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Abstract

Random Hermitian matrices are used to model complex systems without time-reversal invariance.
Adding an external source to the model can have the effect of shifting some of the matrix eigenvalues,
which corresponds to shifting some of the energy levels of the physical system. We consider the case
when the n X n external source matrix has two distinct real eigenvalues: a with multiplicity r» and zero
with multiplicity n — r. For a Gaussian potential, it was shown by Péché [30] that when r is fixed or
grows sufficiently slowly with n (a small-rank source), r eigenvalues are expected to exit the main bulk
for |a| large enough. Furthermore, at the critical value of a when the outliers are at the edge of a band,
the eigenvalues at the edge are described by the r-Airy kernel. We establish the universality of the r-Airy
kernel for a general class of analytic potentials for r = O(n”) for 0 <y < 1/12.
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1 Introduction

Fix a Hermitian matrix A. Equip the space of n X n Hermitian matrices M with the probability measure

1 (M) = Ziefn’l‘r(V(M)fAM)dM; Z, /efnTr(V(M)fAM)dM’ (1-1)

n

where dM is the entry-wise Lebesgue measure and the integration is over all Hermitian matrices. The
eigenvalues of M represent the energy levels of a system without time-reversal invariance [33]. When the
external field A is nonzero and V(M) = M?2/2, this measure arises in the study of Hamiltonians that can
be written as the sum of a random matrix and a deterministic source matrix [17].

When A = 0 (no external source) and V(M) = M?/2, (1-1) describes the Gaussian Unitary Ensemble,
or GUE. For reasonable choices of V(z) the spectrum tends to accumulate on fixed bands on the real axis.
Introducing an external field A can have the effect of perturbing the expected position of the spectrum. For
example, Aptekarev, Bleher, and Kuijlaars [15, 2, 16] studied the Gaussian case when the matrix A has two
eigenvalues +a, each of multiplicity n/2. When a is sufficiently small (the subcritical case), the eigenvalues
of M accumulate with probability one on a single interval, just as when A = 0. As a increases the interval
splits into two (the supercritical case). There is a transitional value of a between these two cases (the critical
case) where the local eigenvalue density near where the bands are about to split is described by the Pearcey
process. See [29] and [13] for further studies of large-rank external field models.

We are interested instead in small-rank sources of the form

A = diag(a,...,a,0,...,0) (1-2)

assuming that r(n) = O(n?), 0 < v < 1/12. The ratio of r to n, which is asymptotically small, will be
denoted as

K= % =0m ). (1-3)
The limiting distribution of the largest eigenvalue for such a small-rank external source in the Gaussian case,
V(M) = M2/2, was studied by Péché [30]. Again three distinct behaviors were observed. For a sufficiently
close to zero, i.e. the subcritical case, the largest eigenvalue is expected to lie at the right band endpoint

and behave as the largest eigenvalue of an n x n GUE matrix. For a large enough, i.e. the supercritical



case, r eigenvalues are expected to exit the bulk and be distributed as the eigenvalues of an r x r GUE
matrix. In the transitional critical case, when the outliers lie very near the band endpoint, the distribution
for the largest eigenvalue is an extension of the standard GUE Tracy-Widom function [32] when r = 0 (see
also [3, 4, 1]). These functions, denoted by F.(z), were first discovered by Baik, Ben-Arous, and Péché [3]
in the context of sample covariance, or Wishart, matrices and were shown to be probability distributions
by Baik [4]. Adler, Delépine, and van Moerbeke [1] showed that these distributions also appear when n
non-intersecting Brownian motions start from z = 0 when ¢ = 0 with n — r conditioned to end at z = 0
when t = 1 and r conditioned to end at x = a when ¢t = 1. The walkers all start out in a single group, but at
a critical time depending on a, a group of r walkers separates from the main bulk. At this critical time the
walkers on the edge where separation is about to occur follow the r-Airy process, which is connected with
F,.(x). See [4] for other processes in which the functions F(x) arise.

In this paper we extend Péché’s result in the critical case to more general functions V(IM). Our specific
assumptions are listed in Section 1.3, but we essentially assume V(M) is a generic analytic potential with
sufficient growth at infinity. This establishes a new universality class of matrix ensembles with the local
eigenvalue density near the critical point described by the r-Airy process. The universality of the supercritical
and subcritical cases has been considered separately [8].

In the case of rank one perturbation (i.e. r = 1), the recent paper [6] by Baik and Wang has described
the limiting distribution of the largest eigenvalue for all the possible cases including the critical case that we

consider here.

1.1 The kernel and its connection to multiple orthogonal polynomials

Let pm (A1, ..., Am) be the probability density that the n x m matrix M chosen using (1-1) has eigen-
values {A1,...,Amn} (here m < n). Then, when the \; are distinct, the m-point correlation function is
#jm!pm()\l, .+ vy Am). Brézin and Hikami [17, 18, 19] showed that in the Gaussian case, the m-point corre-
lation functions can all be expressed in terms of a single kernel K (x,y):
(nf!m)!pm()\l’ ey Am) = det(EK (A, A))ij=1,....m- (1-4)
Zinn-Justin [34, 35] extended this result to the case of more general V(M). We will find the leading term in
the large-n asymptotic expansion of the kernel in the critical regime near the critical endpoint.
Bleher and Kuijlaars [14] showed that the kernel can be written in terms of multiple orthogonal polynomi-
als. Furthermore, these multiple orthogonal polynomials can be written in terms of the solution to a certain

Riemann-Hilbert problem.

Problem 1.1. Let Y(z) € Mat(3 x 3,C) be sectionally analytic in C\ R, bounded in C and admitting

boundary values on R such that

1 ean(:r) efn(V(z)faa:)
Y (x)=Y_(2) |0 1 0 forz e R,
0 0 1
1-5
2" 0 0 (1-5)
Yz)=I+0(2) [0 2= 0 as z — 0o
0 0 27"




Under our assumption (iv) in Section 1.3, the unique solution Y(z) can be written explicitly in terms
of multiple orthogonal polynomials of the second kind (see [15], Section 2). In the case of two distinct
eigenvalues a and 0, which is our case, the kernel K, (z,y) may be written in terms of the function Y (z) as

o En(V(@)+V(y)

1
K, (z,y) = (0 1 em¥)Y(y) 'Y(z) 8 ) (1-6)

D omi(z—y)
To analyze the asymptotic behavior of Y we will use the standard nonlinear steepest descent method for
Riemann-Hilbert problems, as well as certain ideas introduced by Bertola and Lee [9, 10] to study the first
finitely many eigenvalues in the birth of a new spectral band for the random Hermitian matrix model without
source.

A potential alternate method for establishing universality for finite » would be to use Baik’s result [5]
writing the kernel K, (z,y) in terms of the standard (not multiple) orthogonal polynomials. The rank of the
matrices in this alternate expression grows with r, whereas the size of the Riemann-Hilbert problem (1-5)
grows with the number of distinct eigenvalues. As such, for growing r it is more convenient to analyze the

Riemann-Hilbert problem for multiple orthogonal polynomials.

1.2 Definition of the critical regime

We recall the setting of our work [8]. Let g(z) be the g-function associated with the orthogonal polynomials
with potential V'(z) (see, for instance, [21] or [23]):

g(z; k) = 1_71}%/2 /Rlog(z — 5)Pmin(s; K)ds = log(z) + O (i) , (1-7)

where pminds = pmin(s; £)ds is the unique measure minimizing the functional

/V ds—// s')1og|s — §'|dsds’ | /p(s)ds=1—g. (1-8)
R

Here £ is a small parameter which is identified with the ratio x = . The variational equations are equivalent

to the statement that [31] there exists a real constant ¢1 = {1 (k) such that

> O on R su min
Re[V/(a) — (2 = wa(ain) — ] { 20 0 % Lon0P (19)

We shall denote

9(z) :=9(0), b :=1(0). (1-10)
Our first assumption will be
Assumption 1.1. The unperturbed (k = 0) variational problem is regular in the sense of [28] which means

that the inequalities in (1-9) are strict and the behavior of V(x) —2g — 11 at any boundary point x = £ of the
support of p is asymptotic to x (x — 5)% (approaching & from the complement of the support).

It has been shown in [28] at Theorem 1.3! that, for real-analytic V (z),

1In the theorem, the changing parameter is essentially s after rescaling.



i) If V(x) is regular for k = 0 then V(x) is still regular for £ small enough, and

ii) The locations of the spectral edges (the a’s and f’s) are real-analytic functions of x such that the bands

of the support of the equilibrium measure stay separated as x ranges in a small open set around x = 0.

In addition it is also known that the support (under the real-analyticity assumption) consists of a finite

union of bounded intervals; we will denote the support of the density pmin by (see Figure 2)

g

SUpp Pmin = U [aj(ﬁ)’ﬁj("{)] U [a(lﬁ),ﬁ(/ﬁ)h

a1(k) < f1(k) < az(k) < fa(k) < -+ < ag(k) < By(k) < a(k) < B(k).

We will consider the unperturbed density to be the solution of the above variational problem with k = 0; in

(1-11)

this case the reference to x will be tacitly suppressed, and so a; = « (k) |n:0’ etc. Define for the unperturbed

(k = 0) problem the following quantities:

Pi(z) = —V(2)+29(2)+14, (1-12)
Py(z) = —V(z)+az+g(z)+1 —Is, (1-13)
Ps(z) = —Pi(2)+ Py(2) = az — g(2)—Is. (1-14)

Note that V(8) = 39(8) — Iy and hence P>(8) = Ps(8); we choose I3 such that P»(3) = P5(3) = 0.
It is also known that Reg(z) is a continuous function on R and harmonic (and convex) on the complement

of the support (up to a sign it is also known as the logarithmic potential in potential theory).
Definition 1.1. Define a. to be the (unique) value of a so that Py(8) =0 (here k =0).

The uniqueness is promptly seen because Pj(8) = —V'(8) + a + ¢'(B); in fact the effective potential Py
is known [22] to satisfy

Pl(z) = O(z — B)=. (1-15)

)
In particular, P{(8) = 0 and hence P}(8) = a — ¢'(8) = a — $V'(5). Thus the critical value of a is given by
1
2= g/(8) = V(5. (116)

We also recall that for regular potentials the behavior of (a suitable branch of) the function P;(z) near

any of the endpoints of the interval of support is
Py(z) = =C(z = B)* (1 + O(z - 8)) (1-17)

for some constant C. For the point S = sup [Supp pmin] one can also prove that C' > 0; this allows us to

introduce the scaling coordinate ( near z = 8 via the definition

Wl

¢=<((z;n):= <—?ZlP1(z)) = n%cl(z -1 +0(z-p)), c>0. (1-18)

We now define the critical and near-crtical regimes. A more extensive context for these definition can be
found in [8]. For completeness we also define the supercritical, subcritical, and jumping outlier regimes. The
supercritical and subcritical regimes are dealt with separately in [8]; we plan to consider the (non-generic)

jumping outlier regime in a future work.



Definition 1.2. The matriz model specified by (1-1) is in the critical regime if a = a. and Py(z) < P2(8)
for x > B. The scaling regime of a — a. = O (n‘1/3) will be called near-critical. We define the exploration

parameter T by

7= lim n*3(a - a.)/c1, (1-19)

n—oo

where ¢y 1s the positive constant defined at (1-18).

We define, for 0 < a < a., b* to be the unique point on the real axis greater than § such that P§(5) = 0.

For a > a. we can choose b* := (.

Definition 1.3. The model is in the supercritical regime if P, has a unique global mazimum on {x >

max{3,b*}} at a point x = a* € R and any of the three conditions below is satisfied:
® a>ac.
e a=a. and P5(8) = Py(B) < Py(x) for some x > .
e 0 <a<a.and P3(b*) < Pa(x) for some x > b*.

Note that a* is always greater than 5 and b*. If the global mazimum on [max{f,b*},00) is attained at several

distinct points then we will say that we are in the jumping outlier regime.

Definition 1.4. The matriz model specified by (1-1) is in the subcritical regime if a < a. and Pa(x) <
P3(b*) for all x > b*.

1.3 Assumptions and results

We will make the following assumptions on a, A, and V(z):
(i) a>0.
(ii) A is a small-rank external source of the form (1-2) with r = O(n?), 0 <~y < 1/12.
(iii) V(z) is real analytic and regular in the sense of [28].
V(z) —az

lim&—oo and lim ———— =0
lz|—oo log(1 + 22) 2|00 log(1 + 22)

(iv)
Regarding assumption (i), the case when a < 0 is equivalent by sending @ — —a and V(z) — V(—2).
As for assumption (ii), in the general case when A has m > 2 distinct eigenvalues the kernel can be
written in terms of multiple orthogonal polynomials associated to an (m + 1) x (m + 1) Riemann-Hilbert
problem, which is beyond the scope of this paper. The assumption of analyticity in (iii) allows us to use
the nonlinear steepest-descent method for Riemann-Hilbert problems. The assumption of regularity ensures
that the equilibrium measure of V(z) has square-root decay at each band endpoint (so that we can use Airy

parametrices) and that these endpoints are analytic functions of x near x = 0.



Next, (iv) guarantees the existence of the multiple orthogonal polynomials needed to ensure the Riemann-
Hilbert problem has a solution. We note that the allowed V'(2) include any convex V(z) (see the introduction
of [8]).

We compute the large-n behavior of the kernel function (1-6) in the critical regime. We explicitly compute
the kernel in a neighborhood of 5. In the remaining portions of the complex plane, our result is that the
kernel function converges to the kernel for the classical orthogonal polynomial problem with respect to V().
That is, away from [ the standard universality classes apply (i.e. the sine kernel in the bulk of the spectrum

and Airy kernels at the other edges). Our main result is:

Theorem 1. Suppose V(z) and a satisfy conditions (i)-(iv). Let (5, (y, be fized in some bounded set. Also
let ¢1 be the constant appearing in (1-18). Then for large n, and for a positive integer r such that r = O(n?)
with 0 <~y < 1/12,

Y 5 2/3 (2 —t%)+Cat—Cys 1
1g<5+<+2ﬂ+Qﬁ;)_cm L/M/ﬁt e y(1+0(——>),(L%)
cin3 cins 2712 T t—s nl/3

where the oriented contours C and C are given in Figure 1 and 6 is a quantity independent of (s, ¢, and of
the form

§ = c1Bkn’ = (’)(n“’_%) ) B = (1-21)

Remark 1. By dropping the drift term § in (1-20) we would simply deteriorate the error estimate to O(n”‘é)

which is however still vanishing since v < %

The constant 8 admits an explicit integral representation for an arbitrary real-analytic potential V'(z)
but it is a bit complicated when the equilibrium measure is supported on multiple intervals. In the simplest
case where the support of the equilibrium measure consists of a single interval [a, 8] then we have

1

6_ V'(z)dz ’
—O[ f(z ﬁ)R )2im

(1-22)

where the contour of integration is a simple closed contour surrounding the support [a, 8] in the complex
plane. We will not be using in any way the explicit form of 3, except the fact that it is a well-defined
quantity due to the smoothness of 5(k) guaranteed by the already cited Kuijlaars’ Theorem 1.3 in [28].

We show in Section 6.3 that our kernel is the same as the one found for nonintersecting Brownian walkers
in [1].

Acknowledgments. The authors would like to thank Jinho Baik, Ken McLaughlin, and Dong Wang for
several illuminating discussions. M. Bertola was supported by NSERC. R. Buckingham was supported by
the Charles Phelps Taft Research Foundation. V. Pierce was supported by NSF grant DMS-0806219.



Figure 1: The contours C and C used in the r-Airy Kernel. The straight lines cross at —.

2 The perturbed equilibrium measure and the local coordinate ¢

To describe a growing number of outliers, we define a perturbed equilibrium measure problem with parameter

of perturbation k = r/n = O(n?~!) for 0 < < 1/12. Using the g-function (1-7) we define

Pi(z; k) == =V (z) + (2 — K)g(z; k) + {1,

Po(x; k) := =V () + ax + %(2 — K)g(z; k) + 37& log(x — B) + ¢4 — 43, (2-1)
Ps(x; k) := —P1+Ps = a:z:—%(Q — k)g(z; /1)4—3; log(xz — 8)—¥3.

The other constant ¢3 will be defined by (2-7) after we define the locally holomorphic function h(z).

We also note that we have

lim P(z) = Pl(z), j=1,2,3, (2-2)

e, J
uniformly over compact subsets of R\ {8}. The P;(z)’s (j = 1,2,3) are defined by the same equations
as the P;’s except that « is set to zero (hence all the log terms are dropped) and that g(x) is replaced by
g(z) = lim,_o g(z). Such convergence is uniform (outside a finite disk around 8 and inside a compact set)
according to [28].

Since V is regular for k = 0, it will still remain regular for small values of k. Hence there exists a

holomorphic function ((z) in a finite disk around 3 such that

—Py(zi) = 502 CB0)iR) = 0, (23)



and thus
¢ =n*Pei(r)(z = B(r))(1+ O(z — B(x))) (2-4)

for some constant ¢1(x) > 0.
Previously, we have defined a. at kK = 0. To describe the effect of growing r we introduce a more exact
definition a.(x). Note that

z—0  t(k)
¢ T

1 3 1 3
Bz ) = 5P (z K)+Pa(z5 ) — T log ¢ = =3V (2) +az+ - log — t3(r) (2-5)

is a locally holomorphic function at z = 8 because V(z) is real analytic.

Definition 2.1 (a.(k) and ¢3(k)). For k > 0, a.(k) is such that b/ (B(k); k) =0 at a = a.(k), i.e.

aelr) = V(600 - 5 2 10g 2= 2

. 2-6
z=p(r) 26)

i) =+ (= 108T(r) ~ 1o (212 )). (27)

where I'(r) is Euler’s Gamma function and

o0 2 .
no(7) := / Ai(t) (e”/w + e + e”) dt,  w:=exp (;m) : (2-8)
0

One finds explicitly

O (k) = % <log () + log (;’igrz)) _ %V(ﬂ(m)) + aBx) - gl;’i) + Sglog <M> (29

We observe that if r grows with n then Re(h(8(k); k)) < 0 for sufficiently large n, which will be used in

the proof of Proposition 5.5. One can verify that a.(x) converges to a. := a.(0) (see Definition (1.1)) when
Kk — 0 at the rate
ac(K) = ac+ O(k) = a. + O(n'™1) . (2-10)

Since for £ = 0 we have a. = 3V'(8) = ¢’(B) > 0, for sufficiently small £ we still have a.(x) > 0.
From Definition 2.1, we have h(2) = h(B(k); k)+O((2—B(k))?) at a = a.(k) (because h'(B(k); k) = 0). For
other values of a, since only the term az in h(z; k) depends on a, we get h(z; k) = O((z—B(k))?)+(a—a.(k))z.

For the subsequent exposition, we redefine 7 in a way that is compatible with the earlier Definition 1.2.
Definition 2.2 (replacing Definition 1.2).
7 =03 (a — ac(k)) [e1(). (2-11)
From (2-4) and the above definition, we get

c1(k)

h(z k) = h(B(k); k) + %C +0 ((z = B(r))?) = h(B(k); ) + 15 T2 = BK) + O ((z=B(r)?). (2-12)




3 Initial analysis of the Riemann-Hilbert problem: the global
parametrix

We define the contour L as the positively-oriented circle centered at a; (the leftmost edge of the spectrum)
and passing through S (the rightmost edge of the spectrum). We choose the circle L large enough so that
P5 is negative on the real axis to the left of L. Until further notice the dependence of the various quantities

on k (i.e. ac, B, g, etc.) will be understood throughout. We have:

Lemma 3.1. For sufficiently small & and a = a., the function Re(—Ps(z) + 22 log(z — f8)) increases as one

follows L in either direction starting from B (i.e. through the upper half-plane or the lower half-plane).

Proof. From the definition (2-1), we have —P3(z) + 3 log(z — ) = —az + 3(2 — k)g(z) — 0. Tt is obvious
that Re(—az) increases when a = a, > 0. It is also simple to see that Re (1(2 — k)g(2)) increases along the

referred contour because Relog(z — z) increases along the contour for any z in [aq, f]. O

”Lense opening” and first transformation Y — W We introduce the following open regions (see

Figure 2):

Q;-t, j =1,...,9: The area in the upper half-plane (+) or lower half-plane (—) between the band [a;, 3;]

and its appropriate adjacent lens.

QF . : The area in the upper half-plane (+) or lower half-plane (—) between the band [, 3] and the

main*

appropriate adjacent lens.

Q%: The area in the upper half-plane (+) or lower half-plane (—) inside the contour L but outside the

lenses.

QF .. The part of the upper half-plane (+) or lower half-plane (—) outside the contour L.

out*

We also define

Qi

lens

g
= UQ;AL Ut Qens == UF  UQC

main’ lens lens?

QL = QJ'L_ U QZ7 Qout = Q;)‘rut U Qo_ut' (3_1)

j=1

Define W(z) in each region by

e sV 0 0 e 2P0 0
W(z):=AY(z)| 0 e3V 0 Jz)| 0 e, 0 e~ Erlel==h)  (3.9)
0 0 e3(V—2az) 0 0 e% (P1—2Ps)
where
n 1 0 0 1 0 O
ezt 0 0

A= 0 67727%1 0 J(Z) = I, 0 1 -1 s :Fl 1 -1

0 0 ok (2la—t1) 0 0 1 0 0 1

2 € Qout z €Qp zteiens

10



Figure 2: The contours for the critical case. When we construct the local parametrix near 8 we will deform
the contour L inside D, such that 90 . and L overlap.

main

11



Remark 2. We draw the attention to the fact that in formula (3-2) the potential V(z) needs to be defined
only in a small strip around the real azis (which is guaranteed by our assumption of real analyticity), due to

the fact that the matriz J is in fact the identity outside of the lenses and thanks to the definitions of P; in

(2-1).

Then W(z) satisfies the following RHP (see Figure 2 for the orientation of the contours):

1 0 0
0 1 —ePs(x) | z€ L =00 NN,
0 0 1
1 0 0
e ") 1 0], 2 € Oens N O,
0 0 1
0 (=" 0
W, () =W_(s)x{ ()" 0 o], e (Uilos B]) Ule Bl (3-3)
0 0 1
e—ind(z)(_l)r 1)r nReP1(z) 0
0 (=1)remez) 0], ze€0Q) NI,
0 0 1
1 en’Pl(z) en’Pz(z)
0 1 0 , 2 € 00F,, NI,
0 0 1
1
W(z)=1+0 (z) . Z— 00. (3-4)
The function o(x) above is defined by o(z) := 1_1% J* . pmin(s; £)ds and it is constant within each gap.

Motivated by the fact that the entries containint the P;’s in the jumps in (3-3) are exponentially small

(albeit not uniformly so), we introduce the “simplified” RHP below that will be used as main approximation

Definition 3.2 (Outer parametrix). In the critical case, the outer parametriz W(z) is defined as the solution

of the Riemann-Hilbert problem

0 (=)™ 0
W) =¥ (2) [ () 0 o), 2 € (Uliloy 81) U e B,
0 0 1
( l)r —ino(z) 0 0
() = W (2) 0 (~yreme@ 0], zeR\ (Uil B)) Ulel) . (35)
0 0 1
\Il(z):O((zf*)*l/‘L), z—=*, *=qy, 00
U(z)=I+0(1), z — 00.

The function o(z) is defined below the equation (3-4).

This Riemann-Hilbert problem is essentially 2 x 2. The unique solution is given in [23] Lemma 4.3, or
in [12] Lemma 4.6 in a slightly more generalized setup. We refer the interested reader to those papers since

this is not essential here. In the subsequent analysis we will only need the following information.

12



Lemma 3.3. Define

—1/4
() 0 0 -1)” 0 0 N

S(¢;n) = 0 ( ¢ )1/4 0 U 0 1 0 ; U=|-1 £ o0 |. (3-6)
o 0 0 (-1 0 0 —2i

Then for z € D, there is a unique holomorphic 3 x 3 matriz-valued function H(z;n) with determinant

one such that
W(z) = H)(2)S(C) (3-7)
as ¢ — 0o. In addition, H(z;n) has a limit as n — oo and

Hg)(z;n) — nh_}n;o H)(z;n) = O(k). (3-8)

Proof. A direct check shows that S({;n) has the same jumps as ¥(z) in a neighborhood of z = 3. Thus
the ratio ¥S™! has no jump discontinuities inside D, and hence may have at most an isolated singularity at
z = 8. Furthermore, this product has at worst a square-root singularity at § (coming from the product of
the quarter-root singularities in ¥ and S). In the absence of a branch cut, this means Hg) is holomorphic.
Finally, (3-8) follows from the definition of {(z) in (2-3) and the dependence of P; on . O

4 The local parametrix near z = (3

Let D(B,0) := {# : |z — S| < 0} and choose ¢ sufficiently small so that this disk does not contain other
endpoints. Let also define a shrinking disk

D, := {z“z—ﬁ\ <n_1/2}. (4-1)

Clearly, for n large enough, we have D. C (S, d) and we will understand that this is the situation.
With the definition (4-1) we have that (refer to (2-12))

-
n (h(z) = h(B) = 2¢) =n 0 ((z - 8)?) (4-2)

is uniformly bounded on D, as n — co. From the expansion (2-4) and (4-1) we note
¢ = O(n'/®) on dD,. (4-3)

We begin this section by expressing the Riemann-Hilbert problem satisfied by W inside D, in terms of
the local coordinate (. Zooming in on D, the contours are shown in Figure 3. There we collapse the global
contours L and a part of Q. into I's and T'y. The regions 1T and IIT are parts of the region Qpain-

Using the identities below,
1 3
Pa(2) = 5P1(=) + hz) + 5 log, (4-4)

Py(z) = —%Pl(z)+h(z)+3§ log ¢ (4-5)
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FQ CS

II I Ca
I's > > Ci — > Cy
II1 v Co
F4 C5

Figure 3: Contours where A, has jumps. The location of the center can be in any finite domain.

Figure 4: Contours to define the generalized Airy functions. The center is located at —7.

we see that W(z) satisfies the following Riemann-Hilbert problem inside the disk D,:

1 e 367" (¥ 3¢ 4nh(2)
0 1 0 , zely,
0 0 1
1 0 0
—6%43/2 1 —C%e%<3/2+7lh(2) , z €Ty,
0 0 1
w =W_ 4-6
()= W_(2) 0 Lo (46)
(=1)r+t 0 0], z €13,
0 0 1
1 0 0
e3¢ 1 _(FeIC ) | 2 eTy
0 0 1
We construct below a local parametrix that solves a Riemann-Hilbert problem similar to the above.
4.1 r-Airy parametrix
The rth derivative of the standard Airy function admits the contour integral representation
dr 1 3
Ai(Q) = — [ et 3qt =0,1,2,... 4-7
Q=5 [ e =012, (1)

where the contour C; is shown in Figure 4. Extending the standard Airy function, we will need the following

generalized Airy functions.

Definition 4.1. Let us define the following generalized Airy functions corresponding to each contour in

Figure 4.

m

r 1 roCte
Ai(c)(C;T) = ﬂ/c (t +7) et /34t (4-8)
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where m = 1, ...,6 indicates the contour depicted at Figure 4, and r is a non-negative integer.

Using the generalized Airy functions, we shall construct a matrix A, (¢) satisfying the jump condition

(see Figure 3) below.

cely cely cels cely

11 1 1 0 0 0 1 0 10 0 (4-9)
A (O3 = A (¢ x 01 0}, -1 1 =1], (-1 0 0], (1 1 =1];.

0 0 1 0 0 1 0 0 1 00 1

Theorem 2. For a positive integer r, the following definition satisfies the jump condition in (4-9).

Do W0 w0 1 00 ~1 for II,
A(Q) = | 8 (©) 0ol () B (O | | K 10 |, =11 for I, (4-10)
UY‘”(C) vér_l)(g) vér_l)(o 0 01 0 forIandIV,
where
(r)
AD(C), ¢eTand I, Aig, (¢), ¢€l

v§7(¢) = ATV (Q), ¢ e T and 11,

AL (), ¢ceIv.
(4-11)

Proof. By applying the Sokhotskyi-Plemelj formula, one can satisfy the jump condition (4-9) by defining

o) = AT (¢,

(r) €7TC ’UY)(S)GTS . (r)
vy (€)= 2ir Ju s—C ds — A1c4 (G 7), (4-12)
o(0) = / vf (Bemtdt e "¢ / vy (D) dt.

3 2im Jo, t—¢ 2im Jo, t—¢

Here we note that Ai(cz)(C ; 7) is holomorphic (therefore having no jump). The next step is to verify that the
definitions in (4-12) are equivalent to the advocated form in (4-10) and (4-11).
First let us consider vér)(c ).

—7¢ 100—T
M) == dt (t+7)res =173 _ A (¢ 41
0= [ oo ([ as [ @) ) (413)

e ¢ i00—T t-l— 7_ 'r S(t+‘l’)7t3/3 1 -7 3
dt — t4 1)t Bat (4-14
iy ot o e ) P [ st e

(t+r)r G-t = M) (Gr), ¢ e HY,

B 2 415
]! roCt—t3)3 (1) - (4-15)
Sir C(t—i—T)e dt = Aig /(5 7), (eH,
6

where, at the second equality, sc- and sc+ are respectively the completions of the contour R by adding the

infinite half-circle through the lower (—) half-plane and the upper (4) half-plane; sc stands for “semi-circle.”
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Using this result, v{"” (¢) becomes

() €S AiG) (B r)emtdt [ ALY (¢ ) dt
vy () = % . )

t—¢ t—¢
o—TC et (Ai(cc,) (t;1) — Ai(cz) (t; T)) et (Ai(cz) (t; 1) — Aig;) (t; 'r))
= / dt +
Co t—¢ Ca t—¢

e / Ai(cz) (t;7)eTtdt Jr/ Ai(crs) (t;7)e™tdt / Aié?(t;T)e”dt
-2 \ e, t—¢ Co t—¢ Cs t—¢ '

It can be noticed that, in all three terms in the last expression, one can close the contours C1,Cs, and Cg by

dt 4-16
um ( )

adding the corresponding arcs of infinite radius. For instance, C; can be made a closed contour by adding

the arc {re®|d € [2n/3,47/3];7 — oco}. Such addition is allowed because the term e(**t7)t in

Ai((:?(t;T)eTt 7 1
t—¢ -~ 2mi(t —¢)

is suppressed over the infinite arc when s is integrated over C4. The other terms work the same. Then

/C (s 4 7) ettt =" gs (4-17)
4

each integration on the closed contour becomes a residue calculation that leads to the definitions in the

theorem. O

4.2 Asymptotic behavior of A,.(¢) for large ¢ and growing r

The matrix A,.(¢) will be used to build an appropriate local parametrix near z = . The resulting global
parametrix will have a jump across 9D.. To control this jump it is necessary to see how A,.(¢) behaves as
¢ — oo (recall from (4-3) that ¢ = O(n'/%) on OD..). Special care is needed because r is also growing with
nasr=0(Mn") for 0 <~vy<1/12.

Let A ;;) stand for the (i,j) entry of A, (¢). We will show in Section 6 that the leading-order asymptotics
of the kernel are smooth near z = (. Therefore it is sufficient to restrict ourselves to ¢ in region I. The

proofs of the following two propositions are given in Appendix A.

Proposition 4.2. As ( — oo with ( € I and for r = O(nY), 0 < v < 1/12, the entries of the first and

second columns of A(C) behave as follows:

() (=1)" 1/2 T o1/4 -2/ Eay (r11) ~—j/2 A
Anin(€) = Aig) () = S (V2 =) eI e 30 AT 1 0 s )| (19)
=3
r 6M+5 AM+4
(r -1 _203/2 r21) T
An(©) = AR)(Gr) = ST = ry e Y AP 40 (T ) [ )
=3
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(r—1) -, (_1)T_1 1/2 r,—2¢3/2 1 72 ey (r,31) ~—3/4—j/2
Aran(Q) = 4§V (G7) = o= (¢ M2 = 1)e tEataat 2 AT
=3

C3/4 45/4 C7/4
pAM+4
R

(4-20)

") 1 ” o 6M+5 12 AM 44
A(r12)(C) = Alg, (4;7)2727\/%2' (41/2+T> VAT 14 Y AP j/2+o<c3M+3> ,(4-21)

Jj=3 ]
6M+5 FAM+4 |
(r 1 2,+3/2 r

Agr22)(€) = D Ai) (G5 7) = — NG (41/2+T) ¢Mhest + >4 22)+O<C3M+3> (4-22)

Jj=3 ]

1 T 208/ 1 T r2 OUEs
(r—1 203/2 r,32
A2 (€)= Aig, (Gi7) = = NG (41/2+T) e3¢ Ga- ATt Z Al ¢=8/4=3/2

(4-23)

pAM+4
+0 <<3M+15/4 ﬂ ’

where the A;T’ik) are polynomial functions of r and 7.

We will not need the exact form of the coefficients Ag.r’ik), but they can be determined algorithmically

through the proof in Appendix A.

Proposition 4.3. The entries of the third column of A.(C) behave as follows as { — oo and for r = O(n7),
0<y<1/12:

(—1)*1ple=7¢ M 1 (7) <7‘M+1 )
A = - — + 0 , € ID,, 4-24
( 713)(4-) 2% <T+1 = Cj ‘C|M+1 < ( )
where
=Y / A (tr)em i dt. (4-25)
Cp

(A;B)

The asymptotic expansion of Ay 23) = 8v§r is given in the same form but with different coefficients:

(1) = 05(7) i= =70 (7) = (r + 1+ j)nj-a(7),  n-a(7) :=0. (4-26)
The asymptotic expansion of Ay 33 is given by Aq_1 13y using (4-24).
As a side remark, by applying the rotational symmetry of the Airy function, we get (2-8) repeated here:

o0 2 .
no(7) = / Ai(t) (eTt/“’ 4Tt 4 eTt) dt, w:=exp <§Z> . (4-27)
0
Evaluating the integral, no(7) is 1 at 7 = 0.
The first few terms in the leading-order expansion of the entries of A(,)(¢) are given in Section A.3.
For r = O(n"),0 <~ < 1/12 and ¢ € I, Propositions 4.2 and 4.3 yield immediately the following expres-
sion for A, (¢):

n~6 0 0
A (¢) = 0 nY% 0| Lw()S()C(©), (4-28)
0 0 1
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where S(¢) is given by (3-6),

ﬁ(me*%&m 0
C(C) = 0 S 0 , (4-29)
0 0 ﬁl"(r)n(r)("'e‘TC
and , s e . s
of) o() == ro(2
Lo =1+| 0(4s)  0(%) 0 (i) . (4-30)

o(gm) o) o)

There are several important points to note concerning L) (¢), which we will use to define the global
parametrix inside D.. We are specifically interested in the behavior of L) (¢) for ¢ € 9D, where ¢ = O(n1/%).
The observant reader will note that several of the terms in Lg)(¢) are not decaying as n — oo for ¢ € dD...
Ideally we would have L) (¢) close to the identity for large n. This will be achieved by a series of pseudo-
Schlesinger transforms (from now on, we simply use the term “Schlesinger transform”). Each transform
only impacts one column at a time and will modify L) into a new L(;) where the most dominant term in
that column of the expansion (4-30) is sequentially removed. At each step the rate of convergence for that
column will be improved.

We will show in detail how such a transform is used to define a new matrix L;({) with the same entry-
wise growth as Lg)(¢) except that the highest-order term in the third column (the explicit —rn'/®/¢ term
in the (1, 3) entry) is removed.

A note is in order concerning the (-independent term in the (2,1) entry. There is a nilpotent matrix Ny
such that L(g)Np is the same as L) except this term is removed. We then redefine Hy) := H)No and
Lo := L(0)No as our starting point.

We then apply a finite sequence of Schlesinger transforms to the improved L;)(¢) matrix to yield a final
matrix L) (¢) of the form I+O(n~2/3). In fact it is possible to use such procedure to change L(g)(¢) into a
matrix arbitrarily close to the identity. However, other factors in the calculation (see (6-19)) will introduce
an O(n~2/3) error into the kernel computation, so there is no point in removing smaller terms.

We start with two observations. First off, L)(¢) has no jump discontinuities, and the expansion of
L0)(¢) has only negative integer powers of ¢. This is important since the Schlesinger transform will remove
pole terms. Secondly, Lg)(¢) has an asymptotic expansion for large n. More exactly, once the pole of the
lowest order is removed from a given entry, the remaining terms are asymptotically smaller as n — oo than
what was removed. Furthermore, each entry can be made to decay at an arbitrarily fast rate by removing
a finite number of terms from the Laurent expansion of that entry. This follows from the behavior of the
entries of A,((); see Propositions 4.2 and 4.3. The leading-order entries of Lg)(¢) can be read off from the
formulas in Section A.3, and in principle any term can be computed as described in the proofs.

Now is an appropriate time to explain where the limitation v < 1/12 arises (recall r = O(n?) for
0 < < 1/12). Note in Proposition 4.2 the terms (¢'/2 4 7)". To explicitly compute the entries of L (<),
it is necessary to use the expansions

r _ 2 _ _ 3 4
(12 dm) =re g T 0 (). e
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which are asymptotic expansions for ¢ € 9D, only for v < 1/12. Note that the number of terms in L) (¢)
that need to be removed to leave an error of O(n~2/3) will depend on how fast r is growing. Indeed, if 7 is

close to 1/12, then a very large number of terms will need to be removed!

5 The error analysis
5.1 Global Parametrix Construction

The asymptotic expansion of the outer parametrix W(z) on the boundary of D, (Lemma 3.3) will guide our
first attempt at defining the global parametrix \II‘ES). Around all of the band endpoints except for 5 we will use
standard Airy parametrices which match with ¥(z) up to O(1/n). For more details on the Airy parametrix
in a 3 x 3 Riemann-Hilbert problem see, for example, Bleher and Kuijlaars [15]. For convenience, we will
denote the Airy parametrices by P 5;(2). We also define D p; to be the union of 2g + 1 small, fixed-size disks

centered around a1, f1, ..., &g, Bq, and o in which the Airy parametrices will be used. We set

‘1’( ) =H0)(2)S(¢) z¢ (D.UDy;),
) (2) == { H(oy(2)D(2) 'Ly ({)S(¢)D(2) 2 € Dy, (5-1)
PAl(Z) z € ]D)Al’

where H ) (z) is defined by Lemma 3.3, L) (¢) is defined by (4-28), S(¢) is defined by (3-6), and
10 0
D(z):=10 1 0 . (5-2)
0 0 enh(z)fnh(ﬁ)f‘rc

Direct calculation shows that \Il‘(’g)( z) satisfies exactly the same jumps as W (z) inside D.:

1 e 5¢7 =3¢ 4nn(z)
U (2) =¥ _(2) |0 1 0 zeT1ND,,
0 0 1
1 0 0
W (2) =W _(2) [ 3 1 e3Pk | ze TN D,
0 0 1
5-3
TE (2) =¥ _(2) (—1)r+t 0 0 z € '3 N Dy,
0 0 1
1 0 0
U3 (2) = UG _(2) (37 1 —e3Pmhe) | s e Ty D
0 0 1
We now define the error matriz E)(z) by
. -1
E()(2) == W(2) ( (0)(2)) : (5-4)

Note that E()(z) has no jumps on the contours inside D.. We take the boundary of D, to be oriented
clockwise (i.e. inside/outside is —/+ respectively). Then, using the expansion (3-7), the jump for E()(2) is
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given on D, by

VB (2) 1= By () By (2)4 = U35 (2)- 935, (2)7" = Ho(:)D(2) 'Lo)(OD()H) () L. (55)

We would like this jump matrix to be close to the identity as n — oo for ( € D.. However, as noted
previously, L(g)(¢) does not decay to the identity for ( = O(n'/6) (see (4-30)). To remedy this situation, we
will modify L (¢) in a series of Schlesinger transforms:

L0)(¢) = L1y (¢) = L2)(¢)- (5-6)

The first step will be carried out explicitly to explain the procedure and will remove one representative term.
The second step will remove the remaining error terms up to (’)(n_2/ 3). There is no need to carry out these
transforms explicitly as we will show they only affect the subdominant terms in the kernel. We will then use
L(2)(¢) to define a refined global parametrix W3, (z). The new error matrix E(;)(2) defined using ¥%) (z)
will be shown to be close to I.

Our first transform removes the term —rn'/%/¢ in the (13) entry of L(g): define a new matrix

rn'/®
10 =
Ly @)=L o 1 0o |, (€D (5-7)
0 0 1
Then it follows that \ e
L1y L2 O<T e )
L1)(€) = | Lo,21) Lo,22 L(0,23)+O<nf‘7/26<) . (5-8)

2
L3y Ls2)  Loss) +O (%2)

Now there is a unique 3 x 3 matrix F (1), independent of z, such that

F _ ¢
Hy(2) = (I+Z(1)6> H)(z)D(z)" o 1 0 |D(2)
00 1 »
F 1 0 enhf'r( rn'/® ( B )
(e 2 ) Ho@ (01 0
0 0 1

is holomorphic for z € D.. The matrix F(;) can be computed explicitly, but since its exact form will not be

significant we use the following proposition to assert its existence.

Proposition 5.1. Fiz a function €(n) so lim,_o €(n) = 0. Assume that we are given a constant q X q
two-nilpotent matriz N (i.e. N? = 0) , a series of numbers {d;(n)| — oo < j < k} so that d, # 0 and
d; = O(e), and a q x q matriz H(z;n) that is locally holomorphic at z = 0 and det H(z;n) = 1. We also
assume that H(z;n) — lim, . H(z;n) = O(¢) uniformly on a fized, finite disk around z = 0. Then one can
uniquely determine k constant (in z) matrices Fy,...,F}, by requiring that H(z;n) defined below is locally
holomorphic at z = 0:

- F F Food;
H(z;n) = (I—F;—F...—I—Z:) H(z;n) [I+N Z Z—j . (5-10)

j=—o0
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In addition,

Fi(n)=0(), j=1,..k (5-11)
and
H(z;n) — 7}1_>H;O H(z;n) = O(c) (5-12)

uniformly in the same disk around z =0, and detﬁ(z; n) = 1.

Proof. Denote as follows the expansion at z = 0:
H(z;n) = Ho(n) + Hy(n)z + Hy(n)2% + - - (5-13)

Let us collect all the terms of the order z=™ from (5-10).

k—m k k—(m—j) k—m
Terms of order 27 : FirinH + Z Z Fiim—jH; | Nd; + Z H;Nd; . (5-14)
1=0 j=1—k 1=0 1=0

This must be zero for m = 1,...,2k for ﬁ(z,n) to be holomorphic at the origin. Since we have only k
unknown matrices: Fy, ..., Fy, the number of equations must be reduced to k equations. We will show that
the equations for m = k + 1, ..., 2k are contained in the equations for m =1, ..., k.
For m > k the first and the last (summation) terms are absent and we have only the middle term (with double
summations). The middle term is a linear combination of {( ;:Oﬁl Fl+mHl) N|771 =1,.., k} (which gives
an invertible linear system of equations because dj # 0) and, therefore, the set of equations are equivalent
to

k—m

0= (Z Fl+mHl> N form=1,..k. (5-15)

1=0
These are also obtained by right multiplication of (5-14) for m = 1,...,k by N because the second and the
last terms vanish given that NN = 0. Therefore the vanishing of (5-14) for m = 1,...,k is a sufficient
condition to solve for F;’s. To solve these k equations consider a big (block) matrix of size gk x ¢k (where
q is the size of the matrices that appear in (5-14); ¢ = 3 in our case) obtained by adjoining the F;’s side by

side as [Fq,Fa,...,Fi]. Then we can write the k equations into a single matrix equation as follows.

H, 0 o 0
H, H, 0
[FlaFQa"'aFk} : - : +O(E)
H,, H, ., --- H, (5-16)
k—1 k—2
=—|) HNdiy1,> HNdyo, ..., HoNdj,_; + H;Nd;, HoNd; | ,
=0 =0

where the middle term of (5-14) is hidden in O(¢). Because det H(z;n) = det Hy = 1, the big matrix of size
gk x ¢k multiplied on the right of [Fy, ..., F] is invertible and, therefore, the solution can be uniquely obtained.
Also it follows immediately that [Fq, ..., Fi] = O(e). From this, it also follows that IF-VI(z7 n) —lim, 00 IF-VI(Z7 0)
is uniformly bounded by O(e).
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Lastly, to show that det ﬁ(z, n) = 1, we take the determinant of (5-10).

det H(z;n) = det KI + % ot ];fﬂ det H(z; n) det [(I +N zk: %)} (5-17)
= det KI+T+...+5§)] (5-18)

The left hand side is holomorphic (at the origin) and therefore it must be 1 to match the right hand side. O

We now show how to apply Proposition 5.1 to guarantee the existence of the matrix F (). First, using

the holomorphicity of ((z) in D., we see there are unique functions d; ;)(n) such that

rn'/6 L dyj(n
T = 3 ;@é)j. (5-19)
Furthermore, using (2-4) and (2-12),
da.p(m) = 0 (—75) - (5-20)
We shift z by 8 and choose
r 0 01
H(z;n) :=H(z;n), €(n):= 72 N := 8 8 8 (5-21)

Recall from Lemma 3.3 that the determinant of H gy is one and that H g (z;n) —lim, 0o H(o)(2;n) = O(k).

Therefore, Proposition 5.1 shows that the matrices F( ,,,) exist and

_ r
H)(z;n) — nlgrolo H)(z;n) =0 ( ) . (5-22)

nl/2
Furthermore, any series expansion of a unimodular matrix can be decomposed into products of the form

[I + NJ], where N is nilpotent as we show below in Lemma 5.2 These products can then be dealt with as

explained in Proposition 5.1.
Lemma 5.2. Consider a unimodular matriz M(z) with expansion
M(z) =T+ M;/z+My/2> + M3/ + ..., M, € Matsx3(C), TrM; = 0. (5-23)

Then, for arbitrary K > 0 we can find a finite number of nilpotent matrices N; and integers k; > 1 such
that

M(z) = H <I + Nj) I+0(E="K1) . (5-24)

_ zki
J

Proof. The matrix M; can be expressed as a linear combination of the following nilpotent matrices:

01 0 00 1 00 0 00 0
000 |, 00 0 |, 00 1], 000 |,
00 0 00 0 00 0 100
(5-25)
00 0 00 0 1 1 0 0 0 0
000 |, 100 |, -1 -1 0 |, 0 1 1
010 00 0 0 0 0 0 -1 -1
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We label these basis elements as N; with j =1,...,8 so that
8
M; =Y N, (5-26)
j=1

for some constants {c;}. Now we may decompose M(z) as
8 N —
M(z) = I+ 22 M(z). 5-27
o= \1I (1+23%) | M) (5-21)

The factor M(z) does not have a z~! term in its expansion:

~ M

The matrix M(z) is still unimodular and hence My is traceless and can be decomposed similarly as before

8 ~
— o.N. =~
M(z) = | [] (I + ;;) M(z). (5-29)
j=1
One can iterate this procedure to obtain the decomposition to any arbitrary order. O

We can thus apply Proposition 5.1 to each entry in L;)(¢) in (5-8) to remove all error terms up to
O(1/n?/3). Let T(¢) be the appropriate transform from L1)(¢) to L) (¢):

L2)(¢) ==Lu)(Q)T(¢), ¢ €De. (5-30)
The matrix T(¢) is chosen so that for z on the boundary of D, (where ¢ = O(n'/)),
1
L)(((2)) =I+0 (712/3) , z€dD,. (5-31)

Let p be the order of the highest-order pole in ¢ which will need to be removed. Then Proposition 5.1 shows

there are unique 3 x 3 matrices F (2 1), ..., F(2p), independent of z, such that

P
Hy (2) = (1 - mz;l M) H(1)(2)D(2) 'T(¢)D(2) (5-32)
is holomorphic for z € D.. In addition,
Hy)(z;n) — nh_}rrgc Hy)(z;n) =0 (#) (5-33)
and
Fom = O (#) , (5-34)

where this O(r/n'/?) error comes from removing terms in the (12) entry of L;)(¢). Now we can define

R(2)H)(2)S(C) z ¢ (D, UDy;),
Ty (2) == { Hig)(2)D(2) " 'L)(¢)S(¢)D(2) z € D, (5-35)
R(2)P p;(2) z € Dy,
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where

R(z) = <I+ zp: m» (I+ zFi”ﬁ) . (5-36)

m=1

The new parametrix W) (2) has the same jumps as W(z) inside D.. Define the new error matrix by

-1
E@)(z) .= W(2) ( ?S)(2)> (5-37)
and note that its jump for z € 9D, is
Vi3 (2) = Hgy (2)D(2) L) (O)D(2)H(p) (2) " R(2) ™! (5.3
= H()(2)D(2) 'Lz (()D(2)Hz) (2) .
5.2 Global Error Computation

We have defined the global parametrix after two Schlesinger transforms as W%, (z) in (5-35) and the resulting
error matrix E)(z) by (5-37). This matrix satisfies a Riemann-Hilbert problem with jumps across the
contours pictured in Figure 2 and the boundaries of D 5; and D..

Explicitly the jumps on these contours are:

e For z on the contours outside of the disks D ; and D¢, the jump of E(,) is

-1
E oo -
VB (o) = 05 (V) (25 ) (5-39)
Here we define the notation

VA = (Jump of \Il(og))_l(Jump of W)

10 0 1 0 0 0 enBePilz)+io) g
01 —emPsa | [e (= 1 0], [0 1 0l,
0 0 1 0 0 1 0 0 1
L = 0Qous N O, ONens N 0N, o0t nony,
_ (5-40)
1 en’Pl(z) en'Pg(z)
0 1 0
0 0 1
anut N aQoiut
e For z on the boundary of D, the jump of E(y) is given in formula (5-38).
e For z on the boundary of D p;, the jump of E(y) is
E -1 _
Vi3 (2) = R(2)Hp(2)S(C) (Pa;(2)  R(2)~". (5-41)
e On the bands outside of the disks Dp; and D, Vg:))(z) = I. Also, on contours inside D y; and D,

E
VEQ)) () =1L
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The next result follows from the definition of g(z; %) in (1-7).

Lemma 5.3. For sufficiently small k we have the estimate below, uniformly in z over compact sets bounded

away from the turning points o, B;, o, and B:

9(z k) = g(2) + O (k) . (5-42)
Lemma 5.4. In the critical regime, the inner and outer lenses have been chosen so that
(a) On L outside of the disks D 4; and D(53,6): The real part of P3 is negative and bounded away from zero.

(b) On Oens N O, outside of the disks D 4, and D(B,0): The real part of Py is positive and bounded away

from zero.

¢) On the real axis, away from the bands and outside of the disks D 4, and D(B,6): The real part of Py is
Ai

negative and bounded away from zero.

(d) On the real axis, to the right of B8, and outside of the disk D(5,d): The real part of P is negative and

bounded away from zero.

Proof. Statements (b) and (c) follow from the analysis of the Riemann-Hilbert problem for the standard
orthogonal polynomials (see, for instance, [21]). Statement (d) follows from the definition of the critical
regime, that Py(f) is a unique global maximum for Py(x) in R\ [a, f] (see Definition 1.2). To prove (a),
recall that P3(z) = az — g(z) — €1 + {2, and that P;(8) = 0. Along the contour L it is clear that Re[az] is
decreasing. Likewise
Relg(2)] = [ log = = sloun (s)ds (5-43)
R

increases along L, as |z — | is increasing along this contour for each s € supp(pmin). See Lemma 3.1. O

We will use the following data about the functions P;(z), P2(z), and P3(z) to control the jumps of the

error matrices on the contours outside of the disks.
Lemma 5.5. For k sufficiently small:

(a) There exists b > 0 such that on L outside of the disk D.:

Re[Ps] < —bn=3/4, (5-44)
(b) There exists b > 0 such that on 0Qens N 0L outside of the disks D. and D 4,

Re[Py] > bn=3/4, (5-45)

c n the real axis, off the bands and outside ,0) an e real part of P1 is negative and bounde
On th l ff the band d de D(B3,6 dD g, Th l f P d bounded

away from zero.

(d) There exists b > 0 such that on the real axis, to the right of B, and outside of the disk D.:

Re[Py] < —bn~%/4, (5-46)
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(e) There exists a b > 0 such that on the real azis, to the right of 8, and outside of the disk D,:

Re[Py) < —bn~3/4, (5-47)

Proof. Part (c) follows directly from Lemmas 5.3 and 5.4 (c¢). To prove (a) we divide the contour into two
parts: one is the section of L outside of (8, ) and the other is the section of L inside of D(3,4) \ Dk.
We have choosen L such that Re (P3(z)—2% log(z — f3)) is decreasing along L (see Lemma 3.1). The proof
of Lemma 3.1 can be modified to show that Re (P3(z)) is also decreasing along L. When z ¢ D(8,9), by
Lemma 5.3 Re (P3(z)—2 log(z — 3)) converges to Ps(z) for k — 0, hence by Lemma 5.4 (a) there is a
small enough so that Re (P3(z)) is decreasing along L and is therefore negative on L\ D, and bounded away
from zero on L\ D(B, ).

From (2-5) one can see that
Py(2) = — 5 Pr(2)Hh()+ o og € = () 2l (2= 8)"2+ T er(z=B)+ o log (4O (= — 5)?) - (5-49)

We start by noting that h(5)<0 for n sufficiently large so this term will only improve our bound. Next for
z € LN (D(B,6)\ D.), we will show that, for n large enough, the 2¢ 3/2(2 — B)3/2 term dominates the other

two. We have

3T 1 3T 1
- < , (5-9)
20}/2 nl/3|z — B|1/2 20}/2 ni/12

iz = )
—36%(= - By

and

—3% og ¢ 9% |log(| 3c 1
= < n’~7 |log(n) + O (n~1/? (5-50)
—gci’”( — Bz 41— PR T 3 [ ( )}

for some constant ¢ > 0.
To conclude the proof of (a) we note that there is a b > 0 such that Re [2 3/2( 5)3/2] <bn~=3/* provided
that the segments of L lie in the sector 7/3 < 6 < 57/3.

To prove (b) we divide the contour into two parts: one is the sections of the inner lenses outside of D p;
and D(/3,0), the other is the sections of the inner lenses inside of D(3,d) \ D.. That Re [P;] is positive and
bounded away from zero follows from Lemmas 5.3 and 5.4(b). Inside (8, d) \ D, we have

Po(z) = —56/2(: — B2+ O (=~ 6)%), (5-51)

and the result follows as above.

To prove (d) and (e) we divide the contour into two parts: one is the interval [ + §,00) the other is
[B+n"12 34 6). That Re[P;] and Re[P,] are negative and bounded away from zero on the first interval
follows from Lemmas 5.3 and 5.4(c)—(d). Within the interval [8 4+ n~1/2, 3 + §), (5-51) gives the result for
(d), and for (e) we have

Po(2) = h(B) — 262z~ B+ Tea(z — B) + 2 log(+O ((z = B)). (5-52)
Again, h(3) < 0 for n sufficiently large so this term improves the bound. For z € [ +n~/2, 84 6), we will

show that for n large enough the — 2 e 2( — B)3/2 term dominates the other two. We have

#Cl (Z - ﬂ)
~3d%(z - B)¥?

3T 1 3T 1
= < , (5-53)
2C}/2 nl/3|z — B|1/2 2C}/2 ni/12
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and
37" log ¢

—3c/*(z - o2

9% |log(| 3¢ 1 —1/2
= < nY 71 {log(n) +0 (n / )} (5-54)
3/2 )5 _ BI3/2 = ¢.3/2
401/ |z = BI3/ 801/
for some constant ¢ > 0. To conclude the proof of (e) we note that there is a b > 0 such that

Re [ici’m(z - ﬂ)s/z] < —bn 734, O

We can now give bounds on the jumps V(E)) (z) of the error problem.

(2

Lemma 5.6. In the near-critical regime, for large n,

(a) Off the boundaries of D. and Du;: There is a constant b > 0 such that

VE() =140 (e—b"”“) . 2 ¢ (9D, UdDy;). (5-55)
(b) On the boundary of D.:
E 1
(¢) On the boundary of Da;:
1
Vi (z) =1+0 <n) . z€ 0Dy (5-57)

Proof. Part (a) follows from equation (5-39), Lemma 5.5, and the boundedness of ¥ 5)(2).

Part (b) follows from (5-38) along with (5-31), (5-33), and the uniform boundedness of D(z) inside D, as
n — oo.

For part (c), first recall from the Schlesinger calculations that F(; ,,y = O(r/n'/2) and F (3 ,,) = O(r/n!/3)
(as follows from (5-11), (5-22), and (5-34)). Recalling the definition of R(z) in (5-36), we see that

R(zn) =1+0 (#) . (5-58)

Now from (5-41) we have
Vi3 (2) =R(2) <I +0 (i)) R(z)"", (5-59)
from which (5-57) follows. O

Lemma 5.7. In the critical regime, for n large,

1
uniformly in z.

Proof. Denote I'c := 9D, U dDp; and I'y the remaining contours on which the error E(5)(z) has a jump:

the inner and outer lenses, and the real axis, outside of the regions D, and Dp;. From Lemma 5.6(b)(c),

1
ViR () =140 (ng/g) , zeTle. (5-60)
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Then for n sufficiently large there exists a constant ¢ such that
HV(Q) - I||L2(Fc =+ ||V(2) I||L°°(Fc) < en™2/3, (5-61)
From Lemma 5.6(a), for n sufficiently large there is a constant ¢ such that
E E —cn
V) = Tlzaa) + V) = Ty < o™ (5-62)

The lemma then follows by a standard technique that consists of writing the solution to the Riemann-Hilbert
problem in terms of a Neumann series involving V®) — T ( see, for instance, [24] Section 7.2 or [25] Section
3.5). O

6 The kernel near the critical region

Our main goal now is to obtain the asymptotic form of the kernel K, (xz((z),y(¢y)) (see (1-6)) uniformly for
Cz, Gy in compact subsets. The first observation is that K, (z,y) is smooth in = and y because i) the first
column of Y has no jump and ii) the second and the third rows of Y1 have no jump.

Combining (3-2), (5-37), (5-35), and (4-28), we can write Y for z € D, as

PN nt/s 0 0 e 3V 0 0 -1
Y = \/7? ( > AE(Q) H(Q)D71 0 n-16 0 ArJil 0 ezV 0
0 0 1 0 0 ez(V—2a2)
(6-1)

We note that A,.J~! and Y x diag[e’%vmgv,e%(v*zaz)] are the same up to a holomorphic prefactor.

Therefore they have the same jump, which is
1 1 1
(AJ71), = (AJ7Y) 8 (1) (1J , CeR. (6-2)

This means that the first column of A,.J~! and the second and third rows of JA ! have no jump. Since the
leading term in the asymptotic expansion of the kernel is written in terms of those column and rows, our
asymptotic expression of the kernel is smooth. Therefore, it is enough to consider, say, ¢ in region I (see
Figure 3).

To arrive at our final expression for the kernel we will need to express A,.((,) "' A, ((;) in a simple form
involving contour integrals. To do so we take advantage of the notion of bilinear concomitant. This requires

writing A,.(¢) as a constant multiple of a Wronskian matrix. Specifically, in region I,

T 1 0
AT(C) - 0 7 1 Xr—l(C)v C € Iv (6_3)
1 0 0
where
Alc1 (O A102 (€) Alc (€)
(0 = [ 0Al () 0Al) Q) oAl () |- (6-4)
A () AL () Al (Q)
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Eq. (6-3) is obtained from the identity
ALV (Q) = A () — ATV (). (6-5)

From (6-1) and (6-3), we can write

PN nt/6 0 0
Y(Z) = \/7? <<> AE(Q)H(Q)D 0 n=1/6 0 X
0 0 1 (66)
10 e~3V 0 0 -
x| 07 1 |x_100) 0 ezV 0 , CelL
1 00 0 0 e3(V—2a2)

We will now express X, _1(¢y) "' x,_1(C:) in a simple form using the bilinear concomitant.

6.1 Simplifying x,—1(¢,) *Xr—1({:) using the bilinear concomitant
This proposition is a specific example of the more general results on the bilinear concomitant given in [7].

Proposition 6.1. Recall the contours C1, Co, and C3 as defined in Figure 4. Let the dual contours CAl, (?2,
and Cs be defined as in Figure 5. Then the entries of Xr—1(Cy) " xr_1(Ca) fori # j are given by

3_43
1 T o g HCat—Cys

(e (6) e 1(60)y = o =6 [ s [ TS (67)

Proof. In the proof we will use the same notation as [9] Section 3: we will not enter in the same level of

detail and refer to loc. cit. for more. Recall

_ 1 1 i .
Aig V() = —./ (t+7) e e, j=1,2,3. (6-8)
g 2mi Je,
The main observation is that, for fixed r, each Aié:_l) (j = 1,2,3) satisfy the same ordinary differential

equation of third order below, easily verified using integration by parts:
(€O +7)+ (r =02 —707)) e(¢) =0 (6-9)

Associated to each of these equations is an adjoint equation [27] obtained by replacing 0, — —0, and

interchanging the order of multiplications and differentiation operators. Its solutions have the form

—~(r—1)

1 3
Ais = 50, j=1,2,3, 6-10
ic, (¢ /@ Grre s, J (6-10)

where the dual contours CAl, 52, and 53 are defined in Figure 5. The bilinear concomitant [27] for this
differential equation is a bilinear pairing between the solution space of an equation and its adjoint. For the

case at hand it admits the following double-integral representation [7]:

(ro1) D) 1 (t+7r)1 S,
A (r=1) Aiz = —/ / 2_ AT (e HC(t-s) ) 11
B( e, Al 2mi Je, Je. (t+s)(t+17)+5" =) G C dt ds (6-11)
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Figure 5: The choice of contours for the r-Airy parametrix in region I.

Although ¢ appears in (6-11) it can be seen by direct differentiation that the expression (6-11) is independent
of ¢. We may follow the steps in the proof of Lemma 3.3 in [7] to show that 2

—(r—1)

B( ALV A, ) =G, 6-12
C; C; J

where C; ﬁ(?z is the intersection number of the contours C; and C;. Introduce the Wronskian X, (¢) of solutions

to the adjoint equations with entries

(X (Q))in = (—1>’"‘182””1Eg)<<>, 1<im<3, (6-13)
and denote
¢ -7 -1
F(()=|-7 -1 0 ]. (6-14)
-1 0 0

Then, by the definition of the bilinear concomitant in (6-11) and the pairing (6-12),
(r—1) 7=(r=1) N
B Ag; ', Ale, =Xr—1(OF(O)x,1(¢) =L (6-15)
1<i,j<3

Therefore X, F is the inverse of x,_;. Expanding out the entries of x,_; and ¥X,_; in

(erl(Cy)71Xr71(Cr))ij = Z (ir—l(@))ik (F(Cy))km (erl(cfb))mj (6_16)

k,m

2The paper [9] contains a wrong sign in front of the intersection pairing. In fact formulas (3.38) and (3.39) should have the
opposite sign in front of the second term in the respective integrands. Moreover, the wrong overall sign was obtained in using
Lemma 3.3 to derive the final formula since formula (3.37) was to be the difference of (3.39) minus (3.38) but apparently it was
miscomputed later as (3.38) minus (3.39).
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gives

r—1 3
(erl(gy) Xr—1 Cm ij 2m// (t+s)(t+7)+ Cy) (t(—i__:i_) 67+C1t “vedt ds. (6-17)

We are interested only in the case ¢ # j and hence the contours of integration in (6-17) have no intersection;
this allows us to integrate by parts and obtain in the integrand a harmless denominator (¢ — s). Then we

have the straightforward chain of equalities, where only integration by parts is used:

7’1 3
[ G (eroeen -6
— t+7)" [, @+t o
_%%cht+@@+fy {& @+TV})€
R A S SN () g
_/c“,.,/cj P <t+7+t+5+7_8>(s+7)7"e

t=Cusdt ds

0 dt ds

. 6-18)
ebel=Cus (t+7)" 8- (
_/5/ T (70— D) e s
B (t+7') B ebet=Cus
_[/ e T @) s
t+7— 7+<rt Cys
—¢,) / / —dtds,
as desired. O]

6.2 Proof of Theorem 1

Proof. From (2-4), it follows that

H(Q)(y)*lH(g) (2)=1+0(z—-y)=1+0 (Cz _ Cy) , x,y €D,. (6-19)

n2/3

Recalling E(2)(2) = I+ O(1/n*?) (see Lemma 5.7), we see

s 10\ /a0 o\ !
0 7 1 0 n Y% 0 H(2)(x)_1E(2)(y)_1><
1 00 0 0 1
(6-20)
nt/6 0 0 r 10 o
XE(Q)(w)H(Q)(I) 0 n-1/6 0 0o 7 1 =I+O<I1/3y>.
0 0 1 1 0 0 n

Using this and (6-6), the kernel is given by

o~ 2 (V(2)-V(y)) 1
K - 0.e VW) (V) —ay) | vy ()~ 1Y 0
() = s [0 e | Y@ Y(@) 0

~ 3V (@)-V)) ) ) :
= ‘SWTZJ) [076_§V(y),€_7V(y):| X(C ) <I+ 10) <C 1/§y>) X(CI) 0




: 0,1, 1] x(¢) " x(Cz) (1) (1+(9<Cﬂ;1_/§y)>

B 271'@'(3; — y) 0
1 3 3
t 7(5 —t )+C.’ct_<-ys = —
/ / )" el dt ds <1+O<C : @)) (6-21)
27m Corly Joy (s+T)T t—s nt/3
where, in the last equality, we have used Proposition 6.1. We now use

S50 2l ) (14 0 (6-22)
r—y

which follows from (2-4).

We now recall that
(k) = C(235) = nier(r)(z — B(K))(1+ O(z — B(x)))

=n*3c1(0)(z — B(0) — KB) + O(n~2/?) 2

as long as z — B(0) = O(n~%/3), i.e. as long as (. stays finite for n — oo.
This implies that we can replace (; and ¢, in the kernel by the leading approximation in (6-23) without
changing the error in the kernel. The mismatch from this approximation produces an error of smaller order
than the one already indicated in (6-21) and yields the overall error term O(n~'/3) advocated in Theorem
1.

By dropping the O(n~2/3) in (6-23) and using ¢ := ¢, 3kn?/® in Theorem 1,

CZ = n2/3cl (O)(Z — 6) -0 <= z=06+ m, (6—24)
and evaluating K (z,y) at
_ Ce+ 90 Cy+9 i
x—5+n%61(0) : —ﬂ+mcl(0) (6-25)

we obtain the statement in Theorem 1.

We conclude the proof noting that C; may be deformed to C and that Cy + C5 may be deformed to Cc. O

6.3 Connection to the kernel in [1] for nonintersecting Brownian motions

In conclusion we observe that our expression for the kernel near the critical point is the same that was found

previously in the literature for nonintersecting Brownian motions: Theorem 0.1 of [1] gives the formula

=i —T)" 103 in?) .
3 (ta”+ib” ) +ia(w+(z ) +ib(w+Cy)
Kn(Car o) = 3 / / / a7y db da dw, (6-26)
where C is a contour proceeding from coe®™/6 to ocoe™/¢ and such that —i7 is above C. To see that our

formula matches (6-26) we first compute the w-integral to find

. 1(ia®+ib®)+iacey +ibCy
Kl Gy) = (2mi)?2 / / z;b— TT - ia +ib db da. (6-27)
One makes the changes of variables ib — t and —ia — s.
e (5 —t*)+Cat—(ys
K (Cor Cy) = @i / . / — dt ds. (6-28)
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We conclude by observing that iC' = C (i.e. C rotated counter-clockwise by 90 degrees) and —iC' = C (i.e. C
rotated clockwise by 90 degrees) (with C, c depicted in Figure 1). Note that the dt contour can be deformed

(in the finite complex plane) as the integrand lacks a pole in ¢-space.

A The asymptotic expansion of A(;)(()
A.1 Proof of Proposition 4.2

Here we prove the existence of general asymptotic expansions for the first and second columns of A(¢)
with arbitrarily small errors (i.e. (4-18)—(4-23)). First, observe that (4-19) and (4-20) follow from (4-18),
while (4-22) and (4-23) follow from (4-21). We then perform a steepest-descent analysis on the original
integral representation of the generalized Airy function

1

T 1 T
A (¢) = ﬂ/C(tJrr) Bt = o

/ rlog(t+‘r)+§t7§dt. (A—l)
C;

Let us define Z, 7, and T to be scaled versions of , 7, and ¢, respectively:

C T p_ .t (A-2)

Z= s RSV 7173

Using these new variables, the exponent in (A-1) becomes

3 3
rlog (t+7) + (t — % = glogr +rF(T), F(T)=FT;{Z,T}) =log(T+T)+2ZT — T? (A-3)

We define the saddle points Ty for s = 1,2, 3, as the solutions of OrF(T) = 0. As solutions to a cubic
equation, the Tg’s can be written explicitly. Let us, however, only write their asymptotic expressions at large
Z:
T T? 1
f+—+ 575 T3 10 (25/2)

3m—1

2
:—\F+Zr Z‘”/2+O< U T )

73m/2° 7(3m+1)/2° 7(3m+2)/2

T T? 1
\F+22 223/2+222+O(Z5/2) (A-4)
3m—1 2
(2) 7 (1-5)/2 T T
=VZ+ Z?, i 2 +0 (ZSm/z’ 7Bm+1)/2° 7(B3m+2)/2 |’
J
1 72 1
T3 =-T — - Z2+O<Z5/2)'
For large r the coefficients have the asymptotic form r( )= (’TJmOd ) This can be seen from the cubic

structure of the equation 0pF(T') = 0. It should be mentioned that the above bounds are uniform in 7
inside a finite disk around 7 = 0.
Given a saddle point Tj, one can expand F(T') by

)(T T.)? +0F(T), 6F(T)= 0T —1Ts)?). (A-5)

F(r) = Fr) + T
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The standard steepest descent method gives the leading behavior (in large r) by

r+1)/3 r+1)/3 rF(Ts
AL (1?3 2571 3T ~ L e / O N A i ) (i / i‘wzdm),

2mi 27 — %F”(TS s
(A-6)
where the overall sign must be determined from the direction of the contour C;.
We find the expansions
Lemma A.1. Fors=1,2:
3m—1
_ s2 ,3/2 s (s) r—3j/2 1 T T2
F(T) = (15 2% +10g ((-1)*VZ + T) + ZS F 2792 4 0 (s s gy )
J:
(A-7)
2 _ s 5) 7—j/2
8TF(T5) - _2(_1) \/2 1 + Z FQJ‘ Z J + O (Z3m/27 Z(37n+1)/27 Z(3m+2)/2> ’ (A—S)
j=3
& ) 1 T T?
3 _ ) 7—7/2
R (T,) = -2+ 23 F)7792 4 0 < ZamE) ZGmIDE’ ZmiD /2) (A-9)
=
3m+k—1 “
k —(_1\Vk=1(_1\sk(1. _ —k/2 s) =32
ORF(T,) = (D) (~1)™ (k- 11272+ N Nz
J=k+1 (A-10)
o 1 T T? -
+ ZGmiR)2’ ZBmtkt1)/2 ZGmtk+2)/2 |1 J > o
Furthermore, for large r the coefficients satzsfyF (ij"d )fork =0,2, and F( ®) = (T(j_k)m(’d(?’))
for k > 3.
Based on Lemma A.1, we may obtain the higher order expansion using the general formula
A [ @y gp _ €7 /exp TZ Liop — i) ar (where f; = 0LF (T, ))
2 2 = ! ST A
e F(Ts) 2 2 rfs rf rf
_ (T=T%) LJ3 1Jj4 k
= / 1+kZ3Sk(00 3,74,,...7k')(T T,)" (A-11)
_:l:erF(TS) I'(1/2) +ZS 0,0, rfs rfi rfor\ T ((2k+1)/2)
N 24 i\ 1/2 2k 34 (2k)! v py ) EHD/2
(—#) (-#)
where the overall sign is related to the contour involved, and the Sj are the polynomials defined by
exp ijzj = 1+ZSk(m1,x2,...,xk)zk. (A-12)

Note that only the even powered terms contribute after the Gaussian integrals, which all come form the

> 2 1+
/ e " aldr =T (?) . (A-13)
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We require a lemma to control the growth of the S, (0,0, 7 f3/3!,rfs/4!, ... 7 fr/k!) for large r and Z:

Lemma A.2. We find for an integer M > 0 that

rfs T/ rM
S3M+1 (070,3',4',> :O<Zz),

Tf3 Tfa B rM

S3M+2 (07073'74'7> _O<Z5/2>7 (A_]‘4)
rfs Tfa

S3n+3 <0,0, 3!’4!""> =0 (r*).

Proof. Using Proposition A.1 we see that the leading terms in Sy are those with the highest powers of f3

possible, therefore we have

g w3
3M+1 =T 7M(3!)M*14! + ...
M—-1
_ .M f3 f5 _
M+1

_ M+1_J3
Ssp+s =71 (3!)M+1+""

The terms left off are lower order in r and higher order in 1/Z. An application of the f5, f4, and f5 entries

of Proposition A.1 gives the result. O

The series in (A-11) does not converge in most cases, and one must use the original quantity (not the

series expansion) to estimate the error. We can use that e"*’ (T) is analytic at T = Ty and therefore

6M
eTF(T)*T’F(Tl)f%F”(Tl)(Tle)2 _ 1+Zsk(0707 rf3 ’r.f4 Tfk)(T*Tl)k
k=3

34l g
r2M r2M F2M+1 )
-0 ( — (T — Tl)61wr+17 7 (T — T1)6M+2’ r2M+1(T _ Tl)6M+37 = (T — T1)6M+47 (A-16)
2 _ i \6M+5 2M+2( _ g \6M+6
Z5/2 (T Tl) , T (T Tl)

on a finite disk around T of order n~'/3 (the radius of convergence is determined by that of F(T)). The
right-hand side of this expression follows from Lemma A.2. Note also that only the even terms will contribute

to the Gaussian integration. Then the error is given by

r_, 1/2 B (T (T —T4 )2 r2M 6M+1 r2M 6M+2 2M+1 6M+3
(_iF (Tl)) /ei ( 1)( - 1) O ?(T—Tl) + ,Z5/2(T_T1) + , T + (T_Tl) + )
P e TN M4 oMt e \6MAG

7 (T =T1) e (= Th) T (T-T) dr

=0 (;25]\//[2 (7gf2)—3M—1 ’ TMZ/[TH (72]02) —3M—2 p2M2 (7;]02) —3M—3> 0 <<£3)M+1> |

(A-17)
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where in the last step we used Proposition A.1. Note that

= O () < 0 (m*”(?*?v)) = O(n). (A-18)

We will give here a general argument for the existence of the expansion to arbitrary order of UY). A

similar argument will give the existence of the expansion to arbitrary order of vér).
T,(r+1)/3 6rF(Tl)

2\/77’2 (_ﬁF//(T ))1/2 X

(1_1_25% 2k+1)/2) (—%F”(Tl))i Lo <<£3>M+1>> |

Each of the terms in (A-19) have a truncated expansion whose error is dominated by O (7"4M /3 +3)‘

() = AL () =
(A-19)

To see this we begin with

—1/2
-1/2 1 6M+5 /3 2M+2  2M+3
(—CF”(TQ) =——— [1- Z F2(1 )z 77"{ ’77“
2 Zr1/3§1/4 »J Cj/2 <3M+3 C3M+9/2
6M+5 2M+2  2M+3
_ 1 (1) (1) PA/3 —j/2 r r
= e 1+Z (0,0, Fyr, Fy . )2 40 s o ) |
(A-20)
where
~1/2
1+ijzj :1+ZRj(x17x27...,acj)zj7 (A-21)

j=1
and we have used Proposition A.1. One checks that indeed R; = O ( CL;;ZJ )
Next we examine

F(T 2 3 oo 1/ oM 78 (1) ri /2 J2MA3 2M 44
€ —oxp | =560+ i = log(r) 4 rlog(CH = 1)+ S PP E 40 (e s )
=3

6M+6
(1) (2 =y exp [ - 43/2+ S ispWer | 1o pas
= p C3M+3 (3M+972 | | °

Jj=3
(A-22)
We control each of the remaining terms in the exponent of (A-22) separately:
_ _ [(6M+6)/51-1 Li/3]4+1 [(6M+6)/4]
plti/Bp =i/ Lo —j2\* rv
e 0. = kZ—o il (7" Ey ¢ ) +0 (il ’ (A-23)

where we have used Proposition A.1 and the identity j/3 — (jmod(3))/3 = |j/3]|. This error will be the

dominant one (for some choices of j). We have

pLi/ale

ol (A-24)
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is largest when jmod(3) = 0. Suppose j = 3l, then we have the error arising from the expansion (A-23) is

PUFDT(2M+2)/1]
( C3IEM+2)/1] > (A-25)
Noting that
~yI+1)=3l/2<2y—-3/2, for [>1, (A-26)

we conclude that the dominant error contribution to (A-22) from the expansions (A-23) for 3 < j <6M +5

FAM 44
The remaining terms in (A-19) may be analyzed in a similar way, the error term (A-27) remains the dominant

one, and our conclusion is that ’UY) may be written as a finite collection of terms of decreasing order plus an

,,,4]\/I+4
O<¢mus)~ (A-28)

This is small (in large n) for v < §. A similar analysis may be carried out for vg)(o to derive an identical

is

error term of the form

error bound. The entries of the second row are then computed directly by taking a derivative in ¢ of these
expressions; the entries of the third row are also computed directly by substituting for r = r — 1 in the
formulas for the first row. This completes the proof that the expansions in (4-18)—(4-23) in Proposition 4.2

are asymptotic.

A.2 Proof of Proposition 4.3

Here we prove the existence of general asymptotic expansions for the third column of A(,)(¢) (see (4-24)).

To obtain the expansion of A(,,13) we use the definition (4-12) in terms of Cauchy transforms.

. e ¢ A (t)ertat A (t)emtat
W0 =5 (/C w = [ et

2im t—¢ t—¢

e / AL (t)em dt / AL (1)t dt . / A (t)etdt
227'(' Cs t—C Cs t—C Ca t_C ’

The above equality is simply the recombination of contours. Then, from Definition 4.1, we can see that the

(A-29)

get

numerator is a total derivative, i.e. Aié?({)eﬁ = 0 (Aigfl)(c )e7t>. Performing integration by parts, we
—7¢ Ai(r_l) t e‘rt Ai(r_l) t eTt Ai(r_l) t eTt
(sbove) = < o Wt A Ve N0

2 t—¢ , t—C t—C C)

e / ALV (t)em dt / ALV (t)em dt . / ATV (t)em dt
2im \Je, (t—()? e, (=07 ¢, (=02 .

The first three terms are evaluated at the endpoints of the contours, C3,Cy4, and C;. Each contour starts from

(A-30)

the same point and goes to infinity. By Aiérl) — Aig) + Aigj) = 0 and the decay property of each integrand

at the corresponding infinity, the first three terms vanish.
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We can perform the integration by parts on the remaining three integrals recursively to finally get

- (0) 4y o7t (0) /0 rt RO
M)y — 1 © ¢ Aig/ (t)emdt B Aig,) (t)emdt Aig(t)emdt N
U3 (C) ri— </C5 (t _ C)r-l,-l /Ca (t — C)T_,’_l + A4 (t — C)T""l . ( 31)

We intend to obtain the asymptotic expansion of the above in large (. We define Ay, such that

(r) rloe e (0) r+1 (r+ M) tM
Vs (C) - ( 1)7”'_1 2171_ AM + Z / AICA <T+1 <]— C t+--- 4+ WW dt s (A—32)
(A,B)
that is,
_ () pyre [ (D 1 r+1 (r+ M) M
A]u = Z /C AICA (t)e |:(t — C)T+1 — (:T‘H —+ <r+2 t+ -+ M C'H'M'H dt, (A—33)
(A,B)"*5

where (A, B) = (6,5),(—2,3),(1,4).
We divide the above t-integral (on Cg) into two parts: one for |t| < L and the other for |¢| > L where L
is set by
L=n°  0<é<1/12. (A-34)

There exists ng > 0 such that, for n > ny,

_ 2 ‘t|3/2 1
.(0) _ 1le s
’AICA(t)‘_%W <1+0(|t|3/2>), tECB7 \t|ZL—n . (A—35)

For r = O(n7), 0 < v < 1/12, and |¢| = O(n'/%), there exists ng such that the following crude estimate
holds for all n > ng:

(=1t 1 r+1 (r+ M) M " L
‘(t_g)r+l_ Cr+1+§r+2t+..-+ Vi <r+M+1 <e', |t|ZL—’fL (A-?)G)

This is true since each term in the left hand side is bounded by O(|¢t|*) for n large enough.

Using the above two estimates, we conclude that, for n > ng (where ng satisfies the above two charac-

terizations), the contribution of |¢t| > L to A, is bounded by

1 e 31H*?
|AM|f1‘OIn > L < 3|C|r+1/ ?W (\T|+1)|t||dt|
= |t(|)jL T |t (A-37)
<Al [T e < ol g e,
L
The second inequality holds if we choose ng large enough. The third inequality is obtained by [ Loo L P

I e 3t"? 3t1/24t for L large enough. The last estimate is for |¢| ~ n!/°.
Now we consider || < L.

An error bound of a finite Taylor expansion for a general analytic function f is given by

’f(w +y) — (f(x) +yf(x) + ...?\Zf%(x))‘ -

Yy S1 SM
dsy / dsg -+ / d81y1+1f(M+1) (Z‘ + SM+1)
0
yM+1

< (M+1) ‘
= (M-f—l).se[Oy]‘f (@+s5)

(A-38)
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Let us apply this to our case, f(z) = 1/2"*! and y = —t. We get, for |t| < L,

‘ (—1)r+t _( 1 r+1t+m (r+ M) M )‘ < |t M+ s (r+ M +1)!
(t—¢)rtt ¢rtt o (rt2 rIM!  (r+M+l (M 4 1)! se[-t,01 | r!(C + s)r+M+2
M e+ M 41! (e M1 M 1
(M A D[] - LMz < M+1 ) [CIr M2 (1 — [L/¢|)rMt2

(A-39)

The last factor is bounded by 2 for n large enough because

1 I |5 x| % (r+M+1)]
ALyt~ (1 B ‘c’) -t (A-40)

as n — co. Here we have used that Lr/{ ~ n¥t=% — 0 for § < 1/12.
The contribution of |t| < L to Ay is then bounded by

r -4 M =+ 1 0 -
IAM|trom ¢ < 1, < < M1 > |C|’"+M+2 Z / ‘ Ajl )( )'e\ t|‘t|M+1‘dt|
(A B) teCp,t<L
(A-41)

r+M+1 6 o el M rM+l
< ( M+1 ) |<|’r‘+7M+2/0 Al(t)e t dt < COnSt.|<|’r_+7IM+27

where the constant factor depends only on M and 7, not on n.
From (A-37) and (A-41) we get

FMA1
|Ap| =0 (K|+M+2> (A-42)
and we obtain the asymptotic expansion
M+1
(M — r
vy (€)= 1y 217r Z <T+J+1 (W) ; ¢ € 0D, (A-43)
where
Z AI(O) et dt. (A-44)
(A,B)

This concludes the proof.

A.3 The leading-order terms in the expansion of A, (¢)

We include here the explicit form of the first few terms of the asymptotic expansions of the entries of A,(¢)

to give an idea of their form. Note that more terms would be needed to carry out the Schlesinger calculations
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explicitly, but we do not need the exact formulas for our results. We find:

A(nll)(o = (2\} (C1/2 ) <71/4 ,,Cs/z
L 5y 1 r’r  3rr\ 1 1 o) r? o 3
(5w e (T ) e st ro(@) rols):
(A-45)
Ar21)(€) (2_1)T(C1/2 _ T)rC1/4e_§<3/zx
: (A-46)

r? 7 1 r’r  rr\ 1 17 r? 3
C(F-®) e (T a-merold)o(s)

—1)r—t 2 .3/2 1 2 2
A1 (€) = ( 2} (¢M2 —7)re=3¢ (@,/4 + Cgﬁ + C% +0 (Cg/‘*)) : (A-47)

Aer12)(€) _2\/? ( 1/2+T> (143

. T r 5 r T 3rr\ 1 174 o r2 o ﬁ (A-48)

(*(4 mg) ( +4)@+3w+ (w)* (cB))’
Afr22)(¢) = 2fl (C”Q ) AT R
2 2 4 2 3 (A'49)
1 r 7 1 r“r  r7\ 1 1r o r o T
( *(4‘)<3/2+(‘2+4)<2+3243+ (wa)* (@))’
2 2
Ar32)(¢) = 2\5 (C”Q + r) e3¢ <<31/4 - &% + 4;7 +0 <<2/4)> (A-50)
e (1) 1 r
Air13)(¢) = Aicz (€)= WC#T!(TCWO(T) (C +0 <<2)> ) (A-51)
.(r) (— 1)7’+1 _ T r

Awray(©) = 0:i8)(0) = L= e (<0 (5)). (A-52)
A (€) = AIETV(C) = %c—% ~veomin (1+0(7)). (A-53)

where 7o(7) is given by (4-25).

References

[1] M. Adler, J. Delépine, and P. van Moerbeke, Dyson’s nonintersecting Brownian motions with a few
outliers. Commun. Pure Appl. Math. 62 (2009), 334-395.

[2] A. Aptekarev, P. Bleher, and A. Kuijlaars, Large n limit of Gaussian random matrices with external
source, part II. Comm. Math. Phys. 259 (2005), 367-389.

[3] J. Baik, G. Ben Arous, and S. Péché, Phase transition of the largest eigenvalue for non-null complex
sample covariance matrices. Ann. Probab. 33 (2005), 1643-1697.

[4] J. Baik, Painleve formulas of the limiting distributions for non-null complex sample covariance matrices.
Duke Math. J. 133 (2006), 205-235.

40



[5]

[10]

[11]

[12]

[13]

[14]

[16]

[17]

[18]

[19]

[20]

J. Baik, On the Christoffel-Darboux kernel for random Hermitian matrices with external source. To
appear in Comput. Methods Funct. Theory. arXiv:0809.3970 [math.CV] (2008).

J. Baik, and D. Wang, On the largest eigenvalue of a Hermitian random matrix model with spiked
external source I. Rank one case. arXiv:1010.4604 [math-ph] (2010).

M. Bertola, Biorthogonal polynomials for two-matrix models with semiclassical potentials. J. Approz.
Theory 144 (2007), 162—212.

M. Bertola, R. Buckingham, S.Y. Lee, and V. Pierce, Spectra of random Hermitian matrices with a

small-rank external source: The supercritical and subcritical regimes. arXiv:1009.3894 [math-ph] (2010).

M. Bertola and S.Y. Lee, First colonization of a spectral outpost in random matrix theory. Constr.
Approz. 30, no. 2, (2010), 225-263.

M. Bertola and S.Y. Lee, First colonization of a hard-edge in random matrix theory. Constr. Approz.
31, no. 2, (2010), 231-257.

M. Bertola, S.Y. Lee, and M. Yo, Mesoscopic colonization of a spectral band. J. Phys. A 42, no. 41,
415204, 17pp.

M. Bertola and M. Yo, Commuting difference operators, spinor bundles and the asymptotics of orthog-

onal polynomials with respect to varying complex weights. Adv. Math. 220 (2009), 154-218.

P. Bleher, S. Delvaux, and A. Kuijlaars, Random matrix model with external source and a constrained
vector equilibrium problem. arXiv:1001.1238 [math-ph] (2010).

P. Bleher and A. Kuijlaars, Random matrices with external source and multiple orthogonal polynomials.
Int. Mat. Res. Not. IMRN 3 (2004), 109-129.

P. Bleher and A. Kuijlaars, Large n limit of Gaussian random matrices with external source, part I.
Comm. Math. Phys. 252 (2004), 43-76.

P. Bleher and A. Kuijlaars, Large n limit of Gaussian random matrices with external source, part III:
double scaling limit. Comm. Math. Phys. 270 (2007), 481-517.

E. Brézin and S. Hikami, Correlations of nearby levels induced by a random potential. Nuclear Phys. B
479 (1996), 697-706.

E. Brézin and S. Hikami, Extension of level-spacing universality. Phys. Rev. E 56 (1997), 264—269.

E. Brézin and S. Hikami, Level spacing of random matrices in an external source. Phys. Rev. E 58
(1998), 7176-7185.

E. Daems and A. Kuijlaars, Multiple orthogonal polynomials of mixed type and non-intersecting Brow-
nian motions. J. Approxz. Theory 146 (2007), 92—-114.

41



[21]

[22]

[23]

[24]

[25]

P. Deift, Orthogonal Polynomials and Random Matrices: a Riemann-Hilbert Approach. American Math-

ematial Society, Providence, 1998.

P. Deift, T. Kriecherbauer, K. McLaughlin, New results on the equilibrium measure for logarithmic
potentials in the presence of an external field. J. Approz. Theory 95 (1998), 388—475.

P. Deift, T. Kriecherbauer, K. McLaughlin, S. Venakides, and X. Zhou, Uniform asymptotics for polyno-
mials orthogonal with respect to varying exponential weights and applications to universality questions
in random matrix theory. Comm. Pure Appl. Math. 52 (1999), 1335-1425.

P. Deift, T. Kriecherbauer, K. McLaughlin, S. Venakides, and X. Zhou, Strong asymptotics of orthogonal
polynomials with respect to exponential weights. Comm. Pure Appl. Math. 52 (1999), 1491-1552.

N. Ercolani and K. McLaughlin, Asymptotics of the partition function for random matrices via Riemann-
Hilbert techniques and applications to graphical enumeration. Int. Math. Res. Not. IMRN 14 (2003),
755-820.

A. Fokas, A. Its, and A. Kitaev, The isomonodromy approach to matrix models in 2D quantum gravity.
Comm. Math. Phys. 147 (1992), 395-430.

E. Ince, Ordinary Differential Equations. Dover Publications, New York, 1944.

A. Kuijlaars and K. McLaughlin, Generic behavior of the density of states in random matrix theory
and equilibrium problems in the presence of real analytic external fields. Comm. Pure Appl. Math. 53
(2000), 736-785.

K. McLaughlin, Asymptotic analysis of random matrices with external source and a family of algebraic
curves. Nonlinearity 20 (2007), 1547-1571.

S. Péché, The largest eigenvalue of small rank perturbations of Hermitian random matrices. Probab.
Theory Related Fields 134 (2006), 127-173.

E. Saff and V. Totik, Logarithmic potentials with external fields. Springer-Verlag, Berlin, 1997.

C. Tracy and H. Widom, Level-spacing distributions and the Airy kernel. Comm. Math. Phys. 159
(1994), 151-174.

E. Wigner, On the statistical distribution of the widths and spacings of nuclear resonance levels. Proc.
Cambridge Philos. Soc. 47 (1951), 790-798.

P. Zinn-Justin, Random Hermitian matrices in an external field. Nuclear Phys. B 497 (1997), 725-732.

P. Zinn-Justin, Universality of correlation functions of Hermitian random matrices in an external field.
Comm. Math. Phys. 194 (1998), 631-650.

42



	Introduction
	The kernel and its connection to multiple orthogonal polynomials
	Definition of the critical regime
	Assumptions and results

	The perturbed equilibrium measure and the local coordinate zeta
	Initial analysis of the Riemann-Hilbert problem: the global parametrix
	The local parametrix near sdsa
	bsr-Airy parametrix
	Asymptotic behavior of Ar for large aweq and growing qwie

	The error analysis 
	Global Parametrix Construction
	Global Error Computation

	The kernel near the critical region
	Simplifying 21932 using the bilinear concomitant
	Proof of Theorem 1
	Connection to the kernel in Adler:2009a for nonintersecting Brownian motions

	The asymptotic expansion of 3252
	Proof of Proposition 4.2
	Proof of Proposition 4.3
	The leading-order terms in the expansion of 13212


