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ABSTRACT

On Attitude Recovery of Spacecraft using Nonlinear Control

Siamak Tafazoli

Concordia University, 2005

The general objective of this Ph.D. thesis is to study the dynamics and control of rigid
and flexible spacecraft supported by a high-fidelity numerical simulation environment.
The attitude control system is one of the critical technology elements, a significant cost
driver on most spacecraft programs and hence a key area of study and research. The
thesis will focus on the different aspects of the problem including the modeling of
flexible dynamics and the design and implementation of a suitable subclass of an attitude
control system. We have named this the Attitude Recovery System which would be
initiated autonomously in an emergency situation such as a thruster misfire, a micro-
meteorite collision, a mechanical wheel malfunction, or any other large disturbing
torques. The system proposed could equally well be used in the normal attitude
acquisition phase beginning right after the launcher tip-off, which could typically impart

unwanted angular body rates to the spacecraft.

The demand for greater attitude pointing precision, attitude maneuvering or recovery with
the increased use of lightweight and flexible materials necessitates the consideration of
flexible dynamics in the control strategy. These highly nonlinear dynamics which
increase the order of the system are extremely difficult to model with high degree of
accuracy. A general model for attitude and flexible dynamics for a class of spacecraft is
hence derived in detail based on the so-called hybrid coordinates approach. The
spacecraft considered has a star topology with a rigid central bus and flexible plate-type
appendages. Given that the flexible spacecraft is under-actuated, the input-output
feedback linearization technique is specifically used to partition the system into two

distinct parts, namely an external linear system and an internal unobservable nonlinear

il



system. A general internal/zero dynamics theorem for a class of nonlinear systems is
proved and then applied to a flexible spacecraft which results in a linear asymptotically
stable zero dynamics. The overall closed-loop stability of the flexible spacecraft is also
analyzed rigorously and shown to be locally asymptotically stable using the Lyapunov
theory. The robustness of the controller against modeling and parametric uncertainties is
examined through extensive numerical simulations. Overall, the feedback linearization
control scheme has been proven to be feasible and efficient for the attitude recovery of a
spacecraft and has also become front and center in other application areas in the recent

years.

Finally, in order to validate the theoretical work performed in the thesis, a high-fidelity,
user-friendly modeling and control software environment was developed and which has
been validated using a set of special simulation cases. These cases are based on
analytical results or energy and angular momentum conservation principles. Once
validated, the simulator is then used for the investigation of the attitude recovery of
spacecraft and simulation results are presented to demonstrate the capability and
advantages of the proposed modeling and control techniques for attitude recovery under

severe malfunctions affecting the spacecraft.

The present thesis has made the following contributions to the spacecraft dynamics,

simulation and control literature;

e The important topic of automated attitude recovery (e.g. without any human
intervention) of rigid and specially, flexible spacecraft has been studied in this thesis.

This is a topic which has not been addressed specifically by the aerospace literature.

e A generic attitude and flexible dynamics formulation for a class of spacecraft having
a star topology consisting of a rigid central bus with n flexible plate-type appendages,

has been fully detailed.

iv



A high-fidelity simulator which includes the spacecraft's dynamics, environment, and
control system was designed and implemented and the many simulation test cases

results can be used by other researchers to validate their own simulators.

A robust and asymptotically stable controller based on feedback linearization has
been successfully developed and implemented for the attitude recovery of rigid and

flexible spacecraft.

A new approach based on quaternion addition for producing the control error signal
has been proposed. The proposed new approach effectively deals with the existence

of dual equilibrium points.

A design criterion for a class of flexible spacecraft has been established which needs
to be satisfied so that the zero dynamics of the system is asymptotically stable. Under
this condition, the overall closed-loop system was also proven to be asymptotically

stable using the Lyapunov theorem.

A new explicit analytical solution for the construction of the normal form and the
zero dynamics of a general class of nonlinear systems was developed and applied

specifically to the flexible spacecraft system.



ACKNOWLEDGEMENTS

I would like to acknowledge and sincerely thank my thesis advisor, Professor K.
Khorasani, for his kind support and guidance throughout my Ph.D. program. I wish to
express my profound gratitude to Dr. Staley for his valuable feedback and constructive
criticism of the first version of my thesis, which improved the quality of the final version.
I would also like to extend a special thanks to the other members of my examining

committee for reviewing my thesis work and providing valuable comments.

vi



DEDICATION

1 dedicate this work to my family for their unwavering support.

vii



TABLE OF CONTENTS

LIST OF ACRONYMS
LIST OF FIGURES
LIST OF TABLES
LIST OF APPENDICES

INTRODUCTION AND BACKGROUND
1.1 Literature Review
1.1.1 Rigid Spacecraft Dynamics and Control
1.1.2 Flexible Spacecraft Dynamics and Control
1.1.2.1 Classical Control
1.1.2.2 Modern Control
1.1.3 Spacecraft Simulation
1.1.4 Spacecraft Failures
1.2 Objectives and Scope of Work
1.3 Performance Requirements
1.4  Methodology
1.5  Thesis Outline
1.6  Thesis Contributions

SPACECRAFT ATTITUDE DYNAMICS
2.1  Basics of Attitude Dynamics
2.1.1 Frames of Reference
2.1.2  Orbits
2.1.3 Disturbance Environment
2.1.4 Attitude Representation and Kinematics
2.2 Rigid Attitude Dynamics Formulation
2.3 Flexible Attitude Dynamics Formulation
24  Concluding Remarks

Xi
xiii
Xvii

Xviii

~N N L BV

19
21
30
32
33
35
36

38
39
39
44
46
47
50
54
65

viii



NUMERICAL SPACECRAFT SIMULATOR 66

3.1 Simulator Environment 67
3.2 Simulator Architecture 68
3.3 Simulator Visualization 70
3.3  Simulator Validation 74

3.3.1 Rigid Spacecraft Validation 75

3.3.2 Flexible Spacecraft Validation 106
3.4  Concluding Remarks 120
RIGID SPACECRAFT ATTITUDE RECOVERY SYSTEM 121
4.1  Controller based on Input-Output Feedback Linearization 122
4.2  Simulation Results for the Rigid Spacecraft 127
4.3  Robustness Considerations 134
44  Concluding Remarks 139
FLEXIBLE SPACECRAFT ATTITUDE RECOVERY SYSTEM 140
5.1  Controller based on Input-Output Feedback Linearization 141
5.2 Simulation Results for the flexible Spacecraft 147
5.3  Robustness Considerations 157

5.3.1 Simulation Results for the Flexible Spacecraft with
Model/Parameter Uncertainties 158
5.3.2 Simulation Results for the Flexible Spacecraft with a
Low-Order Controller 165
5.3.3 Simulation Results for the Flexible Spacecraft with a
Low-Order Controller and Model/Parameter Uncertainties 171
54  Concluding Remarks ‘ 177



6 SPACECRAFT SYSTEM STABILITY

6.1 Internal and Zero Dynamics
6.1.1 Internal Dynamics of the Flexible Spacecraft
6.1.2 General Formulation for Internal Dynamics of

a class of Nonlinear Systems

6.1.3 Zero Dynamics for Two Representative Cases

6.3  Stability Analysis for the Flexible Spacecraft

6.4  Concluding Remarks

7 CONCLUSIONS AND DIRECTIONS FOR FUTURE WORK

REFERENCES

APPENDICES

178
179
179

181

188

194

198

199

204



nD
ABM
ACS
AOCS
ARM
ARS
CMC
CMG
COM
CpPU
DAC
DARTS
DC
DCAP
DLL
Dshell
EA
FEM
FLC
FPA
FSC
FSD
GPS
IMSC
ISS
LQG
LSS
LTI

LIST OF ACRONYMS

n Dimensional
Adams-Bashforth-Moulton

Attitude Control System

Attitude and Orbit Control System
Attitude Recovery Maneuver

Attitude Recovery System

Coupled Modal Control

Control Moment Gyro

Center Of Mass

Central Processing Unit

Disturbance Accommodation Control
Dynamics Algorithms for Real-Time Simulation
Direct Current

Dynamics and Control Analysis Package
Dynamically Linked Library

DARTS Shell

Eigenstructure Assignment

Finite Element Model

Feedback Linearization Control/Controller
Flexible Plate-type Appendage
Frequency Shaping Control

Flexible Spacecraft Dynamics

Global Positioning System

Independent Modal-Space Control
International Space Station
Linear-Quadratic-Gaussian

Large Space Structure

Linear Time Invariant

Xi



LTR

LTV

LVLH

MESS

MIMO

MSS

NASA

ODE

OFC
Open-SESSAME

PA
PCM
PCT
PDE
PID

SB
SCOLE
SMCC
TWC
UDC
XIPS
XPOP

Loop Transfer Recovery

Linear Time Varying

Local Vertical Local Horizontal

Model Error Sensitivity Suppression
Multi-Input Multi-Output

MultiSatSim

National Aeronautics and Space Administration
Ordinary Differential Equation

Output Feedback Control

Open-Source, Extensible Spacecraft Simulation And Modeling
Environment

Pole Allocation

Positivity Control Method

Perturbation Control Technique

Partial Differential Equation
Proportional-Integral-Derivative

Random Access Memory

Runge-Kutta

Spin Bearing

Spacecraft Control Laboratory Experiment
Spin Motor Commanded Current
Traveling Wave Control

Uniform Damping Control

Xenon lon Propulsion System

X-axis Perpendicular to Orbital Plane

Xii



1.1
1.2
2.1
2.2
23
24
2.5
2.6
2.7
2.8
3.1
32
3.3
3.4
3.5
3.6
3.7
3.8

3.9

3.10

3.11

3.12

3.13

LIST OF FIGURES

Spacecraft subsystem failure statistics

Sources of failures for the attitude and orbit control subsystem
Ecliptic reference frame

Celestial reference frame

Earth reference frame

Orbital reference frame

Spacecraft reference frame

Spacecraft configuration and appendage reference frame

Keplerian orbital elements

Spacecraft in an arbitrary orbit with relevant reference frames
Simulator top-level architecture

Spacecraft attitude animation window

Left appendage animation window

Right appendage animation window

3D animation model parameter dialog box

Polynomial relationship between simulation and real execution time
Validation case 3 - Expected and simulated y-axis angular body rate
Validation case 3 - Absolute error between expected and simulated
angular body rates

Validation case 4 - Absolute error between expected and simulated
angular body rates

Validation case 5 - Absolute error between expected and simulated
angular body rates

Validation case 6 - Absolute error between expected and simulated
angular body rates

Validation case 7 - Absolute error between expected and simulated
angular body rates

Validation case 8 - Absolute error between expected and simulated

angular body rates

21
21
40
41
41
42
43
44
46
55
69
71
72
72
73
76
81

82

85

87

90

95

99

xiii



3.14

3.15
3.16

3.17
3.18
3.19
3.20
3.21
3.22
3.23
3.24

3.25
3.26
3.27

4.1
4.2
43
4.4
4.5
4.6
4.7
4.8
4.9
4.10
4.11
4.12
4.13
4.14
4.15

Validation case 9 - Absolute error between expected and simulated
angular body rates

Validation case 11 - Spacecraft body angular rates (& )

Validation case 11 - Deflection (w) at tipx =.5;y =10and midway x = 5,y =5
Validation case 12 - Spacecraft attitude (Euler angles)

Validation case 12 - Spacecraft total, potential, and kinetic energies
Validation case 13 - Spacecraft attitude (Euler angles)

Validation case 13 - Spacecraft total, potential, and kinetic energies
Validation case 14 - Spacecraft attitude (Euler angles)

Validation case 15 - Spacecraft total, potential, and kinetic energies
Validation case 15 - Spacecraft body angular rates (@ )

Validation case 15 - Deflection (w) at tipx = .5;y =10and midway x = .5,y =5
Validation case 16 - Spacecraft total, potential, and kinetic energies
Validation case 16 - Spacecraft body angular rates (&)

Validation case 16 - Deflection (w) at tipx =.5;y =10and midway x=.5;y = 5
ARM Case 1 - Spacecraft body angular rates (@)

ARM Case 1 - Spacecraft attitude (Euler angles)

ARM Case 1 - Initial disturbance and attitude recovery torques (7)

ARM Case 1 - Spacecraft kinetic energy

ARM Case 2 - Spacecraft body angular rates (@ )

ARM Case 2 - Spacecraft attitude (Euler angles)

ARM Case 2 - Initial disturbance and attitude recovery torques (7 )

ARM Case 2 - Spacecraft kinetic energy

ARM Case 3 - Spacecraft body angular rates (& )

ARM Case 3 - Spacecraft attitude (Euler angles)

ARM Case 3 - Initial disturbance and attitude recovery torques (7')

ARM Case 3 - Spacecraft kinetic energy

ARM Case 4 - Spacecraft body angular rates (@)

ARM Case 4 - Spacecraft attitude (Euler angles)

ARM Case 4 - Initial disturbance and attitude recovery torques (7' )

105
109
109

112
112
114
114
115
116
117
117
118
119
119

129
129
130
130
132
132
133
133
135
135
136
136
137
138
138

Xiv



4.16
5.1
5.2
5.3

5.4
5.5
5.6
5.7

5.8
59
5.10
5.11
5.12

5.13
5.14
5.15
5.16
5.17

5.18
5.19
5.20
5.21
5.22

5.23
5.24
5.25
5.26
5.27

5.28
5.29

ARM Case 4 - Spacecraft kinetic energy

ARM case 5 - Spacecraft body angular rates (@)

ARM case 5 - Spacecraft attitude (Euler angles)

ARM case 5 - Deflection (w) at tipx = .5;y =10and midway x=.5;y=5
ARM case 5 - Initial disturbance and attitude recovery torques (7)
ARM case 6 - Spacecraft body angular rates (@ )

ARM case 6 - Spacecraft attitude (Euler angles)

ARM case 6 - Deflection (w) at tipx =.5;y =10and midway x=.5;y=5
ARM case 6 - Initial disturbance and attitude recovery torques (7 )
ARM case 6 - Spacecraft total, potential, and kinetic energies

ARM case 7 - Spacecraft body angular rates (@)

ARM case 7 - Spacecraft attitude (Euler angles)

ARM case 7 - Deflection (w) at tipx =.5; y =10and midway x=.5;y=5
ARM case 7 - Initial disturbance and attitude recovery torques (7 )
ARM case 7 - Spacecraft total, potential, and kinetic energies

ARM case 8 - Spacecraft body angular rates (@)

ARM case 8 - Spacecraft attitude (Euler angles)

ARM case 8 - Deflection (w) at tipx =.5;y =10and midway x=.5;y=5
ARM case 8 - Initial disturbance and attitude recovery torques (7 )
ARM case 8 - Spacecraft total, potential, and kinetic energies

ARM case 9 - Spacecraft body angular rates (@)

ARM case 9 - Spacecraft attitude (Euler angles)

- ARM case 9 - Deflection (w) at tipx = .5;y =10and midway x=.5;5=5

ARM case 9 - Initial disturbance and attitude recovery torques (7 )
ARM case 9 - Spacecraft total, potential, and kinetic energies

ARM case 10 - Spacecraft body angular rates (@)

ARM case 10 - Spacecraft attitude (Euler angles)

ARM case 10 - Deflection (w) at tipx =.5; y =10and midway x=.5;y=5
ARM case 10 - Initial disturbance and attitude recovery torques (7 )

ARM case 10 - Spacecraft total, potential, and kinetic energies

139
149
150
150

151
152
152
153

153
154
155
155
156

156
157
159
160
160
161
161
162
163
163
164
164
165
166
166
167
167

XV



5.30
5.31
5.32
533
5.34
5.35
5.36
5.37
5.38
5.39
5.40
5.41
5.42

5.43
5.44

ARM case 11 - Spacecraft body angular rates (@)

ARM case 11 - Spacecraft attitude (Euler angles)

ARM case 11 - Deflection (w) at tipx = .5;y =10and midway x=.5;y=5
ARM case 11 - Initial disturbance and attitude recovery torques (7 )
ARM case 11 - Spacecraft total, potential, and kinetic energies

ARM case 12 - Spacecraft body angular rates (@)

ARM case 12 - Spacecraft attitude (Euler angles)

ARM case 12 - Deflection (w) at tipx =.5; y =10and midway x=.5;y=5
ARM case 12 - Initial disturbance and attitude recovery torques (7 )
ARM case 12 - Spacecraft total, potential, and kinetic energies

ARM case 13 - Spacecraft body angular rates (@)

ARM case 13 - Spacecraft attitude (Euler angles)

ARM case 13 - Deflection (w) at tipx = .5;y =10and midway x=.5;y=5
ARM case 13 - Initial disturbance and attitude recovery torques (7 )

ARM case 13 - Spacecraft total, potential, and kinetic energies

168
169
169

170
170
172
172
173
173
174
175
175
176
176
177

Xvi



1.1
1.2

31
3.2
33
34
35
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13

LIST OF TABLES

Summary of on-orbit failures for thruster assemblies

Summary of on-orbit failures for momentum/reaction wheels and
control moment gyros

3D animation model parameter descriptions

Integration techniques and common settings used in the simulator
Results for simulation and execution times

Validation case study specifications for rigid spacecraft

Validation case 3 - Expected and simulated angular velocity values
Validation case 4 - Expected and simulated angular velocity values
Validation case 5 - Expected and simulated angular velocity values
Validation case 6 - Expected and simulated angular velocity values
Validation case 7 - Expected and simulated angular velocity values
Validation case 8 - Expected and simulated angular velocity values
Validation case 9 - Expected and simulated angular velocity values
Validation case study specifications for flexible spacecraft

Specifications for the flexible spacecraft used for validation

23

25
73
75
76
77
81
84
87
90
94
98
104
107
111

xvii



Appendix A:

Appendix B:
Appendix C:

LIST OF APPENDICES

Derivation of the Attitude and Flexible Dynamics of a
Star-Topology Spacecraft
Integrals of Mode Shapes

Environmental Disturbance Torques

217
258
262

xviii



CHAPTER 1

INTRODUCTION AND BACKGROUND

Designing and building space systems is challenging and aerospace engineers need to get
it right the first time since product recalls are extremely costly and almost never done.
The exception being for example, the shuttle missions to repair the very expensive
Hubble telescope. Furthermore, actual ground tests are also incredibly costly, possibly
dangerous and often just plain impossible. Virtual prototyping and high-fidelity
simulation is used by spacecraft manufacturers where physical testing is difficult or
impossible to prove out critical aspects of their designs, such as deployments, separations
and spacecraft attitude control. With the shrinking budgets, the aecrospace community is
focusing on small and/or lightweight spacecraft to satisfy a wide range of applications.
New and emerging designs and development processes are helping to make spacecraft
considerably less costly to build, however, matching improvements in the technologies
are also required. Many future spacecraft are expensive and have a high public profile
(e.g. the unsuccessful NASA Mars probes: Polar Lander and Climate Orbiter) and

therefore instability and failure are not acceptable.



The objective of this Ph.D. thesis is to address an ever more important and specific
problem of automated spacecraft attitude recovery (i.e. without human intervention).
This is aligned with the current trend for more autonomous spacecraft (i.e. satellite and
planetary probes) which in essence would take the human operators out of the loop, by
adding enough on-board intelligence and technologies to cut the human link for at least
part of the mission and increase the utility and functionality of the spacecraft. There are
good indications that future spacecraft will become more and more autonomous in all
aspects and will eventually include an on-board subsystem dedicated solely to spacecraft
health monitoring and failure detection and recovery (e.g. NASA's Deep Space I
spacecraft) with very minimal human intervention, if any. These tasks are presently
mainly done by the ground segment (i.e. mission operators and engineering team on
ground) but we are already starting to see more tasks being pushed on-board (e.g.
Pegasus launcher tip-off rate recovery and autonomous sun-pointing for Scisat satellite in
case of a bad injection). Presently, the most common approach to failure recovery is to
put the spacecraft in a safe hold mode while the ground segment investigates the cause of
the failure/fault. However, a safe hold mode can last up to several months which
represents a significant loss of scientific or communications data for that time period. If
instead, an independent system was available to address the fault immediately then this
loss of precious data could be avoided. Of course, the addition of a new system involves
design time and ultimately extra money and hence there would have be a trade-off

analysis performed.

In this light, the present thesis would be addressing the automated attitude recovery
problem, where a fault in ACS would be autonomously detected, isolated and a recovery
and reconfiguration would be initiated. For this purpose, the Attitude Recovery System
(ARS) could be even considered to be separate from ACS (e.g. the ARS software could
run on a different dedicated processor and an independent set of sensors and actuators

might even be envisaged to exist for the attitude recovery system).

The thesis will focus on the different aspects of the automated attitude recovery problem

including the system dynamics modeling and simulation, and the design and



implementation of a suitable controller. The attitude recovery system would be used
when a malfunction affects the attitude of the spacecraft and throws it into a spin. Some
examples of such malfunctions or failures are: a thruster misfire due to actuator fault or
operator error, a severe failure of a mechanical wheel, or a debris/micro-meteorite
impact, all of which impart a torque on the spacecraft and their magnitude, potentially

significant, are not known a priori.

The demand for greater attitude pointing precision, attitude maneuvering or attitude
recovery with the increased use of lightweight and flexible materials necessitates the
consideration of flexible dynamics in the control strategy. Hence, the automated attitude
recovery problem is investigated here mainly for a flexible spacecraft whose dynamics
are highly nonlinear, increase the order of the system and are extremely difficult to model
with high degree of accuracy. The dynamics formulation method used is the hybrid
coordinates approach which is based on the Lagrangian formulation. The proposed
control scheme is based on the Feedback Linearization Control (FLC) technique which
has proven to be feasible and efficient and has become front and center in the control
research arena in the recent years. Feedback linearization control basically refers to the
approach where the nonlinear differential equations of the plant are linearized by
appropriate state space coordinate transformation and nonlinear control transformation
schemes. In other words, exact linearization is achieved by the change of the
representation of a nonlinear system into a linear one, which is controllable and then a

stabilizing controller is designed that guarantees desired performance specifications.

In the next few sections, a literature review is presented for spacecraft (i) dynamics; (ii)

control; (iii) simulation; and (iv) AOCS failures.

1.1 Literature Review

The attitude control field is about half a century old. Its beginning can be traced back to
the late 1950s with most of the work being from 1957 onwards. October 4" 1957
marked the historic launching of the first human made artificial satellite into Earth orbit,

Sputnik I. The launch of this small satellite ushered in new political, military, and most



importantly technological and scientific developments. The attitude dynamics and
control field became and has remained a topic of great interest for many researchers. The
actual number of journal articles, conference papers and itechnical reports published in the
area of spacecraft dynamics and control is in the hundreds and is quite overwhelming.

There are also a great number of relevant books in print today.

The literature review given in the following paragraphs is by no means comprehensive
and exhaustive but it presents the key references to the published papers and other review
articles. This review is deemed sufficiently complete to familiarize a new comer with
this intriguing and challenging field. One thing is for certain, and that is attitude

dynamics and control is here to stay!

First, a brief paragraph is provided on the most researched category of spacecraft, namely
the rigid spacecraft, following which flexible spacecraft which are of key interest in this

- thesis are examined.

1.1.1 Rigid Spacecraft Dynamics and Control

Rigid attitude control of spacecraft was reviewed early on by Meyer [1]-[2] and his is a
seminal investigation of the attitude control problem. The subject matter is now so
mature that several excellent books in the field have appeared which cover the rigid
attitude dynamics and control problem [3]-[6]. There are hundreds of articles that deal
with the rigid attitude control using a variety of control techniques from the classical
Proportional-Integral-Derivative (PID) to adaptive control. Also recently, many
intelligent-based attitude control approaches have also been investigated by researchers
using such techniques as Neural Networks [7], Fuzzy Logic [8], combined Neuro-Fuzzy
approach [9] and combined Genetic Algorithm and Neural Networks [10]. Recently,
Fortuna et al. [11] present a comparative study between four different control strategies
for attitude control of rigid spacecraft, namely (i) PD plus hypercomplex multilayer
perceptron neural network; (ii) PD plus hypercomplex radial basis function neural

network; (iii) classical PD; and (iv) adaptive control. Fortuna et al. {11] conclude that in



both cases where neural networks is used, the results show an improvement with respect

to the simple PD and adaptive controllers.

1.1.2 Flexible Spacecraft Dynamics and Control

Dynamics and control design for flexible spacecraft, which is sometimes referred to in
the literature as Large Space Structure (LSS), has received much attention in the past
three decades. One of the initial reports by National Aeronautics and Space
Administration (NASA) [12] shed light on a problem that was experienced with several
early spacecraft. The attitude of these spacecraft were noticed to act strangely without
any recognizable reason at first. However, further investigation by NASA and reported
in [12] identified the culprit to be the structural flexibility which was interacting with the
ACS in a variety of ways. This report along with a couple of other papers [13]-[14] cite
useful references and compiles a review of this problem for that early time period. Since
those early days, a large number of papers have appeared in the field. In 1974, Modi [15]
reviewed the state of the art on attitude dynamics of spacecraft with flexible appendages,
and this review is still relevant today. Also more recently, Junkins and Kim have
published a book that cover the more established areas of dynamics and control of

flexible space structures with many useful references [16].

On the control side, Meirovitch et al. [17] present a comparison of control techniques for
large flexible space systems. These control techniques are grouped based on two broad
approaches, namely (i) coupled control which does not place any requirements on the
number of actuators, provided controllability condition is satisfied and (ii) independent
modal-space control which requires that the number of actuators be equal to the number
of controlled modes. Meirovitch et al. [17] conclude that the independent modal-space
control method is superior to coupled control since it offers a large choice of control
techniques (both linear and nonlinear control), is easier to design, exhibits virtually no
instability characteristics, and minimizes the input energy. Some of the other reviews
relevant to the topic of control of flexible spacecraft are given by Balas [18], Croopnick
et al. [19], Meirovitch and Oz [20] and Robinson [21].



Meirovitch [22] presents a fairly comprehensive literature review from a structural
control point of view which encompasses many space applications. The following
sections are reviews of some of this relevant literature on the control of flexible
spacecraft or LSS grouped by control strategy. These papers are not specifically related
to the topic of attitude recovery but to the more general topic of flexible spacecraft/LSS
attitude control which includes vibration suppression, attitude pointing, and attitude slew
maneuvering. This part of the literature review which also includes seminal papers in
each control area is given here for completeness and for the interested new comer to the
field. Note that some of these seminal papers are not in the area of spacecraft/LSS
attitude control but originated the ideas which were used in the subsequent work by

spacecraft control researchers.

1.1.2.1 Classical Control

The early study of control systems involved heavily the transform techniques. Basically,
the dynamics of the system to be controlled would be expressed by linear differential
equations and transformed to s-domain (or frequency domain) using Laplace
transformation. This transformation allows relating the system output to the input via a
transfer function, which is a ratio of two polynomials in s. When the system involves
more than one input and output (MIMO), then the inputs and outputs can be related by a
matrix of transfer functions known as the transfer matrix. One of the main concerns with
any control system is stability which, in the case of classical control, is investigated by
examining the poles of the closed-loop transfer function. Various graphical techniques
were developed allowing determination of the closed-loop poles by working with the
open-loop transfer function. Widely used techniques, taught at the undergraduate level,
are the root-locus method, Nyquist plots, Bode diagrams and Nichols plots. The
implication is that the system is characterized by a single input and a single output
(SISO), and hence by a single transfer function. In the case of multi-input multi-output
systems, the situation is complicated by the fact that one needs to consider the transfer
functions relating every input to every output. Moreover, the approach is limited to linear
systems with constant coefficients. However, one of the advantages of classical control is

that it offers good physical insight. Classical control uses time-domain and frequency-



domain performance criteria such as rise time, maximum overshoot, settling time, steady-
state error, gain margin, phase margin, maximum magnitude and bandwidth. The theory
described briefly above which is concerned with transform techniques for the design of

feedback control systems has come to be known as classical control.

Proportional-Integral-Derivative (PID):

Hughes and Abdel-Rahman [23] study the linear attitude control of flexible spacecraft
using a classical PID feedback control law. They assume that the spacecraft is composed
of a rigid central bus to which are attached one or more flexible appendage (modeled as a
series of second order systems) and that there is at least one axis about which the
spacecraft's attitude motion is uncoupled from the motion about the other two axes. The
principal result of the paper is that if the controller is unconditionally stable (with respect
to gain), then appendage flexibility can not destabilize it. The PID control law for flexible

spacecraft is also considered by Meirovitch and Sharony [24].

1.1.2.2 Modern Control

With the advent of the space age in the 1950s, the interest turned to a new class of control
techniques encompassing new performance criteria, such as minimum time and minimum
fuel. These performance criteria have led to nonlinear control laws. Other performance
criteria attracting a lot of attention are quadratic performance criteria, leading to linear
control laws. The approach consisting of the minimization of a performance index is
known as optimal control and falls in the domain of modern control. Major advances in
optimal control are Bellman's dynamic programming and Pontryagin's minimum
principle, where the latter can be regarded as a generalization of the fundamental theorem
of calculus of variation. A control approach developed in the late 1960s is known as pole
allocation, and can be considered as part of modern control. Modern control should not
be regarded as replacing classical control but complementing. it, as a mix of both
approaches together can enhance the understanding of the problem. Modern control is
essentially a time-domain approach, based on the state-space description of the behavior
of the dynamical systems. Over the years, many new control techniques have been

devised and need to be classified within the modern control domain. Feedback



linearization control is one such technique dating back to the 1980s. Other more recent
approaches are based on neural networks and fuzzy logic. The followings are the
relevant modern control techniques found in the literature, and covered alphabetically

here, which have found applications in flexible spacecraft attitude control arena.

Coupled Modal Control (CMC):

The term modal control can be interpreted in a broad sense as the control of a given
number of spacecraft flexible modes. CMC represents a family of techniques whose
underlying principle is to induce asymptotic stability by changing the open-loop
eigenvalues so that the motion of the corresponding modes is damped out. Basic
investigation on CMC was undertaken in [25]-[29] as discussed further below in
connection with the pole allocation method. The subject of CMC in conjunction with
structures is considered in [30] where Breakwell investigates the problem of optimal
feedback slewing maneuvers of flexible Spacecraft from one position to another while
leaving an arbitrary number of bending modes inactive at the end of the maneuver. Wu
et al. [31] look at control of large flexible space structures using pole placement design
techniques and includes the CMC method. Meirovitch et al. [17] undertake a
comparative study of CMC and independent modal-space control where the basic
difference between the two approaches lies in the manner in which the feedback controls
are designed. The two approaches are compared qualitatively from design and
computational viewpoints, and quantitatively through a performance index and spillover
effects. Spillover refers to the phenomenon in which the energy intended to go into
damping the controlled modeled modes is pumped elsewhere, for example into the
uncontrolled modeled modes which must be avoided. Note that all the infinite number of
flexible modes of a system can be broken down to modeled and unmodeled modes, and
the modeled modes can be further broken down to controlled modeled modes or
uncontrolled modeled modes. In conclusion, Meirovitch et al. [17] conclude that
independent modal-space control method to possess advantages over CMC, as it permits
easier design and implementation and requires less computational effort and control
energy for implementation. However, some of their conclusions were based on the

computational and implementation techniques available in the early 1980's and should be



now reassessed, as much advance has occurred in the computing and software field in

past two decades.

Decentralized Control:

Decentralized control for flexible spacecraft is concerned with the placement of actuators
and sensors away from the rigid central body (e.g. on the flexible structure) and hence
having better measurements and control authority for the control of the flexible parts.
West-Vukovich et al. [32] consider the decentralized control problem for space structure
using point force actuators and point displacement/displacement-rate sensors. They show
that a solution to the decentralized control problem exists if it exists for the centralized
control problem and their proposed decentralized controller also eliminates the spillover
into the unmodeled high-frequency flexible modes. Young [33] advances a design
framework for the decentralized control of space structures integrating finite element
modeling and control design. Decentralized control is also used by Siljak [34] and

Meirovitch and France [35].

Disturbance Accommodation Control (DAC):

The theory of DAC is based on the premises that disturbances are inputs which are not
known accurately a priori, not accurately predictable, and not directly measurable in real-
time [36]-[37]. DAC theory is a collection of non-statistical modeling and controller
design techniques for the class of multi-variable control problems in which it is required
to maintain set-point regulation or servo-tracking in the face of a broad range of
uncertain, multi-variable and persistently acting disturbances. Moreover, DAC theory
permits that control performance to be realized in such a way as to optimally exploit any
useful energy or other effects which may be associated with the disturbances. Chun et al.
[38] investigate the problem of large angle maneuvering of a flexible spacecraft, where
the disturbance-accommodating feedback control tracks a desired output state which is
obtained from an open-loop solution for the linear model. They develop closed form
solutions of the feedback gains, state trajectory, and residual mode response for the
tracking/disturbance-accommodating controller. Some numerical simulations presented

show that DAC outperforms the simple linear tracking controller which does not use



information about the disturbances. The DAC approach is also used by Meirovitch and
Sharony [24] and [39], and Sharony and Meirovitch [40]-[41].

Eigenstructure Assignment/Pole Allocation (EA/PA):

The goal of linear feedback control is to place the closed-loop poles/eigenvalues on the
left half of the complex plane so as to ensure asymptotic stability of the closed-loop
system. The pole allocation approach consists of selecting first the closed-loop poles
associated with the modes to be controlled and then computing the control gains required
to produce these poles. Because this amounts to controlling a system by controlling its
modes, this approach is known as modal control. The algorithm for producing the control
gains is known as Pole Allocation, Pole Placement, or Eigenstructure Assignment. A
comprehensive treatment of pole allocation can be found in the book by Porter and
Crossley [29]. A design approach using pole placement techniques for a class of flexible
space structures is developed by Wu et al. [31]. They examine numerical problems of the
pole placement algorithm when employed towards high dimensional systems with very
low-frequency eigenvalues. This control strategy is also considered for flexible

spacecraft/LSS control by Kida et al. [42] and Tseng and Mahn [43].

Frequency Shaping Control (FSC):
Gupta [44] extends the Linear-Quadratic-Gaussian (LQG) method for feedback control

design (covered below) to include frequency-shaped weighting matrices in the quadratic
cost functional, and hence combining classical design requirements with automated
cbmputational procedures of modern control. The approach is also used by Chun et al.
[45] for slew maneuvering a flexible spacecraft where a frequency-shaped open-loop
rigid body solution was presented and a frequency-shaped perturbation control scheme
was defined for maintaining the closed-loop rigid and flexible body system response in
the vicinity of the rigid body nominal solution. They also found that the use of control
smoothing in both the rigid body nominal solution and the perturbation feedback

controller greatly reduces the flexible excitations.
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Independent Modal-Space Control (IMSC):

This method is based on the idea of coordinate transformations, whereby the system is
decoupled into a set of independent second-order systems in terms of the modal
coordinates and as a result, a stable controller can be devised for each second-order
system independently, no matter how large the model is. The control gains thus obtained
lead to modal control forces which are abstract forces corresponding to the modal
coordinates. This procedure not only guarantees controllability but also insures that no
spillover into the uncontrolled modeled modes occurs, provided that the system in not
under-actuated (i.e. the number of actuators used is equal to the order of the discretized
system). Gould and Murray-Lasso [46] devise a Laplace transform version of
independent modal-space control for distributed systems. Implementation is carried out
on the assumption that the output and the forcing functions have negligible eigenfunction
content beyond a finite number. Takahashi et al. [47] introduce some basic ideas in the
independent modal-space control method. Meirovitch et al. [48] develop the independent
modal space control for spinning flexible spacecraft. An IMSC dual-level control
approach for controlling rigid-body and elastic motions of a space structure is presented
by Meirovitch and Oz [49]. The IMSC method is also considered by VanLandingham and
Meirovitch [50], Meirovitch and Oz [51], Meirovitch et al. [17], Baruh and Silverberg
[52], McLaren and Slater [53], Quinn and Meirovitch [54] and Meirovitch and Quinn
[55].

Linear-Quadratic-Gaussian/Loop Transfer Recovery (LQG/LTR):
Doyle and Stein [56] developed the LQG/LTR method. The LQG/LTR approach

provides a means of including robustness-to-uncertainties in the control design process

itself. Also, since it operates in the frequency domain, it extends the basic frequency
domain design guidelines, such as bandwidth, crossover frequency, etc. from a scalar
system to a multivariable system. It uses a low frequency design model of the plant and a
high frequency characterization of the modeling errors.  This method, which
characterizes unstructured uncertainty with singular-value bounds, appears to be
particularly well suited for the control of large flexible spacecraft due to the considerable

modeling inaccuracy that inherently exists in the mathematical models. The method is
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applied to the synthesis of an attitude control system for a space structure by Joshi et al.
[57] and Sundararajan et al. [S8]. Sundararajan et al. [58] conclude that this method is
useful for alleviating spillover effects common to LSS control problems modeled from
finite element data. A modified version of the LTR robust control is presented by
Blelloch and Mingori [59].

Model Error Sensitivity Suppression (MESS):

Sesak et al. [60] propose the MESS method to solve the problems of sensitivity to
modeling errors and the use of low-order state estimators. The method is based on the
decentralized control concept, covered earlier, which consists of a collection of
subsystem estimators and controllers, each independently charged with a subset of the
system states. The key controller concept is the penalization in the performance index of
any control action that excites modeled states other than those for which the subsystem
controller is charged, thereby inhibiting control spillover. These performance index
modification concepts have utility with or without a decentralized controller. Sesak et al.
[60] provide proofs demonstrating that performance indices can be modified to reduce
control and observation spillover arbitrarily while preserving stability. Sesak and Likins
[61] consider the capability of MESS to handle the truncation of known vibration modes.
Sesak [62] advances a suppressed mode damping scheme in conjunction with MESS
based on direct feedback of sensor signals. Sesak and Halstenberg [63] apply the MESS
method to the decentralization of attitude and vibration control in a flexible space

structure.

Multi-Objective Optimization:

Hale et al. [64]-[66] consider the problem of optimal integrated structure control design
for a maneuvering space structure by means of reduced-order model. The problem is
formulated as a multi-objective control problem involving the deflection, velocity and
force spent, and the necessary condition for optimality is stated in the form of a
maximum principle. Bodden and Junkins [67] develop an eigenspace optimization
approach for the design of feedback controllers for the maneuvering and vibration

suppression in flexible structures. Lisowski and Hale [68] use reduced-order models to
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study the unified problem of synthesizing a control and structural configuration for open-
loop rotational maneuvering of flexible structures. Onoda and Haftka [69] present an
approach to the simultaneous optimal design of a structure and control system for flexible
spacecraft whereby the combined cost of the structure and the control system is

minimized subject to a constraint on the magnitude of the response of the structure.

Optimal Projection/Maximum Entropy:

Bernstein and Hyland [70] present a review of optimal projection/maximum entropy
approach which could be used to design low-order controllers for high-order systems
with parameter uncertainties. The basic concepts are introduced by Hyland [71] where
the active control of a large flexible spacecraft is considered. Hyland notes that
difficulties arising from inherent inaccuracies in structural modeling and from the high
dimensionality of the dynamical system force a re-examination of the problem of optimal
control of LSS within the context of stochastic system theory. Recognizing that a
complete probabilistic description of modal parameters can never be provided, one first
identifies the minimum set of a priori data needed to preserve any measure of modeling
fidelity. Acknowledging this data as available, a complete probability assignment is then
induced by a maximum entropy principle. The resulting mean-square optimization
problem is consequently reduced to the solution of a modified Riccati equation of

particularly simple form.

Output Feedback Control (OFQC):

Frequently the designer of control systems does not have a complete set of state variables
directly available for feedback purposes. Moreover, one may wish to generate the control
signals directly by taking linear combinations of the available output variables instead of
first reconstructing the state via a Kalman filter. If the original system is time invariant -
and the linear transformations are also constrained to be time invariant, the design
problem then reduces to choosing an appropriate matrix of feedback gains which leads to
an optimization problem. A technique for determining optimal linear constant output
feedback controls is devised by Levine and Athans [72]. This feedback control law does

not require state estimation. Canavin [73] and Balas [74] suggest controlling the
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vibration of a flexible spacecraft by means of multivariable output feedback. The
approach of Levine and Athan [72], Canavin [73] and Balas [74] is known as direct
feedback control, which implies that sensor outputs are multiplied by a gain matrix to
produce actuator commands. Elliott.et al. [75] demonstrate that the output feedback
controller suggested in [73] is capable of high performance. Lin et al. [76] investigate
four output feedback control methods for possible application to vibration control in
space structures. An output feedback control design capable of increasing the damping
ratio and the frequency of selected modes in space structures is proposed by Lin and Lin
[77]. The OFC is also discussed in Sesak [62], Joshi et al. [57], von Flotow and Schafer
[78] and McLaren and Slater [53].

Perturbation Control Technique (PCT):

Auburn [79] investigates a perturbation approach to determine the closed-loop
eigenvalues and eigenvectors resulting from a low-authority controller which imparts
small forces to the structure. Sharony and Meirovitch [40]-[41] are concerned with the
control of perturbations experienced by a flexible spacecraft during a minimum-time
maneuver. The controller is divided into an optimal finite-time linear quadratic regulator
and a disturbance accommodating control. Meirovitch and Sharony [35] present a
general review of the problem of flexible space structure maneuvering and control with
emphasis on a perturbation technique. PCT are also used by Quinn and Meirovitch [54]
and Meirovitch and Quinn [55].

Positivity Control Method (PCM):

Iwens et al. [80] discuss a technique for designing robust controllers for flexible space
structures based on positivity of operators. There are basic conditions for stability based
on positivity. A multi-input multi-output system including controller and plant transfer
matrices is asymptotically stable if at least one of the transfer matrices is strictly positive
real and the other is positive real. This stability concepts need not be restricted to transfer
matrices but can include nonlinear and time-variant operators defined on a vector valued
Hilbert functional space. Benhabib et al. [81] propose a technique for the design of stable

and robust control systems for space structures based on positivity of transfer matrices.
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Benhabib [82] extends the concept of positivity presented in [81] to discrete-time
systems. McLaren and Slater [53] investigate robust multivariable control of space
structures designed on the basis of a reduced-order model using positivity concepts.
Three control design approaches are compared: (i) ordinary multivariable control; (ii)

independent modal-space control; and (iii) decentralized direct output feedback control.

Traveling Wave Control (TWC):

Vaughan [83] examines wave propagation concepts to control the bending vibration in
beams. Meirovitch and Bennighof [84] are concerned with the use of the Independent
Modal-Space Control method to control traveling waves in a structure. Von Flotow [85]
describes the elastic motion in a space structure in terms of traveling waves. To achieve
control, the energy is shunted into unimportant portions of the structure or is absorbed by
an active wave absorber. Von Flotow and Schafer [78] describe the experimental
implementation of the wave absorbers introduced in [85]. They discuss the similarity

between wave absorbing compensator and direct velocity output feedback.

Uniform Damping Control (UDC):

Silverberg [86] introduces the idea of uniform damping control of flexible spacecraft
where the control torques are generally a function of the displacement and the spatial
derivatives of the displacements. He also shows that the uniform damping control
solution represents a first-order approximation to a special globally optimal control
problem. The UDC control approach exhibits three distinctly attractive features, namely
(1) the associated uniform damping control law is independent of spacecraft stiffness; (ii)
the associated control forces are proportional to the spacecraft mass matrix; and (iii) the
UDC law in centralized. Since the mass matrix is time invariant, these control
formulations are not affected during the maneuver and are therefore robust. Meirovitch
and Quinn [87] make use of UDC for the problem of slewing a large structure in space
and suppressing any vibration at the same time, but treating each aspect independently.
Also they found that the optimal actuator locations are the points of maximum mass both
for maneuver and vibration control. The method is also used by Meirovitch and France

[35] and Quinn and Meirovitch [54].
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Feedback Linearization Control (FLC):

There are several excellent books covering the general topic of Feedback Linearization
Control [88]-[90]. Essentially, feedback linearization as a control technique is referred to
the approach where the nonlinear differential equations of the plant are linearized by an
appropriate coordinate and control law transformations. In other words, exact
linearization is achieved by the change of the representation of a nonlinear system into a
linear one, which is controllable and then a stabilizing controller is designed that
guarantees the desired performance specifications. There exist several methods of

deriving feedback linearization with the most common three being:

@) State linearization which is a nonlinear change of coordinates by a
diffeomorphism.

(i)  Input-state feedback linearization (sometimes called state feedback
linearization or just feedback linearization) consists of finding a nonlinear
feedback and a state space diffeomorphism. This is a generalization of the
pole placement for linear systems.

(iii)  Input-output feedback linearization (sometimes referred to as partial feedback
linearization) consists of a selection of the outputs that will make the system
input-output feedback linearizable. It also requires a nonlinear feedback and a

" state space diffeomorphism. This is a generalization of the pole-zero

cancellation technique of linear systems.

A particular problem that has received much attention from the research community was
the design challenge posed by Taylor and Balakrishnan [91]. In the design challenge, the
Spacecraft Control Laboratory Experiment (SCOLE) was set up by NASA Langley
Research Center to provide a standard configuration to test control laws for investigators.
The laboratory apparatus consisted of the Space Shuttle connected by a long (130 ft)
flexible beam to a hexagonal antenna or reflector. The reflector and Shuttle were treated
as rigid bodies. When the Shuttle maneuvered, the flexible modes of the beam were
excited. Two force actuators and a torquer were provided to exert sufficient force to

suppress unwanted vibration of the beam. Research related to both dynamics and control
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system design has been performed and reported in literature and SCOLE workshops at
NASA Langley Research Center [55] and [92]-[99]. Of particular interest to this thesis,
nonlinear invertiblity theory (e.g. feedback linearization) has been used in [100]-[101] for
designing controller for a simplified spacecraft system. For such a syste.m, adaptive
control system and sliding mode controllers have been also designed to compensate for
parameter uncertainty and disturbance torques acting on the spacecraft [102]-[103].
Azam et al. [104] treat the question of the large-angle attitude maneuver and vibration
suppression of the SCOLE system based on input (Space Shuttle torque) - output (attitude
angles) feedback linearization for attitude control and linear feedback for vibration
suppression. An input-output feedback linearization control law is derived. This gives
rise to decoupled linear attitude dynamics and allows independent control of attitude
angles through PID control of the attitude errors. For the design of the controller only
attitude angles, angular rates and tip elastic deflection components and torsion deflection
at the tip of the beam are assumed to be measured by sensors. An observer is designed to
estimate the elastic modes and their rates for use in the feedback linearization control
loop, as the control requires knowledge of the complete state vector. Simulations of the
system show that the large maneuvers of the spacecraft can be performed to follow
precise attitude trajectories and elastic modes can be stabilized, however the paper does

not prove the stability of the overall system including the controller and the observer.

Bennett et al. [105] develop a nonlinear adaptive control system design, based on the
Lagrangian dynamical system and input-output feedback linearization, for the flexible
multi-body model of SCOLE system. The approach to adaptive input-output feedback
linearization is shown to be effective for a spacecraft with significant uncertainty in the
appendage flexure dynamics. Also, it is noted that the importance of integrated design
including low authority damping enhancement for robust slewing and pointing control
underlies the potential significance of nonlinear dynamics in understanding and
compensating for control-structure interactions in flexible multi-body systems. The
approach taken in [105] is different from that of [104] in that the control derivation is
based on the explicit structure of the dynamics arising from Lagrange's equations which

simplifies the structure of the nonlinear control law.
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The work by Monaco and Stornelli [106] shows that the method of feedback linearization
can be successfully applied to perform a large angle maneuver for a spacecraft with
Flexible Beam-type Appendages (FBA). More recently, Lin and Lin [107]-[109] present
a nonlinear feedback control law which is able to perform three-axis attitude reorientation
of a flexible spacecraft with a rigid bus and two flexible beam-type appendages. The
attitude feedback control was derived with the method of input-output feedback
linearization and the formulation of stable attitude error dynamics, which eliminates the
error vector projected from the four-dimensional Quaternion space of the distance
between the present and the final attitudes. Lyapunov stability analysis was applied and a
set of appendage vibration feedback gains were determined from the analysis to ensure
the stability of the attitude control system, however the rate of the Lyapunov function
was not shown rigorously to be always negative and the zero dynamics of the closed-loop
system was not analyzed. Also, the vibration feedback gains found are not constant but
rather time varying and are in sort adding damping to the structures. Their control
method requires only three torque actuators located in the rigid bus to perform attitude
maneuvers. Lin and Lin [108] look at a different approach to the same system as in [107]
and [109] by considering input-output feedback linearization and sliding mode method to
select the gains. Here again, the appendage stabilization in the form of adaptive damping
was derived from the procedure of Lyapunov stability and was a part of the attitude
feedback control law. Papers [106]-[109] have focused on the problem of rest-to-rest
slew maneuvers, subject to near zero angular rate initial conditions for spacecraft with

flexible beam-type appendages using feedback linearization control.

Indeed, all of the attitude control literature presented in the previous sections has
addressed:

() attitude regulation or pointing problem about an equilibrium point;

(i)  attitude tracking problem; and

(iii)  rest-to-rest slew maneuvers

for rigid or flexible spacecraft using different control strategies. However, there is a lack

of research on the important problem of automated attitude recovery, in case of a severe
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malfunction causing significant initial angular rate perturbations which has not been
addressed directly in the literature. This is an important problem to address as many if
not all spacecraft in orbit today, do not have an automated recovery procedure in case of
a malfunction affecting the attitude of the spacecraft, and rely on ground intervention for

the recovery procedures.

In this thesis, the problem of automated attitude recovery for a spacecraft with generic
Flexible Plate-type Appendages (FPA) is addressed including the analysis of the zero
dynamics and the overall closed-loop stability. It is important to also note that flexible
plate-type appendages are more generic structures than the flexible beam-type

appendages usually found in the academic literature.

1.1.3 Spacecraft Simulation

In order to design and analyze ACS for spacecraft, it is important to be able to simulate
the dynamics of the spacecraft. Hardware-in-the-loop simulations of a spacecraft, such as
air-bearing spacecraft simulators, are not only expensive to build, but they cannot provide
the full experience of micro-gravity. Moreover, a low torque environment is often the
key to the success of high-precision systems, but duplicating such environments on
ground to validate control concepts is quite difficult [110]. Also many future spacecraft
are large in dimension and lightweight and will not be able to support their own weight in
a gravity field and hence no ground testing will be possible. An alternative is to develop
a purely software simulator. For an academic setting, it is preferable that the simulator be
inexpensive and the source code readily available so that it may be adapted for different

requirements.

For rigid spacecraft simulation, there exist several simulators such as MultiSatSim
(MSS), developed by Princeton Satellite Systems [111]; FreeFlyer developed by A.L
solutions [112]; and the Open-Source, Extensible Spacecraft Simulation And Modeling
Environment (Open-SESSAME), which is a collection of open-source libraries and
toolkits [113]. However, for flexible spacecraft simulation, the existing few simulators

which are mentioned below, either have limited functionality, thus limiting their
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usefulness; or the simulators are proprietary, thus making their internal operations

inaccessible; and they're simply too expensive for an academic setting.

The Dynamics Algorithms for Real-Time Simulation (DARTS) Shell (Dshell) is a
spacecraft simulator built by NASA [114]. Dshell is an interface to (i) the DARTS
computational engine, which solves equations for the flexible dynamics of a spacecraft,
and (ii) a set of hardware model libraries. It also has the advantage of being portable
from desktop computer workstations to real-time, hardware-in-the-loop simulation
environments. However, the disadvantage is that Dshell is not easily accessible. The
Dynamics and Control Analysis Package (DCAP) is a spacecraft simulator developed by
ESA [115]. DCAP is a tool for designing and verifying the dynamics and control
performance of coupled rigid and flexible structural systems. Basically, the DCAP model
consists of the spacecraft, sensors, actuators, and the controller. The simulator is menu-
driven, and has 3D modeling and animation capability. Unfortunately, access to the
source code is difficult, if not impossible. Alternative to the two government-based
simulators just described, there exists a few commercial flexible spacecraft simulation
software, such as the Dynawiz XSV provided by Concurrent-Dynamics International
[116]. Dynawiz XSV is a multi-body simulator for both rigid and flexible body
dynamics. The simulation parameters are setup from the DOS command line, and the
flexible dynamics engine is interfaced through SIMULINK. The disadvantage of
Dyanwiz XSV is that the simulator is not user-friendly and the source code to the
dynamics engine is not readily available. MSC Software Corporation has developed
ADAMS, a simulator for a spacecraft with flexible panels and antennas. It includes
functionalities such as attitude stabilization during the deployment of flexible solar
panels, and includes a control system integrated with mechanical equations [117]. The
big disadvantage with the ADAMS simulator is its cost. Finally, Open Channel Software
offers the Flexible Spacecraft Dynamics (FSD) simulator, which is from the NASA
COSMIC collection [118], but it was also not easy to obtain. Consequently, since there
does not exist any inexpensive flexible spacecraft simulator with easy access to its source

code, a software simulator was developed for this thesis.
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1.1.4 Spacecraft Failures

A spacecraft failure investigation was conducted where about 150 spacecraft failures

were analyzed and classified in order to identify the critical spacecraft systems that failed

over the last 25 years. The spacecraft failures were classified in 8 different categories.

The breakdown of these failures by spacecraft subsystem is displayed in Figure 1.1.
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Figure 1.1:  Spacecraft subsystem failure statistics

AOCS failures represent about one third of the total failures affecting spacecraft. Figure

1.2 shows the sources of the AOCS failures.
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Figure 1.2:

Sources of failures for the attitude and orbit control subsystem
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The next three subsections addresses three of the main AOCS failure possibilities that
could severely affect the attitude of the spacecraft, and hence requiring an attitude

récovery mancuver.

Thruster Failures:

An important part of the Attitude and Orbit Control System (AOCS) is the propulsion
subsystem which is used for orbit and/or attitude control. Thrusters and fuel tank failures
represent about 25% of all AOCS failures. Table 1.1 summarizes some recent on-orbit

thruster assembly failures, ordered by their failure dates.

On-Orbit Collisions:

The first ever credited collision of two catalogued space objects was detected in low
Earth orbit on 24 July 1996. After a year of successful operation of the CERISE satellite,
the operators at the mission control center in Guilford, Surrey, observed a sudden change
to the attitude of the microsatellite as it was thrown into a rapid end-over-end tumble in
its 700 km polar Earth orbit. After initial investigations, a collision with a space debris
was suspected and subsequent observations and analysis by the UK Space Track and
NASA confirmed the on-orbit collision. The debris appears to have impacted the gravity
gradient boom, which extended 6m from the rigid bus, in a head-on course at an impact
speed of over 14 km/sec. Eventually, the ground control engineers were able to recover

the spacecraft's attitude, by uploading a new control algorithm [119].

Even though on-orbit collisions have a low probability, they can happen, and especially
with the steady increase of the number of space debris over the years, this is becoming a
more serious problem that will require attention. An automated attitude recovery system

could be utilized effectively for on-orbit collisions.
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Mechanical Wheel Failures:

Mechanical wheel and mechanical gyroscope failures represent about 35% of all AOCS
failures, but wheel failures often happen to be more critical than gyroscope failures. For
example, in several occasions, engineers found alternative solutions to control spacecraft
without affecting the scientific or telecommunication operations even when all

gyroscopes failed (e.g. BeppoSAX and ERS 2 spacecraft).

On the other hand, mechanical wheel failures often degrade a spacecraft permanently.
The failure of one or more wheels forces an overuse of remaining wheels and/or thrusters
which decrease the spacecraft life. Mechanical wheel failures also result in a temporary
interruption of the spacecraft operation when switching from normal mode to safe hold
mode. This represents a loss of scientific data or communications that can extend over
several weeks. This has occurred for many spacecraft, such as Echostar V, Far

Ultraviolet Spectroscopic Explorer (FUSE), Radarsat I, etc.

Table 1.2 summarizes some on-orbit failures of momentum/reaction wheels and control
moment gyros, ordered by their failure dates. A more detailed summary and causes of
failure on 3 spacecraft, which are reported in the literature, are presented in the next 3

sub-subsections.
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Far Ultraviolet Spectroscopic Explorer (FUSE) Reaction Wheel Failures

Overall, three reaction wheels failed in November 2001, December 2001 and December
2004. The first two reaction wheels failed in November and December 2001 (within a
two-week period), which put the spacecraft into safe hold mode for 3 months. Then, the
third reaction wheel failed in December 2004 and the spacecraft remains in safe hold

mode until now.

A formal investigation was conducted to determine the first FUSE reaction wheel
anomaly. The formal investigation about the wheel torque anomaly studied 5 possible
sources of failures and the events leading to the wheel shutdown. FUSE experienced a
gradual increase of torque over 12 hours on day 214 of year 2000. Three days later,
FUSE spacecraft was put into safe hold mode when "a torque event in the pitch wheel
resulted in a decrease in the wheel speed of 175 rpm in a time of as little as 1 or 2
seconds"[129]. The source of the problem was identified to be a mechanical touchdown

caused by air bubbles.

The investigation also considered a sudden catastrophic failure hypothesis that was
rejected, but this failure type could happen on other spacecraft. It is also a possibility that
must be considered in the failures of the 2 reaction wheels that permanently failed in
2001 and 2004 on FUSE. The sudden catastrophic failure that was studied is a
contamination in reaction wheel bearings. The authors describe the failure as follows:
"Contamination in the bearings typically will not result in a gradual increase in torque. It
can eventually lead to bearing failure, which would be similar in symptoms to the

eventual catastrophic failure due to lubricant starvation” [129].

International Space Station (ISS) Control Moment Gyro (CMG) Failure

A total failure of Control Moment Gyro (CMG) occurred on the International Space
Station (ISS). A formal investigation was also conducted to determine the possible causes
of failure. The incident happehed as follows: "Several hours after [shuttle] docking, the

flight control team noted a flag that indicated the accelerometer on CMG1 had measured
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0.5 Gs. The CMG1 SMCC [Spin Motor Commanded Current] was elevated and one spin
bearing temperature was beginning to rise. GN&C [Guidance, Navigation & Control]
personnel determined that the CMG would be monitored but no immediate action would
be taken. The event repeated itself twice during the next 16 hours. Then, following a 30-
minute period with no ground communication, telemetry showed that the CMG1 SMCC
was at its maximum value, 1.6 Amps, and the wheel-speed was decreasing. After several
seconds of maximum current and wheel-speed reduction, Fault Detection and Isolation

software declared the CMG failed and automatically shutdown the spin motor" [131].

The most probable factors leading to the failure are the combination of a change in pre-
load on the bearing from thermal contraction and induced ball skidding from high gimbal
rates produced during the same period on CMG1 spin bearing #2. However, due to either
less lubrication or more extensive ball skid, the event caused a catastrophic failure [131].
The ball skidding phenomena happens when one or more balls in bearing ride on opposite
race from the others which adds stress to the retainer. However, if properly lubricated, it

should not cause damage.

| Again, the investigation studied a sudden catastrophic failure hypothesis that was
rejected. This sudden catastrophic failure is called Thermal Clamping. The failure can be
described as follows: "The SB [Spin Bearing] design was conducted with the assumption
that the thermal power distribution between the inner and outer races was 70%/30%.
During LVLH [Local Vertical Local Horizontal] flight periods, the heater cycles the
outer race temperatures with little thermal transfer to the inner race. This creates a
temperature differential within the bearing as the outer race is warmer and inner race is
cooler, causing the gap between the bearing to increase slightly. However, in the XPOP
flight attitude, the CMGs are heated evenly and both races maintain approximately the
same temperature. As the ISS transitions from XPOP [X-axis Perpendicular to Orbital
Plane] to LVLH, the temperatures drop dramatically as the assembly sheds thermal
energy. The outer races conduct thermal energy to the inner and outer gimbals with large
surface areas to radiate heat. The inner race transfers the heat down to the spin axis into

the momentum wheel that acts as a heat sink. It has been shown that with a large enough
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temperature differential, the outer race could clamp down on the balls and cause the
bearings to seize. As the bearings rub on the outer race, heating from friction will
increase the temperature of the outer race and it will expand. With initial damage to

bearings, failure would occur quickly after the first instance" [131].

GPS Reaction Wheel Failure _

GPS Satellite Navstar 5 experienced anomalies in reaction wheels no. 2 and no. 3. After
few months of intermittent problems, both reaction wheels failed within 4 minutes and
could not be recovered. The wheels stopped completely even though full motor voltage
was applied. Telemetry also indicated that the failed wheels drew current when no

acceleration was observed.

The possible causes of failures in wheel driver electronics, as specified by the author, are:
improper switch of the H bridge, thus bypassing one of the motor windings and
maintaining constant DC current on one winding. The suspicious areas within the wheel
assembly electrical circuit are the open phase and the shorted windings. The suspicious
areas within the mechanical wheel assembly included bearing degradation from loss of
lubrication and the change in preload [135]. Another reason explaining the failures
involves the operations conducted to clear the intermittent problems that have been
encountered before the critical failures. During these operations, the wheels were driven
with full motor voltage for more than a few hours. In November 1983, the wheel driver
circuit designer recommended to run the wheels at 2900 rpm for a week. It was the first
time the circuit board attempted this operation. This may have degraded the electrical and

mechanical parts of the wheel.

- However, the author concluded that the catastrophic failures result from a combination of
more than one failure: "The cause for the failure of two wheel systems on the same
satellite within 4 min is still unresolved. ... Even considering each wheel as totally
separate, no single failure for either wheel can account for all of the observations on

either wheel alone"[135].
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Even though no serious catastrophic wheel failure has been reported in the literature,
sources (e.g. thermal clamping) do exist that could lead to such failure and hence it must
be considered as a real possibility that could sooner or later happen on a present or a
future spacecraft. Since a sudden catastrophic failure would most probably not be
detected quickly enough by ground, an automated attitude recovery system could become
useful. For planetary spacecraft, the situation is even worse due to the longer

communication delays.

The pdssible spacecraft anomalies described in the previous sections (i.e. thruster
malfunction, on-orbit collision and wheel failure) are probable events and when they do
occur, they can seriously jeopardize the mission. Also not specifically addressed above,
are many anomalies or failures caused by incorrect operational procedures or operator
errors which may have a significant effect on the attitude of the spacecraft, and could
necessitate an automated attitude recovery maneuver. As mentioned previously, the
particular malfunctions that we are considering in this thesis, are those that impart a large
disturbance torque on the spacecraft resulting in tumbling. For example in a manned
spacecraft, such motion if left uncontrolled would create a hazardous environment for the
crew who would experience angular accelerations. The structural integrity of the
spacecraft (specially its appendages) can also be jeopardized by prolonged or fast
tumbling of the spacecraft. But perhaps the single most important cause for alarm for
many spacecraft, in case of loss of attitude control, is the danger to the power subsystem

and depletion of the batteries since the solar panels might point away from the Sun.

1.2 Objectives and Scope

The fundamental overall objective of this thesis is to contribute to the field of dynamics,
simulation and control of flexible spacecraft. The specific focus of this research will be
on the design of an automated attitude recovery system for a common class of rigid and

flexible spacecraft.

Attitude recovery, in a general sense, can be defined as reducing the spacecraft's angular

kinetic and elastic potential energies while achieving a reference/target attitude. It is
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assumed that the spacecraft is equipped with appropriate ACS actuators which can
deliver high authority control torques about the spacecraft body axes. At the present
time, such actuators could be either thrusters or Control Moment Gyros (CMGs). Also,
the spacecraft would need to be equipped with appropriate attitude sensors (e.g. gyros)
and attitude determination algorithms to deliver the required attitude state to the attitude
recovery system. It is further assumed that the effects of the environmental torques (i.e.
gravity gradient, solar pressure, aerodynamic and magnetic torques) on the spacecraft are
negligible as they are small (in the order of 10 to 10" Nm) compared to the control
torques applied during the attitude recovery maneuvers which are usually much larger. In
this thesis, we will be dealing with extreme cases (i.e. large initial disturbance torques) to
validate the controller proposed and the attitude recovery torques are between 1 Nm and
50 Nm. Even at 1 Nm level, the control torques are at least about 1000 times larger than
the environmental torques. However, these environmental disturbances are modeled and

included in the software simulator.
The scope of the thesis can be summarized in the four major points below:

1. Mathematical formulation of a generic star topology spacecraft with a rigid
central bus and » flexible plate-type appendages, in a deployed configuration.
The mathematical models shall be such that they lend themselves well to

numerical simulation (e.g. analytical models as opposed to Finite Element Models
(FEM)).

2. Design and implementation of a generic numerical simulation of the spacecraft
described above (#1). The simulation needs to be of high fidelity and shall be
implemented in such a way that is easy to be used for the purposes of testing and

investigating the attitude recovery system (#3).

3. Investigate and propose a controller for the attitude recovery of the spacecraft in

an emergency situation (e.g. thruster misfire). This high level requirement on the
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attitude recovery system translates itself to the following control system

requirements:

a. After an unpredictable incidence, the controller needs to determine that it
must react to the situation, for example the attitude recovery system can
monitor the angular velocity of the spacecraft and if it exceeds a certain
limit, it initiates a recovery procedure.

b. The usual recovery procedure would be to take the spacecraft from an
undesired angular velocity to a safe-hold orientation with near-zero final
angular velocity.

c. The attitude recovery system must also damp the vibrational motion of the

appendages as it is performing the attitude recovery maneuver.

4. Formal mathematical analysis supported by numerical simulations for validation
and verification of the closed-loop control system's stability and performance

requirements.

1.3 System Performance Requirements

The system performance requirements for attitude recovery can be stated simply as the
regulating (or zeroing) of the attitude angles or rates towards a specified reference,
starting from an unknown initial condition. In the case of a flexible spacecraft, we must
as well include the requirement of vibration suppression of the appendages. The recovery
maneuver needs to be performed autonomously without ground intervention and in less
than some specified time depending on a given mission. In order to make the present
problem more challenging, we chose a rather short and arbitrary maneuver time limit of
600 seconds (10 minutes). One can assume that this is the maximum amount of time
where battery power is available to the attitude recovery system before batteries go below
their acceptable depth of discharge. This could be a worst case scenario where for
example the spacecraft is in eclipse or its solar panels are moved away from the sun, due
to the attitude failure, so that the batteries can not be continuously charged by the solar

panels. Of course, the exact duration for which power could be available to the attitude
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recovery system would vary greatly upon many factors, including the type of
malfunction/failure, the magnitude of the initial disturbance, the battery size, the

spacecraft orbit, etc.

1.4 Methodology

The methodologies used in this thesis are described in the following sections:

Dynamics Formulation

The common way of modeling flexible spacecraft found in literature is by using the
Lagrangian formulation based on energy. The Newton-Euler formulation based on
angular momentum is used mostly for multi-body dynamics of robotic systems with

many link and joint and is not used much in the flexible spacecraft modeling.

The Lagrangian approach is summarized as follows and was given the special name of
hybrid-coordinates modeling [136]-[139]. The hybrid-coordinates approach separates
the system into two distinct subsystems which are categorized as rigid body and flexible
appendages. The flexible appendages are assumed to have a linearly elastic structure for
which small deformation assumption must also hold valid. That is the deformations are
such that elastic stresses remain proportional to deformations. The flexible appendages
are then modeled using distributed or modal/generalized coordinates whereas discrete
coordinates are used to describe the unconstrained motion of the rigid body. This
approach was also used earlier by [140] but was not given a particular name. The
symbolic derivation of the equations, if possible, provides the fastest possible numerical
simulations, so that a complex spacecraft with many appendages can be simulated in real

time on modest computers.

Hence, the Lagrangian approach will be also used here to model the dynamics of the
flexible spacecraft. The topology of the spacecraft is restricted to the most commonly
found in the industry and literature which is the star topology. The star topology includes
a rigid bus and » (usually n < 10) flexible appendages attached to the rigid bus at one end

and free at the other. The flexible appendages are chosen to be plate-type which are
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again closest to the shapes of actual appendages found in spacecraft design. Deployable
solar panels, antennas and radiators are more commonly rectangular or circular plate-type
objects which are mostly flexible. Also the more realistic flexible plate-type appendages
were chosen since they are less treated in the literature, due to the complexities of their
mathematical models. There is a good deal of research and experimentation data [141]
available for cantilever type plates with fixed boundary condition (no rotation allowed),
but hardly any experimental data (e.g. flight data) for the same plates with rotational
liberty at their boundary, as is the case for the system under consideration.

Another reason why flexible plate-type appendages were not as popular as flexible beam-
type appendages were due to the fact that the computational power needed to simulate
plate dynamics is higher. However, due to the advent of affordable high speed processors
and low cost computer memory at the present day, the required computational power for
simulating a complex spacecraft with several appendages is not a major constraint,

anymore. Indeed, this simulation can be performed on a high end laptop!

Simulation

The flexible spacecraft simulator was developed to aid in the analysis of the control
system proposed. This numerical simulation served in-lieu of a terrestrial experimental
setup for the 3 Degree Of Freedom (DOF) attitude motion which is extremely difficult
and expensive to build properly. Motion tables with 2 DOF do exist but are expensive to
acquire in a university setting, and 3 DOF motion tables are extremely rare. Also many
future spacecraft are large in dimension and lightweight and will not be able to support
their own weight in a gravity field and hence no ground testing will be possible. As such,
effort must be put towards making this numerical simulation of high fidelity so as to
closely represent the flexible dynamics of the typical spacecraft described previously.
The validation of the simulator was an important step in this thesis and its validation was

done in several steps:

¢ Test and validation of individual subroutines (e.g. spacecraft inertia calculation

subroutine) which implements the basic building blocks of the overall system.
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e Validation of the overall dynamic system based on the following criteria
o Verification of the system’s conservation of energy

o Verification of the system’s conservation of angular momentum

e Verification of the special cases where analytical solutions may be obtained for

both rigid and flexible cases.

Control

The control strategy is based on feedback linearization control which has proven to be a
very powerful technique in handling nonlinear systems. The approach was to investigate
the input-output linearization technique and to analyze its merits and drawbacks for the
present problem. The relevant analytical results investigated are stability analysis and
robustness. The controller is designed to be asymptotically stable and have sufficient

robustness to handle inevitable model/parameter uncertainties.

1.5 Thesis Outline

The thesis is organized as follows: The present chapter serves as an introduction
outlining the problem of attitude recovery and providing a relevant literature survey of
the spacecraft attitude dynamics, simulation and control fields. Chapter 2 provides the
necessary background for the understanding of the dynamics of the problem and
formulating the rigid and flexible spacecraft dynamics. Chapter 3 presents the high-
fidelity dynamics and control simulator developed to serve as the test-bed for verification
of the control strategies and for analysis of the system closed-loop dynamics. The
important topic of validation of this simulator is detailed for both rigid and flexible cases.
Chapters 4 and 5 provide the control formulation and simulation results for the attitude
recovery of the rigid and flexible spacecraft, respectively. Chapter 6 contains all the
necessary stability analysis for the rigid and flexible spacecraft and provides a derivation
of a useful general formulation for obtaining the normal form of a class of nonlinear
systems. Chapter 7 provides the thesis conclusions and directions for future work. Two

relevant appendices are also included to complement the main body of the thesis.
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1.6 Thesis Contributions

The present thesis has made the following contributions to the spacecraft dynamics,

simulation and control literature:

* Firstly, the important topic of automated attitude recovery (e.g. without any human
intervention) of rigid and specially, flexible spacecraft has been studied in this thesis.
This is a topic which has not been addressed specifically by the aerospace academic
literature. The literature has been mainly devoted to (i) attitude regulation or pointing
problem about an equilibrium point; (ii) attitude tracking problem; and (iii) rest-to-
rest slew maneuvers. The important difference in attitude recovery is the fact that the
initial conditions are not known a priori and could be quite large, disturbing the

attitude of the spacecraft far from its equilibrium point.

* Development of a generic attitude and flexible dynamics formulation for a class of
spacecraft having a star topology consisting of a rigid central bus to which » flexible
plate-type appendages are attached. These appendages can be attached in any
orientation and could have different boundary conditions. The existing formulations
found in the literature are either generic and do not provide detailed expressions or
use flexible beam-type appendages which is a simpler case. Also, in order to have
closed-form expressions for all the terms in the formulation presented in this thesis, a
number of non-trivial integrals of beam eigenfunction mode shapes were derived

analytically.

* A high-fidelity simulator which includes the spacecraft's dynamics, environment, and
control system was designed and implemented and can be configured to be used for
different spacecraft configurations and control algorithms. Many validation test cases
were devised, studied and documented which add confidence in regards to the
correctness of this simulator's outputs. These results can be used by other researchers
to validate their own simulators. This simulator was an invaluable tool for the
realization of this thesis and will play a central role for future work in this area. Also,

to the best of the author's knowledge, the use of fundamental physical conservation
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concepts (i.e. conservation of energy and momentum) for validation of complex

spacecraft simulations is novel.

A nonlinear controller based on feedback linearization was successfully developed
and implemented for the attitude recovery of rigid and flexible spacecraft. The
robustness of this controller to model/parameter uncertainties was shown using many

simulation test cases.

A new approach based on quaternion addition for producing the control error signal
has been proposed which effectively deals with the existence of dual equilibrium
points. This approach only uses the vector part of the quaternions to construct an

error signal which can then be regulated by the controller.

A design criterion for a class of flexible spacecraft has been established which needs
to be satisfied so that the zero dynamics of the system is asymptotically stable. Under
this condition, the overall closed-loop system was also proven to be asymptotically

stable using the Lyapunov theorem.

The usual difficulty in transforming a nonlinear system into its normal form, has to do
with finding the appropriate diffeomorphisms which requires the analytical solution
of a set of partial differential equations. In this thesis, a new explicit analytical
solution for the construction of normal form and the zero dynamics of a general class
of nonlinear systems has been developed and applied specifically to the flexible

spacecraft system.
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CHAPTER 2

SPACECRAFT DYNAMICS

In this chapter, the dynamic model governing the general 3-dimensional attitude-flexural
motion of a spacecraft with flexible plate-type appendages are derived using the
Lagrangian formulation. Plate type appendages were selected as opposed to beam type
appendages since many existing and proposed spacecraft consist of flexible appendages
whose behavior can be best approximated by modeling them as plates. However, the
choice of plates as the model for flexible appendages makes the mathematical modeling
more complex and increases the system's dimension. This is in fact the principal reason

why most works in this area have used beams to model the appendage flexibility.

The necessary background material on attitude representation and kinematics using Euler
angles, quaternions and frames of reference are first presented to allow for better
appreciation of the formulations to follow in Sections 2.2 and 2.3. The basic orbital
notions are also briefly reviewed, but it is to be noted that these do not play an important
role in the present thesis, nevertheless they were considered and implemented in the
software simulator for completeness. Note that all vector quantities are identified by an

arrow and matrices are underlined.
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2.1 Basics of Attitude Dynamics

The next four subsections will serve as a brief introduction to the terminology and basic
concepts necessary to better understand the orbital and attitude dynamics of spacecraft.
The orbital dynamics of spacecraft is not of direct interest in this thesis and has only been

implemented in the software simulation for completeness.

2.1.1 Frames of Reference

To determine the spacecraft's attitude with respect to another body, a reference system
must be used. While any reference system will provide correct answers if it is applied
consistently, it is desirable to choose a convenient and intuitive set of reference frames.
An appropriate reference frame simplifies calculations and reduces the obscuring of
physical theory by numerous algebraic transformations. Transformations between
reference systems will be necessary in all spacecraft design, simulation and control
activities. The following six frames of reference were defined and utilized through out
the thesis. It is important to note that the x, y, and z notation in each frame of reference is

independent of the other reference frames.

Ecliptic Reference Frame

The ecliptic is the plane of the orbit of the Earth around the Sun. As the Sun is the center

of attraction, it is the also the center of the inertial ecliptic reference frame (x;, y,,z;).

The x-axis is in the plane of the ecliptic and points to a reference point among the stars
known as the direction of vernal equinox (Y') and also referred to as the first point of
Aries. The symbol designates the ram due to fact that the direction of the vernal equinox
pointed to the constellation of Aries during Christ's lifetime. Due to procession,
however, the vernal equinox now points to the constellation Pisces. The y-axis is also in
the plane of the ecliptic, at right angles to the x-axis and the z-axis is orthogonal to the
plane of the ecliptic, and through the center of the Sun (Figure 2.1). This reference frame

was not used in this thesis.
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Celestial Reference Frame

This is the inertial celestial frame (X,Y,Z) with its origin located at the center of the
Earth. Its x-axis points to the direction of the vernal equinox in the equatorial plane, z-
axis is in the same direction as the Earth's rotation axis, and its y-axis completes the right-
hand triad. This frame is sometimes referred to as the non-rotating Earth-centered frame,
the Geocentric inertial frame or the Galilean frame (Figure 2.2). In the present thesis, this

reference frame was used for the dynamics formulation, simulation and control.

first day of spring

first day of winter
.5°

first day of summer

\

Ys

vernal equinox
directinn | ’7

(Seasons are for Northern Hemisphere) l

Figure 2.1:  Ecliptic reference frame

first day of autumn
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Vernal Equinox
Direction

Figure 2.2:  Celestial reference frame

Earth Reference Frame

This is the non-inertial Earth-centered frame ( x, y,, z, ) that has its origin located at the

center of the Earth. Its x-axis points through the Greenwich Meridian in the equatorial
plane, z-axis is in the same direction as the Earth's rotation axis, and its y-axis completes
the right-hand triad (Figure 2.3). This reference frame was only used in the simulation to

calculate the Greenwich Hour Angle which is an input to the magnetic field model.

Greenwich Meridian

Figure 2.3:  Earth reference frame
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Orbital Reference Frame

The non-inertial orbital reference frame (x,,y,,z,) is the well-known Earth-pointing

reference system where the x-axis (Roll) is along the spacecraft's velocity vector, the z-
axis (Yaw) points towards the center of the Earth and the y-axis (Pitch) is along the orbit
normal which completes the right-hand triad (Figure 2.4). This reference frame was not

used in this thesis.

x, Roll Axis

z, Yaw Axis

“Roll
Rotation

Pitch =
Rotation

y, Pitch Axis

Figure 2.4:  Orbital reference frame

Spacecraft/Body Reference Frame

The non-inertial spacecraft frame (x_,y_,z.) is a body-fixed frame of reference. Its origin

is located at the spacecraft Center Of Mass (COM) and its orientation is based on the
spacecraft geometry. For example, the y-axis could be along an appendage and the x and
z-axis along two other orthogonal directions (Figure 2.5) completing a right-hand triad.
In the present thesis, this reference frame was used for the dynamics formulation,

simulation and control.
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c COoM

A

Figure 2.5:  Spacecraft/Body reference frame

Appendage Reference Frame

For simplicity, a set of plate axes (x,,y,,z,) is defined for the i”appendage such that
x,,y;are along the width and length of the i" appendage and z,complete the right-hand
triad. The axes have a constant orientation with respect to the spacecraft axes (x_,,,z,)
and their origin is located at the point of attachment of the appendage to the rigid bus,

given by vector c?,. (Figure 2.6). In the present thesis, this reference frame was used for

the dynamics formulation and simulation.
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Figure 2.6:  Spacecraft configuration and appendage reference frame

2.1.2 Orbits

There are multiple ways of defining an orbital motion depending on the chosen set of
parameters to form a mathematical model. These models will all have seven degrees of
freedom to describe the position (3 DOF) and velocity (3 DOF) of the spacecraft at a
given instant of time (1 DOF) which in turn uniquely defines an orbit. The set of
parameters commonly used are called the Keplerian orbital elements, named after
Johannes Kepler and his three laws (Figure 2.7) [6]. These Keplerian elements are
-defined below:

1. Semi-major Axis (a): Semi-major axis is half the long axis of an ellipse.
2. Eccentricity (€): Eccentricity is the common parameter associated with
every conic section and for elliptical orbits could be regarded as a measure of how

much the ellipse deviates from a circle. It is the distance from the center of the

ellipse to focus divided by the semi-major axis. For a circular orbit, €=0.
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3. Inclination (i ): Inclination is the angular distance of the orbital plane from

the equatorial plane, stated in degrees. For example an inclination, = 0", means

that the spacecraft is orbiting Earth in the equatorial plane and in the same

direction as the Earth's rotation, where as I =180" refers to a retrograde equatorial

orbit. A polar orbit, in which the spacecraft passes over the north and south poles

is specified by an inclination [=90".

4. Right Ascension of the Ascending Node (£2): This is the angle measured at
the center of the Earth in the equatorial plane from the vernal equinox eastward to
the ascending node. The ascending node is the point in the orbit at which the

spacecraft crosses the equatorial plane going from south to north.

5. Argument of Perigee (®0):  This is the angle measured at the center of the Earth
in the orbital plane from the ascending node to perigee, going in the direction of
the spacecraft's motion. The perigee is the point in the orbit where the spacecraft

is closest to the Earth.

6. True Anomaly (V,): This is the angle measured at the barycenter

between the perigee and the spacecraft. The barycenter is the location of the
center of mass between two objects. In this case, since the spacecraft's mass is
negligible compared to Earth's mass, the barycenter can be considered to be at the

center of the Earth.
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? z Satellite Position at Epoch

Periapsis Direction

<V

Vernal Equinox Direction, Y’ X

Line of Nodes

Figure 2.7:  Keplerian orbital elements

Note that the first 6 Keplerian elements define the shape and orientation of an orbit at a

given instant in time called the Epoch (seventh element).

2.1.3 Disturbance Environment

This section describes the environmental torques affecting the spacecraft in orbit. There
are essentially four environmental torques acting on any given spacecraft, namely, the
gravity gradient torque, the magnetic torque, the solar radiation torque and the
aerodynamic torque. There were several assumptions made during the calculation of
these torques which will be stated and briefly discussed. The effects of these
environmental disturbance torques, for the purposes of the controller design and analysis,

are neglected. This is due to the fact that these disturbances have small magnitudes (in
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the order of 10 to 10 Nm) and have long time scales (in the order of the orbital period,
> 90min), compared to the control torques applied during the attitude recovery
maneuvers which are between 1 Nm and 50 Nm and shorter than 10 minutes. Even at the
1 Nm level, the control torques are at least about 1000 times larger than the
environmental torques. However, these disturbance forces are modeled and included in

the high-fidelity spacecraft simulator.

It is to be noted that the internal disturbance torques are also to be considered in case
there are any for a given spacecraft. Typical internal torques are those due to the antenna,
solar arrays, or instrument scanner motion, or to the deployable booms and appendages.

For this thesis, no internal torques were modelled in the simulator.

Please refer to Appendix C for a brief discussion of the external disturbance torques

modeled in the simulator.

2.1.4 Attitude Representation and Kinematics

Attitude refers to the orientation of one reference frame with respect to another. There
are several common ways of representing the attitude of an object, namely, Direction
cosine matrix, Euler axis and angle, Gibbs vector, Cayley-Klein parameters, Euler angles
(e.g. Roll, Pitch and Yaw), and Quaternions [6]. In this thesis, quaternions are used as
the main attitude parameterization for dynamics formulation and control synthesis since
quaternions avoid singularities (which are usually associated with Euler angles) due to
the fourth redundant parameter. In fact, any three-parameter attitude representation has
always a singularity and should be avoided in situation where large angular motions are
present, as is the case in this thesis. The main drawback of attitude representation using
quaternions however, is that the parameters do not have a convenient physical
interpretation. Due to this fact, the more intuitive Euler angles are used as outputs in the
simulator, only for visualization and data analysis. In the next three subsections, Euler
axis and angle, quaternions and Euler angles are briefly introduced and for more details,

Wertz [6] can be consulted.
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Euler Axis and Angle

The simplest attitude representation is undoubtedly given by the Euler axis,
€=[e, e, e, and the corresponding Euler angle, 6. Euler axis is a principal unit

vector about which the first reference frame rotates through the Euler angle to align with

the second reference frame.

Quaternions

The quaternions, §' = [q(, cj"'] =[4, 4, 4, 4;], as the name suggests, are a set of 4
parameters related to the Euler axis and angle, as

. 0 0
g=e sma, q, = cosz (2.1)

The quaternion has unit length, §'G =1, which serves as a useful constraint on the four

parameters (commonly referred to as the unitary condition). For example, the unitary
condition could be used during numerical integration to check and maintain numerical
accuracy by using quaternion normalization. It is interesting and useful to note that using
quaternions, any 3D attitude motion is represented by a path on the surface of a 4D

hypersphere.

Euler Angles

An intuitive way of describing the attitude is by using the Euler angles. In essence, the
first reference frame is rotated through three angles about individual x, y and z axes to
align with the second reference frame. There are several conventions for Euler angles
depending on the axes and the order about which the successive rotations are carried out.
Also, the transformations from the first frame to the second are not unique and there may
be several rotation sequences that achieve the same final result. As was mentioned
earlier, singularities are also a present feature of this attitude representation method when
dealing with large angular rotations, however, with all its apparent drawbacks, it is the
most widely used method for spacecraft attitude visualization. The three common
attitude angles used in this thesis are the Euler angles, Roll, Pitch and Yaw, defined using

the spacecraft reference frame.
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Quaternions can be transformed to Euler angles using established methods in the
literature, [6] and [142]. In this thesis, the transformation from quaternion to Euler

angles is done through the intermediary of the rotation matrix, R (i.e. direction cosine

matrix) which is obtained by the following formula

0 -4y 4,
R=(q,-4'q)i+2G¢" -2q,4° where q'=|gq, 0 —q (2.2
-4, 4 0

and where i is the 3x3 identity matrix.

The Euler angles are then obtained from the direction cosine matrix, R. Basically, there

are 12 different Euler rotation sequences possible [142] and implemented in the simulator
where the user has the option of selecting a particular one. For all except one simulation

case presented in this thesis, the (3,2,1) Euler rotation sequence was used. Also, it’s

important to note that the middle rotation is always constrained to +90° to eliminate

double values.

Attitude Kinematics

For every attitude representation, a set of kinematics equations of motion describes the
rate of change of the attitude parameters due to the dynamics of the spacecraft. The

kinematics equations for the quaternions are given as

1,
q()__Ew q
2.3)
. 1 .- 1
§=-393+ a0

where &' = [a)x o, a)z] is the spacecraft body angular rate (representing the dynamics of

the spacecraft) and
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z y
Q=lo, 0 -o 24
-0, o, 0

2.2 Rigid Attitude Dynamics Formulation

We can derive the general equations of rigid attitude motion considering a torque about
the spacecraft center of mass. With reference to an absolute (non-rotating) coordinate
system like the celestial reference frame, Newton's second law defines the relationship

between torque and angular momentum
T=H 2.5)
where 7 is the torque and the spacecraft's total angular momentum, H , is defined as
H=1d (2.6)
where I, is the spacecraft total inertia tensor. However it is more convenient to express

and work with attitude equations expressed in the rotating spacecraft reference frame, in

which case, equation (2.5) becomes
F=H+dxH Q.7

The first term represents that part of H due to the change in magnitude of the
components of H , and the cross-product term represents that part due to the changes in

direction of the components of H .

Using (2.6), equation (2.7) can be expanded to become
T=lo+1o+dx(d+h) (2.8)
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which can be further simplified noting that a fully deployed rigid spacecraft has a non-

varying inertia matrix (i.e. , =0),
T=1d+dx(L,d+h,) (2.9)

Using (2.9), the state space form of the rigid attitude dynamics equation is obtained as

5:-1;‘(a3x(1,@+ﬁw))+1;‘f or G=-IQ(Lo+h,)+L' (2.10)

where ﬁw is the internal angular momentum due to rotating mechanical wheel(s), if any.

Defining the state vector as X = @, the system's state equation, which is 3-dimensional is

i=f(F)+GFE)7T -
y=ﬁ(£)=[xl X, x3]T=|:wx o, wz]T .

The  and G terms in (2.11) are obtained directly from (2.10).

Although the general attitude motion of a rigid spacecraft may be modeled by these
equations, they have no general solution unless we specify the components of 7.
Note that the equations are nonlinear and coupled. The coupling effect is most present

when we are dealing with large angular rates, @ .

Equation (2.11) can also be expressed using quaternions, §' = [qo qT] =4, 9, 9, 4;], as

opposed to the body angular rate, @, and it's this representation that we have used in this
thesis. To express (2.11) using quaternions, we start with the kinematics equations (2.3).

Expanding and combining (2.3), we obtain
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01 [~oq-049-04]
ql 1 Cquz - qu3 + a)qu
4, | 2|-0,9 +0.49,+0L4,
q3 _qul —0.4,+ @.4, ]
- 2.12
0 -0, -0, -o -q, 0 (2.12)
1o, 0 o -o ~q @,
2lo, ~0, 0 o @,
v, o, -o 0 @,

O

Note that " is an orthogonal matrix and @ is an orthonormal matrix and hence the

following equalities hold true

£_1=||a;||2 L' and Q'=Q" (2.13)

Next, we take the derivative of (2.12)
0
Q[ ] (2.14)

and using (2.12) we can re-write (2.14) as

. 0 0
I EE B R P g D e 2.15)
q 2727 |q 2=|o| 47 |9 | 27| @

Now using (2.10) and (2.12), we can expand (2.15) to get
. 0
9 Lyope| 9| 1
. |=—= +— - - - 2.16
[q] g [q] ZQ[—L'(@X(L@Jrhw))w“l,lfJ 219
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Using (2.12) and (2.13), we can obtain & as a function of Gand §

0 9 9, 9% 4 || 9
w - — ] .
x 129 4Q 4 4 q, ‘.11 _ 2QTq 2.17)
o, -4, 93 49 9 ||9 -
o, -4 9 ~9 9 || 9

For example, o, (4, §)is given as

®,(3,3) =2(904, + 939 — 0:9; — 0165 (2.18)

and o, (4,§) and o, (4,§) can be obtained similarly from (2.17); and
&' (G9)=[0.E9 0,69 .39]
Finally using (2.16) and (2.17), we can express the attitude motion of the rigid spacecraft

as a function of Gand §, that is

N VP S 1 0 I
i=-3(0"@96@.9)i-30| | (6@ i(La@ i+ ))} EQ{ ] (2.19)

Defining the state vector as X' =[x, x, x; X, X X, X; X, | = [q"" ch] , the system’s state

equation, which is 8-dimensional becomes

SR
. 0
) X, 0 -
=l 1t s 72 F®H+GE)T
Jo®| | g7 %)
D] |6,

(2.20)
y=h®=[x, % x] =[a @ @]
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where

f, = —%(03"(67,& 3(3,3) )y +%é”‘z:‘ (0@Dx(L6@d)+h,))

-_1_.,-~;_.~:,_.1 “1f a2 A -
g ——Z(w (4,9 w(q,q))q—agél, (w(q,q)X(Lw(q,q)+hw))
1.
8y =754 1,
— 1 -1
Q‘i _qu_l
and
49 ~495 4q,
;5B 4 4
-4 4 9

Note that the formulation given by (2.20) is necessary for control synthesis (i.e. input-
output feedback linearization) as will be described in Chapter 4. For numerical
simulation implementation, the usual combination of the angular rates, @, and

quaternions, g, are used as the simulation states with the corresponding state equations

(2.10) and (2.3).

2.3 Flexible Attitude Dynamics Formulation

The system under investigation consists of a rigid bus and n appendages attached to it
(Figure 2.6) and is assumed to be in a fully deployed configuration. This is a star
topology spacecraft which is by far the most common structural layout found for
spacecraft to date. The spacecraft bus is assumed to be rigid and hence has a constant
inertia matrix. It is assumed that the appendages’ vibration has negligible effect on the
location of center of mass which implies that the appendage mass is small compared to
the rigid bus.  The appendages are further assumed to be thin, long, and inextensible
plates with homogeneous material properties. Structural damping is assumed to be of the
viscous type with no modal coupling and hence the damping matrix is diagonal.

Appendix A contains all the detailed derivations, summarized here in the next few

subsections. Also note that all motions are described in the spacecraft reference frame.
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X

Figure 2.8: Spacecraft in a given orbit with relevant reference frames

Appendage Dynamics

The position of a point, P, on the appendage with respect to the appendage reference

frame (Figure 2.6) is given by

!

(2.21)

-~
I
+

S

where the subscript i refers to the * appendage. Taking into account the displacement of

this point where the deflection in the u direction is neglected, we have

F=[d,+x dy+y,-v, d,+w] (2.22)

The instantaneous position of the spacecraft's center of mass is defined by the vector 7.

(Figure 2.8) and hence the velocity of point P, is given by

i

=T AT @, XT, (2.23)

and this is used to derive the rotational and vibrational kinetic energies of each

appendage.
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Spacecraft Kinetic Energy

The system total kinetic energy is the summation of the kinetic energies associated with
the rigid bus rotation (7;), and the appendage rotation and vibration (7;), and the orbital

motion of the system center of mass (7},), that is

T=T,+T,+).T, (2.24)

i=1

The kinetic energy for the spacecraft can be derived to be

(2.25)

where m, is the total mass of the spacecraft, v, is the velocity of center of mass,

@' =|:a)x o, coz:]is the spacecraft angular rate, [, is the inertia tensor of the i*

* appendage angular

appendage, I, is the inertia tensor of the rigid bus, «,is the i
momentum due to flexibility, p, is the linear density of the i" appendage, the index i

ranges from 1 to »n and where n is the total number of appendages.

Attitude Dynamics Equation

The attitude dynamics equation is given by

i(£+ﬁw)+g(£+ﬁw)=f (2.26)
dt\ 0a 0w

where 7 is the attitude recovery control torque and is obtained using thrusters or control

moment gyros.

The final form of the flexible attitude dynamics equation is
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¢ (2.27)
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where

— r ~ — =~ L s LT3
L=L+) 1, L=} K=3FK K=)K=k+£7 (2.28)

and ¥ is the generalized coordinates vector for the appendages, described in the next

section.

Appendage Discretization

The Raleigh-Ritz or assumed mode method is used to discretize the continuous
appendage model. The deflection in the negative z-direction of the appendage reference

frame (Figure 2.6) for the i appendage is given by

W, =W, (xi’yi’t)ziixin (t)¢, (xi) Y, (yi) (2.29)

where y, is a non-dimensional generalized displacement coordinate (temporal), ¢, and

y, are the two families of admissible functions (i.e. mode shapes) satisfying the
geometric boundary conditions (spatial), the indices r,s range from 1 to p,q, and p

and g are the number of discretized modes along x and y appendage axes, respectively.

In order to make the problem more specific and to be able to find the mode shape
integrals analytically, cantilevered rectangular appendages were considered as these are
the common shapes of solar arrays and antennas found on most spacecraft. However,
note that the attitude and vibrational equations of motion derived in this thesis are generic
and can accommodate any geometrically shaped appendage. In the case of an arbitrary
shaped appendage, the mode shape integrals are more difficult to obtain analytically and
one would have to resort to numerical techniques or finite element methods to obtain

them.
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The boundary conditions for the cantilevered appendage are taken to be clamped

for(x,0), and free for (x,b), (0,y) and (a,y) (refer to Figure 2.6). The mode shape
eigenfunctions for the free-free, ¢, (x), and clamped-free, y, (), beams are given by

(2.30)-(2.31). Note that the first two modes of the free-free beam (i.e. ¢, and ¢,) are for

the rigid body translation and rotation, respectively.

¢ (x)=1
()= 12[3-1)

(2.30)
forr=3,4,5,..,p

¢, (x)= {[cosh (/1, i) +C0s [/1, ﬁﬂ -0, [Sinh (/1, f) +sin (/1, fﬂ}
a a a a
fors=1,2,3,..,q

ol it gatag) o

where o, and o, are given by

~<

_ C(.)sh(ﬁ,)—c.os(l,) 2.32)
sinh(4,)—sin(4,)
" cosh(3,) +oos(2,)
and, 4, and A_ are the roots of
1-cosh(4,)cos(4,)=0 (2.34)
1+cosh (4, )cos(4,)=0 (2.35)
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By using this discretization of the deflections, w, it will be possible to transform the set
of Partial Deferential Equations (PDEs) describing the flexural motion of the appendages
into a set of more easily manageable Ordinary Differential Equations (ODEs) which are
also better suited for numerical implementation. These PDEs result from the Lagrangian
formulation of the flexural/vibrational motions as will be described shortly, after giving

the equations for the spacecraft potential energy.

Spacecraft Potential/Elastic Energy

The total potential energy is obtained by summing the orbital and flexible potential

energies

K =K i T Kexivle (2.36)

The orbital potential energy is not a function of the generalized displacement, 7 , and will

not contribute to the present formulation. The potential energy stored in # deflected

appendages is given by the following equation

2 2
1 . W, o*w, *w, O’w
=— +2y, —+—=+2(1-y, dx,dy, (2.37
ﬂexnble 2 6[6[|:£ J [aylz J }/1 a ’2 ay,z ( yz)(axiayiJ :I yl( )

where J; is the flexural rigidity and is defined by

i

E h’

2 (7] (2.38)

i =

h; is the thickness of the i appendage, and ¥ and E; are the Poisson ratio and the modulus
of elasticity of the material, respectively.

The final form of the potential energy stored in the deflected appendages is

ﬂexnble =5 ZJ l:M¢ v +M¢v/ +2}’1 M¢"v/' +2(1—}/i)M¢’y/'] Zi (239)
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where Z,-T=[Z,-“ Z,-u...;(,.pq]z[;(l XaXpg] and My M, M, .and M, are square

matrices of dimension pq obtained from integrals of mode shapes (2.30) and (2.31) and

their spatial derivatives (i.e. ¢',¢",y' and y"). As an example, the closed-form

expression for matrix M ,,. is detailed below
MW' = MW’ ® —Mw'w'
= [#d"® [yiy (240)
fd¢ (d¢] ® fdw dg” &
dy dy

-

T \T
where [%J =¢3’T=|:¢,’ @, ...¢;:|, (d—l//J =" [l//l ¥, .. 1//] ® is the tensor or

Kronecker product and

L (2,2)
i[( ) +1] (2,i) and (i,2), i >3
/li i . . . .
M—¢'¢'=<T[6+ﬂiai] =7, 1235123 (241)
A K ZOA i1y i, 123,23
i#j,i23,j2
()
0 otherwise
%’L(zmﬂ,) i=j
MW’W’ = 4242(’ " , , ) . (2.42)
_———_b(ﬂ.“ ) 4)[(.—1) (0,4 —0,4, )—ljzli(a,./l,. —Gjlj)] e
i J

The other integrals of mode shapes found in (2.39) and (2.46) are detailed in Appendix B.

Using the notation
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Vi=J,[ My, + M, +27, My +2(1-7,)M ] (2.43)
the potential energy stored in the appendages may be expressed as

I - -
Koeine =52, 2 V.1 7, (2.44)

Flexural/Vibrational Equations

The vibrational equations of motion are obtained by using the conventional form of
Lagrange’s equation, and the expressions for the kinetic and potential energies of the

system given in (2.25) and (2.44)

=0, (2.45)

d| oT or aK
aZ [ aZ by "

de| o7,
The terms Q, are the generalized forces due to environmental disturbances and are set to

zero for our present purposes. Substituting the kinetic and potential energy equations in
the Lagrange’s equation, we obtain the final form of the vibrational equation for the i

appendage (the subscript 7 is dropped for clarity of presentation):

My 7 +(d. My, 7 +d iy, + i, )0, =(d iy, + 4, )0, ~(d My, + M, ) 7o, =

=xgy,
—M (dM¢ -M, +M¢,)+ 2, - 2 -
2p vy v =y, a)xdzmw +a)ydzm¢,,, - (2.46)
0’ M,, - (d M, +MyM) i+ o0, (dm, i, )-
@, (dxM¢ '*'wa )+wywz (dzM¢W"') 0,0, (dy'_ﬁw +ﬁ1y¢w)

The above equation may be rewritten equivalently as

('33

My Z+K 0, +K 0, +K &, =K 7 - (2.47)

=

where
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(Z+r) |
oy o2 (~d,M,,, +M,, qu)
K=|0}M,, +0}(-d,M,, -M,,. )+ (2.48)
coy(dxM¢ +MW )+a)ya) (d MM)
C =wld m,, +old,in, - o (dxmw W) (arymW W) (2.49)
and
’E:xf - dzM¢W,’,Z+dyfﬁ¢w +'71y¢v1
K, =—d i, — i, (2.50)

Note that since there is some damping in any flexible structure, we have added a damping

term to (2.47). We have assumed viscous damping and no modal coupling as far as
damping is concerned which results in a diagonal damping matrix, D, with entries & for

the damping parameter. Finally, the vibrational equations of the i appendage using

matrix form can be written as

E2 MW][‘?HM—Q%GJ 251)

where K. =[12 K . K -]
4 XX Yxr zx

The complete set of attitude and flexural equations of the system, (2.27) and (2.51), can

be combined using (2.28), and rewritten as
L & a1 [-(Lo+a(La+z +i)+£)] [z

!:T’ K; ]I:CO:|= (lla)+g(_].tw+ t+hw)+K-) +|:T:! (2.52)
K- Y
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[“’H’ £ } _(1,07+Q(l:07+?+’;w)+’22) {L £} HO} 253

The mass matrix inversion in (2.53) can be obtained by using the block matrix inversion

formula [127], and hence we can decouple the system of equations

m_ Ei ALEn | (Lo+Q(Lo+g +h)+k,)|
2] |FEakL0 Fno || K7-D7+C
r -1 1.7 1] (2.54)
F -1, ’E;Ezz T:|
—Enk L Ep o L0
51 | —Enls - L'§LF5l, F;!
[‘fj}: I T I (2.55)
x —Fpk I s+ oyl ~F5K; 1,
where
. T -1
F, =1 -8 M, £,
Fo,=M, —-&.1"kL
e (2.56)

o| | f@,8)] [6,)]. . - _ o
{J:{ﬁ( ]{ ﬂ} 2 F®+GET (2.57)

where thefand G terms can be obtained directly from (2.55) and the state and output

vectors are given as
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= (=T STqT ' HaeeTma ]
X =[a)T 0 ] =[wx wy W, 2 Z2"'anq X Zz"'anq] (258)

— - T T
y= h(x)=[xl x2 x3] =[a)x wy wz:l
This is a m-dimensional system with m =3+ 2npq, with n, p and g defined previously.

Equation (2.57) can also be expressed using quaternions, § and § , as opposed to the body

angular rate, @, as was shown for the rigid case in Section 2.2, hence

Ol Ol O O

Jo @B D) | | 5 (3, 7)

=i
Il
+

o 7 2f(@)+GE)7T (2.59)
1:4:8:2:70) | | G,@.7)

xnpq+9 6

x2npq+8 6

_fj(qaq’29/?)_ Qi( ,Z)

X

where the state and output vectors will now be

X=[90% 929 90 4 G2 95 21 Koo Ty T 22"';8””"]T (2.60)

j=fz(5c')=[x2 X3 x4]T:[Q1 9, %]T

In this case the system is m-dimensional with m =8+ 2npq , wheren, p,q were defined

previously. Also, in (2.57) to (2.60), 7 is the 3x1 control input vector, y is the 3x1
vector of system outputs (i.e. angular rates or quaternion vector), fand h are mx1 and
3x1, respectively, smooth vector fields, and G is a mx3 matrix whose columns are
mx1 smooth vector fields g,, j=1,2,3, that is G=[g, &, &;]. The number of inputs

and outputs is selected to be 3 so that we have a square system. The resulting system
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equations which are m" order, nonlinear and highly coupled, are now in the state space

representation, ideal for the synthesis of the controller.

2.4 Concluding Remarks

This chapter summarized the dynamic formulation for both rigid and a class of flexible
spacecraft. The 3D rigid dynamics equations were found to be nonlinear and coupled
through the angular body rates and this coupling is more prominent for large angular
motions. The flexible dynamics derivations were based on the hybrid coordinates
approach and also resulted in highly nonlinear terms due to the addition of flexible
appendages. There is indeed a strong coupling effect between the attitude and the elastic
motion of the appendages. The formulation presented is applicable to star topology

spacecraft and it is analytical (without resorting to any FEM models) and in closed-form.
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CHAPTER 3

NUMERICAL SPACECRAFT SIMULATOR

Hardware-in-the-loop spacecraft attitude simulators, such as air-bearing simulators, are
not only expensive to build, but they cannot provide the full experience of micro-gravity.
Therefore a high fidelity numerical spacecraft simulator which includes both the rigid and
flexible dynamics, as well as the orbital mechanics and the environment of the spacecraft,
was developed and is presented in this chapter. It was decided to invest in developing an
appropriate simulation environment from the ground up, since no suitable off-the-shelf
simulator was available. Once validated, this simulation environment becomes an
indispensable tool to test controllers for different types of attitude and orbital control
systems and problems. In this thesis, this simulation environment was used primarily to
test attitude recovery controllers.

Sections 3.1 to 3.3 describe the overall simulator as far as the environment, the
architecture and the visualization capabilities are concerned. The validation cases for the

rigid and flexible dynamics are presented in Section 3.3.
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3.1 Simulator Environment

The flexible spacecraft simulator was developed using a standard PC running the
Microsoft Windows operating system. The PC was based on an Intel Pentium IV, 1.80
GHz Central Processing Unit (CPU) with 256MB of RAM. The simulator can also run
on a laptop, but the execution time may increase depending on the CPU speed and RAM

available.

As for the software environment, Simulink Version 4.1 was used to build the modular
spacecraft simulation by interconnecting a series of Simulink models; Matlab version 6.1
was used to set up the simulation parameters, automate simulation runs, generate output
plots and archive the test results; and finally Microsoft Visual C/C++ version 6.0 was
used to develop, debug and validate the different models. Matlab/Simulink was chosen
for its strong numerical performance, necessary to solve the flexible dynamic equations.
Particularly, Matlab was selected for its strength in matrix manipulations and numerical
integration techniques. However, since Matlab is an interpreted language, it can be slow
in comparison to compiled code, particularly when complex mathematical formulations
are involved. Consequently, the simulator has been implemented to interface with
compiled C model codes via S-Functions. An S-Function is essentially a Dynamically
Linked Library (DLL) created using the Microsoft Visual C/C++ compiler, which is then
called through a Simulink block. Furthermore, Matlab has the advantage of having a
large user-base, and provides access to useful built-in toolboxes, including many native
tools to visualize and analyze data, and control systems toolboxes to build dynamic

controllers.

Before running a simulation case, a Matlab script is run to setup and initialize all the
necessary and relevant parameters. The simulation can then be started and manipulated
through the Simulink graphical user interface. Alternatively, for a series of simulation
cases, it is preferable and more convenient to use a script to initialize, run and archive the
output data for all the cases automatically without user intervention at every step. This

way a large number of cases can be run over night without operator supervision.
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3.2 Simulator Architecture

The top-level architecture for the simulator is shown in Figure 3.1. The system consists
of the following high-level models which themselves contain many lower level models

not described explicitly here:

* Spacecraft Environment: models the environmental factors that affect the spacecraft
(e.g. magnetic field, sun flux); and models the spacecraft disturbances (i.e. gravity
gradient torque, atmospheric drag force and torque, solar radiation force and torque,

and magnetic torque).

® Spacecraft Structure: sets up the Flexible Plate-type Appendages' (FPAs) dimensions
and characteristics (e.g. appendage length and width, number of modes, modulus of

elasticity) and computes the appendage deflections.
* Spacecraft Dynamics: simulates the spacecraft orbital mechanics (not specifically
discussed in this thesis) and, rigid or flexible attitude dynamics; and includes the

spacecraft reference frame rotations and Euler angle calculations.

® Spacecraft Attitude Recovery System: models the spacecraft Attitude Recovery
System (ARS) controller.

Each of the above-mentioned models has been built by connecting various Simulink

built-in and user-defined (S-function) blocks.
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As shown in Figure 3.1, the Spacecraft Environment, the Spacecraft Structure and the
Spacecraft Attitude Recovery System models all feed into the Spacecraft Dynamics
model. Note that the torques fed into the Spacecraft Dynamics model include both the
disturbance torques from the Spacecraft Environment and the Spacecraft Attitude
Recovery System torques. Switches have been included for the user to control whether
or not to include the disturbance or attitude recovery torques. These switches may be

turned on or off via software flags found in the simulator parameter setup m-file.

The Spacecraft Dynamics model outputs the quaternions, angular velocity, appendages'
general displacements and velocities, total inertia, kinetic and potential energies and the
angular momentum. The quaternions, angular velocity and general displacements and
velocities are fed into the Spacecraft Attitude Recovery System, which in turn computes
the control torque and feeds it back to the Spacecraft Dynamics model. The appendage's
general displacements are also fed into the Spacecraft Structure model such that the

appendages' deflections may be computed.

As indicated is Figure 3.1, the simulation states used for numerical integration were

— -

¥m=[§ & 7 1" withthe corresponding state equations (2.3) and (2.53).

3.3 Simulation Visualization

There are several options for visualizing the output of the simulator. The simplest way is
to associate a numerical display to a scalar, vector or matrix parameter which is placed on
the Simulink models. This however does not capture the time evolution of the parameter
and one might rather visualize a time-series plot for different parameters which can also
be easily obtained using a real-time scope available in Simulink. The scope is placed and
connected to a particular parameter before the start of the simulation and is active while
the simulation is running. These same time-series plots along with any other dynamical
2D or 3D plots, for the purposes of analysis and documentation, can be obtained after the

execution of a simulator run, when the output parameters found in the Spacecraft Output
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block are dumped to the Matlab workspace or hard disk. The standard plot command in

Matlab can be used to generate these plots with many useful graphical features.

However, these plots can't really capture the true physical attitude and flexible motion of
the spacecraft, and hence to give a more intuitive "feel” of how the attitude of spacecraft
is being recovered, a 3D animation model is included in the Output block. This
animation model allows the user to view the attitude of the spacecraft and the appendage
deflections by displaying a window for the spacecraft attitude visualization, and one
window for each appendage. Currently, the animation model can display up to two
appendages, however, a future improvement will be to incorporate all displays into one,

and to modify the animation block to display more appendages.

Figure 3.2 to Figure 3.4 show the output of the 3D animation block for a spacecraft with
two appendages, where appendage 1 and 2 represent the right and left appendages,

respectively. The simulation is for a spacecraft with 4 vibration modes in the x and the y

direction of each appendage.

Re 4 Ve bne ko oo r— To facilitate visualizing the spacecraft
DesQeirar/sipen

attitude motion, the animation figure has

been color coded as follows:

Spacecraft Part Color
Front White (with an X)
Back Black
Top White
Bottom Blue

) . . . Left appendage Lime

Figure 3.2:  Spacecraft attitude animation :

Right appendage Red

window
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Figure 3.3: Left appendage animation Figure 3.4: Right appendage animation

window window

The 3D animation model may be controlled via its block parameter dialog box as shown
in Figure 3.5. Using the block parameter dialog box, the user may control which figure
windows to view using the checkboxes located at the bottom of the dialog box. The
block parameters have been set to read from the values set in the simulator parameter
setup file, thus they need not be modified here. A description of the usage of each of the

parameters is shown in Table 3.1 below.
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Figure 3.5:

i

3D animation model parameter dialog box

Table 3.1: 3D animation model parameter descriptions
Parameter Description
XDISPLAY Number of points displayed for each appendage in the x-direction
YDISPLAY

Number of points displayed for each appendage in the y-direction

WIDTHI1, WIDTH2

Width of appendages 1 and 2 respectively.

LENGTHI, LENGTH2

Length of appendages 1 and 2 respectively.

MAX_PLATE_DEF

Maximum appendage deflection (z-axis limit).

PLATE_DEF_VIEW_ANGLE

Appendage vertical elevation view angle (in degrees).
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3.4 Simulator Validation

The validation of the simulator was an important step in this thesis and was done in

several steps:

(1) Test and validation of individual subroutines (e.g. inertia calculation

subroutine) which implements the basic building blocks of the overall system;

(i)  Verification of the special cases where analytical solutions may be obtained

for the overall spacecraft (both rigid and flexible case); and

(iii)  Validation of the entire dynamic system based on the following criteria
a. Verification of the spacecraft’s conservation of energy; and

b. Verification of the spacecraft’s conservation of angular momentum.

Step (i) above was undertaken as the last step of the development stage of individual
simulation models implemented in C-language subroutines. Every C-language
subroutine was debugged for syntax and logic and then finally the mathematical model
was verified individually using appropriate test cases, very similar to what was done for

the overall system in step (ii), as will be detailed in the next two sections.

The important quaternion unitary condition was also verified for every simulation run and
it was found to hold within acceptable numerical accuracy of about le-12 to 1e-9. This
result was achieved without the need of a quaternion normalization step during the

numerical integration.

The integration techniques and their relevant parameters used for the simulator are shown
in Table 3.2. Note that the variable-step Adams-Bashforth-Moulton (ABM) solver is
preferred over the fixed-step Runge-Kutta (RK) solver as it may be more efficient if
using stringent error tolerances for solving our computationally intensive set of Ordinary
Differential Equations (ODEs). In this thesis, most simulation cases where executed

using the numerical parameters listed in Table 3.2. However, for two of the validation
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cases (i.e. cases 7 and 8), a much lower relative tolerance of 1x10™"* had to be used as

will be explained later.

Table 3.2: Integration techniques and common settings used in the simulator
Solver: Fixed-Step, ODE4 (RK)
Fixed Step Size: 0.01
Mode: auto
Solver: Variable-Step, ODE113 (ABM)
Max Step Size: 0.01
Min Step Size: 0.0001
Initial Step Size: 0.01
Relative Tolerance: le-5
Absolute Tolerance: auto
Refine Output Factor: 1

For all the test cases studied, the errors were computed as follows

Absolute Error

Expected Value - Simulated Value

Expected Value - Simulated Value <100

Relative Error (%) Expected Val
xpected Value

where the expected values are obtained using the analytical solution for each case and the
simulated values are the results obtained using the spacecraft simulator. Note that in the
discussions in this chapter, the words expected and analytical results or value are
interchangeable. In the next two subsections, the results of the validation test cases are

detailed for both rigid and flexible spacecrafts.

3.4.1 Rigid Spacecraft Validation

All test cases for the rigid spacecraft have been validated using both the RK and ABM

integration techniques, however, only the results obtained from the more accurate ABM
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solver are presented here. The test cases were validated for 10000 seconds of simulation
which is much longer than the attitude recovery maneuver time considered in this thesis
(i.e. 600 seconds as per our performance requirements of Section 1.3). However, for
cases 7 and 8, only 1000 seconds of simulation time was used since these two cases

involve very large angular speeds even at 1000 seconds.

The real simulation execution time was determined using the Matlab tic and roc
commands. The relationship between the simulation time and real execution time was
determined to be polynomial for all cases, as shown in Table 3.3 and Figure 3.6 for

validation case 4.

Table 3.3: Results for simulation ReatTimevs Simulaton Time
and execution times
Simulation Time | Execution Time
(sec) (sec)
10 0.021
100 017 !
1000 4.146 E
2000 14.24
3000 30.504
4000 52.527 £ B
5000 82.49 P
6000 116.179 '
=550 T Figure 3.6: Polynomial relationship between
3000 202416 simulation and real execution time
9000 260.87
10000 312.396

The analytical solutions for the validation cases presented in this subsection are based on
the rigid attitude equation (2.9). Considering the case where the spacecraft reference
frame is aligned with the spacecraft principal axes (i.e. the products of inertia are zero),
then (2.9) can be written as the following three scalar, nonlinear and coupled equations,

known as the Euler's equations of motion:
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g=@A+@mJL—g)
r,=0,1 +o.0,(I-1) (3.1)

v, =0l +o0,(1,-1,)

where x, y, and z represent the principal axes of inertia.

Although the general attitude motion of a rigid body may be modeled by the Euler's
equations, they have no explicit solution unless we specify the components of 7. As was
mentioned, the equations are nonlinear and coupled where the coupling effects are most
present when we are dealing with large angular rates @. In order to validate the
numerical simulation of the rigid attitude motion, one needs to come up with analytical
solutions of (3.1) for special cases. This involves the judicious selection of the parameters
(e.g. inertia) to eliminate the nonlinearities in (3.1) and obtain a set of linear differential
equations which can be more easily solved analytically and then used to verify the
correctness of the results obtained from the simulator. This is done below through the
following nine (9) validation case studies. Table 3.4 summarizes the specifications

corresponding to these cases:

Table 3.4: Validation case study specifications for rigid spacecraft

Case Inertia Terms Initial Angular Rate Torque
No. I, 00 (@,), T,
L={0 1, 0 o, =|(w,), T=|T,

0 0 I, | (w,), T,

=~
Il
=~
I
=
Il
o

1 I,=1,=1,=0 | (0,),=,),=(,),=0

x x y z

2 I.=1,=1,>0 (@,),>(@,),,(®@,), #0 r,=7,=7,=0
3 IL#(1,=1)>0 (@,),,(®,),,(®,), %0 7,=7,=7,=0
4 ]y¢(lx=lz)>0 (a)o)x,(a)o)y,(a)o)z#O Ty=0;rx,1'z¢0

5 I,#(1,=1,)>0 (@,),5(®,),,(@,), #0 7, =07, =cos(yt);7, =sin(yt);y #0
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pd z

m#0,t,>t>0

6 [.#2(1,=1)>0| (@,),(®,),(®,),#0 T, =7,=0;7, =mlu(t—1))-u(t-1,)]

u(t —1t,) is the unit step function at time £ = ¢,

TN L#(,=1)>0 | (®,),(@,),(®,),#0 7,=7,=0;7,#0

X

8 | L#(1,=1)>0 | (@,),,(®,),,(®,),#0 7, =7,=0;7, =mcos(yt)

my#0,t >t >0

X

m#0,t,>t >0,

S | L#(1,=1)>0 | (@,),®,),,(®,),#0 | 7, =1,=07, =mu(t—t)-u(t—1,)];

Test case 1 is the all zero case, that is, it verifies that the code is well behaved (e.g. no
division by zero). Test cases 2 to 6 correspond to Linear Time Invariant (LTI) models,
whereas test cases 7 to 9 correspond to Linear Time Varying (LTV) models, as detailed
in Table 3.4. It is important to note that any real values chosen for the parameters in
Table 3.4 should be reasonably small to be physically meaningful. For example, an

initial y-axis angular rate, (@,), , of 1000 rad/s, is mathematically possible but physically

highly unlikely and hence if selected, would require a very small time step and relative
tolerance for a convergent numerical integration (making the simulation runtime

extremely long).

Validation Case 1

With zero torque, zero inertia and zero initial angular velocity, the angular body rates of
the rigid spacecraft are expected to remain constant at zero, and this is precisely what was
observed from the simulation results. This is the all zero test case, which insures that no
mistakes have been made in coding the rigid dynamics equations (e.g. no division by

Zeros are present).

Validation Case 2

With zero torque, inertia matrix equal to a multiple of the identity matrix, and any initial

angular rate, the angular body rates of the rigid spacecraft are expected to remain
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constant at their initial values, and again, this is precisely what was observed from the

simulation results.

Validation Case 3

Following the specifications outlined in Table 3.4, letus set 7z, =7, =7, =0 and /1, =1,

now (3.1) becomes

From (3.2), we can solve for @, as follows:

a.)x = 0 : a)x = (a)())x

Equations (3.3) and (3.4) can be re-written as

or in a compact matrix form as

I-1
where a = 7 (@), -

y

Equation (3.8) is a linear time invariant homogeneous system of the form

(3.2)
(3.3)

3.4

3.5)

(3.6)

(3.7)

(3.8)
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X(t) = A%(t) (3.9)

0 ,
where 4=[a Oa} and (1) =[0,) o,0)] .

The solution to the homogeneous system (3.9) is given by

x(t) = e*X(t,) (3.10)

and for our particular case, we obtain:

wy(t) _ A (a)())y _ cos(at) —sin(at) (a)o)y
o, (t) =e (@,), B sin(at) cos(at) || (®,), (3.11)

Hence, the following equations provide the analytical solution for case 3:

o () =(2,),
o, ()= (0,),cos(at)—(w,), sin(at) (3.12)
o, (t)= (a)o)y sin(at) +(@,), cos(at)

For a numerical example, we select inertia terms /, =7, =10 kg m’ and I =5kgm’,
and an initial angular velocity @ = [0.3 -0.4 0.5]. After running the simulation case,
the results were analyzed and plotted. As expected, the output results for @, (not shown)
is constant and equal to(@,), . For @, and w,, the results are similar, and as an example,

Figure 3.7 shows the time evolution of the simulated and expected y-axis angular rate,

@, , which depicts visually that the results match perfectly for at least the first 1000 sec.

However, as expected with any numerical simulation, the simulated results do diverge
slowly from the expected analytical solution as can be easily noticed from Figure 3.8
where the simulation is allowed to continue running up to 10,000 seconds. The absolute

errors are sinusoidal functions (because the solution of the angular rates, @, and o, , are

sinusoidal) and their worst case amplitude increases steadily at about 2.1x10” rad/sec
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per second after being bounded for over 2000 seconds. This error is mainly due to

numerical round-off and truncation errors which are accumulative and increase as time

evolves. By conducting several simulation cases with different initial conditions, it was

concluded that the error is heavily dependent on the magnitude of the initial conditions.

As the initial conditions get larger, so does the rate of increase of the amplitude of the

sinusoidal error, while keeping the integration time step the same. The expected and

simulated numerical results along with absolute and relative errors, for 4 specific times

(i.e. £=10,100,1000 and 10000 ) are presented in Table 3.5.

Table 3.5: Validation case 3 - Expected and simulated angular velocity values
Sim. Cl)y (rad/sec) (UZ (rad/sec)
Time
Rel. Error Rel. Error
(sec) Expected Simulated Abs. Error Expected Simulated Abs. Error
(%) (%)
10 0. 47045261263495 0. 47045261287925 -2.44E-10 -5.19E-08 0. 43436659547547 0. 43436659521079 2.65E-10 6.09E-08
100 0.62901908522209 0.62901908515495 6.71E-11 1.07E-08 -0.11972882036656 -0.11972882071903 3.52E-10 -2.94E-07
1000 -0.63713853740593 -0.63713853736284 -4.31E-11 6.76E-09 0.06367483138752 0.06367483181896 -4.31E-10 -6.78E-07
10000 -0.45284401744784 -0.45284400603377 -1.14E-08 2.52E-06 -0.45269448401953 -0.45269449543857 1.14E-08 -2.52E-06
Rigid Spacecraft Angular Body Rates
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Figure 3.7:  Validation case 3 — Expected and simulated y-axis angular body rate
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x10° Absolute Error Between Analytical Versus Simulated Angular Body Rates
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Figure 3.8:  Validation case 3 - Absolute error between expected and simulated

angular body rates

Validation Case 4

As per Table 3.4, let's set 7, =c,,7, =c, and I, =1, and (3.1) can now be simplified to

ol +oo(1,-1)=c (3.13)
@,1,=0 (3.14)
ol +ow/(1,-1)=c (3.15)

From (3.14), we can solve for @, as follows:

B,=0 = o=, (3.16)

Equations (3.13) and (3.15) can be re-written as
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. I -1

o, =— z (@,),0, +==
Ix X

. I~

o, =- 2 (a)o)ya)x+1—’

or in a compact matrix form as

L-1,
1

X

where a = (@,), .

Equation (3.18) is a non-homogeneous system of the form

i(1) = A%(t) + F(t)

where 4= [2 —Oa} , f(O)= }I—[Z"] and X(t) =[0,() o, (t)]T :

X z

The solution to the non-homogeneous system (3.19) is given by

X(f) =e¥X(t,) + ]k'—*“‘“](T)dT

which for our system results in the following expression

(3.17)

(3.18)

(3.19)

(3.20)
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3(t) = e¥%(t,) + ]e’—’('"” F(I)dT

—c, +c¢, sin(at) + ¢, cos(at)

cos(ar)(w,), —sin(at)(@,), +

sin(at)(@,), +cos(at)(w,), —

la

—c, +c, cos(at) —c, sin(at)

la

The equations below form the basis for our analytical solution in case 4:

o, (t) = cos(af)(@,), —sin(at)(w,), +

o, =(a,),

w,(t) =sin(at)(w,), +cos(at)(@,), +

—c, +c, sin(at) + ¢, cos(at)

la

¢, —c, cos(at) +c, sin(ar)

la

(3.21)

(3.22)

For a specific example, we set ¢, =0.1 Nm and ¢, =-0.1 Nm for the external torque,

inertia terms are selected to be 1, =1, =10kgm?® and I, =5kgm’, and an initial angular

velocity @, =[0.3 -0.4 0.5] rad/sec is chosen. As expected, the simulated result for

w, is a constant matching (®,),. For @, and w,, the simulated results match the

analytical solution very well, however as expected and explained in case 3, the simulated

results do diverge ever so slowly from the expected analytical solution as shown in

Figure 3.9. The expected and simulated numerical results along with absolute and

relative errors, for the 4 specific times (i.e. #=10,100,1000 and 10000 ) are presented in

Table 3.6.
Table 3.6: Validation case 4 - Expected and simulated angular velocity values
Sim. @, (rad/sec) @, (radsec)
Time
. Rel. Error . . Rel. Error
(sec) Analytical Simulated Abs. Error Analytical Simulated Abs. Error
(%) (%)

10 0. 30446219196263 0. 30446219123299 7.3E-10 2.40E-07 -0. 59713485948992 -0. 59713485996239 4.72E-10 -7.91E-08
100 0.59494860953488 0.59494860940820 1.27E-10 2.13E-08 -0.14508570375730 -0.14508570461538 8.58E-10 -5.91E-07
1000 -0.35979782721525 -0.35979782636251 -8.5E-10 2.37E-07 0.52360727527875 0.52360727573912 -4.6E-10 -8.79E-08

10000 0.33291088524358 0.33291090267604 -1.7E-08 -5.24E-06 -0.57761657855111 -0.57761656589978 -1.3E-08 2.19E-06
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Figure 3.9:  Validation case 4 - Absolute error between expected and simulated

angular body rates

Validation Case 5

As per Table 3.4, by setting 7, =cos(yt), 7, =sin(yt) and I, =1, the Euler's equations

(3.1) can be simplified to get

o, +o,(1,-1,)=cos(y) (3.23)
o,1,=0 (3.24)
ol +oo,(1,-1,)=sinr) (3.25)

From (3.24), we can solve for w, =(w,), and equations (3.23) and (3.25) can be re-

written as

I -1
X y (a)(,)ywz + COS(?”)

X X

(3.26)
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(3.27)

SR e
@, a 0 ||w,| I,|sin(y?)

I-1
where a= 2
I

X

(@,),.

0 -
Equation (3.28) is a non-homogeneous system of the form (3.19) where 4 =[ Oa} ,
a

f=

1 cos(y1)
I | sin(yt)

] and ¥() =[0,(t) )] .

Using (3.20), we can solve for X(¢):

sin(yt) —sin(at)

, cos(at)(w,), —sin(at)(w,), + 7
%(f) = e¥%(t) + e F(T)T = (-a+y)l,

sin(ar)(@,), +cos(ar)(@,), — —2SD)+ cos(ar)
(-a+y)l,

The equations below form the basis for our analytical solution in case 5:

sin yt —sin at
(r -,
o, ()= (wo )y (3.29)

o,(t) = (cosa)(@,), ~ (sinar)(@,), +

cosyt—cosat

w,(1) = (sinar)(®,), +(cos at)(@,), —
(r—a)l,

For a specific example, we set y =

”0 representing a typical frequency of a sinusoidal

disturbance torque in low Earth orbit where the orbital period is about 90 minutes or 5400
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sec., inertia terms are selected to be I, =1, =10kgm® and I, =5kgm?, and an initial

angular velocity @ =[0.3 -0.4 0.5] rad/sec is chosen. As expected, the simulated

result for @, is a constant matching (®,), and for @, and @,, the absolute errors are

shown in Figure 3.10 and the error analysis is the same as for cases 3 and 4, discussion of

which will not be repeated here. The expected and simulated numerical results along

with absolute and relative errors, for 4 specific times, are presented in Table 3.7.

Table 3.7: Validation case 5 - Expected and simulated angular velocity values
Sim. wx (rad/sec) Cl)z (rad/sec)
Time
) . Rel. Error Rel. Error
(sec) Analytical Simulated Abs. Error Analytical Simulated Abs. Error
(%) (%)
1 0.49269315238782 0.49269315361116 -1.223E-9 -2.48E-07 0.42052376369752 0.42052376304112 6.564E-10 1.56E-07
100 1.09044028953033 1.09044028970703 -1.767E-10 -1.62E-08 -0.36072838704151 -0.36072838841553 1.374E-09 -3.81E-07
1000 -0.26816284901991 -0.26816284790882 -L.111E-09 4.14E-07 0.55087349190557 0.55087349298244 -1.077E-09 -1.95E-07
10000 0.41837010207166 0.41837012340459 -2.133E-08 -5.10E-06 -0.94226096584060 -0.94226093883959 -2.700E-08 2.87E-06
x10° Absolute Error Between Analytical Versus Simulated Angular Body Rates
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Figure 3.10:

Validation case 5 - Absolute error between expected and simulated

angular body rates
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Validation Case 6

As per Table 3.4, let us set T, =mlu(t-t)—u(t—t,)] which is a step function of

magnitude m that lasts ¢, —¢, seconds and select / , =1,. Equation (3.1) can now be
simplified to

ol =0 (3.30)

ol +o0(1,-1)=1, (3.31)

ol +o0,(1,-1,)

0 - (3.32)

From (3.30), we can solve for o, =(@,), and equations (3.31) and (3.32) can be re-

written as

5 = I -1,

YT

(wa )x a)z + ;_y (3‘33)

y y

1
o,=——=(0),0 (3.34)
or in a compact matrix form as

e T =
o, a 0jlo, | 1,0

I-1
where a= Y
I

y

(@,),

0 —a
Equation (3.35) is a non-homogeneous system of the form (3.19) where A = [ 0 } ,
a

fo-—

y

mlu(t =) —u(t~1,)]
0

} and 3(0)=[o,() ,()] .

Using (3.20), we can solve for X(¢):
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o,(?) _[cos(at) ~sin(ar) |[ (@,),
o,(t)| |sin(at) cos(at) || (,),

) 1L . (336)
L1 [cos(at) —sm(at)} J.|:cos(aT) —sm(aT)}[m[u(T—t])—u(T —tz)]} J7

I, | sin(at) cos(at) sin(aT) cos(aTl) 0

0

Equation (3.36) can be re-written as
{a)y (t)i| _ l:c?s(at) ~ sin(at)} [(a){, ), } .\ {Cf)s(at) - sin(at)} [U } (3.37)
o, (t) sin(at) cos(at) || (@,), sin(at) cos(at) ||V
where
0 Lt
U=" sin(at)—-sin(at,)) t <t<t

1 = "2

sin(at,)—sin(at,)  t>t,

0 <t
m
V =—1 cos(at)—cos(at,) t <t<t

1
¥ |cos(at,)—cos(at,) t>t

y

2

2

Simplifying further, we obtain the equations below which form the basis for our

analytical solution in case 6:

o, (1) =(@,),
0 1<t
o, (t)=(®,), cos(at)—(w,), sin(at) + sin (a( -1, )) L <t<t, | (3.38)
a, sin(a(t—1))-sin(a(t-t,)) =1,
0 t<t,
@,(1) = (®,), sin(at) +(o,), cos(at) + —— 1-cos(a(t—1,)) t<t<t,
a, cos(a(t—1,))—cos(a(t-t)) t2t,

For a numerical example, we pick a large step of magnitude m =10 N which lasts 1

second starting at £ =1 to ¢, =2 seconds, inertia terms are sclected to be
7 _ 2 _ 2 . . .
I,=1,=10kgm and [ =5kgm”, and an initial angular velocity

@, =[0.3 0.4 0.5] rad/sec is chosen. The absolute errors for o, o, and o, are
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shown in Figure 3.11 for 10000 seconds of simulation time. The expected and simulated

numerical results along with absolute and relative errors, for several times are presented

in Table 3.8.
Table 3.8: Validation case 6 - Expected and simulated angular velocity values
Sim. a)y (rad/sec) C()z (rad/sec)
Time
(sec) Analytical Simulated Abs. Error Rel. B Analytical Simulated Abs. Error Rel. Err
(%) (%)
0.1 -0.39245528209058 -0.39245528180595 -2.846E-10 7.25E-08 0.50594352605721 0.50594352627792 -2.207E-10 -4.36E-08
1 -0.32078936493762 -0.32078936462587 -3.118E-10 9.72E-08 0.55416079195746 0.55416079213786 -1.804E-10 -3.26E-08
1.5 0.22116692005658 0.22116692139654 -1.340E-09 -6.06E-07 0.55789838580189 0.55789838591493 -1.130E-10 -2.03E-08
2 0.76187972417109 0.76187972551576 -1.345E-09 -1.76E-07 0.52101684680095 0.52101684681328 -1.233E-11 -2.37E-09
10 0.76168109169783 0.76168109202675 -3.289E-10 -4.32E-08 -0.52130718708207 -0.52130718857849 1.496E-09 -2.87E-07
100 0.03412122187747 0.03412122087236 1.005E-09 2.95E-06 -0.92236381703264 -0.92236381818721 1.155E-09 -1.25E-07
1000 -0.11549581265334 -0.11549581164722 -1.006E-09 8.71E-07 0.91574013017506 0.91574013142755 -1.252E-09 -1.37E-07
10000 -0.78176931159130 -0.78176932462735 1.304E-08 -1.67E-06 0.49066894359252 0.49066892492749 1.867E-08 3.80e-006
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Validation Case 7

This is the first of the three linear time varying cases which will be presented. In all three

cases, the input torque 7' =[0 7, 0] and I, =1, as per Table 3.4. For this case 7, =¢, is

taken to be a constant and hence equation (3.1) is simplified to
oltowl -1)=1,

ol =c

ol +too, (Iy -1 )=z'z

From (3.40), we can solve for @, as follows:

_5
= o, —I—t+(a)o)y

y

. q
b, =—-
Iy

Furthermore, (3.39) and (3.41) can be re-written as

: c T
@, =———> Lt+(w,), |0, +-=
JARVA I,

I —]x C T

@, =—--=2 —+t+(@,), |0, +-=
1, {1, I,

C, z x z
a[—llt+(a)0)y) 0

(3.39)
(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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x Ty

where a= , and by defining a = a;—‘ and B =a(w,),, (3.45) can be written as

x y

Mot Rk o

Equation (3.45) is a non-homogeneous linear time varying system of the form

#(0) = AOF0+ 1) (3.47)
whereé(t){ 0 _(at+ﬁ)j|=M,t+M2 M, =[O _a] and M, =[0 —ﬂ]
(at+ ) 0 a 0 p 0

The solution to the non-homogeneous system (3.47) is given by

!
X(1) = Q)X (1) + J@(t =T f(T)dT (3.48)
0
where @(f) is the state transition matrix and since M, and M,commute, that is

M\ M,=M,M,, then O(¢) can be expressed as

’.[Mltdt ’J.I\_/izdt [
D) =e® e =e 2%

—cos (1 atz) —sin (1 atz) _
_ 2 2 {cos( Bt) —sin( ,Bt)}
sin %atzj . Os( % u tz) sin(Br)  cos(Br)

| (1,
~at* +pt| -sin| —at’ + ft
2 ﬂj (2 'BJ

-

co

w2

sin %ozt2 +,Bt) cos (-;—atz + ,Bt)
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If we now set the input torque 7, =7, =0 then we are left with the homogeneous solution

X(1) = D(1)x(t,) (3.49)
That is,

1 (1,
cos(aat +,Bt) —s1n[2at +ﬁt] [(wo)x]

)= (3.50)
SR I )
sin| —at” + Bt | cos| —at” + ft
2 2
Finally, the equations below form the basis for our analytical solution in case 7:
1 (1,
. (f)=(w,), cos Eat +pt |-(@,), sin Eat + pt
a)y(t)=;—'t+(a)o)y (3.51)
y
. 1 2 1 2
,(t)=(w,),sin Eat + ft |+(@,), cos -2—at + pt

For a numerical example, we pick ¢, =1 Nm, inertia terms are selected to be
I.=1=10kgm* and I ,=5kg m’, and an initial angular  velocity
@, =[0.3 -0.4 0.5] rad/sec is chosen. The absolute errors for w,, ®, and @, are
shown in Figure 3.12 for 1000 sec. of simulation time. In this case, due to the large and
sustained y-axis torque which causes a final y-axis speed of about 200 rad/sec, a
significant increase in errors was noticed (e.g. the relative error was about 48% for @, at
1000 seconds using a maximum step size of 0.01 and a relative tolerance of 1x107%),
This error is due to the fact that this minimum axis spinner has a nutation frequency of
about half the spin frequency, and naturally a reduced step size and relative tolerance is

required to accurately calculate the angular velocities at these high frequencies. Hence,

in order to reduce this error to acceptable levels, the maximum step size and the relative
tolerance, given in Table 3.2, were reduced from 0.01 sec to 0.001 sec and from 1x107°

to 1x107", respectively. It is important to note that this (and the next) case involves a
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very high speed motion not normally seen in past or present spacecraft, but the idea here

is to validate the simulation software under some severe and limiting cases.

The expected and simulated numerical results along with absolute and relative errors, for

several times are presented in Table 3.9.

Table 3.9;

Validation case 7 - Expected and simulated angular velocity values

Sim. a)x (rad/sec)
Time
Rel. Err
(sec) Analytical Simulated Abs. Error
(%)
1 0.37135038961761 0.37135038961821 -6.0E-13 -1.62E-10
10 -0.36755775301007 -0.36755775301076 -6.9E-13 -1.88E-10
100 -0.54432828146037 -).54432828171873 2.584E-10 -4.75E-08
1000 0.51069543501167 0.51069476280996 6.722E-07 1.32E-04
Sim. [ y (rad/sec)
Time
Rel. Err
(sec) Analytical Simulated Abs. Error
(%)
1 -0.20000000000000 -0.20000000000002 2.0E-14 -7.63E-12
10 1.60000000000000 1.59999999999987 1.3E-13 8.41E-12
100 19.60000000000000 19.59999999995830 4.17E-12 2.13E-10
1000 199.599999999999() 199.6000000077259 7.726E-09 -3.87E-09
Sim. @, (sad/sec)
Time
Rel. Err
(sec) Analytical Simulated Abs. Error
(%)
1 0.44955409922594 1.44955409922545 5.0E-13 1.10E-010
10 -0.45266024588226 -0.45266024588169 -5.7E-13 1.26E-010
100 -0.20906152683457 -0.20906152616162 -6.729E-10 3.22E-007
1000 0.28140748507857 0.28140870110359 -1.216E-06 -4.32E-04
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Figure 3.12:  Validation case 7 - Absolute error between expected and simulated

angular body rates

Validation Case 8

This is a repeat of case 7 except that for this case 7, = mcos(yt) and hence equation (3.1)

is simplified to

a)x1x+wya)z(1x - Iy) =7

X

@I ,=mcos(yt)

a')zlx+wxwy(1y —Ix)=rz

From (3.53) above, we can solve for w, as follows

a')y=ﬁcos(}/t) = wy=i8in(}’t)+(wo)y
1, 1,

Furthermore, (3.52) and (3.54) can be re-written as

(3.52)
(3.53)

(3.54)

(3.55)
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I -1 m T
@, =—-———L —sin(yt)+ (@ @, +-* 3.56
e ORI CON S (3.56)
I -1 m
@, =--X—2| —sin(yt)+ (@), |o. +-= 3.57
; 7 I (r)+(®,), |o, 2 (3.57)

0 —a[—n;—sin(}/t)+(wo)y]

B ” alls] e
a)z m wz Ix Tz
a[Tsin(yt)+(a)o)yJ

where a=—*—2  and by defining & = a% and B =a(w,),, (3.58) can be written as
NG ) o 152 S
@, | |(asin(yn)+pB) 0 w,| 1|z,
where A(t) = I: . ~(asin(y0)+ ﬂ):| =M,sin(yt)+M,, M,= I:O —a} and
(asin(yt)+ ) 0 a 0
oy 7]
g 0

Since M,and M,commute, D(¢) can be expressed as
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t t
[Mysin(royar [, _%A_,lm(,,) %Ml »
P(t)=e° e’ =e e’ e

cos (ﬁ cos(yt)] —sin (ﬁ cos(yt)) CoS (laj —sin (laJ )
4 4 Y 4 {cos( Bt) —sin( ﬂt)}
sin [ﬁ cos(}/t)) cos (gcos(yt)] sin [laj cos (laJ sin(Ar) - cos(pi)
L /4 /4 L 4 /4

cos (a cosy=1_ ,Bt] —sin (a cos(yt)=1_ ,BtJ

_ 4 4
sin(am——l—ﬂtJ cos (aw—ﬂtj
4 4

If we now set the input torque 7, =7, =0, we are then left with the homogeneous

solution (3.49) which for this case becomes

os(a cos(yr)-1 :Btj _sin [a cos(yn)—-1 ,Bt)
4

=i Y I:(a)o )x:|
¥ (3.60)
Sin[a%_ﬂtj COS(a COS(}’t)—l —ﬂt) (0)0)2
¥ y |

And finally, the equations below form the basis for our analytical solution in case 8:

0,()=(@,), cos(a%— ,Bt)—(a)o)z sin(a%- ,Btj
4

o, (1) =——sin(yt) +(,), (3.61)
vl

y

o,()=(@,), sin (a&s(ﬂ“—l- ﬂt] +(@,), cos[aﬁ‘i@ﬂ_ ﬂ,]
y y

. . 2 ..
For a numerical example, we pick m=1 Nm and y = 3200 inertia terms are selected to

be I, =I1,=10kgm’ and J,=5kgm’, and an initial angular velocity
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@, =[0.3 -0.4 0.5] rad/sec is chosen. The absolute errors for @,, @, and @, are

shown in Figure 3.13 for 1000 sec. of simulation time. In this case again, as was
explained in case 7, due to the high speed spin motion, a significant increase in errors was

noticed (e.g. the relative error was about 38% for @, at 1000 seconds using a maximum

step size of 0.01 and a relative tolerance of 1x107). In order to reduce this error to
acceptable levels, the maximum step size and the relative tolerance used, which are given
in Table 3.2 for all cases expect cases 7 and 8, were reduced to 0.001 sec and to 1x107'2,
respectively. The expected and simulated numerical results along with absolute and

relative errors, for several times are presented in Table 3.10.

Table 3.10:  Validation case 8 - Expected and simulated angular velocity values
Sim. @, (rad/sec)
Time
i R Rel. Err
(sec) Analytical Simulated Abs. Error %)
J

1 0.37135039215324 | 0.37135039215417 | 93613 | -251E-10
10 -0.36758328716307 | -0.36758328716172 | _13s5-12 | 3.67E-10
100 -0.57179982492277 -0.57179982479658 -1.262E-10 2.21E-08

1000 0.27644889520778 0.27644962629059 27.311E-07 .2.65E-04
Sim. a)y (rad/sec)
Time
. . Rel. Err
(sec) Analytical Simulated Abs. Error
(%)

1 ~0.20000004512850 | 0.2000000451285 0.0 AMED
10 1.59995487179885 | 1.59995487179887 | 5 0E.14 | -11SE.12
100 | 19.55490203225110 | 19.554902032228% | 227611 | L16E-10

1000 | 157.4297228155190 | 157.429722817886 | 245.00 | -150E.9
Sim. a)z (rad/sec)
Time
. . Rel. Err
(sec) Analytical Simulated Abs. Error
(%)

I 0.44955400713141 | 0.44955409713064 TIE13 L71E-10
10 -0.45263951108845 -0.45263951108955 1.09E-12 22.42E-10
100 0.11421453593254 | 0.11421453636374 | 63510 | -5.53E.07
1000 | -0.51339654102691 | -0.51339614733452 | 30807 | 7.675.05

98



x 10° Absolute Error Between Analytical Versus Simulated Angular Body Rates
1

T T T T T T T T

08r

0.6}

0.4}

0.2

Absolute Error
o

-0.61

0.8}

1 1 | 1 1 | 1 i 1
0 100 200 300 400 500 600 700 800 900 1000
Time(sec)

Figure 3.13: Validation case 8 - Absolute error between expected and simulated

angular body rates

Validation Case 9

This is a repeat of case 7 except that for this case 7, = mlu(t—t)—u(t-t,)] and hence

equation (3.1) is simplified to

ol +00 (1,-1,)=1, (3.62)
@,1,=mu@—1,)-u(t -1,)] (3.63)
ol +oo,(1,-1)=r, (3.64)

From (3.63) above, we can solve for w, as follows:
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@, =Iﬁ[u(t—t1>—u(t—t2>]

H
<t o,=[0d = o, =(@,),
o (3.65)
m m
L St<t,: a)y=zg[dt = (oy=—]:(t—-tl)+(a)0)y
! m
26, w,=[0d = 0, =(6-1)+(@,),
1y y
Furthermore, (3.62) and (3.64) can be re-written as
. (I.-1) T
=00, += 3.66
o, I 2t (3.66)
I -1
@, = —%wywx + (3.67)

or in a compact matrix form as

o, | 0 -ao, |l o, 1z,
s, W2kl

where g ==

If we now set the input torque 7, =7, =0, the solution is divided into three parts:

Case t <t,:

Using (3.65), system (3.68) can be expressed as:

@, | 0 —a(w,), || @, 3.69
@, | |a@,), 0 , (3.69)
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which is a linear time invariant homogeneous system of the form (3.9) where

4:[0 _a} , a=a(@,), and () =[0,) o,0)] .
a 0

Using (3.10), the solution for # <t is

o, =(®,), cos(ar) - (@,), sin(ar)
0, =(@,), (3.70)

o, =(,), sin(at)+(w,), cos(ar)

Case t, <t<1t,:

Using (3.65), system (3.68) can be expressed as:

O —a[ﬂ(t_tl)_*.(a)o)y}
o, Iy o,
’ a(lﬁ(t—t,)+((o0)yj 0 i

¥y

Let a:aln., ﬂ:a(_in-tl+(a;0) ]andA(t)=[ 0 _(aH'B)]:MlHMZ
I I Y (at+ ) 0

y y

0 - 0
where M, =[ (?] and M, =[ﬂ } and since M, and M, commute, O(f) can
a

be expressed as
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1 i
letdr jMzdr

D(t)y=e" e =e

—sin (——;-atz +%0{t12 — P+ ,Bt,j cos

1, (1, 1 .,

Ccos| —at —sin| —at Cos| —at;
2 2 2
. (1 2) 1, . [1

sSin{ —at CcoS| —at —Ssin| —at
| 2 2 2

I 1 1
cos(-zozt2 +5at12 - B+ ,Btl] sin

j sin (% at} )
) cos (—;— at! )
1

and using (3.49), the solution for ¢, <t <1, is:

cos(ft)
sin( f3f)

—sin(ft)
cos(ft)

|

cos(Bt) sin(f,)
—sin(ft,) cos(ft,)

o, =(,), cos(—%at2 +%atl2 - Bt + B, J +(®,), sin (—%atz nL%atl2 —Bt+ ,Btl)

m
a)y :I_(t_t!)+(w())y
y

(3.72)

0, =—~(,), sin(—%at2 +%atl2 - pt+ B, j +(®,), cos(—%at2 +—;~at12 - Bt+ ﬂtlJ

Case t>t,:

Using (3.65), system (3.68) can be expressed as:

e

T, ~1)+(w,),

|

‘“[1

2, -1)+(,),

|

-]

(3.73)

which is a linear time invarinat homogeneous system of the form (3.9) where

a 0

4:{0 _a} ,a=a[1ﬁ(t2—t])+(a)0)yJ and i(t)=[0,(t) o,0)] .
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Using (3.10), the solution for ¢ > ¢, is

o, =(®,), cos (at-1,)) -(®@, ), sin (at-1))
, = a(]ﬂ(tz —t1)+(a)o)y] (3.74)

y

o, = (@, ), sin (at-1,))+ (@,), cos (a(t-1))

And finally, the equations below form the basis for our analytical solution in case 9:

0,(0)= (@,), cos(ar) — (@,), sin(ar)
r<t | 0,0=(®,), where a =a(a,),

w,(t) = (w,), sin(at)+(w,), cos(ar)

m m
Lt o,O)=—0-1)+(,), where a=a—

I I
¥y y

o, =(o,), cos(—%ozt2 +%0{t12 - B+ ,Bt,J+(co,] ), sin(—%at2 +%0¢tl2 —pt+ ﬂtl)

o,(1)=—~(®,), sin(—%ozt2 +—;~oct,2 -pt+ ﬂtl) +(@,), cos(—%ozt2 +%ozt,2 -pr+ 13’1)

®,(0) = (®,), cos(a(t—1,)) - (@,), sin(a(r~1,))

12t a)y(t)=a[1ﬂ(t2—t,)+(a)0)yJ where a=a(lﬂ(t2—tl)+(a)o)y

y

o,(t) = (@,), sin(a(r-t,))+ (@), cos(a(t-1,))

|

For a numerical example, we pick m=10 Nm, inertia terms are selected to be
I.=1 =10kgm® and ,=5kg m’, and an initial angular  velocity
@, =[03 -0.4 0.5] rad/sec is chosen. For this last rigid spacecraft validation case,
the absolute errors for w,, @, and @, are shown in Figure 3.14 for both 1000 and 10000

sec. of simulation times. The expected and simulated numerical results along with

absolute and relative errors, for several times are presented in Table 3.11.
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Table 3.11;

Validation case 9 - Expected and simulated angular velocity values

Sim. @, (rad/sec)
Time
(sec) Analytical Simulated Abs. Error Rel. Err
(%)
0.1 0.30993933534664 0.30993933600509 -6.58E-10 -2.12E-07
1 0.39335463874990 0.39335463932370 -5.74E-10 -1.46E-07
15 0.38247203046828 0.38247202968844 7.80E-10 2.04E-07
2 0.24858454125999 0.24858454103434 2.26E-10 9.08E-08
10 0.18541629367450 0.18541629178236 1.89E-09 1.02E-06
100 -0.31966514036139 -0.31966513815886 -2.20E-09 6.89E-07
1000 0.00288835725161 0.00288835556425 1.69E-09 5.84E-05
10000 0.29744412333327 0.29744419011824 -6.68E-08 -2.24E-05
Sim. (Oy (rad/sec)
Time
(sec) Analytical Simulated Abs. Error Rel. Emr
(%)
0.1 -0.40000000000000 -0.40000000000000 0.00E+00 0.00E+00
1 0.60000000000000 0.60000000000000 0.00E+00 0.00E+00
1.5 1.60000000000000 1.60000000000000 0.00E+00 0.00E+00
2 1.60000000000000 1.60000000000000 0.00E+00 0.00E+00
10 1.60000000000000 1.60000000000000 0.00E+00 0.00E+00
100 1.60000000000000 1.60000000000000 0.00E+00 0.00E+00
1000 1.60000000000000 1.60000000000000 0.00E+00 0.00E+00
10000 1.60000000000000 1.60000000000000 0.00E+00 0.00E+00
Sim. @, (rad/sec)
Time
(sec) Analytical Simulated Abs, Error Rel. Erx
(%)
0.1 0.49390040332529 0.49390040291190 4.13E-10 8.37E-08
1 0.43043248968210 0.43043248915751 5.25E-10 1.22E-07
1.5 0.44013082817439 0.44013082624144 1.93E-09 4.39E-07
2 0.52745210763306 0.52745210556099 2.07E-09 3.93E-07
10 0.55282980929036 0.55282980780140 1.49E-09 2.69E-07
100 -0.48766197108010 -0.48766197011649 -9.64E-10 1.98E-07
1000 0.58308803571364 0.58308803370840 2.01E-09 3.44E-07
10000 0.50152466887931 0.50152462692731 4.20E-08 8.37E-06
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Figure 3.14:  Validation case 9 - Absolute error between expected and simulated

angular body rates

105



3.4.2 Flexible Spacecraft Validation
All test cases for the flexible spacecraft have been validated using both the RK and ABM

integration techniques, however, only the results obtained from the RK solver (with 0.01
sec. time step) are presented here. For the flexible spacecraft, validation cases with an
analytical solution are not always possible, and we have to hence rely on more
fundamental concepts (i.e. conservation of energy and angular momentum) to validate the
flexible motion. After careful study of the flexible spacecraft equations of motion (2.57),
three validation cases were devised where the solution is analytically known and where
the flexibility of the system is not excited using a judicious choice of system parameters
and initial conditions. However for more comprehensive testing, including flexible
motion, one can resort to conservation of energy and momentum principles which state

that when the there is no torque applied to the spacecraft, the kinetic energy, T, and the

magnitude of the angular momentum vector, / , of the spacecraft must remain constant,
assuming that there is no damping in the appendages. The kinetic and potential energies
of the flexible spacecraft are given by equations (2.25) and (2.44), respectively. The

angular momentum vector of the flexible spacecraft is given by

=16+ & (3.75)

This section comprises seven (7) validation case studies. Table 3.12 summarizes the
specifications corresponding to these cases, and Figure 2.6 shows the layout of the

flexible spacecraft:
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Table 3.12:  Validation case study specifications for flexible spacecraft
Case . - - . .
N Total Inertia, /, Initial Rate, @, Torque, T Appendage Specifications
0.
No. of appendages: n=0
No. of modes: p=¢q =0
Appendage location: 4" =[000]
Modulus of Elasticity: £ =0
(@,), =0 7,=0 Poisson ratio: ¥ =0
10 I,=0 @,), =0
- = ( O)y T, = Width: @ =0; Length: 5=0
@,). = r =0 Thickness: A=0
z
Area density: p=0
Initial deflection: J, =0
Initial rate of deflection: /%o =0
Arbitrary number of appendages
located at any rigid bus
attachment point and in any
( o, )x =0 c —0 i dl.recltllon w1t}T ar?ntlrary but'
x sically meaningful properties
11 Any inertia matrix (@,),=0 paysicaly S prop
T,= Initial appendage deflection:
(w,), =0 -
T, = X, =0
Initial appendage rate of def.:
Z,=0
L 0 0 Same as case 11 except for
L={0o 1, o (w,), #0 T, = appendage locations, which must
=0 7.=0 have d, = 0 and must result in
12 0 0 1, (@,), y z
(w,)),=0 7.=0 the total inertia being a positive
with 1,1 ,I. >0 o : . ,
¥ diagonal matrix
(w,), =0 T, =
13 Same as case 12 (w, )y #0 T, = Same as case 12
(@,),=0 7,=0
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Same as case 12 except there is no

(@,),=0 7, =0 . for d l
requirement for d_ to equal zero
14 Same as case 12 (a)o)y =0 T, =0 z
as long as the total inertia is a
(@,). #0 7,=0 o
z positive diagonal matrix
Any initial T =

L. . angular rate less
15 Any inertia matrix T = Same as case 11

then the critical 7
angular rate” T, =
Any initial T, =m[u(t-1¢
L ) angular rate less —u(t-1,)]
16 Any inertia matrix . Same as case 11
then the critical m, #0
angular rate” tL,>t,>0

" The critical angular rate is the rate above which the numerical solution diverges. The physical meaning
of this situation is that structural damage (e.g. buckling) occurs in the appendages since the elastic restoring

force in the appendages is weaker than the centrifugal inertial force, created by the large angular rate.

Validation Case 10

With all system parameters and initial conditions set to zero (e.g. zero torque, zero
inertia, zero modulus of elasticity, etc.), the angular body rates and appendage deflections
of the flexible spacecraft are expected to remain constant at zero, and this is precisely
what was observed from the simulétion results. This is the all zero test case, which
insures that no mistakes have been made in coding the flexible dynamics equations (e.g.

no division by zero is present).

Validation Case 11

With zero torque, zero initial angular velocity, zero appendage deflection and rate of
deflections, and any inertia matrix and physically meaningful appendage specifications,
the angular body rates and the deflections of the flexible spacecraft are expected to
remain constant at zero. This is precisely what was observed from the simulation results

shown in Figure 3.15 and Figure 3.16.
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Figure 3.15

Validation case 11 - Spacecraft body angular rates (@)
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Figure 3.16 Validation case 11 - Deflection (w) at tipx=.5;y =10and midway x= 5,y =5

109



Validation Case 12

As per Table 3.12, by setting (@,), = (0,), =d, =0, %, =,f'0 =0 and 7 =0, many of the

terms in the spacecraft attitude and flexible dynamics equation (2.52) drop to zero and we

obtain the following simple equations:

- (3.76)

From (3.76) and noting that M, is simply a positive multiple of the identity matrix, we

can solve for 7 and 7 by integration:
=0 = 7()=%=0 = 7@)=7%, =0 (3.77)

Also from (3.76), we note that the attitude of the flexible spacecraft behaves exactly like
the rigid spacecraft as long as 7 =0 and hence, we recover the Euler's equations of
motion (3.1), by placing the appendages such that the total inertia matrix, /,, is diagonal.
Then, from (3.1) and knowing that (@,), =(®,), =0, we simply have the following

solutions:

a)x (t) = (wo )X
,()=(®,), =0 (3.78)
w,(N=(v,),=0

For a numerical example, we pick our typical spacecraft (Figure 2.6) with a rigid bus
which is 2 ImxImxIm cube and 2 appendages attached at mid-way along two opposing
sides of the rigid bus. This configuration will result in a diagonal inertia matrix and the

attachment vectors are 4’ =[-0.5 0.5 0.0jm and 47 =[0.5 0.5 0.0jm. A summary of these

and other system parameters can be found in Table 3.13.
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Table 3.13:  Specifications for the flexible spacecraft used for validation

Rigid bus mass: m, = 2000kg

Rigid bus dimension: Imx1mx1m cube

Rigid bus inertia: J, =333.37 kgm?; i is the identity matrix

Number of appendages: n =2

Appendage mass: m, =100kg

Number of modes: p, =¢q, =6

Appendages locations: d =[-0.5 0.5 0.0]m and &7 =[0.5 0.5 0.0]m

Modulus of elasticity: E, =5.0x10° N/m2

Poisson ratio: 7, =0.3

Width: @, = 1m

Length: b, =10m

Thickness: A, =0.02m

Area density: p, =10kg/m?

Initial angular rate: &7 =[0.10.0 0.0]rad/sec

Initial deflection: ¥, =0

Initial rate of deflection: f’o =0

Note: Both appendages have the same specifications (i.e. / =1,2). The total system inertia matrix, /,, is

diagonal with entries /, = 8050 kgm?, J, =350kgm’ and I, =8067 kgm”.

With the above setting, the simulation was run for 200 sec. and o, and w, were

observed to remain at zero and @, remained at its initial value of 0.1 rad/sec as expected.

The time evolution of the Euler angles are shown in Figure 3.17 which clearly indicates

that the spacecraft is rotating about its x-axis with a constant rate of ~ 6deg/sec (i.c.
slope of each saw tooth in Fig. 3.17). Figure 3.17 looks discontinuous, however in
reality, the angle is continuously and smoothly oscillating between +180°, where attitude

angle +180° is of course the same as —180°. There are no appendage vibrations in this

case, as can be deduced from the zero potential energy plot in Figure 3.18.
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Figure 3.17:  Validation case 12 - Spacecraft attitude (Euler angles)
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Validation case 12 - Spacecraft total, potential, and kinetic energies
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Validation Case 13

This is a repeat of case 12 except that for this case (®,), =(®,),=0 and
.(wo ), =0.1rad/sec, hence all the analysis done in case 12 apply here. Using the settings

in Table 3.13 (except for the initial angular rate), the simulation was run for 200 seconds

and w, and @, were observed to remain at zero and @, remained at its initial value of

0.1 rad/sec, as expected. This time the spacecraft starts to rotate about its y-axis with the
constant rate of ~ 6deg/secas seen in Figure 3.19. Note that unlike all the other cases
presented in this thesis where the (3,2,1) Euler rotation sequence has been used to obtain
the Euler anglés from the quaternions, for the present case, the (3,1,2) Euler rotation
sequence was used in order to make the pure pitch spin detectable. Again, since there are
no acceleration or disturbing torques of any kind, no appendage vibrations are induced
and the potential energy of the system, which is due entirely to the elastic deformation of
the appendages, remains zero. Figure 3.20 shows that the system energy which is due to

the rotational kinetic energy of the spacecraft (E=1.75J) is much less than its

counterpart value in case 12 (£ =40.25J). This is expected as the y-axis inertia term
(1,=350 kgm?) is smaller than the x-axis inertia term (1, =8050 kgm?). In fact this case

represents a rotation about the spacecraft's minor axis.
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Figure 3.19:  Validation case 13 - Spacecraft attitude (Euler angles)
No. of Plates = 2 NmodeX =6 Length =10 Thickness =0.02 E = 5e+008 Omega0 =[00.1 0]
T_ctr_limit=0 NmodeY = 6 Width = 1 RO=10 ETA=0 Offset Ref=[-0.5 0.5 0]

T T T T 1 T T T T
s2r ]
B
TR -
0 i 1 | i 1 1 1 | 1
0 20 40 60 80 100 120 140 160 180 200
1 T T T T T T T T T
0.5} -
=)
a o
w
05 -
K 1 1 L I 1 I ! 1 I
0 20 40 60 80 100 120 140 160 180 200
3 i T T T T T T T T
=2F .
2
1’4
Lt 1k .
o 1 1 i 1 1 1 H 1 |
0 20 40 60 80 100 120 140 160 180 200
Time(sec)
Figure 3.20:  Validation case 13 - Spacecraft total, potential, and kinetic energies
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Validation Case 14

This is a repeat of case 12 except that for this case (w,), =(a)o)y =0 and
(w,), =-0.2rad/sec. Using the settings in Table 3.13 (except for the initial angular
rate), the simulation was run for 200 sec. and @, and @, were observed to remain at zero

and w, remained at its initial value of -0.2 rad/sec, as expected. This time the spacecraft
starts to rotate about its z-axis with the constant rate of =—12deg/sec as seen in Figure

3.21. Compared with Figure 3.19 in case 13, the Euler angle starts in the negative
direction in this case and the saw teeth have steeper slopes, in fact the magnitude of slope
in Figure 3.21 in double the one in Figure 3.19, as it is anticipated. In this case as was in
cases 12 and 13, because there are no acceleration or disturbing torques, the appendages

are not deflected and the potential energy of the system remains zero.
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Figure 3.21:  Validation case 14 - Spacecraft attitude (Euler angles)
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Validation Case 15

The next two cases (cases 15 and 16) are the most general validation cases for the flexible
spacecraft, as they include accelerating motion and hence appendage vibrations. The FS2
was set up as per specifications in Table 3.13, except that in this case we have added two
extra appendages for a total of four (i.e. n=4), all of which have now 3 modes in each x
and y direction (i.e. p,=q,=3) bringing the total system dimension to
m=3+2(4)(3)(3)="75. The two new appendages are attached at the following locations:
d; =[-0.5 -0.5 0.0]m and 47 =[0.5 0.5 0.0]m. The initial angular body rate is selected to be

@,=[0.1 -0.1 0,1]’ rad/sec which could represent an unknown malfunction or simply the

launcher's tip-off rates. Also, the modal damping of the appendages has been set to zero
in order to show the correctness of the simulation results. As expected in this case, the
total energy (Figure 3.22) and angular momentum of the system (not shown), are
conserved (i.e. constant). The spacecraft angular body rate and the appendages

deflections are shown in Figures 3.23 and 3.24, respectively.
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Figure 3.22  Validation case 15 - Spacecraft total, potential, and kinetic energies
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Figure. 3.23  Validation case 15 - Spacecraft body angular rates (@ )
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Validation Case 16

This is a repeat of case 15 except that for this case (@,), =(®,), =(@,), =0 and we
subject the spacecraft to an actual large thruster misfire of 7 =[100 -100 100]T Nm which

starts at the 5 seconds mark and lasts for 2 seconds. In this case, a single appendage is
included which is élamped mid-way along the right side of the rigid bus and has the same
properties as described in Table 3.13 with 2 modes in each x and y directions of the
appendage (i.e. p=g=2), bringing the total system dimension to
m=3+2(1)(2)(2)=11. Again, the modal damping of the appendage has been set to zero

in order to show the correctness of the simulation results. As expected in this case also,
the total energy (Figure 3.25) and angular momentum of the system (not shown), are
conserved, after the initial energy injection due to the thrusters' disturbance torque. The
spacecraft angular body rate and appendage deflections are also shown in Figures 3.26

and 3.27, respectively.
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Figure 3.25  Validation case 16 - Spacecraft total, potential, and kinetic energies
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3.5 Concluding Remarks

A survey of simulators, which have been mentioned in the literature and include both
rigid and flexible dynamics, was undertaken and resulted in the identification of several
possible candidates for use in this thesis. However, after careful study of these

simulators, it was found that one or several of the following drawbacks were present:

(i) they do not include all the required functionalities;
(ii)  they are provided without source code;
(iif)  they are expensive for an academic setting;

(iv)  they are not user-friendly.

Therefore for the purposes of this thesis, a high-fidelity, user-friendly modeling and
control software environment was developed. The dynamics engine of this simulation
environment is based on the generic formulation presented in Chapter 2. In this chapter,
we covered the architecture and environment of the simulator and provided detailed study
of the important topic of the simulation validation where closed form solutions of some
rigid and flexible dynamic cases and conservation principles (e.g. conservation of energy
and angular momentum) were utilized to achieve this validation goal. It is envisaged that
the software simulator will be further validated through comparative simulation studies
with one of the commercially or otherwise available simulators, and eventually using

actual flight data obtained from a flexible spacecraft.

In the next two chapters, the simulator is the key tool used for the investigation of the
attitude recovery of both rigid and flexible spacecrafts using the input-output feedback

linearization technique.
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CHAPTER 4

RIGID SPACECRAFT
ATTITUDE RECOVERY SYSTEM

The attitude recovery for rigid spacecraft is investigated in this chapter. Given that there
are three outputs which are the same as the system states (e.g. 3 of the 4 quaternion
parameters) and that need to be controlled using three inputs (e.g. 3 torques), full state
linearization can easily be achieved. The output error dynamics equation which is used
to determine stable controller gains will be derived in Section 4.1. Sections 4.2 and 4.3
present results of the attitude recovery simulations performed using the proposed
controller for a rigid spacecraft without or with parameter and model uncertainties,
respectively. The simulation cases are for two different failures severely affecting the
attitude motion of the spacecraft with some cases including parameter uncertainties to
study the robustness of the controller. The source of the very large disturbance torque is
not really important and has nothing to do with the main thrust of the thesis. The large
disturbance is being used only to show that even under exceptionally severe conditions,

the proposed controller would complete a maneuver and remain stable.
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4.1 Controller based on Input-Output Feedback Linearization

The problem of rigid attitude recovery can be stated as the regulating (or zeroing) of the
Euler angle errors or angular rates given a specified reference and starting from an
unknown initial condition. Otherwise stated mathematically there are two different

scenarios:

(i) Zeroing of angular body rates:

lim@ =0 4.1)

{—>®
(ii) Regulating Euler angles (or quaternions):

limg=g,, limg=0 (4.2)
{0

{—0

Case (ii) is the more general case, as it also implicitly requires that limé@ = 0. Case (i) is
w0

the less restrictive, as it does not require the attitude recovery maneuver to point the
spacecraft in any particular direction, it only requires that the body's angular motion is

brought to zero.

We make the assumption that attitude knowledge of the spacecraft is available to the
controller through the use of gyros, with the possible addition of a magnetometer. In fact,
after some careful thought about our attitude determination problem, it was found that
many standard attitude sensors, such as Earth, Sun and star sensors, are not ideal for the
attitude recovery system proposed, specially with the fast motions sometimes involved.
These is mainly due to the fact that these sensors are made to work on a fairly stable
spacecraft with slow motions. In reality, any sensors relying on the environment (e.g.
Earth, Sun, Moon, stars) would not be appropriate and it seems that the only viable sensor
in case of rapid attitude recovery maneuvers would be a set of mechanical or laser gyros.
The magnetometer has also been used as an attitude sensor in the past (e.g. Radarsat) and
in our case, its 3-axis magnetic field measurements could be used to complement the gyro
data (as a separate source of measurement). Of course, there would be a need for

processing of these raw attitude data obtained from the sensors to calculate the
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quaternions used by the controller, and this processing is performed by the attitude

determination algorithms which is a major field of investigation on its own right [6].

As for actuation, reaction wheels can not muster up enough torque authority and the two
real viable choices with today's existing actuators are thrusters (e.g. bi-propellants) or
control moment gyros (capable of producing very large control torques). In this thesis,
we have assumed the availability of control moment gyros, providing continuous, smooth
and high authority control in all three spacecraft axis. However, the dynamics of a
control moment gyro has not been modeled, nor has any internal angular momentum been
included in the simulations presented. Having made the above assumptions, it is
understood that for a real implementation of an attitude recovery system on an actual
spacecraft, considerable effort would be needed to study the effects of actuator non-
linearities, sensor time delays, noise, etc. on the control system, and many of these issues

are identified for future work in Chapter 7.

In order to design attitude controllers, we could linearize the nonlinear attitude dynamics
equations, about an operating point and then use linear control theory to design a simple
stable controller. However, this linear controller will not be suitable for large re-
orientation or attitude recovery maneuvers which will take the satellite away from the
operating/equilibrium point and invoke the non-linearities inherent in the attitude
dynamics. In cases where we need large maneuvers, it is best to directly use the
nonlinear dynamic equations and modern control theory (e.g. feedback linearization) to

design more capable control algorithm.
In order to implement the Feedback Linearization Controller (FLC), we start with the
attitude dynamics equation (2.20) which is in a form suitable for feedback linearization

with the state variable, §. To proceed, let us set the feedback linearization control torque

to be:

T=G,[-f;+V] (4.3)
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By substituting (4.3) into (2.20), we will obtain a linear relationship between the

output/states and the new input v :

=y
I
<!

4.4

We will now propose and define a control error signal based on addition of the vector

parts of the actual and reference quaternions:
qe = qref - q (45)

In is important to note that the error signal (4.5) is not the standard quaternion error
vector found in literature for control purposes, which is calculated using multiplication as

opposed to addition. For example, [143]-[144] define the quaternion error vector as

qerror = _q2 _q3 qO ql qref Where qref =

4 4 495 —q [
-4 9 4 9

qj"ef} (4.6)

ref

or equivalently expressed as Gervor = DoTret — Toresd — G G -

The quaternion error vector (4.6) gives the actual rotational error between the two
reference frames expressed by a quaternion where in our case, the error term constructed
by the addition of quaternions does not represent a rotation. A few words are then in
order regarding the geometrical interpretation of a quaternion addition given by
g, =q.s —q where g, is the reference/target attitude and G is the present attitude, both
expressed with respect to the same reference frame. Considering the quaternion as a four

dimensional (4D) vector, then §, represents the error vector between the target and the

present attitudes in the 4D vector space. As mentioned before however, §, does not

represent a rotation and the quaternion unitary condition no longer holds for this special

definition of error vector. Now, the quaternion unitary condition must hold for both §

124



and g, separately and hence imposes a restriction on the location where these

quaternions can be in our 4D vector space. The set of all the allowable points for the
quaternions representing 3D attitude motion in the 4D space is the 4D unit hypersphere
given by the unitary condition. The attitude motion of the spacecraft is then represented
by the trajectory traversed on the surface of the hypersphere starting from the present to

the reference point and the error term g, in (4.5) can be thought of as the projection of q,

onto the 3D space of .

Indeed, quaternion addition has only been used recently for control purposes, by Lin and
Lin [107]-[109]. However, their approach has a major problem of non-uniqueness which

is addressed in this thesis. This non-uniqueness refers to the existence of the two

solutions (i.e. equilibrium points where g, =+\1-g"q) if the control signal is only
controlling the vector part of the quaternion, g. Physically what happens is that as the

control signal based on the error vector defined in (4.5) is driven to zero, the spacecraft

can converge to two different attitudes which at worst case can be 180 degrees apart! (i.c.

—

when G'G=1/2 such that g, =+,/1-§"G =+v2/2 and hence the Euler angle can be

+90°). This problem can be solved by taking the vector part of the reference quaternion
to be G, =[000]". In this case the G'§=0 suchthat g,=+v1-0=+1 and hence

the Euler angle can be 0 or 360 degrees which represents the same spacecraft attitude. In
order to achieve this, one would implement in the attitude determination algorithm the
appropriate transformation so that the attitude of the spacecraft body is given with respect
to the control or recovery reference frame (e.g. orbital reference frame, celestial reference
frame or any other appropriate reference frame pre-selected for the attitude recovery
maneuver). Hence by regulating or zeroing ¢,, as defined in (4.5), the spacecraft
reference frame will converge towards and eventually coincide with the recovery
reference frame (e.g. for simulations performed in this thesis, the celestial inertial frame

was chosen to be the target attitude recovery frame). Of course, depending on ¢,

converging to +1 or -1, the spacecraft attitude motion in 3D space (and the attitude path
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on the 4D hypersphere) will be different, but this is not of concern in an attitude recovery

maneuver, as long as the reference/target attitude is finally achieved.

It is important to note that infinitely many other solutions, besides 4., =[0007]", exist as
avalid g, command such that a unique attitude is obtained. These solutions all lie on
the surface of the 3D unit sphere defined by G'g=g¢’+q;+q>=1 such that,
q, = +/1-1=0 and hence, g, is always unique. In fact, g, =0 gives the Euler angle

+180° which results in the same spacecraft attitude. Without loss of generality, we have

selected g, =[000]" in all the simulation cases presented in this and the next chapter.
We assume a PD control law for the new input torque v in (4.4) which is given by:
‘7 = KI’qu + Kl)qq_..e + éief (47)

Substituting (4.3) and (4.7) into (2.20) gives:

i

=

q= +Q¢7Q;[_fq +K1’q‘_je +K1)qée +.q:ref] (4.8)

=3

Simplifying (4.8), we get:

G=K G+ Ky + G (4.9)
and hence the quaternion error equation becomes:

G+ Kpgq, + K pyd, =0 (4.10)

The stability of (4.10) can be guaranteed by selecting diagonal positive definite gain

matrices K, and K, so that we obtain three decoupled, linear time-invariant, second

order systems which are asymptotically stable. Gains for each second order system can

be selected to satisfy control design specifications (e.g. settling time, overshoot, etc.).
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The simulation results for the controller are presented next. Note that in all simulation
cases presented in this chapter, the Roll, Pitch and Yaw refer to Euler angles defining the
orientation between the spacecraft and the celestial reference frame, since an inertial
pointing maneuver is being considered. In all cases, the (3,2,1) Euler rotation sequence
was used to obtain the Euler angles from the quaternions. Also, it is noteworthy to
underline the fact that the spacecraft used for simulation purposes does not include

models of the ACS sensors, actuators and attitude determination algorithms.

4.2 Simulation Results for the Rigid Spacecraft

The feedback linearization controller was used to recover a rigid spacecraft from 2
different malfunctions which throw the spacecraft into a tumble. The controller must
proceed to detumble the spacecraft towards a safe hold mode of zero angular velocity and
some inertial attitude pointing. Without loss of generality, we will set the reference
attitude pointing to be the vernal equinox direction which means that the controller must
align the spacecraft reference frame with the celestial reference frame. In doing so, the
controller will be reducing the imparted kinetic energy back to zero. The spacecraft has a

configuration as shown in Fig. 2.6 with a cube rigid bus of dimensions Imx1mx1m and
mass 200 kg and two rigid plate-type appendages with area density of p=10kg/m?,
width @ =1m, different lengths b, =2m and b, =4 m and thickness 4 =0.02m. The
first appendage is clamped at the bottom of the right side panel, cf]’" = [—0.5 0.5 0.5] m
and the second appendage is clamped at the top of the left side panel,
d! =[-05-05 —0.5] m. With this configuration, the spacecraft's inertia matrix with its

appendages fully deployed is:

1433 60 30
I[,=| 60 1933 -35 |kem’
30 -35 2733

Finally, controller gains K, =0.08{ and K, =0.57i were used in (4.7) where { is the

3x3 identity matrix.
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Simulation Case I:  As the first Attitude Recovery Maneuver (ARM) simulation case
for the rigid spacecraft (Figs. 4.1-4.4), the closed loop response of the system to an initial

disturbance is studied. The disturbance is due to some malfunction which causes an
initial large disturbance torque mainly about the x-axis given by 7 = [l 00 -10 —IO]T

Nm. The disturbance is assumed to start at the 5-seconds mark (e.g. #=35) and lasts for 5
seconds, with constrained control torques (£50Nm ), starting 10 seconds after the end of
the disturbance torque (i.e. =20) to allow for extra deviation of the spacecraft's states

from the equilibrium point.

It is noted that this is a sever malfunction which throws the spacecraft into spin about all

three axis such that the attitude angles go through several 360° rotation (Fig. 4.2) within
the first 30 seconds of the maneuver before staring to stabilize towards zero around

t =40 seconds. In fact, we see that the y-axis angular rate (@, ) fluctuates about the —3

rad/sec mark which is a very fast rotation rate for a spacecraft (i.e. about a half-rotation
every second). The control commands are saturated between ¢ =20 to =35 seconds
(Fig. 4.3) when the main effort of the controller is taking place as can be also seen from
the kinetic energy plot of Fig. 4.4. In this case, as will be in all subsequent attitude
recovery cases in the present and the next chapter, the energy plot is a good indication of
the overall performance of the system. In the present case, the initial disturbance injects
just over 500 Joules into the system from =5 to =10 seconds after which the energy
remains constant until #=20 seconds when the attitude recovery controller becomes
active and slowly dissipates most of the system energy during the next 20 seconds,
however another 20 seconds are needed to completely null the angular rates and attitude
angles. Hence, it takes about 40 seconds to recover the spacecraft from the initial large

disturbance.
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Figure 4.2: ARM case 1 - Spacecraft attitude (Euler angles)
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Figure 4.4: ARM case 1 - Spacecraft kinetic energy
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Simulation Case 2:  Figures 4.5 to 4.8 show the closed loop response of the rigid
spacecraft to an initial torque disturbance of 7 =[100 -100 100]' Nm, starting at ¢ =5

seconds and ending after 4 seconds, with constrained control torques (+50 Nm ), starting

1.0 second after the end of the disturbance torque (i.e. £ =10) to allow for extra deviation
of the spacecraft's states from the equilibrium point. All other parameters were kept the
same as in case 1. Simply considering the magnitude of the disturbance torque, it is
obvious that this is a more severe malfunction than case 1 which throws the spacecraft
into a fast spin about all three axis. Compared to case 1, we note more frequent full 360°
Euler angle rotations (Fig. 4.2) before the attitude angles start to stabilize towards zero

around 7=45 seconds. This time, the y-axis angular rate (o, ) reaches below the —6

rad/sec mark which is an extremely fast rotation rate for a spacecraft (i.e. a full rotation
every second). The control commands are saturated at 50 Nm for just over 25 seconds
of the total ARM time (Fig. 4.11) and the kinetic energy plot (Fig. 4.12) depicts an initial
energy injections of over 1200 Joules which is mostly dissipated by the controller over 30
seconds. However another 20 seconds are needed to completely regulate the angular rates
and attitude angles, taking the total attitude recovery maneuver time up to about 50

seconds, namely 10 seconds more than case 1.
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4.3 Robustness Considerations

In order to validate and investigate the capability of the controller and its robustness
against parameters and model uncertainties, which will be undoubtedly present in any
complex system model, a series of simulations cases were carried out. For the rigid
spacecraft, the main source of parameter uncertainties is the inertia matrix and model
uncertainties could arise from the fact that no spacecraft is really entirely rigid and there
are always some flexibilities at play. As for inertia parameters, these are quite difficult to
obtain with precision and are usually off from the actual values. Inertia values may also
vary unpredictably once the spacecraft is in orbit due to deploying appendages, fuel
slosh, astronaut motion, etc. The following two simulation cases are repeats of the
simulation cases of the last subsection and are devoted to examining the controller's

robustness characteristics.

Simulation Case 3:  This is a repeat of simulation case 1 with 50% increase in the

values of fq and G in (4.3) which would represent the model/parameter uncertainties in

the system. This large increase in fé and G values is chosen in order to magnify the

effect it has on the overall system response. Figures 4.9 to 4.12 show the closed loop
response which, by comparison to case 1, depicts a more sluggish response of about 10
seconds. The associated specific deteriorations in angular rate (Fig. 4.9), attitude angles
(Fig. 4.10), control effort (Figs. 4.11-4.12) are noted in comparing every corresponding
figure from this case to case 1. From Fig. 4.9, we notice more angular rate oscillations
which lead to a more dynamic attitude motion (Fig. 4.10) with many more full 360°
angular rotations. Also, the control torques (Fig. 4.11) are saturated for approximately 10
seconds longer than case 1 and the energy plot indicates a corresponding sluggishness to
move towards the zero energy level. One way to assess this sluggishness from the energy
plot, is to visualize a line through the many energy oscillations (after ¢ = 20) and note
that the slope of this line (e.g. average rate of change of the kinetic energy) is less steep

than the similar line for case 1 (Fig. 4.4).
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Figure 4.9: ARM case 3 - Spacecraft body angular rates (@)
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Figure 4.10: ARM case 3 - Spacecraft attitude (Euler angles)
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Figure 4.11: ARM case 3 - Initial disturbance and attitude recovery torques (7)
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Figure 4.12: ARM case 3 - Spacecraft kinetic energy
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Simulation Case 4:  Finally, we present a repeat of simulation case 2 with 50% increase
in the values of fq and G; in (4.3). Figures 4.13 to 4.16 show the closed loop response

in this simulation case which again is slower than when compared to case 2. The
increase in the attitude recovery maneuver time is once again about 10 seconds and all
the deteriorations discussed in the previous case are also present here and can be noted by

comparing Figs. 4.13-4.16 to Figs. 4.5-4.8, respectively.
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Figure 4.13: ARM Case 4 - Spacecraft body angular rates (@ )
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Figure 4.16: ARM Case 4 - Spacecraft kinetic energy

4.4 Concluding Remarks

Six different simulation cases were presented in this chapter based on two different
malfunctions, namely, (i) a failure imparting a large disturbance torque mainly about the
x-axis; and (ii) a severe malfunction affecting all three attitude axes. For all the
simulation cases presented here, the system performance requirements of Section 1.3
were met and of course, the controller gains can be further tuned to decrease the attitude
recovery maneuver time, if needed. It is also noted that the main effect of
parameter/model uncertainty is the deterioration of the close-loop system performance in

its response time which becomes slow and sluggish.
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CHAPTER 5

FLEXIBLE SPACECRAFT
ATTITUDE RECOVERY SYSTEM

In this chapter, the attitude recovery for flexible spacecraft is investigated. Since the
flexible spacecraft is under-actuated, input-state feedback linearization can not be
achieved and we turn to a controller based on input-output feedback linearization.
General theoretical results and methodology for input-output feedback linearization exist
in the literature, however, the application of these general results to our complex system
has not been undertaken, and is the subject of Section 5.1. Sections 5.2 and 5.3 present
results of the attitude recovery simulations performed using the proposed controller.
Similar to Chapter 4, the simulation cases here are for two different failures severely
affecting the attitude of the spacecraft, and some cases also include model/parameter
uncertainties to study the robustness of the controller. As was mentioned before, the
source of the disturbance torque is not really important and the large torque is only being
used to show that even under exceptionally severe conditions, the proposed controller can

perform a stable maneuver for a typical flexible spacecraft.
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5.1 Controller based on Input-Output Feedback Linearization

The problem of flexible attitude recovery can be stated as the regulating (or zeroing) of
the Euler angle errors or angular rates given a specified reference and starting from an
unknown initial condition as was the case with the rigid spacecraft. However, in the case
of a flexible spacecraft, we must as well include the requirement of vibration suppression

of the appendages. Otherwise stated mathematically, there are two different scenarios:

(i) Zeroing of angular body rates and vibration suppression

limé =0, lim7=0, limj7=0 (5.1)
(ii) Regulating Euler angles (or quaternions) and vibration suppression
limg=q,, limg=0, lim7=0, limz=0 (5.2)

{—>©

Case (ii) above is the more general case, as it implicitly requires that limé = 0. Case (i)
{—on

is the less restrictive one, as it does not require the recovery maneuver to point the
spacecraft in any particular direction, it only requires that all system motions are brought

to zero.

We assume that the full state measurement of the system is available through attitude
(e.g- gyros) and structural (e.g. strain gauges) senmsors. Strain gauges have been
successfully used on flexible robotic links to measure the displacements from which

generalized displacements () are derived and and then a nonlinear observer can be
constructed to also obtain the associated rates ( 7 ) [145]-[147]. Note that an observer is

necessary since simple numerical differentiation of the 7 states to get 7 states will
introduce too much noise and is not a viable option in a real implementation. It is also
important to note that there would be no simple way of estimating the ;2 states without
the measurements of y states. The control actuators will be the same as for the rigid

spacecraft case (i.e. control moment gyros) and we do not assume the use of piezoelectric
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actuators on the appendages, as these are not commonly found on today's spacecrafts.
However, it is envisaged that some time in the future, spacecraft manufacturers will
consider using these actuation mechanisms to damp out vibrations of flexible parts of the
spacecraft.  Hence, without the use of any direct actuation mechanisms for the
appendages, our system is in fact under-actuated. For this specific reason, we can not use
the straight forward input-state feedback linearization approach and must turn to the

input-output feedback linearization techniques.

Input-output linearization of our multi-input multi-output system is obtained by
differentiating the outputs y, until the inputs 7, appear. Using the notation of differential

geometry, the process of repeated differentiation means that

. . 3
Vi =Vhx=Vh(f+GT)=Lh+ (L, h)r, i=1,23 (5.3)
j=1
where the Lie derivative Lih of the scalar function 4 along the vector field f is defined
as

Lh=Vhf=

oh - | Oh  Oh f] Oh oh
wl " b
X

— .= = f 4 —
ox, o, lefl ox. "

m

If L, b, =0forVjin a neighborhood Q, of the point X,, the differentiation process needs
to be continued. Assuming that r, is the smallest integer such that at least one of the

inputs, 7, , appears in y{”’, then

3
Y=L+ (L L) 7, (54)
j=1

with LE_L}'"lhl. #0 for at least one j, in a neighborhood Q,of the point X,. Note that the

repeated Lie derivatives can be defined recursively as
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Lh=h
=1, 159) (1) 7

and similarly, if g is another vector field, then the scalar function LgL]h = V(th) g.

The differentiation process above is done on all outputs which yields the following

|| L

yé’” = L}’h2 +E(X)T (5.5)
(n) n

Y3 th3

where the 3x3 matrix E(x) is defined as
LIk LIp'h LyLi'h
E(®)=| Ly LYk, Ly L¥'h, L L%'h, (5.6)
Lly'h LLy'h LIy,

E(X)is the decoupling matrix and is invertible in the region Q, so that input-output
linearization can be achieved. Note that Q is the intersection of the Q, and for well-

defined relative degrees, r,, Q is itself a finite neighborhood of X, .

Now the input-output linearizing control vector is chosen as

Vi _L}hl
T=E"\v,~L%h (5.7)

V3_L?h3
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where v is a 3x1 vector, representing the new control input torque. Substituting (5.7) in
the output equations in (5.5), we obtain the three input-output decoupled and linearized

ordinary differential equations as

(1)

N Vi
W2 =] v, (5.8)
w2 v

Since the input v, only affects the output y,, we have a decoupling control law where, as
mentioned before, E(X) plays the role of the decoupling matrix of the system. The

system is then said to have relative degrees, r, for i=1,2,3 at ¥ . The total relative

3
degree of the system may be defined as r =Y r.at %,.

i=1

In our case the relative degree 7, =10r 2 for every output y,, as it easy to see that 1 or 2

differentiation steps are needed for the input to appear in systems (2.57)-(2.58) or (2.59)-

(2.60), respectively. The total relative degree of the system is » = (3 or 6) <m and hence

there are m—3 or m—6states that belong to the internal dynamics of systems (2.57)-
(2.58) or (2.59)-(2.60), respectively.

We will now concentrate on the more general attitude recovery problem stated by

requirements (5.2) applied to the system (2.59)-(2.60). In order to obtain the feedback
linearization control torque, the decoupling matrix, E(X), and the L:i,‘h,. (i=1,2,3) terms
in (5.7) must be derived for our specific system (2.59)-(2.60). Let's begin by finding the
Llh term where r,=2 and h =x, from (2.60). We know szh1 =L; (th,) and L:h

can be derived as follows
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[(§:9:7: %)
Ljhz[%_%__,a_h] W DDBIN) Oh O Oh s
Laxl axZ axm | f;i(q:q:Zal) ax] axz 6x

Vi xnpq+9

x2npq+8
| 7,G.4.7.0)
f

All the terms is (5.9) are zero except the second term which is %x‘s = éxlx(, =X, and
X2 2

hence L:# = x; and we can proceed to find Li;h1 =L; (L]hl ) = L;x; to be

10 @37, 2)
L2hl—Lx—% 6 6l o2 o _%/}'-(~;_._'.)_j;, (5.10)
S f76 axl ax6 ax | {;ﬂ(q,q‘,lw?) ax6 G 9. XX g, .
Vs ftiz(qaq’iaf)
[3@.4.2.2)

-

So szh, was found to be simply the sixth element of the vector field 7 given in (2.59),

and the other two L;i;hi (i=2,3) terms and the 9 elements in the decoupling matrix E(X)

can also be derived similarly (not shown) to get the final results below:
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Lh | | f; G, (L) G,0.2) G,(.3)
Ly |=| fy, |= 1, E@=|G;21) G;(22) G,;(23)|=G,  (5.11)
L | | T, GG G,33) G,33)

Finally, substituting (5.11) in (5.7), the feedback linearization control torque is obtained

to be

T

G,'[-f;+7] (5.12)

where the closed-form expression for f(i and G of system (2.59) are available.

By substituting the control torque (5.12) into the system dynamics (2.59), we will obtain

(i) a simple linear relationship between the output y and the new input v which
constitutes the new external and observable dynamics of the system (5.13) and (ii) an

internal unobservable dynamics (5.14) (i.e. dynamics of 7, 7 states):

q=v (5.13)

7=f,-G,G;'f,+G,G;"V (5.14)
We will now define the quaternion and the generalized displacement error vectors as

qe = qref - q

B (5.15)
Ze:Xref_Z

where both ¢, and 7, are set to zero. Note that, as it was explained in Section 4.1, we
will be using quaternion addition to define the control error signal and we'll only need to

consider the vector part (g ) of the quaternion for control and stability analysis.

Assuming a PD control law for the new input torque v in (5.13), we have
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Vegu+Kpd, +Knd, +Kp 7.+ K, 7, (5.16)

The two terms K, ¥, and K, j'e , in (5.16), are included to increase the rate of vibration

suppression of the appendages. Without these terms, the time constant and energy spent
for vibration suppression are too high and not optimal for a practical implementation.
However, as will be discussed in Section 6.3, if these two terms are dropped, a larger
stability region of convergence for the closed-loop system can be found. In a sense we

can trade-off the performance of the controller versus a better stability proofl

Finally, substituting (5.16) in (5.13) and using (5.15), the output error dynamics for the

flexible spacecraft, is governed by
Go+ Ky, + Kp,G.~Kp, 7K, 7 =0 (5.17)

The next step is to select the appropriate gain matrices K,,,K,,,K,, and K p, to insure

that the error dynamics is at worst, locally asymptotically stable. This stability analysis is

covered in Chapter 6, and the simulation results for the controller are presented next.

5.2 Simulation Results for the flexible Spacecraft

The feedback linearization controller was used to recover a typical flexible spacecraft
from 2 different malfunctions which throws the spacecraft into a tumble. The controller
must proceed to detumble the spacecraft towards a safe hold mode of zero angular

velocity and some inertial attitude pointing. Without loss of generality, we will set the
reference attitude pointing to be the vernal equinox direction (g, =[0 0 0]) which
means that the controller must align the spacecraft reference frame with the celestial
reference frame. In doing so, the controller will be reducing the imparted kinetic energy

back to zero. The spacecraft has a configuration as shown in Fig. 2.6 with a cube rigid

bus of dimensions ImxImxIm and mass 2000 kg and one single appendage with area
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density of p =10 kg/m®, width a =1m, length b=10 m and thickness % =0.02m. The
appendage is clamped midway along the side panel, d’ =[-0.50.5 0.0] m. The
appendage modal damping is assigned to be 5% (i.e. £=0.05), a low modulus of

elasticity is used to increase the flexibility of the appendage, E =5.0x10° N/m?, and the
Poisson ratio is set to y = 0.3. With this configuration, the spacecraft's inertia matrix with

its appendage fully deployed and undeflected is:

4192 0 0
I,=| 0 342 0 |kgm?
0 0 4200

The followings are the Attitude Recovery Maneuver (ARM) simulation cases for the
flexible spacecraft and we resume the case numbering from where we left off in Chapter
4. Note that in all simulation cases presented in this chapter, the Roll, Pitch and Yaw
refer to Euler angles defining the orientation between the spacecraft and the celestial
reference frame, since an inertial pointing maneuver is being considered. Also in all
cases, the (3,2,1) Euler rotation sequence was used to obtain the Euler angles from the

quaternions.

Simulation Case 5:  As the first simulation case (Figs. 5.1-5.4), the closed loop

response of the system for a controller where direct vibration suppression has been turned
off (ie. K,,=K,, =0) is presented. The initial disturbance is due to a malfunction
imparting an initial large disturbance torque mainly about the x-axis given by
7=[100 -10 -10]' Nm. The disturbance is assumed to start at the S-seconds mark
(1=5 seconds) and lasts for 5 seconds, with constrained control torques (+50Nm ),
starting 10 seconds after the end of the disturbance torque (¢ =20 seconds) to allow for
extra deviation of the spacecraft's states from the equilibrium point. In this case, 2 modes
in each x and y directions of the appendage (i.c. p=g=2) were activated, bringing the

total system dimension to m =8+ 2(1)(2)(2) =16.
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As expected, the performance of the controller is deteriorated (compared to other

simulation cases below where K, #0; K, #0) as far as vibration suppression and

control effort is concerned (Figs. 5.3 and 5.4). It takes about 1600 seconds to damp out
the vibrations through the natural damping of the appendage. Incidentally, an
approximation of this time constant can be obtained analytically using the zero dynamics

(refer to Section 6.2) given by (6.42) which is a second order system. The settling time

for a second order system is given by ¢ = % » where £ and @, are the damping ratio

and the natural frequency. Using the parameters for our flexible spacecraft, the settling
time is obtained to be 1600 seconds which matches our simulation results. Hence, this
simulation run can be used also as another validation case where predicted analytical

results matches our simulation output.

No. of Plates = 1 NmodeX =2 Length = 10 Thickness =0.02 E = 5e+008 Omega0 =[0 0 0]
T_ctrl_limit = 50 NmodeY =2 Width = 1 RO=10 ETA=0.05 Offset Ref = [-0.5 0.6 0}
08 T T T T T T T T 1
— WX
Wy
0.6 ~_ wz H
0.4 B
0.2 .
0
n
a
g 0.2 .
z
-0.4 -
0.6} R
081 b
RS -
_1 2 i H 1 1 1 1 1 i 1
0 20 40 60 80 100 120 140 160 180 200

Time(sec)

Figure 5.1: ARM case 5 - Spacecraft body angular rates (&)
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Figure 5.4: ARM case 5 - Initial disturbance and attitude recovery torques (7)

Simulation Case 6:  This simulation case represents the closed loop response of the
flexible spacecraft (Figs. 5.5 to 5.9) to the same x-axis momentum wheel failure as in
case 5. In this case again, 2 modes in each x and y directions of the appendage were
activated, however, the same simulation case was run with higher numbers of model

vibration modes (i.e. p =g =3 or 4) but did not result in any noticeable difference in the
dynamic response, indicating that the higher flexible modes are not excited as much as

the first 2 modes. The controller gains K, =0.08f, K, =0.57i, K,,=0.011 and

K, = 0.0011 were used in (5.16) where [ is the 3x3 identity matrix and 1 is the 3x4

matrix having 1 for all its entries.
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Figure 5.7: ARM case 6 - Deflection (w) at tipx =.5; y =10 and midway x=.5;y=5
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Figure 5.8: ARM case 6 - Initial disturbance and attitude recovery torques ( 7)
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Figure 5.9: ARM case 6 - Spacecraft total, potential, and kinetic energies

We notice a max tip deflection of about 2m (Fig. 5.7) which represents 20% of the 10m
appendage length at an angle of deflection of about 10°. Although, this is certainly not
the usual small deflections found on space appendages (1-2%), we intended to allow
more flexibility for the appendages in anticipation of more flexible materials to be used in
the construction of future spacecraft and also to test out our controller in the worst of

conditions. We believe that the 20% tip deflections is at the limit allowed by the linear
theory.

Simulation Case 7:  Figures 5.10 to 5.14 show the closed loop response of the flexible
spacecraft to a severe disturbing torque of 7 = [100 -100 100]’ Nm, starting at the 5

seconds mark and ending after 4 seconds, with constrained control torques (+50Nm),
starting 1.0 second after the end of the disturbance torque (¢ =10 seconds) to allow for
extra deviation of the spacecraft's states from the equilibrium point. All other parameters

were kept the same as in case 6.
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Figure 5.12: ARM case 7 - Deflection (w) at tipx =.5; y =10 and midway x=.5;y =35
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Figure 5.13: ARM case 7 - Initial disturbance and attitude recovery torques (7' )
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Figure 5.14: ARM case 7 - Spacecraft total, potential, and kinetic energies

5.3 Robustness Considerations

In order to validate and investigate the capability of the controller and its robustness
against model and parameters uncertainties, which will be undoubtedly present in any
complex system model, numerous simulation cases were carried out (6 of which are

presented in this section). The model uncertainties are due to various factors such as

@) Assumptions made in the formulation of the flexible dynamics might not
be entirely correct in the real system (e.g. the appendages were considered
to be of uniform density but could in fact have significant density
variation).

(i)  The appendage mode shapes were modeled using two separate beam

eigenfunctions (e.g. free-free and clamped-free in x and y direction,
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respectively) which most likely will not represent the actual, more
complex mode shapes of a flexible plate-type appendage.
(iii)  The appendages were discretized using a finite number of modes (e.g.

p =3, q=2) where in fact the real system has infinite modes!
(iv)  Some second and higher order nonlinear terms were ignored in the

formulation (e.g. v term was dropped from equation (A18); refer to
Appendix A).

The parameter uncertainties are mainly due to the fact that accurate knowledge of the

spacecraft parameters (e.g. appendage density o, damping &, modulus of elasticity F,
inertia matrix [ , etc.) are difficult. In fact, some parameters such as inertia could be quite

difficult to obtain with precision and are usually only an estimate to the actual values.

In order to simulate model and parameter uncertainties, large increase in the values of f;
and G, were introduced. In some cases, we also reduced the number of controller modes

(e.g. low-order controller) as another mechanism to simulate model uncertainties. The
following three subsections are devoted to simulation results examining robustness of the

proposed controller.

5.3.1 Simulation Results for the Flexible Spacecraft with Model/Parameter

Uncertainties

Simulation Case 8:  This is a repeat of simulation case 6 with 20% increase in the
values of fq and G in (5.12) which would represents the model/parameter uncertainties
in the system. Figures 5.15 to 5.19 show the closed loop response and it is noted that the
system has become somewhat sluggish due to the introduction of errors in the fé and G,

terms of the controller. However, the overall settling time of the system motions is still
about 150 seconds which indicates that the controller must be working harder to achieve

this result. For example, Fig. 5.17 shows an extra low frequency oscillation of the
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appendage compared to case 6, which also shows up in the potential energy plot in Fig.
5.19 as two extra peaks between the 50 and 100 seconds time interval. The maximum
positive tip deflection of the appendage is larger in this case as well and can be seen to be
around 1.75m in Fig. 5.17. Overall, comparing the plots in this case to the
corresponding ones in case 6, we notice more activity between the 50 and 100 seconds

time interval in case 8.
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Figure 5.15: ARM case 8 - Spacecraft body angular rates (@)
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Figure 5.16: ARM case 8 - Spacecraft attitude (Euler angles)
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Figure 5.17: ARM case 8 - Deflection (w) at tipx =.5; y =10 and midway x=.5;y =5
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Simulation Case 9:  This is a repeat of simulation case 7 with 20% increase in the
values of fﬁ and G in (5.12) representing the model/parameter uncertainties in the

system. Figures 5.20 to 5.24 show the closed loop response and we notice again a bit of a
more sluggish response than case 7 and Fig. 5.24 shows one higher potential energy peak

than case 7. Otherwise, the response in case 9 is fairly similar to case 7.
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Figure 5.20: ARM case 9 - Spacecraft body angular rates (&)
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Figure 5.21: ARM case 9 - Spacecraft attitude (Euler angles)
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Figure 5.22: ARM case 9 - Deflection (w) at tipx =.5; y =10 and midway x=.5;y =35
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Overall, for both simulation cases 8 and 9, small noticeable performance deteriorations
were observed, as was discussed. However, the controller was still able to perform the

attitude recovery maneuver under 3 minutes,

5.3.2  Simulation Results for the Flexible Spacecraft with a Low-Order Controller

Simulation Case 10: In order to investigate the performance of a low-order controller
(ie. p=g=1) applied to a higher-order plant model (i.e. p=g=2), we repeat the
simulation case 6 with the appropriate reduced mode settings in the controller. Figures
5.25 to 5.29 show the closed loop response and one minor deterioration is noticed in Fig.
5.27 where the higher frequency vibrations are not damped as well as in case 6. This is
expected as the controller does not have the information about the higher modes and
hence must use only the indirect information embedded in the first vibration mode and
the spacecraft angular rates to suppress these higher order vibrations. Corresponding to

this effect, the control effort about the x-axis, r_, is significantly increased compared to

case 6 (compare Fig. 5.28 to Fig. 5.8) since the appendage vibrations are about the x-axis.
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Figure 5.25: ARM case 10 - Spacecraft body angular rates (@)
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Figure 5.26: ARM case 10 - Spacecraft attitude (Euler angles)

No. of Plates = 1 NmodeX = 2 Length =10 Thickness =0.02 E = 5e+008 Omega0 = [0 0 0}
T_ctrl_limit = 502 NmodeY = 2 Width = { RO=10 ETA=0.05 Offset Ref=[-0.5 0.5 0]
T T T T T
— Tip Deflection
Midway Deflection
151
1k
0.5

deflection1 (m)
o
w o
T _J

1k

1 1L
0 50 100 150 200 250 300
Time (sec)

Figure 5.27: ARM case 10 - Deflection (w) at tipx =.5; y =10 and midway x=.5;y =5
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Figure 5.28: ARM case 10 - Initial disturbance and attitude recovery torques (7)
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Figure 5.29: ARM case 10 - Spacecraft total, potential, and kinetic energies
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Simulation Case 11: This is a repeat of simulation case 7 with the appropriate reduced
mode settings in the controller. Figures 5.30 to 5.34 show the closed loop response and
the same minor response deterioration, which was discussed in the previous case, is
noticed. Figure 5.32 shows that the higher frequency vibrations are not damped as well
as in case 7 and the deflection plot is rather choppy after the 50 seconds mark. As was

explained previously, this also affects the x-axis control torque, 7., whose level is now

higher compared to case 7 (see Fig. 5.33 vs. Fig. 5.13). The controller is still able to
recover the attitude of the spacecraft and suppress most of the appendage vibrations

within about 5 minutes.
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Figure 5.30: ARM case 11 - Spacecraft body angular rates (@)
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Figure 5.31: ARM case 11 - Spacecraft attitude (Euler angles)
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Figure 5.32: ARM case 11 - Deflection (w) at tip x =.5; y =10 and midway x=.5;y =5
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Figure 5.33: ARM case 11 - Initial disturbance and attitude recovery torques (7 )
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Figure 5.34: ARM case 11 - Spacecraft total, potential, and kinetic energies

170



5.3.3 Simulation Results for the Flexible Spacecraft with a Low-Order Controller

and Model/Parameter Uncertainties

Simulation Case 12: This case is in essence a combination of cases 8 and 10 where we

use a low-order controller with the additional introduction of the 20% increase in the
values of f. and G, in (5.12) representing the model/parameter uncertainties in the

system. Figures 5.35 to 5.39 show the closed loop response and we notice the following

two points:

¢ There is an extra low frequency oscillation compared to case 6 as seen in Fig.
5.37. The same oscillation was also present in case 8, however this time, its
amplitude is even larger, about 2 meters.

* The high frequency vibrations which were not suppressed as easily in case 10,
are now damped quite smoothly as can be seen from Fig. 5.37 and the
corresponding x-axis torque is no longer as large as it was in case 10, during
the last 200 seconds of the simulation. Here, the only difference from case 10

is the 20% increase in the values of fé and G, which must in sort help

smooth out the vibration suppression.

The controller is able to recover the attitude of the spacecraft and suppress all relevant

appendage vibrations within about 200 seconds.
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Figure 5.35: ARM case 12 - Spacecraft body angular rates (&)
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Figure 5.36: ARM case 12 - Spacecraft attitude (Euler angles)
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Figure 5.37: ARM case 12 - Deflection (w) at tipx =.5; y =10 and midway x=.5;y =5
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Figure 5.38: ARM case 12 - Initial disturbance and attitude recovery torques (%)
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Figure 5.39: ARM case 12 - Spacecraft total, potential, and kinetic energies

Simulation Case 13: Finally, we present the simulation case combining cases 9 and 11

where we use a low-order controller with 20% increase in the values of fﬁ and G; in

(5.12). Figures 5.40 to 5.44 show the closed loop response and it is noted that the results
are very similar to case 9 and hence the low order of the controller does not affect much

this particular simulation scenario.
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Figure 5.40: ARM case 13 - Spacecraft body angular rates (&)
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Figure 5.41: ARM case 13 - Spacecraft attitude (Euler angles)
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Figure 5.42: ARM case 13 - Deflection (w) at tipx =.5; y =10 and midway x=.5;y=5
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Figure 5.43: ARM case 13 - Initial disturbance and attitude recovery torques (7 )
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Figure 5.44: ARM case 13 - Spacecraft total, potential, and kinetic energies

5.4 Concluding Remarks

Nine different attitude recovery simulation cases were presented in this chapter based on
two different malfunctions, namely, (i) a severe on-board malfunction affecting mainly
the x-axis; and (ii) a large disturbance torque affecting all three attitude axes. For all the
simulation cases where the vibration suppression gains in attitude recovery controller

were active (e.g. cases 6-13 where K, #0; K, #0), the system performance

requirements of Section 1.3 were met and of course, the controller gains can be further
tuned to decrease the attitude recovery maneuver time, if needed. It is also noted that the
controller is fairly insensitive to parameter and model uncertainties in the particular cases
discussed and that the first mode of vibration is the dominant mode and hence a low-
order controller will perform adequately under most conditions.

Finally, it is important to also realize that the attitude recovery controller presented in this
thesis, for both the rigid and flexible spacecraft, can also work as effectively for a slew

maneuver which usually induces less excitations on the system.
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CHAPTER 6

SPACECRAFT SYSTEM STABILITY

In this chapter, the focus will be on the important topic of closed-loop stability for the
flexible spacecraft. Indeed, given the spacecraft attitude recovery controller, described in
Chapters 5, the first and foremost important question regarding its various properties is
whether or not it is stable, as an unstable controller is useless and will most likely
jeopardize the mission. Therefore, a careful and rigorous mathematical proof of stability
is essential and, towards this objective, our primary analysis tool will be the Lyapunov
theory or otherwise known as Lyapunov's direct method. In essence, Lyapunov's direct
method allows the determination of the stability properties of our nonlinear system by
construction of a scalar function (e.g. a quadratic function) for the system states and
examining the function's time evolution. For asymptotic stability, we require that this
Lyapunov function be always positive and its rate of change be always negative. For the
spacecraft attitude recovery system, it will be sufficient to insure that the system is at
least locally asymptotically stable. Many existing theorems and results are used in this

chapter that can be found, along with proofs, in references [88]-[90] and [148].
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6.1 Internal and Zero Dynamics
We recall that our system has well-defined relative degrees, r, for i=1,2,3 at X,such

that the conditions (6.1) are satisfied and input-output feedback linearization

implementation is possible, namely

(i) The scalar functions L, L;h,. =0forVi,j,k; 1<i,j<3;0<k<
L Lh Ly L'k Ly L1k
(6.1)

I/\

(i7) The decoupling matrix E =| L, L”'lh2 L, L% L, L’z'1
L3 L IY'h L LM

is invertible in the neighborhood Q of x,

In equations (5.12)-(5.14), we have shown that using feedback linearization, we are able

to convert the system dynamics (2.59)-(2.60) into two parts

(i) an external observable linear system (5.13) for which a controller based on linear
control theory was devised in (5.16);

(ii) an internal unobservable nonlinear dynamics given by (5.14).

We need to show that both parts of the closed-loop system dynamics are stable together.
The proof of stability of part (ii) will indicate that our closed-loop system is minimum
phase and hence there is at least a possibility that the overall system is asymptotically
stable. However, before analyzing part (ii), there is a need to simplify it by finding
appropriate coordinate transformations (i.e. diffeomorphisms) to rearrange the system in

the normal form. This internal dynamics of the system is examined next.

6.1.1 Internal Dynamics of the Flexible Spacecraft

Using the outputs y of the system (2.60), their derivatives, the relative degrees 7, =2 for
3

i=1,2,3 and the total relative degree of r= Zr,. =6, one can devise a non-linear
i=1

coordinate transformation 7' to map ¥ in (2.60) to iz, as given by
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q; [ Y(X)=h, 17T q; |
qi \Pi+3(£)=L‘hi qi -
p=Tx=T = . = . |&|-==| where i=1,2,3 (6.2)
4 ®, (%) D, (X) 7
g ) | ©,4F | [Pus()]

with¢ representing the new rigid states that stay the same as before (i.e.§ and g ) and 7]
representing the remaining states which no longer have the same clear physical meaning
as the elastic states7and 7. The coordinate transformation T (¥X) must be a
diffeomorphism which requires 7'(X) to be a continuous, differentiable and bijective (i.e.
onto and one-to-one) mapping and the inverse mapping 77'(¥) (i.e. ¥7'(¥),®”'(¥)) must
exist. Using our new states, our closed-loop system (5.13)-(5.14) can be converted into

the following normal form

o é gi+3 = i (63)

i al, i+ B¢, i)

where the f and ij represent the external and internal dynamics of the closed-loop

system. If the distribution I, spanned by smooth vector fields g s J=12,3 is
involutive near ¥, then a diffeomorphism ®(¥)exists such that S(C, 77) =0, and therefore

the internal dynamics has the simpler form of 7 =@(¢,7) which is now independent of

the input V. The zero dynamics is then defined as [88]

i = d(0,7) (6.4)
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withoutput y, =g, =¢;, i=1,2,3 constrained to be equal to zero (also then ¢, =¢,, =0)

i

-

for all times by proper choice of initial conditions £'(z,) and feedback ¥(0,7).

By definition, an involutive distribution implies that it is closed under the Lie bracket

defined as | g,,g, |=L,2,-L. g. In our case, it means that the dimension of the
gl gj g,gj gigl

distribution ' = span{ g j} , J=1,2,3 is always 3 and does not change when a new vector

field 7, which is generated by the Lie bracket of any combination of two of the vector

fields g/, is included in the set of the vector field generating the distribution I". This is

in fact the case for our system, in other words, every new Lie bracket generated vector

field 7is always dependent on vector fields g ;- Given that our distribution I'is

involutive, then by the Frobenius Theorem [88], the set of differential equations

I ® oD,

&R &%

g,=0, k=12,....m-8 ;=123 6.5)

has a full set of solutions. These solutions are the appropriate diffeomorphisms, ®(¥),

which result in B(f ,71)=0.  Also note that we further require the following two

conditions be met for the appropriate ®(X), namely

@ ¢,0=0 £=12,...,m-8,and

6.6
(i) V@, are linearly independent. (66)

6.1.2 General Formulation for Internal Dynamics of a class on Nonlinear Systems

Consider the familiar » -dimensional nonlinear system of the form
LT (6.7)

where X € R" is the state vector given by
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= T _T=r =77
x:[xl xp xp+1 X, e xn] =l:xa I xﬂ] (68)

where 7 € R”is the control input, y € R*is the system output, f eR" and he R’ are
smooth vector fields (i.e. belong to class C”). Matrix G € R™” is composed of columns
that are each smooth vector fields g,, j=1,..., p defined on R” and note that matrix G

reduces to a column vector in case of a single-input system where p=1. Also note that
problems of interest will have p<s<r <n, where r is the well-defined relative degree

of the system.

We assume that the 7 and G terms in (6.7) can be given as

f=M"'G)IE
f=M"(%,)1 (%) 69)
G=

-1 -
M{n,p} (xﬂ )

where M is the system matrix (e.g. Mass matrix in case of a mechanical system) and /

is the combination of all linear and non-linear terms. The matrix M {“,f 7 1s obtained by

taking the first p columns of matrix M. We have assumed that M is only a function
of a subset of the state variables (i.e. X;) which is a reasonable assumption for many

classes of physical systems such as mechanical systems, like our flexible spacecraft under

consideration.

The system matrix M can be partitioned into four block matrices as

=[M11 .MIZJ 6.10)
le M22
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For most physical systems, we have a symmetric matrix M such that M, =M|,. The
block matrices are specified as M, eR””, M,eR”"? M, eR"Pand
M,, e R"P=P  Using the block matrix inversion formula [127], we can obtain

M-1 - E;xl —El_ll MIZ M;;

[ MaMLEY Mo+ MM Fi M, M, (6.11)

where Fy =M, ~M,M,M;,

For the sake of our subsequent development, the matrices M,,, M,, and F, must be

nonsingular so that M~ is invertible. The definition and specification of zero dynamics

require the normal form of system (6.7) which can be obtained easily once we have found

the appropriate mappings (i.e. diffeomorphisms). In general there are n—p
diffeomorphisms, @, , that can be solved for, of which only »—r are non-trivial and of
interest. All @, 's must respect the conditions set forth in (6.5)-(6.6) with j=1,..., p and
k=1,..,n—p. It's condition (6.5) that can be used to our advantage to formulate the

problem of finding @, in a new light. We express Lé/ ®, =0 in its matrix form

L, ®,=V®,§,=0, j=l..,p k=l..,n-p

I |
L) oo, || . I - (6.12)
l:a k v k} g1 | see I gp =OT

%, Ox,

h

and now we take the transpose of (6.12) to obtain

g Jfew,]

- - | o
: |=0 or G'(VO,) =0 (6.13)

- - -|lo0,

gg | Ox, |
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Hence (V®,)" =N(G") where N(G")is the Null Space of G". In essence, we can now
partly solve the problem by finding the Null Space of G’ using linear algebraic

techniques. The matrix G is the first p rows of M~ obtained from (6.11) as
G'=|Fi -Fi\M,M3 ] (6.14)
Now assume that N(G') = X so that

G'x=0 (6.15)

and let X = []_j"} where [ is the identity matrix. Using (6.14) and (6.15), we solve for
X e R™CP)

¢ x-[F; —E;:Mu_ﬂizé]m =0 (6.16)
Expanding (6.16) gives

FyN-FyM,M,I=0 6.17)

By inspecting (6.17), we find that

N=M,M, (6.18)
and hence
-1
NG )=X= [M”JM”] (6.19)

The rank of X provides the number of independent solutions for ®,, and as X includes

the (n—p)x(n—p) identity matrix then there are no zero columns in X and
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Rank(X)=n—-p. From (6.19) we can solve for ®,,k =1,...,n— p, which will be used
to transform system (6.7) into its normal form. Each column in matrix (6.19) represents

the gradient of @, (i.e. (V®,)" ) and expanding (6.19) gives

px(n-p)
Nn Nl(n-p)
oD, | Do :
% | Ny o Ny
o=l = == (6.20)
oD, - 0
| Ox, | P :
0o .- 1
-pyn-p)
nx(n-p)
Recalling that N, terms in (6.20) are not a function of X, = [xl xp] , We can obtain

the closed-form expression for @, as

D, =x, N +x,N,, ++x, N, +x,,.1+c for 1<k<n-p, ¢ eR (6.21)

p+k

Let's define a vector containing all the n-p diffeomorphisms O, as
o" =[d)] D, - (Dn_p], we can then express the analytical solution for all @,

which are in essence the new normal variables 17, as

i=® =[x, o ox, |N+[x,, o ox ]+ (6.22)
or simply as
-1
it = | iﬂ{ﬂi”lﬂzz}a’ex’x +é" (6.23)
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where ¢ € R” is a vector of arbitrary constants, which could be zero.

Having obtained 7j = ®(¥), we can solve for ¥=07'(7), knowing that the inverse
map, ®, exists by definition. Once this is done, both M and I can be expressed as a

function of 7j: M(7) and ] (5 ,i7) where & =W(%) are the transformed X, states (refer

to (6.2) as an example).

The corresponding normal form of (6.7) can then be obtained by differentiating (6.23)

Al=¥"X+3¥ X | (6.24)

Using equations (6.7), (6.9), (6.15) and (6.19) with (6.24), we can expand (6.24)

. = N T .
i (M TeGE) x+# | D F G X T MO XA EN (629)
0 e

Substituting (6.11) and (6.19) into (6.25) and simplifying, we obtain

ﬁT =77 El_l] _El_llﬂnﬂz :II:M12M;;]+ETN
-MuMLFy My +MuMLFEIM Mo || 1 - (626)
To . . '
=17\ |+ E (M, My + MM )
L—=22

The final compact form of (6.26) as a function of the new states 4-: and 7j is simply
1= M )1, (&, 7) + (M5 (DM, ) + Moy )M (7)) & (6.27)

where l:, refers to the subset of vector 7 composed of (p+1)" to n” elements.

186



Theorem 6.1: Given a nonlinear system of the form

- . &
$=J@®+C@HF=T+Y &y,
Jj=t

y=h(Z)

where xeR", 7eR” and ye R’ are the system state, input and output, respectively,
and f eR", heR’and g,€R", j=1,..., p, are smooth vector fields belonging to class

C®. Assuming the following properties hold:

(1) r is the relative degree of the system and is well defined.

(ii) f can be expressed as M '1(5513)7 (X¥) where M e R™ is the invertible
system matrix which is a function of only the state variables
Xg = I:xm1 X, ]T and / € R" contains all linear aﬁd non-linear terms.

(iii)  Distribution I', spanned by smooth vector fields g, J=L..,p is

involutive.,

(iv) p<s<r<n

then the new normal variables ijeR"*?, corresponding to X, and given by the
diffeomorphisms @, , k=1,...,n—p, are
n= M;;M{ﬂ?a +X,
- T
where X, =[x1 xp] )
and the rate of change of 77, which constitutes the key part of the normal form of the

original nonlinear system, is given by

= MT, (M + ML )E

M nip
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where l; refers to the subset of vector / composed of (p+1)" to n” elements and Cis

the new normal variables corresponding to X, obtained using trivial mappings.

Corollary 6.2: The zero dynamics of system (6.7) is simply the normal equation

(6.27) with all outputs kept at zero. Assuming that the output 3 in (6.7) is a linear
function of the first s elements of the state vector, y=C )?{Ls} , where C e R™ is any

non-singular, constant real matrix, then the zero dynamics will have the simple form
n=Mupl, (6.28)

We need the non-singularity assumption since otherwise, C could have a null space and

hence ¥, ,need not be zero when y=0. We have also assumed that new normal

—

variables ¢ remain the same as )?{m}, after trivial mappings W(x¥). Note that X049

refers to the sub-vector of ¥ composed of the first s elements.

6.1.3 Zero Dynamics for Two Representative Cases
In what follows, we have considered two representative cases for constructing and
analyzing the zero dynamics of our flexible spacecraft composed of a rigid bus and one

single appendage. Specifically,

Case (i): assuming only the first vibration modes in each direction of the appendage
(ie. p=g=land m=10),
Case (ii): assuming two vibration modes in each direction of the appendage (i.e.

p=q=2and m=16).

In both cases, we assume that the appendage parameters (e.g. a, b, E, etc...) are unknown

so that we can obtain a general result as a function of these design parameters.
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Using Theorem (6.1), the diffeomorphisms ®(¥) for the 2 cases were obtained to be

case (i): ©,(¥)=yx;
(0.6 +0.8bd, +1.63,d,)o>, (G, §)
D, (%) = 4, +{-(0.4a+0.8d, )b (§,§)
~(0.8a+1.6d ) 7,0,(4,3)

.. - - - - (6.29)
case (if): ©,(X)=y; D,(X)=yg,; D,(F)= X ©,(X)=7,

Dy (%) = 4, +6.10,(§,3)+(0.057, - 0.017,) ,(4.9)
D (%) = 4, +1.10,(3,3) +(-0.01x, +0.27,) ,(4,§)
®,(%) = 7, +0.20,(4,§)+(0.05, - 0.01,) ,(3,§)
Dy (%) = 7, +0.10,(3,3) +(-0.01y, + 0.2, ) @,(4,4)

where o, (§,4), a)y(cj,cj) andw,(§,§) were defined in (2.17). Hence using (6.29) to
obtain the new coordinates 7" =[®,(%)...D,,_4(F)]= [ﬁar ii; ] , and setting the outputs to

zero as per (6.4), the zero dynamics can then be obtained for each case as follows:

Case (i):
In this case, the new coordinates are 7’ = [(ID1 (x) (D2(5c')] = [7) 77] , and the zero dynamics
is given by

& . LO3ER

T o=y (6.30)

This is an interesting result showing that the zero dynamics is globally exponentially

stable for all design parameters (e.g. a, b, E, etc.).

Case (ii):

In this case, the new coordinates for the zero dynamics are

7 =[(Dl(5c')...¢>8(5c’)]=[ﬁf i ] , and using Corollary (6.2), the zero dynamics can be
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derived to be

7 0 1 17
e
ny —C2Q _Cll U

3
¢ = < and __En > (6.32)
a 12p(1-7 )
Ao, O 0 0
0 0 0
C= ha (6.33)

0 0 Ao, +4,p5 AP,
0 0 -4 p; Aoy + 4,0,

ande, = a, =0.1236,a, =a, = 4.8552, B, =0.5577, B, =3.8901, B, = 0.8856,

100
=7

200(1- )

>—— are all positive real numbers.
a

A4 and A, =

To analyze the stability properties of the zero dynamics (6.31), we use a Lyapunov

function candidate L,,

L = i’ Pij (6.34)

Itis clear that L >0 when P>0(i.e. P is positive definite) except at the origin when

L, =0, but we also need L,, < 0for global asymptotical stability

L =" Pij+ii" Pij (6.35)

Equation (6.31) can be re-written as
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- | 0 1.
n={‘ ‘}n (6.36)

L =7 A'Pii+i" P Afi=7" (4" P+P 4)7 (6.37)
where
a=| &1 (6.38)
= |-C -l '

In order to insure asymptotic stability of the equilibrium point, we must have
( A"P+P 4) =—Q where Q>0. This is the standard Lyapunov equation and needs to
be solved for P, given for example that Oo=1.

The matrix P can be written in block form and hence we can expand the Lyapunov

equation as

0 -CllPu P Pu D 0 1 -1 0
[_ cz_:l Bu Pz |Pu P I: 0 1 :l___l: 1 _:l 639)
1 -l Pn P»n Pn Pu|l6C -l 0 -1

and since we want P > 0, then P = P’ which requires D= £1T1 s Pp = 2272 and p, = £1T2'
To further simplify the problem, we can also make the assumption that Dp= 1_),T2 . Now,
equation (6.39) can be re-written as 4 matrix equations that need to be solved for P Py
and p,,, that is

—,Cpy—6ppC=-1
2p,—2c,pp=-1

~6,C Py +py—6pp =0
—CPpC+py—p, =0

(6.40)

After necessary algebraic manipulations, the solutions can be found to be
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clg_l oC 1
Pn= MR
2c, 2¢ 2

C—l

== 6.41

P 2, (6.41)
L

£ 2cc, 2c

Hence we find that a solution, P, satisfying the Lyapunov equation exists and is given by

(6.41). In order to ensure that P > Oas required in (6.34), the following conditions must

be met [127]

@ pu>0

.. -1 (6.42)
)] PPy P~ Py < 0

Condition (i) is satisfied if C>0, since if C>0then C™' > 0Oand given that both

¢;,¢, >0, then all the three terms in p,, are positive definite matrices, the sum of which is

also positive definite.

One way to determine if a symmetric nxn matrix is positive definite is to insure that all
the leading principle minors A,,i=1,2,..n are positive. For C, this results in the

following conditions:

|A1| =Aa, >0, IAzl =hhaa, >0, IABI =hhaa,(ha, +4,6)>0, and
'A4| = hhoo,[(hay + 4,8 (e, +4,6,) - ;{22,332)] >0

The first three conditions are trivially satisfied since all variables involved are positive.

For the fourth condition, we need to verify that

(A + LB ety + 2 8y) > 2 s (6.43)
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Condition (6.43) can be expanded in all its terms as:

(112%0‘4 + 40,8 + A Ao B, + A'zzﬂlﬂz) > 1221332 (6.44)
Now since 3,8, > A7 and the other three terms of the left hand side of (6.44) are all

positive, this proves that condition (6.43) is always satisfied and hence C is positive

definite, which in turn implies that p,, >~ 0.

Now we turn our attention to condition (ii) in (6.42) which, using P, and p,, from
(6.41), can be written as

= 6.45
2¢ce, 2c (6.43)

In order for matrix N <0, we must have ¥’ N¥ <Ofor all ¥e {R" \6}. Noting that

aand C™' are positive definite matrices, we can use the following inequalities for a
positive definite matrix m [89]

i ()| < % % < A (o) [

(6.46)
to re-write X' N X < 0 condition as
g o @I 5 A () -5 IEF <0 647
4c22 max \— 201c2 min \ — 201 mmn \—

Equation (6.47) can be simplified to
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+

— 6.48
2cc, 2 (6.48)

1o (a) <42 ( 0.17238 1 j

where g = (Q EHQ)”I .

Equation (6.48) imposes a condition on ¢ andc, (i.e. design parameters a,b, E, etc...)

which needs to be met so that (6.45) is satisfied and hence the system will have a linear
time invariant zero dynamics which is asymptotically stable. For our example spacecraft,

described in Section 5.2 and with appendage parameters a=1,6=10, p =10, E =5.0¢8 ,
h=0.02,y =0.3 and £ =0.05, condition (6.48) is met as A, (a)=0.12 and the right

hand-side of (6.48) is a very large number (= 5.4¢6).

This is an interesting result showing that the linear time invariant zero dynamics is
globally asymptotically stable for realistic and common design parameters (e.g.

a,b, E, etc.), for a representative case where two vibration modes in each direction of the

appendage were active.

6.2 Stability Analysis for the Flexible Spacecraft

We have so far established that the zero dynamics of the flexible spacecraft is
asymptotically stable for two representative cases. We now turn our attention to the proof
of stability of the overall close loop system (5.13)-(5.14) for the case when
p=q=2and m=16. We will again make use of the Lyapunov theory to determine the

stability properties of the closed loop system and will use the new coordinates
i’ =[0F)...De(F)] = [ﬁar i, :| obtained from (6.29). This specific coordinate selection
simplifies the problem considerably since in this representation, the internal dynamics
(5.14) will be independent of input ¥ (i.e. as shown earlier 7 =d(d,4,7)). Using the

actual diffeomorphisms (6.29), we now rewrite the system (5.13)~(5.14) as
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or simply as

4.
9.

Na

L 7Ts

[0 1 0 0
_KPq —L{.Dq K.P;( KD,{
+
9 o : 0 1
.0 4] :ooC ol |
y >
/_i =4du+ :7

(6.49)

(6.50)

where " =|:ZjeT q i oAl ] and the nonlinear terms in the system equation (6.50)

are all contained in the f s term which is given by

where

and

6.1, +(0.057, -0.017,) @, |
Llw, +(-0.0177, + 0.2, ),
0.20, +(0.057, -0.017, ) o,
0.10, +(-0.017, +0.27, ),

(6.51)

(6.52)
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[(0.0030, - 0.3027, +0.70, + ~0.050,@,7, +0.010,0,7, |
+,1, +0.050,77, —0.010,7, - 6.10,0, 1302, +0.70’7,

0.7@?7, 590!, +0.010,0,7, -0.250,0 1, + 01,
~0.01w,7; +0.250,7, ~1.20,0, +0.70!7, - 7.00!n,

4

(6.53)

<3

0301, +0.70!n, - 0.050,0,1, +0.01w,0,1, + 0’7,
+0.05w,75, - 0.01w,73, — 0.040 0, —1.30!7, +0.707,

—0.01w,7, +0.25w,7, — 0.08w @, +0.70! 1, —7.00n,

(0.7603773 ~5.90}1, —0.250,0,1, + ®’n, +0.0010,7, )

and where »,, @, and o, are functions of § and § given by (2.17). By visual

inspection, it is noted that both fﬁ and 6]“;, / ou are continuous and hence fp is locally

Lipschitz.

To analyze the stability properties of the closed-loop system dynamics (6.50), we use a

Lyapunov function candidate L, given by

L=p'Up (6.54)

u

Clearly L, >0 when U >0, except at the origin when L,=0. To show that I;y < Ofor

asymptotical stability of the equilibrium point of the closed loop system, we have
L=p"Up+i"Uj (6.55)

Using (6.50), (6.55) now becomes

=" (Ud+ 4'U) i+ 20U ], (6.56)
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The Lyapunov equation obtained from the first term on the right-hand side of (6.56) must
be solved for U such that the first term of (6.56) becomes negative. The following
inequality holds [89]

~i'Q i <-4 @Al (6.57)

where A

min

(Q) is the smallest eigenvalue of Q and ||| is the vector 2-norm of fi. The

norm of the second term on the left-hand side of (6.56) is given by
2z u 7| <2lalul] 7| 6.58)

where |Ul|is the matrix 2-norm of U . Now since f, is locally Lipschitz, the following

inequality holds
IZ)<al, zeq, (6.59)

where /€ R is the Lipschitz constant.

Finally using (6.57)-(6.59) in (6.56) we obtain

: - —~12 -

L < @Al +2lullaf . aea, (6.50)
. We require that L'# < 0and using (6.60), this imposes the following condition

ﬂmin (Q)
<
2|7

(6.61)
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Condition (6.61) ensures that I;u is always negative definite and hence the origin is an

asymptotically stable equilibrium point. For our example of the flexible spacecraft with 2

flexible modes (case ii), with Q =1, we obtain 4, (@) =1 and ”Q ”= 2.12x10°. Thus
condition (6.61) can be satisfied in a small neighborhood Q, , where the proof of

asymptotic stébility is valid and which nevertheless guarantees that the origin is indeed
an asymptotically stable equilibrium point. Hence, we have shown that our transformed
closed loop system (6.50) is locally asymptotically stable which implies that our original

system (5.13)-(5.14) is asymptotically stable as well.

One can trade off system performance for a proof resulting in a larger region of

attraction, €2, , by making use of the following theorem (see [89] for the proof):

Theorem 6.3: The origin of (5.13)-(5.14) is asymptotically stable if the origin of the zero
dynamics (6.4) is asymptotically stable.

It was shown that the origin of the zero dynamics (6.4) is asymptotically stable and hence
the closed loop system is asymptotically stable, however the above theorem is only valid

when K, and K, are set to zero which increases the appendage vibration suppression

time considerably as was shown in attitude recovery maneuver case 7, presented in
Section 5.2. Therefore, in a real life application, one would prefer our proof giving a

smaller region of attraction but with a much better closed loop performance.

6.3 Concluding Remarks

This chapter was devoted to the important topic of stability analysis for the flexible
spacecrafts. The internal nonlinear and unobservable system was shown to have an
associated zero dynamics which is asymptotically stable, and this was proved for two
representative cases. The overall closed-loop stability of the flexible spacecraft was also
analyzed rigorously and shown to be locally asymptotically stable using Lyapunov’s

method, for the more generic of the two cases.
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CHAPTER 7

CONCLUSIONS
AND DIRECTIONS FOR FUTURE WORK

In this thesis, the important problem of automated attitude recovery for rigid and flexible
spacecrafts was investigated using nonlinear control. The thesis can be broken down in
three major parts, namely spacecraft dynamics (Chapter 2), simulation (Chapter 3) and
control (Chapters 4-6).

In the dynamics section, a general closed-form model for attitude and flexible dynamics
- for a class of spacecrafts was derived in detail. The spacecraft considered had a star
topology with a rigid bus and Flexible Plate-type Appendages (FPAs). One of the main
motivating factors for the use of flexible plate-type appendages in this thesis was that
they have not been treated extensively in the attitude dynamics and control literature.
The flexible dynamics derivations were based on the hybrid coordinates approach and
resulted in system equations which are nonlinear and highly coupled due to the addition
of flexible appendages. There is indeed a strong coupling effect between the attitude and

the elastic motion of the appendages.
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In the simulation part, a high-fidelity, user-friendly modeling and control software
environment was designed and developed whicﬁ has been validated through extensive
numerical simulations using analytical test cases or the principles of energy and angular
momentum conservation. The flexible spacecraft simulator test-bed which is based on
the dynamic formulation derived in this thesis, is not only a valuable asset for
investigation of the attitude recovery problem, but can also be used for other research in

the area of flexible attitude dynamics and control.

Finally in the control section, work was undertaken to develop suitable nonlinear
controllers based on feedback linearization approach. Given that the flexible spacecraft
is under-actuated, the input-output linearization technique was specifically used to break
up the system into two distinct parts, namely (1) an external linearizable system for
which a linear controller was easily implemented and (2) an internal nonlinear
unobservable system for which the associated zero dynamics was shown to be globally
asymptotically stable for two representative cases. The overall closed-loop stability of
the flexible spacecraft was also analyzed rigorously and shown to be locally
asymptotically stable using Lyapunov’s method. The controllers were shown to be
robust against modeling and parametric uncertainties for a typical flexible spacecraft
through simulations. In this section of the thesis, the simulator was used extensively for
the investigation of the attitude recovery of spacecraft using the input-output linearization
technique and simulation results were presented to demonstrate the capability and
advantages of the proposed modeling and control techniques for attitude recovery under

severe malfunctions affecting the spacecraft.

Also, as part of the research performed under the control topic, a new explicit analytical
solution for the construction of normal form and the zero dynamics of a general class of
nonlinear systems was developed and applied specifically to the flexible spacecraft

system, but this solution has applications in other areas of research.

The following points identify specific improvements or additional work that could be

undertaken as part of future activities in this area of research. These have been
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categorized under the three main headings of dynamics, simulation and control, and

under each heading the items are listed by order of priority:

Future Work in Dynamics:

* To enhance the dynamics formulation, one could include flexible beam-type
appendages and implement this new part of the formulation in the spacecraft

simulator.,

¢ Presently, the formulation assumes that the spacecraft is in a fully deployed
configuration which is the case for almost the entire duration of a spacecraft's
mission. However, for short periods of several minutes, many spacecrafts must
deploy their appendages (e.g. solar panels, antennas, scientific instruments, etc.)
which can cause disturbing torques and also change the dynamics of the system
during the deployment. This dynamics can be added to the formulation so that it

can be simulated and analyzed in special cases.

e Another improvement is to include the necessary modifications to allow the
possibility of adding a point mass anywhere along or at the tip of a flexible
appendage (e.g. sometimes a magnetometer is placed at the tip of a flexible beam,

in order to distance it from the magnetic field generated by the spacecraft).

Future Work in Simulation:

o The spacecraft simulator can be further refined and validated, through
comparative studies with other commercially or otherwise available simulators,
and eventually using actual flight data obtained from a flexible spacecraft. This
will increase the simulator's value and dependability for future research in the area

of flexible spacecraft dynamic and control.

201



o Simulation models for ACS sensors and actuators can be included in the overall
simulation architecture which will increase the overall fidelity of the simulation

and further validate the capabilities of the controller.

* Presently the simulator is setup with one kind of appendage as far as shape (i.e.
rectangular), boundary condition (i.e. cantilevered), and mode shape functions
(i.e. eigenfunctions) are concerned. However, the dynamics formulation is
already generic and can handle any appendage shapes (e.g. circular, elliptical,
etc.) with different boundary conditions (e.g. pinned) and any feasible mode shape
functions (e.g. polynomials). This addition will require the evaluation of integrals
of appropriate mode shapes either analytically, as is done for the rectangular case,

or numerically.

e Currently, the 3D animation tool can display up to two appendages in two
separate windows with the attitude of the spacecraft being displayed in a third
window. However, a future improvement could incorporate all displays into one,

and to allow the animation of more appendages than just two.

Future Work in Control:

¢ The proof of the zero dynamics of the flexible system can be extended to a
generic m dimensional system using Corollary 6.2. Preliminary work in this area
has been done and indicates that the zero dynamics of the general m dimensional

system is indeed asymptotically stable.

¢ The dynamics of the actuators (e.g. on-off dynamics of the thrusters) can be taken
into account in order to investigate their effects on the system closed-loop

response and robustness.
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¢ In this thesis, we made the assumption that all state variables were available for
use by the controller, however for many spacecrafts, the states will not be directly
measured and an observer must be included to estimate the missing states. We

can use a nonlinear observer to accomplish this task.

¢ Finally, with the addition of the observers, one would need to redo the proof for

the closed-loop stability of the overall system including the observers.

In conclusion, we note that at the time of writing of this thesis, part of the work
performed has already been published in three conference papers [149]-[151], one journal
paper has been submitted for publication [152] and two other journal papers are being

prepared for submission [153]-[154].

203



REFERENCES

(1]

[2]

[3]
[4]

[5]

[6]

[7]

8]

(]

[10]

[11]

[12]

[13]

Meyer, G. “On the Use of Euler’s Theorem on Rotations for the Synthesis of
Attitude Control Systems”, Technical Report TN D-3643, NASA, 1966.

Meyer, G. “Design and Global Analysis of Spacecraft Attitude Control System”,
Technical Report TR R-361, NASA, 1971.

Hughes, P. C. Spacecraft Attitude Dynamics, John Wiley & Sons, 1986.

Kaplan, M. H. Modern Spacecraft Dynamics & Control, John Wiley & Sons,
1976.

Kane, T. R., Likins, P. W. and Levinson, D. A. Spacecraft Dynamics, McGraw-
Hill, 1983.

Wertz, J. R.(editor) Spacecraft Attitude Determination and Control, Kluwer
Academics Publishers, 1995.

Vadali S. R., Krishnan S. and Singh T., “Attitude Control of Spacecraft Using
Neural Networks”, Proceedings of the AAS/AIAA Space Flight Mechanics
Meeting, Paper no. AAS 93-192, pp. 271-285, 1993.

Satyadas, A. and KrishnaKumar, K. “EFM-based Controllers for Space Station
Attitude Control: Application and Analysis”, Genetic Algorithms and Soft
Computing, pp. 152-171, Physica-Verlag (Studies in Fuzziness, Vol. 8), 1996.

Lindblad T., Lindsey C. S., Minerskjold M., Eide A., Linden T. and Shelton
Robert O. “Attitude Control Systems for Spacecrafts using Neural Networks and
Fuzzy Logic”, Proceedings of AIHENP95 (Fourth International Workshop on
Software Engineering & Artificial Intelligence for High Energy and Nuclear
Physics), 1995.

KrishnaKumar K. and Smuda E. “Robust control using GA-optimized neural
networks”, IEEE Conference on Control Applications, 1994.

Fortuna, L., Muscato, G. and Xibilia, M. G. “A Comparison Between HMLP and
HRBF for Attitude Control”, IEEE Transactions on Neural Networks, Vol. 12,
No. 2, 2001.

Noll, R. B., Zvara, J. and Deyst, J. J. Effects of Structural Flexibility on
Spacecraft Control Systems, NASA SP-8016, 1969.

Likins, P. W. and Bouvier, H. K. “Attitude Control of Non-rigid Spacecraft”,
Astronautics and Aeronautics, Vol. 9, No. 5, pp. 64-71, 1971.

204



[14]

[15]

[16]

(17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

Hughes, P. C. “Recent Advances in the Attitude Dynamics of Spacecraft with
Flexible Solar Arrays”, Canadian Aeronautics and Space Journal, Vol. 19, No. 4,
pp- 165-171, 1973.

Modi, V. J. “Attitude Dynamics of Satellites with Flexible Appendages-A Brief
Review”, Journal of Spacecraft and Rockets, Vol. 11, No. 11, pp. 743-751, 1974.

Junkins, J. L. and Kim, Y. Introduction to Dynamics and Control of Flexible
Structures, AIAA, 1993.

Meirovitch, L., Baruh, H. and Oz, H. “A Comparison of Control Techniques for
Large Flexible Systems”, Journal of Guidance, Control, and Dynamics, Vol. 6,
No. 4, pp. 302-310, 1983.

Balas, M. J. “Trends in Large Space Structure Control Theory: Fondest Hopes,
Wildest Dreams”, IEEE Transactions on Automatic Control, Vol. AC-27, No. 3,
1982.

Croopnick, S.R. Lin, Y. H. and Strunce, R. R. “A Survey of Automatic Control
Techniques for Large Space Structures”, 1980.

Meirovitch, L. and Oz, H. “An Assessment of Methods for the Control of Large
Space Structures”, AIAA JACC, 1979.

Robinson, A. C. “A Survey of Optimal Control of Distributed-Parameter
Systems”, Automatica, Vol. 7, pp. 371-388, 1971.

Meirovitch, L. Dynamics and Control of Structures, John Wiley & Sons, 1990.

Hughes, P. C. and Abdel-Rahman, T. M. “Stability of Proportional-Plus-
Derivative-Plus-Integral Control of Flexible Spacecraft”, Journal of Guidance and
Control, Vol. 2, No. 6, pp. 499-503, 1979.

Meirovitch, L. and Sharony, Y. “Optimal Vibration Control of a Flexible
Spacecraft During a Minimum-Time Maneuver”, Proceedings of the Sixth
VPI&SU/AIAA Symposium on Dynamics and Control of Large Structures, pp-
576-601, 1987.

Wonham, W. M. “On Pole-Assignment in Multi-Input Controllable Linear
Systems”, IEEE Transactions on Automatic Control, Vol. AC-12, No. 6, pp. 660-
665, 1967.

Simon, J. D. and Mitter, S. K. “A Theory of Modal Control”, Information and
Control, Vol. 13, pp. 316-353, 1968.

205



[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

Davison, E. J. “On Pole Assignment in Multivariable Linear Systems”, IEEE
Transactions on Automatic Control, Vol. AC-13, No. 6, pp- 747-748, 1968.

Davison, E. J. “On Pole Assignment in Linear Systems with Incomplete State
Feedback”, IEEE Transactions on Automatic Control, Vol. AC-15, pp. 348-351,
1970.

Porter, B. and Crossley, R. Modal Control, Theory and Application, Taylor &
Francis, London, 1972.

Breakwell, J. A. “Optimal Feedback Slewing of Flexible Spacecraft”, Journal of
Guidance and Control, Vol. 4, No. 5, pp. 472-479, 1981.

Wu, Y. W, Rice, R. B. and Juang, J. N. “Control of Large Flexible Space
Structures Using Pole Placement Design Techniques”, Journal of Guidance and
Control, Vol. 4, No. 3, pp. 298-303, 1981.

West-Vukovich, G. S., Davison, E. J. and Hughes, P. C. “The Decentralized
Control of Large Flexible Space Structures”, IEEE Transactions on Automatic
Control, Vol. AC-29, No. 10, pp. 866-879, 1984.

Young, K. D. “A Distributed Finite Elements Modeling and Control Approach for
Large Flexible Structures”, Proceedings of the AIAA Guidance, Navigation and
Control Conference, pp. 253-263, 1988.

Silijak, D.D., Large-Scale Dynamic Systems: Stability and Structure, North-
Holland Publishing Co., New York, 1978.

Meirovitch, L. and France, M. E. B. “Discrete-Time Control of a Spacecraft with
Retargetable Flexible Antennas”, 12th Annual AAS Guidance and Control
Conference, Keystone, Colorado, Feb. 4-8, Paper 89-007, 1989.

Johnson, C. D. “Theory of Disturbance-Accommodating Controllers”, from
Control and Dynamic Systems, Academic Press, New York, Vol. 12, pp. 387-489,
1976.

Johnson, C. D. “Disturbance-Accommodating Control; An Overview of the
Subject”, Journal of Interdisciplinary Modeling and Simulation, Vol. 3, No. 1, pp-
1-29, 1980. '

Chun, H. M., Turner, J. D. and Juang, J. N. “Disturbance-Accommodating

Tracking Maneuvers of Flexible Spacecraft” Journal of Astronautical Sciences,
Vol. 33, No. 2, pp. 197-216, 1985.

206



[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

Meirovitch, L. and Sharony, Y. “A Perturbation Approach to the Maneuvering
and Control of Space Structures™, Journal of Control and Dynamic Systems, Vol.
33, pp. 247-293, 1990.

Sharony, Y. and Meirovitch, L. “Accommodation of Kinematic Disturbances
During a Minimum-Time Maneuver of a Flexible Spacecraft”, AIAA/AAS
Astrodynamics Conference, Minneapolis, Minnesota, Aug. 15-17, Paper 88-4253-
CP, 1988.

Sharony, Y. and Meirovitch, L. “A Perturbation Approach to the Minimum-Time
Slewing of a Flexible Spacecraft”, IEEE International Conference on Control and
Applications, Jerusalem, Israel, Apr. 3-6, 1989.

Kida, T., Okamoto, O. and Ohkami, Y. “On Modern Modal Controller for
Flexible Space Structures: A Sensitivity Analysis”, Proceedings of an

International Symposium on Engineering Science and Mechanics, Tainan,
Taiwan, Dec. 29-31, pp. 968-978, 1981.

Tseng, G. T. and Mahn, R. H. Jr. “Flexible Spacecraft Control Design Using Pole
Allocation Technique™, Journal of Guidance and Control, Vol. 1, No. 4, pp. 279-
281, 1978.

Gupta, N. K. “Frequency-Shaped Cost Functionals: Extension of Linear-
Quadratic-Gaussian Design Methods”, Journal of Guidance and Control, Vol. 3,
No. 6, pp. 529-535, 1980.

Chun, H. M., Turner, J. D. and Juang, J. N. “Frequency-Shaped Large-Angle
Maneuvers”, AIAA 25th Aerospace Sciences Meeting, Reno, Nevada, Jan. 12-15,
Paper 87-0174, 1987.

Gould, L. A. and Murray-Lasso, M. A. “On the Modal Control of Distributed
Systems with Distributed Feedback”, IEEE Transactions on Automatic Control,
Vol. AC-11, No. 4, pp. 729-737, 1966.

Takahashi, Y., Rabins, M. J. and Auslander, D. M. Control and Dynamic
Systems, Addison-Wesley, Reading, Massachusetts, 1970.

Meirovitch, L., Van Landingham, H. F. and Oz, H. “Control of Spinning Flexible
Spacecraft by Modal Synthesis”, Acta Astronautica, Vol. 4, No. 9-10, pp. 985-
1010, 1977.

Meirovitch, L. and Oz, H. “Modal-Space Control of Large Flexible Spacecraft
Possessing Ignorable Coordinates™, Journal of Guidance and Control, Vol. 3, No.
6, pp- 569-577, 1980.

207



[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

VanLandingham, H. F. and Meirovitch, L. “Digital Control of Spinning Flexible
Spacecraft”, Journal of Guidance and Control, Vol. 1, No. 5, pp. 347-351, 1978.

Meirovitch, L. and Oz, H. “Observer Modal Control of Dual-Spin Flexible
Spacecraft”, Journal of Guidance and Control, Vol. 2, No. 2, pp. 101-110, 1979.

Baruh, H. and Silverberg, L. M. “Maneuver of Distributed Spacecraft”,
Proceedings of the AIAA Guidance and Control Conference, pp. 637-647, 1984.

McLaren, M. D. and Slater, G. L. “Robust Multivariable Control of Large Space
Structures Using Positivity”, Journal of Guidance, Control, and Dynamics, Vol.
10, No. 4, pp. 393-400, 1987.

Quinn, R. D. and Meirovitch, L. “Maneuver and Vibration Control of SCOLE”,
Journal of Guidance, Control, and Dynamics, Vol. 11, No. 6, pp. 542-553, 1988.

Meirovitch, L. and Quinn, R. D. “Equations of Motion for Maneuvering Flexible
Spacecraft”, Journal of Guidance, Control, and Dynamics, Vol. 10, No. 5, pp.
453-465, 1987.

Doyle, J. C. and Stein, G. “Multivariable Feedback Design: Concepts for a
Classical/Modem Synthesis”, IEEE Transactions on Automatic Control, Vol. AC-
26, No. 1, pp. 4-16, 1981.

Joshi, S. M., Armstrong, E. S. and Sundararajan, N. “Application of LQG/LTR
Technique to Robust Controller Synthesis for a Large Flexible Space Antenna”,
NASA Technical Publication 2560, 1986.

Sundararajan, N., Joshi, S. M. and Armstrong, E. S. “Robust Controller Synthesis
for a Large Flexible Space Antenna”, Journal of Guidance, Control, and
Dynamics, Vol. 10, No. 2, pp. 201-208, 1987.

Blelloch, P. A. and Mingori, D. L. “Modified LTR Robust Control for Flexible
Structures”, Proceedings of the AIAA Guidance, Navigation and Control
Conference, pp. 314-318, 1986.

Sesak, J. R., 'Likins, P. and Coradetti, T. “Flexible Spacecraft Control by Model

Error Sensitivity Suppression”, Journal of Astronautical Sciences, Vol. 27, No. 2,
pp. 131-156, 1979.

Sesak, J. R. and Likins, P. “Model Error Sensitivity Suppression: Quasi-Static

Optimal Control for Flexible Structures”, Proceedings of the 18" IEEE
Conference on Decision and Control, pp. 207-213, 1979.

208



[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

Sesak, J. R. “Suppressed Mode Damping for Model Error Sensitivity Suppression
of Flexible Spacecraft Controllers”, Proceedings of the AIAA Guidance and
Control Conference, pp. 27-32, 1980.

Sesak, J. R. and Halstenberg, R. V., “Decentralized Elastic Body and Rigid Body
Control by Modal Error Sensitivity Suppression” Proceedings of the Joint
Automatic Control Conference, San Francisco, California, Paper FA1-D, 1980.

Hale, A. L. and Lisowski, R. J. “Reduced-Order Modeling Applied to Optimal
Design of Maneuvering Flexible Structures”, Proceedings of the American
Control Conference, San Diego, California, pp. 1685-1690, 1984.

Hale, A. L., Lisowski, R. J. and Dahl, W. E. “Optimal Simultaneous Structural
and Control Design of Maneuvering Flexible Spacecraft” Journal of Guidance,
Control, and Dynamics, Vol. 8, No. 1, pp- 86-93, 1985.

Hale, A. L. and Lisowski, R. J. “Characteristic Elastic Systems of Time-Limited
Optimal Maneuvers”, Journal of Guidance, Control, and Dynamics, Vol. 8, No. 5,
pp. 628-636, 1985.

Bodden, D. S. and Junkins, J. L. “Eigenvalue Optimization Algorithms for
Flexible Structures/Controller Design Iterations”, Journal of Guidance, Control
and Dynamics, Vol. 8, No. 6, pp. 697-706, 1985.

Lisowski, R. J. and Hale, A. L. “Optimal Design for Single Axis Rotational
Maneuvers of a Flexible Structure”, Journal of Astronautical Sciences, Vol. 33,
No. 2, pp. 179-196, 1985. '

Onoda, J. and Haftka, R. T. “An Approach to Structure/Control Simultaneous
Optimization for Large Flexible Spacecraft”, AIAA Journal, Vol. 25, No. 8, pp.
1133-1138, 1987.

Bernstein, D. S. and Hyland, D. C. “The Optimal Projection/Maximum Entropy
Approach to Designing Low-Order, Robust Controllers for Flexible Structures”,
Proceedings of the 24th IEEE Conference on Decision and Control, pp. 745-752,
1985.

Hyland, D.C. “Active Control of Large Flexible Spacecraft: A new Design
Approach Based on Minimum Information Modeling of Parameter Uncertainties”,
Proceedings of the Third VPI&SUI/AIAA Symposium on Dynamics and Control
of Large Flexible Spacecraft, pp.631-646, 1981.

Levine, W. S. and Athans, M. “On the Determination of the Optimal Constant

Output Feedback Gains for Linear Multivariable Systems”, IEEE Transactions on
Automatic Control, Vol. AC-15, No. 1, pp. 44-48, 1970.

209



[73]

[74]

[75]

[76]

[77]

[78]

[79]

[80]

[81]

[82]

(83]

Canavin, J. R. “The Control of Spacecraft Vibrations Using Multivariable Output
Feedback”, AIAA/AAS Astrodynamics Conference, Palo Alto, California, Aug.
7-9, Paper 78-1419, 1978.

Balas, M. J. “Direct Output Feedback Control of Large Space Structures”,
Journal of Astronautical Sciences, Vol. 27, No. 2, pp. 157-180, 1979.

Elliott, L. E., Mingori, D. L. and Iwens, R. P. “Performance of Robust Output
Feedback Controller for Flexible Spacecraft”, Proceedings of the Second
VPI&SU/AIAA Symposium on Dynamics and Control of Large Flexible
Spacecraft, pp. 409-420, 1979.

Lin, J. G., Hegg, D. R., Lin, Y. H. and Keat, J. E. “Output Feedback Control of
Large .Space Structures: An Investigation of Four. Design Methods”, Proceedings
of the Second VPI&SU/AIAA Symposium on Dynamics and Control of Large
Flexible Spacecraft, pp. 1-18, 1979.

Lin, Y. H. and Lin, J. G. “An Improved Output Feedback Control of Flexible
Large Space Structures”, Proceedings of the 19th IEEE Conference on Decision
and Control, pp. 1248-1250, 1980.

Von Flotow, A. H. and Schafer, B. “Wave-Absorbing Controllers for a Flexible
Beam”, Journal of Guidance, Control, and Dynamics, Vol. 9, No. 6, pp. 673-680,
1986.

Aubrun, J. N. “Theory of the Control of Structures by Low-Authority
Controllers”, Journal of Guidance and Control, Vol. 3, No. 5, pp. 444-451, 1980.

Iwens, R. P., Benhabib, R. J. and Jackson, R. .. “A Unified Approach to the
Design of Large Space Structure Control Systems”, Proceedings of the Joint
Automatic Control Conference, San Francisco, California, Paper FP1-A, 1980.

Benhabib, R. J., Iwens, R. P. and Jackson, R. L. “Stability of Large Space
Structure Control Systems Using Positivity Concepts”, Journal of Guidance and
Control, Vol. 4, No. 5, pp. 487-494, 1981.

Benhabib, R. J. “Discrete Large Space Structure Control System Design Using
Positivity”, Proceedings of the 20" IEEE Conference on Decision and Control,
pp. 715-724, 1981.

Vaughan, D. R. “Application of Distributed Parameter Concepts to Dynamic
Analysis and Control of Bending Vibrations”, ASME Journal of Basic
Engineering, Vol. 90, pp. 157-166, 1968.

210



[84]

[85]

[86]

[87]

[88]
[89]
[90]

[91]

[92]

[93]

[94]

[95]

[96]

Meirovitch, L. and Bennighof, J. K. “Modal Control of Traveling Waves in
Flexible Structures”, Journal of Sound and Vibration, Vol. 111, No. 1, pp. 131-
144, 1986.

Von Flotow, A. H. “Traveling Wave Control for Large Spacecraft Structures”,
Journal of Guidance, Control, and Dynamics, Vol. 9, No. 4, pp. 462-468, 1986.

Silverberg, L. M. “Uniform Damping Control of Spacecraft”, Journal of
Guidance, Control, and Dynamics, Vol. 9, No. 2, pp- 221-227, 1986.

Meirovitch, L. and Quinn, R. D. “Maneuvering and Vibration Control of Flexible
Spacecraft”, Journal of Astronautical Sciences, Vol. 35, No. 3, pp. 301-328, 1987.

Isidori A. Nonlinear Control Systems, Springer Verlag, 31 edition, 1997.
Khalil, H. K. Nonlinear Systems, Prentice Hall, 2002.
Slotine, J. J. E. and Li, W. “Applied Nonlinear Control”, Prentice Hall, 1991.

Taylor, L. W. and Balakrishnan, A. V. “A mathematical problem and a Spacecraft
Control Laboratory Experiment (SCOLE) used to evaluate control laws for
flexible spacecraft. NASA/IEEE design challenge”, Proceedings of the Fourth
AIAA/VPI&SU Symposium on Dynamics and Control of Large structures,
AIAA, New York, 1983, pp. 311-318, 1984.

Taylor, L. W. (ed), SCOLE Workshop-1986. Proceedings, NASA TM 80975,
Nov. 1986; SCOLE Workshop-1985. Proceedings, NASA TM 89048, Dec. 1985;
SCOLE Workshop-1984, Proceedings, Dec. 1984, NASA Langley Research
Center, Hampton, VA.

Lin, J. G. “Rapid Torque Limited Line-of-Sight pointing of SCOLE”, Proceedings
of the AIAA Guidance, Navigation and Control Conference, AIAA, New York,
pp. 106-114, 1986.

Kakad, Y. P. “Dynamics of Spacecraft Control Laboratory Experiment (SCOLE)
Slew Maneuver”, NASA CR 4098, 1987.

Kakad, Y. P. “Dynamics and Control of Slew Maneuver of Large, Flexible
Spacecraft”, Proceedings of the AIAA Guidance, Navigation and Control
Conference, AIAA, New York, pp. 629-634, 1986.

Bainum, P. M., et al. “The Dynamics and Control of Large Flexible Space

Structures-X”, Final Report, Part II, NASA Grant NSG-1414, Suppl. 9, Howerd
University, Washington D.C. 20059, 1988.

211



[97]

[98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

Fisher, S. “Application of Actuators to Control Beam Flexure in a Large Space
Structure”, Journal of Guidance, Control, and Dynamics, pp. 874-879, 1989.

Storch, J. and Gates, S. “Three Dimensional Motion of a Flexible Beam with
Rigid Tip Bodies”, Charles Stark Draper Laboratory Report, Inter-lab
Memorandum, 1985.

Joshi, S. “SCOLE Equations of Motion-A New Formulation”, Proceedings of the
Second Annual SCOLE Workshop, NASA TM-89048, pp. 14-25, 1985.

Singh, S. N. “Flexible Spacecraft Maneuver: Inverse Attitude Control and Mode
Stabilization” Acta Astronautica, 13, pp. 507-514, 1986.

Singh, S. N. “Robust Nonlinear Attitude Control of Flexible Spacecraft”, IEEE
Transactions on Aerospace and Electronic Systems, Vol. AES-23, No.3, pp. 380-
387, 1987.

Singh, S. N. “Nonlinear Adaptive Attitude Control of Spacecraft”, IEEE
Transactions on Aerospace and Electronic System, Vol. A&S-23, No.3, pp. 371-
379, 1987.

Iyer, A. and Singh, S. N. “Sliding Mode Control of Flexible Spacecraft under
Disturbance Torque”, 1990.

Azam M., Singh S. N, Iyer A. and Kakad Y. P. “Feedback Linearization and
Control of NASA SCOLE System by Output Feedback”, Proceedings of the
American Control Conference, 1991.

Bennett, W. H., LaVigna C., Kwatny, H. G., and Blankenship, G. “Nonlinear and
Adaptive Control of A Flexible Space Structure: The NASA/IEEE SCOLE
Problem”, 8" VPI&SU Symposium on Dynamics and Control of Large
Structures, Blacksburg, VA, 1991.

Monaco S. and Stornelli S. “A Nonlinear Attitude Control Law for a Satellite
with Flexible Appendages”, Proceedings of the 24™ Conference on Decision and
Control, Ft. Lauderdale, FL, pp. 1654-1659, 1985.

Lin, Y.-Y. and Lin, G.-L. “General Attitude Control and Stability of Spacecraft
with Flexible Structures”, AIAA Guidance, Navigation, and Control Conference,
1999.

Lin, Y.-Y. and Lin, G.-L. “Robust Nonlinear Attitude Control of Spacecraft with
Flexible Structures”, AIAA Guidance, Navigation, and Control Conference, 2000.

212



[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

Lin, Y.-Y. and Lin, G.-L. “Non-Linear Control with Lyapunov Stability Applied
to Spacecraft with Flexible Structures”, Journal of Systems and Control
Engineering, Vol. 215, No. 12, pp. 131-141, 2001.

Schwartz, J.L., Peck M.A., and Hall C.D. “Historical Review of Air-Bearing
Spacecraft Simulations”, Journal of Guidance, Control, and Dynamics, Vol. 26,
No. 4, pp. 513-521, 2003.

Turner, A.J. “An Open-Source, Extensible Spacecraft Simulation and Modeling
Environment Framework”, Faculty of the Virginia Polytechnic Institute and State
University, 2003.

A.L Solutions Inc., FreeFlyer® COTS Products, retrieved from http://www.ai-
solutions.com on February 27, 2004.

Open-SESSAME Framework, retrieved from http://spacecraft.sourceforge.net on
January 20, 2004.

NASA, Software for Development of Spacecraft-Simulation Programs, Tech
Briefs: Engineering Solutions for Design & Manufacturing, NPO-20248, 1998.

ESA, The Dynamics and Control Analysis Package (DCAP) - A versatile tool for
spacecraft control, ESA Bulletin No. 87, 1996.

Concurrent-Dynamics International, Spacecraft Simulation Software: Dynawiz

XSV, retrieved from http://www.concurrent-dynamics.com/xsv on January 20,
2004.

MSC Software Corporation, Virtual Prototyping in the Space Industry, marketing
presentation material, 2004,

Open Channel Foundation, More NASA COSMIC Programs, retrieved from
www.openchannelfoundation.org/projects/More NASA COSMIC Programs on
February 4, 2004.

Hashida Y., Bean N. P., Steyn W. H. and Hodgart M. S. “Attitude Control
Recovery of the CERISE Microsatellite follwing an In-Orbit Collision”,
Proceedings of the annual AAS Rocky Mountain Guidance and Control
Conference, Breckenridge, Colorado, pp. 655-663, 1998.

Satellite News Digest. Satellite Outages and Failures, retrieved from
http://www .sat-index.com/failures/ on January 2, 2005.

JSAT Corporation, Services Provided by JCSAT-1B Satellite Restored, retrieve
from http://www jsat.net/en/release/20050119.html on January 2, 2005.

213



[122]

[123]

[124]

[125]

[126]
[127]

[128]

[129]

[130]

[131]

[132]

[133]

The Satellite Encyclopedia, retrieved from http://www.tbs-
satellite.com/tse/online/sat_echostar_8.html on January 2, 2005.

Waller J. M., Roth T. E., Saulsberry R. L., Haney W. A., Kelly T. S., Forsyth B.
S. “Causes and Mitigation of Fuel Valve Pilot Seal Extrusion in Space Shuttle
Orbiter Primary RCS Thrusters”, Proceedings of 40th AIAA/ASME/SAE/ASEE
Joint Propulsion Conference and Exhibit, Fort Lauderdale, FL, July 11-14, 2004.

Direct Broadcasting satellite forum, retrieved from
http://www.dbsforums.com/compare/chart.html on J anuary 2, 2005.

Electronics Inventions, Satellite News Page, retrieved from

http://www electronicsinventions.com/satellite_news_page.htm on January 2,
2005.

The Satellite Encyclopedia, retrieved from http://www.tbs-
satellite.com/tse/online/sat_echostar_4.html on January 2, 2005.

AMSAT inc., Original news bulletin, retrieved from http://www.amsat.ore/amsat-
new/news/viewQriginal.php?name=2001/ans077.txt on January 2, 2005.

The Satellite Encyclopedia, retrieved from www.tbs-
satellite.com/tse/online/sat_hotbird_2.html on January 2, 2005.

Bialke, W. and Dorsey, G. “Fuse Reaction Wheel Torque Anomaly Resolution”,
Proceedings of the Annual AAS Rocky Mountain Conference, Breckenridge,
Colorado, 31 Jan.- 4 Feb. 2001, pp.441-458.

Kim, Y.V. and Deraspe, G. “Resolving RADARSAT-1 Momentum Wheels
Failure Problem”, Proceedings of 54" International Astronautical Congress of the

International Astronautical Federation (JAF), Bremen, Germany, Sep. 29 - Oct. 3,
2003.

Burt, RR  “International Space Station Control Moment Gyro Failure”,
Proceedings of the 26th Annual AAS Rocky Mountain Conference, Breckenridge,
Colorado, Feb. 5-9, 2003, pp. 543-556.

Direct Broadcasting Satellite Forum, retrieved from
http://www.dbsforums.com/compare/chart.html on January 2, 2005.

The Satellite Encyclopedia, retrieved from http://www.sat-index.com/failures/ on
January 2, 2005.

214



[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

[142]

[143]

[144]

[145]

Wrenn, G. L. “Conclusive Evidence for Internal Dielectric Charging Anomalies
on Geosynchronous Communications Spacecraft”, Journal of Spacecraft and
Rockets, Vol. 32, no. 3, pp. 514-520, 1995.

Talley, P. E. “GPS Reaction Wheel System Anomaly”, Proceedings of the
Annual Rocky Mountain Guidance and Control Conference, Keystone, Colorado,
31 Jan.-4 Feb. 1987, pp. 605-613, 1987.

Likins, P. W. and Gale, A. H. “The Analysis of Interactions between Attitude
Control Systems and Flexible Appendages”, Proceedings of the XIXth
International Astronautical congress, Vol. 2, pp 67-90, 1970.

Gale, A. H. and Likins, P. W. “Influence of Flexible Appendages on Dual-Spin
Spacecraft Dynamics and Control”, Journal of Spacecraft and Rockets, Vol. 7,
No. 9, pp. 1049-1056, 1970.

Marsh, E. L. “The Attitude Control of a Flexible Solar Electric Spacecraft”,
AIAA VIIIth Electric Propulsion Conference, Stanford, California, AIAA Paper
70-1140, 1970.

Grote, P. B., McMunn, J. C. and Gluck, R. “Equations of Motion of Flexible
Spacecraft”, Journal of Spacecraft and Rockets, Vol. 8, No. 6, pp. 561-567, 1971.

Meirovitch, L. and Nelson, H. D. “High-Spin Motion of a Satellite Containing
Elastic Parts”, Journal of Spacecraft and Rockets, Vol. 3, No. 11, pp. 1597-1602,
1966.

Leissa, A. W. Vibrations of Plates, NASA, 1969.

Kuipers J. B. Quaternions and Rotation Sequences, Princeton University Press,
1999.

Ickes B. P. “A New Method for Performing Digital Control System Attitude
Computations Using Quaternions”, AIAA Journal, Vol. 8, No. 1, January 1970.

Yuan Joseph S.-C. “Closed-Loop Manipulator Control Using Quaternion
Feedback”, IEEE Journal of Robotics and Automation, Vol. 4, No. 4, August
1988.

Book W. J. and Majette M. “Controller Design for Flexible, Distributed
Parameter Mechanical Arms via State Space and Frequency Domain Techniques”,
Journal of Dynamic Systems, Measurement and Control, Vol. 105, pp. 245-254,
1983.

215



[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

Moallem M., Khorasani K., and Patel, R. V. “Inversion-Based Sliding Control
of a Flexible-Link Manipulator”, International Journal of Control, Vol. 71, No. 3,
pp- 477-490, 1988.

Moallem M., Patel R. V., and Khorasani K. “Nonlinear Tip Position Tracking
Control of a Flexible-Link Manipulator: Theory and Experiments”, Automatica,
Vol. 37, pp. 1825-1834, October 2001.

Horn R. A. and Johnson C. R. Matrix Analysis, Cambridge University Press,
1999.

Tafazoli S. and Khorasani K. “A Flexible Spacecraft Attitude Recovery using
Feedback Linearization Approach”, Proceedings of the 6™ IASTED International
Conference on Intelligent Systems and Control, Honolulu, Hawaii, 2004.

Tafazoli S. and Khorasani K. “Attitude Recovery of Flexible Spacecraft using
Nonlinear Control”, Proceedings of IEEE TENCON, Chiang Mai, Thailand, 2004.

Tafazoli S. and Khorasani K. “Nonlinear modeling, control, and simulation of
flexible spacecrafts for attitude recovery”, Proceedings of the SPIE Defense and

Security Symposium, Orlando, Florida, 2005.

Tafazoli S. and Khorasani K. “Nonlinear Control and Stability Analysis of
Spacecraft Attitude Recovery”, submitted to IEEE TAES for publication.

Tafazoli S. and Khorasani K. “Modeling and Control of Flexible Spacecraft for
Attitude Recovery”, to be submitted for publication.

Tafazoli S. and Khorasani K. “A Closed Form Solution for the Internal and Zero
Dynamics of a Class of Nonlinear Systems”, to be submitted for publication.

216



Appendix A

Derivation of the Attitude and Flexible Dynamics

of a Star Topology Spacecraft

217



A.1 System Configuration and Frames of Reference

X
/ X;
N / )
\4
\P
E’ BT '.i a./J
— vl
b, >
W
Y

v Vi

Notations:

=t

(), or (M),
(7). or (M),

(7), or (M),

NI <

displacement

Velocity vector of the Center Of Mass (COM)

Angular body rate about the center of mass

Vector 7 or matrix M expressed in celestial inertial reference frame

Vector 7 or matrix M expressed in spacecraft/body reference frame

Vector 7 or matrix M expressed in appendage reference frame

The components of a vector 7 are expressed as 7, , r, andr,.

The rotation matrices that transform vectors and matrices from appendage reference

frame to Spacecraft reference frame are denoted by .(R;), for the i appendage. The

rotation matrices that transform vectors and matrices from Spacecraft reference frame to

appendage reference frame are denoted by ,(R,). for the i appendage.

. . . _ -1
The two rotation matrices above are related as follows: ,(R)), = .(R)) b
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A.2 Kinetic Energy

The system under consideration is a spacecraft composed of a rigid bus with » Flexible
Plate-type Appendages (FPAs) and is assumed to be in a fully deployed configuration.

The system's total kinetic energy is the summation of the kinetic energies associated with

e the rigid bus rotation (7);
e the appendage rotation and vibration (Trpa);
e the orbital motion of the system's center of mass (7},); and

o the internal momentum/reaction wheels’ rotation (7,), if any.

That is,
T;otal = Tiaﬁitudcwibration) + 7:; +T, w ( Al)
Tow =T +Tepp + T, +T,
From (Al)and T}, = Z]} :
i=]
T;otal=Tw+T:)+Tc+ZT; (A2)

i=1
where 7 is the number of appendages and the subscript i designates the i appendage.

The orbital kinetic energy is given by:

c c

T =%m, (35, (A3)

where v, is the orbital velocity of the system's center of mass and m, is the total mass of

the system defined as:
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m, = Zmi +m, (Ad)
i=1

where m, is the rigid bus mass and m, is the mass of the ;™ appendage.

The bus rotational kinetic energy is given by (A5) where I, is the bus inertia matrix:
N ) (A5)

The rotational- plus vibrational kinetic energies of the appendage are obtained by
integrating the square of the velocity of a point on the appendage over the entire area, 4,

of the appendage, that is:

T,== [piT7d4 (A6)

p,=— (A7)
For a rectangular appendage, (A6) becomes:

r_l
2

I

[p7 v dydx
0

where a, and b, are the width and length of the i appendage, respectively.

The velocity vector of point P; (on the i** appendage) is expressed as (in celestial

reference frame):
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(), =(2.), +(%), (A8)

(%), =), +(7) +(@),x(%), (A9)

where @, is the angular velocity of the i™ appendage which is the same as the rigid bus
@, expressed in the appendage reference frame (ie. @, = »(R). @.). Also note that the
orbital velocity term, (¥,), of point P; velocity, (¥,), in equation (A9) will be ignored
since the contribution of ¥, has already been accounted for in the system’s orbital kinetic

energy in (A3).

The position vector of the point P; on the appendage, 7., is given by:
(f;)p=( i)p+(ﬁi)p (A10)

Taking into account the displacement of the point P; on the appendage (displacement in

the u direction is neglected), we have:

dix + xi

(%), ={d,+y-v, (A1)
d, +w,

iz i

Note that x;, y, € R and v, and w, are functions of x,, y, and time ¢.

Expanding (i;’ ) +(&, )p x (7, ),, in (A9), we obtain:
p
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(r*,)p+(”,.)px(7,.)p= -, [+| @, , o, (A12)
Simplifying further gives

(;;)p_*_(é.)i)px(;‘;)p: a)iz(dix+xi)_a)ix(diz+Wi)_f}i (A13)
o, (diy +) _vi)_wiy (dix +yi)+wi

;) (diz +Wi)_a)iz (diy +Ji _V')

The square of the velocity is given by equations (A14)-(A17):
, — — T = - —-
(2), +(@), %), | |(7), +(@), x(7), |- 4+B+C (A14)

A=w)(d, +wi)2 +? (diy +y, -V )2 -2w,0,(d, +wi)(diy +y, —vi) (A15)

iy“iz

x-iz

_ 2 LI 2 2
B—a)ix(d,.y +vw,.) +a, (d,+x) +V) 20,0, (d, +w,)(d, +x,) (AL6)
=20, (d, +x)v,+2w,(d, +w,)v,

C=aw} (d,.y +y,-v, )2 +aw)(d, +x, )2 +W, - 20,0, (d,.y +¥, —v,.)(d,fx +

%) (A17)
2w, (dy +y,—v,) W, =20, (d,, +x,)W,

By rearranging the terms in (A14), we obtain:
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. —(d,z+w,.)2+(d,y+y,—v,)2}
+02[(d,+w) +(d,+x) |
+o] (d +x) ( +y,.—v,.)2]
+wix2[(diz+w,.)v,+(diy+y,.—v,.)w,.]
+w,, [—2 (d, +x,)w,.] (A18)
+w,, [—2 d, +x.)\3.]
+a),xa),y[ ( e )( +xi)]

@i 12[ 2(d, +w,.)(d,.x+x,.)]
+co,yco,z[ 2(diz+W,-)(d,~y+y,~—V,-):|

+W +V

-y
v
+
~—

2
N—
A~
X
o~
)
N’
-]
| IS
]
e
=Y

(), +@), <), ] [ %),

We now rewrite (A18) in matrix form where the square of the time derivative of the v

displacement, ¥*, is neglected:

a 4 4
1
2 2
a a a)ix wix (A19)
7 9 -2
[wix ,, a),z] 5 @ e, +[a, a5 a]| o, |+Ww
a8 a9 a)iZ a)il
i 2 _

In (A19) the values of a,, £=1,2,...,9, are given by:
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=[(dem) +(d, 00
a, = [(d,.z +w,) +(d, +x,.)2J
ay=| (@ +5) +(d, 3 -0)
a4=2[(dzz+Wi)‘>i+(diy+yi_vi)w‘:| .
ag=[-2(d,, +x,),] (A20)
=[-2(d, +x),]
a =[-2(d,, +3,-v)(d, +x)]

a=[-2(d, +w,)(d, %)

dy :[—2( iz +wi)( iy+yi_vi):|

We can now rewrite (A19) in a condensed form:

‘ . T .
(), +(3), %), ] [(2), +(@),%(), |=aT Lo +gja+w2  a2)

where

a, 2a, a, g =[a a a] (A22)

term:
T,=T,+>.T (A23)

Using (AS5), (A6) and (A9) in (A23), we get
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and substituting (A21) in (A24) gives

1.r
Twz =5(0cl

l —l/ H

t\)l»—-

i=l A

By rearranging the terms in (A25), one obtains:

wa_-l_ c
2 2 11,41

Lo, +~5TY 1{Ip,_,, }5,+%2[Ip,g,,dfl]w+ S [piias
= =14

N S
p (@1, Bdd += ;p,A’jg,fw,dA,-j;p,-JWfdAi

(A24)

(A25)

(A26)

Knowing the following formulas for derivatives of expressions involving vectors and

matrices;

y (scalar or vector) Oy
X = vector ox
A = matrix
AX A’
XA A
XX 2%
X" AX AX+ A%

the partial derivative of kinetic energy T,,, with respect to @ is derived below and will be

used in the next section to formulate the attitude dynamics equation:

0®

| SR E [
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which can be simplified to:

2 =1d,+) 1o +) K (A28)
[1)] :

where [, is the inertia tensor of the appendage expressed in appendage reference frame:

L={pl,d4 (A29)
4

and &, the angular momentum due to appendage flexibility expressed in appendage

reference frame:
. 1 -
%= [p&d4 (A30)
A
A3 Attitude Dynamics Equation
We start with the attitude dynamic equation expressed in the spacecraft reference frame:
—+@x] =7 (A31)

where 7 is the external torque and [ is the total angular momentum of the system.

Considering our specific case:

. oT,
I =—24h (A32)
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where Ew is the internal angular momentum due to rotating mechanical wheels, if any

(i.e. momentum wheels, reaction wheels or control moment gyros).

The attitude dynamics equation then becomes:

d(oT, - . (or, - .
—| =%+ h, |+@x| =% +h, |=T (A33)
dt\ da ow
or
or,, - or,, -
4 —Z 4+ h, |+Q| =% +h, |=T (A34)
dt\ oo 0w
with
0 -0, o
Q=| o, 0 -, (A395)
-0, o 0

or, -
4 2 +h, |=
dt{ oo

We can now define the system inertia matrix, derivative of system inertia matrix, angular
momentum due to all appendage flexibility and derivative of angular momentum due to

all appendage flexibility (expressed in spacecraft reference frame), respectively as:

L=1+3 ).
i=1

). = c(Ri)r; 1 C(Ri)p
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=3,

(). =R, 1, (R),

_’l = -’i)c
i=1 ( (A37)
(’?l)c = C(Ri)p ’21
’ét = (’é:i)c
i=1
(,2:)0 = C(Ri)p EI
and therefore (A36) can be re-written as:
d aTwI = .
—|——=+h, |=1d+1,d+K +h, (A38)
dr\ 0

Substituting (A38) and (A28) in (A34), we obtain the final form of the attitude dynamics

equation in spacecraft reference frame:

Lo+16+Q(La+r, +h, )4k, =7 (A39)

Note that Zw in (A38) represents the torque generated by the wheels which can be

included in 7 and hence does not appear explicitly in (A39).
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A.4 Appendage Discretization

A
A
T\
N
A
ai\ Rectangular
\ Cantilevered
s FPA
N

A
S
\

p mode in x; direction

g mode in y; direction

The Raleigh-Ritz method is used to discretize the continuous appendage. Displacement in

the w direction (perpendicular to the page) for the i™ appendage is given by:

Wi=wi(xiayi’t)=iili” (t)¢r(xi) l//s(yi) (A40)

r=1 s=1

where 7, is a non-dimensional vector and ¢ and w, are vectors of orthogonal

admissible functions (mode shapes) satisfying all geometric boundary conditions. Using a

vector notation, equation (A40) becomes:

W, (xi,yiat)=¢;rT Zi, v, =é¢Tw /?in (A41)
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where the matrix », has been changed into a vector form. For clarity the subscript i,

identifying the i™ appendage, will be dropped in the following equations:

é¢TW=|:¢1'//x qy, - ¢1'/’q| by, hyv, - ¢2qu |¢,;V’1 ¢p'//2 ¢p'//q:| (A42)

Z'T=|:Zn X Zlq| Xn Xun = qu| |Zp1 Xy qu:l (A43)

Note that C‘W is a function of x and y (spatial function), and 7 is only a function of time ¢

(temporal function).

The boundary conditions for the cantilevered appendage are: clamped for (x,0), and free

for (x,b), (0,y) and (a,y). The mode shape functions for the free-free and clamped-free
beams, ¢, (x) and y, () are given by:

1

¢ (x)= Ja
12

é, ( x) = = ( x - _621) (free-free) (Add)
forr=3,45,..,p

1 x x . x . x
¢, (x)= ﬁ{{cosh (ﬂ, ;) +cos (/1, ;H -0, {smh (/1, ;) +sin (l, ;):H
fors=1,2,3 ..,4q (clamped-free)

(A45)

v, (») =j/1—;{{°°5h(’15 %)_COS(AS %)]_as [Sinh(}* %j—sm(ls %)]}

where o; and o are given by
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- =cosh(l,)—cos(l,)
" sinh(4,)-sin(4,)

(A46)

and A, and A are the roots of

1-cosh(4,)cos(4,)=0 (A48)

_ sinh(4,)-sin(4,)

s = Cosh (4,)+cos(4,)

1+cosh(A4,)cos(4,)=0

(A47)

(A49)

Note that ¢, and ¢, represent the rigid modes of a free-free beam for translation and

rotation, respectively.

Some of the terms that will be used throughout the formulation are provided next:

2

77

wi=wi(xi’yi’) CT X

w4 o
L =C, Cl7+(C,Cr ) 7=2C,Cl 7

(A50)

(A51)

(A52)

(A53)

(A54)

(AS5)
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i _ T
> —C¢'WZ:
i
5‘=C¢w i
i
2
ayl gy Ai
i
2
a M}l :é;: ’_.
v i
axi i
. ~T =
wi=C¢wZi

W =(Chz) (Ch)=(37C. )(Chz)=71C.CL %,

(A56)

(A57)

(A58)

(A59)

(A60)

(A61)

The displacement in the v direction can be found to be (see Section A.9 in this appendix

for the derivation)

y 2
y =_1_I(6 wi(x,n,t)j d
2; on

(A62)

Note that a change of variable (i.e. y has been replaced by7) has taken place in the w,

term, to avoid confusions with terms involving both v, and dy integrals (e.g. appendage

inertia terms in Section A.5). We can now rewrite (A62) using the vector notation:

1 Y
=5 I( (xw(n)Z:)

0
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and finally by:

y
{;:)’(‘I,TI: C¢W'C:W' dn:lfi
0

Also recall that the last term in the kinetic energy (A26) can now be expressed as

L owiaa=L [oi16. 2 2) o gp,.;zf[ J(C‘,wéi)dA,}f
A,.

(A63)

(A64)

(A65)

(A66)
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A.5 [ Inertia Terms

We now choose the rectangular geometrical shape for the appendage and expand the

appendage’s inertia matrix I, for this specific case. From equations (A22) and (A29),

the first element of the appendage inertia matrix (expressed in appendage reference

frame) is:

I, = IpialdAi
A'.

Substituting the first term of (A20) in (A67) gives:

szx = pl Jf[(dlz +Wi)2 +(d1y +y1 _vl) :|dy1dxl
00
and expanding (A68), we get
a b
[ixx = pi .[J.(dé +Wi2 +2diz"vi +dii/ +y12 +vi2 +2diyyi _2diyvi _2yivi) dyidxi
00

Now by regrouping terms, we obtain

a; b; a; b, a; b,
L. =p, [ [(@ +d)dvdx, + p, [ [57 +2d,,y,)dydx, -2d,,p, | [vdydx,
00 00 00

a; b a b a; b,
+2d,.p, I_[Widyidxi * P J‘J‘wizdyidxi -2p, _[I(yivi My, dx,
00 00 00

(A67)

(A68)

(A69)

(A70)

and by integrating the first two terms of (A70) and using (A63), (A50) and (A52), we get:
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ab,(d} +d})+q, (b?fsjm,bfd,.y ~2d, J’ J’ [ #/C,Co ] dy}dy dx, 1
.= p{+2d, j j T Ay, +a'jb'j;zf C,,CT 7.dyds, L (a71)

—2af [ Bf[ Cov ] d"]dyfd"f

or
( b3 a by ]
(ap,(d}+d? )]+, (—3’——)+a,.b,.2diy -d 7! {j [C,Cp, dndy,dy, }
000
I, =p+2d, [ajbIC dy, ,}Z, +7, {IIC CT dy,dx} ’ r (AT2)
00
a by,
71| 11,5 Yo 7
L 000 J

Defining the following mode shape integrals:

M,, = Ojo :jé Cydn dy,dx, (A73)
iy, = j j dy,dx, (A74)
j j G, Cr dydx, | (A75)
M, = Oj:jy :j(éw,éjw.) dn dydx, (A76)
whered =4(x), y =) and ' = D,
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and substituting (A73)-(A76) in (A72), the final value of I, is obtained to be:

b’ T -
L= I:a,bi (d; +d} )] +a ( 3 )+a,b, d,-d, g M M, %, +2d,.zm:y,)(i

—-T — —-T —
+Xi Mwli —Xi M—y;tw,’,li

The same process is repeated for the remaining elements of /, where the subscript i is

dropped for simplicity:

a
I,=1,= IpédA
4

pT]d +y—v (d +x) dydx
00

= —p]‘l](dydx +dyx+dxy+xy—dxv-xv) dydx
00

a’b ab®  a*b? b “b
I,=-p,|dd (ab)+d, Hd —dxojojvdydx—ojojxvdydx
ab> a** d. _, .1, .
I, =- [ (ab)+d d,——+= "X My XS T My 7| (AT8)
where
ab y_’
M., = [[x[C,,C;, dndydx (A79)
00 0
a,
I,=I=[p=td4
w=la= [P

A
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I =—p [ [(d, +)(d, +x)
00
ab
I,=-p [[(d.d +dx+dw+xw)dydx
00
zb ab ab
@=-pPyg@m+¢3—+¢jpuy@-jpw¢dﬂ
2 00 00

a’h p e g
Ixz =_p|:dzdx (ab)+d27+dxm:x+mf¢wx}

where
ab -
rﬁxw = J. IxCW dydx
00
Iw='fpa2dA
A
ab 5 )
I = d d dydx
5= (@) +(d 42 Jo
ab
I, = p.['ﬂ:(df +w’ +2dzw)+(dfx +x +2dxx)] dydx
00

3
]yy = p[(df +d3)ab+dxba2 +b%+2TM¢y/i +2dz’ﬁ;y/2:|

¥z

a
1=5=pgm
A

(A80)

(A81)

(A82)
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b

I,=p ]._ﬂ:(dz +w)<dy+y—v):| dydx

0

ab
I,=—p [[(d.d,+dy-dy+dw+yw-y@)dydx (v is negligible)
0

0

: 2
1, =—p|:(dydz)ab+dz%£—% 7'M, 7 +d il 7, ;z} (A83)

where

ab

gy = [ [¥C,, dydr (A84)
00

I, = Ip a,d4
4

I.=p ].[].[(dx +x)° +(dy +y—v)2] dydx
00

I.=p {][]‘((df+2dxx+x2)+dy2+y2+)/+2dyy—2dyv—2yv) dydx (v is negligible)
00
2 n a*b ab® ab® a’b “ ab
Izzzpl:(dx+dy)ab+2dx S+ 2d, =+ +T—2dyJJvdydx—2Jdeydx]

3 3
I, = p{(df +dy2)ab+d,,a"'b+dyab2 +f§—+a—3b——dy,?TM_M;2 —ZTMW;,??} (A85)
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By differentiating I, terms with respect to time, we obtain the following set of equations:

~d 7" (M, + M}, )2 +2d i, 7+ 77 (M, + M}, )7

f=p (e )7 (A86)
iw=p[l (8, +M¢;,);5+2d mw,}j] (A87)
Lo=p|-d, 7" (M, + M}, ) B~ 7" (M, + M}, ) 7] (A88)
Ly=d=21d " (Mo, + M5, )T+ 77 (Mo, + ML, )7 | (A89)
I, =1,=-p|dp, 7+, 7] (A90)
i,=1I, = -p[—%;?T(MM + M5, );z+dymgw;?+rh§¢w;'z} (A91)
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A.6 Angular Momentum due to Flexibility, #

We now expand the angular momentum terms due to flexibility, &, for the i appendage
expressed in appendage reference frame. Here again, we drop the subscript i for
simplicity of presentation. From equations (A22) and (A30), the x component of the

angular momentum due to flexibility is:

K, = 1 p]lj[a4dydx (A92)
2 00

Substituting the fourth term of (A20) in (A92) gives:

K, =% pajbjz[(d, +w)v+(d, +y-v)w| dyde (A93)

and by expanding (A93), we get:

K, = %p]‘l]'2[(dzv+,mf)+(dyw+yW—M)] dydx (wv and v are negligible) (A94)
00

Substituting (A73), (A74) and (A84) in (A94), we obtain the final value of x, as:

= T

k.= pld, B My, 7 +d g, F+ i, 7 | (A95)

The same derivation process is repeated for the y and z components of & :

ab
K, =%p6”a5 dydx

0
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b g a b
[ J = [](Cr.7) dyx (A96)
00
1 ab
K, =Epj_[a6 dydx
00
ab
K,=p Iﬂ:(dx +x)13:| dydx
00
K, =P A7 Moy 7+ 7" Moy, 7] (a97)

By differentiating « with respect to time, we obtain the following set of equations:

=pld, ¥ My, F+d, 7" M, i +d, i, i+, 7 | (A98)
&, =—p|d. g, %+l 7 | (A99)
K"z :_p[dszM_:w;j+de;T Z+Z Mx¢y/ Z+Z Mx¢y/ Z] (AIOO)

We write «; as a function of K and fc’u where j refers to a vector component, x, y or z
Ry =K +K.7 (A101)

where the K"ji components are scalars and are given as (for i appendage):
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k;=pld i M, 7] (A102)

£.=0 (A103)

Yx

Ky =—p(dt My, ¥+ 7" M0, 7 (A104)

X

and 1?”-2- components are vectors with pg components and are given as (for i appendage):

&l =pld. 7" M, +d,ml, +iil, ] (A105)
ky; = ~p|dmj, +ii, | (A106)
’E:;z ==p [dx)?TMW’.’ + 2TMx¢y/", :| (A107)

Therefore, for the i appendage, we have:

=T
: . K. .
K, 7 xF ‘
. . 7 2
=K . 1

K, 1 K 1| 2 (A108)
KZ E ET:

X L7 4
7 3 ——

K K

X =x

Using (A108), we can re-write the attitude dynamics equation (A39) in a compact matrix

form (in spacecraft reference frame) as:

L g;][i}:{—(z,mg(g,m*,+*w)+*i+ w)}Lf (A109)
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A.7 Potential Energy

The total potential energy is obtain by summing the orbital, attitude and flexible potential
energies:
K. ., =K

+ K + Kﬂexible (Al 10)

total orbital attitude

The only term in (A110) which drives the vibrational equations is the potential (flexible)

energy stored in » deflected appendages and is given by the following equation:

n a b, 2 2 2 2 2 2 2
K, =Ip i oo AT ) 2 apde (Al1D)
Slexible i 2 2 i
2 i=1 00 axi ayl' axa‘ ayi axiayi

where D; is the flexural rigidity and is defined by:

3
p=_Lh_ (A112)

12010

In (A112), A; is the thickness of the i appendage, ¥ and E; are the Poisson ratio and the

modulus of elasticity of the material, respectively.

Expanding the first term of equation (A111) using (A56) gives:

j de,dx j j(c’w ;2) dy,dx, (A113)

j )dy,dx ”(;( Cp, Ciy 7,) dyd, (A114)
2 a, b

“-(Zx‘]dyldx, ;f{j (C,, Co )dy,dx,} 7, (A115)
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Expanding the second term of equation (A111) using (A58) gives:

o*w :
ay; J dy,dx, =

]dy,dx, I J(x Cyp Copr 7)) dydy

lics 2) s

Oq_.

<

de,dx, xf[ajb(c G, ) dydx } 7,
0

0

Expanding the third term of equation (A111) using (A56) and (A58) gives:

a; b az .62 . )
1222 e =[] (64, 2) (6hor) v

Ib v, O dy,dx, = Ibf (27 Cp, G 7)) dydy
0 j 00

00 i 1

Expanding the last term of equation (A111) using (A59) gives:

hal S 2 ah .
6[0 ax,.éy,.J dxidyi=(!(;[ (C¢'V/'Zi) dy’. dxi

a b, 6260. 2 a; b, ~
I I( ) dydx, = [[ (7' Gy, €1, 7,) dyds, (A123)
0

00 axiayi

0

W 62 , =T e AT by:
j f dydx, = 7 j j (Cpy Cppr) dyidx, |Z,

(A116)

(A117)

(A118)

(A119)

(A120)

(A121)

(A122)
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ab, 2 ah
J-b a?:a),‘ ) dy,-dxi =ZiT|:J.bjl ( C C¢TW ) dyidxi Zi (A124)
0 i 00

By defining the following mode shape integrals:

a, b;

i

My, = ”(C Cy., ) dyds, (A125)
M, H(C Gy, ) dydx, (A126)
a b,
My, = [[(Cpy Cpr) drd (A127)
00
a; b - -
v =[] (Cov Gy ) dvdx (A128)
00

we rewrite (A111) using (A115), (A118), (A121), and (A124)-(A128) as follows:

I - -
Ko =5 20, 2 [ My + Moy 420, My +2(1-7) My, 1 7, (A129)
i=1

and finally by defining:
V.=D[Mg, + M, +2y, My, +2(1-7,)M,, ] (A130)
we obtain the final form of the potential energy stored in the » deflected appendages as:

ﬂexlble == Z Z! —i Z: (A131)
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A.8 Vibrational (Flexural) Equations

The vibrational equations of motion are obtained by using the conventional form of
Lagrange’s equation:

4 Eé_ —£=Qk k=1,2,3..., npq (A132)
dr\ 64, ) Oq;
where
L =T(/?l’zZ""’anq’f]’Z:.Z""’Z_"npq)_K(fl’22""’/?npq) (A133)

In scalar form (A132) becomes:

d( or ] or + oK =0, i=12,.,n; r=12,..,p; s=12,....,q9 (Al34)

d_t al'irs B alirs alirs
where 7 is the number of appendage and p and g are the number of modes in the Free-
Free and the Clamped-Free directions, respectively. The term Q denotes the generalized

forces due to environmental disturbances.

In vector form (A134) becomes:

d(aT) o K _5 (A135)

—_— - —_ + =
dr\ o7, | o7 o7, Q

Using equations (A2), (A3), (AS), (A26), (A29) and (A30), we obtain the equation for the

kinetic energy of the satellite expressed in appendage reference frame:
&'y I, &+ E,T@Jr-;—Z p [widd,  (A136)

By differentiating (A136) with respect to the time derivative of ¥,, we obtain:
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-—my, +_lecd)+la3T 'I'i @
2 2 3
?=aa—; n o, L (A137)
Xi Ai +Z[Kix Kiy Kiz:] @, +Ezpi(z’TM¢WZi)
o i=]
)

Using previously derived mode shape integrals and dropping the subscript i, we write:

oT - - . - ~
a_—" = PO, (dzMW,’,Z +d, iy, + o ) PO, (dxmw t My, )
74 (A138)

_pa)z (dngéy/,’,/? +_Mx¢w,’,f )+ p M_qﬁy/ Z
and differentiating (A138) with respect to time gives:

d(ioT . - = T
E[§]=p [wxdzMW/,', l+a)deM¢y/;z]+p MW/Z

+p0, (d, iy, + 1y, )~ pod, (d iy, +i,,,) (A139)

—p I:d)z (dxMM +M*¢'f’r’:) Z+o, (d"M"""" +M’¢W”’) X :|

Next we differentiate (A136), with respect to 7, to obtain:

Z 2 el L,
o7 o722

N~
0
-
N | —
T

P jwsz,} (A140)
=Ly

and by keeping the terms contributing to the differentiation of 7" with respect to 7 , we are

only left with:
_=_Ba~u mm} (A141)
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Expanding the terms of (A141) gives:

or a1 e Ly L e s
FoarTiEy [a)x @, wz:l I, 1, I,||o, +[Kx Ky KZ] @, (Al42)
oy Ox|2 I o o

and simplifying (A142) in the next two steps, results in:

ILo+] o +] o
aT— a 1 B i 4 I.Xfy y IXZ z
5—5 5 [cox o, a)z] lLo+l,0,+1, 0, +[1cxa)x+/<ya)y+lcza)z:|

Lo+l 0 +1,0,

Ia)+1a)a)+1(oa)

b %ad 2ad xx2

0T & % +Iyxa)xa)y+1 w’ +Iyza)ya)z

oF o +L,00,+1 00, +1_ 0]

K0, +K,0, +K,0,

1 1
Ia)+1a)a)+lcoco+ Ia)+1a)a)
or _ 9|2 ™™ iy g (A143)

% o +%Izza)z+/ca) +K,0, +K,0,

Carrying out the differentiation in (A143) and substituting the mode shape integrals, we

have:
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syl Y, xz xCoy

oT 2 - ~ _ _

a;:p +o, (Mw ;(+dzm¢v,)+wya)z (dZMM -d,m,, —myw) (A144)
+o’

where
M pvy = %(A—’IM + —M-Zw,', ) (A145)
M, =%(Mw;, +Miy, ) (A146)
i, = (i, + 17, (A147)
M, =%(Mw; +M,,. ) (A148)

Noting that for our particular system, all mode shape matrices M , except for M g7y » ATE

symmetric (i.e. M' = M), then all matrices M = M .
Using (A131), we can obtain:

6K _ aI<ﬂexible _ _1_

- LAl F: (A149)

and after substitution of (A139), (A144) and (A149) in Lagrange’s equation (A135), we

get the vibrational equation for the i appendage as:
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plo,d. M, 7+0.dM,, i)+ po,(diy, +i,,)-po,(dm, +i,,)

~-p [a')z(dxMW + M., ) ﬂ?+wz(dxM¢w +M,,, ) ¥ :|+p MW;(

”wf(—dyM_¢.,,;,?+d,r71w+M 7 - MW Z) 5
+a)xa)y(a’xM T+M,,, Z)+(oa) ( -d,m,, -, ) (A150)
P +coj(M z+d, m¢v,)+a) o, ( M,, %-d,, - m,) +—;—(Z+KT);Z=Q
+w22 (_d,vMW,', f——MyW )+ ( M Z)
_+a)z (—dx Mw;,)? -MW,,Z ) ]
and rearranging the terms in (A150) gives:
M, Z+p[d M,, x+dm, +myw:|
tp [_dxﬁ;'w —fflww]d)y +p|:_dxM¢W,',Z _quﬁy/;,i;:ld)z =
 (v+r” ]
—(_%)"wa (—dy—MW,', +M,, '"M~y¢w,’, )
p|+0}M,, +0? (-d,M,, -M,,,. )+ i+ (A151)
wy(dxM¢ +Mx¢,,, )+wya)z(dz_A1M)

| -0, +0,(d My, + M,y J+0.d My, -0, (d.M,, +M,, )] 7+

_x¢|//

2 24 = ~ ~
p w.d.m,, +wdm, -oo, (dxmw W)—coya)z(dymw +m,, )]+Q

Note that the coefficients of the 7 term in (A151) cancel out and hence the 7 term drops

to zero but since there is some damping in any flexible structure, we will add a damping
term to (A151). We have assumed viscous damping and no modal coupling as far as

damping is concerned which results in a diagonal damping matrix, D, with entries & for

the damping parameter. The O term representing the generalized forces due to

environmental disturbances is set to zero for our present purposes.
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The final form of the vibrational equation for the i/* appendage can be then given by

M, 2+K 0 +K 0,+K,0,=K7-Dj+C (A152)
where
I (V+K ) ]
5 o} (-d,M,, +M,, -M,,, )
K=|+o}M,, +o}(-d,M,, M, )+ (A153)
(d. My, + My, )+ 0,0, (d. M, )
2
dm¢w+a) de 0.0, (d my, +mx¢w) (A15%)

C=
0,0, (dy’"w + my¢w )

and the ¥, terms are the same as (A105)-(A107) without the multiplicative p term

E . =d MW Z+d,m,, +m,,
(A155)

Finally, the vibrational equations of the i appendage can be written using a compact
y q pp g g p

matrix form, as

(A156)
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The complete set of the attitude and flexural equations of the system, (A109) with no

reaction/momentum wheels and (A156), can be combined and rewritten as:

{L K Mﬂ_ -(i,6?>+9(lr‘7’+7+’ﬁ’w)+’éf) +H (A157)

B ST 4T
. M 0

The mass matrix inversion in (A158) can be obtained by using the block matrix inversion

formula [127], and hence we can decouple the system of equations

F)J‘ F;! [ R -(ng(g,m*,fw)mi) .
Z] | ~Eugy Ll En o || K7-Di+C 5o
[ Fi L'l Farz ()
1 ¢ B ly T]
Eagl E L0
or equivalently,
51 | =Fnly—L'&E Fyl, Fy
7] Lntg — 4 Bplintly £ -
[._.]: g L (A160)
4 "Ezz’ﬁ;_l_t l5 +E22’j LKL,

where
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B - . (Al161)
I =La”)+g(1,a3+12, +hw)+ K.
X
l,=K7-D7+C
By defining 67 = [ 7 ;'('T] , (A160) can be expressed in a concise state space
representation as,
. o] [£@.8)] [6:6)]. . -
Xx=|.|= j:w(_. _.) +l:_m(_,):|f = f(XNO)+GE(xX)7T
5| [ f3(@,6)| |Gs(0)
(A162)

y=h()

where thefand G terms can be obtained directly from (A160) and the state and output

vectors are given as

F=[6" 8"1=[w, 0, 0, X, XAy F1 ZaoToe]
y 1 A2 ipg A1 A2 pq (A163)

y=h@=[x % x| =[o, o, o]

This represents a m-dimensional system with m =3+ 2npq, where n, p,q were defined

previously.
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A.9 Derivation of the v displacement

Yy y+dy

»Y

Two fixed points on the undeflected appendage are selected as F :(y,0) and

P, :(y +dy,0)as shown in the figure above. After a deflection of the appendage, the new

coordinates of these points are given as B :(y-v(y),w(y)) and

B (y+dy-v(y+ady),w(y+dy)).

Using the Pythagorian theorem, we have

& =[y+dy—v(y+dy) -y +v)] +[w(y+dy) -w)] (A164)

and by defining
dv
v(y+dy)=v(y)+3dy (A165)

and
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w(y+dy)=w(y)+j—wdy (A166)
Ly

equation (A164) can then be reduced to:

dy? = (dy—dv)’ +(dw)’ (A167)
By expanding (A167), we obtain

dy* =dy* - 2dydv +dv? +dw?

dv? —2dydv—-dw? =0 (A168)

and solving for the roots of (A168):

[4432 _ Adu?
dv= ‘(‘idy ) 4 Y4y . Adw (A169)

The positive solution of (A169) is trivial and leads to the case where dy =0, which is not

of interest. We can see this by allowing dw =0 and hence dv=0 in (A169):

dy+4dy*-0=0

2dy =0
dy=0

The negative solution of (A169) is of interest and is given by:
dv =dy —/dy’ —dw’
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2
dv=dy—dy /1-dl2 (A170)
dy

We now integrate both sides of (A170) to find the expression for v :

(A171)

Let's set x = %K and f(x)=+1-x" and find the first and second derivatives of f(x) as:
%

—a

() = Al72

f0=7== (A172)
and

e Y S (A173)

V1-& ’ \/(l—az)3

We now use (A172) and (A173) to express f(x) using a Maclaurin series, as:
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2
f(x) = f£(0)+ f'(0)x+ f"(o% +hot.

142
f(x)=1+%+ lx

+hot (A174)

and by substituting (A174) into (A171) and ignoring the higher order terms (h.o.t.), we

obtain the final form of the approximate v displacement as:

y 2 y 2
{52
0 2 0 2
y 2
1 I(d_w &

2\ dy

(A175)
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Appendix B

Integrals of Mode Shapes
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Mode shape integrals resulting from the Lagrangian derivation of the system equations

were derived analytically in closed-form expressions (except for one case, M,(y)) and
are provided here. Note that ® is the tensor or Kronecker product.
Mode Shape Integrals — Matrices M, =M, (x)® M, (y)
k M, (x,y) M, (x) M,(y)
1 M,, M, = [¢6ax M., f fw,,w”d ndy
[ 00
a. . by
2 M.y, M= [x64dx M,,,. = [ |5, dndy
[ 00
a .. b
3 M, My = (4§ dx M,, = [§i"d
0 0
4 M, M, = J.Mrdx M., f y v/,,y/”dndy
0
a b
5 M,, My = I¢"¢"de M, = I*'PTdy
0 0
a b
6 M, A—/I-M = I¢¢de M, = I*"V/"Tdy
0 0
a b
7 My, My, = [§6dx M,,.= [#5"dy
0 0
a b
8 M¢,W, M¢,¢, = I¢l¢lex Mv,'v,' = J"prv—/-ley
0 [}
M, (x) M,(y)
292
.. 2+ M -0,4, i=j
M. = a i=j Mo 2
=0 0wy v 8474} 432 0,4, -0 A)
z it 322 T4 r#]
(47 +(=D" A5 A =4
0 (1,))and (4,1),i23
-83 az%[l—(—l)‘] (2,i) and (,2),i > 3
a _
M.y=1-3 7 (1,2) and (2,1) Sameas M., =M,(y)
a i
) J

\

zalal(l“+ﬂ.“)
ARV

8a

(D™ -1] i j, i23,j>3
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Same as M, = M, (x)

Sameas M,, = M,(x)

Values obtained numerically using MATHCAD.
For example, for p=¢=3
[1.193 0686 —0.792 -0.546 -0454 —0.372 -0322 -0.280 -0.250]
-0.686 6478 0.169 -2911 -1.889 -1943 -1.613 -~1.518 -1341
-0.792 0.169 1786 3271 6154 -3326 -4.170 -3.334 3.409
-0.546 -2.912 3274 3605 8570 -9.841 —4363 -6.582 -4.99
l\_'lm;_;I =b|-0454 -1.889 —6.154 8570 60.80 1592 -14.01 -5059 -9.125
-0372 -1.943 -3.326 -9.84]1 1592 9213 2530 -18.67 5.446
-0.322 -1.613 -4170 -4.363 1404 2530 1300 3669 -2380
—0.280 -1.518 -3.334 -6582 -5.059 -1867 3669 1745 50.10
_—0.250 -1.340 -3.409 4996 9.125 -5446 -2380 50.10 2256 |

4
 j=j,i23,j23
Myy =1 d / g

0  otherwise

Same as My/y/ = M3 (y)

4
Same as M, = M, (x) M, =p =)
0  otherwise
2041 -1y (i, 1,23
a
21362, ,.
{ —é‘—”—“[l—(—l)]
oA
. L/ Ne ) =
o _ﬂ[ﬁ(—l)’—(—l)‘a,ﬂ,.] }oG.2),i23 Mo b @) =
atl P TV OAOA)
%4 (2-0,4) i=j,i23,j23 Tagoan o rEDTAT 2
a (3
44 oA -0k) " S ioa s
W[H(—l) 4 i#j,i23,j23
10 otherwise
2 22)
a -
o, .
M[(—1)"+1] (2,i)yand (;,2), i >3 5 (2+0,4) i=]
a
Ao, . ) LY "
M¢r¢'=<—';L[6+liO'i] =], 123,j 23 MW'W' = WK—I) J(Gjlis—Gi/{,js)
i TN
42']}','(0-]1?3_0-,';"/'3) i+j . S s . .
a(ﬂvf—lj“) (D™ +1] i#j, i23,j23 —ljl, (O’iﬂ,,.—ajﬂ,j)] i#J
0 otherwise

Note that all mode shape matrices above (except M, ) are symmetric.
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Mode Shape Integrals — Vectors m, = m, (x)®m,(y)

m,(x,) my, (x) m, ()
a b
#,, iy = [ dx i, = [ dy
[ 0
a b
g, iy = [ dx i, = [y dy
0 0
a b
Py, iy = [x4 dx i, = |7 dy
0 0
i, (%) 7,(»)
_Ja i=1 P =Ell°_'r_
=10 otherwise Y4
Same as m, = m,(x) 2
¢ 1 w2

x¢—

Ry

|
N 1
2]

0 otherwise

Same as m,, = m,(y)
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Appendix C

Environmental Disturbance Torques
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The following four sub-sections discuss briefly each of the four environmental
disturbance torques. Hughes [3] provides a more detailed discussion of the environmental

disturbances affecting the spacecraft.

C.1 Gravity Gradient Torque

The gravity gradient torque arises because the gravitational force varies over the
unsymmetrical mass distribution of the spacecraft body. This gravity gradient torque
expressed in the spacecraft reference frame varies throughout the orbit as well since the
radius vector from the centre of the Earth to the centre of mass of the spacecraft varies in

the spacecraft reference frame.

The following assumptions are usually made to simplify the gravity gradient torque

model:
i) Only the effect of the Earth is considered.

ii) Earth is considered to have a spherical shape and a symmetrical mass distribution.

iii)  The spacecraft is considered as a single, small body compared to the Earth.

The instantaneous gravity gradient torque is given by

L 34 L
7, = F“’g [7 x(L7)] (C1)

c

where u, is the Earth's gravitational constant, 7 is the unit vector defining the

spacecraft center of mass position from the center of the Earth, expressed in the
spacecraft reference frame, and I, is the spacecraft total inertia matrix which includes the

flexibility effects.
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C.2 Magnetic Torque

The magnetic torque is often not determined accurately due to the inaccuracy of the
spacecraft's residual magnetic dipole vector arising from permanent magnets and current
loops within the spacecraft (excluding the magnetorquers, if any). On the other hand, the
Earth's magnetic field has been defined accurately in the form of a series of spherical
harmonics. However, due to the inaccuracy of the spacecraft's residual magnetic dipole,
there is no incentive for considering a complicated expression for the Earth's magnetic
field; hence a dipole model was used where all but the first term of the spherical

harmonics are ignored.

The magnetic disturbance torque is given by

i

~
It

3

X

(€2)

where 7, is the spacecraft residual magnetic dipole vector, and b, is the Earth's

magnetic field vector at the spacecraft's position which can be computed , using a simple

magnetic dipole model [6], as follows

- 3
b = ‘Hg" [3("

o

)7~ ] (C3)

where a’H, and 7 are the Earth's magnetic dipole strength and unit vector, respectively.
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C.3 Solar Radiation Torque

The solar pressure torque is produced due to the accumulative force imparted by the sun
on the spacecraft body and the offset of the spacecraft's optical center of pressure from
the spacecraft's center of mass. In order to simplify the calculation of solar radiation
torque, the reflected and emitted radiation from the Earth is ignored, leaving the solar

radiation as the only radiation source to consider.

The solar radiation torque is given by

)

«
I

Y
X

(C4)

[

where 7, is the vector from the spacecraft center of mass to the optical center of pressure

and the solar radiation force, £, is calculated using
- F -
f= A+ q)u, (C5)
c

where F, is the solar flux constant, ¢ is the speed of light, 4, is the exposed solar
surface area, q is the reflectance factor (ranging from 0 to 1) and #, is the unit vector

defining the direction of the solar radiation, pointing away form the Sun towards the

spacecraft surface, expressed in the spacecraft reference frame.
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C.4 Aerodynamic Torque

The aerodynamics disturbance torque is due to the accumulative force imparted by the
molecules found in the upper atmosphere and the offset of the spacecraft's aerodynamic

center of pressure from the spacecraft's center of mass.

A number of assumptions are usually made which are consistent with the calculation of
drag for aircraft and can only be used as rough estimates for spacecraft drag force. The
drag force was calculated using aerodynamic theory which assumes continuum flow.
However, at the usual orbital altitudes, the spacecraft encounters only free-molecular
flow where the average separation distance of air molecules is large compared to the size
of the spacecraft. As the names imply, the treatments of these two flows are significantly
different, however, as the calculation of the drag force due to free-molecular flow is
challenging and requires rigorous mathematical modelling, it was deemed unnecessary
for the purposes of this thesis. Also, for precise results, the variation of the Earth's
atmosphere would have to be modelled. This variation has two causes: solar activity and

the difference in atmospheric height of the day and night sides of the Earth.

The aerodynamic torque is given by

i

15‘
I
T
X

(C6)

i~

where 7, is the vector from the spacecraft center of mass to the aerodynamic center of

pressure and the aerodynamic drag force, fa , 1s calculated using

—

peid, 5.5 (C7)

a

N | =

where p is the atmospheric density, ¢, is the drag coefficient, 4, is the exposed

aerodynamic surface area and 7, is the spacecraft velocity vector expressed in the
spacecraft reference frame.
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