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Abstract

In this thesis we use Rankin’s method to evaluate the central critical value of
the L-series attached to an elliptic curve E over Q and certain odd irreducible 2-
dimensional Artin representation 7 : Gg — GL2(C). The motivation for this study
is the twisted Birch and Swinnerton-Dyer conjecture.

Let K be a number field and E(K) be the abelian group of K-rational points
on E. Consider the natural representation of Gal(K/Q) on C ®z E(K), i.e. for any
point P = (z,y) € E(Q), an element o € Gal(Q/Q) acts as

Gal(K/Q) x E(K) — E(K)
(0.P) = P7=(o(z),0(y)).

Let pg be the 2-dimensional ¢-adic Galois representation attached to the elliptic
curve F, namely, the p-adic Tate module of E.

Twisted form of the Birch and Swinnerton-Dyer conjecture: Let 7 be a
continuous and irreducible finite dimensional complex representation of Gal(K/Q).
Then

ords—1 L(7 ® pg,s) = (1,C @z E(K)) = multiplicity of 7 in C ®z F(K).

This conjecture is a natural strengthening of the Birch and Swinnerton-Dyer con-
jecture. In fact, if we replace 7 by the trivial representation, then we recover this
conjecture. We explain it briefly. Let K be a number field and consider E(K) the
abelian group of K-rational points on E. The Mordell-Weil theorem tells us that
E(K) has the form

E(K) = E(K)tors @ZT

where the torsion subgroup E(K )i is finite and the rank r of E(K) is a nonneg-
ative integer. It is relatively easy to compute the torsion subgroup but there is no
known procedure that is guaranteed to yield the rank rx (E).

The Hasse-Weil L-function of E is:

L(E,s)=]] !

L —app® + 1p(p)pt=?

where 1g is the trivial character modulo the conductor Ng and
ap(E) = p — (the number of solutions (x,y) of equation E working modulo p).

More generally, for any number field K, one can associate to F an L-series
L(E/K,s). The product defining L(E /K, s) converges and gives an analytic func-
tion for all R(s) > 2. Its analytic continuation is conjectured as follows:

Conjecture: The L-series L(E/K,s) has an analytic continuation to the entire
complex plane and satisfies a functional equation relating its values at s and 2 — s.

The original half plane of convergence of L(E/K,s) is the half plane R(s) > 3
and the functional equation then determines L(E/K,s) for R(s) < 3, but the be-
haviour of L(E/K, s) at the center of the remaining strip {3 < R(s) < 2} is what
conjecturally determines the rank of E(K). Birch and Swinnerton-Dyer conjectures



that the rank of F over K is equal to the order of vanishing of L(E/K,s) at s = 1:

Birch and Swinnerton-Dyer Conjecture: The order of vanishing of L(E/K, s)
at s = 1 is the rank of E(K). That is, if E(K) has rank r then: !

L(E/K,s) = (s—1)7g(s) , g(1) #0,00.

This conjecture relates the algebraic group of an elliptic curve E to analytic prop-
erties of L(E, s).

Let 7 be a continuous and irreducible finite-dimensional complex representation
of Gal(Q/Q). One can associate to 7 an L-series L(7, s). On the other hand, there
is a representation pg of the elliptic curve E, namely, the p-adic Tate module of E,
such that its associated L-series L(pg, s) is equal to L(E, s). One can construct an
L-series L(pg ® T, s) which corresponds to the tensor product of two representations
pe and 7. By Rankin method, one can show that if 7 is arising from a modular
form, then the L-series L(pg ® 7, s) admits analytic continuation to C. (see chapter
2.1)

In this thesis, we provide some numerical evidence for the twisted form of
the Birch and Swinnerton-Dyer conjecture using the Deligne-Serre theorem and
Rankin’s method. Deligne and Serre proved a correspondence between the modular
forms of weight 1 and certain 2-dimensional Galois representations. Given a cusp
form g = > bpg™ € S1(Io(N), x), one gets an irreducible 2-dimensional complex
representation of Gal(Q/Q):

pg + Gal(Q/Q) — GL5(C)
with the property that
char(py(Frob,)) = X? —b,X + x(p) forall pf N.

The image of p, in projective space PGLy(C) = GLy(C)/C* is a dihedral group D,
or one of the groups A4, Sy or As.

For a given cusp form g € §;(T'o(N), x), we apply the twisted form of Birch and
Swinnerton-Dyer conjecture to 7 = py:

ords=1L(pg ® pE, s) = multiplicity of py in C @z E(K).

Then for some elliptic curve E of conductor M with N|M, we computed L(pr®pg, 1)
and verified if it vanishes. Assuming the BSD conjecture, one can say

L(py ® pp,1) =0 <& pg occurs in the representation C @z E(K).

where K denotes the finite extension of Q which is fixed by the kernel p,. As a con-
sequence, if L(py®pg, 1) = 0, then the rank rx (E) of elliptic curve E over K is > 2.

In chapter one, we introduce some background about modular forms and Eisen-
stein series of weight 1. Chapter two introduces the Rankin convolution L-series
L(f ® g, s) attached to two modular forms f and g. Then its analytic continuation

Tn 2000, this Conjecture was declared a million dollar millennium prize problem by the Clay Math-
ematics Institute.
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is discussed via the Rankin-Selberg method and some applications of this method is
presented. In chapter three, we state and prove the Deligne-Serre theorem. Finally
in chapter four, we discuss the conjecture of Birch and Swinnerton-Dyer. Then we
present a twisted form of it. One interesting case is when we twist an elliptic curve
with a cusp form of weight 1. We develop techniques to compute the constant term
of the twisted L-series L(pg ® pg,s) at s = 1. We perform some computations for
certain elliptic curves with small conductor N using the database Sage. We pre-
sented these computations in tables 1 to 14.
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1 Modular forms of weight 1

In this chapter, we introduce the non-holomorphic Eisenstein series of weight 1 and
characters 1 and x with parameter s. Since it can be analytically extended to a mero-
morphic function such that it is holomorphic on R(s) > _71, one obtain a modular form
of weight 1 at s = 0. Then we present theta series and give some examples of cusp forms
of weight 1 arising from theta series.

1.1 Eisenstein series of weight 1

Let ¢ and x be Dirichlet characters mod M and mod N, respectively. For any
integer k > 1 and z € H, we put:

Busvg— 3 Lmxn),

k
(m,n)EZXZ (mz + n)

Here the summation >’ is over all integers (m,n) # (0,0). This series is absolutely
convergent for k > 3. Therefore we need some modification to discuss the case k = 1.

We define a new kind of Eisenstein series in two variables z and s such that it is
holomorphic as a function of s but it is not holomorphic as a function of z.

Definition 1. For z =z +iy € H, s € C and k € Z, define

Buespp= 3 dmxm_ o8 1)

(o (mz 4+ n)F |mz + n|?

This function is called non-holomorphic Eisenstein series or Epstein zeta function of
weight k and characters ¥ and x.

The right hand side of the formula is uniformly and absolutely convergent for k +
2R(s) > 2+ ¢ for any € > 0. Therefore it is holomorphic on R(s) > 25%. However, it is
not holomorphic as a function of z. Put:

FO(M,N):{(CCL Z)eSLz(Zﬂc;()modN, bEOmodM}.

Then I'g(M, N) is a modular group. For any v = <CCL d

b> € I'y(M, N), we have:

Ey(v2, 53, X) = ¥(d)x(d)(cz + d)¥[ez + d|** Bi(2, 539, X).
We easily see that if ¥(—1)x(—1) # (—1), then E1(z, s;1,x) = 0. So we assume:
G(=1)x(-1) = (-1 (2)
throughout this section.
We wish to study the case k = 1. The series El(z, s;1, x) is not convergent at s = 0.

But if El(z, s;1, x) is continued analytically to s = 0 and holomorphic at s = 0, then
we will obtain a modular form of weight 1.



1.1 Eisenstein series of weight 1

Theorem 2. The Fisenstein series El(z,s;d),x) is analytically continued to a mero-
morphic function on the whole s-plane. If x is non-trivial, then E1(z, s;1, x) is an entire
function of s. If x is trivial, then it is holomorphic for R(s) > _71 At s = 0, we get
a modular form of weight 1 for the modular group To(M,N). Its Fourier expansion is

given by:
Ei(z,50,X) =C+D+A>  angy.

n=0
Here
C = 0 if 1 is the principal character
| 2L(x,1) if 4 is not the principal character
0 if  x is non-trivial
D =< —2miL(x,0) H(l —p Y if  x s trivial
p|M
—4miT ()
A= 1A
N )
an= Y (2 D duHX (DX (),
0<cln 0<d|gcd(l,c)
qN = e27ri/N

where X' is the primitive character of mod N' associated with x,
N/
T(X/) _ Z X/(a)e27rza/N
a=1
is the Gauss sum attached to X'; u is the Mobius function and | = %

Proof: See [12] Theorem 7.29, Corollary 7.2.10 and Theorem 7.2.13.

In the next sections, we will need a more general kind of Eisenstein series.

Definition 3. Let x be a character mod N with x(—1) = —1 and 1 the trivial character
mod N. Assume M is an integer with N|M. Then:

_ ’ x(n) y
E i M) =
1(2, 85 M) Z Mmz+n |Mmz + n|?s
(m,n)EZXZ

S

(3)

s called the non-holomorphic Fisenstein series of weight 1, character x and level M.

When M =1, El(z,s;x; M) is the non-holomorphic Eisenstein series with charac-
ters 1 and x: B B
Ei(z,s7x:1) = Er(z, 81, X).



1.1 Eisenstein series of weight 1

We will need the g-expansion of E‘l(z, X, M) for the next sections. The case M = N
is easier to handle:
Ei(z,s:N) = Y
(m,n)ELXZ

/

S

x(n) y
Nmz +n|Nmz + n|?s

s

x(n) y

= Z 2s
mz n\|\mz mn
(m,n)ENZXZ + | + |

1 ~
= ﬁEl(NZ, s;1, X)'

Define:
Bi(z;x; N) := Ey1 (20, x; N). (4)

This is an Eisenstein series of weight 1 and character . It belongs to Mj(I'o(V), x).
Its g-expansion is given by:

~ 4miT(X)
Ey(zx:N) = 2Ly (x, 1) = =~ > ox(n)g" (5)
n=0
where oy(n Z X(d). Since x is a character mod N, for any p|N, the factor 1 — %
dln

is one. Therefore
L(x,s) = Ln(x; )

Assume that y is a primitive character. The functional equation satisfied by L(x, s) is
a HDRT() N L(x, 5) = —im~ 72T (2332)r () L(X, 1 - 5).
Specializing the above equation at s = 1 and by using I'(1/2) = /7 we get:

L0 = e Ln)
—iN
= oY

There is a nice formula (see [20]) for computing L(x,0) where x is any character of mod

N:
7 NZ

We can rewrite the g-expansion of El(z x; N):

S UBE ) SENT

Ei(zx;N) =

We introduce the normalised Eisenstein series E1(z;x; N), related to Ey(z; x; N) by the
equation

~ —AmiT
Ei(z,8x;N) = N(X)EK%S;X;N)- (6)

3



1.1 Eisenstein series of weight 1

Thus the g-expansion of E1(z;x; N) is given by

1 0o
Ey(2:x:N) = 5L(X.0) + Y ox(n)g". (7)
n=0
Define:
= x(n) y°
By(zsix;N) =
1(2737Xa ) Z Nmz+n|Nm’z—|—n’|25 (8)
(m,n)ELXZ
ged(m,n)=1

S

_ 3 x(n) y
- / 12s "
() CEXE Nmz+n|Nm'z + n/|
ged(Nmyn)=1

(the last equality holds since x(n) = 0 for any p|ged(n, N) ) We want to find the g-
expansion of the following Eisenstein series:

E\ (X N) := Ey (2,06 N). (9)
If R(s) > 3, the Eisenstein series E1(z,s;x; N) is absolutely convergent and thus we

can rearrange it and write

’

Eizs:N) = )

(m,n)EZXZ

S

x(n) y
Nmz+n |Nmz + n|?s

s

o0
=Y X e
2s
"t (mayenxz Nmz 4+ n|Nmz + n|
ged(m,n)=k

_ ZOO x(k) > x(n') y*

f1+2s Nm'z +n' ‘Nm’z + n”QS
k=1 (m/ ,n)EZXZ
ged(m/,n')=1

= L(x,1+25)E(2,5x;N).

Both Ei(z,s;x;N) and E;(z,s;x; N) are holomorphic on R(s) > Zt. So we can set

s = 0 in the above equation and get
Ei(z:x: N) = L(x, 1) By (23 x: ). (10)

Now we consider a more general situation where N|M. As before, one can show that:

Ei(z, 5 M) = L(x, 1 +25)Ey (=, 5 x; M) (11)
= x(n) Yy
where E, (z,5,x, M) = Z Mmz +n|Mmz+n|>’
(m,n)EZXZ
ged(m,n)=1
Define:
El(z;x;M) = El(z,O;X; M). (12)



1.1 Eisenstein series of weight 1

Then: B _
Ei(z;x; M) = L(x, 1) Ey (2, x; M)

where E;(z;x; M) = E;(z, 0; x; M). By an example, we show how to compute Fourier
coefficients of Ey(z, x, M).

Example 4. Let x be a primitive character mod N and let M = pN where p is relatively
prime to N. We want to compute the g-expansion of Ey(z;x; M). It is enough to do it
for E{(z;x; M). For R(s) > S, the series E\(z,5;x, M) is holomorphic and one can
write

1 -, 1 x(n) (py)®
e 1(p2, 853 V) P Z Npmz +n|Npmz + n|?s
(m.n)€ZX

ged(m,n)=1

S S

_ Z x(n) Y i Z x(n) Y
Npmz + n |Npmz + n|?s Npmz + n |[Npmz + n|?s

(m,n)EZLXZ (m,n)ELXZ
ged(m,n)=1 ged(m,n)=1
n pln

S S

x(p) 3 x(n') y

_ Z x(n) Y
Npmz +n|Npmz +nl?s  plt2s Nmz +n' [Nmz + n/|?s

(m,n)ELXZ (m,n')ELXZ
ged(pm,n)=1 ged(m,n’)=1
= x(p) =
= El(zv S3X5 Np) + p1+25 El(zv S5 X N)
Setting s = 0 in the above equation gives:
A B pg v X®) g
El(zaX7Np) - El(pzv)(aN)_TEl(zvXaN) (13)

1 - 00
= 0 -DLE0) + Y (ox(3) —Poxm) " (14)
n=0
where ox(3) =0 if pfn.
v
By similar computation, we can get a more general formula. Assume N = pr‘z
i=1

v w
and M = H ;" H q}j where p;’s and ¢;’s are distinct prime numbers and 3; > «; for

i=1 =1
any i = 1,...,v (thus N|M). Set Q = {q1,q2, ..., quw}. We have
Ei(zM) = Ei(Mzx;N)
X\4:) =
(,’)El(%z;x;N)
% €Q g
x(4i4;) =
- Mgy
ai,q;€Q
474,
4.

wX(QlQQ...qw) ~ u N
+(_1 q1492..-Qu El(qup...qwzaXaN).

5



1.2 Theta series

Since we already computed the g-expansion of E‘i(z; X; N), we obtain the g-expansion
of Ei(z, X, M) using the above equation.

1.2 Theta series

We give a brief description of theta series and provide some examples. For more
details, see [6]. Let @ : Z" — Z be any positive definite integer-valued quadratic form
in r variables, r even. Define the theta series associated to (Q as

) = Z q@®).

TEL”

©¢ belongs to Mz (I'g(IV), x). The level N is determined as follows: write Q(z) = tatAx
where A is an even symmetric r x r matrix, i.e. A = (a;j), a; € 27 ; then N is the
smallest positive integer such that NA~! is again even. The character Y is the Kronecker
symbol y = (Q) with D = (—1)%detA. With some examples, we explain how to get
cusp forms of weight 1 arising from theta series.

Example 5. The following quadratic forms Q1(x1,x2) = +a:1:1:2+6x2 and Qa(x1,x2) =
222 + 2122 + 323 have level N = 23 and character x(d) = (=2) = (&). Put

I = %(GQI_@QQ)
= ¢+ + —¢%+ -

Then fis a cusp form of weight 1 and character x. Further:
f=n(=)n 23z—qH (1—-¢"(1—¢*"),
where 1 is the Dedekind’s n-function.
More genemlly, for any prime number p with p = —1 (mod 24) set Q1(x1,22) = 61‘% +

129 + 2 24 332 and Qo(x1,x2) = 622 + 5179 + p24 x3. Put

1
g = *(@Ql—@@)

= q24(1—q—q _|_q _|_q 12_|_...)

One has -
il n mn
9(2) = n(2)npz) = q'2r [J(1— ¢ (@ — ™),

n=1

g is a cusp form of weight 1 and level p. For more details, see [17]
Example 6. We can define in a similar way a cusp form of weight 1 and level 31. Let
Q1(z1,12) = 22 + w129 + 822 and Qa(w1, x9) = 222 + w119 + 422, Set
1
= 50q ~6q,)
=40+ P+
Then f € Si(To(31), (73)).



2 The Rankin-Selberg method and applications

The 2-dimensional representations of Gal(Q/Q) which are geometric are all expected
to arise from modular forms, i.e. we expect that if p is an odd 2-dimensional compatible
system of f-adic representations, then there is a modular form f and integer j such that:

L(p,s) = L(f, 5+ j)-

We can construct representations of higher dimension built up from those arising from
modular forms. For example, given 2 representations Vi and Vs, we have:

L(V1 D Vz) = L(Vl, 8).L(VQ, 8).

This L-function inherits its analytic properties from L(Vi,s) and L(V5,s) so it is not
interesting. However, one can try to construct an L-series corresponding to the repre-
sentation V7 ® V5. In this chapter, we study the representation associated to V3 ® V,
where Vi and Vs are modular, i.e. they arise from modular forms.

2.1 Rankin convolution L-series
Let -~
f =" ang" € Sp(To(N), xy)
n=1

and
o
9= _bng" € Se(To(N), xy)
n=1
be normalized eigenforms of level N (we assume also the case N = 1). We do not
assume that they are new of this level, but we do assume that they are simultaneous
eigenvectors for the Hecke operators T, with ged(r, N) = 1 as well as the operators U,

attached to the primes r dividing N. Then their associated L-functions have an Euler
product expansion:

o0

a
L(f,s) = %
n=1 n
= [T —apw) " TI = app™ + xp(p)p 727N
pIN pIN

We define: i
Ly(f,s):=1]] (1 —app”® + Xf(p)p’“”*%) :
N
For each prime p, let oy, and a;) be the roots of the Hecke polynomials 22 — apx +
X (p)p"~1, choosing (ap,a;)) = (ap,0) when p|N. It follows:

Ly(f.s) =] (1= app™) " (1= app™) 7"
pIN



2.1 Rankin convolution L-series

For each prime p, let o, and oz; be the roots of the Hecke polynomials 2% — apT +
xf(p)p*~1, choosing (ap,@’) = (ap,0) when p|N. Hence for each prime p|N, we have
Ly (f,s) = (1~— app_s)_l. Therefore we can simply write:

L(f) 8) = H L(p)(fv S)'

pEP

We do the same for g. For each prime p, let 3, and ﬁ;, be the roots of the Hecke
polynomials 22 — b,x + x,(p)p*~*, choosing (83,, 51/9) = (bp,0) when p|N. We write

L(g.s) = [[ Le(9:9),
peEP

where ) /
Liy(g:8) = (1= Bpp™") (1= Bpp~) 7"

We want to define an L-series attached to both modular forms f and g. For it, we can
use their product expansion:

Definition 7. The Rankin L-series or Rankin convolution L-series attached to (f,g) is
defined as:

L(f®gvs) = H Lp(f®g78) (15)

peEP

where:

Lipy(f®9,5) == (1= apBpp*) " (1 — apBp™*) " (1 — 0, Bop ™) "' (1 — e, B,p %) 1.
Vi @ Vy is the tensor product of the two representations which is 4-dimensional so that

L(f ® g,s) is defined by an Euler product with factors of degree /.

We study the analytic continuation of L(f®g, s) and try to find a functional equation

o0

A
for it. First, we would like to write L(f ® g,s) = Z —Z and compute the coefficients
n
n=1
A,. We have:

)

Lipy(f®g,5) = (1—apBpp ) (1= apByp ) (1 — a,Bp %) (1 — a,Bp*)
2.

— (1 + Oépﬁpp_s + (Oéppr)Qp—25 + )(1 -+ apBI/)p_s + (OépB]/g)Qp_QS + ..
(]‘ + a;)ﬂpp_s + (a;;/ﬁp)Qp_Qs + )(]_ + Og;ﬁ;p_s + (a;ﬁ;)Qp—Qs + B
It follows that:

Ap = by + B, + By + a,pB,

= (ap+a,)(Bp+8,)
= apbyp.



2.1 Rankin convolution L-series

/

Ap2 = (0‘1)/31))2 + (apﬁ;;)2 + (a;;ﬁp)Q + (a;yﬁp)Q
+(0‘p5p)(apﬁ;a) + (apﬁp)(a;ﬁp) + (apﬁp)(a;ﬁ;;)

HapBy) (apBp) + (apBy)(ayBy) + (,Bp) ()

= 5 (@2 + a2 (B2 4+ 62) + By + 0By + 0By + 08, By + By + By + )

1 _ _

= 5 (@ =2 @ )0 = 2, () + 42)
ob2 — apxg ()P = bax s ()" 2xp (P)P" X ()P
— (a®- F=1y(p2 — —1 k—1 /-1
= (a, —xs(@)p" )by — xg(P)p" ") + X7 (P)P" Xg(P)P

= auebye + X (p)xy(p)p T

We see that A2 # a,2b,2. This motivates us to consider the following "modified Rankin
L-series” as an approximation of the Rankin convolution L-series.

Definition 8. The modified Rankin function attached to f and g is defined by:

D(f.g.5) = 30 .

n=1

The function a,b,, is weakly multiplicative and therefore we can write:

D(f,g,8) = H(l + apbpp ™ + apszzp_Qs +...).

P
Define o
D(p) (f) 9, S) = Z Apn bp"p_ns
n=0

The series of D(f, g, s) is absolutely convergent if R(s) > kT“]. Hence we can rearrange
it and write:

D(f.g,5) HD (f,9:9) (16)

We study D(f,g,s) locally, i.e. prime by prime. We try to find a formula relating
Dy(f,9,5) to L) (f @ g,s). We give two preliminary lemmas.

Lemma 9. Let (Bpj)j:12m be a sequence of complex numbers satisfying an r-term

linear recurrence of the form

Bp= 1

Bpj+r = )\]_Bpj+r—1 + )\2Bpj+r—2 + ...+ )\TBpg

for all j > 0. Then:

ZB " Q(ﬂf)

T 1z dea?— ... — nar

for some Q(x) € Clz| of degree strictly less than r.



2.1 Rankin convolution L-series

Proof: If we compute the product (1+Bpaz+Bp2x2+...)(1—)\1;r—)\2x2—...—)\r$’") = Q(x),
we see that the term of degree ¢ > 7 is Byt — A Bpi-1 — Ao Bpi—2 — ... — Ay~ Byr = 0 by
the recurrence formula. Hence it has no terms of degree > r.

In the above lemma, put By = ayib,:. We try to find a recurrence formula for By;.

Lemma 10. The sequence By = ayiby: satisfies a recurrence formula of the form
Bpiva = M Bpivs + AaBpiva + A3Bpi1 + A By,
where
(1 — Mz — dox? — A3z® — M\at) = (1 — apBpx)(1 — ozpﬁ;)x)(l - oz;,ﬁpx)(l - oz;,ﬁ;)x).
Proof: a, satisfies a two term recurrence formula:
Apit2 = Appit1 — xf(p)pk_lapi Vi > 0.

Let
W= {(wz')z>o D Ti42 = QpTi41 — Xf(P)pk_lwi} .

We claim that dim(WW) = 2 and a basis for this vector space is given by (a%) j=1,2,... and
(a;f) j=1,2,.... To prove it, consider the following linear transformation on W:

p: %4 - W

(.7}0,.7}1, ) — (xl, X9, )

® is an invertible map, since xo can be determined by x; and z2. The eigenvalues of
this transformations are geometric progressions. Suppose ¢ ((xg, z1,...)) = A(xo, 21, ...).
Then zo = Az = MNzp. From z9 = apr] — Xf(p)pk_lxo we get \N2zg = apAxro —
xf(p)p*zo therefore A2 = a,A — x;(p)p*~ !, ie. Ais a root of 22 = apz — xs(p)pF~1

. ’ . . . . ; / . .
so is equal to a; or «,,. Hence (api)l. is a linear combination of a; and «,,. Likewise,

(bpi)l. is a linear combination of Bzi? and B;f. It follows that (/sz-) = a,iby is a linear

combinations of the four geometric progressions (a,3,)%, (ay p)i, (a;ﬁp)i and (a},,@’z’,)i
and they satisfy the desired recurrence formula.

Corollary 1. We have:

k+-£—2

n=0 o 1= apfBpp™ = apBpp™ — apfyp™ — a fyp~

where X = XtXq- In other words:
Dy (f,9,8) = (1= x(@)p" " 2p™>) Ly (f @ g, 9). (17)

Proof: By the lemma 9:

ia b — Q)
n—0 P - apﬁppis - Oépﬁppizg - apﬁppis - apﬂppis

10



2.1 Rankin convolution L-series

for Q(x) a polynomial of degree < 3. We have:

2s s

1 —apfBpp® — apBpp™ " — apﬁpp_s — b
= (1= opBop ™ + Baxs ()P 72) (1 — B0~ + B2 x s (p)p" 1)

=1 —apbpp* + [B7x s ()P + alxg (0)p ™ + B2x s (p)p* p
_[apbpx(p)pk+272]p735 +X(p)p2(k+672)p74s' (18)
Using 82+ B,2 = (B + B,)% — 28,8, = b2 — 2x4(p)p*~" we get:
(18) = 1—apbyp* + [W2xs ()P + axg(P)p" ! — 2x(p)p"2p~>*  (19)
_[apbpx(p)pk-i-ﬁ—Q]p—Bs + X(p)pQ(k+£_2)p_45. (20)

One can show:

Qp™*) = (L+apbpp ® + apebep >+ ....)
x (1= apbpp ™ + [B,2x ()P + aZxg ()" + B2 (P)p" p
—[apbpx (p)p* 25 + x(p)p? T Pp )

- 1— X(p)karfprst'

—2s

Hence the corollary holds.
Theorem 11. Let f € Sp(I'o(N), xf) and g € S¢(To(N), xg). Then
L(f®g,s)=L(x,2s — k—L+2)D(f,g,s). (21)
In particular, if f € Sp(SLa(Z)) and g € Si(SLo(Z)) ( N = 1 and x¢,xq are trivial
characters) we have:
L(f®g,s)=C2s—k—0+2)D(f,g,s). (22)

Proof: Using (17) , (15), (16), we get (21). For the case N =1, as L(1,2s —k—{+2) =
C(2s—k—10+2), we get (22). A

We study the analytic properties of D(f, g,s) for N = 1, then we can get a formula
for D(f,g,k — 1) when k > £ + 2.

As for the case of weight 1, we can define an Eisenstein series of weight k£ and level

- ' 1
Ep(2) = —
i T
and 1
Ep(z) = —
k() Z (mz +n)*

(m,n)EZXZ
ged(m,n)=1

Similarly, we define the non-holomorphic Eisenstein series of weight k:

Ej(z,8) = Z/ ! Y

im0

S

11



2.1 Rankin convolution L-series

- Ey(z,s) is convergent for R(s) > 0 and for any k. It is holomorphic as a function of
s

- Ek(gjig, s) = (cz + d)*Ey(z, s) so it behaves like a modular form as a function of z

however it is not holomorphic as a function of z.

Define analogously:

Ei(z, ) = Z ! Y

(o (mz +n)k (mz +n)2s’

ged(m,n)=1

s

Then N .
Ex(z,5) = ((22)E)(z,s).

We need the following preliminary lemma.
Lemma 12. Put (Z x N)' := {(a,b) € Z x N| gcd(a,b) = 1}. Define

Io i= {(é 711> | n e Z} which is a subgroup of SLo(Z). Then the map

o \SLy(Z) — (Z xN)
(Z Z) = (cd)

s a bijection.

Proof: The map obviously surjects. Moreover, it is left unchanged by multiplying by
any matrix in I'y,, so ' is inside the kernel. We can easily see that I', is all the kernel
hence we have the injectivity. W

Proposition 13. Let f € Sk(SLa(Z)) and g € S¢(SLa(Z)). For R(s) > 2—% we have:

(Bielees)g(e). 1)), = i Db = 1) 23)

where f* € Sk(SLa(Z)) is the modular form satisfying a,(f*) = a,. In particular, if
s =0, then

(B2, 1)), = S DUk = 1) (21)
Proof: We can easily see that:
. - yk‘—i-s ’ - -
y(v2)" P g(v2) f(v(=2)) = m(mz +n)°g(2)(mz +n)kf(—z)
yk:—i-s
= 9(2) f(=2)

(mz + n)k—¢mz + n|2s

12



2.1 Rankin convolution L-series

for any v = (; :;) Remark that f*(z) = f(—z) . Then we compute:
~ " ~ _ dx dy
(Biseso@h @), = [ B (ase)r-9%
SL2(Z)\H Yy
_ K y* 9(x)f(=%) dx dy
N Y Z (mz +n) |mz+n|? 2
SL2(Z)\H (m,n)EZLXZ y
ged(m,n)=1
_ / y* e g(2)f(=2) da dy
SLa(Z\H (1, e (mz+mn) |mz+n|> y?
ged(m,n)=1
_dx(vz) dy(vz
-2 S w0 f(—p) B0E W02
SL2(Z\H 1 \SL(2) y*(v2)
_dx d
- 2 / W) f(-2) gt (25)
€T o0 \SL2 (Z) v(SL2(Z)\H) Yy

The different translates y(SL2(Z)\H) of the original fundamental domain SLo(Z)\H are
disjoint and they fit together exactly to form a fundamental domain for the action of
I'eo on H. This is called Rankin’s unfolding trick. Hence:

dx d
(25) = 2 / arClc -

00 1 ) .\ dxd
= 2/ / ykJrS Z bne2ﬂ'znz Z am6727mmz ‘TQy
y=0 J =0 Yy

n=>1 m>=1

2/00 /1 k+s Z b 2min(z+iy) ,—2mim(z—iy) zdy
= Yy ame e —
=0 Jz=0 o y?

Y n,m>=1

Y =0 y2

=0 n,m>1

The integral in the parenthesis is equal to the Kronecker delta §(, ,,,). So the last line is
equal to:

o0 dy
_ 2/ yk-l—s Z anbne—27r(n-l—n)y72
y=0 n>1 Yy

* k—1+s _—4mn dy
= 25 anbn, Yy e =
=0

n=1 Y Yy

by * hl4s —udu
- 9 s, —u?
(Z (47m)k—1+s>/0 u c

n=>1

2'(k—1+s
= (Elﬂ)k—lzts )D(f,g,k —1+5)

where we have made the change of variable u = 47wny for each integral in the sum. W

13



2.1 Rankin convolution L-series

The formula (23) makes sense even when k % ¢ + 2. In particular, it makes sense
when k = £. Consider the following Eisenstein series

E(z,s) = FEy(z,s)

/ S

S
|mz + n|?

(m,n)EZXZ
which converges for R(s) > 1. Define
E'(z,5) = E(l)(z,s)
yS
T
ged(m,n)=1

Then B _
E(z,8) = ((2s)E (z,s).

So E (z,s) is a nonholomorphic Eisenstein series of weight 0. As a function of s, with z
fixed, we write:

2
where Q%(m,n) = Imz & nl” is a quadratic form in two variables with disc(Q,) = —4.
)

E'(z, s) is a non-holomorphic Eisenstein series of weight zero attached to @, when
considered as a function of s.

Lemma 14. Let f,g € S(SLa(Z)) be two modular forms of the same weight. Then:

<~ > :2F(s+k—1)
k

(47T)S+k_1 L(f ®4g,s+ k — 1)

Proof: We have:

(Belz9)9(). 1))

((25) (Ei(z5)9(2), £(2) )
= C(ZS)WD(f,g, s+k—1)

(s +k—1
= 4(25)(;;%1)
' (s+k—1)

= )T Lif®g,s+k—-1). N

k

L(fogs+k—1C2(s+k—1)+2—-2k)7!

Theorem 15. Let z € H be fized. Then
1) The function E(z,s) has a meromorphic continuation to s € C and is entire except
for a simple pole with residue ™ at s = 1.

14



2.1 Rankin convolution L-series

I'(s) =

2) The function G(z,s) == —_>F(z,s) is holomorphic except for simple poles at s =1
T
and s = 0 with residue 1 and -1 repectively. Moreover
G(z,s) = G(z,1—5s).

Proof: Consider
0.(t)= > e memnt

(m,n)€Z?

We compute its Mellin transform and get:

G(z,s) = T\(s) Z [1Q.(m,n)]*

(m,n)EZXZ
_ / 0.(t) — 1)
0 t

The Poisson summation formula implies that
0.(3) = t0.(t).

Then we can write for R(s) > 1:

Glel—s) = /0 0.(t) — -2t

(in the fourth line, we make the change of variable s = 1) Hence G(z,s) is invariant
under the change s — 1 — s. It is entire except for simple poles at s = 1 and s = 0 with
residue 1 and —1, respectively.

We compute the residue of E(z,s) at s = 1:

Ress—1E(z,s) = ResszlﬁG(z,s)
T
= TI)RGSSZIG(Z’ s)

= .

Since the Gamma function I'(s) has a simple pole at s = 0, then E(z, s) it holomorphic
at this point. W

15



2.1 Rankin convolution L-series

In the lemma 14, we obtained an integral representation for L(f ® g, s+ k —1). Now
define

Af®gs) = (G(z,s—k+1)g, f (26)

2l(s —k+1)T
- A Y w g,

This function has some nice properties.

Proposition 16. Let f,g € Sk(SLa(Z)) be two modular forms of the same weight. The
function A(f ® g,s) extends to a meromorphic function of s. It is holomorphic except
at s = k—1 and s = k where it has simple poles with residues — (g, f) and (g, f)
respectively.

Proof: We have seen that G(z, s) is an entire function except at s = 0 and s = 1 where
it has simple poles with residue 1 and —1 respectively. So A(f ® g,s) extends to a
meromorphic function with two poles at points s = k — 1 and s = k. We compute the
residue of A(f ® g,s) at s = 0:

RGSS:k—lA(f ® g, S) — Ress:k_l <G(Z, s—k+ 1)97 f>k
= (Ress=0G(%,5)9, f))

Similarly, Ress—kA(f ® g,8) = (g, f). B

Corollary 2. Let f,g € Sk(SLa(Z)) be two modular forms of the same weight. L(f®g, s)
extends to a meromorphic function of s € C. It has a simple pole at s = k if and only

if (f,g9) #0.

437.‘.2(87’64'1)
C2l(s)I(s—k+1)
pole at all points s = 0, —1, —2, ... with residue Res;—,I'(s) = % forn=0,-1,-2,...

Proof: Write L(f ® g, s) A(f ®g,s). The function I'(s) has simple

1

. So m has zeros at points s = 0,—1,—2,... . Hence L(f ® g, s) cannot have a pole
s

at s = k — 1 and it has a pole at s = k if and only if (f,¢g) =0. B

We can also find similar formulas for modular forms of level N > 1. Let x :
(Z/NZ) — C* be a character modulo N. Put:

E(z,s;x:N) = Eo(zs:N) (27)
_ Z' x(n)y®
- 2s
(m,n)EZXZ (Nmz T TL)
and
EsxN) = Bylnsl) (28)
_ 3 _ x(m)y®
- 2s "
(m,n)EZXZ (Nmz—l—n)
ged(Nm,n)=1

16



2.1 Rankin convolution L-series

It follows that:

~ ~

E(z,s;x; N) = L(x,2s)E (2, s;x; N). (29)

As before, set:
E(z;x:N) = E(2,0;x;N) (30)
E'(zx;N) == E(2,0,;N). (31)

Proposition 17. Let f € Sp(T'o(N),xs) and g € S¢(L'o(N), x4). For R(s) > 2 — kTJ
we have:

2k +s—1)

BN (Am)RreT D(f, g, k+s—1) (32)

<E1;—Z(Za six i N)g(2), f*(z)>

where x = xfxg ond f* € Sp(To(N),X7) is the modular form satisfying a,(f*) = a. In
particular, if s =0, then
2k —1)

ox = (e D k). (33)

(Bl_i(zx 1 N)g(2), £(2) )
Proof: The proof is similar to the proposition 13. B

Lemma 18. Let f € Sp(T'o(IV), x5) and g € Se(T'o(N), x4) be two modular forms. Then:

C20(s+k—1)L(x 1,25+ k—0)
kN (4m)sthel o Ly, 25+ k —£)

(Bxaz5x 5 N)g(2), £(2)) L(f @ g.5+k = 1)(34)

where X = X tXq- In particular, if x5 = Xg_l, then

(Bt Mg, 1)), = 2o i L s k=D (39)
Proof: We have:
<Ek_e(z, s;x " N)g(2), f*(Z)>k v = Lh2stk-0) <E/;_e(z, s;x " N)g(2), f*(2)>k N

2I'(s + k —
MD(f,g,s+k—1)

A'(s+k-1)L(f®g,s+k—1)

= Lix Y2s4+Ek—1)

= Lix Y2s4+k—1)

(4m)sth=1L(x,2(s + k- 1) +2—k — ()

(s +k—1)L(x 1,25+ k —¢)
pu— L - 1 .
(Umy T Lix2s+k—p) (S @es TR

In particular, if x = X;l or equivalently if x = 1, then L(x™',2s+ k —£) = L(x, 2s +
kE—10)=(n(2s+k—¢), so (35) holds. W

For two arbitrary modular forms f and g, one has the following more general result:

17



2.2 Some Applications of the Rankin-Selberg Method

Theorem 19. Let f € S(I'g(N¢), x¢) and g € Se(T'o(Nyg), xg). Assume that x¢ and x5
are primitive characters modulo Ny and Ny, respectively. Moreover, x fXg_l 18 primitive
modulo M = gcd(Ny, Ny). As before, set

Mfogs) =T BT ey )

Then A(f ® g,s) is an entire function of s unless f = g*. If f = g, then A(f ® f*,s)
has two simple poles at s =k and s =k — 1.

Proof: See [11]. A

2.2 Some Applications of the Rankin-Selberg Method

In this section, we apply the Rankin-Selberg method to compute the norm of a
modular form whose fourier coefficients are real:

A1l = V£ 1)

As a second application of the Rankin-Selberg method, we state and prove an estimate

for Z lay)?p~*.
ptN
We need the following lemma:

o0

Lemma 20. (Landau) Let f(s) = Z % be a Dirichlet series with real coefficients
n

n=0
an = 0. Suppose that the series defining f(s) converges for R(s) > o¢. Suppose further
that the function f extends to a function holomorphic in a neighborhood of s = oy. Then,
in fact, the series defining f(s) converges for R(s) > o9 — € for some & > 0.

Proof: See [16]. R

Proposition 21. Let f = > >° janq" € Sp(SL2(Z)) be a normalised Hecke eigenform.
Then:

(a)
Za n*=_s—k+1 Zanm 5 (36)

) )
w(k — 1)! Q.2
o fh = ““')?Z”~ (37)

i
3(4m — "

Proof: Being f a normalised Hecke eigenform, its fourier coefficients satisfy:
1. al = 1,
2. apn = Apyn-1 _pk_lapn72 for all p prime and n > 2 (38)

3. Umn = amay, when ged(m,n) = 1.

18



2.2 Some Applications of the Rankin-Selberg Method

o0 o0
We compute the product expansion of two series E a%n_s and g ap2n”°.

n=0 n=0
Define b, := a2. Then from (38), we have:
bpn = (apapn—l — pk_lapn—Q)Q
= af,bpnq —i—pQ(k_l)bn_g — 2appk_1apn71apnfz

= af,bpnA —i—pQ(k_l)bpnfz — 2appk_1(a,papnfz —pFla n3)Qyn—2

p
2(k-1),,

= a/l%bpnfl —|—pk_1(pk_1 - 2@123>bpn72 + 2app pr—20pn—3.

Now, we can replace n by n — 1 in the equation (38) and then replace a
equivalent in the above equation. So we get

n—2Q,mn—3 by lt-S

p p

bpn = (ap = P by + P (" = ap)bynz + PP Dby,

Using the lemma 9, we have the following product expansion:

ib = L4+ phlps
T 1= (a2 —pF p s —pF L(pF T —a2)p 2 — 3 Dp3

The series Y o2 a2n~* is absolutely convergent for R(s) > k. On the other hand, b; =1
and by, = by,b, when ged(m,n) = 1. So we can rearrange the series and write:

(o) oo
Z ain*‘g = H Z bpz-pfis
n=0

p =0
1%_pk—1p—s
= ,R(s) > k.
1;[ 1— (azz7 — ph=)p—s — ph—T(ph—1 — azz))prs — p3(E=1)p—3s

Define ¢, = a,,2. For a prime number p, we have:

Cpn = apap2n—1—pk71ap2n72
k—1 k—1

ap(apayen—2 — P apem-3) — P auem-2

= (%27 — pk_l)cpn_1 — pk_lapapzn—s
= (ag - pk_l)cpnq - pk_l((lp2n72 + pk—lap%%)
= (ag - ka_l)cpnq - pQ(k_l)cpnfz.
Clearly ¢1 = 1 and ¢y = cme, when ged(m,n) = 1. The series Y 7 ja,2n~* is

absolutely convergent when R(s) > k. By the same argument as for b,, we can write:

ia 2n*S:H L+pp~
~ n . 1— (G% _ 2pk’—1)p—s +p2(k:—1)p—28
We can easily see that:

1—(aZ—p" "p~—p



2.2 Some Applications of the Rankin-Selberg Method

Hence the part (a) is proved. For the second part, consider

(B s@.0@), = e Ve ps k-

(47)st+h—1

_ LG (Zf);?_ﬁ(%)zy(f, fos+k—1).

Since f is a Hecke eigenform, its fourier coefficients a,, are real. Thus f*(z) = f(z) and

= a a2
D(f. frs+h=1) =D~ =C(s) Y
n=0 n=0

The series f(s) := Z % is absolutely convergent for R(s) > 1. Since ((s) and
n

n—=
D(f, f,s+ k — 1) are meromorphic functions over C and have simple pole at s = 1, by
Landau’s lemma, then f(s) is holomorphic in a neighborhood of s = 1 and the series
e}

a .

f(s) = Z W’;il is convergent at s = 1.
n=0

We compute:

Ress—1 (G(2,5)f(2), f(2)), = Ress—1 <F(8)E(Z,s)f(z), f(z)>k

2I'(s)['(s + k — 1)C(2s)
705 (dmr) s TR

(s)I'(s + k — 1)<(28)C(5) io: a2

= Ress—1

D(f, f,s+k—1)

= Ress—1

78 (4m)sth—1 —~ nstk-1
AT (DT (K)C(2) [ = G2
_ (ﬂ)@; )k<< ) (Zo nk) Reso_s(s)

On the other hand:

Ress=1(G(2,8)f(2), f(2)), = (Ress=1G(z,5)f(2), f(2))y
= {(f(), fE)-

Thus we have the required result. B

We can also find similar formula for a modular form of level N > 1 for the case when
the fourier coefficients of f are real.

Proposition 22. Let f = Y ° jang" € Sp(To(N)) be a normalised Hecke eigenform
T
with real fourier coefficients where N = pr” ( pi’s are distinct prime numbers and

i=1
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2.2 Some Applications of the Rankin-Selberg Method

a; = 1). Then:

(a)

i‘;’% - L(1,s—k—|—1)ia”j
n=0 n=0
= sk [Ja- >
pIN P

n=0
where 1 is the trivial character of mod N
(b)

(5 D = g >

39)
2 (
n=0 n
Proof: In the proposition (17), we put g = f and so x = 1. We then have

(BsuMfe). @), = (FesLNiELfE),
_ WD(f,f,s+k—1).

Let N =

{p1,p2; .- ,pr} Then:
L& 1 (Ny)*
Ns 1( Z,S) Ns Z (Nmz—i—n)?S
(m,n)ELXZ
ged(m,n)=1

_ Z—ys

(m,n)EZXZ (Nmz + n)25

H p; " where p;’s are distinct prime numbers and «; > 1 and set P

ged(m,n)=1
> Y Y
- (N2 4 n)2s 2s
(m,n)EZXZ (Nmz + TL Di€P (m,n)EZXZ (N?TLZ + Tl)
ged(Nm,n)=1 ged(m,n)=1
piln
y° y®
D S D>
2s 2s
Pip; €P (m,n)E€ZxZ (Nmz+n) (m,n)ELXZ (Nmz +n)
pi#p; ged(m,n)=1 ged(m,n)=1
pipj|n p1p2...Pu|n
y*
= E (z,8;1;N) + Z 23 Z R —
piEP pi

N
(m,n)EZXZ ( e + n>
ged(m,n)=1
1 y°
- Z o \2s Z N s T
pi,p; EP (pzp]) (m,n)EZXZ (Pipj mz + n) °
PiFDj ged(m,n)=1

v 1 y*
N s 2

N 2s
(m,n)€ZXZ (pl---pv mz + 77,)
ged(m,n)=1
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2.2 Some Applications of the Rankin-Selberg Method

Since for any M:

Y _ 1 (My)* 1
Z (Mmz +n)2s — Ms Z (Mmz+n)2  M* B (Mz,5),

(m,n)ELXZ (m,n)ELXZ
ged(m,n)=1 ged(m,n)=1
it follows
~ 1 ~ 1 ’ N
E(z,s;1;N) = ﬁEl(Nz,s) - Z Nope E (5% 8)
pi€P '
+ mzs
Z pzpj (plpj )
p27pjep
pﬁépJ

1 N
+(_1)vN5(p1...pv)sE (p1p2-..pu 2,8).

One can compute the residue of E' (Mz,s) at s = 1 for any M. In fact:

/ E(Mz,s) TG (Mz, s) T
Ress—1E (Mz,s) = Ress—1 ————— = Ress= = Ress=1G(Mz,s) = —
ot (Mey5) =Resor = o = Rem175002s). — T(0)R) "=t O M=)
Therefore
~, 1
Ress—1E (z,8;1; N) = Z*—I- Z + (—=1)"
ey eppng P1---Po
p,;ﬁp]
_ 6 1
= Ne U0
p|N

Resoct (B (o5 NS (), £), = o | TIO =2 | (7 7oy

kN N ’
pIN
and
Ress—1 <Wp(f, fos+k— 1)> = ?FU;)Ress:lD(f, f,s+k—-1)
() 1 In es S
~ (4m)k H(l p) (7;) nk ) Rese=1((s)
o 2(k—1)! NS

So we have obtained the formula (39). B
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2.2 Some Applications of the Rankin-Selberg Method

o0
Remark 23. The series E a—’f in the formulas (87) and (39) does not converge fast.
n

n=0
Howewver, there are faster methods to compute numerically the norm of a modular form.

For example, let f € Sk(SL2(Z)) be a normalised Hecke eigenform. Then

2(k—-1)! Aln

n=1

where A(n) = Z(—I)Q(m)mkfl(a,n/m)2 while Q(m) is the number of prime divisors of
mln
m counted with multiplicity. For more details, see [}].

As a second application of the Rankin-Selberg method, we give an estimate for
Z |ap|®
-
I
Theorem 24. Let f € Sp(I'g(N), x). Suppose f is an normalized eigenform for the T),

2
operator with pt N. Then the series E @ converges for all R(s) > k and we have:
p
N

2 1
Z lap|” < log <> +0(1) ass— kT, (40)
ps s—k
ptN
To prove this theorem, we need two preliminary results:

Theorem 25.

Zp_s < log <1> +0(1) ass—1T. (41)

s—1
P

Proof: Recall that the zeta function ((s) = H(l —p~*)7! has a simple pole at s = 1.

P
Taking logarithms of both sides and using the Taylor expansion for the logarithms, we
obtain:

log¢(s) = > —log(l—p~*)

0 pms
2

pms
25

m(8)

MgBM s

m=1

I
M8

3
I



2.2 Some Applications of the Rankin-Selberg Method

p "

where g, (s . Notice that g;(s Zp . We know that the residue of

((s) at s=1is equal to 1:
Ress=1((s) =

or equivalently

lim (s —1)¢(s)=1.

s—1

Taking logarithm gives:
lim [log(s — 1) 4 log¢(s)] =

s—1+

oo
We claim that the series Z gm(s) converges for s = 1. Indeed,

m=2

>l = XY
m=2

p m=2
p—2ns —(2n+1)s )

< 2n 2n+1
p n=1
OO
< 23 ()
p = 2n
0 p—2ns
< 2>
P n=1
= log((2s).

Then

- 1
DT+ D gm(s) =log((s) =log——.
p m=2 s
This completes the proof. l

Proof of the theorem [24]: Using Deligne’s inequality, i.e. |a,| < Cn"5 . We see that

00 2
_ a
the series E | ns| converges for R(s) > &1, Denote ;1 and a9 for the roots of
n

xr° — apr —n;(p)pk_l. Consider
N @ fs) =1 Lo(f @ f7,5) (42)
PIN

where )

Ly(f® f*,s) = H (1= ap;p )"

i,j=1

|an|

* pu—

Recall that Dy (f, f*,s) g e . Then
(n,N)=1

N(f@f*as):DN(f,f*,S)CN(25+2_2k)
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2.2 Some Applications of the Rankin-Selberg Method

where
wis)=JJa-p)"
ptN
Then
N(f® [7s)=H(s)D(f, [, s)¢(2s + 2 — 2k)

where H(s) = H <(1 —p TRy ]a?,|p*3)). We claim that H(s) # 0 in the half

PN
plane R(s) = k:

For any p|N, one has apm = a,' for any m € N By the Deligne’s inequality, one
has \apm| C(pm)%. Therefore |ap| < Cmp . Taking limit m — oo, we get

lap| < p < p*. Then for R(s) >k, 1 — |a2|p~* # 0, and so H(s) # 0 in the half plane
R(s) = k.

Since (f, f*) # 0, by the corollary [2], we see that L(f ® f*,s) = D(f, f*,s)((2s +
2 — 2k) extends to a meromorphic function with a unique simple pole at s = k. We

conclude that Ly (f ® f*,s) = H(s)L(f ® f*,s) is holomorphic for R(s) > k and has a
unique simple pole at s = k.

We have 111%(5 —k)Ln(f ® f*,s) = O(1). Hence:
S—

lim log(s — k) + lim logLny(f ® f*,s) =O(1).
s—kt

s—kt

Taking logarithm of both sides of the formula (42) gives:

logLy(f® f*,s) = — Z Z log(1 — ay ity jp~°)

1,j=1

= Z Z ( ap10p,1) + (ap10p2)™ X (ap20p,1)"™ I (ap2002)™
mpms mpms mpms mp’ﬂlS
ptN m=1

. Z i (O‘gfl + O‘gz)(mm +ap2™)
- — mpms

ptN

o0

B (aph +aph) (@™ + ap2™)
_ 3 (ot e

m=1 pr
= Z gm(s)
m=1

(ol +aps)(@p 1™ +ap2™)
mpms

. Remark that

where g, (s) = Z
ptN

-y (ap1+ p2) (@1 +ap2) 3 lop1 + apal® 3 |apl?
S S

g1(s) .
PIN P
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2.2 Some Applications of the Rankin-Selberg Method

It follows that

g1(s) = lim Z M < log !
s—kt ps = s—k)’
This completes the proof. l

The theorem above suggests us to give the following definition:

Definition 26. Let P be the set of natural primes and let X C P. Define the superior
density of X to be

—s
dens.sup(X) = lim sup Zpe#
s—1t logﬁ
Remark 27. Let X C P be a subset of natural primes such that dens.sup(X) exists.
Since prs < log (S_%) +O(1) as s — 17, we have dens.sup(X) € [0,1].
peEP

Remark 28. Let X C P be a finite subset of primes. Then dens.sup(X) = 0. But the
converse is not true. For example, assume X = {p1,p2,ps,...} is any ordered subset of
primes such that 2p; < pj+1 for any i > 1. Then

o o )
dopi<p Y 2 =0p
=1 =1

Therefore dens.sup(X)=0.

Remark 29. (Dirichlet’s Theorem on Primes in Arithmetic Progressions) Let
m be a positive integer and a be an integer for which gcd(m,a) =1. If X={p e P :p=
a mod m}, then dens.sup(X) = ﬁ where @ is the Euler totient function, i.e. p(m) is
the number of integers k in the range 1 < k < n for which ged(n, k) =1 .

In particular, there are infinitely many primes p satisfying p = a mod m.

Proposition 30. Let f € S1(T'g(N), x) be a normalized newform. Then for eachn > 0,
there exists sets X,),Y, € C such that:

Y] < o0

- dens.sup(X) < n

-ap €Yy ifp g X,

We need the following result in order to prove the proposition above.

Proposition 31. Let f = Zanq" € My(T'o(N), x) be a normalised newform. Then

n>1
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2.2 Some Applications of the Rankin-Selberg Method

1. The field K = Q(ay, : n € N) is a finite extension of Q and each a,, is an algebraic
integer.

2. For any embedding o : Ky — C, we have

o(f) = olan)g" € Mp(To(N),xo00).
Proof: See [17]. R

Proof of the proposition 30: Let K = Q(ay,ag,...) be the number field containing all
fourier coefficients of f. Fix ¢ > 0 and let

Y(c) = {a €Ok : |o(a)]* < cfor all o € Hom(K,C)}.

We claim that the set Y'(c¢) is finite: Let x € Ok with minimal polynomial of degree m
over Z:
XM 4 by X™ VL +by b€

The j-th coefficient b; can be given by

b= > oya).oi,(a)
1yeeyim—j

171 for k#l

and therefore one has:

bl 3 lou@)ldoi, (@) < (mﬂij)ﬁ,

Z'11“-,1‘171,—]

i1 for k#l

Since the coefficients b; are integers, this means that the minimal polynomials of the
elements of Y (c) are just a finite number. Therefore Y (¢) must be finite.
Now set
X()={peP:a¢Y(c)}.
o0
By proposition (31), for each embedding 0 : K — C, o(f) = Z o(an)q" is a normalised

n=1

newform which lies in Six(T'g(NV), x 0 o). Applying the theorem 24 to o(f) gives:

o (ap)|? oo [ 1
Mz]; e <1g<8_1>+0(1).

Doing summation over all embeddings o : K — C gives:

ola 2
> Zup?f < [K : Qllog (5_11> +0(1).
pIN

oc€Hom(K,C)
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2.2 Some Applications of the Rankin-Selberg Method

For any p € X (c), there is an embedding o such that |o(a,)[* > ¢, so Z o (ap)|* =

oc€Hom(K,C)
c. It follows

¢y Pt < Y S Jolap)P | p

peX(c) peX(c) \oc€Hom(K,C)

< [K:Qllog <Si1) +0(1)

(K : Q]

K:
and so dens.sup(X(c)) < . It follows that if n > [ Q], then X,, = X(c) and

Y, = Y (c) satisfy the necessary conditions of the proposition and we are done. H
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3 Artin Representations Attached to Modular Forms of
Weight 1
3.1 The Deligne-Serre Theorem

There is a correspondence between the modular forms of weight 1 and certain repre-
sentations of Gal(Q/Q) in GL2(C). The existence of this correspondence is conjectured
by Langlands and then constructed by Serre and Deligne.

oo

Theorem 32. (Deligne-Serre) Given a normalised eigenform f = Z apn”® € S1(T'o(N), x)
n=1

with x an odd character mod N, there exists a continuous Galois representation

py: Gg = GLo(C) with the property that
char(ps(Froby)) = X? — apX + x(p) for allpt N

In addition, py is irreducible if and only if f is a cusp form.
Assuming the theorem, we can restrict the image of p; by conjugating it.

Lemma 33. Let Ky = Q(a1, a2, ...) be the number field generated by the Fourier coeffi-
cients of f. If the Deligne-Serre representation py ewists, then it is realisable over Ky,
i.e. one can conjugate it in such a way that it takes values on GLy(Ky).

Proof: Let C' € Gg be the complex conjugation. As the order of C' is two, i.e C o
C =1, the eigenvalues of p;(C) are 1 or/and —1. Let ¢ be the mod N cyclotomic
character. By the isomorphism Gal(Q({x)/Q) with (Z/NZ)*, we can consider ¢y :
Go — (Z/NZ)* = Gal(Q({n)/Q) which takes g € Gg to the automorphism induced by
g on the Nth cyclotomic extension Q(&y) of Q. We can compose two maps ¢x and x:

Go 2% (z/Nz)* % C*.

We abuse the language and use y in place of ¢ ox and call it Galois character. Consider
detps : Gg — C*. By the Deligne-Serre theorem, we have det(py) = x. Hence

det(pf)(C) = x(=1) = -1

since x is an odd character (in fact, if we had x(1) = 1, then f = 0). So the two
eigenvalues of det(py) are 1 and -1. So we may assume, by conjugating if necessary, that

Write
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3.2 The proof of the Deligne-Serre theorem

We claim that a(0),d(0) € Ky for all 0 € Gg. In fact by the theorem of Deligne-
Serre we have Tr(o) = a(o) + d(0) € Ky for all 0 € Gg. On the other hand

(5 50 (6 %) (40 ) e
Thus a(o) — d(o) € K; for all 0 € Gg. Hence a(0),d(0) € K.

Consider
a(o) b(o)\ (a(r) b(r)\ _ [a(o)a(r)+b(o)e(T) -
<c(a) d(a)) (c(T) d(T)> N < : > ’

This implies a(o)a(r) + b(0)c(r) € K¢. Therefore b(o)c(r) € Ky for all 0,7 € Gg.

There are two possible cases for ¢ : Gg — C.

Case 1: cis identically zero: In this case, p; is reducible hence by semi-simplicity ps =
X1 6P x2 where x1, x2 are one-dimensional representations. We can write:

_(x1 O
pf_<0 X2>'

Hence the image of py is in GLa(K ) in this case.

Case 2: ¢ # 0: There exists o¢ such that p¢(og) = (Z((ZO)) ZEZOD with ¢(og) # 0.
E— 0 0

Let A € C be such that A\? = ¢(0p). We can conjugate ps(og) by A= (())\ )\01> and get

App(og)A~t = (a(io) b(o;({:(f;r@) . Since b(o)c(1) € Ky, for 7 = 0 we get b(o) € Ky

for any o € Gg.

Consider the function b : Gg — C. If b is identically zero, then p; will be reducible
and like before, we have the result in this case. So assume b # 0 therefore there exists
o’ such that b(o”) # 0, then b(o’) € K}. As b(o)c(r) € Ky, this implies () € K for
all 7€ Gp.

Proposition 34. Let p : Gg — GL4(K) be a Galois representation where K is a number
field. Then p is similar to a Galois representation p' : Gg — GL4(Ok), i.e. it can be
conjugated in such a way that it takes values on GLq(Of).

Proof: For a proof, See [7] Proposition 9.3.5 . B

As a consequence, if we have a Deligne-Serre representation py, we can conjugate it
so that
pr - GQ — GLQ(OKf).
3.2 The proof of the Deligne-Serre theorem

The steps of the proof of Deligne-Serre’s theorem are as follows. Our purpose is to
construct a representation with Tr(Frob,) = a, and det(Frob,) = x(p).
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3.2 The proof of the Deligne-Serre theorem

Step 1: Starting with a modular form f of weight 1, we may multiply it with a certain
Eisenstein series E of weight > 1, whose g-expansion is congruent to 1 modulo £. So
we obtain a modular form E.f of weight > 2 whose g-expansion is congruent to that of
f modulo £. The representations attached to eigenforms of weight > 2 are pretty well
understood and arise from the f-adic representations. They may be reduced modulo ¢
to obtain representations in Gla(Fy). We construct a representation py : Gg — GLa(Fy)
attached to E.f (where A is a prime above ¢) satisfying Tr(Frob,) = a, mod ¢ and
det(Frob,) = x(p) mod £. We can do this step for almost all primes /.

Step 2: We use an analytic result of Rankin to show that the a,’s are finite in number
if we exclude a set of primes p of small density. Then we can get a uniform bound
(independent of ¢ on the image of p,.)

Step 3: We glue the p,’s to obtain a preresentation p into GLy(Of) for some ring
of integers Oy, which would reduce to p, for infinitely many ¢. This is possible thanks
to the bound on the image of p, obtained in the third step. The representation p has
the desired properties.

3.2.1 Step 1: Construction /-adic representations p, : Gg — GL3(F))

Theorem 35. Let 0 # f € Mi(To(N), x) with k > 2. Suppose that f is a normalised
eigenform for all T, with pt N. Let K be a number field which contains all the a, and
all the x(p). Let X be a finite place of K of residual characteristic £ and let Ky be the
completion of K with respect to it. Then there exists a semi- simple Galois representation

px: Gg = GLo(K)y)
which is unramified at all primes that don’t divide N1 and such that:
Tr(Frob,) = ap
det(Frob,) = x()p*t if pt NI
After the lemma below, such a representation is unique up to isomorphism.

Lemma 36. Let p, p : Gg — GLy(C) be two Galois representations and X be a
subset of rational prime numbers with density 1. Assume that for all p € X, we have
char(p(Frob,)) = char(p (Frob,)). Then p=p .

Proof: See [8].1

Remark 37. If f is an Fisenstein series, the attached representation to it is the direct
sum of two 1-dimensional representations and is therefore reducible. We show how one
can construct this representation. Let N € N and let 1 and ¢ be primitive characters
modulo w and v respectively such that (yY¢)(—1) = —1 and uv|N. Set

E#(2) = 8(0) L(1,0) + 6($) L(,0) +2 > o ¥ (n)g"
n=1
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3.2 The proof of the Deligne-Serre theorem

where ¢ = €®™*, §(p) = 1 iff ¢ = 1 and 0 otherwise, while ng’“o = Z Y(=)p(m) and

mln
m>0
L(yp,s) (resp. L(1,s)) is the function associated to ¢ (resp. ). Set x = 1 which is a

character modulo N. Consider ¢ and ¢ as characters of Gg. Then the representation

p: Gg— GLy(C)
Y() 0
7 <0 @(0)>

is reducible with the desired properties.(see [7] and [8])

In the theorem above, the weight of modular form f is assumed to be > 2, so for
the case weight 1, we will need a different construction.

From here to the end of the theorem 39, assume that K C C is the number field
containing all the coefficients of f, A is a finite place of K, Q) is its valuation ring and
my) its maximal ideal. Furthermore, ky = O)/m, is the residue field and [ its charac-
teristic.

Definition 38. Let K C C be a number field, A a finite place of K, Oy is the valuation
ring and my its mazimal ideal. Furthermore, kyx = Oy/my is the residue field and ¢ is
its characteristic.

Let f € Mp(N,x), k> 1. We say that f is A-integral (resp. that f =0 mod my) if
all the coefficients of f lie in Oy (resp. in my).

If f is A-integral, we say that f is an eigenform mod my of the Hecke operator T,
with eigenvalue ay € ky if

T,f =apf modmy.

Theorem 39. Let 0 # f € Mp(T'o(N),x) with k > 1 with Fourier coefficients in K.
Suppose that f is A-integral but f #Z 0 mod my and that f is an eigenform of T,, modulo
my for pf N:

Tpo(f) = apf mod my for all pt NI.

Let ky be the subextension of ky generated by the a, and the x(p) mod my. Then there
18 a semi-simple representation

p: GQ — GLQ(kf)
unramified outside N1 such that for all primes pt NI one has:

Tr(Frob,) = ay
det(Frob,) = x(P)p*~1 mod

Proof: First, we do three preliminary reductions:

L. Suppose that (K, X', f', k', X, (a;,)) is as in the hypothesis of the theorem with K C
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3.2 The proof of the Deligne-Serre theorem

K’ and X'|\. We can reduce to the case where f = f' mod X, x = ¥’ and k = k' mod (I — 1):
/

In fact, if a, = aj, mod my and x(P)p* ' = X' (p)p¥' ~! mod my for all pt NI, then the
theorem holds for f if and only if it holds for f.

2. Reduction to the case k > 2:

Fix a prime A << Ok and let ¢ be the prime dividing Normg (M) (in fact, Normg (A =
¢FE1Q) - Consider the Eisenstein series Fy_; of weight £ — 1 where £ > 5. Tts Fourier
expansion is given by

_ 2(€ B 1) - n
Ep1=1- B > oia(n)g

n=1

where B,, is the nth Bernoulli number, is given by

x z"
v —1 ZBRW

n>1

Proposition 40. (CLAUSEN-VON STAUDT) The denominator of % is H pltoe(),

p—1ln

In particular, if £ is a prime, then % is integral at £ if and only if (0 — 1)t k.

Proof: See [1] .1

The result above implies that the Eisenstein series E;_1(q) has Fourier coefficients
in Z ) (the localization of Z at ¢) and

E;1(¢)=1 (mod¥) .
Since A is a prime ideal of Ok above £, we see that:
Ey1=1 modl/=FE;_1=1 modA\.

Hence F) := fE;_1 = f mod A . The modular form F = fFEy_q liesin Mgyp—1(To(NV), x).
Thus the theorem for f is equivalent to the theorem for F) which has weight > 2.

3. Reduction to the case where f is an eigenvector of T),: It is enough to verify the the-
orem for f’ eigenform of T),’s with p { NI such that (K', N, f',k, x, (a;)) is as in the

theorem and K C K', N'|\ and a; = a;, mod \'. We give a preliminary lemma.

Lemma 41. Let M be a free module of finite rank over a discrete valuation ring O. Let
m C O be the mazimal ideal, k the residue field and K the field of fractions of O. Let
T C Endp(K) be a set of endomorphisms which commute two by two. Let f € M/mM
be a nonzero common eigenvector for all the T € T, with eigenvalues arp. Then there
extsts:

1) a discrete valuation ring O O O with maximal ideal m’ such that m' N O = m and
with field of fractions K' such that [K' : K| < co;

2) an element 0 # f' € M' = O' ®o M which is an eigenvector for all the T € T with
eigenvalues a’p with alp = ap mod m'’.
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3.2 The proof of the Deligne-Serre theorem

Proof: See [8]. B

We apply the above lemma to M = {f € Mg(To(N), x)| f has coefficients in O}
and T = {TP}MNI'

Let
P - G@ — GLQ(K)\)

be the representation associated to f by the theorem 35. We can assume that im(py) C
GL2(0O,) where O, is the ring of integers of K or equivalently, the completion of O).
By reduction mod A, we get a representation

ﬁA : GQ — GLQ(/C)\).

Let ¢ be the semi-simplification of p); it is a semi-simple representation, unramified
outside NI which satisfies (43). The group ¢(Gg) is finite. By Chebotarev density
theorem, we deduce that every element in p(Gg) is of the form ¢(Frob,) with pNnQ =p
and p { NI. By the definition of k¢, we have:

- For all g € ¢(Gq), the coefficients of det(1 — gX) lie in k.

We can now apply the lemma below and conclude the result; The end of the proof
of the theorem 39 . R

Lemma 42. Let ¢ : G — GLy(K') be a semi-simple representation of the group G over
a finite field k'. Let k be a subfield of k' containing all the coefficients of polynomials
det(1 — ¢(9)X) for all g € G. Then ¢ is realisable over k, i.e. it is isomorphic to a
representation p : G — GLa(k).

Proof: The proof is essentially the same as the lemma 33. l

3.2.2 Step 2: A uniform bound on the image of p,’s
Let
Z = {A <Ok : A/ and ¢ splits completely in K/Q}
= {A<Ok: Og/A=TF}.

By Chebotarev density theorem, > is infinite. Now ,for each A € >, let £ be the rational
prime lying below it. Furthermore let

Gy :=px(Gg) C GLo(Fy).
We wish to bound |G| independently of ¢.

Definition 43. Fixz an integer X > 0. A subgroup G C GL2(F,) is X-sparse if there is
a subset H C G such that:

1. [H| = §|G],
2. the elements of H have at most X distinct characteristic polynomials.
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3.2 The proof of the Deligne-Serre theorem

Lemma 44. There exists an X > 0 such that all the groups Gy (A € >_) are X-sparse.

Proof: By the proposition 30, for all n > 0, there exists finite set X;, C C such that
ap € X, for all p outside a set Y;, of density 7. Take n < 1 and set X = | X, [ord(s). We
show that G, is X-sparse. Let

H= U p(Frob,).
PEYy

By Chebotarev density theorem, the inequality dens(Y;) > 2 implies |H| > 2|G|. More-
over, the number of distinct characteristic polynomials of elements of H is less that
X =|X,lord(e). W

Definition 45. A subgroup G of GLa(Fy) is semi-simple if the underlying 2 dimen-
stonal representation of G is semi-simple, i.e. either irreducible or a direct sum of 1
dimensional representations.

Example 46. The groups SLa(F;) and GLa(Fy) are irreducible, hence semi-simple.

a O

Example 47. Let G = {(0 b

) | a,b € IFEX} the “split Cartan subgroup”, then G is

semi-simple and reducible.

Example 48. Let IFZQ act by left multiplication on Fyp2 viewed as a Fp-vector space with
any choice of basis. Let G be the image of Fjy in Auty,(Fp2) = GLa(Fe) (a "non-split
Cartaan subgroup”). Then G is semi-simple.

Example 49. If T is a Cartan subgroup, it has index 2 in its normalizer G. Then G is
semi-simple.

a b
0 d
composable (the subspace Fy x O is invariant under the action of G but its complement
0 x Fy is not invariant.) Hence G is not semi-simple.

Example 50. The group G = {( ) | a,d e F), be Fg} is reducible but not de-

Theorem 51. Fiz X, there exists a constant Ax (depending on X but not ) such that
|G| < Ax for all semi-simple X-sparse subgroups of GLa(Fy).

Remark 52. The semi-simplicity assumption is crucial, for example if we consider

o= {(1 2): acml).

then G is 1-sparse but |G| = £ therefore one cannot bound |G| independently of £.
We give a preliminary proposition before proving the theorem.

Proposition 53. If G is a semi-simple subgroup of GLo(IFy) then only the following
four cases can arise:

1. G 2 SLy(Fy)

2. G is contained in a Cartan subgroup T, either split or non-split, which means that
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3.2 The proof of the Deligne-Serre theorem

T~F; xF, orT~Fp.

3. G C Ngryr,)(T) where Ngp,w,)(T) is the normaliser of a Cartan subgroup T'.
(therefore [N, @, (T) : T] = 2 and there exists a split exact sequence:
1-T—>NT)—>=+1—1.)

4. G is an "exceptional subgroup”, namely its image in PGLy(Fy) is Ay, Sy or As.

Proof: See [15] section 2.5 or [21]. W

Theorem 54. If G is a semi-simple X-sparse subgroup of GLo(Fy), then there exists A
independent of £ such that |G| < A.

Proof: By the above proposition, we have to bound |H| by bounding the number of
elements in GLg(F,;) which have the same characteristic polynomial, i.e. by bounding
the number of elements in a given conjugacy class.

We do this in the four cases of the proposition 53.

1. We have |GLa(Fy)| = (£2 — 1)(#2 =€) = £(£ + 1)(£ — 1)%. Let 0 € GLy(Fy), then
the cardinality of the set C(0) := {70771 : 7 € GLa(Fy)} is given by |C(0)| = K}Iﬁif”l
where Z(o) = {r: 70 = o7}. There are 3 cases to consider for the characteristic poly-
nomial of an element of o € H:

Case 1: char(o) has two roots in Fy, i.e. char(c) = (T — a)(T — b) where a # b: We have:

[{o: char(o) = (T —a)(T —b), a,beF), a#b}| = ‘C((S 2))‘ =02+

Case 2: char(c) has one root in Fy, i.e. char(o) = (T — a)?: This means that

oe c<<g 1>)u0(<g 2))
6 -G 2 vercer -

a 1Y, Ll+1)(—1)?
0 a )= 02—

Since

we have that o € C(( = ¢? — 1. On the other hand, we have

C(<g 2)) 1. So

|{c: char(o) = (T —a)?, a € F}}| = ¢

Case 3: char(o) has no root in [y, i.e. char(o) is irreducible over Fy: We have |Z(0)| =
2 — 1, so that:

C(o)] = (¢~ 1)L.

Therefore we can deduce:

%SLQ(FZN = %E(f +1)(0—1) < |H| < XMax {(* +£,0%,0> — 0} = X(£* + 0).
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3.2 The proof of the Deligne-Serre theorem

4
For the inequalities to hold, we must have £ — 1 < §X . So:
4 4
|H| < X(gX + 1)(§X +2).
Therefore, we found a bound on H independent of £.

2. In T, there are at most two elements with a given characteristic polynomial, in
fact o and @ have the same characteristic polynomial. Hence |H| < 2X and so

8
Gl < - X.
Gl < 5

1
3. Let Go = GNT which has index two in G, so |Go| = §\G| and let Hy = HNT so that

1
|Hy| > §|G0|. We can apply the case 2 and get |Hp| < 2X so that |Gg| < 4X which
implies

|G| < 8X.
4. Consider the following homomorphism of groups:
n: G — PGLy(F;) xF/
o +— (7,det(0)).

We know that the image of G in PGLg(F,) is A4, Sy or As and X is the number
of different characteristic polynomials in H, therefore [n(H)| < |A5|X = 60X. Since

ker(n) = {(:El :S1>} ~ 7,/27. This implies that |H| < 120X and then

G| < 160X.

We have concluded the proof of the theorem. B

3.2.3 Step 3: Gluing the ¢-adic representations p)

Fix a constant A such that |Gy| < A. Let K C C be a Galois number field containing
the a, and the x(p) for all primes p. As before, let

Y ={A<0k: Ox/X=TF}.

For all £ € ), fix a place A\¢ of K extending ¢. By theorem 39, there exists a semi-simple
continuous representation
P - GQ — GLQ(F@)

unramified outside of NI and such that

char(p;(Froby,)) = det(Idy — pe(Frob,)T')
1 —a,T + x(p)T?* mod )\, .
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3.2 The proof of the Deligne-Serre theorem

for all primes p { NI.

Up to replacing K with a bigger number field (reducing > consequently), we may
well suppose that K contains all n-th roots of unity for all n < A. Set

Y ={(1-aT)(1—-pBT): «and § are roots of unity of order < A}.

The eigenvalues of py(Frob,) are root of unity of order < A. Therefore there exist
R(T) € Y such that
1 —a,T + x(p)T* = R(T) mod \,.

Since Y is finite and L is infinite, there must exist some R(7T") € Y such that the above
congruence is satisfied for an infinite number of £’s. This implies that such a congruence
is in fact an equality. Thus the polynomials 1 — a,T + x(p)T? all lie in Y. Now let

Y ={teL:t>A (RSE€Y, R#S)= R#S mod \}.

Since S>>\ 3 is infinite, 3 is finite. Choose ¢ € L’. Tt follows that gcd(|Gy|,¢) = 1
and therefore the identical representation Gy — GLa(F,) is the reduction modulo Ay of
a representation Gy — GL2(O),) where O,, is the valuation ring of Ay in K, namely we
have a commutative diagram

Gg — GLQ(O)%)

|

GLy(Fy)

We then compose the representation Gy — GL2(O,,) with the projection Gg — Gy, we
get a representation p : Gg — GL2(O,,) which by construction is unramified outside N1.

If p ¥ NI, the eigenvalues of p(Frob,) are roots of unity of order < A, because
p(Go) = Gy and |G| < A. Therefore det(Idy — p(Frob,)T') € Y. On the other hand, by
construction:

det(Idy — p(Frob,)T) =1 — a,T + x(p)T? mod \,.

Since 1 — a,T + x(p)T? € Y and ¢ € L', the last congruence is an equality. Now repeat
the same construction by choosing another ¢ € L’. We obtain a second representation
¢’ Gg — GL2(0,,) which has the same properties as p but for p f NI'. This implies
that

det(Ids — p(Frob,)T) = det(Idy — p'(Frob,)T) for all pt Ne¢'.

By theorem 36, it easily follows that p and p’ are isomorphic as representation over
GLy(K) and so they are isomorphic also as complex representations. Moreover, since
p is unramified at ¢ and symmetrically p’ is unramified at ¢/, then both p and p’ are
unramified outside N and

det(Idy — p(Frob,)T) =1 —a,T + x(p)T? ,¥p{ N.

The last thing to prove is that p is irreducible. Suppose that it is not, then there exists
two 1-dimensional representations x1, x2 : Ggo — C* such that p = x1 + x2. It follows
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3.2 The proof of the Deligne-Serre theorem

that x = x1x2 and a, = x1(p) + x2(p) for p { N and both x; and x2 are unramified
outside N. Then we have:

Slaplr =23 p T+ > xa@xep*+ D xa()x2(p)p .

peP peP pEP

We should have y1X2 # 1, because otherwise we would have x = x1x2 = X} and so
X(—1) = 1 but the character x is supposed to be odd. Therefore, since the character
X1X2 is not trivial, we have:

> Xip)x2(p)p~* = 0(1),

pEP

> xap)xapp* =0().

peEP
On the other hand, it is well-known that:
S5 = log (1) +oq).
s—1
pEP

We then obtain that

. 1
Z |ap|*p™* = 2log <S_1> +0(1)

pEP

which is in contradiction with the theorem 24 so we get the conclusion. W

Corollary 3. Let f be a modular form of weight 1 and character x. Then for all primes
p, the coefficient a,(f) is a sum of two roots of unity. In particular:

lap(f)] < 2.

Proof: By the Deligne-Serre’s theorem, a,(f) is equal to ¢r(Frob,), hence the sum of its
two eigenvalues. We saw that the eigenvalues of o(Frob,) are roots of unity. The result
follows immediately.
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4 The Birch and Swinnerton-Dyer Conjecture and The
Rankin-Selberg Method

Let K be a number field and let E be an elliptic curve over K. We state the
theorem of Mordell-Weil and discuss about the structure of the group of points of F and
give the definition of rx (F), i.e. the rank of E over K. Then we state the Birch and
Swinnerton-Dyer conjecture (henceforth abbreviated BSD conjecture). If we assume the
BSD conjecture, we can prove a more general form of it, i.e. the twisted BSD conjecture.
In the last part of this chapter, we gather some numerical evidence for the twisted BSD.

4.1 Mordell-Weil Theorem and the Birch and Swinnerton-Dyer Con-
jecture

Let K be a number field and let F be an elliptic curve over K. The points of E
over K has an abelian group structure denoted E(K). Mordell and Weil proved the
important theorem below:

Theorem 55. The group E(K) is finitely generated.
Proof: See for example [18]. B

The Mordell-Weil theorem tells us that the Mordell-Weil group E(K) has the form
B(K) 2 B(K )tors ® Z"

where the torsion subgroup E(K )i is finite and the rank r of E(K) (denoted also by
rix(E)) is a nonnegative integer. It is relatively easy to compute the torsion subgroup
but there is no known procedure that is guaranteed to yield the rank rx (E).

The L-series of an elliptic curve is a generating function that records information
about the reduction of the curve modulo every prime. Consider an elliptic curve E over
Q with a general Weierstrass equation F defined over Q:

E: y2 + a1xy +azy = z° + a2x2 + asx + ag, ai,...ag € Q
View two integral Weierstrass equations as equivalent if they are related by a general

admissible change of variable over Q:

x:u2x/+r, y:u3y’+su2x/+t u,r, 8,7 €Q, u#0.

After an admissible change of variable of the form (z,y) = (u?z’,u%y’) we can assume

that the coefficients a;’s are integer. For each prime p, let v,(E) denote the smallest
power of p appearing in the discriminant of any integral Weierstrass equation equivalent
to F, i.e. the minimum of a set of nonnegative integers

vp(E) = min{v,(A(E")) : E integral, equivalent to E}.
Define the global minimal discriminant of E to be

p
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This is a finite product since v, = 0 for all p f A(E). One can show that the p-adic
valuation of the discriminant can be minimized to v,(E) simultaneously for all p under
an admissible change of variable. That is, F is isomorphic over QQ to an integral model
E’ with discriminant A(E") = Apin(F). This is the global minimal Weierstrass equation
E', the model of E to reduce modulo primes.

Consider the reduction map modulo pZ:
T Z —Z/pL =TF,.

This map reduces a global minimal Weierstrass equation E to a Weierstrass equation
E over F, and this defines an elliptic curve over F,, if and only if p { Apin(E). The
reduction modulo p is called

1) good [nonsigular, stable] if E is again an elliptic curve,

a) ordinary if E[p] =7Z/pZ,
b) supersingular if E[p] = {0},

2) bad [singular] if E is not an elliptic curve, in which case it has only one singular
point,

a) multiplicative [semistable] if E has a node,
b) additive [unstable] if E has a cusp.

Define the algebraic conductor of E:
Ng = prpa
P
where

if E has good reduction at p,

if E has multiplicative reduction at p ,

E has additive reduction at p and p1{2,3},
+ 6, if E has additive reduction at p and p € {2,3}.

fp:

NN = O
—
jarig

Here d2 < 6 and 63 < 3. There is also a closed-form formula for f,. (see [18])

Denote E(Fp) the elliptic curve E over F,.

Definition 56. Let E be an elliptic curve over Q. Assume E is in reduced form. Let p
be a prime and let E be the reduction of E modulo p. Then define

a(E) = 1 N
ap(E) = p+1—|[E(F)| (44)
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The coefficients ape(E) satisfy the same recurrence as the coefficients aye(f) of a nor-
malised eigenform in Sa(To(N)) (see [7] section 8.3):

ape(B) = ap(E)ape—1(E) — 1p(p)paye—2(E) for alle > 2

Here 1g is the trivial character modulo the algebraic conductor Ng of E. We extend
the definition for all positive integers m by setting

amn(E) = am(E)an(E) if (m’n) =1 (45)

Theorem 57. (Modularity Theorem, Version a,) Let E be an elliptic curve over
Q with conductor Ng. Then for some newform f € S2(T'o(Ng)),

ap(f) = ap(E) for all primes p.

This version of the Modularity theorem rephrases in terms of L-function. Recall that
if f € S(I'o(N)) is a newform then its L-function is

B 2. an(f) 1
L9 =2, n® 1;[ 1 —ap(f)p=* + 1n(p)p' 2’

n=1

with convergence in a right half plane. Define the Hasse-Weil L-function of E as:

oo
an(F)
LEs) = 3w
n=1
1
= 46
s a

where 1g is the trivial character modulo the conductor Ng. This L-function encodes
all the solution-counts a,(E).

Then one can state another version for Modularity theorem:

Theorem 58. (Modularity Theorem, Version L) Let E be an elliptic curve over
Q with conductor Ng. Then for some newform f € Sa(I'o(Ng)),

L(f,s) = L(E,s).

By Mordell-Weil theorem, we have

E(Q) = E(Q)tors > ZT-

For a modular form f, one has the half plane convergence, analytic continuation, and
functional equation of L(f, s). Using the Modularity Theorem version L, we can also get
the half plane convergence of L(E,s) (which is R(s) > 2) and the functional equation
that determines L(E,s) for R(s) < 0, but the behaviour of L(E,s) at the center of the
remaining strip {0 < R(s) < 2} is what conjecturally determines the rank of E(Q). The
Weak Birch and Swinnerton-Dyer conjecture says that the rank r is equal to the order
of vanishing of L(F,s) at s = 1:
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Conjecture 59. (Weak Birch and Swinnerton-Dyer): Let E be an elliptic curve
defined over Q. Then the order of vanishing of L(E,s) at s = 1 is the rank of E(Q).
That is, if E(Q) has rank r then

L(B,s) = (s— 1)7g(s) ; g(1) #0,00.

Now let E/K be an elliptic curve and let v € Mk be a finite place at which E has
good reduction. We denote the residue field of K at v by k,, the reduction of E at v by

E, and we let ¢, = ||ky|| be the norm of the prime ideal corresponding to v. Put
ay = o+ 1 — || By (ky)|| (47)
and
Lyo(T) =1—a,T +q,T? € Z[T). (48)

Definition 60. The L-series of E/K is defined by the Euler product
LE/K,s)= [] L (49)
UGMO
where M}){ 18 the nonarchimedean absolute values in K.

The product defining L(E/K,s) converges and gives an analytic function for all
R(s) > 3. Its analytic continuation is conjectured as follows:

Conjecture 61. The L-series L(E/K,s) has an analytic continuation to the entire
complex plane and satisfies a functional equation relating its values at s and 2 — s.

Deuring and Weil proved this conjecture for elliptic curves having complex multipli-
cation. KEichler and Shimura showed that this conjecture is true for all elliptic curves
E/Q which are modular. Later, Wiles proved that all elliptic curves E/Q are modular.
As a consequence, this conjecture is true for all elliptic curves E/Q.

The conductor of E/K is the integral ideal of K defined by
Ng/k = H Py
UGM?(
where the exponent of the conductor f, is defined by

0 if E has good reduction at v
fo= 1 if E has multiplicative reduction at v
2+6, if E has additive reduction at v

where J, is an integer; see [13].

Now we state the BSD conjecture generalised for elliptic curves over any number
field K.

Conjecture 62. (Birch and Swinnerton-Dyer) Let E be an elliptic curve defined
over a number field K. Then the order of vanishing of L(E/K,s) at s = 1 is the rank
of E(K). That is, if E(K) has rank r then

L(B/K,s) = (s—1)g(s) ; g(1) # 0,00,
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4.2 L-functions attached to representations

Assume that K is a number field such that the extension K/(Q is Galois and denote
Ok the ring of integers of K. Let p be a a rational prime. The ideal of Ok generated
by p can be factorised as a product of maximal ideals of Of. In fact, we have:

pOx = (p1.-pg)°
Ok/pi = Ky
efg = [K:Ql

fori=1,...,g

e is called the ramification degree which says how many times each maximal ideal p of
Ok that lies over p repeats as a factor of pOg. We say that a prime p ramify in K if
its ramification degree e is > 1.

The residue degree f is the dimension of the residue field k, = O /p as a vector space
over F), = Z/pZ for any p over p.

The decomposition index g is the number of distinct p over p.

Example 63. Let N be a positive integer and let K = Q(uy) where uy = e*™/N.

Then [K : Q] = ¢(N) and the extension K/Q is Galois with Galois group isomorphic to
(Z/NZ)*. The isomorphism is given by

Gal(K/Q) = (Z/NZ)*
(1 > 1) > al mod N).

On can show that cyclotomic integers are Og = Zlun]. A prime p ramifies in K if and
only if p|N. For a prime p{ N one can write pO = p1...pg and its residue degree f is
equal to the order of p (mod N) in (Z/NZ)*.

For each maximal ideal p of OF lying over p, the decomposition group of p is the
subgroup of the Galois group that fixes p as a set

Dy = {o € Gal(K/Q) : o(p) = p}

The decomposition group D, has order ef so [Gal(K/Q) : Dy] = g. One can define a
well-defined action of Dy, on ky, = Ok /p:

Dy xky — ky
(o,z+p) = ofz)+p,

where x € Og. The inertia group of p is the kernel of the above action:
I, = {0 € Gal(K/Q) : o(x) =x for all z € Ok} .

Obviously, I, € Dy. The inertia group I, has order e, so it is trivial for all p lying over
any unramified p. The kernel of composition map Z — Og — Og/p is pZ. So we can
view F), = Z/pZ as a subfield of k, = Ok /p then there is an injection

D, /I, — Gal(ky/F,).
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Since both groups have order f, this map is in fact an isomorphism. Any Galois group
of an finite field is cyclic, so the is an element o, that generates Gal(k,/F)):

Gal(ky/Fp) = (op) -

By isomorphism, the quotient D, /I, has a generator that maps to o,. Any representative
of this generator in D), is called a Frobenius element of Gal(/K/Q) and denoted Frob,.
It satisfies:

2FP = 2" mod p for all z € Ok.

When the number field K is Galois over Q, the Galois group Gal(K/Q) acts transitively
on the maximal ideals lying over p, i.e. for any two maximal ideal p and p’, there is an
automorphism o € Gal(K/Q) such that o(p) = p . Therefore

Da(p) = Uﬁl'DpU, Ia(p) = Uﬁlzpa.
It follows that
Frobg ) = U‘lFrobpa.

In particular, if the Galois group is abelian, then Frob, = Frobp/ for any p and p/ primes
above p. Hence Froby, (D, and Z,) for any p lying over p can be denoted Frob,, (respec-
tively D, and Z,).

Now, consider an artin representation:
p: GQ — GL(V)

where V is a complex vector space of dimension n. Define V/» to be the subspace of
V on which p(I,) acts as the identity. One can see that the characteristic polynomial
of p(Froby)|, /1, only depends on its conjugacy class. Therefore we can define the Artin
L-function of (V, p) as follows:

1
L = '
(0] 1;[ det(Idn — p(Froby)ly 1, .p~*)

Whenever p(I,) = Id,, we say that p is unramified at p. In this case, p(Frob,)|, 1, acts
on all of V.

For example, if we take pyiv : Gg — Aut(C) the trivial representation, then L(piriv) =
¢(s).
Analogously, we can define an L-function attached to a Galois representation with ¢-adic

coefficients. Assume
p:Gg — GL(V)

where V is a Q-vector space of dimension n. We need to restrict our attention to
(-adic representations where the characteristic polynomial of p(Frob,)|,7, has rational
coefficients. Then we can define similarly:

1
L = '
(p,s) ];[ det(Id,, — p(FrObp)|VIp p~%)
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4.3 The Birch and Swinnerton-Dyer conjecture with twist

Let E be an elliptic curve over QQ and let 7 be a continuous and irreducible complex
representation of Gal(Q/Q). Assume ker(r) = (Q/K) where K is a number field. Let
pr denote the 2-dimensional Galois representation of the elliptic curve F, namely, the
p-adic Tate module of E.

We shall be interested in the twisted L-function
L(E,7,s):= L(pg ®T,s).

We give a version of the Birch Swinnerton-Dyer conjecture saying that the order of
vanishing of L(E,T,s) at s =1 is equal to the multiplicity of 7 in the representation of
Gg on C®z E(K). By Mordell-Weil theorem, we have E(K) = E(K )tors ®Z", therefore:

Cw®yg E(K) = Cwey (E(K)tors ) ZT>
(C Rz E(K)torS) ® (C®z ZT)
C".

2

I

For, E(K )iors is a finite abelian group of the form Z/miZ S Z/msZ & ... ® Z/m,Z where
My|... |mg |my and for any integer m, we have

C®z (Z/mZ) = (C/mC) @z Z = C/mC = 0.
There is a natural strengthening of the Birch and Swinnerton-Dyer conjecture as follows:
Conjecture 64. Assume the Birch Swinnerton-Dyer conjecture. Then
ords—1L(E,T,s) = (1,C ®z E(K)) = multiplicity of T in C @z E(K)
where K is the finite extension of Q which is fixed by the kernel of T.

Proof: See [14] page 127. &

Remark 65. If we replace T by trivial representation, we recover the BSD conjecture:
ords—1L(E, 1,s) = ords—1 L(E, s) = ro(FE) .

In fact, any rational point P is fized by all elements of Gg. But if P ¢ Q2, then
there is an element o € Gg such that o(P) # P. Therefore the multiplicity of trivial
representation in C ®z E(K) is equal to ro(E).

In the next section, using the Deligne-Serre theorem 32, we shall compute and present
some numerical evidence for this theorem .
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4.4 Some Numerical Evidence for the Generalized BSD Conjecture

We saw that the vanishing order of L(FE,7,s) at s = 1 is equal to the multiplicity
of 7 in C ®z E(K). In this section, we take for 7 the representation arising from a
modular form of weight 1. In fact, by the Deligne-Serre theorem 32, for any cusp form
g= 0 1bng" € S1(To(N), x) of weight 1 and character x, one can associate an odd,
continuous and irreducible Galois representation p, : Gg — GL2(C) such that

char(py(Frob,)) = X? — b,X + x(p) for any p{ N.

Assume ker(p,) = Gal(Q/K) where K is a number field. We abuse the notation and
denote p, also for the induced representation Gal(/K/Q) — GL2(C). The conjecture 64
implies:

ords—1 L(E, pg, s) L (pg, C® E(K)) = multiplicity of py in C® E(K)

We aim to compute the constant term of L(E, py,s) at s = 1. Thus, if we assume the
BSD, we deduce:

L(E,pg, 1) =0 ==  Homgy(py, C® E(K)) # 0.

Let f be a modular form of weight 2 (of trivial character) attached to an elliptic
curve E/Q :

= ang" € S(To(N))
n=1

where a,,’s are integers, hence f = f*. Let g be a modular form of weight 1 attached to
an Artin representation p : Gal(K/Q) — GLy(C) by the Deligne-Serre theorem:

9= bng" € S1(L'o(N'),X)

n=1

where N'|N. We wish to compute the special value of L(E, pg,s) = L(f®g,s) at s = 1.
Writing the formula (32) for these choices of f and g, we have for R(s) > 3:

~7 _ 2F(S)
.-l _
(Blles =107 Mg, 1)), = Ty PU:9) (50)
The series of D(f,g,s) = g anl:n is convergent for R(s) > 3, but we have seen that
n
n=0

L(f ®g,8) = L(X728 - 1)D(f,g,8)

Dirichlet showed that L(x, s) can be extended to a meromorphic function on the whole
complex plane and L(x, 1) # 0 if x is not trivial. We also saw that L(f ® g, s) can be
extended to an entire function. So D(f,g,s) is a meromorphic function witch has the
same vanishing property as L(f ® g, s) at s = 1. Therefore, we need only to to compute
the value of D(f,g,s) at s = 1 by the formula (50):

(Bi(zx i Ng(2),£()), = 5-D(f0.1) (51)

2N 27
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Hence

L(f®g,1) = L(x,1)D(f,g,1)

= 2 L0 ) (Bizx i N)g(). 1)), (52)

Notice that E(z;x ';N)g(z) is a cusp form of weight 2 and character trivial, i.e.

Ej(z; X% N)g(2) belongs to Sy(Co(N)). We wish to find a suitable basis for the vector
space S2(I'o(NN)) in order to compute <E1(z, x L N)g(2), f(z)>2

)

By definition, the space of newforms at level N is the orthogonal complement of the
space of oldforms with respect to the Petersson inner product:

Sa(L1 (V)™ = (Sa(T1 (V).

On the other hand:
S2(T1(N)) = @ Sa(To(N), x)

where the sum is over all Dirichlet characters modulo N. Recall that So(I'1(N),1) =
SQ(FO(N)). Then

Sa(T1(N))™Y N S(To(N)) = (So(T'1(V))?) N Sa(To(N))

| S2(To(N))™Y = (S2(To(N))*)*.
Assume
dim (Sy(o(N))°) = w ,
dim (S2(To(N))*Y) =wv .
Then

dim (Sa(To(N))) = d = w + v.

From the Spectral Theorem of linear algebra, given a commuting family of normal
operators on a finite-dimensional inner product space, the space has an orthogonal basis
of simultaneous eigenvectors for the operators. In our case, the vector space Sa(I'o(IV))
is finite-dimensional and Hecke operators T}, and (n) commutate and are normal relative
to the Petersson inner product on Sy(I'g(N)) for all n coprime to N:

Theorem 66. The space So(I'o(N)) has an orthogonal basis of simultaneous eigenforms
for all the Hecke operators {(n),T,, : (n,N)=1}.

Now consider By = {f = fi, f2, ..., fu} the basis of eigenforms for the space
of newforms Sy(I'o(N))"™ where we can assume f = f1 (since f is a newform by
modularity theorem.) Take any basis By = {f = fu+1, fo+2, ..., fa} for the space of

oldforms Sz(T'g(N))°'d. Then B = By U By is a basis for S3(I'g(N)). By definition of
the space of newforms:

(fi(2), fj(2)>271\/ =0
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4.4 Some Numerical Evidence for the Generalized BSD Conjecture

for any f; € By and f; € By. Now write the modular form E\(z:x ' N)g(2) as a lincar
combination of the elements of the basis B:

Ei(z; Xfl; N)g(z) = a1 f + asfo + ... + agfq.

(Recall that we set f = f1) It follows:

(BT Ng() 1)) = D ailfil2) ()

2,N

= a1 (f(2), f(2))gn - (53)

Combining this with (52), we get

L(f ©g,1) = 2ma1 L(x, 1) (f(2), f(2))a v - (54)

)

Notice that (f(z), f(2)), x is nonzero. In summary,

Homgy (pg, C® E(K)) #0 & ords L(E, pg,s) > 0
& L(f®g1)=0
< D(f?.gv 1)=0
& (BimxiNg), f(2) =0
& ap =0.

Take any g € S1(I'g(Nyg), x) . Then consider all elliptic curves of conductor N with Ny| V.
Using the Sage database, we can compute the value ay relating to each L(f ® g,1) and
as a consequence, we can observe if L(f ® g,1) = 0.

For any d]]\%, one can also compute L( f(2)®g(dz), 1), since g(dz) € S1(T'o(dNy), x) C
S1(T'o(N), x). However the representation associated to g(dz) using the Deligne-Serre
theorem is the same as one associated to g(z). Hence the vanishing order of L(f(z) ®
g(dz),s) at s = 1 doesn’t give any new information about (pg, C @z E(K)).

Proposition 67. For R(s) > 3, we have:

_ od I'(s)
o N  ds (4m)s

(Bi(zs = x5 N)gld2), £(2)) D(f,9.5) - (55)

In particular at s = 1, we obtain:

aq

(Bi(esx s N)g(d), £()), = %5 Dlfg.1)
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4.4 Some Numerical Evidence for the Generalized BSD Conjecture

Proof: Using again Rankin’s unfolding trick, one can show:

(Bi(zx i Ng(da), 11(2)) - = / / g - 22

2,N e

O
L () (o)

n>1 m>1
1

= /OO/ yl—i—s Z bt 627Tzn(dz+zy) —2mim(dz—iy) dx;iy

- Yy

0/z=0 n,m>=1

RS m(dn+m)y ! 2mi(dn—m)z dy
= Yy Z bpame” e ar) Y
) = Yy

v=0 n,m>1 R

The integral in the parenthesis is equal to the Kronecker delta d(4y ). So the last line
is equal to:

> 1+s —27(dn+dn)y dy
= Y E agnbpe -5
y=0

n>1 Yy

d
— Zadn / Se —47Tdny;y

n>1 0
Qdnbn, o _ du
_ SeTu 56
(7; (47rdn)3>/0 vl (56)

If d = p{*p32...p%v, since d|N where N is the conductor of the elliptic curve correspond-
ing to f, we have ap,, = ap,a, for any j =1,...,v, thus ag, = aqa, and

a anby, < . _,du
(56) = d%l (Z (47771)3) /0 we

n=>1

Putting s = 1 gives the required result. B

We conclude that

(B N9, £(2)), =SBy iN)g2). £()), (57)

2,N 2,N

Thus <E1(z;x_1;N)g(z),f(z)>2N and <Ei(z;x‘1;N)g(z),f(z)>2N vanish together
unless ag # 0 which can happeﬁ for some elliptic curves. The cor;nputations done in
Sage confirm this formula.

Let g € S1(T'o(Ng), x) where x is an odd character. Using the Deligne-Serre the-
orem, we get a 2-dimensional representation p, : Gg — GL2(C) associated to g. Let
g : Gg = PGL2(C) be the projective representation obtained from p,. We say p, is
a dihedral representation if its image im(py) C PGL2(C) is isomorphic to the dihedral
group Dy, of order 2n for some n > 2. A dihedral representation is irreducible. (see [17])
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4.4 Some Numerical Evidence for the Generalized BSD Conjecture

Let C,, be a cyclic subgroup of D,, of order n. If n > 3, C,, is uniquely determined.
The composition:

w:Go s Dy —— Dy JCp = {£1}

can be viewed as a 1-dimensional complex representation of Gg of order 2. Let ker(w) =
Gal(Q/K) where K is a number field. Since the order of w is 2, the index [Gg :
Gal(Q/K)] is equal to 2. Hence K is a quadratic extension of Q. Put G := Gal(Q/K) C
Gq, then py(Gg) C Cy,. Since [D, : Cp) = [Gal(Q/Q) : Gal(Q/K)] = 2, we have
pg(Gr) = Cy a cyclic group. Therefore py(Gk) is an abelian group. Consider

Gx — G [kerpy, —2 GLy(C)

where p, is denoted also for the induced representation p, : G /kerpy, — GL2(C). Since
Gk /kerp, = pys(Gk) is abelian, the representation pylg, : Gk /kerpy — GL2(C) is
reducible. From this, one can easily see that the representation py|c, : Gk — GL2(C)
is also reducible. One can write

pglax + Gk — GL2(C)
x(v) 0
v H( 0 x’(’y))

for some 1-dimensional representations y and x’ of Gi. If o lies in the non-identity
coset of Gg/Gr, then X' = x, where:

Xo(7) = x(oyo™"), 7€ Gk.

Moreover, p; = Indg/g(Xx)-

Suppose, conversely, that we start with a quadratic number field K/Q corresponding
to a character w of Gg and a 1-dimensional linear representation x of Gx. Let p =
Indg/g(x), and let p be the associated projective representation of Gg. If o generates
Gal(K/Q), let x, be as above. Finally, let m be the conductor of x and dx be the
discriminant of K.

Proposition 68. With the above notation:
a) The following are equivalent:

i) p is irreducible;

i1) p is dihedral;

i) X # Xo-
b) The conductor of p is |dk| . Ng g(m).
¢) p is odd if and only if one of the following holds:

i) K is imaginary.

it) K is real and x has signature +,- at infinity, that is, if ¢ and ¢ are Frobenius
elements at the two real places of K then x(c) # x(c).
d) If GN(@ = D,,, then n is the order of X 'xo.
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4.4 Some Numerical Evidence for the Generalized BSD Conjecture

Proof: see [17]. B

Let p = Indg/g(x) be a dihedral representation of G where K is imaginary and  is
unramified. Hence, we can view x as a character of the ideal class group of O . For any
ideal a of O, the ideal a.o(a) is principal, so x # Xo if and only if x? # 1. Therefore
an imaginary quadratic field K gives rise to a dihedral representation of Gy if its ideal
class group is not an elementary abelian 2-group, i.e. (Z/27)". The smallest value of
|dg| for which this happens is 23. Let CLg be the ideal class group of K and H be the
Hilbert class field of K. There is an isomorphism Gal(H/K) = CLg. For any character
of Gal(H/K), the induced representation of Gal(H/Q) is dihedral and irreducible.

We present the results shown in tables 1 to 14 via some examples.

Example 69. Consider the modular form g of level p = 23 discussed in the example 5
of section 1.2. For any elliptic curve of level N with 23|N, we can compute L(f ® g, 1)
where f is the modular form arising from an elliptic curve of conductor N .

There is no elliptic curve of conductor N = 23. However for level N = 2 x 23, there
is one elliptic curve E = [1,—1,0,—10,—12] (up to isogeny) for which L(f ® g,1) # 0.
One can also consider L(f(z) ® g(2z),1) # 0 since g(2z) € S1(To(2 % 23)). In the table
(1), we see that L(f(z)®g(22),1) # 0 (in the column g(d1z)). This supports the formula
(55), since the second fourier coefficient of the modular form attached to E is nonzero
(ay = —1). Then the twisted BSD conjecture implies:

multiplicity of py in C ® E(H) )

where H is the Hilbert class field of Q(v/—23); The class number of Q(v/—23) is 3 so
[H : Q(v/—23)] = 3 hence im(py) = Ds3.

For N = 16 % 23, there are 7 elliptic curves of level N up to isogeny. For two of
them, L(f ® g,1) # 0. For any d|2 = 16, we can also consider g(dz) € Si(T'o(16 * 23))
(in the table 1, the ordered divisors 2,4,8 and 16 are denoted by di = 2, do = 4,
ds = 8 and dy = 16 respectively.) Since ay = 0 for all these 7 elliptic curves, we then
have L(f ® g(dz),1) = 0. It follows that for these 2 elliptic curves E of conductor
N =16 * 23 = 368: )

multiplicity of py in C ® E(H) = 0.

For the other 5 elliptic curves we have L(f ® g,1) = 0, therefore

°

multiplicity of pg in C® E(H) > 1.

Assuming the BSD conjecture, one has for these § elliptic curves:

2.

V-~

rank of E over H = ryg(F)
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4.4 Some Numerical Evidence for the Generalized BSD Conjecture

Example 70. There is only one elliptic curve of conductor N = 23 x 31 = 693 up to
isogeny. We shall consider two cusp forms arising from theta series:

g1 €81(To(23), (2))
g2 € S1(To(31), (Z21)).

For both g1 and go we have:

Therefore assuming the twisted BSD conjecture, one can say:

ords—1 L(E, pg,, 5) z multiplicity of pg, in C® E(Hp) > 1

ords—1 L(E, pg,, s) L multiplicity of pg, in C® E(Hz) > 1
where Hy (Ha) is the Hilbert class field of Q(v/—23) (Q(v/—31) respectively). The class
number of Q(v/—31) is 8 so [Hz : Q(v/—31)] = 3 hence im(py,) = Ds.

As an immediate consequence, assuming the BSD conjecture, one has:

?
rank of E over Hi = rg,(E)>2+rg(E) =3
?

rank of E over Hy = rp,(E) >2+rg(E)=3.

Example 71. (Octahedral type) The space S1(I'p(283), (ﬁ)) has two cuspforms
91,92 of type Sy (octahedral) and one cuspform gs of type D3 (dihedral):

o= q+V=2 V-2 -q" - V-2 +2" ¢ - ¢’ + ..
g2 = - V2" +V-27 " +vV-2¢+2¢" —¢" - ¢’ + ..
g3 = ¢—q —q¢ —¢" —q" + ..

Let p; : Gg = GLy(C) be the Galois representation attached to g; for i = 1,2,3. Let
K be the field corresponding to the kernel of p1 (or equivalently ps) and K' be the field
corresponding to the kernel of p1. As before, the field corresponding to the kernel of ps

is H(Q(v/—283)), i.e. the Hilbert class field of Q(/—283). Then
Q(v/—283) Cc H(Q(v/-283)) c K' C K.

We have Gal(H(Q(+/—283)) : Q) = S3 = D3 and Gal(E : Q) = S4. These fields are
constructed explicitly as follows. Let w3 +dr—1=(z—a)(x—B1)(x— B2) where a € R
and By = 1. Then we have H = Q(«, f1,02) and L = Q(v/a,v/B1,vB2). (see [19])

There is only one elliptic curve E, up to isogeny, of conductor 2*283. Concerning the
tables 12 to 14, one can say (again, assuming the BSD conjecture):

ords—1 L(E, pg, , 5) z multiplicity of pg, in C® E(K) > 1
> 1.

ords—1 L(E, pg,,s) z multiplicity of pg, in C® E(K)
Therefore:
?
rank of E over K =rg(E) > 4+rg(E)=5 1
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Example 72. (Octahedral type) There are four newforms on I'g(229) of weight 1. If
g1, 92,93 and g4 are these newforms, their first coefficients are:

g = q+¢ —id"+i®+ (i -1 —ig" —ig? — A+ i — ¢+ ¢ — ¢ + ..

@ = ¢+ 0+ - +ig'+ig" — (1 +0)¢® + (-1 +i)g"" —ig" —ig"? —ig" + ¢'°
—q17+q19+

g3 = g1

g4 = G2

Let x be the character of order 4 of (Z/2297)* such that x(2) = i. Then g1,92 €
S1(I'p(229), x) and g3,94 € S1(10(229),X). Let p; : Gg — GL2(C) be the Galois repre-
sentation attached to g; for i = 1,2,3,4. They are representations of type Sy (Octahe-
dral). Let K; be the field corresponding to the kernel of p; fori=1,2,3,4. If x1,x9 and
x3 are the roots of x> —4x +1 =0, then K is the field generated by the \/—3 + 8x; and

Ky is the field generated by the \/4 — 3x2 (see [17]). Clearly, K3 = K1 and K4 = Ks.
There are two elliptic curves of conductor 2 x 229 up to isogeny. Concerning the tables
8 to 11, one can say (again, assuming the BSD conjecture):

multiplicity of pg, in C® E(K;) Z 0
multiplicity of pg: in C® E(K;) = 0

fori=1,2. 1

If the BSD conjecture is true, one can deduce a more general form of it, namely the
twisted BSD conjecture. Using the Deligne-Serre theorem and the Rankin method, we
could compute the constant term of L(E, pg,s) at s = 1. It is also interesting to find a
method in order to compute the coefficients of higher degree and compute the order of
L(E, pg,s) at s = 1. Then one can compute the rank of E over certain number field K,
i.e. 7k (E). The numerical examples in this thesis are done for dihedral representations
arising from theta series. It is interesting to find more cusp forms of weight 1 such that
the image of its associated projective representation is one of the exceptional groups
Ay, Sy or As and provide more numerical examples. Unfortunately, there seems to
be relatively little published regarding explicit computations of weight 1 cusp forms.
However, there are some examples in [2], [3], [5], [10], [17] and [19].
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Tables

Tables

Notation:

E = [a1, a9, a3, a4, ag]: Elliptic curve E with Weierstrass equation
2 _ .3 2
Y° +arxy + a3y = x° + ax” + aqx + ag.

N: The conductor of F.

di, da,...are divisors of Nﬂg in increasing order where N, =the level of g.

The column under g(d;z), i = 1,2, ..., shows the coefficient a; in the equation Ei(z; x L N)g(diz) =
o1 f+aofo+ ...+ agfy where the modular forms Ei(z, x5 N), £, fa, ..., fa are as in the

text.

For each level N, all elliptic curves, up to isogeny, are listed.
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Tables

9(2) = n(2)n(332) € Si(T923), (), Tm(,) = D =A@/ )
N E = [a1, a9, a3, a4, ag] ro(E) | g9(z) g(diz) g(d2z) g(dsz) g¢g(daz) g(dsz)
9%93 1, -1, 0, -10, -12] 0 475  —2/5
3%93 1,0, 1,-16, -25] 0 0 0
[0, 0, 0, -1, 1] 1 1 0 0
4723 [0, 1, 0, -18, -43] 0 0 0 0
5%23 [0,0,1, 7, -11] 0 0 0
[, 1, 0, -31, 55] 1 0 0 0 0
6+23 1,0, 1,-771, 1342] 0 0 0 0 0
1,0, 1, -36, 82] 0 0 0 0 0
%23 1,1, 1, -124, 560] 0 | 14/5 2/5
[0, -1, o, 1] 1 3/2 0 0 0
g3 [0, -1, 0, -4, 5] 1 0 0 0 0
0, 0, 0, 35, 62] 0 | 4/3 0 0 0
[0, 0, 0, -55, ~157] 0 1/6 0 0 0
9%23 [1, -1, 1, -140, 668] 1 | 27/8 0 0
it ,0, 2238, 1470] 1 0 0 0 0
Lyrgs | [ 1,0,-605, 5117) 0 1/4  -1/8  1/28  -1/56
[1, 0,0, -174, 868] 1 0 0 0 0
1, 1,1, -14, -23] 0 0 0 0 0
[0, 1, 1, -100, 406] 1 |45/32 15/32 9/32  3/32
1, 0,0, -411, -3234] o | 3/2 12 -3/10 -1/10
[0, -1, 1, -731, -7369)] 0 0 0 0 0
15723 0,1, 1, -1, 1] 1 0 0 0 0
[1, 0, 1, -30134, 2010071] 0 3/10 1/10  -3/50 -1/50
[0, -1, 1, 30, -97] 0 | 5/16 -5/48 1/16  -1/48
[0, 0, 0, -55, 157] 1 0 0 0 0 0
[0, -1, 0, -18, 43] 1 3 0 0 0 0
[0, 0, 0, -35, -62] 1 0 0 0 0 0
16*23 [0, 0, 0, -2723, 54690] 0 0 0 0 0 0
0,1,0,0,-1] 1 0 0 0 0 0
[0, 1, 0, -4, -5] 0 1/2 0 0 0 0
0, 0, 0, -1, -1] 0 0 0 0 0 0
1, -1, 0, -2223, -39785] 1 0 0 0 0 0
Lgroy | [1s-11,-1582, 23455] 1 0 0 0 0 0
1, -1, 1, 6035, -36241] 0 0 0 0 0 0
1, -1, 1, -284, -1767] 0 0 0 0 0 0
[0, -1, 1, 19, 100] 1 0 0
19723 0, -1, 1, 0, -5] 0 0 0
[0, -1, 0, -10, 17] 1 5/2 0 0 1/2 0 0
20%93 [0, 0, 0, -8, -12] 0o | 109 0 0 2/9 0 0
[0, 1, 0, -46, 529] 1 0 0 0 0 0 0
[0, 0, 0, -73, 2453] 0o | 120 0 0 -1/100 0 0

Table 1: g € §1(T'0(23), (;23))
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Tables

9(2) = n(2)n(23z2) € S1(To(23), (=7))

(=
re(E) | 9(2)

N E = [a1, a2, a3, a4, ag) g(d1z)  g(dez) g(dsz) g(dsz) g¢g(dsz) g(dez) ¢g(drz)
o173 0,1, 1,2 1] 0 0 0 0 0
[0, 1, 1, -96, -457] 0 | 7/50 7/150 -1/50 -1/150
1,0, 1, -48, -130] 1 | 33/14 -33/28 -3/14  3/28
1,0, 1, -397, -3072] 0 3/2  -3/4 3/22 -3/44
gygs | [1 -1, 0, -290561, 60356981] | 0 0 0 0 0
1, -1, 0, -935, 11229] 1 0 0 0 0
1, 0, 0, -86, 292] 1 |33/26 33/52 3/26  3/52
1,-1, 1, -4, -1] 1 0 0 0 0
[0, -1, 0, -1144, -14516] 1 0 0 0 0 0 0 0 0
[0, -1, 0, -46648, 3893500] 0 27/28 0 -9/28 0 0 0 0 0
924%93 [0, -1, 0, -752, 6972] 1 3/2 0 -1/3 0 0 0 0 0
[0, -1, 0, -56, -132] 0 3/4 0 “1/4 0 0 0 0 0
[0, 1, 0, -2044, 60512] 0 0 0 0 0 0 0 0 0
[0, 1,1, -18, 24] 1 | 75/14 0 0
[0, 0, 1, 175, -1344] 1 0 0 0
925%23 1, -1, 1, -55, 72] 1 15/2 0 0
1,-1,0,-2, 1] 1 0 0 0
[0, -1, 1, -458, 3943] 1 0 0 0
1, -1, 0, 44, 496] 1 [13/10 -13/20 1/10 -1/20
sgron | L1 0, 1802, 20808] 1 | 13/8 -13/16 1/8  -1/16
1,1, 1, 4, -1443] 1 |39/34 39/68 -3/34 -3/68
1,1, 1, -14, -27] 0 0 0 0 0
y7e93 1,1, 1, -14, -16] 1 | 27/8 0 0 0
1, -1, 0, -123, 548 0 0 0 0 0
25593 [0, -1, 0, 2, -7] 1 772 0 0 1/2 0 0
[0, 1, 0, 6, -43] 1 0 0 0 0 0 0
31%23 1,0, 1,1, 1] 1 0 0
sgrgg | L 1 1, -1238, -17152] 1 0 0 0 0
1,0, 0,-93104, -10942305] | 1 |99/32 33/32 -9/16 -3/16

Table 2: g € §1(T'0(23), (;23))
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Tables

g(z) € SiTo(31), (Z21)) . Im(py) =Ds , K=H(Q(/-31))
N | E=Ja,aa3,a1,06] |10(E) ]| g(z) g(diz) g(d2z) g(dsz)
2%31 [, -1, 1, -331, 2397] 0 0 0
a1 [0, 1,0, -2, 1] 1 1 0 0
[0, 0, 0, -17, -27] 0 0 0 0
[0, -1, 1, -840, -9114] 1 32 3/10
5*31 1,1, 1, -26, -62] 0 | 5/4 -1/4
0, -1, 1, -1, 1] 1 0 0
ol [, 1,0, 83, -369] 0 0 0 0 0
1,0, 1, -17, -2§] 0 | 3/7 -3/14 17 -1/14
[1, 0, 0, -1395, -20181] 0 0 0 0 0
0,1,0,0,1] 1 0 0 0 0
8*31 [0, 1, 0, -32, -32] 0 0 0 0 0
[0, 0,0, 1, -1] 1 1/5 0 0 0
Loray | [0, 0, 2046, 15376 1 | 5/8 5/16 -1/8 -1/16
1, 1, 1, -1066, -13841] 0 0 0 0 0
0,-1, 0, -6, 9] 1 0 0 0 0 0 0
L3t [0, 1,0, -2, 9] 1 3/2 0 1/2 0 0 0
[0, 1, 0, -164, 756] 0 0 0 0 0 0 0
[0, 1, 0, -250914, -48460347] 0 0 0 0 0 0 0
[, -1, 0, -47, 133] 1 0 0 0 0
[1, -1, 1, -2364, -43641] 0 0 0 0 0
14*31 [1, 0, 0, -139, 465] 1 0 0 0 0
[1, 0, 0, -3374, -75754] 0 0 0 0 0
1,1, 1, -522, 4373] 0 0 0 0 0
oar 1,0, 0, -170, 837 1 |45/16 15/16  9/16  3/16
1, 1,0, -162, 729] 1 0 0 0 0
0,0,0,1, 1] 1 0 0 0 0 0
[0, 0, 0, -5291, -148134] 1 2 0 0 0 0
16%31 [0, 0, 0, -17, 27] 1 1 0 0 0 0
[0, -1, 0, -2, -1] 0 0 0 0 0 0
0, -1, 0, 0, -1] 0 1/2 0 0 0 0
0, -1, 0, -32, 32] 0 1 0 0 0 0
[, -1, 0, 12555, 544837] 1 |27/10 2720 0 0 0 0
1, -1, 0, 0, 2] 1 0 0 0 0 0 0
igrqy | [ -1, 0, 2976, -61750 0 0 0 0 0 0 0
[1, -1, 0, -48, 288 0 | 9/10 -9/20 0 0 0 0
[1, -1, 1, -434, -7343] 1 9/10 9/20 0 0 0 0
1, -1, 1, -149, 749] 1 0 0 0 0 0 0
1, -1, 1, -2, -53] 0 0 0 0 0 0 0
1, -1, 1, -752, 9213] 0 | 9/22 9/44 0 0 0 0
0,0, 0,8, 4 1 0 0 0 0 0 0
20*31 [0, 0, 0, -1207, 9006] 1 0 0 0 0 0 0
[0, 1, 0, -101, 359] 1 5/3 0 0 -1/3 0 0
23%31 1,0,1,-1, 1] 1 0

Table 3: g € §1(T(31), (;31))
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Tables

9(2) = n(z)n(47z) € Si(To(47), (=) , Im(py) = D5, K = H(Q(v/—47))
N E = a1, as,a3,a4,a6] | r(E) | g(2) g(diz) g(d2z) g(dsz) g(daz) g(dsz)
%47 1, -1, 1, -10, -9] 0 0 0
0,1, 1,-12, 2] 1 67 27
1,1, 1, -143, -718] 0 /2  -1/6
3*47 [1, 0, 0, -752, 7875] 0 0 0
[0, -1, 1, -1, 0] 1 0 0
[0, 1, 1, -26, -61] 0 0 0
[1, 1, 1, -3551, -82926] 0 0 0
5%47 1,1, 1,-5,0] 1 0 0
[0,-1, 1, 4, 1] 0 0 0
grgr | 1,1, -255, 1461] 1 | 3/16 3/32 -1/16 -1/32
1, 1, 1, -3502, -81181] 0 0 0 0 0
77 | (L, 1, 1, 246, -1376] 0 | -49/90 7/90
[0, 0, 1, -9, 10] 1 0 0 0
[0, 0, 1, -237, 1404] 1 |-33/16 0 0
0,0, 1, -12, 4] 1 | 9/16 0 0
9*47 | [1, -1, 0, -6768, -212625] 1 3/2 0 0
1, -1, 0, -1287, 18094] 0 0 0 0
[0, 0, 1, -111, -171] 0 0 0 0
[0, 0, 1, -81, -277] 0 | 9/16 0 0
[, 1,0, -97, 281] 1 0 0 0 0
1,0, 1, -44, 106] 1| /4 5/8  1/4  -1/8
Lokgr | [1,0.1,-6348,132618] | 0 | -3/2  3/4  -3/10  3/20
1,-1, 1, -117, 141] 1 5/7  5/14 1)1 1/14
[1, 1,1, -11, 9] 1 0 0 0 0
1,0, 0, -176, -844] 0 0 0 0 0
[0, 0, 1, -16, -26] 0 -11/36  -1/36
11*47 [0, -1, 1, -52, -3863] 1 0 0
[0, -1, 1, 36, -3] 0 0 0
Lprgr | 10,-1,0,-221,-1101] 1 /5 0 -4/15 0 0 0
[0, 1, 0, -517, -4681] 1 0 0 0 0 0 0
13%47 0,0, 1,1, 1] 0 0 0

Table 4: g € §1(T(47), (;47))
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9(2) = n(z)n(71z) € Si(Lo(71), (%)) , Im(py) = D7, K = H(Q(V-T1))
N | E=Ja,az,a3a4,a5] |rg(E) | g(2) gldiz) g(dpz)  g(dsz)
[1, 1,0,-1,-1] 1 0 0
[1,-1, 0, -41, -91] 0 |-4/9 2/9
2*71 [1, -1, 0, -2626, 52244] 0 2/81 -1/81
1, -1, 1, -12, 15] 1 | -2/9 -1/9
[1, 0, 0, -58, -170] 0 0 0
3*71 1,0, 1, -15, 19] 0 0 0
5*71 [0, 1, 1, -95, -396] 0 0 0
[1, 1, 0, -286, 1780] 1 0 0 0 0
geop | 110, 1,-23007, 1341682] | 0 0 0 0 0
[1, 0, 0, -230, -5202] 0 0 0 0 0
771 [1, 1,0, 25, -14] 1 0 0
8*71 0, -1, 0, -72, -212] 0 -2/5 0 0 0
0%71 1, -1, 1, -131, -520] 0 |15/8 0 0 0
11%71 [0, 0, 1, -1378, 347] 0 0 0
[0, 0, 1, -808, 8840] 1 0 0
Table 5: g € S1(T'o(71), (F21))
9(2) = n(z)n(167z) € Si1(To(167), (7)) , Im(p,) = Du, K = H(Q(v/-167))
N | E=la,a2,a3,a4,06) | ro(E) | g(2) g(diz)
2¥167 [1,-1, 1, -1, -1] 0 0 0
3¥167 | [L, 1, 0, -12, -15] 0 |6/23 2/23
7¥167 [1,-1,0,-1, 2] 0 | 2/7 2/49
Table 6: g € S1(I'o(167), (=267))
9(2) = n(x)n(1912) € Si1(To(191), (=*)) , Im(py) = D13, K = H(Q(v~191))
N E = [an, az,a3,a5,05] | ro(E) | 9(2) g(d12)
3*191 0, 1, 1, -4, -2] 0 1/5 1/15
5*191 | [1, -1, 1, -16663, 832042] 0 23/44 -23/220

Table 7: g € S§1(T'0(191), (ﬂ))
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g1 € S1(I'0(229), x) where x(2)

i, Im(pg,) = Sa

N | E=la1,a2,a3,a4,0a6] | rQ(E) | g1(2)  g1(d12)
yigge | [~ 0,19, 37] 1 (/121 (1/24)i
1,1, 1, -16, -15] 1| -3/10  -3/20

5%229 | [L, 0, 0,-596, 5551] | 1 | -40/87  8/87

Table 8: g1 € S§1(I'0(229), x)

g2 € S$1(I'9(229), x) where x(2) =7 , Im(pg,) = 54
(

N | E=la,a2,a3,a4,06) | To(E) 92(2) 92(d12)
Yrgzg | L -1, 0,-19,37] 1| (1/12)(14)  (-1/24)(1-0)
1,1, 1, -16, -15] 1| (1/2)(1+)  (-1/4)(1+)
5%229 | [1, 0,0, 596, 5551] | 1| (10/87)(14) (-2/87)(1-1)

Table 9: g2 € S1(I'p(229), x)

93 = g1 € S1(T'0(229), x) where x(2) = , Im(pg,) =S4
N | E=la1,a2,a3,a4,0a6) | ro(& 93(2) g3(d12)
Jiggg | L1, 0,719, 37] 1| (1/12)i  -(1/24)i
1,1, 1, -16, -15] 1| -3/10  -3/20
5*229 | [1, 0, 0, -596, 5551] 1 -40/87 8/87
Table 10: g3 € S1(I'9(229),%)
g1 = G2 € §1(T'p(229), X) where x(2) = , Im(pg,) =S4
N | E=la,a2,a3,a4,a6) | 7o(F) (Z) 94(d12)
yigge | L -1 0, 19,37 1 (1/12)(1+1) (-1/24) (1+)
1, 1, 1, -16, -15] 1 (-1/2)(1-i (-1/4)(1-1)
5%229 [1, 0, 0, -596, 5551] 1 (10/87)(1+1) (-2/87)(1+i)

Table 11: g4 € §1(T'9(229),%)
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g1 € S1(Io(283), (722)) , Im(py,) = Ss
N ‘ E =[a1, a9, a3, a4, ag] ‘ ro(E) ‘ 91(2) ¢g1(d12)

2%983 1,-1,0,-2, 4 1 0 0
3%283 [1,0,0,1,-1] 0 | 1/13  1/26
Table 12: g1 € 81(F0(283), (ﬂ))

N ‘ E = [a1, a9, a3, a4, ag] ‘ ro(E) ‘ 92(2)  g2(d12)
2%983 1,-1,0,-2, 4 1
3%283 1,0,0,1,-1] 0 | 1/13  1/26

Table 13: g2 € §1(Ip(283), (ﬁ))

g3 € Si(T(283), (F2*)) , Im(pg,) =S5, K = H(Q(v/-283))
N ‘ E = [a1,a9, a3, a4, ag] ‘ ro(£) ‘ 93(z) g3(d1z)

2%283 [1,-1,0, 2, 4] 1 | 12 1/4

3%283 [1,0,0,1,-1] 0 | 1/13 1/26

Table 14: g3 € S1(T'0(283), (ﬂ))

62




Codes

Codes

sage: Nf=3x144 # the level of the modular form f arising from the elliptic curve EC
sage: Ng=144 # the level of the modular form g of weight 1
sage: etiquette=0 # index for the elements of the basis S_1(Gamma_1(Ng))

sage: BoP=b63 ## bits of precision

sage: S = CuspForms(GammaO(Nf),2,base_ring =ComplexField());
sage: bound=S.sturm_bound ()

sage: M = ModularForms(GammaO(Nf),2,base_ring =ComplexField());
sage: ModularForms (GammaO (Nf) ,2) .dimension ()

sage: CuspForms (GammaO (Nf) ,2) .dimension()

sage: S.set_precision(bound)

sage: BS= S.basis()

sage: M.set_precision(bound)

sage: BM= M.basis()

a B
o

sage: EC = EllipticCurve([1, 1, O, -12, -15]); # elliptic curve of conductor Nf
sage: Erank= EC.rank();

sage: EConductor= EC.conductor();

sage: f = EC.modular_form();

# computing the coefficients of the Eisenstein series E for dihedral representation
# the character is not supposed to be primitive
sage: def EisensteinCoeffP(n,Level,Mod):

1=Level/Mod

if n==0:
sum = (1)*quadratic_L_function__exact(0, -Mod)/2
Div = prime_divisors(Level/Mod)

for i in range (0, len(Div)):
sum= sum * (1-kronecker(Div[i],Ng)/Div[i] )

return sum
sum=0
for ¢ in range(l,n+1):

if (n % c == 0):
for d in range(1,GCD(1,c)+1):
if GCD(l,c) % 4 ==
sum = sum+d*moebius(1l/d)*kronecker(1/d,Ng)*kronecker(c/d,Ng)

return sum

sage: def EisensteinP(Level, Mod, prec):
if Level % Mod <> O:
return false
R.<g> = PowerSeriesRing(ComplexField(BoP))
E=0
for h in range(0,prec+1):
E = E + EisensteinCoeffP(h,Level,Mod)*q" (h)
return E + 0(q prec)

sage: def EisensteinCoeff (n,Level,Mod, char):
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const=0
if n==0:
for a in range (0,Mod):
const= const + a * char(a)
return -const/(2xMod)
sum=0
for d in range(1,n+1):
if n % d == 0:
sum = sum + char(d)
return sum

sage: def Eisenstein(Level,Mod , char, prec):
R.<g> = PowerSeriesRing(ComplexField(BoP))
E=0
for h in range(0,prec):
E = E + EisensteinCoeff (h,Level,Mod,char) * q~( (Level/Mod) * h)
return E + 0(q prec)

# computing the coefficients of g of level 283
sage: def CoeffIter283(n, etiquette):

L.<z> = NumberField(x"2+1)

RootI=L.complex_embeddings() [1] (z)

K.<w> = NumberField(x"2-2)

Sq2=K.complex_embeddings () [1] (w)
R C= Matrix([[2 , 3,5, 7,11, 13, 17,19 , 23,29, 31, 37 , 41 , 43 , 47 ,
53 , 59,61 ,67 , 71,773,779 ,8,8 , 97, 101, 103 , 107 , 109 , 113 ,
127 , 131 , 137 , 139 , 149 , 151 , 157 , 163 , 167 , 173 , 179 , 181 , 191 , 193 , 197 ,
283 , 293 , 307 , 311 , 313 , 317, 331, 337, 347, 349 ,3563 ,359, 367, 373, 379, 383,
389, 397, 401, 409 1,
[-Sq2*RootI, Sq2*RootI, Sq2*RootI, -1, 1, 1, 0, -Sq2*RootI, -1, -1,
-5q2*RootI, 0, 1, -Sq2*RootI, Sq2*RootI, 0,1, 1, O, O, O, O, -2, -1, 1,
0, -1,0 , Sg2*RootI , 0, O, O, 1 , Sg2*xRootI , -Sg2+*RootI ,
-1, -1, -1, Sq2*xRootI , -Sq2*RootI , 1 , 0, 0, O, O, 1 , -1 , Sg2*%RootI , O , O ,
-1,0,0,1,-1 -1,-1,1, -Sg2%xRootI , 0, 1 , 1, 1, O , -Sq2*¥RootI, 1, O , 1 , O, -1,
1, 0, 0, -1, 1,0, -1, Sg2*RootI , 0, 0]]1 )
R D = Matrix([[2 , 3,5, 7,11, 13, 17 , 19 , 23 , 29 , 31 , 37 , 41 , 43 , 47 ,
53 , 59,61, 67, 71,73, 79,83, 89, 97 ,101 , 103 , 107 , 109 , 113 ,
127 , 131 , 137 , 139 , 149 , 151 , 157 , 163 , 167 , 173 , 179 , 181 , 191 , 193 , 197 ,
199 , 211 , 223 , 227 , 229 , 233 , 239 , 241 , 2561 , 257, 263 , 269 , 271 , 277 , 281 ,
283 , 293 , 307 , 311 , 313 ]

(o,o0,0,-1,-1, -1, 0, 0, -1, -1,0,0,-1 ,0 ,0,0,-1,-1,0,2,2,0,2,-1,-1,2,-1,0,0,2, 2,0,-1,0,0,
-1,-1,-1,0,0, -1,2,0,0,0,-1,-1,0,2,-0 ,-1,0,0,-1,-1 , -1,-1,-1,0,2 ,2,-1,-1,2,0 1] )
if n==1:
return 1

if n in Primes():
for k in range (0,65):
if etiquette<2:
if C[0] [k]l==n:
return C[1] [k]
else:
if D[0] [k]==n:
return D[1] [k]
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else:
F=factor(n)
1=1en(F)
r=1
if 1==
if F[0] [1]==1:
return CoeffIter283(F[0][0], etiquette) *
CoeffIter283(F[0][O] (F[0][1]1-1), etiquette) - kronecker(-283,F[0] [0])
if F[0] [1]1>1:
return CoeffIter283(F[0][0], etiquette) *
CoeffIterQSB(F[O][O] (FL[01[1]1-1), etiquette) -
kronecker (-283,F[0] [0]) *CoeffIter283(F[0] [0] ~(F[0] [1]1-2), etiquette)
else:
for i in range (0,len(F)):
r = r * CoeffIter283(F[i] [0] "F[i][1], etiquette)
return r

# computing the coefficients of g
sage: def g(Level, Mod):
R.<g> = PowerSeriesRing(ComplexField(BoP))
1 = bound
a=Level/ Mod
Ng=Mod
g=0
if Ng % 24 == 23:
if etiquette==0:
for m in range (-1,1):
for n in range (-1,1):
if 0<(Ng+1)/24*m”~2+m*n+6*n~2 < 1:
g =g + (1/2)*% q~(ax((Ng+1) /24*m"2+m*n+6*n"2)) ;
if 0<(Ng+25)/24*m"2+5*m*n+6+n"2 < 1:
g =g - (1/2)x q~ (a*x((Ng+25) /24*m~2+5*m*n+6*n"~2) ) ;
if etiquette==
if Ng==
g=q-9°3-9g6-9g8+q9+0(q12)
= DirichletGroup(47)
psi=e.list()
g= ComputeCoeff( g, Eisenstein(Ng,Ng, psi[23], bound) ,bound)
if Level>Mod:
gP=0
for r in range (1, (bound/a)+1):
gP = gP + glr] * q~(a*r);
g=gP
if etiquette==
if Ng==229:
= DirichletGroup(229)
psi=e.list()
L.<z> = NumberField(x"2+1)
RootI=L.complex_embeddings () [0] (=)
. g=q + 9”3 - RootI*q~4 + RootI*q"5 + (RootI - 1)*q~7 - RootI*q~11
- RootI*q 12 +(-RootI - 1)*q~13 +RootI*q~15 - q~16 + q~17 - q719 + q"20
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+ (RootI - 1)*q~21 + (RootI + 1)*q~23 - q"27 + (RootI + 1)*q~28 -RootI*q~33
+ (-RootI - 1)*q"35 + (-RootI - 1)*q~39 + q"43 - q"44 + (RootI - 1)*q~47 - q"48
- RootI*q~49 + q°51 + (RootI - 1)*q~52 + 2%q~53 + q°55 +
(0)*x(RootI + 1)*(q”2 + (RootI - 1)*q~3 + (RootI + 1)*q~4 - q~6 - RootIxq"7
+ RootI*q~10 + q~13 + (-RootI - 1)*q~15 + (-RootI + 1)*q~16 + (RootI - 1)*q~17
+ (-RootI + 1)*q~19 + (RootI - 1)*q~20 - RootI*q~21 - RootI*q~22 - 2*q~23 +
(-RootI + 1)*q"27 - q~28 - RootI*q~30 - q~31 + q~32 + (RootI + 1)*q~33 - q"34
+ q°35 + q°38 + 9”39 + RootI*q~41 + (RootI - 1)*q~43 + (-RootI + 1)*q~44+
(-RootI - 1)*q~46 + (RootI + 1)*q~49 - RootI*q~"52 + (RootI - 1)*q~"53 + q~54) +0(q”57)
g= ComputeCoeff( g, Eisenstein(Ng,Ng, psil[57], bound) ,bound)
if Level>Mod:
gP=0
for r in range (1, (bound/a)+1):
gP = gP + glr]l * q~(a*r);
g=gP
if Ng==144:
for m in range (-20,1+20):
for n in range (-20,1+20):
if m)3==
if n)3==
if (m+n)%2==
g =g+ ((-1)"n)*q" (a*x(m~2+n"2))
if Ng==
for m in range (-1,1):
for n in range (-1,1):
if 0<(m”2+m*n+8+n~2) < 1:
g =g+ (1/2)* g~ (ax(m™2+m*n+8*n"2)) ;
if 0<2*m”™2+m*n+4*n~2 < 1:
g =g - (1/2)* g~ (ax(2*m"2+m*n+4*n"2)) ;
if etiquette==0:
if Ng==124:
e = DirichletGroup(124)
psi=e.list()
L.<z> = NumberField(x"2-x+1)
zeta = L.complex_embeddings() [1] (=2)
g=q - q°4 + (zeta - 1)*q"5 - zetaxq™6 + (-zeta + 1)*q~13
+ zeta*q 14 + q~16 -zetaxq”17 + (-zeta + 1)*q"20 + (zeta - 1)*q~21 + (zeta - 1)*q~22
+ zetaxq~24 + 9”30 - 9733 - zeta*q"37 - zeta*q~"38 + (zeta - 1)*q~41
+ i*x (q"2 + zeta"bxq"3 - zeta"b*q"7 - q"8 + (zeta”5 - 1)*q"10 + (-zeta”5 + 1)*q~11 -
zeta”b*q~12 - q~15 + zeta"bxq 19 + (-zeta"5 + 1)*q~26 - q~27 + zeta"5xq~28 -
q~31 + 9732 - zeta"5%q"34 + q"35 + q"39 + (-zeta"5 + 1)*q”"40 + (zeta"b5 - 1)*q~42
+ zeta"5xq"43 + (zeta”b - 1)*q~44) + 0(q~45)
g= ComputeCoeff( g, Eisenstein(p,p, psil41], bound) ,bound)
if Level>Mod:
gP=0
for r in range (1, (bound/a)+1):
gP = gP + glr]l * q~(a*r);
g=gP
if Ng==283:
for r in range (1,1):
g = g + CoeffIter283(r,etiquette) * g~ (a*r);
return g + 0(q"1)
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# computing all coefficients of g smaller than "bound"
sage: def ComputeCoeff (g,E,bound):
R.<g> = PowerSeriesRing(ComplexField(BoP) ,bound)
Sp = CuspForms (GammaO(p),2,base_ring =ComplexField());
Basisp= Sp.basis()
dp= CuspForms (GammaO (p) ,2) .dimension()
boundp=2#Sp. sturm_bound ()
gEl=g*E
gE=0
for i in range(1,boundp+1):
for j in range (0,dp):
if Order(Basisp[j],boundp)== i:
gE = gE + gE1[i] * Basispl[j]
£1=0
£2=E[0]
for r in range (1,bound):
f1 = f1 + gE[r] * q~(v);
f2 = £2 + E[r] * q7(1);
v=£1/£2
return v

sage: def Order (f,s):
Ord=1
for i in range (1,s):
if fli]l==1:
return Ord
else:
Ord=0rd+1

sage: def MulBy(f, a):
R.<q> = PowerSeriesRing(ComplexField(BoP))
h=0
for i in range(1, (bound/a)+1):
for j in range (0,d):
if Order(BS[j],bound)== a * i:

h =h + £f[i] * BS[j]

return h

#test: gE is a modular form?
sage: def Test(Series, Modularform):

Cr=0

for i in range (0, bound):

if abs( Modularform[i] - Series[i]) > 1.1e-6:
Cr=1
if Cr==1:
print "gE is not a modular form"

sage: MatSpa = MatrixSpace(ComplexField(BoP),d)

sage: BasisMS = MatSpa.basis()
sage: VecSpa = VectorSpace(QQbar,bound)
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sage:
sage:
sage:
sage:
sage:

sage:
sage:
sage:
sage:
sage:

W = matrix(ComplexField(BoP),d,d)

B = matrix(ComplexField(BoP),d,bound)
OrtA=B.new_matrix()

BB = matrix(ComplexField(BoP),3*d,bound)
Alak=BB.new_matrix()

NewF=Newforms (GammaO (Nf) ,2, names=’alpha’)
1=1len(NewF)

redundant=0

counter=0

cs=0

#Computing a basis of newforms for S_{2}(Gamma_{Nf})

sage:

D= divisors(Nf)
for z in range (0,len(D)):
Nd= Nf/D[z]
NewF=Newforms (GammaO (Nd) ,2, names=’alpha’)
1=1len(NewF)
Mult= divisors (D[z])
MultLen=len(Mult)
for i in range (0,1):
K=NewF[i] .base_ring()
redundant=0
if K.degree() > 1:
u=len (K.complex_embeddings());
for j in range (0,u):
h=0
for s in range (0,d):
Ord=0rder (BS[s],bound )
t=K.complex_embeddings () [j] (NewF[i] [0rd])
h= h + t*BS[s]
for v in range(cs,counter):
if OrtA.row(v)==h.coefficients(bound):
redundant=1
if redundant==0:
OrtA.set_row(counter, h.coefficients(bound))
counter = counter+1
if MultLen>1:
for r in range (1,MultLen):
if redundant==0:
OrtA.set_row(counter, MulBy(h , Mult[r]).coefficients(bound))
counter = counter+1
cs=counter
else:
OrtA.set_row(counter, NewF[i].coefficients(bound) )
counter = counter+1
if MultLen>1:
for r in range (1,MultlLen):
OrtA.set_row(counter, MulBy(NewF[i] , Mult[r]).coefficients(bound) )
counter = counter+l1
cs=counter
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sage: Columns = vector([ Order(BS[i], bound) for i in range (0,d)])
sage: G=W.new_matrix()
sage: for j in range (0,d):

G.set_column(j, OrtA.column(Columns([j]-1))

sage: fVector = vector ([ f[Columns[i]] for i in range (0,d)])
sage: Y=vector(ComplexField(BoP), d)
sage: for j in range (0,d):

Y.set(j, fVector[jl)

# Set the Eisenstein series E in order to compute \alpha_{1} in the formula
# <Eg,f>=\alhpa_{1}f+\alpha_{2}f_{2}+...+\alpha_{d}f_{d}
sage: if Ng==144:

e = DirichletGroup(144)

psi=e.list()
# Eisenstein series for Nf=3x144

E= 1*Eisenstein(Nf,Ng, psi[1], bound)

-(psil[1] (3))*Eisenstein(Nf,Ng, psi[1], bound)

sage: if Ng==283:
e = DirichletGroup(283)
psi=e.list()
# Eisenstein series for Nf=2x%283
E= Eisenstein(Nf,Ng, psi[141], bound)
- (psil141](2)/2)*Eisenstein(Ng,Ng, psil[141], bound)

sage: if Ng==229:
e = DirichletGroup(229)
psi=e.list(
# Eisenstein series for Nf=2%229
E= 2«Eisenstein(Nf,Ng, psi[57], bound)
- (psil[571(2)/1)* Eisenstein(Nf,Ng, psi[57], bound)

sage: if Ng==124:
e = DirichletGroup(124)
psi=e.list()
E= 1*Eisenstein(Nf,Ng, psi[41], bound)

sage: if Ng==47:
if etiquette==1:
e = DirichletGroup(47)
psi=e.list()
E= EisensteinP(Nf, Ng, bound)

#sage: E= EisensteinP(Nf, Ng, bound)
sage: print "E=",E

# computing the inverse of G by a numerical method
sage: Id=identity_matrix(d)
sage: GInv=transpose(G)/(G.norm(1)*G.norm(Infinity));
sage: for i in range(0,40):

GInv=GInv* (2*Id-G*GInv)
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# Computing the coefficient \alpha_{1}
sage: Div= divisors(Nf/Ng)
sage: Output = Matrix(ComplexField(BoP),4*len(Div),d);
sage: for i in range (0, len(Div)):
print "Div[i]*Ng=", Div[i]*Ng
Z=vector (ComplexField(BoP), d)
print "g=", g(Div[il*Ng , Ng)
gEl= E * g(Div[i]*Ng , Ng)
gE = MulBy(gEl,1)
Test(gEl, gE)
gEVector = vector([ gE[Columns[i]] for i in range (0,d)])
for j in range (0,d):
Z.set(j, gEVector[jl)
X=Z*GInv
. print (X[0].real()).nearby_rational (max_error=0.00001)
# X[0],X[1],... correspond to \alpha_{1} related to elliptic curves of conductor Nf
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