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Abstract—This paper examines two methods—magnet shifting
and optimizing the magnet pole arc—for reducing cogging torque
in permanent magnet machines. The methods were applied to
existing machine designs and their performance was calculated
using finite-element analysis (FEA). Prototypes of the machine
designs were constructed and experimental results obtained. It is
shown that the FEA predicted the cogging torque to be nearly
eliminated using the two methods. However, there was some residual cogging in the prototypes due to manufacturing difficulties.
In both methods, the back electromotive force was improved by
reducing harmonics while preserving the magnitude.

harmonics of the cogging torque as seen in [7]. The selection
of the optimum pole arc to pole pitch ratio for the new magnet
shifting configuration is considered to further reduce cogging
and to compensate for the decrease in back electromotive force
(EMF) caused by the shifting of the magnet. This combination
of methods is examined using the finite element method and a
set of prototyped motors to provide experimental results.

Index Terms—Brushless machines, cogging torque, finite
element, permanent magnet (PM), torque ripple.

In its most fundamental form, cogging torque can be represented by

I. I NTRODUCTION

1 dR
Tcog = − φ2g
2 dθ

B

RUSHLESS permanent-magnet (PM) machines are becoming increasingly popular in industrial applications.
They offer a highly efficient, high power-density, low size
alternative to conventional machines, and as their cost continues
to decrease they have the opportunity to become a dominant
force in the industrial applications market [1], [2]. One major
drawback to PM machines is the torque ripple that is inherent
in their design. This ripple is parasitic, and can lead to mechanical vibration, acoustic noise, and problems in drive systems.
Minimizing this ripple is of great importance in the design of a
PM machine [3].
One of the main contributors to this torque ripple is cogging
torque, which is the interaction between the PMs and the stator
slots. It is caused by an uneven air-gap permeance resulting in
the magnets constantly seeking a position of minimum reluctance. Several methods have been proposed to reduce cogging
torque including teeth pairing, magnet shaping and sizing,
adding dummy stator slots, shifting magnets, and skewing [2],
[4]–[8].
This paper first examines the effects of the magnet shifting
method, which involves arranging the magnets in the rotor so
they are distributed in such a way as to suppress lower order
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II. R EDUCING C OGGING T ORQUE

(1)

where φg is the air-gap flux, R is the air-gap reluctance, and θ is
the position of the rotor [1]. This supports the idea that cogging
torque is the interaction between the magnets (the source of
the air-gap flux since cogging torque is considered with an
unexcited stator) and the stator teeth (the source of the varying
air-gap reluctance). The air-gap reluctance varies periodically,
thus causing the cogging torque to be periodic [9].
Because of this periodicity, cogging torque can be expressed
as a Fourier series
Tcog =

∞


Tmk sin(mkθ)

(2)

k=1

where m is the least common multiple of the number of stator
slots (Ns ) and the number of poles (Np ), k is an integer, and
Tmk is a Fourier coefficient [2]. It is seen that the cogging
torque has m periods per mechanical revolution of the rotor and
has a direct relationship to the number of slots and poles.
To theoretically eliminate cogging torque via machine design, one must examine the equations that define it. From
the inspection of (1), it is seen that cogging torque can be
eliminated by forcing either the air-gap flux, φg , or the rate of
change of the air-gap reluctance, dR/dθ, to be zero. Making
φg zero is not possible since the air-gap flux is needed for
the alignment and reluctance torque components that drive
the machine. Therefore, cogging torque can be canceled by
forcing the air-gap reluctance to be constant with respect to
rotor position. In practice, cogging torque cannot be easily
eliminated, but it can be greatly reduced [1].
Examination of (2) reveals that cogging torque can be represented as a Fourier series so it is a summation of harmonic sinusoids. In traditional machines with no cogging torque reduction
design techniques, the rotor magnets have an additive effect
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Fig. 1. Cross section of a rotor with shifted magnets.

Fig. 2. Diagram of a rotor with shifted magnets showing an exaggerated offset
center of mass.

when contributing to cogging torque because each magnet has
the same relative position with respect to the stator slots [2].
The torque from each magnet is in phase with the others,
and thus the harmonic components of each are added. By
designing a machine in such a way that the cogging effects
from the magnets are out of phase with each other, some of the
harmonics seen in (2) can be eliminated, thus reducing cogging
torque.
The following design technique is a combination of methods that utilize the aforementioned cogging torque reduction
theories. It should be noted that although these techniques are
successful in reducing the undesired cogging torque, when used
alone, they also reduce the desired mutual torque. Along with
the higher manufacturing costs associated with the generally
more complex machine designs, these are the two main tradeoffs in reducing cogging torque [1].
A. Optimal Pole Arc
Fig. 3.

It is a well-established fact that the magnet pole arc can
have a large effect on the magnitude of the cogging torque [1],
[3]–[6], [8]. There exists an optimum value for the pole arc that
minimizes cogging, which can be found using
αm =

n+ν
< 1,
Nsm

0<ν<1

(3)

where αm is the ratio of pole arc to pole pitch, n is an integer,
Nsm is the number of slots per pole, and ν is the parameter that
is varied to minimize cogging [1]. For a given value of n, there
exist i values of ν that will minimize the ith harmonic of the
cogging torque. Finding the proper values of ν is not trivial and
requires the use of finite-element analysis (FEA) [5].

Cogging torque of the four-pole machines.

1) Integer Number of Slots per Pole: In machines with an
integer number of slots per pole, each pole sees a whole number
multiple of stator teeth so the cogging effects of each magnet
are in phase and added [1]. The cogging torque contribution of
each magnet is
Tcogp =

∞


(4)

where TpNs k is a per magnet coefficient. The total cogging
torque for a machine with an integer number of slots per pole
becomes
Tcog = Np

B. Magnet Shifting
In traditional machines, the cogging torque contributions
from each magnet are in phase and thus add to produce the full
cogging effect. To avoid this additive effect, the magnets can
be shifted relative to each other to place each magnet’s cogging
torque out of phase with the others [7]. One such configuration
is shown in Fig. 1. This approach varies slightly depending
on whether the number of slots per pole is an integer, so each
configuration will be addressed separately [10], [11].

TpNs k sin(Ns kθ)

k=1

∞


TpNs k sin(Ns kθ)

(5)

k=1

which is equivalent to a rewritten version of (2)
Tcog =

∞


TNs k sin(Ns kθ).

(6)

k=1

Note that the fundamental frequency of (6) is Ns times one
mechanical rotation, meaning that for machines with an integer
number of slots per pole, the least common multiple of the
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Fig. 4.

Harmonic content of the cogging torque for the four-pole machines. (a) Normal magnets. (b) Shifted and resized magnets.

Fig. 5.

Back EMF of the four-pole machines. (a) Normal magnets. (b) Shifted and resized magnets.

number slots and number of poles, m, is simply equal to the
number of slots, Ns .
Because each magnet is in phase with the rest, each is considered for shifting relative to the others. The total cogging torque
in the machine is the sum of the phase shifted contributions
from each magnet

Tcog =

Np −1 ∞
 

TpNs k sin (Ns k(θ − hθ◦ ))

(7)

h=0 k=1

where θ◦ is the angle that each magnet is shifted relative to
the others, chosen specifically to have a canceling effect on
the harmonics of the cogging torque. For the highest harmonic
cancellation, θ◦ should be
θ◦ =

2π
Ns Np

(8)

resulting in the net cogging torque being reduced to

Tcog =

∞


TNs Np k sin(Ns Np kθ).

(9)

k=1

All of the harmonics except multiples of the Npth are canceled,
thus reducing the cogging torque.
2) Fractional Number of Slots per Pole: By using a fractional number of slots per pole, each magnet sees a fractional
number of slots and therefore the cogging torque contribution
from the magnets are out of phase with each other, thus
reducing the overall cogging torque [1]. The least common
multiple of the number of slots and number of poles, and thus
the fundamental frequency of the overall cogging torque, is an
integer multiple of the number of slots
m = γNs .

(10)
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The integer multiple γ determines how many groups of magnets
are out of phase with each other. Equation (5) is rewritten to
account for the phase shift
Tcog




γ−1 ∞
Np  
2πh
=
TpNs k sin Ns k θ −
.
γ
Ns γ

(11)

h=0 k=1

The phase shifting cancels every harmonic except multiples of
γ th and (11) becomes
Tcog = Np

∞


TpγNs k sin(γNs kθ).

(12)

k=1

An examination of (6), (10), and (12) reveals that (12) reduces
to (2), thus proving that the fundamental frequency of the
cogging torque is m regardless of the number of slots per pole.
In machines with a fractional number of slots per pole,
because there are γ groups of magnets that are already out of
phase with each other, each group needs to be considered separately, i.e., the magnets are shifted relative to the others in their
group only. The cogging torque contributed from each group is
Np
γ

Tcogg =

−1

∞
 

TpNs k sin (Ns k(θ − hθ◦ ))

(13)

h=0 k=1

Fig. 6.

Torque versus stator current angle curve showing slight asymmetry.

mechanical vibration. Depending on the level of vibration, it
could be mechanically corrected. This unbalance is undesired
and should be minimized through the selection of the best
combination of magnet shifts. In the special case of a fractional
number of slots per pole with an odd number of magnets per
group, rotor symmetry can be preserved with magnet shifting.

where for maximum harmonic cancellation
θ◦ =

2πγ
.
Ns Np

(14)

The resulting cogging torque per group of magnets simplifies to
Tcogg



∞
Np
Np 
kθ .
=
Tp Np sin Ns
k
Ns
γ
γ
γ

(15)

k=1

Equation (11) can be applied to the cogging torques from each
magnet group yielding the total machine cogging torque
Tcog =




γ−1 ∞
Np
2πh
Np  
k θ−
Tp Np sin Ns
k
Ns
γ
γ
Ns γ
γ
h=0 k=1
(16)

which reduces to
Tcog = Np

∞


TpNs Np k sin(Ns Np kθ).

(17)

k=1

Equivalent to (9), this shows that regardless of the number
of slots per pole, the fundamental frequency of the resulting
cogging torque is Ns Np times per mechanical revolution for a
machine with properly shifted magnets.
For both of the above cases, there exist many different
combinations of magnet shifting that mathematically reduce
cogging torque because the magnets are shifted relative to each
other, not a fixed point of reference. However, some of these
combinations produce a more asymmetrical rotor than others
[2]. The more asymmetrical the rotor, the more the center
of mass deviates from the axis of rotation, thus introducing

C. Combination of Methods
This paper examines the combination of the above two
methods. This requires that the magnets first be shifted so that
the cogging torque is reduced and the fundamental frequency
is increased to Ns Np . A magnet arc should then be chosen
that minimizes this harmonic, resulting in the lowest harmonic
of the final design’s cogging torque being 2Ns Np . The new
magnet arc should be chosen to be slightly larger than the
original design’s to compensate for the reduction in back EMF
created by the magnet shifting. This theoretically reduces cogging torque while preserving the machine’s rated performance.
III. N UMERICAL A NALYSIS
The numerical results were calculated using the finite element method with Magsoft’s Flux package. The cogging torque
was calculated with the Maxwell stress method [12]. The
harmonic spectra of the cogging torque were calculated using
Fourier sine series.
The methods discussed were applied to a 24-slot 4-pole
motor design with 120◦ magnet arcs. Because the machine had
an integer number of slots per pole, (8) was used to establish
that each magnet needed to be shifted 3.75◦ relative to the
others. To achieve this, the first magnet was shifted 5.625◦ , the
second −1.875◦ , the third −5.625◦ , and the fourth 1.875◦ from
their original positions. Since this configuration would result
in the cogging torque having a fundamental of 96 periods per
mechanical revolution, a magnet arc of 124.8◦ was found to
minimize the new fundamental while increasing the back EMF
due to its slight increase in size.
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Fig. 7.

Rotors used in experimental analysis. (a) Normal magnets. (b) Shifted and resized magnets.

Fig. 8.

Cogging torque of the six-pole machines. (a) Finite-element results. (b) Experimental results.

Shown in Fig. 2, the resultant design produced an asymmetric
rotor with a center of mass that was offset from the axis of
rotation. Because the densities of the rotor steel and magnets
were very similar (7.7 and 7.5 kg/dm3 , respectively), the moment created by the asymmetry was only 0.001 N · m, a mere
4% of the design’s 0.023 N · m cogging torque ripple.
Fig. 3 shows the cogging torque results. The original design
was found to have a peak-to-peak cogging torque of 1.83 N · m.
The new design resulted in a peak-to-peak cogging torque of
0.023 N · m, which is a 99% reduction from the original design.
In Fig. 4, the harmonics of the cogging torque can be seen.
The original machine displayed noticeable energy in the first
nine harmonics, with the majority located in the first four. The
redesigned machine showed the canceling effects of the shifted
magnets combined with the proper magnet pole arc. The only
harmonic with any significant energy was the eighth, supporting
the proposed theory.

developed torque [2]. Since the new design reduced much of
the torque ripple, it reduced the harmonics in the EMF, lowering
the total harmonic distortion (THD) from 6.02% to 1.32%. The
magnitude of the voltage was unchanged by the magnet shifting
and resizing, with each producing 11.44Vrms .
B. Operation Under Vector Control
One potentially adverse effect of the magnet shifting observed was that the maximum available torque in the motoring
mode of operation was slightly different from that of the braking mode. This was due to the asymmetric air-gap reluctance
created by the shifted magnets. Shown in Fig. 6, the reluctance torque (as a function of the stator current phase angle),
had its maximum and minimum values shifted by 5.625◦ , the
largest angle the magnets were shifted. For the four-pole machine examined, the unbalance in total torque was very small,
0.1 N · m, but is nonetheless something to be considered.

A. Back EMF
Fig. 5 shows the back EMF of both machine designs. The
results showed that the redesigned machine lacked the harmonics found in the original machine. This was due to the fact
that back EMF is directly proportional to the rate of change
of the flux through each phase, which is also proportional to

IV. E XPERIMENTAL A NALYSIS
For the experimental analysis, a 27-slot six-pole motor was
used. Because it utilized a fractional number of slots per pole,
the fundamental frequency of the cogging torque of the normal
machine was 54 times per mechanical revolution, or twice
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promising the back EMF in machines with either an integer
or fractional number of slots per pole. In practice, however,
the method when applied to particularly small motors could
demand high machining tolerances that could result in slight
manufacturing defects giving rise to small, yet noticeable cogging torques.
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Fig. 9. Measured back EMF of the six-pole machines.
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