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- : ABSTRACT. e

‘=

3 . This réport presents a hrief review of the more importan£ t:i:%es
‘ o v of fafigue failure prediction due to random loading. the méthod of )

‘ the statistical description ot the randoﬁ‘loading process is first

shown, fhe current theories are classified int§ (a) where the damagé v

is considered to be deterministic (b) where the aamage is a random 3 :

process and (F) where fﬁé materjal ﬁroperty changes are included, -

Some applications to practical design.problems are shown. A ;andom '

fatigue testing procedure is outlined. A further review of the latest _

developmerits in the ?racture Mechanics Flaw propagation approach to

fatjgﬁe reliapility of randomly excited structures is also discussed.(i;’/

t

. Some .applications to design against random fatigue ﬁre ind

icated, .
4 Y
Recommendations for further experimental work are made. J//“///f .

4
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CHAPTER 1

I{TRODUCTION

!
~ ] ) !

' )

The fatigue design of the industrial machines, where the dynamic loads
are u‘sua-lly sinusoidal, is 'simply tu somewhat 'ovér design' sc as to
ensure that the maximum possible cyclic stress times a factor of

safety is well belew the endurance limit of the material. Hewever,

‘'with the introducticn of lighter and complex structures, notably the

aerospace vehigles, dynémic stresses can nc longer be kept below the
endurance limit. In such instances an estimate of the fatigue life

-

is necessary;‘ ’ T ¢

The unfortunate Comet aircraft disasters zn 1954 caused grave._) concern
and arpused interest in ccmbating fatigue\in aircraft structures. It -
was.recognised'that the loads induced on aercspace structures are pre:
dczinantly random rather than pericdic’ in'nature é.g. the. loads due.

to qust, mancuvre, noisé, landing and taxiihg. Random lcads are des-
crioed statistica!ly by considering that the loading spectrum con-
sists of a sequénc‘e' of cycles, the amplitudes of which r,;apresent a
random seleci:jcn from-a population which have been cbserved to occur -

in proportion to their relative frequency of occurrence. The prcblem

of determining the stresses and fatigue life from randcm loajgiing is

* now receiving attention. The reliabiTity OM structure
is based on its fatjqgue life, which puts a at emphasis on the

method of fatigue life estimation in random environment,
i

PR

This report presents a review of some of the more important theories

A
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of cumulative fatigue damage under random loading, which have been

proposed recently, + °*

Fatigue fdilures have been common océurrehce ever since metal struc-.
tures were first designed., Extensive research has been directed .
towards understanding the phenongenon and preventing such failures.

. Pioneering investigations were made by Porkglet [1:‘, W.J. Rankine [2]

"~ and Wohler [3]. The importance of studying fatigue by experimental
methods cannot be over emp'hasised. Wohler was the first to design
special fatigue testing machines. A variety of tBsts-e.g. push-pull,
rotating beam etc. at constant stress amplitude have been conducted.

The typical Stress vrs Numoer of cycles (S-N) curves have been con- .
structed. The concept of the material _ﬂ'endurance limit' discovered

~*

from the S-N curves is now well Known,
A distinguishing_featur'e‘of fatjgue is the cyclic nature of load or -
stress application resultfng in progressive damage leading to failure..

Ho particulgr cycle is solely responsible for the total damaging

effect but rather a 'cumulative’ effect of each cycle. .
% -
Tr;e most commonly used method to pred'i\ct tt;e fatigue life was proposed
by Miner [4] and earlier by Palmgren [5]. Their rule states that . -

failure will occur when tn, /N = 1, where n, is the numper of stress

cycles required to cause faillire at stress S].. This‘ rule is probab]y

. |

4

the simplest so fai‘kpropo‘sed. ' é '
. v * ( . .

.1 In spite of the increasing importance of the problem of prediction of

<~
! LaU
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fatigue life under random loading véry li'tt__le Progress has been made.
The primary diffichulty'is' the insgffici'ent knowledge of the materia‘l" .
behaviour under complicated and fiuctuating stress condition: Fatique
tests are mostly conducted under cychic loading and a vast amount of
data has been accumdlated, Thus the problém of fat1gue life estimate
under random loading is reduced to the problem of correlating the
material behaviour undér random and sirhplg harmonic loading via the

¥

statistical theory of random processes.' . .- : B

3 -

A}

The cumulative damage hypotr.\esis makesg it possin)le to 'relate/the

t.in;ne to failure for a structure to the stress pattém to whicah the

" structure is subjected., If thé stress history is descrinad statistic-
ally, the analysis will reveal the time to failure as a rand(;m vari-
able. 'Ideally it is the objecfive to estimate the probadi lity dis-

« tribution of the tin;e to failure. However, very few me\thods' exist
for obtaining this distribution directly. Ir?diféct methods have
been proposed whereby the resu]tmg damage is stahstvcany described.”
Miles [7] derived an expression for the mean damage and Crandallf8]

. found an expression for the variance of the damage in the Palmgrgn-.

3

Miner hypothesis.

Miners rule fails to predict the life at failure. Héhy reasons n;ay‘
be citgd~for this dis;:repancy. Tests,[38-41] have ‘shown that

n /‘N varies with the sehuence,i;\ which loading is applied, the
~ovérall mean stress and whether.or not negative stresses are included.
It has thus become clear that some lmprovement of the Palmgren-Miner

hypothesis is necessary, ‘ -




A large number of cumulative-fatigue damage theories have been

- =, proposed.: In some theories the damage paraméters \re assumed to be
| deterministic, but the .input or stress history i considered ‘to be
. | random. These are minor var%i ations of the P lmgreh-riiner hypothesi\s
[7]. In some ‘theories [26-28] the damage o{:a.meters are c.onsidéred
R * to be random )gari;bles. The important physj c)al asbect of the chénge

of material properties has also been acccunted for in some theories
"\[23, 24 33-37]. N -
s>, |
Some.in\\_/estigators‘ [38-41] have dgvoted their efforts towards cor-
reléting 'experimentaliy random loading statistics with the fatfgue
h’fe.of a test specimen. 'Altho gh these results are accepﬁtable{foru ) -
the particulaf Eype ;f ]oadingnlsted, they are not general\ enough

to be applied to other types of loading.

Some investigators [22]: have experimentally proposed rhodifi’cationé,;ﬁ
factors K to bé apph'ed to the 'stope of the S-i curye. These factors B
seem to vary sxomewhat f‘rom materlal to material suggestmg that some
umqent\ fied property of the materi®! should oe mcluded in the expres-

. Il . sion for cu ulatwe-damage. ‘ '
* In this reporta r:andorﬁ .load fatigue te‘snting procedure is also pre-

) sented, This .could be éasify set up and used for verifying some of

- !
the theories. Some applications to design problems are also shown.
—~ " \: M S @

. ~Due to the recent interest in un>ifying the Fracture chhadics_ and

Fatigue Damage theory, a brief review is presented (in‘.Appendix A)
. )




5 ek am e

.
. . v
. -
. .
; ‘ ' }
a .
’ - 3 e .
[

of the 'flaw-propagation' approac

\ ~
h to fatigue damage.
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Appendix B

i ) .. .
contains a brief review of the Fracture Mechanics theory.
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' . »
, Desgription of, the -Random Loiding
. " v ' ' ‘ .

2.8 Introductibn . S

- N N .
.
B ‘. .
.

y

~

The problem of determining th? stresses and fatigue life from random
\‘ é_
.o loading is now receiving attenhq/ﬁ\ tlTe de51gn of struct%res for -

-

~ £

. . which reliability is important, and where failure would lead to great -

, R | 10rs of human lives and financial investment, '&ecent'advances in pro-
v'batnhstu: analysisg[9-10] and in the basic physical concepts [H 17]
: have rendered poss1b]e an’ approxmate analyms of som e more

. ' lmportant featutes of the problem e.g. detérmination of the mean %nd

variance of the damage. . . ~

ractenstms of the Sys te are detenmmstm and the exC\ ation \s a

randoql process. (he objective is to compute the probability law which

[ "

governs the behaviour of the random response of the sygtem. or the

) ° -

statistical properties describing the response. From an engineering
standpoint the objective is to detérmine the reliapility of the struc-

L . ture’ to withstand random excitations and to predict its service life.

._;,. o 2.2 Comparison Between Deterministic and Random Loading
- . ) ’

-

3 - . e

In order to distinguish’ fatigue ‘under .simple cycli¢ loading from that
“due to cumu\ative-damage caused by random loading, it is i rst nece

BN sarf to understand the difference between the two types of loading.




-

\n

. e
A comparison between deterministic .and randoh loading may be made by

consfdering figs (2.1) & (2.2). The loading record in fig (2.1A) can
be charagterised as a sum of sinusoids of different frequencies, fig o

(2.1C). This type of loading gan be essily described mathematically

as a sum of sine and cosine functions.
‘ ,‘

\ . ' ¢
The. mot1on shown 1n fig (2 2A) is more complex. As there 1s‘no obvious

ttern in the loadxng record it is usually cal\ed a ‘random' loading.

Flg (2.28) shows the components of the random sxgnal after being passed

hrough a sét of narrow- band filters. The squared filter outputs are
b'-- by the filter bandwith so that the components are in terms of

the loading magnitude squared per cps. The‘average value of the squared
magni tudes peFRCps or the mean-square-value (o? /cps) is then p[ottéd

to form ;he“spéctraltdensity curve or power spg;trum as shown in fig

- {(2.2C), where only(three frequency components are shown whereas the.

“power -spectrum could have an 1nfin1tJ;E:nge of freQueﬁeies.

= 1

It is seen that the deterministic loading can ve cﬁaracterised by its
amplitude and frequency: On the other hand the random lpading is

characterised by an average amplitude the root-mean-square value,

«and by a decomposition in frequency indicated by the Spectral density.

Other statistical parameters e.g. auto and cross correlation functions,

<
may be obtained to further describe the random loading.

2.3 Description.of the Random Process

s
_ N . o -
LN

Random loading can be descriped by a family of random vafiables,
I . S

P

~
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P

called a random process. The probab111ty distr1but10n functions are

K

used to describe the randcm process.

A random process is stationary if 1ts probabilistic structure s un-

changed uptn a shift of the parametric origin. Thus X(t) and X(t-a)
are governed oy the same probability distributicn functions, where

X(t) is the random loading amplitude at fime t and a is the time shift.

.
\
A random process is weakly stationary if i'ts mean values and covari-

ances are unaffected by a translation of the time .origin [18].

1

~

\

In ergodic random processes the ensenble average is always equal to

the corresponding average ootained from a §ingle realization and

.

taken over the range of parametric values.

!
. 3
K

Under the suppusition of regularity in the loading sequence, many

engineering problems can be solved by considerinzfjgf/%oading to be
t

one of the above category of random processes. he statistical

descr1pt1on of. these random processes is-available, a desc¢ription of

the response of the system under the loading can be cbtained.
. - ¥

2.3.1 Weakly Stationary Excitations

A large numper of practical (physical) situations exist where an

engineering structure is subjected to a random loading which may be -
assumed to be weakly stationary. A few examples [(11-18] of such

situations are described below.




Jet Noise, Buffeting

It has been experienced that a major damage to the aircraft panels
1 . T —
occurs during takeoff, when the jet engines are operated’at maximum

¢

power. Strictly the generated acoustic pressure can not be stationarj’“

since the engine power must be gradually built up to the maxim&h level,
as the airplane gains speed, and the level gradually reduced to that
required for cruising fligh}. However, during the maximua engine
power run, which lasts from one to two minutes, the generated acoustic
pressure measured at a given point on the fuselage or wing strucgyre
exhibits a weakly stationary pattern. Therefore for the purposes of
f;tigue damage estimate, it is just{fianle to disregara th2 non-
stationary portion of the excitation, which constitutes only a neg-

ligible amount of tne total damage.

Autoropile On a Highway -

The nighway may be assumed to possess a roughness which impa%@s a
©
weakly stationary excitation to the automobile. The automobile may

have to slow down or speed up temporarily when following or passing

nother automobile. -But, if only a small percentage of time is spent
travelling at'varying speeds, then it is permissible to negelect the
non-stationary portion of the excitation {n assessing the fatique

damage of a structural part of the automobile.

Random Pressure Fluctuation, Atmosphericlrurbulence. and Gust Loading

Similar assumptioﬁ; as above, apply for these cases to‘approximate
the excﬁtations as weakly:stationary random processes. Especidally
for these cases considerablé flight data have been assemvled in power
spectra form [44, 45]. In measuring the datélthe atmosphere was diw

t

vorced fr&n‘the aeroplane by properly instrumenting the aircraft and



-10-

> .
correcting for the alrcraft motion relative to the ground. The °

t

. C % ‘stat;stwcal chardcteristics of the gust velocities are provided by
the power spectral density functions.. These may be used in determin-

ing the stress sprectra through dynamic analysis.

2.3.2 Non-Stationary Excitations

In many instances, the exeitation‘on a structure is non etationary, =
but there seem to be reletive1y few analyses or,experimental studiegf
dealing with“such problems, These processes consist of a bgiét of
ranagom excitation which has.a significant strength for only a short’

‘period of time. In such cases the.fatigue damage may be small and
it is often more reasonable to coneider alternative failure mecha-
nisms. It may be assumed []9] t&at fai]ure oceurs when the response
exceeds a specified crtttcal m1p11tu0e level and«to examine the sta-

- t\st1cs of such an occurrence The proolen of calculating the pro-

bability distribution‘of the maximum displacement'of a system which'

is subJected to non stationary random )oadfng is more complex than

for the stationary case. The, 1nfonmatlop often required in the _

anelysis is the expectation and covariance functions of the excitas

tion proeess. These must be estimated by averag%ng over 3 large . f
number of sample records. This proéedqre“Wes.used {20] in the land-

A

ing analysis of a B-24D aeroplane. Earthquakes motion analysis [21]

has been‘condﬁtted by considering the non statignary excitation as
' ’ I

a non-stationary ‘shot-noise’. )/j

a~
i

1 P
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CHAPTER 3

A Review of Theories of Fatigue Damage

Y

3.1 lntroduciion

!

© - ‘ i

Numerous theories have'been put forward which account for the'fatigue f
of structures due to random loading. These theories may be classified

-into:

\ ) ~

1) Theories in which the damage is assumed to be deterministic
and tﬁe Ioading is stationary nar;owLbandAGaussian [57].
These are merely varfétiqns of §he Palingren-Niner Theory.

2) Theories in which the ddéage is considered as a random

variable,

!

L

3) Theories in which the changing material properties during
random loading are taken into consideration.

j

3.2 .Theories in which Damage is considered to be Deterministic
- -

~

The classical Palmgren-Miner hypothesis [4, 5] is based on the follow-
\\\Qg‘asswnptipns: /
1) A simple concept of damage exists. Damage can be expressed
' in terms of the number of load or stress cycles (ni;
applied divided by the numoer of cycles ("i) to produce

failure at a éiven stress level (s‘),,i:e. "i/Ni-

2) When the summation of these increments of damage at

\ o
several .stress levels becomes unity, failure occurs.

Sae



. /, ° 2(&
3} The loading cycle is essentially sinusicdal.

4) The total amount of work that_can be absorbed proguces
failure. No work Hérdening occurs.,
-»S)Q The inception of a crack, when observed, is considered
).;o qpnstftuie failure? ~
| ! «
I[f W represents the net work absorbed at fai]ure‘II] the cycles re-
guired for failure and v, the work done at'n] ;yclgs

-'"

Then:
w n, ‘
1 .M g - .
R - ] (3.1)

and similaﬂy for Wyy Ny, NZ etc. and

Wit W, bWt L e e e e e ot "6 = ¥ {at failure)
| " o T 3.2)
Hence: T
R N L A BN (3.3)
and substituting values of equation- (3.1) into (3.3) o
n‘/N]h+ nZ/N2 Fagfig Lt nn/Nn = ] o ‘(3.4) )
{ - [
or:
k .
r n N, =1 : , (3.5)

i=1 . . / [
The most frequently used form of Miners rule is in predicting the
. . > @
number of stress or load cycles that can be repeated until failure as:
N = -E———n]—'- )
z N . ¥ . (3.6)
i=1 1 T / . .

The damage is then defined as: /
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k M - |

D=i)=:]—n——i—' I . : (3.6a)
Miles [7]‘studied the effect of the fluctuating loads induced by a
jet on Jircraft structural components. He evaluated the expected or
me?n value of the damage, by assuming the stress histbry to be the !

_response of a single degree of freedon system chitéd by a Gaussian

white noise. The SN diagram of the material, fig (3.1), was expressed
mathematically as: . . :

as) = (s, 7 5)° b | @)

Hhere:-

] = stress for failure in one complete tycle’

stress at aﬁy cycle

S

a glope of the log § - log ¥ curve (fig 3.1)

it{s) = nurper of cgmplete'sfre;s reversélé at stress’s required

to produce a fatigue failure.
C

%ig (311) shows the logarithmic piot of the eqn (3.7). According to
H{les although there exists a minimum stress, called the endurance
limit, belowuwhicn fatigue failure néver occurs it is reasonable to
ignora the existence of the endurance limit.' The endurance limit
depends on certain beneficig] changes in the material-produced by

-~

/Elternating stress at a low level. Intermediate excursions to higher
~_ stress levels may counteract these changes; moreover it appears only
a few maferials. notably steel, posses well defined endurance limits.

\.
.

Substituting eqn (3.7) into eqn (3.6a) the damage D is given by:

Y
S .




y <

-
a
v
[aS]

o

D=
izl ) r

11 20 e I

o

where a = 10 to 25 . “ |
In calculating the prbbab]e fatigue life of a li;_;ht]y damped structure ‘
under random loading, Miles derived an expression for the equi valgpt '
stress s‘r. which would produce individua]ly’,th)e sameffat;igue‘damai]e 7

as the original stress sprectrum, due to random loading, as follows.

s/

( 7

=2+ ,
5. (55:———) L | (3.9)

.
A

a constan?_usu‘glly petween 1 (Miles) and 2'(Shanley [23]) !

Fal
]

= mean square valu}é of stress.
by

U8

e = Yogarithmic exponent, » , .-
Miles: shoved ‘that the deterriination of the equivalent stress under

~random load§ng’ depends essentially ‘on the root mean square stress - .

t

Q

produced by the same loading.. ;

. [ J .
Miles approximated his system-as-a single degree of freedom system

and obtained the ratio of the equivalent‘ to static stress as:

Sp ke . Y% f(”o‘)]

(3.9)

& = damping coefficient. -
w = frequency of oscillation, . .
f(moi = power spectral density of the loading.

F, = root mean square of the loading.

a A °
"i(si/s) A _ (3.8‘) .

F\




' Eqn (3.9) is useful in solvmg a number of pronlems which may be

The vague concept . of damage is in need of reinterpretation in the

s, = static stress, r.-

a

,,,_4

approximated by a smgle degree of fréedom systém. An example -is

shtwn in Chapter 5. ‘ . B o _ L

7

/ . ’ "

3.2.1 Limitations of the Deterministic (5amage Theories ' j

Miners rule suffers from the drawback that it uses "un‘-measureaﬁle

concepts of internal work'and damage. Brinbaum and Saunders (28]
found that the damage is related to the arra;rgement of the loading

cycles. Smce Miners rule does not consider this it may scmetimes

substantially overeshmate the true numper of cycles to failure.

N\ ' ‘ -

-

1ight of the modern fracture mechanics. iqstead of assuming that

" constant repetition of the same load in each oscillation contributes

+

exactly the same amount of damage, it appears more reasonable to

consider that the damage might vary from one oscM1ation to the

othe‘*. ‘ﬁienc; it should.be assumed that the total damage at failure:
is a random variabie which can assume different values for different ) ‘
specimens of the same material. Miners 'as;umptidn that the damage
produced in the jth oscillation ;s linearly additive to the damagé

)th

sustained in the (j-1)"" oscillation does not seem justified,

3_.3 Theories in[which the Damage is Considered as a Random Variable



Y

N\

.. R,
‘where M is the number of subintervals in totag time T.‘

Crandé]l Ma.rk and Khabb;z =[8] extended ‘Miles theor;"by ;:b:aining both
the mean and the variance of the damage. Although they did not starf

by assummg the damage to be a random varianle then' end result showedb
the dafnage as a random variable. They used two methpds one whi ch took -~

into account the randomness in the amphtudes and the periods, and

/
" the other ﬁeglettingf{the randomness in the periods.

Crandall considered theé total damace D as the sum of jncrementajy dam-

13

ages d accrued during incremental time intervals i.e. N
M-1 * \ . .
D=c: d, . (3.10) .
i=0 | ' Lo

. The mean and variance .of.D are:

M-1 " -
E[0)=5 E'[d]~ [dol e (3.1)

120
where ‘do is damage in any sub-interval.

Since the stréss' history i; assumed stationary, the daniage process is
also stationary. Hence: ‘

5 ‘ -1 - - 4 ‘
© var (0] = # (€[4,2] - (EL4.D)+ 2.0 L(?‘k) (E[d 4,1

- {ELd 12} - (3.12)

whera k = j-i denotes arbitrary sub-interval difference.

var ’-?Svari ance ' '

In the Palmgren-Miner hypothesis the damage d is gﬂlven as_ 1M,.

However, Crandall et al consider the damage di as the damage per half
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cycle namely d = 1/2Ni The express:on for the e&bected frequency

W, for a Narrow Bard Stat1onary ﬁauss1an process was der1ved by Rice

s PR
P

W 2 = - - ' 5 . . {3:]3)

where S(w)‘is the spectral deq§i§y of the process, aqglwo is the

¥

expected frequency? ’ : - .

L2

s as:

v\:ﬂ ~

o £ R

s = —%J- o ' o (3.14)
[o]
-

ﬁhereus is the slope of the stress amplitude function at the crossing
) H = ‘ ' .

point with the zero axis,

Hence, N may be obtained from s through the re1atlonsh1p of the S-V

curve, eqn (3. 7) Now d1v1din the total interval (0, T) into smal]

intérvals for ‘which there is -ant axis crossing will th@re be damage.
Thus Crandé?l obtained the expected damage for an interval of length

At to be given by:. - . L ' y
) ] -sAt - ' T b

Eed=fgr 8 S Psd)es 4
. [+

0 - T o

j‘m-dé j P(s,s) ds , : . (3.15)

o -sat o " -
1f S(t) is a Gausstan process, it follows that: o ‘

. .52 o

P 04) = =—— o/ 2 ' | (3.152)

. \

\

e

Using the above relationship Crandall obtained.thengtress,ampli;ude -

A\




N

2

~

[

Ay
o

" Mat = T, the mean or expected damage for an interval was obtained, as:

3 - \
.Upon ‘making further assumptions 'that the exponent is an odd posﬁi?e Y oa

Where thefr - parameters depend on the autocorrelation of the stress
process and are.evaluated separat]y. Eqn (3.17) is identical to

. Miles result. An example o/;he applicahon of Crandalls theory is T

- s

« s { .
where °s'.2 is the mean sqque value of s .

Substituting eqn (3¢13) into the S-N relation.yields: /

SO I IR TV :
A trise ) (3.16)
R o 1 - »
Using these results:
o - \ﬁ:s : » ‘ ‘ .
= -5 L2 )@ a )
Eld]=at. 2 ( » ) r{w s . (3.17)
i : ‘ ' ..
where T defines Gamma function.
Substituting eqn (3.16 into (3.11) and,ietting M become large so that -

{25

: w S _
E DT ] =52 T (>0 r (1 +3) (3.18)

integer and letting t + 0 -apd kat = T, Crandall obtained the variance

L3 b
of the total damage as: SO ¢ : C
. . ‘NOT 2(“2" e . * <
var [0(T)] = z— (-ST'rj) T (1 +a)
. v " ? T
2c?
O i S (““*I’)z [ uo(r o)
S’ } [ -
N ati/2 2. o
et g bt e
. g w, os‘ Azzz C 22
A _ - (3.19)

\ 4

£ 3

presented in Chapter 5. i

! - Qv
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Gumbal [27] observes tﬁht the number of stress applications required
/' tg produce fatigue faflure is a random yariable. That is; for a gpl#
<\1ection of apparently identical specihens even under closely controlled
L *  experiments the spréad in thé number of load cyclés to produce fail-

»

ure is too great to be attributed to experimental error. It is thus w

concluded that there is a physical phenomenon being observed. As a
result a number of mathematical models have been proposed inorder to
predict a theoretical distribution function for the number of cycles
to fai]ure_ﬂ(s) at a given;stréss level s. These models determine

e

. the failure distribution:

?s(n) = Proo (i(s)gm } ' 1 (3.19)
or, equivalently, the survival function. . - o
® - L (n) =1-P (n) Proo (N(s) >n} ~ (3.20).

The models proposed may be summarized as follows. (Murphy [28]

kozfn [26]) ~ L j :

A, > The Log-Normal Distriqé;ion , . .

Thé.sequence 0%65} e e e e e e e ,‘bn(é) is assumed to be g ;equence'
of random variébles that represent the mnodﬁt of damage accumulated
at each success;ve load application at stress level s. The Qasig
astmption is that the damage at th%)nth load application is related
‘ to its predecessor as:
A 0,(5) = Dy q(s) = €0 y(s) L@een

where ¢ is the random effect due ‘to the n load anplication and

(e} is a sequence of 1ndependent raﬁHom variables It follows from
|

egn (3.21) that - B _

0,(s) = (te) 0 y(s) = (Wep) o v i (W) Dy - (3,22)

N

4 ) \
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It is noted from eqo (3.22) that the -logarithm of Dn(s) is'the sum of

a large number of independent terms containing €. If the‘independent
random vaiables satisfy the ceamtral limit theorem, it implie; that

the log Dn(s) is approximately normal for n 1af§e. Hence, Dn(s) is
obproximately log-nomal when n is large. From further reasoning it
also follows that the number of cycles to failuro N(s) is log-normal.

"

fhe probability density and mean values are thus known. - »

| é//’
B. Extreme Value Distribution - First Asymptotic Form

The material is assumed to be made up of fibres or very thin rods.

The assumption is made that the'damage to this material is equivalent
to the snapping of fibres in this bundle. The properties of thé,
fibres are assumed to be independent of one another, and each distinct
fibre can withstond a number Nis) of load appiicaiions at stress

level s applied bo tho entire bundle. The number N(s) is a random
lvariable aistributed‘accofding to the distribubion Es(n) i.e.,

Prob {N(s) ¢ n } = Fs(n) . ' (3.23)

Failure is considered to eccur when all the fibres have failed. -
*The probability that the materfﬁl survives n cycles at stress level

’

s with M fibres in the pundle is'given as:

\
\

-1 - (3.24)

kN

The associated density function-is: :

M ) v :
f(n)e QL)) oy (n)gM-1 Es(n) (3.25)

Eqn (3.25) is merely the probability density for an‘ extreme value

distribution of a colleciton of.M independent samples., For M + =

[27] gives the probability distribution and density functions of

T

)
[ u

-~
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C. ‘Extreme Value Distribution - Wiebull Distribution .

-

Murphy [28] desgribes the physical assumptions leading to the above
distribution o be the‘sare as forncase (8), extreme value distri-

bution, except that the system fatls if any one fipbre fails. The

,probabll1ty that\ﬂone of the flbres has fa1led in n applications of

t

the load at stress level s is given by. - o

M 3.26

(1 - F_(ni] . (3.26)
The probability density function for survival is given by:

H-1

£i(n) = HO-F T dF ) g0 L (32D

Again as M » =, 1 - [ - Fs(n)]M aporoaches the Weibull distribution

(311, , L

-y ’

According to Koz1n the preceeding three fatlure dlstrxbutxons (A),
(B) & (C) constitute the,most cormonly used distributions in the study

of failure under random load applications at a given stress level,

Anqther random fatigue damage model js presented 6y Parzen [29]. He
assumes that the damage D(s). associated with the stress }evel s is a

LY

random variable, and considfff/;;;;>khe damage at each successivé
application is independent of any other application. Furthermdre

the successive damages at each application are identically distributed.

The total damage,acﬁumulated after N stress applications is given 6y
e, .
the sum

3

DI(S) + Dz(f) * ... - + q‘(si ~ 3 (3.28)

a




9

Parzén assumes tﬁat the material specimen can accumulate'a total
amount of damage D, At stress s the totai number of cyclés to failure
of a specimen of strength D are } VD(S) Thﬁs failure is denoted by

the s1mple first passage situation when total damage exceeds D.

Parzen recognizes that his cumulative damage model is a stationary
renewal counting process due to Smith.[30]. Thus us,ing the gasic
limit theorems of renewal theory Parzgp determined the expected,value -

‘and the variance of the damage as:

¢ E{‘u} ETN—(_S_)T« “ (3.29)
y ( )- variM (S)} )
var D (3.30)
[E((s)}]3 , "
where: 9%5—- = the port:on of damage on 2 g1ven cycle. ' )
y = EGi(s)E, .

3.3.1 Discuision of the Random Damage Theories (» ) ,

A number of mathematical difficulties exist in the derivqtioq)aé7'
‘randon amag;'theories. Some are associated wjthﬂthe{definitidn of
the zgro axis.crossing and the statistical properties of the stress
history. Approximations have been used in maﬁy instances to siﬁﬁ\ify
the problem, Crandall used the narrow band assumptiop to obtain an
‘average frequency' from which <the maximum amplitude was ooiained

from the slope at the zero axis crossing.

¢ -

Parzen[Bl]gave-p useful concept of a hazard function, u{x). This
is the conditional failure density function given as:

u(x) dx [l-f(;)]‘- f(x) dx : (3.31)




.(B) & (C) .presented in section 3:3. Obviously since the fatigue - -

- ’
-y * . 3 N
N © ,
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‘where F(x) is-the failure distribution, which from further reasoning

is given as4 ’ . ' L ‘ x
) . N
F(x) =1 - exp [ - 5' w (x) dx] ] . (3.32)
. € - : ‘

Kozih ‘uses the hazard function to stud} the failure probabilities (A),
) ® .

4 process is defined as a process of progressive damage terminated by

actual -failure, it follows that the hazard function will be n in-
creasing function of the numper of cycles sustained without ailure";
by the material Suth a property’is possessed by ﬁﬁé ktrgm} value
distrIDution. (B) & (C). However the log:nonmé i(stribution posnesses .y

1

a h@zard functipn which has a V2732 slow asymptotic approach to, zero i

“after a reasonable sharp rise to a maximum value. Because of this .

characteristic the log-nofmal distribution is not generally prefered. -

Freudenthal [32] prefers the Weibul distribution due to its hgiard

functions agreement with material behaviour, Also it shows that there g

will be no failure below a threshold of load level, which is in agree-

ment with practice. . ST e
. \ ! ~ ¢ ’

-|.

Kozin however does not seem to fayour any of the distributions A, B

" or C. He feels that im many of the drguments presented the physical

picture seems secondary to arithmetic simplicity. Kozin prefers

Parzens [29] modez for cumuiati;e damage, where in order to determine ~
the mean values one must know the ;tatistics of the environment. >
Such data is «vailable 1n many cases such as turbulance. gust loads Yy

1

énd various vibration load environment oncountered from acoustic noise

sources etc. Furthermore Parzens apprpach enables one to obtain the

)



(

"mean and variance of the damage without first requiring assumptions

concerning the nature of the distribution of the numpber of cycles to
&

failure. However several assumptions have been made in his mgdel m

one of which is the postulation that the daniagi distribution for dif-

;ferer{t load levels,is identical. This may not be ngcessarily sO. ~ -

2
/

3.4 Thedgjes in which the Changing Material Properties are Considered

®
\ Kozin [26] states that in the formulation of a fatigue damage theory
any argument that omits the history of the stress function an,ci neg- -
lects the fact that each tinedd material is cyclically stressed its
éropertie; change, (implying a non-‘stationarity of the fibre strength -
distribution); thg fundamental physical phenomenon®of fatigue'failure

is ignored. This is the case with the 'static’ theories presented

so far. . .
. Freudenthal and Heller [33] were the fjprst to make ?thtempt to | -
. incorporate the material properties by modifying the Palmgren-Miner A
! rule; According to this rule failure occurs when,
. . ’ - L n ' ' (RN . )
. : % Pi N . ]ﬂ!si = ] , ) x’ ' > . (3.33)
Freudenthal and Heller replace eqn (3.33) by: - - -
n : :

e

where w; are 'stress interaction® factors that depend upon all other

amplitudes and nuqﬁer of cycles present at each amplitude, as well

" . as their order of occurrencé.' These factdrs are determh_\ed experi-

o A

- - . ~

&
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mentally for a variety of fnput stress functions. These factors are

however not general enough since they cinnot be derived analytically.

Gatts [34, 35] attempts to base fatigue failure on the known stress -
strain relationship accounting for the changing material properties.

He uses the concept of strengtﬁ and the ss' strain hysteresis loop,
to.develop his theory. Gatts considers that the two material strengths,
viz the endurance limit and the failure stress should befmeasures of
' thé damage due to a given sérfss. Obviously no damage occurs until °

the stress amplitudé exceeds the endurance limit and failure stress.

He expreéses these postulates mathematically: |

_dsg(n) / dn = - KD (S(n), S, (n)) L (3.38)
;here: p 1
n = the number of cycles. )
S(n) = the applied stregs. . - S

the endurance limit.

c(n) = the failure stress. |
{ «aconst>0

Also:\- o : |

D(s(n), Sg(m)) = 0 for’s ¢ S, (3:352)’ .

» |

The boundary conditions for eqn (3.35) ares T o o
when .

n - 0' Se = (se)o - , . | - -

ne= N, sf . S(ﬂ) ‘ :

Gatts aeﬁroacﬁ is in'fact too geneeal, and a number of other assumptions .

" are required to obtain specific res ! s. The important variable is

|

o
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e unknown Punction D. Gatts considers the shaded portiongdf the
stlraight line stress strain hysteresis loop, i‘ig 3.2. This gives the \
rreversible work input into the material and is proportional to ¥ '

(s - Se)z. Hence eqn (3,35) becomes

' 2 '
de(n) _ -k (S(l?) - Se(n)) » S»> :e (3.363
s Ss :

e ' I

dn ' 0

Since two more unknown funcitons Se’ Sf remain to be defined Gatts
@ proposed a doubtful hypothesis, that is that Selsf is a constant.
With further assumptions to overcome mathematical difficulties the

final result is obtained as: >

: A

. ‘ E{ Se(ml)} = £ { Se(n)} - KE (é
. e

7/

U [5-s.(m) 1 dP(s)} (3.37)
(n); e .

‘Kozin fe.els' tha;: Gatts attempt. to base a cumulative damage theory upon
the changing material properties is truly a step in the right directien,
‘hWEver he doe; not seem to agree with the assumption of constanf
Se/Sg- , g u
Henry [36] p}esented a theory that considers; changes in the endurance
" limit and other material properties as fatigue damage increases.r
Valluri [37] proposed. @ hypothesis of fatigue damage based upon
certain features of thehdislocatién tﬁeory canbi;ved with elastoplastic
. 'analysis of the stress distribution near a crack. These theories
ﬂand a wumber presented by otl;ers have only minor va.riations from the !
: c;riginal theme. They mostly propose correction factors, fo be applied -

e

to the'Palmgren-Miner cyclic ratios, which are detérmined eiperiur‘ta"lly.

-
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FIG 3.2 .STRESS STRAL{ HYSTERESIS LOOP [35]
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- The probability of a load amplitude higher than's is:

CHAPTER 4

- l
- A Random Load Fatigue Testing Procedure L.

~

-31- - - |
1
<
\
|

4.1 Introduction

- - I

Experimental work plays an important role in the study of fatigue

damage. Although there are a numer of theories of failure the litei:- .

ature on the te°§ting under random environment is scanty.} A random
load fatigue testing procedure is presented, which could be used to

study the theories of random fatigue damage. ) \

4.2 Detéimination of the Service Loading S * L
\ | o |

Of the various epgineering structures, tne aircraft structures have
{

been subjected jto Systf"ematic observations to determine an estimate of
the f t loads and their relative frequency of occurence [43-46].

An analysis of these data has lead to the conclusion that the relat.we
frequency distrioution p(s) of flight loads, as a first approximation,

can be presented by an exponential distribution:

P(s).‘- ¢ e~t(s-sg) . o (4.1)
where: R
.S = load -

S lower Hmit of the loads.

¢ = measure of the decrgase in the frequency of loads mth
% the increase’ in their amplitudT e

BT AT v , .
LA T LT O N S S S S ol T
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P(s) = j. P(s) ds = f c e'c(s'so)'ds = e-c(s-su) ) (4.2)
™ s s . 1

<

, .

The probability of a load amplitude between the limits Sy and sy, is:
P(Sicy, k) =P (S =P(s) =%, -

Eqn (4.2) shows that if (sn - so)' is large, where Sn is the maximum
load, the probability P(sn) becomes extremely small. Since p(s)
theoretically extends from sg to =, there is no loss of accuracy if
the range is limited to So 10 S,. If (s - s ) is divided into N
equal intervals, t‘he prob;bi]ity of occurrence of load ampli tudes

within the KEh interval is given by, Pg» €an (4.3). Thus the varying

_ load amplitudes with in the interval petween Sk-1 and Sy may pe re- .

placed by the mfaan amplitudes of this interval SK-1, K- Hence the
continuous distribution function p(s) may be represented approximately
th probabitity, .
eqn 4.3) of the n load ampl]'tud%s SK-], K . This process is shown in
fig 4.1A and 4.18. |

[t is easy to devise a load program which re'presents the assumed sta-
tistical distribution of th:e flight loads as given by eqn (4.1‘). If
the loads are drawn at random and the sequence recorded, this wou‘ld
represent a random time seriés of n load amplitdde§ . A fatigue speci-

men subjected to a time sertes of load mplitu&s may be assumed to

sustain a load program as representative of actual service conditions.

N

‘Each population from which the time series is constructed is charac- .

o
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o

‘terized by the parameters S, and ¢. If:the probability of the highest

load P ist specified, the value of ¢ can beheasily determined. The -
value of s; would be tfhbsen from experience. In fthi‘s manner a number,
say three, of random time series of load amplitudes may be constructed.
These would differ in the specified frequency of-pccurrence of the

!

most severe load.

4.3 Random Fatique Testing Machine

‘ i o<

I

A gimple fatigue testmg machine has been descri oea by Freudenthal [38
39].0 This machine, fig (4 2), imposes a random time series of load
amplitudes on a mgn speed r atj/uga@eam fatxgue specnren. [t operates
on the principle of'the conventional rotating heagw fatigue testing
machiné with the added feature that thgdforce a_ctimj on the rotating
cantilever specimen can be arbitrarily varied to conform to a speci-
fied load program. '

4.3.1 Loading Sequencés and Relays

Jhe load sequ;znce is recorded by punching a paper tape of such length

that the ,perjodicit;ff of the ldad/ sequence can be neglected.

a v

[}

_ ‘The reading de)yice for the punched fape has been des1gned forn = 6

force Ievels k- 1, K according to six lines on the tape a\ong which
holes are puached representing the random impulses on any of the six .
force levels,” As the punched holes pass the reading head of the iread-

'ing vdevhice. a system,of relays Em activated.” These are either open .
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' " er closed byﬂgigna"ls tran.smigted to them from the tape. The ']oad

intensities are _cont_roﬂ.eqi by six_potentiometers. Thus a s'equence '
- . of current pulses of variable magnitude are ,de‘fg'.vered to ;h;'moving
coil of the loading machine. A schematic of the‘ };elays is shown in

4

fig (4.3). . ¢ ‘ S .

. ) ®
e A control circui tb wfc;r ;:1 sheck loading machine was developed by
Srinivasan and Rau L43] A s1m1lar circuit could be designed for
“this machine. The reaﬁmg dev1ce thus transmts the loadmglsequence
.gn :.he form of currgnt pulses to the fatigue machine. The changes in "
the cu?rent ate transformed by the strong electromagnet, in the load-?
ing ‘macn‘ineK, into a se@enc‘:’e of ver;tgal force impulses. Thus the °

bending mo'mént applied on the specimen follows the force program

) . punched on the tape. The intensity of each of the force pu/lges from
: ( . ‘“ﬁ’tne electromggne{ are varied by aqjusting‘ the ?urr?nt through-the
‘ potentiometers.! A mechanical counter driven from the main -shaft by
- a worm gear indicates the number of revolutions,of g:e specnmen.,# »
) “ The traveling speed of the tape and the speed of rotation of the
, N gaecmen can be adjusted to give a wide range of the number of constant
Ty . load cycles applied during the passage of one punched. hole.
£ ’ v " ‘ ’ W ‘ . . ".\
4.4 Tandon Fatigue Testinggand Results . “ L
te ’ ‘ ; . : a
' In randon fatigue tests the scatter of the test results must t:u
. & ) considered to be of primary significance. Hence ’each‘testlconqitions

;ﬁecified by a random time series of loadings, derived from the p"ro-'

S babitlity function of load amplitudes, must be repeated frequently
: . S T A - R v o " ’ .
%MA__.__‘;_J_._&_“_;_*___ o ) S : .;\’(’ . By e xﬂ s ke s q~ ti&.ﬁ’}’:‘?r'xl., TS U L.é‘g's%k?:e- RN

-
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~ determined by reading off from the S-N diagram the stress levels

-35.

eﬁough to permit a valid statistical interpretation of the results,

Freudenthal recommends that at least 25 repetitlons of each test_;bn-

. ditionsmay be necessaty to determine the type of distribution function,

—~

éxtreme value, log-norm@dl etc,, which may apply tg.the test results.

Since a comparison between the results of random fatigue tests and

results of the conventional constant'mnpiitude fatique tests would pe

of intergst, the random tests should be conducted on a material for
which the results of constant amplitude tests are availaole. A typi-
‘ cal S diagram for'such a material would be as shown in f;g (4.4).

This cQElg_gzsused to select the load distribution so'to s, at say
‘5 points as shown in fig (4.4). These c&ver'the most significant

portion of the S-i diagfam.

)

» e re—eareeee——F

_The test results for each condition should be statistically analysed

to give the mean lifg‘ﬁ. The damage hypotheses may be checked by com-

putihg the cycle ratios as:

N.IP./N, | L (4.4)

~
w

The discrepancy between constant amplitude and random loading testing
may be checked by computing the mean stress. for each distribution as:

Tar .S (4.5)

The equivalent mean constant strass scl°for each distribution can be
associated with the mean life values N,

4,5 Effect of Assumptions and Er}ors .
® . ~ Coe

G-
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’ N
This random fatigué testing procedure is not {imi_ted to the assump-

tion of, the expt;nential distribuiion ofa the service loads. The random
_time series may be de.rjvgd from any "type of specified st;tisticél popul-
ation., Some load investigations [46] have indicated that a skew dis-
trib(]tion function of service loading. with a mode npt at but abpve .
the lowest load. level (extreme val(se distributipﬁ function), provides

a closer approximation to certaip type of loadings such as gust-'loads."

* -

; 4

'Freudenthfal states that in his fatique.testing mqghine. the change of
_.the _bending xr;oment due to inaccuracy in the setiing and.operaiion of
| the resistances controlling tne current and due to current flucations
doas not exceed + 13. Tne tolerance of"st:ress, on the fatigue speci-
wen, ;bove its nominal value due to both momen:tA cha}\ge and slgi ght )
inaccuracies in the dimensions does not exceed + 1.5%. Thése experi-
mental accuracy claims seem to be imp‘robable. A value of + 5% seems
to be more justified. C:nsidering the random nature of the ‘tests
. this would be difficult to measore.
!
The complete design: and developmeﬁt of this fatigue ‘testing machine
agd associated hardware'is .recomiended for-future research. Th_is.
:ipment should be used to verify the fati°gue faﬁ_urg theories under R
'ran\dlbm loading th;at are being put f‘ow'war'clt from tims to time.

R

.,,7'\’
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CHAPTER 5

Applications To Design Problems

13

Some exaﬁples of the applications'to structural design of the fatigue
damage theories are pfesented below. Miles [7] and grandall {e} have
considered stationary loading. Ropert [19] has presented an applica-
tion ofjestfmatang the fatigue life of structures when subjected to

a non-stagignany random loading process. Onljistaiienary loadings are
discusseé here. . v

N .
Miles appears to have been the first to propose a systematic proce-

’

dure for-dekermining stresses resulting from random loading and the

consequent possipility of fatigue failure. His investigation was .
/ h

prompted vy the possibility of an aerospace “vehicle panel failure~

under the fluctuating pressure (i.e. buffeting) of a jet exhaust.

" M{les model is shown in fig (5.1).

_ Since measurement of the root mean square stress 1n the panel may.get

be practicable, Miles proposes to formulate an approxlmate similarity
expression for the equivalent stregs. He uses the results of Lighthills
tneory.[14] of aerodynamic noise generation. The variation of the

root mean squdre pressure is given as:

\ ,-J\ . _ T
\I(p - po)?’ ~ (U/a )\ ‘(d/x)p o (S-hl')
Where U is the jet velocity\ da charafj?ristlc length (e.q. the jet
dtameter). x is the distanpeifrom the "source to the panel and a, is -
the sonic velocity in this meaiqm. The static sfress So in the thin




<

panel of thickness h and area A is given by:

S, «.\/(P - PO)2 (:7) ~ (%;)4 & (%2‘)‘ bo (5.2)

/ ;]he panel resonant frequency is given by:
. 1 .
8 oo L/A) (/)T 63

While the characterigtic frequency of the jet may be approximated by:
w; ~ U/d (5.4)

whence ‘ . | ’
(wgfu) ~ (hd/A) (gE/UD)T . (5.5)

iiles approximates the power spectral density as:
f(w) = (4F21G0) (wf)? e (efor)? (5.5a)

Using the results of his theory Miles, determining the ratio of the

equivalent stress Sp with the static stress o preﬁénts the following

G

expression for Sp-

k; E da
L= ¢ (6—')% . (g;;)j’t; . (m) ‘%{ X

- u- E" Dﬂz . “ ,‘
S exo [-C, () (792) . . (5.6)
Having s , N(s ) is calculated using eqn (3.7). The fatigue life is
tnen givenby'W(s ). T, where T is the periad of the mode. &

1 = -

~

rjx "~ In eqn (5.6) C] and C2 are -undetermined positive constants., Miles
. - -proposes that C] & C2 may be suitably evalb%ted to accouﬁt r the
\\\“-—“"’“\short-comings of his theory. The major'drawbacks may be summarized as

LI ]

follows: -

0

1) App;oximation'of a continuous structure with an infinite set of

. . * ]
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" resonant frequencies, by-a single degree of freedow model;
Zi The tumuiati;e damage\hypothesis." "«
3) Omission of the phase effect in deteﬁmining the loading. _
4) HNeglect of directional and Reynolds dumoer effect in the descrip-
tion of the jet noise.

. t
Crandall considers the system shown in fig (5.2 A & B). The vehicle

0.5 g{ /cps} The natural frequency of the system is:

= 465 rad/sec (73.9 cps)

The stress level of the narrow band stress response in the extreme
fibres-at the root of the cantilever is: {;
=220/ & - N " b

3

" A
Wwhere ¢ is the-damping in the system. Crandall determines the expected

value and the stanaard deviétianqof the damage as functions of ¢ and
T. The results are'shown in fjgw(5:3) for four diffarent values of
‘system damping. The expected damages appear as straight lines witn‘
unit slopes indicating linear growth with time. The varia;ce in the
accumulated damage is’suggested by th; curves showing E [0] + ; D ‘
It may be noted here that the primary effect of the damping is through
its actxon in setting the'rms stress level, while a 59condary effect

is its action in controlling the deviation of the damage through the

‘correlation of the“d&mages of successive cycles:

The Palmgren-Miner criterion for failure is D = 1. Fig (5.3) jndicates
that when the-average damage Teaches uni:y,the?ﬁ‘js actually a redis-
tribution of damage acréss the ensembls 'v"histories. Crandall
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o

° ’ L3} .
states that consequently'there will be a distribution of tipe to fail-.

ure T, t.{ut this distribution is unknown. However, it is seen that
when the stress is of narrow band the variance of the total’damage
op? is small near the time of fqilu:e. Therefore it is .re’asonhable-
to expect that the time duraiion Ty = 1E [D] is close to the expected
fatigue 1ife for a narrcw band random\stress, and it serves as a use'-"

ful measure in making design decisions.
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" analytical models of the fatique damage pro%mﬁ\; the shortcc,m_ .

\Tpe’th%ries\ of. Mﬂe§ (7] and Crandall [8] are p’ioneering effor{s to

_Mﬂes, theory suffers from the assumption that the damage peracycle is

CHAPTER 6 © *

v Conclusions and Recommendations e

1 ' : - > _ -
This review of sume of the-theories of fatigue damage (and life) pre-

-

’

di¢ticn, in random load envi ronment, shuws a considerable progress in
the .’stat_e.of the art. Ir?itia]ly only the Palmgren-Miner theorj was ST
availanle. This theory empluys a simple cumulative damage concept.

Gradually it was recocmsed .that fatigue damaqe dua to random loadi@ﬁ

is non- cumutatwe, smce carefully controlled tests falled to’ conﬁ}n

\

the Mmers rule. There have been a numoer of attenpts to try to derwe

ings of the Palngrem rule.

* & LR e . » ’
Y D, ;o .. : ~
‘ . - ’ e

estabhsh a metht,d for eshmatmg fat1gue damage for use in deswgn

13

Their method although ‘mathematlcally tedtou‘é‘hs straxghtfomard A]l R
h

the barameters to be uséd in the. calcu]atwns are easily available,

cunulative and the parameters describing the damage are detarmjnistic.’
- ) s 2 ’ ﬂ \
v L e >

‘- b 3

Other workers‘ [27] showe‘rIt under carefully controued experlmeg;L

same type of test results eated over. agam showed~a randomnfs/s ]ead-

mg t} the ccnclus'l&\that damage 1n itself is a random vari anle.

o ‘ >
Efforts have been d1rected towards fitting a known theoretical dis- 4 -,
- . /__,__...—-—-—-— -
me value, Weibul etc,ﬂ. for ?\,..
u:b.gg-"‘"“"‘ ”“""”—"""‘

: Wﬁmm Wpess—mel-—mé—f#

1 .
distnbutwn or the survival: fun%tion is thus detemﬁned , ; '
L]
. ? T e . ‘ N\
. . , o, .
l" ' %
*.l r M , 4 ° » .
N
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Sume investigaticns [26] coétlude that the éhange of the/mater{al \\
properties of the structure undergoing random cycling (implying non-
b “statiocnarity of the fitre strength) is a fundamental fatigue phencmé-©
non which must be included in any fatique damage mudel. Freudenthal

and Heller [33] proposed a modification of the Pé]mgren-Hiner equa- g

tion for failure predictiun, by 'stress interactiuvn' factors which

must be determined experimentally. Gatts (34, 35] proposed a theory
based on the change in the material endurance limit and the ultimate

strength while undergoing randcm 1oading.' Unfortunately this theory

[}

suffers from sume un- realwstlc assumptions. (

R
anen mn
@ ‘ Sl smpans susnIn AL
N
U

R} A - A number of fnvegtigations [35,- 4li\have devuted their efgorts tuwards
' studying the accumulatioun of fatigue damage under the variable ioad
levels encountered in service. Especially for aifgiSfts the service
loads have‘been measured [43 » 46] and statistically described by
= ‘lcad ;pegtra'. These shiw the re]ationship between the loadsiand-
their relative frequency of occurrence, Fatigue iqsts en full scale

aircrafts have alsc been conducted [41]. The résults of these expen; -
J ° sivewtests.although useful are not general enough for a wide appl%cation.

.
e e s Centart” w
s

4

=~ Systematic research is providing wa}s for rati?nalizing ‘wbserved ;
* behaviour and for anticipating failure. However so- far a reliable 4

¢ procedure for fatlguq life prediction is not yet available. Scme

— authors {39] advocate the generation of randOm load fatigue data in

—t

_the form chﬁm) to === e

Effectslof spectrum shape and width and other parameters can be indi-

=/
© cted for thp type of curve as they are developed. This information

i

« ' ‘-'. '/ e
' .

7
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would be analogous to what is availanle for the ccnstant amplitude type
of loading. This suggestion seems impractical, since due to the number
4 — ~ 4

of varianles involved the amount of testing would be enormous.

<

The‘usgyof high scrength gaterials of lcw fracture tOUghness‘has
increasg& the chance of major faiiunes caused by'moderate damage or
flaws. This has lead to a; increased interest in Fracture Mechanics
-[47 - 52] and its combination with fatﬁgue damage theories to predict
the reliability of structures under random loading [53]. A minute
flaw is assumed to exist in any manufactured part. Th{s-$law then
propagates under the app\\ed ]ccd1ng until a critical combinatlon of
crack length and-applied strese produces faiiure. -‘Fracture mechanics

- analysis procedures appear capable of treating only the simple pro- .
blems of this type, an{iare not yet adequate for ccmplek structurés.

However, application of these procedures has developed the 'fail-safe'

;de51gn phlloscpgy [46] In this ue51gn method a crack is allowed to

" propagate in a structure until such time as the remainder of the strug-. .

ture retains an acceptaole level of airworthiness. Appropriate jnspec-
tion techniques ‘and schedules ares defingd to chcck the crack propaga-

L 3

tion.

1

Amciig'ghe number of available thecries for prediction of fatigue lives

under random loading only. the ones due to Hiles and Crandall are easily

_ ,/adaptable to practical ety "Stage. Other theories —
:;;;;;;,m;::::=====:Féﬁﬁ§%§?7;?ﬂﬁzgcantial amount of experimental data. which may not be

. .,
»la
readity—avatiable-

°

<
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Althcugh there are a number of theories of failure; the literature
. on the testing under randum envircnment is scanty. The design and
devélopment of a suitaole randum loading fatigue testiné machine
¢ -~ ’ f

which can put many of tnese tneuries to test is wanting. The equipment

design must be simple straight forward yet at the same time sophisti-

: ~ cated encugh to handle random envirchment problems. It is recommendad
that a project should oe initiated to design and develop the randcm

lvad fatigue testing machine scmewhat on the lines of tha repeat

LY

a shuck l\oading machine develouped by Srinivasan and Rau [43].
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R : APPENDIX A '

/ , ) ( ' *  Flaw Propagaticn - Fracture Mechanics Approach S
\ to Fatique Failure Prediction - _ !
\[ -~ . . N ’

N
\

-A.1 Introduction

| .
Since fatigue failures are dii*ficult to antimpate, it is ccnSidered
that much wi-11 be gained by studymg the fatigue prccess ii:self
. Vd
Smith [48] defines the fatigue prucess as: : \ °

. - 1) Fatique crack initiatiun, where microscopic slip bands develop
| immediately within the individual grains of tne meterial. These
slip bands progress to form minute ,éracks.
2) Major crack propagation. ‘ | ' (
3) Final crack lnstabihty. ’ '

e e e o i JUNURUR SR — ©

4 - - e i i b - o i

It has been found, usually in-aircraft structures, that fatigue cracks
criginate at shallow machining-marks left gn an otherwise generods )
* fillet radius in the corner of an acces\ope’ningl Since such machin-

[’\ing marks can never ?e completely eliminated 'despite expensive inspec-

tion mques. it seems difficult to predict a safe life with satis- -
T factory tonfidence. Faced with this difficulty designers have tumed‘ -
| to fracture"mchnics to aid in what is commenly refereq to as, ‘fail- [+
safe des ), [47]. The fail-safe design philosophy, depends stron‘gly ey ' \
- 7 on consideration of residual strength of Q__;Liany failed structures,
and on the rates of- crifk ‘propagation. These key featuressof the ° .
fatigue prooess hgxe so far usualiy been ignored dn ti\e/conventional

) fatigue theories. A brief review oé some theories of fatigue failure
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under random loading which, consider the crack propagation is presented '

be]ow. A sketch of the fracture mechamcs theory is given in Appendix B.

A.2 Proposed Hypotheses

-

1]
13

.

Shanley [23] was ameng the first to propose a theoretical explanation

of fatigue failure. He assumed that failure is due to growth and pro-

- pagation’ of a crack which may be expr?zssed mathematically as:

P
At

h = A" _ (A1)

O ) . : " 5
where: ~ Q ‘ .

h = crac[k depth.

A = a constant,

4

g ="a factor depending-on the stress amplitude.

N

s 4
\

-

Trie above expresswon may be related to fatigue life by tha fol]owing

o \\‘ b

interpretatitns: b v

. { ‘
1) Let h = h the crack de’pth at which failure occurs.

2) Let n = N the number of cycle9 to faﬂure.

3) Let the crack growth parameter be reﬁlaced by’ the following expres-

1

/

g;‘g/ B=C o% .' / o . (A.2)
/ where: ¢ e i ~ . ,

o= the.not'nig_l_al stress. P .

a = the slope of the S-N curve on log log coordinates * . .

} .
- C = a constant. ) . |

vl sion. " ! ‘ K b

n = number of cycles of stress reversals. 3 w ‘ Ve
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Substituting eqn (A.2) into (A‘.l)- - o T
hy=AeSoeN o o (A3
Taking- the natural logarithm of both sides of égn (A.3) .

AN = (loge hb

-log, A)/C=8B o " . (A9 T
where B is a constant. i . ) ) R
The ebjective is to find the constant stress amphtude for which failure

% { -

occurs after £ A n. This is similar to the concebt of Miles [7].

A hypothe.;ica] diagram of créck size versus numoer of cycles is shown L .
.in fig (A.1). For thé sake of discussion curves are shown for two stres- _ \
"5es ¢y, 0. It is assumed th?t an, an‘d an, are small relatiye i:o’ - ‘

f'atigue life N, and that failure ocebs in ‘fatigu‘e as a consequence of

stress reversals rondomly'on o, and o ,. The curves of h vrs n may

- be conswdered straight lines for short increments of their lengths,

Obviﬁusly a single crack must have a grcwth pattern mthout d1scont1-.

by

nuities as shown by the curve for o . in fig (A.1). Smce the rate of .
crack growth is assumed to be a function'of crack fjepth, the. effective
rate of growth at any value n will be determined by the weighéed avér- .
‘ages of the rates for .c 1» 62 «uuo n® 3t the same crack depth. This

may be generalized as follows: _ \, p

‘ dh,. ° . “ .
TCL an; " (A.4a) ‘
dn*r Ny : o 7

’ ) ‘

Upon ‘further assumptions and algebra Shanley defines thé reduced stress .
v ‘ : . ’ A |

c , non-dimensionally with reference to the rms stressyg2 of the_sequ- . .

ence of varying stress cycles as: _ o ' . N

PO
‘. s . »



(A.5)

of expér'imentaln da

3

Charlég Credg L ye-xtendec‘i eqn jA.S)' for the case of the narrow band .

‘random loading. obtained the summation of the stress'amplitudes

"in eqn (A. 5) ny mtegratmg the expresswn that defines the probability

densny of the pe&k values in the narrow band pattern. Upon using
_—-—/

the approxwmaticn that aa is much largér than unity and the reciprocal

1/3a is small, the final result is oq'cameq as: !

’ © . ¢

c . C S ‘ ‘ .
R Fa7k) MANES ae -
° { /r - . . |
USing the concepts of f:‘acture mechanics and the point processes [10], T
Yang and Heer [49] recently (1971) proposed a theory for the predic- s
w.

tion of the rehatnlity of structures under: statlonary random excita-
t)ons. Their approach takes mto accounb the interaction of catastro- .

ph1c failure modes and fatlgue £4i lure modes as well as the statist- .-

-

1cal vartanoﬁ‘of the material strength.

. U . -
: " .

. . 2 -
. Yang and Heer consider the mechanisms of’f_atigue failure viz }(?) flaw
“initiation :‘(2) flaw propagation and (3) catastljobhic failure. The o T

last two mechanisms 6f the fatigue —Brcce%s are of primary concern in

structural design'.‘ Yang and Heer' state that the flaw initiation ’ .

\
stage is the one about ﬁhic{nlittle is known at present and it uay be - :

assumed that the material alre}dy has flaws that will propagate under

repeti tive stress applications with sufficient loading. Thus they
kﬂ—\ ° -‘ ‘ . ' , . . . [y
A “' . 5 - ’




N i V’:)' . - ~ »
define the fatigue failure process as the growth of flaws  in a struc- j;/ :

ture until the applied stress at any flawed point exceeds .the critical

+ <

fracture stress assuciated with the flaw at that critical point and
catastrophic failure cccurs. They derive a flaw propagation law by
cunsidering ‘A’ td'represent the flaw size at the critical point of

. B . . ~
the structure. Froum the well known Griffith-Irwin [50, 51] equation:

A = Q (K /R) . \*h . (A.7)
At (/)2 . - (A.8)
where: \ o - . " Cy

p&

Kjc = the critical stress intensity factor.

o o

".

the critical fracture stress or the résisting stress assoc-

"~

R

iated with the flaw'size A.

L Kl = the_stress intensity factur -associated w{th—themflaw size A

and the applied stress S. ’ | \
q y = a state parameten{ } , A . . .
The flaw propagation law [48-53] takes the furm: )
\dA/dn‘; c Kb . o (A.9)

fh}s states that.qhe'raté-of flaw extension Qith“respect to the numoer .

th

of st(esi cycles n is preportional to the b~ puwer of the stress

intensity factor;KI. wherg ¢ is a suitaule}constant. From analyses ' -
* and measurenents of ?laﬁ~pcopag&tioﬂs [50-52] the values for b have - ‘
been ‘found to be between 2 to 4. Substituting-eqn (A.9) into (A.7)

. Yang and Heer obtain: " ' ¢ )
© dazdn = k§PA%2 . o T (A)
whére k a E/Qb/2 is a cénstant. '

e

g
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cycles n.°

istics‘of the stress peaks S. 1 i=1,2, ...n, which they derive

-

summing they get: @

n
e Qn\‘An -InA =K I S, .o . o (AN

'y * : ' .
where S is the j th peak of the stress response S(t) The initial

res1stang stress R and flaw size A. are related to theAresisting

stress Rh and flaw ;1ze.An after R cycles vwg eqn (A.7) as:

’ K - n . . . e
) R, = R, exp (- 2- L ASj) =R \exp (-Zn) . Ty (A.12)
- « J—] 3 . . L .
. - - n - . ‘
pruvided the event (N, Ry > S:)} occurs.
N N . J=] J".\ J ? ©
s ‘ v ' . B,

-

i

ln eqn (A\]Zl‘R is oefrned as a cond1txonal random varwable, upon

the ccnd1tlon that the structdre has surV\ved n cycles of stress
-
apgllcatlon. It is also seen—from eqn (A.IZ that R after n stress

' cycles decreases mcnotcnlcally wrth respect to the numper of stress

.- = e /
- -‘ .
LR ‘ , <> ¥, °

¢
:

‘\‘w ' ‘
y
. [y - R
‘ » ' 4 « -
« . o
I3 .

Since R and S =1,2, .. ..n, are random variables . ?éng and

N\

.Heer con51der that the statistlcal distributaon of’ R depends on the

statlst1cal distributions of R and the stress peaks Sj s i= 1, 2. oes

~

“n. Tnus the authors argue that the statistical characteristics of the

. (.
stress peaks 'instead of tha random respunse process S(t) are of prif

mary interest. The authbrs themn discuss the statistical character-
o g‘

€rem the stress response process, S(t), and the extr;me poxnt proceas

- (4, 54]. The m) Tocal (maximum) “peak and the minimum (trough) of

. S(t) are denoted”as Sm pnd‘Sm. The Jocal maxima form the maximum
1) ¥




Cap

'TSd). Tne extreme peint process { q(n)} of S(t) is defined as the
mixed peint process ccnsws‘Ing of {S } and {- S }. This being a mixture
Tnus. the Zm and the (2m + 1) th puint of
n{2m+ 1) = -§ . ' '

7

} 1
e R . ) ‘ . ' > Q.
. -62- , ‘
R Y o
R
. . . f

puint process (S } and the local minima form the minimum'puint process

of two eyents E] ana [2
f q(n)} repreSent respectlvely S and S i.e
Tnis. 1np11es that n (n) represents peak Va1ues if n is even, other-

\
w157 it represents the absolu;e values of tne troughs if n is odd.
L] o

The extreme polnt process i$-.also stationary

\. \‘
N
Yang and tieer consqder that tge first passage cne sided barrier pro-

blem of the maximum poxnt procé§§ (s, }, _wherein t1me is wmeasured in.
Similarly, the first pas-

terms of the discrete number of cycles n.
.Y ) .
t), with Barrier; at + 1 can be

sage twe sided barrier problen of S(t)
approximated b} the one sided barrier problen of the extreme point
In this case, however, time is

]
e

prucess { q(n)} wlth a barrier@at .
measured in terns of the numoer of nalf cycles 153].

A - ! '
Yang .and heer then preceed EE\nbtain the joint density’ function fsj
the stress peaks of S(t) a staticnary

They define the dis§r1-

N : Sj*m'(x,y) of Sj and 53
: harrew band Gaussian stress raspunse process
P i butiun function F__(X) of the maximum peint prucess (S} as
r Fy (X) =1 - exp |- x2/2¢ 32 ) . - " (A13)
in whicn ? is the standard deviatlon of S(t) - |
SinceJS(c) ‘IS narrow gand the JOlnt den51ty function can be approxl-
& ) mated by the function f (x.y 3 1) of the- envelcpe functiog of S(t)
o spacaed at a dlstnace = mT The expressicn for the JO\nt density
. function of an.envelope for swunetric spectra was der1ved by Rice [9]
vy ) -

5 .\
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By
as: '
! : 'y XYR (1)
f (x,y,r) — G — Uru ]u X 0
L d"[] Kz(t)] ¢ 2[1-K%(x)]
, s o .
- 2) . .
exp { (:2 {”! ),‘ } (~.14)
- 20’s []'KO(T))\ .
Yang and Heer use the above equatwn (A 1)) except that since narrow
band structura) response spectra are nut symmetnca'l they consider
a suitanle substitution in the equatlcn for ., A smgle degree of
freedunm systen excited ngr\wm'te noise has three pussiole solutions -
P for w o viz. : N
1) w = tre system natural fmquency. v
. - N 2 ‘ 0
2) wy = “n (V- ;2)£ , the damped natural frequency.
T §usle) da o -
\ ) L3 w e 2, the centroid fregliency.
i o 5 ¢(m) do . B : :
. N\ ' :
after a critical evaluation the authors found that a particular choice
+ for 'u;o is not critical for. f (x,y 3 mT ) As a result they choose
the natural frequency Wy for W ) c
, Y N ° N o ‘ e
3 ‘<, s : »
The structural probamlity far survwing mstrTs cycles, called ’
rehamhty L(i) 15 gived aS° . \ o B
. 01 .
-\ , ‘. L(!) = [1 - h(n)] \ 3 (A.15)

: ; "30 A | L :
o S -l ‘
or L(‘i)'v exp {- T h{n)} ... for h(n) << l : . .
: J L . n:() ) : ' .0

? . > ) ’N.. ' 0




C'Sn#] is independent of S, ;
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where h(n) is the nazard functicn, defined in 3.3.1, given by the

authors as: n

() = P IR, < Spy | Jﬂ] (R, > 5,)] “(A.16)
|
Eqn (A.16) is for {5,}. A similar equaticn can pe derived for
T(")} The soluticn of eqn (A.16) is obv1&hs;! quite troublescre.
Yang and lieer present twe approxlnate solutlons One using the
?bissuq approxination ana second the clump size approximaticon.
In'using the Poisson appruximaticn the assumpticn is made that the
statistical distriouticn of tte initial resisting stress Ro’ deter-
mined experimentally, is lcg normally distributed, Furtner réasoning

gives that the randum varianle\Rn is alsu nurmally distributed whese

mean value u_ and the variance dn2 are given Dy .

Pn = ¢ T P2
} ] (A.17)
2 = 2 2 ' i
%0 T % T.9%
, L .
where »_and ¢ _ are the mean value and the variance of Ro’ and pyp

o o

and - o, are the mean value and the variance of zZ.

The expressicn for &2 which Yanqg and -Heer derived was fairly com-
plex and they préferred to use the s%mplified expressicn ?btained by
Crandail, eqn (3.18), when ¢ is small and b is odd.

The basic assumption of the Poissun distribution for {S“}gives that

j J=1,2,. . .n, and the event {Rﬁ<sn+]}

is gndependéd% of the past event. Yang and Heer give the Poisscn

o

[~




P

failure rate hp(n) as follows:

L]

(0 = S (x oy (2047 exp (- 82720 20 - (I )2 /

2 o’nz]} dx .{A.18)

Yang c;r}d Heer. use \Lycns [55] concep; of clumps, that the level cro§'-
sing§ of S(t) are not independent but occur in c/l/umps of dependent
crossings. The Poisson approxirgaticn ipplied that"one clump of peaks '
above the treshold level consist 'of on]y cne peak. Hence assuming
clumps to occur independently the average failure rate h.(n) is cobtained -

using eqn (A.18) as:

h(n) = S 1% o, {2:)% E M| x]:]} exp.(-[x2/2 0;52] B
@ o . . 7 0y

-
[ty

-[(Inx - pad? / Zo'nz]}ndx (A.19) ‘,‘ v

'where E[M}xj is the average clump size given that the barrier level

is'equq] to x.
The exact estimation of the éverage clump size is difficult. " Using .

some numerical simulation results [56]; the authors obtatn for a single

/ .
I

degree of freedom system: 5
E[MLx] “n exp (-x2/.202) (A.20)
where: . s
n = the mean number of cycles to failure. ° ‘

[

x = the 5arrier}levg.‘ : .

Thus after determining the average failure rate or the hazar&f function

o
-~




obtained

. e )
2)
3),

Yang and

2

A
» '
.
‘ . .o
* . - . ©

from either eqn (A 18) or (A.19) the structural reliability is
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o " “
\-

from eqn (A.15). Yang and Heer conclude from their extensive

' : study that the average failure rate and hence ‘the structural reliability

-

are characterized by the following properties.

o

-The material properties associated with the fléw propagation.

The initial strength, or flaw size dispérfion.
The normalized initial barrier level, measure of the central

safety factor, relating the applied load characteristics N

to the'structural desjgn. ¢

Heer also emphasise the following features of their theory,

"4

Accounting of the 1nteraction .of the fatigue faxlure modes ,
~

the catastrophwc failure modes, as well as the stﬁé;?tlcal

variation of the material propertles..

o

The effect of the loading history is considered, which is
“ 1 . »

not accounted for in the ciagsica\aPalmgrenlMiner hypothesis. .

-] ' * . . L
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APPENDIX B

, A Brief Review of the Fracture Mechanics Theory &
/7 ‘ . " & ’
}he mechanics of crack propagation was develuped by Griffith and / T

;

"Irwin [50, 51]. Griffiths basad his ¢riginal thecry on an energy / -

balance concept, He treated the stability of Crécks br*iﬁperfectionz

N ‘in an ideally brittle solid. Using the thecrem-of minimum potentiJ;

energy, Griffith showed that at.the onset of rapid fracturing, or/ crack ,

-

iistability. the strain energy release rate is a minimum and prgpor-

hticﬂa],to the surface tensioun of the material. Griffiths expé kments ' <
. 2 ° ’ 4 ]
" un-cracked glass spherical bulos and circular tubes demunstrated tnat . ‘

, ) \ Y .
(the strain energy release rate at fracture for the glass specimen ccn-<fr'" ‘

/

figuration was a material ccnstant. In addition, the expgriments

. . A /
‘ .déﬁopstrated that there was no¢ effect due to the tensile stress applied

« parallel tu the crack.

The brittle fracture characteristics of the ductil {méterials was

~ b v

.

# . '
ot - Irwin has shown that the stresses acting of an’elemen:\af);atertal
| near iﬂprack tip gré iven oy:
) [1 - sin 3 . Sin
. . . ~ '
« [1+sing.siny ™ o) L
8 - 30, ' L
. C0S 7 .. CO5 >
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where the relevant syﬁbols are shown in fig (ﬁ.l) and K is an stress

. 7o . - .
intensity factor which is a function of applied stress level and
@ ¢

crack length.

[ /

N In considering only the cpening mode of crack extensicn, the stress

intensity factors which describe the fracture mode are the plain ‘ .

?

strain, KIC’ and plain stress, K Other stress intensity factors

S ¢
describing other mcdes of crack extension have beep developed by  ° E

other authors. - ’ !

At the cnset of rapid fracturing or crack instability, the strain .

energy release rate, G, is a function of the critical stress intensity -

& - Il
factor i.e.

3 = g2 o . ® ‘
G, K. /E ~ :
D - (8.2)
&?GIC=(1-‘.2),k§C/‘E o : | \
. The materigl constants Gc, GIc or—Ké‘and ch are evaluated experi-
me;tally by ccnducting tensicn tests ¢n cracked specimens.
- The crack propagation due io sinusiodal fatigue loadingmis given b} .
*Paris et al [53]. Realising that the s;féss intensity parameter, K,
i",eq" (B.1) is a measure of the 1‘ 1 intensity of stress”at the |
crééi“tip: the authors hypothésiz:5§%=at the rate of crack extension,
caused ;y SiﬁUszqal fatigue loading, is goverqgg by the m&gn%tude
of the craﬁk tip si}e§3 intensi;ies i.e. thlethg and.mean values.
. Experimental results substantiating their theory have been presented
\_ by the investigators, A pcsitive_&orrelation was found, from ma%gr-

{
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ial data plots of stress intensity fagtor vrs crack growth rate.

-
* ©

Consider fig (B.2a) where the fatigue crack growth behavicur of a

material fro? an initial crack length, 2a , has been determined expers.

P

imentally for two different stress ranges, °q and Cos and identical S

ratics of mean stress and stress range, also th q - The critical
‘crack Ienétns and cycles.to faijure at o 1 and o p are governed by
\\\;;;?e critical stress intensity factur of the material. The béneral
G;Ctionaferelationship o} the stress intensify factor, k, for cracked
‘specimen configuration is as follows: .

K= c.F (2a) S L (8.3)

AN

where ¢ is a stress parameter. ‘ \\

Fig (B.Zo)_;hows th;t in reducing the crack length vrs cycles plot to

a stress inten§ity‘wrs crack grodtn rate plot, the déga generated at

stress’leveis oq and c, coincide for a given material. This means

that for the same K level or lucal crack tip stress field CdeiQ}ons.

the crack growth rates rare idgntica]. As the crack stress integsity

increases the grack gruwth rate increeses to the point of onset of
'rapid fracture, which is géQerned by éhe critical stres§ intensityaof ‘

¢ “he material.’ Test results indicate tﬁe validity cf the stress inten- _

[sitx factcf concept. Witnin ;ssmall amount cf,scatter, the same crack

* growth rate cccurs at a given.stress intensity range level, K , and,

X ratio ndefined as: o

, ne Kepy / Kh. o . . (8.4['”

¢
.
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~ ‘ Once the basic sinusicdal stress intensity vrs craf?;growth rate.beha-
~ viour of a structural material. is estaplished by simple specimen

~

3

tests, the behaviour of an esswned initial crac!c in a complex struc:
ture can be predicted by integrating the basic data. That is an S=i¥
curve ‘for the structural life from an initially assuied crack lenn;h'
. _can be determined, provided an anal)‘fsfs of the stress field remote

; )
‘from the crack tip is established and reduced to the appropriate 5

. . P
factors. . . ‘ C -

-

_Fatigue crack growth rate under random loading has been—_studied by
Smith [48]. His approach is based on the model propused by Paris,
which descrines eqn (8.3) in terms of the stress mt@.'hsity factor -
power spectral densny f nction . n,
K(f) as : ) . -
K(F) = (f)’ F(2a) =) ‘(s 5) .
where S(f) is the stress pcwer spectral dens1ty funcﬁcn and 2a the

crack lenqth. q Y )

I

loading is given by the pcwer Spectrum plot of the stress intansiﬁy
factor. Smith postulates that according to the stress 1nt§(\ity
factor concept, it would be expected that the same random loading
fatigue crack growth, rate mll occur in a material , 1f the mean ‘

T, stress intensity level and stress intensity power spectrum are iden-

~

ti cal. o o

fr

" Thus a _measure of the crack tip‘stress field fluctuations due to random.
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