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Abstract

On strongly regular graphs

Majid Behbahani, Ph.D.
Concordia University, 2009

Strongly regular graphs are regular graphs with the additional property that the
number of common neighbours for two vertices depends only on whether the vertices
are adjacent or non—adjacent.

From an algebraic point of view, a graph is strongly regular if its adjacency matrix
has exactly three eigenvalues. Strongly regular graphs have very interesting algebraic
properti'és due to their strong regularity conditions.

Many strongly regular graphs are known to have large and interesting automor-
phism groups [23]. In [23] it is also conjectured that almost all strongly regular graphs
are asymmetric. Peter Cameron in 7] mentions that “Strongly regular graphs lie on
the cusp between highly structured and unstructured.”

Although strongly regular graphs have been studied extensively since they were
introduced, there is very little known about the automorphism group of an arbitrary
strongly regular graph based on its parameters.

In this thesis, we have developed theory for studying the automorphisms of strongly
regular graphs. Our study is both mathematical and computational. On the com-
putational side, we introduce the notion of orbit matrices. Using these matrices, we
were able to show that some strongly regular graphs do not admit an automorphism
of a certain order.

Given the size of the automorphism. we can generate all of the orbit matrices, using
a computer program. Another computer program is implemented that generates all

the strongly regular graphs from that orbit matrix.
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From a mathematical point of view, we have found an upper bound on the number
of fixed points of the automorphisms of a strongly regular graph. This upper bound

is a new upper bound and is obtained by algebraic techniques.
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List of notations

I'(S): the point graph of S.
di;: delta function,

1 ifi=j,
2]
0 otherwise.

0(G): minimum degree of G.

¢: the number of fixed orbits (points).

1 the number of non—fixed orbits.

A: incidence matrix of a partial geometry.

B: adjacency matrix of a strongly regular graph.

G(V, E): a graph G with vertex set V and edge set F.
G¢: the complement of the graph G.

GQ(s,t): generalised quadrangle with parameters s and ¢.
I: the identity matrix.

J: the all one matrix.

L: set of lines.

M = diag(m;, ..., mq).

N = diag(ny, ..., n).

N(z): the neighbourhood of a vertex z.

Num: number.

P: set of points.

pg(s,t,a): a partial geometry with parameters s, f, and a.
PG(2,n): a projective plane of order n.

R: the set of real numbers.

S: point-line structure.

S*: dual of point-line structure S.

srg(v, k. A\, u): a strongly regular graph with parameters v, k, A, and pu.
T'(m): the triangular graph of order m.

W =p?
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Chapter 1

Introduction and statement of the

problem

In this chapter, we summarise the basic definitions and theorems about strongly
regular graphs and partial geometries that we are using in the thesis. Some examples

are provided for a better understanding of the theory.

1.1 Organisation of the thesis

In this thesis, we study the existence of strongly regular graphs and their automor-
phisms. For this purpose, we developed a computer program called the SRG program.
Given an automorphism of prime order and the parameters of a strongly regular graph,
the SRG program is able to tell us whether or not there is a strongly regular graph
with those parameters having the given automorphism.

Strongly regular graphs have many interesting algebraic and combinatorial prop-
erties. We study the properties of strongly regular graphs in Chapter 2.

The SRG program uses the concept of orbit matrices for the generation of strongly
regular graphs. In Chapter 3, we will see how orbit matrices can be generated for
strongly regular graphs.

In Chapter 4. we will show how the computer program, we developed for finding



strongly regular graphs, works. In this chapter, we will also show the results we
obtained by running this computer program.

In chapter 5, we will show how the orbit matrices can be obtained for partial
geometries. We also show how partial geometries can be generated by a computer
program.

The conclusion and future work can be found in Chapter 6.

1.2 Basic definition of a strongly regular graph
and an example

We start by defining the concept of a graph.

Definition 1.1 An undirected graph G consists of a set of vertices V(G), together

with a set of edges E(G) where an edge is an un—ordered pair of vertices.

In this thesis, the vertex set is usually the set {1,2,...,v}. Please note that we
sometimes use uv or (u,v), to represent an edge {u,v}. Two vertices u and v are
adjacent. if {u,v} € F, and u is a neighbour of v, and vice versa. Since every graph
in this thesis in undirected, we shall generally omit the adjective “undirected”. The
number of neighbours of a vertex r is called the degree of x. A graph is called regular
if all its vertices have the same degree. The minimum degree of a graph G, denoted

0(G), is the minimum degree of all the vertices of G. The adjacency matrix B of a

graph G(V, E) is the |V| x |V/| matrix such that

1 f{u.v} e FE,
Bo. = {u.v} ,

0 otherwise.
A subgraph of a graph G is a graph H such that V(H) C V(G) and E(H) C E(G).
A vertex induced subgraph of a graph G is a subset X of vertices of G, along with
all edges that have both their endpoints in X. An edge induced subgraph of a graph
G is a subset Y of edges of G along with all vertices that are endpoints of the edges

mY.



Definition 1.2 A strongly regular graph srg(v, k, A, u) is a graph with v vertices such
that the number of common neighbours of x and y is k, A, or p according to whether

x and y are equal, adjacent, or non-adjacent, respectively.

Example 1. Matrix B defined below is the adjacency matrix of the Petersen graph.

(0]0o 0000011 1)
olo o011 0{001
0lo 0001 1{100
0l0 0 0[101{010
. o{1 0 1/000[100
o[110/000/010
0{01 100 0{00 1
110 1 0/1 0 0[000
110 0 1{0 1 00 0 0
\\1{1 0 00 0 1[0 0 0

One can verify that the Petersen graph is an srg(10,3,0,1) by counting for each
edge, {u. v}, the number of common neighbours of u and v. For example, {1,2} ¢ E
and the vertex 10 is the only common neighbour of 1 and 2, which agrees with the
assertion that p = 1.

One can see that by simultaneously cyclically permuting the rows and columns
in these groups, group 1 being {2, 3,4}, group 2 being {5,6, 7}, and group 3 being
{8,9, 10}, the matrix B is unchanged.

One can also see that the matrix B is subdivided into 9, 3 x 3 cyclic submatrices
and one fixed row (column). This is a result of an automorphism of order 3 with
1 fixed point. We use the idea of automorphisms in order to reduce the size of the
search in the SRG program. The search space is smaller if we know the whole matrix

can be divided into cyclic submatrices. 0



1.3 Partial geometries and strongly regular graphs

Partial gedmetries are point-line structures. A point-line structure is a triple S = (P, £, I)
where P is a set of points, £ is a set of lines, and I C (P x LYU (L x P) is a sym-
metric incidence relation. The elements of I are also called flags. If (P,1) € I, we say
that the point P is on the line [ or P and [ are incident.

If S is a point-line structure, S*, the dual of S, is a point-line structure such that
the points (lines) of S* are the lines (points) of S. Two elements are incident in S*
if and only if they are incident in S.

The incidence matrix A of a point-line structure is defined as follows:

1 if point ¢ is on line j

0 otherwise

Definition 1.3 A partial linear space pls(s,t) is a point-line structure such that:
(a) any line is incident with s + 1 points. and any point with t + 1 lines;

(b) two lines are incident with at most one point (and two points with at most one

line);

If two lines are incident with a point they are called concurrent. If two points are

incident with a line they are called collinear.

Definition 1.4 A partial geometry pg(s.t, ) is a pls(s,t) such that for every point

P not incident with a line I, exactly o lines on P are concurrent with [.

Example 2. The following example is the incidence matrix of a pg(2,2,1).
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The column sum in this example corresponds to the number of points on a line,
which is s+1 = 3. The row sum corresponds to the number of lines incident on a point,
which is 3 since t = 2. To check that it is a partial geometry, we need to verify the
a~condition stated in Definition 1.4 for every point-line pair (P,{) ¢ I. For example,
we take P = P, and [ = lp. The set of lines incident with I, is {l;. 15, 7, lo, lo, l12}-
From this set, only {; is incident with P;. The a—condition can be checked similarly

for the rest of the point-line pairs. O

Partial geometries and strongly regular graphs are related because the existence
of a partial geometry implies the existence of two strongly regular graphs.

The point graph of a point-line structure S, denoted by I'(S). is a graph where the
vertices are the points of S. and where two vertices are adjacent if the corresponding
points in S are collinear.

For example, the matrix B defined as follows:

(2]



(0100 1{10101/00100)
10100[/11010{000°10
01010{01101/0000]1
00101[10110[/10000
10010/01011{01000
11010[00000[1100°71
01101/00000[11100
B=|l10110/00000/01110
01011/00000f00111
10101/00000{100°171
00010{(11001/00110
000011 1100/000°T11
10000/01110/100°0°1
01000[001 1111000
\00100[10011/01100)
(2,

is the point graph of the partial geometry pg

2,1), shown in Example 2. It is a

strongly regular graph with parametersv =15 k=6, A =1 p =2

Another strongly regular graph besides the point graph can be obtained from a
partial geometry. The line graph of a point-line structure S is a graph where the

vertices are the lines of S, and where two vertices are adjacent if the corresponding

lines in S are concurrent.

regular because it is the point graph of its dual.

The line graph of a partial geometry is also strongly



1.4 Status of existence of strongly regular graphs

and partial geometries

1.4.1 Status of existence of strongly regular graphs

One of the most important problems about strongly regular graphs is their existence.
While many classes of strongly regular graphs are constructed, and there are some
non-existence results, for many parameter sets the existence of a strongly regular
graph is still unknown.

The first parameter set, for which we are not aware of the existence of the strongly
regular graph, is v = 65, k=32, A =15, u=16.

The following table extracted from the CRC-handbook of combinatorial designs
[10] shows the parameters of strongly regular graphs, with 100 or fewer vertices,

whose existence are unknown. Since the complement of a strongly regular graph is

v kA pn
65 32 15 16
69 20 7 5
75 32 10 16
76 30 8 14
76 35 18 14
8 14 3 2
8 30 11 10
8 42 20 21
88 27 6 9
95 40 12 20
9% 35 10 14
9% 38 10 18
96 45 24 18
9 14 1 2
99 42 21 15

100 33 8 12

Table 1: Unknown strongly regular graphs with small parameters

also strongly regular (Lemma 2.3), Table 1 contains only the parameter sets with

7



k<wv/2
Our main objective within this thesis is to determine whether these unknown

strongly regular graphs exist, if the order of a non-trivial automorphism is given.

1.4.2 Status of existence of partial geometries

Because of the relationship between partial geometries and strongly regular graphs,
one secondary objective is to investigate the possible existence of the unknown partial
geometries. An extensive amount of work has been done on the existence of partial
geometries. Table 2, obtained from the CRC-handbook of combinatorial designs [10],
shows the existence and non—existence of partial geometries with small parameters.

It also shows the parameters of the associated point and lines graphs.

Partial Geometry Point Graph Line Graph

sl tla|Nam. | v | Kk | A | p | Num. | v | K| A | # | Num.
21211 1 1516|113 1 151611413 1
21411 1 27110} 1 | 5 1 45 1121 3 | 3 +
3142 0 28115 6 {10 4 35 |16 6 | 8 +
313 1|1 2 40112 2 | 4 28 40 |12 2 | 4 +
41613 2 45128 11521 1 63 {3013 [15| +
31511 1 64 181 2 | 6| 167 || 96 (20| 4 | 4 +
51814 0 66 | 45 | 28 | 36 1 99 148122124 | +
6|16 |4 ? 701421231281 + 70 (42123128 +
41712 ? 75132110116 ? 120 | 35|10 | 10 ?
31611 0 T6 (2127 0 133124 5 | 4 0
51512 + 81130} 9 12| + 81 130} 9 (12| +
41411 1 8120 3 |5 + 8 1201 3 | 5 +
6110} 5 ? 91 | 66 | 45| 55 1 14317013335 +
41912 ? 95140 | 12120 ? 190 | 45| 12 | 10 ?
51612 ? 96 | 35| 10| 14 ? 112136 | 10 | 12 7
51913 ? 96 | 50 | 221 30 ? 160 | 54 { 18 | 18 ?

Table 2: Partial geometries with small parameters

In Table 2, the column “Num.” gives the exact number of non-isomorphic partial

geometries, or the specific strongly regular graph if the number is known. Otherwise.



a “4” denotes that one or more combinatorial object is known, and a “?” denotes
that its existence is unknown.

The number with the associated point or line graph is the number of strongly
regular graphs with the specified parameters, but they may not be the actual point
or line graph of a partial geometry.

We note that for some unknown partial geometries, for example pg(6,6,4) and
pg(6, 10, 5), candidates for their point and line graphs exist. For other cases, even the

existence of candidate point and line graphs are also unknown.

1.5 Contributions

In this thesis, we developed the theory of orbit matrices for strongly regular graphs.
The theory gives an efficient method to test the existence of a strongly regular graph
when given an automorphism of prime order. This method, implemented using a
computer program, allows us to eliminate many primes as possible divisors of the order
of the automorphism group of the unknown strongly regular graphs. The remaining
viable prime divisors are given in Table 3.

While testing the program, we have also found some new strongly regular graphs
with parameters v =49, k = 18, A =7, p = 6, that are not isomorphic to the known
srg(49,18,7,6). In addition, we have found some new upper bounds on the number
of fixed points that an automorphism of a strongly regular graph may have.

We have also generalised the theory of orbit matrices to partial geometries. As
future work, a computer program can be written to expand the orbit matrix to a

partial geometry.

1.6 Related work

The main result of a recent paper of Paduchikh [40] is that



possible primes
|G {p: pl|Aut(G)|}
srg(65, 32, 15, 16) 2,3,5
srg(69, 20,7, 5) 2,3
srg(75, 32,10, 16) 2,3
srg(76, 30, 8, 14) 2,3
srg(76, 35, 18, 14) 23,5
srg(85, 14, 3, 2) 2
srg(85,30,11,10) 2,3,5,17
srg(85, 42, 20, 21) 2.3,5,7
srg(88, 27,6, 9) 2.3.5.11
srg(95, 40, 12, 20) 2,3,5
srg(96, 35,10, 14) 2.3,5
srg(96, 38, 10, 18) 2,3.5
srg(96, 45,24, 18) 2,35
srg(99, 14,1, 2) 2,3
srg(99,42,21,15) | 2,3,5,7,11
srg(100, 33, 8, 12) 2.3,5,11

Table 3: Results summarising the possible prime divisors of the order of the unknown
strongly regular graphs.

10



Theorem 1.5 (Paduchick [40]) If G = srg(85,14,3,2), p s an automorphism of
G of prime order p, and A 1is the subgraph induced by the fized points of p, then one

of the following is true:
(1) p="5 orp=17 and A is the empty graph;
(2) p=Tand A is a 1-clique or p =5 and A is a 5-clique;

(3) p=3. A is a quadrangle or a 2 x 5 lattice, and in the last case the neighbourhoods

of siz vertices of A\ contain exactly two maximal cliques;

(4) p = 2, the neighbourhood of any vertex of A\ is connected, A is a union of x
isolated vertices and y isolated triangles, and either y = 1 and x € {4,6} or

y=0andr =5

The proof of Theorem 1.5 is based on the character theory of the Bose-Mesner algebra
of the graph.

One of the results of this thesis, as seen in Table 13, is that, the only possible
prime divisor of the size of the automorphism group of srg(85,14,3,2) is 2, which
implies the items 1 to 3 of Theorem 1.5 are not possible.

In [35], Makhnev and Minakova, by using the same technique have shown that:

Theorem 1.6 (Makhnev, Minakova [35] ) If G = srg(99,14,1,2). p is an auto-
morphism of G of prime order p. and A is the subgraph induced by the fixed points of

p. then one of the following is true:

(1) A is the singleton graph and p equals 2 or 7;
(2) A is the empty graph and p equals 3 or 11;
(3) A is the triangle graph and p = 3.

One of the results of this thesis. as seen in Table 21, is that, the only possible prime
divisors of the size of the automorphism group of srg(85. 14. 3, 2) are 2 and 3. Moreover

if p = 3. then there are no fixed points.

11



Chapter 2

Introduction to strongly regular

graphs

2.1 Basic concepts

In 1963. Bose [2] introduced strongly regular graphs and partial geometries. A com-
prehensive survey about the construction, uniqueness, non-existence and necessary
conditions for partial geometries and strongly regular graphs is given by Brouwer and
van Lint [3]. We shall introduce the basic properties in this section.

The following theorem shows the relationship of the parameters of a strongly

regular graph.
Theorem 2.1 If G is an srg(v. k, A, ), then k(k — A= 1) = p(v — k- 1).

Proof To show the above equality, we count, in two different ways, the number of
edges {y, z} where y € N(x) and 2z ¢ N(x).

First fix point r and choose 2. We have v — k — 1 possibilities for z since z ¢ N(x)
and z # x. Now. we calculate all the possible choices for y. Any vertex that is
adjacent to both x and z is a candidate for y therefore. by Definition 1.2, there are i
options for y. Thus the number of edges {y. 2} is equal to pu(v — k — 1).

Next. we count the number of edges {y.>} by choosing the vertex y first. Since

12



y € N(z), there are k possible choices for y. Now, we calculate the number of possible
choices for z. Since z € N(y) and z ¢ N(z) and z # z, there are k— \—1 possible ways
of choosing z. Therefore the number of edges {y, z} is k(k — A — 1) which completes

the proof. O

The following lemma stems directly from Definition 1.2.

Lemma 2.2 A symmetric (0,1)-matriz B, with zero on the diagonal, is the adjacency

matriz of stg(v, k, A\, iu), if and only if
B*=kI+AB+pu(J—1- B). (1)

Proof We know that ij is equal to the number of common neighbours of vertices

7 and j. Therefore by the definition of a strongly regular graph, the result follows. O

The complement of a strongly regular graph is also strongly regular.

Lemma 2.3 The complement of an srg(v, k, X\, p) is ansrg(v,v—k,v—2k+pu—2,v—
2%k + X — 2).

Proof If B is the adjacency matrix of a strongly regular graph, then J — I — B is

the adjacency matrix of its complement. Using Equation 1, we can see that
(J-I—-BYP=(k—-u)I+@v—-2k+p—2)(J—I-B)+(v—2k+X\—2)B.

Therefore the complement of an srg(v, k, A, p) is an srg(v,v — k,v — 2k +p — 2. v —

2k + X —2). O

If G = srg(v, k, A, 1) is disconnected, then s = 0, because there are at least two
non—-adjacent vertices that have no common neighbours. In this case, G is the disjoint
union of m complete graphs K,. A strongly regular graph that is connected, and its
complement is connected is called primitive To avoid the trivial case, throughout

this thesis, all strongly regular graphs are considered to be primitive.
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2.2 Graph automorphism

In this thesis, we study strongly regular graphs with a non-trivial automorphism
group. In this section, we review the mathematical definition of the automorphism
group of a graph and its properties.

An automorphism is a permutation p on the vertices of a graph G such that for
any u,v € V(G), (up,vp) € E(G) if and only if (u,v) € E(G). This fact can also be
expressed using the matrix notation.

If p is a permutation, then the corresponding permutation matriz P = [p;;] is
obtained by permuting the rows of the identity matrix by permutation p. PP can also
be defined as follows:

1 ifjp=1
Dij = )
0 otherwise.

Let A be the adjacency matrix of a graph G, a permutation matrix P is an

automorphism of A if and only if

PAPT = A.
Example 3. If
(0lo 0 0j0 0 o0f1 1 1)
0/0 0 0|1 1 0[0 0 1
0]0 0 0/0 1 1|1 0 0
0[]0 0 0/1 01/010
4| ot otjoooito0
0{1 1 0[000{010
0{0 1 1/0 0 0{0 0 1
110 1 0/1 0 0/0 0 0
10 0 1{0 1 0]0 0 0
\ 1{1 0 0{0 0 1{0 0 0
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is the adjacency matrix of a graph G, and

(1{0 0 0jo 0 0f0 0 0)
0{0 1 0{000/0 00
0/{0 0 1{0 0 0|0 00
0f1 00j000/000
b 00000100007
0/0 0 0{0 0 1|0 0 0
0{0 0 0/1 0 0[O0 0 O
0{0 0 0[{0 000|010
0/{0 00/0 00|00 1
\0000000100}
we can see that
PAPT = A.
Therefore P is an automorphism of G. O

Let p and ¢ be automorphisms of a graph G. Let po denote the composition of p and

o. Both p and ¢ are the members of the symmetric group on V(G). We have

xy € E(G) & zpyp € E(G)

< zpoypo € E(G).

Therefore, the set of automorphisms of a graph G under composition operation is
closed. Thus it forms a subgroup of the symmetric group on V(G). We call this
subgroup the automorphism group of G namely Aut(G).

The automorphism group of a graph shows us the symmetry of the graph. For
more information about the automorphism group of graphs please see [1] and [6].
Frucht in [21] has shown that any group can be represented as the automorphism
group of a graph. Moreover, if the group is finite, then the graph can be taken as a

finite graph. Mendelsohn in [39] has further shown that for every (finite) gronp H.

15



there is a (finite) strongly regular graph G such that the automorphism group of G
is isomorphic to H.

If the automorphism group of a graph is the identity, then the graph is called
asymmetric. 'That means the graph has no non-trivial automorphism. It is shown
in [18] by Erdés that almost all graphs are asymmetric. It is also conjectured in (23]
that almost all strongly regular graphs are asymmetric.

On the other hand, Peter Cameron in [7] notes that “Strongly regular graphs lie
on the cusp between highly structured and unstructured”.

Even though strongly regular graphs had been studied extensively since they were
introduced, there is not much known about the automorphism group of an arbitrary
strongly regular graph based on its parameters.

For this reason, we are interested to know more about the automorphisms of

strongly regular graphs.

2.3 Algebraic properties

2.3.1 The eigenvalues of a strongly regular graph

The adjacency matrix of a strongly regular graph has interesting algebraic properties.
For one, it has exactly three eigenvalues.

Let B be the adjacency matrix of a primitive srg(v, k, A, 1), and let j be an all-one
vector of size v. By the definition of a strongly regular graph, the row (column) sum
of B is k; thus Bj = kj. Therefore, j is an eigenvector of B and k is one of the
eigenvalues of B. We will see that the multiplicity of the eigenvalue k is 1.

We need to mention a few lemmas in order to prove the above statement. We

start with the definition of a reducible matrix.

Definition 2.4 An nxn matrix M 1s called reducible if there is a permutation matriz

P such that
AL O

Az Al

PAPT =
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where My and M, are square matrices of size at least one.

A matrix is called irreducible if it is not reducible. Clearly the adjacency matrix
of a connected graph is irreducible.

Eigenvalues of real non—negative matrices have interesting properties. The Perron—
Frobenius theorem characterises the properties of real positive and non—negative ma-
trices. We only mention the parts of the Perron-Frobenius theorem that we need.
Please refer to [28] for the complete version of the theorem.

Define the spectral radius p of a matrix A to be its largest eigenvalue:

p(A) = max{|\:(4)]}.
The proof of the following theorem is given in [28].

Theorem 2.5 (Perron—Frobenius) Let A be a real non-negative irreducible ma-

triz. then
1. p(A) > 0;
2. p(A) is an eigenvalue of A;
3. The algebraic multiplicity of p(A) is one.

Another fundamental theorem that we would need to use to conclude the main result
is the Gersgorin circle theorem [22].

For a square matrix A = [a,;], define the deleted absolute row-sums of A as

Ri = Z Iaijl.
J#i
The following theorem (Gersgorin circle or disc theorem) indicates that all the

eigenvalues of A are inside the closed discs centred at a; with radius R; in the complex

plane C. For the proof of this theorem, we refer the reader to [28].
Theorem 2.6 (GerSgorin) Let A = [a;;] be a complex n x n matriz. and let
D; = {Z eC: IZ - (Iﬁl < R,}
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where R;’s are the deleted absoluie row-sums, then all the eigenvalues of A lie inside

the union of all D;’s.

The following lemma is related to the eigenvalues of a regular graph. For more

information about eigenvalues of regular graphs please see Brualdi and Ryser [4].

Lemma 2.7 Let A be any real irreducible non-negative matriz of order n with con-
stant row sum k and diagonal zero. Then k is an eigenvalue of A of multiplicity equal

to 1. Also if. X is another eigenvalue of A, then |\| < k.

Proof Let j be an all one vector of size n. We have Aj = kj. Therefore k is an
eigenvalue of A. Since the deleted absolute row—sum of every row of A is k, and

a; = 0 for all 7, all the eigenvalues of A lie inside the disk:
D={z€C:|z| <k},

by using Gersgorin’s theorem (Theorem 2.6). Therefore no other eigenvalue of A has

modulus larger than k. Since k is the largest modulus eigenvalue,
p(A) = k.

We assumed that A is irreducible. Thus, we can use the Perron-Frobenius theorem

(Theorem 2.5). to see that the multiplicity of A is equal to 1. O

Since the strongly regular graph is primitive, it is connected, hence B is irreducible.
Thus the above theorem applies and k is an eigenvalue of B with multiplicity 1. We
will see that B has exactly two other eigenvalues. The following lemma is a standard

result that will help us to find the other two cigenvalues.

Lemma 2.8 Let M be any symmetric real-value matriz. Then the eigenvectors cor-

responding to different eigenvalues of M are orthogonal.
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Proof Assume o and ( are two different eigenvalues of M and z and y are the

corresponding eigenvectors. We have
ay’c = yTMzx
= (z"My)"
= (z"By)"
= py7x.
Since « # /3, we should have yTx = 0 and the previous equation is satisfied. 0O

Using Lemma 2.8, every other eigenvector of B-should be orthogonal to j. Let o # k
be another eigenvalue of B with the corresponding eigenvector z. Applying Equation
1, we have

Bz 4+ (u—MNBzx+ (u—k)Iz — uJx = 0. (2)

Using Lemma 2.8, we have

Therefore Equation 2 simplifies to
o’z + (n— Naz + (g — k) = 0.
Since the eigenvector z # 0. we have
o+ (e —Na+(u—k)=0. (3)

The eigenvalues of B must be the zeros of the quadratic equation (3). Therefore B

has exactly two more eigenvalues, which are the solutions of Equation 3:

:%< A—p+ VA= )2+ 4(k — ,u)) (4)

and

s=5 (A —n- VO RP k- ). (5)

Since k is always greater than y in a primitive strongly regular graph, the expression
under the square root in Equations 4 and 5 is always positive. Therefore the two

eigenvalues are always distinct.
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Let f and g be the multiplicities of the eigenvalues r and s respectively. We have
v=14+f+g. (6)

Since the sum of the eigenvalues is equal to the trace of the matrix, we have
k+ fr+gs=1tr(B)=0. (7)

Solving Equations 6 and 7 for f and g, and using the values of » and s in Equations

4 and 5, we find
1 (v—1)(p—A) -2k
=—-ftv—1 , S
d ( +\/()~—u)2+4(k—u)> » ®)

1, b-)E-N-% ;
’ 2( 1 \/<A—u>2+4<k—u))' ©)

Using Equations 8 and 9, and restricting f and g to non-negative integers, we

and

have a very strong necessary condition on the parameter set (v, k, A, u).
If (v—1)(p—A)—2k # 0, then the requirement that f and g be integers implies that
VO = )2 + 4(k — p) should be a perfect square. In this case, /(A — p1)2 + 4(k — p1)

is even, if and only if A — pu is even. Thus, from Equations 4 and 5. the eigenvalues r
and s are integers.

If (0 —1)(p— X)) — 2k =0, then f = g and r and s need not be integers. In this
case, the strongly regular graph is a conference graph.

The following lemma shows the eigenvalues of the complement of a strongly regular

graph.

Lemma 2.9 Let G be a strongly reqular graph with parameters (v, k, A, u) and eigen-
values k. r. and s. Then G° has eigenvalues v —k—1, —r—1, and —s— 1. Moreover

the eigenspaces of G¢ and G are the same.

Proof Let B be the adjacency matrix of G. then the adjacency matrix of G is
B¢ = J—-1- B. We know that k is an eigenvalue of G and its eigenspace is the space

of constant vectors. Let r be a constant vector. then, we have:
Br=(]-I-B)r=vr—r—kr={(~-k—1)r.
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Therefore v — k — 1 is an eigenvalue of G°, and its eigenspace is the same as the
eigenspace of k.
Let y be an eigenvector of B corresponding to the eigenvalue r. We know that y

is orthogonal to j. We have
ch=(J—I—B)yzﬂ—y—ryz(_]__T)y_

Therefore —r—1 is an eigenvalue of G¢, and its eigenspace is the same as the eigenspace
of 7.

We can show that —1 — s is an eigenvalue of G° in a similar way. O

The results of this subsection are summarised in the following theorem:

Theorem 2.10 Let G be a strongly regular graph with parameters (v, k, A, i), then
the eigenvalues of G have the following properties:

1. G has ezxactly three eigenvalues which are k. v, and s where

7‘=%(/\—u+ \/(A—u)2+4(k—u))f

and

525()\——u~\/(/\—u)2+4(k—u)).

2. The multiplicity of eigenvalue k is 1 and the multiplicities of r and s are f and

g respectively where

L (v —1)(p—A) -2k
d ( 1+\/(/\—lz)2+4(k—u))’

<v~1— (v — 1)( — \) — 2k )
\/(A — )2+ 4k — p)

3 If (v—1)(u— X) — 2k #£ 0, then the eigenvalues r and s are integers. On the

and

DO | b

g:

other hand if (v — 1)(u — A\) — 2k = 0. then f = g and r and s need not be

integers. The strongly reqular graph is called a conference graph in this case.
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2.3.2 The idempotent matrices

In this subsection, we introduce the concept of idempotent matrices for strongly
regular graphs. These matrices play a crucial role in the study of strongly regular
graphs.

In order to study these matrices, we need to use some classical definitions and
theorems of linear algebra.

The following definitions are obtained from [19] and [27], with some minor modi-

fications. Let V be a vector space and V4....,V,, be its subspaces.

Definition 2.11 Thesum of V,..., Vin. namely Vi +- - -+V,,, is the set of all vectors

v+ -+ U, wherev; €V, foralll1 < i < m.

Using the definition of vector spaces, we can see that Vi + --- +V,,, is a subspace of

V.

Definition 2.12 A vector space V is said to be the direct sum of its subspaces

VZ‘/le'}"‘EBVm
if and only if V=Vi4+---+V,, and V4, ..., V,, are independent.

7

We state the following lemma without proof.

Lemma 2.13 V = V1 & --- & V,, if and only if every vector v € V has a unique
representation

v=v1+---+ vy

for some v; € V.
Definition 2.14 A linear transformation E is called a projection or idempotent if

E?’=FE.

N
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Let V =Vi®---®V,, and let v = v;+- - -+v,,, for v; € V;, be the unique representation
of v as mentioned in Lemma 2.13. Define F;v = v;. E; is a linear transformation and

the range of E; is V,. Since E;FE;v = E;v; = v; = E;v, we have

E:=FE;

1

Therefore E; is a projection. The linear transformation E; defined above is called the
projection of V onto V.

A square matrix A = [a;;] with complex entries is called Hermitian if a; = aj;.
Here the superscript * is the complex conjugate operation. A linear transformation
is called self-adjoint if its matrix is Hermitian.

In this part, we explain an important theorem called the Spectral theorem. We use
the Spectral theorem to find idempotent matrices E; and E, for any strongly regular
graph.

Spectral theory has been studied extensively in operator theory. The Spectral
theorem reveals the structure of normal operators on a Hilbert space. If N is a
normal operator on a finite dimensional Hilbert space H, then the theorem states
that the eigenvectors of V form an orthonormal basis for H [12], [20].

Here, we only explain the theorem on a finite dimensional space and refer the
reader to [12] for the general case. There are different ways to prove the finite dimen-
sional case.

In order to prove the Spectral theorem, we need to use some results on self-adjoint

linear transformations. We state the following theorem without a proof. For the proof

of this theorem please refer to [27, page 313].

Theorem 2.15 Let V' be a real finite dimensional inner product space of positive
dimension and let T : V — V be a self-adjoint linear transformation. Then T has a

real non-zero eigenvector.

The following theorem can be found in [27, page 314].
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Theorem 2.16 Let V be a finite dimensional inner product vector space over R and
let T : V — V be a self-adjoint linear transformation. Then there exists a set of

etgenvectors of T', which form an orthogonal basis for V.

Proof Proof by induction on the dimension of V.

If dimV = 1, then the proof is trivial. If dimV > 1, then by Theorem 2.15, T
has at least one real non—zero eigenvector z;. Let V; be the subspace of V' consisting
of all vectors orthogonal to r;. We have dimV; = dimV — 1. By the induction
hypothesis V; has an orthogonal basis consisting of eigenvectors of 7. Call this basis
{z2,...,7n}. Since xy.7; = 0, the vectors z; are independent from z; for 7 > 2. Thus

{z1,...,z,} forms an orthogonal basis for V. ]

Theorem 2.17 (Spectral Theorem) Let V be a finite dimensional inner product
vector space over R and let T : V — V be a self-adjoint linear transformation. Let
ALy .-, Ak be the distinct eigenvalues of T and V;’s be their associated eigenspaces.

Let E; be the projection of V on V;. Then
LV=Vie &V

2. Ev+ -+ E.=1;

*

3. T=ME +-- 4+ A Ek.

Proof Using Theorem 2.16, we see that V =V} +--- + V4. We will show that V}’s
are independent in order to prove part (1). Lemma 2.8 can be generalised to self-
adjoint linear transformations using a similar proof. Therefore the eigenvectors of T’
corresponding to different eigenvalues are orthogonal. If v; € V; and v;+---+ v =0,

then, we have
0= Ui'(z vj) = Z Vv = ”vl.HQ.
J J
Thus the subspaces V; are independent and
V=112 2V
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Let o be an arbitrary vector. Since V=V ®---®V,, we havea = a1 +--- + oy

such that o; € V;. Since E;’s are projections of V on V;, we have E;a = «;. Therefore

(E1+---+Ek)a = a1+ +ag
= a7
which leads to
Eit--+Eo=1

Let o be an arbitrary vector in V. Since E; is the projection of V on V;, we know
that
Q; = Eia € ‘/z

Since V; is an eigenspace of T', we have

TO(Z' = )\ia-i.
Yielding
TEZ'C{' == /\iEz'O'
for any o € V. Hence
TEZ' - )‘iEi-

Since E; + ---+ E, = I, we have

T =TI
= T(E\+---Ey)
= TE,+---TEx

= ME1+---+ AMEg.

A matrix U is called unitary if

Ul =1.
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The following corollary can be deduced from the Spectral theorem, but we refer the
reader to [33] for its proof, since it is equivalent to the theorem we have already proved.
Some textbooks call Corollary 2.18 the Spectral theorem and deduce Theorem 2.17

as a corollary [42].

Corollary 2.18 Hermitian matrices are unitarily diagonisable which means if A 1is

Hermitian, then

A=U"DU,
where the matriz U is a unitary matrix

A1 0

and A1, ..., A, are the eigenvalues of A.

Now, we apply the Spectral theorem to the adjacency matrix B of G = srg{v, k, A, it)
to find the idempotent matrices Fy, Ey, and F,. Let V be RY, the v dimensional
real vector space. Let V4, Vi, and V4, be the eigenspaces of B corresponding to the
eigenvalues k, r, and s respectively. Define E; to be the projection of V' onto V; for
i = 0,1,2. These matrices are called minimal idempotent matrices. From Theorem

2.17, we have the following equations:
Eo+Ei+FEy=1,

B = k'E() + 7’E1 + SEQ,

and

B'=J-B—1=(v—k—1)Ey+ (—r—1)E + (-5 — 1)E,.

Please note that the last equation comes from the fact that J — B — I, the adjacency
matrix of the complement of G. has the same eigenspaces as B. After solving the
above three sets of cquations. we find:

1
Eo = ~J. (10)

(7
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1 G
E = {B—s]+5 kJ}, (11)

T— S v

and

By = {B—1~I+T—kJ}. (12)

S§—T v

Definition 2.19 A Hermitian n x n matriz A is called positive semidefinite if for all

non-zero vectors z € C".

z*Az > 0. (13)

If the inequality in Equation 13 is strict (z*Az > 0), then the matriz A is called

positive definite.
Lemma 2.20 Let E be an idempotent matrix. then E is positive semidefinite.

Proof Since E is idempotent, we have E? = E. Let 2 be an arbitrary complex

non-zero vector and let x = 2*FE. We have
(Ez) =x"E"=2'E ==

Thus

Now, we have

2*Ez = 2"E*z = (2" E)(Ez) = °1 > 0.

Therefore E is positive semidefinite. a

Everv principal submatrix of a positive (semi) definite matrix is also positive
(semi) definite. We use this fact in our exhaustive search when the adjacency matrix
of the strongly regular graph is partially discovered. The proof of the following

theorem is obtained from [28] with some modification.

Theorem 2.21 Let A be a positive semidefinite matriz of size n. Then every prin-

cipal submatriz of A is positive semidefinite as well.

)
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Proof Let S be asubsetof {1,2,...,n} and let A’ be the principal submatrix of A
by deleting rows and columns ¢ from A whenever ; € S. Let z = [2] be an arbitrary
complex non—zero vector, such that z; = 0 whenever i € S.

Since A is positive semidefinte, we have
z*Az > 0.

Let 2’ be the vector obtained by removing the i-th entries of z whenever i € S. We

have

A =2*Az > 0.

Since 2’ can be any arbitrary non—zero vector of C, we conclude that A’ is positive

semidefinite. The proof for positive definite is similar. O

Now, we can apply Lemma 2.20 to see that the matrices Fy and E5 in Equations 11
and 12 are positive semidefinite. Using Theorem 2.21, we can see that every principal

submatrix of F; and F5 is positive semidefinite.

2.4 Necessary conditions

There exists some necessary conditions on the parameter set (v, k, A, ). If these
conditions are not satisfied, there is no srg(v, k, A, ¢). In this section, we show some
of these necessary conditions.

We obtain the first necessary condition from the parameter set of the complement
of G = srg(v, k, A, 1). We know that G¢ = srg(v,v —k,v—2k+p—2,v—2k+ X —2).
Therefore v — 2k +pu—2>0and v — 2k + A — 2 > 0. Thus

A >2k—v+2 (14)
Theorem 2.1 states that, if G is an srg(v. k. . ). then

E(k—X—=1)=pu(v - k—1). (15)

N
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which is a necessary condition on the parameters of a strongly regular graph.
Rationality conditions

In Section 2.3, we obtained Equations 8 and 9 for the multiplicities of the eigen-
values 7 and s of an srg(v, k, A, ). The fact that the multiplicities f and g should be
non—negative integers together with Equations 8 and 9, places tight restrictions on
the parameter set (v, k, A, u).

Any parameter set (v. k, A, ) that satisfies the rationality condition and Equations
14 and 15 is called feastble.

There are several other necessary conditions on the parameter set of strongly
regular graphs. Among these, the most important conditions are as follows:
Krein conditions

Scott in [43], using a result of M.G. Krein [31}, in harmonic analysis, showed that
(r+ 1) (k+7+2rs) < (k+71)(s+1)2

and
(s +D(k+s+2rs) < (k+s)(r+1)2%

The above two inequalities are called Krein conditions. The proof of the Krein con-
ditions is long and we omit it in this thesis. We refer the reader to [46, page 237] for
its proof.

It can be seen that, for example, the parameter set v =28. k=9, A =0, p =4,
is feasible, but it does not satisfy the Krein conditions.
Absolute Bound

Another useful necessa,ry condition is the so called absolute bound. Delsate,

Goethals, and Seidel [16] introduced this bound, which is as follows:

1
v < §f (f +3)
The proof of absolute bound is long and we omit it in this thesis, we refer the reader
to [46, page 239] for its proof.
One can check that the parameter set v = 50. & =21. A = 1. u =12, is feasible

and satisfies the Krein conditions. but it does not satisfy the absolute bound.
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2.5 Some combinatorial constructions of strongly
regular graphs

In this section, we introduce some of the well-known constructions of strongly regular

graphs and describe their properties.

2.5.1 Triangular graph T(m)

Definition 2.22 The triangular graph T(m) has as vertices the 2—-element subsets
of a set of cardinality m. Two vertices are adjacent if and only if their corresponding

subsets are not disjoint.

The triangular graph T(m) can also be expressed as the line graph of the complete

graph K,,.
Property 2.23 T(m) is an
1
Srg(im(m -1),2(m—2),m—2,4).

Proof Let S be a set with m elements. Since there are (7)) 2-element subsets of S.
we have v = (7). Let A = {a1, a2} be a subset of S. Adjacent vertices to A are the
subsets {a1,2} and {y, as}, for all x.y # a; and z,y # az. There are m — 2 choices
for z and m — 2 choices for y, therefore k = 2(m — 1). Using the same method of

counting, we can see that A =m — 2 and p = 4.

O

As an example, consider the complement of the Petersen graph given in Example 1.
The complement of the Petersen graph is T(5).
It is shown in [8] that every strongly regular graph with the same parameters as

T (m) is isomorphic to T'(m).
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2.5.2 Strongly regular graphs from orthogonal arrays

Strongly regular graphs can be obtained from orthogonal arrays. An orthogonal array

can be considered as a generalisation of a Latin square.

Definition 2.24 A Latin square is a square matriz of order n such that its entries
are all from the set of symbols {1,...,n} and each symbol appears exactly once in

each row and exactly once in each column.

For any integer n, one can easily find a Latin square of size n. One construction is as
follows:
Take 1,2,...,n as the first row. Row r, r > 1 is obtained by a cyclic shift of the

row r — 1 to the right.

Example 4.

N W s =
e N
W e N W
N W

O

Latin squares have been studied extensively. For more information on Latin squares,

we refer the reader to [17] and [34].

Definition 2.25 An orthogonal array OA(k,n) is a k x n? array of symbols from the
set {1,...,n} such that for any two rows r and s, all the ordered pairs (r;, s;). where

1< i< n?. are distinct.

It is not difficult to see that any Latin square of order n is equivalent to an OA(3,n).
For example, the Latin square in Example 4 is equivalent to the following orthogonal

array:

1111 2222 3333 4444
1234 1234 1234 1234
1234 4123 3412 2341
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Given an orthogonal array OA(k, n), one can define a graph G as follows:
1. The vertices of G are the n? column vectors of OA(k,n).

2. Two vertices are connected if and only if the corresponding vectors have the

same entry in one of the coordinates.
Theorem 2.26 The graph G defined above is an
srg(n?®, (n — 1)k,n— 2+ (k — 1)(k - 2), k(k — 1)).

Proof We use a simple counting method to prove the theorem. Let X = OA(k, n).
Two columns of X have at most one common entry in the same coordinate. First, we
calculate the degree of the vertices. Let z be a vertex with the corresponding column
(z1,...,zx) in X. A vertex y with the corresponding column (y, ..., yx) is adjacent
to x if and only if x; = y; for some ¢ and z; # y; for all j # ¢. There are n — 1 such
vertices y for each coordinate z. Therefore, the total number of vertices adjacent to
x 1S equal to

k{n — 1).

Let x and y be two adjacent vertices. Without loss of generality, we can assume that
the corresponding columns of r and y are (a,x2,...,zx) and (a,y2,-. ., Yx) respec-

tively, where x; # y; for all 2 < ¢ < k. Let z be a vertex adjacent to both z and y.

Then the corresponding column of z is one of the following two types:
(i) (a.z2,...,2r), where z; # x; and z; # y; for all 2 < i < k.

(ii) (z1,22,...,2x), where z; # a, z; = x; and z; = y; for only two indices 7 and j,

and for the rest of the indices I, z; # z; and z # y,.

There are exactly n — 2 columns of type (i), and exactly (k — 1)(k — 2) columns of
type (ii), therefore A, the number of common neighbours to any two adjacent vertices
in G. is equal to

n—24+(k-1)(k-2).
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A method of counting similar to that used in type (ii), shows us that u, the number

of common neighbours to any two non—adjacent vertices in G is equal to
E(k—1).

O

One could also obtain the strongly regular graph directly from the Latin square
as follows:
Let L = [l;;] be a Latin square of order n. Define A = [ag )}, 1 <i.5,7,7 <n

be a (0, 1) matrix of order n? such that:

1 ifi=dorj=7 orly=1Lly
Qi )i’ 57 =
0 otherwise.

Then A — I is the adjacency matrix of an

srg(n?,2(n — 1), n,6).

. Example 5. Let

| R B

(S

= =N W
D W
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Then the following matrix A is the adjacency matrix of the strongly regular graph G

produced from Ly:

0111/1100[1010[1001)
1011/0110{0101/1100
1 101(0011{1010/0110
1110(1001/0101/001°1
100 1(0111{1 1001010
1100{1011{0110[0101
01101 101/0011[{1010
,_ |00t r1ojt0o01j01 001
l1o1o0{1o001/01 111100
0101(1100/1011{0110
1010(0110{1101/00°1]1
0101(001 1111010011
1100[(1010[100°1[011°1
0110[0101(1100/1011
001 1/1010f(0110[110]1
1001/0101{0011{111°0)

It can be easily checked that the graph G is an srg(16,9,4,6). The complement of
G is called the Shrikhande graph. It is known that there are exactly two strongly
regular graphs with parameters (16,9, 4, 6) up to isomorphism. The second graph can

be obtained from the following Latin square:

1 2 3 4
214 3
Ly =
3 41 2
4 3 21
Ly and L, are the only two Latin squares of order 4 up to isomorphism. O
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2.5.3 Strongly regular graphs obtained from a pair of skew

symmetric Hadamard matrices

Here is another method of constructing strongly regular graphs. We review this
method because we will use it in one of our test cases. This method was introduced
by Pasechnik in [41]. In his paper he uses the concept of association schemes, but
to simplify the concept, we only use adjacency matrices to show the results. By
this method one could obtain a strongly regular graph from two skew symmetric

Hadamard matrices of order 4n.

Definition 2.27 A matric H of order n with x1 entries is called an Hadamard

matrix if

HHT =nl,

where I is the identity matriz.

An Hadamard matriz H is skew symmetric if H + HT = 21.

It is not difficult to show that the order of an Hadamard matrix is cither 1. 2 or 4k.
Jacques Hadamard in [24] conjectured that there exists an Hadamard matrix of order

4n for all integers n > 0. This conjecture is still open.

Example 6. H, the following matrix, is an Hadamard matrix of order 4:

11 1 1
1 1 - -
H =
1 — 1 -
1 - -1
where “—” represents —1. 0

Example 7. H. the following matrix is a skew symmetric Hadamard matrix:
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4

A skew symmetric Hadamard matrix is called normalised if all the entries of the
first row are positive. The matrix in Example 7, is a normalised skew symmetric
Hadamard matrix.

Let H; and Hy be normalised skew-symmetric Hadamard matﬁces of order 4n.
Let F, and E, be matrices obtained from H; and H,, respectively. by removing the

first row and the first column. For example. if H; is the matrix in Example 7, then

En

I

Since the matrices H;, i = 1, 2. are skew symmetric Hadamard matrices, we have
E:El =4nl — J, (16)

and

E,E; = E;(21 — ET) = J — 4nl + 2E;. (17)

Moreover, let I be the identity matrix of order 4n — 1 and J be the all one matrix of

order 4n — 1. Since the row sum and column sum of the E;’s are equal to 1. we have
EiJ =JE; =J. (18)
Now, we define two matrices 77 and Ty as follows:
1
T; = §(Ei+J - 2I).

Let
A=T Ty + T s To.
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and

B=T1®Ty+TI 2T],

where the operator ® is the matrix Kronecker product operator. Let X = [z;;] be an

m X n matrix and Y be another matrix of any size, then

.’L'uY ’I‘]nY
X®Y =

Tm1Y - TmnY

The Kronecker product has many interesting properties; however, we only mention
two of them here, since we will use them later in this thesis. Let X, Y, X/, and Y’

be matrices of proper size, then, we have
XX'@YY' =(XY)X' &Y.
This property is called the mixed product property. We also have
(XY =xTgyT

Theorem 2.28 The matrices A and B defined above are the adjacency matrices of

two strongly regular graphs with parameters
((4n — 1)%,8n? — 8n +2,4n® — 6n + 3, 4n® — 6n + 2).

Proof We will show that A and B satisfy Equation 22 on page 42. Before calcu-
lating A? and B2, we first calculate T;7 and T2 since we will need to use them later.

Using the definition of 7; and Equations 16 and 18, we have:
ATTY = (E;+J-20)(ET +J-2I)
= EE'+EJ—-2E+JET +J%-2)—2ET —2J 4+ 41
= —J+4dnl+J - 2E;+J+ (dn - 1)J — 2J — 2ET — 2J +4I

= (dn-—4)J+4nl.
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Therefore,

T.TT = (n—1)J +nl. (19)

1

Using Equation 17, we have:

AT} = (E+J-2I)
= E}+EJ-2E+JE+J —2J-2E -~ 2J+4I°
= E2+(4n—3)J —4AE; + 4]
= (4n —2)J —2E;+ (4 — 4n)I
= 4dnJ — 4T, — 4nl.
Therefore
T? =nJ —T; — nl. (20)

Using Equation 19, we can calculate A? as follows:

A2 = (MRTT+TT @ T,)?
= P A+ Tt R T T+ TTT: 8 TLTT + T © T2
= nJ-T—nl]®nJ -Tf —nl]+ [nJ = T{ —nl}Q [nJ — Tp — nl]
+2[(n - DJ +nll® [(n — 1)J +nl]
= 2P -6n+2)J@J+ U2 -2)IQT+Th T +TT @ Ts
= (Wn®—6n+2)JRJ+ @’ -2+ A

Using Equation 20, one can calculate B2 as well. We omit this calculation (it is

similar to the calculation of A?) and show the result which is the following:
BP=(n*—6n+2)J®J+@4n* - 2n)I R+ A.
We see that both A and B satisfy Equation 22 which completes the proof. O

Example 8. Let



then

{0 10
=T=]0 0 1
100
After calculating the matrices A and B, we find
[000001010)
000100001
000010100
010000001
A=l 001000100/,
100000010
001010000
100001000
\0 10100000/
and
(000010001 )
000001100
0001000710
001000010
B=]1100000001
010000100
010001000
001100000
\1 00010000
One can check that both A and B are srg(9,2,1,0). m]

We are going to show that isomorphic normalised skew Hadamard matrices gen-
erate isomorphic strongly regular graphs. Let T; and T3 be two matrices obtained
from skew symmetric Hadamard matrices as mentioned above. Let T} be a matrix

isomorphic to T} and T} be a matrix isomorphic to T,. Let us further assume that A
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and B are Pasechnic strongly regular graphs obtained from T; and 75, and A’ and B’
are Pasechnic strongly regular graphs obtained from 77 and T.

Since Tj is isomorphic to Ty and T is isomorphic to T, we have:
T = ATy P],
and
Ty = PT>P; .
Where Py and P are some permutation matrices, define
P:=P ®P,.
We can see that P is a permutation matrix as well. Using the properties of the
Kronecker product we mentioned on page 37, we have:
A = TITy +T Ty
= (AT PT) & (RTTP) + (PTTPT) @ (P12 PY)
= (ARR)M3T)(F &P+ (Pis )T o)A ®F)
= P(T1®T; )PT+ P(I{ © T)PT
= P Ty +T{ @ T)PT
= PAPT.

As a result of the above equation, we conclude that A’ is isomorphic to A. The same

procedure can be followed to show that B’ is isomorphic to B.

2.6 Strongly regular graphs and partial geometries

A partial geometry pg(s,t,a) with a = 1 is called a generalised quadrangle and
denoted by GQ(s,t). A GQ(1,1) is the usual quadrangle with four points and four
edges.

The concept of a partial geometry was introduced by Bose [2]. A partial geometry
is a generalisation of the concept of a generalised quadrangle. Generalised quadrangles

were introduced by Tits [45] as a generalisation of the quadrangle GQ(1,1).
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Theorem 2.29 The point graph of a pg(s,t,a) is an

SRG( (s+ 1>C(jt + a)

s(t+1),s = 14+t(a—1),a(t+1)). (21)
Proof Since there are ¢ + 1 lines passing through a point P and there are s points
other than P on each of these lines, we have k = s(t+1). Let P, and P, be two points
on a line [. There are s — 1 other points on [ which all are collinear with both P, and
P,. Now, we count the number of points not on [ which are collinear with both P '
and P;. There are t lines (I3,1l2,...,!;) passing through P, other than [. Exactly o
lines on P, are concurrent with each [;, 7 = 1,2,...,t, (one of these lines is [, therefore
o — 1 points on [; are collinear with both P, and P, and are not on l). Therefore, we
have t(a— 1) points not on [, collinear with both Py and P,. Thus A = s—1+t(a—1).
Using a similar argument, we can see that 4 = a(t + 1). The value of v can be

obtained using Theorem 2.1 : ]

A strongly regular graph of the form (21) is called a psuedogeometric (s, t, )-graph.

Such a graph is geometric if it is the point graph of a pg(s, ¢, a).

Lemma 2.30 A psuedogeometric graph is geometric if and only if it is the point

graph of a partial linear space.

Proof The following proof is based on [9].

Since any partial geometry is also a partial linear space, the necessary condition
is easily resolved. We shall now prove the sufficient condition.

Let S = pls(s, t). Because the point graph is geometric, we have

(s + 1)(st+a)

I'(S) = srg( cs(t+1),s— 1+ t(a—1),aft + 1)),

for some integer a. It is enough to show that S = pg(s,t,a). Fix a line [. For a

point P not incident with [. let ap be the number of lines on I? concurrent with [.
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We have:

Doar = > HQELM~Q}

P¢l Mel

= Zts

Mel
= (s 1)ts.

We also have:

Z (O;p) _ Z HQ ¢i.M~Q N~ Q}l
Pgl

M.N¢l

= > (A=(s-1)

M.Nel

= <$;1)ﬂa—l)

Therefore:
da—ap)® = Y a®+ > (ap—ap)—(2a—1)> ap
Pl Pl Pgl Pgl
o)
= ZQQ—I-QZ ( 2P) — (2a — I)Zap
Pl Pl P¢l
= 0.
Thus ap = « for every P ¢ [ and S = pg(s, t, o). O

The adjacency matrix of the point graph can be obtained easily from the incidence
matrix of the partial geometry. Let A be the incidence matrix of P = pg(s, ¢, @) and
B be the adjacency matrix of the point graph of P. The (i, j) entry of B? is the

number of vertices adjacent to 7 and j. Since the point graph is an srg(v, k, A, i), we

have
koifi=j
(Bij=4q A ifB;j=1
p if By; = 0.
Thus
B? = (k — y)I + pJ + (A = ;1) B. (22)
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Since A is the adjacency matrix of P, we have

1 if the points 7 and j are collinear
(AAT);; =< 0 if the points ¢ and j are not collinear
t+1 ifi=j.

Therefore by the definition of a point graph,
AAT =B+ (t+ 1)1, (23)

Constructing a partial geometry from its point graph has been unsuccessful in most

of the cases, but Haemers in [25] constructed a pg(4, 17, 2) from an srg(175, 72, 20, 36).
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Chapter 3

Orbit matrices

3.1 Introduction

The size of the search for the unknown strongly regular graphs we are interested in
is very large. We have to use mathematical techniques to reduce this size. One of
the techniques is the use of an automorphism group. In this chapter. we shall show
how the assumption of a non—trivial automorphism group may enable us to finish the
search in a feasible amount of time.

Assuming that the strongly regular graph has a non—-trivial automorphism group,
in this chapter we develop the theory of orbit matrices for strongly regular graph for

the first time.

3.2 Related work

Rudolf Mathon in [37] introduced the concept of orbit matrices for block designs.
In that paper, orbit matrices are referred to as “tactical decompositions”. Clement
Lam in [32] showed how to use orbit matrices by the use of a program called BDX
to construct block designs. Rudolf Mathon in [36] introduced the concept of block
valencies for self-complementary strongly regular graphs. A graph is called self-

complementary if there is a permutation p on its vertices which maps every edge to
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a non—edge and vice versa. Block valencies are computed based on the partitions
that p induces on the adjacency matrix of the self-complementary strongly regular
graph. Using these, a computer program was implemented in [36] to find all self

complementary strongly regular graphs with less that 54 vertices.

3.3 The construction

Let G(V, E) be an srg(v, k, A, u). Suppose an automorphism of G partitions the set
of vertices V into b orbits Oy, Oz, ..., Op. Define n; = |O;] for 1 <1 < b.
Let v, v2,...,v, be an ordering of the vertices of G that preserves the ordering
(01,04, . ...0). In other words, if 7 < 7, then for all v; € O; and v,, € O}, I < m.
Using this ordering, the orbits of V' divides the adjacency matrix B of G into

submatrices

B = [By],

where B;; is the adjacency matrix of vertices in O; versus vertices in 0;.

As an example, consider the point graph of the partial geometry pg(2. 2, 1) shown
in Example 2 on page 4. It is an srg(15,6,1,2). As a point graph, the vertices are the
points { Py, P», ..., P;s}. For simplicity, we denote vertex P; by 7. The permutation
(1,2,3,4,5)(6,7,8,9,10)(11, 12,13, 14, 15) on the vertices is an automorphism of the

point graph. This automorphism produces three orbits of size five. namely O; =

{1,2,3,4,5}, O, = {6,7,8,9,10}, and O3 = {11,12,13, 14, 15}.
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(01 001{10101/00100
10100{11010[{000T1°0
01010(01101/00°00°1
0010 1{10110{1000°0
10010{01011{0100°0
11010[{00000|1 10011
01101000001 1100

B=]110110{00000{0111°0
0101 1{060000(00T1 11
10101/00000{100T11
00010[11001{00110
0000T1(11100(000°T1]1
10000{01110/1000°1
01000[00111{1 1000

\00100/{10011/01100)

The row sum and column sum of the submatrices B;; are extremely important in
the theory we are developing. Define three matrices C = [¢;;], R = [ri;], 1 <¢,5 <b,
and N such that

¢;; = column sum of B,
ri; = row sum of By,

and

N = diag(ny, na, ... np).

Note that R? is related to C by the formula
n;
rii=ci |l — .
- Since the adjacency matrix is symmetric,
R=C"T.
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For example, the matrices C and R corresponding to the matrix B are:

[S™)
w
[

[
w
N

and
2 31

R=1303
1 3 2

The orbit sizes are on the diagonal of the matrix N

5 0 0
N=1050
005

The matrix C is the orbit matriz of the graph G. It gives structural information
about the adjacency matrix B.

We next establish a relationship involving the matrices C, N, and R. This will
be our starting point for a computer enumeration of all the possible orbit matrices C
for a given orbit partition of the vertices.

Let W = B?, where 1V, counts the number of paths of lengths 2 between vertices
u and v. Using the same orbit partition of the vertices, W can also be partitioned in

W = [W;;], where 7 and j are the indices of the orbits.



We continue our example of srg(15, 6, 1,2) and calculate W as follows:

6 133 1[13131[33133)
16133{11313|/33313
31613[31131[3333.1
3316 1|13113|13333
13316(31311[31333
11313[63333{11331
31131|36333[/11133
W=B>=]113113[33633[31113
31311{33363(33111
13131[3333€6[1331]1
33313/11331[6311 3
33331[11133[36311
13333[31113|13631
3 1333331111136 3
\33133{13311(31136)

Define a b x b matrix S = [s;;] such that
s;; = sum of all the entries in Wj;.

Since B? = (k—p)I+pJ+(A—p)B, we have W;; = 6;;(k—u) I +pJ +(A—p)B;;. Please
note that in the second equation, the dimension of I is n; X n; and the dimension of
J is n; x n;. We have

Si; = 6l](k - u)n] -+ MM + ()\ - u)cijnj. (24)
In our example, the matrix is calculated as follows:

70 45 65
S=1 45 90 45
65 45 70

The matrix S can also be calculated in a different way.
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Lemma 3.1

CNR=S. (25)

Proof Let a; be a vector of size v such that

. 1 ifje0;,
o;(j) = )
0 otherwise.

The vectors are chosen such that s;; = ;B%a;]. Define 1;, 1 < ¢ < b, to be a row

vector of size v such that 7;(k) = ¢;; for k € O;. Similarly, define 8;, 1 < 7 < b, to be

a row vector of size v such that 3;(k) = r;; for k € O;. We have

Sij = az'BQGJT = (aiB)(Ba]T)
b
= 771/6_,711 = Zcikrkjnk = (CNR)U

k=1
O

Continuing our example, we calculate s, for the matrix B, using the previous proof,

we have
a7 = (11111 00000 00000),
a2 = (00000 11111 00000),
m = (22222 33333 11111),
and

B2 = (33333 00000 33333).

We can see that

S19 = O‘]BQO‘g = T]]ﬁg = 45.

3.4 Properties of orbit matrices and prototypes

Lemma 3.1 allows us to derive a set of integer equations for the possible entries in row

r of the matrix '. The onlyv information we need are the parameters of the strongly
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regular graph G’ therefore, these equations are independent of the matrix B. Solving
these equations will help us to find the orbit matrix C' without knowing the matrix
B.

Using Equation 25, we have

t

t
2
Srr= ) CrkTheMk = ) CopMi. (26)
k=1

k=1

Using Equation 24, we have
Ser = (k= w)ne + pn2 + (A — perny. (27)

For simplicity, we restrict ourself to the case where the orbits are either of size one
or of size p, a prime. Let 1) be the number of orbits of size p and ¢ be the number of

orbits of size one. ¢ and v satisfy the following equation.
¢=v—pi (28)

In this case, we have two types of rows (columns). Fixed rows (columns) are those
whose orbit size is one and non~fixed rows (columns) are those with orbit size p.

Without taking into account the ordering of the entries in a row of C, we first
consider the distribution of such entries. We call this a prototype of a row of C'. Each
prototype will tell us the possible number of occurrences of each integer as an entry
of a particular row of C.

Consider an arbitrary fixed row r of C. The possible value of each entry of that
row, regardless of being a fixed column or non—fixed column, is either 0 or 1.

Let xp and x; be the number of zeros and ones respectively on the fixed columns
of row r. Let yp and y; be the number of zeros and ones respectively on the non—fixed
columns of row r. Since the number of fixed columns is ¢, we have rg + 77 = ¢.
Similarly we have yy + y; = «. Since the row sum of the matrix B is equal to k, we
have

T1+py =k



Thus, we have the following set of equations:

To + 11 = @,
v + v =1, (29)
Iy + pyn =k

We define a Fized Prototype as a non—negative integer solution of xg, x1, yo, and y1,
satisfying this set of linear equations.

Now consider an arbitrary non—fixed row r of C. The possible values of the fixed
column entries of row r are either 0 or p. The possible values of the non—fixed column
entries of row r can be 0,1,....p. Let 7y and x, be the number of zeros and p’s on
the fixed columns of row r. Let 3;, ¢ = 0,1,...,p be the number of i’'s on the non-
fixed columns of row 7. Similar to the situation with columns, we have z¢ + z, = ¢

and P  y; = ¢. Also, since the row sum of B is equal to k, by counting, we have

T, + Y ¢, iy; = k. Using Equation 26, we have

p
pQIP + Z i2pyi = Srr-

=1

Thus, we have the following set of equations:

To + 1 =@,
Yo + o+ v + oy A+ oo+ Yy =, (30)
Tp + 1+ 292 + 3ys + -+ py, =k,
pr,  + oy o+ dy + 9y + o+ PPy, =se/p

We define a Non-Fized Prototype as a non—negative integer solution of xq, x,
Yo, - - - , Yp, satisfying this set of linear equations.

In the above equation, the value of s,, is obtained from Equation 27. Using

Equation 27, we can generate a separate set. of equations for each value of ¢... The

following lemma puts a restriction on these values.

Lemma 3.2 Ifn, is odd. then ¢, is even.



Proof Let Y be the subgraph induced by O;. B,, is the adjacency matrix of Y.
Y is a regular graph of degree ¢,.. By counting the number of edges of Y in two

different ways, we have

2|E(Y)] = nrcrr.

Since n, is odd, ¢,» must be even. dJ

Since ¢ = v — pi. the smallest possible value for ¢ is z = v mod p. The possible
valuesof p are z, z4+p. 2+2p, ..., z+p t”}"TZJ The following two theorems state
that, once we find no fixed (or non—fixed) prototype for a given ¢, then there is no

need to consider any larger ¢’s when ¢ > 2p.

Theorem 3.3 If there exists a fized prototype with ¢ fized columns and ¢ > 2p. then
there is a fixed prototype with ¢ — p fized rows.

Proof Since there exists a fixed prototype with ¢ fixed columns, there is an integer
solution (xg, x1, Yo, y1) for Equation 29. Consider the following equations for a fixed

prototype with ¢ — p fixed rows:

vo + ¥ =¥+l (31)
B + pyi =k

If x¢ > p, then xy = xo — p, 2} = 21, Yy = yo + 1, and y} = y; would be a solution for
Equation 31, and xjy, o}, ¥, and y; are all non-negative.

If 1 > p, then xy = 9, 7 = 71 — p, Yo = Yo, and y; = 11 + 1 would be a solution
for Equation 31, and zj, 7. v, and y; are all non-negative.

Since ¢ > 2p, one of these two cases has to be true and Equation 31 has a non-

negative integer solution. |

Theorem 3.4 If there exists a non-fixed prototype with ¢ fived rows and ¢ > 2p.

then there is a non-fired prototype with ¢ — p fived rows.
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Proof Since there exists a non—-fixed prototype with ¢ fixed rows, there is a non—
negative integer solution (zo, T, Yo, Y1, - - - , yp) for the set of Equations 30. Consider

the following equations for a non—fixed prototype with ¢ — p fixed rows:

o + T, =¢—p,
v + vi + oy + oyp + -+ oy, =¥+, (32)
), + oy o+ 2y + 3y3 + - 4+ py, =k
), + oy + 4y + 9+ -+ PRy, =se/p

Since ¢ > 2p, either 29 > p or x, > p. If ¢ > p, then 2 = 20 — p, 2}, = 7,
yo = wo+ 1, and y, = 3; for 1 < 7 < p would be a solution for Equation 32, and
(20> Tp, Y0, Y15 - - - » Yp) ATE NON-Negative.

If z, > p, then zj, = zo, ©,

p=tp—pandy; =y for0<i<p—1 andy,=y,+1

would be a solution for Equation 32, and (zg, x;,. yg, %1, - - -, ¥,) are non-negative.
Since ¢ > 2p, one of these two cases has to be true and Equation 32 has a non-

negative integer solution.

3.5 Upper bounds on the number of fixed points

In this section, we introduce some new upper bounds on ¢ the number of fixed points
of an automorphism of a strongly regular graph. We need. to use the concept of orbit
matrices to derive some of these upper bounds, but some upper bounds are obtained
independently, without the use of orbit matrices.

Let B be the adjacency matrix of G' = srg(v, k, A, it), having a non-trivial auto-
morphism. Let B’ = [b};] be the adjacency matrix of the subgraph of G, induced by
all the non-fixed vertices. Let o = max(\, u). The following lemma gives a restriction

on row-sums of B’.

Lemma 3.5 Let G = srg(v, k. A\, u) and further assume that G has a non—trivial

automorphism p. Let H be the subgraph of G. induced by all the non-fixed vertices of



G. Then
§(H) > k — max(, ).

Proof Let x be a non—fixed vertex of G and let y = zp. Let z be any fixed vertex

of G adjacent to x. Since (z, ) € F(G), we have

(zp,zp) = (2,y) € E(G).

Thus any fixed vertex adjacent to z is adjacent to y as well. Since z and y have
at most max(), u) common neighbours, there are at most max(\, 1) fixed vertices
adjacent to x. Since G is a regular graph of degree k, every non-fixed vertex of G

has at least k — max(\, u), non—fixed neighbours. Thus

0(H) > k — max(\, u).

(]
Lemma 3.6 Let A = [a;;] be an n x n positive semidefinite matriz. Then
Z A 2 0.
ij
Proof Since A is positive semidefinite, we have
z2*Az > 0,
for any z € C". Take the all one vector j as z, the result follows directly. O

Lemma 3.6 is a special case of the Fejer’s theorem. For more information about Fejer’s
theorem, refer to (28, page 459].
The following theorem gives us an upper bound on the number of fixed points.

The interesting fact about this bound is that it is independent from the selection of

p.

Theorem 3.7 Let r < s < k be the eigenvalues of an srg(v, k, A, p). then

o max (M. p1) .

T k-5
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Proof Let B be the adjacency matrix of the strongly regular graph and B’ = [b],]
be the principal submatrix of B corresponding to the non-fixed vertices.

We know that the idempotent matrix F; in Equation 11 is positive semidefinite.
Therefore, every principal submatrix of Ej is positive semidefinite. Let Ej = [ej;] be
the submatrix of Fy corresponding to the non—fixed vertices. Let us further assumne
that E is of size n. Let & = max(\, ). From Lemma 3.5, we know that the row sum

of the matrix B’ is at least k — . Therefore,
> b > (k—a)n. (33)
j
In order for E] to be positive semidefinite, using Lemma 3.6, we have

Z e;j > 0. (34)

iy

By considering that r — s < 0 and combining Equations 11, 33, and 34, we have

1 s—k 4 1 , s—k 4
— {(k a)n — sn + ” n} — {E bi; —sn+ . n}

> 0
Since rr — s < 0 and n > 0, we have
s—k
(k—a)—s+ n<0
v
After simplifying, we get
av
n>uv-— ,
- s
which implies
Qv
o<
T k—s

(0]

As an example. consider an srg(99. 14, 1. 2), using Theorem 3.7. we can see that. an

automorphism of this strongly regular graph, can have at most 18 fixed points.
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Theorem 3.8

K —k
<Yv— — — + 2k - L) — 2.
p<wv max(h 1) + 2k — max(\, )

Proof Let o = max(\,u). Let B be the adjacency matrix of the strongly regular
graph and B’ = [bgj] be the principal submatrix of B corresponding to the non—fixed
vertices. Let n be the size of B’. Using Lemma 3.5, the matrix B’ has at least k — «
ones in each column. Since any two vertices have at most o common neighbours, we
have:

B? < (k—a)l +alJ. (35)

We count the sum of entries of B”? in two different ways. First, since B’ is symmetric,
we have B2 = B'B'T. Let r be an arbitrary column of B’. By Lemma, 3.5 there are
at least £ — a ones on 7. By counting the number of un—-ordered pairs of 1’s on the

column r, we have

> b2 (k-a)k-a-1).

1<ij<n.izj
Let s be the sum of all the entries of B, except the ones on the diagonal. In fact, s

is the sum of inner products of different rows. We have

s Y Y,

1<ij<ni#j r=1

- Y u,

r=1 1<ij<ni#j

> n(k—a)(k—a-1).

Using Equation 35, we have

s < an(n-—1).

Using the last two calculations. we have
(k—a)k—a—-1)n<an(n-1).

One could simplify the above equation to see

2

n > - 2k+a+2

v
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Since n = v — ¢, we have

k2~ k

dp<wv-— +2k—a-2.

O

As an example, again consider an srg(99, 14, 1, 2), using Theorem 3.8, we can see that,
an automorphism of this strongly regular graph, can have at most 32 fixed points.
We have realised, in all our test cases, Theorem 3.7 gives a better upper bound
than Theorem 3.8, but we have not been able to prove that the upper bound obtained
from Theorem 3.7 is always lower than the upper bound obtained from Thorem 3.8.
The following theorem states that when the orbit size is large enough, there is no

fixed point.
Theorem 3.9 Ifp > k and u # 0. then ¢ = 0.

Proof Consider Equation 29. Since p > k, the only solution to the equation is the
following;:

(20, %1, %0.11) = (¢ — k, k, ©. 0).

Let u be a fixed vertex and v be a non—fixed vertex. Since y; = 0. we have B,, = 0.
Consider an arbitrary vertex r different from v and v. Again, since y; = 0, if r is a
fixed vertex, we have B, = 0. If x is a non—fixed vertex, we have B,, = 0. In both
cases x is not a common neighbour of u and v. Thus either 4 = 0 or there is no fixed

point. O
Corollary 3.10 Ifp > k and u # 0. then v should be divisible by p.

The following theorems put some bound on the number of fixed points a strongly

regular graph can have.

Theorem 3.11 If 6 < k—1 and p > max(\, u). then o < v/(p + 1).

(@2}
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Proof Using Equation 29, since z; < ¢ < k, we have py; > 1. Therefore, y; > 1.
Consider the submatrix of C corresponding to the fixed rows and non—fixed columns
and call it C’. Since y; > 1, there is at least one “1” in each row of C’. Since
C' is of size ¢ x 1 there are at least ¢ ones in C’. If ¢ > 1, by the pigeon hole
principle, there is a column of C’ that has more than one 1 in it. Therefore there
are two fixed rows, ¢ and j, and a non-fixed column k such that c;xc;x = 1. But, we
have peircjr < max(A, p) since the inner product of two fixed rows of B is less than
max(A, 1), which contradicts the assumption that p > max(\, ). Therefore ¢ < 1.

Since ¢ + p» = v, we have ¢ < v/(p+1). a

3.6 Computer construction of orbit matrices

After we have obtained the prototypes, we can construct the matrix C' hy backtrack-
ing. The first row can be constructed easily using its prototype. For the first row we
know the number of occurrences of each value. The order of entries is not important
for the first row as the orbits of the same type are still free to be permuted among
themselves.

The rest of the rows can be constructed recursively. Assume that the matrix C is
constructed up to the row r — 1. To construct row r, first we consider the prototype.

Using Equation 24. for 1 < ¢ < r, we have
Sir = pniny + (A = p)cipn,. (36)

Since i < r, the value of ¢;, is already known. Hence the value of s;. is known. On

the other hand. using Equation 25, we have

b
Sir = Z CikCriMr. (37)
k=1

The new row r has to satisfy Equation 37 for all 1 < 7 < r. The entries in row
r are constructed recursively starting from column 1 and ending at column b. Since

the variables on the right-hand side of Equation 37 are all non-negative. if we are at



a column b’ < b, Equation 37 can be replaced by

bl
Sir > Z CikCriNr- (38)
k=1

For each column ¥, we try all possible values for c.y, but ensuring that it satisfies
Equation 38.

Since B is an adjacency matrix, it is symmetrical. Thus, for & < r, ¢4 =
ckr(nx/n,), which is already known.

The number of candidate matrices for C' can further be reduced by isomorph
rejection, since the fixed and non—fixed columns can permute among themselves re-
spectively.

We finish this chapter using an example, to see how the orbit matrices for strongly

regular graphs are constructed.

Example 9. In this example, we consider srg(15,6,1,3). Assume p = 3 and assume
that there are three orbits of size one and four orbits of size three. Therefore ¢ = 3,
v=4,n =ny=n3=1and ny =ns = ng = ny = 3.

First, we calculate the fixed prototype using Equation 29. We have the following

equations:
To + T =3,
v + 1y =4 (39)
T + 3y3 =6.

The only non—negative integer solutions of the above equations are
(.’1’0, I1, Yo- yl) € {(0 3: 3 1) (3 0; 2} 2)}

Since the diagonal of B is zero. ¢,, = 0 when r is a fixed row. Therefore, there has
to be at least one zero in the fixed columns. Thus o > 1 and the first solution is

not acceptable. implying (.o. .r1. yo. y1) = (3.0.2,2). Now. we consider the non—fixed



prototype for the non—fixed rows of the incidence matrix. Equation 30 gives:

To + I3 = 3,
Yo + nn + y2 + y3 =4,
3 + 1+ 2y + 3ys =6,

(40)

3xz3 + y + 4y + Yy3 =s/3

Using Equation 27, we have s,, = 36 — 6¢... The possible values of ¢, are 0, 1, and
2. We shall consider all these cases.

For ¢,, = 0, we have s,,, = 36. The solutions of Equation 40 are

(zo0, 73,90, 1, %2,93) € { (0.3,1,3,0,0),
(1,2,1,2,1,0),
(2,1,1,1,2,0),
(3.0,1,0,3,0),
( )

3.0,0,3,0,1) }.

Since ¢, = 0, we have yy > 0. Therefore the last solution is not possible.

We do not need to consider the case ¢, = 1 using Lemma 3.2.

For ¢,, = 2, we have s, = 24. In this case the prototype in 40 has no non-negative
integer solution.

Now, we build the matrix C row by row. The first row is a fixed row. Its only
prototype is (3,0, 2, 2), meaning 3 zeros for the fixed columns, and 2 zeros and 2 ones
among the non—fixed columns. By permuting the columns, we can assume that the
first row is [000/0011].

Now, we need to construct the second row. Since c¢;» = 0, Equation 36 implies
Si12 = 3— 2(?]2 = 3.

Thus by Equation 37, we have

E CypCopTh) = 3.

k=1
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Since we already know the first row of C', we have:
3(326 + 3(;27 =3. (41)

The prototype for the second row is (3,0,2,2). Considering Equation 41 and, by
permuting the columns, we can assume that the second row is [000/0101]. By a
similar argument the third row is [000]1001] up to isomorphism.

Consider the forth row. By Equation 36, we have

s = 9—6c14 =9,
So4 = 9—6cy =29,
S34 — 9— 66‘34 = 3.

Considering the values of s;4, by Equation 37, we have:

3C4S+3C47 = 9,
3cas +3car = 9,

3C44+3C47 = 3.

The only solutions of the above set of equations are

(644: C45, C46, C47) € { (17 3; 3: 0)*

(0,2,2,1) }.

The first solution does not belong to any non—fixed prototype, however the second
solution does. Therefore the forth row up to isomorphism is [003]0221].

Similarly, we construct the rest of the rows of C by using their prototypes. Equa-
tions 36, 37, and by permuting the rows in order to consider the symmetry.

Finally, up to isomorphism one can see that there is only one possible solution for

the column sum matrix, which is the following:
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Chapter 4

Computer search for strongly

regular graphs

We have implemented a computer program to search for unknown strongly regular
graphs. Our algorithm is an exhaustive backtrack search based on orbit matrices.
Throughout the thesis we call this program the SRG program.

After an orbit matrix for the desired strongly regular graph is obtained, the SRG
program tries to find the adjacency matrix of the strongly regular graph by expanding
the entries of the orbit matrix into blocks of the adjacency matrix.

Several combinatorial and algebraic techniques have been used in pruning the
backtrack search tree.

The SRG program also has the ability to estimate the size of the search tree using
a random probing method. This random probing technique can be used as well to

perform a randomised search.
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4.1 History of computer search for strongly regu-
lar graphs

The existence or non—existence of strongly regular graphs has been studied using com-
puter searches. It was shown in [5] by the use of a computer search that srg(49, 16, 3, 6)
does not exist. The uniqueness of some strongly regular graphs up to isomorphism
was shown by the use of an exhaustive search in [15]. Complete classification of some
strongly regular graphs with small parameters has been performed in [13], [26], [38],
and [44], by the use of computer searches. Corneil and Mathon in [14] describe several
algorithmic techniques for the construction of strongly regular graphs and other com-
binatorial configurations. In this paper gencral search techniques for combinatorial
configurations such as hill-climbing and backtracking, as well as specific techniques
for strongly regular graphs such as switching classes are introduced. In [36], a com-
puter search was performed to find all self-complementary strongly regular graphs

with less than 54 vertices.

4.2 Methodology

The SRG program tries to complete the adjacency matrix of a strongly regular graph
by expanding the entries of its orbit matrix into circulant submatrices. Let us assume
that C = [¢;j] is the orbit matrix of the strongly regular graph corresponding to an
automorphism of order p, and that B = [B;;] is the adjacency matrix of the strongly
regular graph. The SRG program would expand each non—fixed upper triangular
entry ¢;; to all the possible (c’;) circulant matrices B;;.

After each circulant block B;; is placed into the matrix B, a check would be
applied to see that B does not violate the properties of strongly regular graphs. This
is the pruning part of the algorithm. We will discuss these checks in more detail later.
Because the adjacency matrix B is symmetric, the lower triangular half of the matrix

is obtained by symmetry.
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In order to make the backtrack search flexible for each non—fixed upper diagonal
entry of C, we associate a time—stamp in the SRG program. The time stamp rep-
resents the order which the entries ¢;; are expanded into circulant blocks B;; in the
backtrack search.

The program also has the ability to perform isomorph rejection at a specific given
time stamp. It means the user is able to specify at which level of the search tree the
isomorph rejection algorithm should be applied. We usually use isomorph rejection at
the beginning and at the very end of the search. Isomorph rejection is time consuming
and very costly when applied to the middle level where there are many cases.
 Another pruning technique that is implemented into the SRG program is the
positive semidefinite test. Whenever a principal submatrix is completed, the SRG
program checks whether or not the corresponding submatrix is positive semidefinite.
As we have shown in Chapter 2, the idempotent matrices F; and F,, as defined in
Equations 11 and 12, are positive semidefinite. Therefore their principal submatrices
are positive semidefinite as well. This is a strong pruning technique, and has given
us the ability to solve cases which we were not able to complete before using this
pruning technique. The program uses a maximal clique algorithm to find at which
time stamps a new principal submatrix is completed. Let n be the number of orbits
and let T;; represent the time stamp of the 7,j block. Define the graph G(V, E) as

follows:
o V={1...n}
e wv e Fiff T, <t.T,, <t and T,, <t

Each clique in G corresponds to a complete principal submatrix at an arbitrary time
stamp .

In order to find all strongly regular graphs with parameters (v, k, A, ) that have
an automorphism group of size divisible by a prime p. one should do the followi.ng

procedure:
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1. Find all the orbit matrices with p as the non—fixed orbit size for all the possible

fixed points.
2. Run the SRG program for all orbit matrices obtained.

3. Run a final isomorphism test.

4.3 An example

In this section, we show by an example, how the SRG program works and the structure
of its input file. We consider the srg(15, 6, 1,3) for this example, with p = 5, and no
fixed points. After running the orbit matrix program, we find that there are exactly

two orbit matrices as follows:

w w O
w o w
o W W

and
0 3 3

3 21
3 1 2
For this example, we consider the second matrix.
The description of the input file (.Figure 1) is as follows:
Line 1: The parameters v, k. A, i of the strongly regular graph:
Line 2: Prime p for the size of the non—fixed orbits. and the number of orbits;
Line 3: Orbit sizes (here we have three orbits of size 5);
Lines 4-6: The orbit matrix:
Lines 7-9: The time stamps. Please note that since T;; = T};, only the upper trian-
gular part of the matrix is required:
Line 10: The inverse probability of going into each backtrack level (this can be used
either for a random search or estimation):

Line 11: The stop time and snap shot frequency:
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2 53

3 555

4 033

5 321

6 31

7 146

8 25

9 3

10: 111111
11: 00

12: 1

13: 010001
14: 0

Figure 1: The input file for this example

Line 12: A boolean control variable to show that we are using manual isomorph re-
jection:

Line 13: An array which indicates at which time stamp we have isomorph rejection;
Line 14: A boolean control variable to show whether or not. we have a partial entry

(in this case we do not).

We ran the program to get a snap shot at £ = 2. At time stamp ¢ = 2, two partial

solutions By and By were found.



X X X X X

X X X X X
X X X X X
X X X X X
X X X X X
X X X X X

0

X X X X X
X X X X X

0
0
0

X X X X X

X X X X X

X X X X X
X X X X X

X X X X X

0
0

X X X X X

X X X X X

X X X X X

X X X X X

0

X X X X X

X X X X X

0

X X X X X

X X X X X

X X X X X

X X X X X

X

X X X X X X X X
X X X X X
X X X X X
X X X X X

X

X X X X X

X

X X X X

X X X X X

X X X X X
X X X X X

X X X X X

X X X X X

By =

X X X X X
X X X X X

X X X X X
X X X X X
X X X X X
X X X X X
X X X X X

X X X X
X X X X X

X

0

X

X X X X

X X X X X
X X X X X

0

X X

X

X X

0

X X X X X

X X X X
X X X X X

X

X X X X X

X

0

X X X X

X

X X X X X

X X X X

X X X X X
X X X X X

X X X X
X X X
X X X X X

X
X
X
X

X X X X

X X X X

X
X

X

X
X
X

X X X X
X X X X

X X X X X

X

X X X X
X X X X

X X X X

X

X X X

X X X X X

B: =

Since Bj is isomorphic to By, and we have isomorph rejection at the time stamp

t = 2. the second solution By would be rejected.

We finished the run to see how many strongly regular graphs were found. This is

a excerpt of the output of the program for this example:

autogp size =(1)(4)(5)

aut size of the solution:
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solution number 1 :
00000 11010 11100
00000 01101 01110
00000 10110 00111
00000 01011 10011
00000 10101 11001

10101 01001 00010
11010 10100 00001
01101 01010 10000
10110 00101 01000
01011 10010 00100

10011 00100 00110
11001 00010 00011
11100 00001 10001
01110 10000 11000
00111 01000 01100

The number of strongly regular graphs found:1
elapsed time = 1.000000 ms

Number of nodes visited= 64

1: 1 - 0
2: 1 1 0
3: 10 - -
4: 25 - 0
5: 25 - -
6: 1 24 0
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The total estimation of number of nodes= 64
elapsed time=0.00 seconds
elapsed time==0.00 hours

Estimated time = 0.00E+00 days

The last part of the output shows the size of the backtrack search tree. From the
output, we can see that at time stamp ¢ = 1 there is one partial solution, at time
stamp t = 2 there are two solutions, but one is rejected by the isomorphism test.
At time stamp t = 3 there are ten partial solutions and the isomorphism test is not
performed. At time stamp t = 6 there are 25 solutions. but only 1 non-isomorphic

solution.

4.4 Correctness tests

In order to make sure that the SRG program works correctly, we performed some tests.
The first test was running the program on a few small cases that could be verified
by hand. We also compared our results with the results from other people. Since
the chance of getting exactly the same result from different algorithms and different
implementations is very small, we can conclude, with a high level of confidence, that
the SRG program is correct.

One of the test cases that we used was the srg(36. 14,4, 6). The complete enu-
meration of this case has been done by McKay and Spence in [38]. There are 180

strongly regular graphs with the above parameters which can be downloaded from
‘‘http://www.maths.gla.ac.uk/"es/srgraphs.html’’.

We ran the SRG program for all the possible orbit sizes to compare our results to
the results of McKay and Spence. The SRG program found 152 srg(36. 14, 4. 6) with
non-trivial automorphism groups.

Table 4 shows the statistics on the number of strongly regular graphs found by

Brendan McKay and Edward Spence. and the strongly regular graphs found by the
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Automorphism group size | Number of SRGs | Number of SRGs
McKay program | the SRG program

1 28 Not. Applicable

2 37 37

3 14 14

4 o1 51

8 16 16

12 5 5

16 5 5

21 2 2

24 9 9

32 1 1

36 1 1

48 5 5

64 1 1

72 1 1
144 1 1
216 1 1
432 1 1
12096 1 1

Table 4: Automorphism group statistics of all srg(36, 14. 4, 6)

SRG program. The results are exactly the same except for the asymmetric graphs.
which the SRG program is not designed to find. Since it is very unlikely to get the
same results randomly, this test shows us that the SRG program works correctly.

Another test that was done can be found in Section 4.6.2.

4.5 Estimations

Since the running time of most of the combinatorial search algorithms. as well as the
SRG program, are not polynomial, it is very important to have an estimation of the
running time of the program before starting the exhaustive search.

Donald Knuth in [29], showed, for the first time, a simple method for estimating
the size of the search tree of a backtrack algorithm. Let us assume that the level i in

a search tree is the set of all nodes with distance 7 to the root. In Knuth's method.
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a random path P = FPyP; ... P, from the root of the search tree to one of the leaves
is taken. Let ¢; be the number of children of P; in the search tree. Then an estimate

of the number of nodes at level i is calculated as follow:
E; = cocy ... Ciq. (42)
An estimate of the size of the search tree is calculated as follows:
E =14 cop+coer +cocica+ -+ copc1¢2- - Cp1. (43)

Under the assumption that all children of a node have equal probability of being
chosen, Donald Knuth in [29] proved that the expected value of E in Equation 43 is
equal to the size of the search tree. Therefore if we compute E for various times and
calculate the average, we can get a good estimation of the size of the backtrack tree.
For more information about backtracking, backtrack search tree, and the Knuth's
method, refer to [30].

In the SRG program, we applied a method, similar to the Knuth’s method, to
estimate the size of the search tree. This method has some advantages to the Knuth’s
method which will be explained later.

We assign the probabilities p; to each level of the backtrack tree. In the backtrack
search, if we are at a node X at level 7, we visit each child of X with probébilit.y Pi-
If all p;’s are equal to 1, we visit all the nodes of the backtrack search tree, thus we
do a complete exhaustive search. Therefore by the choice of p;, we can do either a
complete search, or a random search using the same program. If we do a random
search, we calculate the estimated number of nodes at each level of the backtrack
search using a recursive method. Let X be a node of the backtrack search tree at
level ¢ that has been visited in our random search. Let C(X) be all the children of X

that have been visited in the random search. Define:

1 ifi=¢
L(X) =40 if i <t (44)
2 ovec( x & (Y)p; otherwise.
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Define
E; = &(ROOT),

then E; is the estimated number of nodes at each level ¢, and ), E; is the estimated
number of all the nodes of the backtrack search.

This method fits perfectly into the backtrack programn since it is recursive. We
calculate &(X) whenever we visit a node X in the backtrack search. The proof of this
method is similar to the proof of the Knuth’s method. For the proof of the Knuth’s
method refer to [30, page 117). |

If we do the complete search, then E; would be the exact number of nodes at level
. In this method, we have control over the choice of the probabilities p;. We can
visit the nodes at some levels, especially the levels near the root and near the leaves,
more often than othér levels of the backtrack search. This would gives us a better

estimation of the size of the backtrack search.

4.6 Results

In this section, we provide all the results of running the genOrbit and the SRG
program. We divided the results into two subsections. One section is related to
the strongly regular graphs whose existence or non-existence is unknown. The other
section provides the results about the strongly regular graphs whose existence is

known, but there has not been a complete classification performed.

4.6.1 Results on unknown strongly regular graphs

In this section, we are investigating the strongly regular graphs whose existence is un-
known. We obtained the list of these strongly regular graphs from the CRC handbook
of combinatorial designs [11].

The details of all the computer runs on these graphs can be found in Appendix

A.



Theorem 4.1 If an srg(65, 32, 15,16) exists, the only possible prime devisors of the
size of its automorphism group are 2, 3, and 5. Moreover, if it has an automorphism

of order 5, then it can only have 5 fized points.

Theorem 4.2 If an srg(69,20,7,5) exists, the only possible prime devisors of the

size of its automorphism group are 2 and 3.

Theorem 4.3 If an srg(75,32,10,16) exists, the only possible prime devisors of the

size of its automorphism group are 2 and 3.

Theorem 4.4 If an srg(76,30,8,14) exists, the only possible prime devisors of the

size of its automorphism group are 2 and 3.

Theorem 4.5 If an srg(76, 35, 18, 14) exists, the only possible prime devisors of the
size of its automorphism group are 2, 3, and 5. Moreover, if it has an automorphism

of order 5, then it can only have 1 fized point.

Theorem 4.6 If an srg(85, 14, 3,2) exists, the only possible prime devisor of the size

of its automorphism group is 2.

Theorem 4.7 If an srg(85,30,11,10) exists, the only possible prime devisors of the

size of its automorphism group are 2, 3, 5. and 17.

Theorem 4.8 If an srg(85,42,20,21) exists, the only possible prime devisors of the

size of its automorphism group are 2, 3, 5, and 7.

Theorem 4.9 If an srg(88,27,6,9) exists, the only possible prime devisors of the

size of its automorphism group are 2, 3, 5, and 11.

Theorem 4.10 If an srg(95, 40, 12, 20) exists, the only possible prime devisors of the

size of its automorphism group are 2. 3, and 5.

Theorem 4.11 If ansrg(96, 35, 10, 14) exists. the only possible prime devisors of the
size of its automorphism group are 2. 3. and 5. Furthermore. if it has an automor-

phism of order 5, then it has no more than one fixed point.
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Theorem 4.12 [f an srg(96, 38, 10, 18) exists, the only possible prime devisors of the

size of its automorphism group are 2, 3, and 5.

Theorem 4.13 If an srg(96, 45, 24, 18) exists, the only possible prime devisors of the

size of its automorphism group are 2, 3, and 5.

Theorem 4.14 If an srg(99, 14, 1,2) exists, the only possible prime devisors of the
size of its automorphism group are 2 and 3. Moreover, if it has an autormorphism of

order 3, then it has no fixed points.

Theorem 4.15 If an srg(99,42, 21, 15) exists, the only possible prime devisors of the

size of its automorphism group are 2, 3, 5. 7, and 11.

Theorem 4.16 If an srg(100, 33,8, 12) exists, the only possible prime devisors of the

size of its automorphism group are 2, 3, 5, and 11.

Table 5 summarises the results.

4.6.2 Results on known strongly regular graphs

We have used the SRG program on parameter sets where there is a strongly regular

graph known, for three reason:
1. To test the SRG program;

2. To find new strongly regular graph that are not isomorphic to any of the known

ones;
3. To build a database of strongly regular graphs with non-trivial automorphisms.

One of the strongly regular graphs that we have studied is srg(49, 18,7, 6). Using
our computer program, we have generated all srg(49, 18,7,6) which have automor-
phisms of order divisible by 5 or 7.

It is mentioned in [11] that all known srg(49.18, 7, 6) are either from OA(7.3) or

Pasechnik(7).



possible primes
G {p: plAut(G)}
stg (65,32, 15, 16) 235
srg(69, 20,7, 5) 2,3
srg(75, 32,10, 16) 2,3
srg(76, 30, 8, 14) 2,3
srg(76, 35, 18, 14) 2,3,5
srg(85, 14, 3, 2) 2
s1g(85,30,11,10) | 2,3,5,17
srg (85, 42, 20, 21) 2.3,5,7
stg(88, 27, 6. 9) 23511
srg(95, 40, 12, 20) 235
srg(96, 35, 10, 14) 2.3,5
srg(96, 38, 10, 18) 2,3,5
stg(96, 45, 24, 18) 2.3,5
srg(99, 14,1, 2) 2,3
srg(99,42,21,15) 2,3,5,7,11
srg(100, 33,8, 12) 2.3.5,11

Table 5: Results summery on the automorphism groups of unknown strongly regular
graphs

We have reviewed both of the above constructions in Chapter 2. OA(7,3) is
equivalent to a Latin square of order 7. According to [11] there are exactly 147 Latin
squares of order 7. We have obtained all the non—isomorphic Latin squares of order

7 from Professor Brendan McKay's webpage at
“‘ http://cs.anu.edu.au/"bdm/data/latin.html ’’.

We generated all the strongly regular graphs obtained from these 147 Latin squares,
and compared them to our own results. Table 6 shows the automorphism group size
statistics of all the strongly regular graphs obtained from Latin squares of order 7.
It is mentioned in [11] that all known srg(49,18,7,6) are either obtained from
Latin squares or from the Pasechnik method. We wrote a computer program to find
all Pasechnik srg(49. 18. 7.6).
It can be seen bv hand calculations that there is exactly one skew symmetric

Hadamard matrix of order 8 up to isomorphism which is the following:
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Automorphism group size | Number of strongly regular graphs
1 44

2 57

3 4

4 11

6 16

8 1

10 1
12 2
15 1
16 2
18 1
24 3
72 1
144 1
1008 1
1764 1

Table 6: Automorphism group statistics of all srg(49, 18,7, 6) obtained from Latin
squares of order 7

Automorphism group size | Number of strongly regular graphs
10

15

21

30

63

126

1008

1764

T T e S S Sy VoG R

Table 7: Automorphism group size statistics of all srg(49, 18.7. 6) with automorphism
group size divisible by 5 and 7 obtained from the SRG program.
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There are two srg(49,18,7,6) that can be obtained from the matrix H above

by the Pasechnik method. We compared these two graphs to the Latin square

srg(49, 18,7,6). We realised that the two Pasechnik graphs are isomorphic to a

strongly regular graph with automorphism group of size 1764 which can be obtained

from a Latin square.

Table 7 shows all the strongly regular graphs with automorphism group of size

divisible by 5 and 7.

We compared the output of our program for p = 5 and p = 7 to all srg(49, 18,7, 6)

from Latin squares of order 7 and obtained the following two important conclusions:

e All Latin square srg(49. 18, 7, 6) which had automorphism orders divisible by 5

and 7 were found by the SRG program, which is a strong correctness test of our

program.

¢ We have found 6 new strongly regular graphs that were not known before. The

graphs can be found in Appendix B.



Chapter 5

Partial geometries

5.1 Introduction

Theorem 2.29 on page 41 shows that the point graph of a partial geometry is strongly
regular. Since the line graph of a partial geometry is the point graph of its dual,
the line graph is also strongly regular. Table 2 on page 8 shows some unknown
partial geometries, and the parameters of their associated point and line graphs.
It is tempting to construct partial geometries from their associated strongly regular
graphs. In this chapter, we develop the theory of orbit matrices for partial geometries,

and give some preliminary results.

5.2 Automorphisms of partial geometries

Let A be the incidence matrix of a partial geometry pg(s. t, a) and let B the adjacency

matrix of the associated point graph. Equation 23 gives
B=AAT - (t+ 1)A.
An automorphism of A is a pair of permutation matrices P and () such that

PAQ = A.



Here P permutes the rows (points) and @ the columns (lines). We have

PBPT = P(AAT —(t+1)D)PT
= PAATPT — (t+ 1)1
= PAQQTATPT —(t+1)I
= AAT — (14 DI
- B.

Therefore, P is the automorphism of the point graph. Similarly @ is the automor-
phism of the line graph. One should note that an automorphism of the point or line
graph need not be an automorphism of the partial geometry. For example, when
a = s + 1, the partial geometry is a 2 — (v,s + 1,1) design. The point graph is a
complete graph and any permutation is an automorphism of the complete graph, but
not necessarily an automorphism of the design.

. We next see how the assumption of the existence of a non-trivial automorphism
can help to reduce the size of the search for possible point and line graphs of a partial
geometry. Later on, we shall also see how the automorphism can be used to find a

partial geometry, given a line graph.

5.3 Orbit matrices for partial geometries

Once we have an orbit matrix C for B, we can find the possible orbit matrices of
A. Assume the columns of 4 are in orbits of size my, mo, ..., mg. For simplicity, we

restrict ourself again to the case that we only have column orbits of size 1 or a prime
P-

Let v’ be the number of columns of A. Let 7, be the number of column-orbits of
size p and m = v’ — py, be the number of column-orbits of size 1.

Let C4 = [uyj] be the b x d column-sum orbit matrix of A and C,,r = [v;;] be

the b x b column-sum orbit matrix of AAT. Using Equation 23. we have
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Since the row sum is ¢ + 1, we have

d b
TIL]'
Uij —
; n;
J=1

1

) =t+1. (46)
Checking the column sum, we get
b
Zuij :$+1. (47)
i=1

Let M = diag(mj, ma,...,my). Using a method similar to the one in Lemma 3.1,
one can show that

CaMCh = Syar. (48)

where the (7, j)-th entry of Sy 4r is the sum of all the entries in the (7, j)-th block of
the matrix AA”, which is in fact equal to vijnj. Since M is a diagonal matrix, using

Equation 48, we have
d

Z UikWjk My = ViN5. (49)
k=1
More specifically, when i = j, Equation 49 implies

d

Z uZmy = vyn;. (50)

k=1

Using Equations 46 and 50, we define the fixed and non—fixed prototypes for the
matrix C'4, in a way similar to the prototypes for the matrix C.

Consider an arbitrary fixed row r of C4. Let wy and w, be the number of Zeros
and ones, respectively, on the fixed columns of row r. Let zy and 2; be the number
of zeros and ones, respectively, on the non—fixed columns of row r. Since the number
“of fixed columns is 7;. we have wg + w; = m. Similarly we have zp + z; = 7,. Since

the row sum of the matrix A is equal to ¢ + 1, we have
wy+pz =t+1.

Thus, we have the following set of equations:

we + uwn =1m.
zo -+ z1 =1 (51)
wy + pzy =t+ 1
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We define a Fized Prototype as a non—negative integer solution to these linear equa-
tions.

Now consider an arbitrary non-fixed row r of C'4. The possible values of the fixed
column entries of row r are either 0 or p. The possible values of the non—fixed column
entries of row r can be 0,1,...,p. Let wg and w, be the number of zeros and p’s on the
fixed columns of row 7. Let 2;, 1 = 0,1, ..., p, be the number of i’'s on the non—fixed
columns of row r. Similar to the situation with fixed rows, we have wy +w, = 1 and
>F 2 = mp. Also, since the row sum of A is equal to ¢ + 1, by counting we have

wp + Y7  iz; =t + 1. Using Equation 50, we have

p
PPy, + Y i%pzi = veety = pup = pler + 1+ 1).

i=1

Thus, we have the following set of equations:

we + Wy = 1.
20 + 21 + 22 + 23 + --- + Zp = Np. (52)
Wp + 21+ 22 4+ 323 + -+ pz, =t+1,
pw, + 2z + 4z 4+ 923 + - 4+ pPz, =c.+t+ 1

We define a Non—Fized Prototype as a non—negative integer solution to those linear
equations.

After calculating the prototypes, the backtrack search for finding the matrix Cy4
is similar to the backtrack algorithm for finding C'. The only difference is that for C4
we should also consider the column sum which is equal to s + 1.

After the matrix C4 is found, one can then apply a backtrack search to try to find
the incidence matrix A of the partial geometry.

Note that the column orbits of the incidence matrix A are the orbits of the vertices
of the line graph for the partial geometry. Thus, we only need to consider those
column orbit sizes for which there exist an orbit matrix for the line graph with the
corresponding orbit sizes.

Next. we consider an example.
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Example 10. In this example, we consider the pg(2,2,1). Its point graph is an
srg(15,6,1,3). Assume p = 3 and assume that, for the point graph, there are three
orbits of size one and four orbits of size three. Therefore ¢ = 3, v =4, ny =ny =
ns = 1 and ng = ns = ng = ny = 3. We have found the orbit matrix for the strongly

regular graph with the same automorphism in Example 9, which is as follows up to

isomorphism:
(0 00{0011)
0 00{010O01
0 00(1 001
C=1003[0221
0 3 0{20 21
3002 201
\333[1110)
Using Equation 45, we have:
(300001 1)
0 3 0(0 101
0 0 311 0 0 1
Caar=100 3|3 2 21
03 0({2 3 21
30012 2 31
\ 333111 3)

Now, we try to construct the orbit matrix of A. Assume that the desired partial
geometry has 5 column orbits of size 3, that is, m; = mo = m3 = my = ms = 3.
Therefore n; = 0 and 73 = 5.

Now, we calculate the prototypes for C4. First, we calculate the fixed prototype
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using Equation 51. We have the following set of equations:

wy + w =0,
2 + =z =05, (53)
wn + 3z =3.

The only non—negative integer solution to the set of equations above is:
(?—UO: w1, 2o, Z]) = (07 07 47 1)

So there are exactly four 0’s and one 1 on each fixed row of the matrix C4.

Now, we consider the non—fixed prototypes, we have:

wep + ws =0,
20 + z»1 + 2z + 23 =5,
0 1 2 3 ; (54)
ws + 23 + 222 + 323 = 3,
3ws + 2z 4+ 4z 4+ 923 =c¢,+3.

In this example, for the non-fixed rows r, ¢, = 0. The only non-negative integer

solution to the set of equations above is:
(U’O, w3, 20, 21, 22; 23) = (O 07 2,* 3: 07 0)

So there are exactly two 0’s and three 1’s on each non—fixed row of the matrix C4.
Now, we try to construct the matrix C'4 using the information from the prototypes.
The first row is [10000] up to isomorphism. Using Equation 49. we can see that

5

E U U2; = 0.

i=1
One can see, up to isomorphism, the second row is [01000]; the third row is [00100];

and so on. Therefore, the only possible choice for Cy up to isomorphism is the
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following:

-0 O

1
0
0
Ca=10
0
1

© = ol = o
e N T - R
o

— DO =

\11

Using this orbit matrix, a BDX backtrack algorithm finds the following partial geom-

etry:

/111000000000000}
000[111(000[/000[000
000[000/111]/000/000
000[000/100[100/100
000/000/010]/010[010
000lo00/001/001|001
000[100[000{010[1 00
A=1o00o0lo1 0foooloo0 1010
000[001/000[/100[001
1 00/000[{000/001[100
010[/000f000[/100[010
00 1/000/000J/010[001
100/001/010/000[000
010[100/001]/000[000
\ 0 0 1{0 1 0/1 0000000 O0)
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and

AAT

Its point graph is:

86

(3]ololo 0 olo 0o of1 1 1|11 1
ol3{olo 0 oft 1 1]0o 0 0|1 1 1
olof[3]1 1 1]o 0o 0lo 0 of1 1 1
olo{1|3 0 ot 0o 1{1 1 olo 0 1
olol1]o 3 o1 1 0jo 1 1|1 0 0
olof1lo o 3o 1 11 0 1]0 1 0
ol1]olt 1 ol3 0 of1 0 1]0 1 0
ol1l{olo 1 1{0o 3 of1 1 olo o 1
ol1{ol1 0 1o 03[0 1 1|1 0 0
1loloj1 0 1]1 1 0ol3 0 0[1 0 0
1lolo{1 1 0lo 1 10 3 0]o 1 0
11olojo 1 1|1 0 1]o 0 3|0 0 1
11|10 1 0lo o 1]t 0 03 0 0
11|10 0 1{1 0 ofo 1 0o 3 0
1{1]1]1 0 0ojo 1 olo o 1|0 0 3
olololo o olo o o1 1 1}1 1 1
ololofo o 0|1 1 1[0 0 0|1 1 1
olofol1 1 1lo 0 ofo 0 o]1 1 1
olol1fo o 0|1 0 1|1 1 o]0 0 1
olol1lo 0 0|1 1 olo 1 1|1 0 0
oloftlo o olo 1 1]1 0 1]0o 1 0
ol1]ol1 1 ojo 0 ol1 0 1o 1 0
ol1lojo 1 10 0 o1 1 0]o 0 1
ol1/0j1 0 1{0 0 0olo 1 1]1 0 0
1{ololt 0o 1/1 1 olo 0 ol1 0 0
1{ofol1 1 0o 1 1|00 0lo 1 0
11olofo 1 11 0 1]0o 0 olo o 1
1[1]1]o 1 oo 0 11 0 olo 0 o
1{1]1]o 0 1]1 0 olo 1 0{0 0 0
11111 0 olo 1 olo o 1]o 0 0




and

6(3[3[3 3 3[3 3 311 1|1 11
3/6/3[3 3 3|11 1|3 3 3|1 1 1
3{3/6{1 1 1|3 3 3|3 3 3|1 1 1
3{3/1{6 3 3|1 3 1|1 1 3|3 3 1
3{3{1|3 6 31 1 3|3 1 1|1 3 3
3{3/1(3 3 6/3 1 1|1 3 1|3 1 3
3131 1 3|6 3 3|1 3 1|3 1 3

B*=|3|1|3{3 1 1|3 6 3|1 1 3|3 31
3/1{3]1 3 1|3 3 6{3 1 1|1 3 3
1/3(3{1 3 1{1 1 3|6 3 3|1 3 3
13|31 1 3|31 1{3 6 3|3 1 3
1131313 1 1]1 3 1|3 3 6[3 3 1
1/1{1]3 1 3|3 3 1|1 3 3|6 3 3
1/1/1]3 3 1|1 3 3|3 1 3|3 6 3
1/1{1{1 3 3|3 1 3|3 3 1|3 3 6

5.4 Methodology

When searching for partial geometries, we assume that the partial geometry has an
automorphism group of prime order p.

Depending on the parameters of the partial geometry, the construction process
will be one of the following processes, or the combination of both.

Process 1:
1. Construct the orbit matrices of the point and/or line graph.

2. Construct the orbit matrices of the partial geometry from the orbit matrices of

the point graph.
3. Construct the partial geometry from its orbit matrices.

Process 2:



1. Construct the orbit matrices of the point and/or line graph.
2. Construct the point and/or line graph.
3. Construct the partial geometry from its point and/or line graph.

We have implemented most of the programs required for Process 1 and Process 2.

5.5 Results

We have some preliminary results on pg(6, 10, 5). The point graph of a pg(6, 10,5) is
an srg(91, 66,45, 55), which is the unique T'(14).

It can be seen that the automorphism group of T'(14) is the symmetric group
S14, since any permutation on the ground set keeps the graph unchanged. We are
interested to know if T'(14) is geometric or not. This would show whether a pg(6, 10, 5)
exists or does not exist. Using Lemma 2.30 it would be enough to check whether this
graph is the point graph of a pls(6, 10) or not.

The prime factors of 14!, the size of Aut(7(14)). are 2,3.5, 7,11, and 13. We have
finished the search for p = 5,7,11 and 13. and no partial geometry was found for
those group sizes. For p = 11 and p = 13 the computation time was low, about two
hours CPU time, but for p = 7 and p = 5 the amount of computation was very large.

We used more than 100 machines to finish the task in a reasonable amount of time.
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Chapter 6

Conclusion

In this chapter we summaries the contributions of this thesis and talk about the

possible future work.

6.1 Contribution

In this thesis, we studied the properties of strongly regular graphs and their auto-
morphism groups.

The summary of the contributions in this thesis is as follows:

1. We implemented the theory of orbit matrices for strongly regular graphs for the
first time which is a new theory in this field. We have implemented a computer
program that generates all the orbit matrices for the given parameters and an

automorphism.

2. Using orbit matrices we implemented an exhaustive search algorithm for finding
strongly regular graphs. Using orbit matrices in our algorithm helps us to reduce

the complexity as well as the required time of the algorithm.

3. Using our program we eliminated many primes as possible divisors of the order

of the automorphism group of many unknown strongly regular graphs.
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4. We found some new strongly regular graphs that are not isomorphic to any

known ones.

5. We found several upper bounds on the number of fixed points ¢ of the auto-

morphism of strongly regular graphs.

6. We have developed the theory of orbit matrices for partial geometries.

6.2 Future work

We have run the SRG program for several parameter sets, but because of time limi-
tation, we were not able to do the search for other parameter sets. For future work,
we can improve the program so that it can handle more parameter sets.

We have obtained some preliminary results on partial geometries. We can use the
orbit matrix program for partial geometries to investigate their automorphisms and
their existence.

We have found some upper bounds on the number of fixed points of an automor-
phism of a strongly regular graph. As future work, we can try to lower these upper

bounds.
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Appendix A

Search for unknown strongly
regular graphs with less that 100

vertices

In this appendix, we provide the details of results of computer runs for strongly
regular graphs. There is a table for each parameter set with fewer than one hundred
vertices. The first row of each table corresponds to the smallest prime for which we
were able to run the program. All subsequent rows correspond to other larger possible
primes. The second column corresponds to the number of possible fixed points for
each prime p in the first column. The third column corresponds to the number of
orbit matrices found for the given number of fixed points. If there exist orbit matrices,
then we run the SRG program for those orbit matrices; the fourth column shows the
number of strongly regular graphs found for the orbit matrices. If there is a “?” in
the table, it means that we have not found any solutions and we were not able to
finish the program due to time constraints. Under the note column. we provide more
information about the specific case. For example, if we have done an estimation for
the particular case. it would be given in this column. We have found some upper
bounds in this thesis on the number of fixed points an automorphism of a stronglv

regular graph can have. We refer to these upper bounds in the note colunm to shows
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why we do not need to check for bigger numbers of fixed points. If there is an “nnfp”
in the note column, it means that there is no non—fixed prototype for that number of
fixed points. By Theorem 3.4 there would be no more non—fixed prototypes for any

larger number of fixed points.

| p | #fix point | #orb matrix | #srg found | note |
5 0 0
5 36 ? estimation 10 million days
10 0
15 0 nnfp
7 2 0
9 0 nnfp
11 10 0 nnfp
13 0 0
13 0 nnfp
17 14 0 nnfp
19 8 0 nnfp
23 19 0 nnfp
29 7 0 nnfp
31 3 0 nnfp

Table 8: Computer run results on the automorphisms of srg(65, 32, 15, 16).



L p [ #fix

matrix | #srg found |

noteﬂ]

)

4
9
14
19
24
29

point | #orb

27

0
0

nnfp

6
13
20

nnfp

11

3
14

nnfp

13

4
17

nnfp

17

1
18

nnfp

19

12

nnfp

23

0

OO O OO OO OO OO O

0

Table 9: Computer run results on the automorphisms of srg(69, 20,7, 5).

| p | #fix point | #orb matrix | #srg found | note |

5 0 231 0

5 0

10 0

15 0

20 0 nnfp
7 5 0

12 0

19 0 nnfp
11 9 0 nnfp
13 10 0 nnfp
17 7 0 nnfp
19 18 0 nnfp
23 6 0 nnfp
29 17 0 nnfp
31 13 0 nnfp

Table 10: Computer run results on the automorphisms of srg(75. 32. 10. 16).



[Lp | #fix point l #orb matrix I #srg found | note ”

5 1 0
6 0
11 0
16 0
21 0 nnfp
7 6 0
13 0
20 0 nnfp
11 10 0 nnfp
13 11 0 nnfp
17 8 0 nnfp
19 0 2 0
19 0 nnfp
23 7 0 nnfp
29 18 0 nnfp

Table 11: Computer run results on the automorphisms of srg(76, 30, 8, 14).

u p | #Hix point l #orb matrix l #srg found ] note ”

5 1 4409 ?
6 0
11 0
16 0
21 0 nnfp
7 6 0
13 0
20 0 nnfp
11 10 0 nnfp
13 11 0 nnfp
17 8 0 nnfp
19 0 1 0
19 0 nnfp
23 19 0 nnfp
29 18 0 nnfp
31 14 0 nnfp

Table 12: Computer run results on the automorphisms of srg(76, 35. 18. 14).
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| » | #fix point | #orb matrix | #srg found | note |
3 1 0
4
7
10
13
16
19
22
25
28
5 0
5
10
15
20
25
30
7 1
8
15
22
29
11 8
19
30
13 7
20
33
17 0

0

Theorem 3.7

Theorem 3.7

Theorem 3.7

Theorem 3.7

Theorem 3.7

NO OO0 OO OO RO O OO O WO OO ODDODOOoOOoON

0

Table 13: Computer run results on the automorphisms of srg(85, 14, 3, 2).
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| p | #fix point | #orb matrix | #srg found | note |
5} 0 >30000 ?
5} 236 ?
10 3 ? estimation is 5 x 10* days for solution 1
15 0
20 0
25 0 nnfp
7 1 0
8 0
15 0
22 0 nnfp
11 8 0
19 0 nnfp
13 7 0
20 0 nnfp
17 0 2 ?
17 0 nnfp
19 9 0 nnfp
23 16 0 nnfp
29 27 0 nnfp

Table 14: Computer run results on the automorphisms of srg(85, 30, 11, 10).
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| p | #fix point | #orb matrix | #srg found | note |

5 0 ?
5 24994 ?
10 0
15 0 nnfp
7 1 1536 . ?
8 0
15 0 nnfp
8 ) 0
13 nnfp
9 4 0
13 nnfp
11 8 0 nnfp
13 7 nnfp
17 0 0
17 0 nnfp
19 9 0 nnfp
23 16 0 nnfp
29 27 0 nnfp
31 23 0 nnfp
37 11 0 nnfp
39 7 0 nnfp
41 3 0 nnfp

Table 15: Computer run results on the automorphisms of srg(85. 42, 20, 21).
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” P L#ﬁx point [ #orb matrix | #srg found | note “
5 3 138 ?
8
13
18
23
28
7 4
11
18
25
11 0
11
22
13 10
23
17 3
20
19 12
23 19

sl

nnfp

nnfp

nnfp

nnfp

nnfp
nnfp
nnfp

OO OO OO OO O OO OO0 OO0
-~

Table 16: Computer run results on the automorphisms of srg(88,27,6,9).
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| p | #6ix point | #orb matrix | #srg found | note |

7 4 0
11 0
18 0
25 nnfp
11 7 0
18 0 nnfp
13 4 0
17 0 nnfp
17 10 0 nnfp
19 0 7 0
19 0 nnfp
23 3 0
26 0 nnfp
29 8 0 nnfp
31 2 0
33 0 nnfp
37 21 0 nnfp
39 17 0 nnfp

Table 17: Computer run results on the automorphisms of srg(95, 40,12, 20).
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” p l #Hhx point | #orb matrix I #srg found | note ”

) 1 ?
6 0
11 0
16 0
21 0
26 0 nnfp
7 5 0
12 0
19 0 nnfp
11 8 0
19 0 nnfp
13 5 0
18 0 nnfp
17 11 0 nnfp
19 1 0
20 0 nnfp
23 4 0
27 0 nnfp
29 9 0 nnfp
31 3 0 nnfp

Table 18: Computer run results on the automorphisms of srg(96, 35,10, 14).



| p | #fix point | #orb matrix | #srg found | note |

7 5 0
12 0
19 0
26 0 nnfp
11 8 0
19 0 nnfp
13 5 0
18 0 nnfp
17 11 0 nnfp
19 1 8 0
20 0 nnfp
23 4 0
27 0 nnfp
29 9 0 nnfp
31 3 0
34 0 nnfp

Table 19: Computer run results on the automorphisms of srg(96, 38, 10, 18).

” p I #fix point I #orb matrix | #srg found l note “

7 5 -0
12 0
19 0
26 0 nnfp
11 8 0
19 0 nnfp
13 5 0
18 0 nnfp
17 11 0 nnfp
19 1 0
20 0 nnfp
23 4 0
27 0 nnfp
29 9 0 nnfp
31 3 0
34 0 nnfp

Table 20: Computer run results on the automorphisms of srg(96. 45. 24, 18).
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| p | #fix point | #orb matrix | #srg found | note [
3 0
3
6
9
12
15
18
21
5 4
9
14
19
7 1
8
15
22
11 0
11
22

Theorem 3.7

Theorem 3.7

Theorem 3.7

O OO O DO QOO OO0 OO O v

Theorem 3.7

Table 21: Computer run results on the automorphisms of srg(99, 14, 1, 2).
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[ p [ #fix point | #orb matrix | #srg found | note

7 1 21989 ?
8 0
15 0
22 0
29 0 nnfp
11 0 173 ?
11 0
22 0 nnfp
13 8 0
21 0 nnfp
17 14 0 nnfp
19 4 0
23 0 nnfp
23 7 0
30 0 nnfp
29 12 0. nnfp
31 6 0 nnfp
37 25 0 nnfp
39 21 0 nnfp
41 17 0 nnfp

Table 22: Computer run results on the automorphisms of srg(99, 42, 21, 15)
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Appendix B
srg (49, 18,7, 6)

In this appendix, we provide the adjacency matrix of all srg(49, 18,7, 6) that our SRG

program has found. Table 23 shows a summery of all the graphs in this appendix.

| Graph | Aut group size | From Latin square | New
Ay 10 Yes No
As 15 Yes No
Az 30 No Yes
Ay 15 No Yes
As 15 No Yes
Ag 21 No Yes
Az 1764 Yes No
Asg 63 No Yes
Ag 1008 Yes No
Aqo 126 No Yes

Table 23: srg(49, 18, 7, 6) results summery
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A3

6f1 1] 1| 00000 00000 | 0OCOO | 00000 | 00000 § 00000 | 11111 | 1311311 | 11111
110} 1] 1] 00000 | 00000 § 00000 | OOCOO | 11111 11111 | 00000 | 00000 | 11111
1|1]0f 1] 00000 | 0OCO0 | 00000 { 11111 | 00000 | 11111 | 00000 | 11111 | 00000
1{1]| 1} 0] 00c00 | 00000 | 00000 | 31111 | 11111 | O0OOO | 11111 | 00COO | 00000
00} 0} 0]} 00000 | 01101 | 11001 | 11000 | 10001 { 01001 11000 { 10100 | 10010
0{0}0| 0] 00000 | 101310 | 11100 | 01100 | 11000 | 10100 | 01160 | 01010 | 01001
0}0}{ 0] 0/} 00000 | 01011 { 01110 | 00110 | 01100 ; 01010 | 00110 | 00101 | 10100
010]{03i0 | 00000 10101 | OD111 | 00011 | 00110 | 00101 | 00011 | 10010 | 01010
00} 0| 0| 00000} 11010 | 10011 10001 | 00011 | 10010 | 10001 § 01001 § 00101
0} 0} 0] 0] 01011} 00000 | 01011 11000 | 01100 | 10100 | 10010 | 11000 § 01100
0Oj0}O0{0] 10101 | 0O0OO | 10101 | 01100 | 00110 | 01010 | 01001 | 01100 | 00110
O(0}| 0} 0] 11010 | 00000 | 11010 | 00110 | 00011 } 00101 10100 | 00110 { 00011
0}0}0¢o0] 01101 | 00000 | 01101 | 00011 10001 10010 | 01010 | 00011 10001
0{o0| 00| 10110 | 00000 | 10110 | 10001 | 11000 | 01001 { 00101 } 10001 | 11000
010} 0] 0} 11001 | 01101 [ 00000 | 10100 | 10010 | 00110 | 00101 11000 | 10001
0|0}f0}0 {11100 | 10110 | 00000 ; 01010 | 01001 | 00011 | 10010 | 01100 { 11000
01030} 0] 01110 | 01011 | 00000 | 00101 | 10100 | 10001 | 01001 | 00110 | 01100
Ojlo}jo} o} 00111 | 10101 | 0O0OO | 10010 | 01010 | 11000 | 10100 | 00011 | 00110
00} 0] 0] 10011 11010 | 00000 | 01001 | 00101 | 01100 | 01010 | 10001 | 00011
o|jo|1}1 10001 10001 | 10010 | 013111 | 10000 | 10000 | 10000 § 10000 | 10100
00|11 11600 | 11000 | 01001 10111 | 01000 | 01000 | 01000 | 61000 | 01010
ofo] 13101100 | 01100 | 10100 | 11011 | 00100 | 00100 | 00100 | 00100 | 00101
ofof1]1 | 00110 | 00110 | 01010 | 11101 | 00010 | Q0010 | 00010 | 0OOD10 | 10010
00} 1|1} 00011 | 00011 | 00101 | 11110 | 00001 | 00001 § 00001 | 60COD1 | 01001
0Oft1{01}1 11000 | 00011 10100 | 10000 | 01111 | 10000 { 01000 | 10010 | 10000
0} 1}0}] 1} 01100 | 10001 | 01010 | 01000 | 10111 | 01000 } 00100 | 01001 | 01000
O3 1}0} 1100110} 11000 | 00101 | 00100 | 11011 | 00100 } 00010 | 10100 | 00100
0of1to0o} 1] 00011 {01100 | 10010 { 00010 { 11101 | 00010 | 00001 | 01010 | 00010
OjJ1fo0]1 10001 | 00110 | 01001 § 00001 | 11110 | 00001 10000 { 00101 } 00001
0Oj1f11{0] 01001 10016 § 00110 | 10000 | 10000 { 01111 11000 | 00010 | 00100
O} 1140} 10100 | 01001 | 00011 | 01000 | 01000 | 10111 | 01100 | 00001 | 00030
ol1 1} 0| 01010 | 10100 | 10001 | 00100 | 00100 | 11011 | 00110 | 10000 | 00001
O] 1}1]0] 00101 | 01010 | 11000 | 00010 | 00010 | 11101 | 00011 | 01000 | 10000
0}1 1| o} 10010 | 00103 | 01100 | 00001 | 00001 | 11110 | 10001 | 00100 | 01000
110101 10001 10100 | 01010 | 10000 | 00001 10001 | 01111 | ©0100 | 00100
1jo0107]1 11000 { 01010 { 00101 | 01000 { 10000 | 11000 | 10111 | 00010 | 00010
11010 f 1§ 01100 | 00101 10010 | 00100 | 01000 | 01100 | 11011 | 00001 | 00001
1}10}0j1{00110 | 10010 | 01001 | ©001C | 00100 | 00110 { 11101 | 10000 | 10000
1}10]04§1} 00011 | 0100} 310100 { 00001 | 00010 | 00011 | 11110 | 01000 | 01000
1101110 10010 | 10001 10001 | 10000 | 10100 | 00100 { 00010 | 03111 | 10000
11011} 0]} 01001 11000 | 11000 | 01000 | 01010 { 00010 | 00001 { 10111 | 01000
110} 10} 10100 } 01100 | 01100 | 00100 | 00101 | 00001 | 10000 | 11011 | 00100
110} 10101010} 00110 | 00110 | 00010 | 10010 | 10000 | 01000 | 11101 | 00010
10} 1]0{ 00101 | 00011 | 00011 | 00001 | 01001 | 01000 | 00100 | 11110 | 00001
1 10} 60} 10100 | 00011 11000 | 10010 | 10000 | 60010 | 00010 | 10000 | 01111
1 11014{071} 01010 | 10001 | 01100 | 01001 | 01000 | 00001 | G000l | 01000 | 10111
1 11010} 00101 11000 | 00110 | 10100 { 00100 | 10000 | 10000 | 00100 | 11011
1 10§ 0} 10010 | 01100 | 00011 | 01010 | 00010 | 01000 | 01000 | 00030 | 11101
1 1101} 0 [ 01001 | 00110 | 10001 | 00101 | 00001 | 00100 | 00100 | 00001 11110

autogp size = 10

Latin square graph. NOT NEW.
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Ag =

0l1}111]1 00000 | 00000 | 00000 [ OOOOC | 00000 § OCOCO | 13311 | 11111 { 11111
1101141 00000 | 006000 | 00000 | 00000 | 11111 11111 | 00000 | 00000 | 11111
11110711} 00000 | 00000 | 00000 | 11111 | 00000 } 11111 | 00000 | 11111 | Q000D
1 111} 0} 00000 § 00000 { OCOOO | 11111 § 11111 | 00000 [ 11111 } 00000 | 00000
G §0] 0]} 0O} 00000 ) 01011 | 10101 11000 | 11000 | 11000 | 10010 | 01100 | 10010
01010} 0| 00000 | 10101 | 11010 | 01100 | 01100 | 01100 | 01001 | 00110 | 01001
0)10}f0 )0} 00000 | 11010 | 01101 | 00110 | 00110 | 00110 | 10100 | 00011 10100
0101011 01 00000 | 01101 | 10110 | 00011 | 00011 | 00011 | 01010 | 10001 { 01010
0[O0 ] 0} 0| 00000 | 10110 | 01011 10001 10001 10001 | 00101 11000 | 00101
0100} 0} 01101 | 00000 | 01011 11000 { 10100 | 01010 | 11000 | 10001 | 01100
01010} 0] 10110 | 00000 { 10101 | 01100 | 01010 | 00101 | 01100 | 11000 | 00110
0Ofo}o} 0} 01011 | 00000 | 11010 | 00110 | 00101 10010 | 00110 | 01100 | 00011
00|01} 0} 10101 | 00000 | 01101 | 00011 } 10010 | 01001 | 00011 | 00110 | 10001
0|00 0} 11010 | 00000 | 10110 | 10001 § 01001 10100 | 10001 | 00011 11000
C10| 0|0} 11010 { 01101 | 00000 | 10100 | 00110 | 10001 | 11000 | 10100 | 10001
ojolo} o} 01101 10110 | 00000 | 01016 | 00011 | 11000 | 01100 | 01010 | 11000
0}0}0} 0} 10110 j 01011 | 00000 } 00101 | 10001 | 01100 | 00110 | 00101 | 01100
0100} 0} 01011 | 10101 | 00000 | 10010 | 11000 | 00110 | 00011 | 10010 | 00110
010710} 0| 10101 | 11010 | 00000 | 01001 | 01100 | 00011 | 30001 | 01001 | 00011
010141 1 10001 | 10001 | 10010 | 01111 | 10000 | 10000 | 10000 | 10000 | 10100
0Oj10}11¢1 11000 | 11000 [ 01001 10111 | 01000 | 01000 | 01000 § 01000 | 01010
0101111 061100 } 01160 | 10100 | 11011 | 00100 | 00100 | 00100 | 00100 | 00101
01071 1 00110 § 00110 | 01010 | 11101 | 00010 | 00010 | 00020 | 00010 § 10010
0j0]1 1 00011 | 00011 | 00101 11110 | 00001 | 00001 | 00001 | 00001 | 01001
gj110]1 10001 10010 | 00110 | 10000 | 01111 | 01000 | 00010 | 10100 | 00100
0i1rjo0¢1 11000 | 01001 | 00011 } 01000 { 10111 | 00100 | 00001 | 01010 | 00010
0111041 01100 | 10100 | 10001 | 00100 § 11011 | 00010 | 10000 { 00101 | 00001
0p1j01}1 00110 | 01010 | 11000 | 00010 | 11101 | 00001 | 01000 | 10010 | 10000
0}l1107]1 00011 | 00101 | 01100 | 00001 11110 | 10000 | 00100 | 01001 | 01000
O f 1)1} 0] 10001 § 00101 | 11000 | 10000 | 0000} | 01111 | 10100 | 01000 | 10000
O 1f(1] 0} 11000 | 10010 } 01100 { 01000 | 10000 } 10111 | 01010 | 00100 | 01000
O011}11]0 {01100 01001 | 00110 | 00100 | 01000 | 11011 { 00101 | 00010 | 00100
0111110} 00110 | 10100 | 00011 | 00010 { 00100 | 11101 | 10010 | 00001 | GOC10
O 111} 0]} 00011 | 01010 | 10001 | 00001 | 00010 { 11110 | 01001 | 10000 | 00001
1101041 10100 | 10001 | 10001 10000 | 00100 { 10010 | 01111 | 00001 10000
1j0{0}f1 01010 | 11000 | 11000 | 01000 | 00010 | 01001 | 10111 | 10000 | 01000
1104011 00101 | 01100 | 01100 | 00100 | 00001 10100 { 11011 | 01000 | 00100
1101011 10010 { 00110 | 00110 | 00010 | 10000 | 01010 | 11101 | 00100 | 00010
101071 01001 | 00011 } 00011 | 00001 { 01000 | 00101 | 11110 | 00010 | 00001
110} 1} 0] 00011 | 11000 | 10010 | 10000 | 10010 } 00001 | 01000 | 01111 | 00100
1101407120001 | 01100 | 01001 | 01006 | 01001 10000 | 60100 | 10111 | 00010
110} 1|0} 11000 | 00110 | 10100 | 00100 |. 10100 | 01000 | 00010 { 11011 | 00001
110]1} 0] 01100 | 00011 | 01010 | 00010 | 01010 | 00100 | 60001 | 11101 | 10000
110} 1}]0] 00110 10001 | 00101 } 0000l | 00101 | 00010 | 10000 } 11110 | 01000
1 1104 0} 10100 | 00011 | 11000 § 10010 | 00010 | 10000 | 310000 | 00010 } 01111
1 110§ 01 01010 | 10001 | 01100 | 01001 | 00001 { 01000 | 01000 | 00001 10111
1{1[0} 0] 00101 [ 11000 | 60110 | 10100 | 10000 | 00100 | 00100 | 10000 | 11011
111}10} 0] 10010 [ 01100 | 00011 | 0101C | 01000 | 00010 | GOO10 | 01000 | 11101
1}11}]0} 0] 01001 ) 00110 | 10001 | 00101 | 00100 | 00001 | 00001 } 0GOI0O0 | 11110

autogp size = 15

Latin square graph, NOT NEW.
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Az

112

0}1] 1} 1] 00000 | 00000 | 00COO | ©CO00 | 0O0OO | 00000 | 11111 | 11111 11111
101} 1f1] 00000 | 00000 | 00000 § 00000 | 11111 | 11111 | O0CO0O | 00000 | 11111
111}07] 1] 00000 | 00000 | 00000 | 11111 | 00000 | 11111 | 00000 § 11111 00000
1111} 0]} 00000 ) 00000 | OOO00 § 11111 | 11311 | 00000 | 11111 | 00000 | 00000
010]0}0} 01111 10000 | 10000 | 10000 | 11000 | 11100 | 11010 | 10100 | 10000
0O{0}l 0O} 0} 10111 § 01000 | 01000 | 01000 [ 01100 { 01110 | 01101 | 01010 j 01000
0]10]0} 0 11011 § 00100 | 00100 | 00100 | 00110 | 00111 | 10110 | 00101 | 00100
G |]O0| O} 0}t 11101 | 00010 | 00010 | 00010 | 00011 | 10011 { 01011 | 10010 | 00010
0]l0}jO0} 0} 11110 § 00001 | 00001 | 00001 | 10001 11001 | 10101 | 01001 00001
0|0} O}| O} 10000 ) 01111 | 10000 | 00110 | 11010 | 01000 | 00010 | 11100 }| 01001
006 ]0| 0} 01000 ] 10111 | 01000 | CO011 | 01101 | Q0100 | 00003 | 01110 | 10100
0|06 }|O0] 0} 00100 11011 | 00100 | 10001 | 10110 | 00C10 | 10000 | 00111 | 01010
010} 0} 0] 00010} 11101 | Q0010 | 11000 | 01011 | 00001 } 01000 | 10011 | 00101
0106] 0} 0]} 00001 111310 | 00001 | 01100 | 10101 | 10000 | 00100 | 11001 10010
O}0¢f{0} 0} 10000 | 10000 | 01111 10110 | 00010 { 10100 | 11000 | 010600 | 11001
0j0}0O}0]f 01000} 01000 | 10111 | 01011 | 00001 | 01010 | 01100 | 00100 | 11100
01041010} 00100 00100 | 11011 10101 10000 § 00101 | 00110 | 00010 | 03110
0{0¢{0}! 0} 00010 | 000106 | 11101 11010 | 01000 | 10010 { 00011 | 00001 00111
0|0} O} 0} 0000% | 00001 | 13110 | 01101 | 00100 § 01001 10001 | 10000 | 10011
OJO0} 1} 1]} 10000 00110 | 10110 | 01001 | 11000 } 10100 } 11000 | 00011 00000
0{04{11]1] 01000 ; 00011 | 01011 10100 { 01100 | 01010 { 01100 | 10001 00000
0§01 1}f1]| 00100 10001 { 10101 | 01010 | 00110 | 00101 | 0O110 | 11000 | 00000
0§10} | 1| 00010 ; 11000 { 11010 | 00101 | 00011 10010 | 00011 | 01100 | 00000
01011} 1} 00001 01100 | 01101 10010 | 10001 | 01001 | 10001 | 00110 | 00000
04§1]07}1} 10001 10101 | 00100 | 10001 { 01001 11000 | 00110 | 00000 | 01010
011}(0} 1] 11000 { 11010 | 00010 | 11000 | 10100 | 01100 | 00011 | 00000 | 00101
0§10} 1] 01100 | 01101 | 00001 01100 § 01010 | 00110 | 10001 | 00000 | 10010
0¢1] 0} 1} 00110 ; 10110 | 10000 | 00110 j 00101 | 00011 | 11000 | 00000 | 01001
0} 1§01} 00011 | 01011 | 01000 | 00011 | 10010 | 10001 | 01100 | 00000 | 10100
Ot 111407} 10011 | 00001 | 10010 | 10010 | 10001 | 00110 | 00000 { 01001 10010
01107} 11001 10000 | 01001 01001 | 11000 § 00011 | 00000 { 10100 { 01001
011 1| 0] 11100 | 01000 | 10100 | 10100 | 01100 | 10001 | 00000 | 01010 | 10100
0f1 1} 06¢ 01110 | 00100 | 01010 | 01010 | 00110 | 11000 | 00000 | 00101 01010
01111} 07} 00111 | 00010 | 00101 00101 | 00011 | 01100 | 00000 } 10010 { 00101
110301 10101 | 00100 | 10001 10001 | 00110 | 00000 | 01001 | 00101 10001
1jo0fol1 11010 [ 00010 | 11000 | 11000 | 00011 | 00000 | 10100 | 10010 | 11000
1104011} 01101 00001 | 01100 | 01100 | 10001 | 00000 | 01010 | 01001 | 01100
1§J0}0} 1} 10110 § 10000 | 00110 | 00110 | 11000 { 00000 | 00101 | 10100 | 00110
11007} 1] 01011 | 01000 | 00011 00011 { 01100 | 00000 | 10010 | 01010 | 00011
1(0}|1]0¢{ 10010 § 10011 | 00001 | 01100 | 00000 | 01001 | 01010 | 00110 | 10010
1{0}11]0; 01001 11001 | 10000 | 00110 | 00000 { 10100 | 00101 | 00011 01001
1106} 1}| 0] 10100 | 11100 | 01000 | 00011 | 00000 { 01010 | 10010 | 10001 10100
110]1)]0} 01010 | 01110 | 00100 | 10001 | 00000 | 00101 | 01001 } 11000 | 01010
110}11] 0]} 00101 00111 | 00010 | 11000 | 00000 | 10010 | 10100 | 01100 | 00101
1}11§0] 0] 10000 | 01002 | 11001 00000 | 00101 10100 | 11000 | 10100 | 00110
111}10¢ 0} 01000 | 10100 | 11100 | 00000 | 10010 | 01010 } 061100 | 01010 | 00011
1111070/} 00100 | 01010 { 01110 | 00000 | 01001 { 00101 | 00110 | 00101 10001
1j1}0} 0} 00010 | 00101 | 00111 | 00000 | 10100 § 10010 | 00011 | 10010 | 11000
111101} 0} 00001 10010 | 10011 00000 | 01010 | 01001 10001 | 01001 01100
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0}1})1}1] 00000/ 00000 | 00000 } 0000Q | 0OO0O | 00000 | 131111 | 11111 | 11111
110} 1] 1| 00000 00000 | 00000 | 00000 | 11111 | 11111 | 60000 | 00000 | 11111
1}11}10({17] 00000} 00000 | OO0OO } 31111 | 00000 | 11111 | 00000 | 11111 § 00000
11111} 0] 00000 | 00000 { OO00OO0 | 11111 | 11111 § 00000 | 11111 | OCOOO | 00000
0f0}01{0] 01111 | 10000 | 10000 | 10000 § 11000 | 11100 | 11010 | 16100 | 10000
0103100 | 10111 |} 01000 | 01000 | 01000 | 01100 { 01110 | 01101 | 01010 | 01000
010} 0| 0| 11011 { 00100 | 00100 | 00100 | 00110 | 00111 10110 § 00101 | 00100
01010/} 0 | 11101 j 00010 | 00010 | 00010 | 00011 10011 | 03011 | 10010 | 00010
OO0} 0) 0 11110 | 00001 | 00001 § 00001 | 10001 | 11001 10101 | 01001 | 00001
010]0} 0} 10000 | 01111 { 01000 | 00011 | 11010 | 01000 | 00010 | 11100 | 10100
04{0§0| 0} 01000} 10111 | 00100 | 10001 § 01101 } 00100 } 00001 | 61110 | 01010
01{0]0} O} 00100 11011 00010 | 11000 | 10110 | 00010 { 10000 | 00111 | 00101
00}j0] 0] 00010} 11101 00001 | 01100 | 01011 | 00001 | 01000 § 10011 | 10010
00} 0} 0{ 00001 | 11110 | 10000 | 00110 | 10101 10000 | 00100 | 11001 | 01001
00} 0{ 0| 10000 | 00001 | 01111 10110 | 00100 | 101006 | 11000 | 10000 | 11001
010jfj0} 0|} 01000 | 10000 | 10111 | 01011 | 00010 | 01010 | 033100 | 01000 | 11100
010} 0} 0| 00100 01000 | 11011 10101 | 00001 | 00101 | 00110 | 00100 | 01110
010}07;0 | 00010 | 00100 | 11101 | 11010 | 10000 | 10010 § 00011 | 00010 § 00111
06 ] 0] 0} 00001 [ 00010 | 11110 | 01101 | 01000 | 01001 10001 |} 00001 10011
O30} 1)1} 10000 § 01100 | 10110 | 01001 | 10001 } 16100 | 11000 | 00110 | 00000
Oj0f1]1] 01000} 00110 | 01011 | 10100 | 11000 | 01010 | 01100 | 00011 | GOO0OO
010 1)1 ] 00100 | 00011 10101 | 01010 | 01100 | 00101 | 00110 | 10001 | 00000
0101 1] 1) 00010 | 10001 11010 } 00101 | 00110 | 10010 { 00011 | 11000 { 00000
010} 1] 1} 00001 ] 11000 | 01101 10010 | 00011 | 01001 10001 | 01100 | 00000
0}11}0} 1} 10001 { 10101 | 00010 | 11000 | 01001 | 11000 | 00110 | 00000 } 00101
0111011 11000 | 11010 | 00001 | 01100 { 10100 | 01100 | 00011 | 00000 | 10010
O 1410¢1 ]| 01100 | 01101 10000 { 00110 | 01010 | 00110 | 10001 { 00000 | 01001
Ot110]| 11} 00110 | 10110 | 01000 | 00011 | 00101 { 00011 [ 11000 | 0CO0O | 10100
G111} 0} 1] 00011 [ 01011 00100 j 10001 } 10010 | 10001 | 01100 | 0OOOO | 01010
0111 1[0} 10011 | 00001 10010 | 10010 | 10001 | 00110 | 00000 }| 01001 10010
Ol 1} 110} 11001 | 10000 | 01001 | 01001 | 11000 ; 00011 | 00000 | 10100 § 01001
11§10} 11100 | 01000 | 10100 } 10100 | 01100 § 10001 | 0000C | 01010 | 10100
Oj1}f1}0} 01110 | 00106 | 01010 ; 01010 | 00110 | 11000 | 00000 | 00101 | 01010
O}1]1)0j 00111 § 00010 | 00101 | 00101 | 00011 | 01100 | 00000 | 10010 | 00101
11006141} 10101 | 00100 | 10001 10001 | 00110 | 00000 | 01001 | 00101 | 10001
110}0}1 11010 | 00010 | 11000 | 11000 } 00011 | ODOOO | 10100 | 10010 | 11000
11610711} 01101 | 00001 [ 01100 | 01100 | 10001 | 00000 | 01010 | 01001 ; 01100
1jo0|0|1 10110 | 10000 | 00110 | 00110 | 11000 | 00000 | 00101 | 10100 | 00110
14001} 01011 §j 01000 } 00011 | 00011 | 01100 | 00000 | 10010 | 01010 | 00011
110} 1} 0] 10010 10011 10000 | 00110 | 00000 | 01001 { 01010 | 00110 | 01001
1j10f1j0] 01001 11001 | 01000 | 00011 { 00000 | 10100 | 00101 j 00011 | 10100
140} 1} 0} 10100} 11100 | 00100 | 10001 | 00GO0 { 01010 | 10010 | 16001 | 01010
1 )6(1} 0} 01010 § 01110 | 00010 | 11000 } 00000 § 00101 | 01001 11000 | 00101
10} 1} 01} 00101 00111 | 00001 { 011006 | 00000 | 10010 | 10100 | 01100 | 10010
111100 10000 | 10010 | 11001 | 00000 { 01010 | 10100 | 131000 | 01001 | 00110
111]01} 0] 01000 | 01001 11100 | 00000 | 00101 | 01010 | 01100 | 10100 | 00011
1310} 0} 00100 | 10100 | 01110 | 00000 | 10010 | 00101 { 00110 § 61010 | 10001
1 10| 0} 00010 ] 01010 | 00111 { 00000 | 01001 10010 | 00011 } 00101 | 11000
111104 0| 00001} 00101 10011 | 00000 | 10100 | 01001 | 10001 10010 | 01100
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O0}fj1{1]| 1] 00000 | 00000 | 00000 | 00000 | 00000 | 00000 | 11111 11111 11111
110]1] 1]} 00000 ) 00000 | 00000 { 00000 | 11111 11111 | 00000 | OO00O | 11111
111101} 1]} 00000 | 00000 | OO000 | 11111 | 0CO0O | 11111 | 00000 | 11111 | GOOOO
11111} 0| 00000 { 00000 [ OO000 | 11111 } 11111 { 00000 | 11111 | OOODO | 00OOO
0f{0j0}fo] 01111 | 20000 | 10000 | 10000 | 11000 | 11100 | 11010 | 10100 | 10000
00} 07 0] 10111 | 01000 | 01000 | 01000 } 01100 | 01110 | 01101 | 01010 } 01000
0101070} 11011 | 00100 | 00100 | 00100 { 00110 | 00111 | 10110 | 00101 | 00100
0jJo0oj0}] 0] 11101 | 00010 | 00010 | 00010 | 00011 10011 | 01011 | 10010 § 00010
0}6] 0] 0} 11110 | 00001 | 00001 | 00001 10001 11001 | 10101 | 01001 | 00001
010}10} 0] 10000 | 01111 | 01000 | 10100 j 11010 | 01000 | 00010 | 11100 | 00011
030}04} 0] 01000 | 10111 | 00100 { 01010 | 01101 | 00100 | 00001 § 01110 | 10001
0{0} 0} 0] 00100} 11011 | CO010 | 00101 10110 | 00010 | 10000 | 00111 11000
0100} 0] 00010 | 11101 | 00001 10010 | 01011 | 00001 | 01000 | 10011 | 01100
0340{0} 0] 00001 | 12110 | 10000 | 01001 | 10101 10000 { 00100 | 11001 | 00110
0]10f0} 0} 10000 | OOOO1 | 01111 11001 | 00100 | 10100 | 11000 | 10000 | 10110
0]0}0}f 0] 01000 [ 10000 | 10111 11100 | 00010 | 01010 | 01100 | 01000 | 01011
0j0] 0| O0/{ 060100} 01000 | 11011 { 01110 [ 00001 | 00101 | 00110 { DO100 | 10101
030)] 0|07 00010} 00100 { 11101 | OO111 | 10000 | 10010 | 00011 | 00010 )} 11010
010} 010]} 00001 | 00010 | 31110 } 10011 | 01000 } 01001 | 10001 | 00001 | 01101
(L IR U I O § 10000 { 10010 § 11001 | 00110 | 01010 | 10100 | 11000 | 01001 | 00000
010} 1} 1| 01000 { 0100} 11100 | 00011 | 00101 | 01010 | 01100 | 10100 | GO0CO
Ojpo0]l1}) 11} 00100 ) 10100 | 01110 [ 10001 | 10010 | 00101 | 00110 ; 01010 | OOQCO
0101} 1] 00010 | 01010 | 00111 11000 | 01001 10010 | 00011 | 00101 | 00OOD
OO0} 1] 1| 00001 {00101 | 10011 | 01100 | 10100 | 01001 | 10001 | 10010 | 00000
0110} 1 10001 | 10101 | 00010 | 00101 | 01001 11000 | 00110 | 00000 | 11000
ofi1f{o0]1 11000 | 11010 | 00001 10010 | 10100 | 01100 | 00011 § 00000 | 01100
0140 ¢1 ¢ 01100 | 01101 | 10000 | 01001 | 01010 | 00110 | 10001 | 00000 | 00110
G110} 1400110 | 10110 | 01000 | 10100 | 00101 | 00011 | 11000 | 00000 | 00011
Of1}]0]1 {00011} 01011 | 00100 | 01010 | 10010 | 10001 | 01100 | 00000 | 10001
0} 11} 0] 10011 | 00001 | 10010 | 10010 | 10001 | 00110 | 00000 | 01001 10010
O{1}1}0¢{ 11001 | 10000 | 01001 | 01001 11000 | 00011 | ©00000 | 10100 | 01001
Of1}11407] 11100 | 01000 | 10100 § 10100 | 01100 { 10001 | 00000 { 01010 | 10100
Ot11 14310/} 01110 { 00100 { 01010 | 01010 | 00110 § 11000 | 00OCO | 00101 } 01010
O}j1}11} 0] 00111 | 00010 § 00101 | 00101 | 00011 | 01100 | 00000 | 10010 | 00101
110101} 1 10101 | 00100 | 10001 10001 § 00110 | 00000 | 61003 § 00101 10001
11010711 11010 { 00010 { 11000 | 11000 | 00011 | ©0000 | 10100 | 10010 | 11000
110} 0} 1 01101 | 00001 | 01100 | 01100 | 10001 | 00000 | 01010 | 01001 | 01100
11001} 1 10110 | 10000 § 00110 { 00110 | 11000 | 00000 | 00101 | 10100 | 00110
110} 0] 1| 01011 | 01000 { 00011 | 00011 QllOO 00000 { 10010 | 01010 | 00011
1404711} 0 { 10010 | 10011 | 310000 | 01001 { 00000 | 01001 § 01010 | 00110 | 00110
1|06}1}] 001001 | 11001 | 01000 | 10100 | 00000 { 10100 { 00101 | 00011 | 00011
1J0}14f0] 10100 | 11100 | 00100 | 01010 i 00000 | 01010 | 10010 | 10001 10001
10} 14§0) 01010 | 01110 | 00010 | 00101 | 00000 { 00161 | 01001 | 11600 | 11000
110§ 1} 0 00101 | 00111 | 00001 10010 | 60000 | 10010 | 10100 | 01100 | 01100
111107} 01} 10000 | 01100 | 10110 | 00000 | 10001 10100 } 11000 | 00110 | 01001
1111010} 01000 | 00110 | 01011 | 00000 | 11000 | 01010 | 01100 | 00011 10100
11110} 0} 00100 | 00011 | 10101 | 00000 | 01100 | 00101 } 001310 | 10001 | 01010
1111010} 00010} 10001 11010 | 00000 | 00110 } 10010 | 00011 | 11000 [ 00101
1 110710 [ 00001 11000 | 01101 | 00000 | 00011 | 01001 | 10001 | 01100 | 10010

autogp size = 15
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0000000 | 1110000 { 1110000 |} 1100100 | 1100100 { 1010100 | 1010100
0000000 | 0111000 { 0111000 | 0110010 | 0110010 §| 0101010 } 0101010
0000000 | 0011100 | 0011100 } 0011001 | 0011001 | 0010101 | 0010101
0000000 § 0001110 | 0001110 | 1001100 | 1001100 | 1001010 } 1001010
0000000 | 0000111 | 0000111 § 0100110 | 0100110 | 0100101 { 0100101
0000000 | 1000011 | 1000011 | 0010011 | 0010011 1010010 | 1010010
0000000 § 1100001 { 1100001 | 1001001 | 1001001 | 0101001 | 0101001
1000011 | 0000000 | 1100100 | 1100010 | 0001011 1010010 | 0001101
1100001 | 0000000 } 0110010 | 0110001 1000101 | 0101001 | 1000110
1110000 |} 0000000 | 0011001 } 1011000 | 1100010 | 1010100 | 0100011
0111000 } 0000000 | 1001100 | 0101100 | 0110001 | 0101010 | 1010001
0011100 | 0000000 | 0100110 | 0010110 | 1011000 | 0010101 | 1101000
0001110 | 0000000 | 0010011 | 0001011 | 0101100 | 1001010 | 0110100
0000111 § 0000000 | 1001001 1000101 | 0010110 | 0100101 | 0011010
1000011 | 1001001 | 0000000 | 1010100 | 0101001 | 0100110 | 1110000
1100001 | 1100100 § 0000000 | 0101010 | 1010100 | 0010011 | 0111000
1110000 | 0110010 | 0000000 | 0010101 | 0101010 | 1001001 | 0011100
0111000 | 0011001 { 0000000 | 1001010 | 0010101 | 1100100 | 0001110
0011100 } 1001100 | 0000000 | 0100101 1001010 | 0110010 | 0000111
0001110 | 0100110 | 0000000 | 1010010 | 0100101 | 0011001 | 1000011
0000111 | 0010011 | 0000000 | 0101001 1010010 | 1001100 | 1100001
1001001 1010001 | 1001010 | 0000000 | 0101100 | 0011100 | 0001011
1100100 | 1101000 | 0100101 | 0000000 | 0010110 | 0001110 | 1000101
0110010 | 0110100 | 1010010 | 0000000 | 0001011 | 0000111 | 1100010
0011001 | 0011010 | 0101001 | 0000000 | 1000101 | 1000011 | 0110001
1001100 { 0001101 | 1010100 | 0000000 § 1100016 | 1100001 | 1011000
0100110 } 1000110 | 0101010 | 0000000 | 0110001 | 1110000 | 0101100
0010011 | 0100011 | 0010101 | 0000000 | 1011000 | 0111000 | 0010110
1001001 | 0110100 | 0100101 | 0001101 § 0000000 | 1110000 | 1100010
1100100 { 0011010 | 1010010 | 1000110 j 0000000 | 0111000 | 0110001
0110010 | 0001101 § 0101001 | 0100011 | O0O00OOG | 0011100 | 1011000
0011001 | 1000110 | 1010100 | 1010001 | 0000000 § 0001110 | 0101100
1001100 | 0100011 | 0103010 | 1101000 | 0000000 | 0000111 | 0010110
0100110 | 1010001 | 0010101 | 0110100 | 0600000 { 1000011 | 0001011
0010011 1101000 | 1001010 { 0011010 | 0000000 § 1100001 | 1000101
1001010 | 1010010 | 0011001 | 0003110 | 1000011 | 0000000 | 1001100
0100101 } 0101001 | 1001100 | 0000111 1100001 | 0000000 | 0100110
1010010 | 1010100 }§ 0100110 | 1000011 1110000 | 0000000 | 0010011
0101001 | 0101010 | 0010011 1100001 | 0111000 | 0000000 | 1001001
1010100 § 0010101 | 1001001 1110000 | 0011100 | 0000000 { 1100100
0101010 } 1001010 }| 1100100 | 0111000 | 0001110 | 0000000 | 0110010
0010101 | 0100101 | 0110010 | 0011100 | 0000111 | 0000000 | 0011001
1001010 | 01011006 | 1000011 | 0110100 | 1010001 1001100 | 0000000
0100101 | 0010110 | 1100001 | 0011010 | 1101000 | 0100110 | 0000000
1010010 | 0001011 | 1110000 | 0001101 | 0110100 | 0010011 | 0000000
0101001 | 1000101 | 0111000 | 1000110 | 0011010 | 10010061 | 0000000
1010100 | 1100010 | 0011100 | 0100011 | 0001101 1100100 | 0000000
0101010 | 0110001 | 0001110 | 1010001 1000110 | 0110010 | 0000000
0010101 1011000 | 0000111 1101000 | 0100011 | 0011001 | 0000000
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0000000 | 1110000 { 1110000 | 1100100 | 1100100 | 1010100 | 1010100
0000000 | 0111000 | 0111000 | 0110010 | 0110010 | 0101010 } 0101010
0000000 | 6011100 | 0011100 | 0011001 | 00110031 | 0010101 | 0010101
0000000 | 6001110 | 00601110 | 1001100 | 1001100 { 1001010 { 1001010
0000000 | 0000111 | 0000111 | 0100110 | 6100110 | 0100101 | 0100101
0000000 | 1000011 1000011 | 0010011 | 0010011 1010010 | 1010010
0000000 | 1100001 1100001 | 1001001 1001001 | 0101001 | 0101001

1000011 | 0000006 | 1010010 | 1001001 | 01031010 | 1110000 | 0100110
1100001 | 0000000 | 0101001 | 1100100 | 0010101 { 0111000 | 0010011
1110000 | 0000000 §{ 1010100 § 0110010 | 1001010 | 0011100 | 1001001
0111000 | 0000000 | 0101010 | 0011001 | 0100101 | 0001110 | 1100100
Q011100 { 0000000 { 0010101 | 1001100 § 1010010 | 0000111 | 0110010
0001110 | 0000000 | 1001010 | 0100110 | 0101001 | 1000011 | 0011001
0000111 | 0000000 | 0100101 { 0010011 | 1010100 | 1100001 | 1001100

1000011 | 1010010 | 0000000 { 0101010 | 1001001 | 0100110 | 1110000
1100001 | 0101001 | 0000000 | 0010101 | 1100100 | 0010011 | 0111000
1110000 | 1010100 | 0000000 | 1001010 | 0110010 | 1001001 | 0011100
0111000 | 0101010 | 0000000 } 0100101 | 0011001 § 1100100 | 0001110
0011100 | 0010101 { 0000000 } 1010010 | 1001100 { 0110010 | 0000111
0001110 | 1001010 | 0000000 | 0101061 j 0100110 | 0011001 | 1000011
0000111 } 0100101 | 0000000 | 1010100 | 0010011 | 1001100 | 1100001

1001001 { 1100100 | 0010101 } 0000000 | 1100001 | 1001010 | 0000111
1100100 { 0110010 | 1001010 | 0000000 | 1110000 | 0100101 | 1000011
0110010 | 0011001 } 0100101 | 0000000 | 0111000 | 1010010 | 1100001
0011001 | 1001100 { 1010010 | 0000000 | 0011100 { 0101001 | 1110000
1001100 | 0100110 { 0101001 | 0000000 } 0001110 | 1010100 | 0111000
0100110 | 0010011 1010100 § 0000000 | 0000111 | 0101010 | 0011100
0010011 | 1001001 | 0101010 | 0000000 | 1000011 | 0010101 | 0001110

1001001 | 0010101 1100100 | 1100001 0000000 | 0000111 1001010
1100100 | 1001010 | 0110010 | 1110000 | 0000000 | 1000011 | 0100101
0110010 | 0100101 | 0011001 | 0111000 { 0000000 | 1100001 1010010
0011001 | 1010010 | 1001100 | 0011100 | 0000000 | 1110000 | 0101001
1001100 | 0101001 | 0100110 | 0001110 | 0000000 | 0111000 | 1010100
0100110 | 1010100 | 0010011 | 0000111 0000000 | 0011100 { 0101010
0010011 { 0101010 { 1001001 | 1000011 0000000 | 0001110 | 0010101

1001010 | 1000011 | 0011001 | 1010100 | 0111000 | 0000000 | 1001100
0100101 | 1100001 | 1001100 | 0101010 | 0011100 § O0QO0OOOO | 0100110
1010010 | 1110000 | 0100110 | 0010101 | 0001110 | 0000000 | 0010011
0101001 | 0111000 | 0010011 | 1001010 | 0000111 | 0000000 | 1601001
1010100 | 0011100 { 1001001 { 0100101 1000011 | 0000000 | 1100100
0101010 § 0001110 | 1100100 | 1010010 | 1100001 | 0000000 | 0110010
0010101 | 0000111 | 0110010 | 0101001 1110000 | 0000000 | 0011001

1001010 | 0011001 1000011 | 0111000 | 1010100 | 1001100 | 0000000
0100101 | 1001100 | 1100001 § 0011100 | 0101010 | 0100110 | 0000000
1010010 | 0100110 § 1110000 { 0001110 | 0010101 | 0010021 | 0000000
0101001 | 0010011 | 0111000 | 0000111 1001010 | 1001001 { 0000000
1010100 | 1001001 | 0011100 | 1000011 | 0100101 1100100 | 0000000
0101010 { 1100106 | 0001110 { 1100001 1010010 | 0110010 | 0000000
0010101 | 0110010 | 0000111 } 1110000 | 0101001 | 0011001 | 0000000
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0000000 | 1110000 | 1101000 | 1101000 | 1106100 | 1100010 | 1010100
0000000 § 0111000 | 0110100 | 0110100 | 0110010 | 0110001 | 0101010
0000000 | 0011100 | 0011010 | 0011010 | 0011001 | 1011000 | 0010101
0000000 | 0001110 | 0001101 | 0001101 1001100 | 0101100 | 1001010
0000000 | 0000111 | 1000110 | 1000110 | 0100110 | 0010110 | 0100101
0000000 | 1000011 | 0100011 | 0100011 0010011 | 0001611 1010010
0000000 | 1100001 | 1010001 1010001 1001001 1000101 | 0101001
1000011 | 0000000 | 1100100 | 0110001 | 0001101 | 0101010 | 0110001
1100001 | 0000000 | 0110010 | 1031000 | 1000110 | 0010101 1011060
1110000 | 0000000 | 0011001 | 0101100 | 0100011 | 1001010 { 0101100
0111000 | 0000000 | 1001100 | 0010110 | 1010001 | 0100101 | 0010110
0011100 | 6000000 | 0100110 | 0001011 1101000 | 1010010 | 0001011
0001110 | 0000000 | 0010011 1000101 | 0110100 | 0101001 1000101
0000111 { 0000000 | 1001001 1100010 | 0011010 } 1010100 { 1100010
1000101 | 1001001 } 0000000 | 0110100 j 1010100 | 1000110 | 0000111
1100010 § 1100100 | 0000000 § 0011010 { 0101010 | 0100011 | 1000011
01106001 { 01106010 | 0000000 | 0001101 | 0010101 1010001 1{00001
1011000 | 0011001 | 0000000 | 1000110 | 1001010 | 1101000 | 1110000
0101100 | 1001100 | 0000000 | 0100011 | 0100101 | 0110100 | 0111000
0010110 | 0100110 | 0000000 | 1010001 1010010 | 0011010 { 0011100
0001011 | 0010011 | 0000000 | 1161000 | 0101001 | 0001101 | 0001110
1000101 | 0100011 } 0001011 | 0000000 | 1101000 | 0110001 § 0110100
1100010 | 1010001 1000101 | 0000000 | 0110100 | 1011000 { 0011010
0110001 { 1101000 | 1100010 | GOOOOOO | 0011010 | 0101100 | 0001101
1011000 } 0110100 { 0110001 | 00O000OC | 0001101 | 0010110 | 1000110
0101100 | 0011010 | 1011000 | 0000000 | 1000110 { 0001011 | 0100011
0010110 | 0001101 | 0101100 | 0O00V0OO | 0100011 1000101 1010001
0001011 | 1000110 | 0010110 | 0000000 | 1010001 1100010 | 1101000
1001001 | 0101100 | 1001010 | 1000101 | 0000000 | 1000011 | 0011010
1100100 | 0010110 | 0100101 1100010 | 0000000 §j 1100001 | 0001101
0110010 | 0001011 1010010 | 0110001 | 0000000 { 1110000 | 1000110
0011001 | 1000101 | 0101001 1011000 | DOOO00O | 0111000 | 0100011
1001100 | 1100010 | 1010100 | 0101100 | 0OOCOLOO | 0011100 | 1010001
0100110 ; 0110001 | 0101010 | 0010110 | 0000000 | 0001110 | 1101000
0010011 | 1011000 | 0010101 | 0001011 | 0O0OODO | 0000111 [ 0110100
1010001 } 001010t | 1011000 | 0100011 1110000 | 0000000 | 1001001
1101000 | 1001010 | 0101100 | 1010001 | 0111000 | 0000000 | 1100100
6110100 | 0100101 | 0010110 | 1101000 | 0011100 | 0O0C0O0DO | 0110010
0011010 | 1010010 | 0001011 | 6110100 | 0001110 | 000000CG | 0011001
0001101 | 0101601 | 1000101 | 0011010 | 0000111 | 0000000 } 1001100
1000110 | 1010100 | 1100010 | 0001101 1000011 | 0000000 } 0100110
0100011 | 0101010 | 0110001 1000110 | 1100001 | 0000000 § 0010011
1001010 § 0100011 | 0111000 { 6001011 | 0010110 | 11001060 | 0000000
0100101 | 1010001 { 0011100 § 1000101 | 00010131 | 0110010 | 0000000
1010010 | 1101000 } 0001110 | 1100010 | 1000101 | 0011002 | 0000000
0101001 | 0110100 | 0000111 | 0110001 1100010 | 1001100 | 0000000
1010100 | 0011010 | 1000011 1011000 | 0110001 ; 0100110 § 0000000
0101010 { 0001101 | 1100001 | 0101100 { 1013000 | 0010011 | 0000000
0010101 | 1000110 | 1110000 | 0010110 | 0101100 | 1001001 { 0000000
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0000000 | 1110000 | 11010006 | 1101000 | 1100100 | 1100010 | 1010100
0000000 | 0111000 | 0110100 | 0110100 | 0110010 | 0110001 | 0101010
0000000 | 0011100 | 0011010 | 0011010 | 0011001 | 1011000 | 0010101
0000000 | 0001110 | 0001101 | 0001101 1001100 | 0101100 | 1001010
0000000 | 0000111 | 1000110 | 1000110 | 0100110 { 0010110 | 0100101
0000000 | 1000011 | 0100011 | 0100011 0010011 | 0001011 | 1010010
0000000 }{ 1100001 | 1010001 | 1010001 1001001 | 1000101 | 0101001

1000011 } 0000000 | 1010001 | 1001010 | 03110001 | 0100110 | 0011010
1100001 | 0000000 | 1101000 | 0100101 1011000 } 0010011 | 0001101
1110000 | 0000000 | 0110100 | 1010010 | 0101100 | 1001001 | 1000110
0111000 { 0000000 | 0011010 | 0101001 | 0010110 | 1100100 | 0100011
0011100 | 6000000 { 0001101 | 1010100 | 0001011 | 0110010 | 1010001
0001110 | 0000000 | 1000110 | 0101010 | 1000101 | 0011001 | 1101000
0000111 | 0000000 | 0100011 | 0010101 1100010 | 1001100 | 0110100

1000101 | 1100010 | 0000000 | 0001011 | 0101100 | 0110001 | 0110001
1100010 | 0110001 | 0000000 | 1000101 0010110 | 1011000 | 1011000
0110001 § 1011000 { 0000000 | 1100010 | 0001011 { 0101100 { 0101100
1011000 | 0101100 | 0000000 | 0110001 1000101 { 0010110 | 0010110
0101100 | 0010110 { 0000000 | 1011000 | 1100010 | 0001011 | 0001011
0010110 | 0001011 | 0000000 | 0101100 | 0110001 | 1000101 | 1000101
0001011 1000101 | 6000000 ; 0010110 | 1011000 | 1100010 | 1100010

1000101 1010100 § 0110100 | 0000000 j 0000111 | 1000110 | 1001001
1100010 § 0101010 } 0011010 | 0060000 1000011 | 0100011 1100100
0110001 0010101 | 6001101 | 0000000 1100001 | 1010001 | 0110010
1011000 | 1001010 | 1000110 | 0000000 1110000 | 1101000 | 0011001
0101100 | 0100101 | 0100011 | 000000CG | 0111006 | 0110160 | 1001100
0010110 | 10100310 | 1010001 | 0000000 | 0011100 | 0011010 | 0100110
0001011 | 0101001 | 1101000 | 0000000 | 0001110 | 0001101 { 0010011

1001001 | 0100011 | 0001101 | 0111000 | 0000000 | 1001010 § 0101100
1100100 { 1010001 | 1000110 | 0011100 | 0000000 | 0100101 | 0010110
0110010 | 1101000 | 0100011 | 0001110 | 0000000 } 1010010 | 0001011
0011001 | 0110100 | 1010001 | 0000111 0000000 | 0101001 1000101
1001100 | 0011010 { 1101000 | 1000011 0000000 | 1010100 | 1100010
0100110 | 0001101 | 0110100 | 1100001 0000000 | 0101010 | 0110001
0010011 1000110 | 0011010 | 1110000 | 00G00000 | 0010101 1011000

1010001 | 0011001 | 0100011 1011000 | 1010100 | 0000000 | 1100001
1101000 | 1001100 | 1010001 | 0101100 | 0101010 | 0000000 | 1110060
0110100 | 0100110 | 1101000 | 0010110 | 0010101 | 0000000 | 0111000
0011010 | 0010011 | 0110100 | 0001011 1001010 | 0000000 | 0011100
0001101 1001001 | 0011010 | 1000101 0100101 | 0000000 | 0001110
1000110 | 1100100 | ©001101 1100010 | 1010010 | 0000000 | 0000111
0100011 0110010 | 1000110 | 0110001 0101001 § 0000000 | 1000011

1001010 | 0010110 | 0100011 1100100 [ 0001101 { 1100001 | 0000000
0100101 { 0001011 | 1010001 0110010 | 1000110 } 1110000 | 0000000
1010010 } 1000101 | 1101000 | 0011001 0100011 | 0111000 | 0GO0OO000
0101001 11000310 | 0110100 | 1001100 | 1010001 | 0011100 | 0000000
1010100 | 0110001 | 0011010 | 0100110 | 1101000 | 0001110 j 0000000
0101010 | 1011000 | 0001101 | 0010011 0110100 | 0000111 | 00COCOO
0010101 | 0101100 | 1000110 | 1001001 0011010 | 1000011 | 0000000

antogp size = 1008

Latin square graph, NOT NEW.
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0000000 § 1110060 { 1101000 | 1101000 } 1100100 | 1100010 | 1010100
0000000 | 0111000 | 0110100 | 0110100 { 0110010 { 0110001 | 0101010
0000000 | 0011100 | 0011010 | 0011010 | 0011001 1011000 | 0010101
0000000 | 0001110 | 0001101 j 0001101 1001100 | 0101100 { 1001010
0000000 | 0000111 | 1000110 | 1000110 | 0100110 | 0010110 | 0100101
0000000 | 1000011 | 0100011 | 0100011 | 0010011 | 0001011 1010010
0000000 | 1100001 | 1010001 1010001 1001001 1000101 § 0101001

1000011 | 0000000 | 1010001 | 0110010 | 1000110 | 0101001 1000101
1100001 | ©000000 | 1101000 § 0011001 | 0100011 1010100 { 1100010
1110000 | 0000000 | 0110100 | 1001100 | 1010001 | 0101010 | 0110001
0111000 | 0000000 { 0011010 | 0100110 | 1101000 | 0010101 1011000
0011100 | 0000000 | 0001101 | 0010011 | 0110100 | 100101CG | 0101100
0001110 | 0000000 | 1000110 | 1001001 | 0011010 | 0100101 | 0010110
0000111 | 0000000 | 0100011 1100100 { 0001101 | 1010010 | 0001011

1000101 | 1100010 | 0000000 | 0001011 | 0101100 | 0110001 § 0110001
1100010 | 0110001 { 0000000 { 1000101 | 0010110 | 1011000 | 1011000
0110001 | 1011000 } 0000000 | 1100010 | 0001011 | 0101100 | ©101100
1011000 | 0101100 | 0000000 | 0110001 1000101 | 0010110 § 0010110
0101100 { 0010110 | 0000000 | 1011000 §{ 1100010 | 0001011 | 0001011
0010110 | 0001011 | 0000000 | 0101100 | 0110001 1000101 | 1000101
0001011 | 1000101 | 0000000 | 0010110 | 1011000 j 1100010 | 1100010

1000101 | 0010011 } 0110100 | 0000000 { 1001010 | 1000110 } 0011100
1100010 | 1001001 | 0011010 | 0000000 § 0100101 | 0100011 § 0001110
0110001 | 1100100 { 0001101 | 0000000 { 1010010 } 1010001 | 0000111
1011000 | 0110010 | 1000110 | 0000000 § 0101001 1101000 | 1000011
0101100 | 0011001 | 0100011 | 0000000 } 1010100 | 0110100 | 1100001
0010110 | 1001100 } 1010001 | 0000000 ; 0101010 | 0011010 | 1110000
0001011 | 0100110 | 1101000 | 0000000 | 0010101 | 0001101 | 0111000

1001001 1011000 | 0001101 1010100 | 0000000 | 0000111 1010001
1100100 | 0101100 | 1000110 | 0101010 | 0000000 | 1000011 1101000
0110010 | 0010110 | 0100011 | 0010101 | 0000000 | 1100001 | 0110100
0011001 | 0001011 1010001 1001010 { 0000000 | 1110000 § 0011010
1001100 | 1000101 1101000 | 0100101 §{ 0000000 | 0111000 | 0001101
0100110 | 1100010 | 0110100 | 1010010 | 0000000 | 0011100 | 1000110
0010011 { 0110001 | 0011010 | 010100% § 0000000 | 0001110 | 0100011

1010001 { 0100101 | 0100011 1011000 | 0111000 | 0000000 | 1001100
1101000 { 1010010 | 1010001 | 0101100 | 0011100 | 0000000 | 0100110
0110100 | 0101001 | 1101000 [ 06010110 | 0001110 | 0000000 | 0010011
0011010 | 1010100 | 0110100 | 0001011 | 0000111 | 0000000 | 1001001
0001101 | 0101010 § 0013010 | 1000101 1000011 | 0000000 § 1100100
1000110 | 0010101 | 0001101 11000610 | 1100001 [ 0000000 | 0110010
0100011 | 1001010 { 1000110 | 0110001 1110000 | 0000000 | 0011001

1001010 § 1101006 | 6100011 | 0001110 | 1100010 | 1001100 | Q000000
0100101 | 0110100 | 1010001 | 0000111 | 0110001 | 0100110 | 0000000
1010010 } 0011010 | 1101000 | 1000011 1011000 [ 0010011 | 0000000
0101001 §{ 0001101 § 0110100 | 1100001 | 0101100 | 1001001 | 0000000
1010100 | 1000110 | 0011010 | 1110000 | 0010110 | 1100100 | 0000000
01010106 } 0100011 | 0001101 | 0311000 § 0001011 | 0110010 | 0000000
0010101 1010001 1000110 | 0011100 § 1000101 0011001 | 0000000

autogp size = 126

NEW.
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Index

Absolute bound, 29
Adjacent, 2
Asymmetric, 16

Automorphism group, 15
BDX, 44, 85

Collinear, 4

Concurrent, 4

Degree, 2

Direct sum, 22

Generalised quadrangle, 40
Gersgorin theorem, 17
Graph
adjacency matrix, 2
asymmetric, 16
automorphism, 14
definition, 2
induced subgraph, 2
regular, 2
self-complementary, 45
strongly regular, 2
subgraph, 2
triangular graph. 30

vertex degree. 2

Hadamard matrix
definition, 35
skew symmetric, 35
normalised, 36

Hermitian, 23

Idempotent, 23
Idempotent matrices, 26

Irreducible, 17

Knuth’s method, 71
Krein conditions, 29

Kronecker product, 37

Latin square, 31

Line graph, 6

Matrix
Hermitian, 23
- positive definite, 27
positive semidefinite, 27

unitary, 25
Neighbour, 2

Orbit matrix
computer construction. 58

definition. 47
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properties, 49
Orthogonal array, 31

Partial geometry

definition, 4
Partial linear space, 4
Perron-Frobenius theorem, 17
Petersen graph, 3
Point graph, 5
Point-line structure

collinear, 4

concurrent, 4

definition, 4

dual, 4

line graph. 6

point graph, 5
Primitive, 13
Projection, 23
Prototype

fixed, 51

non—fixed. 51

Psuedogeometric, 41

rationality condition, 29

reducible, 16

Self adjoint, 23
Skew symmetric. 35
Spectral radius. 17
Spectral theorem, 24

Strongly regular graph

adjacency matrix, 13

complement, 13

conference graph, 20

definition, 2

eigenvalues, 19

feasible, 29

idempotent matrices, 26

necessary conditions, 28
absolute bound, 29
Krein conditions, 29
rationality conditions, 29

primitive, 13

Tactical decomposition, 44

Triangular graph, 30

Vector space
direct sum, 22

sum, 22



