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Abstract

A Multidomain Spectral Method
For Computational Aeroacoustics

Dan Stanescu, Ph.D.
Concordia University, 1999

This thesis presents a method for computational aeroacoustics, primarily aimed
at computing sound propagation in, and radiation from, turbofan inlets. The
physics of sound propagation is modeled by the system of partial differential equa-
tions that describe conservation of mass, momentum and energy in inviscid flows.
The equations are solved numerically in the time domain as an initial and bound-
ary value problem to obtain the time-dependent acoustic pressure in the flow field,
from which sound pressure levels are obtained by integration.

A multidomain spectral method is used to discretize the space terms. Com-
plex geometries are handled by the use of unstructured grids of non-overlapping
hexahedra that may have curved boundaries. An isoparametric mapping is used to
transform each hexahedron on the master element, on which an efficient colloca-
tion spectral approximation can be defined by the use of tensor products. Conti-
nuity of the solution in space is enforced as part of the solution process by the use
of a set of staggered grids that do not involve the element corners.

A set of Runge-Kutta methods optimized for wave prbpagation and with min-
imal storage requirements are developed for integration in time. Several radiation
boundary conditions are implemented and tested, and a way to construct the spec-

tral grids within the elements starting from given edge descriptions is proposed. A

i



transformation that alleviates the time step restriction while keeping the exponen-
tial accuracy is also discussed. Numerical results that validate the methodology
are presented for several test cases representative of the fan noise problem. The
thesis ends with a brief description of a modification that allows computation of
noise superposed on a mean flow known from other sources, such as experiments,

and its application to turbulent mixing noise from a supersonic jet.
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Chapter 1

Introduction

Soon after the introduction of jet engines, it became clear that their successful
use on commercial aircraft was largely dependent on the possibility of reducing
the noise associated with the high subsonic Mach number turbulent jets which
for those early designs were the only source of thrust. Research aimed at under-
standing the basic mechanisms of jet noise led to the development of the so-called
‘acoustic analogy’ by Lighthill {1] and the dawn of a new discipline, aeroacous-
tics. By applying a dimensional analysis to the turbulent sources in the jet shear
layer, Lighthill showed in a subsequent paper [2] that the acoustic power radiated
by a subsonic jet is proportional to the eighth power of the jet exit velocity. This
most important theoretical result contributed to the evolution of the subsonic jet
engine from the small area, high exit velocity noisy jets to the modern turbofans
of large bypass ratio.

The acoustic analogy, as well as its later generalizations to account for the
presence of solid surfaces in the flow, rely on a specification of the acoustic

sources and as such are not completely deductive methods. If the sources are



known, from experiments or numerical computations for example, the radiated
field can be calculated by performing a volume integral over the source domain.
The recent increases in computer power and advances in computational methods
have opened the way for the computation of sound sources from first principles,
using the fundamental equations of fluid dynamics. Thus, largely relying on ex-
perience gained from computational fluid dynamics (CFD), computational aeroa-
coustics (CAA) has emerged as a novel approach to aeroacoustics problems. Its
aim, as stated by Tam [3] is “the application of computational methods to aeroa-
coustics problems for the purpose of understanding the physics of noise generation
and propagation”.

An algorithm for CAA must take into consideration aspects that are not usually
encountered in CFD, such as the inherent unsteadiness of the problem, the wide
range of time and length scales and the correct propagation of high-frequency
acoustic waves of very small amplitude over large distances and across the bound-
aries of the computational domain. It is not hard to appreciate that no single
method can ever be designed to perfectly suit the whole array of problems encoun-
tered in aeroacoustics. The object of the present thesis is to design an algorithm
for the study of noise propagation through fan inlets and their near acoustic field.
However, it will be shown that other problems, as for example turbulent mixing
noise from jets, can be addressed with only minor modifications to the proposed

algorithm.



1.1 Fan noise mechanisms

For the large bypass ratio turbofans used on commercial aircraft nowadays, the jet
is not necessarily the most important source of noise in all flight regimes. Instead,
during an approach flight, and even during take-off for high values of the bypass
ratio, the fan is usually the dominant source due to the shielding effect of the un-
heated low-speed secondary jet flow on the core jet noise. Both broadband noise,
mainly due to random turbulent disturbances interacting with the fan, and tone
noise (rotor-alone and rotor-stator interaction noise) at multiples of the blade pas-
sage frequency characterize the fan acoustic signature. Moreover, multiple pure
tones, another component of fan noise, occur at supersonic tip speeds due to the
presence of a rotor-locked shock system [4] and to blade geometry irregularities
arising from either manufacturing or assembly [5]. As a complete deterministic
approach to broadband noise cannot be envisaged due to its stochastic nature, the
present thesis is limited to the study of tone noise. This is also motivated by the
fact that the broadband noise has a relatively low level over most of the frequency
spectrum, whereas the drastic increase in noise intensity at the discrete frequen-
cies involved in tonal noise represents a main contribution to community noise
exposure.

In a frame of reference that rotates with the fan, when fluid flows through the
bypass duct, the periodicity of the blades generates a pressure distribution that re-
peats itself B times around the circumference, B being the number of fan blades.
This pressure distribution, which can be thought of as a B-lobed pattern, rotates
with the fan generating periodic flow disturbances superposed on the mean duct
flow. As opposed to propellers, for which the pressure disturbances propagate in

free space, in the case of the fan the duct acts as a waveguide within which the



sound field is made up of a discrete series of acoustic eigenmodes. The propaga-
tion characteristics of these modes depend on the driving frequency, and a land-
mark paper by Tyler and Sofrin [6] showed how this can be restated in terms of
the rotor tip speed. As long as the tip speed is subsonic with respect to the ambient
speed of sound, the generated modes are evanescent and decay exponentially with
axial distance from the source, or equivalently they are cut-off by the duct. How-
ever, when the tip speed is supersonic, which is usually the case at high power
settings (take-off and climb), the generated modes can propagate through the duct
without decay if no acoustic treatment is applied to the walls. The resulting sound
field is known as ‘rotor-alone noise’ and the lobed pressure patterns that sweep the
duct walls along helical curves while propagating axially are commonly termed
‘spinning modes’. Since the tip speed is supersonic, the spinning pattern may also
contain in this case a rotor-locked shock system which can produce very intense
acoustic radiation. The far-field noise spectrum has in this case discrete peaks at
all the multiples of the shaft frequencies [4].

For an approach flight the engines usually run at a lower power setting, such
that the fan tip speed is in the subsonic range and the rotor-alone noise is cut-off.
The rotating pressure field and the fan viscous wakes impinge, however, on the
nearby stator, while the stator potential flow field is periodically disturbed by the
rotor blades. These are the main mechanisms generating rotor-stator interaction
noise. A completely similar interaction takes place between the rotor and the
struts. The theory developed by Tyler and Sofrin [6] also provides a qualitative
description of the interaction noise when the number of vanes of the stator, V, and
the number of blades of the rotor, B, are given. The basic interaction mechanisms

can only generate patterns with s = nB + £V lobes, where &k and n are arbitrary



integers. Depending on the particular combination of £ and n, these patterns may
spin with higher speed than the rotor and hence can become cut-on. In practice, B
and V can be chosen such that the fundamental frequency (also called the blade
passage frequency, BN/ /60) is cut-off. Higher harmonics usually are not, since
this would require impractically large values for B and V. Due to the much longer
time of exposure of the environment to approach noise than to take-off noise which
results from the small slope of the glide path, a better control of the rotor-stator
and rotor-strut interaction noise is an essential factor for modern turbofan design

to meet increasingly stringent noise regulations.

1.2 Fan noise prediction methods

In principle one can use the fluid dynamics equations to solve for the disturbances
generated by the rotor, their interaction with the nearby components, and their
propagation to the far field as noise, simultaneously. As turbulence should be ac-
counted for and the geometries involved are quite complicated, such an approach
is obviously impractical. It is therefore useful to consider the two components
of the problem, source modeling and duct propagation and radiation, separately,
with the understanding that various simplifying assumptions allow in some cases
their simultaneous resolution.

Most source models currently in use for the fan are based on two-dimensional
(2D) analyses, and have been developed soon after the Tyler-Sofrin [6] theory.
Blades are usually considered cascades of flat plates, and the linearized equations
for conservation of mass and momentum in compressible flows are used to de-

scribe the acoustic field. The disturbances corresponding to the fan blade wakes



are considered to be in the form of gusts convected downstream by the mean flow,
usually given by empirical correlations. Solutions can be obtained under these
conditions for the unsteady pressure jump across the blades [7], which is equiva-
lent to specifying a chord-wise distribution of acoustic dipole sources. Coupling
with the duct of the unsteady distributions of both the rotor and the stator deter-
mined with proper phase and amplitude easily allows calculation of the propagat-
ing modes.

Three-dimensional (3D) effects play an important role on the sound generated
by a blade row, in particular when it interacts with disturbances that have large
radial variations. A model for the interaction of a rotating annular cascade in an
uniform subsonic flow with circumferentially periodic distortions was developed
by Namba [8]. He found that, as a rule, under the assumptions of the method, the
2D model is not adequate for low frequencies but its predictions improve as the
frequency of the incident distortions increases.

An extension of Lighthill’s acoustic analogy by Ffowcs Williams and Hawk-
ings [9] through the use of generalized functions allowed researchers to take into
account the effects of blade geometry such as thickness and planform. A method
developed by Schulten [10, 11] computes both the field generated by the blade
geometry and that resulting from interaction of the blades with an incident field.
The solution is given in terms of Green’s functions that incorporate such details
as the presence of a hub and the acoustic treatment of the duct wall with liners.
The method allows for the study of stagger angle, camber and vane sweep effects
on the resulting noise.

All preceding theories can model both the sources and the propagation of

sound in simple duct geometries, but are valid only for uniform subsonic flow.



When the blade row has supersonic tip speeds, the generated noise characteristics
can change drastically. Recent studies [12] show that the response of an airfoil in
realistic non-uniform transonic flow is considerably larger than that of a flat plate.
As analytical solutions in this case are excluded, researchers are now considering
numerical approaches that solve the governing equations for the stator and rotor
simultaneously while taking into account their relative motion [13].

Radiation of specified acoustic modes was first predicted using analytical meth-
ods based on Wiener-Hopf techniques, both for two-dimensional [14] and axisym-
metric [15] infinitely thin ducts. A numerical method using finite elements in the
near acoustic field and wave envelope elements in the far field in order to reduce
the number of grid points has been developed mainly by Eversman [16, 17]. The
computed variable is the complex spatial acoustic pressure amplitude, or equiva-
lently the acoustic velocity potential, and a weighted residual formulation allows
an axisymmetric model to be used even for the higher order spinning modes. This
is appropriate for most fan inlet geometries and helps reduce the needed computer
resources. Since wave elements incorporate the proper decay of the spherical field
with radius from the source, good results have been obtained for the amplitude,
but not for the phase of the solution. More recently, Caruthers [18] employed free
space Green functions to obtain very accurate discretizations, for both phase and
amplitude, of the Helmholtz equation with minimal requirements for the number

of points.



1.3 Computational Aeroacoustics approach

The methods presented above have a number of advantages. In particular, they
allow easy parametric study in the design process, since the influence of a number
of factors (row spacing, blade cross section, etc.) on the generated sound can be
easily calculated. These advantages rely however on heavy assumptions such as
the existence of a uniform flow field and the very small level of the perturbations
(linearity). In the inlet and exhaust ducts of the fan the mean flow is in reality very
complex and, in particular for high power settings, the level of the pressure pertur-
bations is extremely high. In this case, the nonlinear effects become important, as
energy transfers appear between different frequencies. These facts recently lead
researchers [19, 20] to consider the nonlinear Euler/Navier-Stokes equations for
modeling acoustic propagation in fan inlets.

The approach considered in this thesis as a first step towards the development
of a system for fan noise prediction supposes the simultaneous use of CFD and
CAA for a complete specification of the sources of noise and the computation of
their sound field. The flow field through the rotor can be determined if a steady
analysis in a rotating frame is performed. The results can be used to generate the
disturbances that are associated with the rotor alone (in the form of a function
of time and space) as seen on a plane a certain distance upstream of the rotor,
hereafter called the source plane. A more complete CFD analysis of the unsteady
interaction between the rotor and the stator can specify the disturbances corre-
sponding to both the rotor-alone and rotor-stator interaction sources. For reasons
of accuracy and cost, this analysis must be however limited to small regions sur-
rounding the sources. Beyond the source plane, the use of the same CFD solver is

still possible but would incur either large errors or else impractically large num-
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bers of grid points. Therefore, the computation of the acoustic field propagated
beyond the source plane is to be done using a CAA algorithm, as suggested also
in [19, 20]. Such an algorithm is developed in this thesis.

As far as sound propagation is concerned, the molecular viscosity is unimpor-
tant unless -very large propagation distances are involved. However, the refrac-
tion effects caused by the large gradients of the mean flow in the region of the
boundary layers may be important and ultimately should not be neglected. Hence,
the physical model must describe the possibly nonlinear propagation of acoustic
waves superposed on the existing mean flow. To this end, the time-dependent Eu-
ler equations are used here. For convenience, the term ‘Euler equations’ is used
henceforth to refer to the system of conservation laws for mass, momentum and
energy in inviscid fluid flow.

For the flow in the fan inlet, in the case other solutions are not available or
for large engines when the boundary layer flow occupies a relatively small region,
the mean flow can be considered in a first approximation inviscid. In this case,
the algorithm developed in the thesis allows the computation of both the mean
flow and the sound field. First the mean flow is computed, as a steady solution
of the equations subject to time-averaged boundary conditions. Afterwards, the
boundary conditions are imposed as a function of time, reflecting the incidence of
the acoustic perturbation on the mean flow, and the acoustic variables are obtained
as the difference between the unsteady flow variables and the mean flow, once a
periodic state has been obtained over the flow field. In the case of a fan exhaust, or
for small engines, the mean flow must incorporate viscous effects. In this case, a
minor modification of the algorithm allows calculating the nonlinear propagation

of disturbances on a given mean flow provided by other means.



1.4 The need for spectral methods

When the mean flow and the acoustic perturbations are computed together as the
solution of the same system of partial differential equations, a very important
problem related to accuracy arises. It is due to the fact that the perturbations
can be many orders of magnitude smaller than the mean flow, at least at some
distance from the source. Minor errors in the computation can therefore affect
the computed sound field to the point of rendering the solution meaningless. It
makes sense therefore to use numerical methods that can offer a very high level
of accuracy at a reasonable cost.

After the introduction of the dispersion-relation-preserving schemes by Tam
and Webb [21] and the compact schemes with spectral-like resolution by Lele [22],
finite difference methods started to be widely used for CAA. They offer a num-
ber of advantages, such as ease of analysis and programming and computational
efficiency. Their use ranged from computing propagation of both linear [21] and
nonlinear [23] acoustic waves to computation of sound radiation from fans [19]
and modeling of jet screech noise [24]. The use of finite difference methods be-
comes however difficult when the grids have a multiblock structure, which is al-
most always the case for industrial applications. In this case, methods that offer a
larger geometrical flexibility are a good alternative.

The initial effort of this research was focused on finite volume methods of
very high order of accuracy. Structured mesh essentially non-oscillatory finite
volume methods had been developed by Casper [25] and used for aeroacoustic
computations [26]. Finite volume methods show clear advantages over finite
difference methods in complex geometries. To fully exploit their potential, one

should however be able to use unstructured meshes. A long time has therefore
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been spent on unstructured grid finite volume methods, of the essentially non-
oscillatory type [27] and of central differencing type under a least-squares ap-
proach. Although very high accuracy was finally obtained (grid refinements on a
plane wave propagation problem in 2D showed up to fourth order for the essen-
tially non-oscillatory and sixth order for the least-squares methods, respectively),
this accuracy proved still insufficient for acoustic modeling. In addition, the CPU
time requirements of the methods were prohibitive.

It is well known from numerical analysis that approximations based on partial
sums of Fourier (or Chebyshev, for the non periodic case) series have exponential
convergence (or spectral accuracy) properties. That is, given an infinitely differ-
entiable function g, the error between the approximate gy based on N terms in
the series and the real function is bounded as limy_,oc N?||gn — ¢|| = 0O, for any
positive value of n. From a practical point of view, this means that very high accu-
racy can be obtained with a small number of grid points. A plot of the error norm
obtained from both spectral and finite difference discretizations (equivalent to the
finite volume methods above for this case) of the unidimensional (1D) linear wave
equation versus the total number of points is given in figure 1.1. It is obvious that
for 3D computations of high frequency waves, when the number of grid points
might reach several millions even for spectral methods, most finite volume/finite
difference methods might need many more points and would henceforth be ex-
cluded. These results, although obtained at an arduous cost, definitely turned the
course of this research, albeit late, towards spectral methods.

For the computation of propagating waves, an important requirement, as un-
derlined by Tam [21], is that the numerical scheme must reproduce the dispersion

relation of the governing partial differential equations. The quality of a given spa-
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Figure 1.1: Norm of the error versus total number of points for the convection
of a Gaussian pulse using the 1D linear wave equation and multidomain spec-
tral (MD-S, 20 elements), 6th order (FD6) and 8th order (FD8) finite difference
spatial discretizations. The same time integration method is used for all spatial
discretizations.

tial discretization is assessed by studying it in wavenumber space. The numerical
wavenumber generally differs very little from the exact one for small frequency
waves but increasingly deviates from it as the frequency is larger than a certain
limit. In other words, given a certain numerical discretization of the spatial terms
in the governing equations, only the waves with the wavelength above a certain
threshold can be represented properly. For classical fourth-order finite difference
discretizations, for example, the wavelength must be larger than about 12Az, and
larger than 6 Az for the optimized fourth-order methods devised in [21]. Spectral

methods offer again the best alternative, with wavelengths as small as 2Az (the
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Nyquist frequency) being correctly represented by Fourier methods, and Az by
Chebyshev methods [28]. Here Az is the grid spacing, uniform for the finite
difference and Fourier case and in an average sense for the Chebyshev case.

Spectral methods, yet, have a number of drawbacks. For nonlinear prob-
lems, the natural approach is to use the so-called ‘pseudospectral’ methods [29],
wherein the nonlinear terms are evaluated in physical space. This, however, leads
to aliasing errors in the computation of the convolution sums. Aliasing errors are
usually removed by the use of techniques such as padding or phase shifts [29].
Another disadvantage when using spectral methods for the space terms is that im-
plicit methods for the discretization of the time derivative are very difficult to con-
struct. For explicit methods on the other hand, the time step, being proportional to
the smallest grid spacing, can be severely limited due to the quadratic clustering
of the grid points towards the end of the domain in the Chebyshev case. Stability
problems as well as slow convergence in computing steady state solutions also
characterize spectral methods.

The use of spectral methods has usually been restricted to simple geometries
and, in the Fourier case, to periodic boundary conditions. This is due to the fact
that a multidimensional spectral approximation is built using tensor products of
1D approximations in order to remain efficient [29]. Hence, the computational
domain has to be either a cube or a domain that can be mapped on the unit cube
by a coordinate transformation. To account for more complicated shapes, mul-
tidomain (patching) methods and spectral element methods have been developed
only relatively recently. In this case, the computational domain is divided into
smaller non-overlapping pieces, henceforth called elements, each of which has

a stand-alone spectral approximation. In general, spectral element methods are
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considered to be those that use a variational or a weighted residual form of the
equations over each element, as the Galerkin method that is also very much in
use for finite element techniques, while multidomain methods are usually based
on collocation. Continuity of the function and all its derivatives up to an order
lower than those appearing in the governing equations must be enforced explicitly
in multidomain methods.

The first successful spectral element method was introduced by Patera [30] for
the incompressible Navier-Stokes equations. For compressible flow, Cai et al. [31]
have shown, for a global spectral approximation, how to modify the spectral sums
to account for the presence of discontinuities. Spectral element methods using the
same principle have been developed by Sidilkover and Karniadakis [32]. The main
difficulty that arises in this case is upwinding when several element corners meet
together, the methods becoming unstable if it is not done properly. Elegant solu-
tions have been found recently for this problem, for example the use of staggered
grids proposed by Kopriva and Kolias [33] and the penalty method developed by
Hesthaven [34].

Multidomain spectral methods have, however, distinct advantages over a global
spectral approximation once this difficulty is solved. The first one is that a local
approximation might be preferred to a global one due to the character of the gov-
erning equations, as is actually the case for the hyperbolic Euler system. The
second one is that, the computational domain being already subdivided, an al-
gorithm based on these methods can be implemented in a very natural way on
parallel machines simply by assigning a number of elements to each processor.
Also, the time step for explicit time marching methods can be much larger for a

multidomain method using several elements with a smaller number of grid points
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inside each of them, than for a global discretization using only one domain with
a very large number of points. A multidomain spectral method has therefore been
considered appropriate in this work for the discretization of the spatial terms in

the governing equations.

1.5 Thesis outline

This thesis describes an algorithm for computational aeroacoustics, mainly aimed
at accurately describing noise propagation in fan inlets and its radiation in the near
acoustic field. It also presents its application to a set of standard acoustic prob-
lems for the purpose of validation, as well as to several aeroacoustics problems of
interest in gas turbine engineering.

The algorithm can be thought of as being made of several parts. First, it con-
tains a highly accurate (spectral) discretization of the spatial terms in the partial
differential equations. Second, for unsteady problems, it offers the possibility of
using a discretization of the time derivative that is optimized for wave propagation.
Finally, the algorithm is enhanced with the capability of treating acoustic propa-
gation, which includes calculating the acoustic variables from the time-dependent
flow variables as well as imposing proper boundary conditions for them. The
computer code thus obtained can be used either as a steady state solver for the
purpose of computing a mean flow or as an unsteady solver for computing acous-
tic propagation superposed on this mean flow.

The second chapter of this thesis shortly presents the Euler equations used as
the mathematical expression of the physical laws governing sound propagation.

The approximation of the spatial terms by a Chebyshev spectral sum is then de-
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scribed, using both a formalism based on Lagrange interpolants and the actual
matrix-vector multiplication operations actually implemented in the code. The
staggered grid initially proposed by Kopriva and Kolias [33] is used to transfer
information between elements without involving element corners.

The third chapter focuses on the issues related to the time discretization. The
properties of the Runge-Kutta methods for solving ordinary differential equations
are discussed, and a way to construct methods optimized for wave propagation
and using only a minimum amount of storage even for nonlinear problems is in-
troduced. The accuracy of the new methods is tested on model problems.

The fourth chapter is devoted to the boundary conditions used for the compu-
tation of the mean flow as well as those for the computation of acoustic waves. Al-
though at the source plane the approach allows specification of a general function
of time and space for incoming waves, a single incoming duct mode is specified
for the calculations considered in this thesis.

The fifth chapter discusses the relative advantages and the actual methodology
for generating the needed 3D grids inside each element within the same computer
code, from given geometrical information about its edges and faces. A technique
for increasing the time step by mapping the grid points inside the elements is also
described.

The sixth chapter presents numerical results obtained with the computer im-
plementation of the algorithm. Comparisons of the obtained solutions with analyt-
ical ones are first performed for linear cases which form a subset of the governing
equations. This is a necessary step for the validation of any nonlinear solver. Re-
sults are then given for several cases where analytical solutions are not possible

but where the full capabilities of the algorithm are tested. Some of these cases
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are studies of acoustic radiation from a fan inlet currently under production at
Pratt&Whitney Canada. The algorithm described herein is in further development
under a joint effort from both the CFD Laboratory of Concordia University and
the CFD Group at Pratt&Whitney Canada, the final goal being an industrial envi-
ronment code for the study of nonlinear aeroacoustics of turbofans.

The seventh chapter shows how the method can be modified to account for
mean flows that are not obtained as a solution of the Euler equations by the same
solver and with the same spectral discretization, and applies it for simulating the
turbulence mixing noise from a perfectly expanded supersonic jet. Conclusions

and possible directions for future work are presented in the eighth chapter.

17



Chapter 2

Numerical model and space

discretization

2.1 Physical model and governing equations

The sensation of sound is produced by pressure disturbances reaching the eardrum.
Their propagation through the surrcunding medium is governed by the Navier-
Stokes equations, which fluid flow is considered to obey. For frequencies of most
practical interest, however, molecular viscosity effects on sound propagation can
be neglected, the pressure representing 2 much more important stress field than
the viscous shear stresses. The ratio of the two stresses is given by the relevant
Reynolds number R = wA?/v, which is around 10® for sound at most audible
frequency in usual ambient conditions. For viscous effects to become important,
sound must travel R wavelengths [35, 36]. Since regions of much smaller size are
studied herein, viscosity is neglected in the Navier-Stokes equations. The result-

ing system of first order partial differential equations, denoted here as the Euler

18



equations, describes the conservation of mass, momentum and energy in an in-
viscid fluid flow. It accounts for any refraction effects due to non-uniform mean
flow on the propagation of sound, as well as possible nonlinear effects due to large
source amplitude.

The Euler equations can be written under an unified notation, for both the
Cartesian coordinates and the axisymmetric case, by the use of an integer switch
that takes two discrete values. Considering the computational domain of interest

D C R¢ with its boundary T, the vectorial form of the equations is:

d
0Q , ~OF;
ot i—1 81',-

+UH6yq = 0. (2.1

For Cartesian coordinates v = 0 and d is the number of spatial dimensions. Set-
ting v = 1 and d = 2 recovers the case of axisymmetric flows, which are actually
three-dimensional flows but can be studied using a planar grid due to their sym-
metry. To ease the presentation, the position vector £ is considered to have either
the components (z, z2, z3) or equivalently (z, y, z) for the Cartesian coordinate
system and (z,r) for axial symmetry. The notation 4;; denotes the Kronecker
symbol while @ is the vector of conserved state variables and F (F1, F3, F3) and
H are the flux tensor and the source term vector, respectively. Their explicit form

is:

(o) [ )

pU2

pUL pU1V; + poy; .
PULV2

Q=] pvo |, Fi=] pvov;+ps; |, H=— . (2.2)
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e, \ (e +p)u: )
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The primitive flow variables appearing in the above equation are the density
p, the three components v; of the velocity vector V and the pressure p, while €
denotes the total energy per unit mass. Alternately, the velocity components will

be denoted by (u, v, w). The equation of state for an ideal gas

"/'2
p=p(y—1) (e - 7) (2.3)

where 7 is the ratio of the specific heats, is used to relate the total specific energy
to the primitive variables and close the system. Both the flux vector components
and the source term are functions of the state vector @, i.e. F = F(Q) and
H = H(Q).

The system of equations (2.1) has a hyperbolic character in time and any of the
space variables [37]. An initial and boundary value problem (IBVP) is obtained

when solutions to (2.1) are sought that satisfy initial conditions of the form

Q(Z, to) = Qo(T), (2.4)

with Q) a given function, as well as appropriate boundary conditions written here

in operator form
B[Q(z,t)] =0 forZeT. (2.5)

2.2 Non-dimensional form of governing equations

In the Euler equations (2.1), the variables have their usual dimensions. This is
not appropriate for a numerical algorithm, since the disparity in the magnitude of

the physical variables can generate undesirable errors. Therefore the dependent
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variables in the equations as well as the time and space coordinates are set in a

non-dimensional form denoted by an asterisk superscript as follows:

T * Ii t* tcm * vi
p= =, = —, vt = —,
' L L ¢ Coo
p p ; (26)
pr=— pP'=—3, €=75
Po PooCoq Coo

where L is a characteristic length properly chosen for each case, ¢, is the ambient
speed of sound and p, is the ambient density.

Unlike the Navier-Stokes equations for which the non-dimensional form brings
forth the Reynolds number, the non-dimensional Euler equations keep the same
form given by (2.1). Therefore, the asterisk superscripts will be henceforth omit-

ted, with the understanding that all the variables are nondimensional.

2.3 Curvilinear coordinates

In view of a multidomain approach, the computational domain D is divided into
E non-overlapping simply connected domains (called elements for convenience)
D.,e=1,...,F such that D = Uf=1De. A representative element denoted by
D is a general quadrilateral for d = 2 and a general hexahedron for d = 3. The
IBVP is solved on each element separately, with continuity of the state vector Q
(patching) enforced explicitly at element boundaries as part of the solution pro-
cess.

Chebyshev polynomial approximations of functions are defined naturally on
the interval [—1, 1], with efficient extension to multiple dimensions through the

use of tensor products on what will be called the ‘master element’, D = [—1, 1]¢.

21



On the generic element D the approximation can be obtained by the use of a
one-to-one transformation £(Z) with & € [—1,1],2 = 1,...,d which maps D
onto D, and of its inverse i"(f) A way to obtain such a mapping is described
in chapter 5. The correspondence between D and D is shown schematically in
figure 2.1, from which it can be seen that constant &; planes become curvilinear
surfaces in physical space. As for Z, the components of £ will be considered to be

(&1, &2, &) or (€, 1, ¢) interchangeably, while £ will be used generically for any of

the components.

§3 3 E /7 3
Figure 2.1: Mapping of a generic element D onto the master element D.

Using the component form of the transformation, £ = &(z,y, 2), n = n(z, v, 2),

¢ = ¢(z,y, z), infinitesimally small displacements in the two coordinate systems
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can be related by:

d& f:c fy §z dI
dn | = | m my 72 dy |- 2.7
d¢ Cz Cy ¢z dz

Denoting by J the first Jacobian of the transformation,

& & &
J = det Nz Ty 7 = &y Qe + 1 GE + Cz€yM> — &My — N:Cy€z — C:Eyn=

Gz ¢ ¢
(2.8)

and using the chain rule of differentiation, the governing equations on the master

element can be shown [38] to become:

9Q - OF; 3
=+ ; T vH8yy = 0. (2.9)

where the transformed components of the state and flux vectors are obtained using

the Jacobian and the components of the metric tensor:

~ ~ 1 o¢&;
Q= —3— ==y Eip (2.10)

The spatial derivatives that appear in equation (2.9) can now be conveniently

calculated within the master element.
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2.4 Staggered grid approximation

It is advantageous to enforce the continuity of ) required by the multidomain ap-
proximation as part of the evaluation of the derivatives by the use of a set of stag-
gered grids first introduced by Kopriva and Kolias [33]. One of the advantages of
the staggered grid approximation is that it is fully conservative, as demonstrated
in [33], hence shock capturing techniques can be used. The most important ad-
vantage however resides in the fact that element corners are not included in the
approximation, such that no matter how many elements meet together at a corner,
continuity of solution needs only be enforced between any two neighboring ele-
ments at their common points along a face. This greatly simplifies the upwinding
process which is necessary for the stability of the method. Standard upwinding
techniques such as flux-vector or flux-difference splitting [37] can be used to this
end.

The staggered grids are constructed using two discrete sets of points over
which the Chebyshev polynomials are orthogonal, the Gauss-Chebyshev points
G and the Gauss-Chebyshev-Lobatto points L. Denoting by N the maximum

polynomial degree present in the approximation, they are defined as follows:

= = (27 —)w\ .
—_ JET = — —_— = ]. “on N -1
G {5 13 COS( N ] yoens ) (2.11)
L:{gflgf:—cos <J]—\7/,r-),j=0,...,N} (2.12)
Notice that only the set L includes the endpoints of the interval, i.e. £ = -1,

EN = 1.

The state vector @ and the source vector H, if present, are defined only at
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points that belong to G = G x G x G%2, the tensor product of the one-
dimensional sets of Gauss-Chebyshev points. It is at the same points that the
partial differential equations (2.9) are satisfied in a collocation sense since values
of the spatial derivatives of the fluxes are also computed there. The components of
the flux are defined however on different grids obtained by replacing the Gauss-
Chebyshev points with the Gauss-Chebyshev-Lobatto points for the correspond-
ing flux direction in the above tensor product, i.e. F is collocated at L x G4,
at G x L x G42, and F3 at G4~ x L. Figure 2.2(a) shows the distribution of the
flux collocation points on the surface of the master element for the case N = 3,
and figure 2.2(b) shows a cut in a £3=cst plane that goes through the state vector

definition points.
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Figur_e 2.2: I_Distribution of flux and state vector collocation points ([I : Fl, o: F’g,
A : F3, e : Q). (a) Surface of the master element (b) &3=cst plane.
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2.5 Spatial derivatives and patching

At the beginning of a time step, the initial data are the state vector values Q at the
points G¢. From these values one can create a multi-dimensional interpolant of

the form:

N N N

Q€1,&,6) =D _> > Q& &, 8)h:(&)Ri () A (&) (2.13)

=1 j=1 k=1

where the interpolating Lagrange polynomials A(£) corresponding to the set of

Gauss-Chebyshev points G,

N _ g

r(e) = [ (§ 5_[) 2.14)
1=1,l%i =<

are introduced. From this interpolant the values of the state vector at the flux

definition points can be readily obtained. For example, at the points where the F

flux is needed, Q can be computed as:

N N N
QENLE,8) =D D) Q8. 8,8 h(ENh(E)Re(&5), n=0,...,N.
=1 j=lk=1
(2.15)
Due to the properties of the Lagrange interpolants that h;(£7) = &;;, this becomes

in fact a one-dimensional operation,

N
QELE.8) =) Q&8 .&h(), n=0,...,N. (2.16)

i=1
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along a &;-line defined by &, = Eé & = f-:’f . A sketch of this interpolation, within
a {=constant plane say, is presented in figure 2.3. To define the solution at all the
flux points, the interpolation is performed along all &;-, &-, and &;-lines within

the master element.

-@-E-—@—E-@-E

i i i

Figure 2.3: Interpolation: solution at G? points is interpolated to Lobatto points.
Only two lines are explicitly shown.

Upon performing the interpolation, @ is known at all the flux definition points.
As can be noticed from figure 2.3, element corners do not have flux definition
points, but at element interfaces there will be two values for the state vector, from
the two neighboring elements that share the face. These values are not necessar-
ily equal. Patching together of the elements, or correspondingly imposition of
the physical boundary conditions of the problem when element boundaries co-
incide with T, is done at this stage. A continuous state vector across element

boundaries is created by the solution of a Riemann problem projected on the nor-
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mals to the interface at each interface point. The solution is assigned to both
neighboring elements. The process is represented in figure 2.4 and discussed in
more detail in section 2.7. Considering the initial interpolated solution along a
&-line to be (Q°, @1, ..., QY), corresponding to the points (£°, &L, ...,€7), the
solution of the Riemann problem (or the physical boundary conditions) leads to

different values for Q at the end points, such that the line values now become

(Q-’O: Q17 st QN—lv Q-’N)’

F(L,R)

Figure 2.4: Patching: a continuous solution is created by solving a Riemann prob-
lem between the left and right states interpolated from elements on each side of
an interface and assigning it to both of them.

From the solution Q at the flux definition points, the fluxes along a &-line
(F°, F1,..., F'N) can be obtained through the functional relation F = F(Q).
These values can be used to compute the derivatives at the initial set of points G-.

Indeed, a multidimensional interpolant for Fl for example can be constructed in a
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similar way as for Q
) N N N o B )
Fi(&,6.8) =)D > Fi(E. &, E)hn(€)h;(E) (&) 2.17)

n=0 j:l k=1

where h(&) is the Lagrange interpolant based on the Lobatto set of points, L:

o (E-¢€
ra(8) = [] ( > ,). (2.18)
1=0,l#n & =<
The needed differential is obtained by differentiating the Lagrange interpolating
polynomials:
5 F1 N N N
(51,52,55) =3 >N A ,52,53 (51)h (E)he(&E), i=1,...,N.
n=03j=1 k=1

(2.19)

which can be seen to be again a one-dimensional operation along a (§&; = ‘;’,

&3 = £F) line:

oF, . . _
a—&l(ﬂ,é’é,fs ZFl(fl,éz 53) (51) i=1,...,N. (2.20)

n=0

The sketch in figure 2.5 represents the differentiation operation. The fact that both
interpolation and differentiation are performed only along one &£-line at a time
makes the method at least as efficient as other spectral discretizations [32, 34] for
d>2.

To summarize, spatial derivatives are computed in three main steps:

Interpolation The solution vector Q is interpolated to flux vector definition points.
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Figure 2.5: Differentiation: values of the derivatives at the set of points G are
created from flux values at the Lobatto points.

Patching Continuity of the solution between elements, as well as physical bound-

ary conditions on T, are enforced on the interpolated Q values.

Differentiation Flux values are computed at the flux vector definition points
through the use of the functional relation ' = F(Q), and differentiated

to obtain the £-derivatives at the collocation points G¢.

2.6 Matrix multiplication implementation

Due to the particular choice of the grid points G and L, the Lagrange interpolants
and their derivatives can be easily expressed in terms of Chebyshev polynomials.

Using, for example, the discrete orthogonality relation between these polynomials
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over the set of points G, the interpolant k;(£) can be found to be:

_ o N1 _
hi(e) = —N; él T(E) TiE), i=1,...,N 221)

where C; = 2 forl = 0, N and C; = 1 otherwise. On a generic &-line such as &;
in equation (2.16), omitting for ease of presentation the two coordinates that are

constant, the interpolation

N
Q™) =D _QE(E), n=0,...,N (2.22)

=1

can then be written in matrix form:

QL =1Q¢ (2.23)

- . AT
where Qg = [Q(é B, ..., QN )] is the vector of known solution values at the

- - T
Gauss-Chebyshev points, Qp = [Q(fo), L QEN )] is the solution interpolated
to the Lobatto points, and I'is a (/V + 1) x [V matrix, the elements of which can

be found to be:

L. = h(e") = ;”zg T/(E) Ti(€") (2.24)
"z_cos peos™ (= cos (5727 ) s [rcos™ (—eon (57))]
C 28 o (122 s i1 ).

Differentiation of the flux values on a £-line can also be put in a matrix-vector
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multiplication form using either the direct differential of the Lagrange interpolants
or in the same way as above by expressing them through the use of Chebyshev
polynomials. In the first alternative, for example, writing the differentiated flux
interpolant equation (2.20) on a generic £-line on which the other two components

of £ are constant as
(E’ ZF(&") 2@ i=1.N (2.25)
n=0

the corresponding matrix form can be found to be
F'c = DFy (2.26)

where, taking into consideration equation (2.18), the elements of the V x (N + 1)

differentiation matrix are:

Oh 1 N N
2| =—5 Z ( H (€ — 5’)) ) (2.27)
& H ( f" _ 51) k=0,k#n \ I=0,l#kn

1=0,l#n

Din =

A stable and efficient way to compute differentiation matrices based on the La-

grange interpolants as above was developed by Fornberg [28].

2.7 The Riemann problem

The interaction of the two states interpolated from the neighboring elements at an
interface can be thought of as a Riemann problem if the time step is sufficiently

small such that wave propagation effects in a non-uniform flow can be neglected.
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A 1D Riemann problem is the initial value problem defined by the hyperbolic

system of equations
6Q , OF _

= = 2.28
5 " oE " (2:28)
subject to the particular initial conditions
QL: 6 <0
Q& t=0)= (2:29)
QR) 5 Z 0

Figure 2.6: Riemann problem solution. The state Q* at the interface £ = 0 is
computed from given values of @ left (@) and right (Qr) of it. The shock wave
(thick line), the contact discontinuity (dashed line) and the rarefaction fan are also
shown.

In the case of the 1D Euler equations, the Riemann problem (2.28) describes

the flow in a shock tube (tildes on ) and F' have been omitted). The resulting
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flow is self-similar, the flow variables being constant along any £/t =constant
line going through £ = 0 in the (&, t) plane. To obtain the resulting flow that con-
stitutes the solution to the Riemann problem, an iterative process is necessary due
to the nonlinear nature of the equations. Such a solution has first been presented
by Godunov [39]. The solution consists of three waves, a shock wave, a contact
discontinuity and a rarefaction fan, moving from the initial discontinuity at £ = 0
with different speeds as represented in figure 2.6. Given the initial data Q. and
Qr obtained by interpolation, the state @* at the interface £ = 0 can be obtained
for any ¢ > 0. This is the common state that is assigned to both neighboring ele-
ments at the interface. Approximate solvers which keep desired properties of the
solutions have been introduced first by Engquist and Osher [40, 41] and Roe [42],
and numerous others have been developed afterwards. An algorithm based on Go-
dunov’s method was developed in the present author’s master thesis [43] and has
been used for some of the computations presented herein. The remaining com-
putations were done using an implementation of Roe’s approximate solver [42]
suggested by LeVeque [44].

For multidimensional flows, the Riemann problem is complicated by the fact
that there can now be an infinite number of possible directions for the resulting
waves. Although some work has been done towards the solution of multidimen-
sional Riemann problems [45, 46], such techniques are still in their development
stage and are not feasible enough to be used with spectral discretizations. To pro-
vide proper upwinding at interfaces, an ad-hoc solution consists then to solve a 1D
Riemann problem in a direction that is normal to the interface. Consider for exam-
ple an interface that corresponds to a £, = £V surface for one of the neighboring

(‘left’) elements and a & = &2 for the other (‘right’) one. Let the interpolated
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primitive variables be (o, Vz, pr) and (pr, Vr, Pr), respectively, and let the nor-
mal to the surface, 7 = V&, be defined such that it points out of the left element
and into the right element. The initial conditions for the 1D Riemann problem
in equation (2.29) are then considered to be (g, V. -7, pr) and (pg, Ve - 7, DR)-
The tangential velocity components are defined using the solution for the contact
discontinuity, such that the values at the interface are the same with the values of
the left state if the speed of the contact discontinuity is positive or equal to the
right values in the contrary case. This completely determines the interface state,
from which the flux values can be computed.

This way of solving the interface problem, while being the basic dissipative
mechanism of the method, necessarily introduces an error in the approximation.
As has been however shown by Powell et al. [47], this error decreases when the
interface states are accurately computed, as can be expected with the spectral ap-

proximation.

2.8 Parallel processing

For the algorithm to take advantage of parallel computers, a convenient data struc-
ture has to be defined. It can be seen that both interpolation and differentiation can
be performed element by element, since no interaction between elements is nec-
essary. The involved variables are the state vector values at the G* points and the
flux values at the d sets of flux definition points, hence for easy parallel process-
ing they should be stored in a data structure with its outmost index the element
number. On the other hand, the resolution of the Riemann problem is done along

faces, such that the interpolated interface values should also be written in a data
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structure with the last varying index indicating the face.

Since for generality the element mesh can be unstructured and is given only
as an array of nodal coordinates and a table of connectivity for the nodes of each
element, a proper connection between the element-indexed structure and the face-
indexed structure must be built within the algorithm in order t'o correctly transfer
the values between them. For ease of presentation such a connection is considered
to be known in the form of a mapping between the face-indexed structure and
the element-indexed one, as represented in figure 2.7 for d = 2. The parallel

algorithm for one time step can then be summarized as follows:

for e=1 to number_of_elements do_parallel
interpolation(Q,e)

endfor;

for f=1 to number_of_faces do_parallel
if( interface) then

(L,R,f) := inverse_map(Q,e) ;
Riemann_ solve (L,R,f):
(Q,e) := map(L,R,f)
else
impose_boundary_conditions (f)
endif

endfor;

for e=1 to number_of_ elements do_parallel
compute_fluxes (Q,e);
differentiation(F, e)

endfor;
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Figure 2.7: Mapping from element to face data structure. Upper side of the figure
shows the neighboring elements in physical space. Bottom part shows correspon-
dence of indices between the two data structures.
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Chapter 3

Time discretization

3.1 Introduction

For physical problems that require accurate time-dependent numerical wave prop-
agation in their simulation, as is the case in acoustics, the usual requirement of a
low truncation error is not enough to guarantee that a numerical method yields
accurate results. Indeed, as has been pointed out mainly in [21], the dissipation
and dispersion properties of the numerical method are very important for comput-
ing wave solutions of systems of partial differential equations. This is valid for
both the spatial and the time discretization methods. The explicit Runge-Kutta
(RK) methods are widely used to discretize the time derivative because of their
advantages that include flexibility, large stability limits and ease of programming.
The properties of the RK methods have been studied extensively, in particular by
Butcher [48]. He found the general form of the relations that the coefficients have
to obey such that a given RK method has a certain order of accuracy, usually called

the ‘order conditions’. He further demonstrated that more stages than the order
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of accuracy are needed for fifth or higher order RK methods. Recently, Hu and
coworkers [49] showed that the dissipation and dispersion properties of the RK
methods depend on their coefficients and optimized them for the convective wave
equation, obtaining so-called low dissipation and dispersion Runge-Kutta (LD-
DRK) methods. These methods are more efficient for wave propagation problems
than classical ones, when the work required for a given accuracy is considered.

Solutions of three-dimensional aeroacoustics problems may easily need mil-
lions of grid points, in particular when high frequencies are involved. For such
large size problems, in-core memory requirements may become exhaustive. They
can be decreased using special RK methods that can be written such that only 2N-
storage is required, where N is the number of degrees of freedom of the system
(i.e. number of grid points X number of variables). To design such RK methods,
enough free coefficients must exist such that additional constraints hold between
them, together with the order conditions. Williamson [50] first showed that all
second-order and some third-order methods can be written in 2N-storage form.
He also showed that the fourth-order four-stage methods cannot be written in this
way. By allowing additional stages and using the resulting new free coefficients to
impose the 2N-storage constraints, Carpenter and Kennedy [51] devised a fourth
order, five-stages RK method that is competitive with the classical fourth order
method which however requires at least 3N storage.

Hu et al. [49] provide 3N-storage implementations of the LDDRK schemes.
These are valid for linear problems only, in the sense that they turn to second order
accuracy when applied to nonlinear problems. A fourth order 2N-storage method
has also been developed by Zingg and Chisholm [52], under the same linearity re-

striction. Since most LDDRK schemes have a number of stages that exceeds their
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order of accuracy, they can however be written in 2N-storage format even for non-
linear problems. The following sections present the necessary theory and develop
the 2N-storage conditions that the coefficients of the RK method have to obey in
such a case. The explicit imposition of the order conditions, the 2N-storage con-
straints, and the low-dissipation/dispersion conditions lead to nonlinear systems
of equations that are solved numerically. Such systems generally have multiple
solutions. For each case a full set of coefficients is given, chosen among the mul-
tiple solutions available. The chapter ends with numerical results that show that
the methods developed herein keep their order of accuracy for nonlinear prob-
lems as well, and have clear advantages over other methods for wave-propagation

problems.

3.2 General theory

The general case of a non-autonomous system of ordinary differential equations
of the form:
dQ

TF =F(L,Q0); Qto) = Q (3.1

is considered here. Such a system can be seen to arise from the Euler equa-
tions (2.1) upon the discretization of the space derivatives, which will form the
right-hand side of equation (3.1). The function F is supposed to be a general,
nonlinear function of its arguments. These arguments also contain the time be-
cause in the general case the boundary conditions (2.5) can depend on time.

The general form of an explicit, o-th order of accuracy s-stage RK method for
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computing the numerical approximation ¢* to Q(¢t" = t"~! + At) is:

q" = q"—l + AtibiKi

= (3.2)
Ki =F (tn—l + Atq, q""l + AtZa,—jKj) ;

=1

i-1
where ¢; = Za,—j, 1=1...s.
j=1
For the method in equation (3.2) to have the required order of accuracy, the

coefficients must obey certain order conditions [48]. These are obtained by equat-
ing coefficients of the Taylor series developments of (). The explicit form of these

conditions, up to fourth order of accuracy, is:

(o=1) > bi=1; (0= 4) Zbic?:i
(0=2) D bi=5;  (0=4) > bicase; =
(0=3) Zbic? =3 (o=4) ZbiaijC? = 115

1 1
(o= 3) Zbiaijcj =3 ;. (o=4) Zbiaijajkck =%

3.3)

W= N

In these relations, sums on all indices extend from 1 to s. On the left side of each
condition the order of accuracy that the condition governs is indicated between
parentheses, with the understanding that for a certain order all the conditions up to
that order must be obeyed. For example, the coefficients of a second order method
must obey only the two conditions marked with (o = 1) and (o = 2), while those
for a fourth order method must obey all the eight conditions in equation (3.3).

To obtain low-storage methods, the principle is to leave useful information
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in the storage locations, by writing each successive stage on the same register
without zeroing the previously held values. Instead of computing the s coefficients
K, the algorithm then becomes (with w /At an approximation to d@/dt):

Wi = ;W;i— + AtF t'_, i—
‘ Gna) U s (.4)

g = gi—1 + Biw;

with a; = 0 for the algorithm to be self-starting. Here ¢o = ¢!, ¢* = ¢, and
t; = t"~! + ¢;At. Since only the w and q values must be stored for each degree of
freedom, this results in a 2N-storage algorithm.

Using equations (3.2) and (3.4), one can express the usual RK coefficients
aij, b; in terms of o4, B;. Since these relations depend on the number of stages
s, they are presented in detail in the next sections. One can then, in principle,
solve the order conditions in terms of the 2N-storage coefficients ¢; and §;, and
obtain valid low-storage RK schemes. For o = 3,s = 3 (classical 3rd order
RK schemes), it can be seen that there are 5 such constants (as, az, 51, B2, 83)
and four order conditions to be satisfied. It seems hence plausible, and this has
been confirmed by Williamson [50], that such schemes can be constructed. For
o = 4,s = 4 there are eight order conditions and only seven free coefficients.
Therefore, as has also been shown in [50], such schemes do not exist.

The dissipation and dispersion properties of the RK methods are closely re-
lated to their stability. They are usually studied using the model linear equation
dQ/dt = ¢Q, Q(0) = 1, with ¢, an eigenvalue of the linearized operator of

F, being possibly complex [48]. Using equation (3.2), it can be found that the
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amplification factor of a RK method is given by:

n

r(z) = —— =1+z7 ([ +2A+224% + . +2z14" )17 (3.3)

n—1

where z = ¢Af. In this equation, A is the matrix having the RK coefficients
ai;j as its entries, with a;; = 0 for j > ¢ for an explicit method. Also, b =
[b1,b2,...,b,]T, I is the s X s unit matrix, and 1T = [1,1,...,1]7. In order to
use the expression for r(z) to build LDDRK schemes, it is convenient to write it
explicitly as:

r(z)=1+v1z2+...+1¥,2° 3.6)

where the constants 1); are function of the coefficients of the method and are given

for s < 6 by:

=) bi; Yy =Y biai;ack
Yo=Y bici; Ws = ) biijakaricy (3.7)
Y3 = Zbiaijcj i Y= Zbiaijajkaklalmcm

It is important to note that some of the sums in (3.7) also appear in the order
conditions, equations (3.3), and hence are specified by the order of the method.
The method will be stable for all values of z that satisfy |r(z)| < 1. This defines
the stability region in the complex z = ¢At plane. If s = o, which is possible [48]
only for o < 4, all coefficients 1); are determined by the order conditions. This is
the reason why all classical RK methods, which have the number of stages s equal

to the order o of the method, have the same stability region.
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Since the exact amplification factor is 7.(z) = eZ, expressing the ratio:

=T 8
gives the dissipation error 1 — Y and the phase (dispersion) error ¥. One can then
minimize the dissipation and dispersion errors using different criteria depending
on the problem, since they become functions of only the RK coefficients and z.
For the linear wave equation 0Q/0t + adQ/0z = 0, for example, it has been
shown by Hu et al. [49] that the eigenvalue is ¢ = —iak*, with £* the modi-
fied wavenumber of the spatial discretization scheme. Requiring that the coeffi-
cients 1; be such that the integral / £|r(z) —7¢(2)|*d(ak* At) has a minimal value
(where L specifies the limit of theooptimization range), while still maintaining a
certain order of accuracy, leads to optimal values for those coefficients ); that
are not determined by the order conditions. The LDDRK methods obtained in
this way by Hu et al. [49], and that have enough free coefficients to be put in the

2N-storage format, are the following:

1. Second-order, five-stage scheme (LDD25) with the following parameters:
w3 = 0.166538, ¥4 = 0.0395041 and s = 0.00781071, stable up to
S(pAt) = 3.54. ‘

2. Fourth-order, six-stage scheme (.LDD46) with 15 = 0.0078105 and s =
0.00132141, stable up to I(pAt) = 1.65.

3. Two-step fourth-order scheme (LDD56) for which the first step is a five-
stage scheme with ¥ = 0.0036105, and the second step is a six-stage
scheme with 15 = 0.0121101 and ¥s = 0.00285919, stable up to S(pAt) =
2.85.



A clear picture of the effect of the optimization can be obtained using the
plots of the phase error ¥ (which should be as close to zero as possible) and the
amplitude ratio T (which should be equal to one in the ideal case) versus ak*At.
For the classical fourth order RK methods, these plots are given in figure 3.1.
It may be noticed that both ¥ and T depart from their desirable values for very
low values of ak*At. Between the optimized methods, LDD46 is chosen here for
exemplification, and the corresponding plots are shown in figure 3.2. Notice that
the plots have another scale than those in figure 3.1. Both the phase error and
amplitude ratio are much closer in this case to their optimal value over a wider
range of ak*At. In particular, it can be found that for values of ak*At¢ for which
the methods are all stable (Y < 1), the optimized LDDRK methods have lower
error levels than usual RK methods. This also means that, under the same spatial
discretization (hence with a fixed k*), larger time steps can be taken for the same
error with the LDDRK methods, so that they may become very efficient.

To obtain the 2N-storage form of the optimized methods, the usual RK co-
efficients a;;, b;, in terms of which the order conditions are given, have to be
expressed in terms of the 2N-storage coefficients o, G;. These relations depend

on the number of stages of the method and are given in the subsequent sections.

45



16

08

06 |

04 2 1 L L 1 !

0.03

0.025

0.02

0.015

0.01

0.005

0.005

40

0.015

.02

€0.025 L - L

1
ak*At

Figure 3.1: Amplitude ratio T and phase error ¥ for the classical fourth order
Runge-Kutta methods.
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Figure 3.2: Amplitude ratio Y and phase error ¥ for the optimized LDD46
method.
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3.3 Five-stage methods

In this case, using equations (3.2) and (3.4), the relationships between the usual

and the 2N-storage RK coefficients are found to be:

azn = B as3 = 4Q54 + O3
azs = [z as2 = azasz + G2
az = oga3 +B1  as1 = a2as2 + 1
ag3 = B3 bs = Os

Q42 = 03043 + P2 by = asbs + B4

(3.9)

41 =004 + 51 b3 = by + 53
asqs = P by = azbs + (e
by = agbs + 51

To obtain the second-order five-stage LDDRK scheme, the above relations are
used to express the two order conditions that must be obeyed, denoted by (0 = 1)
and (0 = 2) in equation (3.3), and the three additional constraints obtained by
specifying 13, ¥4 and 95 in terms of ao, ..., a5 and 3, ..., Bs. This leads to a
nonlinear system of five equations with nine unknowns, hence a four-parameter
family of solutions may exist. To choose a solution one may, for example, impose
the values for several variables and/or use additional equations. A solution thus

obtained is presented in table 3.1.
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-0.814768857645745 | 0.47931331770131 | 0.45777964054243
-0.668658730443832 | 0.31039285385376 | 0.866652849930714

i a; Bi Ci

1 0.0 0.1 0.0

2 | -0.691306507590891 0.75 0.1

3| -2.65515560104995 0.7 0.331520119306831
4

5

Table 3.1: 2N-storage second order five-stage (LDD25) scheme
3.4 Six-stage methods

For six-stage methods, the coefficients as;, .. .,asq, b1, - .-, by are still given by

the relations in equation (3.9). The remaining coefficients are:

ass = Bs as2 = 0u3a63 + B2
ass = 05065 + B4 Qg1 = Qaae2 + Bi
M (3.10)
Qe3 = 0064 + B3 bg = P
bs = aebs + s
There are now eleven free coefficients s, . . ., as, B1, - . -, Bs. To obtain the fourth

order six-stage LDDRK scheme the coefficients must obey the eight order condi-
tions in equation (3.3) and the additional optimization constraints resulting from
the specification of 5, 9. The resulting nonlinear system has been solved upon
imposing the value of one of the coefficients. One such solution is given in ta-

ble 3.2.
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Q;

Bi

G

N N B W) |

0.0
-0.491957542000342
-0.894626417580752
-1.552667803218557
-3.407797355404573
-1.074264041075980

0.145309585177875

0.465379788883625

0.467539741872758

0.779527988100590

0.357432717815297
0.15

0.0
0.145309585177875
0.381742277025673
0.636781370437459
0.756074449632355
0.927104723987567

3.5

The two-step LDD56 scheme devised in [49] can be also put in 2N-storage format.
The scheme has fourth order accuracy in both steps, and five/six stages in the
first/second step. For the first step, the five stages imply nine free coefficients
which are completely determined by the eight order conditions and the additional
constraint ¥5 = 0.0036105. The second step is completely similar to LDD46,

except for the values of the constants 15 and 5. Tables 3.3 and 3.4 list one set of

Table 3.2: 2N-storage fourth order six-stage (LDD46) scheme

Two-step methods

coefficients for the first and second step, respectively.

a;

Bi

¢

0N A WE o~

0.0
-0.605122643328622
-2.043756402347613
-0.740699906375441
-4.423176513029681

0.268745438887134
0.801470697322080
0.505157042694227
0.562356803790002
0.059006551277588

0.0
0.268745438887134
0.585228069295243
0.682706644784246
1.164685483772926

Table 3.3: 2N-storage form for the first step of LDD56
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Q; Bi C;

0.0 0.115848881812855 0.0
-0.441273771538773 | 0.372876990516528 | 0.115848881812855
-1.073982008079781 | 0.737953689214352 | 0.324185036404128
-1.706357079125675 | 0.579811093663110 | 0.619320820351777
-2.797929316268244 | 1.031284991300145 | 0.803447266633590
-4.091353712091916 0.15 0.918416644520659

OB W -

Table 3.4: 2N-storage form for the second step of LDD56
3.6 Numerical validation

In order to test the accuracy of the proposed methods for nonlinear problems, a

system of nonlinear and non-autonomous first order differential equations,

t2
Q=22 o=l gt (3.11)

L= @1 t? Q2

is solved here, with the initial conditions specified as @;(1) = 1, @»(1) = e~
The exact solution of this system is Q,(¢) = 1/t, Q2(t) = e*’. The system is
solved numerically in double precision over the range ¢ € [1, 1.4] using several
step sizes At. In the limit At — oo a decrease of At by a factor of two should
decrease the error by a factor O = 16 for a fourth order method, and O = 4 fora
second order method. The global error norms (computed as |@; —q1 |+|Q2—¢=]) at
t = 1.4 and their ratios, listed in table 3.5, clearly show that LDD46 and LDD56
are fourth order accurate for nonlinear systems, while LDD25 is second order
accurate.

The performance of the methods for wave propagation problems is tested us-
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At LDD46 | O LDD56 | O {|LDD25| O
le-2 5.16e-8 | 17.8 || 4.31e-8 | 15.7 || 6.29e-7 | 5.9
5e-3 2.89e¢9 | 169 || 2.74e-9 [ 15.9 || 1.05e-7 | 5.2
2.5e-3 1.7e-10 | 16.5 || 1.73e-10 | 16.0 || 2.01e-8 | 4.7
1.25e-3 || 1.04e-11 1.08e-11 4.29e-9

Table 3.5: Error norms and their ratios for various step sizes for the nonlinear
system (3.11).

ing the convective wave equation, for which they have been optimized,

d
EQ + a%% =0, Q(z,t=0)=0.5e"=/ (3-12)
with a = 1 (convection of a Gaussian pulse). The domain extends from z = —50

to z = 450, and two spatial discretizations have been used in order to show the
importance of the time integration method. The first discretization is obtained
using eighth order central differences with Az = 1, while the second is the stag-
gered grid method presented in chapter 2, using twenty elements. For the central
finite difference discretization, two cases have been considered. In a first case the
time step for all schemes has been chosen close to the stability limit of the fourth
order six-stage scheme. For the second case, the time step is larger than the sta-
bility limit of LDD46 and close to the stability limit of LDD56. The maximum
norm of the error Lo, = max |¢g — Q| at time ¢ = 400 for the 2N-storage schemes
devised above in the two cases is given in table 3.6. Also given is the error for
the fourth order 2N-storage scheme developed by Carpenter (CAR) [51] and the
classical fourth order four-stage RK (RK4) method which needs at least 3N stor-

age. It turns out that for At < 1.54 the error for LDDS56 is governed by the spatial
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discretization, no further decrease of the error being possible upon decreasing At.
Figure 3.3 presents graphically the results for the first case (RK4 not shown), with

the exact solution sampled at the same data points.

Method | At =1.263 | At = 1.543
RK4 1.05e-1 1.41e-1
CAR 8.12e-2 1.0le-1

LDD25 3.77e-2 5.08e-2

LDD46 2.80e-2 -

LDD56 2.43e-2 2.44e-2

Table 3.6: L., error norms for the linear convection equation discretized with
eighth order central differences (401 points).

Method | N =12 | N =13
RK4 | 1.93e-1 | 1.63e-1
CAR | 1.52e-1 | 1.21e-1

LDD25 | 8.62e-2 | 6.46e-2

LDD46 | 7.36e-2 | 5.06e-2

LDD56 | 7.31e-2 | 5.04e-2

Table 3.7: L, error norms for the linear convection equation discretized with the
staggered grid method, 20 elements.

For the staggered grid spectral discretization, only the case of the highest time
step allowed by LDD46 has been considered. Due to the better resolution prop-
erties of this spatial discretization, a lower number of points (240 and 260 points,
corresponding to N = 12 and NV = 13) is used than for the central differences
discretization, such that the phase and amplitude errors can still manifest them-

selves. The corresponding error norms are given in table 3.7, and the results are
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represented graphically in figure 3.4.

Different ways can be used to compare the relative efficiency of the methods.
Among them, RK4 can be considered the most efficient if accuracy is not a con-
cermn, since it needs the smallest number of function evaluations to reach ¢ = 400.
When one compares the work needed to obtain a certain accuracy, however, the
comparison favors the optimized methods. For an error norm L,,=2.8e-2 for ex-
ample, where one is limited by the stability of LDD46 when using the central
differences discretization, LDD25 needs a total of 2070 function evaluations (414
steps), LDD46 1914, CAR 3530 and RK4 3600, while the error for LDD56, at
its stability limit where 1430 stages are needed, is lower than the asked-for value.
Considering the work required by RK4 as a reference, it follows that LDD?2S5 is
1.74 times, LDD46 1.88 times, and LDD56 at least 2.52 times more efficient for
this problem. It becomes thus clear that the optimized methods should be pre-

ferred for the computation of propagating waves.

3.7 Time step size for the Euler equations

For the Euler equations the stability of the time integration method has to be stud-

ied on their matrix form

dQ
— =2Q (3.13)

where @ is supposed to incorporate the effects of the spatial operator acting on
Q@ as well as any boundary conditions. Under the assumption that @ is diago-
nalizable, the time step At has to be chosen such that $At¢ is within the stability
region for any eigenvalue ¢ of ®. The stability regions for two RK methods used

in this thesis are given in figure 3.5. In general, they extend more along the imag-
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inary axis than along the negative real axis, which is advantageous since wave
dominated problems tend to have complex eigenvalues.

The matrix ® can be constructed only in very particular cases. For example,
for the case of the linear wave equation, if ) is uniform and no boundary condi-
tions are taken into account, the spectral discretization presented in chapter 2 leads
to ® = aDI, and @ becomes the vector of the Gauss-Chebyshev point values Qg
which are advanced in time using equation (3.4) or equivalently (3.13). It is obvi-
ously impractical to form the matrix and study its eigenvalues for computing the
maximum time step for stability. It is known, however, that the eigenvalues of the
matrices that appear when a spectral discretization is used for the space terms are
complex numbers, with the real part negative, and satisfying |¢| = O(/V?) in the
limit NV — oo. To maintain the stability, the time step has to decrease with an
order O(1/N?), as does also the minimal grid spacing AE,, = €' — £° between
the end Lobatto points. In practice, this grid spacing is used to compute the time
step that ensures stability. Hence, for the linear wave equation, the limit on ak* At

leads to an approximate formula for computing the time step,

_ CAz,
T a

At

(3.14)

Here, C is a constant (a Courant-Friedrichs-Lewy number) that is chosen for a
particular method to be smaller than the extension of its stability region on the
imaginary axis, and Az,, is the distance in the physical plane corresponding to
Aénp.

For the Euler equations, the wave speed must be replaced with the maximum
wave propagation speed which the equations support, which is IVI + ¢, and the

computation has to be done at each point since it varies within the flow field. A
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formula which has been found to give goed results in this case is:

At = 7 _V_n_l_& (3.15)
AfE  An  A(

where the wave speeds along each £-axis are the contravariant components
. 0¢;
Ve, = 6—$:f(0+ |vil) (3.16)

and the maximum is searched across all G* points in the flow field.

3.8 Implementation details

It can be seen from equation (3.4) that the 2N-storage Runge-Kutta methods are
in fact easier to implement than methods that use the form (3.2). The algorithm
can use an integer switch, that is input as data at the start of the program, and
selects the number of stages s and the coefficients ¢;, 3; of the desired scheme.
This is very useful since a different scheme can be used for steady state compu-
tations than for acoustic computations. Indeed, the higher dissipation properties
of non-optimized schemes, such as the scheme of Carpenter and Kennedy [51]
or Williamson [50] are desirable for steady state computations, since they tend to

reduce the time needed for elimination of the transients.
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Figure 3.3: Results obtained with 2N-storage Runge-Kutta schemes for the lin-
ear convection equation, central difference discretization: (a) Carpenter’s 5-stage
scheme (b) LDD25 2nd order 5-stage scheme (c) LDD46 4th order 6-stage scheme
(d) LDDS56 two-step scheme.
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Figure 3.4: Results obtained with 2N-storage Runge-Kutta schemes for the linear
convection equation, staggered grid spectral discretization, N = 12: (a) Carpen-
ter’s 5-stage scheme (b) LDD25 2nd order 5-stage scheme (c) LDD46 4th order
6-stage scheme (d) LDDS56 two-step scheme.
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Chapter 4

Boundary conditions

4.1 Solid surfaces

Since the Euler equations describe the flow of inviscid fluids, the proper boundary
condition at the solid surfaces present in the flow field is the flow tangency condi-
tion. This boundary condition is valid for both steady state and unsteady acoustic
computations. It is straightforward to enforce this boundary condition using the
Riemann solver. In this case, one set of pointwise values for the Riemann problem
is obtained through interpolation from the element that has a solid boundary face,
while the other set is obtained by ‘reflecting’ the first set such that the resulting
normal velocity on the solid surface is zero. Let interpolated variables from inside
the domain be (pq4, 17,1, Da), and let the local unit vector normal to the solid surface
at the flux definition point under consideration be 7i. The states that define the
Riemann problem are then (gy, V-1, Dq) and (pg, -V, -7, Da), as this results in a
solution with V - @ = 0. This solution is then used to obtain the boundary fluxes.

The velocity components that are tangent to the surface are left unchanged.
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4.2 Steady-state boundary conditions

4.2.1 Fan face outlet boundary

The treatment of the boundary condition at the fan face is based on an analysis
of the flow in a frame normal to the boundary using the theory of characteris-
tics [37]. To describe it, suppose the boundary is a z=constant plane, and the
flow comes from right to left (the computational domain is to the right of the fan),
hence u < 0. The case of supersonic flow, |u| > ¢, is trivial, the boundary fluxes
being computed in this case from the state variables interpolated from the element
next to the boundary. For subsonic flow, the analysis shows that one of the char-
acteristics (C,.) has a positive slope (dz/dt = u + ¢) in the (z, t) plane, hence the
information pertaining to this characteristic has to be provided from the exterior
of the domain. The remaining characteristics for d = 1 (Cy and C_) have the neg-
ative slopes dz/dt = u and dz/dt = u — c, respectively, and the corresponding
information must be provided from the interior of the domain by interpolation, as
well as for the d — 1 additional characteristics that appear for d > 1, and have the
slope dz/dt = u.

The flow being locally isentropic, the characteristic variables can be integrated
to give the Riemann invariants that should be left unchanged along these character-
istics. The corresponding Riemann invariants are R, = u+2¢/(y—1),Ro = p/p”
(the entropy) and R_ = u—2c¢/(y—1), plus the tangential velocity components for
the additional characteristics. While the invariants can be readily obtained from
the interior, it is not common to specify the boundary condition at the outlet by
the value of R... Instead, the value of the outlet pressure p, is usually known, and

this information has to replace the one from R.. Letting values interpolated from
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the interior domain be denoted by the subscript ‘d” and the searched-for boundary

values be denoted by the subscript ‘b’, the following relations can then be found:

1
Dy

Do = Do ; pb‘—‘Pd(—)'Y
Dd

4.1)
[P 2 (
Cp = ’Y—b; Up = Uqg + (co — ca)

Pb v-—1
Up = Uq ; Wy = Wq

The computed boundary values can then be used directly to compute the bound-
ary fluxes. The alternative used in this thesis is however to compute the boundary
fluxes using the solution of the Riemann problem between the boundary variables
(subscript b) and the interior variables (subscript d). Thus, only minor modifi-
cations are needed to use the same part of the code for specifying the incoming

acoustic modes at the fan face.

4.2.2 Far-field boundaries

Boundary conditions at far-field boundaries are imposed by computing boundary
fluxes using the solution of the Riemann problem between the infinity state, de-
noted by subscript ‘oo’ and the state interpolated from the interior of the domain.
This has the advantage that there is no need to distinguish between outlet bound-
aries (where the fluid leaves the domain) and inlet boundaries (where the fluid
enters the domain), since the correct direction of wave propagation is ensured by
the Riemann solution. Taking into account the reference quantities used to ob-
tain the non-dimensional equations, and considering the flow from right to left as

previously discussed and aligned with the z-axis, the infinity state variables are
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Poo = 1, Poo = 1/7, U = =M and v, = we = 0, where M, is the infinity
Mach number that must be specified. The boundary fluxes are then defined by the
solution of the Riemann problem between (pg, V; - 7, pa) and (peo, Vo - 7, Poo)>

where 72 is the unit vector normal to the boundary surface.

4.3 Boundary conditions for acoustic modeling

4.3.1 Incoming duct modes

At the source plane a general function of time and space can be specified as the
acoustic perturbation in the present time domain approach. However, the present
work is restricted to specifying a single duct acoustic mode at the source plane.
For the case without mean flow, this is done by solving a Riemann problem with
flow variables extrapolated from the interior on one side of the interface, and the
mean state perturbed with the incoming acoustic mode on the other side. The in-
coming modes that have been used correspond to rectangular and to axisymmetric
and 3D circular duct geometries, for which the duct eigenfunctions are cosine
functions [36] and combinations of Bessel functions [6], respectively.

For the first case, when the medium is quiescent, a 2D duct acoustic mode has

the form ~ )
_ - cos(kyy) cos(wt — k)
p—Dp 1
_ — cos(kyy) cos(wt — k)
PmP Al K 4.2)
v — Tp o5 cos(kyy) cos(wt — k.x)
L %270 i f}—yﬁsin(kyy) sin(wt — k.x) |
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In this equation the overbar denotes the mean flow variables, y is the cross sec-
tion coordinate non-dimensionalized by the duct cross dimension, w is the driving
frequency, and the axial wave number is k; = | /(w/c)? — k2, with k, determined
such that the boundary condition v, = 0 is satisfied at the duct walls.

For circular geometries, when there is no flow, a spinning mode with azimuthal

order m and radial order p, usually denoted by (m, 1), is specified by

[ Epm(kmur) cos(kzz + ml — wt) ]
~p 1
P Ii E—zEm(kmu"’) cos(kzz + ml — wt)
pP—p kz
ve—17, | =A ;[_;E'm (kmpr) cos(kzz + m — wt) (4.3)
Ur = Ur k—m_ﬁE;n(km#r) sin(k.z + mf — wt)
_ wp
Vg — Vg
- - m
— B (kmpr) cos(kzz + m — wt)
L rw .

Here r is the radius non-dimensionalized by the duct radius Ry, and E,, (kp,r) =
I (kmpr) + Y (kmyur) is the duct eigenfunction, with J;,, and Y, the Bessel
functions of first and second kind, respectively. The axial wave number is k, =

(w/c)? — k2,

ponents of the velocity, respectively, from which the Cartesian components v; can

" and v., v, and vy are the axial, radial and circumferential com-
be determined easily. The waviness of the Bessel functions, k., and the factor 4
are determined by the boundary conditions at the casing and hub, with ¥ = 0 in
the case there is no center body.

For non-uniform flow cases, the source plane is treated as a subsonic outlet
boundary where the pressure p, is obtained as above, while the other variables are

computed using the solution from inside the domain as in equation (4.1).
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4.3.2 Radiation boundary conditions

At the far-field boundaries where the computational domain D is truncated from
infinity, the acoustic perturbations coming from the interior of the domain must
propagate as if this boundary did not exist and the computational domain extended
to infinity. Waves propagating from the boundary towards the interior should be
excluded because they violate the causality principle {35]. However, in a numer-
ical computation, such waves are usually generated when acoustic perturbations
impinge on the boundary, either because of the boundary condition itself or be-
cause of discretization errors inherent to the numerical method. The amplitude
of these reflected waves must be kept of the order of the truncation error, other-
wise the computed acoustic field can become meaningless. The term ‘radiation
boundary conditions’ is used hereafter for the boundary conditions used to this
end.

Several radiation boundary conditions have been used in this thesis. They can
be considered to belong to three distinct types, namely characteristic, asymptotic
form and buffer region boundary conditions. In the first group, a method that is
equivalent to the characteristic boundary conditions developed by Thompson [53],
with the difference that the equations are not linearized, is to treat the far-field
boundary as in section 4.2.2. This is the first method that has been implemented
in the algorithm. It works reasonably well for waves impinging with normal inci-
dence on the boundary, as has been also reported by Hixon er al. [54]. However,
large reflections appear if the boundary is not far enough from the source, in par-
ticular from the corners of the domain.

Excellent results can, however, be obtained with this type of method if the Rie-

mann problem is projected on the ray path, instead of on the normal at the exterior
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boundary. The direction of the ray path is computed using the position (z°, y*, z°)
of the source, which can be considered at the point where the fan axis of symmetry
intersects the leading edge plane of the inlet duct. Then one can construct, at the

oint (z?, y®, z°) on the boundary, the unit vector b with components
P 'Y ary. p

f — 8 3
b= my=|> (af —=)? (4.4)
b =1

The boundary flux is then defined by the solution of the Riemann problem between
the boundary state interpolated from the interior, (pq, Vy - b, pq) and the infinity
state (oo, V:,o . 5, Doo)- This boundary condition is denoted here as the ‘finite wave
model’ (FWM), and is similar to the one proposed by Atkins and Casper [55]. In
their study, these authors replaced however the full Riemann problem by a sim-
plified problem which considers only isentropic waves, thus excluding the case
when shock waves impinge on the boundary. While this is a reasonable assump-
tion, since the radiation boundaries should always be placed far enough from the
region with high hydrodynamic disturbances, it was found that the savings in com-
puter time it brought about were minimal. Therefore, for the sake of simplicity,
the same Riemann solver was used at the radiation boundary as within the domain.

The FWM has been used to obtain most of the results in the case of a quiescent
fluid. As can be noticed, the same method should also allow, in principle, steady-
state computations. Indeed, the only difference from the method in section 4.2.2 is
to use the vectors bin place of the normal vectors 7z, which were chosen somewhat
arbitrarily in order to make the Riemann problem unidimensional, as discussed in
section 2.7. However, the application of the FWM to steady-state problems proved

in some cases to be unstable. For this reason, it was not used for acoustic problems
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with non-uniform mean flow.

The second type of boundary conditions uses the asymptotic form of the acous-
tic wave, valid at large distances from the source, to obtain a partial differential
equation that the boundary values must obey. To discretize this partial differential
equation, which is different from the Euler equations, the solution and its spatial
derivatives must be computed from the interior field. Such boundary conditions
have been developed by Bayliss and Turkel [56, 57] to arbitrary order of accuracy
and, from a different perspective, by Tam and Webb [21]. The partial differen-
tial equation proposed by Tam and Webb to update the boundary values has been

implemented in the d = 2 version of the algorithm. It has the form:

p—p

1 0 0 1 v — 0
— _+_+_ :0 4.5
(V(G)@t ars m,,) - (4-3)

with kK = 2 for slab symmetry and x = 1 for axisymmetry. In this equation,

V(8) = 01 cosf + Tosinf + \/c2, — (U, sinf — 7 cos )2 is the group velocity
of the acoustic waves in the mean flow of velocity (7;, 72), and 7, and 6§ are the
radial distance from the source and the angle made by the direction of the main
flow with the radius from the source, respectively. The spatial derivative

17} 0 . 0
a—rb = cos 98_:1: + sin 9% 4.6)

is computed by spectral differentiation in the first layer of elements next to the

boundary.

67



Taking into account the theory of characteristics, imposition of all the bound-
ary values computed from equation (4.5) would not correspond to the physics.
Therefore, to obtain the correct direction of wave propagation, boundary fluxes are
again defined using the Riemann solution between these boundary values and the
state interpolated from the interior. Without any form of dissipation, this boundary
condition showed instability for large values of NV for several of the test cases that
involved long time integration. Stability was achieved in all cases by filtering the
flux values before computing the derivatives. The filter, described in section 4.4,
was applied only to the elements in the layer next to the boundary for efficiency
reasons. However, even with filtering, the results for the FWM were slightly better
than those obtained with this method, as will be shown in chapter 6. The method
is denoted hereafter as Tam and Webb (TW).

The third category of boundary conditions uses a buffer region near the bound-
ary, where the equations are modified in such a way as to either damp the waves,
or force them to be convected towards the boundary, or both. Such boundary con-
ditions have been developed by Ta’asan and Nark [58], who add an additional con-
vection velocity, Colonius ar al. [S9], who use characteristic variables and a buffer
region with temporal damping, grid stretching and filtering, and Freund [60], who
also uses a form of temporal damping applied to the conservative variables in the
buffer region. In the same category can be included the perfectly matched layer
(PML) method first developed for the linearized Euler equations by Hu [61]. It
uses a directional splitting of the Euler equations for temporal damping of the
waves. While it seems to offer excellent results [62], the splitting increases the
cost of the solution, and the method has been shown to be unstable [63, 64] unless

a form of dissipation is added to the solver. This makes its use for spectral solvers
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less desirable. It is, however, useful to modify the equations with lower order

damping terms that do not change the stability properties, and without splitting.

This temporal damping tries to make the solution of the system of Euler equations

mimic the behavior of the solution Q = e~*¢ of the ordinary differential equation

dQ/dt = —AQ. With A a positive constant, () decreases exponentially in time.
To this end, a modified system of equations of the form:

8Q < 0F;

= —a(2)(Q — Q) 4.7)
ot —y Bzz:i

is considered in this thesis in a layer of elements next to the boundary. Obviously,
since the governing equations are modified, the solution in this layer has no more
physical meaning. The positive value of ¢ varies from zero to o,s according to a

power law
z_nt 8
o () —GMZ( mt) (4.8)

within these elements (™ and z¢** are the coordinates of the interior and exterior
limits of the absorbing layer, limits that lie along planes on which one coordinate
is constant). The mean flow Q is used on the right hand side such that only the per-
turbations, which are the quantities that actually appear in the time derivative, are
damped, and the solution @ tends towards @ for large ¢. Hence, acoustic, entropy
and vorticity waves will decrease exponentially with time upon their penetration
in this layer as they propagate towards the boundaries. The most important ad-
vantage of this method, hereafter denoted as ‘damping layer’ (DL), is that it can
handle uniform flow fields as well as non-uniform flows (after steady computation

of the mean flow, the mean values Q are known) without any differences in the

69



implementation. The implementation is also very simple, and steady state com-
putations for ¢) can be made with the same method, using o3 = 0. In both cases,
boundary fluxes can be computed as in the FWM or using the grid normals as in

section 4.2.2.

4.4 Spurious waves and filtering

The replacement of the values of the solution Q at the end of a &-line in an ele-
ment as shown in figure 2.4 has the global aim of enforcing the continuity of the
solution across elements. Locally however, supposing the interpolated data were
smooth within an element before the replacement, this smoothness may disappear
afterwards, even if the function to be approximated is globally smooth, due to
truncation and round-off errors of the interpolation process. Although these errors
decrease exponentially fast, they can lead to undesirable oscillations near element
boundaries, as can be seen from figure 4.1 for the case of an approximation of the
linear wave equation. These oscillations manifest themselves as high-frequency
(above the resolved frequencies of the discretization) spurious waves which travel
at their own speed [65] and are obviously undesirable.

These waves are one of the causes of the numerical instability that has been
observed when discretizing equation (4.5), since they lead to wrong values of
the time derivative when long time integrations are performed. In the context of
spectral methods, such waves are controlled using filters. The filter modifies the
coefficients of the higher degree Chebyshev polynomials in the spectral sum, thus

reducing the amplitude of the high frequency modes. The filter is applied here
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Figure 4.1: Spurious oscillations generated near element boundaries. The exact
solution is virtually zero in this region. The inter-element boundary is at z = 170.

before differentiation, such that equation (2.26) is replaced by

F'g=D-(SF.)=D-F; 4.9)

where the smoothing matrix S represents the action of the filter, and Fj the vector
of filtered flux values at the Lobatto points.
The matrix S is constructed using the Chebyshev spectral sum for the flux

values, based on the set of Lobatto points along a £-line. Omitting constant £
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components, the interpolant of the flux can be written in two alternative ways,

N N
F(&) =D F(ERr(6) =D fuTu(€) (4.10)

n=0 n=0

where the Chebyshev coefficients are given by
N {
£ 2 - Tn. (5 )
L= —— ) F(eH)22s 4.11
F = Fer o P17 @.11)

the value of the constants C; being the same as in section 2.6. A o > 1 order
filter function g(z) can be defined following Don and Gottlieb [66] as a C*[0, 1]

function satisfying

2(0) =1, o(1) =0
09 (0) =0, o)(1)=0, j<o

(4.12)

09) denoting here the j-th derivative. The interpolant in equation (4.10) is re-

placed by the filtered interpolant
-~ N n ~
F&) =Y e(5) nTnl® (4.13)
n=0

which, replacing the Chebyshev coefficients by their values in equation (4.11),

becomes:

: S~ 2 (m 2oty Tnl(6)
Fs(§)=n=0N—@g(ﬁ) TO3_FE)=g (4.14)

Rearranging and interchanging the order of summation, the filtered interpolant
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can be written as

- (2 & o\ LETE)) 2.

ZORDY (ﬁmog(ﬁ) R | FE) @)
or, in matrix form

s = SFL (4.16)

where the entries of the smoothing matrix S are given by

N { i
2 n\ Ta(€)TH(£) .
Sy = ~— (—)—— 1=0,....,N. 4.17
"= NG, HZ%Q N Cn ‘ @17

Although several types of filters have been implemented in the algorithm, the
results have been obtained using either the sharpened raised cosine filter or the ex-
ponential filter. The sharpened raised cosine filter, which is eighth order accurate,

is given by [29]:
o(z) = 05(35 — 8400 + 7005 — 2043); 00 = 0.5(1 +cos(nz))  (4.18)

The exponential filter offers the advantage that it can keep the spectral accuracy

of the method. Such a filter can be defined as

1, n < N,

n
— | = _ 0 4.19
Q(N) exp (—In(s) (n nc) f), n>n *19)

N —n,

where oy is the order of the filter, € is the machine precision (around le-16 on the
computers that have been used) and n. is the filter cut-off frequency. Increasing

of with N keeps the method exponentially accurate. In practice, both n. and oy
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have been chosen around N — 3.

The filtering process does not necessarily increase the cost of the computa-
tion. Indeed, once the type of the filter is chosen, the smoothing matrix S can be
constructed in the same time with the differentiation matrix D, and equation (4.9)

can actually be implemented as

F'c = (DS)-Fy =D*-Fy (4.20)

where the product matrix DS incorporates the effect of the filter and can be stored
p p

in place of, and used in the same way as, the differentiation matrix D.
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Chapter 5

Mapping techniques

5.1 Grid generation

5.1.1 Introduction

To define the spectral approximation on the generic element D, the mapping £(Z)
and/or its inverse must be defined. There are several criteria that this mapping
must satisfy. First, it must keep the spectral convergence properties of the spatial
discretization. In other words, the geometry of the domain must also be approx-
imated with spectral accuracy when the boundaries are curved surfaces. This is
particularly important for the present method, since the elements can be much
larger then those used for a finite element method say, and boundary approxima-
tion errors can become in this case important, as has been demonstrated numeri-
cally by Atkins [67]. Second, the map must be simple enough and cost effective,
such that it can be constructed in only a fraction of the time needed by the solver

itself. Third, it is useful if the mapping for any number of Gauss points [V can be
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automatically generated by the algorithm itself using only the underlying element
mesh. The element mesh can then be read in typical finite element format, which
specifies the total number of ‘nodes’ (in this case the element corners), the total
number of elements, and the connectivity table that associates to each element its
respective corners (four for d = 2, eight for d = 3) in a prescribed order. The
element mesh does not need to have any structure, any number of elements being
allowed to join together at a corner. This allows the use of a single element mesh
to be used to study several different frequencies, since the proper number of grid
points per wavelength can be obtained by changing only /V in the data file.

To obtain such a mapping, it is reasonable to consider that the element mesh
is such that element edges are smooth curves, and element faces are smooth sur-
faces. Then, the Chebyshev spectral approximation developed in chapter 2, which
satisfies the above criteria, can be used to obtain interpolants of these manifolds as
will be described hereafter. A complete isoparametric map within the element can
then be obtained from these interpolants using Boolean sums [68]. It specifies the
position of the state vector and flux definition points inside and on the boundaries
of the element, as well as the metrics terms at these points. The main aspects of

this process are described below.

5.1.2 Edge grids

To keep the spectral accuracy of the method, the geometry of the edge is supposed

to be known exactly. In this case, it can be specified in the usual parametric form

& ={Z e RYE =Ze(r),7 €[0,1]} (5.1
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and its length is given by

(5.2)

Noting that the interval [—1, 1] can be transformed into the interval [0, £] by
the linear application & = 2¢/L — 1, where ¢ is the arc length along the edge, a

one-to-one mapping from the unit interval onto the edge can be defined as

Me:[~L1 =&  Me(€) =& (f ! 1) 5.3)

and the image of the Lobatto points set I, on the edge can be found as

Lg={feRﬂf:fs(”d;l),i:o,...,N}. (5.4)

To have a sufficiently general algorithm, these points are used to define the

N-th degree Chebyshev interpolant of the edge as

ALy oe A=z (5"; 1) Ba€)  55)
n=0

It is this interpolant that is actually used in the computations, and not the mapping
in equation (5.3). The reason for this is twofold. First, there may be instances
when the edge is not known in the parametric form (5.1). Instead, and this is
the case in usual engineering applications, a set of points on the edge are usually
given in the form (z;, z2(z1), z3(z;)). Here z, can be, by extension, any of the
three space coordinates, and it is supposed that z; € [—1,1] which is always

possible by a linear transformation as above. Then, the parametric mapping in
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equation (5.3) is replaced by a spline interpolant :z’:'(g), from which the Chebyshev
interpolant follows from equation (5.5). Second, the Chebyshev interpolant can
be differentiated easily to obtain the needed metrics, using the formulas developed
in chapter 2.

Several parametric forms have been implemented in the algorithm to provide
edge descriptions. For both d = 2 and d = 3, straight lines and circles can be
defined, in the first case by specifying the end points (which are also the edge
corners) and in the second by specifying also the position of the center. A general
parametric form can also be specified for the case d = 2, as a functional expres-
sion of the parameter 7, which is parsed using a parser developed by Prof. D.A.
Kopriva at Florida State University and translated into the corresponding com-
puter instructions. When only discrete point sets are known on the edges, splines
under tension are the last alternative provided for d = 2. Obviously, in this case,
the mapping is not truly isoparametric, and spectral accuracy can no longer be
obtained due to the lack of physical information. It should be also noticed that for

d = 1 the edge is actually the element itself.

5.1.3 Face grids

Following Gordon and Hall [68], the edge Chebyshev interpolants are used to
build a multidimensional surface interpolant for the face. This face interpolant is
required to coincide with the edge interpolants along face boundaries. Consider
that the two coordinates that vary along the face are £ and 7, such that its bounding
edges are &(€ = €0 = —1), &(€ = &Y = 1), &(n = n° = —1) and &(n =
n™ = 1). The edge interpolants fng) ¢t =1,...,4, are then obtained as described

in the previous section.
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A continuous mapping fg(é) that coincides with the end edges &, and &,
for £ = £° and £ = &Y, respectively, can be defined by interpolating the edge

mappings in the £ direction

Ze(€,m) = Ao(E)ZL) (n) + An(E)ZE) (n) (5.6)

where the A’s are two univariate functions such that A;(£7) = §;;. In this thesis,

they have been chosen such that the interpolant is linear,

1-— 1
Ao(8) = Tf ; An(E) = %5 . (5.7

This mapping will not coincide, however, with the edge mappings on £; and &,.

A similar interpolant in the 7-direction can be used to match these two edges,

Zo(E,1) = Oo(MZLY (€) + On(m)ZEY (€) (5.8)
where 1 -
Bo(n) = —33 ; On(n) = —272 . (5.9)

A product of the two mappings can be constructed that matches the edge map-
pings only at the four corners of the face (£9,7°), (€%, %), (€¥,7°) and (€V, V)
by:

Ten(&m) = Ze(&,m) - Tn (€M) (5.10)

To match the edge mappings along all the face boundary, the face interpolant is
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then defined as the Boolean sum

TF(€,m) = Te(€,m) © Ty(€, m) = Te(€,m) + T7(&,n) — Teq (€, ) (5.11)

This is the basic construction for transfinite interpolation [68]. Following Fletcher,
equation (5.11) is implemented in two stages. In the first stage, the £ interpola-
tion in equation (5.6) is performed. In the second stage, the face interpolant is

constructed as

ZR(€,m) = Zel&m) + Goln) [2(€) — Ze(6,7")]

(5.12)
+ on(n) [#(©) - #le,m™)] .

To compute grid metrics, or equivalently the face normals, it is again useful to
express Z5(€,n) using the Lagrange interpolants. Based upon the tensor product
of Lobatto points :E"; = Zz(€*, 1), the numerical form of the interpolant actually

used to define the face geometry is:

2 (&m) —ZZ £ ha(€)hs(m). (5.13)

i=0 j=0
For most situations encountered in practice, computing the position of the face
Lobatto points from the edge mappings using transfinite interpolation as above is
appropriate. In situations when this is not the case (as for example when the face,
although smooth, contains local humps well within its boundaries) the algorithm
provides the possibility that the complete set of Lobatto points 74 7 be specified in

a data file, from which the face interpolant (5.13) is obtained directly.
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5.1.4 Domain grids

Domain mappings can be constructed from face mappings using three dimensional
transfinite interpolation. Consider the generic element D with faces F1, Fo, ...,
corresponding to £ = £9,€ = &V,...,¢ = ¢V, respectively. Taking into ac-
count the respective local coordinates, the numerical face mappings are 173,-1 M (n,0),

xs,)(ﬂ, ¢)s 1353)(5 0, 11754)(5, ¢), 173-5)(5, n) an 3:3-6)(5, n). The natural extension

of equation (5.11) to three dimensions is then [68] the Boolean sum

i:D (57 m, C) = f&(f? m C) D 1-':7‘1(67 17, C) @ f((§7 ; C)
= ff(f) n, C) +fﬂ(§1 1, C) +f§(§7 1, C) - ff'](f: 1, C) (5'14)
- f’]( (61 7, C) - f(f(fa m, C) + ff"l( (67 . C)

The corresponding uni-dimensional interpolants for the faces (face projectors) are

Ze(6,m0) = Ao(©ZL(,¢) + An(E)ZL (1,
£(6m0) = GomE (€ Q) +OnmFE(E Q) (5.15)
Z(6,mC) = Zo(QF5(E ) + En(Q)ER (€, n)

where, similar to A and ©,

_ _ 1+
Zo(¢) = 5 ;:N(C)’:TC' (5.16)

The reason for subtracting the edge interpolants Z¢, (€, 1, {), etc., from the Boolean
sum is that each face interpolant will bring its own image of its bounding edges.
Therefore, two edge images will otherwise appear in equation (5.14) from the two

faces that have the edge in common. A similar reasoning applies for Z¢ (€, 7, ¢)
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which interpolates the domain corners.
Equation (5.14) is implemented in three steps. In the first step, the interpolant
Z1(€, 71, ¢) = Ze(€,m, €) is constructed. In the second step, this interpolant is used

to define

BEn ) =F(Em0) + Oofn) [FEE Q) = F1(E,n°,C)]

5-17)
+ on(m) [#V(E.0) - #i(6n".0)]

in a similar way to equation (5.12). The last step is to obtain the domain mapping

as

(6,1 Q) = H(6m ) + Zoln) [ (€m) — Za(6,m.¢%)]

(5-18)
+ En) [#0(En) ~ Fal6m )] -

From this mapping, the Lobatto point locations within the element D can be com-
puted as the image £2" = £p(£%, 77, ¢*). The corresponding numerical mapping

constructed with this set of points,

N N N

D(Em Q) =D > T2 hi()hi(n)hn(C) (5.19)

=0 j=0n=0

is used to compute the derivatives needed in the computation of the first Jaco-
bian (2.8), as well as to obtain the position of the set of state vector collocation

points within an element.
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5.2 Increasing the time step by mapping

5.2.1 New interpolation and differentiation operators

The differentiation matrix D has eigenvalues that grow like @(N?), being pro-
portional to the reciprocal of the minimum grid spacing, as discussed in sec-
tion 3.7. The quadratic clustering of the grid points near the end of the interval
is required to avoid the oscillations that occur when high degree polynomials are
used to approximate smooth functions (the Runge phenomenon). However, the
time step size that also decreases quadratically with N might be smaller than the
one dictated by the physics of the problem. To increase the minimum spacing, and
hence the time step, one possibility is to work with non-polynomial bases. Such
a method has been developed by Kosloff and Tal-Ezer [70]. They introduced a
mapping of the interval [—1, 1] on itself that tends to equi-distribute the Lobatto
points within the interval. Derivatives are computed in transformed space using
standard Chebyshev polynomials, which is equivalent to using a non-polynomial
basis in the physical space. The grid size in physical space, and hence the time
step, decrease however as O(NV). The Kosloff-Tal-Ezer mapping has been used
in the context of the staggered grid approximation by Bismuti and Kopriva [71].
They perform the transformation on the governing equations themselves. A dis-
tinct possibility, easier to implement in the algorithm since it only requires the
modification of the differentiation matrix D and the interpolation matrix I, which
are computed only once, is described below.

The Kosloff-Tal-Ezer transformation from £ € [—1, 1] to x-space (x € [—1, 1]),
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where the derivatives are actually computed in this case, is given by

__ arcsin(wy)

arcsin(@) 9(x; @) (5.20)

with @ a parameter that will be discussed subsequently. For a given function f,

the chain rule of differentiation gives

df _dxdf _1df

&~ dEdx g dx G20
If the Lobatto points are now chosen in x-space as
i=—cos( ™) =
X cos(N> , 7=0,...,N (5.22)

the position of the corresponding images £7 will depend on the value of the pa-
rameter . The two limit cases are w = 1, which corresponds to equi-distant
nodes as for Fourier methods, and = 0, in which case &7 will be the Lobatto
points. Hence, a value of =z larger than zero will bring about an increase of the
minimal spacing in £-space, and consequently a larger time step. In this section,
&7 will be used henceforth to denote the position of the points obtained from X7
for a fixed value of w.

For the staggered grid approximation, the initial data are the values of the
state vector at the set of Gauss-Chebyshev points £7. The first step of the spa-
tial discretization is to interpolate the data to the points £&7. To accomplish this,

the interpolation matrix I in equation (2.23) must be modified to reflect the new
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position of these points, its entries being given now by

_ o=ty
Li = hi€") =52 g TE e (5.23)
(=0
N-1 .
= % EZ’I—ICOS (lm’ (1 - 212;[1)) cos (L arccos(E™))

wheren =0,...,Nandi=1,...,N.

For differentiation, values of the derivatives at the points &7 are needed. They
must be computed using the function values at the points £7. When considered in
the x-space, derivatives based on function values at the. points X7 are needed at
the image of the Gauss-Chebyshev points £&/. These images are given by

-, _ sin (&7 arcsin(w))
- w

(5.24)

Supposing now that the differentiation matrix in y-space is DX, such that the

derivative of a generic function can be written as

df al .
ool = > DLk, (5.25)

x* n=0

then the needed derivative, taking into consideration equation (5.21), is given by

df
d¢

. _ ciy2 N
B arcsm(w)mzl)fnf €O, i=1,...,N (5.26)

f_i n=0

The differentiation matrix DX can be constructed similar to matrix D in chapter 2.
The above relation then shows how it must be modified to act directly on the values

at £€" and thus replace matrix D in equation (2.26).
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Working with a non-polynomial basis in £ brings along a decrease in accuracy.
Kosloff and Tal-Ezer [70] show that this is however compensated by an increase
in the resolution of the high modes. This may be beneficial for wave propagation
problems because it reduces the requirements of number of points per wavelength,
which decrease from 7 points per wavelength in the case w = 0 (Chebyshev ap-
proximation) to two points per wavelength when o = 1 (Fourier approximation).
A way to choose the value of @ such that the loss in accuracy inherent in the
transformation is of the order of the machine precision is also presented in [70].
This corresponds to setting

2

= SN L 1N (5-27)

w

and is the form that has been implemented in the algorithm. In this formula, €
can be chosen to be the machine precision when there are sufficient points per
wavelength to resolve the highest modes with the Chebyshev approximation. This
can still lead to an increase in the time step for large enough values of N. As an
alternative, when this proves too expensive, € can be given a slightly higher value,

such that the transformation reduces the number of necessary grid points.

5.2.2 Numerical experiments

To test the performance of the staggered grid spectral method with the use of the
Kosloff-Tal-Ezer transformation, the linear convection equation (3.12) is solved
in the domain z € [—50, 110] with several values of € in (5.27). Two separate
discretizations have been considered. In the first case, the domain is divided into

E = 8 elements, with N = 20 Gauss-Chebyshev points per element. In the
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second case, £ = 16 and /N = 10. Integration in time is performed up to ¢ = 60.
Results for the accuracy and the relative computer time (with the Chebyshev case

taken as reference) in the two cases are given in tables 5.1 and 5.2.

€ w0 L CPU time
Chebyshev | 0.000 | 3.46e-4 1.00
l.e-16 0.309 | 4.48¢e-4 0.97
l.e-12 0.472 | 4.29¢e-4 0.92
l.e-10 0.575 | 5.10e-4 0.87
1.e-8 0.687 | 1.34e-3 0.81

Table 5.1: L, error norms and relative computer time for various mappings. Dis-
cretization: £ = 8 and N = 20.

€ w Lo CPU time
Chebyshev | 0.000 | 2.14e-3 1.000
l.e-16 0.050 | 2.15e-3 0.999
l.e-12 0.126 | 2.16e-3 0.995
l.e-10 0.198 | 2.19e-3 0.987
l.e-8 0.309 | 2.28e-3 0.969

Table 5.2: L, error norms and relative computer time for various mappings. Dis-
cretization: £ = 16 and N = 10.

It follows from these results that the method becomes more advantageous as
the value of /V increases. For three dimensional computations, however, the sav-
ings in computer time can become important even for values around N = 10,

which are expected to be commonly used.
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Chapter 6

Numerical results

6.1 Subsonic flow in a 2D channel

The first computation performed with the algorithm was aimed at testing the grid
generation routines and the convergence of the method when computing steady
flows. To this end, the flow over a circular bump in a channel that has been also
used in the paper that introduced the staggered grid approximation [33] was com-
puted on two different grids. For both grids, the circular bump is described using a
parameterization of the circle that is obtained within the algorithm from the given
position of the center and the arc endpoints. For the first grid, all other edges are
straight lines, while for the second grid several internal edges are specified using
splines under tension. The inflow Mach number is M., = 0.3, and the number of
Gauss points per element has been varied between N = 7 and N = 9. Spectral
accuracy with increasing /N has been reported for this case in [33]. In general,
less accurate Euler solutions on this geometry fail to provide a symmetric solution

over the bump [43], and a horseshoe vortex appears at the trailing edge due to the
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numerically generated entropy. The grids obtained with the transfinite interpola-
tion routines for V = 8, together with the corresponding solutions, are shown
in figures 6.1 and 6.2. The convergence history for C = 2 on the second grid is
given in figure 6.3 for N = 7. As can be seen, the residual could be decreased by
fourteen orders of magnitude, although the required number of time steps is rela-
tively high. No technique for increasing the time step has been used in this case.
No horseshoe vortex appears at the trailing edge, and to the resolution allowed by
the plotting program (which considers variables varying only linearly between the

grid points) the solution can be considered perfectly symmetric.

6.2 Acoustic pulse in a 2D quiescent medium

This type of problem has been proposed by Tam and Webb [21] as a test of the
isotropic properties of numerical algorithms for computational aeroacoustics and
of the boundary conditions. The pulse is initialized at ¢ = 0 at the point (z =
0,y = 0) in the computational domain (z,y) € [—50, 50]?, the coordinates being
non-dimensionalized such that the width of the pulse is 6, = 3. The acoustic

variables have a Gaussian distribution of the form:

- - 1
p—p
p—p z% + y? 1
= 0.0l exp (- In(2) 5 Y ) (6.1)
vy — U P 0
Vg — Up
L i i OJ
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There is no mean flow in the computational domain, such that 7; = 7, = M, = 0.
The pulse spreads like a cylindrical wave, propagating with the non-dimensional
sound speed ¢, = 1, such that at time ¢ = 47 it starts impinging on the domain
boundaries, and leaves the domain completely at approximately £ = 75. The
computation is accomplished on a grid made of 100 elements, with N = 7 Gauss
points per element. Both the FWM and TW have been used as radiation boundary
conditions. In this case, no filter was necessary for stability for the TW method.

Figure 6.4 shows the pulse immediately after its initialization, at time £ = 5.
A comparison of the computed acoustic pressure along the line y = 7.169 at
time ¢ = 30 with the exact solution obtained from the linearized Euler equations
is given in figure 6.5. Figures 6.6 and 6.7 show the acoustic pulse at time { =
55, computed with the FWM and TW, respectively. In both these figures, 10
contours of the acoustic pressure in the interval [—4-107*, 8-107*] are plotted. The
circular form of the contours and the lack of oscillations near the boundaries are
an indication that the boundary conditions allow the pulse to cross the boundaries
without reflections. It can be noticed however that there are small deviations from
the circular shape of the contours near the corners of the domain in the results
obtained with TW. Although the reflections are very small, this is an evidence of
the fact that the FWM is more adequate for use with the staggered grid method
than TW.

6.3 Two-dimensional flat ducts

One of the most important requirements for a nonlinear acoustic solver is that

it must reproduce correctly results obtained from the linearized version of the

. 90



equations when the amplitude of the perturbations is sufficiently small. A very
useful test problem, featuring all the difficulties encountered in the computation
of fan noise radiation, is therefore the flat duct radiation problem. The flat duct
is a semi-infinite duct with zero thickness, completely rigid, walls. For the cases
considered here, there is no flow in the computational domain, M, = 0. A
duct acoustic mode propagates in the positive z direction (to the right) from z =
—oo. Upon reaching the duct aperture, situated at z = 0, a part of the acoustic
energy is reflected back within the duct, the rest radiating to free space in a way
that depends on the incident mode and its driving frequency. The problem is
represented schematically in figure 6.8.

Analytical results for the linearized problem have been obtained by Mani [14],
who solved the Helmholtz equation using a Wiener-Hopf technique. To match the
analytical results, the numerical algorithm must correctly reproduce the acoustic
scattering from the aperture. Due to the finite size of the computational domain,
the infinite extension of the duct to the left is modeled by the boundary condition
at the source plane. The left-propagating waves scattered from the aperture must
exit the domain at this location without reflection. Since this is only ensured by
the Riemann problem solution, without other special treatment, the results also
validate this approach. The radiation boundary conditions are also tested by com-
paring the directivity on the radiation boundary with the far-field analytical results.

The computational domain for this case is (z,y) € [—3, 5] x [—5, 6], the ref-
erence length L being the duct cross dimension. The duct walls are sitnated at
y = 0 and y = 1. The amplitude of the incoming waves in equation (4.2) was
specified as A = 10™*, and the non-dimensional driving frequency w = 15 is the

same that has been considered by Dong et al. [72]. The computational domain is
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subdivided into 88 quadrilateral elements of size 1 x 1, with 13 Gauss-Chebyshev
points within each element. This domain discretization gives an average of 5.4
points per wavelength, with a total of 14872 points within the domain.

Figure 6.9(a) shows the computational domain and the Gauss-Chebyshev points
grids for the elements inside the duct. To achieve a periodic flow field, the solu-
tion has been marched for 2000 time steps with a four stages Runge-Kutta scheme.
This required about 13 minutes on one R10000 CPU with 195 MHz clock speed of
a Silicon Graphics Origin 2000 machine, which gives 24 us per grid point per time
step. Since the domain boundary is not a circle, the two-dimensional spreading of
the wave must be compensated for by multiplying the root mean square pressure
P on the boundary of the domain with the factor r!/2. Hence, the directivity pat-
tern is obtained by normalizing P x r!/2 such that the maximum corresponds to

100dB. The root mean square pressure is obtained as
1 t+T ’
P == / (p — B)%dt (6.2)
T/,

where T = 27 /w is the period of the wave, the integral being approximated nu-
merically. Figures 6.9(b)-(d) display directivity patterns thus obtained for the
plane wave and the first two cross modes, compared to the analytical solutions
by Mani [14]. The radiation boundary condition used to obtain these results is
the FWM, with the location of the source specified at the middle of the duct aper-
ture. As can be seen, the agreement is very good, although some smalil reflections
can be observed at the left hand side corners of the domain. Figure 6.10 presents
acoustic pressure contours for the first two cross modes.

The results obtained with characteristic boundary conditions for this problem,

although meaningful, feature much larger reflections at the corners of the domain.
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They are compared with those obtained with FWM in figure 6.11. The TW bound-
ary condition was unstable unless a filter was used for the layer of elements next to
the boundary. The results with filtering were in general slightly less accurate than
those obtained with the FWM, as can be seen in figure 6.12. Both the sharpened
raised cosine filter and the exponential filter (order ten) led to identical results.
To demonstrate the efficiency of the absorbing layer when used with the FWM,
directivity patterns for the first cross mode calculated with very small damping
(damping parameters: o, = 2.5 and 8 = 1) and without damping are compared
in figure 6.13. Practically no more reflections from the boundaries can be no-
ticed, and the agreement with the exact solution becomes excellent. The effect of
the absorption can be seen better on figure 6.14, where contour plots of the RMS
pressure are drawn using the data at Gauss-Chebyshev points. The acoustic signal
decreases rapidly in magnitude inside the damping layer, such that the amplitude
of the waves that reach the boundary, as well as that of the eventual reflections, is

negligible.

6.4 Axisymmetric flat ducts

The axisymmetric flat duct duct problem has been used in the second computa-
tional aeroacoustics workshop on benchmark problems [73] to test the capability
of numerical algorithms to compute radiation from cylindrical ducts. The prob-
lem, similar to the 2D case, is however more difficult to solve numerically, in the
sense that it requires larger computational domains to avoid boundary reflections
when the FWM and TW are used as radiation boundary conditions. Analytical

results also exist for this case, obtained by Savkar [15]. They have not been used
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for comparison in this thesis because some of the complex integrals involved are
particularly difficult to compute and require special numerical treatment. Instead,
analytical results for the directivity of a plane circular piston vibrating in the same
radial mode as given by Tyler and Sofrin [6] are used for comparison with the
computed directivity pattern, obtained in this case using P x 7 on the boundary
of the computational domain, due to the spherical spreading of the wave. This
quantity is normalized to peak at 100dB. Since the results for the circular piston
do not take into consideration the existence of the duct walls and the reflections
from the duct apeﬁure, agreement is expected to be less perfect, as can be noticed
in figure 6.15 for the plane wave, mode (0,0), and the first radial mode (0,1). For
this case, the duct radius is taken as the reference length, and the non-dimensional
angular frequency is w = 10.3. The computational domain extends 9 radii from
the duct exit in the axial direction and 9 radii from the axis in the radial direction,
and is made up of 162 elements on which 10 Gauss-Chebyshev points have been
used. Acoustic pressure contours for the two modes are shown in figures 6.16
and 6.17. The TW boundary condition has been used for these results, with the

sharpened raised cosine filter in the boundary elements.

6.5 Fan flight inlet

To test the full capabilities of the d = 2 algorithm, the geometry of a turbofan
inlet currently under production at Pratt & Whitney Canada has been considered.
Computations have been performed only for axisymmetric modes, at the blade
passage frequency (BPF), both with (M, = 0.2) and without (M, = 0) flow.

The source plane within the inlet was located before the end of the center body,
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at a position where the inlet shroud radius is 13.7in (taken as the reference length
for non-dimensionalization) and the hub-to-tip ratio is 0.423. The angular speed
N = 12000rpm leads to a BPF of 3800 Hz (the number of blades is B = 19) and a
reduced frequency w = 24.4. The acoustic pressure amplitude at the source plane
was set to A = 0.01, which is 1.4 percent of the absolute pressure at infinity,
Doo = 1/7. The computation is therefore close to the limit of validity of linear
results. The element mesh contains 358 nodes and 314 elements, and the number
of Gauss points used was between N = 10 and N = 13. Based on the largest
element size and taking the convection effect into account when there is a mean
ﬂow, this leads to an average number of points per wavelength varying between
three and six. A view of the spectral mesh in the region of the inlet, obtained
from a splines under tension description of the hub and casing, is provided in
figure 6.18.

For the case without flow, the plane wave and the first three radial modes have
been studied. To achieve a periodic solution, the solver has been marched in time
until £ = 30, which needed about 11,000 time steps. A snapshot of the acoustic
pressure for the BPF(0,1) mode is displayed in figure 6.19. The interior limits of
the damping layer are also displayed in this figure, such that the evanescent pres-
sure amplitude can be noticed. A relatively large value for the damping parameter,
oar = 120 has been used for the computations. The acoustic energy is mostly ra-
diated sideways, the main lobe being directed away from the duct axis. Using a
Wiener-Hopf technique, Rice [74] showed that, for cylindrical flat ducts, the angle
of the far-field peak radiation, a.g, depends mainly on the proximity of the mode

to cut-off, and provided a formula to compute it. Denoting by ¢ = w/ky,, the
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cut-off ratio, the formula established by Rice is

(ug = arccos ( 1-— —12-) . (6.3)
S

Although the geometry of the inlet is significantly different from the ideal case
considered by Rice, this formula was found to predict the main lateral lobe angle
quite accurately. The result obtained from equation (6.3) is compared with the
angle obtained from the numerical computation in table 6.1. The analytical result
can be seen to constantly over-predict the numerical result by about one degree, an
effect that can be anticipated because of the converging shape of the inlet towards

the leading edge of the casing.

Mode 0,0) [ (0,1) | (0,2) | (0,3)
Formula (6.3) 0 119 | 23.6 | 37.0
Present method 0 107 | 22.6 | 35.8

Table 6.1: Main lateral lobe angles for BPF, M, = 0.

A mesh refinement study has been performed for the BPF(0,1) mode by chang-
ing the number of Gauss-Chebyshev points, V. As the root mean square pressure
P can be very small in certain regions of the computational domain, reaching val-
ues of the order of the truncation error of the computed value which is the total
pressure p, an effect similar to that in figure 4.1 can be expected to appear at el-
ement interfaces. This is actually the case, as can be seen in figure 6.20. These
discontinuities at interfaces decrease exponentially with /V, but it can be appreci-
ated that the results for the lowest value NV = 10 already provide a correct picture

of the radiated field. The convergence of the results with the number of mesh
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points can also be noticed in figure 6.21, which displays the corresponding far
field directivity.

For the forward flight case, the mean flow was computed using an imposed
outlet pressure at the source plane equal to 0.7p,. Only NV = 10 points have been
used for this computation. The solution was marched in time until the residual de-
creased fourteen orders of magnitude. The computed mean flow Mach contours in
the inlet region are displayed in figure 6.22. This steady state, saved to a file, con-
stitutes the initial condition for the computation of acoustic propagation. The same
BPF(0,1) mode is used here to exemplify the effects of the non-uniform mean flow
on the far-field radiation. The major radiation lobe shifts towards the axis for the
forward flight case, for the BPF(0,1) mode the peak radiation taking place now
exactly along the inlet axis. Acoustic pressure contours for this case are displayed
in figure 6.23. The effect of the flow is clearly visible in this figure, the wavelength
of the sound wave being shorter when it propagates against the flow (to the right)
and larger when it propagates downstream with the flow. At infinity upstream, the
ratio between the wavelength with and without flow is 1 — M, = 0.8, while at
infinity downstream this ratio is 1 + M, = 1.2. The scale of wavelengths present
in the flow-field is however larger, due to the higher Mach number (close to 0.4)
in the region of the leading edge of the casing, such that for this number of Gauss
points it can be expected that the wave-field is slightly under-resolved, and the
inter-element discontinuities discussed previously are more obvious. This can be
noticed in figure 6.24, where root mean square pressure contours on a logarithmic
scale (proportional to the sound pressure level) are presented. Due to the loga-
rithmic scale, the effect of the damping layer can be observed clearly. Inside this

layer, largest reflections are seen to occur from the corners, but are many orders
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of magnitude lower in amplitude than the incident waves.

The obtained far-field directivity pattern is shown in figure 6.25 in compari-
son with the no flow case, both relative to the source amplitude. Qualitatively,
the main effects of forward flight are the same as observed in experiments [75],
namely lower sound pressure level for the flight case, and a shift of the main lobe
angle towards the axis. A quantitative study implies a 3D solution because exper-
imental results pertain to higher order modes, as for example BPF(13,0), which

can not be modeled with the present method in a 2D setting.

6.6 Generic turboshaft engine inlet

This section presents results for the 3D propagation of spinning modes inside a
simplified model of a helicopter turboshaft engine inlet, for which both experi-
ments and computations using a boundary integral method have been carried on
at ONERA [76]. The curved duct used to model the geometry is made up of three
parts. Using the duct radius R, for non-dimensionalization, the source plane is
located at the beginning of a straight circular duct 11.76 units long. The axis of
symmetry of this cylinder is taken as the z axis. The cylinder continues with a
torus of internal radius 0.6 and external radius 2.6, and another straight duct 0.66
units long, from the exit plane of which sound is radiated into free space.

A frequency of 1000 Hz is considered, which corresponds to a non-dimensional
angular frequency, wRy/c, of 2.772. Both the propagation of mode (0,0) (plane
waves) and mode(1,0) (first azimuthal mode) are analyzed. The mesh used for the
computation is illustrated in figure 6.26. It is made up of 71 elements, with 25

elements within the pipe. The mesh within the elements is obtained using only
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a description of the edges in terms of circular arcs. The number of points per
wavelength was varied between five and six (N = 9 to N = 11), without any
noticeable changes in the results. Figure 6.27 shows snapshots of the acoustic
pressure for the considered modes.

For this computation, characteristics boundary conditions have been used at
radiation boundaries. The primary interest was in the RMS pressure distribution
in the duct exit plane, contour plots of which are presented in figure 6.28 for the
plane wave and figure 6.29 for the first azimuthal mode, respectively. For the
plane wave case, the RMS pressure field is symmetric with respect to the zz plane
(the plane of symmetry of the duct), and there are only slight variations in sound
pressure level on the duct exit plane. For the first azimuthal mode, the symmetry
no longer exists, and the variations in RMS pressure on the duct exit plane are
much larger. These results, as well as the shape of the RMS pressure contours,
agree well qualitatively with those obtained by Malbéqui et al [76]. For a quan-
titative comparison, the root mean square pressure directivity data computed by
Malbéqui et al using a boundary integral (BIM) method, as well as experimen-
tal data presented by the same authors have been digitized and are presented in
figure 6.30 together with the results of the present computation. The latter have
been computed on a sphere with radius 5y, in the z = 13.36 plane (which goes
through the center of the disc at the duct exit). As can be seen, the agreement is
very good, especially when considering that the root mean square pressure is a
much more sensitive quantity than the sound pressure level.

To a first approximation, the operation count is asymptotically proportional to
N* in three dimensions, and varies linearly with the number of elements. How-

ever, this does not accurately account for the transmission of data between the
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element-indexed data structure and the face-indexed one. An estimate about the
needed computational resources can be obtained using the CPU time per time
step per grid point, which for example for the present grid with N = 11 Gauss
points was 64.5 us on the same R10000/195MHz processor as above, when a five-
stage Runge-Kutta scheme was used. The whole computation lasted about fifteen
minutes on four processors on an Origin 2000 machine. The speed-up obtained
by using several processors was, however, dependent on machine architecture, as
can be noticed from figure 6.31. Speed-ups closer to the ideal could be obtained
on bus architectures, such as the Power Challenge. On S2MP architectures, as
the Origin 2000, the large multi-dimensional arrays used to store element values
caused many cache misses, and the speed-up was visibly under the ideal value.
When considering the results in figure 6.31, it must be, however, appreciated that
the problem size is very small, and this is a primary cause why the performance
deteriorates rapidly. For example, the loop over the acoustic source faces cannot
be efficiently run in parallel since there are only five faces of this kind. Increas-
ing the number of Gauss points IV, as well as the size of the problem (number of
elements and faces), should bring about a better parallel performance by allowing

more work to be executed concurrently.
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Figure 6.1: Mach number contours and first grid for the channel with a circular
bump.

Figure 6.2: Mach number contours and second grid for the channel with a circular
bump.
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Figure 6.3: Convergence history for the second grid, N = 7.
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Figure 6.4: Pulse at time { = 5 (acoustic pressure contours).
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Figure 6.5: Comparison of the numerical solution for the propagation of the acous-
tic pulse at time ¢ = 30 along the line y = 7.169 with the exact solution obtained
from the linearized Euler equations.
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Figure 6.7: Acoustic pressure at time ¢ = 55, computed with TW.
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Figure 6.8: Schematic representation of the flat duct radiation problem.
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Figure 6.9: Radiation from slab-symmetry flat duct, (a) Computational domain,
grids shown in the domains inside the duct (b) Plane wave directivity pattern (c)
First cross mode (d) Second cross mode.
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Figure 6.10: Acoustic pressure contours for the two-dimensional flat duct: first

cross mode (left) and second cross mode (right).
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Figure 6.11: Directivity for the first cross mode computed with FWM and charac-

teristic boundary conditions.
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Figure 6.13: Directivity for the first cross mode computed with FWM, with and
without the damping layer: comparison to the analytical solution.
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Figure 6.14: RMS pressure contours for the first cross mode: FWM (left); FWM
plus an absorbing layer (shown) with o; = 2.5 (right).

SPL (dB)

SPL (dB)

Figure 6.15: Directivity pattern for axisymmetric duct radiation, compared to the
analytical solution for radiation from a plane circular piston. Left: plane wave,

mode (0,0). Right: first radial mode (0,0).
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Figure 6.16: Acoustic pressure contours, axisymmetric (0,0) mode.

Figure 6.17: Acoustic pressure contours, axisymmetric (0,1) mode.
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Figure 6.18: Multidomain spectral mesh for the fan flight inlet in the inlet region.
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Figure 6.19: Acoustic pressure contours for the fan inlet, BPF(0,1) mode,
My =0.
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Figure 6.20: Root mean square pressure contours for the fan inlet, BPF(0,1) mode,
Mo =0:(@)N=10; (b) N =11;(c) N =12;(d) N = 13.
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Figure 6.21: Far field directivity for the fan inlet in the BPF(0,1) mode, M, = 0,
as a function of the number of Gauss-Chebyshev points.
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Figure 6.22: Mach number contours for the fan inlet, M = 0.2 forward flight
case.
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Figure 6.23: Acoustic pressure contours for the fan inlet, M = 0.2 forward flight
case.
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Figure 6.24: Sound pressure levels contours for the fan inlet, M = 0.2 forward
flight case.
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Figure 6.25: Far field directivity for the fan inlet in the M = 0.2 forward flight
case and in the no mean flow (M = 0) case.

115



A

.

) \ V4

Wit

W
IR Y
A\ A\

\

\)
D)

Wire frame of the mesh used for the turboshaft inlet model.
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Snapshots of the acoustic pressure for the turboshaft inlet model.
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Figure 6.28: RMS pressure contours in the duct exit plane for the turboshaft en-
gine model, plane wave.

Figure 6.29: RMS pressure contours in the duct exit plane for the turboshaft en-
gine model, first azimuthal mode.
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Figure 6.30: RMS pressure directivity in the z = 13.36 plane for (a) plane wave
(b) first azimuthal mode. Full line, present solution; squares, BIM computation
(Malbéqui); asterisks, experiments (Malbéqui).
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Chapter 7

Accounting for known mean flow

7.1 Introduction

The method previously developed can be used to compute sound propagation
when the mean flow itself is a solution of the steady-state Euler equations ob-
tained by the same solver, and with the same discretization (number of elements,
E, and Gauss points, V). This is not always practical, for different reasons. For
example, it may be desirable to compute the mean flow by another Euler solver,
which could converge faster than a spectral method, or on a different grid, since
the mean flow needs not be computed to the same high precision as the sound
field. Also, the mean flow can be governed by viscous effects which, while not
largely affecting sound propagation, may still make a Navier-Stokes solver more
appropriate. Another such situation arises when the mean flow is known from ex-
periments. It is considered here that a mean flow provided by one of these means
can be interpolated onto the grid used for aeroacoustic computations. This inter-

polated solution, designated here as the ‘known mean flow’, must be accounted
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for when solving for noise propagation.

One of the most straightforward ways to account for a known mean flow is to
linearize the governing equations around it, considering the acoustic perturbations
small enough that second and higher order terms in these quantities are negligible.
Such an approach has many advantages and is valid for most aeroacoustic prob-
lems. There are, however, situations when the nonlinear terms must be accounted
for. This chapter describes an algorithm, obtained by a slight modification of the
one presented in chapter 2, that allows the computation of nonlinear acoustic per-
turbations on a known mean flow. This algorithm is tested on a jet noise problem,

for which the mean flow is known from experiments.

7.2 Equations and algorithm

To obtain an appropriate set of equations for the acoustic quantities, a necessary
condition is for the known mean flow to yield the steady-state solution of the
governing equations. In general, there is no reason why this should happen, and

the steady state equations discretized by the spectral algorithm will give:

L uHE =R (7.1)

with the residual R different from zero.
When this equation is discretized using the spectral method described in chap-
ter 2, Q is the known mean flow at the Gauss points, and F; are the corresponding

flux components, computed at the Gauss-Lobatto points by the interpolation pro-
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cedure. Considering now a set of governing equations modified as

-— d -
——-——6(Qa; Q) + Z———a(Fa; ) +v(H — H)dq =0 (7.2)

it is easy to see that, when the steady solution is obtained (9/3¢ = 0), they become

d

OF;

+ ’UH52¢ =R. (73)
i=1 axi

which is satisfied by the known mean flow, conforming to equation (7.1). This
shows that the known mean flow is a steady state solution to equation (7.2), which

is equivalent to

(Q~-Q)  <~0F _
— e+ ;g +vHby =R (7.4)

and shows that the perturbations of interest, @ — Q, satisfy an equation of the
same form as the Euler equations (2.1), with the exception that a source term
coming from the spatial derivatives of the known mean flow fluxes is present on
the right-hand side.

The source term can be easily computed, using the staggered grid method,
from the known mean flow at the start of the computation. Since the vector @Q is
not the vector of primitive variables, but the conserved quantities, acoustic per-
turbations, as for example p — 5, must be computed from Q — @ at each time
step. The parallel algorithm presented in section 2.8 can then be adapted to solve

equation (7.2) as follows:

122



for e=1 to number_of_elements do_parallel
interpolation(Q_mean,e) ;
F_mean := compute fluxes(Q_mean, e)
endfor;

for t=1 to Max_Time_Steps do
for e=1 to number of_elements do_parallel
interpolation(Q, e)
endfor;
for £=1 to number_ of_faces do_parallel
if( interface) then

(L,R,£) := inverse_map(Q.,e) ;
Riemann_solve (L,R,f);
(Q,e}) := map(L,R,f)
else
impose_boundary_ conditions(f)
endif
endfor;
for e=1 to number_of_elements do_parallel
F := compute_fluxes(Q,e) - F_mean;
differentiation(F, e)
endfor;

compute_acoustic_pressure (Q-Q0 mean) ;
endfor;

7.3 Supersonic jet mixing noise problem

An ideally expanded supersonic circular jet is considered here to demonstrate the
validity of the approach of the previous section. Since the shock cell structure is
absent, the radiated sound field has only one main component, turbulent mixing
noise. It is well known that the free shear layer jet flow is characterized by large-

scale coherent turbulent structures shedding from the jet lip. The perturbations of
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the mean jet flow that generate the mixing noise can therefore be considered as the
sum of the coherent structures and a random perturbation. Both experimental [77]
and theoretical [78] results show that the major part of this noise is produced by the
large-scale turbulent structures of the jet flow, which are convected at supersonic
Mach numbers relative to the ambient speed of sound. The generated sound field,
similar to the one created by a wavy wall traveling supersonically, is very intense,
and is known as Mach wave radiation since it tends to propagate primarily at the
Mach angle.

In the mixing layer of the jet the mean turbulent flow is self-similar and, since
the spreading rate of the jet is very small, the turbulence statistics change very
slowly in the downstream direction [79]. This implies that the mean turbulent flow
is in a state of local equilibrium, and its large-scale fluctuations can be represented
as a linear superposition of the eigenmodes of its linear stability equations!. In-
deed, the jet mean flow velocity profile has an inflexion point, a situation usually
conducive [80] to the large-scale (Kelvin-Helmholtz) type of instability. More-
over, the influence of the viscosity on the solution of the linear stability equations
can be neglected for the large Reynolds numbers involved, hence the large-scale
turbulent fluctuations and the instability wave modes of the Euler equations lin-
earized about the jet mean flow are practically similar. The latter can be regarded
as a mathematical representation of the former, according to Tam and Chen [79].

Several models for supersonic jet mixing noise have been developed recently.
Mankbadi et al. [81] and Baysal and Idres [82] solve the Euler equations linearized

about the jet mean flow and use a time-harmonic excitation of the jet flow in the

'"They can be put in the form of a single equation for the pressure or the vorticity disturbance,
known as either the Rayleigh (in the inviscid case) or the Orr-Sommerfeld (in the viscous case)
equation.
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form of instability waves, the latter computed as solutions of the Rayleigh equa-
tion. A more direct approach that does not need the computation of the instability
waves was used by Fenno et al [83]. The jet flow is excited by an acoustic pulse,
as a result of which instability waves are generated. Due to the basic instability
of the jet flow, the instability waves manifest themselves over time scales much
longer than those required for the initial acoustic excitation to leave the domain,
thus allowing the computation of the radiated sound. This approach is also fol-
lowed in this thesis. Two types of excitation have been considered, the first one
being an acoustic pulse, as in equation (6.1), and the second one an incoming duct
mode similar to equation (4.3) but of a finite duration. Both cases led to identical
results for the root mean square pressure.

To perform the study, coordinates have been non-dimensionalized using the
jet exit diameter, and flow variables using the density and the speed of sound
in the ambient flow. The equations are solved in axisymmetric mode. The exit
of the jet is considered at z = 0, its axis at r = 0, and the grid covers the
domain (z,7) € [-5,50] x [0,25], with 5500 elements. The flow in the duct
(z < 0,7 < 0.5), which does not influence the radiated noise, is considered to be
a supersonic inviscid flow with M = M = 2.1, M; being the jet exit Mach num-
ber. The presence of the duct is necessary to construct the damping layers. The
DL boundary condition is the only one that is acceptable for this study, because
it also damps the vorticity waves generated within the mixing layer. It was found
that the best combination of damping parameters in equation (4.8) for this case
was oy = 0.5 and § = 3, with a damping layer width of about 5. No filtering or
any kind of artificial dissipation has been used for the computation. The number

of Gauss points was varied between N = 3 to N = 5. This is more than sufficient
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to resolve the acoustic field. In fact, for this case the resolution is mainly dictated
by the large gradients present in the shear layer, especially in the initial region near
the duct exit. The mean flow in the jet region corresponds to a Gaussian profile
that has been found by Troutt and McLaughlin [77] to fit well the experimental
results for a moderate Reynolds number (R=70000) jet,

a(n;) _ | e [-2.773(n; +05)%, n; > —05 a5

Uj 1, N4 _<_ —0.5

where U; is the velocity at the center line of the jet and the non-dimensional
coordinate 7; = (r — 7o.5)/ts, with 7o 5 the radial location where the velocity is
0.5Uj, and t, the local shear-layer thickness. The variation of Uj, ro5 and ¢, as
obtained from experiments is provided in [77] for z < 16. Since the emphasis here
is on demonstrating the methodology, and not obtaining quantitative evaluations

of jet noise, a very simple linear fit to the data has been used, as follows:

( M;, z<7
Uj = z—7 (7.6)
Lig-(1-557), 2o
0.5+0.1-2, £ <7
To5 = 7 (7.7)
0.6+0.0482-(z~7), z>7
T
2. (0.05+045-%), z<7
£, = ( 7) (7.8)

1+0.1%(z—7), z>7

In addition, the radial velocity component is considered zero throughout the flow

field, and the pressure across the jet is considered constant by the boundary layer
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approximation. For an isothermal jet, it follows that the density is also constant.
Figure 7.1 presents a snapshot of the disturbance pressure just after the initial
excitation completely left the domain. The instability waves can be clearly noticed
in the figure. They initially grow until they reach the end of the potential core of
the jet (approximately z = 7), and decay afterwards. The end of the potential core
is also the region mainly responsible for the generation of the acoustic field. This
has the characteristics generally observed for such jets, the main radiation lobe
making an angle of about 42 degrees with the jet axis. This angle is slightly larger
than the one observed experimentally in [77], a phenomenon that has also been
noticed by other researchers [82] when only axisymmetric modes are considered.
A secondary lobe can be noticed at about 30 degrees, which is the Mach angle for
this jet. The root mean square pressure is displayed in figure 7.2. The boundary
conditions can be seen to perform very well, with no noticeable reflections from
the boundaries. The FWM boundary condition has been used at the end of the
damping layer without stability problems. Thus, overall the results demonstrate
that the method can also be used to compute nonlinear sound propagation on a

known mean flow.
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Figure 7.1: Snapshot of acoustic pressure contours for the turbulent jet.

Figure 7.2: Root mean square pressure contours for the turbulent jet.
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Chapter 8

Conclusions and recommendations

for future work

A multidomain collocation spectral method has been developed in this thesis for
the solution of the three-dimensional nonlinear Euler equations of fluid dynam-
ics. The algorithm has been supplemented with all the necessary extensions
required to model acoustic phenomena. These extensions include a set of low-
storage Runge-Kutta schemes for integration in time, that keep their formal order
of accuracy when applied to nonlinear systems of equations and are optimized for
wave propagation. They also include boundary conditions for the specification
of incoming duct acoustic modes and treatment of the far-field boundaries, and
specific modules for the computation of the unsteady acoustic pressure as well as
the root mean square pressure from the time-dependent flow variables. In addi-
tion, numerical filters, that prove useful to ensure stability of the solution when
using some particular boundary conditions, have also been incorporated into the

algorithm.
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The numerical results obtained with this method, which most probably include
the first applications of spectral methods to complex three-dimensional geome-
tries, are quite encouraging. Even though the number of points per wavelength
was very small in most cases, the results match the analytical solutions extremely
well in the linear cases for which these exist. Grid refinement studies show that
the small discontinuities between the elements, which are of the order of the trun-
cation error in the computed quantities, decrease very fast when the number of
Gauss-Chebyshev points is increased. These results suggest that multidomain
spectral methods are a very viable alternative for solution of aeroacoustics prob-
lems (or equivalent wave propagation problems, such as electromagnetics) in three
dimensions.

Of considerable help for the discretization of complex geometries in this case
is the fact that the algorithm can use an unstructured grid of hexahedra. Although
in three dimensions the element grids are usually generated as structured multi-
block grids, they become unstructured when seen as a single grid. For the present
method, there is no longer need to keep a particular index structure for each block,
and the connection between the elements, either within the same block or belong-
ing to different ones, is constructed completely within the code. This makes the

method as general as any finite element method that uses hexahedral grids.

8.1 Automatic grid generation

In chapter 5, a way to construct the spectral grids by transfinite interpolation,
which provides a fast isoparametric mapping, has been developed. Although there

are advantages to this methodology, it is probably not appropriate to use in an in-
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dustrial environment, where geometries are usually defined using CAD programs.
A further development, undertaken at Pratt & Whitney Canada in collaboration
with the CFD Laboratory, is to build the face grids using the projection on the
CAD surfaces of the grids obtained through transfinite interpolation. In this way,
the spectral grids can be constructed by widely-used commercial mesh generation

software, such as ICEM-CFD.

8.2 Physical modeling extensions

There are aspects that have not been touched upon in this thesis, for example the
treatment of shock and contact discontinuities. The treatment of such phenom-
ena with multidomain spectral methods is not straightforward, although some re-
searchers consider that this problem has been solved at the mathematical level for
the global (one-domain) spectral discretization. Possible directions to extend the
method for discontinuous flows include the spectral viscosity method, first intro-
duced by Tadmor [84, 85], the use of Gegenbauer polynomials advocated by Got-
tlieb and Shu [86], or the Chebyshev-Legendre super spectral viscosity method
studied in detail by Ma [87]. The main difficulty in the multidomain case is prop-
agating discontinuities through domain interfaces without generating oscillations.

In many situations, the noise produced by turbulence is the interesting phe-
nomenon. In order to compute it directly from the basic equations of fluid dynam-
ics the viscous terms must be discretized, with the possible use of a turbulence
. model. While the viscous terms can be computed relatively easily in the multido-
main approach, the turbulence model has to be chosen with extreme care, to avoid

stability problems when coupled with a spectral discretization. As the fan blades
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rotate with respect to the struts and stator vanes, the additional incorporation of a
moving grid strategy would allow the direct prediction of rotor-stator interaction
noise sources. Another important issue that must be addressed in order to develop
an useful tool for fan acoustic analysis is the development of a time-domain model
for possible acoustic liners along the walls. The issues above constitute as many
directions of future development of the multidomain spectral method presented

herein.
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Appendix A

Basic properties of Chebyshev

polynomials

The Chebyshev polynomial of degree 7, Tj(z), —1 < z < 1, is defined by
T;(z) = cos (j arccos(z)) . (A.1)

Chebyshev polynomials are solutions of the differential equation

&ET; dT; .
(1-— ;fzz)—£2—J ~ xd—x’ + 32Tj(z) =0 (A.2)

that are bounded at £ = +1, and satisfy an orthogonality relation of the form

' Tj() Ti(x)

U
—1——,___1 = dr = 50_7'5;']' (A3)
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where Cy = 2, C; = 1 otherwise. They satisfy the recurrence relation
T (z) = 22T5(z) — Tj-1(x), (A4)

hence the first polynomials are To(z) = 1, T1(z) = z, To(z) = 222 — 1, Tz(z) =
4z% — 3z, and so on.

The Chebyshev polynomials also satisfy orthogonality relations over discrete
sets of points. To define these sets, it is useful to let z = — cos(#), such that
when @ varies from 0 to 7,  varies from —1 to 1. A first set of points, known as

Gauss-Chebyshev-Lobatto points, is defined by the IV + 1 equally spaced 8 values

6, = = n=0,1,...,N; {@}:%)

T 27 (N — U)m -
N’ b

1ﬁ7ﬁ7"’7 N

over which the following orthogonality relation holds:

N1 0, 1#7]
ST(-1)T;(-1) + > T T (o) + STT;() = Nj2, i=j#0
N, i=j=0
(A.5)
where z, = —cos(6,),n=0,1,..., V.

The other set of points is obtained as mid-points in 8 of the Gauss-Chebyshev-
Lobatto points. Hence the set contains /N points, denoted as Gauss-Chebyshev
points, and defined by

m 2N 3

et {9‘,,,}={7r 3 (2N—1)7r}

2N’ 2N’ 2N
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with the corresponding orthogonality relation for Z,, = — cos(f,,),m = 1,..., N:

y 0, i#j
> T(@m)Ti(Em) =4 N/2, i=j#0 (A.6)
=t N, i=j=0

Although the points in the two sets are equispaced in 8, they are not equally
spaced in z. In fact, the distance between the two Gauss-Chebyshev-Lobatto

points nearest of one extremity of the interval in z is

Az, =1—cos (]i\rf) =%(%)2—% (%)4+...=O(1/N2) (A7)

It follows from the fact that Chebyshev polynomials are actually cosines in
disguise that they have an equi-ripple behaviour in [—1, 1]. A consequence of this
is that interpolation of arbitrary functions f(z) based upon the Gauss-Chebyshev-
Lobatto nodes gives polynomials that are always within a very small factor from
the optimal polynomial interpolation of f in the maximum norm. Indeed, letting
Pé be the Chebyshev interpolant and Pofpt be the optimal polynomial interpolant
of f, one has

If = Pllleo < (1 + A f — PLilloo (A.8)

where Ac is the Lebesgue constant for Chebyshev interpolation, that depends
only on the order of the interpolant as A¢ = O(InNV). For comparison, for equi-
spaced interpolation (as in finite difference methods), the Lebesgue constant is

Aes = O[2¥ /(N1nN)].
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