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Abstract. A discrete-time random dynamical system is said to be a random map if one of a
number of transformations is randomly selected and applied at each iteration of the process.
Invariant densities of random maps describe the asymptotic properties of a random map.
If the individual maps of a random map are piecewise onto and piecewise expanding then
the random map satisfies Pelikan’s average expanding condition and the random map
has invariant densities. For individual maps, piecewise expanding and piecewise onto are
sufficient to establish many important properties of the invariant densities, in particular,
the fact that the densities inherit smoothness properties of individual maps. It is of interest
to see if this property is transferred to random maps satisfying piecewise expanding and
piecewise onto conditions. We show that if all the maps constituting the random map are

piecewise expanding and piecewise onto, then the same result is true.
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1 Introduction

One of the fundamental problems in ergodic theory is to describe the asymp-
totic behavior of trajectories defined by a dynamical system. The existence
and properties of invariant measures for chaotic dynamical systems reflect
their long time behavior and play an important role in understanding their
chaotic nature. For a single transformation of an interval, much is known
about the densities of the absolutely continuous invariant measures (acim).
For example, it is known that the densities inherit smoothness properties
from the map itself (Halfant [8] , Szewc [16]), that the supports consist of a
finite union of intervals and that the densities are bounded below on their
supports (Keller [9] and Kowalski [10]).

Random dynamical systems provide a useful framework for modeling and
analyzing various physical, social and economic phenomena [5,14]. A random
dynamical system of special interest is a random map where the process
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switches from one map to another according to fixed probabilities [13] or,
more generally, position dependent probabilities [1, 3, 4]. Random maps
have applications in the study of fractals [3], in modeling interference effects
in quantum mechanics [5] and in computing metric entropy [15]. Random
maps are also a convenient framework for modeling processes with randomly
changing environment, e.g., the stock market. In [1, 2] random maps are
used to replace the binomial model applied to determine option prices.

The existence and properties of invariant measures for random maps re-
flect their long time behavior and play an important role in understanding
their chaotic nature. It is, therefore, important to establish properties of their
absolutely continuous invariant measures. In particular, it is interesting if the
density of an acim of a random map inherits the smoothness properties of the
individual maps involved in the construction of the random map. In this pa-
per we generalize to random maps results of Halfant [8], who proved that the
density of an acim of a nonsingular map of an interval inherits the smooth-
ness properties of the map itself. A random map is a far more complicated
system than an individual deterministic chaotic map. Although the methods
of exploring both are similar, an extra complication of a random choice of
the acting map is involved on every step. Our main results are proven under
the assumption that the individual maps used to construct the random map
are piecewise onto and piecewise expanding. Our proof is, in a sense, more
complete than the proof in [8] where the author leaves the main inductional
step for a reader. So it is interesting even for the case of an individual chaotic
map.

In Section 2 we present the notation and summarize the results we shall
need in the sequel. In Section 3 we prove the main result.

Now, we state the main theorem (Theorem 1.1) of this paper. All defini-
tions and notations are given later.

Theorem 1.1 LetT = {r,72,...,TK;D1,D2,--.,PK } be a random map such
that 71, ...,7x € T1(I) are piecewise C",r > 2, piecewise onto and T satisfy
conditions A and B in Section 2. Then, T —invariant density f* is of class
C™2 and, for any s <r —2, (P:}Ll)(s) — ) uniformly as n — 4o00.

2 Preliminaries

Let I = [0,1] C R and (I,B,)) be a normalized measure space, where \
is the Lebesgue measure on I. Let 7 : (I,B,\) — (I,B,)\) be a piecewise
monotonic on a partition P ={I1, I, ...... ,I,} of I. That is, 7 restricted to I;
is a monotonic function. Let V(.) be the standard one dimensional variation
of a function, and BV (I) be the space of functions of bounded variation on
I equipped with the norm || . |[py=V(.)+ || . ||1 . In this paper we study the
behavior of the systems which admit absolutely continuous invariant measure.
Then, the asymptotic behavior of 7 is given by a probability density function
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(pdf), f, of T associated with the absolutely continuous invariant measure p
of 7. This is stated mathematically by the following equation:

/Afd)\ = /71<A) FdA

for any (measurable) set A C I. The Frobenius-Perron operator, P f,

defined by
/ PrfdA :/ fdX
A r=1(A)

acts on the space of integrable functions and transforms a pdf into a pdf. If
T is piecewise smooth and piecewise differentiable on a partition of n subin-
tervals, then we have the following representation for P, [4,10]:

Pfw)= Y |f<(—))| (1)
ze{r—(z)}

where, for any x, the set {7~!(z)} consists of at most n points.

Definition 2.1 Let 7y(I) denote the class of transformations 7 : I — I that
satisfy the following conditions:

(i) T 1is piecewise monotonic, i.e., there exists a partition P = {I; =
[ai—1,a:],i=1,2,...,q} of I such that 7; = 7|I; is C*, and

|7 (2)] = @ >0, (2)

for any i and for all x € (a;—1,a;);
(i)  glx) = Wlm)\ is a function of bounded variation, where 7/(x) is the
appropriate one-sided derivative at the end points of J.

We say that 7 € Ty(I) if 7 € To(I) and o > 1 in condition (2), i.e., T is
piecewise expanding.

The following important result was established in [12](see also [4]):

Theorem 2.2 Let 7 be piecewise monotonic, piecewise C? map of an in-
terval I =[0,1] into itself satisfying infyer |7’ (x)| > 1. Then,

1. If f € L'([0,1]) is of bounded variation, P, f is also of bounded varia-
tion and

VoPrf <ol f | +8Vy f witha >0 and 8 = & where M = inf |7/ (z)|.

2. T has an acim whose density [ is of bounded variation and satisfies

PTf:f'
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Thus, the fixed points of the operator P, are the density functions of the
acims for the map 7.

In Section 3, we will generalize the following theorem established in [8,4]

Theorem 2.3 Let 7 € T1(I) be piecewise onto and piecewise C",r > 2. Then
T— dnvariant density f* is of class C"=2 and, for any s <r — 2, (PT"I)(S) —
f*(s) uniformly as n — 400

Random maps: Let 7, : I — I, k£ = 1,2,..., K be piecewise mono-
tonic on a common partition P = {I; = [a;—1,a;],i = 1,2,..., N} of I and
nonsingular transformations. A random map T with constant probabilities
is defined as

T = {7’1;7’27 < s TKP1, P25 - - - 7pK}a
where {p1,p2,...,px} is a set of constant probabilities on I. For any = €
X, T(x) = 7x(x) with probability py and, for any non-negative integer N,
TN(x) = Thy © Thy_, © ... 0Tk, (@) with probability TI)_ pr,. A measure p is
T —invariant if and only if it satisfies the following condition [13]:

K
w(E) =Y pep(r, ' (E)), (3)
k=1

for any E € B.
The Frobenius-Perron operator of T' is given by [13]:

K
Prf(z) = pr(Prf)(@), (4)
k=1

where P, is the Frobenius-Perron operator associated with the transfor-
mation 7. The properties of Pr resemble the properties of the traditional
Frobenius-Perron operator [4].

Theorem 2.4 ([13]) Let T = {71,72,...,TK;P1,D2,---,PK} be a random
map, where 7, € To(I), with the common partition P = {I1,Is,...,1;},
k=1,2,...,K. If, for all x € [0, 1], the following Pelikan’s condition
K
Pk
()

<y <1, (5)

B

is satisfied, then for all f € L* = L([0,1],)) :
(i) The limit

n—1

1 _
lim — " Pi(f) = f* exists in LY
Jim -~ 2 7(f) = f* exists in L7;
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(i) Pr(f*) =1%
(iii) Vo) (f*) < C - || fl1, for some constant C > 0, which is independent of
feLt.

We consider random maps T = {m,72,...,TK;P1, P2, -, Pk | satisfying
conditions A and B below:

CONDITION A:

1. 7%, k = 1,2,..., K, have a common defining partition P = {I; =
(ai—1,0;),1=1,2,...,q} of I;

2. Foreachi=1,2,...,q, ,k=1,2,..., K has a C?-extension

to the closure I; of I;;

3. For each i = 1,2,...,q, 74, k = 1,2,..., K is strictly monotone on
I; and therefore determines a 1 — 1 mapping of I; onto some closed
subinterval 74 (1;) of I.

4. For each J € P and for each k, k=1,2,..., K ,

i.e., each 7 is piecewise onto.

For each n > 1 we define
Qp ={wn = (k1,ka, ..., ko) k;€{1,2,...,K},j=1,2,...,n}.

For wy,—1 € Qpo1, wn—1 = (k1, ko, ..., kn—1) let Pwn , be the the common
refinement of

P’Tkzl(tp)v(ﬂfz077@1)71(7))7"'7(77% 19 Tky_20- 'OTkonfh)il(,P)v

n > 1, where 07'P = {o!(J) : J € P}. Then, P™ is the union of all
(n) wn 1 € Q1. Let I™ denote a generic element of P We have

Wn—1)

n) EP 1 for some w,_1 = (kl,kQ,...,knfl) or I(n) = (Tknilo’?’kn72o
.0 Tgy O Tkl) IS, for some I, € P. We will write I(® = LS,:L. Let
Tj,l 11 = Th; 4 O Th;_ . O Ty O Tk, Then, T"‘l1 is well defined on LA(,Z,I

and T} 1 (LS,:) )= I Moreover T/ (LS,: ) € 775,: f) ., where w, ;1 =
(kl-‘rlu kz+27 e kn 1)

Two points x,y are in the same IJ") | if and only if T}, (2), T} (y) lie in

n—1
the same element of P for 0 <7 <n—1.7T] hasa C? —extension to I( H),
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also denoted by T , which maps TL(:ZH) monotonically onto some Iy € P.
Let

—(n+1) n n
M(I, )= sup [(T7 ) (2)/(T5)) (y)]
:E.,yel("+1)
and )
M, = sup sup M(TSZ+ )). (6)

W €y, L(UZJrl)epg:fl)

CONDITION B: There exists an € > 0 and a positive integer p > 1
such that for all w, € €, all Iu(f:rl) and all x € LS,ZH) we have

(T5,) (@) > 1+
For such random maps we conclude from the chain rule that
a = inf|(TJ)) (z)| > 0, (7)

where the infimum is taken over all w; € €, all LSJJ-.H) and all z € Iu(f;rl) for

0 < j < p. Furthermore,

() (@)] = a1+ > a(l+6) P 0> 1. (8)

in
zelfjjfl), L(j:rl) cPp(n+1)

For each ("1 there is an I, such that T (7(n+1)) = I,. Thus by virtue

. —(n+1
of the mean value theorem, we know that there exists an ¢ € I (m+1) such

that A(I("+D) = X(I,)/|(T2 )'(z)|. It follows from Condition B and (8) that
AT D) < Bo™, 9)

where §# = (1+¢)~%/? <1 and B = (+o) maxy,ep A(Ls).

[e3%

3 Smoothness of invariant densities for ran-
dom maps

Let T = {7, 72,...,TK;P1,P2; - - -, DK } be a random map such that

T1,T2, ..., Tk € T1(I) are piecewise C",r > 2, piecewise onto and T satisfies
condition A and B in Section 2. Thus, by Pelikan’s Theorem (Theorem 2.4)
T has an absolutely continuous invariant probability measure p with respect
to Lebesgue measure. In this section we generalize Theorem 2.3 for a single
transformation to a theorem on random map.

The proof of the main result (Theorem 1.1) proceed by following lemmas.
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Lemma 3.1 There exists ¢ > 0 such that for all N > 0, all wy € Qn and
all INTY € pN+1)
wN

d
el TN ! -1 1
(1T @) <e, (10)
where
TN(:E) = TuJJ\va (I) = Tkny OTkn—1 ©---©Thky (I)’ z € IE)JJX-FI)'

Proof: By (7), (T")'(x) does not vanish on TN+ and so |(TN) (z)] is C*
on I+ Using chain rule,

(T™) (2) = (Th) (Thpn 1 © Thipy 5 © o 0 Thy (%)) -+ (7hy) (70 () - 7, ()

and
(TN (x) = (TN=™)(T™(x)) - (T™) ().

Logarithmic differentiation gives

(Lyeryer)

= |[(TN) (=)

= (VY ()| | og (T (@)

(TkN )/(TkN—l OTkny_2C++-OTk (I))|

d
+% 108 [(Thn— 1) (Thn—2 © Thy 5 © -+ - © Tiey ()]

o di tog (71, (e ()] + - log (7, )/ (&)

N—

Z Thss) (T (2 >>‘

m=0

= [(TV) ()"
‘ |(TkN)/I(TkN—1 OTky o Q.- 0Tk (I))KTkN—l OTky 9 ©Q-..0 Tkl)/(x)
|(Thn ) (Thn—1 © Thn o © - 0 Tk, (2))]

|(TkN—1)”(TkN—2 OTky 30 0Tk (I))|(TkN—2 OTky_3CQ-..0 Tkl)/(x)

" (i) o2 0 Th 0 -0 75, ()|
(1) (D70, ) (@) (7))
T T e G @) @) @)
N | ) (T (@) (1) ()
2 | GV T(2)) VY ()
e @ B | @) | [ (@)
= mbw Ty P w | e ! & )
| H@] @] ()
e e Erl R Er el
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N-1
(TN =) (T ()|
m=0
Using (9), we obtain
d N/ -
()
< macfsup| | gup | @) o | (@) }N211+e9N m
. H@ 1 R@ T @) S
1 1 1
< max{sup Tl, (2) , Sup TQI (z) y...,SUp Tf(x) }
71 () 73(7) T ()

N-1
1+e€

eN ™ <
PP

Lemma 3.2 There exists M > 0 such that for all N >0
MN < M7

where My is as in (6).

Proof: Let us fix N, wy € Qn and ILEJN+1) We will skip the wy subscript.
For z,y € IW*Y | we get by monotonicity of TV on I'N*+1) and Lemma 3.1

N\’ T TN / T x TN "
o8y = ) =, o
_ /U (TN)’(t)%i(TNl),(t)dt

< e / TN ()] < e TN (FV)) < ¢

Setting M = e completes the proof.
O

Now, we prove the main result (Theorem 1.1) of this paper. We split the
proof into a number of lemmas.

Lemma 3.3 Let T = {1, 72,...,TK;P1,D2, .-, Pk} be a random map such
that T' satisfies conditions of Theorem 1.1 with r = 2. Then the T —invariant
density f* is a uniform limit of {P}1},>0 and continuous.

Proof: Consider the sequence f, = Ppl,n=1,2,.... We have

folz) = 1(x)
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K
hle) = PTl(w)=Zkam1(w)

1
- Z”’“Z| @)

k=1 =1
Since 74,k = 1,2, ..., K is piecewise onto and 7 ; = 7 |r,, k = 1,2,..., K,i =
1,2,...,q are continuous, f1(z) is continuous.

K
f2(z) Pi1(z) = Pr (Prl(z)) = Pr (Zpkprk1($)>

k=1

K
= > wPr (P, 1))

k=1

= Zkapan (Pr.1(z))
k=1  i=1

= ZPkZPlZZ 1 1
h=1 ()]’

=1 j=1i=1 |Tl ng (Tkz)(x))HTk(Tkl

! / ! ! L
where 7; ; = Tk|]i,7'l7j =71,k 1 =1,2,...K, and i,j = 1,2,...,q. Thus,
we have

B Pk Pko
R@= D et N T o

1<ky ko<K 1<iy.iz<q Tk (Thg i

and again fy is continuous. In general, we have

falm) = ) >

1<k k2, kn <K 1<i1,82,...,in. <q

[ Pk1Pky " " Pky
T Tt (T o (T, (i, (@) )
1
T Ty o Ty (T, @) - DD, (7 (90))|]

= > D

1<k k2, kn SK 1<00,402,..0,i0 <q

{ DPkiPhs * " Phy, }
|(Tkn7in OTky_1yin—1 -0 Tkyiz O Tkl-,il)/(d)nqknvjn (I))|

where f, is continuous and

— . . . )1
¢n;kn7.]n - (Tkn;ln o Thn—1,in—1 ©...0 Tk ,ia ° Tk}lﬂl) ’
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Wlthjn = ('Ln; infla M 7i2; 7’1) 6 {17 2 R q}na kn = (kn; knfla M k27 kl) 6
{1,2,...,K}".
We want to show that f,,’s are uniformly bounded and equicontinuous.

We have,
2) =YD Pk Pra DB, g (@) (11)

k’Vl jn
In Lemma 3.2 we have proved that there exists a constant M > 1 such that
for any n > 1, any k, any j and any = € I,

i SUP|¢% kj(x))|| < M. (12)

inf [¢], ) 5(z
We can apply inequality (12) to equation (11) to obtain

1 sup fu(@)

— < <M. 13

M inf f,(x) (13)
Since f, is a density function of normalized measure, we get

% < falz) < M. (14)

Next, we show that f,, is equicontinuous. It is easy to see that for [ > 0,

frsi(@ Z D Pkl - Pro 1 Pn ke @)D, 5. @) (15)

kn jn

Differentiating both sides we obtain,

et @IS YD prabha -2 [ (Gt in @)1, 5, (@)

kn Jjn

+fl(¢’ﬂ7kn,jn( ))|¢n ki, Jn( )|] . (16)
Now, using (8) and (14), we have

Zzpklpkz"' n|( nkan(I))2|

kn Jjn
1+e)M
< ki e ki < (7.
— SU;}:) S‘}'}lp |¢n)kn;.]n (LL')| ¥ szklpkz Dk, |¢n,kn7Jn (LL')| = a(l ¥ E)H/p
Thus, for ng big enough, we have
supz Zpklpk2 < Pkng |(¢no Kng, Jno( ))2| < o<1, (17)

mGI
'n.o .]’n()

Let
d = SUPZZPklplm--- n0|¢n0 Kng, Jno( )| < +00

"0 .]n()

B, = sup|f/(z),n=0,1,2,....
xcl
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Then (16) with n = ng implies
Biyn, < B+ Md,1=0,1,2,....

Thus,
Biyony < Biyn,0+ Md < (Bf + Md)f + Md,

and

Biymng < Bi0™ '+ Md(14+6+...0" V) < B + Md—e = B,
for m =1,2,.... Thus the sequence {B,}5° is bounded by
max{ By, Bi, ..., Bn,_1}. We have proved that the sequence { f,,} is uniformly
bounded and equicontinuous. By the Ascoli-Arzela theorem it contains a
subsequence {fp, }i>o uniformly convergent to a continuous function g. By
our assumption, the random map has a unique invariant density f*. Thus
{fu }i>0 converges to f* in L'. Thus, g = f* and f,, — f* uniformly, as
| — 400. Since this argument applies to any subsequence of {f,},>0, the
entire sequence converges uniformly to f*, which is continuous. [J

The following lemma can be proved by induction:

Lemma 3.4 Let F(x) = f(é(x))¢' (z),x € I. Then
Fls+1) _ f(s+1 N2y Zf z) [ OGN ¢(s+2))} 7
i<s
where Ps; is a polynomial of order i +1,1=0,1,...,s.
Proof of Theorem 1.1:
We proceed by induction. The first step, i.e., uniform boundedness of

(P%l)(l) and uniform convergence P31 — f *, has been proved in Lemma
3.3. Let us assume that » > 3 and that {(P" ) )} ,>0 is uniformly bounded

for j = 0,1,...,8 < r —2,(Pr1)0) — f*0) uniformly as n — +oo for
7 =0,1,...,s — 1. We will show that the same is true for s + 1. Let f, =
P1,n=0,1,.... Using Lemma 3.4 and formula (15), we can write
s+1
I @) =
s+1 s
Zzpklpkz ey | ST Gk, @) (1D, 5, @)
ko jn

31 Gnaea ) [P 5, 0,6 @ 052, <>>H
=0

For ng of formula (17), we have

Zzplﬂpkz no(|¢;zo,kno,jn0 (x)D(SJrl) (18)

'n.o .]'n()
(1+¢ \°
<|————— ) M=0,1<1.
B (au +e)ro/p "
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By the inductive assumption, l(i) are uniformly bounded for ¢ = 0,1,...,s.

Also gb(z . ,i=1,2,...5+2 are bounded. Thus, we can find a constant

10:Kng,Jng?

A1 > 0 such that

S

Zzpklpkz kg D I (B g g (2) (19)

"0 Jno i=0

5+2)
|:Ps l(¢n0 kn0 -]"0( ) ¢§10+kn0 -]"0 )):| ‘ S As+1
for all 1 > 0 and « € I. If we denote DS = SUP,er |f(SJrl (x)|, we obtain

DU < DIVg L+ Ay

foralll=0,1,....
As in Lemma 3.3 this implies that the sequence { f,(lsﬂ)} is uniformly

bounded. Thus, the sequence { f,(ls)} is uniformly bounded and equicon-
tinuous. By the Ascoli-Arzela theorem it contains a subsequence {fy, }i>0

convergent uniformly to a continuous function g. Since ffiil) — (f)=D
uniformly as [ — 0o, g = (f*)(®). Since this argument applies to any subse-
quence of {£{"},>0, the entire sequence {f{*},>0, converges uniformly to
(f*)) which is continuous. This completes the proof of the theorem.
Remark: If we omit the assumption A (4), then the same reasoning
proves the smoothness of the density function on the subintervals of the set

1\ U T (ao,ar, . a,)).

n>1
where T"({ag, a1, - .., a4}) = U, cq, To, ({a0,a1,...,aq}).

Example: In [12] Lasota and Rusek created a model of oil drill operation
using eventually piecewise expanding maps of an interval (see [4, Chapter 13]
for a detailed description). The map 7 models the process of drill jumping
up and falling back down. The more uniform is the invariant density of 7 the
more uniform is the tear of the drill, so knowing the invariant density is of
practical importance. Since the parameters of drill movement are measured
only with a certain accuracy and they vary during the operation it is more
realistic to model the system with a random map. Instead of considering
just one map 7 we will consider a family of approximations 7; to 7 applied
at random on each step of the iteration.

For Froude number A = 3 we approximate 7 by three eventually piecewise
expanding, piecewise onto maps 7, 72 and 73. We define 7; by formula
(20) using constants: a; = —1.40, az = —1.41, a3 = —1.39, by = 6.5888,
bas = —8.7850, by = 11.7134,e; = 10, e = 11, e3 = 12. The graph of
71 is shown in Figure 1 a). The graphs of the others are indistinguishable
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5.2

0 0.25 1 0 1
a) b)

Figure 1: Map 7 and an approximation to the invariant density of random
map T

from the this one at the precision we can show. We define random map
T = {71, 72,73;01,P2,P3}, with p1 = 0.5, po = 0.25, p3 = 0.25. We calculated
densities f,, = Pp1 numerically using Maple 11. f5 is shown in Figure 1 b).
The Maple 11 program is available on request.

Ti(z) = (20)
a;(z — 0.25) + (30.6667a; + 66.3382)(z — 0.25)>

+(240a; + 562.5680)(z — 0.25)3 + (533.3333a; + 1444.8607)(z — 0.25)4 ,
for 0 <z <0.25;

(1 +bi(x — 1)) <0.9(:v —1) = 017(z —1)* + g(l —4/1- %(1 — x)) :

for 025 < <1.
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