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Abstract

On Periodic and Markovian Non-homogeneous Poisson Processes

and Their Application in Risk Theory

Yi Lu, Ph.D.
Concordia University, 2005

Periodic non-homogeneous Poisson processes and Poisson models under Markovian
environments are studied in this thesis. By accounting for periodic seasonal variations
and random fluctuations in the underlying risk, these models generalize the classical
homogeneous Poison risk model.

Non-homogenous Poisson processes with periodic claim intensity rates are pro-
posed for the claim counting process of risk theory. We introduce a doubly periodic
Poisson model with short and long-term trends. Beta-type intensity functions are
presented as illustrations.

Doubly periodic Poisson models are appropriate when the seasonality does not
repeat the exact same short-term pattern every year, but has a peak intensity that
varies over a longer period. This reflects periodic environments like those forming
hurricanes, in alternating El Nifio/La Nifia years. The properties of the model and
the statistical inference of the model parameters are discussed. An application of the
model to the dataset of Atlantic Hurricanes Affecting the United States (1899-2000)
is discussed in detail.

Further we introduce a periodic regime-switching Cox risk model by considering
both, seasonal variations and stochastic fluctuations in the claims intensity. The in-

tensity process, governed by a periodic function with a random peak level, is proposed.
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The periodic intensity function follows a deterministic pattern in each short-term pe-
riod, and is illustrated by a beta-typc function. A finite-state Markov chain defines
the level process, explaining the random effect due to different underlying risk years.

The properties of this regime-switching claim counting process are discussed in
detail. By properly defining the Lundberg coefficient, Lundberg-type bounds for
finite time ruin probabilities in the two-state risk model case are derived. A detailed
derivation of the likelihood function and the maximum likelihood estimates of the
model parameters is also given. Statistical applications of the model to the Atlantic
hurricanes affecting the United States dataset are discussed under two different level
classifications schemes.

The Markov-modulated risk model is considered to reflect a risk process or in-
surance business alternating between a finite number of Poisson models. Here we
assume that the claim inter—arrivals, claim severities and premiums of the model are
influenced by an external Markovian environment. The effect of this external en-
vironment may be characterized, at any time, by a state variable, representing for
example, certain types of epidemics, a variety of weather conditions or of different
states of the economy.

The ruin problem in the case of a two-state Markov-modulated risk model is
studied. Given the initial state of the environment, systems of Laplace transforms of
the non—ruin probabilities and the distributions of the severity of ruin are established.
Then explicit formulas for these probabilities are derived, when the initial reserve is
zero, or when both claim severity distributions are from the rational family. Numerical

illustrations are also given.
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Introduction

Consider the risk process

N()
Ut)=u+ct—Y X;, t>0, (i)

j=1
where u is the initial value, c is the (constant) premium rate, {N(t); ¢ > 0} is a point
process which models the number of claims arriving within the time interval [0, ¢) and
X; is the j-th claim size. When {N(¢); ¢t > 0} is a Poisson process with (constant)
intensity A and the claim sizes X, j > 1, are i.1.d. and independent of N, then (i) is
known as the classical (homogeneous Poisson) risk model, which has been investigated
extensively in the actuarial literature.

The classical risk model is not realistic in some practical situations. Two main mo-
difications are made here. First, a non-homogeneous Poisson (NHP) process is used
to model “size fluctuations” in the claim intensity of a risk subject to seasonality.
Then, a Cox process, also called doubly stochastic Poisson process and a natural ex-
tension of the NHP process, is used to characterize the underlying “risk fluctuations”
in the claims intensity [see Grandell (1991)].

As a more general time—dependent model, NHP processes are introduced to model
claim frequency. Since their intensity rate A(¢) is a function of time, the corres-
ponding claim counting process has independent but not necessarily stationary incre-
ments. Due to this additional mathematical difficulty, the actuarial literature on NHP
processes is rather limited, compared to that of the classical homogeneous Poisson

process.



NHP processes are commonly used in non-actuarial applications, especially in the
reliability analysis of repairable systems. For instance, an age model is proposed in
Guo and Love (1992) for modeling imperfect repairable systems operating under a
NHP environment. Maximum likelihood estimates are also derived for the parameters
of interest. Recently, Saldanha et al. (2001) presents an application of the NHP point
process to the reliability analysis of service water pumps of a nuclear power plant.
Pulcini (2001) also deals with the reliability modeling of the failure process of large
and complex repairable equipment, whose failure intensity shows a bathtub type non—
monotonic behavior, by using a NHP process approach.

For actuarial applications of NHP processes, Berg and Haberman (1994) use a
non-homogeneous Markov birth process, of which the NHP is a special case, to predict
trends such as the time to the next claim or the expected total number of claims in a
year for a life insurance portfolio. The predictions are obtained by employing Bayesian
revision procedures for inference models on the claim occurrence process.

Beard et al. (1984) and Daykin et al. (1994) claim that the risk process is often
subject to continual changes in risk propensity. The long-term systematic slow—
changing trends, more or less irregular cyclical up— and downturns and the short-
term random variations affect the number of claims. The model to be employed then
is to consider a suitably defined time-dependent function A(t) or a stochastic process
{A(?); t > 0}, instead of the Poisson parameter A. These authors propose a formula,
of the type A(t) = A(f)[1 + d(t)]q(t), which may be appropriate to describe the
effect on the Poisson parameter for year ¢, where Ay(t) is the trend adjusted expected
number of claims in year ¢, d(t) introduces deviations from the normal trend and q(t)
indicates short-term variation of the risk propensity.

In practice, natural phenomena evolving in a periodic environment, or under sea-
sonal conditions, affect insurance claims. For example, weather factors are known to
affect automobile or fire insurance claims, while seasonal snow storms in the north

and hurricanes or floods in the south affect property—casualty insurance. A periodic



time—dependent intensity rate is a reasonable model for the claim frequency in such
situations. With some types of intensity function, it can also be tractable, even for
the corresponding aggregate claim process.

The similarities between intensity and failure rate functions, used in reliability
maintenance models under a minimal repair policy, help exploring different applica-
tions of NHP processes. Chukova et al. (1993) shows that a random variable X with

almost—lack—of-memory
P{X>z+c|X >c}=P{X >z}, for some ¢, and all z,

has a periodic hazard rate (intensity) function of period ¢, hx(t) = %’%, for t > 0.
Obvious applications in risk theory are to model random phenomena with seasonal
effects; car accidents, hurricanes. Some characterization properties of the NHP pro-
cess with periodic failure rate are derived in Chukova et al. (1993) and Dimitrov et
al. (1997). Applications of these models to environmental evolution under a perio-
dic behavior are also considered by Dimitrov et al. (1998), for an overall population
growth model in a periodic random environment, in Dimitrov and Khalil (1992), and
by Dimitrov et al. (1996) for a random process in an environment with a double-
periodic structure.

Garrido et al. (1996) and Dimitrov et al. (2000) exploit the corresponding proper-
ties in a risk model, where the claim intensity rates are modeled by a NHP process
with (single) periodic intensity. Some properties of such processes are considered and
possible forms of the intensity function over a period, like the beta—shape, are pro-
posed. Morales (2004) further explores the single periodic NHP model by defining a
Gaussian intensity with which he considers the problem of ruin through a simulation
study. While Schmidli (2003) considers a NHP process to price catastrophe PCS
options.

Furthermore, Lu (2001) and Garrido and Lu (2004) consider a model with a double
periodic intensity rate, where periodicity does not repeat the exact same pattern in

each short-term period, rather its peak intensity varies over a longer period. This



model reflects periodic environments like those forming hurricanes, in alternating El
Nifo/La Nifia years. Parametric forms of the doubly periodic intensity function, like
the double-beta and the sine-beta, are proposed in Chapter 2.

There are surprisingly few results for the compound NHP process in the risk
theory literature. A compound NHP process with periodic claim intensity rate, called
periodic risk model, is considered by Dimitrov et al. (2000). Similar models are also
considered by Dassios and Embrechts (1989), and by Asmussen and Rolski (1991,
1994) and Rolski et al. (1999). Dassios and Embrechts (1989) discusses a class of
risk models with periodic claim arrival intensity by using the theory of piecewise—
deterministic Markov processes, together with some standard martingale techniques.
The other authors derive two—sided bounds and an asymptotic formula for the ruin
probability by using an average arrival rate risk model.

Besides the reliability area, from the literature we can see also the application of
NHP processes in different ficlds. A NHP process with a periodic intensity function
is used in Parisi and Lund (2000) to model the annual cycle of hurricane arrival
times. They study the annual arrival cycle and return period properties of Atlantic
Basin hurricanes landfalling. Lu and Garrido (2004a) propose in Chapter 3 to use a
NHP model with double periodicity to fit a large data set: the Atlantic hurricanes
affecting the United States, 1899 through 2000. The main differences between Parisi
and Lund’s model and the model proposed in Lu and Garrido (2004a), in considering
the seasonal effects on the hurricane arrival times, is that the latter consider global
climatological effects (El Nifio, La Nifia) through a double periodic model.

To have NHP models fit real data more closely, one needs to estimate or approxi-
mate their intensity function. If this intensity function is given in a parametric form,
like the double-beta ones proposed in Chapter 2, the powerful maximum likelihood
method may be used to estimate the unknown parameters. Helmers and Zitikis (1999)
present a computationally simple algorithm for estimating the intensity function of

a Poisson process with exponential quadratic and cyclic of fixed frequency trends.



Helmers et al. (2003) construct a consistent kernel-type nonparametric estimator of
the intensity function of a cyclic Poisson process when the period is unknown, while
Helmers et al. (2005) further investigate its statistical properties.

As for the Cox risk model, an early reference to it is Ammeter (1948). In his
model, the intensity Ay over time intervals [(k — 1)Z, kX) of (fixed) length ¥, for
k € N*, forms an i.i.d. sequence {\g; & > 0}. This model is generalized by Bjérk
and Grandell (1988), who consider the intensity A(t) = L; if $;_; < t < %;, where
Y = 01+ --+0; (denoting £y = 0) and (L;, 0;) is a sequence of i.i.d. random vectors.
Ammeter’s model is revisited by Grandell (1995) and more properties of the model
are derived.

Ruin probabilities have been studied for these Cox models with a piecewise con-
stant intensity. Lundberg inequalities hold, provided some assumptions are fulfilled.
Bjork and Grandell (1988) derived by a “martingale approach” a general (infinite—
time) Lundberg inequality when the occurrence of the claims is described by a Cox
process. They applied their general result to the “independent jump intensity” and
“Markov renewal intensity” cases and got fairly explicit results. Grandell (1991)
derived finite-time Lundberg inequalities in the case of Markovian intensities. Em-
brechts et al. (1993) extend the finite—time results for Markovian intensities to non—
Markovian intensities within the classes mentioned. However, these may not be prac-
tical due to the difficulty in estimating the Lundberg coefficient and evaluating some
constants within the inequalities.

Asmussen (1989) proposes a Cox risk model, called a Markov-modulated Poisson
process, whose intensity process {A(t); ¢t > 0} is given by A(t) = Ays. Here the
process {J(t); t > 0} models the random environment of an insurance business and is
assumed to be an irreducible continuous time Markov chain, with finite state space.
This is a first attempt to define a risk model using an environmental Markov chain
{J(t); t > 0}. The Markov-modulated risk model was first introduced by Janssen
(1980) and also treated in Janssen and Reinhard (1985) and Reinhard (1984). Models



of this type have also been investigated, e.g., by Rolski (1981}, Asmussen et al. (1995),
Béuerle (1996) and Snoussi (2002). A survey of methods for statistical estimation of
the parameters of Markov-modulated Poisson processes is given in Rydén (1994).

Reinhard (1984) considers the probability of ruin in a class of Markov-modulated
risk models, in which the claim frequencices, amounts and premiums are influenced by
an external Markovian environment process. Bauerle (1996) has been interested in the
expected ruin time of the same model. Wu (1999) develops generalized bounds, while
Schmidli (1997) studies the cstimation of the Lundberg coefficient, for the probability
of ruin under a Markov-modulated risk model.

Snoussi (2002) studies the severity of ruin for the Markov—modulated risk models.
An explicit formula is derived for the severity of ruin in the particular case where
one has two possible states for the environmental process and where the amounts of
claims are exponentially distributed.

Dickson and Waters (1992) present algorithms to calculate the probability and
severity of ruin in both finite and infinite time for a discrete time risk model. The
severity of ruin in the discrete risk model was also considered by Reinhard (1997).
More recently, Reinhard and Snoussi (2002, 2004) extend the results in a discrete
semi-Markov risk model. Other references are Dickson et al. (1995) and Gerber
(1988).

Reinhard and Snoussi (2001, 2002) have also discussed the probability of ruin and
the distribution of the surplus prior to ruin in a discrete semi-Markov risk model,
respectively, where it is assumed that the claims are influenced by a Markov chain.

Furthermore, a Cox risk process with a piecewise constant intensity is considered
by Schmidli (1996), where the sequence of successive levels of the intensity forms a
Markov chain. Jasiulewicz (2001) considers the probability of ruin under the influence
of a premium rate which varies with the level of free reserves, while Wu and Wei (2004)
investigates the same problem but the premium rate varies according to the intensity

of claims, in a Markovian environment.



There are very few results in the risk theory literature regarding Cox processes
with other than piecewise constant intensities. Recently, Schmidli (2003) suggests
a NHP model with doubly stochastic occurrences for the PCS catastrophes index,
based on individual indices for PCS options, where the intensity is of the form AA(t),
with A is stochastic and A(t) is a deterministic function.

Some natural phenomena evolve in a seasonal environment subject to random
fluctuations which, in turn, affect insurance claims. For example, tropical storms and
hurricanes periodically affect the coastal US states along the Atlantic and the Gulf
of Mexico. The claim intensity then forms a specific pattern for each year which can
be modeled by a periodic function. Speculation exists regarding the significance and
potential effects of the El Nifio phenomenon on hurricane frequency and the strength
attained by tropical cyclones during alternating El Nifio/La Nifia years. These are
random effects that, in some sense, affect the risk propensity or the peak level of the
seasonal intensity, which can be modeled by a stochastic process.

Lu and Garrido (2004b) propose a Cox model that accounts for both, the seasonal
variations and the random fluctuations in the claims intensity. An intensity process
given by A(t) = As(t)q(t), for t > 0, is considered, where As(t) is the short—term
intensity function with periodicity and q(t) is a stochastic (level) process. A Markov
chain with finite states, corresponding to different levels, is chosen for the level process,
yielding a so called regime-switching process. By properly choosing the Lundberg
coefficient, Lundberg-type upper bounds for finite time ruin probabilities in a two—
state case are derived. This two-state Cox process model with periodicity mirrors
the underlying risk on the claim under, say “normal” or “extraordinary” conditions,
and is akin to the regime-switching models used in finance.

In this thesis, we consider the generalizations and modifications of the classical
Poisson model, both in “size fluctuations” and “risk fluctuations” in the claims inten-
sity, as well as their application. The NHP processes with double periodicity and the

periodic regime—switching Poisson models under Markovian environments are intro-



duced. Their properties on risk theory and statistical inferences are discussed. The
ruin probability and the severity of ruin are studied for Markov—modulated Poisson
risk models.

Chapter 1 first reviews the literature on the NHP processes including the claim
counting processes with periodicity, the compound claim processes with periodicity
and the ruin models under a periodic environment. Then it reviews the literature
on the Cox models with different intensity processes, especially the results on ruin
probabilities and the severity of ruin in the Markov-modulated risk models.

Chapter 2 proposes NHP processes with periodic claim intensity rate as the claim
counting process of risk theory. We introduce a doubly periodic Poisson model with
short and long term trends, illustrated by a double-beta intensity function. Here
periodicity does not repeat the exact same short term pattern every year, but lets its
peak intensity vary over a longer period, reflecting periodic environments like those
forming hurricanes, in alternating El Nifio/La Nifa years. The properties of the
model are derived.

Chapter 3 gives the statistical inference on NHP models with double periodicity
introduced in Chapter 2. Beta-type intensity functions are presented as illustra-
tions. The likelihood function and the maximum likelihood estimates, as well as
the estimated standard deviations of the model parameters, are derived. Finally, an
application of the model to the dataset of Atlantic Hurricanes Affecting the United
States (1899-2000) is discussed in detail.

Chapter 4 studies a Cox risk model that accounts for both, seasonal variations and
random fluctuations in the claims intensity. More precisely, we define an intensity
process, governed by a periodic function with a random peak level. The periodic
intensity function follows a deterministic pattern in each short-term period, and is
illustrated by a beta-type function. A finite state Markov chain defines the level
process, yielding a periodic regime-switching Poisson process. The properties of

the corresponding claim counting process are discussed. By properly defining the



Lundberg coeflicient, Lundberg-type bounds for finite time ruin probabilities in a
two—state case are derived.

Chapter 5 gives the statistical analysis for the periodic regime-switching Pois-
son models. The likelihood function and the maximum likelihood estimates of the
model parameters are derived. An application of the model to the dataset of Atlantic
Hurricanes Affecting the United States (1899-2000) is discussed.

Chapter 6 considers a Markov-modulated risk model in which the claim inter—
arrivals, claim sizes and premiums are influenced by an external Markovian environ-
ment process. A system of Laplace transforms of non-ruin probabilities, as well as
the probabilities of the severity of ruin, given the initial environment state, are es-
tablished from a system of integro—differential equations. In the two-state model,
explicit formulas for non-ruin probabilities and probabilities of the severity of ruin
are obtained when the initial reserve is zero or when both claim size distributions are
from the rational family. Examples with exponentially distributed claim sizes, as well

as Erlang and mixture of exponentials, are given.



Chapter 1

Review of the literature

1.1 Non-homogeneous Poisson Model

1.1.1 NHP processes with periodicity

Homogeneous Poisson processes are commonly used in risk theory to model claim
frequency. These sometimes give a crude representation since their claim intensity
rate A is constant. Time-dependent non—homogeneous Poisson (NHP) processes are
proposed to generalize these models, as their intensity rate A(¢) is a function of time.
The NHP claim counting process has independent but not necessarily stationary
increments. Due to this additional mathematical difficulty, the actuarial literature
on NHP processes is rather limited, compared to that on the classical homogeneous
Poisson process.

First we review the definition of the NHP process and study its properties, espe-
cially under periodicity.

Let A be a non—negative (measurable and locally integrable) deterministic func-
tion. Consider the number of claims in the time interval [s, t), denoted N,y for
0 < s <t (simply N(t) when s = 0). A NHP process is defined as follows [see for
example De Vylder (1996)].
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Definition 1.1 [NHP process] A counting process {N{(t); t > 0} is said to be non—
homogeneous Poisson (NHP) with intensity function A, where A(¢) > 0 for t > 0, if

it satisfies:
(a) N(t)=0att=0,
(b) {N(t); t > 0} has independent increments,
(¢) P{Np,t+n) = 1} = A(t)h + o(h), for all t, h > 0,
(d) P{Ny,i+n) =2} = o(h), for all t, h > 0.

The function A defined by

AQt) = /Ot/\(v)dv, £>0, (11)

is called the cumulative hazard function or the cumulative intensity function of the
process.

Consider the claims count, NV}, 44, in an interval of the form [r, 7 + ), where
7,4 > 0. The time parameter 7, called the initial age of the process, marks the
beginning of the time observation period when claims start to be counted. It is well
known [De Vylder (1996)] that for a NHP process the probability of n claims occurring
in a time interval of duration ¢ starting at time 7 is given by

e—[A(T+t)—A(T)] [A(7.+ t) _ A(T)]n

P{N[T,T+t) = TL} = nl

, neN. (1.2)

That is, for a NHP process with intensity function A, Ny, ;44 has a Poisson distribu-
tion with mean A(T +t) — A(T) = [T A(v)dv.

A NHP process reduces to the classical homogeneous Poisson process when its
intensity function does not depend on time, i.e. A(t) = A for all ¢ > 0, and therefore
A(t) = At is linear.

Beard et al. (1984) and Daykin et al. (1994) claim that the risk process is often

subject to continual changes in risk propensity. This is true for both, the long-term,
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systematic, slow—changing trends, as well as the short—term random variations that
affect the number of claims. The model to be employed then must consider a suitably
defined time-dependent function or a stochastic process {A(t); ¢ > 0}, instead of a
constant Poisson parameter A.

In practice, many natural phenomena evolve in a periodic environment or under
seasonal conditions. In turn, these events generate insurance claims. For example,
weather factors are known to affect automobile or fire insurance claims, while sea-
sonal snow storms in the north and hurricanes or floods in the south affect property
insurance. A periodic time-dependent intensity rate is a reasonable model for the
claim frequency in such situations. With some types of intensity function, it can also
be tractable, even for the corresponding aggregate claim process.

We correspondingly consider the case where the risk process evolves in a periodic
environment, as when the claim arrival rate may depend on the seasons. Then the
intensity function of a NHP claim counting process {N(t); ¢t > 0} is a periodic func-
tion, say with a period of ¢ € N* years. Consequently ¢t — [£]c € [0, ¢) is the time of
the season, where [t] is the integer part of ¢ > 0.

In fact, NHP processes are frequently used as reliability maintenance models under
a minimal repair policy. The similarities between failure rate functions and NHP in-
tensities helped explore different applications of NHP processes. Chukova et al. (1993)
and Dimitrov et al. (1997) study NHP processes generated by distributions with (sin-
gle) periodic failure rates and derive some characterization properties. Applications of
these models to environmental evolution under a periodic behavior are also considered
by Dimitrov and Khalil (1992), by Dimitrov et al. (1998) for an overall population
growth model in a periodic random environment, and by Dimitrov et al. (1996) for a
random process in an environment with a double—periodic structure.

We list here the following definitions and properties by Chukova et al. (1993) and
Dimitrov et al. (1997) for the NHP process {N(t); t > 0} with periodic failure rate.

12



Definition 1.2 [Failure rate function] The failure rate function is defined as

where fy and Fy = 1 — Fy are the underlying probability density function (pdf) and
the tail of the cumulative distribution function (cdf) of the random variable (r.v.) Y,

respectively.

Definition 1.3 [Periodic failure rate function] A r.v. Y has a Periodic Failure

Rate Function (PFRF) of period ¢ > 0 if and only if the following holds:
My(ke+t)=Ay(t), t>0, keN",

Lemma 1.1 If the NHP process {N(¢); ¢ > 0} has periodic failure rate function
Ay (t) with period ¢ > 0, then for any fixed integer & > 0, its cumulative hazard

function A has the property
Alkc+1t) = A(ke) + A(t) = kA(c) + A(2), t>0. (1.3)
Proof. See Chukova et al. (1993). O

Remark 1.1 (1.3) is called “almost linearity”, a property of the cumulative hazard

function A.

Lemma 1.2 Under the conditions of Lemma 1.1, for all ¢ > 0 and any fixed integer

k > 0, we have
(a) P{Nc,kesty =n} = P{N(t) =n}, for n € N.
(b) The random variables N xc4t) and N(kc) are mutually independent.
Proof. See Chukova et al. (1993). 0

Theorem 1.1 A NHP process {N(t); ¢t > 0} has periodic failure rate A(t) of period

¢ > 0, if and only if the following two properties hold:

13



(a) For a fixed constant ¢ and an arbitrary ¢ > 0 it is true that

P{Ni,ctty =n} = P{N(t) = n}, n €N.
(b) The random variables N(c) and N, c44) are mutually independent, for any ¢ > 0.

Proof. See Chukova et al. (1993). O

Corollary 1.1 If {N(t); t > 0} is a NHP process with periodic failure rate func-
tion of period ¢ > 0, then when ¢t > ¢ the random variable N(t) has the following

decomposition:
t
N(t) =M+ M+ Mg+ N(t—|=Je),  if t>c,

where {M;}i>1 are i.i.d. Poisson random variables of parameter A(c) = f; A(v)dv,

independent of the component N(t— |£]c), itself a Poisson process of hazard function

Aly) = ) Mov)dv, for y =t — [t]c € [0, c).

Proof. See Chukova et al. (1993). O

Corollary 1.1 gives a clear and practical decomposition for the use of NHP pro-
cesses with periodic failure rates. For time instant ¢ that are integer multiples of ¢,
i.e. t = nc, the process N(t) is equivalent to the sum of n identically distributed inde-
pendent Poisson processes. This property is not equivalent to the infinite divisibility
of the time-homogeneous Poisson process but is analogous to it.

The probability distribution of N(t) with a periodic failure rate is discussed in
Dimitrov et al. (1997). The random variables under consideration can be either the
number of events within a given time interval or the waiting time until some event
occurs. This is also one of the main probability properties of the NHP process with
periodic failure rate or periodic intensity function. Let Y be a non—negative r.v. with

cdf Fy and corresponding pdf fy, if it exists.
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Definition 1.4 [Hazard distribution function] The hazard distribution function
(HDF) Ay (t; y) is defined as the conditional cdf for the remaining lifetime of Y, given
that Y > y, i.e., for any y > 0,

y+1t) - Fr(y)

Ay(t;y)=P{Y—y<tIY2y}=FY( W) :

t>0.

Definition 1.5 [Periodic hazard distribution function] A r.v. Y has a periodic
hazard distribution function (PHDF) of period ¢ > 0 if its HDF Ay (¢; y) is periodic

with respect to y, i.e., when ¢ > 0
Ay(ty+c)=Av(ty), 9, t20.

Theorem 1.2 A r.v. Y has a PHDF of period ¢ > 0 if and only if Fy(y) has the

form

Fely)=1-alfl - (1-a)Faly - |Z]e)),  y>0,

where o € (0,1) and F7 is a cdf with support on the interval [0, 1).

Proof. See Dimitrov et al. (1997). 0

Corollary 1.2 A r.v. Y with probability density fy has a PHDF of period ¢ > 0 if
and only if it has PFRF of period ¢ and its pdf is of the form

W)= -a)al¥fzly 120, y20,

where o and Z are specified as in Theorem 1.2, and

a=ew{- [, gt = PEeivon e,
0 —
Proof. See Dimitrov et al. (1997). O
Chukova et al. (1993), Garrido et al. (1996) and Dimitrov et al. (2000) exploit the
corresponding properties in a risk model, where the claim intensity rates are modeled

by a NHP process with (single) periodic intensity. A family of beta intensity functions

is proposed to model claim counting processes on a single period of time (short—term),
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for instance a year. Their motivation lies in the great flexibility of shape of the beta
function in modeling different practical situations where periodicity occurs. Some
properties of such processes, illustrated by a beta—shape periodic intensity function,
are discussed and listed below.
Let
M) = Xt (1 - ) A p,g>0,te0,1), (1.4)

be the intensity of occurrence of insurance events at time ¢ € [0,1), where A* is the
level of the intensity. Then A (¢t — [t]), for t > 0, is a periodic function with a period
of 1 year. Further assume that ); is the claim intensity of one policyholder, then for
K similar contracts in the portfolio at the beginning of the year, the corresponding

intensity function is

At) = KM(t—[t]), t>0, (1.5)

which is also a periodic function of period 1.

Under this beta—shape periodic intensity assumption, explicit formulas are ob-
tained for the distribution of the number of claims and total claims within a period
or within an arbitrary time interval. Some characteristic properties of this corres-

ponding claim counting process are also derived as follows.

(a) Nir,r+¢) has a Poisson distribution with parameter A(7+t) —A(7) = f:” Aw)dv.
Hence the probability of total number of claims within the time interval [, 7+¢)

is:
n!

P{N[.r,.,._,_t) = TL} = , n €N,

where A(t) is given in (1.5), while the probability of total number of claims

within a policy year [0, 1) is:

P{N(l) — ’I’L} — [K)‘ i'(p’ CI)] e—[K,\‘ B(p,q)} : ne N,
where
! I'(p)T(q)
B(p, :/v”‘ll—vq_ldv:—, ,q >0, 1.6
(p, 9) i (1-v) T+ q) »q (1.6)
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is the (complete) beta function.
(b) The moment generating function (mgf) of N, 44 is obtained as
MN[T' . (s) = E[esN[T,m)] = elATH)=A(r))(e*~1) , seR,
and similarly the mgf of N(1) = N 1) is
Myay(s) = E[esN(l)] — AOE=D) _ KN B 1) SER.

(c) The expected number of claims during the year coincides with its variance and

is expressed by

E[N()] =V[N(1)] = KX B(p, q),
while the expected number of claims during any period |7, 7 + t) within the

year is

E[Np ) =KX [Blp,¢; 7+t) = Blp, ¢;7)], 71€[0,1), 7+te(0,1],

where
0, ift <o
Blp,g;t)=1 [fvP (1 —v)ldv, ifte(0,1) , (1.7)
B(p, q), ift>1

is the usual incomplete beta function.
(d) The probability to “survive” the time interval [, 7 +t) without a claim is
P{N[r,r+t) =0} = e~ [AMT+t)—A(7)] , t>0,
while for a one—year period it is
o =e M) = KX Blp.g) (1.8)
(e) The distribution of the waiting time Tj for the first claim is obtained directly
by

Fr(t) = P{Ty <t} = 1 - P{N(t) = 0},

=1—e M) =1 _ glte~ KA Blo,git-1t)) t>0,
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where « is given in (1.8), or alternatively by Theorem 1.2,

Pr(t)=1-old 1 - (1= a)Fz(t - [t))]

Fr(t - [t])
=l-alfl|1-(1 - —
S YGY
=1-aP{N,_|; =0}
= 1 — qlteg=KA" Blp,gt-[t]) t>0

bl I

where FY is the cdf with support on the interval [0, 1) and clearly Fr, (1) = 1—a.

Thus, the pdf of T is
fr(@t) = aLtJe—Kf\*B(p,q;t—LtJ))\(t —[t]), t>0,

and the expectation of T} is derived as

a+ KX [I1P(1 )0 e KA Br.at) g
1-a

fol e~ KX B(p,git) gt

EN] =

l—-«

Berg and Haberman (1994) use a non-homogeneous Markov birth process, of
which the NHP is a special case, to predict trends such as the time to the next claim

or the expected total number of claims in a year in life insurance claim occurences.

1.1.2 Compound NHP processes with periodic intensity

Consider a NHP claim counting process {N(t); t > 0}. Then the corresponding ag-
gregate claims process
N(t)

S X, ifN(t)>0
n=1

S@t) = . t>0,

0 if N(t) =0

is called a compound NHP process and is denoted as S(t) ~ C.NHP.[A; Fx], for ¢t > 0.
The X,, are i.i.d. claim severities, with common cdf Fx and finite mean y, and are

(mutually) independent of the Poisson r.v. N(t) which has parameter A(t).
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Chukova et al. (1993), Garrido et al. (1996) and Dimitrov et al. (2000) proposed a
compound NHP claim process with a periodic intensity function of arbitrary period
¢ > 0. Let {X,}n>1 be the sequence of recorded claim severities. Assume these
severities are i.i.d. random variables with cdf Fx, independent of time. Then the

aggregate claims accumulated over the time interval [7, 7 + t) are given by

1' T4t)

Sprir4t) = Z X, ot T>0, (1.9)

where N|; -4 is supposed to be a NHP process with periodic intensity function A

and S[T,T+t) =0 if N[‘r,7'+t) = 0.

Theorem 1.3 The aggregate claim process {S(t); t > 0} driven by a NHP process

with periodic intensity rate of period ¢ = 1 can be decomposed into
St)=S1+ 82+ -+ Sy +St—[t]), t>0, (1.10)

where {S,; n > 1} are i.i.d. random variables distributed as the compound Poisson
sum Zg;l Xy and N(1) is a Poisson random variable of parameter A(1 fo
The last term S(¢ — [¢]) in (1.10) is also a compound Poisson term, independent of

the other Sy, but with a Poisson parameter A(t — [t]) f - Awv

Proof. See Chukova et al. (1993). O
Lu (2001) discusses the following general decomposition of the compound NHP
process S, r4¢) when the initial age of the process 7 > 0, given by (1.9), with periodic

intensity function A of period ¢ = 1.

Theorem 1.4 Suppose that the intensity function A is periodic of period 1, then
the hazard function during the time period [r, 7 + ), i.e. A(T +t) — A(7), and the

compound NHP process Si;, 4+ have the following representations:

(i) If ¢ is an integer, independent of the initial age value 7, then
Al +1t) — A(r) = A1)t te Nt

19



(ii)

(iii)

and S| ;4 can be decomposed as
Sirrty =81+ S24+---+ 8y, teNF, (1.11)

where all S;’s are i.i.d. random variables distributed as

N(1)

S1) =" X,
n=1
and N(1) is a Poisson r.v. with parameter A(1) = fol A(v)dv.
If 7 is an integer but ¢ is not, then
AT +1t) = A(r) = AD)[t] + At - [t]), t>0,

and the claim counting process {Nj; r44); t > 0} is equivalent to the process
which has the same time period but starts from 7 = 0, i.e. {N(¢); t > 0}. Thus

S[r,7+t) can be decomposed as
Sprrtty =S1+ 8o+ + Sy + St - |t])), t>0,

where the last term is also a compound Poisson r.v., with parameter A(t — |¢])

for t — |t] € [0, 1), independent of other aggregate claims 5;’s.

If neither 7 nor ¢ are integers, then

4

A+ Al = [T+t = [t]) = A(r = |7])
if |[7)4+1—7>t— [t]
ALt + 1) +A(r =[]+t = [t] = 1) = A(r = |7))

otherwise

AT +1t) = AlT) = |

\

and S|, ,44) may contain one or two incomplete terms.

When |7] +1 — 7>t — [t], only one incomplete term appears as if aggregating
claims on the time interval [7 — |7], 7 — |7] +¢ — |t]) C [0, 1). In this case,

Sir,7+t) can be decomposed as
Strraty = S1+ 82+ -+ S|y + Spr—r), 7= 7] +t=11]) »
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where the last term is a Poisson r.v. with parameter A(7 — | 7]+t — [t]) —A(T—

|7]), independent of other Poisson r.v.’s with parameter A(1).

Otherwise, two incomplete terms appear in the decomposition form of S, ;4.
One is equivalent to the accumulated claims from time 7 — | 7] to the end of the
year, while the other is equal to accumulate claims from the beginning of the

year up to t — [t] — ([7] +1 — 7). Consequently, S -4 can be decomposed as
Sirrrty =S1+ S+ -+ Sy +St-1t] - (7] +1-7))+ Slr=1],1) »

where both incomplete terms are mutually independent Poisson r.v.’s, with
parameters A(t — |t] — (7] + 1 — 7)) and A(1) — A(r — |7]) respectively,

independent of other aggregate claims as well.

Some other characteristic properties related to the aggregate claim process des-

cribed in Theorem 1.3 are also derived as follows.
(a) The mgf of the aggregate claim process, S 4, is obtained as
MS[T,TH)(S) - E[esS[r, T+t)] = MTH)=A(T)][Mx(s)-1] , s <ay,
where Mx(s) is the mgf of X such that it is finite on (—o0, ax).

(b) The expected total number of claims within time period [0, t), and the corres-

ponding variance are expressed as

E[S(t)] = {[t]A(1) + Al - [t)}E[X],
V[S®)] = {[t]AQ) + At = EDIVIX]+ {[t]AQ1) + At = [e])}(E[X])".

1.1.3 Ruin models for NHP processes

This section discusses the ruin problem for a general compound NHP process, with

known intensity function A and premium rate c.
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Consider the surplus process, over the time interval [r, 7 + t), for a compound
NHP model with initial value of u at time 7. It is denoted by Ul ;44 (or U(t) if
7 =0) and is given by

N[‘r,r+t)
Uy =utct— > Xo,  u,7,t>0, (1.12)

n=1
where N|; -4y is the corresponding NHP claim counting process, with intensity func-
tion A, and claim severities {Xy; n > 1} are i.i.d. with common cumulative distribu-
tion function F, independent of time t, and finite mean pu.
Let
T, =inf {t > 0| Ujr, r4e) < 0}, u, T>0,

denote the time to ruin for the above surplus process {Upr r4¢); t > 0}, with initial
surplus v at initial age 7, and T denote the time to ruin when 7 = 0. Define the

probability that ruin occurs before time 7 + ¢ as

U, (u,t) = P{T, < t}, u, t >0,

= P{Ujr,7+5) <0, forsome0<s<t}. (1.13)

Like the parallel definition for the classical risk model, this is a finite time ruin
problem and it depends not only on the initial surplus u and finite time period ¢, but
also on the initial age 7.

The ultimate ruin probability with initial surplus u and initial age 7 is then
U, (u) = tlim U, (u,t), u, 7>0. (1.14)

We denote ¥(u) to be the ultimate ruin probability with initial surplus u when 7 =0
for simplicity.

Referring to Grandell (1991), the problem of calculating the ruin probability for
the NHP processes in the following special case can be reduced to the ruin problem

in the classical model.
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The cumulative intensity function of the NHP process, A, given by
t
AQt) = / Mo)dv,  t>0, (1.15)
Jo

is also called the intensity measure of the process. Assume that A(t) < oo for each
t < 00. As A is a continuous non—decreasing function with A(0) = 0, then A can be
seen as the distribution function corresponding to the measure A.

Define the inverse A~ of A by
A7 (t) =sup {s|A(s) < t}, t < A(0). (1.16)
A1 is always right—continuous. Since A is continuous, A~ is strictly increasing and
AoA7Ht) = A[ATYt)) =¢t,  for t < A(c0).
The time scale defined by A~! is generally called the operational time scale.

Definition 1.6 [Standard Poisson process] A Poisson process {N(t); ¢t > 0} with

A =1 is called a standard Poisson process.

Let {N(t); t > 0} be a NHP process with intensity measure A such that A(co) =
co. Then it is easily seen that the point process N(t) defined by N[A~'(t)] is a
standard Poisson process.

It is natural to assume that the intensity function A(s) is proportional to the
number of policyholders at time s. When the premium is determined individually
for each policyholder it is also natural to assume that the aggregate (portfolio) risk
premium is proportional to the number of policyholders. If the relative safety loading
6 is constant we get the premium rate ¢(t) = (1 + 6) u A(t) and the corresponding

income process is given by

N(t)
R(t) = (1+0)pAt) =Y Xn, t20,
n=1

where N(t) is a NHP process with intensity measure A such that A(co) = oo and

is the mean value of the i.i.d. random variables X,,.
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Consider now the process {U(t); t > 0} defined by

N(¢)
U)=UoA™M () =(1+0ut—Y X,, t>0.

n=1

This is a classical surplus process with A = 1 and « = 0. Now rewrite (1.14) as

U(u) = P{infU(t) < —u}, u>0,

>0
which is the ultimate ruin probability with initial value u in the classical model. If A is
increasing, or if A(t) > 0, A™! is continuous and it is obvious that inf;>0 Uy = infyg U,
and the problem of calculating the ruin probability is reduced to the classical case.

Now, we consider the ruin model under periodicity. In practical situations, not
only the claim arrival rate can vary with the time of the year, but the claim size
distribution may also depend on the seasons. Asmussen and Rolski (1994) proposes a
risk process with the claim intensity, the claim size distribution and the premium rate
at time ¢ being periodic functions of ¢t. By using an average arrival rate risk model,
some properties of this periodic risk model, like two-sided bounds and asymptotic
formulas, are derived. Here the premium rate is assumed to be constant and is equal
to ¢ for simplicity.

We refer to Asmussen and Rolski (1994) and Rolski et al. (1999) for the following
average arrival rate risk model and its related two-sided bounds and asymptotic
formula for the ruin probability ¥(u).

Let {F}; t > 0} be a family of distribution functions on R* such that the mapping
t — [°g(z)dF(z) is measurable and periodic, with period 1, for all integrable
functions g.

Assume that claims arrive according to the NHP process {N(t); t > 0}, with perio-
dic intensity function X of period 1, so that ¢t — [¢] is the time of the season. Further-
more, if a claim arrives at time ¢, then the claim size distribution is F}, independent

of everything else. Denote the corresponding mgf by

Mp(s; t) = / e**dFy(z), s<ap,
0
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where ap, > 0 and limsta,, Mrp(s; t) = +o0.

Denote the average arrival rate by

A= /1 Mw)dv = A(1), (1.17)

while

FO(g) = 0 RE g s, (1.18)

is the distribution function of a typical claim size; a weighted average of distributions

F; for the different values of ¢ over the year. Its mean is given by

S = / rdFY(z),
1]

while the corresponding mgf
1

MF% (s) = fo )‘(U)JW_F(S; v)dv

A bl

s < OISItlél{aFt}.

Thus, the claim counting process {N(t); t > 0} is a special homogeneous Pois-
son process with average arrival rate . Its corresponding aggregate claims process
{S(t); t > 0}, where S(t) = ZTI:;(? X, with S(t) = 0if N(t) = 0, is also a special com-
pound Poisson process with common cdf F%. Furthermore, we call its corresponding

surplus process {U(t); t > 0}, given by

N(®)
Uty=u+ct—» X, t20, (1.19)

n=0

an average arrival rate risk model, where v > 0 is the initial surplus and the constant

premium rate ¢ > 0 satisfies ¢ = (1 + 6) A u§ for the relative security loading 6 > 0.
Now consider the income process {R(t); t > 0}, where R(t) = U(t) — u, instead of

the surplus. First, the Laplace-Stieltjes transform of R(t), denoted as Mp)(—s) =

E[e=sR)] is given in the following lemma.
Lemma 1.3 For s < info<;<1{ar,},
MR(t)("’S) — e—cst+f0t /\('u)[Mp(s;v)—l]dv’ t>0 (120)

where ¢ is the constant premium rate.
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Proof. See Rolski et al. (1999). 0

For a% = info<;<1{ar}, define
p*(s) = A[Mpg (s) — 1] —cs. (1.21)

Let v > 0 be the solution of p*(s) = 0, that is, fol Mv)[Mp(v; v) = 1]dv = cy. Then
this v is called the adjustment coefficient for the average arrival rate risk model. In
this section, assume that such a ~ exists in [0, a%), since p*(0) = 0 and the derivative

of p*(s) at zero is A u% — ¢ < 0. The convexity of p* ensures that

(p*) (v) = ;\/Oooa:e"’“ dF%(z) — ¢ > 0.

Let z, = sup{y > 0 : F,(y) < 1}, then the following two-sided bound can be
given for ¥(u), in the periodic Poisson model, with a time-dependent claim size

distribution.

Theorem 1.5 For the ruin probability ¥(u) in the periodic Poisson model, where

the claim size distribution is F; time—dependent, the following inequalities hold:

a_e " < U(u) <ape ™, u >0, (1.22)

where
a- = inf Mpw)(-7)a-(v), as= Sup M) (=) a4 (v),
)= o, o), aale) = sup oz, o)
and
F,(x)
alz, v) = = e dF, ) z>0.

Proof. See Rolski et al. (1999). O

Lu (2001) further considers some special cases of the above periodic Poisson model,
where the claim size distribution is no longer time-dependent, i.e. F; = Fy for all
t > 0, for which the two-sided bounds can be evaluated in practice. Thus, the severity

mgf is Mx(s) = [° e**dFx(z), and the Laplace-Stieltjes transform (1.20) takes the
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form Mp(—s) = e estHMx(-UAO where A(t) = f(f A(v)dv. Moreover, in this case,

the average arrival rate risk model can be described as having the following features

A= /0 Aw)dv, F%(x) = Fx(z), z >0,

1 = / vdFx(z) =p and Mpo(s) = Mx(s), s<ax.
0

Here (1.21) becomes

p*(s) = AN Mx(s) — 1] — cs, s < ax,

(1.23)

which is exactly the same as in the classical case. Still assume that there existsay > 0

such that p*(y) = 0. Then we obtain two-sided bounds for ruin probabilities ¥(u) in

this special periodic Poisson model, below. Let zo = sup{y > 0: Fx(y) < 1}.

Corollary 1.3 For the ruin probability ¥(u) in the periodic Poisson model with

common claim size distribution, the following inequalities hold:

ale " < U(u) <ale™ u >0,
where
. . _ _A 1 _ _A v
a* = inf a(z) inf e "X a* = sup a(z) sup e cT-TX)
? + 3
0<z<zg 0<v<1 0<z<z0 0<v<l1
and

Fx(x)
[ e =) dFx(y)’

a(z) = z>0.

Proof. Under the model assumptions, v is the solution of (1.23), that is,
() =AMx(y) =1 -cy=0, 7<ax.
Hence, the Laplace-Stieltjes transform Mp)(—7) is obtained as

—eyv+[Mx (7)—1]/\(”),

Mpw)(—v) =e v >0, v<ax,

_ eer ot

Then (1.24) holds by Theorem 1.5.
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Corollary 1.4 Assume there is Apqz, such that
Mt) € Mnaz for0<t<1. (1.26)

Then under the conditions of Corollary 1.3, the following inequalities hold:

ae " < V¥(u) <ale M, u > 0, (1.27)
where
- Amaz.
e =ale ™, al =afe N,

and a*, o are given in (1.25).
Proof. The relation (1.26) implies that
Alv) = /Ov A($)ds < AmazV < Amas, for0 <wv <1,

then

Mpy(—7) < T < o Mp)(—7) > e (1= > gmer,
Hence, (1.27) holds. O
Corollary 1.5 Let A(t) take a specific parametric form from the beta family:

M) =t -7 0<t<1, pg>1,

v B(p,q;v
andg(v):v—/—\&—lzv—%,forogvg1.

Assume that vm,, exists such that supy<,<; 9(v) = g{Umaz), Then

ate " < U(u) <afe u>0, (1.28)
where
_ _ B(p,g; vmaz) ey (p-1)P7l(g-1)971
a/t — Oéf_ e C'Y[’Umaz B(p, q) ]’ a:— — aieB(”"’) (p+q—2)PFa—2 ,

and a*, o are given in (1.25).

28



Proof. Since in this case,

_ B(p, ¢ vmax
a* =a* inf e 79 > g em79(maz) = ¥ oTOMomes ot

0<v<1

and A = X* B(p, q), Anaz = \* M the result holds. O

(p+q-2)p+a-2

Remark 1.2 When A(t) = A, t > 0, many sharper bounds have been derived for
U(u) in this special case (the classical risk model). For example, see the lower bound
of De Vylder and Goovaerts (1984), the upper bound of Dickson (1994) or the two-
sided bounds of Cai and Garrido (1999a, 1999b).

Asmussen et al. (1994) also mentions that under some additional conditions, there

is a Cramér-Lundberg type approximation for ¥(u) in the form of
U(u) ~ce ™™, U — 00.

Dassios and Embrechts (1989) discusses a class of risk models which allow for perio-
dicity in the claim arrival intensity A by using the theory of piecewise—deterministic
Markov processes together with some standard martingale techniques.

Consider the surplus process U(t) = u + ¢t — S(t), where S(t) = 271:;(2 X, is the
aggregate claims process. Assume that F; is claim severity distribution at time ¢ with
support on [0, 00) and for ¢ > 0 its corresponding mgf Mr(s; t) fo e*TdFy(x) exists
for s in a suitable domain D containing 0 in its interior D°. On DP, also assume that
Mp(s; t) is twice differentiable with respect to s. Furthermore, Vs € D, Mp(s; t)
should be Riemann integrable. Again, T'= inf{t > 0 | U(t) < 0} is the time to ruin,

T = oo if for all ¢ > 0, U(t) > 0. The main result for this model is as follows.

Theorem 1.6 Assume that the claim severity distribution is independent of ¢, i.e.,

Fy = Fx, and that the claim arrival process is a NHP process with intensity parameter
27
/\()—)\+/\081n[A(t+to)] t>0

where ) is to be interpreted as the average claim arrival rate, )g is the amplitude of

the periodic component, A the period and to the phase. If we denote by ¥(u; A) =
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P{T < 0o | U(0) = u} in this model, it then follows that

ch)\QA 2rtg
e—S(j u+ DY cos( )

o
U(u; A) = , >0, 1.29
(u ) E [e—so U(T)—G—C—?:—gé cos[gz"—(T—t—to)] ’ T < OO] u ( )
where sg satisfies ¢so = A [Mx(so) — 1].
Proof. See Dassios and Embrechts (1989). O

In general, it is difficult to calculate the denominator in (1.29), even in the ex-
ponential case where T and U(T') are independent. However, inequalities can be

obtained readily. For instance with probability one | cos 2Z(T + to) |< 1 so that
E[e_SOU(T) | T < o0] U(u; A) < e™™ “+%0$§£[COS(2%Q)+1], u >0,
and a lower bound is
E[e™U™) | T < 00] U(u; A) > e‘sou+2§%§£[ws(z_’2ﬂ)_l], u > 0.
As special cases, for tg =0
o sou

T(u; A >
W8> g e 420

and for ¢y = %

e—Sou
U(u; A >0.
W A) < Fewr [T %20

Morales (2004) defines a periodic NHP model with Gaussian intensity and con-

siders the problem of ruin through a simulation approach.

1.2 Cox processes

The classical risk model is not realistic in some practical situations. Two main modi-
fications are made here. First, a NHP process is used to model “size fluctuations” in
the claim intensity of a risk subject to seasonality. Then, a Cox process, also called
doubly stochastic Poisson process and a natural extension of the NHP process, is used

to characterize the underlying “risk fluctuations” in the claims intensity.
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This section first reviews the definition of the Cox process and the Cox models
with different intensity processes considered in the risk theory literature. Then we give
a brief review of the main results on a special Cox process, the Markov—modulated

Poisson process.

1.2.1 Cox models and their intensity processes

Referring to Grandell (1991), we list the following definitions.

Definition 1.7 [Random measure] A stochastic process A = {A(t); t > 0} with
P-as. A(0) =0, A(t) < oo for each ¢t < co and non—decreasing realizations is called

here a random measure.

Definition 1.8 [Cox process] Let a random measure A and a standard Poisson
process N be independent of each other. The point process N = N o A is called a

Cox process (or a“doubly stochastic Poisson process”).

Remark 1.3 Definition 1.8 is one of several equivalent definitions. Strictly speaking
we only require that N and N oA are equal in distribution. Further, we ought to show
that the mapping (N ,A) — N o A is measurable. For these questions see Grandell
(1976).

Assume now that the random measure A has the following representation
t
Alt) = / AW, £>0, (1.30)
0

where A = {A(t); t > 0} is called an intensity process. Obviously A(t) > 0, P-
a.s. Often it is more natural to define a Cox process by specifying the intensity
A rather than by specifying the measure A. In all cases to be considered A(-) has
right—continuous and Riemann integrable realizations. Then, by Grandell (1976), the

mapping A — A defined by (1.30) is measurable and the corresponding Cox process
is well-defined.
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Cox processes are very natural models to treat the underlying risk fluctuations in
risk theory. Assuming that claims occur according to a Cox process N, intuitively
means that conditioning upon the realization A (t) of a non-negative intensity process
A= {A(t); t > 0}, N is a NHP process with this intensity function A;(t).

An early reference to a Cox risk model is Ammeter (1948). In his model, the

intensity process A takes a piece—wise constant form
At) =X, (k-1)T<t<kS, k=12,...,

where ¥ > 0 is a (fixed) constant and {Ax; £ > 1} is a sequence of non-negative,
iid. random variables. Ammeter’s model is revisited by Grandell (1995) and more
properties of the model are discovered.

Bjork and Grandell (1988) further consider a Cox process, with an independent
jump intensity, which is a generalization of the Ammeter process. An independent
jump intensity is a process where the jump times form a renewal process and the
value of the intensity between two successive jumps depends only on the distance
between these two jumps. Let X, £k =1,2,..., denote the epoch of the k-th jump of

the intensity process and let £y = 0. Define Ay and oy by
Ay =g, 4, k=1,2,...,
O'k:Ek——Ek_l, k=1,2,...,

where {(Ag, ok); k > 1} are assumed to be independent and identically distributed

random vectors. The Cox process obtained by letting
/\(t)ZAk, Ek—l St<2k, k=1,2,...,

is called an Bjork-Grandell (B-G) process, where ¥y = gy + -+ + o1 (Zg = 0).
By using a martingale approach, extensions of the classical Lundberg (exponential)
inequalities for the ruin probabilities of the model are obtained.

One of the characteristics of these B-G processes is that the random intensities

Ay’s, over their corresponding periods, are distributed independently with a common
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distribution function. It can be concluded that the fluctuations in intensity depend
probably only on the changing of certain characteristics, but not on seasonal condi-
tions.

The Markov—-modulated risk process was first introduced by Janssen (1980) and
also treated in Janssen and Rienhard (1985) and Rienhard (1984). The definition of
this model using an environmental Markov chain {J(t); ¢t > 0} goes back to Asmussen

(1989), who proposes a Cox risk model with intensity process {\(t); ¢t > 0}, given by
)\(t) = )‘J(t)a t _>_ 0,

where the process {J(¢); t > 0} models the random environment in which an insurance
business is assumed to be an irreducible continuous time Markov chain, with finite
state space {1,2,...,m}. Furthermore, let the claim counting process {N(t); t > 0}
and the sequence of claim severities {X;; ¢ > 1} be dependent via {J(¢); ¢ > 0}, that
is, {N(t); t > 0} and r.v.’s {X;; ¢ > 1} are assumed to be conditionally independent
given {J(t); t > 0}. The claim size distribution is also assumed to depend on time
via {J(t); t > 0}. In contrast to the Bjork-Grandell model, in Asmussen’s model
the sequence of successive intensities is not independent. Also, it can be shown that
a Markov-modulated Poisson process has stationary increments if the environment
process {J(t); t > 0} has a stationary initial distribution.

A variety of methods, including approximations, simulation and numerical me-
thods are studied in Asmussen (1989) to assess the values of ruin probabilities for
the Markov—-modulated risk model. Comparisons between the ruin function in the
time-stationary Markov-modulated model and the ruin function in the corresponding
average intensity compound Poisson model are given in Rolski (1981) and in Asmussen
et al. (1995).

Schmidli (1996) introduces a Cox risk process with a piecewise constant intensity,

including both the Bjork-Grandell and Asmussen models as special cases. In his
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model, the intensity process {A(t); t > 0} is of the form
At) = Mg, Y1 St < Yy, k=12,...,

where X = o1+ -+ + 0 (Zo = 0) and {(M,0k); kK > 1} is a sequence of random
vectors. The sequence {Ax; k > 1} of successive levels of the intensity is assumed to
be a Markov chain with a stationary distribution, and the duration X of the level
Ak i1s assumed to be dependent only through Ag. In the small-claim case a Lundberg
inequality for the ruin probability is obtained via a martingale approach. A Crameér—
Lundberg approximation is also derived.

There are very few results in the risk theory literature regarding Cox processes
with other than piecewise constant intensities. However, some authors propose Cox
models by considering both, seasonal variations and stochastic fluctuations in the
claims intensity.

Beard et al. (1984) and Daykin et al. (1994) suggest the intensity process A as a

composition of some factors:
At) = Ag(@)[1 +d(D)la(t), =0,

where Ay(t) is the trend adjusted expected number of claims in year ¢, d(t) introduces
deviations from the normal trend and q(t) indicates short—term variations in the risk
propensity. A convenient formula for d(t) is given by a sine—curve d(t) = agsin(wt+v)
corresponding to experience under a periodic environment, where oy is the amplitude
and w = 2/_\.£ the frequency, A being the length of the postulated cycle. The parameter
v determines the phase of the cycle. These authors do not discuss further the use of
such intensity functions.

Recently, Schmidli (2003) considered a NHP model with doubly stochastic occur-
rences for the PCS catastrophes index, based on individual indices for PCS options,

where the intensity is of the form
At) = M g(t), t>0,

where A* is stochastic and g(t) is a given function.
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1.2.2 Markov—modulated Poisson processes

This section lists the main results on ruin probabilities and the severity of ruin in
Markov-modulated risk models. Reinhard (1984) considers a class of semi-Markov
risk models in which the claim frequencies and claim amounts are influenced by an
external Markovian environment process. Later in Asmussen (1989), the concept of
Markov-modulation has been introduced for the same model described by Reinhard
(1984) in the sense that the rate of the Poisson arrival process and the distribution of
the claim sizes are not fixed in time but depend on the state of an underlying Markov
jump process.

Let (2, A, P) be a complete probability space and all the random variables defined
below are on this space. Following Reinhard (1984) and Snoussi (2002), we introduce
a Markov-modulated risk model involving in a Markovian environment process.

Consider a risk model in continuous time. Denote by {I(t); ¢ > 0} the external
environment process, which influences the frequency of claims, the distribution of
claims, and the rate of premiums. As pointed out by Asmussen (1989), in health
insurance, sojourns of {I(t); ¢ > 0} could be certain types of epidemics or, in auto-
mobile insurance, these could be weather types (for example, icy, foggy,...). Suppose
that {I(t); t > 0} is a homogeneous, irreducible and recurrent Markov process with
finite state space J = {1,2,...,m}. Denote by A = (o) 721s With @i i= —ay, the
intensity matrix of {I(t); t > 0}. The transition probability matrix of the embedded
Markov chain is then given by

0, 1 =7,
P=(pj)ii=1,  Py= i,jeJ. (1.31)
B 45,

Further assume that at time ¢ claims occur according to a Poisson process with
constant intensity rate A; € R, when I(¢) = ¢ and the corresponding claim amounts
have distribution Fi(z), with density function f;(z) and finite mean y; (i € J). More-

over, we assume that premiums are received continuously at a positive constant rate
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¢; during any time interval when the environment process remains in state ¢. Denote
by W, and X,, respectively, the arrival time and the amount of the n-th claim, and
by T, = W, — W,_; the inter-arrival time of the (n — 1)-th claim and the n-th claim,
with Wy = Xo =T = 0.

Let J, be the state of the process {I(t); ¢ > 0} at the arrival of the n-th claim,

ie.,

Reinhard (1984) shows the following result.

Theorem 1.7 Assume that the Markov chain {J,; n > 0} is irreducible and ape-
riodic (thus ergodic, as m < o00), then its unique stationary probability distribution
7= (m,...,Tm) is given by

)‘1’21

s ielJ, (1.32)

= ——al A 5
2k B
where n = (m1,...,mm) is the unique stationary probability distribution of the em-

bedded Markov chain of process I, with transition probabilities given by (1.31).

Proof. See Reinhard (1984). O

Suppose that the sequences of random variables {X,; n € N} and {T},; n € N}
are conditionally independent given {I(t); ¢ > 0}.

Now define N(t) = sup{n € N| Y7, T} < t} as the number of claims that
have occured before time ¢. The counting process {N(t); t > 0} is called a Markov—
modulated Poisson process, which is a special case of Cox processes. It also can be seen
as a Poisson process with paramcters modified by the transitions of the environment
process. The corresponding surplus process {U(t); t > 0} is given by

N(t)
Ul)=u+C(t) =D X, t20, (1.33)
n=1

where C(t) denotes the aggregate premium received during interval (0, ¢] and u (> 0) is

the initial reserve. Let Z, be the time at which the n-th transition of the environment
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process occurs and I, be the state of the environment after its n-th transition. Assume
that the company managing the risk receives premiums at a constant rate ¢; > 0
during any time interval the environment process remains in state . The premium
income process is thus characterized by a vector (cy,...,,cn) with positive entries.

Then we have

Ne(t)
Ct) = c1(Zk = Zuo) + ety ot = Twa), 20, (1.34)
k=1

where N(t) =sup{n € N: Z, <t}.
Define l
T =inf{t > 0| U(t) < 0},
to be the time of ruin and define ultimate ruin probabilities, given that the initial

environment state is ¢ and the initial reserve is u, by
Ti(u) =P{T < oo |U(0)=u, I(0) =14}, i€J,u>0,
and the probability of ultimate ruin in the stationary case by

U(u) = Zm\lli(u), u > 0.

Their corresponding ultimate survival probabilities, or non-ruin probabilities, are
defined, for u > 0, by ¥;(u) = 1 — ¥;{u), i € J, and ¥(u) = 1 — ¥(u), respectively.
It is well known from the theory of random walks (see Reinhard (1984)) that

Theorem 1.8 For v >0, i € J, ¥;(u) > 0 and ¥;(o0) =0 if

d=Y m(s —m) >0, (1.35)

i=1
where m; is given by (1.32), while ¥;(u) =1if d <0.
We suppose therefore that d > 0.
Reinhard (1984) derives a system of integro—differential equations about the non—
ruin probabilities, ¥;(u), for i = 1,2,...,m:

ciVi(u) = (A+og)Wi(u)— N /u Ui (u—z)dFi(z)—ay Zpik\i/k(u), u >0, (1.36)
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which has a unique solution such that ¥;{co) = 1, for 5 € J.

Integrating (1.36) from 0 to ¢, we have
ST = B(0) + X [ le — )1~ i)y

+ai/0 @ iu)~zpik@k(u)}du, icJ t>,) (1.37)

k=1
which is a system of Volterra integral equations, but no longer the renewal type, for

m > 1.

Letting ¢ go to oo in (1.37) gives

= A fhi i [T 7= & = .
Ti(0) = 12 _ % [ [\Ili(u)—Zpik\Ilk(u)}du, ieJ, (L38)
k=1

C; C;
which does not give an explicit value for the probabilities ¥;(0) as in the classical
case (m = 1).

However, when the claim severity distributions are exponential,
F(z)=1-¢"%, 220,

a further differentiation of both sides of (1.36) shows that the non—ruin probabilities

are solution of the differential system:

A+ ooy 1
i (u) = ( P E) o Zpuc‘l’/

Ca; szk\yk ied, u>0, (1.39)
T k 1

)

with boundary conditions

Wy(00) =1, i(0) = : szk‘lfk 1€ J.

C; 01k1

For instance, assume that m = 2, pj2 = pa; = 1 and p;; = py = 0, thus there
are two possible states for the environment, the sojourn times in each state being
exponentially distributed.

Define

pi=——-=, i=12, (1.40)



and assume without loss of generality that p; > p;. The condition d > 0 is then

equivalent to
a2
P1
Co [t2 C1 M1

p2 > 0. (1.41)

The following result holds for the non-ruin probabilities when the claim severity

distributions are exponential.

Theorem 1.9 If m = 2, pj3 = po1 = 1, d > 0 and if the claim severity distributions

are exponential, the non-ruin probabilities are given by

@1(’&) =1+ A16k1“ + A2€k2u y
u >0,
\sz(u) =1- D(kl)Aleklu - D(k‘z)Azekzu,

where k1 and k; are the two negative roots of the characteristic equation

P(k:):k3+(p1+p2—%l—-62)k2
1

C2
(o7 (033 Q2 aq Q10
o) (o)l
&1 Ca Coliz CiH C1C2
[6%) 07
Cafh2 C1H1

with p; given in (1.40), while the constants D(k;) are given by

) = amkl + (c1 — Mpr — aqp)ki — on

D(k; . i=1,2, 1.43
( arpmk; + o ( )
and A; and A, are solutions of the following linear system:
1 1 _
ulkl—HAl + u1k2+1A2 =-1 (144)
D(ky D(k _
u2k1+)1A1 + [Lg/f?zi-)].A2 - 1
Proof. See Reinhard (1984). O

Remark 1.4 When A\; = Ay = A\, g = s = pu, ¢1 = ¢ = ¢ and if oy and ay are

arbitrary positive numbers, then ks = —p and k; is the negative root of
a o +
k:2+(p— 1t 2)k-u=o.
c cl
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We obtain then D(k;) = —1, D(k1) = ¢* and the solution of (1.44) is A; = 0
Ay = —’\—c". As expected the non-ruin probabilities ¥;(u) and Wy(u) are in this case
identical and equal to the ruin probabilities obtained for the classical Poisson model

with exponentially distributed claim amounts:
- - A
Ty(u) = To(u) =1 — Ee=rv . 4 >0, (1.45)

Now we consider the severity of ruin in a Markov—modulated model. The ruin
probability is not always a satisfactory decision criteria. For instance it has been
pointed out by Gerber et al. (1987) that it can be “very crude stability criterion” in
some cases. The severity of ruin is then introduced to fill these deficiencies. The prac-
tical interest of this concept is, in particular, the possibility of bringing an additional
element of information on ruin.

The severity of ruin was first studied by Gerber et al. (1987) for the classical
continuous time risk model. They considered the probability, G(y; u), that ruin
occurs given initial surplus u and that the deficit at the time of ruin is less than y,
with corresponding density function g(y; u). General equations for G were derived
and explicit solutions were obtained for certain claim severity distributions. This
work was extended by Dufresne and Gerber (1988), who found explicit results for
G(y; v) when the claim severity distribution is a translation of a combination of
exponential distributions. Dufresne (1989) also extended the results to a model where
a diffusion process is added to the compound Poisson process. The generalization can
be interpreted as allowing for some uncertainty, both in the premium income and
in the claim amounts. Dickson (1989) showed that approximate values of G(y; u)
could be calculated by a recursive method by defining a relationship between survival
probabilities and the density of G(y; v). Snoussi (2002) studies the severity of ruin
problem in a Markov-modulated model where the intensity and the premium can
fluctuate according to a Markovian environment.

Considerable works dealing with the severity of ruin in a discrete risk model can

also be found in the literature. Dickson and Waters (1992) present algorithms to
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calculate the probability and severity of ruin in both finite and infinite time for a
discrete time risk model. The severity of ruin in the discrete risk model was also
considered by Reinhard (1997). More recently, Reinhard and Snoussi (2002, 2004)
extend the results in a discrete semi-Markov risk model. For other references see
Dickson et al. (1995) and Gerber (1988).

Now for Markov-modulated risk models defined above, we define the severity of

the ruin by

Ui(y; u) = P{T < o0, U(T) < —y|U(0) = u,I(0) =i}, i€J uy>0,
(1.46)
which represents the probability that ruin occurs and that at the time of ruin the
surplus takes a value less than —y, or the deficit at the time of ruin is great than v,
given an initial surplus u and an initial environment 7 € J.
Note that by setting y = 0 in (1.46), we have U,(0; u) = ¥;(u), and by the

relationship
Gi(y; u) = P{T < o0, UT) > —y ‘ U(0) = u, I{0) =i}
=Ui(u) - Vi(y;v), i€J,uy20,
we are able to computer the probabilities G;(y; u). This generalizes the similar proba-
bility (also a distribution with respect to y) G(y; ) introduced by Gerber et al. (1987)

in the classical risk model.

Snoussi (2002) derives a differential system for U, (y; u).

Theorem 1.10 For all ¢ € J, the probabilities of the severity of ruin satisfy the

following system of differential equations

C,‘%\I/i(y; u) = (A + ) Wiy u) = N [/(: Ui(y; w — z)dFi(z) + 1 — Fi(u+y)

- oy Zpiklllk(y; u), 1e€J,u,y>0. (1.47)
k=1
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Proof. See Snoussi (2002). m
It can be shown that (1.47) has a unique solution such that ¥;(y; oo) = 0, for
i€ J, yeR".

By integrating (1.36) from 0 to ¢, with respect to u, it yields the following corollary.

Corollary 1.6 Fori e J,
cWily; t) = ¢ Wily; 0) + A /Ot Uy(y; t —w)[1 — Fi(u)]du
-\ /Ot [1 - Fi(u+y)]du
+ /Ot [\Ili(y; u) — ipik\llk(y; u)]du, t,y>0. (1.48)
k=1

Remark 1.5 For m = 1, (1.48) is the well known renewal equation for the severity of
ruin in the classical risk model and it is essentially formula (5.19) in Dufresne (1989),

ie.,

A U
Vi) = U 0+ [y u- o)1 - Fe)ds
0
A U
—;/ [1—F(:c—|—y)]dw, u,y>0.
Jo
For m > 1, (1.48) is a system of Volterra integral equations, no longer the renewal

type equations.
Letting ¢ go to oo in (1.48) gives:

Corollary 1.7 Fory e R*, i € J,

U;(y; 0) = %/00 [1 - Fi(u)]du - % /Ooo {\I/i(y; u) — ipik\llk(y; u)} du. (1.49)
y k=1

Ci

Remark 1.6 In the case m = 1, (1.49) gives the following result derived by Dufresne
(1989),

W(y; 0)=%/oo [1-F(u)]du, y>0,

which is equivalent to the result obtained by Bowers et al. (1986) (Theorem 12.2),
see also Gerber et al. (1987).
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Again, we consider the case where I(t) is a two-state Markov process (only two
environment states). Snoussi (2002) shows that an explicit formula for ¥;(y; u) can
be given under the additional assumption that the claim amounts distribution are

exponential with finite mean y;, that is,
Fiz)=1-¢ W, z>0.

Further suppose that the premium income is constant and independent from the

environment process (i.e. ¢; = ¢, i = 1,2). In this case (1.47) is reduced to

Cg‘l’z'(y; u) = (A + ) Wi(y; u) — X [/ Uy(y; 2) e dz]
0

ou 15
—ne T e Uyp(yiw),  i=1,2uy>0,  (150)

where ¥(1) = 2, 9(2) = 1. Differentiation of (1.50) w.r.t. u leads to the following
partial differential equation system:
o2 c\ 0 Q; 0
€53 Vily; u) = <>\i +ai — —i> g Lilys W) + E\I/i(y; u) = aiz - L) (y; u)

By, =12, u,y>0, (1.51)
s
with boundary conditions, for ¢ = 1,2, y > 0,

V;i(y; 00) =0,

e Ui(y; u) = (X + o) Ui(y; 0) — N[l — Fi(y)] — o U3y (y; 0)

u=0
The following result holds for the probabilities of severity of ruin, when the claim

severity distributions are exponential.

Theorem 1.11 If 22 p; + 2L p, > 0 and if the claim severity distributions are

C2 2 €1

exponential, the probabilities of severity of ruin are given by

Uyi(y; u) = BieM® + Byet2®,

Us(y; u) = —D(k1) Bie"™ — D(ky) Boe*2®,
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where k; and ky are the two negative roots of the characteristic equation (1.42) with

co=co=cand p; = - — i\ci, while the constants D(k;) are given by

1
i
D(k;) = cp ki + (cr — A s —an )k — oy i=19

g a1 ki+0£1 3 )L

and B; and B, are solutions of the following linear system:

1 1 -+
B; + By =e¢e m ,
puiky+1 pika+1 y > 0. (1.52)
D(ky) D(ks) T
-ﬂ2k1'1+’1 B - ltzkzil By=¢ " ’
Proof. See Snoussi (2002). O

Note that when y =0, B; in (1.52) is equal to —A; in (1.44) for i = 1,2.

Remark 1.7 When A\; = Ay = A\, p1 = po = p, then k; = —p and k; is the negative

root of

k2+(p—al+a2)k—al+a220,
c cl

while D(kq) = —1, D(k;) = gf and the solution of (1.52) is A; = 0 A; = Ale

—¥
pAt -4 u
Cc

We obtain the probabilities of severity of ruin for the classical Poisson model with

exponentially distributed claim amounts:

Uy (y; u) = Voly; u) = i\cﬁe_”“_% , u,y>0. (1.53)
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Chapter 2

NHP processes with double

periodicity

2.1 A doubly periodic intensity model

NHP processes are considered a more realistic alternative than the classical Poisson
process to model the frequency of claims in risk theory. The NHP time-dependent
intensity function is appropriate to describe the fluctuations of risks, subject to sea-
sonality in their claims intensity.

Many natural phenomena evolve in a periodic environment or under seasonal
conditions. In turn, these events generate insurance claims. For example, weather
factors are known to affect automobile or fire insurance claims, while seasonal snow
storms in the north and hurricanes or floods in the south affect property insurance. A
periodic time—dependent intensity rate is a reasonable model for the claim frequency
in such situations.

A more general case is when the periodic environment does not repeat itself exa-
ctly from year to year, but the short term peak changes over a relatively long period,
with different levels in each year. This defines a double periodic environment, espe-

cially appropriate to model natural catastrophes, such as hurricanes, which have a
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peak season in the middle of the year, but with an intensity level also depending on
long term climatological effects like La Nifia or El Nifio. In this sense, Garrido and
Lu (2004) introduce a corresponding Poisson process model with double periodicity.
Parametric forms of the doubly periodic intensity function, like the double-beta and
the sine-beta, are proposed.

NHP models with single or double periodic intensity are described in Section
2.1.1, illustrated by beta-type functions. A double-beta periodic intensity model is

introduced in Section 2.1.2. Its related characteristics are also discussed.

2.1.1 Some simple periodic intensity models

Assume that the short-term period is of length 1 (year). Let A\; be a beta—type
function, with parameters p;,q1 > 1, defined on [0, 1], such that A;(¢;) = 1, where

t1 € [0,1] is the mode of the function. That is

(n—_ml)"l-l(l_m)"r‘
D D

- , 0<mi<t<my<l1
Mi(t) = “ 1 T @
0, otherwise

where D = mg — my is the fraction of the year, over which A; is non-zero, and

tr—my\" ! tr—my \ 2!
T = 1- 2.2
ot = (1) = 22)

is a scale factor. Here

p—1

t* =m + D —_—, 23
' ' pt+aqa—2 (2:3)
is the mode of A;, so that at the mode, A1(¢}) =1 is the peak level.
Then the single periodic beta intensity function is given by
A =M= 1t)), t20, (2.4)

where Ay > 0 is the (constant) peak level for this intensity and A; is given in (2.1).

The corresponding cumulative intensity function A(t), for t > 0, is

A) = /Ot/\(v)dv=/0t)\3/\1(v—[vj)dv

_ /tl 22% <E#>m_l (1 - #)QH dv.  (2.5)

m
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Let s = Y=L%=™ in (9.5), then we get

D
Y leom o,
Alt) = [t] / A s)" ' Dds —|—/ _% sP71(1— $)%71 Dds
0 & 0 o]
A D t—1{t|l—m
= ;* [LtJB(plaq1)+B<plaq1a__L—lJ)*—i)] y tZO, (26)
1

where B(p1, ¢1) is the beta function at p1, ¢1 > 1, and B(p, ¢; t) is the usual incom-
plete beta function, given by (1.6) and (1.7), respectively.
Following Corollary 1.1, the NHP process {N(t); ¢ > 0} with intensity function

given in (2.4) can be decomposed as
N(t)=M+My+- + My +N(t-1|t]), t>0,

where {M;; i > 1} are i.i.d. Poisson random variables distributed as N(1), with mean
A(1), representing counts for complete years. These M; are independent of N(t—[t]),
the latter being a Poisson r.v. with mean A(t — [t]), for t — [t] € [0, 1), representing
the count in the final incomplete year. Here A(1) and A(t — |¢]) are derived from

(2.6), respectively as:

A D
A(l) = 3;{ B(Plan)y
Xy D t—1t] —m
M-l = 228 (ma =) s

An alternative simple form for \;, which can result in a better fit with real data, is
the generalized 3-parameter beta function [denoted G3B(p1, qi1, ¢), see Johnson et

al. (1995), Chapter 25|, given by

(mp syt
a"[l—(l—e)(‘—"—'—"l)]”l""’l ) 0<m <t<my <1
)\l(t) = 1 D ’ (2.7)

0, otherwise

where p1,q1 > 1 as before, the third parameter ¢ > 0, the fraction of the year
D = mgy — my remains the same and

—1 -
t*—my \ Pt - tt—my -1
. D D

@ = X e (2.8)
[1 (- f)tlgm]”l o
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is again a scale factor. The mode of this new intensity function A; in (2.7) now

becomes

3—p1—(I+aq)e+/[L+p+ 1+ q)e]® - 8(p1 + q1)e
4(1 —¢) ’

such that A;(¢7) = 1. Note that as ¢ — 1, then (2.9) tends to the 2-parameter form
n (2.3).

Then for the intensity function, given by (2.4), the corresponding cumulative

intensity function A can be derived as follows:

Alt) = /Ot)\(v)dv = /Ot/\s M(v—[v]) dv
() )

D D

i /’" a 1 (1o ()

v, t>0. (2.10)

Let u = —Lﬂ-l—— n (2.10), then we have

Ltj/ Aoum ! l_u) - Ddu+/w# S DY
= 1.
al 1 _ )u]p1+q1 0 a’{ [1 _ (1 _ e)u]pl'““
Now setting s = ——1=%— in the above integrals, then ds = —=<% _ and it follows
- (1 u [1-(1-€)u]
that
A sTi— 1 pi—1 1 A gl _ 11
Alt) = m/ 03 — o) Dds+/ R i ) SN
a eP1 1- ax’{ eP1
1—(1—e)t_ t|-m
t-l_tJ‘ml
AD 6{ D }
= t|B B ; t>0.
Ot’{ €P1 L _‘ (pl) ql) + P, 41, 1 (1 B 6){t_ tD_ml} ) =

(2.11)

More generally, now assume that the (constant) peak values or the levels of the
short-term intensity function vary periodically with period ¢ (an integer number of
years), we have the following double periodic intensity model:

( Ma(E—1t]) ifo<t—[te<1

At) = 4 .)\}Al(t— 1t]) %f 1<t—[te<2 | 2.12)

\ M_oM(t=[t]) ife=1<t—|tle<e
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where Xj, ..., As_; are all positive levels. If, as above, the short—term intensity is the
beta—shape function given in (2.1), then the resulting cumulative intensity function

A(t) can be derived as follows:

Alt) = /t/\(v)dv

-1

¢ j+m1+D R p1—1 B -1
= I_JZ J*/ (_U ]D ml) (1———-—-———U ]D m1> dv

o

J+my
Lt—[zjcj—l )\; j+mi+D V-7 —m p1—1 v—j—m q1—1
+ —= D t-—p ) *
Jj=0 a1 Jj+m D b

* itle -1
+)‘Lt—L%JcJ /t L] <v — |t = ]c] —m1>’”
ai( Lt—{%]cﬁ-ml D
_ t_ L — ql_l
(1 Bkl Ut v ml) dv. (2.13)

D

v—Lt—LZJCJ ~™ in the last integral

Letting s = ”—:%ﬂ in the first two integrals and s =

n (2.13) gives

t c—1 A* 1
A = | _1/ #1(1— 5)5-1 D ds
[# =0 a1 Jo
Lt LEJCJ 1 1
J/ s~ 1 s)~ 1D ds
J i Jo
)\* HéJc—Lt;LéJcJ—ml
L ““J/ sP1(1 — s)n1Dds
aj 0
1y [t—LL]el- 1)\'
= |_ JDB P, 41 Z—i B(p1, 1) —1
— N =0 A
t c
+DB<p1,Q1, H ) Lt L*H t>0.
@

The corresponding NHP process {N(t); t > 0} with double periodic intensity can

be decomposed as

t—|t] —
N(t)=M1+~--+MLiJ+N*(————%£), t>0, (2.14)
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where

lt=Lt]e]-1

ot [t —m G) (Le-Ltgep (B L] =
I ;0 NO(¢) 4 Nlle-Ltlen = LH =

o) ), (2.15)

and the {M;; ¢ > 1} are i.i.d. Poisson distributed with mean D B(p, ql)E;;é 2%,
1

while NW(c) is Poisson with mean D B(p;, ql)i—?:;, for j =0,1,...,[t— [t]e] - 1,

respectively. Furthermore, N{Lt-12Je] )(tmD:T—‘) is also Poisson random variable with

A’(‘
mean DB(pl, q1; t_Lt{)_ml) Lt;?]"]. All these random variables are mutually inde-

pendent.

2.1.2 A double-beta periodic intensity model

One way to reduce the number of free parameters, in the previous model in (2.12), is
to assume a parametric form also for the long-term changes in intensity. Here this is
reasonable if it can be assumed that the short-term peak intensity values are affected
periodically by some smoothly varying conditions, like the surface water temperatures
in the alternating cycles of the El Nifio/La Nifia phenomenon.

To illustrate a NHP process with periodic intensity, consider the 155 hurricanes
recorded by the National Hurricane Center along the US Atlantic coastline (Texas to
Maine), from 1899 through 1992, and reported by Neumann et al. (1993). If this data
set is augmented by the 12 additional hurricanes occurred from 1993 to 2000, more
recently reported by Landreneau (2001), we obtain a total of 167 observations. In
each case we have the time (month) that the hurricane hit the US coastline, allowing
us to draw a frequency histogram in Figure 2.1.

Figure 2.1 also gives the 3-parameter beta intensity described above, appropriately
fitted to these annual hurricane frequencies (see Section 3.3.2 for the statistical esti-
mation). The constant intensity of a classical homogeneous Poisson process is also
given for comparison. Clearly the classical model gives a crude representation of

hurricane frequencies.
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Figure 2.1: Histogram and 3-parameter beta fitted hurricane intensities A(t) over a

1-year cycle

Aithough the beta periodic claim intensity seems to provide a better fit to hur-
ricane frequencies, climatological studies suggest that the claim intensity does not
repeat the exact same short term pattern every year. Rather, it slightly varies from
year to year, as in alternating El Nifo-La Nina cycles. This motivates our study
of the doubly periodic NHP process presented in this section. Here the seasonality
repeats a similar short term pattern every year, letting the peak intensity vary over
a longer periodic cycle.

More specifically, here we assume that the peak beta values, A§,..., A\*_; in the
short—term intensities, follow another continuous function of period ¢ (an integer num-
ber of years), called the long-term intensity function. For instance, a beta function
Ac, is also proposed for the long-term intensity:

b—a(t—m, ,t—m, \P !
-1

A(t) = a+ (

*
aC

[1 - (t_mc _ —ch)r‘l . t>0, (2.16)

C Cc

t* — . pe-1 t — . gc—1
a;:(° m) (1— c m) : (2.17)
C C

C C

where




is again a scale factor, so that a and b are, respectively, the minimum and maximum
amplitude of the peak values. Here m, is the starting point of the complete cycle of

the long—term beta function and

* pc'—l
t.=m.+ _ 2.18
¢ C<pc+qc_2> ( )

denotes the mode of this long—term ..

Then the double-beta intensity function is given by the product
t
At) = Ac(lt - LEJCJ + )Mt - [t]), for t >0, (2.19)

where A; and ). are given in (2.1) and (2.16), respectively. Then the NHP process

with intensity function (2.19) is called a NHP process with double-beta periodicity.

{ambda(t)
4
I
~N
~
~

t

Figure 2.2: Double-beta intensity function A(t)

The solid line in Figure 2.2 illustrates the shape of A(t) in (2.19), when p; = 3,

q1=2,m1z%,Dz%,c=5,pC=2,qc=1§,m623.75,a=3andb=7‘ The
peak values of the short—term beta A; fall on the dotted line, plotting the long-term
beta A.. It serves to explain the fluctuations in the peak values of A\, the short-term

beta periodicity.
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By Corollary 1.1, we can also obtain in the double-beta periodic case an explicit
expression for the cumulative hazard function A, defined in general by (1.1). The
corresponding claim counting process {N(¢); t > 0} is also decomposed in i.i.d. com-

ponents.
Theorem 2.1 Assume that the intensity function A is given by (2.19), then

(a) The cumulative hazard function A has the almost linear property, given by

t S+ 1) i-tee MG + 1)
A(t) = [-|D B(p1, ¢1) ———=+4 D B(p1, ¢1) —
C j=0 041 J=0 al
t—[t] — ([t = [L]e] + 1t
+D B(p1, qi; Lj) “Cy ( Lac*J 5 sy, (2.20)
1

where A.(t) is given by (2.16).

(b) For any ¢t > 0, the random variable N, is decomposed as the independent sum of
[ﬁj i.i.d. Poisson variables M;, for the complete periods, and a different Poisson

variable for the incomplete period:

t—t] —
N(t)=M1+---+ML%J+N*(L—£-@), t>0, (2.21)
where
c—1 c-1 "
Mi=3" Npcjirsiny = S NOQ),  i=0,1,..,[5[ -1  (222)
=0 =0 ¢
and
[t ef -1
t—[t] — c . . gl —
N*(M) - NGO (1) 4 N-Leen [#] ™y (2.23)
D : D
=0
The M; are i.i.d. Poisson with mean D B(p1, q1) Zj;(l) —L’\"‘(i;'t*), independent
of NU(c), for j = 0,1,...,|t— |t]c] — 1, and N(Lt—Liij)(t;U%), which
Ac(+t7)

are all Poisson random variables with mean D B(p;, q1)~5-, where j =

o

0,1,2,...,[t—[t)c]-1,and DB (pl, qi; t_LtJD_ml) )‘C(Lt_fIJCHtI), respectively.

93



Proof. (a) By (2.19) and the periodicity of the intensity function A,

+/0t LCJCAC(LUiI+t1) (v- Ltg—ml)p‘_l (1_ v — [vlj)—m1>‘“_1 "

c-1 %) pi+tmi+D . p1-1 . q-1
t Ac(F +17) /’+ Yy — 5 —m v—7—m
= |- —_ 7 - 1]—-—I d
LcJ Z ol D D v

Jj= Ji+my
=L EJCJ -1 ; * +m . - . _
+ M/” ‘+D(U—J~m1)’“ 1(1_v—y—m1)‘“1dv
=0 o +ma D D
LAl — Lele] +8) /H%JC (v—[t—[ﬁjc]—ml)”“l
o1 Lt~ Je] +my D

( v—[t— %] —m1>ql_1dv_ (2.24)

D

v=[t—[fle]-my

7“"];’"1 in the first two integrals and s = ——&——— in the last

Letting s =
integral in (2.24) gives

c—-1

At) = LEJZWJ{@ /0 11— s)n 1D ds

x;

. * 1
+ —)\C(j +t) / P11 = 5)" ' Dds
0

t—|fje—t-tfe)-m

+ )‘c(l.t - I_%JCJ + tI) / P 51’1'1(1 — s)ql_lDd.S.

Since t — [£]c— [t — [t]e] =t — [t], then (2.20) follows by definition of the beta and

incomplete beta functions.

(b) By Corollary 1.1, for t > 0, N; can be decomposed as follows

LE)-1 -1 [t=LE)e)-1
N(t) = N[w+],zc+]+1)+ Z N[L JC‘*‘J:L |e+j+1) +N[l Je+lt— [ Jel, ) (2 25)
=0 j=0 7=0

where the first term sums over the complete period sub—sums, while the second sum-
mation in (2.25) accounts for the complete years included in the last (incomplete)
period. Finally the last term represents the claim count for the last (incomplete) year

of the last (incomplete) period.
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By periodicity of the function A and Lemma 1.2, it is clear that Njcyj icej41)
1=0,1,..., [%j, the claim counts over the j-th year within the periods, are mutually
independent and Poisson distributed r.v.’s with mean D B(p;, ql)’\d%t—ﬂ, denoted by

1

NO(1), for j=0,1,...,c— 1.

Similarly, N[L% Jetle—Lt)e).t) = N[(tt_tt—tﬁ?tj)cj) is a Poisson random variable with mean

DB(pl, a; t—Lt_lD—m1)/\c([t—f‘JCJ-FtI), like N(Lt—mq)(tml;ﬂ).

1

Now (2.25) becomes

14 e-1 lt={£]e)-1
: : : : cen,t = [t =

N =YY NO) + Z NO(1) + N(Lt—L;Jcn(#), £>0.
i=1 j=0 j=0

(2.26)

Further denote by M; = E;;é NO(1), for : = 0,1,..., 4] — 1, the claim counts
over the i-th period. By the additive property of NHP processes, we consequently
get that M;, given in (2.22), i = 1,2,...,L%J are i.i.d. Poisson random variables

distributed as N(c), with mean D B(py, ¢1) Z?—l Aci+t])

J=0  af
Setting
(4= LJel -1
" t— I_tJ - M7 .
N(—F—) = 2 Nuggersttlersn + Nigierte-181e)0
=0
= LJel-1

. N(j)(1)+N(Lt—L%J0J)(_t_f__L%__"“), (2.27)
=0

gives (2.23). Combining with (2.22), (2.26) leads to (2.21) and hence (b) holds. O
This decomposition property of periodic NHP models is particularly useful for
statistical inference, as seen in the next chapter.
Now consider Nj; -4, the number of claims in the time interval [7, 7 4+ t). It is
assumed to follow a NHP process with parameter A(t) given by (2.19). From Theorem

2.1, we have the following corollary.

Corollary 2.1 For a NHP process with intensity function A given by (2.19), the
following properties hold:
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(a) The probability of n claims in the time interval [, 7 + t) is:

A - n
P{Nps,r+) -_—n}:[ (THL' A(r)] WAL e N, (2.28)

where A(7 +t) — A7) = f:“ A(v)dv can be derived from (2.20).

(b) The mgf of Ni; -4y is given by
MN[T» ) (5) = E[eSN[T,T+t)] = e[A(T+t)_A(T)](eS_1) , = R (229)

and the expected number of claims over this time interval equals its variance

and is given by
E[N[T’T'H)] = V[N[Tv'r+t)] = A(T + t) - A(T) ) T, t 2 O

In particular, the mgf of the number of claims over one period of length ¢, with
an initial age of 7 equals

_ A . *
A(@)(es=1) _ _DBp1,ar)(er~1) S 5zd 220

My, .,,(8)=¢e e T, seER, (2.30)
where \.(j + t7) can be derived from (2.16) for j =0,1,--- ,c — 1.

(c) The probability to survive the time interval [, 7 + t) without a claim is
P{N[T,-r+t) = O} = e_[A(T‘H)_A(T)]’ T, L > 0’

while for a c-year period this probability (that we will denote by §) is

c-1 Ac(j‘H*] )
*

§ = P{Nppppey = 0} = oM = o PPP0I LS00 g 3y

(d) The cdf of the waiting time T} for the first claim in [0, #) is

—OL%JCJ—I Ac(i+t])

L — [t
P{Ty <t} =1 — gltle” P PPnai- =

]~ — i *
T REUIE B

of . t>0, (2.32)

where ¢ is given by (2.31). The corresponding pdf is

t=LEhel=1 AcG+e]) Ct=t)=my ) Aclt— [ E]e)+t])
fru(t) = 5l PBEn TSGR DB gy i) Al g

t
Ac(tt—LgJCJHi’) ME-1t),  t>0, (2.33)
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while the expectation of T is given by
_1 . -DB(p, j-1 Ac(lttf) —DB(py, /\c(j-i—t*)
cd & Z;i] e (Pra) 3o = l—e (P q1) ==

E[Tl] = m1+

1-94
i1 Ac(l+t) e(i+t7)
-1 —DB(pr,q1) i == -D B(p1,qu;s) =L
D DI EE R 1 [ oo
+
1-94

(2.34)

(e) At time ¢, the excess-life until the next claim, Ty 41 — t is distributed as

P{Tn@y1 —t <ti}=1— e WEHD-AOT 44 >0 (2.35)

Proof.

(a) By the well known property of NHP processes, Nir,74¢) has a Poisson distribu-
tion with mean A(7 +t) — A(7), and hence (a) holds.

(b) Since the probability generating function (pgf) of a Poisson random variable Z

with parameter \* is
Pz(z) =G 0<z<1,

the mgf of N 14 (2.29) follows immediately.

In particular, when the time period of the counting process N is of length c,
with an initial age of 7, the periodicity of intensity function A with period of ¢
gives

c—-1

A(Tm+¢) = A(r) = Alc) = D B(p1, ¢1)

This yields (2.30).

(c) This property follows from (a) by letting n = 0 in (2.28).
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(d) As P{T1 <t} =1-P{N(t) =0} =1 - e ¥ and
() = SPIT: <)) = MOX),

(2.32) and (2.33) follow by the expression of A(t) given by (2.20) in Theorem
2.1 and the definition of 4 in (2.31).

By the definition of the expectation of T,
E[T] = / te MON(t) dt = Z / (kc + u) e M) \(ke + u) du

oo - 1
= >y /kc+]+v Aketito) A(ke + § + v) dv

k=0 j=0 0
0 c-1 m1+D j~1 Ac(l+t?)
_ Z / kC-}-]—}-U)é -D B(p1,q1) 272 —‘;;—L

k=0 j=0 *™
B )\c(]+t
o~ DB —l)_a’;_L)\ (7 +t7) A (v) dv,

(2.36)

where A;(v) is given by (2.1).

Let s = =F1, then the summation due to the first term kc in (k¢ + j + v) of

(2.36) can be simplified as

x el
Z ke g -D B(p1,q1) ©i2, %ﬁ

)sm_1 (1-s)""!t Dds

*

/.1 e—DB(Pl,lh ;) ﬂl— A (
0

_ cd 0—16 D B(p1,01) X2]2, ”—%ﬂl—/ [ _DB(pua; s)_<1_+_m}
(T=0F 2

_ (—?57)2 i—(l) . -DB(p1,a1) 12, Lf:ﬂ [1 _ e_DB(PI;QI)Li?D]
1= j=

_ ) J[lo -DB(p1,q1) ©55 _%?ﬁ}
(1-4)

G 6_65)2(1 -0) = 10_66 . (2.37)
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Similarly, the summation due to the second term j in (kc+ j + v) of (2.36) is
26k Z . =D B(p1,q1) X.1_, IL::L)
j=0
.1 CGret . "
/ e‘DB““q“”iiﬁﬂlilljlﬂls“‘l(1-@“"ILNﬁ
0

-1
1 Z -DB(p1,q1) Y12, ll\r—(?—tl—/ [ —-D B(p1,4q1; S)ML]

J
- - 1 ; Z -DB(p1,q1) £ 1%?1_) [1 B 6~DB(p1,ql)—AC(£‘t*)} , (2.38)

while the summation due to the last term v in (k¢ + j + v) of (2.36) can be

written as
-1
k —DB(Plyfh)Z’ lﬁit—tﬁ
25 > “1
7=0
1 Ae(7+t}) . *
~D B(p1,q1;8) 2 )\ (5 + ¢ B ~
/XD8+mﬂe T iﬁt—ﬁfl%l—@“lpw
0 o)
-1 e
- Z DBl o) T 24D / [ D B, arso) 22050 )}
=0
c— .
§ ' —D B(p1,q1) X2{2g I#L/ [ —D B(p1,q1;5) —"AC(iJIrt )]
=0
—D Blpn, 1) £1- lLiﬂL —DB(P1,¢I1;S) ,\C(Zxﬂ :
= + — E ——;—Ll .

(2.39)
Finally combining (2.37), (2.38) and (2.39) yields (2.34).

(e) The distribution of the excess-life until the next claim in (2.35) follows easily

by the relationship:
P{TN(t)+l —_ t S tl} = ]. - P{TN(t)+l — t > tl} = 1 - P{N[t,t+t1) == O} .

O

The flexibility of the beta family of intensity functions, which depends on the
value of the shape parameters p and ¢, provides many possible forms of short and

long term seasonal claim intensities.
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Other shapes, like periodic trigonometric functions could also be considered to

model the long term periodicity. For example,

Ae(t) = a+ bsin2r (t L Lt —Cch) :
c

where a > b and a + b, a — b represent, respectively, the maximum and minimum
amplitude of the peak values for the long term periodicity, while m, is the starting
point of the periodic sine function.

Figure 2.3 illustrates the shape of A\(t) forp; = 1 =2, my =0,d = 1, ¢ = 4,
me = % a= g and b = 1. Here the short-term beta peak values vary according to the

sine function (dotted line). The properties for the corresponding hazard function A

and claim counting process {N(t); t > 0} can be derived analogously.

25
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Figure 2.3: Sine-beta intensity function A(#)

2.2 The Aggregate Claims Process

The decompositions of Theorem 2.1 for the NHP process can be extended to com-

pound NHP sums.
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Again consider a NHP claim counting process {N(t); ¢ > 0}. Then the corres-

ponding aggregate claims process

N(t) .
S(t) - prpe 1fN(t)>0’

0 if N(t) =0
is called a compound NHP process and is denoted as S(t) ~ C.P.[A; Fx]. The
{Xn; n > 1} are iid. claim severities, with common cdf Fx and finite mean g,
independent of N(t).
Consider the claim counting process { N, -1¢); t > 0}, for a fixed initial age 7 and
periodic intensity function A. As in Theorem 2.1-(a), we have the following corollary

for the corresponding cumulative hazard function of the process {NV;,,41); t > 0}.

Corollary 2.2 For a claim counting process {N};,,4+); t > 0}, with an initial age 7
and periodic intensity function A, given by (2.19), the cumulative hazard function A

has the following structure:

AT +1t) = A(r) = DB(pl,ql;T_LTIJ)_ml,l)AC(LT'gJCJ”D

Al + 1
+DB(p,q) Y Ac(j +17)

=lr—Z)en M

([t+TJ—[ J—l)DBpl,ql SM

j= a

L+t Tt fe| -1 .
= g+t
iDBpLa) 3 Ut

a*
=0 1
THt—|T4+t] —mi A7+ = [ 2] + 8
‘+‘DB(p17q1, LD J 1) (I. L*C JJ 1)a
o
for t, 7>0, (2.40)
where for any p,q > 0,
B(p, 9), ift <0
Bp,q;t,1)=< B(p,q)—B(p, q;t), if0<t<1 . (2.41)
0, ift >1
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Proof. By the definition of A(t) and the periodicity of the function ), we have
T+t
At +t) = A(r) = / At) dt

[r=1Z]e]+1 c (L&) -12)-1)c
- / At dt + / AE) dt + / MO d (2.42)
T L 0

7—|Z]cj+1

[r+t—[ T e T+t
+ / A(t) dt + / A(t) dt (2.43)
0 L'r+t—[%]c_]
[T -1Z]-2

[r={Z]e]+1 c—1 j+1 (F+1)e
= / Atydt+ > Aydt+ Y / A(t) dt
T j=lr=LZlel+1" =0 e
Lr+t—| = ] -1

+ D /J " A(t) dt + | / ™ A(t) dt, (2.44)

=0 |r+t—{ T e
where the first and second integrals in (2.42) are the integrals over incomplete and
complete years, respectively, in the first (incomplete) period, the third integral in
(2.42) is over the complete cycles between the time period [r, T7-+t), while the integrals
in (2.43) are the corresponding integrals over complete years and the incomplete year,
respectively, in the last (incomplete) period.

Now setting s = &1 the first integral in (2.44) can be written as:

r=1ZJe] 41 . ms
/ MD)dt = AL~ (Je) + 1) / M(t) dt
T 7|7}
T * 1
— AC(‘_T - LEJCJ +tl) / Spl—l (1 _ S)ql—l Dds
g T=lt]-m
D
| - A7 = | Zle] + ¢
— DB(p, q1; — ] ™) (Ir = (Elef + 1),

D o
where B(p, ¢; t, 1), for p, ¢ > 0 and ¢t € R, is given by (2.41).
Similarly, the last integral in (2.44) can be represented as incomplete beta func-

tions:

/T+t Mo dt = )\C(L7+t—[T+tjcj+t’{)/7+t_t7+tj)\1(t)dt
| C

T+t—|_T—‘C"—"JcJ my

AC + t Tt _+_ t* T-}-t—[rgtj —m
. (I_T I_ c JCJ 1)/ Spl—l (1 _ s)q1~1 DdS
0

*
Qg

T+t — |7+t —ml)/\c(lT+t— (e +4).

= B(Pl, g1, D ot
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By the definition of the beta function, the two integrals over complete years in

incomplete periods can be expressed as:

c—1 41 c—1 ma
/ M) dt = Al + ) / M) dt
j=lr—1Z)e+1 7Y J=lr-13lel+1 m
c—1 1
A 1
_ U "i_tl) / P11 — §)n1 Dds
aq 0

c-1 .
Ac(j + ¢
:DB(]?I, ql) (a* 1)7
j=lr=LEleJ+1 !

and respectively,

Lrt—| T Jef -1 [r+t=L = el -1

> / At)dt = > /\c(j+t1‘)/m2)\1(t)dt

§=0 my

.
1l

o

[

LT+t—l_£quCJ -1

: * 1
> M h) / 7 (1—s)"7 Dds
0

«
=0 1
|7+e—[ = e] -1

=DB(pq) Yy, U

=0 o
Finally, since the intensity A is a periodic function of period ¢, the integral over

the complete cycles is given by

1S=)-121-2  ianye [~ 12] =2 o1 ma
/ Alt)dt = )\c(k+t]‘)/ A (t) dt
3=0 je j=0 k=0 m
c—1 .
t+T T Ae(f + 1) /1 . .
- X -1 n-1(1 _gyu-1pg
(=10 1) DA [ gt Das
3=0
c—1
t+T1 T AdF+ 1
(7= 2= 1) DB, 0 Y 2L
c c - fo's
7=0
Combining all of the above integral expressions gives (2.40). 0

The aggregate claims over [r, 7 + t) are then given by Sj; ;4 = Zﬁgﬁ” Xa,
where N[, ;44 is a NHP process with periodic intensity function A as in (2.19) and

Str,r+6) = 0 if N7 744y = 0. Theorem 2.1 implies the following decomposition result.
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Corollary 2.3 For ¢t > 0, independent of the initial age 7 > 0, then by Theorem 2.1
Slr,7+¢) can be decomposed as independent sums of random variables:

c—1
Sprsn = St D SiHSiH o Sz
j=lr-LElel+1
[r+t-{ T Je| -1

+ Z S]* + S[*[‘r+tj,‘r+t) ) (245)

7=0
where S} 741y’ Sy, for j = [T —[Z]e] +1,...,¢—1, are compound Poisson sums,
with parameters of D B (pl, q; T"L%_m‘, 1) ’\C(LT—EEJCHH) D B(p:, ¢ )’\c(]+t1) for

j=1r=1%]c]J+1,...,c—1, respectively, and S;, ¢ = 1,..., |®L] — [Z] — 1, are
i.i.d. random variables, distributed as S{c) = Zf:’:(? Xn, and N(c) is a Poisson
r.v. with parameter A(c). While the terms S, for j =0,..., |7+t — [Z]c[ -1, and
S{i7+¢),7+4) are also the compound Poisson sums, with parameters of D B(p1, ¢: )AC—(Jilrill,

for j = 0,..., |7+t~ |Zc| — 1, and D B(p,, qy; ZHzlrttlizmuydellrtt= LS e +t)

aj

respectively. All these compound sums are mutually independent.

Proof. By Theorem 2.1-(b), the decomposition structure of the aggregate claims
process (2.45) follows straightforwardly from the structure of its corresponding cu-
mulative hazard function (2.40) given in Corollary 2.2.

Here Sf |,y and S}, for j = |7 — [Z]c| +1,...,c— 1, in the first sum of (2.45)
represent claims for incomplete and complete years, in the first (incomplete) period.

According to the corresponding Poisson counting process, these are compound Pois-
T=lr]-m 1) Ac(lr=1Z]el+t])

son sums, respectively, with parameters of D B (pl, qi; ) o5 ,
1

D B(py, q)=ZH, for j = [ = |Z]e| +1,...,c— 1.

The terms Si, i=1,...,|¥%] — [Z] — 1, in (2.45) represent claims for complete
cycles. They are i.i.d. random variables, distributed as the compound Poisson sum
S(c) = 271:;(61) Xn, and N (c) is a Poisson r.v. with parameter A(c).

The terms 57, for j = Slr 4+t =T c] -1, and S{|r+t,r+¢) in the last sum of

, T+t

(2.45) represent complete years and incomplete year in the last (incomplete) period.
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They are also compound Poisson sums, respectively, with means of D B(ps, ql)%

T o gt
for j=0,...,|7+t— [ZE]c] — 1, and D B(py, qi; T+t_LTD+tJ"m1)’\C(LT+t L et

=
o

bl

Finally by the property of the Poisson processes, all these compound sums are
mutually independent. m|

Moreover, the mgf of Si; ..y is obtained as
MS[-r, ) (S) — E[ess[‘r, T+t)] = e[A(T‘l—t)‘A(T)][MX(S)_l] , s < ax , (246)

where My is the mgf of the claims severity distribution such that it is finite on
(—00,ax). Moments of S, .y are easily obtained from (2.46). For instance, the

total initial premium is given by

E[Spr 1) = [A(T +t) — A(T)|E[X1].
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Chapter 3

Statistical inference on NHP

processes and an application

In this chapter, we are interested in statistical aspects of the proposed periodic NHP
models. The decomposition property of the models, given in Theorem 2.1-(b), makes
it easier to construct likelihood functions for NHP processes. Then the maximum like-
lihood estimation method can be used to estimate the parameters in the parametric
intensity functions.

Statistical inferences on the model parameters, including the maximum likelihood
estimators, the information matrix and the estimated standard deviations, are pre-
sented in Section 3.1 and 3.2, respectively. An application of the model to the dataset
of Atlantic Hurricanes Affecting the United States (1899-2000) is discussed in detail

in Section 3.3.

3.1 Maximum likelihood function for periodic in-
tensities

The double-beta periodic intensity model in (2.19) is a parametric function with

6 parameters: pi1, g1, Pc, gc, ¢ and b. It is possible to estimate these parameters
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from data using maximum likelihood estimation. Note that other model time-scale
parameters as my, mg, m. and c can usually be set visually at values observed from

empirical plots of the dataset.

1

13> @ month in each

Let d be the time scale in each short-term cycle; here d =
year. Then, for the short-term intensity function in (2.1), denote by m; and m; two
integer-multiples of d; here m; and mg correspond to two specific months in the year,

marking the beginning and end of the hurricane season. Furthermore define J as

mo — 1M D

J=

d  d’
that is the total number of months in each year over which the intensity function is
positive. This gives a convenient partition of each year cycle [0, m1), [m1,t1), [t1,t2),

<oy [ty m2), [ma2, 1], where
ti=mi+jd, for j=0,...,J. (3.1)

Under the double-beta intensity function given in (2.19), the contribution to the
likelihood for the first year of the first cycle is:

J . .

—m - [,7  Aw)dv 7

Ly = e MO |efin /
11 .

J=1

n; {
Av) dv) e Jma M) (3.2)

J
= O] (

J=l1

where ”;,11) is the number of events which occured within the j-th month [¢;_1,¢;) of

the first year of the first cycle, for j = 1,...,J. The first and the last term in (3.2)
represent the likelihood of having no events outside the time interval {my, my).
In general, the contribution to the likelihood by the k-th year of the i-th cycle is

similarly given by

J

k (k—1)+t; X 1
Lk,ize_fkvl’\(”)d“H / A(v) dv , k=1,...,¢c,i=1,...,|-],
(

j=1 k=1)+t5-1



where ny,)c is the number of hurricanes within the j-th month of the k-th year of the
i-th cycle.
Hence for the i-th cycle,i=1,..., [%J, the total contribution to the likelihood is

given by

(k—1)+t; = Bk
Lcomp - e—l- JfO Alv) dv H H </ (’U) d’(}) . (33)

ket jot \J (=14t

Finally, the contribution to the likelihood from the last incomplete cycle is com-
posed of the contributions by complete years in the last cycle, the complete months
in the last incomplete year and the last incomplete month. For simplicity, set

o=t - [%J ¢| to be the number of years in the last incomplete cycle, we have

ALEFD
Te . J (k=1)+t; Jik
Lincomp = H e fk_l Alv)dv H / )\(U) d’U

k=1 G=1 \Y(k=1)+t;1
. - oLEIFD
Lgletmetmy Av) dv Tett; Tett; e+l

- A d
Xe f[‘téJH-'rc e f‘rc+t (v) dv / /\(’U) duv
j=1 Tettj—1

(LEi+1)

ot t—|t]c e f1me+1
xe Iikietrery XO® ( / Av) dv) , (3.4)

el g

where

J* — V‘ [E)e - Ud— [£]e] ‘mlJ _ [t— L%Jc;Tc—mlJ

is the number of months in the last incomplete year (set to 0 when J* is a negative

integer).
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Hence the full likelihood function is given by (3.3) and (3.4) to be

L = Lcomp : Lincomp

T

J
oA H

k=1 j=1 (

o

(k=1)+t; = 0k
/ Alv) dv
k— l)+tJ 1

c J

(k—1)+t, El” ,
X H H (/( A(v) dv)

k=re+1 j=1 \7(k=1)+t;-1
(LE 1+ (LL1+1)

J* Tett; Tjore+1 t—[]c Mot
<I[ / Aw) d / Aw) do . (35)
j=1 TetHtj—1 Te+t g*

Substituting X for the double-beta periodic intensity function in (2.19), we have for

l=0,...,c—1,
b A+t [ (o — 1 —m\P! v—1—m\®"
[7 s M [ (o vy,
I+t 231 I+t D D
(3.6)
Setting s = R‘l%ml in (3.6) and following the notation in (3.1) gives
I+t l t*
/ AMv)dv = + / P71 (1 —5)2" 1 Dds
l+tj71 u
/\c(l + t{) jd (j— 1)d
= ———D|B :—)—B ; .
o [ (p1, 015 5) = Blpr, 41 =—5—)
Similarly, by setting s = =T,
t—[L]c by * t—|L]e e p1-1
[ wa - AR <——” = ml)
T+t g* al Tett s D
o q1—1
(1 _ E_D_ml) dv
N L—[-t-Jc~‘rC—m1
= M v Pl (1 — S)th—l Dds
al _JL“)_d
Ae(Te +13) t—|te—T1.—my J*d
= ———D|B ; ¢ — i
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Then the integrals in (5.5) can be represented as incomplete beta functions, yielding:

LE[+1

i)
_ 1+t id 1) X Mk
A(t)H H{ Ak o 14 4) [B(pbql;%)~3(p1,q1; Y D) )]} 1
k=1 j=1
%J 0]
-t jd j— 1)) &
x H H{ )D {B(m,ql;ﬁ) “B(P1,Q1;( D) ) '
k=1.+1 j=1
+t jd (j—1)d (L%Jﬁn
TC 1 ] ] - JiTe
XH{ {B(plaQUB)_B(pla(Il; 5 )}}
AolTe + 1) t— Le] Jd ]|
c\Te 1 —L]C — Te — T e
————=—D|B : < —B :
X { OZI |: (plaql) D ) (plaqh D ):|} 3
(3.7

where the function ) is given in (2.16) and the cumulative intensity function A(t) is
given by (2.20).

Consequently, the log likelihood function is given by

J
< i Ak — 1417
DHAPIEHIH L
; 1
id — 1)d
xD (B(pl,QL%)—B(pl,fh, U ) ))]
N = o(k—1+17)
(3 1 AR T4
P HRHIE
d i — 1)d
xD <B(p1)qla%)—B(pl)q1a (j D) ))}

1 T+ t} id j — 1)d
+Zn§LTJ-:-1)1 [%D (B(pla(h)%)_B(plaqh (] ) )):|
1

t—|tle—7c—my

D <B(p17q17 D )

—B(pl,ql,ﬁ )} . (3.8)

(LE]+1 Ac(Te + 1)
+nJL*~+J-1 ro+1 108 [*———;"”1“

)

Denote by N = > ngl,)c the total number of occurrences, for 1 < i < [¢] 41,
i7j7k
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1< j < Jand 1<k <c Further denote by

J
n(,)czz ngz,)c, k=1,2,...,c,

1
the total number of occurrences in the k-th year of all complete cycles, while n.(,E:J 1)

stands for the count in the k-th year of the last incomplete cycle. Similarly

denotes the total number of occurrences in the j-th month of all complete cycles,

while n(LEJH)

;. stands for the count in the j-th complete month of the last incomplete

cycle. Consequently, the log likelihood function (3.8) can be written as

D <. t
= —A@)+Nlog=+3 [+ nlE ] tog Ak — 1+ 47)
L k=1

d (L£]+1) jd (J—1)d
. i+ _
+ E [ng) +n; ¢ } log [B(pl,fh; T)—) — B(p1, ¢1; ba) )J
=1

t— LEJCI—)TC—ml) _ Blpv, Jl*)d)J (3.9)

The maximum likelihood estimators for py, q1, pc, gc, @ and b in the double-beta

L14q
FalfE) g | Blon o

intensity function are obtained by maximizing [ numerically.

Similarly, the maximum likelihood estimators for parameters in the model given
in Section 2.1.1, with a double periodic intensity function (2.12) and a generalized
3-parameter beta short—term intensity function \;, can be derived as follows.

To simplify expressions, let ¢ be an integer number here. Assume that the short—
term intensity function for the k-th year of a cycle is of the generalized 3-parameter

(k) (k

beta form in (2.7) with parameters p]~, ¢; ) and ¢® and A; is the peak value, where

k=1,2,...,c, that is,
t
At) =X (t—t]), k—1<t—|-Je<k, (3.10)

where function \; is of the form
(k) ()
t—-my\P1 1 _t=my % 1
()" (1 -m)
(k

= s OsmlgtSm231, (311)
(k) (k)Y (t=m1\]P1 )+q§k)
@1 [1 — (1= e®)( D )}
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while agk)

is the scale factor of the k-th year of each cycle.
For 1 < k < 7., the likelihood function for all the k-th years over the entire time

period [0, t) is given by

Lel+1 ) J (k—1)+t, ik
O H e—)\;;fk_l)\l(’v)d’UH (AZ/ /\1(v)d1)> , k=1...,7.
i=1 j=1 (k—1)+tj._1
LE)+ ®
t ) J (k=1)+; Z Tk
_ e—([;J+1))\;fk71A1(v)de <)\2/ Al(v)dv> (3.12)
j=1 S (k=1)+t;1
e ]
e P MD )=
(k‘) [E(k)]p(k) )
X ﬁ (P q(k) o )D
o PR (1 - ey

) (LE]+1)
() (j=1)d [N REONY
D
)

(k) (k).
B(pl 7q1 ,1—[1—6(k)](J;d

where nJ k = Zl 1 n(l,)C is the total number of occurrences in the j-th month of the

k-th year of all complete cycles. Similarly as the derivation of (2.11), the integrals in
(3.12) are derived in terms of incomplete beta functions.
Accordingly, the log-likelihood function is given by

¢ DB, o) (LE]+1) D
l(k) — _(_ +1) k 1 41 + ()+n lo k
I‘CJ (k)[ (6]t mo) [n , | log Ollk ;

(k) id
)
jd
1— (1 _ 6(Ie)).L

(l12]+1) k) (k
JrZ[anJrnH | log B(pﬁ),qp,

(k) (G=1)d
(k) (k). ' D ) _
B(pl 41 71_[1_6(k)](j3)d :l ) k?—].,...,Tc. (313)
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Similarly, we have

(k *
c <k>[ <k)]p"“’ o+ B [e®]pl”

e(k)]ﬂ
)
id
_ (1 _ e(k))l._

J
+Zn) log

k k
B,

CIC £—LJ'_Dl ;
B(pl a1 —(- e(k))(j—l)d> ) k=r1+1,...,c. (3.14)
D
The maximum likelihood estimators for p1 , qg ), (%) and A,fork=1,2,...,¢c/in

this double periodic intensity function are obtained by maximizing (3.13) and (3.14)

numerically.

3.2 Information matrix and estimated standard de-
viations

It is well-known that the maximum likelihood estimators have the smallest variance
among estimators that have asymptotic normal distributions. Further, an explicit
formula for the asymptotic variance of the estimators can be derived.

The variance—covariance matrix is obtained by inverting the matrix whose rs-
element is

1(6),, = E[aeaaa 1(9)] : (3.15)

where 6 is the vector of MLE’s in the model, and it has an asymptotic multivariate
normal distribution. This matrix is often called the information matrix. The esti-
mated standard deviations of the MLE’s are then obtained by taking the square root
of the variances on the main diagonal.

Here we give a detailed calculation of the estimated standard deviations of the
MLE’s for the parameters in our double-beta intensity model. Assume that the

parameter vector § = (p1, p., a, b)T, and t}, t%, m;, ms and m, can be observed from
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the data. Other parameters, like ¢; and ¢, can be evaluated from (2.3) and (2.18),
respectively, once 8 is known.
For simplicity, we assume that ¢ is an integer in the following derivation. In this

case, the log-likelihood function is given by

D < ¢
[ = —A(t)+NlogE+ZnF,,)ClogAc(k—1+tI)
L
jd i —1)d
+Z7’L()log[ plaqla D) B(pl,(h; (j D) )J ) (316)

where the cumulative intensity function A has the form

c—1 .
)\c t3)
()_[_ JDBpl)ql E +DB(p1,Q1)
7=0 ot

and A.(t) is given by (2.16).

The first partial derivatives of (3.16) w.r.t. p1, p., a and b are:

da
ﬁ — 8A( ) 6p11 Z ) p1 (P1, 15 D) Bpl(pl’ql’ = l)d)
m O B(p, q1; %) - B(pr,q; Y52 |’
c a,\ (k—=1+t1)

ol _ AW O M

8pc apc P ok )‘C(k -1+ tI) ’

ﬁ B _aA(t) N ¢ " 6)\‘(ka—al+t’{)

da Oa pa k/\(k—1+tf)’

g . _8A( ) N ¢ () a,\c(ka-b1+t;)

ob Ob (k- 1417)

where
dat

-k *

o N i1 —m -1 —my
—_— = ::l l -

o “( D )+<p1—1) (1 D )

B, (p1,q1;t) = /Ot P (1 = ) ! [ln(v) + ((h — 1) In(1 - v)]dv, te (0, 1).

pL—
Note here 9% = (——_1,,1—) — 1, which is a constant. Accordingly, v* is also a constant.
_JD_l
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While the first partial derivatives of (3.17) w.r.t. p1, p., @ and b are given by

OA(t) _ A) I:B,/;I(pl,(h) _V*}
p1 B(p1,91) ’

[, e A L IS R
OAt) _ DB(pi,q) ijzla)\c(]+t1)+ OXe(j +17)
Ipe o] ¢S Ope = Ope _ ’

[, 1 N S LRS! N
0A(t) _ DB(p,q) LEJ 8,\c(y+t1)+ OA(J +1t])
Oa af ¢ = Oa = Oa

[, el R U RS -
OA(t) _ DB(p,q) M OAl 1) OA(j +t7)
0b ol ¢ = b par 0b

here B, (p1,q1) = B, (p1,q1;1) and the first partial derivatives of A.(t) w.r.t. p, a

and b are given by

—8&(;2 B DG+ -d) {m (= -1 —]) ~In (b )
() [ = ) - (- ]
L L (R L
3%(2; ) _ ai;(t —C’mc B [t —cmcj)pc—l (1- t—cmc B Lt Cch)qc—l
Note here =3 = 71— — 1, which is also a constant.

c

Now the second partial derivative of (3.16) w.r.t. p; is obtained as follows:

) . /
PL_ A~ o |Buran ) - By, (o Y5")
2 2 ) ; : )
pi 9pi s " | B(pr,q1;%) - B(p1,qs; Q[,ﬂ) o
where
. s I . i
B, (p1, ;%) = By (p,q; Y224 | B (prqu %) — BY L (b1, a1 Y52

B(p, ;) — B(py, qv; U32) B(py, q15 %) — B(py, q1; Y52)

B! (j—Dnd)] 2

P1

! (01,413 %) = By (p1, 15
B(p1, q1; %) — B(p1, ¢1; (J;Dl)'(‘i)

here we define for ¢t € (0, 1),
¢
p1—1 1 _ @11 2 @1 _
/0 v T (1 —v) [ln (v) +2<p1 — 1) In(v) In(1 — v)
¢ —1

+(p 1)21n2(1—v)}dv,

BI/7/1,P1 (pl’ q1 t)

1 —
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and

PAY 000 [Balon) ] [B,cl(pl,ql)_y*]’

o}  om | B(p,q) B(p1, q1)
_OAQ) [Bp(ovg) Bym(P1a1) By (p1q1)
- Om [ B(p1,q1) U} FAQ) B(p1,q1) ( B(p1,q1) ) }

where B) . (p1,q1) = By, ,, (p1,q1;1).
The second order mixed partial derivatives of (3.16) w.r.t. p; and other parameters

Pe, @ and b are:

8% O%A(t)  OAQ) [By(pna)
Op10p.  OpOp.  Ope [B(pl,ql _V] ’
3% PA(t) _ OA@) [Bplpuw)
m - —5;01 da - Oa [ B(pi, q1) - V} ’
82l O°A(t)  OAR) [B,(m,@)
Opdb  Opdb b {B(pl,ql) ‘”J’

while the second partial derivatives of (3.16) w.r.t. p., a and b, and other second order

mixed partial derivatives of (3.16) are:

c(k—1+t1)
PL_ PO 50 __61»
apg apc k) 1 - 1 + t*)
82Ac(k 1+%) Me(k=1+4t2) 72
82A ch _ Opc :
ch k “ k—1+1}) Al —1+13) '
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! _ 82A Z o T
Op: Oa " 9p.da Ba p —1+41t7)

8
9o (k—1+t3) Oc(k—1+t7) BA(k—1+1})
Z apcaa apc da
2 )
0p08a p —1+17) Ak —1+17)]
y 0

Opc

¢ BAe(k—1+£1)
82 B2A(t) Z [ St

Op.0b apcc'?b ROb | Me(k —1+17)
9 02X (k—1+tY) OA(k—1+4t7) OAc(k—1+t3)
O7A(t Z 8;0581) T o 3
- Op.0b ab = 148 (k- 14 87)
52 c Ne(k=1+t])
a2 _;nvk [,\(k—1+t) ’

76



52 c [ BAc(k—1+t) OAc(k—1+t3) T 2
_ _Zn(~) da 9%
da Ob ek Ak — 1+ ’
[ O(k=14t7) 72
PL_ |
ob? il DY GRS RN
where
[t—Ltfe]-1 e
PM0) _ DB(pa) i +t*) ZJ A + 1)
o2 — pars Op? ’

A DBpunq) | ! JZ A +15) L‘%*aﬂcum)
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Op. Oa af Op. Oa Op. Oa ’

j=0

2 2 L I.%JCJ—I 2 . * ]
O*A(t) DB(pl,(Il) L J z 0?X(j + ) Z (7 + t7)
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§=0

while

PX(j (gp:, t1) a,\c(;‘pzL t3) {ln (t —Cmc B Lt _cmCJ) B ln(t; —cmc)
(o) lme - —n (- ]

T = [P {m ) - m
(o) = S 1) i 1 5]

e s e B

+(Q1_1)[1n(1-t‘mc—Lt_m”j)-1n(1_t3‘7m°)]}.

pr—1 c c

Now (3.15), the elements of the information matrix I(#), can be calculated with

the following formulas:

- J / L jd y] 1)d
-5 (5] - T - ey | Bee Bl B B0)
1 T (p1, 915 %) = Blpr,an; 9529 |
o4 ] OA(t) [ Bl (p1,q1)
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0% OA(t) [ B, (p1,q1)
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_E[ ) _ 8A()[ pprqn__y%
Opy b | ob | B(p1,q1) ’
- 82)o(k—1+t k—1482 2
B {an _ 82A(t) ZE % ~ %p:“l)
Op? | op? —1+1t7) A(k—1+1¢) ’
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5217 ¢ o [ Oxc(k—1+t7) 72
—_E|=]| = Elnt ——Oa
[aa{ 2; [ dlk—1+8)|
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where the expectations £ [ng)] and [n(,ﬂ are given by

O] _ Jd (-1)d
E["y} = D I:B(plaQIaB)_B(pl,QI,‘“—D—)
c—1 ) Le—L]e]-1 ]
t Ac(J+ 1] X A j+t
() prathaiii UL o128,
& =0 011 ]=0 al
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Then the variance-covariance matrix is obtained by inverting the matrix I(6) and
the estimated standard deviations of the MLE’s are obtained by taking the square
root of the elements on the main diagonal.

An analog of this method can be applied to find the information matrix and to
calculate the estimated standard deviations of the MLE’s for the parameters in other

double periodic intensity models.
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3.3 An application to the hurricanes dataset

Tropical storms and hurricanes periodically affect every coastal US state along the
Atlantic and the Gulf of Mexico, from Texas to Maine, year after year. According
to Cole and Pfaff (1997), much speculation exists regarding the significance of the
El Nino effect. This is a phenomenon generating abnormally warm surface water
temperatures off the coasts of Ecuador and Peru, affecting global climate in the
short-term, including weather patterns across North America. Particular attention
has been directed toward the potential effects of the El Nifio phenomenon on hurricane
frequency and the strength attained by tropical cyclones during El Nifio years, in
comparison to non-El Niflo years (called La Nifla). These can be seen as long-term
climatological and periodical effects on North American weather.

Parisi and Lund (2000) study the annual arrival cycle and return period properties
of landfalling Atlantic Basin hurricanes. A NHP process with a periodic intensity
function is used to model the annual cycle of hurricane arrival times. The data used
in their study contains all Atlantic Basin hurricanes that have made a landfall in the
contiguous United States during the years 1935-98, inclusive. Kernel methods are
used to estimate the intensity function and the standard normal kernel function is
selected.

In this section, apart from considering the seasonal effects on the hurricane arrival
times, we also consider global climatological and periodical effects and try to model
the occurrence times of Atlantic hurricanes using a double periodic NHP process. A
double beta-type intensity function is used in this parametric model and the Atlantic
hurricanes affecting the United States 1899-2000 dataset [Neumann et al. (1993) and
Landreneau (2001)] is used to estimate the parameters in the model. By contrast to
the method proposed by Parisi and Lund (2000), a parametric statistical inference
approach is used here to estimate the intensity function. Maximum likelihood estima-
tors, as well as estimated standard deviations, of model parameters for this dataset

are obtained. The fit of different models to the hurricane data and the goodness—of—fit
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assessment are discussed.

3.3.1 The hurricane dataset

The data used for our study comes from Neumann et al. (1993), which reports 155
hurricanes that crossed or passed immediately adjacent to the Unites States coastline
(Texas to Maine), 1899 through 1992. Landreneau (2001) contains 12 additional hur-
ricanes for the years 1993 through 2000 and is obtained from the National Hurricane
Center Web site. Henceforth we call this combined dataset “the hurricanes data”.
Thus, over the 102-year period 1899 though 2000, a total of 167 category 1 though 5
hurricanes crossed the Atlantic United States coastline at one or more points.

The average annual number is 1.64 over the whole period, which means an average
of one to two hurricane landfalls per year. The years with a maximum number of 6
hurricanes were 1916 and 1985, while 19 out of the 102 years had no hurricanes. It
can be observed that the hurricane season starts in June and ends in November over
those years. Furthermore, the hurricane season peak period lasts from mid-August
through October, with September having had the most major hurricanes (38.9% of all
hurricanes). Figure 3.1 shows the annual distribution of those 167 Atlantic hurricanes,

while Table 3.1 gives their monthly distribution.

Table 3.1: Monthly distribution of the hurricanes data

Month Number of occurrences Proportion (%)
June 11 6.6
July 17 10.2
August 44 26.3
September 65 38.9
October 26 15.6
November 4 24

167 100.0
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Figure 3.1: US Atlantic Hurricanes (1899-2000) Annual Counts

3.3.2 Models and statistical inference

As outlined in Section 3.3.1, the illustrative dataset used here comprises 167 hurri-
canes that made a landfall somewhere on the Atlantic United States coastline, over
the 102—year period 1899 through 2000. These exhibit clear seasonal patterns. First,
all hurricanes happened between the months of June to November. September gene-
rated more major hurricanes than any other month. On average, there were 1 to 2
hurricane landfalls per year over the whole period. A short-term (annual) periodic
model thus seems appropriate.

First consider a NHP model with single periodicity. Let the generalized 3
parameter beta function described in (2.7) be the intensity of each year for this

model. Then the intensity function is given by

D

(S5 o)

)\(t) = )\0 Ta my S t |_tJ S my, (3 18)
o [1 —(1—¢ (—L t};”“)]m !
where we set m; = %, My = % and t] = 81—'251. These choices are motivated by the

fact that no hurricanes ever happened outside the months of June to November and

September has the largest number of hurricane occurrences. Hence D = mqy—m; = %,
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is the fraction of the year with positive hurricane intensity, while aj is given by (2.8).
Note that for this hurricanes dataset, ¢ = 102 is an integer and J = 6, represents
the total number of months in each year over which the intensity function is positive,
ie, D= %
The parameters in (3.18) can be estimated by using the method described in

Section 3.1. The log-likelihood function of this model is given by

__(102)M+N1 (/\ D)

oy €P v €P1
i 0 ¢ 14 ] Dl)d
+ [In’ + ’fl :l log B (plaQIa ———_D—"_> - B(pla q1; i ) 3
= 1—(1—¢)% 1—[1— Ut
(3.19)
_6 d _1 _ : ) L J+1) _ . .
where D = {5, § = 5, N = 167, while n; and n; for j =1,...,6, are given in
Table 3.2.

Table 3.2: Empirical counts used in parameter estimation

j(month) 1 2 3 4 5 6 Total
n{) 11 17 43 64 25 4 164

n{*V 1 1 1 3
k(year) 1 2 3 4 5

n) 41 36 38 18 31 164
B30 3

Figure 3.2 gives the generalized 3—parameter beta intensity, that was fitted to
these annual hurricane frequencies. The parameter MLE’s here are p; = 1.9198,
71 = 11.3050 and ¢ = 0.1349 for the beta function, and A} = 6.5145 for the peak
intensity. These were obtained by maximizing the log likelihood (3.19) with the
Excel solver.

The constant intensity A;(t) = A= 1.64, the homogeneous Poisson process MLE,

is also graphed on Figure 3.2 for comparison. Graphically it is clear that the classical
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Figure 3.2: Histogram and fitted hurricane intensity A(¢) for 1-year cycles

model gives here a crude representation of hurricane frequencies (this hypothesis is
tested more formally in Section 3.3.3).

Climatological studies suggest that the hurricane intensity does not repeat the
exact same short-term pattern every year. Rather, it slightly varies from year to
year, as in alternating El Nifio/La Nifia cycles. In general, the weaker tropical cy-
clones and relatively fewer hurricanes, characteristic of an El Nifio’s influence on
Atlantic hurricanes. The studies also show that there is lack of tropical cyclones in
the Atlantic in the year following El Nifio [see Cole and Pfaff (1997)]. Some actuaries
also believe that El Nifio/La Nifia cycles in the Pacific affect tropical storm systems
in the Atlantic.

Our hurricane data also exhibits some long—term periodicity, under the influence
of the global El Nifio/La Nifia phenomenon. The 5-year cycle in Figure 3.3 shows
how the 3rd and 4th years of the cycle have lower occurrences of hurricanes, the 4th
year being the lowest. This is followed by a peak lasting for a period nearly three
years long.

This motivates our assumptions of the doubly periodic NHP process presented in

Section 2.1. Here the seasonality of the Atlantic hurricane repeats a similar short—
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term pattern every year meanwhile the peak intensity, affected by the El Nifio phe-
nomenon, varies over a longer periodic cycle.

Climatologists observed that the typical El Nifio cycle occurs within a two to
seven year period. From a graphical analysis of the dataset, we conclude that a long—
term period ¢ = 5 years and a short-term period of one year reasonably describe the

Atlantic hurricanes. Then the double-beta intensity function is given by
t
A(t):)\c(Lt—5LgJJ +t)ME-[t]), t>0, (3.20)

where A\; and A. are given by the 2-parameter beta functions in (2.1) and (2.16),
respectively, with m; = %, my = %, D = 16—2 and t7 = %. Furthermore, set the
starting point of the long-term cycle to m. =t} + 3, the short—term peak of the year
have lowest occurrences of hurricanes within a cycle. Similarly, let the mode of the
long-term beta function to be ¢} =t} + 1.

The log-likelihood function of this model is given by (3.9), with ¢t = 102, 7, = 2
and J* = 0, that is,

D 5
L= —A(102) + Nlog — + > [} +n3) log Aelk = 1 +7)
1 k=1
6 . .
. d - 1)d
+Z[n§,.) +nf.1)]10g [B(pl,qls%) — B(p1, q1; G i3 ) )} . (3.21)

Jj=1

where D = £ % = é and N = 167, while A(t) is given by (2.20), i.e.,

DB(p1,q1) =~ . . D B(p1, 1) —
A(102) = (20) % ST+ 1) + —(a?,{—l-q—l) ST+ ).
§=0 =0

Here A.(t) is given by (2.16). Meanwhile, n(,l and n_(?kl), for k=1,...,5 and ng) and
nfl), for j=1,...,6 are given in Table 3.2.

The numerical maximization of (3.21) is simple and accesible to actuaries on
any PC. Using the solver in Excel, we obtain the following MLE’s: $; = 3.0145,
G = 2.4389, p. = 1.5463, §, = 1.3642, & = 3.2354 and b = 6.9634, where § and §,

are obtained from (2.3) and (2.18), respectively. Figure 3.3 compares the observed
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and expected monthly average number of hurricanes over the 5—year cycle for the

1899-2000 hurricane dataset.

DN RN

aaOEEEE

RN 3

Figure 3.3: Hurricanes data and 5-year double-beta intensities
Now by the formulas derived in Section 3.2, the corresponding information matrix
and its inverse are given by

12.76374  2.64269 —1.39801 —-3.487777
2.64269  3.14166 —0.53981 —1.94906

1(6) = ,
—1.39801 -0.53981  1.80932 0.32309
—=3.48777 —-1.94906  0.32309 2.75323
0.12831 0.00000 0.07162 0.15414
1-1(p) 0.00000 0.58574 0.10286 0.40258

0.07162 0.10286 0.62256 0.09049

0.15414 0.40258 0.09049 0.83285
Hence the estimated standard deviations for MLE’s py, p., @ and b are 0.3582,
0.7653, 0.7890 and 0.9126, respectively. The corresponding approximate 95% con-
fidence intervals for the true parameter values are constructed in Table 3.3. These

would be 1.96 standard deviations either side of the estimates.
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Table 3.3: Asymptotic 95% confidence intervals for MLE’s

~

Parameter P1 De a b

ClI 3.0145 £ 0.7021 1.5463 & 1.5001 3.2354 £ 1.5465 6.9634 + 1.7887

Climatology suggests that the levels for the long—term cycle are governed by some
underlying smoothly changing function, represented by the second beta function. The
fit for each short-term cycle seems quite good, supporting our periodic theory. But
the model does not adequately explains the short-term peaks over the long-term
cycle. The El Nifio/La Nifia is a global phenomenon, perhaps too complex to capture
with such a simple 4—parameter model.

Depending on the intended use of the model, the fit can be improved by the
introduction of additional parameters. For instance when a generalized 3-parameter
beta intensity is used for the short—term cycle, while the long-term beta function is

kept at 2-parameters, the log-likelihood function becomes:

5
| = A(102)+Nlog +Zn()+n(2l) ] log Ae(k — 1 +¢7)
k=1
0 e &
. . D
+Zl[njv +nj,. ]log B(?b‘ha 1— (1 _ t)lg)
J_
¢ j—;)d
—B(p , q1; n ) , 3.22
1,41 1——[1—€](J_Dl)d ( )
where the cumulative hazard function A is given by
_ D B plv (11 : pl: (h
A(102) = (20) —: o Z;/\C o Z,\ (G +1t})

with D = & and A.(t) is given by (2.16).

By maximizing (3.22), the following MLE’s are obtained: p; = 1.8946, §; =
12.3899, ¢ = 0.1205, p. = 1.5639, g, = 1.3921, & = 3.5868 and b = 7.7307. It is clear
from Figure 3.4 that the fit is improved (also see the corresponding test in Section

3.3.3), although not perfect, at the cost of introducing only one additional parameter.
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Figure 3.4: Hurricanes data and 5-year generalized double-beta. intensities

If fit is more important than simplicity of the model or smoothness, the number
of parameters can be further increased by letting the short-term cycle peak values
be free parameters. Figure 3.5 gives the histogram and fitted beta intensities, as in
(2.12), for monthly hurricane frequencies over a 5-year long—term cycle. Here the
generalized 3—parameter beta function in (2.7) was used as the short-term intensity.

The log-likelihood functions used here are given by (3.13) and (3.14), i.e.,

MDBE,a) o @ MD
&) —  _(91)Zk 1041 J n()+n( ) lo k
(21) agk)[e(k)]pgk) [nx + 7)) log _a_gk)[e(k)]p(lk)

k) dd
)
jd
1— (1 _ 6(lc))L

6
+ 2[7153C + ngzkl)] log

i=1

B (pik) ) q§'°);

k) =1d
~B( o, D
1 :4q1 ’1_[1—6(19)]&1#

)] . k=12, (323)
and
. ® ® )
& — —(20) /\kD(kB(pl a(% )_+_n(l)v log k)\kD ~
aj )[e(k)]m ' ozg )[E(k)]pl

6
. k k
+3" 0l 10 [ B (7, o
=1

%) (j—1d
~B{p, g D
) ’ G-1)d
1— (1 - e)le

k) jd
(Wi

7)
1— (1~ W)

)J . k=345,  (3.24)
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where quantities n') and n(-21), for j=1,...,6 and k =1,...,5 are shown in Table
7.k Tk

A.1 of Appendix A.1.

The MLE’s, given in Table 3.4, were derived from (3.23) and (3.24). The fit
improvement is substantial for each short-term intensity in the 5—year cycle. Yet,
the model now fails to explain through a functional relation how hurricane intensities
vary from El Nifio to La Nifia years. A possible remedy may be the use of random
effects on certain years of the cycle. This will be discussed later in Chapter 5 by

considering a regime-switching double—periodic Cox process.

RN

RN

R T R T T R

AR

R .

NS

A A A N i
R A

Figure 3.5: Hurricanes data 5-year short-term generalized beta fit

Table 3.4: MLE’s of 3—parameter beta intensities for the hurricanes data

Year pgk) qgk) (k) AL

1 2.0087 150.0076 0.0097 9.3381
4.7926 3.0123 1.3227 7.2847
1.1459  11.9872 0.0820 5.8373
2.0586 121.7060 0.0150 3.9563

[ SN - T

3.0769 155.4399 0.0165 8.4431
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3.3.3 Goodness-of-fit and comments

Figures 3.1 and 3.2 provide graphical evidence that annual, respectively monthly,
hurricane counts show a periodic behaviour.

More formally, we can test the alternate hypothesis of a constant hurricane in-
tensity, A1(t) = A = 1.637254902, resulting in a Poisson number of hurricanes per
year.

The Chi-square goodness-of-fit test is the most commonly used generic test. The

test statistic is .
Ej - 0;)°
X2 — ( 7 ,
2
j=1

where F; is the number of expected observations (assuming that the hypothesized
model is true and the parameters have their estimated values) and O, is the number
of observations in the j-th interval. The null hypothesis is rejected if X? exceeds
Xﬁ;a, where d = k — r — 1, is the number of degrees of freedom, r is the number of
parameters, and « is the significance level.

Table 3.5 reports the Poisson expected and observed number of years with 0, 1,
2, 3 and 4 or more hurricanes (the last observations were grouped to be representa-
tive). The Chi-square test statistic X? = 1.81 < x3.9.05 = 7.81, does not reject the
homogeneous Poisson assumption. Still, it is clear from Table 3.5 that the fit is poor
in the tail of the distribution.

The Poisson model with constant intensity predicts well the expected number of
years with lower hurricane frequencies (e.g. n = 0, 1 or 2 hurricanes per year), but
gives a poorer prediction of the number of years with higher frequencies (n = 3 and
n > 4). The fit in the tail is usually very important in insurance applications.

Furthermore, the homogeneous Poisson model fails to recognize the short—term
seasonal and long-term cyclical patterns that the hurricanes data exhibit in Figure
3.4. A more appropriate statistical inference here is to test the significance of the

additional parameters in our double-beta periodic models.
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Table 3.5: Chi-square goodness—of-fit test for the homogeneous Poisson model

Counts Observed Expected Chi-square

0 19 19.84 0.04
1 34 32.48 0.07
2 25 26.59 0.10
3 18 14.51 0.84
4+ 6 8.57 0.77
Total 102 102.00 1.81

Since the classical Poisson model is a special case of the double-beta periodic
model with 4 parameters, in Figure 3.3, we can use a likelihood ratio test for the
homogeneous Poisson hypothesis, against the alternative of a full 4—parameters model.
The test statistic is

r = 2[log L(64) — log L(65)],

where 6 is the value of the parameters (within the null hypothesis) that maximizes
the likelihood function, while 84 is the MLE where the parameters vary over all
possible values from the alternative hypothesis.

The null hypothesis is rejected if » > Xfi;a, where d, the number of degrees of
freedom, equals to the number of free parameters in the model from alternative hy-
pothesis less the one from the null hypothesis, and « is the significance level.

Now here the test statistic r = 2(499.645 — 345.407) = 308.476 > x3.005 = 7.81,
is significant, supporting the full model hypothesis.

Similarly, in testing for the extra parameter in the complete model used for Figure
3.4, with a generalized 3-parameter beta function for the short-term intensity, the
statistic 7 = 2(345.407 — 335.936) = 18.942 > x3,0s = 3.84 is also significant.
This complete double-beta periodic model with 5 parameters explains the observed
periodicity more adequately than the above 1 or 4—parameter reduced models.

The other assumption that should be tested is that of dependence on time. The
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hurricane counts observed here are not assumed to be mutually dependent (auto-
correlated), but rather dependent on the time (season) of occurrence. Once a cycle
completes, every 5 years, then this dependence on time gets reset. Subsequent 5—year
cycles are thus independent, as in the decomposition in (2.14). The autocorrelation
function plot in the lower part of Figure 3.6 shows the absence of serial correlations,
in these 5-year cycle counts, since all values lie within the horizontal dashed lines for

lags great than 0.
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Figure 3.6: Hurricanes data autocorrelations, 5-year cycle counts

In conclusion, it appears that NHP risk models are more realistic in practice than
classical Poisson processes, as their intensity rate is a function of time. This is clearly
the case for hurricane landfalls.

In general, NHP processes with a periodic claim intensity can be useful in modeling
risk processes that evolve in a periodic environment. The proposed double-beta
periodic claim intensity not only generalizes the classical risk model, but it can also
give a more realistic representation than (single) periodic models with only short—term
periodic intensity functions.

The flexibility in shape of the beta function and the explicit results obtained

for the risk process, as well as the tractability of the statistical estimation of model
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parameters, should make these double-beta periodic models easy to use in practice.
We hope that the illustration of the hurricane dataset serves to show that NHP risk

models can also be tractable if properly parameterized.
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Chapter 4

Regime-switching periodic NHP

Processes

As we have seen in the previous chapters, the classical risk model is not realistic in
some practical situations, such as modelling hurricane data. Two main modifications
can be made [see Grandell (1991)]. First, a NHP process is used to model “size
fluctuations” in the claim intensity of a risk subject to seasonality. Then, a Cox
process, also called doubly stochastic Poisson process and a natural extension of the
NHP process, is used to characterize the underlying “risk fluctuations” in the claims
intensity.

In this chapter we propose a Cox model that accounts for both, the seasonal
variations and the random fluctuations in the claims intensity. Beard et al. (1984)
and Daykin et al. (1994) suggest an intensity process A as a composition of some
factors, such as the normal trend, deviations from it and the short—term variations
in risk propensity. Here we simply consider an intensity process with the following

structure

At) = As(t)a(t), t20, (4.1)

where Ag(t) is the short-term intensity function and {q(¢); ¢ > 0} is a stochastic

(level) process. The periodicity of the short—term intensity function is also considered,
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which takes into account those insurance claims affected by a periodic environment,
like hurricanes or seasonal storms. A Markov chain with finite state space, corres-
ponding to the different (low, high, - - - ) levels, is chosen for the level process, yielding
a so called regime—switching process. Under this intensity process, properties of the
claim counting process and its corresponding risk process are studied in detail. By
properly choosing the Lundberg coefficient, Lundberg—type upper bounds for finite
time ruin probabilities in a two-state case are derived.

The model is defined in Section 4.1. Section 4.2 discusses the propertics of the
claim counting process. This gives a precise description of the model characteristics,
such as the probabilities of recording k claims during the time interval [0,¢), for t > 0
and k € N, and the expectation of the integrated intensities in (4.1). In Section 4.3
we derive Lundberg—type upper bounds for finite time ruin probabilities and illustrate

the results by some examples.

4.1 A Cox model with a regime—switching
periodic intensity

Consider an intensity process {A(t); t > 0} governed by a deterministic pattern in
each short—term period, say a year, and a random effect on its peak level, that is the
amplitude of the pattern. This fixed intensity pattern can be seen as the short-term
periodicity, like in the NHP process. Assume we have m different risk levels; Ag, A1,
A2, . .., which represent the risk under “low season”, “median season”, “high season”,
etc., risk conditions, respectively. In practice, such conditions can be slippery roads,
foggy days, stormy weather, ycars affccted by the El Nifio phenomenon and so on.
Furthermore, assume that the intensity level is modulated by an irreducible dis-

crete time Markov process, k = {kn; n > 0}, with finite state space J = {0,1,...,m—
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1} and the transition probability matrix P, given by

Poo Po1 T Po,m-1
P1o P11 s P1,m-1
P= " . (4.2)
Pm-10 Pm-11 "~ Pm-1m-1

Without loss of generality, we assume that the short-term period is 1. Let 3 be
a function defined on [0,1], such that 3(t*) = 1, where t* € [0, 1] is the mode of the

function. Consider the intensity process A, given by
M) = Ay B 1t]),  £20. (4.3)

This gives A(n + t*) = A, B(t*) = Ax, for n € N, that is, the peak of the function
A(t) within the (n + 1)-th year [i.e. t € [n,n + 1)] is A.,, which changes according
to the Markov chain k. As such, we call A, the intensity level for year n + 1, and
correspondingly call {).,; n > 0} the intensity level process.

In the sequel, we illustrate the annual common intensity pattern as a beta—type
function with parameters p > 1 and ¢ > 1, given by

=

~ , 0<m; <t<my<1
B(t) = : (4.4)

0, otherwise

where D = my — m; is the fraction of the year for which the beta intensity function

is not equal to zero, while o* is a scale factor, given by
t* —my p—1 t* —my g—1
Y= 1-— , 4.5

p—1
p+q-2’
is the mode of §(t), t € [0, 1], so that at the mode B(¢t*) = 1 is the peak level [see
Figure 4.1]. if ¢t < 0).

and

t" = mi + D (46)
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Figure 4.1: ((t) and one realization of intensity process A.

Figure 4.1 illustrates function §(t), when p = 3 and ¢ = 2, as well as a realization
of the intensity process A, when p=3,¢=2, Ao =0.75, \y = 1, Ay = 1L.5.

Consider a special Cox process, the claim counting process {N(t); t > 0} with an
intensity process as in (4.3). Due to the periodicity of the function S(t — |t]), for
t > 0, and the transitions, from year to year, within finite m levels Ay, A1, ..., Ap_1,
we call this risk model a regime-switching periodic non-homogeneous Poisson (NHP)
process.

Let {N;(t); t > 0},fori=0,1,...,m—1, (with N;(0) = 0) denote a claim counting
NHP process with intensity function A; G(t — |t]) over the time interval [0,¢). That

is NV;(t) is Poisson distributed with mean

)y /Otﬁ(v— [0))dv =

where B(p,q) and B(p, ¢; t) are given by (1.6) and (1.7), respectively.

D[LtJB(p,qHB(p,q,—t—_UIJD—-W) ., t>0,

Then the process {N(t); t > 0} can be represented as

)
m-1Y({t])
Z Z N%J KLtJ ) - NKUJ (LtJ)’ t2 O> (47)

i=0 j=1

where Y;([t]) = S -1 1(k,, = i) denotes the number of years in [0, |¢]) that x spends

in state ¢, for ¢ = 0,1,...,m — 1, while N, ; are i.i.d. random variables distributed
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as N;(1). This implies that, the conditional expected number of claims in the time

interval [0, ), given the environment, is:

E[N(t) 1 Ko, K1, .- -, HUJ]
[t]-1

1 t—[t]
= Z/o Ax, B(V) dv—F)\Km/0 B(v) dv
n=0

DB(p,q) /\K‘l_tJ D t— ‘_tJ — my
= L(|t B(p,q¢; ———), t>0,
(lt]) — "+ ——— Blp.g 5
where
m—1
L) =Y vlehy, =0, (4.8)
=0
denotes the sum of the corresponding Ag, Ay, . . ., Am—1 values that occurred in [0, |¢]).
Hence, we have
D t— LtJ —my
BN <, g () 2 | 10B(0) + B(p0, 2L =™
The corresponding compound NHP process {S(¢); ¢ > 0} is given by
N()
S =>X;, t>0, (4.9)
j=1

where the X’s are the claim sizes with distribution function Fy, expected claim
size 11 = [;° vdFx(v) and moment generating function 7x(s) = I e® dFx(v), for
s < ax. These claim severities are assumed independent of the Markov environment
process « and hence of the claim counting process {N(t); t > 0}. Asin (4.7) process
{S(t); t > 0} can also be represented as

m-1Y;([Z])
S = 2 D St S5a,(t) = Sey(lt), 20,
=0 j=1
where S;; are i.i.d. random variables distributed as S;(1) = ™0 X, | and S(t) =
S X,

Now consider the continuous-time surplus process {U(t); t > 0}, given by
Ult)y=u+ct—S5(t), t>0, (4.10)
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where u is the initial capital value and c is the constant premium rate. The ag-
gregate claim process {S(t); ¢ > 0} is given in (4.9) and the claim counting process
{N(t); t > 0} is the regime-switching periodic NHP process in (4.7).

Since the Markov environment process & is assumed irreducible, it has a stationary
initial distribution, denoted by 7 = (mg,71,...,%m—1). Then by the law of large
numbers for irreducible Markov processes, we have the following theorem for this

model.

Theorem 4.1 Assume that the Markov process {x,; n > 0} is irreducible. Then

_R(t) = , DB(pq)

Proof. Without loss of generality, we can assume that u = 0. Observe that R(t)

can be rewritten as

m-1 Yi(lt))-1 N;(1)
Yi( LtJ 1 Z
= > DI
X\ &\
N" t (t LtJ)
c(t - [tJ) >t Xj

+ Yo, (LtJ) , (4.12)

when the Y;([¢]) are not equal to zero (the result is trivial when one of them is zero).

Since {kn; n > 0} is irreducible, Y;(|¢]) tends to infinity as ¢ — oo and

(M) =m i=0,1,...

t—»oo
It is not difficult to see that the second term in (4.12) tends to zero as t — oo and

ZY’(UJ e - 2;‘/:1‘(11) X;) in the first summation tends to ¢ — )\i—% p. Then

Y(LtJ)
the result in (4.11) follows. O

The limit result in (4.11) implies that ruin occurs almost surely if the process has
a negative drift, that is ¢ < u Zﬁgl T M &;(f’@. Therefore we assume that the net

profit condition
m-—1
D B(p,q)
, i A ————, 4.13
NI (419)

holds in the sequel.
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4.2 Properties of the regime—switching periodic
process

For the regime-switching periodic NHP process defined above, the random measure

A in this Cox process, given the realization of the environment process x up to time

[t], is:

t Awyy D —[t] -
M) = [ Mw)ds = 1(12)) ZERD L 2 Z g L2l s,
0 a* a* D
(4.14)
where L([t]) is given in (4.8). Then the conditional probability that the number of

claims be & in the time interval [0,t) is obtained as:

k
P{N(t) =k | Ko, K1, - - .,K}LtJ} = [AE:')] 6_A(t), ke N,

where A(t) is given in (4.14).

In order to calculate P{N(t) = k}, we need to know how many times the le-
vels Ag, A1,..., Am—1 appear in the sequence {\.,, As,, - - -, Ay} This is equivalent
to finding how many times 0,1,...,m — 1 appear in the corresponding sequence
{0, K1, ..., K[y }. Denote Yi(n) to be the number of times that successive n-length
sequences of the time-homogeneous {0, 1,...,m — 1}-valued Markov process & are in
state 4, fort=0,1,...,m — 1.

Many papers discuss formulas or recursions for the distribution of success runs of
several lengths in a finite state Markov chain [for example, see Han and Aki (1998)].
From these, it is not difficult to extend the results to the m-state case and fur-
ther derive the distribution of the number of successes, Y;(n), which takes values in
{0,1,...,n},fori=0,1,...,m — 1, and can be obtained as follows.

Let pi(n; Yo,¥1,- -, Ym-1) denote the conditional probability of a total number
y; of visits to state j out of an (n + 1)-length sequence, for j = 0,1,...,m — 1,
respectively, given that the sequence starts from state 7, ¢ = 0,1,...,m — 1. Note

here 0 <y; <mn, 7=0,1,...,m—1,and yo+y1 + - - + Ym-1 = n. For convenience,
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define p;(n; Yo, 1, .., Ym—1) = 0 for either y; <0, n > 0and 4,5 =0,1,...,m—1. It
is also clear that p;(n; Yo, ¥1,. -, Ym—1) = 0 when yo +y1 + - - - + Ym_1 > n. We have

the following lemma for probabilities p;(n; vo, 1, - -, Ym—1)-

Lemma 4.1 The recursive formulas for E;(n;yo, y1,. .., Ym—1) are given by

pi(0;0,...,0) = 1, i=0,1,...,m—1,
m—1
pil1; Yo, Y1, -y Ymo1) = Zpijpj(”—l; Yo, ¥ — Lo Ym-1)
=0
OSZUJSTL, j=0,1,...,m—1, y0+yl+"'+ym—1=n>
i=01,...,m—1, n>1. (4.15)
Denote by P(n; 4o, y1, .-, Ym-1), the probability of Y;(n) = y;, for j = 0,1,...,m—1

in an n-length sequence of the {0,1,...,m — 1}-valued irreducible Markov chain .

The following lemma gives the formulas for the probabilities P(n;yo,y1,- - -, Ym_1)-

Lemma 4.2 Let {k,; n >0} be the {0,1,...,m — 1}-valued irreducible Markov

chain with initial distribution (mg, 711, . .., m;m_1). Then the probabilities of Y;(n) = y;,

for j =0,1,...,m — 1, in an n-length sequence of the Markov chain & are given by
P(0; 0,0,...,0) = 1,
m—1
P(na yoayla""ym—l) = Trjp](n - ]-a Yo, Y — 17"'aym—l)
7=0

Osngn7 j:0>1)"‘7m_1a y0+y1+"'+ym—1=na

i=0,1,...,m—-1, n>1. (4.16)

where p;(n—1; yo,...,¥;—1,.. ., Ym-1), 7 =0,1,...,m — 1, can be calculated recur-

sively from (4.15).

Proof.  Assuming that this n-length sequence starts at ko, the law of the total
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probabilities gives:

P(TL, Yo, Y1, - - ,ym-—l)

= iP{%(n) =Y0y- -y Ym-1(n) = Ym-1 | K0 = j} P{ro = j}

J
=Y mP{Yo(n—-1)=yo,....Y;(n-1)=y; - 1,...,
Ym_l(n—1)=ym-1 I K/O:j}

m—1
= Zﬂjpj(n— Ly, 4 — L. Ymo1),
=0
where (79, 71, ..., Tm—1) is the initial distribution of Markov chain &. 0

Example 4.1 In a 3-length sequence, the probability that there are 3 visits of state

0 and no visits of states 2 and 3 is given by
P(3; 3,0,0) = mopo(2; 2,0,0) = mo poo po(1; 1,0,0) = mo (poo)?,

since first it has to start from state 0 and then stays at 1 for the next two steps, while
the probability that there is 1 visit of state 0, 2 visits of state 1 and no visit to state
3is
P(3;1,2,0) = mopo(2;0,2,0) +m p1(2; 1,1,0)
= 7o [po1p1(1; 0,1,0) + m1 [propo(L; 0,1,0) + pr1p1(1; 1,0,0)]

= mopo1 P11 + 1 [P1o Po1 + P11 P10l

since if the sequence starts at 0, it must go to 1 twice in the next two steps, and if
the sequence starts at 1, it goes to 0 for the next step and goes back to 1 for the last

step, or goes to 1 for the next step and goes back to 0 at the last step.

We introduce the following notation for abbreviations. Let A(n; vo,v1,- -+, Ym—1)
be the random measure under a realization of yg, . . . , ym—1 periods at levels X, .. ., Am_1,

respectively, in the sequence {\q,, Ax,, .-, Ax,_, - That is

L @)

D B(p,
An; yo,y1, - Yme1) = (Yo do + + + Ym—1 Am—1) —O%p—q)
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where 0 <y; <n, j=0,1,...,m—1and yo+y1 + - + ym_1 = n. Then we have
the following theorem for the probabilities P{N(t) = k}.

Theorem 4.2 Let k = {k,; n > 0} bea {0,1,...,m— 1}-valued irreducible Markov
chain with (4.2) as transition probabilities and (mg, 71, ..., mm-1) as initial distribu-
tion. For the counting process {N(t); t > 0}, given by (4.7), the probabilities that
there be k claim occurrences during the time interval [0,¢), for t > 0 and k € N, is
given by

PIN@W)=k}= > Pty )

0<y; <[]
Yo+ +Ym— I_LtJ

{Z (Z ﬂ-Jsz) A(LtJ Y0,- ym_l)+>‘ Ds(pqat t]— )]

1=0 3=0
i D B(p, g, ==y
(P.g )] , (4.18)

%[A(LtJ; Yoy - - > Ym—1) +

a*
where P([t]; yo,...,Ym-1) and A([t]; Yo, ..., Ym—1) can be obtained from (4.16) and

(4.17), respectively.
Proof. By the law of the total probabilities, it is easily seen that

P{N(t) = k} = P{N([t]) + [N(t) - N([t])] = k}
P{N([t]) = (}P{N(t) - N([t]) = k - 1}

[
Nk

=0

P{N([t]) = ZP{N LtJ)—k—”fﬂtJ I“J}P{K[_tj 1=J} -

=0

|

I

Furthermore, since

PIN(th=1= > P{N(tD) =1]Yo(lt) =0, -, Y1 ([t]) = tm-s }

0<y;<(t]
Yo+ +ym-1=¢]

P{Yo(1t]) = %0, -+ Yros(1£]) = Yt}

I !
= Z ﬁe ALtiv0r-ym-1) [A([_tJ7 Yo, - - ay’m—l)] P(l_tJ’ Yo, - - - 7ym—l)a

0<y;<[t]
Yo+ +ym-1=]t]
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and

P{N(t) - N([t]) = k- 1}

m-—1
= P{N(t)—N(LtJ)Zk—l ‘Kltj_lzj}P{fiw_lzj}
7=0
m—1
= M ZP{N N((t]) —k—l‘KLtJl——j, —z}
7=0
P{ryy =i k- =J}}
m—1 [m—1 t—|t]—m t-|t|—my k-l
X 0B = | \; D B(p, q, 5
T Pji ) —e « o )
i=0 Lj=0 )

we now can write

0<y;<(¢]
y0+"'+ym—1=tt_]

m—1 /m-1 t—[t]-m
A; D B(p,q, )
— At y Y050 Ym— + ¥
(52 (Srm) e bmesn e

b TAE] o - - yme1)] N D B(p, g, =ltl=may
Z[ (LtJ“y(kﬂlﬁ/ )][ (P;Z* 5 )]kl}
= Z P(UJ: yOa--~aym—l)

0<y; <[t
Yo+ +Ym—1= l_tJ

t—|t]—-m

B o)l s

)"LDB(p, q, t—ltJT_ml)]k}

%[A(M; Yo, »Ym—1) +

a*
which completes the proof. a

Remark 4.1 Note here that (4.18) can be re-written as

k
P{N(t) =k} = E[P{N(t) = k| ko, &1, ..., k3)}] = E [Ag!) e—A(t):| ,

where A(t) is given by (4.14). It means that this regime-switching periodic NHP

process can also be interpreted as a mixed Poisson process.
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The random measure A(t) of this special Cox process is given by (4.14). Its expecta-

tion, E[A(t)], and its mgf, My (s), are given in the following corollary.

Corollary 4.1 The random measure A(t) in (4.14) has the following expectation

plag) = 22ed 5 P(Lt];yo,...,ym_l)(iyi/\,)

0<y;<[t]
Yo+ +Ym— I_LtJ

DB(p,q,;'iJ;"ﬂ =

* Z* (Zwﬂ>, £>0,  (419)

while its mgf is

M) = 3 P(w;yo,...,ym_nz_{(ijwjpﬁ)

0<y;<[t) i=0
yO+'“+y1n—1=I_tJ
t—|t]—-m
e’ [A(w?‘~’°"“’ym—1)+A R )] } ’ s < ap, (4.20)
where ay, is a number such that limg,, My)(s) = +o0, and P({t]; vo, .- ., Ym—1) can

be obtained from (4.16).

Proof. Taking expectations in (4.14) directly gives

EIA®)] = D_%&‘QE[L(M)]JrE[AM] DB(p’q(’y* o)
m—1 t—|t|-my
- PERON pnen) + 2P g, ],

a* o*

1=0

where E[Yi([t])] = Z;E?:o yi P{Y;([t]) = %} and for 0 <y; < [t],

P{Yi(LtJ)=yi}= Z P('.tJ§ZO,---,Zi—l,yi,ziﬂ,---,Zm—l)~

0<z;<[t]-y:
Zj;éi zj=t]-v;

Since the following equations

Yo %Pt vor o Ym)

0<y; <[t
Yot - FYm-1=[t]

m—1
:Z Z yiP(I_tJ;ZO,"-,Zi—layi,zi+la"-,zm—l)a izoa"wm_l’

yi=0 0<z;<[t]-wu
Y i =1t~y
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and B[\, | = St <Z;n=_01 ; pji), (4.19) follows immediately.
It is not difficult to see that (4.19) is cquivalent to

E[AQ®)] = Z P(|t]; yo,---,ym—l)i{<iﬂjpji>

o<y <lt] i=0
y0++ym—1:LtJ

A([t); Yor- -y Yme1) +

i D B(p, q, %ﬁ‘—)] }

a*
then when ¢ > 0 and s < ay, the mgf of A(t), Mag(s) = E[e*?], (4.20) follows. O

Remark 4.2 It is interesting to see that (4.20) can be rewritten as

Myw(s) = ST P Yor s Yy A0 ine)
0<y; <[t]
Yo+ +ym-1=[t]

m—1 m—1 , ;D B(pa, t—[t|-m )
E TiPji | € o
=0 7=0

= MA(LtJ)(S) MA(t—LtJ)(S), s < ay,

showing that A(t) = A([t]) + A(t — [t]) and that these are independent.

Theorem 4.2 and the above results on A(t) lead to the following corollary for the
pgf of N(t).

Corollary 4.2 Fort > 0,
Pyip(s) = Map(s—1),  |s|<1, (4.21)
where M) (s — 1) can be derived from (4.20) in Corollary 4.1, and hence
E[N(t)[N(t) 1 [N@) =+ 1]] =E[A®)T], reN*. (4.22)
In particular,
E[N(t)] = E[A(t)] and V[N(t)] = V[AQ®)] + E[A()], (4.23)
implying that the index of dispersion is given by
VNG

1= 1+ Ingy - (4.24)

YT EN@)
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Proof. Applying Fubini’s Theorem, by (4.18), we have

Pre(s) = E[s"Y)] ZP{N t=k}s*,  |s|<1,

= > > P(thye, Ym)

k=0 0<y;<|t]
Yo+ +Ym—1=t]

m—1 N
{Z <Z 7T] p]z> LtJ Y05y Yrm— 1)+,\ DB(p’qc'xi )]

=0 7=0
—[t|-mi\1F
/\zDB(paqvt_mD—'_l):! Sk

1
— [A([t]; Yoy s Ym—1) +

a*

- Yo Pt v, Yme1)

0<y; <[¢]
m t—|[t|]—-m
X; D B(p,q, )
(Lthivo,ym—1)+ =
<Z T pﬂ> A(Lt); 0 ) ]

Yo+ +ym-1= l_t_l
=0

ii{ [ (1) vor- v )H"DB(M——‘“L%"“)”'“
A 0y« -+ Ym—1 o
= Z I_tj a"')yml

0<y;<lt]
Yo+ -+ym-1=|t]

m—-1 /m— ot -m
Xi D Bp,g,
(z ) (S 1) [_t_]?y()v-'wym—l)"' (pqcx* )]
=0

9

I
S)

= E[e# V2] = My (s - 1),

which gives (4.21). Furthermore, taking the r-th derivative of Py((s) with respect
to s € (0,1), P%)(t)(s) , and its limit as s T 1, yields the successive factorial moments

of N(t) in (4.22) (that these be finite or not):

EINOVE - 1) [N =r+1] = P{(1) = limPil(s)
= lim E[A(t)7e~D20] = E[A@®)].

sT1

Finally, (4.23) and (4.24) can easily be evaluated from (4.22). a
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4.3 A Lundberg upper bound for finite time ruin
probabilities

This last section discusses the ruin problem for our special Cox process. The income
process, over the time interval [0,¢), with initial value R(0) = 0 and a constant
premium rate c, is given as
N
Rit)=ct—-S{t)=ct-Y_X;, t>0, (4.25)
j=1
where the claim counting process { N(t); t > 0} is the regime-switching periodic NHP
process driven by a {0, 1}-valued Markov chain « and S(t) is as in (4.9). For simp-
licity, we assume here that m; = 0, ms = 1, thus D = 1, for the beta-type function
(4.4) used in the intensity process A given by (4.25). Further assume that the mgf
Mx(s) = J;° e dFx(z) is twice differentiable on an interval [0,ax), where ax > 0
and limgq, Mx(s) = +o0.
Assuming the Laplace-Stieltjes transform of R(t), Mgy (—s) = E[e * )], exists,
it is given by
Mg (—s) = e [Mx(s)-1] S s ape, £ 2 0. (4.26)
Similarly, for ¢ = 0, 1, let

N;(t)

Mp,y(—s) = E[e™™0] = Bl X1

Ry L1 BGp.a)+B(p.g; = |t)) [Mx(s)—1] —set 5> apy, t>0.(427)
Let the time to ruin be defined in the usual way:
T=inf{t>0|u+R(t) <0}, u>0.
The ultimate ruin probability ¥(u) is then given by:
U(u) = P{T < oo}, u>0.

Using the martingale approach to Cox models discussed in Grandell (1991) we can

prove the following result.
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Theorem 4.3 The following Lundberg-type upper bound holds for the finite time
ruin probability in model (4.25):

P{T <t} <e“E [ sup MR(t)(—s)] , 0<ty< o0, (4.28)

0<t<t,
where L(s; t) is given by (4.26).

A tighter upper bound can also be obtained for 0 < ¢y < 00, as:

P{T <ty} <e*™E [ sup MR(t)(—S)} sup {T;Zg—;—?w} ; (4.29)

0<t<to y=20

where F'y = 1 — Fx is the tail of the distribution function of X.

Proof.  Consider the martingale approach to Cox models discussed in Grandell
(1991). Let F be a suitable filtration, M be a positive F-martingale (or a positive
F-supermartingale) and T be an F-stopping time. Choose tq < oo and consider t, AT,
a bounded F-stopping time.

By the optional stopping theorem, we have that
M(0) > ET[M(to AT)] > EX[M(T)| T < to] PP{T < to},

and therefore

M(0)
EF [M(T)|T < to]’

PP{T <o} < to < 00.

Let the risk process R be adapted to F, that is F; D FJ® for all £ > 0. Then the

ultimate ruin probability ¥(u) is seen to be:
U(u) = P{T < oo} = E[P7{T < o0}], u>0.

Now consider N to be a Cox process with intensity process {A(t); ¢ > 0} and
random intensity measure A, given by A(t) = fot A(v)dv. A suitable filtration F is
defined as F; = FA vV FF and thus Fy = FA. Consider the following choice of process

M:
e~s [u+R(t)] e~ s [u+R(t)]

B Mp(—s) = A Mx(s)~1]-sect ’

M) t>0,
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where R(t) is given in (4.25).
It can be shown that M is an F-martingale where the filtration is given by F, =

FA v FE. A lower bound is obtained when 0 < g < 00 as

El]'-() [M(T) [ T S tO] 2 E]‘-o [e—A(T) [Mx(s)—l]+SCT | T S t()]
> inf e A®Mx(s)-il+sct (4.30)
= 0<t<t,

More precisely,

ER[M(T)|T < o

= BP0 [ [T o= AT) Mx(9)-11+5eT | 7 < 4]
> inf {e AOMx()-1ltsct) pFo[p-swtRDI | T < 4]

T 0<t<t,
© e=s(y=2) dPy(x
{fy X )}. (4.31)

> inf e—A(t)[Mx(s)—l]-‘rsct inf
{ } 1 - Fx(y)

T 0<t<t, y>0

Then we get, from (4.30), that
M(0)

PP{T <t3} < <emn Mgy (—s). 4.32
{ = 0} = E%o [M(T) | T < t()] > € Ozltlspto R(t)( 3) ( )
Taking expectations proves (4.28). Using (4.31) in (4.32) yields (4.29). m]

The upper bound given in (4.29) is difficult to use in practice. To derive a corres-
ponding useful bound for our regime-switching periodic NHP model, first define the
average risk level, given by

)\=7T0/\0+7T1)\1, (433)
and consider, for s > 0, the equation
a*

6(s) Mx(s) = 1] —sc=0. (4.34)

The solution, v > 0, to (4.34) satisfies:
AB
%[Mx('y) - 1] =vc. (4.35)

Here «y is an adjustment coefficient for the average risk level X in (4.33), where \;,

the peak intensity under “high risk” years, is assumed larger than that in the “low
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season” (i.e. Ag < A1). It follows from (4.35) that

Xi B(p, q)

a*

[Mx(fy)—l]z%’yc, i=0,1. (4.36)
The existence and unicity of + in [0, ax) is guaranteed because 6(0) = 0 and §'(0) =
;\_Baﬁg,ﬂ p— ¢ < 0, provided that the net profit condition (4.13) holds, and hence the
convexity of 6(s) ensures that §'(y) > 0.

Assume that t is an integer. Then with probabilities P(to; to—vy, y) (here Y1(tp) =
y implies that Y5(to) = to — y), given by (4.16) when m = 2, A(ty) takes the following

realizations:

B(p,
Alto; to —4,y) = [(to —y) o+ y M) ((fq), 0<y<to, to €N.

When 0 <t < ty, we have two possibilities for A(t), depending on the value of A

Rley-

One is

A(t):[(LtJ—z)AOJrzAl]Bf;q)H (p’q’a D) o<i<to, (437

where 0 < z < min{|¢],y} and [t] —z+1 < ty—y, or equivalently, z € C(t+1,y) =
[max{0, [t] + 1 — (to — y)}, min{[¢],y}]. While the other is

A) = [([£) = 2) Do + 2 \d] B(f;q) sanBeat=l) ey s

a*
where similarly, 0 < z < min{|¢t],y — 1} and |t] — 2 < t5 — y, or equivalently,
2 € Cltyy—1) = [max{0, [¢] — (o — )}, min{[¢],y — 1}].
When A(t) is given by (4.37), then (4.35) and (4.36) imply that:

AW PMx ()~ 1] et = (1) - 2) 222D (g () - 1) - ]
+2 [ﬂa(f’q—) (Mx(7) = 1) =]
$20 B G L) (g ) < 1) et - (1))

= —LtJ()\ )\0)76+z ()\1;%)7(2

+AoB(p,i,* — 1) [Mx(7) = 1] = ve(t - [t]).
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In turn

Sup MR(t)(—’Y) —_ sup eA(t) [MX('Y)"l] —yct
0<t<ty O<t<to
< sup e” (A1;A0)7C+AO gl [Mx("/)—l] —ye(t-1t])
0<t<ty
2eC(t+1,y)
— Z(—L-—QA - )yc .
= g e T max Miyw)(—7)
2eC{t+1,y)
21—
< o (3529) e . |
S e fax Mpy(w)(=7) (4.39)

Similarly, when A(t) is given by (4.38), then

c )\] _)‘Q c
max Mg, w)(—7) < e (M52) 7 max Mg, @) (—7)

)\]—XQ
M . < (y-1) ( by )‘7
02?50 R(t)( 7) = 0<v<l

which has a similar form as (4.39). Taking expectations gives

to
o ] ('\1—_’\Q) ve _
Y Plto; to—y,y) e\ " fax My, (7).

E [ sup Mzz(o(—v)] <
y=0 i=0,1

0<t<t,

Finally, a Lundberg-type upper bound for the finite time ruin probability in (4.29),

for ty € N, is given in the following corollary:

Corollary 4.3 For the finite time ruin probability P{T" < ¢y} in the regime-stitching
periodic NHP model driven by a {0, 1}—valued Markov chain «, where t, is assumed

to be an integer value, the following inequality holds:

to ~
P{T <t} < e | Plto; to —y,y) et (5%) 7¢

y=0
e Fx(y)
Mg (— e L e N, (440
ool s | | R

where v satisfies (4.35) and P(to; to — y,y) is given in (4.16) when m = 2.

Remark 4.3 Obviously, the simpler bound for P{T < t3} given by (4.28) can also

be derived here:

P{T < tg} <e ™

io B
3 Plts to— ) et (35 )vc} max Mry(=7), (441

y=0 1=0,1

but (4.40) is tighter than (4.41), as shown in the following examples.
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Example 4.2 Consider claim sizes that are exponentially distributed with mean pu.

Their mgf Mx(s) = I_L#S, for s <ayxy = % The adjustment coefficient for parameter

Ao, is then given by

_c=MBpgur_1 XIBpqg) (4.42)

Y . *
cpuo 7 ca
which is the positive solution to equation (4.35). The corresponding Mg, (—7),

given in (4.27), takes the form

A B(p,g;i v) —v) ve

Mg, (—7) = o (55585 0<v<1,i=0,1. (4.43)

= —=—— upper bound (a) = —— upperbound (a)
B -t upper bound (b) * upper bound (b)

P{Tu<20}
03 04
P(Tu<t_0}
02 03 04
L

02

01
01

00
oo

Figure 4.2: Upper bounds for exponential claims vs u (fo = 20) and o (u = 10).

Figure 4.2 illustrates the upper bounds in this exponential case, as a function of
u (left graph), when t; = 20, and as a function of t, (right graph), when u = 10.
The other parameters are chosen to be \g =1, Ay = 1.2, p =3, ¢ = 2, po; = 0.25,
P10 = 0.9, ¢ = 1.5, p = 1.5 and 7y = 0.267, which is obtained from (4.42). Clearly, the

upper bounds (a), given by (4.40) are sharper than those in (b), given by (4.41).

Example 4.3 Consider the case of inverse Gaussian distributed claims, with mean
1, variance 1 3 and density function

Z—L2
fx(x)z-'u—e_ LLE z>0.

v/ 21 Bad
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Their mgf Mx(s) = ef A=VI=205) oyists for s < % The adjustment coefficient v with

respect to parameter ) is the positive solution to the equation

AB(p.a) [ 4 (1-vimmy) _ 4| = ve, (4.44)

o
and Mpg,)(—7), for i = 0,1, is of the same form as in (4.43).

Figure 4.3 illustrates the upper bounds in this inverse Gaussian case, again as a
function of u (left graph), when ¢, = 20, and as a function of ¢y (right graph), when
u = 10. The other parameters are chosen as for Figure 4.2 and 3 = %, which gives
a variance of 4. Here v = 0.155 is obtained from (4.44). Again the upper bounds in
(a), given by (4.40) are sharper than those in (), given by (4.41).

uppser bound (a) upper bound (a)
+++ upper bound (b) * upper bound (b)

06
08

04
04

P{Tu<20}
P{Tu<t_0}

02
02

0.0
[31]

u Lo

Figure 4.3: Upper bounds for inverse Gaussian claims vs ¢ (u = 10) and u (¢¢ = 20).

In summary, the regime-switching periodic NHP processes discussed here can be
useful in modeling risk processes under periodic and random environments. A beta—
type short-term intensity function is proposed with a finite state Markov process to
model the peak level in the intensity of this Cox risk process. This generalizes the
periodic NHP model. It can also provide more realistic descriptions than Cox models

with piecewise constant intensities.
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The flexible shape of the beta function and the explicit results obtained for the
Cox risk process should make these regime—switching period NHP models more prac-
tical than Cox processes with piecewise constant intensities, or than the usual NHP
process. However, this work can be extended to other reasonable short—term intensity
functions. Furthermore, statistical methods to estimate from real dataset the beta
parameters and level parameters of the model are discussed and illustrated in next

chapter.
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Chapter 5

Statistical inference for
regime—switching NHP models and

an application

We have discussed the statistical inference on NHP models with short-term and long—
term periodicity in Chapter 3. These models reflect periodic environments affected by
seasonal conditions. Chapter 4 introduces a regime—switching periodic Poisson model
that accounts for both, seasonal variations and random fluctuations in the claim
intensity. Like the periodic NHP process, the intensity function follows a deterministic
pattern in each short-term period, but its peak level is not governed by another long—
term periodic function, but rather by a random Markov chain.

In this chapter, we study the statistical inference for periodic regime-switching
Poisson models. The likelihood function and the maximum likelihood estimates of
the model parameters are derived in Section 5.1. An application of the model to the
dataset of Atlantic Tropical Storms and Hurricanes Affecting the United States is
discussed in Section 5.2. Two classifications of the hurricane seasons corresponding

to different level processes are discussed.
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5.1 Maximum likelihood estimation of the inten-
sity process

For the regime-switching Cox counting process {N(t); ¢ > 0} in (4.7), the intensity
process {A(t); t > 0}, given by (4.3), that is,

)‘(t):)‘KL:Jﬂ(t—l.tJ)’ t>0,

is of a parametric form. Here we assume that the short—term annual intensity function
B is of beta-type with parameters p and ¢, given by (4.4). Other parameters for this
intensity process A are Ag,...,An—1 for the level process x, and (pij)fj_:lo for the
transition probabilities. It is possible to estimate these parameters from data using
maximum likelihood estimation (MLE). Note that other model parameters as m; and
my can usually be set graphically at values observed from the dataset.

Let m9 be the total number of complete years at which the intensity level

changes from J; to A;, then the empirical estimation of the transition probabilities is

given by
R md)
S me
Let d be the time scale in each year cycle; here d =

i,j=0,...,m—1. (5.1)

L

55 corresponding to a month.

Also, for the annual intensity function in (4.4), let m; and msy be two integer-multiples
of d; here m; and ms correspond to two specific months in the year, marking the
beginning and end of the hurricane season. Further for simplicity, assume that ¢ is
also an integer—multiple of d.

As in the periodic NHP case, define J as
mo —m D
J=2_1-=
d d
that is the total number of months in each year over which the intensity function is

positive. This gives a convenient partition of each year cycle [0, m;), [m1, t1), [t1, t2),

Ce [tJ, mg), [WLQ, 1], where

tt=my+1d, fori=0,...,J.
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Furthermore, denote by n, 1, the number of events occured within the I-th month
[ti—1, t;) of the first year, and by nl(f}cj ), the number of events occured within the [-th
month [t;_1, ¢;) of the k-th year in which the intensity level changes from A; to A;,
where l=1,...,J,m=1,...,m®D and i, j=0,...,m — 1.

Suppose now that the level process { A, ; n > 0} starts from level Ao, i.e., Ay, =

A, where ¢ is given, taking a value in {0,...,m — 1}. The contribution to the

likelihood for the first year is:

J t 173 i
L, = H e Juy Ao B) v / A, B(v) dv
=1 ti-1
mo J b e
= e—f’"l /\CO ﬁ(v)dUH </ )\§0 5('[}) d’U) , (52)
ti—1

1=1
which counts for the likelihood of having n;; events within the [-th month [¢,_;, ;)
of the first year, for { =1,...,J.

In general, the contribution to the likelihood from years in which the intensity

levels change from A; to A;, for ¢, 7 =0,...,m — 1, is similarly given by
C mbd) g 4 4 "l(,z’k])
LG = (ﬁi]‘)m(w) H He_ Ju_y 2 B(V) do (/ Aj B(v) dv) ,
k=1 =1 Tt
m(G9)

DRI
._1 ?

) J t
A~ Am6d) —md) [™ ;5 B(v) dv k=
= (py) wa) J72 5, Bv) d || (/ )\jﬂ(v)dv) , (5.3)
1=1 \Y&-1

1

where the first term in (5.3) represents the likelihood contribution of all transition
probabilities, for m9) years with intensity levels changing from ); to Aj, and where
Z‘:l’j) nl(f’kj ) counts the corresponding total number of events occured within the [-th
month of these years.
Further, consider the likelihood from the last (incomplete) year. Suppose that the
intensity level for the last complete year is A\|;j—1 = A, which changes to level A\ =

A, for the last (incomplete) year, where ¢; and ¢, are from the set {0,1,...,m — 1}.

Then the contribution to the likelihood from the last incomplete year is the total
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contributions from the complete months in the last incomplete year, given by

J* .y . & U, Lt]+1
L(<1,<2) — ﬁq,wHe—ftl_l)\q Blv) dv (/ )\Q 6(1}) dU) > (5'4)
ti—1

=1

where

d

is the number of (complete) months in the last incomplete year, while 7, ;)41 is the

|t

number of events occured in the [-th (complete) month (I = 1,...,J*) of the last

(incomplete) year.
Hence the full likelihood function is given by (5.2), (5.3) and (5.4) to be
m~1
L = Iy (H L(i’j)> L(CI’Q)
ij=0

m—1 m—1 m—1 G, ) mo t o
) e —{/\qﬁr D (% ms )} 2 Bv) dv-Ag, [ B(v)dv
I:pq,gz H( ™ :I € 7= 1

= p” 1=0
1,5=0
m—1 m(i’j)
4 1 m—1 " 1§0 kz=:1 n( 7)

[13( ) rpera] TI([ rse)a
=1 ti-1 =0 t_1
J* t U, [t]+1
11 < [ ﬂ(v)dv> .
=1 \Yt-1

Substituting g for the beta intensity function in (4.4), by similar derivations to
those in Section 3.1, the integrals above can be represented as complete and incom-

plete beta functions, yielding:

m-1 J (D B g: 19— B(p. ¢: =01} ™
“A®) | A o () So (pa q; D) (pa q; T)
L=e Do e (pij) o
i,5=0 1=1
m—1 m(i'j) G )
PORD DI
ﬁ’"‘l A; D [B(p, ¢ %) - Bp, q; W)] =0 k=

a*

N
I
—
Lo,
i
=)

_ ny, [t)+1
A, D [B(p, g; 1)~ B(p, ¢; ¢ Dl)d)]

a*

-

, (5.5)

N
Il
—
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where the empirical random measure A(t) is given by

m-—1
Ao+ YA (Z m® ﬂ)
j=0

L D[B(p, ¢; ') - B(p, ¢; G4
o '

AG) = DB(:D, q)

J
+Aq
j=1

Further denote by n; = 22]=1 ny,1 and N4 = Elle ny, tj+1, the total number
of events occured during the first year and the last (incomplete) year, respectively,
and by nt) = SIS 21(11]) l(lkj ) the total number of events occured during
the years at which the intensity levels change to \;, where j =0,1,...,m — 1. Then
define

m—1 m(t )

Nl—n11+zzn(zj)+TLl[t+1, l=1,...,J,

4,7=0 k=1

to be the total number of events occured within the {-th month [¢;_,¢;) for the given

dataset, where for [ = J* +1,...,J, ny |¢)41 = 0. Clearly then

J
=2 N
1=1
is the total number of occurrences on time interval [0, t).

Consequently, the corresponding log likelihood function is given by

D
Il =—A(t) +1logp,c, + Z m®9 log pi; + N log ( )

1,7=0
m—1
+nylog Ay, + Z nb) log Aj + n|4)41log A,
=0
jd j—1d
+ZNz log{ (p, ¢; D) B(p, g; Q_b_)_)] : (5.6)
The maximum likelihood estimators for p, ¢, and Ag, A1, ..., Am-1 for the regime—

switching Cox model with a beta—type intensity process are then obtained by maxi-

mizing (5.6) numerically.
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5.2 An application to tropical storms and hurri-
canes dataset

By considering global climatological and periodical effects on North American weather,
we model the frequencies of Atlantic hurricanes using the NHP processes with dou-
ble periodicity in Section 3.3. The dataset Atlantic Tropical Storms and Hurricanes
Affecting the United States: 1899-2002 [see Landreneau (2003)] is used to fit the
periodic NHP counting model. With a double-beta intensity function, the model
explains generally the short—term seasonal pattern and long—term peak variation af-
fected by El Nifio/La Nifia phenomenon. In this section, we consider possible random
effects on the short-term peaks and then use periodic regime-switching NHP (Cox)
processes discussed in Chapter 4 to model this Atlantic tropical storms and hurricanes

dataset.

5.2.1 Model and fit under the count classification

As we have seen in Section 3.3.1, the North Atlantic hurricane season officially runs
form June to November. During this period the average number of systems reaching
tropical storm (maximum sustained winds between 39-73 mph), hurricane (maximum
sustained winds of at least 74 mph) and major (or intense) hurricane status (maxi-
mum sustained winds exceeding 110 mph, categories 3-5 on the Saffir-Simpson scale)
are approximately ten, six and two, respectively. However, the vast majority of tro-
pical storms and hurricanes typically occur during the August—October period, with
September having had the most major ones. It is considered the peak of the hurri-
cane season. The monthly distribution of total 168 Atlantic hurricanes (1899-2002)
is given in Table 3.1. Hence, for the regime-switching NHP model, we still choose
the beta—type function as the short-term (annual) intensity.

Suppose that the regime-switching NHP model has a level process {A,; n > 0}

which reflects the long—term (between year) fluctuations, where A, is the peak value
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of the deterministic short-term intensity function of year n + 1 and {x,; n > 0}
is assumed a Markov chain, with finite state space. To apply precisely this regime—
switching NHP model, we need to classify the hurricane seasons (years) into m states.
An intuitively classification is based on the number of hurricanes occurred during the
year, mirroring naturally the intensity of the hurricane seasons, and is call the count
classification. We categorize the hurricane season in below—normal, near-normal or
above-normal if the number of hurricanes occurred during the year are less, equal or
greater than 2. Hence the level process {A«,; n > 0} is assumed to be a Markov chain,
with state space {0,1,2}. That is, the corresponding levels \g, A; and A, represent
the levels for below—, near— and above-normal years, respectively.

We assume that the matrix of transition probabilities of this Markov chain & is

Poo Po1  Po2
P=1 po pu po |
Do P21 P22
such that po +pa +pi2 =1, for all i = 0,1, 2.
"The empirical estimation as well as the MLE of the transition probabilities p;; are

obtained by (5.1) and given in Table 5.1.

Table 5.1: Empirical counts and MLE’s of the transition probabilities

(under the count classification)

m(0,0) m0D  4,0,2) ﬁoo ﬁ01 ﬁ02

30 11 14 05455 0.2  0.2545

m0 D mh py, P11 P12

14 9 2 0.56 0.36 0.08

m®@0 2D p22) P20 P Pao

11 4 8 0.4783 0.1739 0.3478

The beta-type short—term intensity function is of the form in (4.4) with para-
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meters p and ¢g. Then the intensity process A is given by

()™ (- )

Kty o* ’

M) = A

mi S t— |_tJ S my, (57)

where m; and m4 are set to be 5 and 1 takes value over the

15 respectively, and A

Kt
set { Ao, A1, A2} according to the Markov chain {k,; n > 0}. Hence D = my—m; = 1—62
is the fraction of the year over which the intensity is positive, while o* is given by
(4.5).

For this dataset, t = 104 is an integer and J = 6 is the total number of months
with positive intensity. The parameters in (5.7) can be estimated by using the method

described in Section 5.1. As the year 1899 had two hurricanes, it is a near—normal

year, the log-likelihood given in (5.6) is then

[ = —A(104) +Zm(”logpw+Nlog<D>+nllog)\1

3,7=0

jd -~ 1)d
+Zn log ; +ZNllog[ (p, g; D) B(p, g; %) , (58)

where d = =;, while A(104) is

A1+Z)\ (Zm ’ﬂ)

The empirical counts used for estimating the parameters of Atlantic Hurricanes

ﬁa

DB
A(104) (p’ DB q)

Affecting United States (1899-2002) are given in Table 5.2, while Table 5.3 gives the
MLE’s of the parameters, which were obtained by maximizing the log-likelihood (5.8)

with the Excel solver.

Table 5.2: Empirical counts (hurricanes) used for estimating the parameters

(under the count classification)

Dataset N1 N2 N3 N4 N5 Ne N 1 TL(O) n(l) TL(2)

Hurricane 11 17 44 65 27 4 168 2 35 48 83
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Table 5.3: MLE’s of parameters for the hurricanes dataset (1899-2002)

(under the count classification)

Dataset P i Xo A X2 loglikelihood

Hurricane 3.1348 3.0795 2.4322 7.6442 13.2180 -408.86

Figure 5.1 compares the observed and expected monthly average number of At-
lantic hurricanes for below—, near— and above—normal years under the count classifi-
cation, respectively. Here the intensity with a beta—type function as well as a 3-level
process was fitted to these annual hurricane frequencies of 1899-2002 dataset. The fit
seems quite good for the seasonal hurricane characteristics of each short-term (year)
cycle, as well as the level classifications. As we can see from this graph, the estimated
level parameters distinguish significantly between below—, near— and above-normal

seasons, providing a feasible and clarified criterion for insurance businesses.

iambdat)
10

Figure 5.1: Hurricanes data and 3-level beta intensities

However, in climatology there is an official risk classification based on the Accu-
mulated Cyclone Energy (ACE) index for the Atlantic hurricane season. We call this
classification the ACE classification. Next section gives the necessary background

information on ACE classification, while Section 5.2.3 studies the statistical inference
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for the Atlantic tropical storms and hurricanes (1950-2001) dataset under this ACE

classification.

5.2.2 Background information on ACE classification

The National Oceanic and Atmospheric Administration’s (NOAA) outlook usually
predicts the probability that the Atlantic hurricane season for a specific year will
be above-normal, near-normal or below-normal. For example, NOAA’s updated
outlook for the 2004 Atlantic hurricane season, issued in August 2004, indicates a 45%
probability of an above-normal season, a 45% probability of a near-normal season,
and only a 10% chance of a below-normal one (see NOAA: August 2004 update to
Atlantic hurricane season outlook).

The phrase “total seasonal activity” refers to the collective intensity and duration
of Atlantic tropical storms and hurricanes occurring during a given season. The
measure of total seasonal activity used by NOAA in US is called the Accumulated
Cyclone Energy (ACE) index. The ACE index is a wind energy index, defined as the
sum of the squares of the estimated 6-hourly maximum sustained wind speed (knots)
for all named systems while they are at least of tropical storm strength.

NOAA uses the ACE index, in combination with the numbers of named storms,
hurricanes, and major hurricanes, to categorize North Atlantic hurricane seasons as
being above-normal, near-normal and below—normal. The 1950-2003 mean value of
the ACE index is 97.3, and the median value is 88.

The definitions of above-normal, near-normal and below-normal Atlantic hur-
ricane seasons are given in the following (see Background information: the North
Atlantic hurricane season).

Above-normal season: An ACE index value well above 103 x 104 kt> (corres-
ponding to 117% of the median ACE value or 110% of the mean), or an ACE value
slightly above 103 x 104 kt* combined with at least two of the following three para-

meters being above the long-term average: number of tropical storms, hurricanes,
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and major hurricanes.

Near-normal season: An ACE index value in the range 66 — 103 x 104 kt? (cor-
responding to 75%-117% of the median or 71%-110% of the mean), or an ACE index
value slightly above 103 x 104 kt?, but with less than two of the following three para-
meters being above the long—term average: numbers of tropical storms, hurricanes,
and major hurricanes.

Below-normal season: An ACE index value below 66 x 104 kt?, corresponding to
below 75% of the median or 71% of the mean.

The NOAA’s ACE index values as percents of the long-term median of 88 (1950—
2003) are shown in Figure 5.2. The upper dotted line represents the critical value
(117%) between above— and near-normal seasons, while the lower dotted line repre-

sents the critical value (75%) between near— and below-normal seasons.
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Figure 5.2: ACE values as percents of the long-term median (1950-2003)

5.2.3 Model and fit under the ACE classification

As described in Section 5.2.2, NOAA classifies North Atlantic hurricane seasons
(years) to be above-normal, near-normal and below—normal, according to the ACE

index combining with the numbers of named tropical storms, hurricanes, and major
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hurricanes. The Atlantic Hurricane Seasons dataset shows the statistics associated
with above-, near— and below-normal seasons for the period of 1950-2003 [see At-
lantic hurricane season statistics (1950-2003) Table A.2 in appendix]. Based on this
fact, the natural environment presumably makes transitions between these 3 states
according to some process.

The dataset Atlantic Tropical Storms and Hurricanes Affecting the United States:
1899-2002 in Landreneau (2003) is used to fit the periodic NHP counting model given
in Chapter 4. Combing this with the dataset Atlantic Hurricane Seasons, we have
the new dataset with the ACE index for Atlantic hurricane seasons and the Atlantic
tropical storms and hurricanes affecting the United States for the time period 1950
2002. Therefore it is possible to fit this dataset to our periodic regime-switching NHP
counting model under the ACE classification.

Over the 53-year period 1950 though 2002, a total of 76 category 1 though 5
hurricanes and 117 tropical storms have affected the Atlantic United States. Table
5.4 shows the monthly distribution of those 76 Atlantic hurricanes (H) and tropical
storms (TS). Note that two of the tropical storms observed in February 1952 and
May 1959, respectively, are not officially considered here. Apart from these two, all
other Atlantic hurricanes and tropical storms happened between the months of June
and November, and within those months, September had the largest portion. The
average annual number of Atlantic hurricanes and tropical storms affecting United
States are 1.43 and 2.2, respectively. As in the NHP periodic case, a short-term

(annual) periodic function as part of intensity is appropriate.

Now the level process {\.,; n > 0} in a regime-switching NHP model is assumed
a Markov chain, with the state space {0, 1,2}, where levels Ag, A; and A, correspond
to the levels for below—, near— and above-normal years, respectively.

The empirical estimation as well as the MLE of the transition probabilities p;,

under the ACE classification, are obtained from (5.1) and given in Table 5.5.

We also assume that the short-term intensity is a beta—type function given by
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Table 5.4: Monthly distribution of the hurricanes and tropical storms
(19502002 dataset)

Month Number of H Proportion (%) Number of TS Proportion (%)

June 4 5.3 14.5 12.6
July 6 7.9 11.5 10.0
August 21 27.6 27 23.5
September 32 42.1 44 38.3
October 12 15.8 13.5 11.7
November 1 1.3 4.5 3.9

76 100.0 115 100.0

Table 5.5: Empirical counts and MLE’s of the transition probabilities
(under the ACE classification)

m00  mOD 02 5y Dot Doz

6 7 4 0.3529 0.4118 0.2353
mL0  mtD gy (2) Do P D12

7 3 6 0.4375 0.1875 0.3750
m®9  mED pE2) D20 Do1 Doz

5 6 8 0.2632 0.3158 0.4211

(4.4) and the intensity process A is then given by (5.7), where the starting and ending

11

hurricane season parameters, m; and ms,, are set to be % and 13,

respectively. Again

D=my—my = % is the duration within a year for which the intensity is positive.
For this dataset, ¢ = 53 is an integer and J = 6 is the total number of months

with positive intensity. Parameters p, g, Ag, A; and A, in (5.7) can be estimated by

using the method presented in Section 5.1. As the year 1950 was an above-normal
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season, the log-likelihood given in (5.6) here is

I = —A(53) +Zm(”)logpw+Nlog(D)+n110g)\2
1,j=0
jd (G—1)d
) U -ba
+anlog/\ +ZNzlog[ p,q,D) Blp,g; —5—), (69

where d = ﬁ, represents the length of a month in a year, and the empirical random
measure A(53) is given by

DB(p,q)

a*

2
A + Z)\j <Z m J)>
=0

The empirical counts used for estimating the parameters of Atlantic Hurricanes

and Tropical Storms Affecting United States (1950-2002) are given in Table 5.6, while
Table 5.7 gives the MLE’s of the parameters, which were obtained by maximizing the
log-likelihood (5.9) with the Excel solver. The corresponding log-likelihood values

are also given in Table 5.7.

Table 5.6: Empirical counts used for estimating the parameters

(under the ACE classification)

Dataset Nt Ny Ny Ny Ny Ny N n; n9 p0 »®

Hurricane 4 6 21 32 12 1 % 3 14 26 33
Tropical Storm 14 12 28 43 14 4 115 4 29 35 47

Table 5.7: MLE’s of parameters for the hurricanes and tropical storms dataset

(under the ACE classification)

Dataset P q Xo A1 X2 log-likelihood
Hurricane 3.8707 3.6883 3.3033 6.9015 8.0470 -212.06
Tropical Storm 2.1891 2.4343 5.2569 7.1376 8.7583 -269.36

Figure 5.3 and Figure 5.4 compare the observed and expected monthly average

number of Atlantic hurricanes and tropical storms, under the ACE classification,
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for below—, near— and above-normal years, respectively. Here the intensity with a
beta—type function as well as a 3-lcvel process was fitted respectively to these annual
hurricane and tropical storms frequencies of 1950-2002 dataset. Overall, the fit was
good for the seasonal characteristics of each short—term (year) cycle, but some levels

were under—estimated.
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Figure 5.4: Tropical Storms data and 3-level beta intensities

The reality is that, under this ACE classification, the observed average num-
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ber of hurricanes in September for near-normal seasons is significantly larger than
the one for above—normal seasons, showing a somewhat inaccurate criterion for level
classification. Nevertheless, the ACE classification is an official and climatological
method to categorize the Atlantic hurricane seasons by NOAA. The intensity of At-
lantic hurricane seasons are affected by some crucial climate phenomenon such as
Atlantic multi-decadal signal, Atlantic sea surface temperatures (SSTs) and the El
Nifio/Southern Oscillation (ENSO).

Atlantic hurricane seasons exhibit prolonged periods lasting decades of generally
above-normal or below—normal activity. The atmospheric and oceanic conditions
controlling these very long-period fluctuations in hurricane activity are referred to
as the Atlantic multi-decadal signal. These multi-decadal fluctuations in hurricane
activity result almost entirely from variations in the number of hurricanes and major
hurricanes. ENSO is another climate phenomenon that can significantly impact sea-
sonal Atlantic hurricane activity, with El Nifio acting to reduce activity while La Nifia
increases it. As such, it is difficult to model perfectly such a complex phenomena with
a simple parametric processes. The fit under our count classification seems more na-
tural and acceptable than the result under ACE classification for Atlantic hurricane
seasons.

Perhaps the fit could be improved by choosing other intensity functions than the
beta or by increasing the number of parameters, such as the 3-parameter generalized
beta function. Goodness-of-fit tests can also be considered here, as in the NHP
model case. These will be studied in the subsequent work. Further investigation
could also be carried out through different directions, for examples, by considering
the possible covariants, like wind speeds and water temperatures in the intensity or
the non-homogeneous time—-dependent level processes.

By the properties derived in Section 4.2, with the MLE’s of the parameters in
the model, it is possible to calculate some quantities for the claim counting process

{N(t); t > 0}, such as the probabilities that there be k claim occurrences during the
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Figure 5.5: Simulated intensities for the next 10 Atlantic hurricane seasons

time interval [0, t), P{N(t) = k}, for ¢ > 0 and k € N, given in (4.18), and the
expected number of claims occured in [0, t), E[N(t)] = E[A(t)], for t > 0, in (4.19).

Finally, we simply simulate future intensities for our regime-switching model,
using the MLE’s of the model parameters in Tables 5.1 and 5.3 obtained from the
dataset under the count classification. Figure 5.5 shows simulated intensities for the
Atlantic hurricanes affecting the United States for the next 10 seasons.

We conclude that these periodic regime—switching NHP (Cox) processes are prac-
tical and valuable in modeling counting processes under periodic and random envi-
ronments. They give an alternative method to study the Atlantic tropical storms and
hurricanes dataset. Furthermore, it seems that these models are more practical than
Cox processes with piecewise constant intensities. It also provides an efficient method
to take into account random fluctuations on the levels of the short—term intensity
rather than the deterministic patterns discussed in our pervious NHP processes.

As in the NHP model case, the flexible shape of beta functions and the feasible
statistical estimation of model parameters make these periodic regime—switching NHP
models simple to use in practice. We hope that this work can contribute to show their

usefulness.
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Chapter 6

Markov—modulated Poisson risk

models

Chapters 2 and 3 discuss time—dependent NHP processes that generalize the classical
homogeneous Poisson risk model, as their intensity rate is a function of time rather
than a constant. Chapters 4 and 5 introduce and study a special Cox process called
the regime—switching NHP process. This further generalizes the NHP process, in the
sense that the time—-dependent intensity for regime-switching NHP process fluctuates
under a Markov environment. This chapter considers a process that has Cox as well
as a class of semi-Markov properties, called Markov—modulated Poisson process. It
takes the form of a finite number of different homogeneous Poisson processes according
to an external Markov process. This can be seen as an alternative generalization of
classical Poisson risk models without specific emphasis on the seasonally periodic
intensities.

One objective of ruin theory is to obtain exact formulas or approximations of
ruin probabilities in various kinds risk models. In this chapter, we are interested
in the ruin probability and the severity of ruin in a Markov-modulated risk model,
as described in Section 1.2.2; where claim intensities, claim amounts and premiums

vary according to a Markovian environment. The severity of ruin is considered as an
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additional element of information on ruin.

Reinhard (1984) considers a class of semi-Markov risk models in which the claim
frequencies and claim amounts are influenced by an external Markovian environment
process. Asmussen (1989) conceptualizes this model as the Markov-modulated Pois-
son risk model. In Section 1.2.2, we review the main results derived by Reinhard
(1984). A system of integro—differential equations for the non-ruin probability is
given by (1.36). In a particular case with two possible states for the environment,
and when the claim severity distributions are exponential, the solution to this system
is derived. Lu and Li (2004) generilize these results to allowing the claim severity
distributions from a much wider class, the rational family.

Snoussi (2002) studies the severity of ruin in a Markov-modulated risk model
where the claim intensity, claim amounts and the premium fluctuate according to a
Markovian environment. In his paper, a differential system (1.47) for the distribution
of the severity of ruin is established. An explicit formula for the severity of ruin is
derived in the particular case where the environment process has two possible states
and where the claim severities are exponentially distributed. These results are given
in Theorem 1.11.

The description of the Markov-modulated model, where we assume that the claim
intensities, claim severities and the premiums vary according to a Markovian envi-
ronment, is given in Section 1.2.2. A system of Laplace transforms is established
in Section 6.1 and Section 6.2, respectively, for the non-ruin probabilities and the
distribution of the severity of ruin, given an initial environment state. These are
obtained from the corresponding systems of Volterra integral equations. In the two—
state model, explicit formulas for non—ruin probabilities and the distribution of the
severity of ruin are then derived, when the initial reserve is zero or when both claim

severity distributions belong to the rational family.
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6.1 Ruin probabilities

Now consider the Markov-modulated Poisson counting process {N(t); t > 0} with an
external environment process {I(t); t > 0}, assumed to be a homogeneous, irreducible
and recurrent Markov chain with finite state space J = {1,2,...,m}.

Under the assumptions given in Section 1.2.2, at time ¢ claims occur according
to a Poisson process with constant intensity rate A; € R*, when I(t) = ¢ € J, and
the corresponding claim severity distribution is Fi(x), with density function f;(z) and
finite mean p;. Moreover, premiums are received continuously at a positive constant
rate ¢; over any time interval in which the environment process I remains in state 3.
The corresponding surplus process {U(t); t > 0} is given by (1.33):

N(t)
U)=u+C(t) =) Xn, t>0, (6.1)
n=1

where u > 0 is the initial surplus and C(t) is the aggregate premium income process,
given by (1.34).
Recall that

T =inf{t > 0] U(t) < 0}, (00, otherwise),

is the time to ruin for this surplus process U defined by (6.1) and ¥;(u) is the proba-
bility of ultimate ruin , when the initial environment state is ¢ and the initial reserve

is u. It is given by
U;(u) = P{T < 0o | U(0) = u, I(0) =}, 1€J,u>0,

while U(u) = >0, m W(u), for u > 0, is the probability of ultimate ruin in the
stationary case and 7; is given by (1.32) in Theorem 1.7.
Moreover, ¥;(u) = 1 — ¥;(u), i € J, and ¥(u) = 1 — ¥(u) are the corresponding

ultimate survival probabilities, or non—ruin probabilities, respectively.
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6.1.1 Laplace transforms of ¥;(u)

A system of Volterra integral equations for the non-ruin probabilities ¥;(u), for i €

J={1,2,...,m}, is derived by Reinhard (1984) as follows:

¢ ¥i(t) = c;¥(0) + /\i/o U(t — y) Fi(y)dy
+ ai/ {\I/l(u) - Zpik\ilk(u)} du, t 2 O, (62)
0 k=1

where F; is the survival function of the distribution function F. Equation (6.2) has

a unique solution such that ¥;(co) = 1, for i € J, or equivalently,

= Aiti o [Fz o :
Bi(0) =1 - 2% i:‘_/ [Biw) ~ Y pale()|du, i, (63)
1 i JO k=1

where the transition probabilities p;;, for 4, j € J, are given by (1.31).
We now apply Laplace transforms to solve the system of equations (6.2). Let

\i!i(s) and fi(s) be the Laplace transforms of U; and f;, respectively, i.e.,
\fli(s) = / e " Wy (u)du, fz(s) = / e™*" fi(u)du, ied,seC.
Jo 0
Taking Laplace transforms on both sides of equation (6.2) yields

C; \ili(s) = \ES(O) + X\ \i/z(S) [1—7]2(8) + oy [:IIJS(_S) - Zpik?@
k=1

du ,

which can be rewritten as
/\' 7 = (07 s a N .
; C—fos)] B+ S gl = W0), e, seC,

v k=1

Ai + oy
s_

7

or in a matrix form

A(s)¥(s) = T(0), seC, (6.4)
where
s — Mll=A@ltar o
e i
Afs) = + P, (6.5)
5 — Amll=fn(o)4am on
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A

B(s) = (T1(s),- .., Um(s))’, B(0) = (81(0),...,Tn(0))’, and P is given by (1.31),
with p; =0, for ¢ € J.
Then the vector of Laplace transforms \i'(s) can be obtained as \il(s) = [A(s)]71®(0),

and the equation

|[A(s)] =0, s€eC, (6.6)

is called the characteristic equation of (6.4), where |A(s)| is the determinant of the

matrix A(s).

Lemma 6.1 The characteristic equation in (6.6) is of the form

m

565+ 5 Suls)S@Pasl=—IPl, (67

j=1 7=1 1<i1<ig<-<i;<m
where P is given by (1.31), with p; = 0, for 7 € J, while

s — Aj[1=Fi(9)]+a;

85(s) = o _ st—{/\j[l—‘fj(s)]ﬁLaj}

=1
Cy a]

, jedJ,seC, (6.8)

and |P;,, i |is a (m — j) x (m — j) minor, which is the reduced determinant of |P|

formed by omitting the i;th, ..., 4;th rows and column of matrix P.

Proof. Since A(s) can be rewritten as

o S1(s)
A(s) = +P|,
S Sm($)
and o; > 0, for i =1,...,m, it is easy to see that equation (6.6) is equivalent to:
Si(s) pz2 - Dim
e Sa(s)
8 e m
cpl=| P Pl o, (6.9)
Sm(s)
DPmi DPm2 T Sm(S)

Then, after some tedious algebraic manipulations, (6.7) follows from (6.9) by proper-

ties of the determinant and the method of induction. O
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6.1.2 Characteristic equation of a two—state model

Now we consider the case when m = 2, that is {I(t); ¢ > 0} is a two-state Markov
process, which reflects the random environmental effects due to “normal” vs. “abnor-
mal”, or “high season” vs. “low season” conditions. The unique stationary probability

distribution ; can be obtained from (1.32) as

>

M=t =12 6.10
5E o

and the positive loading condition (1.35) becomes

B m) 2 (8-

d= YRy > 0. (6.11)
271 ap
In this case the matrix A(s) in (6.5) takes the form
A to M f o
A= TR o,
2 10
and the transition matrix P becomes
01
pP= . (6.12)
10
Hence the characteristic equation (6.7) is of the form
Sl(S) 52(5) =1 5 (613)

where S;(s), 7 = 1,2, is given by (6.8), or equivalently,

1— fi(s)] +a1} {5 Ch[l-AE)]+e|  ara |

Q(s) = |s— al (6.14)

(5] Co C1 C2

Note that s = 0 is one root of equation (6.14). The following theorem shows that
it also has one and only one positive real root, which plays a key role in deriving the

non-ruin probabilities ;(u).

Theorem 6.1 The characteristic equation in (6.14) has exactly one positive real

root, say p, on the right half complex plane.
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Proof. For § > 0, define

, seC.
C1 C2

Qs(s) == |s — Mtar+6)—X\ fl(S):I [S_ (Mg + a2 + 8) = Xg fo(s)

It is easy to check that equation Qs(s) = 0 has two positive real roots. Noting that

Qs(0) = Qlii)%ﬂ > 2122 and Qs(+00) = +00, we conclude that equation

X1 (Xp

Qs(s) = (6.15)

C1 Co

has at least two positive real roots.

Furthermore, if s is on the half circle: {z € C; |z|] = r > 0 and R(z) > 0} of

the complex plane, then |Qs(s)| > 2122, for r is sufficiently large, while if s is on

the imaginary axis {s € C; R(s) = 0}, then |Qs(s)| > (a‘+fl)(c‘:2+5) > 222, which
is the right side of equation (6.15). This implies on the boundary of the contour
enclosed by the half circle and the imaginary axis, that |Qs(s)| > %-22. We conclude,
by Rouché’s Theorem [see Szegd (1975)], that on the right half plane, the number
of roots to equation (6.15) equals the number of roots of the equation Qs(s) = 0.
Moreover, by Rouché’s Theorem, the latter only has exactly two roots with a positive
real part on the right half complex plane.

It follows that equation (6.15) also only has exactly two roots with a positive real
part, say, p1(d) and p(d), on the right half complex plane.

Finally, as 6 — 0%, p;(6) — p;(0), 5 = 1,2, where p;(0) are roots of equation
(6.14). Moreover, the fact that s = 0 is a root of (6.14) shows that lims_o+ p1(6) =0

and lims_,o+ p2(8) = p > 0, the unique positive real root of (6.14). O

6.1.3 Formulas for ¥;(0) and ¥,(0)

Now equation (6.4) has the form

s — ke g A fi(s) o Us) | [ B0
o s— 2oy 2 foisy |\ By(s) T,00) |
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or
A = Aot Ao 3 B .
= e
c1e2 , (616)

s o (0)[s- 211+ 21 fy(5)] - 01 (0) 22

2(s) = Qls) - 312 -

where Q(s) is given in (6.14).
Since \ill(s) and \i/z(s) are finite for all s with R(s) > 0 and by Theorem 6.1 p is

the unique positive real root of (6.14), that is,

ML - f Aol — f
Qo) = {p_ l f1(P)]+041} [p_ 2| f2(p)]+0t2} Mo gy
C1 C2 C1C2
we have that both the numerators in (6.16) are zero when s = p:
- A+ @ Ag 2 = o
50 |- 22501 2 )~ 00 2, (6.18
Co Co C1
or equivalently by equation (6.17),
- AL+« Al s = o}
Ba(0) |- 24 2 )] - 0,02, (6.19)
C1 C1 Co

Applying (6.18) and (6.19) to numerators in (6.16), the latter can then be rewritten

as .
510)|(s-9) +32 (fal9)-fat)

e . 6.20
- @2(0)[(s—p)+%ll(f1(s>—f1(p)) (6.20)
\112(3) = Q(s)— 122

c€1c2

On the other hand, equation (6.3) takes the form

= B Ay on [T 7= =

nO=1-=2-= | [\Ill(u) - \Izz(u)]du,

- A o0 r_ -

To(0) = 1- 222 - 22 [ [ () — By (w)] du,

Co C2 Jo
which yields
_ _ A A

225,(0) + 23,000 = 2 (1 - 2“"') + 22 (1 - 1‘”) . (6.21)
Ca c1 C1 Ca C2 1

Combining (6.18) or (6.19) with (6.21), we get the following theorem for ¥;(0) and

U,(0), the non-ruin probabilities when the initial surplus is zero.
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Theorem 6.2 For the risk model given by (6.1), with m = 2 and d > 0, the non-ruin

probabilities when the initial surplus is zero are given by

@1(0) _ 7%(1_&%2&)+%22(1_%TM)
ﬂ‘%[l_f2(p) (6 22)
7, (0) _ GL(I"MT:Q)#:_;(I_%%) .
A =21 [1-f1(o)] ’

where p is the only positive real root to equation (6.14).

6.1.4 Explicit Results for ¥;(u) and ¥y(u)

In this section, we derive closed—form expressions for the non—ruin probabilities when
m = 2. The analysis of the roots of equation (6.14) allows for the analytical inversion
of the Laplace transforms of W;(u) and Ws(u), at least for certain types of claim size
distributions.

Consider the case where the claim size distributions f; and f; are from the rational

family. We first define this family of distributions.

Definition 6.1 [Rational distribution on R* ] A probability distribution F on
Rt is called a rational distribution, or is said to belong to the rational distribution
family RY, if it admits a density function f, and the Laplace transform of this density

is a rational function (ratio of two polynomials) as follows:

7 _ H?:l Qi‘l‘sﬁ(s)
i) = Gre

where ¢1,q2, - , ¢, form pairs of conjugate complex numbers, with R(g;) > 0, and

for R(s) > max{-R(¢;); 2 =1,2,...,n}, (6.23)

B(s) = Z?;OQ B; st is a polynomial of degree n — 2 or less.

Remark 6.1 When all ¢; > 0, for ¢ = 1,2,...,n above, the probability distribution

F is said to belong to the K, family, n € N*, which is a subclass of the family R}'

The class of K, distribution includes, as special cases, Erlang, Coxian and some

phase-type distributions, as well as mixtures of these. It is widely used in applied
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probability models [see Cohen (1982) and Tijms (1994)]. Li (2004) considers the
evaluation of the Gerber-Shiu penalty function [see Gerber and Shiu (1998) for the
definition| for a class of renewal risk process, in which the claim inter-arrival times
are K, distributed.

The rational family R}L is even a wider class of distributions, including the K,
family and distributions with damped sine and cosine functions as part of their den-
sities.

Assume that two claim severity distributions f; and f; belong to R}, namely,
their Laplace transforms are of the form:

fi(s) =pi‘—l—s(i), for R(s) € (ay,, 00) and k € Nt |
1( Pr(8) () (f1 (6.24)

fa(s) = %‘l({%, for R(s) € (ap,, co) and [ € N*,
where ay, = inf{s € R : E[e™*%{] < oo} and X, X, are the claim severity random
variables, while p;, and ¢ are polynomials of degrees k and [, respectively, with leading
coeflicient 1 and satisfying px-1(0) = px(0) and ¢_1(0) = ¢(0). Further, equations
pe(s) and g;(s) have roots with only negative real parts.

It turns out that the equations in (6.20) can be transformed to rational expressions

by multiplying both numerators and denominators by pi(s)q(s):

U1(0)(s — p) pr(s) {Qz(s) + ook [q”l(s) ql(pz:f,“l(p) q’(s)] }
pe(s) au(s)[Q(s) — 222
T1(0)(s — p) px(s) {Qz(S) + 2 (s, p) - L gifs, p])}

T, (s) =

_ , 6.25
Pi(8) au(s)[Q(s) — 2122] (6.25)
. \I/Q(O)(S - p)a(s) {pk(s) + o ;‘:(p) [qu(S) Pk(Pg:ﬁk—l(P) Pk(s):l }
\I’Q(S) = )
pe(s) @u(s)[Q(s) — 2-22]
Ta(0)(s — p) auls) {pi(s) + 2 (prals, o] — 22 puls, ) }
pe(s) au(s)[Q(s) — £22 ’ '
where pj,_[s, p] := 2=1&=Pe=1() 5 holvnomial of degree k—2, is the first order divided

s—p

difference of p_1(s) with respect to p, while pi[s, p], i-1[s, p] and qi[s, p| have similar
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definitions. An introduction to divided differences can be found in Freeman (1960).
It is now clear that both numerators of (6.25) and (6.26) are polynomials of degree
kE+1+1

For simplicity, denote by Dy4112(s) the common denominator of (6.25) and (6.26),
which is clearly a polynomial of degree k + [ + 2 with the leading coefficient 1. Then

equation Di4i42(s) =0, i.e.,

(o= 259 )+ 2 a9 [ (5= 222) )+ 22t

Cc1 C2

) Qg

o pe(s)ai(s) =0, (6.27)

has k£ + [ + 2 roots on the complex plane and all of which come in conjugate pairs.

Noting that s = 0 and s = p are two roots, then we can rewrite Dy4;42(s) as:

bt
Diyiya(s) = s(s = p) [ [(s + Ry).

i=1

We remark that all R;’s have positive real parts, since, otherwise, they would also be
roots to the characteristic equation (6.14), which is a contradiction to the conclusion
in Theorem 6.1 that there is only one root on the right half complex plane.

Then (6.25) and (6.26) can be simplified to

@1(0)pk(s){qz(s)+ %2 (g 4[5, p] - Lt g, p])} T1(0) grsa(s)

Ui(s) = SHkH(S +R) Hk+z s+ R)’
. T2(0) au(s) {pi(s) + 2 Jk(ﬁk_l[s,p] - 2l s, o)) } ~ @QECO) hen(s)
s (s + Ry) s s+ Ry)
where we define
aeals) = () {ae) + 22 (o - L g ) | (6.25)
puen(s) = (o) { o) 4 2 (ealonsl - Egs )b o9
Thenif R;,i = 1,2,..., k+l, are distinct real numbers, we obtain, by partial fractions,
that
R % k+! gi . ho k+1 hi
Uy(s) = U1(0) [ ;HRz . Ua(s) = Ty(0) [?—i_;s—kRi ,
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and accordingly their inverse Laplace transforms are:

k-+i B k1
U (u) = Ty O+Zg1 } Ty (u) = ho+Zh6 “] (6.30)
where gy = f-][kkfz(;l ho = I}%ﬁl’((l)i)l and
- —h
9= gent(— 1) hi = e (— ) i=1,2.. . k+1.

RZ Hk+l,]7éz(R R’L) Ri H;H_i JFE (R R’L)

(6.31)

ho = since lim ¥;(u) = 1,

U—00

From (6.30), we immediately have that gy =
K+l K+l
for i=1,2,and S, gi = St h = 1.

1 1
v,;(0)° v, (0)?

We summarize the above derivations in the following theorem.

Theorem 6.3 For the risk model given by (1.33), with m = 2 and d > 0, if the claim
severity distributions are in the rational family (6.23), the non—ruin probabilities are

given by

k+ k+l

Uy(u) =14 01(0) Y gie™™*,  Ta(u) =1+ Ty(0 Zhe i (6.32)
i=1

where — Ry, — Ry, ..., —Rj4, are distinct roots of equation (6.27), with negative real

parts, and U;(0) and U5(0) are given by (6.22), while g;, h; are given by (6.31).

Remark 6.2 When some R;’s come in conjugate pairs of complex numbers, then
the non-ruin probabilities may contain damped trigonometric functions. This is il-

lustrated in the next section through examples.

6.1.5 Ruin probability examples

In this section, we illustrate the derivation of the non-ruin probabilities ¥;(u) and
Wy (u), given by (6.32), through some examples. In the first example, we assume that

both claim severity distributions are exponential with mean u; and us, respectively.

Example 6.1 Let fi(z) = —e i, for z > 0 and i = 1,2. Then their Laplace
1

transforms are fi(s) = oo, for ¢ = 1,2, and hence, po(s) = i, m(s) = s+ i,
u

go(s) = - and qi(s) = s +

1
1o
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The explicit expressions of ¥;(0) and U,(0), given by (6.22), are now obtained as

ﬂ(l_i\lﬂ)+ﬂ<l_A_lli_l>

[ [ c1

\III(O)= [ B A2 o ] ’ (633)
p ca(p2 p+1)

ay _Aope ag _ Mm
o m(i-km) (1o am)

p[l - 61(211;7:-1)] ,

(6.34)

where p is the positive root of equation:

1
S_/\2+a2+/\2 i

i
C —
2 025+u2

1 Og
= 6.35
S, (639)

1

M+ar Mo
- t——1
C1 018+#—1

Q(s) == {s

which, once multiplied by p1(s) q;(s) = (s + L) (s + -%), is equivalent to

H1 2
= [(e 22 ) 2 {2 ) 2

a1a2< 1)( 1)

- s+— s+ —

C1C2 251 H2
1 1 A A

=s4+<———+—— 1tar 2+a2>83
M1 p2 G €2

+{<_1__)\1+a1><i_)\2+012)_ o o _alaz]sg

Hi C1 M2 C2

C1t1 Cot2 C1C2

_[ﬂ(i_&>+£2—<i_ﬁ)}5=o. (6.36)

Cifi1 \H2 C2 Co2 \ 1 9]
It has exactly 4 roots, s =0, s = p, s = —R; and s = —R;,. Note here that equation
(6.36) is equivalent to equation (6.16) in Reinhard (1984). Now (6.28) and (6.29) are

of the form

1 1 Ao
)= (s i) () - sy )

ha(s) = (s+ - {(S*i)‘@ﬁﬁ}

12

N’

respectively. Further (6.31) gives:

ARG R) ) (R 2R i)

! Ri(Ry — Ry) 9 Ry(R1 — Ry) ’

o (BB R -] (R (- R i)
Ri(R; — Ry) ’ Ry(Ry — Ry)
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Therefore, the non-ruin probabilities ¥;(u) and Uz(u) are given by

\Ill(u) =1+ @1(0) [gle_Rlu + 92€_R2 u] , >0
u —_ )

\I]2('U/) =14 @2(0) [hle—Rlu + h2€~R2u] ,
where ¥ (0) and W,(0) are given by (6.33) and (6.34), respectively. Then the ultimate
non-ruin probability in the stationary case, ¥(u), is given by

2
\I/(u)z1+Z[m\i/l(o)gi+7r2\I12(0)hi]e‘Ri“, u>0,

i=1

where the stationary probability distribution m;, ¢ = 1,2, is given by (6.10).

Remark 6.3 If we set the claim intensity rates, premium rates and claim severity
distributions to be identical for the two Poisson processes in Example 6.1, that is,
M =X =Ac =c =cand g = up = pu, then it is easy to check that the

characteristic equation (6.36) can be decomposed as

Dy(s) = s{s+7) [s2+ (7—m)s— a1+a2] =0, (6.37)
c Cl
where v = i — % Note here —R; = —~ is one root of equation (6.37), while p and

— Ry are the other two roots, corresponding to

2

s+(7 =0.

(675} +042)S_ a1 + a9
c o

We can also derive that ¥;(0) g; = Up(0) by = —i\g’i and ¢ = hy = 0. Hence

- _ ST
U(w) = o) =1 - “Fe™, uxy,

where the identical non—ruin probabilities ¥, (u) and ¥y (u), as expected, are the non—
ruin probabilities obtained from the classical Poisson risk model with exponentially

distributed claim sizes.

The next example gives numerical non-ruin probabilities when one claim severity

class is distributed as Erlang(2) and the other as a mixture of two exponentials.
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Example 6.2 Let fi(z) = %6_% and fo(z) = ﬁie oy L e ﬁz for z > 0 and

0<¢< 1, with g =20 and pe = E01 + (1 — £)fa. The Laplace transforms of f; and

f2 are given by

s pls) | @ ;s _qi(s) (él_+lﬁ;2§)s+ﬁ11ﬂ2 )
fl()_Pz(S)_(5+%)2’ f2()—612(3)_ (s—i—é)(s—ké) ’ cC.

Then equation (6.27) becomes
De(s) = {(s Mt :lal) (s+ %)2 + CIAEQ]
o e [ I e R e 71
_‘2?22(s+%)2<s+é)(s+51;)=0, seC. (6.38)

It has exactly 6 roots: 0, p and —R;, i = 1,...,4 that can be obtained numerically

for chosen parameter values.

For example, let the intensity rates a; and a4 of the external environmental process
Ibea = % and ap = %, respectively. Further letting A\; = 0.5, Ay =2,¢1 =1, ¢ =2,
B=1, 1 =0.5, f =2,and £ = 0.8, we get that u; = 2, us = 0.8, and the stationary
probabilities m; = %, Ty = % Solving equation (6.38) using mathematical softwares,
we then obtain p = 1.06554, R; = 0.07054, Ry = 0.41863, Rz = 1.45485 + 0.046524,
R4y = 1.45485 — 0.04652i. Note that in this case, the positive safety load factor,
Wlim’ is 11.11%.

Expressions (6.33) and (6.34) give that the non—ruin probabilities at « = 0 are
¥, (0) = 0.10235 and Uy(0) = 0.09765, respectively. Inverting directly the Laplace
transforms in (6.25) and (6.26), finally yiclds for v > 0:

y

Ui(u) =1-—.00327¢41863% _ 90331 ¢—-07054u 1 (.00893 e~145485% c0g(.04652 u)
+.01390 ¢ ~1-45485% in(0.04652 ) , u>0,

Ty(u) =1+ .00223¢-41863u _ 8]0 —07054u _ () 02358 ¢~ 145485u co5(.04652 1)

+.01197 e~ 1454854 4in((.04652 ) , u>0.
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Finally, the probability of ultimate non-ruin, ¥(u) = m ¥;(u) + m Ua(u), in the

stationary case is

U(u) =1+ .00040 ~41853% — 88844 ¢~ 07054% _ () 01274 ¢ ~1-45485% ¢05(,04652 u)

+ .01261 145485 % 5in(0.04652 1) , u>0.

These numerical inversions can be done easily and quickly using mathematical soft-

wares, for example, Maple.

05
............... Psi1(u)
N, mmm e Psi2(u)
0661 v —  Psi(u)
0.86
0.84
Psi(u)
0.62
0.84
0.781
1] 0.2 04 0B 08 1 1.2 1.4 16 18 2

Figure 6.1: Probabilities of ultimate ruin for 0 <u <2

Figure 6.1 shows the probabilities of ultimate ruin, given that the initial environ-
ment state is ¢ and the initial reserve is u, ¥;(u), for ¢ = 1,2, and the probabilities of
ultimate ruin in the stationary case, ¥(u), for different values of u € [0, 2]. From this
graph, we can see that, as expected, these ruin probabilities decrease as the initial sur-
plus u increases. Moreover, when u is very small, ¥ (u) (dotted line) is smaller than
Wy(u) (dashed line) and the reverse situation occurs as u becomes larger, while the
value of ¥(u) (solid line) is always between the values of ¥;(u) and Uy(u). Figure 6.2
graphs these ruin probabilities again, but for values of the initial surplus 0 < u < 10,

showing how fast the ruin probabilities decrease when u increases.
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Figure 6.2: Probabilities of ultimate ruin for 0 < u < 10

Reinhard (1984) studies the same problem for two-state models, however, there
are two main differences with our work here: first, the Laplace transform approach
is used here to solve the system of integro—differential equations; and second, the
characteristic equation is fully discussed here, while Reinhard only considers it when
claim severities are exponentially distributed. By these, explicit formulas for non-ruin
probabilities when the initial surplus is zero or when both claim severity distributions
are from the rational family are derived for the two-state model. The rational family
of distributions is a wide-ranging family in practice and it includes, as the special
cases, Erlang, Coxian, phase-type and K, distributions, as well as mixture of these

distributions.

6.2 The severity of ruin

In this section, we are interested in the severity of ruin for the Markov-modulated
risk model given by (6.1). The severity of ruin is considered as an additional element
of information on ruin. This problem was first explored by Gerber et al. (1987) for

the classical continuous time risk model, and is studied, among others, by Dufresne
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and Gerber (1988), Dufresne (1989), Dickson (1989), Dickson and Waters (1992) and
Snoussi (2002), who derives the explicit formulas of the probability of severity of
ruin in a 2-state Markov—modulated model where the claim sizes are exponentially
distributed.

For Markov-modulated risk models and definitions of the ultimate ruin probabi-
lities defined in Section 6.1, we further define the probability of the severity of ruin
by

Ui(y; u) = P{T < o0, U(T) < —y|U(0) = u,I(0) =3}, i€J,uy>0,
(6.39)
which represents the probability that ruin occurs and that at the time of ruin the
surplus takes a value less than —y, or eqivalently, that the deficit at the time of ruin
be greater than y, given an initial surplus v and an initial environment 7 € J.
Note that by setting y = 0 in (6.39), we have U;(0; u) = U,(u), and by the

relationship introduced by Gerber et al. (1987) for the classical risk model:

Gi(y; u) = P{T < o0, U(T) > —y ‘ U(0) =u, I(0) =1},

=Ui(u) - Vi(y;v), 1€J,u,y2>0, (6.40)

we are able to computer the probabilities G;(y; u) and the corresponding densities,

defined by

9i(y; u) = %Gi(y; u), i€J,u,y>0. (6.41)
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6.2.1 Laplace transforms of ¥,(y; u)

Snoussi (2002) derives a system of Volterra integral equations for the probabilities of

the severity of ruin in Corollary 1.6:
t ¢
¢ Wi(y; 1) = ¢ Wily; 0) + )\i/ Ti(y; t —u) Fi(w) du — /\i/ Fi(u+y)du
0 0

t m
+a¢/ [\Iji(% w) = pa Ue(y; U)] du, i€J,ty=20,
0 k=1

(6.42)
which has a unique solution such that ¥;(y; oo) = 0, for i € J, y € R*, or equiva-
lently, for y € R*, 7 € J,

w0 =2 [T Rean- S [7 [uw - Y] d, 69
G Jy G Jo k=1
where the transition probabilities p;;, for i, = 1,2,...,m, are given by (1.31).
We now apply Laplace transforms to solve the system of equations in (6.42). Let

U,(s; y) be the Laplace transform of ¥;(y; u) with respect to u, and respectively,

ﬁ(s) be the Laplace transform of f;, for ¢ € J, namely,
Ui(s; y) = / e " Ui(y; uydu,  s>ay, y20,
0

fi(s) = /0 e ** fi(u)du, s> ay, .

As in Dickson and Hipp (2001), we define an operator T, of a real-valued function f,

with respect to a complex number 7, to be

T.f(y) = /oo e @Y f(z)dx reC,y>0. (6.44)
y

It is clear that the Laplace transform of f, f(s) = N

o € °“f(u)du, can be expressed

as Tsf(0), and for distinct complex numbers r; and 7o, we have the properties that

T, T f(y) = T, To fy) = T”f(ii ::”f(y) , rm#m€C,y>0. (6.45)

By contrast, when ry =1, =r € C,

T,T.f(y) = lim T.f(y) —Tsf(y)

5T s—=r

_ / T e (g — y)f(z)dz,  y>0. (6.46)

Y
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Further properties of the operator 7, can be found in Li and Garrido (2004).

Taking Laplace transforms on both sides of equation (6.42) yields,

¢ \ili(s; y) = ¢ \I/i(g: 0) + X \ili(s; ) {%fl(s)} - N /°° e st [/t Fi(u +v) du] dt
0 0

Ui(s; L Uy(s .
(5 y) “Zpik k(z y):l du, ieJ. (6.47)

)
k=1

+ oy

By standard properties of the Laplace transform [see Oberhettinger and Badii (1973)],

we have

/Oooe-st Uot Fi(u+y) duJ dt

1

—-st

=_/ e—stﬁi(tw)dt:l[ﬂ(wy)e °°—1/ e~stfi(t+y)dt]
0 5 0

s (—s)lo s

— 1 [M _ E/OO e_s(t_y)fi(t)dt:| — Tsz(y) _S“ Tsfz(y) — TSTsz(y) )

S S S

Then equation (6.47) can be rewritten as

/\z' + (&7 )\z A A . x; i A . N . Ai
A R s+ 2 > (s ) = W0 0 - TIAG)
or in a matrix form
A(s)W(s; y) = B(s; y), s > max{ay,,...,0u,,,af,---,0f,}, (6.48)

where A(s) has the same form as given in (6.5), B(s, y) is defined as

B(S; y) = (\Ill(yv O) - %II‘TSTOfl(y)’ ey \Pm(y; 0) - )c\_stTOfm(y)> y

A A

- /
and ¥(s; y) = <\I/1(s; U)oy Un(s; y)) . The transition matrix P is given by (1.31),
with p; =0, for 1 € J.

-~

Then the vector of Laplace transforms ¥ (s; y) can be solved as
U(s;9) = [A)]'Bls;iy),  y>0,

and equation (6.6), |A(s)| = 0, is again the characteristic equation of (6.48).
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Now we consider that the external environmental process {I(t); t > 0} is a two—
state Markov chain, with transition matrix P given by (6.12) and the unique statio-
nary probability distribution 7 given by (6.10). In this case, equation (6.14) is the
characteristic equation of (6.48) and by Theorem 6.1, it has exactly one positive real
root on the right half complex plane. We denote this unique positive real root by p.

The next section derives explicit expressions for the distribution of the severity of

ruin when m = 2, given the initial surplus u = 0 and the initial environment state.

6.2.2 Formulas for ¥(y; 0) and ¥y(y; 0)

Now equation (6.48) has the form

s — Aoy N () @ by (s; )
o s — 2te 4 22 ) (o) Uy(s; v)
Uy (y; 0) — AT, T,
_ 1(y; 0) — 2 TTof1(y) ’ y>0,
\Ijz(y; 0) - i\‘:TsTOf2(y)
or for s > a* := max{ay,, ay,, Qfis afl}’
A |:\I'1(y; 0)—%T5T0f1(y)] [3_52;_"24_%)?2(3)] ~ [\Ilg(y; 0)—-2122T5T0f2(y)] %%
Ui(s; y) = Qls)— 12 ’
A Ato Y A o y20,

) (02050~ 2T T fo(0)] [s- 2120+ 21 fi (s)] - [0 (3, 0)- AT To 1 (9)] 22
Wy(s; y) = Qls)—I=Z ’

€12

(6.49)

where ()(s) is given in (6.14).
Since U, (s; y) and Wo(s; y) are finite for all s with R(s) > 0 and the fact that p
satisfies (6.17) by Theorem 6.1, i.e., Q(p) = £122, we have that both the numerators

in (6.49) are zero when s = p:

[\le(y; 0) - ;\—llTpTofl (y)] [p e + %fz(p)]
Cy 1
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or equivalently by equation (6.17),

[wy; 0) - }jT,,Toﬁ(y)} [p Shta, Ay (p)]
- [wy; 0 - 2T Ty )] 2, yz0 (6.51)

Moreover, by the following equations obtained from (6.43),

a

Ui(y; 0) = ﬁ/y Fy(u)du - = B [\Pl(y; u) — Uy (y; U)] du,

C1 C1 Jo

Ualy; 0) = 2 [ By =2 [ [walys ) - 0445 )],

C2 0

we get

A . A ®©
%\Ill(y; 0) + %\IJQ(:U; 0) = 192 / Fi(u)du + 24 / Fy(u)du. (6.52)
2 1 y

C1C2 Jy

It is easy to verify that equation (6.52) is consistent with the fact that both numerators
in (6.49) are zero when s = 0. Now solving cquations (6.50) and (6.52) for ¥, (y; 0)
and Vs (y; 0) and using equation (6.51) yields the following theorem for the severity

of ruin when the initial surplus is zero.

Theorem 6.4 For risk model given by (6.1), with m = 2 and d > 0, the probabilities

of the severity of ruin when the initial reserve is zero are given by

Ui(y; 0) = 2T, Tofy(y) + ST HOR DD SG U7 b BTnw],
‘o [1 fz(ﬂ)]
J+

J Fa(u)du— T/,Tofg(y) 2122 [ Fy (w)du-T,Tof1(y)]

Us(y; 0) = 2T,T; ol
2(y; 0) e of2(y) + JEETY P fl(P)]

b

where y > 0, and p is the only positive real root to equation (6.14).

6.2.3 Explicit Results for ¥(y; u) and ¥s(y; u)

In this section we derive explicit expressions for the probabilities of the severity of ruin
for a two-state model. By a discussion similar to that of Section 6.1.4 for the roots
of equation (6.14), the Laplace transform of ¥y (s; y) and Wy(s; y) can be inverted for

the claim severity distributions in the rational family.
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Let n1(s; y) and nq(s; y) be the numerators in (6.49), respectively. That is,

s v) = [0 0) = 2TTo)| [s - 22522 4 22 )

- [0 - 22T100)] 2, (6.53)
na(s; y) = | Wa(y; 0) - &T Tofa(w)| [s - /\1 S /c\_llfl(s)J
- [0 0) - 21T )] 2. (654)

Since s = 0 is a root of ny(s; y) and na(s; y), it follows that

ni(s; y) = na(s; y) —ma(y; 0)

A1

A [T f2(0) = To f2(0)] — —STTofl( )

= sU1(y; 0) + U(y; )

A (A
n 1( 2+Of2)[
C1 Co

T Tof1(y) — ToTo f1(y))

2 2 (1,7 (4) Ta o(0) ~ TTbfs () To o 0)]
+ );j jl [T Tof2(y) — T0T°f2(y)] ' (659

By using of the operator defined in (6.44) and the property (6.45), we have

T f2(0) — To f2(0) = —s TsTo f2(0),
T:To fily) — ToTofi(y) = —s TsToTof1(y)
T.Tof1(y) Ts f2(0) — ToTo f1(y) Tof2(0) = —s[T.To f1(y) TeTof2(0) + TeToTof1(y)] ,
(

T, To foly) — ToTofoly) = —s TsToTo fo(y) -

After some manipulations, (6.55) can be rewritten as follows:

ulss ) = s { [0 0) - 2275100 [1 - 22T 120)]

Al A
Ci 2T ToTof1(y) — jalTT0T0f2( )}

=sni(s; ), (6.56)

where by properties (6.45) and (6.46), T:ToTofi(y) = T°T°fi(y);TsT°f"(y), for i = 1,2,
and ToTofi(y) = fyoo(a: —y) fi(z)dz = f Fi(z)dz, while ni(s; y) has the following
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expression:

A A
mi(s v) = [Wi(0: 0) - LAW)] |1 - 2TTA0)
Al & Ao O
~ 2T Ay) - ST ToTofa(y)
C1 C2 C1 Co

Furthermore, the fact that s = p is also a root of n;(s; y) and therefore it must also

be a root of nf(s; y), which implies that

ni(s; y) = ni(s; y) — ni(p; )

= —Uy(y; 0)% [T To f2(0) = T,To f2(0)] — i\_ll[TsTOfl(y) ~T,Tof1(y)]
+ TTof1(y) TsTof2(0) — T,To f1(y) Tp1o f2(0
2 LT ) TTofal0) = TToh ()T, Tofo0)]
- /ll 22 [T.ToTof1(y) — T,ToTof1(y)]
1C2
— )Z z;l [T ToTof2(y) — pTyToTo f2(y)] - (6.57)

Now by the same technique used for deriving (6.56), ni(s; y) can be rewritten as

A2 o

ny(s;y) = (s — p) {2—22[‘1’1(3/; 0) - i\_llTpTOfl(y)]TsTpTOf2(0) + p—s T, T,ToTo f2(y)
A2

A A
142 TSTpT()T()fl (y) + 0_11 [1 - gTsTOfQ(O):I TsTpTOfl (y)} ’

+

C1 Co
and hence n1(s; y) = s(s — p) mi(s; y), where

PYLe

A A
mas; 4) = 72 [ 0(v; 0) = ZLIAW)| BIT0f(0) + T T, T o fo(y)

Ao A A
+ 2ETLET AW + 21 - 2TLA0)| LT AG) . (658)
C1Co C1 Co

Similarly, we can rewrite (6.54) as ny(s; y) = s (s — p) ma(s; y), where

A A Ma
ma(s; y) = C—ll [‘Pz(y; 0) - c—szTsz(y)] T.T,T0f:(0) + ﬁTsTpToTofl(y)

A A A
N 2a1TsTpTOTOf2(y)+C—§[1—c—lTsTofl(O)}TsT,,Tofz(y). (6.59)
1

C1C2

In (6.58) and (6.59), the composite operators are given by

T, 10 f: - T Iof; ]
T.T,To fily) = -2 of (yz ~ 0/, (y), i=1,2,
) (y) = T ToTo f .
T,T,ToTofi(y) = LrToTof (yz — ZTO o/ily) , i=1,2,
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while Uy (y; 0), Ua(y; 0) are given by (6.4) in Theorem (6.4).

Finally (6.49) is written as the following form:

(s y) =G, *

s>a", y>0, (6.60)
Ta(ssy) =G,
where mq(s; y) and ma(s; y) are given by (6.58) and (6.59), respectively.

As in the ruin problem case, we now consider claim severity distributions f; and
f2 that are in the rational family and assume that their Laplace transforms are of the
form in (6.24), where pi(s) and ¢(s) have roots with negative real parts only.

Multiplying by pk(s)q(s), both numerators and denominators of equation (6.60)

yields the following expressions which can be easily inverted:

(s :S(S_P)m1(3§y)l’k(3)11!(3),
15 9) [a@-2222 ] p(s)a(s)

e1ez (6.61)
@2(3; y) = s(s—p)ma(s; y)pi(s)ai(s)

Qs)-2122 | py (s)ar(s)

where

mi(s; y)pe(s)a(s) = /c\—z {\Ifx(y; 0) - /C\—llTpT Ofl(y):| [TsTpT0f2(O)ql(5)]pk(5)

+ [Azal T T,ToTofa(y) + Ao TsTpTOTOfl(y)J Pi(s)a(s)
€162 C1C2
+ 2_11 [ql(s) - %[TsTofz(O)] Ql(s)} pr(s)TsTpTo fi(y)

ma(s; ¥)pr(s)a(s) = 2—11 [%(y; 0) - i_szTOfQ(y):| [TsTpTOfl(O)pk(s)] a(s)

+ [/\2a1TsTpTOTOf2(y) LY T.T,ToTo fl(y)] pe(8)au(s)
C1C2 C1Co
+22 [(s) = 2 ETAO]pels)| LI A0).

Further denote by pgls, p] := p’“—(ssL:—zﬂp—) the first order divided difference of pi(s),
and by p[s, p, 0] := p—’“[ﬂl%[p’—ol the second order divided difference of pi(s). Note

here polynomials py[s, p] and pi[s, p, 0] are of degrees k — 1 and k — 2, respectively,
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with leading coefficient 1. Then since pi(0) = px—1(0), we get that
-1(8)
Tof1(0) — T f1(0 -6
_ Ofl( )8 fl( )pk(s): spk() pk(s)

_ pe(s) —pe-1(s) _ [px(s) — pe(0)] — [pr-1(s) — pr-1(0)]

S

[T.To£1(0)] pi(s)

= pkls, 0] — pr-[s, 0],
and similarly [TsTof2(0)]q:(s) = q[s, 0] = qi-1[s, 0], and

[TsTpTOfI(O)]pk(S) = [TpTOfl(O)]pk[37 P] - pk[S, £ 0] +pk—-l[sv P 0] y
[T.T,To f2(0)] ai(s) = [T,Tof1(0)]ails, p] — als, p, O] + qi-1[s, p, 0] .

It is clear that [T,70 f1(0)]pk(s) and TsTpf2(0)qi(s) are polynomials of degree k— 1 and
[ — 1, while T,T,To f1(0)pi(s) and T,T,Tof2(0)qi(s) are polynomials of degree k — 2
and [ — 2, respectively.

For simplicity, let Dy4142(s) be the common denominator of (6.61), which is clearly
a polynomial of degree k + [ + 2 with the leading coefficient 1. Then equation (6.27)
has k + [ + 2 roots on the complex plane and all the complex roots are in conjugate

pairs. By the same arguments given in Section 6.1,
k+

Diyiya(s) = s(s —p) H(s + Ri),

i=1

where all R;’s have a positive real part, for ¢ = 1,2,...,k +[. Then (6.61) can be

simplified to

U5 y) = ;\_j [‘I’l(?ﬁ 0) — %TPTOfl(y)] Mg& + %[TSTpTO A®)] m@i@_
il;Il(S-f-Ri) ¢131(8+&)
+ [chj; T, ToTofaly) + 22‘; T.T,T0T fl(y)] Peals) g )
[1(s+ ;)
Ya(si v) = 2"1 [%(‘”; - %TﬂT"fZ(y)} 2y %[TsTpTofz(y)] O
L1+ B I(s+ )
+ [’2112422 T.T,ToTofi(y) + chj; T.T,ToTy f2(y):| kg’;(ﬂl(ﬂ, (6.63)
I1(s+ R:)

i=1
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where we define

0(6) = { LTI O]a) ), i) = {als) - 2RO al) jinls),

2(s) = {[LLTAO) Jals), hal) = {puls) = 2 ILTAOL) bals),

in which g¢;(s) and h;(s) are polynomials of degree k + 1 — 1 and k + [, respectively,
with leading coeflicient 1.
If Ri,i=12,...,k+1, are distinct real numbers, then by decomposing the

rational expressions (6.62) and (6.63) in partial fractions, we get

. /\2 )\1 k+l g1 /\1 k+! hl
Bi(ss 1) = G2 [0 0) - STTAW] 2 S + DTL A [1 +2 577
Ao A2 o i

ST AE) + J LI AW) HH}:
(6.64)
I . — /\1 /\2 e g2i )\2 AL hgl
(s 1) = 53| Walws O = TR0 3 + T AW 1+ 3 7 ]
+ AQalTTTTf() /\la2TTTTf [1+§ ]
¢y Cg oioJ2\Y 040 1 S+R/L
(6.65)
where
gi(—R;) hi(—R;) pe(=Rj)a(=R;)
95 = T ’ == ) e T =, (6.66)
[ (R -Ry) [T (R - R I[1 (R —Rj)
v=1v#j v=1v#j v=1,v#j

forj=1,2,...,k+1[, and ¢ = 1,2. By definition of the operator 7, in (6.44), we have
that
T, T,Tofi(y) =/ e *CIT, Ty fi(x)dx =/ e *'T,To fily + t)dt,
y 0

and hence the Laplace inversion of TT,T; fi(y) is derived as

LTI, T fi(y)) = T,Tofily + u) = % / ” [1—e P fit +y)dt,  u,y>0.
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Correspondingly L7 [T,T,ToTofi(y)] = T,ToTofi(y + u), for u,y > 0 and ¢ = 1,2.
Thus inverting the Laplace transforms in (6.62) and (6.63) yields the following theo-

rem for the distribution of the severity of ruin.

Theorem 6.5 For the risk model given by (1.33), with m = 2 and d > 0, if the
claim severity distributions are in the rational family (6.23), the distributions of the
severity of ruin are given, for u,y > 0, by

k+l
A M

Ui(y; u) = [‘I’l(y; 0) ——1TT0f1 ] E gije v 4 TTofl(U+y)

j=1

K+l
Zhlj 1% x T,To fi{u+y)

k+l

A
+ o 2Ty +u)+ Y gre " + T Tofi(u + y)|
1€
7=1
Mo a1 k+1
t cz L [T ToTofoly +u) + Z gie 7"« T,ToTo fo(u + 3/)] , (6.67)
1C
j=1

X ket \
Uo(y; u) = [‘112(1% 0) - —T plof2(y } 292 e fiv c—szT0f2(u +y)

),
2 -R;u
=Y hy; T, T,
+ 2 ; 25 € 7Tk p 0f2(u—+-y)
o k+l
+ 2B LT Ay +w)+ Y g™ + T Tofs(u+ )]
C1 Co =
A k+L
42122 [T Tohofi(y+u) + Y gre ™« T,ToTofi(u + y)] (6.68)
C1 Co =
where — Ry, — Ry, ..., — Ry are distinct real roots of equation (6.27), p is the unique

positive real root of the characteristic equation (6.14), and ¥1(y; 0) and ¥,(y; 0)
are given in Theorem 6.4, while the coefficients g;j, hi;, g; are given by (6.66), for
i=12 ... k+l,andi=1,2.

In formulas (6.67) and (6.68), e~ %% x T, T, fi(u + y) and e~ %% x T, 1Ty fi(u + y),

fori = 1,2 and j = 1,2,...,k + [, are convolutions that can be calculated by the
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following property of T, [see Li (2004)]:

Llf « 9(2)] = f * [Trg(2)] + [Tg O[T f ()], = 20.

We remark that if there are pairs of complex roots to equation (6.27), the distri-
butions of the severity of ruin involve trigonometric functions, as illustrated by the

examples that follow.

6.2.4 Ruin severity examples

In this section, we illustrate the derivation of some distributions of the severity of ruin
U1 (u; y) and Uy(y; y), given by (6.67) and (6.68). In the first example we assume that
both claim severities are exponentially distributed with mean pjand ps, respectively,

as in Example 6.1 for the probability of ruin.

Example 6.3 Let fi(z) = ie_ﬁli, for ¢ > 0 and ¢ = 1,2. Then their Laplace
transforms take the form fi(S) = s—f’}ﬁg, for i = 1,2, where py(s) = #—11, m(s)=s+ ;717’
qo(s) = - and qi(s) = s + L. 1

Now since in this case, 7,75 fi(y) can be expressed as

3y
_z € Hi

1 [ 1
T,Tofily) = ;/ [1—er@ W] —eThidr = ——,  y20,i=12,
Yy

the explicit expressions W1 (y; 0) and Uy(y; 0), given in Theorem 6.4, are obtained as

_y _
Azaqpg ez 4 Araou P

cicalpt1) 10 (ot 1Y
Wy (y; 0) = — 2 e 4 220 :mw“) ,  y=20, (669
ale+ i) S ey
r2
Magu - Agaypy  —L
Ag —y C1¢2(P+;;)e et 6162(P+;;)e "
Uo(y; 0) = T~€ “2 + N ) y>0, (6.70)
cap + ;) A )
1

where p is the positive real root of equation (6.35). Equation D4(s) = Q(s) p1(s) q1(s) =
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0 is given by (6.36), where Q(s) is defined in (6.35). That is,

Dy(s) = s Tt i+i_)\1+a1_)\2+a2 s3
h1 o 2 1 C2
n [( /\1+a1> (i_/\2+a2)_ S B )
H2 C2 11 Coli2 C1C2
1 A
- { (———)+2(———1>}s=0, (6.71)
C1i41 Colla \ M1 C1

which is equation (6.16) in Reinhard (1984) or equation (12) in Snoussi (2002). It

has exactly 4 roots, s =0, s = p, s = —R; and s = —Ry. Now here T,7;f;(0) = ﬁ,
hg

T T, 15 f:(0) = —1)(—+1—, for ¢ = 1,2, and therefore,

s+ o 1 X 1

— M1 h — - Ne -
gl(s) ,0+t’ 1(3) (5+u2 02)(8+N1)’

s+ -+ 1 N 1
:—/‘2’ h — + - = + ),
92(s) p+i 2(5) (S /i1 cl)(s NZ)

Furthermore, the coefficients in (6.66) are here:

—Rj+ - ~Rj+ 5
99 iR~ Ry)(p + L) P iR - Ro)(p+ 2)
o R - DR ) R - DR )
v (—19(R, — Ry) 2 CURi—Ra)
(=Rj+ -)(=R; + ) .
%= T iR —Ry 0 TR

To get the distributions of the severity of ruin ¥,(u; y) and Uy(u; y) given by

(6.67) and (6.68), we still need expressions for the following terms:

_ytu ytu
TTofi(u+y) = —re =,  TTThfilu+y)=——e %
Pt Pt
_x
e Bt T,Tofi(u+y) = le - : [8_“‘%’ —e U] ,
o D=~ 1)
_x
;e M _u
RJu*TpTOTOfi(u+y)= ( +i1')( _i) [e 1y _e—RJU:|, ]:1’2
Hi J Hi
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These yield the following distributions of the severity of ruin:

)\1 _ytu
Ui(y; u) = |Wi(y; 0) — ol 1)° ”1} Zgu Tyt
(p+ alp+3o)
IR
Ale # 2 11 e g e fyu A1 g iy _ytu
+——= [hl‘ + ] + e
alp+3) JZ:’ T T (Ri-4)  aalpt i)
-+ 2 -2 —Riu
Ay flp  _wtu g€ #2 gjle 2 — e
S L S-SR , (6.72)
crea(p+57) (p+ #—2); (Rj = 35)
s ) = |l 0) - — e [ S e
’ ’ o+ 1) = calp+ 55)
P 2 .
Ape k2 [ oy e B2 —efn Ag Oy _uu
2o oY ke + g-] + e
ealp+ 4) JZ‘:‘ Toa Yl (Ri- L) aalt L)
-1 2 —u “Riu
A1 0 e—luil"_f_ pre # Zgj[e - el ] (6.73)
ciea(p+5) b+ RBi-)
where ¥ (y; 0) and ¥q(y; 0) are given by (6.69) and (6.70).
Remark 6.4 If weset Ay =da =)\ ¢y =co=cand pu; = py = 1, and let y = l——%

then like in Example 6.1, —R; = — is one root of equation (6.71), while p and — R,

are the other two roots of:

24 (7_ a1+a2>8 0q + ag
Then (6.72) and (6.73) reduce to

A e
Uiys w) = Valysw) = e ™y 20,

where the identical distributions of the severity of ruin, ¥;(u; y) and Vs(u; y) are, as
expected, the same distributions obtained with the classical Poisson risk model with

exponentially distributed claim severities [see Snoussi (2002)].

Example 6.4 Now assume that \y = Ay = 1, ¢; = ¢ = 2 and that the two identical
severity distributions are a mixture of two Erlang(2) distributions, i.e., the corres-

ponding density is given by

fi(z) = folz) = Ay =5 51 + Ay %e—% . z>0, (6.74)
1



where we set A = Ay = %, B = ﬁg and (s = é—fﬁ, implying that pu1 = ps =
A1(201) + A2(202) = 1. These choices are as in Example 4 of Gerber et al. (1987)
and reduce the Markov—modulated model to the classical Poisson one. The Laplace

transform of (6.74) is given by

2 7 o p(s) _ 5117 [7127
P = 2 =) = MG g T £

Now in this case, TsTo f1(y) = TsTof2(y) is of the form:

1, (& + e

L 41)e R
TTof(y) = (5) Ger e 2

1
G
s+ &) +1]e ™ 1 [u(s+ L) +1]e ™
Qe e @ m e

y >0,

and equation (6.14) or equivalently equation (6.27) has 6 roots, which are, 0, 0.708,
—0.506, —1.765, —3.544, —5.685. Here p = 0.708 is the only positive real root. The
identical explicit expressions ¥;(y; 0) = Wy(y; 0) = ¥(y; 0), given in Theorem 6.4,

reduce to:
U(y; 0) = (0.25y + 0.394) e 1258V + (0.25y + 0.106) e~*™32Y | 4y >0, (6.75)

and the identical explicit expressions for the distribution of the severity of ruin,

Ui(y; u) = Va(y; u) = U(y; u), given by (6.67), yield:

U(y; u) = (031 +.023y) e~ 12889-5685u 4 (_ 079 _ (69 ) ¢~ 268y-3.544u
+ (—.054 + .125y) e~ 1-28y-1.765u 4 ( 496 4 172 y)) ¢ 1-208Y—-506u
+ (—.067 + .107y) e *T82v=5685u 1 (1168 4 133 y) ¢~4732y-3.544u
+ (—.016 — 021 y) e 4732y-L765u | (.02 + .031 y) e~4782y-506u

u,y >0, (6.76)

We obtain also the corresponding probability density g(y; u), given by (6.41),
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which is consistent with that derived by Gerber et al. (1987) for the classical model:

g(y; u) — (016 +.029 y) e—l.268y—5.685u + (_'031 —.088 y) 6—1.268y—3.544u
+ (—.193 4 .158y) e~1-208y~ 1765w (458 1 218y) ¢~ 1208500
+ (—.424 + .506 y) e+ T32U5 685w 4 (663 4 620 y) ¢4 732y-354u
+ (—.054 — .099 y) e+ 732165 U 4 (066 + 147 y) ¢4 TH2Y—S06u

u,y>0. (6.77)

0.54

0.4

0.3
Psi(y;0)

0.2

0.11

Figure 6.3: Distribution of the severity of ruin when u =0and 0 <y <6

Figure 6.3 shows the distribution of the severity of ruin ¥;(y; 0), given by (6.75),
when the initial surplus u = 0, for 0 < y < 6. From this graph, we can see that this
probability starts at 0.5 and obviously decreases as y increases. The curve is close
to zero already when y reaches 5. Figure 6.4 gives the surface for severity of ruin
probabilities ¥;(y; v) in (6.77), when the initial surplus 0 < v < 5and 0 < y < 5.
As v and y simultaneously decrease, so does ¥,;(y; u), but the degree of decline with

respect to the severity measure y reduces as u increases.

The next and last example gives the distribution of the severity of ruin when claim

severities are Erlang(2) distributed with mean y; for one class of claims while for the
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0.51

0.4-:

0.31
Psi{u; v)

(.21

0.11

Figure 6.4: Probabilities of ultimate ruin when 0 < u < 10

other class the claim severities are a mixture of exponentials with mean u;. This

example continues the discussion in Example 6.2.
Example 6.5 Under the same assumptions as in Example 6.2, that is, fi(z) = ﬁ%e'%

and fo(z) = %e‘ﬁil + 1—6_2—56_515, forz > 0and 0 < £ < 1, with g3 = 28 and

p2 = &01 + (1 — &) 52, the operators TsTp f1(y) and TsTofo(y) take the form:

1y y(s+%)+l Ly
T,1¢ =-|z4+1-— >0,
Ofl(y) S I:,B+ ﬂ2(8—+—%)2 e’ Yy
1 _x 1 "
TIh) = [l g F =00 - e E] . 2o,

Again setting oy = % and oy = %, M =05and My =2,¢c0 =1 and ¢co = 2,
G=1, /1 =0.5and f; =2, and £ = 0.8, gives yu; = 2, up = 0.8, and the stationary
probabilities m; = %, Ty = % The roots to the equation (6.38) are 0, 1.066, —0.071,
—0.419, —1.455 4+ 0.047¢ and —1.455 — 0.047i, where p = 1.066 is the only positive

real root.

Now ¥ (y; 0) and Ws(y; 0), given in Theorem 6.4, are obtained as

Uy (y; 0) = (.374y + .687)e™Y + .071e™2Y 4 1395V, y>0,

Wy(y; 0) = ((126y +.313)e™¥ + .329e72Y + .261e %Y,  y >0,
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which gives ¥;(0; 0) = .898 and ¥,(0; 0) = .902 and consequently ¥;(0) = 0.102
and U5(0) = 0,098. These values are consistent with those derived in Example 6.2.
Furthermore, the expressions of ¥;(y; u) and Wa(y; u), given by (6.67) and (6.68),

give here:

Uy(y; u) = [ — 15067 — 018e72Y + (.170 + 052 y)e V] e 41
+ [277€75Y 4 05772V + (569 + .18 y)e V] e 0T
+ [.012 cos(.047 u) + .069 sin(.047 u)]e 5v-1455%
+ [(—0.052 + 0.134 y) cos(.047 w) + 0.084 sin(.047 )] e ¥ 1455
+ [032 cos(.047 u) — .167 sin(.047 u)]e2¥~1455% u,y >0,
Ua(y; u) = [.102 e™%Y 40.012e72Y 4 (—.116 — .036 y)e-—y]e—AlQu
270e™°Y + .056 €Y + (.555 + .183 y)e Y] e 071
— 112 cos(.047 u) + .008 sin(.047 u)]e =S¥~ 1455

+[
[
[(—0.126 — 0.022y) cos(.047 u)] e ¥~ 1455w
[(—0.097 + 0.214 y) sin(.047u)]e~v~1455¥
[

261 cos(.047w) + .077 sin(.047 u)]e~2v~1455% u,y >0,

which yield the same expressions of the ruin probability ¥;(u) and ¥a(u) given in
Example 6.2 by setting y = 0.

Figure 6.5 graph the surface formed by the severity of ruin probabilities ¥;(y; u),
given the initial environment state, 7 = 1,2, for small initial surpluses v (0 < u < 1)
and small y values (0 < y < 1). From this graph, we can see that ¥;(y; u) and
Wy(y; u) decrease as u and y increase, while ¥y (y; u) is overall smaller than U, (y; u).
Figure 6.6 gives the same probabilities for relatively larger initial surpluses u (0 < u <
10) and larger y (0 < y < 10). Clearly the two probabilities ¥;(y; u) and Ua(y; u)
are very close and near zero, when u and y become bigger.

Figures 6.7 illustrates the severity of ruin probability in the stationary case,

U(y; u) = m U1(y; u) + 72 Va(y; u), for fixed y = 0,1,...,5 and different values
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Psi

Figure 6.5: Severity of ruin probabilities ¥;(y; u) and V5 (y; u) for small u and y

Psi

Figure 6.6: Severity of ruin probabilities ¥ (y; u) and Uy(y; u) for 0 < wu, y < 10
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of u (0 < u < 10). It shows that these probabilities decrease generally as the initial
surplus v increases, while ¥(0; u) decreases faster than the others. Moreover, when y
is large, ¥(y; u) is quite small and near constant, showing that increasing the initial
surplus u does not affect much on the probability ¥(y; u) for large y.

Figure 6.8 gives these stationary severity of ruin probabilities for fixed u =
0,1,...,5and 0 < y < 2. It can be observed that probabilities ¥(y; u), for u =
1,2,...,5, decrease in parallel as y increases, while U(y; 0) drops faster, even becom-

ing smaller than ¥(y; 1) when y is bigger than 0.8.

2
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Figure 6.7: Stationary case severity of ruin probabilities for fixed y

In summary, this section gives the explicit formulas of the distribution of the
severity of ruin in Markov—-modulated models, where the claim intensities, the claim
amounts and the premiums vary according to a Markovian environment. The same
problem is studied by Snoussi (2002) for exponentially distributed claim severities.
However a different approach is used here to generalize Snoussi’s result to a much
wider family of claim severity distributions.

We use Laplace transforms to solve the system of the Volterra—type integral equa-

tions and discuss the general characteristic equation in detail for a two—state model.
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Psi(y,u)

Figure 6.8: Stationary case severity of ruin probabilities for fixed u

The main techniques used here are similar to that used in Li (2004), Li and Garrido
(2004) and Li and Lu (2004). With these, explicit formulas for the distribution of
the severity of ruin, given an initial environmental condition (state) and the initial
surplus is zero, are derived.

The expressions for the distributions of the severity of ruin are also obtained when
both claim size distributions are in the rational family. Numerical inversions, as shown
in the examples, can be done easily and quickly by using standard mathematical

software.
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Conclusions and further research

Two generalizations of the classical homogeneous Poisson risk model are considered
in this thesis. A time-dependent NHP process is introduced to model claim frequency
risks subject to seasonality, while a Markov-modulated Cox process is presented to
characterize the underlying risk fluctuations affected by an environment external to
the Poisson processes. Regime-switching NHP processes are further considered to
account for both, the seasonal variations and the random fluctuations in the claims
intensity.

Periodicity is considered for the model intensities of NHP processes and of regime—
switching NHP processes. These yield models that are more attractive and practical,
as many natural phenomena evolving in a periodic environment, or under seasonal
conditions, can affect insurance claims.

NHP risk models are more realistic in practice, as their intensity rate is a function
of time. This is clearly the case for hurricane landfalls. It provides an effective method
for insurance companies to measure risk more accurately by using time dependent,
rather than constant, intensity rates. Thanks to the flexibility of the beta function
parametric form and its explicit expression for the cumulative intensity function, this
allows for wide-ranging applications of the model with beta-type intensities.

The periodic regime-switching NHP (Cox) processes are practical and useful in
modeling counting processes under periodic and random environments. A beta-type
short-term intensity function, with a m-state Markov level process for the intensity

of the Cox risk model, generalizes the periodic NHP model. It provides an efficient
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method to take into account random fluctuations on the levels of the periodic short—
term intensity function, as an alternative to the deterministic patterns discussed in
our NHP processes. It also provides a more realistic model compared to Cox models
with piecewise constant intensities. Furthermore, the explicit results obtained for
this Cox risk process make regime-switching periodic NHP models more practical
and useful.

The Markov-modulated Poisson process, in which the claim intensities, claim
severities and premiums vary according to an external Markovian environment, ge-
neralizes the homogeneous Poisson process. The study of the ruin problem, as well
as the explicit results for the model, governed by a two-state Markov process with
claim severity distributions from the rational family, make theoretical contributions in
risk theory. The corresponding numerical evaluations of these probabilities make this
model more practical for insurance businesses. Here the severity of ruin is considered
as an additional element of information on ruin.

Moreover, statistical inferences are included for doubly periodic NHP and periodic
regime—switching NHP claim counting processes, illustrated by beta—type intensities.
The explicit expressions obtained for the likelihood functions and the feasible statis-
tical estimation of the model parameters make these models simple to use in practice.
The ensuing discussion on the evaluation of estimated parameters and the goodness—
of it tests provides effective methods to perform model selection and assess model
accuracy.

The dataset of the Atlantic hurricanes affecting the Unites States, from 1899
through 2000, is fitted by a doubly periodic NHP model and a periodic regime-
switching Poisson model. This gives an application of the models to real data that
is affected by a natural periodic environment, such as the short—term seasonality and
long-term climatological fluctuations, or by a random environments.

Further, these models may be extended to other reasonable intensity functions and

fitted to other datasets, for example, the dataset of Atlantic Tropical Storms Affecting

171



the Unites States (1899-2002) or automobile accidents data reported in the Ontario
Road Safety Annual Report. Besides, one may also consider the statistical aspects
and applications of the Markov—modulated risk model to make it more tractable in
practice.

For the regime—switching NHP model, one may further consider a periodic non—
homogeneous Markov chain instead of our ordinary Markov chain, hence reflecting the
long-term time—dependent, random and periodic natural environment. The interpre-
tation of such a model within a fixed period, would be that the transition probabilities
become time-dependent but are reset at the beginning of each new period.

Finally, for the two—state Markov-modulated Poisson model, we may consider the
evaluation of the expected discounted penalty function defined by Gerber and Shiu
(1998) and recently discussed for the classical risk model, the Sparre Andersen’s risk
model, as well as the diffusion perturbed these models. We may also consider the
Markov-modulated diffusion perturbed Poisson model. These results would also be

more attractive if they could be extended to the finite m-state case.

172



Bibliography

[1] Ammeter, H. (1948). “A generalization of the collective theory of risk in regard
to fluctuating basic probabilities”. Skand. Aktuarietidskr., 31, 171-198.

[2] Asmussen, S. (1989). “Risk theory in a Markovian environment”. Scandinavian

Actuarial Journal, (2}, 69-100.

(3] Asmussen, S., Frey, A., Rolski, T. and Schmidt V. (1995). “Does Markov-
modulation increase the risk?”. ASTIN Bulletin, 25(1), 49-66.

[4] Asmussen, S. and Rolski, T. (1992). “Computational methods in risk theory: a
matrix—algorithmic approach”. Insurance: Mathematics and Economics. 10(4),

259-274.

[5] Asmussen, S. and Rolski, T. (1994). “Risk theory in a periodic environment:
the Cramér-Lundberg approximation and Lundberg inequality”. Mathematics

of Operations Research. 19, 410-433.

[6] Atlantic Tropical Storm Tracking by Year from Tropical Prediction Center Best

Track Reanalysis. Unisys. http://weather.unisys.com/hurricane/atlantic

[7] Background information: The North Atlantic hurricane season.

http://www.cpc.ncep.noaa.gov/products/outlooks/background _information.html

[8] Béuerle, N. (1996). “Some results about the expected ruin time in Markov—

modulated risk models”. Insurance: Mathematics and Economics, 18(2), 119-

127.

173



[9] Beard, R.E., Pentikédinen, T. and Pesonen, E. (1984). Risk Theory. 3rd ed.,

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Chapman & Hall, London.

Berg, M. and Haberman, S. (1994). “Trend analysis and prediction procedures for
time nonhomogeneous claim processes”. Insurance: Mathematics and Economics,

14(1), 19-32.

Bjork, T. and Grandell, J. (1988). “Exponential inequalities for ruin probabilities

in the Cox case”. Scandinavian Actuarial Journal, (1-2), 77-111.

Bowers, N.L., Gerber, H.U., Hickman, J.C., Jones, D.A. and Nesbitt, C.J. (1986).

Actuarial Mathematics. Society of Actuaries, Itasca, Illinois.

Cai, J. and Wu, Y. (1997). “Some improvements on the Lundberg’s bound for
the ruin probability. Statistics and Probability Letters, 33(4), 395-403.

Cai, J. and Garrido, J. (1999). “Two-sided Bounds for ruin probabilities when
the adjustment coeflicient does not exist”. Scandinavian Actuarial Journal, (1),

80-92.

Chukova, S., Dimitrov, B. and Garrido, J. (1993). “Renewal and non-—
homogeneous Poisson processes generated by distributions with periodic failure

rate”. Statistics and Probability Letters, 17(1), 19-25.

Cohen, J.W. (1982). The single Server Queue (Rev. Ed.). North-Holland, Ams-

terdam.

Cole, J.D. and Pfaff, S.R. (1997). “A climatology of tropical cyclones affecting
the Texas coast during El Nifio/non—El Nifio years:1990-1996”. Technical Attach-
ment SR/SSD 97-87, National Weather Service Office, Corpus Christi, Texas,
(http://www.srh.noaa.gov/topics/attach/html/ssd97-37.htm).

Dassios, A. and Embrechts, P. (1989). “Martingales and insurance risk”. Com-

munications in Statistics — Stochastic Models, 5(2), 181-217.

174



19

[20]

[21]

[22]

[23]

(24]

[25]

[26]

[27)

[28]

[29]

Daykin, C.D., Pentikéinen, T. and Pesonen, M. (1994). Practical Risk Theory

for Actuaries. Chapman & Hall, London.

De Vylder, F. (1996). Advanced Risk Theory. Brussels University Press.

De Vylder, F. and Goovaerts, M.J. (1984). “Bounds for classical ruin probabi-

lities”. Insurance: Mathematics and Economics, 3(2), 121-131.

Dickson, D.C.M. (1989). “Recursive calculation of the probability and severity

of ruin”. Insurance: Mathematics and Economics, 8(2), 145-148.

Dickson, D.C.M. (1994). “An upper bound for the probability of ultimate ruin”.
Scandinavian Actuarial Journal, (2), 131-138.

Dickson, D.C.M., Egidio Dos Reis, A.D. and Waters, H.R. (1995). “Some stable
algorithms in ruin theory and their applications”. ASTIN Bulletin, 25(2), 153~
175,

Dickson, D.C.M. and Waters, H.R. (1992). “The probability and severity of ruin
in finite and infinite time”. ASTIN Bulletin, 22(2), 177-190.

Dimitrov, B., Chukova, S. and Garrido, J. (2000). “Compound counting processes
in a periodic random environment”. Journal of Statistical Research, 34(2), 99-

111

Dimitrov, B., Chukova, S. and Green, D., Jr. (1997). “Probability distributions
in periodic random environment and its applications”. SIAM Journal of Applied

Mathematics, 57(2), 501-517.

Dimitrov, B., El-Saidi, M. and Khalil, Z. (1998). “Overall population growth in

periodic environment”. Environmetrics, 9(3), 317-328.

Dimitrov, B. and Khalil, Z. (1992). “A class of new probability distributions
for modeling environmental evolution with periodic behavior”. Environmetrics,

3(4), 447-464.

175



[30] Dimitrov, B., Khalil, Z. and El-Saidi, M. (1996). “On probability distribu-
tions with accumulating failure rates in periodic random environment”. Fnui-

ronmetrics, T(1), 17-26.

[31] Dufresne, F. (1989). Probabilité et sévérité de la ruine modéle classique de la
théorie du risque collectif et une de ses extensions. Ph.D. Thesis, Université de

Lausanne.

[32] Dufresne, F. and Gerber, H.U. (1988). “The probability and severity of ruin for
combinations of exponential claim amount distributions and their translations.

Insurance: Mathematics and Economics, 7(2), 75-80.

[33] Embrechts, P., Grandell, J. and Schmidli, H. (1993). “Finite-time Lundberg

inequalities in the Cox case”. Scandinavian Actuarial Journal, (1), 17-41.

[34] Freeman, H. (1960). Finite Difference for Actuarial Students. Cambridge Uni-

versity Press, Cambridge, U.K.

[35] Garrido, J., Dimitrov, B. and Chukova, S. (1996). “Ruin modeling for compound
non-stationary processes with periodic claim intensity rate”. Technical Report

No. 2/96, Concordia University, Montreal.

[36] Garrido, J. and Lu, Y. (2004). “On double periodic non-homogeneous Poisson

processes”. Bulletin of the Association of Swiss Actuaries, (2), forthcoming.

[37] Gerber, H.U. (1988). “Mathematical fun with the compound binomial process”.
ASTIN Bulletin, 18(2), 161-168.

[38] Gerber, H.U., Goovaerts, M.J. and Kass, R. (1987). “On the probability and

severity of ruin”. North American Actuarial Journal, 2(1), 48-78.

[39] Gerber, H.U. and Shiu, E.S.W. (1998). “On the time value of ruin”. ASTIN
Bulletin, 17(2), 151-163. '

176



[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

(49]

Grandell, J. (1976). Doubly Stochastic Poisson Processes. Lecture Notes in
Math. 529, Springer—Verlag, Berlin.

Grandell, J. (1991). Aspects of Risk Theory. Springer-Verlag, Berlin.

Grandell, J. (1995). “Some remarks on the Ammeter risk process”.

Mitt. Ver. Schweiz. Vers. Math., 95, 43-72.

Guo, R. and Love, C.E. (1992). “Statistical analysis of an age model for imper-
fectly repaired systems”. Quality and Reliability Engineering International, 8,

133-146.

Han, Q. and Aki, S. (1998). “Formulae and recursions for the joint distributions
of success runs of several lengths in a two—state Markov chain”. Statistics and

Probability Letters, 40(3), 203-214.

Helmers, R. and Zitikis, R. (1999). “On estimation of Poisson intensity func-
tions”. Annals of the Institute of Statistical Mathematics, 51(2), 265-280.

Helmers, R., Mangku, I.W. and Zitikis, R. (2003). “Consistent estimation of the
intensity function of a cyclic Poisson process”. Journal of Multivariate Analysis,

84, 19-39.

Helmers, R., Mangku, I W. and Zitikis, R. (2005). “Statistical properties of a
kernel-type estimator of the intensity function of a cyclic Poisson process”. Jour-

nal of Multivariate Analysis, 92, 1-23.

Janssen, J. (1980). “Some transient results on the M/SM/1 special semi-Markov
model in risk and queuing theories”. ASTIN Bulletin, 11(1), 41-51.

Janssen, J. and Reinhard, J.M. (1985). “Probabilités de ruine pour une classe de
modeles de risque semi~Markoviens”. ASTIN Bulletin, 15(2), 123-133.

177



[50]

[56]

[57)

[58]

[59]

Jasiulewicz, H. (2001). “Probability of ruin with variable premium rate in a
Markovian environment”. Insurance: Mathematics and Economics, 29(2), 291-

296.

Johnson, N.L., Kotz, S. and Balakrishnan, N. (1995). Continuous Univariate
Distributions. Volume 2, Second Edition, John Wiley & Sons, Inc.

Landreneau, D. (2003). “Atlantic tropical storms and hurricanes affecting the
United States: 1899-2002". NOAA Technical Memorandum NWS SR-206 (up-
dated through 2002), National Weather Service Office, Lake Charles, Louisiana,

(http://www.srh.noaa.gov /lch/research /tropical.htm).

Li, S. (2004). On the time value of ruin for insurance risk models. Ph.D. Thesis,

Concordia University, Montreal.

Li, S. and Garrido, J. (2004). “On ruin for Erlang(n) risk process”. Insurance:

Mathematics and Economics, 34(3), 391-408.

Li, S. and Lu, Y. (2004b) “On the expected discounted penalty functions for two
classes of risk processes”. Insurance: Mathematics and Economics, accepted for

publication.

Lu, Y. (2001). Periodicity and Ruin Probabilities for Compound Non-

homogeneous Poisson Processes. Master Thesis, Concordia University, Montreal.

Lu, Y. and Garrido, J. (2004a). “Doubly periodic non-homogeneous Poisson

models for hurricane data”. Statistical Methodology, forthcoming.

Lu, Y. and Garrido, J. (2004b). “Regime~Switching Periodic Models for
Claim Counts”. Technical Report No. 2/2004, Concordia University, Montreal

(http://www.mathstat.concordia.ca/TechReports.html).

Lu, Y. and Li, S. (2004) “On the probability of ruin in a Markov—modulated risk

model”. Insurance: Mathematics and Economics, submitted for publication.

178



[60] Morales, M. (2004) “On a periodic risk averse process: a simulation approach”.

North American Actuarial Journal, 8(4), forthcoming.

[61] Neumann, C.J., Brian, R.J., McAdie, C.J. and Elms, J.D. (1993). “Tropical
cyclones of the North Atlantic ocean, 1871-1992”. Historical Climatology Series

6-2, National Climatic Data Center, Asheville, North Carolina.

[62] NOAA: August 2004 update to Atlantic hurricane season outlook.

http: //www.cpc.ncep.noaa.gov/products/outlooks/hurricane.html

[63] Oberhettinger, F. and Badii, L. (1973). Tables of Laplace transforms. Springer—
Verlag, Berlin; New York.

[64] Parisi, F. and Lund, R. (2000). “Seasonality and return periods of landfalling
Atlantic basin hurricanes”. Australian and New Zealand Journal of Statistics,

42(3), 271-282.

[65] Pulcini, G. (2001). “Modeling the failure data of a repairable equipment with
bathtub type failure intensity”. Reliability Engineering and System Safety, 71,
209-218.

[66] Reinhard, J. M. (1984). “On a class of semi—Markov risk models obtained as
classical risk models in a Markovian environment”. ASTIN Bulletin, 14(1), 23-

43.

[67] Reinhard, J. M. (1997). “On the severity of ruin in the discrete risk model”.
Technical Report, 74, ISRO, Université Libre de Bruxelles.

[68] Reinhard, J. M. and Snoussi, M. (2000). “The probability of ruin in a discrete
semi-Markov risk model”. Blatter Deutsche Gesellschraft fur Versicherungsma-

thematik, XXIV, 477-490.

[69] Reinhard, J. M. and Snoussi, M. (2001). “On the distribution of the surplus prior
to ruin in a discrete semi-Markov risk model”. ASTIN Bulletin, 31(2), 255-273.

179



[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77)

[78]

[79]

Reinhard, J.M. and Snoussi, M. (2002). “The severity of ruin in a discrete semi—
Markov risk model”. Communications in Statistics—Stochastic Models, 18(1), 85—
107.

Reinhard, J.M. and Snoussi, M. (2004). “A monotonically converging algorithm
for the severity of ruin in a discrete semi-Markov risk model”. Scandinavian

Actuarial Journal, (5), 336-354.

Rolski, T. (1981). “Queues with nonstationary input stream: Ross’s conjecture”.

Advances in Applied Probability, 13(3), 603-618.

Rolski, T., Schmidli, H., Schmidt, V. and Teugels, J. (1999). Stochastic Processes

for Insurance and Finance. Wiley, New York.

Rydén, T. (1994). “Parameter estimation for Markov modulated Poisson pro-

cesses”. Communications in Statistics—Stochastic Models, 10(4), 795-829.

Saldanha, P. L. C., de Simone, E. A. and Frutuoso e Melo, P.F. (2001). “An ap-
plication of non-homogeneous Poisson point processes to the reliability analysis

of service water pumps”, Nuclear Engineering and Design, 210, 125-133.

Schmidli, H. (1996). “Lundberg inequalities for a Cox model with a piecewise
constant intensity”. Journal of Applied Probability, 33(1), 196-210.

Schmidli, H. (1997). “Estimation of the Lundberg coefficient for a Markov modu-

lated risk model”. Scandinavian Actuarial Journal, (1), 48-57.

Schmidli, H. (2003). “Modeling PCS options via individual indices”. Working

Paper, 187, Laboratory of Actuarial Mathematics, University of Copenhagen.

Snoussi, M. (2002). “The severity of ruin in Markov—modulated risk models”.

Bulletin of the Association of Swiss Actuaries, (1), 31-43.

180



[80] Szegd, G. (1975). Orthogonal Polynomials, 4th ed. Providence, RI: American

Mathematical Society.

[81] Tijms, H. (1994). Stochastic Models: an Algorithmic Approach. John Wiley,
Chichester.

[82] Wu, R. and Wei, L. (2004). “The probability of ruin in a kind of Cox risk model

with variable premium rate”. Scandinavian Actuarial Journal, (2), 121-132.

[83] Wu, Y. (1999). “Bounds for the ruin probability under a Markovian modulated

risk model”. Communications in Statistics—Stochastic Models, 15(1), 125-136.

181



Appendix A

Some tables

A.1 Emprical counts used in parameter estimation

Table A.1: Empirical counts used in the estimation for the double periodic model

j(month) 1 2 3 4 5 6 Total

n) 25 10 15 9 0 4l

n{) 1 11 3
ny 1 1 11 16 4 3 36
2 :
nd 5 7 8 11 6 1 38
”5',231) 0

"y 21 6 6 30 18

) :
il 13 8 16 3 0 31
o :

A.2 Atlantic hurricane season statistics (1950—2003)
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Table A.2: Atlantic hurricane season statistics (1950-2003)

Above normal

Near normal

Below normal

Year
1950
1951
1953
1954
1955
1958
1961
1964
1966
1969
1980
1988
1989
1995
1996
1998
1999
2000
2001
2003

TS,H,MH
13,11,8
10,8,5
14,6,4
11,8,2
12,9,6
10,7,5
11,8,7
12,6,6
11,7,3
17,12,5
11,9,2
12,5,3
11,7,2
19,11,5
13,9,6
14,10,3
12,8,5
14,8,3
15,9,4
16,7,3

ACE
243
137
104
113
199
121
205
170
145
158
147
103
135
228
166
182
177
116
106
175

Year
1952
1957
1959
1960
1963
1965
1967
1971
1975
1976
1979
1981
1984
1985
1990
1992

TSHMH ACE

76,3
8,3,2
11,7,2
74,2
97,2
6,4,1
8,6,1
13,6,1
8,6,3
8,6,2
8,5,2
11,7,3
12,5,1
11,7,3
14,8,1
64,1

87
84
78
88
118
84
122
97
73
81
91
93
71
88
91

Year
1956
1962
1968
1970
1972
1973
1974
1977
1978
1982
1983
1986
1987
1991
1993
1994
1997
2000

TS,H,MH
8,4,2
5,3,1
7,4,0
10,5,2
43,0
74,1
74,2
6,5,1
11,5,2
5,2,1
4,3,1
6,4,0
73,1
8,4,2
8,4,1
7,3,0
73,1
12,4,2

ACE
54
36
35
34
28
43
61
25
62
29
17
36
34
34
39
32
40
66

Source: http://www.cpc.ncep.noaa.gov/products/outlooks/figure8.gif
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In Table A.2, for each category the second column shows the seasonal total num-
bers of tropical storms (TS), hurricanes (H) and major hurricanes (MH), and the

third column shows the ACE index for the entire basin.
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