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Abstract

We extend the formalism of integrable operators a la Its-Izergin-Korepin-Slavnov to matrix-
valued convolution operators on a semi—infinite interval and to matrix integral operators with
a kernel of the form A1) thus proving that their resolvent operators can be expressed in
terms of solutions of some specific Riemann-Hilbert problems. We also describe some applica-
tions, mainly to a noncommutative version of Painlevé II (recently introduced by Retakh and
Rubtsov) and a related noncommutative equation of Painlevé type. We construct a particular
family of solutions of the noncommutative Painlevé II that are pole-free (for real values of the
variables) and hence analogous to the Hastings-McLeod solution of (commutative) Painlevé
II. Such a solution plays the same role as its commutative counterpart relative to the Tracy—
Widom theorem, but for the computation of the Fredholm determinant of a matrix version of
the Airy kernel.
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1 Introduction and results

The paper aims at extending the general theory of integrable operators of Its-Izergin-Korepin-
Slavnov (IIKS for short) [12] to operators of “Hankel” form (see below). Leaving aside for the time
being any analytical consideration, the issue is the study of integral operators on L?(v,,C") with
a kernel of the following form

_ BTV E(w)

KA\ 1) = g AHE Y+ (1.1)

where v, is a contour contained in a half-plane of C (so that the denominator does not vanish)* and
the matrices Ej : 74 — Mat(p x r, C) are suitable (analytic) functions. These operators are related
via a Fourier transform to (matrix) convolution operators on R, as pointed out in Section 2: our
primary focus shall be the construction of a suitable Riemann—Hilbert problem for computing the
resolvent operator S = —K o (1 + K)~!. The knowledge of the resolvent operator allows to write
variational formulee for the Fredholm determinant of the operator Id+ K : L2(y,,C") — L?(y,C")

via the well-known variational formula

dIndet (Id + K) = Tr ((Id 4+ S) 0 9K) . (1.2)

4 The contour could be -for example- Ry provided that the matrices in the numerator yield E¥ (0)E2(0) = 0.



The situation is closely related to the ITKS theory mentioned above (with the tensorial extension
explained in [9]), which we briefly recall: let ¥ C C be a collection of (smooth) contours and let

f,g: ¥ — Mat(gq x n,C) be smooth (analytic) functions on v subject to the condition
ffNg(\) =0, xex. (1.3)

Consider the integral operator N : L?(%,C") with kernel given by

£ (Ng(n)
N\ p) = 1.4
(i) = 28 (14)
Then the resolvent operator R = N o (Id — N)~! has a kernel (denoted with the same symbol R)

of the form®

frNeTNe " (wWe(w)

R\, p) = N

(1.5)

where ©()\) is the ¢ X ¢ matrix bounded solution of the following Riemann—Hilbert problem

O(N)+=0(N)- (14— 2irf(\)g" ()
ON)=1,+01Y), A= (1.6)

Furthermore the solution of the RHP (1.6) exists if and only if the Fredholm determinant det(Id—N)
is not zero.

The operator (1.1) is not immediately of the form (1.4) and hence the ITKS theory is not directly
applicable. Nevertheless the former situation is amenable -not surprisingly- to the latter (see also

[24]). In fact one could observe, for example, that K? is an operator of the form (1.4)

A

T T T

20 )= = (BT OV () — HaOVEa(0)

.
This observation shows that the ITKS theory is relevant also to the study of operators of the form
(1.1): however it is not practical to use (1.7) as a starting point for the analysis as this route is
impervious and is not the one we follow. We provide a direct treatment of K as well as K2 in a
unified fashion; the RHPs that are relevant are specified in Problems 3.1, 3.2 (please refer to the
statements there) for two matrix functions I', = of size 2r x 2r. We also point out that the square
of integral operators is relevant to random matrix theory applications ([7], Sec. 9.6.1).

The two problems above are intimately related to each other in that the jump conditions are

identical while only the asymptotic behavior at A = oo for I', = differs. The solubility of the

5The superscript ~7 to a matrix denotes the inverse transposed matrix.



Riemann—Hilbert Problems 3.1, 3.2 is equivalent to the non vanishing of the Fredholm determinants
of the operators IdW+ — K% (Thm. 3.1) and Idwr + K (Thm. 3.2), respectively, which follows from
IIKS theory; we thus obtain the formula for the resolvents of K and K2 (Theorems 3.2 and 3.1)

20 [ET 00,0, ] TTOVE 7 0) | |

—Ko(ldy, +K)" '\, p) = e (1.8)
K20 (10, — %)™ i) = BT ), 0y ] 5= | B | (1.9

The knowledge of the resolvent operator allows to write variational formulee for the respective
Fredholm determinants: however one may bypass formula (1.2) and write the variational formulee

directly in terms of the solution of the respective RHPs (Thm. 4.1 4.2) using the ideas in [2]

d
dndet(Id,, — ICQ):/ Tr (2212 0MM 1) a (1.10)
YUy 2
1 —11v -1 dA
dlndet(ld,, + K)= = Tr (T2 oMM ) == (1.11)
2/ 0 2im
M) = 1oy — 2imEL (A B2 ()T (me + XLM_) = =y (112)

where / is derivative w.r.t. A, 0 denotes any variation of the symbols E; and o (0_) denotes the
2 X 2 matrix with just one non-zero entry on the upper right corner (lower left corner).

In the second part of the paper we provide some applications to the study of matrix convolution
operators; our example of choice is a matrix version of the (scalar) convolution operator by the Airy

function [6]
Aig :L*(Ry) — L*(Ry)
o) = (Aief)@) = [ il +y+ 290 )y (113
+
The Fredholm determinant of the operator Id — Aiy/, is known to yield the Tracy-Widom gap
distribution Fj(s) for the GOE [6] and —on the other hand- the Fredholm determinant of Id — 442

yields the distribution Fi(s) for the GUE [18] ; in fact it is well known that the kernel of the square

of the Airy-convolution operator is the celebrated Airy kernel

Ai?(z,y) = | Ai(z + 2)Ai(y + 2)dz = Ai(z) Al (y) — Ai(y)Ai' (z)

=: Kai(x,y 1.14
N - () (114)

F, is expressed in terms of the Hastings-McLeod solution [10] to the second Painlevé equation [23]

while F can be expressed in terms of the Miura transform of the same transcendent. Alternatively



(and equivalently) Fj(s) can be expressed in terms of the unique solution of the Painlevé XXXIV

equation with a certain prescribed asymptoticsS.

Fy(s)=exp < /oo(w - s)u(x)Qd:L) , u?(s) = —0%In Fy(s) (1.15)
Fi(s)= exp <; / b u(x)da:) (Fz(s)f (1.16)
Fi(s)=exp (— /Oo(x - 3)w(33)dm> , w(s) = —0%In Fy(s) (1.17)
u” ()= 2u(s)® + su(s), wu(s)~ Ai(s), s— +oo. (1.18)
w" (8)= 12w(s)w’'(s) + 2w(s) + sw'(s), w(s) ~ f%Ai’(s), s — +o0. (1.19)
w(s)= %uQ(s) - %u'(s) (1.20)

where (1.20) is the usual Miura transformation between solutions of modified KdV and KdV equa-
tions. Moreover we refer to (1.19) as the PXXXIV equation since, up to rescaling, this is the same
as the derivative of equation (30) in [4] (see also [17]).

The noncommutative analog of the whole preceding discussion arises in the study of a ma-
trix version of the Airy-convolution operator (see Section 5) which we have picked as exemplary

application:

(i f) ()= / Aie + ;9 F(y)dy (1.21)

Ai(z; 8):= [cjeAl(x + 55 + sk)]; . - (1.22)

Here the matrix C' = [c;i]; % is an arbitrary r x r matrix with complex entries (in general) and the
dependence of Aiz on C is considered as parametric (and it is understood in the notation). The
kernel of the square of this matrix-kernel does define a probabilistic model because it is a totally
positive kernel on the configuration space {1,...,r} x R as shown in Thm. 5.2. The analysis of
Aiz and Aif7 is then related to certain noncommutative analogs of the aforementioned Painlevé
equations and particular solutions thereof; in particular the Fredholm determinant of Ai? is related
to the noncommutative (matrix) Painlevé II equation”

"9

D2U(3) =4 (sU(3) + U(3)s) + 8U>(5) , s:=diag(s1,...,s,) , D:= Z

75, (1.23)
=1

J

6The uniqueness of the solution w with the prescribed asymptotics is easily deduced from the uniqueness of the
Hasting-Mc Leod solution u of PII.

"Equation (1.23) reduces to (1.18) in the scalar case r = 1 with the change of variable z = 2s. Also, the r x r
matrix U(S) in the body of the paper shall be denoted by 81(3).



which appeared recently in [20]: that paper provided special solutions in terms of quasideterminants
[8] in a more general context of noncommutative rings, but not a Lax-pair representation or a
connection to Riemann—Hilbert problems or Fredholm determinants. The isomonodromic approach
to the above equation yields a Lax pair representation contained in Section 5.1 and particularly
Lemma 5.1.

Of greater interest is the fact that the particular solution that is involved in the computation of
the Fredholm determinant of Ai2 enjoys the same smoothness properties for § € R” as the Hastings-
McLeod solution. More precisely we prove (Prop. 5.1) that there is a unique solution of (1.23) with
the asymptotic

3

1
Ure(3) = creAi(sy, + s0) + O <\FSe§(232m)2> , S = - Zsja m = max|s; — S|, S—+o0 .
J

Additionally, this solution is pole free for § € R” if the maximal singular value of the matrix
C = [cxe] is one or less®, a condition which is sufficient if C is an arbitrary complex matrix and
becomes also necessary if C' is Hermitean (Thm. 5.1 and Thm. 5.3). The analog of the third-order
ODE for Fj is now a system with noncommutative symbols (Thm. 5.4) that can be reduced to a
fourth order matrix ODE (Remark 5.6) and only in the scalar case is further reduced to an ODE
of the third order. The Fredholm determinant of Aiz (the analog of F) is then computed in terms

of the relevant solution in Corollaries 5.2, 5.3.

2 DMatrix convolution operators on a semi—infinite interval.

Given a function C : R — Mat(r x r) decaying sufficiently fast at infinity, let’s consider the

convolution operator C acting on L?(R,,C") as follows:

(Co) (@) = / "G+ y)el)dy € L2(0,00),C7) (2.1)

Our aim is to study the Fredholm determinants det(Id + C) and det(Id — C?)°. Here C (and hence
the determinant) may depend on some parameters not explicitly indicated here (see below). Such
type of determinants appears in many applications; just to cite two of them let’s recall the Dyson
formula [5] in the inverse scattering for the Schrodinger operator and in the integral formula of the

Tracy-Widom distribution for GOE found by Ferrari and Spohn [6] (see below) for r = 1.

8The singular values of a matrix C are the (positive) squareroots of the eigenvalues of CTC: they coincide with
the absolute values of the eigenvalues of C' if it is Hermitean (or more generally normal).
90f course the sign in the expression det(Id + Cs) is inessential since we can always change C with —C.



Remark 2.1 In the inverse scattering theory of the Schridinger operator and other applications

the Fredholm determinant is written as the restriction to [s,00) of the convolution by C:

= T Cla+ ) fy)dy € L2([5,00)). (2.2)

This is identical to the setting above, up to translation. In fact it is enough to redefine C(x) —
Cs(z) := C(z + 25) and let it act on L*(]0, 00).

We will consider functions C(z) that admit the following representation (the factor of —i being

purely for later convenience)
C(z) = —i/ eHr(p)dp (2.3)
T+

where v, stands for a finite union of oriented contours in the upper-half plane with positive distance
from R and r(p) is a bounded L!(vy;,Mat(r x 7)) function on 7, (with respect to the arc-length
measure). This assumption guarantees that C(z) is rapidly decaying at z = +o0o € R with a simple

estimate!©

@I e 0 [ Ja(u) . (2.4)

T+

An interesting example is as follows
Example 2.1 Let C(z) = —Ai(z) and r = 1: then
1 w3
C(z) = ~Ai(z +5/2) = 5 / il Hilsts/Dug, (2.5)
v+

where vy is a contour extending to infinity along the directions arg(u) = 5 + T. This example is

relevant for applications since, as we have written in the introduction, the Fredholm determinant of

the corresponding convolution operator is equal to the Tracy-Widom distribution for GOE, namely
Fi(s) = det(Id + C).

We would like to transfer the study of the Fredholm determinant of C on L?(R,) to the study

of a Fredholm determinant of an operator in L?(y,); this is accomplished hereafter.

10The symbol |r| on a matrix stands for any norm on the matrices, for example the Hilbert-Schmidt norm or the
supremum of the absolute values of the entries. This is so not to overload the notation when considering norms in
some LP.



Proposition 2.1 Let C(z) as above, with () = E1(u)EY (1) and E; € L? N L™ (v, Mat(r x p));

then the operator C is of trace—class on L*(Ry,C") and also
det(Idz(z, ) + C) = det(Idy2 + K) (2.6)

where H? is the Hardy space H?> @ C" (i.e. the unitary image of the Fourier—Plancherel transform
of L%(R,C")) and where K is the integral operator on H2 C L?(R,C") with kernel

S e (€)de
Kdu) = / 2im(h— €)(u + €)

(2.7)

Proof of Prop. 2.1. By Paley~Wiener theorem, L?(R,C") is unitarily equivalent under Fourier—
Plancherel transform 7 to the subspace H2 := H? @ C", with H? the Hardy space of the upper half

plane. Hence the convolution operator acts as follows

b(z) = (Co)(x) = / O + y)ply)dy = —i / dy / A Ve () p(y) =

Y+

= —iV2r [d€e™Er(€)(Tv)(€)

so that (note that the z—integral below is convergent because £ € v C Cy)

zAz - — OOx ei)\:r eiazgr _
T == [ e uade =i [ a /st €Te)©)
() £(¢)
A5 TRE = [ e T 28)

We note that for a function in H2 like f(u) := T¢(u), the evaluation at a point & € C, can be

written as
du
- & 2.9
1€ = [ fg (29)
which is Cauchy’s theorem. We shall thus define
KT .=T7'cT (2.10)

(the reason for the transposition is solely for later convenience) with kernel given by

= fan | d£>\+§2wx(f) 3 v=fa /7 = smﬁ&) 21

Finally, since the Fourier Plancherel transform from L?(R,,C") to H?2 is an isometry, the respective

Fredholm determinants are equal (if they exist). We note that K extends to an integral operator on



the whole of L?(R, C") with the same kernel: this extension automatically annihilates the orthogonal
complement of H2 in L?(R,C"), which is seen by closing the p—integral with a half circle in the
lower half plane and then invoking Cauchy’s theorem. We will understand this extension in what
follows.

Therefore to conclude we need to show that C and K are trace-class. By the unitary equivalence
given by the Fourier-Plancherel transform it suffices to show that K is trace class: we shall present
K as the product of two Hilbert-Schmidt operators, thus proving it of trace class. To this end recall
that () = Ei(u) B3 (u); thus

. Ea(§) BT ()£ (0 _
Kﬂ»—iéw/kwAzg Sy oci) . (2.12)

where the two operators are defined as follows

Ci: H? C L*(R,C") — L?(v4,CP)
f(p)dp

f=(Cif)(E) = E{ () L 2in(p+ ) (2.13)

Cao: L2 (74, CF) — H

_ Ey(§h(§)dE
h— (Coh)(N) == iy (2.14)

We embed H2 and L?(v,, CP) as subspaces of L2(RU~y,C"*P) as
H2 S frs [ f(A)g;R(A) ] . L*(74,CP) 3> he— [ h(A)ET o) } (2.15)

(they are then orthogonal but not complementary) and think of C; as extended to the whole
L?(R U ~4,C"P) in the trivial way (i.e. acting like zero on the orthogonal complements of the
H2, L?(v4,CP), respectively). Analogously we extend trivially the action of K to this enlarged
Hilbert space. Then it is promptly seen that they both are Hilbert Schmidt in L?(R U ~,,C"+P)
because

et [ E(EOE) .
Alﬂéﬁﬂ T <t (2.16)

thanks to our assumption that (the entries of) E; are all in L2(vy,C). Thus K : H2 — H2 is trace

class, so is C and their determinants are the same. Q.E.D

Recall that if A: H,; — Ho and B : Ho — H; are (bounded) operators between Hilbert spaces
and both AB, BA are trace class then (see for instance [21])

%I;(B 0 A) = ;]_;1;(/1 oB). (2.17)



Composing the operators C; in the opposite order we obtain an operator on L?(v4,CP) as follows

T
Crocaf) =52 [ ac L + dxm (2.18)

The &—integral can be closed with a big circle in the upper—half plane, thus picking up the residue
at £ = )\ to give

B Ea(NS0)
(€10 Cof) () = ET (1) /de oL = ). (2.19)

Renaming the variables we obtain that

BT (\) Ea ()
KO\, p) = L= 2.20
(o) = S (220)
The operator K is also trace class because the composition of two Hilbert-Schmidt operators in
L?(v, UR, C"*P); clearly it defines an operator on L?(y,, CP) since it acts trivially on its orthogonal

complement (by construction). In particular

Corollary 2.1 The Fredholm determinants of C : L*(R,,C"), K : H2 — H2 and K : L?(4,CP) —
L?(y,,CP) are all equal.

Given the fact that the operator K (with kernel (2.7)) and K (with kernel (2.20)) have the same
Fredholm determinant, we shall continue our discussion by focusing on the latter. In the sequel
we will simply analyze operators with kernels as in (2.20) and forget about their origin as Fourier

transform of convolution operators.

Remark 2.2 [t is worth mentioning that operators with kernel (2.20) withp =r =1 (and E1 = Es)
belong to the same class considered in [24]. Using our formalism it is possible to re-derive the

connection between the Fredholm determinants of these operators and the mKdV/KdV hierarchies.

3 Riemann-Hilbert problems with different asymptotics and
their mutual relationship

Given a kernel K(A, 1) as in (2.20) corresponding to the operator (denoted by the same symbol)

K L2(1.C) = L(14.C7) , K(Ap) i= W (3.1)



we construct two related Riemann-Hilbert problem on the collection of contours 7 := v U~y_ (here

~v— := —y4) and with jump matrix
1, —2imr(A) X,
M(A) = [ —2inF(\) X, 1, 1 (3.2)
r(\) = Ey(M)ET(\) e Mat(r x ), F(\) :=r(=\). (3.3)

where x, denotes the indicator function of the set X. Here and below we denote with 0;,4 =1,2,3

the Pauli matrices

0 1 0 i 1 0
"1:[1 0}’ "2:[—2'0]’ 03:[0 —1}’

04 = (8;10;2);,j=1,2 and o_ its transpose. Furthermore we shall set
6r =105, k=123, (3.4)

where by the tensor notation can be taken to mean the matrix of size 2r x 2r split into 2 x 2 blocks
of size r x r.

Note that the jump matrices M(A) on v := 4 U~y_ satisty
M(=)) =0, M(\)o;. (3.5)

We are going to formulate two Riemann-Hilbert Problems (Problems 3.1, 3.2) and we will show
how they are related between themselves (Prop. 3.2) and how they relate respectively to the two
Fredholm determinants det(Id,, + K) and det(Id,, — K?) and the resolvents of the respective
operators. In the sequel we shall assume that E;(\) are smooth (beside the already imposed
conditions E; € L%(y1) N L™ (v4)eMat(r x p)).

Problem 3.1 Find the sectionally analytic function Z(A) € GL(2r,C) on C\ (y4+ U~-) such that
(with M(\) giwen in (3.2))

Er(A) = E_(OMQA) AevyUq- (3.6)
— En &y
=\ = 12T+T+ﬁ+“" A— 0o . (3.7)

10



Problem 3.2 Find the sectionally analytic function I'(X\) € GL(2r,C) on C\ (y+ U~vy-) such that
(with M(\) given in (3.2))

L) = T-(ANMQR) AerpUn, (38)

I'(\) = L) |12+ i % , A— 00 (3.9)
TADL'N) = 01), A—=0 (3.10)
I'(-\) = T\ (3.11)

Fl = Qa1®03 (312)

where the matriz L(X) is defined as follows

L) = 1,0 L(\) = { _;;L M11 ] LN :

(4] ew

The validity of the asymptotic expansions near infinity needs additional conditions on the jump
matrices if some component of v extends to infinity (if this happens we assume that these com-
ponents extend to infinity along asymptotic directions) . A sufficient condition, which we hereby
tacitly assume, is that r(\) = O(J]A\|*°) as |A| = oo along any such component and extends to an
analytic function on an open sector containing the direction of approach in such a way that the
same asymptotic holds.

It is clear that the two Problems 3.1, 3.2 are closely related and the remainder of this section
is devoted to explaining their mutual relationship. It is a straightforward result that, if a solution
of Problem 3.1 exists, then it is unique. The uniqueness of the solution for the Problem 3.2 comes

from the following proposition.

Proposition 3.1 Let T'(\) be a sectionally analytic function that solves the RHP (3.8, 3.9, 3.10,
3.11).

If a solution exists then
1. detT'(X) = (2iN)";

2. Any matriz T = (13, 4 coo_ )T solves the same RHP with ¢ € Mat(r x r), constant;

11



3. Any solution has an expansion where the terms I'j in (3.9) have the symmetry

I'(A\) =L()\) (12T +y° A’;) . Ty = (=185, (3.14)
k=1
and hence
Ty = agjels + bajeor Iyj41 = agj11003 +bajr1002 , aj,b; € Mat(r x ’I“) (3.15)

4. If we additionally require the condition (3.12) I'1 = a1e03 (for some constant matriz a1 ) then

the solution is unique. This solution will be referred to as the gauge-fixed solution.

Proof of Prop. 3.1. 1. It is clear that the determinant has no jumps because the jump matrices are
unimodular. Moreover, from det L = (2i)\)" (see (3.13)) and (3.9) we have detT'(A\) = (2iA)"(1 +
O(A™1)). Finally from (3.10) we have detT’ = O(detL) = O(A"), A — 0, and hence it must be
detT' = (2i\)".

2. We note that

(12r + C®0'_)L()\) = L()\) (].Qr + %@(03 — iUg)) (316)

and hence the multiplication on the left by a constant matrix of such a form does not change the
form of the asymptotic expansion and does not change the jump conditions. This proves the second
point.

3. The statement is obvious once one notices that L(—\) = L(\)a;.

4. Suppose [ is another solution satisfying the same requirements and denote by Zij,gj the
coefficients in its expansion as per (3.15). By point 1, any two solutions have the same determinant;

the ratio
S(\) ;=T\ (N (3.17)

must be a holomorphic matrix function on C\ {0}. However, from the condition (3.10) we see that
actually S(A) must be analytic at 0 as well. Looking at the behaviour at infinity of I and I one
finds by a direct computation that S(A) is bounded and

S()\):[ L 10} (3.18)

ial — z'dl

Suppose now that a; # ay; then

f(A):{ 1 0 ]F()\) (3.19)

ia1 — z'dl ]-r

12



But then one sees by direct matrix multiplication that 51 should equal alg‘“ which violates the

normalization 51 = (0. This proves uniqueness. Q.E.D

In Proposition 3.2 and Proposition 3.3 we study the relationship between the Riemann-Hilbert
problems 3.1 and 3.2: in particular we shall see that they are not equivalent, in the sense that
if Problem 3.1 admits a solution then so does Problem 3.2 but, in general, not viceversa. We start

by observing that the symmetry (3.5) for the jump matrices implies the same symmetry for =

(1]

(=) = 5:12(\)6, (3.20)

which in turns implies the following form for the coefficient =; in (3.7)

00—

—_ ik —_ —_

E(A) =19 + E NE Zojr1 = Q41003 + 62j+1®02 , Hoj = agjels + 623‘@01 . (3.21)
k=1

Proposition 3.2 Let = be the solution of Problem 3.1; then the solution of Problem 3.2 is

1T 1T —_

r(\) = { LML, — 28, M, —28 |FW (3.22)

with By as in (3.21). In addition the coefficients of the expansions for T' (3.15) and E (8.21) satisfy

a1 = p — iﬁl , b1 =0 (323)
azji1 = Qojyr +iB1(B2j — agj) , baj+1 = Bajr1 + P1 (B2; — azj)
agj = o5 — i (a2j—1 - i52j—1) ) baj = Baj — i1 (Oézj—l - i/62j—1) (3.24)

Proof of Prop. 3.2. Since I' and = have the same jumps we must have I'(A) = R(A\)Z(A) for some
R()\) at most polynomial. From the symmetries we must have R(—\) = R(\)o; and det R = (2i)\)".

The expansion of I' and = at infinity forces R to be of the form

1, 1,
RO = [ CiML 4 2ic AL, + 2ic ] (3:25)

On the other hand, as we presently show, the gauge fixing (3.12) determines C; indeed

_ c -1 -1 1 .
L 'R=1y + 3 [ 11 } =1o + X (—coos +icaoy) (3.26)
and therefore in the expansions of I' and Z and matrix multiplications we have

o0

o0
S i = RRZE RN GUE R (3.7
=0

N2i+1 \2J
i=1
(a1 —c)eos + (B + i0)®02+

:127‘"'_ \
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o (o — c(agj—1 — iB2j—1)) @ 1o + (Boj — claaj_1 — iBaj—1)) e 01
+J§_:1 77 +

(3.28)

. i (a2j41 — cagj + cfaj) 003 + (B2j41 — icfa; + icagj) @02
. N2it1
iz

The gauge fixing (3.12) mandates b; = 0 (i.e. the coefficient matrix of o5 in the term A~! must be
absent) so that we must have ¢ = i/, and equating the coeflicients of the expansion above implies
(3.24). It only remains to show that R(A\)Z(A)L~1()) is bounded at A = 0 (condition (3.10)). Since
L™' =1,5L~" and L7'(\) has only simple pole at A\ = 0, then R(\)Z(A\)L™*(\) = ¢ + O(1) as
A — 0. On the other hand the symmetries imply R(A)Z(A)L~1(A\) = R(—=N)Z(-A)L71(-)) and
hence ¢y = —cg so that ¢g = 0. Q.E.D

Proposition 3.3 Let I'(\) € GL(2r,C) be the solution of Problem 3.2 and denote the r x r blocks
of I' by I's;, 4,5 = 1,2; then the solution of Problem 3.1 for Z exists if and only if

det Fll(O) 7’5 0.

Moreover

Br= —%F;ﬁ(@)rmm) = —i lim AZ;5())
Proof of Prop. 3.3. Let I'(A) be the solution of Problem 3.2. In particular I'(A\) is bounded
everywhere (by definition) and we want now to find a matrix R(\) of the form (3.25) such that

2()) == R\ (3.29)

solves Problem 3.1. It is clear that the jumps will be automatically satisfied and so the asymptotic
behaviour at infinity. The value of the constant matrix ¢ must be determined by the requirement

that = is bounded at A = 0. From the symmetry (3.11) we have the matrix equations

['11(0) = I15(0) , Ty1(0) = aa(0) . (3.30)
A direct computation yields

RN\ =0(1), A=0 (3.31)

1, c 1,

THX Tanx
T(\) = O(1) (3.32)

F-5

i i

M1 (0) + 5121 (0) =0, = c= —§F;11(0)F21(0) (3.33)
T'12(0) + %Fzg(o) =0, (3.34)



The two equations are the same due to (3.30). Now, if det I'11(0) # 0 then the solution for ¢ is as in
(3.33) and the sufficiency is proved. As for the necessity, if det I'11(0) = 0, then the equation (3.33)
may still be compatible. However this would mean that there are infinitely many c¢ that solve the

matrix equation (3.33), which would violate the uniqueness of the RHP 3.1. Q.E.D

We conclude the section with the following two theorems, which we state side-by-side for the

sake of easy comparison.

Theorem 3.1 Let K(\, i) be the integral operator on L*(vy,,CP) with kernel

By (N Ea (1)

KA p) = P

(3.35)

Then the resolvent operator R4y = K2 o (Id,, — K?)~! of Id,, — K? on L?(v4+,CP) has kernel
Ri+(A p) given by

Rar(\p) = [ElT(A)v OPXT]

ETWET (1) [ 0yxp } (3.36)

A—p Eo (1)
where E is the solution of Problem 3.1 with the jump matriz (3.2).
If r()\) := E1(\)ET()\) is symmetric, v = v (for ezample if E; = Ey = E) then the resolvent

can be written more symmetrically as

Rt (A 1) =[BT (N), Opxr]

ET (V)55 (1) [Ez(u) } (3.37)

)\—/J Or><p

The solution to Problem 3.1 ewists if and only if the operator 1d.,, — K2 is invertible.

Theorem 3.2 Let K(A\, u) be the integral same operator as in Thm. 3.1. Then the resolvent
operator S = —K o (Id,, + K)™* has kernel S(\, p) given by

20 [ET (A), Opsr ] TT (T (1) 0,y
S\ p) = e [ B (p) }

(3.38)

where T is the solution of Problem 3.2 with the jump matriz (3.2). If v(\) := Ey(A\)ET(N) is sym-

metric, v =1 (for example if Ey = E5 = E) then the resolvent can be written more symmetrically

15



as

[BT (M), 0pxer] TT (V32T (11) [ Es (k) }

OrXp

S\, p) = (3.39)

22— 2

This solution to Problem 3.2 exists if and only if the operator 1d.,, + K is invertible.

Proof of Thm. 3.1. We start observing that the jump M ()) in Problem 3.1 can be written

as

M(\)=1 —2irf(\)gT () (3.40)
()= [ ](5)1(3)) }Xw () + [ g:ap) ]xv 0y (3.41)
g(N)= [ g;(gp) }Xu () + [ %(? ]xw O, B = (=N (3.42)

By the IIKS theory, this RHP is associated to the kernel N acting on L?(vy; U~_, CP) with kernel
given by

FTNgln)  ETOE(m)x,, Mx,_ (1) + ET (V) Ea(m)x, (Vx,, (1)
e = (3.43)

According to the split L?(vy Uvy_) = L?(y,) @ L?(+_), using the naturally related matrix notation,

we can write N as
N = {%‘%} ’ g : L2(FY—7(C;D) - L2(7+3Cp) ) F L2(7+7(Cp) - LQ(,}/_’CP) (344)

where the operators F and G are integral operators with kernels

_ETVE(9)x,, Vx, () ET©E(u)x, (Ox,, 1)

G\ 6) = "¢ . F& )= i, (3.45)
We observe that the kernel of the composition reads
) o E>(&) BT (&) _
(GoF) ) = BT () ( | it u>d5> By(u) = (3.46)
T By (§)ET (§)dE 2
EY (N) <[v+ MM) Ea(p) = K2(X, 1) (3.47)

and hence our task of computing the resolvent of Id,, — KC? is the same as computing the resolvent
of Id,, —G o F. To this end we write first the resolvent of Id,, ,_ — N (using [12]):

_ FTVETNETT (We(k)
A—p

RO\ ) (3.48)
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according to the projections in L?(y4,CP):

R()‘7 /1'): R+

(1 +

A p) + R7+()‘7 M) + R+,(>\, :U’) + R**()H :U’)
)

— BT 00, S E U P b 000+ [0y BT (V)

(1] —

= VET ()] 0,y
v i e o +

XX, (1) + O E{(A)]W [Em)

[1]
[1]

+[E{()‘)’Op><7‘]

] Yo ()X, (1)

O0rxp O0rxp

(3.49)

where the four addenda appears in the matrix notation induced by the splitting L?(y, U~vy_) =

L (yy) @ L3 (vy2);
-1 | Iy R4 Ry
(Idwu'y, K)" = |: R_. Id, +R__

On the other hand we have

(Id,, —G o F)~! 0 1 [1d,-GoF o 17!
Fo(d,, —GoF)™! 1d, |~ -F Id,

[, —¢ 17 [, =g ]_[ld, +Rys R [, g
T —F 1d, 0 Id, |~ R,  1d, +R__ 0 Id,_

so that the entry (1,1) of the equation above gives
(IdVJr — g O]:)_1 = Idm/Jr +R++

and the equation (3.49) gives the precise form of the kernel R4 (A, p).
In case of symmetry r = r’ this form simplifies because Z~1(\) = 52=7 (\)7y (which is proved
along the same lines as in Thm. 3.2). The statement about the existence is a direct application of

IIKS theory. Q.E.D

Proof of Thm. 3.2. The idea of the proof is to reduce as much as possible the theorem to the

theory of integrable operators of Its-Izergin-Korepin-Slavnov (ITKS). We can write the operator as

KO\ 1) = El(/}\):iz(ﬂ) _ (A= M)}fl(/\;jEﬂM) (3.50)

We now introduce the coordinate z := A\? and w := pu2. Since ~y, is in the upper half-plane, its image
under the square map is well-defined and lies in C\ Ry. Since the arc-length of v, differs in the
z-plane and A-plane, we must introduce the square-roots of the Jacobians. The integral operator
(3.50) reads

_ T( /7). —i/2ET (/2 EQ(\/E)
Kz w) i (V7 — V) B (vV2) T Es (V) _ (BT (Vz), —ivZE] (VZ)] |: —ﬁE2(\/w) :| (g)é 51)
T 2(zw) i (2 — w) 2(z —w) 2/
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We have to construct the resolvent of Id,, + K =1Id,, — (—K). We have now an integrable kernel

in the sense of Its-Izergin-Korepin-Slavnov where the matrices f, g can be chosen as

) e . 1 EGA) 1 [ B3
() (zw) = B o) %[WEIW)] - se=vE| ks ] (3:52)
We immediately observe that
z _ z Ev(vz) =: 2)f(2
f(:) = JLVE )[ ) ] Lh() (3:53)
8(:) = EL WA | ot | =G (350

The construction of the resolvent is then associated, in the standard way [12], to the following

Riemann—Hilbert Problem

O(2)+ = O(2)— (1o, — 2irf(2)g" (2)) , 2z €4 (3.55)
0(2) =12+ 0z, z— 0 (3.56)

We can rewrite the jump matrix as follows
1y, — 2i7L(V2) (r(V2)e 04 )L (V2) (3.57)
r(vz) = E1(V2)E3 (Vz) (3.58)

Consequently we introduce the new matrix O(z)L(y/2), where L(y/z) := 1,2 L(y/z). In order to

connect with Problem 3.2 we define
T(\) = ©(AY)L()\) (3.59)

and we see immediately that T'(—\) = ['(\)5;. Furthermore f(A)L_l(A) =0(\)=0(1)as A — 0.
Thus T solves Problem 3.2 except for the gauge-fixing (3.12), which we now take into consideration:

if we denote by a; the (1,2) block of size r x r in

*x | —a1

0(z)=1 +§ [ o } +0(z7?) (3.60)

then one verifies by matrix multiplication that the relation between T and the gauge—fixed I is

(1o + are0) T(z) =T(z) , (3.61)

18



The resolvent operator, according to the general theory, is

()07 ()0~ (w)g(w)

S p) = o Vdzdw = (3.62)
_ foT(Z)LT()\)GT(V)@*T(MQ)L*T(M)go(w)M _ (3.63)
_ 2\/mfoT(A)rT(AAQ)F‘:;(M)go(u) /iy — (3.64)
20 (BT 0,0, T7ONE ) | i |
- (3.65)
>\2 _ /1'2
Finally, note that

LT\ = %EQL()\)@ (3.66)

and if r = r” then
T () = 5T ()7 (3.67)

which can be checked by verifying that 2iug.I' =7 (1)5 solves the same Problem 3.2 and hence

equals I'. In this case the formula for the resolvent takes a more symmetric form

[ET (V). 0] T (AT (1) [ ff)z(;;) }

S p) = (3.68)

22— 2
As for the statement of existence; I' exists if and only if © exists, which is equivalent to the

invertibility of the mentioned operator by the IIKS general theory. Q.E.D

4 Tau functions and Fredholm determinants

Slightly generalizing the definition in [2] (which is itself a generalization of the notion of isomon-
odromic tau function introduced in the work of Jimbo-Miwa-Ueno [16, 14, 15]) we associate, to the

space of deformations of the Riemann—Hilbert problems 3.1 and 3.2 the two differentials below.

Definition 4.1 We define the two forms over the space of deformations of Problem 3.2 and Problem
3.1

w_(8) := /Tr (EZ'2 oMM A (4.1)

2
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and

1 1 _qy dA
w.(0) = 5/Tr (PZ'r_oMm )% (4.2)
where O denotes any deformation of the jump matrices, ’ the derivatives with respect to the spectral

parameter and the integration is extended to all the contours where the jumps are supported, y4+Uvy_.

In the cases in which these two differential forms are closed it is defined, up to a constant, the
corresponding tau function given by dIn7z/r = wz,r(0).

A particular case (of great interest) of deformations is when the jump matrices have the form
M(X;s) = eTN My(N)e T | (4.3)

and T()\) is a diagonal matrix depending on deformation parameters, while My(\) is assumed
independent of them. A typical case is T(A) = Zszo T A\* and the diagonal matrices T}, are taken
as deformation parameters.

The relation between the Definition 4.1 and Fredholm determinants is elucidated in the following

two theorems, stated side-by-side for comparison.

Theorem 4.1 Given an operator K as in Section 2 and the Riemann-Hilbert Problem 3.1 (with

the same r(u)) we have the equality

dlnT, :/ Tr (EZ'EL0MM™Y) A dIndet(Id,, — K?) (4.4)
= U 2T

Theorem 4.2 Given an operator K as in Section 2 and the Riemann-Hilbert Problem 3.2 (with
the same r(p)) we have the equality
1 —1pv —1y dA
Olnrt. = - Tr (PZ'T_OMM™") e Jlndet(Id,, +K) (4.5)
Y+ Uy—

(s

Proof of Thm. 4.1. In [3] (see Theorem 2.1) it was proved (for the case of scalar operators,

but the proof does not differ significantly as we see below) that

Olntz = 0lndet(Id,, . — N) (4.6)
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where the integral operator N, acting on L?(y, U~v_) is the one expressed in (3.43). On the other
hand we have the identity

det(Id,,uy — N) = det(Id,, — F o G) = det(Id,, — K?) (4.7)

where the first equality follows from

I
o (i [ 2 §]) (it [ 8 e[ 8 ]y

det <Id7+u,y_ — [ 3_. ]:(3, G ]) =det (Id,, — FoG). (4.9)
and the second is (3.47). The above computation is formal inasmuch as one would need to prove
that all the operators involved are of trace-class. To see that we now prove that both F,G are
trace-class in L?(y; U~_,CP). Recalling their definition (3.45) we augment the Hilbert space as
H = L%(y4 U~_,CP) ® L2(R,C"), and extend trivially the definition of F,G to the augmented
space. This allows to represent them as the composition of two Hilbert—Schmidt operators (thus
immediately implying the trace class property). Indeed (for example for F) we have the identity

below

ET(©Ex(m)x, (Ox,, (1) / ¢ ETOx,_(©) Ba(wx,, (n)
E—p T r2in €-¢  (C-p

which follows from Cauchy’s residue theorem by closing the ( integration either in the upper or in

F& ) = (4.10)

the lower half-plane. This realizes F as the composition of two operators between the subspaces
L?*(y4,CP) — L*(R,C") — L?(y_, CP), each of which is Hilbert-Schmidt:

[ el [ FLORO) . [ v [ aci~ EOR)
\5 ¢f? i R I —¢J?

For the sake of self-containedness we shall re-derive (4.6) below. let us denote by = = [A, B
the two block-columns of Z (of sizes 2r x r) and by 271 = { g } the block rows of =~ (of sizes
r x 2r). Then

/ Tr (EZ'EL oMM ™) ;2( (4.12)
Y+UY-
—/ Tf({ o ] [A’,B’]arm+) ) — / ({ } [A’,B’}a’fw) A= (413)
v+ v
/ Tr (DA’9r)d)\ — | Tr(CB'OF)dN  (4.14)
v+ v-
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where we have used that C and A are analytic across vy and D, B analytic across yv—. On the

other hand the jump relations imply

and these identities can be differentiated on vy (for A) and v_ (for B). We thus have

- / r (DA'Or) d\ — / Tr (CB'OT) d\ = (4.16)

:/d)/iluTr <D()\)](3/E_)/\() )d/\+/d)/duTr< (“) ;))81'( )) (4.17)

On the other hand these two terms exactly compute '!

—Try, (Ry—00F) —Try_ (R_;00G) = —Try, Uy ((Idy,uy. +R) 0 ON) =
= JIndet(Id,, u,_ — N) (4.18)

where R is the resolvent of the operator with kernel N already used in (3.43) and R has been
decomposed as in (3.49) and F, G defined in (3.45). Q.E.D

Proof of Thm. 4.2 We start analyzing the Lh.s. of the equation and observing that 0lnmp is
equal to $01n 7= plus an additional term. Indeed, from I' = R(A)Z()\) with R defined in (3.25), we
find

1
IMr=="2+="'R'RE=2""2'+ ﬁE-l(A)(1 —G1)E(N) (4.19)
so that
d\ dA
281nTp—81n75:/ T (T T oMM ™) —— —/ Tr (EZ'E oMM ™) = =
Y+UY- 2im Y+Uy— 2w

1 e ~ 0 or x
= — Tr ~1)\a:>\[ T +Dd>\—
= [ 5w (E:l()\)alE_(/\)8+8r()\)) D+ [ gn T (ETERE- (- 0F) A =
Y+

= [ SEET R o) = [ T DRANIRN) (420

B(\) = 61A(-)\), D()\) = C(=\)51.
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We want to identify this last integral; recall the notation Z~! = [S] and that the jumps for =7

imply for the column CT

T (VT
ct(\) = [10’“] +/ D(?_)Eg)dg (4.21)
Moreover, by definition of inverses we have
C(AM)A(N) =1, =D(M)B()). (4.22)
Consider
T T
(R++ o@IC)()\ M) — / R++(/\ f) El (g)aEQ(Ml:"__?El (/.L)Eg(f) d§ —
-/ B WAT)DT () Ba() L (0Fx (1) + 0EL (OBl
- A=¢§ E+u
T T D”(&r"(¢)d¢ Ei(MAT(\)DT (&) Es(€) OET (&) Ea(p) |,
=E Ao ([ e ) R+ [ ¢ Erp T
T T
= W ( /7 . <giﬂ - fA) DT(@rT(ods) OB (1) +
EY (NAT(NDT (&) Ex(§) 0BT (O Ea(n) .
e A—¢ ern o7
_ B (:LA;Q) (CT(\) — D7 (1)) HEa() + EF(A)AT(;ET@)EQ(&) oE! g(é::iz(u) de =
_ Ef(MAT(\)a: DT (1)0Es>(p)  E{ (A\)9Ea(u) Ef (\MAT(A)DT(§) E» () OET (€) B (1)
= T pa +/W s Frp d64.23)

(note that we used (4.21)). Taking the trace we have to set p = A and integrate over 7,: the last

term in (4.23) can then be simplified as well

(EF(\)AT(\)DT (€ B()0ET (€)Ba(\)
/vi“/ffg D=6+ - (429
()8

B (r"(ANAT(N)D 2(IET (€))
‘/J?/fg D=0+ N -

— Ty TOOAT( ) 2 1 1 T T _
T /ix /ﬁg AT 3¢ (57 ~ v ) DTOB(OOET @ (4.25)
| (B0 B D%)@@)M?(ﬁﬁg} - (1.26)
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- / Tr ((1, — AT(€)73: D7 (€)) E2(£)IET (€)) de (4.27)

+ %

Taking the trace of (4.23) we thus have

=Tr oK
T T
Tt (R 00K) — _/ d)\Tr (ET (A)8E2()\2)):|— OET (M) E2(N)) (4.28)
v+
AT (§)a DT (€)IE(§) ET (§) AT (6)51 DT (§) Ea(§)IET (€)
+T d¢ + [ d& 4.29
L 2 I 2€ )
Together we thus have
T\a DT T
Tr (Roy 0 0K) = — Tk + [dA (A (A)‘”; WarT) (4.30)
v+
and therefore
dA dA
Tr (T2 T oMM ™) = — Tr (E2'E oMM ™Y = = 4.31
/‘H—U’Y— (=T ) 2im /7+U*/— (E-E ) 2w 31
=2Tr(Ryq 00K)+2Trok (4.32)

In summary, using Theorem 4.1, we have

d
/ Tr (D' oMM ™) Q—A =9dlndet(Id,, —K*) +2Tr(R4; 00K) +2TroK  (4.33)
V+Ur-

i
On the other hand we now show that the r.h.s. of (4.33) is precisely 20Indet(Id,, + K) at which
point the proof shall be then complete. To verify this last point we have (using Theorem 3.1)
(Id,, +K)7' = (Id,, —K)~'1d,, - K) " =""(1d,, +Ryy)(Id,, —K)
- Id’y+ - ’C + R++ - R++IC (434)
from which we can compute the variations of the determinant
20Indet(Id,, + K)=2Tr((Id,, + K)"'0K) =
=2Tr (8IC — KoK + R++8/C - R++IC8]C) =
= —Tr((Id,, +R44)0(K?)) +2Tr(0K) + 2 Tr(R4+10K) =
= 9Indet(Id,, — K?) + 2 Tr(R44+0K) + 2 Tr(9K) (4.35)

Q.E.D

When the dependence on the deformation parameter is in the form specified in (4.3) then we

can write the differentials in terms of formal residues as shown here.
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Proposition 4.1 Suppose that M(\) in (3.2) can be written as M()\) = T My(N)e™TN) where
T()) is a polynomial diagonal matriz without constant term in A (T(0) = 0) whose entries depend on
the deformations and such that T(—\) = G1T(N\)ay. Let 0 be the derivative w.r.t. one deformation

parameter. Then

dln = wr(0) = —% res Tr (F‘l(A)F’(A)BT(A)> d, (4.36)
Olnrz=wz(0) = —res Tr (El(A)E’(A)aT(A)>d)\ (4.37)

where the residues are understood as formal residues, or the coefficient of A\™1 in the expansion at

nfinity.

Proof of Prop. 4.1. The equivalence of the formal residues (4.36) with the integral represen-
tation (4.1) (or (4.2)) was proven in [2] in a more general context, but we recall here the gist of it.
The formal residue in (4.36) (for the case of wr, the other case being completely analogous) can be
written as an integral on an expanding counterclockwise circle (with the piecewise-defined I') and

then it can be transferred by the use of Cauchy theorem to the integral

1 1 d\
— ~ res Tr(T'TYOT)d\ = 4+~ lim Tr(T 10T -~ = (4.38)
2 A=c0 R— o0 ‘>‘|:R 27/77
1 dy 1
= Tr [(-T7'Y, + 7' ) 0T == + = ¢ Tr(I=2 —— = 4.
2/7Mr[( A _)a]2m+M (4.39)
1 1=l 1 —17v dA
=—= Tr [(M'TZ'T M +M~'M —TZ'T) 0oT] -— =
2/ 0y 29
1 dA
= —7/ Tr [[Z'T (MOTM ™' —0T) + M~ *M'0T] -~ (4.40)
2/ 0y 2im

Firstly, the term crossed out is zero because T'(\) = O(\) = 9T (\) = O(\) (as A — 0) and [T
may have at most a simple pole at A = 0 (thanks to (3.10)) so that the term is analytic at A = 0.
Secondly, note that M~1M’ is (piecewise) strictly upper or lower triangular on v, U~_ and 9T
is diagonal, hence the term Tr(M ~*M’OT) = 0 on v, U~v_. On the other hand from the formula
(4.3) follows immediately that MOTM~t — T = —OM M ~! and hence (4.36) gives exactly (4.2).
Q.E.D

The following corollary follows from direct matrix multiplications using the asymptotic forms

(3.9) and (3.7) together with the special structure of the expansion matrices (3.15) and (3.21).

Corollary 4.1 If 0T()\) = i\ expeos with ey, the diagonal elementary (r x r) matriz, then

1
wr(9) = —gTes (F_lf")\ekk@cog) dA = —i(a1)kk (4.41)

oo
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Similarly

oo

w=(0) = —res (E_lE'/\ekko@a;),)d/\ = —2i(a1)k.k (4.42)

To conclude this section we prove that, when r = 1 the relation between the two Riemann-—
Hilbert problems, and in particular equation (3.23), can be interpreted as a Miura transformation

between the two tau functions.

Proposition 4.2 Suppose r = 1 (but possibly p > 1) and M()\) := e My(N)e 293 (i.e. a
special case of Prop. 4.1). Then the tau functions (Fredholm determinants) =, are related

through the Miura transformation

(OsIn7z — 20, In7r)> = —92In 7= (4.43)
Equivalently we may simply write

(w=(Ds) — 2wr(05))? = —Osw=(0s) (4.44)
Proof of Prop. 4.2. The solution = of Problem 3.1 is such that

ds (2(N; s)e“)‘”?’) = U(\; 8)Z(); 5)etsres (4.45)
U(X;s) := iAo + 261(s)o1 (4.46)

which can be easily proved by noticing that U has no jumps, hence it is entire, and then by looking
at the behavior at infinity using the expansion of Z. On the other hand then comparing the terms

in the expansion of the two sides of (4.45) one finds that
dsay = —2if} . (4.47)

Now, Corollary 4.1 (i.e. Prop. 4.1) yields

dsInt. = — res Tr (E7'E'0.T) dA = —2iay (4.48)
1
dslnt. = —5 Jes Tr (D'O,T) dX = —iay (4.49)

Rewriting (3.23) as 28? = (2ia; — 2iaq)? and using the equations (4.47), (4.48), (4.49) we obtain
the statement of the proposition. Q.E.D

Remark 4.1 Defining u := 20?In1r and v? := —92In1= we obtain the usual formulation of the
Miura transformation

u=—v% £ dyv.
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5 Applications: Fredholm determinants and noncommuta-
tive Painlevé 11, XXXIV

We now consider the Fredholm determinant for the convolution operator on L?(R,,C") given by

(Aig f)(z):= | Ai(z +y;9)f(y)dy (5-1)
Ry
o, d
Ai(z; 5= | W et gion SH _ ek Ai(z + 55 + s1)]. (5.2)
Y+ 2m ”
1S
;3 ZSQ/L Tk
=11, + . =1 visu (5.3)
6 . 6
(7
s := diag(s1, sa,. .., S,) (5.4)
The matrix C is a constant r X r matrix and the contour 74 is a contour contained in the upper
half plane and extending to infinity along the directions arg(z) = %, %”.
Here the matrices E, E5 can be chosen as
1 1
Er(\) = ——e?Na, By(\) =W | r(N) = ——e?N0ef™) (5.5)

2im 2
The first issue is whether the solutions of Problems 3.2, 3.1 exist for real values of the parameters
§. We shall -in fact- show an existence theorem for Problem 3.1, which immediately implies existence

of the solution of Problem 3.2 by Proposition 3.2.

Theorem 5.1 Suppose C = CT is a Hermitean matriz; then the solution to Problem 3.1 with r as
in (5.5) exists for all values of § € R” if and only if the eigenvalues of C are all in the interval
[—1,1]. If C is an arbitrary complex matriz with singular values in [0, 1] then the solution still exists

for all 5 € R™. (The singular values of a matriz are the square roots of the eigenvalues of CTC)

Proof of Thm. 5.1 The proof is based on the estimate of the operatorial norm of the operator
Aiz (with parameter C' € Mat(r x r, C)); the invertibility of the operator Id +.Aiz will be guaranteed
if the norm of Aiz is less than one.

On the other hand the invertibility is equivalent to the non-vanishing of the respective Fredholm

determinant; hence from Corollary 2.1 we have (in the present notation, with p = r)
det (Idg, + Ais) 1> o) = (5.6)

det (Idg, — Ai%)

= det (Id"pr + K:) L2(v4,CP)

_ 2
Loy cry = 4ot (o, =K%) ooy
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Thus, if ||| Aig||| < 1 then |[|4i2||| < 1 and thus the Fredholm determinants on the line (5.7) do not
vanish. This is sufficient for the existence of the solution of Problem 3.1 as shown in Thm. 3.1.
Let us then estimate the norm ||| Aiz|||; first of all note that L?(R,) ~ L?([s,oc0)) by simple

translation; with this in mind we can express the operator Aig as the operator Aiz but acting on

the space
Hs= L*([51,00)) @ ... ® L*([s,,0)) (5.8)
Aig Hs — Hs (5.9)
(fi, - fr)— (Z Cik / Ai(z + y)X[Sk,Oo)fk(y)dy> (5.10)
k=1 R j=1,...,r

Let Pz be the orthogonal projector
Pz: L*(R,C") — Hgz , Pg=diag(X,,, o)+ s Xy o)) (5.11)

Then we have Aiz ~ P3AizPs. On the other hand it is evident that the operator Aiz : L*(R,C") —:
L?(R,C") is the tensor product Aig = C®L where we have denote L the scalar convolution operator

with the Airy function on R

L:L*(R) — L*(R) (5.12)
£1(w) = [ Aile+ )/ )y (513)
This operator squares to the identity (as it is easily seen in Fourier transform, but is also well known

[23]) and hence has unit norm (in fact it is a unitary operator, an easily verified fact in Fourier

transform). Therefore
Il = lllC e LI = ICHTEN = el (5.14)
and hence
I Aigll] = [ PsAig Psll| < (I[Pl [ Adgl [ [ Psll] < lllC]l] (5.15)

Since |||C]]| is the maximal singular value the first part of the theorem is proved because |||C]|| < 1
implies that the norm of our operator is strictly less than one.

To prove necessity in the case ¢ = C! Hermitean, suppose that C' has an eigenvalue s €
R\ [-1,1] with eigenvector ¥y (for Hermitean (and more generally normal) matrices the singular
values are simply the absolute values of the eigenvalues). We need to show that for some choice of §

the Fredholm determinant vanishes; we will accomplish this by finding a special value of § for which
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the square of Aiz has an eigenvector and hence it is not invertible, thus implying the non-solubility
of Prob. 3.1. To this end we take §= (s, s,s,s...,s) and f(y) = Goe(y) with ¢(y) € L2(R..). Then

(Aizf)(z) = w*To | Kai(z+s,y+ s)e(y)dy (5.16)
R+
where K ; is the well known Airy kernel

Ai(z)Al (y) — A’ (2)Ai(y)

Kai(z,y) = vy

:/ Ai(z + 2)Ai(z + y)dz (5.17)
Ry

It is well-known that Ka; on L?([s, c0)) is self-adjoint and of trace-class. Let A(s) be the maximum
eigenvalue. This is a continuous function of s and tends to 1 as s — —oo (it clearly tends to zero as

s — 400) [23]. Let ¢4(y) be the corresponding eigenfunction and use now f(y) = thps(y). Then

(Ai2f)(z) = As)x* (=) (5.18)

If k2 > 1 there is a value of so € R for which (AiZf)(z) = f(z), thus proving that Id — Ai% cannot
be invertible for §= (s, ..., s0). This concludes the proof. Q.E.D

The reader may now wonder whether these kernels have a “physical” interpretation. The answer

is in the affirmative

Theorem 5.2 IfC is real or Hermitean then the kernel Aif7 is totally positive on the set {1,2,...r}x
R.

Proof It is a general result that if (X,du) is a measure space then for any W C X we have

k
vaet | [ f@a©ano] = [ aelp@ledacn o)  619)
w a,b=1..k Wk j=1
In our case we take X = {1,...,7} x R with the counting measure times Lebesgue measure.

A function on X is then equivalently interpreted as a vector of usual functions: & = (j,z) =
(&) = f((j,x)) =: f;(x). With this understanding the kernel AiZ is understood as a scalar function
on X x X to wit

Aiz(6,6) = (5.20)

T
= [AiZ];, j, (71, 72) = chlkckh /RdzAi(xl + 2455, +sp)Ai(re + 2+ 55, + SK) = (5.21)
k=1 +

= [ du@F(&,OF (&) (5.22)

X+
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where we have set

F(&1,Q) = cj, pAl(x1 + 55, + 2 + s1) (5.23)
C:(k7Z)GX+::{1,...,T}XR+CX (524)
The statement of total positivity amounts to checking that for any K € N and any &;,...,x € X
we have
det [Ai3(6a, &)], peye > 0 (5.25)
To this end we use the previous fact (5.19) and we have
det [Ai2(€a: &))<, yege = det [ [ an©FE.OFce)| = 620
+ a,b
K 1 K
= %/, det [F (& Gl det [F(Ce, )] [T (o) = 75 /X Jdet [F(&a I [T dn(Ge) > 0 (5:27)
FYXY c=1 YA c=1

where the modulus occurs if C' is complex Hermitean (in which case F(¢,¢) = F(¢,€)), while if C

is any real matrix then we have a simple square (which is anyway positive). Q.E.D

Theorem 5.2 allows us to interpret the kernel Ai% as defining a determinantal point process
on the space of configurations X = {1,...,r} x R [22]. The Fredholm determinant is then a

multi-level gap distribution for said process on the interval [S, 00) (after a translation z — z — 5).

5.1 Noncommutative Painlevé Il and its pole-free solutions
We consider first Problem 3.1 for =Z; the jump is written (r defined in 5.5)

Er =E2_ (1 — 2inr(N)eoy) , AE vy (5.28)
+ =E2_(1g — 2imr(—A)eso_) , A€_ (5.29)
The matrix U(\) := Z(X\)e?M27s  with (\) as in (5.3), solves a RHP with constant jumps

\I’+: U_ (127- + C®O’+) 5 PN Y+

U, =U_(1y +Cs0_) , A€Er_
T(N)= (12, + O(A7Y)) "Mooz -\ o0 (5.30)
It would be simple to show that U()) solves a polynomial ODE in A (of degree 2, see Lemma 5.1),
which eventually would lead to showing that (31(S) solves a noncommutative version of the Painlevé
IT equation (whence the title of the section). In this perspective, the above jumps are a particular
choice of Stokes’ multipliers associated to such an ODE, exactly as in the scalar commutative Lax

representation of PII [13]. We thus describe in the next section below, ex ante, the most general
set of generalized monodromy data for the ODE (5.46).
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5.1.1 The general Stokes’ data/Riemann—Hilbert problem for ¥

Denote by A C C” the set of diagonals
A:={5eC": s;=s4 j#L}. (5.31)

Let 59 € C"\ A and choose a ray vz := Rye~ %= in such a way that %z(s,(co) — 5§0)) # 0 for z € yg.

Let vz := —ygr. We introduce the ordering k < ¢ as follows
k=<t < S (s -5 <o (5.32)

For a fixed v this ordering is constant in a suitable open conical neighborhood of 5% not
intersecting the diagonals A (as should be clear by a simple continuity argument): we shall under-
stand such choice of neighborhood and keep the chosen ordering fixed. We shall say that a matrix
N is upper(lower)-triangular relative to the ordering (5.32) if Ny, = 0 for k < ¢ (£ < k,
respectively) and Ny = 0.

Example 5.1 Ifs; < so < ...s, are real and ordered, then the notion of upper(lower) triangularity

relative to any ray argz = (—m,0) is the usual one.

We define the six additional contours

v i=RyeStE | k=0,...,5 (5.33)

Let Cpy,...Cy three arbitrary r x r matrices, S, = 1, + N,,S; = 1, + N; with Ny, N; two
upper/lower triangular matrices relative to the ordering (5.32) determined by the choice of g, and
let M = diag(p1, ..., pr) € SL(r,C) (traceless). The entries of M will be referred to as exponents

of formal monodromy.

Problem 5.1 Let U(\) be a sectionally analytic function on C\yoU...v5 U~y Uyr, bounded over

compact sets of C and solving the following Riemann—Hilbert problem

U,o=U_(1y,+Coeoy), A€y, U, =U_(15+Ceo_), ey  (5.34)
U=U_(1yp+Coooy), A€y, W, =U_(1y+Coeo_), Ae€vs  (535)
U,=U_(1g, + Ciwoy), MNEqs, U, =U_(1g.+Cos0_), MNEs (5.36)
U,=V_[(1,+S,)® (1. +S)], Ner (5.37)
V=0 (1, +S)® 1, +85,)], Ae (5.38)
U, =T e ™12 = N c R, (5.39)
T(N)= (1o, + O(A 7)) e iemMEL ) \Mo L2005 0s -\ o0 (5.40)
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where in (5.40) € = 1 in the upper half-plane, € = 0 in the lower half-plane and arg(\) € [—m, ).
The matrices Cy, ...,Cyr, Sy, S;, M are chosen satisfy the no-monodromy condition stating that
the product of the jumps is the identity. (We choose yr # Ry and all the rays are oriented towards
infinity).
Since the rays vr,, yr may lie in between different v;’s depending on the value of 5 the no-monodromy
condition may take different forms. For example, if € R" \ A we can choose arg(yg) = § + € and
the no-monodromy condition takes the form
{ 1+, 0
0 1+5;
o { 1+5 0
0 1+5,

Remark 5.1 The problem associated to the Fredholm determinant of the operator as in Thm. 5.1

:| (127~ + CQ®U+)(12T =+ CQ@U—)(]Q?" + C’l®0.+)efiﬂ'M %

:l (12r + C()@O'_)(].QT + O2®O'+)(12r + Cl®0'_)e_i7rM =19, (541)

corresponds to the particular choice S, =S, =C1 =M =0 and Cy = C = —(C5.

Note that the jumps satisfy the symmetry M(—\) = 1M (A)o; and hence we also have (noticing
that 8(—N)eos = 016(N)eo30; since O(—A) = —0(\) as per (5.3))

T(=)\) = 6,T(\)5, (5.42)

The dimension of the manifold (Cy, Cy,Cs, Sy, S;, M) of solutions of (5.41) can be computed by
noticing that there are a total of 3r% + 2@ +7r —1=4r% — 1 variables. The equation (5.41) is
of the form Ac1 Ao, = 15, and hence —due to the symmetry of conjugation by o1— there are only
2r2 independent equations. Of these, one is redundant since the determinant of A is already unit.
Hence there are 212 — 1 independent equations and thus the manifold of solutions has dimension
272,

Lemma 5.1 Let the matriz U(\) be the solution of the Problem 5.1 and denote the asymptotic

expansion at oo as

00—
\IJ(A)QZETK‘M‘@ 1y —Ms 12679()\)5903 =19, + Z % ,
=1
i1 = q2j41003 + Bojy102 , Zoj = agjel + B0, (5.43)

(recall that € = 1 for SA > 0 and € = 0 for SA < 0) where the expansion is valid sectorially and

independent of the sector. Then

asj\I/: U]\IJ s Uj :i)\ej®83+Z'[Ck17ej}®1+{ﬁl,€j}®01 (544)
A o 1 .
AI=ANT , AN = 3 Z U; - §D (1e03 + freos) +issog = (5.45)
=1
A2 1 o
AN = 1503 + A\G1eoq — §D,61®02 +i(B{ + s)eos (5.46)
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where

D= 0Js. , e;:=diag(0,0,...,1,0,... 5.47
J J

with the one in the j-th position.

Proof The fact that the expansion for (recall that arg(\) € [—m, 7))

T(N)el™ME\-Mal2e=0(N2os G >0, [N >1
(\) = P(A)AMEL2e=0(20s A <0, |\ >1 (5.48)
T(N) Al <1

[1]

near A = oo is of the form in (5.43) follows from the symmetry ¥(—X) = 61 ¥(\)g; which then
implies the same symmetry for =. The function = has then no jumps on Ry \ {|A] < 1} and the

—ieMA\Me1200(\)©0s  The fact that the expansion

remaining jumps are those of ¥ conjugated by e
is independent of the sector is a consequence of the fact that the jumps for = along the eight rays

are analytic in a small open sector around said rays and of the form
E+()\) = E_(/\)(]. + O()\—oo)) , A= 00, AEYU...v5UyL UYr (549)

uniformly within said sectors. The fact that U; and A are polynomials is an immediate consequence
of the fact that the jumps of ¥ are independent of A, 5. Using Liouville’s theorem and the fact
that aijlnp—l is entire (a simple consequence of the independence on s; of the jumps) we deduce

immediately that U;(z) can only be a polynomial of degree 1. Then

0, 2(\) + iIAE(N)ejoos = (U}”A + U]@) =)

Oj(ar1e0s + Preos) a1y @aeos + B109102 n azel + Baeoy 4o ) ejoos =
A Y 22
_ (1) (0) 1903 + Bregy | azel + fawoy
7(Uj AU )(1+ ) + - +...) (5.50)
Comparing the coefficients of the powers of A\ we have
A= U =idejeoy (5.51)
A= i[a1®03 +51®O’2,ej®03] = UJ(O) (5.52)
)\_1 — 85]. (OZ1®O’3 + ﬁ1®%0’2) = —3 [Ck2®1 + ﬁ2®0'17ej®03] + UJ(O) (OZ1®O’3 + 51@/&{0’2)
s, (@03 + frogs09) = —i[asel + fawoy, ejo03] + UJ(O) (1003 + Pfro02) (5.53)
If we sum up for j = 1,...,r we obtain the differential equation
D (1003 + freos)= —i[azel + freo1, leos] +i[a1eos + freoz, leos] (meos + freos) =
= 2Bo009+281001 (1203 + Bre0os) = 282009 + 2iB1a1009 — 2i,512®03 (5.54)
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In particular
Da; = —2if33. (5.55)
If we look also at the A~2 coefficient we find
Dy =2082+2if1ar , Po = %Dﬁl —ifron. (5.56)

Exactly as before we argue that A(z) is a polynomial of degree 2. Then we compute

MEN) +Z(N) (z)\;l + is) 003 = (A2A” + A1A + Ag) E(N) (5.57)

4 (1 n Oémogi\r@woz n agel ;ﬂwm e ) <i>\221,- —|—is> oy = (5.58)

= (A22® + Arz + Ay) (1 + O”M?’jﬂlw? 4 el ;Bz@m 4. ) (5.59)

Collecting the coefficients

A= Ay = %A21®03 (5.60)

A = 4= %[CM@U;), + freos, leos] (5.61)

A = Ay =issos+ %[aml + Baeor, leos] — Ay (a1e03 + Breos) = (5.62)

Ag = ise0s — %D (1005 + Broos) (5.63)

where we have used formula (5.54). The second expression for A(A) (5.46) follows from (5.55). The

rest of the proof is a simple computation. Q.E.D

Lemma 5.2 Let U be as in Lemma 5.1 and denote by 1 = (1(5) the r x r coefficient matrix
in 21 = a1903 + Breos of the expansion as in the mentioned Lemma. Then the matriz function

B1(8) € Mat(r x r,C) satisfies the noncommutative Painlevé II equation.
9
D?B) =4{s, 1} +88) , s:=diag(s1,...,s,), D:=) 5 XOYE=XY +YX (564)
y
j=1 "7

Proof. We use the zero curvature equations

DV = ZUj\IJ = UpV¥ , WU = AT (5.65)
j=1
(O\Up + UpA—DA—-AUp) =0 (5.66)
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with the U;’s introduced in Lemma 5.1. We have

A 1

UD = i)\l@O’g + 2ﬂ1®0’1 5 A = §UD — iD (Ot1®0'3 + Blfx;(fg) + Z'SQ§O'3 (567)
) 1

A= %)\2]@0'3 + A\bieor — §D (OZ1®O'3 + ﬁ1®0'2) + iSe 03 (568)

We now compute this expression (for simplicity we denote with a prime the action of D, noting
that Ds = 1,.)

OUp=ilsos (5.69)
1
DA= )\Bi@()’l - 5 (0[/1/690'3 + ﬁ{o’gdg) + 7;1@0'3 (570)
1
[Up, Al= |iAlso3 + 2f1007, —5 (a)oos + Blecs) +iscos| = (5.71)
= MBjeo1 — 2if1d)e0s + i{B1, B }eos — 2{f1,s}e0s (5.72)
Hence

0=0Up — DA+ [UD,A] = (573)

1 1
=§O/1I®O'3 + 5,81’@0’2 - 2iﬁ10/1(§<0'2 + i{,@l,ﬁi}®0'3 — 2{[31,5}@%()’2 (5.74)

Using now (5.55) we have of = —2i{f1, 81} and hence we are left only with

(; - 467 - 2{61,s}> 20y =0 (5.75)

Q.E.D

Thus Lemma 5.1 and the matrices (5.65) provide a Lax matrix representation for the general
solution of the noncommutative Painlevé equation (5.88) which is parametrized by the 2r? initial
values (31(5) and D1 (3) at any point §.

It should also be clear that any solution 1 of the noncommutative Painlevé 1T equation (5.88)
yields a compatible Lax pair A(); §) (5.46) and Up (A; §) (5.65); the Stokes’ phenomenon (generalized
monodromy data) for the ODE 9,¥ = AWV can be seen to be given exactly by the data specified
in Problem 5.1 (we refer to [25] for the general theory of Stokes’ multipliers). Thus any solution of

(5.88) is obtained via the above Lax-pair.

Remark 5.2 The generic solution of 1(5) of the noncommutative PII equation will have non-
movable singularities on the diagonals § € A; this is due to the presence —in general— of nontrivial

Stokes multipliers along the rays vr,vr. If those multiplier are trivial as well as the exponents of
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formal monodromy i.e. M =0, S, =0 =.5; then those singularities will be absent. In this case the

no-monodromy condition (5.41) can be spelt out more clearly as

[Co,C1] =0, [C1,C2] =0, [Cy,Co)=0 (5.76)
Co+Co+C1+CoCCo=0 (5.77)

which yields a manifold of dimension r> +r (the matrices can be generically diagonalized simulta-
neously and a simple counting yields this number). The condition (5.77) resembles very closely the

ordinary situation r = 1 of the commutative Lax representation for PII [11]*2.

The importance of the isomonodromic representation for the noncommutative Painlevé II equa-
tion is that it implies automatically the Painlevé property [19] that the only singularities of the
solution are poles except -possibly- the singularities on the diagonal manifold § € A if the Stokes’

matrices Sy, .5; are nonzero.

Remark 5.3 Another important remark is that the solution (1(5) as a function of the barycentric

variables
S = - E i 0, =5;—95 (5.78)
: 2 Sj i = S T

has only poles as a function of S (note that D = 0g) if § & A; this is so because changing S does

not change the differences between the s;’s and hence never crosses the diagonal manifold.

Remark 5.4 To our knowledge, the noncommutative Painlevé equation (5.64) has appeared first
in the recent [20] where the authors construct special rational solution using the theory of quasi-
determinants [8]. Previously, a version with scalar independent variable (hence replacing the anti-
commutator by simply sB1) was studied in [1], where the Painlevé test was applied. It seems that
the Lax representation for the noncommutative version of [20] appears in the present manuscript
for the first time. It seems possible to generalize the Lax-pair representation by allowing a pole at
A = 0 in the Laz matriz A(\) (exzactly as in the scalar case). For example the compatibility of the

following two Lax matrices

iN2 1 1 N~
A()\): %0'3 + )\51®Ul + ) (S + 5%) ®03 — 5B1®0’2 + X@01 5 UD = Z)\O’g + 251@0’1 (579)
[Ox — A(A),D = Up(A)] =0 (5.80)

12Their matrix U()) has the symmetry ¥(—\) = g2¥(\)oz, which means that it should be compared with ours
after conjugation by el T3,
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with © an arbitrary scalar (i.e. commutative symbol). The zero-curvature equations are easily

verified to yield
D?By = 4{s, 51} + 837 — 40 (5.81)

which is precisely (with different symbols) the Painlevé II equation studied in [20]. From the isomon-
odromic method, however, the above equation appears to be not the most general that one may obtain
by allowing a pole in A(N). We do now dwell further into the matter since it is peripheral to the

focus of the present paper.

The compatibility equations for the operators 95, — U, 05, — Uy, and 0y — A yield additional
equation listed in the Corollary below, which is proved along the same lines (but we will not report
the proof here since it is unnecessarily long, straightforward and anyway this has no bearing for our

goals)

Corollary 5.1 The matrices (1,1 satisfy the systems (0; =05, D=3 0;, j=1,...,1)

031 :%{ej, Dpi} —i{ej, Brar} +iejlon, Bi] +iane; 81 + ibiejan (5.82)
%@‘Dﬁl =i(9;81)on + {{B1,e;}, 8} — %[ej,al]Dﬂl + [, 5], Bi]an +
+8{esbr}n — S{DBion, e} + Lo, B} (583)

1—c;+i {s, [al,ej]] + % {[,Bl,Dﬂl],ej] —0 (5.84)

{ej, OB} — {ex, 0,81} =i[Brex, cne;] +ile; 1, epan] + iex[B1, arle; +

tiejlon, Bileg + ilarer, Biej] +ilejan, e B (5.85)
ilex, Ojou] — ifej, Opar] =exaie; — ejaier, + exfie; — e;Bier +

+ex 1, e;01] + [Brew, Biej] + [ejar, epar] + [arej, arer] . (5.86)

5.2 Pole-free solutions of noncommutative Painlevé II and Fredholm de-
terminants

We now return to the specific situation of the RHP associated to the integrable kernel Ai%; this is

the special case of the setting as explained in Remark 5.1.
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Theorem 5.3 Let 2 = Z(\; 5) be the solution of Problem 3.1 with r as in (5.5); let
61(5’) = —17 lim )\512(>\;§) (587)
A—00

where Z;; denote the r x r blocks of 2, 1,j = 1,2. The matriz function B1(5) € Mat(r x r,C)

satisfies the noncommutative Painlevé II equation.

D?B; = 4spy +4B1s + 887, s:=diag(s1,...,s,) , D= 0 (5.88)
j=1

The asymptotic behavior of the particular solution associated to the Problem 3.1 is as follows: if

S = %Z;Zl sj — 400 and d; :=s; — S, j=1,...,r are kept fized, |§;| < m, then
3
[Bilke = —creAi(sk + se) + O (\/geé(zssz) (5.89)

If C is Hermitean then so is the solution 31(8) of the noncommutative Painlevé equation (5.88) and
it is pole-free for all § € R" if and only if the eigenvalues of C are within [—1,1]. If C is arbitrary
and its singular values lie in [0, 1] then the solution is also pole free for §€ R".

Finally, the Fredholm determinant 7(5) := det (Id — Ais*) satisfies

o0

det (Id — .Aig2) = exp (—4/
s

where t + 6 := (t+01,...,t+ ).

(t — S) Tr(B(t + 5))dt> (5.90)

The last statement is the noncommutative (matrix) equivalent of the celebrated Tracy—Widom

distribution [23]. Before giving the proof of Thm. 5.3 we prove the uniqueness of the solution.

Proposition 5.1 For any r x r matriz C there is a unique solution of noncommutative PII (5.88)
with the asymptotics (5.89).

Proof of Prop. 5.1. The proof does not differ significantly from the scalar case as in [10]. In
barycentric and relative coordinates S, d; as in Thm. 5.3 we have D = 0g. The regime we consider

is S — +o00 and all §; bounded below. We note that the function
[U(g)]kg = —cpeAi(sg + s¢) = —cpeAi(2S + 0 + ) (5.91)
is a solution of the linear part of (5.88):

DQUM = —4CkgAiH(8k + Sg) = —4Ck,g(8k + Sg)Ai(Sk + Sg) = 4(SkUu + ngS[). (5.92)
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Then any solution (3;)¢ with the specified asymptotic also solves the integral equation'?

o0

[Bilke = Uke + 47r/s (AL(25+8k +60)Bi(2t + 06k +6¢) — Ai(2t 405, +0¢) Bi(2S + 1 +8¢)) [(B1)?]kedt(5.93)

Equation (5.93) can be solved by iterations for S sufficiently large, as noted in [10] for the scalar
case.

The local uniqueness follows from the local uniqueness of the solution of the ODE (5.88) (in S).
The solution is easily seen to be locally analytic in § because of the analyticity of the ODE and also
from the integral equation. We also point out that since the generalized monodromy data associated
to this solution have S;, = S; = 0 = M (see Problem 5.1) then there are no critical singularities at
all in § and we may only have poles at most (the Fredholm determinant is analytic in §, hence can

only have zeroes). Thus the solution is globally defined for § € R by analytic continuation. Q.E.D

Remark 5.5 Because of (5.89) and Prop. 5.1 we may call the special solution of noncommutative

PII arising above the noncommutative Hastings-McLeod solution(s).

Proof of Thm. 5.3. The fact that 8; solves the noncommutative PII equation (5.88) follows from
Lemma 5.2 since this is a special case of that with S, =S, =C; =M =0 and C = Cy = —Cs.

Asymptotics. Suppose that S = %Z s; is large and positive and 6; := s; — S are bounded by
-let’s say- m. We rewrite the RHP in the scaled variable z := % The jump on the contours v+
of the form 1 — 2inreoy,1 — 2nfeo_ can be factored into (commuting) matrices (here below ey is

the elementary matrix)

r w3 /1 3 5,46
1— 2i7TF®U+ = H <1 + Ck[GZSQ (gz +(24+ 3 &)z> 6k)[®0+> (594)
k=1
r o3 (1.3 5,46
1— 2irrec_ = H (1 +Ck£e iS2 (32 +(2+4’“S—£)Z) ek,’z@(j') (5.95)
k=1

Each factor has a saddle point at z = +iy/2 + % and the contours 4 supporting the single
jump can be split according to the factorization (5.94) so that each of the factor is supported on a
different contour 'yf D of steepest descent for the corresponding phases. Proceeding this way the

reader realizes that each factor

i (1,0 ETAN
M:(l:k‘,e)(\/gz> =1+ Ckéei 52 ('3 +(2+ kS 2) )ekyéx,(j'i s AS ’y:(tk’Z) (596)

is close to the identity jump in any LP (Wik’e)), 1 < p < > with the supremum norm given by

3
11— MEO | = |epele 3GSHHIZ (5.97)

13We recall that Bi is the solution of f = zf such that Wr(Ai, Bi) = =~ 1.
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This shows that the RH problem may be solved by iterations; the first iteration for = yields

=Eor - [ TYSuknan Ww(w)_ (5.99)

W w2 (w—2) 2]

\/56—3(25—27”)% (5.99
VS + |\ 99)

=1- %[cuAi(sk + s¢)|eoy + %[cuAi(sk + 8¢)]eo- + O (
where the notation [Age] stands for a matrix with entries Age. This yields
3
[Bilke = —i lim AZ12(\) = —creAi(sy + s¢) + O <\/§e§(252m)2> (5.100)

Poles. It follows from Thm. 5.1 that under the stated conditions 3; exists and finite for all §=R"
and hence cannot have poles.

Symmetry. If C = CT then (for § € R") rT()\) = —r(—\) (see (5.5)) and the jump matrices M (\)
then satisfy

MY =65 M~ Y (=N)5s, M\ = 1o, + PN 0e?M, (cr_s_xu(/\) toox, (/\)) . (5.101)

The contours of jump satisfy (also) 7, = y_. Then E~T(X) := E-7(X) = 53E5(\)o3. This implies

(030903 = —039)
E(\) =14 DRI T ARR J;B”‘m +o.o= El() =1 N TR0 ;51@0? +o (5.102)
=t0)=1- ab”giﬁim b= aE e =1+ _0‘1@’03; Bloos | (5.103)
which shows immediately 8; = ﬁir (as well as ay = —aI).

Formula for the determinant. From Corollary (4.1) we deduce that DIndet(Id — Ai2) =

—2i Tr o and together with eq. (5.55) we have
D? Indet(Id — Ai%) = —4 Tr(3?) (5.104)

from which the formula follows immediately by integration as in the usual Tracy—Widom distribu-
tion. Q.E.D

5.3 Noncommutative PXXXIV

Similarly we can prove
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Theorem 5.4 Let a1,as be the coefficient matrices in the expansion of the solution I' of Problem
3.2 as in formula (3.15) and define ®(\) := T(A\)e?MN=7s . Then

0, 0=V;® , 0\® = BP (5.105)
Vji= Nejeo_ +ifar,e;]el — 2{bs, e;}e0_ —ejo0 . (5.106)
0 _2 1 ila1,s] — af —s — ia]
BN)=| PN o }+ o . 27 5.107)
F+A(s—3a1) 0 A | 2ia1 +2[as, s]+2[s, a1]ar — 3 (a})? 1+i[as,s]+Laf

Denoting by D = Z;Zl Os,, so that Ds = 1, we have

D& =Vp®, Vp=X\loo_ —2iDaeo_ —leo = | giDa _01 } (5.108)
- 1

The matrices a1, ay satisfy the equations (prime denotes action of D)

ai’ = 8ila, slay + 8ay + 8i[s, az] + 6i(a})* + 4{a}, s} (5.109)
o = diay (5.110)

Remark 5.6 Differentiating (5.109) and using (5.110) one obtains an ODE for the matriz aq
al? = 6i{ay,a}} + 8id)[s, a1] + 8i[a1, sa}] + Sisla}, a1] + 4{s,a}} + 164} (5.111)

Remark 5.7 Ifr =1, then we are in the commutative setting and s = s is just a scalar. Then the

term involving ag in (5.109) drops out and we obtain (' = Js)
"

ay' = 8ay + 6i(a})? + 8sa) (5.112)

If we take the equation (5.112) and we differentiate once we obtain, for a}, the equation (1.19)
(up to rescaling). For this reason we will call the system (5.109, 5.110) the noncommutative
Painlevé XXXIV equation.

Corollary 5.2 Denoting by Fl(nc)(?) the Fredholm determinant of the operator 1d + Ai(e;3) on
L*(R4,C") we have

0., F\"(8) = i)y (5.113)
and ay is a solution of the noncommutative PXXXIV equation (5.109, 5.110). In particular

DF")(3) = iTra;. (5.114)
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Proof of Cor. 5.2. The Fredholm determinant equals the determinant of Id + K as explained
already in the proof of Thm. 5.1. Then the formulas above follow simply from Thm. 4.2 and
Corollary 4.1. Q.E.D

Before concluding the paper with the proof of Thm. 5.4 we point out that —in a sense— all the

relevant information is already contained in Thm. 5.3 because of the matrix Miura relation

a1(3) "= aq(3) — i1 (8) " £ —zi/ﬁf(t+51,...,t+5T)dt— iB1(3) (5.115)
S

where §= (S + 61,...5 +0,) and (31 is the noncommutative Hastings—McLeod family of solutions
(depending on C') in Theorem 5.3. This immediately yields the

Corollary 5.3 The Fredholm determinant of the matriz Airy convolution kernel Aiz satisfies

oo

det (Id + Aiz) = exp U Tr (Ba(t+01,....t+6,) +2(t — S)Bi(t+ 01,...,t +6,)) dt| (5.116)
S

where B1(8) is the Hastings-McLeod family of solutions to noncommutative Painlevé II as in Thm.
5.5.

Proof of Thm. 5.4. Recall that L = 1L and

3 1
LosL ™! = %(Lr —iXo_, Loyl '= 3o+ +Ao_, LoyL '=o03 (5.117)

O,T(N) +iAD(N)eje0s = (Vj@)A2 + VA + Vj“’)) =)

0; ) ‘ bie 1 + bo
Loy @eos) ooy (14 @t hieon el dbeon
A A A2
(@2, D) (0) a1003 | agel +byeoy
—<Vj A2+ VA4V )L(l—i— =+ . +..) (5.118)
. ] 1+
—i0ja100_ + %@ama‘_ + w +...4 (5.119)
. 1t boe .
i (1 ~iaje0_ + %am@ + w +.. ) eje (j\a+ - z’Ao_) -
VX L yON L) (1 ! 8261 0280 5.120
(j + VA4V ) — 0190 + 50100 + =5+ ... (5.120)
=N (1 —iaye0_)ejeo_ + (ia1e0y + asel + breos) ejoo_ — (1 —iajeo_)ejeo, =

=22V (1 —iayeo_) + V7 (iar1004 + azel + byeos) + VO (1 —iareo_) (5.121)
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We thus have

Vj(Q)(l —idaieo_) = (1 —ia1e0_)ejeoo_ = Vj(2) =eje0_ (5.122)

VJ(O): i[al,ej}zal + ([ag,ej] - {bg,ej} — [al,ej]al — iﬁjal)@ga_ —€je04 (5123)

Looking at the A™! coefficient one finds the following identity
—10;a1 = [ej, as] + [a1,e;]lar — {ej, b2} (5.124)
which allows us to rewrite
V9= ifar,ej]o1 — 2{ba,ej o0 — ejooy (5.125)
Summing up (5.124) for j = 1,...r we also have
Da;, = —2ib, . (5.126)
We will need also more information from (5.118) by looking at the coefficients of the negative powers

of A in particular we will need this for Vp := Z;:r To do so it is convenient to multiply (5.118)
on the left by L=!. Below we list the results of lengthy but completely straightforward inspections.

We list the entry of the coefficient of M in the form [A] ,.

)

A2 by = a1
[)\_2]1 2 b3 = —fa'lal — Ea’{

’ 2 4

(5.127)

[)\—2] / _1 ! — b _

1,1 Ay = 2611@1 10201 = a1a1
A 3lia | ba= ia’le + %b% + ia’lag + %bé + %bgag = —%(a’l)Q + %a’lag - ia’l’al - éa’l”

A similar and completely straightforward computation (involving longer algebra) yields

0 _A
B(\)= 2
< [)‘23+/\(s—b2) 0 ]“L
+l bs —ibgal—i—z’[al,s] —s — by
| tag — by — {S,bg} —ibsaq + [GQ,S] + [S,al]al + bz(bg — a% + az) i[al,s] +ibsa; — b3+ 1

The expression can be simplified using (5.127) to give

B(\)= 0 3 } + (5.128)

{A;H(S—%ai) 0

_ i /

ilar, ) - 4af S

1
— . . . . . 5.129
+ALm+bﬂﬂﬁ&%}HLMm+iMV+§%’1+Muﬂ+@Y]< )
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One then has to write the zero-curvature equations

O\Vb — DB + [Vi, B] = 0 (5.130)

which yield
al" = 8i[ay,sla; + 8ay + 8i[s, as] + 6i(a})? + 4{a},s} (5.131)
ay = aja (5.132)

where the first equation comes from the entry (1,1) of the coefficient in A=1 of (5.130), while the

second equation comes from (5.127); all other entries of (5.130) are then automatically zero. One

can use (5.131) to simplify further the expression for B as given in the statement of the theorem.
Q.E.D
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