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ABSTRACT
Density on Elliptic Curves

Sylvain Muise

An elliptic curve is an object that has both the analytic structure of a Riemann Surface,
and the algebraic structure of a group. Under this group structure, we can consider the cyclic
subgroup generated by an algebraic point on the curve, and ask whether this subgroup is
dense in the complex points on the curve, under the usual topology on the analytic structure.

We give conditions on the point in question for its multiples to be dense in the complex
points on the curve. We discuss transcendence results for the Weierstrass g function,

analogous to results of the same nature for the regular exponential function.
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1 Introduction

1.1 Elliptic Curves

Let K be a perfect field, and let K be a fixed algebraic closure of K. Let K[X,Y, Z] denote

the ring of polynomials over K in X,Y, Z.

Definition 1 An elliptic curve E is a smooth curve (a 1-dimensional projective variety)

of genus 1, having a specified basepoint O.

The homogeneous ideal I(V) of a projective variety V is given by
I(V)={ feK[X,Y,Z] | fishomogeneous and f(P)=0forall PV }.

We say that E is defined over K if the homogeneous ideal I(F) of E is generated by
a homogeneous polynomial in K[X,Y,Z]. If char K # 2,3, then I(E) is generated by a

polynomial of the form
fX,)Y,Z)=X?*+aXZ?>+bZ%-Y?Z € K[X,Y, Z].

When the equation for E is written in this form, the specified basepoint O corresponds to
the point [0, 1,0] € P?2(K).
Switching to non-homogeneous coordinates * = X/Z and y = Y/Z, if F is defined over

K, then F is given by an equation of the form
E:y*=23+az+b, (1)

with a,b € K.

Define the discriminant and the j-invariant by the formulas

1728(4a)?
A = —16(4a® + 276%),  j= %.
It can be shown that an equation of the form (1) is smooth if and only if A # 0, and that
two elliptic curves are isomorphic if and only if they have the same j-invariant.
The set E(K) is the set of all points (z,y) € A%(K) that satisfy equation (1). The set
of K-rational points of E is the set of points (z,y) in E(K) such that both = and y are in
K.

There is a group stucture on E, with identity element O, given by the following compo-

sition law:



Group Law: Let P,@Q € E, let L be the line connecting P and @ (tangent line to E if
P = @), and R the third point of intersection of L with E. Let L’ be the line connecting R
and O. Then P + Q is the third point of intersection of L’ with E.

Since the point O corresponds to the point at infinity in the purely vertical direction on

E, the line L’ through R and O is just the vertical line through R. This and the group law

1.5
R

are illustrated in Figure 1.

+Q
-1.51 R

Figure 1: Addition of points on an elliptic curve

The inverse of a point P is given by the third intersection point of the line through P
and O with the curve E. This is just the point vertically opposite to P on the curve.

It can be shown that this law does indeed define a group structure on E, and explicit
fomulas for the sum of two points of E and the inverse of a point are given in terms of the
cooeflicients of E below:

Group Law: (Explicit) Let E be an elliptic curve given by the equation
E:yt=z3+azx+b,

and let P, + Py = P; with P; = (x;,y;) € E for i = 1,2, 3.
(a) If P = (z,y) € E, then —P = (z,—y).
(b) If ; = x5 and y; = —ys, then

P+P=0

(C) If P1 = PQ, let

A:Sx:f—ﬂz and V:—xi”+ax1+2b.
2y 2y



Otherwise, if P, # Py, let

2~ Yl 12 — Y21
A= Y279 and I/=u.
o — Ty ro9 — I

Then
P+ P= ()\2 — 1 — T9, —AT3 — V).

These formulas are rational maps that are regular at each point on E, in other words

we obtain two morphisms:
+: ExXE — E and —-: F — F
(Pl,PQ) — P1+P2 P - -—-P

An isogeny between two curves E; and E5 is a morphism ¢ : By — Ej that satisfies

#(O) = O. For an integer m, we have that the multiplication by m map given by

mj:E — E
P — P4+P+P---+P(mterms) if m>0
P — [-m|[-P] itm<0
O - O
is an isogeny from E to itself. The ring of all isogenies from E to itself is denoted by

End(FE) and is called the endomorphism ring of E. The ring structure is given by

pointwise addition and composition:

(¢ +¥)(P) ¢(P) + %(P)
(e)(P) = ¢(v(P))

We have that for any integer m, the map [m] is in End(F), so we can say that Z C End(FE).

If there is equality, there are no more maps to study on E. Otherwise, if
Z & End(E),

we say that F has complex multiplications. It can be shown that for any elliptic curve
E, the endomorphism ring End(E) is either Z, an order in a quadratic imaginary field, or
an order in a quaternion algebra. In the case where F is defined of C, it is either Z or an
order in a quadratic imaginary field. So in this case, we can form the field of fractions of

End(E), denoted by End®(E), and it is called the field of endomorphisms of E.



If E is defined over C, we also know that since the group law + : E x E — E is given
by everywhere locally defined rational functions, the set E(C) is a complex Lie group,
i.e. a complex manifold with a group law given locally by complex analytic functions. This
complex manifold has a natural topology given by the usual topology on C. So by a dense

subset of E(C) we mean dense in this usual topology.

1.2 Elliptic Functions

Let A C C be a lattice, i.e. a discrete subgroup of C which contains an R-basis for C. The
torus C/A with its natural addition is also a complex Lie group. An elliptic function

relative to the lattice A is a meromorphic function f(z) on C such that
fz4+w) = f(2) forallwe A,z e C.

The field of all such functions is denoted C(A).

A fundamental parallelogram for A is a set of the form
D={a+tiwi+tows | 0<t1,ta<1},

where a € C and wy,ws are a basis for A.
The Weierstrass p-function (relative to A) is defined by
1 1 1
A= — -
p(z;A) 2T Z ((z—w)2 w2>
weA
w#0

and for 0 < k € Z, the Eisenstein series of weight 2k (relative to A) is defined by

1
weA
w#0

When the lattice A is understood, we just write p(z) and Go.

It can be shown that the series G is absolutely convergent for all £ > 1, that the series
defining p(z) is absolutely and uniformly convergent on every compact subset of C — A,
that p(z) defines a meromorphic function on C having a double pole with residue 0 at each
lattice point, and no other poles, and that p(z) is an even elliptic function. Moreover, for

any lattice A, we could show that

C(A) = C(p(z), ¥'(2)),



i.e. that every elliptic function is a rational combination of p and ¢'.
If we set go = g2(A) = 60G4 and g3 = g3(A) = 140Gs, then it can be shown that p and

' satisfy the following algebraic relation:

©'(2)* = 4p(2)> — gap(z) — g3

If go and g3 are the quantities associated to a lattice A C C, then it can be also be shown
that the polynomial

y? = 42° — gox — g3

has distinct roots and non-zero discriminant, and that it defines an elliptic curve. For
an elliptic curve E written in this form, we say that x,y are Weierstrass coordinate
functions of F.

Conversely, let E/C be an elliptic curve. We quote the two following theorems from [5]

on page 161:

Proposition 1 (Unifomization Theorem) Let A, B € C satisfy A3 —27B? # 0. Then there
exists a unique lattice A C C such that g2(A) = A and g3(A) = B.

Proposition 2 Let E,/C and Ey/C be elliptic curves corresponding to lattices A1 and As.
Then Ey and E9 are isomorphic over C if and only if there is o € C* such that A; = alq
(i.e. A1 and Ay are homothetic).

Then we can say that if E/C is given by y? = 423 — Az — B with A% —27B2 # 0, then there
exists a lattice A C C, unique up to homothety, such that the following map is a complex

analytic isomorphism of complex Lie groups:

expg : C/A — E(C)
z — (z,y) =(p(2),0'(2)), fz¢A

w — 0O

where O is the “point at infinity”. We call z,y the Weierstrass coordinate functions of E.
This means that the map expg is an isomorphism of Riemann surfaces, and a group

homomorphism. Denote the inverse of this isomorphism by

Zg : E(C) - C/A.



It is given by

P X
Lp(P) = /O %(mod A).

So for any elliptic curve E there is an associated lattice A C C such that E(C) is
isomorphic to the torus C/A. In the case that E is defined over R, we can show that the

lattice is stable under complex conjugation:

Lemma 1 If E is an elliptic curve defined over R, and A C C is its associated lattice, then

A=A
Proof: Write E in the form
E(A) : y? = 423 — go(A)z — g3(A)

where g2(A), g3(A) are given by the Eisentein series above. The fact that E is defined over
R means that gz2(A), g3(A) € R.
We have
A) = Gozi—sozi
92 = =~ A
weA weA
w#£0 w#0
= 92(A) = g2(A)

since g2(A) € R. Similarly, g3(A) = g3(A). So by proposition 1, the lattices associated to
E(A) and E(A) are exactly the same lattice. In other words A = A. O
Let E be defined over R with associated lattice A C C. Lemma. 1 tells us that if w is in
A, its conjugate % is also in A. Therefore w + @, which is real, is in A. So there exists a
purely real period in A. Let w; be the smallest such real period, which exists since A is a
lattice (discussed in section 2.2).
Let wy € R be such that {w;,ws} is a basis for A. We know that wy + @5 is in A, and
since it is real, either
wo+wo=0 or wy+ws=uwi.
In the first case, wq is purely imaginary, which results in a rectangular lattice. In the second
case we see that
wyt+ g =w; = 2R(w2) =w;
= R(wq) = %wl,

which gives a diamond lattice. We have shown the following lemma:



Lemma 2 With notation as above, if E is defined over R, then A is either a rectangular

1
lattice with R(w2) = 0, or a diamond lattice with R(ws) = FwI-

In either case, we can choose a pair of periods w; and wy, such that w; is purely real

and ws is purely imaginary, that generate a sub-lattice of A of index at most 2.

1.3 The Question

Let E be an elliptic curve defined over Q, and let A be the associated lattice in the complex
plane with basis {wi,ws}. A point (z,y) € E(C) is an algebraic point if z,y € Q.
The set E(R) is given by

E(R) = {(z,y) € E(C) | z,y € R}.

If P=(z,y) € E(R), then z = T. Let z = Zg(P). By the definition of expg, we have

Since p is a doubly periodic function with respect to A, this means that
z=7Z modA.

Since z — Z is purely imaginary, it either equals 0 or some imaginary period. If z —z = 0,
then z € R, and expg(R) C E(R).

If A is a diamond lattice, then R(wsy) = %wl. A fundamental parallelogram D for this
lattice can be divided into four equal right triangles. It is easy to see that if z is in one
triangle, then Z is not in the same one. Therefore if z € R, then 2 # Z mod A. In this case,
expg(R) = E(R). This corresponds to a one component real locus.

Otherwise if A is a rectangular lattice, then we may have z — Z = wy, which means that
S(z) = %%(wg). So the horizontal line bisecting the square also corresponds to real points
on the curve. This is the case where the real locus of E has two connected components, as
in Figure 1, where the polynomial defining E has three real roots.

Let ET(C) = E(R) and let E~(C) = {P € E(C) | P = —P}. We would like to study

the following question, given in [3]:

Conjecture 1 Let P be an algebraic point on E/Q, such that there is no A € End(E) such
that \(P) € EY(C)U E~(C). Then ZP, the cyclic subgroup generated by P in E(C), is
dense in E(C).



Given the isomorphism between E(C) and C/A, we can consider the point z = Zg(P)
in C/A, and we can rephrase the conjecture to say, if there is no A € End(E) such that Az
is purely real, then cyclic subgroup of C/A generated by z is dense in C/A. By dense we
mean in the usual topology on C. First let’s consider some specific examples and compute
the multiples of certain points on those curves. The program used to produce this data is

given in section 6.

1.4 Experimental Data

3

Let E be the curve given by y? = 3 — z. This curve has complex multiplication by ¢ given

by [i] : (z,y) — (—=z,iy), and we know that End®(E) = Q(i). The lattice A associated to
this curve is a square lattice: let wy,ws be a basis for A with w; purely real and ws purely
imaginary and |wi| = |wa|. A non-zero element A = (a + bi) € End®(E) corresponds to
multiplication by a + bi on the torus C/A.

First let’s take the point 21 = %wl + ng, and P, = expg(z1). The subgroup ZP; should
not be dense since [9]P; € E(R). Indeed, Figure 2 shows the first 100 multiples of z; in

C/A, and we see that ZP; is not dense in E.
wi / 3

2+ 54
[2 + 5i]P, € E(R). Indeed, the first 1000 multiples of 29 in C/A are shown in Figure 3.

Next let 29 =

and P, = expg(z2). This point should not be dense either, since

Again ZP; is not dense.

[ NS N S N S I S S S SR )
0345 HE

3
Figure 2: 100 multiples of z; = ?wl + gwg
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Figure 3: 1000 multiples of zo =

V2w
2+ 5i
so we do not expect ZP3 to be dense in E(C). The first 10,000 multiples of z3 in C/A are

Now let 23 = and P3 = expg(z3). As with the last example, [2 + 5i]P5 € E(R),

shown in Figure 4. True enough, ZP3 is not dense everywhere in E(C), but it does seem to

A

V2uw1

2+ 51

28214

Figure 4: 10,000 multiples of z3 =

be dense on a set of lines in C/A. It isn’t dense everywhere in C/A because it is a division

point of a real point, but it is dense in a set on lines because that real point is irrational.
Finally let z4 = vV2w1 + V3ws, and Py = exp g(z4). The first 100,000 multiples of z4

in C/A are shown in Figure 5. This time the multiples are dense, and we notice that the

coordinates of z4, with respect to the basis w1, ws, are linearly independent over Q. Is this



Figure 5: 100,000 multiples of z4 = v2w; + v/3ws

always true, and is this condition enough to prove conjecture 1?7 We will need Kronecker’s

theorem to prove this, and it is proved in the following section.

2 Kronecker’s Theorem

2.1 Definitions

Let G be a Z-submodule of R*. If G = {a1y1 + ... + aryx | a; € Z} we say that G is

generated by the set {y1,...,yx} C R, and write G = {(y1,..., yx).

Definition 2 If G = (y1,...,yx), the rank v of G is equal to the dimension of the R-vector

space spanned by {y1,..., Yk}

The rank of a Z-submodule G C R™ represents the maximum number of R-linearly
independent elements we can find in G. Since the vector space spanned by {y1,...,yx} is a
subspace of R™, we know that 0 < r < mn.

For z = (21,...,25) € G, define the norm of = to be N(z) = /z2 + ... + x2. For any
e >0, let

B(e)={z € G| N(z) < ¢}

and let 7(e) be the maximum number of R-linearly independent elements of B(e). Since
B(e) C G, we know that 0 < r(e) < r. As € goes to zero, the function r(¢) is non-increasing,

therefore it attains a limit since it is bounded below by 0.

10



Definition 3 The local rank s of G is given by

s = l%r(e).

In words, the local rank s of a Z-submodule G C R" is the maximum number of R-
linearly independent elements of G of arbitrarily small norm. Like r(e), the local rank is

bounded by 0 and r, and there is a small enough € such that r(e) = s.

2.2 Discrete Submodules

If s = 0, this means that there do not exist non-zero elements of G of arbitrarily small
norm. We call G a discrete Z-submodule of R™. If G is discrete then there exists an € > 0
such that € G and N(z) < € together imply z = 0. Using this we can see that a discrete
Z-submodule G is a closed subset of R™:

Let {yn}52; be a sequence of elements of a discrete G that converges to y € R™. This
says that for any e > 0, there is an ng € Z* such that N(y —y,) < € for all n > ng. But by
above, for some € small enough this means that y = y, for all n > ng, and therefore y € G,
and G is closed.

We can always choose R-linearly independent elements y1,...,y. € G where r is the
rank of G. We can construct an Z-basis for G from these elements to show that G is a free

Z-module:

Proposition 3 Let G be a discrete Z-submodule of R™ and suppose the rank of G is r.
Then G = Z7.

Proof: Let {y1,...,yr} be any set of R-linearly independent elements of G. We must
produce a basis {z1,...,z,} for G such that G =Zz1 & ... ® Zz, = Z".

For any integer k£ with 1 < k <, let M be the k-dimensional vector space spanned by
the vectors {y1,...,yx} and let L = M NG:

M = {Myi+...+ My, M €R}

L = MnNG.

We can always write elements in M with respect to its basis B = {y1,...,yx}. So if we have
= (A1,...,\)B € M such that A\; € Z for all 4, then z € G by the module property since

Y1,y .- -, Yk € G. Therefore L is non-empty.

11



However the converse is not true. Take for example the lattice G = (e, ez, P) C R?,
where e1, ey are the standard basis vectors and P = (1/2,1/2). The rank of G is 2, and the
set {y1,y2} = {(5/2,5/2),(—3,9)} is R-linearly independent. Then the point P is in G, but
P =y /5.

Consider the subset L' C L containing elements whose first k—1 coordinates are bounded

by 0 and 1, and whose last coordinate is bounded below by 0:
L'={z=(\,...,)BEL|0< N <1, for1 <i<k-1, and N > 0}

This set is non-empty since z = (0,...,0, \;)g € L’ for any positive integer \x. The idea is
to find = € L’ such that )\ is minimum.

Let m; : L' —> R be the natural projection map onto the i-th component. The image
of this map, m,(L'), is a subset of the interval (0, oc), since Ay > 0 for all z € L'. Therefore

an infimum of the set 7 (L') exists. Let
cx = inf m(L').

Then ¢, must belong to 7 (L’), for if it doesn’t, there would exist a sequence of elements
of L' whose k-th coordinate tends to c;. Since all other coordinates of elements of L’ are
bounded, there is a subsequence that converges to a limiting vector of R™. But since G is

closed in R", there must be some element of L’ with A\, = ¢. Call this element x:

T =Ckiy1 + .- -+ Ckk—1Yk-1 + Cr Yk (2)

with ¢x; €[0,1) for 1 <i<k—1and ¢, > 0.

For each 1 <k < r, we can find a corresponding zx. The set {z1,...,z,} then forms a
basis for G:
Suppose we have Aiz; + ...+ Az, = 0 for some \;. Using (2) we can rewrite this in
terms of y;:
r—1
Z Wiy + Arcryr =0
i=1
where the y;’s are some linear combination of Ay, ..., A._;. Now ¥, is R-linearly independent

of y1,...,yr—1, and ¢, # 0, so A\, = 0. Repeating this starting with Ayz1+...+ X\ _12,—1 = 0,
and again, etc, we get that \y = ... = A._; = 0, so we get that z,...,z, is R-linearly

independent.

12



We can now say that any element z € G can be written as x = ) ;_, vjz;, where the
v;’s are in R. We want to show that v; € Z for all <.

Suppose x € G is such that not all the v;’s are integers. Let v be the last one that

isn’t, i.e. vgy1,...,v € Z. Then Y77 , , viz; is an element of G, and
r k
T — Z v;x; = Z v,y
i=k+1 i=1

isalsoin G. Now let vy, = hy + rp with hpy € Zand 0 <7 < 1. So

k k—1
E v;x; — hepxp = Z ViZ; + TpXp
i=1 i=1

is in G with 0 < r, < 1, since hiyzy € G. Using (2) again we can rewrite this in terms of

the y;’s:
k—1
Z ViYi + TkCkYk
i=1
where v, ...,v,_, are real numbers. For all ¢, let v/ = h; +r; with h; € Zand 0 <r; < 1.

Since Zi-:ll hiy; is in G, we get that

k-1 k-1 k-1
Z Vii + TkCkYk — Z hiy: = Z TiYi + TkCrYk
i=1 i=1 i=1

is alsoin G, with 0 <7, <1 fori€[l,k—1] and 0 < r, < 1. So we now have an element
of G, which is in L', whose k-th component is less than cj, which contradicts the definition

of ¢, therefore all the v;’s are integers, and G = Z" is a lattice. O

2.3 Non-discrete Submodules

If s > 0, then we can always choose s linearly independent elements of G of arbitrarily small
length.

For € small enough so that r(e) = s, let {y1,...,ys} be linearly independent elements
such that N(y;) < € for all 7. Let E be the R-vector space spanned by {y1,...,¥s}, and let
D be the set of elements of G that are also in E;

E

{zeR" |z=N Ny + ...+ Aus, Xi € R}
D = EnNG.

The set D is non-empty since y; € D for all .. If z,y € D, and a € Z, then x + ay € G
since z,y € G, and z + ay € E since z,y € E. Therefore z +ay € ENG =D, and D is a
Z-submodule of G.

13



Lemma 3 D is dense in E. In other words, the closure D of D is E.

Proof: Let y € E. We must find an element y € D that is arbitrarily close to . For any
0 > 0, choose as a basis for E vectors yj,...,ys of length less than §/s. We can always

choose § small enough so that 7(6/s) = s. We can express 7 in terms of this basis of E:
8
7=> Ayi MER (3)
=1
We can write A\; = g; +r; with g; € Z, and 0 < 7; < 1, so (3) becomes
8 )
T o= ) Giti+ Y Tivi
i=1 i=1
8
= y+ Z T3Y;
i=1

where y is some element of E NG = D. The distance between 7 € F and y € D is then
8 S 8 5

< il < | <s—=96

< ; |73 ; |yil 35

v-yl= Zh’yi
since 0 <r; < 1 and |y;| <d/s. Soge€ Dand D=E. O

i=1

If s = r, the rank of G, then we can always choose r linearly independent elements of G
of arbitrary length, so D = G. If not, let ¢ = r —s. We can choose g R-linearly independent
elements 21, ..., 2, of G that are linearly independent of y1,...,ys. Let M be the subspace
of R™ generated by zy,...,24, and let L = M NG. Then

Proposition 4 L is a lattice of rank ¢q =1 — s.

Proof: First, L is a Z-submodule of G since if z,y € L, and a € Z, then z + ay € M since
z,ye M,and z+ay € Gsincex,y € G,soxr+aye MNG = L.

Now suppose L is not discrete. Then there is at least one z in L of arbitrarily small
length, which by construction is R-linearly independent of yi,...,ys. So we have s + 1
R-linearly independent arbitrarily small elements of G, which contradicts the definition of
s. Therefore L is discrete, and L = Z"~* by Proposition 3. O

We can then conclude that G = D & L. In other words, if x € G, then

S q
= Z/\iyi + Zajzj
i=1 j=1

where the y;’s are a basis for F, the z;’s are a basis for L, the )\;’s are some real numbers,
and the a;’s are integers.

Since a lattice is a closed subset of R" and we know that D = E, we have that G = E®L.
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2.4 Characters

A continuous function x : R® — R satisfying

x(z+y)=x(z)+x(y), z,y€R? (4)

is called a character on G if x(z) is an integer for all z € G. From this we can see that

x(0) = 0, since x(z) = x(z + 0) = x(z) + x(0) and subtracting by x(z) we get 0 = x(0).
Characters exist since x(z) := 0 for all € G is a character, and it is called the trivial

character. We have for a € Z and x € G, x(az) = x(z+...4+2) = x(z)+...+x(z) = ax(=).

So x is a linear function on G, and for x = (21, ...,z,),
X(@) = &1+ ... + &z, &ER, Vi,

We can then think of y as follows:

x:R* — R

where £ = (£1,...,&,), and z - £ is the dot product. The vector ¢ determines Yy, and vice
versa, and we mean by x¢ the character determined by &.

Let B={y1,-..,¥s,21,---,2q,t1,- .., tn—r} be a basis for R", where the y;’s are a basis
of E, the z;’s are a basis for L, and the ¢;’s are n — r linearly independent vectors in the
orthogonal complement with respect to the usual inner product to the vector space spanned

by G in R™. Then any z in R™ written with coordinates with respect to B looks like

Tr = ()\15--'7)‘3)/1'11---3NQ7V17"-7Vn—T)Ba )‘ia,u’ja’/k €ER (5)

with r € G only if ; € Z and v, = 0 for all j and k.

Let x be determined by

£=1(ay,...,a5b,....bg¢1,...,Cnr)B. (6)

Then for z € R™ as above, we have

s q n—r
X(:E) = Z)\iai + Zﬂjbj + Z VeCk .
i=1 j=1 k=1

Proposition 5 x is a character of G if and only if a; =0 for all1 < i < s and b; € Z for
alll <5 <q.
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Note that this says nothing about the ci’s; they can be arbitrary real numbers.

Proof: For the ‘if’ part, if € G, then

s q n—r q
x(x) = Z’\i'o"'z/‘jbj +20-ck = Zujbj.
i=1 j=1 k=1 j=1

But both the u;’s and the b;’s are integers, so x is a character of G.

Now suppose x is a character, i.e. x(z) € Z for all z € G. Let z be any element of
D. Then z is of the form z = (A,...,X,0,...,0,0,...,0)5. When restricted to D, x is
a continuous integer-valued function on a dense subset of a vector space. So x must be

constant, and since x(0) = 0, we have for all x € D:
8
X(I) = Z )\,-ai =0
i=1

which implies that a; = 0 for all 1.
Now suppose one of b;’s is not an integer, say by ¢ Z. Then for z; = (0,...,0,1,...,0,

0,...,0)p we have
X(Zl)=1'b1€Z

but 2; € G. So x is not a character of G. [J

2.5 Character Groups

Let G* be the set of vectors in R™ that determine a character on G. Then G* is a

Z-submodule of R" since for £1,&3 € G*, a € Z, and T € G, we have
z-(&1+af)=z-& t+a(z-&) el

since 1 and £, determine characters on G. So & + a&s € G*. We call G* the character

group of G.
Lemma 4 Any character group G* is a closed subset of R™.

Proof: Suppose {£,}°2 is a sequence of elements of G* that converge to a vector & € R™.
For any = € G, it follows that x-&, — - since the scalar product is a continuous function.
But z - §, is an integer for all n, therefore z - £ € Z, since Z is closed, so £ € G*. O

We can now prove a duality theorem for these characters:
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Proposition 6 (G*)* = G. In words, the character group of the character group of G is
the closure of G.

Proof: Let x € G. Since for any ¢ € G*, we have that x - £ € Z, we see that x determines
a character of G*. i.e. z € (G*)*. Therefore G C (G*)*. But since any character group is
closed, we have that G C (G*)*.

Recall that G = E @ L, so that any = € G written as in (5) has ); € R, p; € Z, and
v; = 0. Suppose = & G. Then either u; ¢ Z for some i, or v; # 0 for some 4. In either case,
x cannot be in (G*)*.

Suppose p1 € Z, and let £ € G* with b; = 1 and every other coordinate equal 0 in the

representation for & given in (6). Then

- &=pm-1¢Z

so z & (G*)".
Now suppose v1 # 0, and let £ € G* with ¢; = 1/211 and every other coordinate 0.
Then
1 1

=y —=2g7
z-§ ne g 2§Z

so z ¢ (G*)*, and we have that (G*)* C G. Therefore (G*)* = G. O

2.6 Kronecker’s theorem

Let G € R"™ be generated by ei,...,e,, P where P = (z1,...,z,) and the ¢;’s are the

standard basis vectors. Given b € R™, when is b € G? First a little lemma:

Lemma 5 The vector £ = (§1,...,&,) is a character of G if and only if & € Z for all i,
and &121 + ...+ €pan € Z.

Proof: If £ is a character of G, then in particular e; - £ = &; € Z for all i, and also we have
E-P=&x1+ ...+ &z, € Z. This proves the only if part.
The converse is true since for x € G, we can write £ = aje; + ... + apey + api 1P =
a1 + Gp4171

with a; € Z, so for some vector £ = (£1,...,&,) satisfying & € Z and

an + Gn41%n
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&1z + ...+ &y € Z we have
x f = (a1 + an+1:c1)§1 + ...+ (an —+ an+1xn)£n
= ai&i+.. .t apbp Fanpi(mli + ...+ 2pén) €Z

by assumption on the &;’s, and therefore £ is a character of G. O

We can now use Proposition 6 to prove:
Theorem 1 (Kronecker) G = R" if and only if {1,z1,...,z,} are Q-linearly independent.

Proof: Let b € G. This means that G is dense in all of R”, and therefore G = D. So as in

the proof of proposition 5, x is identically zero on all of R, for each x € G*.

Suppose we have ajz; + ... + apz, = a with ay,...,a,,a € Z. This means that the
vector defined by { = (a1, ...,a,) is a character on G by lemma 5. Therefore a; = 0 for all 7,
and a = 0, so rewriting the equation as a1z, + ...+ a,z, — a = 0 we see that {Lzy,...,zn}

are Q-linearly independent. This proves one direction.

Now suppose we have the converse: given that {1,z;,...,7,} are Q-linearly indepen-
dent, is any arbitrary b € R™ actually in G? Equivalently, by proposition 6 we can ask is
be (G*)*. Thisis trueif b- £ € Z for all £ € G*.

Well if £ € G* we know that & € Z for all ¢ and that &z1 + ... + &z, € Z by lemma

5. The last equation says that
&iz1+ ...+ épzn =g for some g € Z.

But {1,z1,...,z,} are linearly independent over Q, so & = ... = &, = g = 0, so any
character of G is again identically zero.
So for any arbitrary b € R", b is a character of the character group of G since for any
£eGr,
E-b=0-01+...0:b,=0€Z

sobeG. O

3 Density Statements

3.1 General Criterion

Back to an elliptic curve E defined over Q, with associated lattice A, and let w; and ws be

purely real and purely imaginary periods, respectively, such that they span a rectangular
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sub-lattice of finite index at most 2 in A. We can reword theorem 1 to get the following

density criterion:

Theorem 2 Let uw = s+ it € C, and let P = expg(u) € F(C). Then the subgroup ZP
it
generated by P in E(C) is dense in E(C) if and only if the numbers 1, i, 2 are linearly
W] W2
independent over Q.

Proof: Assume ZP is dense in E(C). This means that the set Zu is dense in C/A. If

we scale the rectangle formed by w; and wy back to the unit square, u gets mapped to

] it .. .
u' = — +¢—, and this is the same as saying that the Z-submodule generated by e, e, u’
w1 w2

is everywhere dense in R?. Theorem 1 then gives the desired result. O

3.2 CM Case

Now assume our elliptic curve E has complex multiplication. I.e. if w; and wy are purely

real and purely imaginary periods respectively, then 7 = ©2 i such that 72 € Q and the
w1

field of endomorphisms of E is End® E = Q(7). Of course theorem 2 still applies, but we

can say even more. Motivated by figures 3 and 4, and using theorem 2 we can show

Theorem 3 Let E be an elliptic curve over Q with complex multiplication, and let P €
E(C). Then ZP is not dense in E(C) if and only if there is a non-zero A € End® E such
that AP € E(R).

Proof: Let 0 # A € End® E be such that AP € E(R). Since End® E = Q(7), we can write
A = a+ br for non-zero a,b € Q. Let u = s+ it = Lg(P). We have that Au is real or it lies
on the horizontal line bisecting the fundamental parallelogram. If the latter, then 2)\u € R,

so we can assume that Au € R. Writing this out we see that
Au = (a+ br)(s + it) = as + btri + bsT + iat € R.

Therefore the imaginary part is 0, and dividing by wy we get
1t
b + el =0
Wi w2
for non-zero a,b € Q, so by theorem 2, ZP is not dense.
Conversely suppose ZP is not dense. Then we know again by theorem 2 that we have

a linear relation

awiwy + bswy + ictw; =0 (7)
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with a,b,c € Q not all zero. Let A\g = ¢ + br € End® E. Then we have

Aou = (c+ br)(s + it) cs + ibtT + bsT + ict

= q-— awo € R+QL

using (7), and for ¢ = ¢s + ibtT € R. Hence if a = ﬂ, we have that agAou € R + L, which
az
means that agAoP € E(R). O
The second part of this proof still holds if Ay = ¢ € Z, so it includes the non-CM case

in one direction.

4 Schneider’s Theorem

4.1 The Main Theorem

A meromorphic function f(z) is said to have finite order if there exists p > 0 and we can
write f = %, where g and h are entire functions such that, for any R > 2, and for all z with
|z]| £ R, we have

max(|g(2)|, [h(2)]) < exp(R?) (8)

The ring K{f1,..., fn] is the ring of polynomials in fi, ..., f, with coefficients in K, and the
transcendence degree is the maximum number of elements in an algebraically independent

subset. By a number field K we mean an algebraic extension of finite degree over Q.

Theorem 4 Let K be a number field and let fi1,..., f, be meromorphic functions of finite
order. Suppose that the ring K|[f1,..., fn] is mapped into itself by differentiation and has
transcendence degree at least 2 over K. Then there are only finitely many numbers z at

which f1,..., fn simultaneously assume values in K.

Corollary 1 (Schneider) If g; and g3 are algebraic, then for any algebraic a # 0, p(a) is

transcendental.
Proof: The functions
fl(z) = p(az)a fZ(Z) = p/(az)7 f3(2) =z

satisfy the requirements of theorem 4. Suppose that p(a) is algebraic. Then for infinitely
many integral values of z, the three functions above would simultaneously assume values in

the number field generated by g2, g3, @, p(a), and ¢'(a) over Q, contrary to theorem 4. O
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This statement is an analogue to the Gelfond-Schneider Theorem which states that for
a,3 € Q with @ # 0,1, and 8 € Q, we have that o is transcendental.
The proof of theorem 4 is outlined in the following sections. It can be found in complete

detail in [1] chapter 6.

4.2 Dirichlet’s Box Principle

Lemma 6 Let N > M > 0 be integers, and let u;; be integers such that |u| < U, for
1<i<M,1<j5< N, and some U > 1. Then there are integers x1,...,xn not all zero,
with |z;| < (NU)M/(N_M), such that

N
> wiz;=0 for1<i<M. (9)
j=1

Proof: Let B = [(N U)M/ (N—M)], where [z] denotes the integral part of z. There are
(B + 1)V different sets {z1,...,zn} with

0<z;<B for 1 <5 <N,
and for each such set let

N
yl:ZuUl‘J EZ, fOI‘lS’LSM
j=1

For any ¢, let —V; and W; denote the sum of the negative and positive parts of u;; for all j,

respectively. Since

—ViB <y < W;B,
and V; + W; < NU, which means that V;B + W;B < NUB, we see that there are at most
(NUB + 1) different sets {y1,...,yn} in Z.

Now we have
N-M
B+ = ([(N)MV) 1)
= (NU )M + positive terms

which implies that (B + 1)V"M > (NU)M | therefore

B+1)Y = B+ MB+1M
> (NOMB+1)M
= (NUB+NU)M
> (NUB+1)M
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since NU > 0.

So two distinct sets x1,...,zx and zi,..., 2y correspond to the same set yi,...,yu,
and so the set z; — zf,...,xn — 'y is a solution of (9), since
N N N
/ / .
E uii(zj — 25) = E Ui T — E uiT; =y —yi =0 Vi.
Jj=1 j=1 Jj=1
d

Now let K be an algebraic number field, and let ¢, ¢z, c3 denote positive numbers that
will depend only on K. For any « in K, let ||a|| denote the size of a, that is, the maximum

of the absolute values of the conjugates of a.

Lemma 7 Let N > M > 0 be rational integers, and let u; be algebraic integers in K such

that |lui;l| < U, for1 <i < M,1<j <N, and some U > 1. Then there are algebraic

integers T1,...,zN in K not all zero, with |z || < 1 (et NUYM/WV=M) " gich that
N
Z ui;z; =0 for1 <i< M. (10)
Jj=1

Proof: Let wy, ...,wn be an integral basis of K. For any 1, j, and k, the number u;jwy, can

be expressed as

n
UijWE = Z uhijkwh
h=1

for some up;j in Z. From these equations, we can write the up;jx in terms of the Usij,
with coefficients only depending of K, so |upsjkx| < coU. Lemma 6 says that the system of

equations
n

N
> Unijkjk =0 for1<k<n1<i<M
j=1 k=1

has a non-trivial solution with |z;z| < (czN UM /IN=M) " A solution to (10) is now given by

n
:cj:Z Tjpwg for1<j <N
k=1
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since

N N n
DTy = Y i | Y Tk
j=1

N
= Z UhijkTjk | Wh

O

4.3 The Auxiliary Function

Now assume that all the hypotheses of Theorem 4 are satisfied, and write f; = %, where g;
and h; are entire functions such that (8) holds. Suppose that the conclusion of t}zle theorem
is false, so that there is an infinite sequence of distinct complex numbers 1,2, . .. such that
fi(y;) is in K for all ¢ and j.

Let ¢4, cs5, . .. denote positive numbers which will depend only on the quantities defined
so far, let m be an integer that exceeds a sufficiently large c4, and let k be an integer that
is sufficiently large compared to m. For convenience, let L = [k3/ 4], and let f () denote the
j-th derivative of f.

We build a nice auxiliary function ® from any two of the functions in question, say f;

and f7, in hopes to show that it and all its derivatives vanish at the points y1, 4o, .. ..

Lemma 8 There are algebraic integers p(A1, X2) in K, not all zero, with sizes at most k°¥,

such that the function

L L
B(z) =Y > p(A1,A)f1(2)M fal2)
A1=0 A2=0

satisfies

W (y)=0 for 0<j<k 1<I<m.
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Proof: The number ®U)(y;) can be written as

L L

. ()
20w) = > 7 pOw M) [l )] (1)
A1=0 X2=0
which is a linear form in the p(A;, A2). Since the derivatives of fi,..., f, are again elements

of K[f1,..., fn] by hypothesis, the coefficients of the p(A1, A2) in (11) are given by poly-
nomials in fi(y;),..., fn(yi), and thus belong to K. Multiplying by some positive integer,
these coefficients become algebraic integers, and suppose their size is at most U.

So considering ®)(y;) = 0 for 0 < j < kand 1 <[ < m, we have M = m(k + 1)

equations in N = (L + 1)? variables. But since
N=(L+1)?= (1 +1)" > k¥4 = §32,

and for k sufficitently large, k3/2 > 2m(k + 1), we have that N > 2M. So by Lemma 7,

there is a non-trivial solution. And since

M - M
N-M “2M—-M

1,

we have that (NU)M/(N_M) < NU, so the sizes of the p(\1, A2) are at most c2NU. It can
be shown that we can take U < kc¢sk

O

Lemma 9 For and R > 2 and for all z with |z| < R, the function ¢ = (hy---h,)L - ®
satisfies

16(2)] < exp{ens (klog k + LR?)).
Further, for any j,1 with j > k,I < m such that ®D(y;) = 0 for all i < j, the number
¢ (y;) either vanishes or has absolute value at least jezd,
4.4 Proof of Theorem 4

First we show that ® and all its derivatives vanish at the points yi, ..., ym. Using induction
on j, assume that

3@ (y) =0 for 0<i<y, 1<I<m

and show that the same is true for i = j. We can assume that j > k, as seen in Lemma 8.
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Now let C be the contour of circle in the positive orientation in the complex plane, with

center the origin, and radius R = j1/(49) let

F(z)=(z=y1) (2 = ym);
and let [ be any integer with 1 <1 < m. We integrate the function

b
(== w)(F())

over C using the Cauchy residue theorem.

fz) =

The only pole of f(z) inside C is y;, and it is a simple pole. Its residue there is equal to

Res(f,y) = lim f(2)(z — ).

By the induction hypothesis, we know that ¢(z) has a zero of order at least j at y;, so we
can write

$(2) = (z — 1)’ a(2)

for some a(z). Differentiating and evaluating at y; we obtain

9 (y) = jlaly).

Therefore, o)
. Gy Ma(z) _ eY(w)
lim f(2)(z — = lim - = -,
2>y FE) w) =y (z —y)(F(2))Y  JUEF'(y))

In other words,
o) _ gl 6(2) dz
(F'(w) 27 Je (2 — ) (F(2))
To finish the proof, we show that

16U ()| < jersi—im/(8p),

But if we take m big enough, say m > 8p(ci2 + c15), then by lemma 9, ¢U)(y;) = 0, and
therefore ®U)(y;) = 0 assuming that h; - - - hy, does not vanish at Y1, which we can. Therefore
by induction, ® and all its derivatives vanish at y1,..., Ym.

This implies that the functions f; and fo are algebraically dependent, and since we
can construct the auxiliary function from any two functions from fi,..., f,, this shows
that K[fi,..., fn] has transcendence degree at most 1. This contradicts the hypothesis of
theorem 4, therefore there are only finitely many complex numbers y1,. ..,y such that

fi(y;) € K for all 4, j.
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5 Elliptic Curves over Q N R

Let E be an elliptic curve defined over Q N R, the field of real algebraic numbers. We state
below an alternate form of Kronecker’s theorem. In this statement, the Z-submodule G is

generated by [ 4+ 1 arbitrary elements in R™, not the standard basis plus another point.

Theorem 5 (Kronecker) Let G be a Z-submodule of R™ generated by gi1,9g2,...,q;. For

1 < j <1, write g; in terms of the standard basis of R™:

g; = (915, - -+, Gnj)-

Then G is dense in R™ if and only if for all non-zero (s1,...,s;) € Z, the matriz
gir - gu
gnl1 - gnl
81 e Sl

has rank n + 1.

Let E*(C) = E(R), and by E~(C) we mean the set of points on P = (z,y) € E(C)
such that z is real and y is purely imaginary. In other words, E*(C) is the set of points
P € E(C) such that P = P, and E~(C) is the set of points P € E(C) such that P = —P.

Now suppose we have three algebraic points on the curve E. If no integral linear
combination of these points is purely real or purely imaginary, then theorem 5 implies that

the subgroup generated by these points is dense in E(C):

Theorem 6 Let E be an elliptic curve defined over Q N R without complex multiplication.
Let P, P, P3 be three algebraic points on E. Assume that for any non-zero (mq,mg, m3) €
Z® we have miP, + moP; + maPs ¢ ET(C)U E~(C). Then the subgroup generated by
Py, P, P; is dense in E(C).

As an immediate corollary we obtain:

Corollary 2 Let E be an elliptic curve defined over QMR without complez multiplication.
Let Py, Py, P3 be three points on E such that for any non-zero (mq, mg, m3) € Z3 we have
m1 Py +moPy + m3P3 § EY(C)UE™(C). Assume that the subgroup generated by Py, Py, Ps
in E(C) is not dense in E(C). Then at least one of Py, Py, P3 is a transcendental point on

E.
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This statement would be an analogue to the six exponentials theorem, which can be

stated as follows:

Theorem 7 Let {z1,z2} and {y1,y2,y3} be two sets of complex numbers, each of which is

Q-linearly independent. Then at least one of the siz numbers
e*i¥i 1=1,2, 7=1,2,3

18 transcendental.

6 Pari/GP Code

The file gp/plotmultiples.gp contains the function definitions used by the script below.

/*
File: gp/plotmultiples.gp
*/

/*
Returns a plot of the n first multiples of P on the curve E.
If ps=1, outputs the plot to the default psfile.

*/
ellplotmultiples(E,P,n,{view=[0,1,0,11},{ps=0}) =
{

local(dots);

dots = ellgetmultiples(E,P,n,view);

if(ps, \

psplothraw(dots[1]},dots[2]) \
> \

plothraw(dots[1] ,dots[2]) \
);
}

ellgetmultiples(E,P,n,view) =
{
local(area,N,x,y,a,b,2);
area = (view[2]-view[1])*(view([4]-view[3]);
N = floor((1.05)*n*area);
x = listcreate(N);
y = listcreate(N);
a = kEtoCL(E,P);
for(i=1,n, \
b = modZ2(i*a); \
if(inView(b,view), \
z = b[1]*E.omega[1] + b[2]*E.omegal[2]; \
listput(x,real(z)); \
listput(y,imag(z)); \
DR
)
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return([Vec(x),Vec(y)]);
}

/*
Takes a point P on E, and returns the point z in C mod Z°2
corresponding to P.
*/
kEtoCL(E,P) =
{
local(z_0,x_0,y_0,z,x,y);
z_0 = ellpointtoz(E,P);
real(z_0);
imag(z_0);
(x_0-y_O*real (E.omega[2])/imag(E. omega[2]))/E.omegal1];
= y_0/imag(E.omega[2]);
= x+Ixy;

_0
_0

N < XM <9 X

}
modZ2(z) = [frac(real(z)),frac(imag(z))];
inView(z,view) = \

( z[1]>=view([1] && z[1]l<=view[2] && z[2]>=view[3] && z[2]<=view(4] );

The script used to generate the images in section 1.4 is the following;:

\p 150;
read("gp/plotmultiples.gp");

el = ellinit([0,0,0,-1,0]);
w = el.omega;

z1 = 3*w[1]/7 + 5xw[2]/9;

pl = ellztopoint(el,zl);
default(psfile,"ps/zl.ps");
ellplotmultiples(el,pl1,100,1);

22 = (w[11/3)/(2+5%I);

p2 = ellztopoint(el,z2);
default(psfile,"ps/z2.ps");
ellplotmultiples(el,p2,1000,1);

z3 = (sqrt(2)*w[1])/(2+5%I);

p3 = ellztopoint(el,z3);
default(psfile,"ps/z3.ps");
ellplotmultiples(el,p3,10000,1);

24 = sqrt(2)*w[1] + sqrt(3)*w[2];
p4 = ellztopoint(el,z4);
default(psfile,"ps/z4.ps");
ellplotmultiples(el,pd,100000,1);
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