and (a2 <= c2u))
else
0ld2 := false;
a6bd (Y2,a6l1,a6u);
if 0ld2 then
a6bd(Z2,c61,c6u);
for a6 := a6l to a6u do
if a6 <> 0 then
abtest
end;
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procedure altest;

begin
1lib$init_timer;
oldl := (T > 6);

S1 = -X1 - 1x*al;
X2 = ai*S1;

a2bd (Y2,a2l,a2u);

if old1l then
a2bd(Z22,c21,c2u);

for a2 := a2l to a2u do
a2test;

lib$stat_timer(2,cpu);

writeln(T:3,°::’,a1:1,’::?,cpu:15)

end;

procedure Tvtest;

begin

X1

Y2

z2

all :

alu : ;

for al := all to alu do

if T <= B[al] then
altest

end;

[ | B | B 1}
3
1
WO kK =,O

begin

prfill;
tmfill;
B[0] :=

BO; B[i] := Bi;

for T := Tmn to Tmx do
Tvtest

end.

B[2]

{ *%* gtart here *** }

B2; BI[3] := B3;

{ T = ceiling(T2) }
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APPENDIX III — ROUTINES DEFINED IN tcdeg6.pas

function deg (var £: poly): integer;

Returns the degree of the polynomial f.

procedure prmdr (var £, g: poly; p: integer);
Replaces the polynomial f by its remainder upon division by the polynomial g,

modulo the prime number p (possibly multiplied by a unit modulo p).

procedure pswap (var £, g: poly);

Exchanges the polynomials f and g.

procedure prdif (var g, h: poly; p: integer);
Assigns to h the derivative of the (univariate) polynomial g, reduced modulo the

prime number p.

procedure prgcd (var f, g: poly; p: integer);
Given polynomials f and g and a prime number p, replaces the polynomial f by

ged(f, g) mod p, possibly multiplied by a unit modulo p.

procedure prprd (var w, z, f: poly; p: integer);
Given polynomials w, z and f and a prime number p, replaces the polynomial w
by the remainder of w - z upon division by the polynomial f, reduced modulo the

prime number p.
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procedure prpwr (var h, f: poly; q, p: integer);
Given the (monic) polynomial f, the positive integer g and the prime number p,

assigns to h the remainder of 29 — z upon division by f(z), reduced modulo p.

function sbcyc (p: integer): boolean;

Given the prime p and defining f(t) = t® + a;t° + azt* + a3t® + a4t? + ast + as
from the global variables a,,...,as, sbcyc returns the value TRUE if p divides the
discriminant of f or if the degree sequence of the mod p factors of f corresponds
to one of the cycle types that occur in PGL2(F;s), namely, 1-1-1-1.1-1, 1-1.2:2, 1-1-4,
1.5, 2:2:2, 3-3, 6; otherwise the degree sequence of the mod p factors of f is one of
1-1-1-1-2,1-1-1-3, 1-2-3, 2-4, which do not occur in PGL2(Fs), and s5cyc returns the
value FALSE. (If the Galois group of f is PGLy(Fs) then s5cyc returns the value

TRUE, but not conversely.)

procedure csinit;
For each of the twenty primes p = 2,...,71, the flag I, (denoted £,) is initialized

to FALSE.

function cpsrch: boolean;

The number p is a prime between 2 and 71; the arrays V, and W, are boolean
arrays of size p X p X p; the subscripts r3, r4, 75 are the residues of a3, a4, a5 mod p.
H the flag I, is FALSE then the array V, has not been initialized; the entries
Volks, ks, ks] (denoted cp [ks , kq , ks ,vall) are initialized to FALSE and I, becomes

TRUE. If Vp[ra,r4,75] is FALSE then Wp[rs, r4,75] (denoted cplrs,rq,r5,rej]l)
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has not been computed; its value is determined to be - sScyc(p) and Vp[ra,r4,rs

becomes TRUE. The value returned is Wy[rs,r4,7s].

function csrch: boolean;

Returns the value TRUE if sScyc(p) is FALSE for at least one of the primes
p=2,...,71; returns the value FALSE if s6cyc(p) is TRUE for all these primes.
(If the Galois group of f is PGLa(Fs) then csrch returns the value FALSE, but not

conversely.)

procedure prfill;
The integer array pr[1..80] is initialized to contain the eighty primes p in the

range 101 <p < §71.

function sbtype: boolean;
Tests sbcyc(p) for the primes p in the range 101 < p < 571. If the Galois group of
F(2) = 18 + a1t® + aat* + a3t® + a4t® + ast + ag is PGLy([F;) then s5type returns

the value TRUE (but not conversely).

procedure 1lib$init_timer;

Initializes the system clock.

procedure lib$stat_timer (code: integer; var value: integer);
When code = 2, returns in cpu the elapsed CPU time for the process, expressed in

hundredths of a second.
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function lbound (u, v: integer): integer;

Assuming 2 is a lower bound for a set of integers, returns [E] (which must be a
v v

lower bound for the same set of integers).

function ubound (u, v: integer): integer;
. u . . U .
Assuming — is an upper bound for a set of integers, returns l-—J (which must be
v v

an upper bound for the same set of integers).

function liqrt (v: integer): integer;

Given the non- negative integer v, returns |/v].

function usqrt (w: integer): integer;

Given the non-negative integer w, returns [/w].

function square (n: integer): boolean;

Returns TRUE if the integer n is a perfect square, otherwise returns FALSE.

function gcd (x, y: integer): integer;

Returns the greatest common divisor of the integers =z and y.

function sign (x: integer): integer;

Returns the sign (-1 if £ <0, 0if ¢ = 0, +1 if £ > 0) of the integer z.

function root (x: integer; var h: poly; n: integer): boolean;
Given the polynomial h of degree n and the integer value z, returns TRUE if z is

a root of h, and returns FALSE otherwise.
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procedure a2bd (V2: integer; var b2l, b2u: integer);
Given the value V; for [Tz], returns lower and upper bounds by and by, for ay, as

explained in Chapter Three.

procedure a6bd (V2: integer; var b6l, b6u: integer);
Given the value V; for T3], returns lower and upper bounds bg; and bg, for ag, as

explained in Chapter Three.

procedure a3bd (V3: integer; var b3l, b3u: intéger);
Given the value V; for Y3, returns lower and upper bounds b3; and b3, for a3, as

explained in Chapter Three.

procedure a4bd (V4: integer; var b4l, b4u: integer);
Given the value V; for Yy, returns lower and upper bounds by; and bg, for a4, as

explained in Chapter Three.

procedure a5bd (V5, V6: integer; var b51, bSu: integer);
Given the values V5 and Vg for Y5 and Yg, returns lower and upper bounds bs; and

bsy for as, as explained in Chapter Three.

procedure tmfill;
For the 239 possible combinations of ag and Y3, reads values for aq, Y2, Y3, Vi, Vs,

Ys from the standard input and stores them in the array Ty, (see Chapter Three).

procedure inittm (var W3, W4, W5, W6: integer; V, a: integer);
Given Y, = V and ag = a, assigns to W3, Wy, W5, We the values for Y3, Yy, Vs, Yo

(see Chapter Three).
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function cubesf (var f: poly): boolean;
Returns TRUE if the polynomial f(t) can be written as g(h(t)), with deg g = 3 and
deg h = 2; otherwise returns FALSE. (When this condition is true, h defines a field

element having cubic minimal polynomial over Q.)

function quadsf (var f: poly): boolean;
Returns TRUE if the polynomial f(t) can be written as g(h(t)), with degg = 2 and
deg h = 3; otherwise returns FALSE. (When this condition is true, h defines a field

element having quadratic minimal polynomial over QQ.)

procedure normal (var h: poly; n: integer);

Removes factors of ¢ from h(z), so that h(0) # 0.

function linfac (var f: poly): boolean;
Returns TRUE if f(z) = z® + a12% + asz? + a3z® + a42? + asz + ag has a linear

factor, FALSE otherwise.

procedure rtestl (v: integer);
Gives the value TRUE to 1fac if the integer v is a root of the polynomial f;

leaves 1fac unchanged otherwise.

procedure dtestl;
Assuming ag # 0, gives the value TRUE to 1fac if there is an integer z
(necessarily dividing ag) such that f(z) = 0.
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function quafac (var f: poly): boolean;
Assumes f(z) = 2% + a12% + a22* + a32® + a42? + asz + ag, with ag # 0. Returns

TRUE if f has a quadratic factor, FALSE otherwise.

procedure rtestq (v: integer);

Gives qfac the value TRUE if ho(v) = hy(v) = 0; ho and h, are defined below.

procedure qtest (r: integer);
Assumes 7 | ag # 0. If f(z) has a quadratic factor g(z) = 22 + gz + r for some
integer ¢ then qfac is given the value TRUE, as follows. The remainder of

f(z) upon division by g(z) is ho(g)z + hi(q)r, where

hO(‘I) = _qs + 0144 — (az — 4r)q3 + (a3 — 3ra1)q2
— (3r% + a4 — 27a3)q + as + r%a; — ras,

hi(g) = —¢* + a1¢’ — (a2 — 3r)q® — (2ras — as)g — % ~ as + d + raa.

If ho(0) = h1(0) = O then 22 + r is a factor of f(z), and qfac becomes TRUE.
Otherwise ho(z) and hi(z) are uormalized so that ho(0) # 0 # hy(0). If
ho(v) = hy(v) = 0 for some v | ged(ho(0), h1(0)) then 2% + vz + 7 is a factor of
f(z), and qfac becomes TRUE.

procedure dtestq;
For each integer r l as # 0, gives the value TRUE to qfac if there exists an

integer q such that 22 + gz + r is a factor of f(z).
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function cubfac (var f: poly): boolean;
Assumes f(z) = z® + a1z’ + azz? + aszz® + 4422 + asz + ag, with ag # 0. Returns

TRUE if f has a cubic factor, FALSE otherwise.

procedure rtestc (v: integer);
Assumes r is a fixed integer value, with r | ag # 0. If f(z) has a cubic factor
g(z) =z + pz® + gz + r, with p = v, for some integer g, then cfac is given

the value TRUE, as follows.

Taking koz? + kiz + k; to be the remainder of f(z) upon division by g(z),
define

Ei=k,—ky, Ey=Phy—ko, Es= Lk,
r r r
Note that kg = k) = k2 =0 <= E; = E; = E; =0. Defining
] = wr —as, y1=r —d,

m2=wq—a4-—(p—a1)r+dp, Y2 = gq,

T3 =wp—az +r+d, ys =2p —a,,

with w=(p—a1)p+a; and d = f’rﬂ, gives

Ey =23 —qyy =wr —as — (r — d)g,
E'2=a:2-—qy2=‘wq—a.4—(p—a.1)r+pd—q2,

Es =23 —qys =wp — a3 +r+d——(2p-a1)q-
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If yy #0 take ¢ = ? If g€ Z and E; = E3 = 0 then cfac becomes TRUE.
1

If y3 # 0 take ¢ = §—3 If g€ Z and £, = E; = 0 then cfac becomes TRUE.
3

If y3 =y3 =0 then
Ei=wr—as, E;=wq—a4+2pr—q°, E;=wp-—as+2r

If E; = E3 =0, and if the discriminant of E; (as a quadratic polynomial in ¢)

is a perfect square, then cfac becomes TRUE.

procedure ctest (v: integer);
Assumes v | ag # 0. If f(z) has a cubic factor g(z) = z° + pz? + gz + r, with
r = v, for some integers p and g, then cfac is given the value TRUE, as fcllows.

Taking E;, E2, E3 as above, define
hi(p) = Resultant{Z;, E1,q), hs(p) = Resultant(E\, Eq, q).

As polynomials in p, the degrees of hy and hs are 3 and 4 respectively. If
2% + pa? + gz + 7 is a factor of f(z) then hy(p) = h3(p) = 0. The value p =0
is tested (by rtestc(0)) if h1(0) = h3(0) = 0. Then h; and hs are normalized
by removing all factors of p, and all divisors v of ged(hy(0), h3(0)) are tested

(by rtestc(v)) as possible values for p.

procedure dtestc;
For each integer v | ag # 0, gives the value TRUE to cfac if there exist integers

p and g such that z3 + pz? + gz + v is a factor of f(z).
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procedure irtest;

If the polynomial f(z) = z® + a12° + azz* + a32® + a42? + asz + ag has no linear,
quadratic or cubic factors (i.e., if f is irreducible) and if f(z) cariiot be written as
g(h(z)), with deg(h) = 2 or 3 (in which case the field generated over Q by a root
of f would have a proper subfield), and if the degrees of the mod p factors of f are
consistent with PGLy(Fs) cycle types for primes p in the range 101 < p < 571, then

the coefficients a;,...,as are written to the standard output.

procedure abtest;

Given a,, ay, as, a3, a4, as, S1, S2, S3, S4, S5 and X3, assigns

Ss « —X5 —5as, Xg — a155+a254 +a3S3 +a4S2 +asS1, Se « —X¢ —6as.

Provided the current combination of values for a;, a3, as, a3, a4 and a; satisfies
T —1< Ty < T, and provided the degrees of the mod p factors of the polynomial
f(z) = 2 + a12° + az2* + a3z® + a4z® + a5z + ag are consistent with PGL2(IFs)
cycle types for primes p in the range 2 < p < 71, and provided f satisfies the tests

in irrtest above, the coefficients a;,...,as are written to the standard output.

procedure adtest;

Having a,, a2, as, a4, S1, S2, S3, X4, Y5 and Yg, assigns

Sy ¢ =Xy —4as, X5« a154+ 2253 +a3S2 + as51,

and determines bounds asi, asy for a5 (as explained in chapter three). If the current

values of a;, a3, ag, az and a4 appear in any cases with smaller T-value, then
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additional bounds csi, ¢s. for as are computed (to be used in excluding cases for

which T3 < T - 1). Calls abtest for as; < a5 < as,.

procedure adtest;

Having a,, as, a3, 51, S2, X3 and Y}, assigns
S3 « —X3 —3as, X4 a153+a25; + a3,

and determines bounds a4;, asu for as from Y; and X4 (as explained in chapter
three). If the current values of a;, a3, ag and a3 appear in any cases with smaller
T-value, then additional bounds ¢4, c44 for a4 are computed (to be used in excluding

cases for which T, < T — 1). Calls adtest for ay; < a4 < aqq,.

procedure a6test;
Given ag, assigns to Z3, Z4, Zs, Zg the values of Y3, Yy, Y5, Y corresponding to
[T2] = T — 1 and retrieves the values of Y3, Y4, Y5, Yg corresponding to [T3] = T.

Initializes the flags I, for 2 < p < 71. With a,, a2, X7 and S given, assigns
Sz — —X2 — 2a351, X3 a1 +a25,

and determines bounds a3, a3, for a; (as explained in chapter three). If the current
values of a;, a; and ag appear in any cases with smaller T-value, then additional
bounds cjy, c3,, for a3 are computed (to be used in exciuding cases for which 75 <

T —1). Calls a3test for ay < az < asy.
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procedure a2test;

3
Given Y; = T = [T], determines lower and upper bounds ag; = 1, ag, = [fG-J for
ag (as explained in chapter three). If the current values of a; and a; appears in any

cases with smaller T-value, then additional bounds cg, cgu for ag are computed (to

be used in excluding cases for which T < T —1). Calls a6test for ag < ag < agy.-

procedure altest;

Initializes the system CPU timer. Given a;, X; and Y; = T = [T3], assigns
S1 e~ —X1 - a;, X; a15;

and determires bounds ayi, gz, for a; (as explained in chapter three). If T > 6,
additional bounds cyi, ¢z, for a; are computed (to be used in excluding cases for
which T; < T —1). Calls a2test for a3y < a3 < az,. When a2test has completed,

reads the system CPU clock and reports the elapsed time on the standard output.

procedure Tvtest;
Initial.zes

X1<-—0, Y24—T=I—T2.|, Zzi-—T—l;

calls altest for 0 < a; < 3, provided T < B,,.
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APPENDIX IV — SCREENING THE GENERATED POLYNOMIALS

The ALGEB program s0s5b.agb reads the sequence of polynomials generated as
described above. For each polynomial it compu’es the signature by means of Sturm
sequences [Cohen, Algorithm 4.1.11}; polynomials not having signature (0,3) are
discarded. For those that remain the field discriminant is computed. This is done
using the Zassenhaus “Round Two” algorithm [Cohen, Algorithm 6.1.8]. Polyno-
mials for which the field discriminant is too large are discarded. The polynomials
which survive these tests are written in normalized form, which is to say that the
leading term of j(t) of odd degree has a positive coefficient, and g{t) = t®f(1/¢)

replaces f(t) if |f(0)] =1 and g precedes f lexicographically.

ALGEB Program s0s5b.agb

iochan 1, 2; integer fsig, fdmax; { signature (0,3) }
fsig := 0; fdmax := abs(-1778112);

begin

integer j, fd, m, ct; array £[0:6];

external integer procedure fdisc;
external integer procedure sturm;
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procedure normal; { make leading odd term positive }
integer j, k; array gl0:6];
if abs(£[0]) = 1 then
begin
k := 0;
for j :=0,...,6 do
begin
gljl := £lol=f[6-3];
if abs(glj]) # abs(f[j]) then k := j

end;

if abs(glk]) < abs(f[k]) then f := g

end;
k := 1;
if £[3] # O then k := 3;
if £[5] # O then k := 5;
if £f[k] < O then

£[1] := -£[1] 1 £[3] := -£f[3] ! £[5] := -£[5]
end;
input (1,"AGB$CONTROL") ; { *** gtart here *%** }
readn(1,m);
close(l);

input (1,"AGB$INPUT"); output(2,"AGBSOUTPUT");

for ct :=1,...,m do
begin
fl6] :=1; for j := 5,4,...,0 do readn(1,£[j]); normal;
if sturm(f) = fsig then
begin
fd := fdisc(f);
if abs(fd) <= fdmax then
begin
writen(2,£d,12);
for j :=5,4,...,0 do space(2,1) ! writen(2,£[j],4);
line(2,1)
end
end
end;

close(1); close(2)

end
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The output from the ALGEB program s0s5b.agb consists of 1190 distinct polyno-

mials of signature (0,3), each of which is given together with the discriminant of

the field generated by one of its roots.

Output from s0s5b.agb (ALGEB)

-12167

~1728243
-1778112
-1778112
-1778112
-1778112
-1778112
-1778112
-1778112
-1778112
-1778112
-1778112

0

NN DD NDNNOMNNOOOW

5 3
i -6
3 2
3 4
6 10
1 4
3 o
5 0
6 6
8 18
-1 -12
10 4

25
-2
11

27

13
13

21
11

17
11

A simple PASCAL program reads the output from s0s5b.agb and creates the MAPLE

program mins0s5.mpl. This program computes the Galois group of the splitting

field for each of the polynomials. (The substitution of z—514 for ¢ avoids an infinite

loop in the MAPLE galois routine.)
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MAPLE Program rinsOs5.rpl

rpt := proc (fx, discF)

local st, gg, et, gx:

lprint (?£'=£fx) :

st := time(): gg := galois(subs(x=x-541,fx)): et := time() - st:
1lprint (?dF’=discF,ggl[1],'xT’ =et):

end:

rpt(x"6+5%x"4+3%x"3+12*x"2-4%x+8,-12167):

rpt(x"6+3%x"5+x"4-6%x"3-5%x " 2+18%x+27 ,-1728243) :
rpt(x"6+3%x"4+2%x"3+6%x"2+1,—1778112) :
rpt(x"6+3%x"4+4*x"3+6%x+13,-1778112) :
rpt(x"6+6%x"4+10%x"3+21*x"2+30*x+13 ,-1778112) :
rpt(x"6+2%x"5+x"4+4%x " 3+14%x ~2+16%x+9,-1778112) :
rpt(x"6+2%x"5+3%x"4+21 ,-1778112):
rpt(x"6+2%x"5+5%x"4+7*x"2-2%x+11,-1778112) :
rpt(x"6+2*x"5+6%x"4+6%x"3+9%x ~2-6*x+3 ,-1778112) :
rpt(x"6-+2%x"5+8%x"4+18%x"3+25*x"2+10%x+17 ,~1778112) :
rpt(x"6+2%x"5-x"4-12%x " 3-2%x ~2+10*x+11,-1778112) :
rpt(x"6+2%x"5+10%x"4+4%x"3+1 1*x"2-8%x+3,-1778112) :

The output from this MAPLE program includes the polynomial, the discriminant
of the field generated by adjoining one of its roots to Q, the Galois group of the
splitting field of the polynomnial, and the time (in seconds) required to compute the

Galois group.

The Galois group PGL(Fs) ~ S5 occurs only for the ten fields with discriminant

—1778112. It is shown below that these fields are all isomorphic.
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Output from rins0s5.rpl (MAPLE)

f = x"6 + 5%x"4 + 3%x"3 + 12%x"2 - 4*x + 8

dfF = -12167 S3 xT = .600

f = x76 + 3%x"5 + x"4 - 6%x"3 - B*x"2 + 18%x + 27
dF = -1728243 D6 xT = .400

f = x"6 + 3%x"4 + 2%x"3 + 6%x°2 + 1

dF = -1778112 PGL2(5) xT = 4.817

f=x"6 + 3%x"4 + 4*x"3 + 6xx + 13

dF = -1778112 PGL2(5) xT = 4.700

f = x76 + 6%x~4 + 10*x"3 + 21%x"2 + 30*x + 13

dF = -1778112 PGL2(5) xT = 5.000

f = x"6 + 2%x"5 + x4 + 4%x"3 + 14*%x"2 + 16%x + 9
dF = -1778112 PGL2(5) xT = 5.600

f = x"6 + 2%x”5 + 3*%x"4 + 21

dF = -1778112 PGL2(5) xT = 5.266

f = x"6 + 2%x"5 + 5xx"4 + T*x"2 - 2*%x + 11

dF = -1778112 PGL2(5) xT = 9.400

f = x76 + 2%x"5 + 6*x"4 + 6%x"3 + 9*%x"2 - 6%x + 3
dF = ~-1778112 PGL2(5) xT = 5.200

f = x"6 + 2%x"5 + 8%x"4 + 18%x"3 + 25*%x~2 + 10*x + 17
dF = -1778112 PGL2(5) xT = £4.700

f = x"6 + 2%x"5 - x4 - 12%x~3 - 2%x"2 + 10%x + 11
dF = -1778112 PGL2(5) xT = 4.816

f = x"6 + 2%x~5 + 10%x"4 + 4%x"3 + 11*x"2 - 8%x + 3
dF = -1778112 PGL2(5) xT = 5.350

Total CPU Time: 1063.516 sec

For the ten fields with discriminant —1778112, defined over Q by the polynomials
p1(t),.- - ,p10(t), the MAPLE program isofld.mpl confirms that the field defined
by pi(t) is isomorphic to the field defined by ps(¢), for 1 < k < 10. The MAPLE
routine lattice is used to discover a relation between a root y of pi(t) and a root

z of p5(t); the correctness of the relation is confirmed by a resultant computation.
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MAPLE Program isofld.rpl

readlib(lattice):

Digits := 20: q := 107Digits:

relvec := proc (f, r, g, 8)
local h, j, k, u, v, w, b, c:
v := array(0..6):
for k from 0 to 6 do
vlk] := array(1..9):
if k = 6 then w := s else w := expand(r~k) fi:

for j from 1 to 7 do if j = k+1 then v[k][j] := 1
else v[k]l[j] := 0 fi od:
v(k]1[8] := round(q*coeff(w,I,0)):
v[k]1[9] := round(q*coeff(w,I,1))
od:
u := convert(v,list): b := lattice’n,integer): c := b[1];
h := c[1] + c[2]*x + c[3]*x"2 + c[4]*x"3

+ c[5]*x~4 + c[6]*x"5 + c[7]*y:
if rem(resultant(h,g,y),f,x) = O then print(‘0°‘=h) fi
end:

plo1] := t-6 + 3%t"4 + 2%t"3 + 6%t"2 + 1:
plo2] := t-6 + 3%t74 4+ 4%t°3 + 6%t + 13:
plo3] := t~6 + 6%t74 + 10%t"3 + 21*%t"2 + 30*%t + 13:
pl04] := t"6 + 2%t"5 + t74 + 4*%t"3 + 14%t°2 + 16%t + 9:
pl05] := t~6 + 2%t~5 + 3%t~4 + 21;
p[06] := t~"6 + 2*%t"5 + b5xt"4 + T*t"2 - 2%t + 11:
plO7] := t~6 + 2*t"5 + 6%t"4 + 64t°3 + 9*t"2 - 6%t + 3:
plO8] := t°6 + 2%t~5 + 8xt"4 + 18%t~3 + 25*t"2 + 10%t + 17:
pl09] := t~6 + 2%t~5 + 10%t"4 + 4*t~3 + 11%t"2 - 8%t + 3:
pl[10] := t~6 + 2*t"6 - t74 - 12%t°3 - 2%t"2 + 10%t + 11:

print(‘x is a root of p[6] and y is a root of plk].¢);

nf :=5:

for ng from 1 to 10 do
lprint (‘k‘=ng): :

fsolve(£fx,x,complex):

fx := subs(t=x,plnf]l): rf :=
gy := subs(t=y,plngl): rg := fsolve(gy,y,complex):
kf := 1:

for kg from 1 to 6 do relvec(fx,rf[kf],gy,rglkgl) od
od:
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Output from isofld.rpl (MAPLE)

x is a root of p[5] and y is a root of plkl].

k=1
2 3 4 5
0=103 +82x+111 x +5x +21 x -6x + 277 y
k=2
2 3 4 5
0=10 - 27 x - 121 x +22x + 37 x + 29 x - 277y
k=3
2 3 4 5
0=58 -212x~-37Tx -94x ~-7Tx +2x ~-2TTy
k=24
2 3 4 5
0=55-10x+ 27 x + 121 x + 65 x + 21 x + 277 y
k=5
0=-x+y
k=6
2 3 4 5
0=568+65x-37Tx -94x ~-T7Tx +2x -27T7y
k=7
2 3 4 5
0=45 + 17 x + 148 x +99 x + 28 x -8 x + 277 y
k=28
2 3 4 5
0 =168 + 72 x + 138 x + 126 x + 86 x + 16 x + 277 y
k=29
2 3 4 5
0=103 - 1956 x + 111 x +65x +21 x - 6x + 277 y
k =10

2 3 4 5
0=-113 + 222 x+10x -27x -58x -23x - 277 y

Total CPU Time: 142.783
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