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Abstract

Rewriting Logical Rules as SROZQ Axioms: Theory and Implementation

Francis Gasse

Description Logics (DLs) is a family of very expressive logics. But some forms of knowledge are
much more intuitive to formulate otherwise, say, as rules. Rules in DLs can be dealt with by two
approaches: (i) use rules as they are even though it leads to undecidability. (ii) or make the rules
DL-safe, which will restrict their semantic impact and, e.g., loose the nice “car owners are engine
owners” inference. Here, we offer a third possibility: we rewrite the rule, if it satisfies ccrtain
restrictions, inherited from SROZQ, into a set of axioms which preserves the nice inferences.
This rewriting also has the benefit of being compatible with existing tools and standards, and to
make the most of this, software supporting this approach is provided.

In this thesis, we describe the rewriting technique and prove that it does really preserve the
semantics of the rules and also present the software we developed to support the adoption of the

proposed technique.
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Chapter 1

Introduction

A few decades back, the massive introduction of the computer greatly improved our capacity to
process and stock information. When these computers were networked, it created a platform with
the potential to revolutionize the way information was communicated. However, it was not until
the introduction of the World Wide Web (Web) that this potential was fully realized and that people
outside the corporate and governmental spheres could use it. The Web was successful because it
allows typical users to easily navigate and retrieve the information they needed, it masked the
complexity of the process. The Web is now, by far, the biggest repository of information on Earth.
It contains so much information that it is humanly impossible to efficiently navigate it to harvest
the bits we need. Indeed, the time needed to retrieve the interesting bits of information from the
available data grows with the size of this same data.

We have computers that can process data much faster than we can, so if a computer could
“understand” the information on the Web and identify which parts we need and treat them, it
would be much better. Even though specialized systems doing that type of tasks exist for certain
precise areas, a versatile framework would optimiie the way data can be used and offer endless .
opportunities. That is, in a nutshell, the promise of what the Semantic Web [SBLHO06] aims to do,
make the information on the Web machine understandable. In order to do that, we need a standard

formal representation (in the same way we needed HTML) expressive enough to model any kind



of knowledge and still be understandable by a machine. Researchers in the field of knowledge
representation (KR) designed various logics for that purpose, with varying degree of expressivity
and complexity. The World Wide Web Consortium (W3C), the governing body of the Internet, has
published a recommendation for a language that fulfills these requirements, it is the Web Ontology
Language (OWL) [BVHH*04]. It is based on SHOZN, a logic that is member of a family of
logics, mainly a subset of the first-order logic (FOL), called Description Logics (DLs) [BCM*03]
which we will further introduce in the next section. The main characteristics of this group of
logics are that it is very expressive, it is decidable and it has robust computational properties.
These features have driven its adoption in many fields that need to formalize their knowledge,
most notably in life sciences, to use OWL to build their ontologies. The successor to-be of OWL,
OWL 2, is currently being developed by a working group' mandated by the W3C, and it is based
on another, more expressive, DL called SROZ Q [HKS06].

Even though modern DLs are very expressive, there are still some forms of knowledge that they
cannot represent. So researchers continuously work to add new constructs and relax restrictions
on DLs to maximize their expressive power and retain the logic’s decidability. Function-free Horn
rules are another widely used form of knowledge representation that can roughly be seen as if...
then.... or .... imply.... statements. These two logics are rather expressive and are orthogonal to
each other. There is a consensus in the community that combining rules with DL would be a nice
way to provide the extra expressivity needed for some problemé. The problem is that it has been
shown in [HPS04] that a naive combination of the two is undecidable. This is the essence of the
problem which motivated the research presented in this thesis.

We will now introduce more precisely the two formalisms we are working with so that we can

fully describe the problem and state our objectives.

"http://www.w3.0rg/2007/0WL/wiki/OWL_Working_Group
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Figure 1: Overview of DL constructs.

1.1 Description Logics

Description Logics are a family of logics, closely related to propositional dynamic [Har84] and
modal [HC96] logics, that are designed to represent terminological knowledge and that are meant
to be practically usable in knowledge representation (KR) systems. For that reason, a strong em-
phasis is put on keeping the reasoning problems decidable. It is to be noted that all DLs make the
Open-World assumption, i.e., the failure to derive a fact from a knowledge base does not imply its
opposite.

For now we introduce one of the simplest DL, its syntax and its semantic. We use the DL AL
[SSS91] (AL stands for “attributive language”) for this purpose because the majority of the other

DLs are obtained by augmenting it with other constructs. Each features (or set of features) has a



letter assigned to it (see Figure 1), so a logic is named from the concatenation of the symbols of its
features, for example ALY is AL augmented with concept union.

The base of a description are the atomic concepts and role names, which are mutually disjoint
sets. A description is inductively built from them together with the constructors.

Let us now introduce some conventions for the notation that will be used throughout this docu-
ment. The letters A and B refer to atomic concepts, C and D refer to concept descriptions. Roles
are represented by R. With respect to that notation, the following are also concepts in AL: T, L,
-A,CND,VR.C,3R.T.

Here are some examples of what we can express with these constructors to give some intuition
before we introduce the formal semantics. Let Student and Worker be atomic concepts and has-
Friend be an atomic role. Then the expressions Student 1 Worker and Student M —Worker are
AL concept expressions which respectively describe students that are also workers, and students
that are not workers. Using the role constructs, we can form these concept expressions: Stu-
dent NV hasFriend.Worker and Student 1 3hasFriend. T, which describes students that only
have workers as friends and students that have a friend respectively. Using the bottom concept,
one can also describe a student without any friends with the following expression: Student 1V
hasFriend. L.

The formal definition of AL’s semantics requires the notion of an interpretation T = (A%, 1)
that consists of a non-empty set A%, the domain of Z, and an interpretation function -Z that maps
every atomic concept name A to a subset A7 C A and every role name R to a binary relation
RT C A’ x A”. To interpret concept expressions, they are inductively reduced to a simple form

using the following definitions:



T = Al
17 =0
(“«A)I = AI\AI
(cnbDy} = CctnD?
BRTY? = {ze AT3y.(z,y) € RT}
(VR.C)Y = {x e AT\Vy.(z,y) € R impliesy € C*}

A general concept inclusion axiom (GCI) is an expression of the form C' C D for two concepts
C and D. A TBox 7T is a set of GCIs. An individual assertion is of one of the following forms:
a: C, (a,b) : R, or asb, for a,b individual names, a (possibly inverse) role R and a concept C.
An ABox A is a set of individual assertions.

An interpretation Z is a model of a TBox 7 (written Z }= T ) if CT C D? foreach GCIC C D
in 7. A concept C is called satisfiable if there exists an interpretation Z with C% # (). A concept
D subsumes a concept C (written C C D) if C7 C D7 holds for all models of 7. Two concepts
are equivalent (written C' = D) if they are mutually subsuming each other. The above inference
problems can be defined w.r.t. a TBox 7 by only considering interpretations that are models of 7.
For an interpretation Z, an element x € A is called an instance of a concept C if z € CZ. An
interpretation Z satisfies (is a model of ) an ABox .A (Z = A) if for all individual assertions ¢ € A
we have 7 |= ¢, where

Tka:C if of €CT

Tea#b if o £0F

Ik (ab): R if (af,bF) e RE

T = (a,b): =R if (a?,b?) ¢ R” or, equivalently, (a%,b?) € AT x AT\ R

An ABox A is consistent with respect to a TBox 7 if there is a model Z for 7 such that 7 = A.



1.2 Rules

In the scope of rules and DL integration, a particular fragment of the first-order logic seems to
be a perfect match, i.e. function-free Horn rules. Indeed, Horn clauses’ expressivity can capture
some very common form of knowledge that are not representable in DL and this fragment of
FOL is tractable. For now, we will introduce regular Horn rules and then only specify how each
proposition differs from this common base when we introduce each technique.

Horn rules are in fact Horn clauses rewritten as an implication formula, both forms being
equivalent. A Horn clause is a disjunction of literals containing at most one positive literal, the
general form being -a; V...V =an_1 V a,. The atoms (a,, ..., a,) have different forms depending
with which logic the clause is used. This clause rewritten as an implication becomes a; A ... A
@n-1 — Q. The implication form being much more used and natural in our context, it will be used
in this document. One must keep in mind that the contrapositive of a Horn rule must also hold, i.e.,
given a rule C(z) — D(z), -D(z) — —C(z) must also hold. The part of the rule that is left of
the — is the body of the rule, also called antecedent, and the right part is the head (consequent). In
the context of description logics, there are two possible forms of atoms: the concept atom (C(z;))
and the role atom (R(z1, x2)), for C a concept name, R a role name and x;, T, variables. Variables
in a Horn clause are thought of as universally quantified. In particular, any variables in a clause
body that do not occur in the clause head can be thought of as existentially quantified in the body.
The variable names have to be distinct from the the union of roles and concepts names. In AL, the
terms (z;) can only be variable names but more expressive DLs, like SROTQ that we introduce
in Section 2.1, can also allow other constructs. Given a rule r, we use head(r) = a,, for its head,
body(r) = {a;...a,_1} for its body and Var(r) for the variables it uses.

In our context, we only consider rules with exactly one atom in the head and at least one atom
in the body. Since Horn rules have by definition at most one positive literal, hence one atom in
the head, this only leaves out rules with an empty head and/or empty body. We do not consider
empty-headed rules because they are highly similar to queries, which is out of the scope of this

work, and the empty-bodied rules are facts, so they should be added directly to the KB.

6



1.3 DL and Rule Integration

As we have said, the expressivity and/or the modeling potential we could gain by integrating rules
with DLs is very desirable. In order to make the motivations clear, here are some examples that

even very expressive DLs cannot correctly model.

e Let hasSon and hasChild be two roles such that hasSon T hasChild and Man is an

atomic concept. DLs cannot represent the fact that an hasChild with a Man for object

imply a hasSon relationship, but rules can: hasChild(z,y) A Man(y) — hasSon(z,y).

o Let connectedT'oNode be a role and Node be a concept. We cannot model the notion of a
cycle, say a concept representing N odes that is part of a cycle of length 2. Once again a rule

can, as follows: connectedT'oNode(x,y) A connectedToNode(y, x) — PartO fCycle(z).

These examples show two types of structures commonly encountered in practice that DLs by
themselves cannot deal with and thus illustrate the reasons that drives this research.

In [HPS04], it was shown that determining the consistency of a SHOZN (OWL-DL) KB,
and evidently any KBs of more expressive logics, w.r.t. a set of function-free Horn rules T, i.e.,
KB =T, is an undecidable problem. Obviously, it follows that every other reasoning problem is
also undecidable. In this section, we will show where the undecidability arises to fully grasp the
problem. To achieve that, we will observe some characteristics of the two formalisms and see how
their interaction induces undecidability.

First, consider the following concept expression: Person C 3hasParent.Person. It is trivial
to see that this expression can be expanded into an infinite chain of Person linked by hasParent.
This simple axiom illustrates why we have to be careful with the reasoning process in order to
ensure its termination. Most DLs can guarantee termination and correctness by only considering
certain forms of models, namely models that are either tree or forest-shaped. Models of these
shapes have the particularity that if a model is infinite, there is a way to “collapse” it into a finite

model. Furthermore, the collapsing of such models is also computationally simple.



Horn rules, on the other hand, ensure termination in a totally different way. Indeed, all variables
in these rules are universally quantified. It should be clear that such rules will thus never require
the creation of “new” individuals. It follows that the number of individuals is finite and that alone
ensures the termination of reasoning.

~ So where DLs restricts the shépe of infinite models, Horn rules allow arbitrary but finite models.
That gives some intuition regarding the cause of the undecidability of a logic combining function-
free Horn rules and DLs. Indeed, a rule can break the tree-like shape of the models thus prevent

the blocking of the model’s generation and jeopardize the termination of reasoning.

1.4 Research Objectives

Considering the problem described above, we will investigate different combinations of rules and
description logics in order to discover the combination offering optimal expressivity w.r.t. both
formalisms while still being decidable. This type of work being very common in KR, there already
are excellent results in that area, but they are all either preventing the rules from changing the
terminological knowledge (via DL-safety) or undecidable. For example, let us assume a concept
C, an individual ¢ asserted to be a C (a : C) and the rule C(z) — D(z). In a DL-safe context
we can derive that z is also a D, but we cannot derive that C' C D even though it is obviously the
case. Note that this example can obviously be encoded directly in DL and avoid this problem, but
more complex examples could not, so it does not affect our argument.

This type of inference is highly interesting and no existing combination with an expressive DL
allows it. This is the problem we intend to solve with our research. Our research should cover the
whole area, from the theoretical definition to the implementation of tools so that users can easily
leverage the gained expr;':ssivity for their purpose.

On the theoretical level, we will identify the description logic and form of rules that combines
with optimal expressivity, define the semantics of the combination, prove the correctness of the

formalism and its decidability.



On the practical side, we will develbp the tools required to support the creation of a rule-
enhanced KB and the reasoning over such a KB in a transparent way for the user. We will also
conduct experiments to ensure that reasoning over that logic is sufficiently efficient to be of prac-
tical use. That has to be verified because, even though we only consider decidable combinations,

the combined complexity might render reasoning intractable in some cases.

1.5 Structure of the thesis

Let us now present the structure of this thesis’s content. In Chapter 2 we introduce sorne pre-
liminary notions which are required to understand the thesis. Namely, we will introduce a very
expressive DL, SROZQ, which we use in our rewriting, the proposed Web Ontology Language
(OWL) 2 and the Semantic Web Rule Language (SWRL), two languages used to write ontologies
and rules in the context of the Semantic Web. Both these languages are used by our prototype
implementation.

In Chapter 3, we present some notable work that also integrated rules and DLs to some extent.
First we present CARIN, an approach based on an hybrid reasoning process. Next we introduce
Hybrid Minimum Knowledge Negation-as-Failure (MKNF) knowledge bases which combine DL
and logic programming, yielding many interesting features but also an undecidable formalism.
We then present a summary of many approaches that reduce DL to Disjunctive Datalog, thus
allowing the addition of Datalog rules. Lastly we introduce two other results that are somewhat
less signiﬁ'cantAbut interesting nonetheless, the Fire system which applies rules to completions of
DL KBs using pattern-matching and an approach that extended DL tableau algorithms to handle
rule reasoning. We conclude by analyzing these results to have a complete picture of the current
state of the art. .

In Chapter 4 we present a class of rules applicable in the context of DL and a technique to
rewrite them into DL axioms. We first define these DL rules and provide a graph-based concep-

tualization for them. Using this conceptualization, we define this rewriting. We then prove the



correctness of the rewriting and show how it works by completing a step 'by step example.

In Chapter 5 we introduce the implementation we made of the rewriting in two applications.
First we present the common framework on which both applications are built. Then we present the
command line application, its usage and its output. Next we present the graphical application that
enables the editing of ontologies with rules and its features. We conclude by showing the practical
usability of our approach using experimental results.

In Chapter 6 we conclude this thesis by summarizing our work, showing its contribution and

showing some future research avenues in the field.
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Chapter 2

Preliminaries

21 SROIQ

We now introduce a very expressive description logic called SROZQ that was introduced in
[HKS06]. This DL incorporates some very useful features that have been requested by the Se-
mantic Web community and for which practical and efficient reasoning are available. Most of
these features add expressivity to roles, somehow balancing what we can express about roles w.r.t.
what we can say about concepts. These qualities led to the selection of SROZQ to be the logical
foundation of OWL 2, the upcoming successor of OWL. We will now introduce this DL and define
its syntax and semantics. Since SROZQ is an extension of the DL AL we presented in Section
1.1, everything that holds in AL holds in SROZQ so we will only cover constructs not present in
AL.

Let C be a set of concept names including a subset N of nominals! , R a set of role names
including the universal role U, and I = a, b, c... a set of individual names. The set of roles is
RU{R™|R € R}, where arole R~ is called the inverse role of R.

The notion of an interpretation is extended with nominals, the universal role U and inverse

roles. Let C be a nominal, thus also a concept, the interpretation of C, CZ, is then a singleton. The

! A nominal is an concept interpreted as a singleton

11



universal role U is interpreted as a total relation A7 x AZ, it clearly follows that (U~)% = (U)~.

Inverse roles are interpreted in such a way that for each role R, we have

(R7)" = {{y,2)l(z,y) € R}

To avoid considering roles such as R~ ~, we define a function Inv on roles such that Inv(R) =
R~ if R is a role name, and Inv(R) = S if R = S~. We will have to deal with strings of
roles, so we extend the valuation - and the function Inv to such strings: if w = R,...R,, for
R; roles, then w? = RT o ... o RZ, where o denotes the composition of binary relations, and if
Inv(w) =Inv(R,,)...Inv(R;).

A role box (RBox) is a set of axioms describing roles and the relations between them. An RBox
R consists of two components. First, there is a role hierarchy Ry, which consists of role inclusion
axioms (RIAs). These axioms are of the form w £ R where w is a string of roles restricted to
certain shapes that we will define shortly. The second component, R, is a set of of role assertions
that state certain characteristics of roles. For instance, the assertion Irr( R) states that the role R
must be interpreted as an irreflexive relation.

To define the possible shapes of the role string w in a RIA w & R, we first have to define a
regular ordering over roles. A strict partial order < on a set M is a binary relation over M that is
both irreflexive and transitive. An ordering < on a set of roles, and their inverses, is regular if it

additionally satisfies that S < R implies that S~ < R and reversly for all roles R and S.

Definition 1 ((Regular) Role Inclusion Axioms). An interpretation I satisfies a role inclusion
axiom Sy...S, C R, if ST o ... 0 ST C RZ. An interpretation T is a model of a role hierarchy Ry,
if it satisfies all RIAs in Ry, written T = R;. A RIA w C R is <-regular, for < a regular ordering

over roles and R is a role name, if w is of one of the following forms:
1. w=RR, or
2. w=R",or
3 w=25...5,and S; < R, forall1 <i<n,or
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4. w=RS...S,and S; < R, forall1 <i<n,or
5. w=S5;..S,Rand S; < R, forall1 <i < n.

A role hierarchy Ry, is regular if there exists a regular order < over the roles such that each RIA is

~<-regular w.r.t. that same <.

The restriction to regularity of the role hierarchy ensures that there are no cyclic dependencies
suchas RS C T and T'S C R for instance, since it would imply R < R which would violate the
irreflexivity of <. This restriction is necessary to retain decidability as it was shown in [HS04] that
such dependencies would induce undecidability.

Given a role hierarchy R}, we define the relation & to be the transitive-reflexive closure of C
over the GClIs of the form {R C S and Inv(R) C Inv(S) in Rp}. A role R is a sub-role (resp.
super-role) of role S if R [ S (resp. S & R). Two roles R and S are equivalent (R = S) if R,
implies both R x S and S & R.

We introduce the set Diag, which is interpreted, w.r.t. Z, as {(z, z)|z € AT} and is required for
the definition of the second part of an RBox, the set of role assertions R,. Since the interpretation

of the universal role U is fixed, it cannot be used in axioms that are elements of R,.

Definition 2 (Role Assertions). For roles R, S # U, we call the assertions Ref(R), Irr(R), Sym(R),
Tra(R), and Dis(R, S), role assertions, where, for each interpretation T and all x, y, z € AL, we

have:
I t=Sym(R) if(z,y) € R? implies (y,z) € R%,

Ik Tra(R)  if{z,y) € R and (y,2) € RY imply (z, z) € RZ;
I E=Ref(R)  if Diag* C R%;
T = Irr(R) if RN Diag* = 0
TLDis(R,S) ifRN S%=0.
Roles that are implied by the composition of any roles are called non-simple. We define the set

of simple roles as follows:

¢ arole name is simple if it does not occur on the right hand side of a RIA in Ry, and
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e an inverse role R~ is simple if R is, and

o if R occurs on the right hand side of a RIA in R, then R is simple if, for each w T R € Ry,

w = S for a simple role S.

Definition 3 (RBox). The set 7?, = Ry U R, is a valid SROLZQ RBox if Ry, is a regular role
hierarchy and R, is a finite, simple set of role assertions. We say that an interpretation 1 satisfies
an RBox R, written T =R, if T = Ry, and T = ¢ for all role assertions ¢ € R,. If T satisfies R,
it is called a model of R.

We wish to highlight the fact that the restriction to a regular role hierarchy implies the prohi-
bition of equivalent roles, i.e. R = S or R = S7, since it is impossible to find a strict ordering
over a set containing equivalent elements. This is a purely syntactic restriction since we can just
replace all occurences of one of the roles with the other to eliminate the equivalence and not lose

any information. Let us now define the syntax and semantics of SROZ Q-concepts.

Definition 4 (SROZQ Concepts, TBoxes, and ABoxes). The set of SROZQ-concepts is the

smallest set such that
e every concept name (including nominals) and T, 1 are concepts, and,

e ifC, D are concepts, R is a role (possibly inverse), S is a simple role (possibly inverse), and
n is a non-negative integer, then CN D, CU D, =C, VR.C, 3R.C, 35.Self, (> nS.C), and

(£ nS.C) are also concepts.

A general concept inclusion axiom (GCI) is an expression of the form C T D for wo SROZ Q-
concepts C and D. A TBox T is a finite set of GCIs. An individual assertion is of one of the
following forms: a : C, (a,b) : R, (a,b) : =S, or a # b, for a,b € I (the set of individual
names), a (possibly inverse) role R, a (possibly inverse) simple role S, and a SROZ Q-concept C.
A SROIQ-ABox A is a finite set of individual assertions.
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In order to preserve decidability, only simple roles are allowed in number restrictions, (>
nS.C) and (< nS.C), Self-restrictions, 35.Self, and disjointness and irreflexivity assertions,
Dis(R, S) and Irr(R).

Definition 5 (Semantics). Given an interpretation T = (A%, F), concepts C, D, roles R, S, and
non-negative integers n, the extension of complex concepts is defined inductively by the following
equations, where §M denotes the cardinality of a set M, and concept names, roles, and nominals

are interpreted as usual:

TZ = AZ, 17 =9, (-C)* = AT\ C? (Booleans)
(CnDyY} = CTnDE (CuDY =CctuD* (Booleans)
(3RO = {z|3y.(z,y) € RT and y € C?} (exists restriction)
(3R.Self)T = (2|(z,2) € RT} (3R Self-concepts)
(VR.CY! = {z|Vy.(z,y) € RT impliesy € C*}  (value restriction)
(>nRC)Y = {a|i{y(z,y) € R¥andy € CT} > n} (atleast restriction)
(<nRCY = {a|i{y.(z,y) € R¥andy € CT} < n} (atmost restriction)

2.2 'Web Ontology Language (OWL) 2

As we mentioned in the introduction, the Semantic Web is one of the major motivations that drives
the research in our field. Description Logics alone were not very useful in that context, a language
that could be deployed over the Web was necessary. Hence the XML based languages OWL
and OWL 2, which are both relying on DL for their underlying logic. The rewriting we propose
requires the expressivity of SROIQ, which OWL 2 is based on, so we will use this version.
We do not really use OWL in the theoretical part of this work, since SROZQ itself is more
usable, but we use it throughout our prototype. In that regard, we will now introduce the OWL 2
ontology language. OWL 2 is an extension of OWL that adds many new constructs, some of which

significantly increase expressivity while maintaining backward compatibility with OWL. We will
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now overview these novelties, then introduce the semantics of OWL 2 and we finish by exposing

the non-structural restrictions that OWL 2 must satisfy.

2.2.1 New Features

The new features can be split into three categories: syntactic improvements, expressive power and
datatype support. There are two new syntactic constructs that can simplify writing knowledge.
First, DisjointUnion allows to say in a single axiom that a description is the union of a set
of descriptions that are mutually disjoint. The other new feature is the ability to assert the non-
existence of a property using twb new predicates Negat iveObjectPrépertyAssertion
and NegativeDataPropertyAssertion.

The choice of SROZQ as the underlying logic increased the expressivity by allowing the addi-
tion of these new DL constructs: (i) qualified cardinality restrictions (ex.:ObjectMinCardinality
(2 friendOf hacker)), (i) local reflexivity restrictions for simple properties (ex.:ObjectExist
Self (likes) for narcissists), (iii) reflexive, irreflexive, symmetric, and asymmetric properties for
simple properties (ex.: ReflexiveObjectProperty (knows)), (iv) disjoint properties for sim-
ple properties (eXx.: DisjointObjectProperties(childOf spouseOf)), and (V) property
chain inclusion axioms (€X.: SubObjectPropertyOf (SubObjectPropertyChain (ownspart)
owns) ) if the property inclusions are acyclic.

The support of datatypes is vastly improved by allowing the use of almost all of the XML
Schema Datatypes?. For instance, we can define new datatypes restrictions that can be used in the
ontology, as in SubClassOf (Adult DataSomeValuesFrom(age DatatypeRestriction

(xsd:integerminInclusive "18"""xsd:integer)).

2.2.2 Semantics

We now introduce the semantics of OWL 2, which are closely related to those of SROZ Q. The

semantics of all OWL 2 constructs that are present in SROZQ are a straightforward mapping to

Zsee http://www.w3.0rg/TR/xmlschema-2/ for more information
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the semantics of SROZQ. The constructs of OWL 2 that are not included in SROZQ are all
those related to datatype support. The semantics of these datatype predicates are easily mappable
to those of the equivalent object property, obviously taking into account that the domain of inter-
pration is the data domain instead of the interpretation domain. For instance, the correspondance
between ObjectSomevValuesFrom and DataSomeValuesFrom is as follows: both define
the possible object of their subject property with the difference that Object SomevValuesFrom

accepts concept expressions and Dat aSomeValuesFrom accepts datatype expressions.

2.2.3 Nonstructural Restrictions on Axioms

OWL 2 introduces a set of nonstructural restrictions on axioms. These restrictions are being en-
forced to ensure that OWL 2 is contained within SROZ Q’s expressivity and are equivalent to
SROZQ’s definition of a regular role hierarchy. Given that equivalence, we will not cover these

restrictions but mention that they should nonetheless be observed.

2.3 SWRL

The Semantic Web Rule Language (SWRL) [HPSB*04] is a W3C proposal for a SW oriented rule
language. Being oriented towards the Semantic Web, it was designed to extend OWL with the
expressive power of the rules, not the other way around. The rule component of SWRL is largely
based on RuleML?, another rule language now mainly used for business rules. We can thus define
SWRL as the union of OWL and RuleML which is closely related to Unary/Binary Datalog and
function-free Horn rules. SWRL is not that important for the theoretical part of this work, but it is
used in our implementation and is the de facto standard, much like OWL. SWRL retains the full
expressive power of both OWL and RuleML, but this expressivity comes at a hefty price, the loss

of decidability.

Shttp://www.ruleml.org
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axiom = rule

rule =" Implies('{URIreferencelannotationantecedentconsequent’)’
antecedent ::=" Antecedent('atom’)
consequent ::=' Consequent('atom’)’

Figure 2: Syntax of SWRL rules.

The undecidability of SWRL can be shown by using it to encode a known undecidable prob-
lem. We will use role-value maps [SSS91] for that purpose. Let R, S be role chains (i.e. R; o
.oR,), R C Sand R = S are respectively a containment role-value map and an equality
role-value map. The following examples informally show their semantics, the concept Person M
(hasChildohasFriend C knows) describes the persons knowing all the friends of their children,
and Person M (marriedT o o likesToEat = likesToFEat) describes persons having the same fa-
vorite foods as their spouse. These role-value maps are a well-known undecidable problem and
SWRL rules can be used to simulate them, thus showing SWRL's undecidability.

SWRL extends OWL by adding the rules as a type of axiom in a way defined using the abstract
syntax in Figure 2. It also extends OWL by including a set of built-in functions that allows one
to deal with complex relations and operations over datatypes. The relation functions are mostly
equivalent with data ranges from OWL, but the built-in operations provide interesting functions.
For example, math built-ins offer modulo, string built-ins offer comparison ignoring case and list
built-ins offer evaluation of a list’s length. These allow for rather complex rules to be written.

A rule axiom consists of an antecedent (body) and a consequent (head), each of which consists
of a (possibly empty) set of atoms. A rule axiom can also be assigned a URI reference, which could
serve to identify the rule. Informally, a rule may be read as meaning that if the antecedent holds
(is "true”), then the consequent must also hold. An empty antecedent is treated as trivially holding
(true), and an empty consequent is treated as trivially not holding (false). Rules with an empty
antecedent can thus be used to provide unconditional facts; however such unconditional facts are
better stated in OWL itself, i.e., without the use of the rule construct. Non-empty antecedents and

consequents hold iff all of their constituent atoms hold, i.e., they are treated as conjunctions of their
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atoms. Rules with conjunctive consequents can easily be split up into multiple rules each with an
atomic consequent.

Atoms can be of the form C(z), R(z,y), sameAs(z, y) differentFrom(z, y), or
builtIn(r, z,...) where C is an OWL description or data range, R is an OWL property, r is a built-
in relation, z and y are either variables, OWL individuals or OWL data values, as appropriate.
Informal]y, an atom C(z) holds if x is an instance of the class description or data range C, an atom
R(z,y) holds if z is related to y by property R, an atom sameAs(z, y) holds if z is interpreted
as the same object as y, an atom differentFrom(z, y) holds if = and y are interpreted as different
objects, and builtIn(r,z,...) holds if the built-in relation r holds on the interpretations of the
arguments. Note that sameAs and differentFrom can already be expressed using the combined
power of OWL and rules without explicit (in)equality atoms.

Atoms may refer to individuals, data literals, individual variables or data variables. Variables
are treated as universally quantified, with their scope limited to a given rule. As usual, only vari-
ables that occur in the antecedent of a rule may occur in the consequent (a condition usually
referred to as “’safety”). This safety condition does not, in fact, restrict the expressive power of the
language (because existentials can already be captured using OWL someValuesFrom restric-

tions).

2.3.1 Semantics

The semantics for SWRL is a straightforward extension of the semantics of OWL in which we
define bindings, i.e. mappings from elements of OWL interpretations to variables of the rules. We
say that a rule is satisfied iff every binding that satisfies the antecedent also satisfies the consequent.
The semantic conditions relating to axioms and ontologies are unchanged. In particular, an inter-
pretation satisfies an ontology iff it satisfies every axiom (obviously including rule axioms) and

facts in the ontology, and an ontology is consistent iff it is satisfied by at least one interpretation.
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Chapter 3

Related Work

The expressivity we can gain by combining Description Logics and rules is very interesting and
required for some application, so there have been many efforts in that direction. Among these
efforts, many different paradigms were investigated by different groups with varying degrees of
success. In this chapter we intend to present the most significative paradigms and the results they

obtained, to better understand the challenge we aim to tackle.

3.1 CARIN

CARIN [LR96] is a KR formalism that provides an integration of Datalog with the DL ALCN'R,
and any of its sublogics. It extends the AL-log [DLNS98] language by integrating more expressive
DLs (AL-log is built around the ALC DL) and by admitting more general DL atoms in the rules.
The form of rules is heavily restricted since only ordinary predicates (predicates referring to enti-
tites not part of the DL terminology) are allowed to appear in the head of rules. Unfortunately, this
formalism is undecidable but refutation-complete, i.e. it terminates if there is an answer for a given
query but may not terminate otherwise. A query answering procedure is provided and decidable
subsets are identified in [LR98]. These subsets are obtained by restricting to non-recursive rules
or by restricting the way variables can be used in role atoms. For both these decidable subsets,

a sound and complete reasoning algorithm is provided. These algorithms split the reasoning into
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two steps, the DL reasoning and the rule reasoning. Recursive rules are defined as follows. An
ordinary predicate p depends on an ordinary predicate g if g appears in the antecedant of a rule
which consequent is p. A set of rules is recursive if there is a cycle of dependencies between the
ordinary predicates. Let R(z,y) be a role atom and z, y be variables, this restriction over the vari-
ables requires that either = or ¢ appears in a non-DL body atom in the same fashion as in DL-safe
rules (see 3.4.2 for details).

First in the DL reasoning step, the DL. component of a given knowledge base is used to con-
struct a set of completions, each of which is represented by a finite set of DL atoms and determines
a canonical model of a program. A completion is an interpretation modeling a knowledge base for
which all possible inference is performed. Then the construction of an rule augmented component
occurs. This component is composed of all the rules augmented by the assertions contained in
each completion of the aforementioned canonical model. For the rule reasoning step, a forward-
chaining based reasoning is carried out over the completion included in the canonical model using
the added DL-assertions as new facts. An ordinary predicate atom is entailed by the knowledge

base if and only if it is entailed by all augmented rule components of the canonical model.

3.2 Description Logic Programs (DLPs)

In this section we introduce an approach to rule and DL integration that differs from most others
in the way that it focuses on the intersection of the two formalisms and not on some form of union.
More precisely, Description Logic Programs (DLPs) [GHVDO03] correspond to the intersection of
the DL underlying OWL (SHOZN) and the Declarative Logic Programs fragment of FOL, i.e.
Horn clauses. Figure 3 (taken from [GHVDO03]) shows how this formalism relates to other logics.
The main advantage of such a combination is obviously a reduced complexity that ensures that the

reasoning services are efficient and scalable. Such services could be provided by highly effective

logic programming reasoners.

Although DLPs are an intersection of two formalisms, they still provide a significant expressive
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Figure 3: Overview of the relation of DLP with other formalisms.

power. Notably, it includes the expressivity required to state that class D is a Subclass of a class
E, that the Domain of a property P is a class C, that the Range of a property P is a class C, that a
property P is a Subproperty of a property Q, that an individual b is an Instance of a class C and
stating that a pair of individuals (a,b) is an instance of a property P. These constructs are equivalent
to the expressivity of RDF(S). Additionally it allows one to express conjuntion and disjunction in
class descriptions, that a property is transitive, symmetric or the inverse of another.

With this formalism, a bidirectional mapping is provided to and from the two formalisms used
in the intersection for knowledge bases and queries. This translation enables two different views
of the integration, either rules are added to the ontology or the ontology augments the rules. In the
first one, the rules use the vocabulary defined in the ontology, whereas the second one imports the
rules’ vocabulary into the DL.

There are however restrictions imposed implicitly in the expressivity to ensure that the KB
remains in the intersection. The tree model property of DLs, closely related to the correspondance
of DLs to FOL with two variables, is what mostly restricts the way rules can be used. This prevents
the expression of classes where two different paths of properties lead to a given variable. An

example for such a case would be a class “HomeWorker” representing individuals who live and
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work at the same location defined as
work(z,y) A live(z, 2) A loc(y, w) A loc(z, w) — HomeW orker(x)

Also, Horn logic requires all variables to be universally quantified, thus preventing the assertion
of an anonymous individual, i.e. any DL axiom of the form C' C R.T. Also, Horn rules cannot

contain any negated atoms.

3.3 Hybrid MKNF

Since OWL has been widely used for ontology construction, many considered Logic Program-
ming (LP) as the solution to expressive shortcomings that had been identified, such as exceptions,
constraints and, of course, rules. A proposition [MHRSO06] has been made for a technique that
seamlessly integrates OWL (but also expressive DLs, up to SROZ Q) with LP. It is based on the
Minimal Knowledge Negation-as-Failure (MKNF) logic, presented in [Lif03], which can be seen
as a modal logic with default models supplying the non-monotonic features. Contrarily to DLPs’
intersection, here a union of the two paradigms is proposed. However, this logic is known to be
undecidable, a major problem in the DL context.

Having the open-world semantics as a central assumption of DLs, it seemed incompatible with
the closed-world semantics of LP. The problem is settled by way of an epistemic operator (the K
operator) which means, informally, “is known to hold” meaning that it is true in every interpreta-
tion. This operator allows us to switch between open and closed world at will, which is interesting
since even in a DL context it is sometimes desirable to query the world as-is. A negation-as-failure
not operator is added as well to allow to specify that “it is possible for o not to hold”. This approach
has many benefits that enables one to express n-ary predicates, integrity constraints exceptions in
the model and allows for reasoning with the closed-world assumption when desired by using LP
constructs over a DL terminology. Rules can also be formulated using this formalism and they are

defined using the epistemic operators.

23



3.4 Datalog-based Approaches

There have been various techniques integrating DL and rules reported that have as a common base
the use of Disjunctive Datalog [EGMY97] as the formalism used for the reasoning tasks. Such
techniques include AL-log [DLNS98], Description Logic Programs {GHVDO03] and Horn-SHIQ
[HMS05]. Since all these approaches are so closely related, we will focus on the most interesting
results using this technique, those of [Ros05]. This work defines a general framework for the
integration of DL ontologies and Datalog™", meaning a Datalog program with negation as failure
and disjunction. This work generalizes the previous results because it proves that any decidable
first-order KB (thus any decidable DL KB) augmented with atomic and DL-safe Datalog™ rules
preserves its decidability. In order to create a Datalog program equivalent to the KB and the rules,
the KB is first translated into Datalog using basic superposition and then the rules are added to
the resulting program (this step is straightforward). This approach is implemented in the KAON2
system. Unfortunately this system is limited to the SHZ Q logic thus limiting its practical usability

since it is less expressive than OWL-DL.

3.4.1 DL+og

[Ros06] introduces DL+log which we consider apart from the other Datalog-based approaches
because it allows a tighter integration of DL and rules, even though currently it is at the expense of
the expressivity of the DL, a problem which should be addressed in future work, by not requiring
the DL-safeness of the rules. Instead, rules must have what the author calls weak safeness. Weak
safeness means that variables are not required to appear in a non-DL atom (usually referred to as
O(z)) if they do not appear in the head of the rule. Decidability of this approach was demon-
strated via the corresponcience between reasoning in DL+log and conjunctive query containment
(checking whether the result of a conjunctive query is a subset of the result of another query for
every TBox) in DLs. As mentioned earlier, there is a price to pay for this benefit: currently, de-

cidability of this approach is only proved in DLR which lacks prominent features of modern DLs
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such as nominals, transitive roles and role inclusion axioms on arbitrary roles. This logic is in fact

equivalent to ALC QT since we can reify the DLR n-ary relations.

3.4.2 DL-Safety

DL-safety [MSS05] is a restriction over the semantics of the rules that some integration techniques
require to retain decidability. It is not to be confused with the classical restriction to safe-rules,
which is a restriction over the syntax of the rules, i.e. that variables referenced in the head of the
rule are required to be referenced in the body.

As we mentionned, this does not restrict the syntax of the rules because any rule can be trans-
formed into a DL-safe one, but the semantics of the rule is affected. First, we will show how to
transform a rule into a DL-safe one and then we will show how and why the semantics are affected.

The method to make a rule DL-safe is rather simple and goes as follows. Let K be a knowledge
base containing rule r, to make r DL-safe we add to it an atom of the form O(z) for every variable
z it references. Afterward, we add an assertion of the form O(z) for every individual « contained
in K. We use O as the non-DL predicate in accordance to a notational convention observed by
previous papers on the subject. The addition of the O(x) atoms and assertions have an obvious
effect, only individuals explicitly introduced in the knowledge base can be bound to variables of
a rule. That prevents individuals introduced by the application of expansion rules, most notably
by existential restrictions, from being bound to variables. This implies that variables can only be
bound to a finite number of individuals, hence ensuring termination. Let us now formally define

what is a DL-safe rule.

Definition 6 (DL-Safe Rules). A rule r is DL-safe if each variable occurring in r also occurs in a

non-DL atom in the body of r.

The restriction to DL-safety implies that such rules have different semantics than regular Horn
rules. The major effect of such a restriction is that the rules won’t have any effect on the TBox,
hence missing inferences like rule induced subsumption. Nonetheless, the gained expressivity is

still quite interesting.

25



3.5 Using a FOL Theorem Prover for OWL

Using FOL theorem provers to reason over DLs is a subject that has been investigated numerous
times, notably [HS00]. The most used techniques translated the DL into the guarded fragment of
FOL such that the prover provided sound and complete reasoning. These techniques have yet to
be extended to allow reasoning over the recent DLs that are expressive enough to be interesting in
our context. Another approach is introduced in [TRBHO04], it proposes to directly translate the DL
into FOL using the mappings presented in Figure 4 (taken from [Mot06]). This approach yields a
FO theory for which completeness cannot be guarenteed but that is expressive enough to handle
very expressive DLs.

A FOL theorem prover can, by definition, reason over any logic that is a subset of FOL and
since both OWL 2 and SWRL are such subsets, their union obviously also resides within FOL. This
technique can thus rather easily provide an implementation of a SWRL reasoner. This is exactly
the approach the reasoner Hoolet! implements. The FOL theorem prover used for this is Vampire
[RV01], a very competitive implementation, that has not been optimised specifically for the needs
of description logics reasoning. Hoolet translates the KB and the rules into a FO theory which is
then fed into the Vampire [RVO01] theorem prover where it can be used for reasoning tasks such as
satisfiability checking and instance checking.

Although such a system has some virtues, it inherantly has some major flaws. The non-
completeness of the reasoning implied by FO reasoning being the central one. Decidability is
one of the defining features of DLs, so, compromising on that aspect is not ideal but such a com-
promise has to be done for any technique supporting the whole union of DLs and SWRL. Practical
experiments showed that the computation times for DL reasoning tasks with Hoolet were unsur-
prisingly not competitive at all when compared to those obtained by FaCT++ [THO06]. Also, due
to that incompleteness, it failed to correctly compute some of the practical tests it was submitted
to, especially with tests involving the verification of non-subsumption. This follows from the fact

Vampire is based on refutation. Indeed, a subsumption test between concepts C' and D tests if

Yavailable at http://owl.man.ac.uk/hoolet/
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Mapping Concepts to FOL

T %) = T
(LX) = L

A X) = A(X)

7, (~C.X) = -m,(C, X)
m(CTID,X) = m(C. X) Amy(D. X)
7 (CUD,X) = m(C. X))V 7y(D, X)
7 (VR.C, X) = Vy: R(X.y) — malClp)
my(3RC,X) = Jy: R(X. y) A me(Cly)

"Ty(é nRC.X) = Yy,... s Yn1t /\21:1] [R(“Y:yi) I {0 '.’/i)] hd \/?:11 y:ll.{\.] Yi =Y
(2 nRC,X) = 3yr. .yt N RIX 4) A (Cop)] A NIy s 0 % 45

Mapping Axiows to FOL

#(C L D) = Va: ny(C,n) — my(D, x)
mC =D) = Vo 1,(C,2) & my(D, x)
#(RT S) = Yo,y : Rry) — 8(z,y)
w(Trans(R)) = VY, y. 2 Rlx,y) A Rly.2) — R{x, 2}
7o) = 7y(C.a)
#(R{a.b)) = R{a.b)
7(~S(a,b)) = ~S{a,b)
w{aod) = aob for o € {~, 4%}
Mapping KB to FOL
w(R) = Va,y: R(r,y) « R {y,x)
m(KBRr) = /\aeKBn m{o) A AR&:\’RG 7(R)
w(KB1) = Aoexs, 7(@)

7(KB4) = AaGKEA w(ce)
7(KB) = a(KBr) A w(KB1) A 7n(KBy4)

Notes:
(¢): X is a meta-variable and is substituted by the actual term;
(#): =, is obtained from my by simultaneously substituting in the definition
all y,y with x,y, 7y with m,, and vice versa,

Figure 4: Mapping from DL to FOL.
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C M D is satisfiable, if it is not there is a subsumption. For non-subsumptions, this formula is

satisfiable thus troublesome for a refutation-based reasoner.

3.6 Other Relevant Work

We now present two other pieces of work on rule and DL integration that obtained interesting
results but that are not as significant as the ones previously presented. First we present the Fire
system and then we present a technique that merges the rule reasoning directly into the tableaux

rules.

3.6.1 Fire

The Fire [BhoO05] system couples a DL reasoner (RacerPro) with a rule engine to enable the use
of rules in the OWL ontology. The rules are considered as “trigger rules” as opposed to logical
implication. The envisioned mode of functioning, we say envisioned because the reasoners not yet
implement the required features but they may in a foreseeable future, is as follows. A “cycle” of
reasoning starts by the reasoner computing all the possible completions of the KB and determining
a canonical model of the KB. After that, the rule engine applies the rules, the possible bindings
being found via the RETE pattern matching algorithm, to all these completions and the intersection
of all the inference results are applied to the KB. Such cycles are applied as long as they yield new

inferences.

3.6.2 Integration with Tableaux Rules

As we have seen in the above section, most of the work for integrating rules and DL do not rely
on tableau algorithms for reasoning. Tableaux are a decision and proof procedure that are imple-
mented by most modern DL reasoners such as FaCT++, RacerPro and Pellet. Extending tableaux
to handle rules is thus desirable to enable the use of these highly optimized DL reasoners. Such a

technique was introduced in [KPS06]. This paper describes an extension to the SHOZ Q tableaux
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algorithm that enables it to deal with DL-safe rules directly in the tableaux. It is achieved by
adding a new completion rule to those originally in SHOZ Q, this completion rule has the lowest
priority. This new rule start by generating all the possible bindings (obviously, it only considers
asserted individuals) then it verifies that at least one of the rule atom holds for each binding. If so,
the expansion of the branch continues. This result in itself is interesting but a system using this
new algorithrﬁ was developed to have preliminary results regarding practical usability. For small
ontologies, the system performs well but the branching introduced by the reasoning over the rules

cause the system’s performance to drop rapidly as size increases.

3.7 Overall State of the Art

Each research result we just presented offers a knowledge representation paradigm that has suf-
ficient expressivity to partially model both DL axioms and Horn rules. However they use very
different ways to do so, i.e. they are not related by how they function but by their common objec-
tive, DL and rules integration. Let us now position our research w.r.t. these related works. The
approach we investigate is not linked, does not re;use or build upon any of these technique but
nonetheless shares their objectives. We intend to complete this objective using a novel and unique
approach, so we presented these related works in order to give an overview of what has been done
and the results that we aim to improve.

To clearly identify these results we want to improve, we have to synthetize them, taking into
account their respective strenghts and weaknesses, into an observation reflecting the current state
of affair. Existing rules and DL integration approaches can be, broadly speaking, split in to groups:
undecidable formalisms in which rules can modify the terminology, and decidable ones in which
rules cannot alter the terminology. For some application domains, such as life sciences, neither of
these options is satisfactory. Let us give a concrete example that illustrates the type of inference
that DL-safety disables and that we wish to enable. Let the rule hasChild(z,y) AhasChild(y, z) A
Man(z) — hasGrandSon(z, z) defined w.r.t. the KB shown below.
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JhasGrandSon. T T PersonWithGrandSon
TestSub = FhasChild.3hasChild. Man
jack : (3hasChild.3hasChild. Man)

joe : (3hasChild.3hasChild.billy)

billy : Man

It should be obvious that joe is an instance of T'estSub. Suppose that we have two reasoners,
one that requires DL-safety and one that does not. Both reasoners can infer that joe is an instance
of PersonWithGrandSon since both joe and billy are explicitely introduced individuals. The
DL-unsafe reasoner can infer that jack is an instance of PersonWithGrandSon but the DL-safe
cannot since the “grand-son” of jack is implicitely introduced by the existential restriction. The
DIL.-safe reasoner also fails to infer that TestSub T PersonWithGrandSon but the DL-unsafe
one does. Such limitations severely restricts the use of rules. Hence our objective to bring a third

option, one in which rules can have an effect on the terminology while retaining decidability.
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Chapter 4

DL Rules and their Rewriting

We now enter the core of the theoretical content of this thesis, the rewriting of logical rules into DL
axioms. We will also introduce some accessory concepts required by the rewriting. In this chapter
we will first introduce the notion of DL rules, which is a formalization of logical rules considered
in the context of description logics. We then define a graph conceptualization and notation of
these rules, which provides an elegant and intuitive way to define the procedures composing the
rewriting. Next, we expose the rewriting technique itself and the different steps it requires. The
semantic cbrrectness of the operations used in the rewriting and of the rewriting itself are shown in
the following section. We conclude by showing how the rewriting as a whole works by processing

an example step by step.

4.1 DL Rules

Contrary to the field of logic programming, rules used in a DL context do not have widely ac-
knowledged syntax and semantics. Since we will have to represent rules quite often in this thesis,
we will now introduce DL rules, which is a class of rules satisfying some syntactic restrictions for
which we have well defined semantics and also a representation format. This representation format
is based on a graph-based paradigm. We chose the name DL rules to highlight the fact that this

approach is not bound to DL-safety. Before introducing the representation format, we will present
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the restrictions a logical rule has to satisfy to be a DL rule.

We will define the syntactic restrictions required for DL rules by exposing the differences w.r.t.
what is probably the most known class of rules, i.e. Horn rules. The general form of a Horn rule is
defined as a; A ... A @,y — a,, With the atoms (ay, ..., a,,) are either concept atoms, C(z;), or role
atoms, R(z;, z;), for C a concept name, R a role name and z;, z; variables. To be a DL rule, such

a rule must additionally satisfy the following restrictions:

o The variable(s) referenced in the head of the rule have to be referenced in at least one of the
body’s atoms. This is the standard safety condition, which is unrelated to DL-safety, that

ensures a meaningful interpretation since a variable not used in the body but used in the head

could be bound to any entity.

o The set of variable names has to be disjoint from the other names used in the ontology, i.e.

the union of the sets of names of individuals, concepts and roles.

e We also require rules to be connected. A rule r is connected if, for any pair of variables x, y
in r, there exists a sequence i, ..., T, such that (i) z; = z, (il z, = yand (i) for1 <i < n

there is a role R such that either R(z;, z;11) or INV(R)(z;41, z;) is an atom of .

A rule minimally has to be a valid DL rule for it to be eligible to be rewritten. That implies
that rules not satisfying these restrictions are not of any interest in our context. For that reason, we
only consider DL rules for the remaing part of this thesis. Knowing that, we consider that the word
“rule” implicitely means “DL rule” in this context. Let us now define the semantics of a DL rule

w.r.t. an interpretation modelling a DL knowledge base.

Definition 7 (Semantics of DL Rules). Let Z be an interpretation that is a model of a KB K, C
be a concept of K, R be a role in K and 7 be a mapping Var(r) — AZ, i.e. a mapping from the

variables of a rule r to individuals in the domain of the interpretation. We write:
o I =" C(z)ifn(z) € C% and

» IT" R(z,y) if (n(x),7(y)) € R~.
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For a set of atoms A = {Ay, ..., A}, wewrite T =" AifT =" A; forall A;in A. Let t be a rule
of the form A — H, where A is a set of atoms and H is an atom. We say that T satisfies t if, for all

m, I =" A implies that T =" H.

4.2 DL Rules as Graph

The abstract syntax of DL rules adequately represents the rules. However, this syntax is not partic-
ularly suited to be used to describe transformations on the rules as our rewriting requires. Indeed,
when reading the definition of a transformation over this syntax the semantic effect might not be
obvious because it is lost in syntactic considerations. That is because the syntax itself carries little
semantics. To solve this problem, we introduce a graph conceptualization of rules and a new nota-
tion based on that conceptualization which we will use to define the rewriting. We also introduce
a simplification technique for rule graphs, called the skeletonization.

Thinking of rules as graphs has many advantages, it is intuitive, easy to visualise and it allows
a viable notation. For these reasons, we now introduce the notion of a rule graph, that is a graph
conceptualization of DL rules. A rule graph is a directed labeled graph, which models the body of
the rule, augmented with the head of the rule.

A rule graph G is defined by the following expression G = (V, E, £, H) where :
e V is a finite set of vertices, and

e ECV xR x V is a ternary relation describing the edges, and

L is a set of labels, and

H is the head of the rule.

It should be noted that in the definition of E, the symbol R is used to represent the set of roles of
the KB. Also, a label £, of a vertex is a (possibly empty) set of concept expressions that are used

in concept atoms over variable Xx.
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4.2.1 Deriving a Graph from a Rule

We now describe the procedure to derive a rule graph from a rule. Let r be a rule defined as
ay A ... A ap — ap. We start by defining the rule graph G, = (V, E, L, H) as an empty rule graph,

i.e. V = 0 and H = 0, and then for each a; € r, we do the following:
e if a; is of the form C(z) then
~ifz g VthenV =V U{z}
=L, =L, U{C}
o if a;- is of the form R(z, z) then
- ifrgVthenV =V U{z}
- L, =L, U{3R.Self}
o if a; is of the form R(z,y) then
-ifrgVithenV =V U{z}
- ifygVithenV =V U{y}
- E=EU{(z,R,y)}
The final step is to add the head of the rule, ay, to the graph which simply consists of asserting

H=ah.

4.2.2 Notation

The notation we use for rule graphs is very similar to that abstract structure we have just defined,
the difference being that we have to further define functions and relations. The notation of a graph

G is defined as G = (V, E, Ly, H) where

e V is a set of vertices, written {z,y, ...}
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e E is a set of edges, written {R, y, ...}
o Ly is a set of vertices’ labels, written {C,, ...} where C; is the label of vertex =

e H is an assertion, written either z : C or x,y : R.

4.2.3 Skeletonization

We now introduce the skeletonization which is a simplification technique for rule graphs. This
technique aims to simplify the graph by removing edges which can be removed without altering
the satisfiability of the rule’s body. Let us first define the result of this simplification, the skeleton

of the rule graph.

" Definition 8. A graph is a skeleton with respect to a role hierarchy Ry, if there are no edges in E
that are implied by other edges in E. We say that an edge R, in a graph G is implied w.rt. a
role hierarchy R, if, for all interpretations I, models of Ry, we have that T = G\ {R;,} implies
IEG.

Let us now give some intuition for the definition of an implied edge. As usual, we are only
interested in interpretations that model R;, because if 7 # R (hence it is inconsistent) it follows
that 7 ¥ G for any rule graph G. The idea is that if, for all Z, when Z models G \ {R, }, it also
models G, then the edge R, , does not further constrain G, hence it is implied by other edges of G.

We introduce this concept of skeleton because by removing implied edges from G, we maxi-
mize the possibilities that G will satisfy the restrictions and be admissible to the rewriting (see next
section). We now introduce a new relation, €, to simplify the writing of some expressions. The €
relation is an extension of the € relation in such a way that it covers the inverse elements. Let R
be a role and z, y be variables. R,, € E if R;, € E or Inv(R),, € E. Let G be a rule graph,
x,y and z be elements of V; and R and S be roles. A skeleton of G is obtained by applying the

following rules, in that order, to G until none is applicable anymore:

1. Let a RIA of the form Ry o Ry...R, T Rbe in R, if Ry, ,.., Rnznan,, € E and

R;, .., € E, thenremove R, .., from E.
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2. Let R be a transitive role w.r.t. R. If Ry, Ry, and R, € E, then remove R, , from E.
3. Let S be the inverse role of R w.r.t. R. If R, , € Fand S, , € E, then remove R, ,,.

4. Let R be a super-role of Swrt. R. If R,y € E, S, , € E and R # S then remove R,

from E.

In order to ensure the removal of the maximal number of edges, we have to apply the rules in
a way that respects a certain ordering of roles. We have seen in Section 2.1 that SROZ Q requires
the existence of a certain ordering, <, over the set of roles. Let T" be the set of roles ordered using
the inverse of <, i.e. Tj11 < T;, for each T}, starting with 77, we map the role R in each rule with
the role T; and if there exists a mapping for all roles in a rule, this rule is then applied. It is trivial
to see that a graph and its skeleton are equivalent since we only remove the edges from the rule
graph if they are implied by the remaining ones according to the semantics of equivalent, inverse,

transitive roles and RIAs in SROZQ.

RloR2LC S1
S1oR3C 52

e = ;

Figure 5: Graph visualization of a rule and its associated RIAs.

We now present an example that will give some intuition about the ordering of roles for skele-
tonization and also demonstrate its necessity. In Figure 5 we have a graph visualization of the
body of a rule and two RIAs as part of the associated role hierarchy. To skeletonize it, we could
first remove the S; edge (from the R; and R, edges) but then we could not further simplify it and
the graph would still contain a cycle, i.e. it would remain not rewritable. On the other hand, if
we start by removing the Sz edge (which is what the ordering forces us to do), it is still possible

to remove the S; edge afterward. The resulting graph is a skeleton and acyclic, thus rewritable.
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This shows why we skeletonize the rule graphs and why we have to observe a certain order when
skeletonizing.

We assume in the definitions of the next section that rule graphs are skeletonized and that the
vertices’ labels are simplified. The simplification of a label £ = {C}, ..., C,, }, where C; are concept
expressions, w.r.t. a TBox 7 is done by applying the following rules until none is applicable

anymore:

— if TE{[]|C=T} then L=0

Ciel
— if T={CiCTC;}  then L=L\C;

This simplification ensures that labels are expressed in the simplest way possible to avoid un-
necessary reasoning. The first rule clears the label of a node if the conjunction of all its components‘
is equivalent to T, i.e. always true. The second one removes concept expressions that subsume
another expression since the subsumer is implied by the subsumee. We now introduce the nucleus

of a rule graph, which is used in the rewriting technique.

Definition 9. The nucleus is a set of nodes that we define differently for concept and role headed
rules. For concept-headed rule graphs, the nucleus is only the vertex referenced in the head. As for

role-headed rule graphs, it is defined as the path between the two vertices referenced in the head.

Let us illustrate that notion with two examples. The nucleus of the concept-headed rule
R(z,y) A D(y) A R(y,2) — C(z) is defined as {x} and the nucleus of the role-headed rules
R(z,y) A R(y,z) A C(z) A D(y) — T(z, z) has the nucleus {z,y, z}.

4.3 Rewriting Technique

The rewriting technique is composed of two main steps: (i) the folding of the rule graph, in which

vertices not required by the head are folded into another, and (ii) the insertion in which the axioms
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are generated from the folded graph and inserted in the KB. We describe the details of these opera-
tions in the coming sections but we start by defining the criteria a rule must statisfy to be rewritable.
After having defined the rewriting for a single rule, we conclude this section by generalizing the

rewriting for a rule base.

4.3.1 Admissible Rules

It is an assumption of this research that the complete union of description logics and Horn rules re-
sults in an undecidable logic. In our approach, we chose not to semantically restrict the rules so we
obviously have to otherwise restict the combination in order to retain decidability. The restrictions
we impose are thus on the form of the rules. The restrictions follow from the encoding of the rules
into SROZQ axioms and since concept and role headed rules are rewritten into different types of
axioms, they are subject to different admissibility criteria. We now introduce the class of rules that

is admissible to be rewritten, first for concept-headed rules and then for the role-headed rules.

Definition 10. A rule graph G is concept-headed rule admissible if, when it is considered as an

undirected graph, it is a tree, i.e., it does not contain any cycle.

Definition 11. Letr < be an ordering for which the role hierarchy is regular. A rule graph G, with
role R in its head and the list of roles | as the roles between the nucleus’ vertices, is role-headed

rule admissible if:
1. It is a tree when considering it as an undirected graph,
2. lis of one of following forms:

(a) | = RR and both vertices of the nucleus have § as label and all vertices in the rule

graph are also in the nucleus, or
(b) l=R",or

(c)l=51,...,.8, and S; < Rforall1 <i<mn,or
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(d) | = RSy,...,S,and S; < R for all 1 < i < n, there are no concept assertions in the

first vertex of the nucleus and only one edge comes from this vertex, or

(e) L =51,....,5.Rand S; < R forall 1 < i < n and there are no concept assertions in

the last vertex of the nucleus and it has no successor in the rule graph, or

(f) L = S and S is simple.

The restriction for both types of rules to have an acyclic body comes from the fact that SROZ 9,
and most other DLs, cannot model cyclic structures with their terminological constructs. This re-
striction does not imply a loss of generality since cycles can only exist in the ABox, so the appli-
cation of a cyclic rule over the TBox would not yield any inferences. A DL-safe application of
such rules is thus perfectly suited to represent cyclic rules and carry the same semantics. These
definitions of admissible rules are complete, meaning that the rewriting of any rule not satisfying
these restrictions would yield an invalid SROZQ KB and that all rules expressible in SROZQ
satisfy these restrictions. The admissibility restrictions for role-headed rules are directly inherited
from SROZQ’s requirement for <-regular role hierarchy, which is a certain form of acyclicity
in the dependance between roles. This follows from the fact that rules can break this regularity
as with the following example. Let R be a sub-role of .S, rewriting the rule S(z,y) — R(z,y)
would break the aforementioned regularity. Indeed, R C S implies R < S and S(z,y) — R(z,y)

implies S < R so it is easy to see that no ordering can satisfy both these constraints.

4.3.2 Folding a Rule Graph

Before we can generate the axioms from a rule graph, we have to reduce it so that is equal to its
nucleus. We call this operation the folding of the graph, because vertices are “folded” back into a
neighbour. The procedure to fold a graph requires the use of the well known rolling-up technique,

so we first define this technique and then the folding procedure.
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Vertex Roll-up

The rolling-up technique [Tes01] is a widely known technique in DLs that allows the expression
of tree-like structures as concept expressions. Next is the procedure to roll-up a leaf vertex in its
ancestor, which we will generalise to the general case. Let x, y be vertices and R, , be an edge in
a rule graph G = (V, E, Ly, H) in which y is a leaf. To roll-up y into x, we execute these two

operations:

o ifL,#0  then L,=L,U{3R{[] Ci}}

Cieﬂy
else L,=L, U{3R.T}

o V=V\{y}

It is then trivial to show that this can be extended to the rolling-up of any tree-like structure
into a given vertex. Indeed, considering that trees with two or more vertices have at least two leaf
vertices and that rolling-up a vertex removes it from the graph, we are assured to have leaves to

roll-up until the graph has only one vertex left, the desired vertex.

Folding

The goal of the folding of a graph G = (V, E, Ly, H) is to reduce it in such a way that its set of
vertices V is equal to its nucleus /N, which contains one or many vertices depending on whether
the head is a concept or arole. If V = N, we do not have to do anything, G is already folded.
Otherwise, we select a leaf vertex in V that is not an element of NV and roll-it up. This operation is

to be repeated until the graph is folded, i.e. V = N.

4.3.3 Rule Insertion

Now that the rule graph is reducted to the same vertices as its nucleus, we can use it to genererate

the axiom(s) required to rewrite it and insert them into the ontology. For both concept or role
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headed rules, the generation of the axiom(s) is rather straightforward and obviously so is their
insertion. We first define the technique for concept-headed rules and follow with the slightly more

complex technique for role-headed rules.

Insertion of a Concept Headed Rule

The nucleus of a concept headed rule graph being a single vertex, and since the rule graph is folded,
the rule graphs we have to deal with here are of the form G = ({z},0,{L.},z : Cg). In such
cases, the rule graph is rewritten as a single axiom, which generation is rather straightforward and
highly similar to regular DL concept definition. The axiom is obtained by expanding the following

axiom, with respect to the rule graph,

l—l Ci CECy

C'k’EﬁiL‘
For example, a rule graph G = ({z},0, {L, = {C, D}, : H) yields the axiom C M D C H.

The final step is to insert the generated axiom into the ontology.

Insertion of Role Headed Rule

The generation of the axioms to rewrite these rules is not as simple as the concept headed ones. We
usually deal with bigger graphs, of the form G = ({21, ..., Zn}, {Ray .22 -+ Ron1,2n }» L2105 - Lan }s
Z1,Zn : Ry), and we also have to generate and insert more than one axiom.

Before formally defining the technique, we will explain the general idea behind it. Since we
have to rewrite the rule as a RIA, which obviously can only contain roles, we first have to rewrite
the labels of the nodes. To convert a concept expression to a role expression, we simply add an
axiom stating that the label’s concept expression implies the existence of a loop edge (using the
Self-restriction) labelled with a fresh role name. It follows that all instances of that particular
concept expression will have that loop and since we use a fresh role name it also follows that
the existence of such loops implies that the individual the role loops over is an instance of the

corresponding concept. That part of the technique is not very intuitive, but is highly important
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since without this “trick” our rewriting technique could not handle role headed rules, thus making
it totally uninteresting. Next we build and insert the RIA. The left hand side is the path from the
node that is the subject of the head and the node that is the object. The right hand side is the role
of the head. We will show in Section 4.5 that this method, although unintuitive, maintains the
semantics of the rule.

The technique is split into three steps defined as :

1. For each £; € Ly, we generate an axiom of the form H C C JnewRole;.Sel f and insert

ceLl,
it into the ontology.

2. Let w be a string of roles whose content is built using the following formula: w = newRole;U

@ Ry, 2; ® newRole;.

i=2in

3. We just have to insert the axiom, of the form w T Ry, into the ontology.

In the above algorithm, the @ symbol stands for the concatenation operator. Let us now sum-
marize this step and then give some intuition on why it works. First, we rewrite the labels of the
nodes as loop edges of new roles. The graph is then a only a set of edges in which there is a single
path between both nodes used in the head. We build a list of roles by navigating this path and any
loops we encounter and then assert that this chain of roles implies the head role. Rewriting con-
cepts as role loops is vital so let us review the general idea. We simply say that being an instance of
a given concept implies the existence of a loop of a new role over that instance. Intuitively, every
instance has a loop and, since it is a new role, every loop has an instance. The graph is then only
a set of edges in which there is a single path between the nodes used in the head so we traverse
the graph and build a list of roles that will be asserted to imply the existence of the head role. The

upcoming complete example will further illustrate this process.

4.3.4 Generalization to Rule-bases

So far, we defined the rewriting technique w.r.t. to a single rule, obviously in practice we have to

deal with sets of rules. The rewriting itself is not affected by the number of rules it has to process,
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but we have to review the restrictions for the admissibility of the rules. That follows from the fact
that by considering checking one rule at a time, we might miss the effect it can have over each
other’s regularity and also the effect a combination of rules might have on the regularity of the role
hierarchy. For that reason, we will define the criteria for a set of rules to be admissible.

As we have previously mentioned, SROZQ requires the role hierarchy to be <-regular. The
technique to verify that rewriting a set of rules will not break that regularity is as follows. We
start by building a set of inequalities, M, using the role hierarchy and the role headed rules of
the set. For all RIAs Ry, ..., R, & R in the role hierarchy R, complete the following operation:
M=MuU U {R:; < R}. For all role rules, for all edges R; connecting two vertices of the

i=1,.,n

nucleus, add the inequity R; < Ry to M, where Ry is the role in the head of the rule.
Definition 12. A set of rules S is admissible to be rewritten with respect to a role hierarchy Ry if:
o all rule graphs in S are acyclic.

o There exists a strict partial regular ordering < over the set of inequities M, derived from

Ry and S.

4.4 Walk-through Example

In order to clearly illustrate how the rewriting works, we will now go through every step of the
rewriting of a rule. Since the rewriting of concept-headed rules is rather intuitive, and also really
close to defining a regular concept, we will use a role-headed rule in this demonstration. The
rule we will rewrite is simple yet it is a nice example of the type of rules that could be used
in practical applications and induce changes in the terminological knowledge. This rule is de-
fined as follows: Professor(z) A supervises(z,y) A Student(y) A studiesProgram(y,w) A
GraduateProgram(w) A Article(z) A authorOf(y, z) — approved(z, z). We show the visual
graph of this rule in Figure 6.

Before going through the steps of the rewriting itself, we define the rule graph G for our rule.
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o*o«w*e*w»w»*w}

approved

Figure 6: Graphical view of the example’s rule.

We do not explicitly go through the step where we derive the graph from the rule because it is

rather trivial and it is implicitly shown below.

G = {{=z,y,w,z}, {supervises,,, studiesProgram,,, authorOf, .},

~ {Professorg, Student,, Graduate Program,,, Article,}, z, z : approved)

The nucleus N of G being defined as N = {z,y, z}, it follows that G requires to be folded to
remove the vertex w. Following the technique, we select vertex w, which is a leaf and not part of
the nucleus, to be rolled-up. It is to be rolled-up into its ancestor, the vertex y, and this will augment
the label of y with dstudy Program.Graduate Program. The folding stops there because the the

set of vertices is equal to the nucleus. The rule graph G is now defined as:

G = ({,y, 2}, {supervises, y, authorOf, .},
{Professor,, {Student, Istudies Program.Graduate Program},, Article,},

T,z : approved)

We are now ready to generate the axioms representing the rule and to insert them into the



ontology. There are three steps for the insertion of a role-headed rule graph, for each steps we will

recall the operation to be executed and show its output.

1. Foreach £; € Ly, generate [—l C C dnewRole;.Sel f and insert it.
. Cel;

- Insert Student M IstudyProgram.GraduateProgram T Jroley.Self
- Insert Article © droleg.Self

- Insert Professor C 3role;.Self
2. Build a string of roles w using the formula: w = role; ® @ R;, .« ®role,.
i=2in
- w = role;, supervises, roley, authorOf , roleg

3. Insert an axiom of the form w E Ry into the ontology.

- Insert role; o supervises o roles o authorOf o rolegs C approved

supervises

asusuunpERE R

approved.

rolel

Figure 7: The graph of the rule’s body with the labels removed.

Let us now have a closer look at the first step to better illustrate the way it works, which is not
intuitive. This step rewrites the labels of the nodes as role restricti