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ABSTRACT

On Modular Forms, Hecke Operators, Replication and Sporadic Groups

Rodrigo Farinha Matias, Ph.D.

Concordia University, 2014

In the first part of this thesis we find all congruence subgroups of PSLy(R) and respective
weights for which the corresponding space of cusp forms is one-dimensional. We compute
generators for those spaces.

In the second part we establish a connection between the Hecke Algebra of ['y(2)+ and
the group 2 - B, the double cover of the Baby Monster group. Namely, we find a new form of
replication, 2A-replication, that is reflected in the power map structure of 2 - B. This is very
similar to the fact that usual replication reflects the power map structure in the Monster
group. We use a vertex operator algebra and a Lie algebra that were constructed by Hohn
and see that the McKay-Thompson series for 2 - B satisfy 2A-replication identities. This also
simplifies the computations made by Hohn to identify every McKay-Thompson series as a
Hauptmodul by using generalized Mahler recurrence relations. This strategy follows in spirit
Borcherd’s proof of the original Moonshine Conjectures.

We also extend these ideas to I'g(3)+ and 3- F5,.. However, even though the generalization
is straightforward there are McKay-Thompson series that have irrational coefficients for which

our replication formulas don’t work.
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Introduction

For long time, the groups I'g(IV), I'y (N) and I'( V) were, among all subgroups of P.SLs(R),
the ones number theorists were most interested in. However, since the beginning of Moon-
shine some interest has arised in genus zero, congruence subgroups of PSLs(R) that are
commensurable with PSLy(Z) as they play an important role in this theory. Moonshine
has its roots in the initial observation by McKay, in 1978, that the first coefficients of the

modular j-function:
1 .
§(q) = = + T44 + 196884 - ¢ + 21493760 - ¢* + 864299970 - ¢° + ..., q = *™**
q

are linear combinations with positive integer coefficients of dimensions of irreducible repre-
sentations of the Monster group, M, the biggest sporadlc simple group. This suggest the exis-
tence of a natural graded representation V% = @ Vn such that j(q Z dim (Vu >

n=-—1 n=-—1

Thompson later suggested that the functions T,(q) = Z Tr (g, V(hn)> q" would be worth
n=-—1
investigating. These are called McKay-Thompson series. Actually, from their power series

expansion, Conway and Norton ([12]) realized that each McKay-Thompson series seemed to
be the Hauptmodul (canonical generator for the function field of modular functions) for a
subgroup of PSLy(R) between some I'g(N) and its normalizer in PSLy(R). These groups are
also genus zero (a Hauptmodul only exists in that case), whence our interest in the groups
of type mentioned above. All such groups were classified by Cummins ([14]) who also gave
information about the number fields where the coefficients lie in. It turns out that there are
616 groups whose Hauptmodul has rational coefficients (which include all Monstrous McKay-
Thompson series) and 3870 irrational ones. The first problem addressed in this thesis is to
find among all such groups the ones that have a one dimensional space of cusp forms of even
weight and to compute the generators of those spaces. The interest on this classification is
related to the fact that such forms have appeared in some contexts directly related or not to

Moonshine, for example [47] and [23].



An important concept in Moonshine is that of replicability. We say that a function

flg) = é +ai1q + asq® + ... is replicable if there is, for every n € N, a function

n 1 n n
f )(q)za—l—ag )q—i—ag '@+ ...

such that

> 1o (E0) = i)

ad=n
0<b<d

where P,(f(q)) is the Faber polynomial of f. This is closely related to the definition of the
Hecke operators for the modular group. A function is completely replicable if, in addition, it
satisifes (f (m))(n) = fm)_ Tt was observed by Conway and Norton ([12]) that the McKay-
Thompson series T}, are replicable and satisfy Tg(") = Tyn. In particular, they are completely
replicable. The proof of the existence of V* was obtained by Frenkel, Lepowsky and Meurman
([28]). Tt is a vertex operator algebra and from that Borcherds constructed a Z x Z graded
generalized Kac-Moody algebra, the Monster Lie algebra, whose (m,n) piece is isomorphic
to V(hmn) This Lie algebra has a twisted denominator formula which says essentialy that the
McKay-Thompson series are replicable and satisfy Tg(n) = Ty as stated above. It was known
at that time that the Hauptmoduls corresponding to each McKay-Thomson series were also
completely replicable. The fact that a function is completely replicable implies recurrence
relations among the coefficients of a function and its replicates that allows us to compute all
coefficients of a function knowing just the first five coefficients of its replicates. It is then
enough to compare the first 5 coefficients of every McKay-Thompson series and those of the
corresponding Hauptmodul to be sure that they are actually the same functions. This was
what Borcherds did ([7]) proving all the original Moonshine Conjectures.

Norton ([48]) generalized the Moonshine Conjectures in a way that it implies the existence
of Moonshine properties for other groups. Héhn proved this ([34]) for the group 2 - B, where
B is the Baby Monster group. 2 - B is the centralizer of an element of class 24 in M. In
the second part of this thesis we use his results to prove that there is a form of replicability

coming from the Hecke Algebra of I'y(2)+ that respects the power map structure in 2 - B, in



the same way that usual replicability respects the power map structure in M. In this case, we
also find recurrence relations that allow us to compute all coefficients of a function from the
first 5 coefficients of the fuction and its replicates. This simplifies the argument Hohn uses
to match every McKay-Thompson with a Hauptmodul and is closer in spirit to Borcherds
proof of the original Moonshine Conjectures. We also make computations that show the
same property holding for the group 3- F3,, at least for the cases where the Hauptmodul has

rational coeflicients.
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Chapter 1

One-dimensional spaces of cusp forms

1.1 Introduction

In this chapter we find all genus zero congruence subgroups of PSLy(R) for which there
is a one-dimensional space of cusp forms and compute the expressions of those forms. We
can see these forms as analogs of the A function, a cusp form of weigh 12 for the modular
group.

In Section 1.2 we introduce some definitions and notation about the groups we are going
to work with.

Sections 1.3 and 1.4 are devoted to the Dedekind eta-function, Eisenstein Series and
some of their properties which will be used to find expressions to our forms. All the results
in section 1.4 can be found in [22] except 1.4.3.

In section 1.5 we find all possible signatures for a group to have a one-dimensional space
of cusp forms. Using these signatures we extract from the tables given in [14] all genus zero
congruence groups that we are interested in.

In the last section we compute these forms using the results from sections 1.3 and 1.4.
For groups of type n|h + e1,es... we found that they can be expressed as product of a

multiplicative eta-product and an Eisenstein series. All the other groups will be analysed



individually using ad hoc methods.

1.2 Some subgroups of PSLy(R)

We define, as usual,

IS
(=)
IS
f=p)
*
*

€ SLy(Z) |

( mod N)

o
S8
O
S8
=}
*

(=)
IS
S

*

o
—_

a b 1

€ SLy(Z) |

b
= ( mod N)
c d c d 0 1

Lo(N) = (
a 1
['(N) = € SLy(Z) | = ( mod N)
[(N) = (
The normaliser of I'y(N) in PSLy(R) was described in [12] as the set of matrices of the

ae b

form . where a, b, ¢, d, e, h and n are integers satisfying:
cn de
1. the determinant ade? — % equals e.

2. h is the largest divisor of 24 such that h? divides N and N = nh.

3. e is an exact divisor of % (we write €||%), i.e. e divides # and (e, £) = 1.
h ) h  he

ae b
The set W, of all matrices of the form of determinant e where ¢||N is a

cN de
coset of I'g(N) and is called an Atkin-Lehner “involution*.

We define I'g(n|h) to be the subgroup of the normalizer of I'((N) of matrices of determi-
b

nant 1, i.e., it is the set of matrices of the form " 1. This group is a conjugate of
cn d
. . ae g\ .
I'o(%), whence the notation. The matrices with a fixed e form a coset of this
cn de



subgroup and we denote them by w, since they are conjugates of the Atkin-Lehner involutions
of T'o(3)-

The normalizer of I'y(N) in PSLy(R) can thus be described as the union of I'g(n|h) with
all its Atkin-Lehner involutions.

Following [12], we use the notation I'g(n|h) + €, f ... to denote the group obtained from
I'o(n|h) by adjoining the Atkin-Lehner involutions we, wy,. ... Also, I'g(n|h)+ will mean that
all Atkin-Lehner involutions are present.

We are interested in a certain subgroup of index h in I'g(n|h) + e, f... which we will
denote by n|h+e, f.... These groups are important in the context of Monstrous Moonshine
and were first introduced by Conway and Norton ([12]). They defined them as the kernel of

the homomorphism A : I'g(n|h) + e, f,... — C* defined in the following way:

1. A =1 for elements in I'y(NV),

2. XA =1 for every Atkin-Lehner involution Wg of T'o(N) in I'g(n|h) + e, f ... such that

every prime dividing E also divides n/h,

s 1 l
3. A= 6_27, for the coset containing bl
0 1
o 10 0 -1
4. X\ = et for the coset containing , where the sign is + if is
n 1 N 0

present, otherwise it is —.

These homomorphisms are well defined in the cases Conway and Norton considered but
it is not obvious when this gives a well defined homomorphism, in general. This point was
considered in [13] and [24] and it happens that the homomorphism A is unique and well-

defined, and hence n|h + e, f, ... exists, if the following conditions are satisfied:

0 -1
- if h = 3 then either 9 | n or # = £1 mod h. The sign is + (resp. —) if
N 0

is (resp. not) present.



- if h =4 then 8 | n.

- if h = 8 then 32 | n.

- if h is a prime power and +e¢ is present then either e =1 mod h or Zr = +1 mod h.

0 -1
The sign is + (resp. —) if is (resp. not) present.
N 0

- if h = 6, 12,24 then either both groups I'g(3n|j) and I'g(jn[3) or both groups I'¢(%|J)

and I'g(%[3), where h = 3j, satisfy all conditions above.

We shall use this result later when we consider such groups.

1.3 Eta-Products

The Dedekind eta-function is the function defined in the upper half-plane by:

L n TiZ
n(z):qm H(l_q )7 q:@2

n>1

It satisfies the following transformation formulas:

s’

1) n(z+1)=etn(z)

2) 1 (-3) =V-iz-n(2)

where 2" = |z|"e" () 71 < arg(z) < 7. We assume this convention for the rest of this
chapter.
In fact, if we consider the Jacobi symbol () and define (g)* = (@) and
c c sgn(c)—1 sgn(d)—1 .
(¢), = (—) (—1)" = 2 we have, more generally (Theorem 2.18 in [33]).

|d]

a b
Theorem 1.3.1. For M = € SLy(Z):



N

n(Mz) = v(M)(cz +d)21(z)

where
)’ T ((a+d)e=bd(c?~1)-3c) , if ¢ is odd,

(
(

Theorem 1.3.2. Let 7 = H n'™ be a partition. If

n>1

ol

(M) = (1.3.1)

)* e%((a+d)cfbd(c 71)+3d7373cd) ) ch is even.

Ulo

1. Zrn=2k, ke,

n>1

2. ann = 0(mod 24),

n>1

3. l_In“"”| = m°f where f is a square free integer,
n>1

then for a natural number N satisfying:
4. rn=01nt N,

N
5. Z T = 0(mod 24),

n>1

6. N =0(mod 4) if f = (—=1)* (mod 4),

N = 0(mod 8) if f =2 (mod 4).

(n,c)?
7. E rn >0 (resp. > 0) for every ¢ | N.
n

n>1
we have that n, is a modular form (resp. cusp form) for T'y(N) with character equal to

the quadratic character of Q < (—1)’“]‘).
Proof. See theorem 3.6 in [33]

An eta-product is a function of the form Hn(k;z)”“ where the r, are non-negative in-
k>1
tegers. We will abbreviate, as usual, H k"= for this product. For example, 1373 represents
k



Partition | Character (if not trivial) | Level || Partition | Character (if not trivial) | Level
241 - - 4282 32
83 - - 64 36
11231 (=) 23 2242 8
21221 (=) 44 || 17214782 (=2) 8
31217 (=) 63 1373 (=) 7
41201 (=20) 80 2%6° (=) 12
6'18! (=2) 108 48 (=) 16
816! (=2) 128 | 122%3%67 6
127 (1) 144 1157 5
113151151 15 38 9
112171141 14 14224% (=) 4
214161121 24 1636 3
12112 11 212 4
22107 20 1828 2
3292 27 1% 1

Table 1.1: Multiplicative eta-products

n(2)3n(7z)3. A multiplicative eta-product is one with the property that if a,, are the coeffi-
cients of its power series expansions then a,,, = a,,a, whenever m and n are prime to each

other (a necessary condition for this is Z kry = 24).

k
All multiplicative eta-products have been classified in [23] and are listed in table 1.1

We note that all partitions associated to multiplicative eta-products have balanced cycle

N\
shapes, i.e. H k't = H (?) for some N.

k>1 k>1
We will be interested in the action of the Atkin-Lehner involutions on these eta-products.

For this, we first note that

I ef
f0 ae b _ a(e, f) b(e,f) (e.f) 0 (1.3.2)
0 1 N de eNED diss 0 (& f)

f

and define on the set of divisors of NV, e * f := itk

We define the weight-k operator |, [7], for v € GL,(C), in the following way

(fio 1)) (2) = det()% (cz +d) 7" f(72)

10



If we assume that e||N and ex fixes the partition m = H k™ then we have
k>1

N, [Wel = et (cNz+ de)™* H n (n

ale,n) b2 '
=3 (cNz+de) ™" H n en) b %z
cN (e,n) d-< e,n

nz1 en (e,n)
k _ a(e,n) b ¢Nz+de\ en m
ser(eNzrde | JIv| o < (e,) ) Hn((en)22>
n>1 CN% (een) ’ n>1 ’
a(e,n) bl '
= H v ( (e N (2) -
n=1 cN eeﬁ) d(een)

We denote this root of unity by wg.

1.4 Eisenstein Series

The aim of this section is to give the necessary background on Eisenstein series and give
the action of the Atkin-Lehner involutions on them. All the facts that are stated but not
proven here can be found in [22], except the ones in section 1.4.3 for which we provide a
proof. We use the notation & (N, ) for the orthogonal complement of Si(N, x) in My (N, x)

with respect to the Peterson inner product.

1.4.1 Dirichlet Characters, Gauss sums, Gamma-function

and L-functions

A Dirichlet character modulo N is a homomorphism of multiplicative groups

x:(Z/NzZ) — C*

Any Dirichlet character x modulo N lifts to a Dirichlet character x»; modulo M for any

M with N|M setting xa(z) = x(z mod N).

11



A Dirichlet character module M is said to be primitive if it is not obtained by lifting
another Dirichlet character module N, with N|M, in this way.

Every Dirichlet character y modulo N can be extended to a function y : Z — C setting

x(nmod N) ,if (n,N) =1,
x(n) =
0 ,if (n, N) > 1.

The trivial character modulo NV is the character 1y defined by

We note that 1x(0) = 1 if and only if N = 1.

If x and % are Dirichlet characters modulo N then

- — N) if x =
iy = O =Y
n=0 0 5 if X 7é ’QU
In particular,
ply ¢(N) Jifx =1y
x(n) = (1.4.1)

The Gauss sum of a Dirichlet character modulo N is defined by

We have for a primitive Dirichlet character x modulo N the following

x(n)uy" = x(m)g(x) (1.4.2)

S
I
o

Every Dirichlet character modulo N has an L-function attached to it:

u&m—E:%?,m@z1

12



This function converges for $(s) > 1 and can be extended meromorphically to all C. This
extension is always entire, except when xy = 15 in which case it has a simple pole at s = 1.

We introduce now the Gamma function

“+oo
I(s) = / e 't57ldt, s € C
¢

=0
This function is defined for R(s) > 0. However, it satisfies the following functional
equation
[(s+1)=sI(s)

and can thus be extended meromorphically to all C.

It satisfies the following formula for every positive even integer k:

w5 (3) N*L(s,x) = 7 2 T (45%) g0 L(1 = 5,X) Jfx(=1) =1
ﬂ-_sglp (%) NSL(Sa X) = _ZT(—2ESF (%) g(X)L(l - Su%) ) if X(_l) =-1
In any of these cases we have, using the properties above,
Lk ) = s 20011~ k) (143)

We now extend the notion of Bernoulli numbers in two ways.

First, we define the Bernoulli polynomials By (X) by

and then we define the Bernoulli numbers of v, where ¢ is a Dirichlet character modulo

13



u—1 tect +o0 tk
=N"B, ., —
S v = By

From this definitions we can see that

Biy ="} 9(c) By (5)

c=0

and the important fact that we will need later is that for k = 1 and ¢ # 1,

E_:Wf) (E - %) = Biy = —L(0,9). (1.4.4)

1.4.2 Eisenstein Series

Fix N € N and k > 3 and consider for each o = (¢, d,) € (Z/NZ)* of order N:

_ 1
Gi(r) = Z (er +d)F

(¢,d)=v(N)
where v is any lift of (¢,,d,) to Z?.

This is a modular form of weight k& on I'(N) and has a power series expansion

T —\ ~dy (_271_,&)]6 — »mm 2mir
n(1) = 6(@)C™ (k) + m nz;Z sgn(m)mFtpdmgnm gy = e N, (1.4.5)
im0
n=cy(N)
1 ,ite, =0, — 1
where 6(¢,) = and (% (k) = Z/ —.
. ¥
0 , otherwise. d=dy(N)

For k = 1,2 we define G}, to be the function given by (1.4.5) and set also

14



9i(7) = G5(7) ~ 5o Jif k=
Gl + & (-1 |ifk=

These are weight-k invariant under I'(IV), even though g (7) happens to be non-holomorphic.

They satisfy

g V] =g, for v € SLy(Z), (1.4.6)

Consider also for each v, ¢ primitive characters modulo v and v, respectively,

GLo(r) = Y(e)p(d)ge ) (7) (1.4.7)
c=0 d=0 e=0
+
S(W)L(L — k) + 2Za§;ﬁ(n)q” Jif k> 2
Efe(r) = (1.4.8)
0(0) L0, 9) + o(¢ +2Za n)g" L ifk=1
1, iff=1
where 0% (n) = Zw(n/m)gp(m)mk and 0(0) = '
mln 0, otherwise
Using (1.4.5) we can show that GU?(7) = ((_k%), f}k)Ew“"( ).

We describe now a basis for the space & (N, x) (recall definition given at the beginning

of this section).

Ell,ll ) — tEll’ll tT , if — =1y and k =2
Define Ellf,cp,t(T) _ k ( ) k ( ) 1/) ¥ 1

EP?(tr) , otherwise
For k£ > 3 the set

{E;l“”’tl (¥, 0,1) € Ang, Yo = X} (1.4.9)

form a basis for & (N, x), where Ay is the set of triples (¢, ,t) such that ¢, ¢ are
primitive Dirichlet characters modulo u and v with (¢p)(—1) = (=1)* and ¢ is a positive

integer with tuv|N.

15



For k = 2 the set

{Eg”“"’tl (1, ,t) € Ang, Yy = X} (1.4.10)

form a basis for & (N, x) where Ay is the set of triples (¢, ¢,t) such that v, ¢ are
primitive Dirichlet characters modulo u and v with (¢¢)(—1) = 1 and t is a positive integer
with 1 < tuv|N.

For k =1 the set

{Eiz”“"’tl ({9}, t) € Any, Yy = X} (1.4.11)

form a basis for & (N, x) where Ay is the set of triples ({¢, ¢} ,t) such that ¢, ¢ are
primitive Dirichlet characters modulo u and v with (1¢)(—1) = —1 and ¢ is a positive integer

with tuv|N.

1.4.3 Action of the Atkin-Lehner involutions on Eisenstein Series

When both v, ¢ are trivial, £}, = E,il’h is a modular form on SLo(Z) for even k > 3 and

using (1.3.2) for any Atkin-Lehner involution W, we have

Ej(nz),, [W.] = (ﬁ) Ey (%% (1.4.12)

When k = 2 we note that the vector space generated by {E;l’h’d| d divides N } is

[NIE

> BadBs(dr)| Y fa=0 (1.4.13)

d|N d|N

and a simple calculation shows that

1,11,d 11,e 1,11,exd
Byttt (W] = By — By (1.4.14)

16



—1

Now we find what the action of the Fricke Involution ( ) on Eisenstein series

N 0
E}¥ is for 1, ¢ not both trivial.

Y(e)p(d)gy" (1)

c=0 d=0 e=0
u—1 v—1 u—1 .
(_27T2)k E : — com nm
1/}<C)30( )(k . ].)'Nk Sgn(m)mk llu 4N

c=0 d=0 e=0 ’ n,me”z

mn>0

n=d+ev(N)
u—1 u—1 v—1

c=0 c=0 d=0 n,meZ
mn>0
n=d(v)
u—1
2L )+ S S Gasgn(mmt (zwcm;m) e
d=0 n,m€eZ c=0
mn>0
n=d(v)

which from (1.4.2) and (1.4.3) gives

NI~ k)
N o) S s g

17



= S (=1)g(@) [ 6(p)L(1 — k. $) +2 Z?p(m)so(n)mk Ly

m—l

= S (=1)g(®) | 6(p)L(1 — k, D) +22 > dm)eln/mym* | gy

mln

= L (- 1)g(v) (6( VL(1— k) +2Zak qu>

= S (— g () EFY (%)

From this we conclude that

or equivalently

B, (") =w(-1) (=) LB () (1.4.15)
N 0

For k = 2 the proof is essentially the same since the non-holomorphic parts of all the ¢§
in the linear combination (1.4.7) cancel out if at least one of the characters is non-trivial.

To prove (1.4.15) for k = 1 we just have to show that

ZZZw Ao (- 3) = et (4) 295)20.9)

cOd 0 e=0 9(80)

In fact
1 wlled — 2 [d+ev 1
Nk s (53 -
c=0 d=0 e=0
v—1 u—1
N ——(d+ev 1

—— () O L w@ (- 5) -

d=0 e=0

18



2

:_u%gw Z (__1)

Using (1.4.4) this e als
() W B = ()} 0 L0.7) = w(-1) () 12

=y
S
=
<
)

Q

From this we conclude that:

- for even k£ > 2, (1.4.12) implies that the operator |, [IW.] acts on ZaddgEk(dT) as

dIN
multiplication by A if and only if the oy satisfy

a_de = Ay, for all d|N. (1.4.16)

(d,e)?

and (1.4.15) gives that

- if k£ is even

- if k£ is odd
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1.5 Genus Zero Congruence Subgroups with one di-
mensional spaces of Cusp Forms

In [55] a formula for the dimension of the space of cusp forms of weight k& > 2 for any
subgroup of SLs(R) is given.
This formula says that the dimension of the space of cusp forms of even weight k for a

certain group is

, ;
(k—l)(g—1)+(§—1)m+;[g (1—61)] if k> 4,
g if k=2,
if k=0, m=0, (1.5.1)
0 if k=0, m>0,
0 if £ <0.

where ¢ is the genus of the group, m the number of non-equivalent cusps, r the number
of non-equivalent elliptic fixed points and e; their order.

From that formula we can find all the possible signatures for groups with 1-dimensional
spaces of cusp forms. For this we just establish a bound on all the possible values of k, g, m,
r and the e;’s (we note that for e > %, [4 (1 — 1)] remains constant) and it is easy to make
a computer program that gives all the possible values for these quantities. We present the
results in table 1.2 (since we are working with congruence subgroups we omit the case where
there are no cusps).

We can find in [14] a complete list of all congruence subgroups (up to conjugacy) of
SLy(R) of genus 0 and 1.

From that list we can extract the genus zero groups which have signature in table 1.2.

The list of groups with the respective spaces of cusp forms of dimension 1 are listed in table

1.3.
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[ Signature Weight ]

g m T 246810121416 [ 18] 20 [ 22 [ 24 | 26
0 1 27 °

0 1 23 ° °

0 1 22MT, 3< M e | o

0 1 2TMINT, 3< M <N °

0 1 MINTPT. 3<M<N<P °

0 1 2131 ° ° ° ° ° °
0 1 2141 ° ° ° .
0 1 2151 ° ° ° °

0 1 2161 ° ° °

0 1 2T T< M o | o

0 1 32 ° ° °

0 1 3141 ° ° °

0 1 3IMT 5 <M e | o

0 1 42 ° °

0 1 ATMT 5 < M .

0 1 MINT, 5<M<N °

0 2 22 ° °

0 2 2T 3 < M .

0 2 MINT, 3<M<N °

0 2 21 ° °

0 2 31 e | o

0 2 MY, A<M .

0 3 Torsion Free °

0 3 MY, 2<M .

0 4 Torsion Free °

1 1 Torsion Free ° °

1 | Any | Any .

Table 1.2: List of signatures with corresponding weights for which the space of cusp forms is
one dimensional.
g=genus, m=number of cusps, T'=torsion.
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l Group I Weights ‘

246810121416 18] 2022724 [ 26
1AY 1+ ° ° ° ° ° °
2AY 2]2 o ) o
2BY /187 2— o | o
20V /4BY /2Dy 4— o

3A7 3[3 o .
3BY/1B7 3— I

3CY 9+ o
3D§/9B?/3Dg 9— o

4A7 o | o
4CY/2CY 4]2 o

4Dg 0 0 0 <
4E(1)/8D1/2F2 JAFY | 8- o

5A7 .

5BY/1B0 5— o [ o

5D /5C7 o

6A(1) °

GB? °
6C0/2D7 6]2

6F§/3F%/2F§’/1E8 6— .

7CY/1BY — D

lAg 2+ ° ° ° °
2A5 42+ o .
287 42 + 27 o .
QES 8+ ° °

3AJ o | o
3BJ/1CY 6+2 o | o

3ES o

4AY 8J4+

4B§ °

4C5 °

5BJ/1DY, 10+2

1Ag 3+ ° ° °
2Ag 6|2 + 3’ o | o

2BY 62 +3 o

2CY /1D 6+3 o | o

3A7 93+ D

3Bg0

12B

1Ag3 5+ o .
2AY 10[2 + 5 o

5Ag °

SBg °

10A7 D

1087 o

lAg 6+ ° °
1B 6+6 o

2AY 122+ D

2B 12[24 2 o

2CY 12[2 + 2 o

IAQ T+ °

1AV, 10+ o

1AY, 11+ o

1A7, 14+ o

1AV 15+ o

Table 1.3: Genus zero groups with respective weights for which the space of cusp forms is
one dimensional
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1.6 Computation of the Cusp Forms

In this section we compute the cusp forms for each of the groups in table 1.3. It turns out
that we can write explicitly our forms using only the Dedekind eta-function and Eisenstein
series. We will make use of the properties of these functions stated in the previous sections.
We will also make use of formula (1.3.1) when we want to find the action of a particular
Atkin-Lehner involution on an eta-product, so we don’t mention it.

For all the forms except three, namely the weight 6 forms for 4A} and 349 and the weight
4 for 12BY, we can prove they are the forms we want using some description of the group.
Either we know it is of the form n|h + e, f,... or we use a set of matrices that generate
the group. For the other three forms we find their power series expansions by a method
to be described below. With the first few coefficients we can, with the aid of a computer,
find a candidate expression for the form. Having this candidate we use the Sturm bound to

guarantee that in fact this is the form we want.

Theorem 1.6.1. If ' is a congruence subgroup of SLo (Z) of index p and f € My (L) is a

modular then if the first &5 coefficients of f are zero then f is identically zero.
Proof. See Theorem 3.13 in [38].

The method we use to find a power series expansion of our forms is the following. If G is
a group of genus 0 we know that the field of modular functions of G is generated by a unique
(after normalization) element ¢, i.e. every modular function for G is a rational function of ¢¢.
We say that t is a Hauptmodul for G. If we differentiate ¢ we get an automorphic function

of weight 2 which may fail to be a cusp form because it is not necessarily holomorphic. The

dig

- )k however, we can multiply this form by a suitable

same applies to the weight 2k form (
rational function of t5 in order to obtain a cusp form. Thus, the problem of finding a ¢-
expansion for an even weight cusp form for a group G is reduced to finding a g-expansion for

the Hauptmodul of G.

23



For several groups in our list the expression for the Hauptmodul is known, for example
[12]. When we don’t know ¢y for a group H but we know ¢ for some G containing H we
can find ty as follows.

Since tg is invariant under G it will also be invariant under H and then it is a rational
function of ty. To find the expression of this rational function we just have to consider the

following map:

T H\H" — G\H*
Hr +~— Gr
where H* denotes H U Q and H\H* (resp. G\H*) is the Riemann surface associated to H
(resp. (). Since a modular function is completely determined, up to multiplication by a

constant, by its divisor, we can write for any P € G\H*, P # Goo:

I (tu(r)—tu(@)™

Qen—1(P)

1T (tu(r) = tu(Q))™

Qen—1(Goo)\{Hoo}

ta(t) —ta(P) =

(1.6.1)

where 7 is the ramification index of 7 at ). Using this equation for various P we can express
t¢ as a rational function of t5 which allows us to write a g-expansion of .

We illustrate this method with an example. We take G = 1AY, H = 4A% P =G -i and
Q:G-pwherep:—%—k‘/?gi.

There are in H\H* three points A, B and C' lying above P, with ramification indexes 1,
1 and 2 respectively, and two points D and F lying above () with ramification indexes 1 and
3 respectively.

Using (1.6.1) for P and Q) we get:

tG(T) — 1728 = (tH(T) — tH<A)) (tH(T) — tH(B>) (tH(T) — tH(O))2

ta(r) = (tu(r) —tu(D)) (tu(r) — tu(E))®
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We can set ty(E) = 0 since we can add a constant to a Hauptmodul and it will still be
a generator for the function field of modular functions.

From the first equation we see that the polynomial X* — ¢5(D)X? — 1728 has to have a
double root and this implies that ¢z (D) has only four possible values: +8 4 8i.

These four values are the values of tz(D) for the four different conjugates of 449 under

11
powers of and so we fix, for example, ty (D) = 8 + 8i.

01
Now, we state our theorem:

Theorem 1.6.2. The following list gives generators for the 1-dimensional spaces of cusp

forms of table 1.5:

149 - 512 =12, S16 =124 By(r), S1s = 124 Eg(7), Sa0 = 124 - Bg(7)
Sag =12* . Bio(1), Sz = 1%* - E1a(7)
249 - S5 =12, 510 =112 By(r), S1a =112 Bs(7)
2B{/1BY - Sy =1%2%, S19 = 1%2% . (Ba(7) — 2 Ba(27))
209/4BY/2Dy - S =212
347 - S4=1% S190=1% BEe(r)
3BY/1B - S =1%3% Sg =193 . (Ba(r) — 3 E2(37))
3¢) - 84 =3% 86=3% (Ba(r) — 6 E2(37) + 9 E2(97))
3DV /9BY/3DY - 54 =3%
449 si=n(3)n(3)  n@tnea i@ 24200 (3) Tn(3) n ) n22) 7 0 (42)2
So =10 (31 (5) + B (5) + 1830 (5) 0By (3) - 23 ) - 325 1)

4097209 - 54 =1424, Sg = 1424 . (BEa(r) — 2 - Ea(27))

apy - sa=n(3)"0(3) n@tn) nE 2420 () 0 (5) () 0 @) 0 (n)?
4EY/8DY /2F0 JaF) - 54 = 2444

549 - 5y =17151025"1 1 5.1%54257

5BY/1BY - 54 =1954, Sg = 145° . (Ba(7) — 5 - BE2(57))

5DY/5C) -S4 =1454
649 - Sy=1 (%)8 + (84 8vEi) - n(22)®
687 - So =n(%)12+18-n(z)12+729-n(3z)12

6C9/2DY - Sy =2%%. BE1X(27), where x(-) = (5)

6F)/3FY/2FY/1E] -S4 = 172%3%"
7CY/1BY - 5y = 1977 . B{1X (1), where x() = (7)
1A - S5 =1%2%, 815 = 1%2% - (Ba(r) +4- Ba(27)), S1a = 1%2% - (Be(7) + 8 - Bg(27))
S1g = 1828 . (BE1o(7) 4 32 - B10(27))
249 - 5y =1424, S19 = 1424 . (Eg(7) + 8 - Eg(27))
2B - Sg = 1424 (By(7) — 2 B2(27))
2EY - Sy =2444, Sg = 2444 . (Bg(27) — 2. Ea(47))
349 - Sy =3%44.65 S6 =24 (4 (E4(7) — 18E4(27) + 32E4(47)) — (18 +32- 48))
3B9/1C0 -S4 =17273%6%, Sg = 17273%67 . (Ea(7) + 2 Ex(27) — 3- E3(37) — 6 - Eg(67))

39 - Sy =1%44.28
44 - Sg = 1%2% . (E4(7) — 4 - E4(27))
4B - S =1%2%. (E4 (g) — 7. Ey(r) — 28 E4(27) + 64 - E4(4T))
409 - 54 =410872 _8;. 472810

5B9/1D0, - Sy = 1454 4 4.24104
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0
1A9

249

289

2C9 /1DY
3A9

389
12B)

1AY
249
5AY
5B
10AY
1082
1AY
1BY
2A9
2B¢
209
149
149,

0
1A7,
0
1A7,
0
1475

Sg = 1939 (Ba(r) — 3+ E2(37)), S10 = 198° - (Ea(7) — 9- E4(37))
S14 =103% . (Bg(r) — 81 - Eg(37))
S4 = 1939 . Eil’x(‘r), Se¢ = 1939 . (E;l’x(f) +3- E;(’ll(T)), where x(+) = (5)
Se¢ = 1739 (E;I'X(T) — 3. E?’ll (T)), where x(-) = (§)
Sy = 17223762, Sg = 172%3%6° . (Eo(1) — 2 Eo(27) + 3 - E3(37) — 6 - Eg(67))
Se =137 (B4(r) — 9 B4(97))
S4 = 193491 4 6. 3494 4 27. 3194277
Sy = (3 27247661273 _ 2. 2_34126112_2) +
+3v3i - (5 1276496101275 _ 5. 9-74146512-4 _ 3. 2*54461512*6)

S4 = 1454, S19 = 1454 . (Eg(7) 4 125 - Eg(57))

S = 1252 . (E4(1) — 25 - E4(57))

Sy = 1454, S = 195% + 5/5 - 1957

Sy = 1454, S = 195% — 5v/5 - 1957

S = 1752 (Eil’x(f) — 5\/5E3f’11 (‘r)), where x(+) = (E)

So = 1252 (ByVX(r) + 5VBEY (1), where x() = ()

Sy = 17223262, §,0 = 17223%6% . (Eg(7) + 8 - Eg(27) + 27 - Bg(37) + 216 - Eg(67))
Sy = 17223762, Sg = 172%3%6° . (Eo(1) — 2 - Eo(27) — 3 - E3(37) + 6 - Eg(67))
Sg = 11213161 . (E4(7) + 4 - E4(27) — 9- E4(37) — 36 - E4(67))

S¢ = 1'273'6" - (Ba(7) —4- Ba(27) + 9 - E4(37) — 36 - E4(67))

Sg = 172'376" . (Ba(r) — 4 B4(27) — 9 E4(37) + 36 - E4(67))

S =197 BY N (1), S = 1977 (B3 X (r) + TEY (7)), where x() = (3)
Sy = 1454 4 4. 24104

S¢ = (1454 —4. 24104) (Bo(r) — 2 BEa(27) + 5 - Ba(57) — 10 - E5(107))
S = 17117 . (B4 (1) — 121 - E4(117))

Sg = 112171141 . (E4(7) + 4 - E4(27) — 49 - B4 (77) — 196 - E4(147))

Sg = 113151151 . (E4(1) + 9 - E4(37) — 25 - B4 (57) — 225 - E4(157))

Proof. We split the argument in two subcases. The main division is n|h+e, f ... and others.

We will show that for these groups (with two exceptions 10+ and 10 4+ 2 which we discuss

in more detail below) we can always express the cusp forms as a product of a multiplicative

eta-product and an Eisenstein series.

- Groups of type n|h + e, f (except 10+ and 10 + 2).

For every group of this form in our list we can always find a multiplicative eta-product

on I'o(N), where N = nh. This is unique if we always choose, when possible, one of

even weight. The only cases for which the eta-product has odd weight is N = 7,12

which correspond to 1373, 2363, respectively.

So, for each N we fix a n, of level N.

We note that for our choice of the eta-product every part of 7 is divisible by h and find it

more convenient to work with the conjugate of n|h+e, f ... obtained from conjugation

bth:

h 0
01
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We deal first with the cases where 7, has even weight. In order to obtain a cusp form

for this group we consider the product

ne(r/h) - | agd? - Ey(dr) (1.6.2)
de

The fact that n, is a cusp form guarantees that this is a cusp form as well. In order
to have cusp forms on that conjugate of n|h + e, f... we start by choosing the g4
so that that product is invariant (resp. negated) under the appropriate Atkin-Lehner
involutions. To make it invariant (resp. negated) under the action of an Atkin-Lhener

involution W, we just have to restrict to those Z Oéddg - By (dr) that satisfy condition
|
(1.4.16) with A\ = w¢ (resp. —wg).

For k = 2 we also have to add the condition Zad = 0 from (1.4.13). It happens
dln
that it is always possible to choose the oy in this way and this choice is unique for the

groups and weights in table 1.3 (this was already necessarily true for those groups with

h=1).

For example, if we consider 642 and try to find its weight 6 form, we take 7, = 12223262

and since this has weight 4 and is fixed by W5 we need to find oy such that

a1 By (T) + 202 E5(27) + 3a3(37) + 60(67)

is invariant under Wy. But, from (1.4.13) and (1.4.16) we see that, up to multiplication
by a scalar, the only possibility is a; = ay =1, ag = ag = —1.
10

11
It turns out that after doing this, the matrices M; = and My =
01

21
h
have the right action on these forms, i.e., they act as multiplication by A (Mh_ lMth),

A (M b 1]\/[2Mh) respectively, where A is the homomorphism from section 1.2.

This proves that these forms are invariant under the kernel of A - or, more precisely,
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h 0
its conjugate by - which is exactly the definition of n|h +e, f, .. ..

0 1

The case where h = 1 is trivial so we give an example with A > 1.
For G = 2|2 the form to take is 12 Ey(7).

Since Ej is invariant under SL, (Z) we just have to check the action on 1'?. Using

(1.3.1)

n(Mi2)' = p(My)n(2)"? = e™n(2)"
n(Ms2)' = (M) ?n(2)"? = e™n(2)".
which agrees with the given definition of \.

When the weight k is odd we have to consider Eisenstein series with character. For
N =n =17, we can work only with 7+ because the weight 4 for 7— must be the same
for 7+. In this case 7, = 137% has as a character y = (=L) and we multiply by an
Eisenstein series with character y in order to obtain something without character. So,

1373 El1 PX g clearly the weight 4 cusp form on 7— with trivial character.

0 -1
Using (1.3.2) and (1.3.1) we see that the Fricke involution acts on 1373
7 0

as multiplication by i, and knowing that g(x) = v/7i (see Theorem 1 of Chapter 6 in
35]), (1.4.15) applied to E;"X gives that it acts on E;"* as multiplication by —i. This

proves that 1372 - E{"X is the weight 4 form for 7+.

For the weight 6 form we consider F3'X + 7EX" instead of E"X and the invariance

under the Fricke involution follows from (1.4.18).

The other odd weight case which corresponds to the groups 6(2, 6|2+ 3" and 6|2+ 3, all

with 7, = 2363, (or, actually, 1333 after conjugation by M),) are done similarly. In this

—1
case the Atkin-Lehner involution acts as multiplication by —i and, again,
3 0

we can see that the matrices M; and M; have the right action on these forms.
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- 10+ and 10 4+ 2. We first note that we only need to work with 10+ because the weight

4 form for 10 + 2 must necessarily be the same for 10+.

In this case we don’t have a multiplicative eta-product of level 10. However we have
1*5* which is of level 5 and then it is a form on T'5(10). Since it is invariant under the
Atkin-Lehner involution W5 we only need to symmetrize under W5 to get the weight 4

form for 104. This form is 145° + 4 - 2410%.

To obtain the weight 6 form we note that Fa(q) — 2+ F2(¢*) + 5 - F2(q®) — 10 - E5(q'%)
is a form on T'y(10) that is fixed by W5 and negated by Ws. So if we take the product
of this form not with 15° 4 4 - 2410? but with 115° — 4 - 2110 we get a form that is

invariant under I'g(10) and also all the Atkin-Lehner involutions.

We are left with the groups 4AY, 4D?, 5A% 5D%(5CY), 6AY, 6BY, 3A9, 3EY, 4BY, 4CY,
3BY, 12BY, 5A2, 5B, 10A2 and 10B?, that will be analyzed individually.

We will repeatedly make statements about inclusion and normality of subgroups in larger
groups as well as claims that a set of matrices generates a group. All this information can
be found in [14] and [15].

Also, when we state the dimension of the space of cusp forms for a certain group we are
using formula (1.5.1) and the signature of the group can be found in [14].

Statements about linear independence of modular forms can also easily be checked by

analysing the first coefficients of their power series expansion.
- 4A9

1 b}
This groups is < To(4) NTY(4), : > and the weight 4 form for 4A4?
1 0 1 =2

1 -1
is the same for 4DY = <4G(1), >
1 0

We have a basis for the space of weight 4 cusp forms on 4G9 consisting only of eta-

quotients. We can take for example n(Z)*n(2)'"n(22)~*, n(2)*n(z)* and n(z)*'n(22)".
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We see what the action of is on this basis.
1 0
2\ —4 16 4 1 =1
(n(3)~*n(2)""n(22)7%), =
1 0
_ - 4 16 4
1 -1 1 -1 2 =2
=27y 2| 7 2| 7 2 =
2 0 1 0 1 0
_ . 4 16 —4
1 -1 1 —1 2 —1
=27 ()] 2| (3)
2 -1 1 0 1 0

= (1) () e ()T () T (5) =

w1y —4 N4 .
—4eFn () () 0 (3) " =4i(q — 4¢3 — 23 +24¢]...) =

4 4
1 -1 1 -1 1 -1
() ("), _ ot e . -
1 0 2 0 1 0
4 - 4
1 -1 11 1 -1
=27y 2zl n z| =
2 -1 0 2 1

0
= 24 (—1)22 (B2) e 22 (2)t = e (22 (2)t =

=i (qu+4q; —2¢5 — 24q; + . ..) = n(3)"'n(2)"'n(22)~*

4 4
. . 1 -1 » 1 -1 2 =2
(n(2)'n(22)"),, =z 2| n 2| =
1 0
4
1 0
1 0 2
— —2mi —ﬂ Z Z z 4
=zt 22n(2) e (%) 775 :_?11 (2)n ()
The action of ] on the basis is thus given by the following matrix:
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and the only eigenvector associated to the eigenvalue 1 is

Ln(z)0n(22) 74,

0 (3) n(z)" — 4 n(z)n22)* +i-n(3)"

Knowing that
z z

1(3) 0 (5) ne e e
and

1(2) 0 (C) nertn e n e

are forms on 4GY it is a matter of writing these as a linear combination of the elements

in the basis to verify that the weigth 4 form for 4AY can also be expressed as

1) 0 (2) e nen v 2 (2) 0 (5) nertn e s

We find now the weight 6 form for this group. In order to obtain the its power series
expansion and following what has been done at the beginning of this section we first
observe that the divisors of ‘g—f and (‘g—f) 3 are %A—F%B—l—%D—oo and %A+%B+2D—3oo,

respectively.

From this we conclude that

()"

2

which has divisor %A + %B + oo and consequently is our weight 6 form.

From the factorization X* — (8 +8i) X% — 1728 = (X2 + (4+44)X + 24i) (X — (6 +6i))?
we conclude that (t4(7) — ty(A)) (tu(7) — tu(B)) = tu(r)* + (4 + 4i)tu (1) + 24i and

the expression above becomes
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()"

(tH(T)2 + (44 4i)ty(T) + 241') (tH(T) 8+ 82'))2

This gives a power series expansion for this form. If we conjugate this group by

1
= 0
4 we get a group with cusp width 1 at infinity that contains I'g(16). This
01

has the effect of having integer powers of ¢ in the power series expansion.

Using (1.4.8) we can find a power series expansion for
(2 + 20)45 (B3 X (1) + EX" (1) + i B3V X(27) + 4iEX " (27) — 20 By X (47) — 32EX M (47))

where y = (_—1), and then check if sufficiently many coefficients agree with the power

series expansion above.

Since this has weight 6 and is a modular form on I'g(16) which has index 24 in SLy(Z)
we just have to compare the first % = 12 coefficients of these two modular forms to

guarantee that they are the equal.

With the help of a computer we have confirmed so and the form on 4AY is then

1 ) T 71 T y 1 ) T y 71 T y 1 ) 71
10 (By X (5) + BY" (5) +iBy X (5) + 4iBXT (3) - 2B N(r) - 321 (7))

4D
The weight 4 form for this group is the same for 4AY.
540

This group contains 5G9 = T'y(5) NTY(5) but not normally. However, we have a normal

series 5bGY <1 HEY <1 5AY.

The space of weight 4 cusp forms for 5G9 has dimension 5 and a basis for this space is:

z

1) (=)' () n(52)  n(2 () n(52), n(E m(=) n(52)* n(2)n(=)"n(52)
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There is one more weight 4 eta-product on 5GY. Tt is

z

n(z

5)‘177(2)1077(53)‘1

We will use the fact that

The group HEY is generated over 5GY by
1 0

Symmetrization by this matrix gives a basis for the space of weight 4 forms on 5EY.

This basis is

z z z z
n(z) (=) + 25 n(2)'n(52)", (5 n(2) 0 (52) + 5n(Z)n(=)"n(52)%, n() (=) "n(52)*
Now, 5A7 is generated over 5E? by 7| and the action of this matrix in the
1 -1

basis above is given by:

—14+vV5 _ 5+V5
2 10

45 _3 55
1005 —10 =5

The eigenvector associated to the eigenvalue 1 is

z

n(z)"n(=)" + 25 - n(2)'n(52)" + 5n(

z

5)3n(2)4n(5Z)+

z z

+ 25n( 5)77(2)477(52)3 +20 - n( &.))277(2‘)477(52)2
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Using the linear relation above we conclude that the weight 4 form for 5AY is

z

(s

z

=)"n(z)'n(52)"

)'n(2)"n(52) " 45 - n(

- 5DY(5CY)

This group is I';(5) and its weight 4 form is n(z)n(52)".
- GAY

1 -1 -1 2 -7 4
This group is { To(6) NTY(6), : : .
1 0 2 =5 -2 1

The following are weight 4 forms on 6F} = T'z(6) NT°(6): n (%)8, n(2)® and n (22)°.

-1 2 -7 4
Since they are also invariant under and they are forms on
2 =5 -2 1
-1 2 —7 4
6CT = , ,6F ). They also form a base because the space of
2 =5 -2 1
weight 4 cusp forms has dimension 3.
The group 6C] is normal in 649 and the action of N on this basis is given by
1 0
the matrix:
e 0 %66’%
0 €% 0
16e5 0 0

The eigenvector associated to the eigenvalue 1 is

n (%)8 + (8 + 8\/§2> -n(22)®.

This is the weight 4 form for 6AY.
- 6B}
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This group is <F0(6) NT°(6), : > and contains the group 6F} =
Lo(6) NTY(6) normally.

It is not hard to see that n (%)12, n(2)"?,n(32)"% 1 (%)6 n(2)° 7 (§)6 -1 (32)° and

1 (2)° -1 (32)° are forms on 6F}.

3 —1
Symmetrizing by we get that
1 0
z z z
I+ 7200(32)'2, ()2, 05 on(32)%, () ()" — 270(=) (32"

3 —1
are forms on 6B} = <6F11, >
1 0

The space of weight 4 cusp forms for 6B has dimension 4 and then they form a basis

for this space.

Now, 6B normalizes 6B] and is generated by M = over 6B;. The matrix
1 -1
that gives the action of |, [M] on that basis is:

1 0 & 0
36 -1 2 0
0 0 -1 0

and the only eigenvector associated to the eigenvalue 1 is

12
7 (g) 1187 (2)2 729 - (32)".

This is the weight 6 form for 65Y.
- 349
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6 —1 4 =5
This groups is <F0(6) NT°(3), , > and we claim that the weight
2 0 2 =2

4 form for this group is n(2)® + 4 - n(22)8.

It is clear that both n(2)® and n(22)® are fixed by ['y(6) N T°(3) and interchanged by

the other two matrices.

For the weight 6 form we proceed as for 4A4Y. In this case we have t; A = tg A9 +12¢349 —

3
dt,, o
3A5
dr

(t3A(2)+12)2(t3A8 +4)t3A8 ’

256 and the expression for the weight 6 form is

0
If we conjugate this group by we get a group with cusp width 1 at infinity

0 1
that contains I'g(36). This has the effect of having integer powers of ¢ in the power

Wl

series expansion.

Since 6* - (16 (E4(37) — 18E4(67) + 32E4(127)) — 4 (3% + 32 - 12%)) is also a weight 6 form
on I'9(36) which has index 72 in SL, (Z) we just have to compare the first 228 = 36

coefficients of both modular forms to be sure that they are equal.

This is in fact true and the weight 6 form on 3AY is then

2'- (4 (Eu(7) — 18E4(27) + 32E4(47)) — (1° + 32 - 4%))

3EY

1 3 17 =3
This group is (My, My, M3) where M; = , My = and M; =
0 1 6 -1
4 -5
2 =2

Now, the weight 4 form for this group is n(2)® +4-7(22)%. This follows from the action

of the matrices above on 7(2)® and 7(22)®:
77(2’)8 |4 [Ml] = 77(3)8, 77(22)8 |4 [Ml] = 77(23)8
n(2)" 1 [M2] = n(2)%, n(22)° |, [Ma] = n(22)°
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n(2)% 1, [Ms] = 4-1(22)%, 0(22)% ), [Mz] = § - n(2)°

4B

4 -1
This group is (4Fy, A, B) where 4Fy = Tz(8) NT°(4), A = and B =
2 0
2 =3
2 =2

We claim that 1(z)?n(22)?- (Ey(2) — 7+ Ey(2) — 28 - E4(22) + 64 - E4(42)) is the weight
6 form for 4BY.

It is easy to see that it is invariant under the action of 4Fy and the matrix A.
We now prove it is invariant under the action B.

Since B negates 1(z)*n(2z)* we have to prove that it also negates Ey(%) — 7 - Ey(z) —
28 - F4(22) + 64 - Ey(42).

But this is equivalent to Fy(5) + E4(242Fl) —14-Ey(2) — 56 - E4(22) +4- Ey(z + %) +64-
E4(4Z) = 0.

We know that Ej is an eigenform for the Hecke Operators. In particular, for Ty we

have Ty(Ey) =9 - B4 which is equivalent to Ey(%) + Ey(55) + 16 - E4(22) = 18- Ey(z).

z
2

With this, we can prove that B negates Ey(5) — 7 Ey(2) — 28 - E4(22) + 64 - Fy(42):

18- Ey(2) — 16 - Ey(22) — 14+ Ey(2) — 56 - E4(22) + 4+ Ey(z + ) + 64 - Ey(42) =
4-By(z) +4-Ey(z+3) — 72 By(22) + 64 - Ey(42)

72 Ey(22) — 64 - Ey(42) — 72 - E4(42) + 64 - E4(42) =0

4C9
1 4 1 -1
This group is (M;, My, M3, My), where M; = , My = , My =
01 2 —1
2 =5 6 —25
and M, =
2 —4 2 =8
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Now, the weight 4 form for this group is 7(z)'"n(22)=2 — 8i - n(2) ~2n(22)'°. This follows

from the action of the matrices above on n(2)'%9(22)72 and n(z)~n(22):

n(2)""n(22)72 |, [M1] = n(2)""n(22) 72, n(2)"*n(22)"" |, [M1] = n(z)"*n(22)""
n(2)"n(22)72 |, [M2] = n(2)""n(22) 72, n(2)"2n(22)'0 |, [Ma] = n(z) *n(22)"°

o ()10(22) 2

n(2)n(22)7 |, [Ms] = =8i - n(2) n(22)"°, n(2)*n(22)"" |, [Ms] = é

(2)!0n(22) 7

0| .

n(2)0(22)7 |, [Ma] = =8i - (=) 0(22)"°, n(2)*n(22)" |, [My] =

- 3BY

2 -1 9 -7
This group is <F0(9) NTY(3), : > and it contains the subgroup
3 —1 12 -9

['o(9) NT°(3) = 3B3 normally.

We can see that the following eta-products

z z
n(3)*n(=)"n(32), n(=)n(32)"n(92)°, n(3)*n(=) n(32)'n(92)*, n(2)°, n(32)%, (=) "n(32)"
9 -7
are forms on 3B3. Symmetrizing under gives that 1(Z)%n(z)'n(3z) + 27 -
12 -9

n(2)n(32)*1(92)°, n(2)® + 9 - n(32)%, n(5)*n(2)'n(32)'n(92)* and n(2)*n(32)* are forms

9 -7
on 3FY = ( 3Bj, :
12 -9

Since these forms are linearly independent and the space of weight 4 cusp forms for

3EY{ has dimension 4 they form a basis.
2 -1

Now the action of on this basis is given by the matrix
3 —1
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—/3i
1 0 =0
0 0 0
0 0 e 5 0

9-V3i 0 -1 &

The eigenvector associated to the eigenvalue 1 is

1 (2) m(e)n(32) + 6 n() n(32)* + 27 - m()n(32) (92’

This is the weight 4 form for 3BY.

128

For the weight 4 form for this group we proceed as for 449 and 3AY. In this case we

have t1550 = t3 BT 6v/3i and t, Ay =t po + 54 and an expression for #, 49 can be found

dt 0 2
12B3
dr

9 .
thg (t128g+12\/§z)

in [12]. The expression for the weight 6 form is

=

0
If we conjugate 12BY by we get a group with cusp width 1 at infinity that

0 1
contains I'g(432) (1I'1(12). This has the effect of having integer powers of ¢ in the

power series expansion.

Since the form given in the table is also a weight 4 form on I'g(432) (I'1(12) (because

of theorem 1.3.2 it is actually a form on I'y(48) with a character mod 12), which has

index 3456 in SLy (Z), we just have to compare the first 2204 = 1152 coefficients of

both modular forms to be sure that they are equal.

This is in fact true and the weight 4 form on 12BY is thus the one given in the table.

5A2 and 5B¢

Both groups contain 5CY = T'1(5) with index two. 5A? and 5B? are generated over 5C?
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5 —3 0 —1
by M; = and My = , respectively.
10 =5 5 0

The weight 4 form for these groups must be the same for 5C? which is n(2)*n(52)%.

For the weight 6 form we note that n(z)°n(5z)~! and 7(z)"'n(5z) are forms of weight
2 on 5CY and that

n(2)’n(52)7" |, [Mi] = 5v/5 - 5(2) "' (52)°
n(2)n(52)7" |, [Ma] = =5v/5 - (2)~'n(52)°
Then, the weight 6 forms for 542 and 5BY are, respectively, n(2)n(52)% + 5V/5 -

n(z)*n(52)? and n(z)°n(52)* — 5v/5 - n(2)*n(52)°.

10 A9

1 2 10 —1 15 =8 5 —6
This group is , , , and we can write
01 5 0 10 =5 5 —bH
(10 1| o 1] 1 o
i 5 0 | i 5 0 11 —10 1
15 =8 0 —1 2 -1
10 =5 5 0 —15 8
5 —6 0 -1 1 -1
i 5 —bH 5 0 -5 6
1 2 1 1
Now, fixes both 125% and E,**(7)—5v/5E " (1) and using (1.3.1) and (1.4.17)
01

we see that both these forms are negated by the Fricke involution, proving that the

product is fixed.

1 0 2 -1 1 -1
The action of the matrices , and can be seen,
—10 1 —15 8 -5 6

using (1.3.1) again and (1.4.9), to be multiplication by 1, —1 and 1, respectively, guar-

anteeing that they fix the product again.
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This proves that 1252 - (E,*X(7) — 5v/5E " (7)) is the weight 6 form for this group.

- 10BY

1 2 5 —1 5 -3 10 —11 15 —-23
This group is < , , , , >
01 5 0 10 =5 5 =5 10 —-15

and a proof can be carried out in an exactly similar manner as for 10A%
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Chapter 2

2A-replication and the Baby-Monster

2.1 Introduction

In [12], a great amount of data relating M, the Monster group, to modular objects is
given. Namely, we can attach a Hauptmodul for some genus zero congruence subgroup of
PSLy(R) to every conjugacy class in the M. This correspondence the has following property.

If we denote by T,(q) = % + Zak(g)qk the Hauptmodul attached to the element g € M
k>1
then, for every n € N, the map g — a,(g) is the character of a representation of M. Also,

the notion of replicability was defined in the same paper.

A function f(q) = % + Zaqu is said to be replicable if, for each n € N, there exists
k>1

Fm(g) =1+ Z a,gn)qk such that

q
k>1

S 10 (0) = Pstsa),

ad=n
0<b<d

where P, ;(X) is the n-th Faber polynomial of f. This is the unique polynomial such that
P, ¢(f(q) — % has only positive powers of g.
It was proved by Borcherds ([7]) that the McKay-Thompson series associated to conjugacy

classes of elements in M are replicable and their replicates are given by the power map
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structure in the group, i.e., Tg(”) = Tyn. His proof uses the theory of generalized Kac-
Moody algebras and vertex operator algebras, namely V' which has the Monster group as
group of automorphisms. The vertez operator algebra V? was first constructed by Frenkel,
Lepowsky and Meurman ([28]) and shown to have graded dimension equal to the J-function,
the Hauptmodul (for the modular group) associated to the identity element in M.

Norton ([48]) generalized the conjectures from [12] a bit further stating that, for every

pair (g, h) of commuting elements in the Monster, there is a function Fy () such that:

- F,,(7) is invariant under simultaneous conjugation of g and h.

a b
- For any € SLsy(Z) there exists a root of unity v such that
c d
at +b
Fgahc7gbhd(7—) == fYFg’h(CT + d>

- The coefficients of the g-expansion of F, (1) for a fixed g form characters of a central

extension of Cy(g), the centralizer of g in M.

- Unless F}, (1) is constant, its invariance group will be genus-zero and commensurable

with SLy(Z).
- Fyn(r) =3j(q) — 744 if and only if g = h = 1.

In [34], Hohn takes g equal to an element in class 24 in the Monster. Similarly to
what Borcherds did for the Monster, Hohn constructs a vertex operator algebra which has
2 - B symmetry. From that vertex operator algebra he obtains a generalized Kac-Moody
algebra, the Baby-Monster Lie algebra, whose denominator identity gives enough information
to conclude that the McKay-Thompson series of the vertex operator algebra are replicable
functions. Knowing that replicable functions are determined by the first few coefficients,
Hohn just computes enough of them and compares the results to the coefficients of known

Hauptmoduls for some genus zero groups, which are also known to be replicable. This
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comparison is enough to identify every McKay-Thompson series as a Hauptmodul for some
genus zero group.

In this chapter we find a different form of replicability and prove that it reflects the power
map structure in 2 - B. We call it 2A-replicability as it is motivated by the Hecke Operators
of T'9(2)+, the group associated to an element of class 24 in M.

The identities coming from 2A-replication identities are implicit in the work of Carnahan
(9], [10]) and Borcherds ([7], section 10). However, we have shown that these identities make
more sense if we look at them as 2A-replication identities. This is what will allow us to mimic
Borcherds’ proof of the Moonshine Conjectures in order to prove that the McKay-Thompson
series for the vertex operator algebra with 2 - B symmetry are the ones stated by Hohn in
[34].

In section 2.2 we make an introduction to Hecke Operators, find the Hecke Operators
for I'y(2)+ and from that define 2A-replicability. In section 2.3 we prove that a completely
2 A-replicable function is completely determined by the first 5 coeffcients of the function and
their replicates. Section 2.4 is the final and most important section of this chapter as we
prove that the McKay-Thompson series are completely 2A-replicable with 2A-replicability

respecting the power map structure in 2 - B.

2.2 Hecke operators and replication

Some references for the background material needed for this section are: Chapter 5 in [22]
for Hecke Operators and [12] for the basics of Moonshine and the concept of replicability.

For G a subgroup of PSLy(R) we consider F(G) the set of functions defined on the upper
half-plane that are invariant under the action G. Given two subgroups Gy, G2 of PSLs(R)

and an element o € PSLy(R) we define the Hecke operator

[GlOéGQ] : f(Gl)—>J—"(G2)
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n
in the following way. Consider a decomposition G1aGy = U G175 as a disjoint union and
j=1

define

n

fIGraGy] (2) = f(2)

j=1
If f is invariant under Gy then f [G1aGs] is invariant under Go.

For example, if G = PSLy(R) the Hecke operators T,, are given by

(6= X () 22.0)

ad=n
0<b<d
. . . . . 1 0
where T, for p prime, is the Hecke operator associated with the matrix a = and
0 p

the T,,, for composite n, are defined in the following way. Tpn+1 = TpnT) — pTpn-1, for p
prime and n € N and T,,T,, = T,,, when m and n are natural numbers with (m,n) = 1.
We compare 2.2.1 with the definition of replicability. A function f(z) is replicable if for

every n € N there exists f("(z) such that

Pos(f)(z)= Y f (GZ; b) (2.2.2)

ad=n
0<b<d

where P, ¢ is the n-th Faber polynomial of f.

The Hauptmoduls for genus zero groups with rational integer coefficients are known to
be replicable functions ([19]). The genus zero congruence subgroups of PSLy(R) have been
classified in [14] and it is conjectured that their Hauptmoduls are all replicable functions
with rational integer coefficients. The set of completely replicable functions is a distinguished
subset of the set of replicable functions. These are the functions that besides satisfying 2.2.2
also satisfy ( f(m))(n) = fm) for every positive integers m,n. They were classified in [1]

n) _

and include the set of Monstrous functions because, for g € M, T, g( = Tyn. The purpose of

the next section is to define a sort of replicability, that we call 2A-replicability, based on the
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Hecke Operators for I'g(2)4. Also in this case we can define complete 2A-replicability and we
will see that the set of completely 2A-replicable functions also include the McKay-Thompson

series for the Baby Monster group.

2.2.1 Hecke Operators for I'y(2)+

We start by seeing what the Hecke operators are for I'g(2)+. We want to find for every

m € N a disjoint union decomposition

10 4
(To(2)+) (To(2)+) = U (To(2)+) v

0 m

Since I'g(2)+ has only one cusp we can choose the representatives ~; to have lower left

a b
entry equal to zero. We start with an element € I'y(2) and see what the represen-
2c d
tative of this type is for
1 0 a b a b
(Fo(2)+) = (To(2)+)
0 m 2¢ d 2mec md

Since this matrix sends co to ﬁ: = 2(‘1;2" ’)c we can take some matrix of the form

(a;m)

and now
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-2 (a’;‘n)c (a,in) 2mec md
ax + 2mcy bx +ymd (a,m) V¥
0 oy (ad — 2bc) 0 )

is a representative for the same right coset. If need be we can multiply this identity on

11
the left by a power of , which is obviously in I'g(2)4+, to have 0 < ¥/ < . We
0 1

have proved that every right coset

1 0 a b
(To(2)+)
0 m 2¢c d

. x oy . .
has a representative of the form , with zz = m, v odd and 0 < y < z, i.e., we
0 =z

proved one inclusion of the following equality

1 0 Ty

(To(2)+) = UJ U @@

0 m L=<y <z 0 =z

the other inclusion being obvious.

2a
We consider now an element € T'9(2)+ of determinant 2 and see what the

2c 2d
representative looks like in this case. Since

1 0 2a b 2a b
0 m 2c 2d 2me  2md
sends oo to - = Lem) we have to consider two cases, depending on Whether ) is even or

(a m)
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odd. If (am—m) is even we take a matrix of the form

e I'h(2)
" am© Tem)
and
x Y 2a b
— @ @ 2me 2md
2(ax +yme)  bx +2ymd 2(a,m) VU
0 D) (2ad — be) 0 @)
11
Again, we can multiply on the left by a power of to consider only 0 < b < (a";n).
0 1 ’

We also note that b’ also is an odd number. This shows that the right coset

1 0 20 b 2a b
(To(2)+) = (I'o(2)+)
0 m 2¢ 2d 2me  2md

. z Yy .
has a representative of the form , where xz = 2m, x and z are even and b is odd

0 z
with 0 < y < z. Conversely, it is easy to see that every such matrix is a representative of
2a b _
some coset (I'y(2)4+) with 2~ even.
(a,m)
2me  2md

If (am—m) is odd we now take a matrix of the form

0 —1 __m . _a_
(@m)™(@m) e Do(2)+
2 0 2z Y

and
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0 —1 -1 _c a 2a b

(a,m) (a,m) _
2 0 2x Y 2me  2md
0 —1 0 ) (2ad — bc) 2(a,m) 2V
2 0 2(2ax +yme)  2(bx + ymd) 0 2y
_ 0 oy (2ad — be) _ (a,m) U
2(2ax + yme)  2(bx + ymd) 0 )
11
Once again, we can multiply on the left by a power of to consider only
0 1
0<V < (J”—m) This shows that the right coset
1 0 2a b 2a b
(To(2)+) = (To(2)+)
0 m 2c 2d 2me 2md

. Ty .
has a representative of the form , where zz = m, zisodd and 0 < y < z. Conversely,

0 =
it is easy to see that every such matrix is a representative of some coset
2a b '
(Fo(2)+) with 725 odd.
2me  2md 7
We define the following sets
1 vy
M, = |zz=m, 0 <y <z zodd
0 =z
2 Ty
M = | zz =2m, 0 <y < z, z,z even, y odd
0 =
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M? = |zz=m, 0<y<z zodd
We have proved that

1 0 3
(T'o(2)+) (Fo(2)+)=U U (To(2)+) v

0 m i=1~eM;,

However this is not a disjoint union if m is odd. In this case M2 is empty and M} = M3 .

If m is even it is not hard to see it is a disjoint union.

We have then

1 0 U U (To(2)4)y , if m is even
(To(2)+) (Do(2)+) = { =lreMy,
o U (F'o(2)+)y ,if mis odd

veM;,

as a disjoint union in both cases.

We define

N ML UM?2UDM? | if mis even
MY , if m is odd

and

To(f)(z) = Y f(r2)

YEDm

for any function f.

Remark 2.2.1. If m is odd, T,, is a Hecke operator for the modular group.

10 11 1 3 2 0 -
Remark 2.2.2. If m =2, D,, = , , , and Ty has

0 2 0 2 0 1 0 1
one extra term when compared to the corresponding Hecke operator for the modular group.
We now define the operators T,,, for m € N, in the following way. If m = 2* then

k
T, (f) =Y Tu(f), if mis odd Ty, (f) = Ty (f) and finally if m = 2*n with (2,n) = 1 then
=0
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T,.(f) = ToxTpn(f). As we will see below, the operators T,, defined this way give the Faber

polynomial of T4 when apllied to Th4 (see Proposition 2.2.1 and 2.2.3 below).

Proposition 2.2.1. T,,(f)(7) = Z / (aTC;_ b) + Z f <2a7d+ b)

ad=m ad=m
0<b<d d even
0<b<d

Proof. The result is trivial for m odd. We prove the result for powers of 2 by induction.

T () = Z ; (ar;— b) N Z s (2a7d+ b)

Assume that

ad=2" ad=2"
0<b<d d even
0<b<d

then
Toner (f)(7) = Towrr (f)(7) + Ton(f)(7) =

S () e S () - X () 4 e -

ad=2"11 ad=2"12 ad=2"+1
a odd a,d even d odd
0<b<d 0<b<d 0<b<d
b odd

Z f(;:f?>+ Z f<2a7d—|—b)+f(2n+17_)+

0<b<2n+l ad=2"+1
even

0<b<d
b odd

N Z f(2a7d+b) Z f<a7'+b>

ad=2"11 =2n+1
0<b<d [l d even
b,d even 0Sb<d

But now

3 f(;:f>+f2n+l 3 f(a7+b)_ 5 f(m;b>

0<b<2n+tl ad=2"11 ad=2"11
a,d even 0<b<d
0<b<d
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and

Z f(2a7d+b)+ Z f<2ard+b>: Z f(2md+b)

ad=2n+1 ad=2n+1 ad—2n+1
d even 0<b<d d even
0[)§b<d b,d even 0<b<d
odd

which proves the result for the case when m is a power of 2.
The general result comes as a consequence of the two cases proved above and the fact

that

/ /

a
lad = 2% d'd =n,0<b<d,0<b <d,(deven) p =
0 d 0 d
" b//
= la"d" = 2"n,0 < V" < d’,(d" even)
O d//

2.2.2 2A-replicability

The operators T, and T, just defined map the field of modular functions for I'y(2)+ to
itself. This means that T,,(T54)(2) is a rational function of To4(z) and since T,,(T54)(2) has
no poles in the upper half-plane this rational function is actually a polynomial. From the
power series expansion we can see that it has to be the m-th Faber polynomial of T54. We

have just said that

Pu(Toa(r)) = Y Toa (m; b) + 3 T (26”; b) (2.2.3)

ad=m ad=m
0Sb<d d even
0<b<d

Definition 2.2.1. A function f is 2A-replicable if there are fI" and "™V, for n € N, such

that
[a] a7_+b> a\/> (2a7+b) 224
n=3 > (2 (2.2,
0Sb<d d even

0<b<d

Equation 2.2.3 is the 2A-self-replication property of Th4.
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We make a few remarks on this definition.

Remark 2.2.3. Given a 2A-replicable function f, its 2A-replicates are not uniquely deter-

mined. For example, for m = 2, equation 2.2.J becomes

Foen + )+ 10 (r ) 47 (5) 47 (T5) = Pt

and we can see that f? is known when f and f[‘/ﬁ} are known. Also, the odd-power coeffi-
cients of the replicates f[ﬁ"] can be changed freely and identity 2.2.4 s still true. We will
see instances of 2A-replicable functions that are 2A-replicables in different ways, i.e. have

different 2A-replicates.

Remark 2.2.4. If a function is 2A-replicable then it is replicable with

e n o
f(n)(z) — (), dd (2.2.5)

F(z) + 32+ VI, neven

Also, if f s replicable then f is 2A-replicable by taking, for example, f["\/i] = 0. Con-
versely, we can also say that if f is replicable and if, for every n even, we can write
fM(z) = f(z )—l—f[f]( )+f[f](z+1) for some M f13) then f is 2A-replicable. Forn

odd we obvioulsy have f" = f(") . This is shown by the following simple manipulation.

Zfa)<az+b) Zf(a (az—irb) Zf (az+b)

ad=n ad=n ad=n
0Sb<d a odd a even
0<b<d 0<b<d

S o (az+b) S o (az;b)+

ad=n ad=n
\[] CLZ+b [\/ig] ClZ"—b"_d _
+ > ( + >

a odd a even

0<b<d 0<b<d

ad=n ad=n
a even a even
0<b<d 0<b<d
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:me(azjb) Zﬂf}( );+b>:

ad=n ad=n
o [az+Db vaq [ 20z + b
X () 2 ()

0<b<d a even
0<b<2d

ad=n ad=n
0<b<d d even
0<b<d

Remark 2.2.5. Because of remark 2.2./ what we are actually interested in is finding the
possible 2A-replicables for a given 2A-replicable function. For example, we could ask if a 2A-
replicable function is completely 2A-replicable in the sense given below. There are examples
of Hauptmoduls that are not complete replicable functions but are completely 2A-replicable.
As we will see, some examples of these are Typ, Tiaq among many others (see [50] for the

notation)
Definition 2.2.2. We say that a function f is completely 2A-replicable if
- it is 2A-replicable, with replicates ™, n € NU V2N, and

- for every n € NU V2N the function fI" is 2A-replicable with 2A-replicates (f["])[m} =
fmnl - for any m € NU v/2N.

The following result is Theorem 5.15 in Ferenbaugh’s Ph.D thesis [24] and will be use-
ful in proving that certain Hauptmoduls that are not completely replicable are completely

2 A-replicable.
Theorem 2.2.1. Let f be the Hauptmodul for some group nplh + ey, ey ... with p{ h. Then
- If p is one of the ey, ey, ... then fP)(2) = f(2) + f (ﬁ) A f (z+p 1)

- if p is not one of the ey, ey, ... but ep is, for some e with p { e, then fP)(W,z2) =
FW2) 4+ £ (3) +.o f (222),

- if ep is one of the ey, ey, ... with p | e then fP)(W.z) = f (]%) +...+f (%fl).

Remark 2.2.4 gives motivation to find formulas of type A(z) = B(z) + C (%) + C (55).

This will help us finding 2A-replicates for certain Hauptmoduls. Before we proceed, we need
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some notation. The group n|h+ {e}o + {2"e} g, with 2% || N, is just a splitting of the Atkin-
Lehner involutions in two sets. O for the odd ones and F for the even ones. For example, the

group 30 + 6, 10,15 = 30 + {e}o + {2¢} g, with O = {15} and E = {3,5}. Also, G* denotes

1 « 1 «

G
0 1 0 1

Lemma 2.2.1. We have the following identities:

Z z+1
(1) Tnigero(2) = Tonife2ero (2) + Ton{e2e}o <§> + Tontfe2e}o < 5 >

or, equivalently,

z z+1
Tovsteaero(2) = Tivtero () + T o0y (5) T onteze0)d <T>

if (2,N) =1.

(2) Thtieyo(2) = Thfeyorizrey(2)+

1
4T o (f) 4T , (i)
eN+Heor2 et \3) T L evreortrant | T

if 28 || N, k> 1.
This is true for any E as long as it is not empty. In particular, if 2 || N and O = E we

have

z z+1
Tnitero(2) = Tngge2eto (2) + Tnifero <§> + T feto ( 5 )

(3) Thnafero+izrers(2) = Tnifeyo (2)+

z z+1
+ T2N+{E}O+{2k+1e}E <§> + T2N+{e}0+{2k+1e}E 9

if 28 || N, k> 1 and E is not empty.
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Proof. The first identity is Theorem 2.2.1 applied to f = Ton e 2e}, and p = 2. The third
identity is also a consequence of Theorem 2.2.1 applied to f = Ton (e} 4{2x+1e}, and p = 2.

Since 2% | N, for k > 1, we have

z z+1
ToN+{e}o+ {2816} g (§> + Tont{e}o+ {25 +1e) g < 5 ) = TNt{e}o (Wer2)

where ¢/ = 2F¢ for some e € E. But

Tni{e}o(2) + Tnifeyo (Wer2) = Tvpieto izt (2)

and this proves the third identity. The second identity is the third one written in a different

way.
L3

Remark 2.2.6. If the matriz normalizes the group n|h + {e}o + {e}r then
0 1

Tojht{etot+{e}n (2 + %) = —Tah+ietot+{e}s(2). This happens exactly when either h is even

or h =1, 4 divides n and E 1s empty.
Also, this matriz conjugates the groups 2N +{e}o and 4N + {4e}o onto each other, when
(2,N)=1.

Theorem 2.2.2. Every function of type as given in tables 2.1 and 2.2 is 2A-replicable with
f[ﬁ], n € N, as given in the tables. The replicates f[ﬁm], for n a non-negative integer and

n n .\ (m)
m odd are given by the formula f2*™(z) = (f[22]> (2).

Proof. For the cases where the function is completely replicable we know how replication
works. We just use remarks 2.2.4, 2.2.6 and Lemma 2.2.1 to show that the 2A-replicates are
given as stated. This also shows that in tables 2.1 and 2.2 we can take n || h+{e}o +{2%e}r
instead of n|h + {e}o + {2¥e}r and the result is still valid.

If the function is not completely replicable, but its invariance group is conjugate by

1 «
, with a = %ul; or %, to some group whose Hauptmodul is completely replicable,

0 1
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let’s say g = T and f = Tge with Tge completely replicable, then we prove it in the following
way. We do the proof for a = %, the other cases being similar.

We start by arranging the terms in the right hand side of

o faz+0b Vaal 20z + Db
0= (57) X ()

ad=n ad=n
0<b<d d even
0<b<d

by the highest power of 2 that divides a. This becomes:

Z Y e (2 az+b> S Ve <1adz+b> (2.2.6)

i=0 adf— 2tad=n
a odd él odd
0<b<d 5 Segznd

We now substitute z by z + % in this identity and make the following remarks. Firstly,
Po(f(z+1)) = (—1)"Pn7f% (f2(2)), where hz(z) = —h(z+1) for any h in general. Secondly,
all the sumands in the right-hand side of 2.2.6 remain unchanged except for

Z flal <az; b). This will imply that g[ﬁm] = f[ﬁm] for n > 2.

ad=n
a odd
0<b<d

We consider first g = T(2N+{e,2e}o)%’

(thus f = Tonyfe2e},), Which requires a different
proof.

If n is odd, from the remarks above we see that
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If n is even, then

2)) = Z Z f[w] <2 ail—'— b) + Z f[2i\/5a] <%) (2.2.7)
i=0

ad:; 2'ad=n
a odd C‘ll odd
0=b<d 0<b<d

we analyse the part corresponding to 7 = 0, i.e.

w (@2 +0 L Waa) [ 20z + b
(5w 2 ()

ad=n ad=n

a odd a odd

0<b<d d even
0<b<d

in the last equation.
Each £ in this sum is of type Torrt{e2e}o, With (M, 2) = 1, and we know from 2.2.1 that

in this case

z z+1
Tonr+fe2e}0 (5) + Ton4{e2e}0 ( 5 ) + Tonr4fe2e)0 (2) = Trviv{eyo (2)

2az+b

In particular, substituting z by and summing over b we have

az b 2az +b 2az +b
Z Tonrtfe2e}o (3 + ZZ) + Z Tonrtfe2e}o ( 7 ) = Z Thri{e}o ( 7 )

0<b<2d 0<b<d 0<b<d

or, equivalently,

az+b 1 2az + b
Z T2M+{e,2e}o ( d + Zl) + Z T2M+{€:2€}O ( d ) =

0<b<d 0<b<d

az+b 2az + b
= — Z Torrife2e}o ( y ) + Z Tariieyo < 7 ) =

0<b<d 0<b<d

az+b 1 2az + b
- Z (2M+-{e,2¢}0) % ( d * 5) * Z TM+{6}O ( d ) -

0<b<d 0<b<d

az+b 20z +b
- Z T(2M+{e,2€}o)% ( d > + Z TM“‘{e}O ( d )

0<b<d 0<b<d
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We make the observation that we haven’t made any choice about the 2A-replicates of
f. We now choose the column in the tables that have f[\/ﬁ] of the form Toprie2ey, and
use the last identity for every fl? in 2.2.7. This finishes the proof for functions of the form

T(2N+{e,2e}o)% ’
. . S .
We now consider f of the form T(2’“N+{e}o+{2’“e}3)%’ with k£ > 2. The case where n is odd
is similar to the previous one. If n is even, we analyse again the part corresponding to ¢ = 0
in the sum in 2.2.7. In this case, the fl? are equal to something of the form Tokar{e}o+{2%e} s

and applying 2.2.1 to this function we have

z z+1
Tok vrtfe}ot+{2ke} s <§> + Torpr{eyo+{2% e} (T) = Tor-1p14 41 (War-10(2))

for some ¢’ € E. This gives

z z+1
Tkt {e}o+{2%e} 5 <§> + Torprifeyo+{2ke} 5 ( 5 ) + Tor1pr44e}0 (2) =

= TQk—1M+{e}O<W2k—1e/(Z)) + T2k_1M+{e}o (Z) = T2k—1M+{e}o+{2k—1e}E(Z)

Substituting z by 2‘”7“’ and summing over b we obtain

az b 2az +b
Z TQkM+{6}o+{2’“6}E <E + ﬁ) + Z TQk*lM"'{e}o ( d ) =

0<b<2d 0<b<d
2az + b
- Z TQk*lM‘F{@}O'F{?e}E d

0<b<d

and, in particular,

az+b 1 2az + b
> Tornrifeyori2vele (T + g) + D Do ( 7 ) =

0<b<d 0<b<d

az+b 2az + b
= — Z Tsz—i-{e}o—i-{le}E ( d ) + Z TQ’“*IM—F{e}O—l-{Qk*le}E < ] > =

0<b<d 0<b<d
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az+b 1 2az +b
:OZ T(Q’“M+{6}O+{2k6}E)% ( d * 5) + Z T2k1M+{e}O+{2k1€}E< d ) =

<b<d 0<b<d

az +b 2az+b
- Z T(Q’“M+{6}o+{2ke}E)% ( d ) T Z TQk*lM‘*‘{e}O‘f’{?k*le}E ( d )

0<b<d 0<b<d

Again, we haven’t made any choice about the 2A-replicates of f and we can choose

the column in the tables that have f V2] of the form Toprsqor—1 We can then use the

eto
last identity for every fl@ in 2.2.7 and this finishes the proof for functions of the form
T(2N+{e,2e}o)% :

We use this identity for every £ in 2.2.7 and this finishes the proof for functions of the
form Toun s oo+ {20t

The remaining cases can be done similarly. For Hauptmoduls of groups of the form G1
(resp.Gi) it is the summand corresponding to i = 1 (resp. i = 2) that matters. We just note
that the replicates f [av/2] (resp. f V2] and f [2‘@‘4) with a odd, have a power series expansion
with coefficients of even powers of g equal to zero. This means that any other function with

the same property will work as well. We just chose those particular ones because they give

complete 2A-replicability.
Corollary 2.2.1. The functions on tables 2.1 and 2.2 are completely 2A-replicable.

Proof. We need to prove that for any column in the tables, which corresponds to a Haupt-
modul f together with a set of 2A-replicates, f, f [‘/5], f . the function f 2% ) ('/WhiCh
is ( f [273]>(n) by definition), is 2A-replicable with 2A-replicates given by ( f [Zgn]>[2w£n/] =
f [ZM%/”"'] for any m,m’,n,n’ non-negative integers, with n,n’ odd. The idea of the proof
is essentially the following. We show that we have completely 2A-replicability for powers of
v/2 and that odd 2A-replicability (or odd replicability, which is the same) “commutes* with
2 A-replication by powers of /2.

We first note that (g(”))(nl) = ¢ for any function g in the tables and n, n’ odd positive
integers. This is obviously true if g is a completely replicable function and if g(z) = h*(z),
for a = %ulx or é, it comes from the fact that ¢ = (h(”))a, for n odd. As a consequence

we obtain the fact that taking an odd replicate of all the elements of a column in the tables
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gives a column of the same type, with N, O and FE possibly different from original ones. This
is the "commutation“ result mentioned above.

Then, we also note that the 2A-replicate f[Q%”], for any m and n, together with the

m+m/

sequence f2 2 / "om’ =0,1,2,... corresponds to some column in the tables. This is so

because:

- of the fact that if we eliminate the first few entries of a column in the tables we obtain

a column that is in the tables (case by case check), and

- of the remark made above on taking odd-replicates of full columns. Recall that, by

m mqy (n)
definition, f2* " = (f[zT]) ,

The proof is now easy:

/ / nn’ , 2\ @) , n
m+m m+m ( ) m+m ( ) m+m ( )
2zl (f[2 2 ]) - (f[Z 2 }) = (f[2 2 n]) —

!

((f[ﬁn]) [273/}> " _ (f[ﬁm) 2% 0]
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f 2N + {e}o +{2¢}E AN +{e}o + {4e}p AN +{e}o +{4e} g 8N + {e}o + {8e}p
sV 2N + {e,2¢}0 2N + {e}o 4N + {e}o AN + {e}o
£ 2N + {e,2e}0o 2N + {e,2¢}o 2N + {e}o AN + {e}o
2v2] ON + {e,2¢}o 2N + {e,2e}o 2N + {e}o
£ 2N + {e,2¢}o 2N + {e, 2e}o
f[4‘/§] 2N + {e,2¢e}o
f 8N +{e}o + {8¢}r 16N + {e}o + {16e}p 16N + {e}o + {16e}p 32N + {e}o +{4e}p
V2 SN + {e}o SN + {e}o 16N + {e}o 16N + {e}o
s 4N +{e}o 8N + {e}o 8N + {e}o 16N + {e}o
22 AN +{e}o 4N +{e}o 8N + {e}o 8N +{e}o
1 2N + {e}o 4N + {c}o 4N + {e}o 8N + {e}o
slaval 2N + {e,2¢}0 2N + {e}o 4N + {e}o 4N + {e}o
£18] 2N + {e,2e} 0 2N + {e,2e} 0 2N + {e}o AN + {e}o
f[EV2] ON + {e,2¢}o ON + {e,2e}o 2N + {e}o
1161 T 2N + {e, 2¢}o 2N + {e,2¢e}o
f[lGﬁ] 2N + {e,2¢}o
7 2N[2 F {c}o AIN[2 + {e}o + {2¢)p SN2+ {c}o + {4e}p SN2+ {c}o + {de}p
s0V2 2N + {e,2¢}o 4N + {e}o + {4e}p AN|2 + {e}o + {2¢}p 8N + {e}o + {8e}p
£ 2N + {e,2¢}0 2N + {e}o AN + {e}o + {4e}p AN + {e}o
2v2] 2N + {e,2e}o 2N + {elo AN + {e}o
I 2N + {e,2¢e}o 2N + {e, 2¢}o 2N + {e}o
f[4‘/§] R 2N + {e,2¢e}o 2N + {e, 2¢e}o
£8] 2N + {e,2e} 0o
f 16N |2+ {e}o + {8e}p 16N[2+ {e}o + {8e}p 32N[2 + {e}o + {16e} 32N[2 +{e}o + {16e} R
sV 8N|2+ {e}o + {4e}p 16N + {e}o + {16e}p | 16N|2+ {e}o + {8e}p 32N + {e}o + {32¢}p
2 8N +{e}o + {8¢}r 8N +{e}o 16N + {e}o + {16e}p 16N + {e}o
sV 4N +{c}o 8N +{c}o 8N +{c}o 16N + {e}o
s AN + {e}o 4N + {e}o 8N + {e}o 8N + {e}o
sV 2N + {e}o AN + {e}o AN + {e}o 8N +{e}o
fI8 2N + {e, 2e}o 2N + {e}o AN + {e}o AN + {e}o
(8v2] 2N + {e, 2¢}o 2N + {e,2¢e}o 2N + {e}o AN + {e}o
£[16] 2N + {e, 2e} 0 2N + {e,2e}0o 2N + {e}o
f6v2] 2N + {e,2e}o ON + {e,2e}o
£ 2N + {e,2¢}0
f 8N4+ {e}o + {2¢e}p 16N[4+ {e}o + {4e}p 16N[4 + {e}o + {4e}r 32N[4 + {e}o + {8¢e}r
f0V2 8N[2+ {e}o +{4elp | 16N|2+{e}o +{8c}p | 8N4+ {e}o +{2¢}p 32N|2 + {e}o + {16e}p
s AN|2 + {e}o + {2e}p 8N|2+ {e}o + {de}p 8N|2+ {e}o + {4elp 16N 2+ {e}o + {8e}n
23 AN + {e,de}o 8N + {e}o + {8e}m AN[2+{e}o + {2¢}p 16N + {e}o + {16e}p
s 2N + {e}o AN +{e}o AN + {e}o + {de}p 8N + {e}o
f1aV2] ON + {e,2¢}o AN + {e}o 2N + {e}o SN + {e}o
s 2N + {e,2¢}o 2N + {e}o 2N + {e,2¢}0 AN + {e}o
fEV2] 2N + {e,2¢e}o 2N + {e,2¢}o AN + {e}o
f116] 2N + {e,2¢e}o 2N + {e}o
[16V/2] L 2N + {e,2¢e}o
£32] 2N + {e,2e} 0o
f 4N + {e}o AN|2 + {e}o + {2¢e}p 4N[2 + {e}o 8N + {e}o
sV (N 4 {e}o + e} | (2N +{e.2¢}0)? (N 1 {e}o + {4e}p)? | (8NI2+ {e}o + {4e} )4
£ 2N + {e}o +2ep N +{e}o 2N + {e}o +2ep AN + {e}o
122 2N + {e,2¢}0 2N + {e}o 2N + {e,2¢}0 (AN + {e}o + {4e}p) 2
£4] 2N + {e,2e} 0 2N + {e,2e} o 2N + {e,2e}0o 2N + {e}o + {2¢}p
flaV2] ON + {e,2¢}o ON + {e,2e}o
f[8] 2N + {e, 2e}o

Table 2.1: 2A-replicates of Hauptmoduls
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f 8N|2 + {e}lo 8N |4 + {e,2e}o 8N|2 + {e}o 8N|4 + {e}o
T T
(vl (8N + {e}o + {8¢}p)2 (AN|2 + {e,2e}0) 1 (8N|2+ {e}o + {4e}p)d | (8N[2+ {e}o + {4e}p)4
£ AN + {e}o + {4e}p AN|2 + {e,2¢}o AN +{e}o AN|2 + {e}o
F2v2) AN + {e}o (2N + {e,2¢}0)2 (AN + {e} + {4e}0)2 (AN + {e} + {4e}0)2
s 2N + {e}o N +{e}o 2N +{e}o + {2¢}g 2N +{e}o + {2¢}g
V2] 2N + {e.2¢}o 2N + {e, 2e}o 2N + {e, 2e}o 2N + {e,2e}o
£18] 2N + {e,2e}0o 2N + {e, 2e}o 2N + {e,2e}0o 2N + {e, 2e} 0
! (2N + {e,2¢}0)? (AN + {e}o + {4e}p)2 | (8N +{c}o +{de}p)? | (16N +{e}o +{8ctp)?
s3I N +{c}o 2N + {e}o +{2¢} AN + {e}o + {4e}n 8N +{c}o +8ep
£ 2N + {e, 2e}o 2N + {e,2¢}o AN + {e}o 8N + {c}o
£12v2] 2N + {e,2¢}o 2N + {e,2¢}o 2N + {e}o AN + {e}o
£ 2N + {e,2¢}o 4N + {e}o
sV 2N + {e,2¢}o 2N + {e}o
s 2N + {e,2¢}0
! (32N + {e}o + {32¢} ) ? (AN[2+ {e.2¢}0) 4 (SN2 + {e}p + {4e}p)i | (8NI2+ {e}p + {de})?
V2 16N + {e, 16e} 0o AN|2 + {e, 2¢} o AN + {e}o AN|2 + {e}o
s 16N + {e}o (2N + {e,2¢}0)2 (AN + {e}p + {4e}p)2 (AN + {e}p + {4e}p) 2
F2V2] 8N +{e}o N +{e}o 2N + {e}o + {2¢}o 2N + {e}o + {2¢}o
£ SN + {e}o 2N + {e,2e}o 2N + {e, 2e}o 2N + {e,2e}o
flav2] AN + {e}o 2N 1 {e,2¢}o ON + {e,2¢}o ON + {e,2¢e}o
I8 4N + {e}o
sV 2N + {e}o
FI6I 2N + {e,2e}o
siovel 2N + {e,2¢}0
! (16N12 + {e}o + {8e}p) T | (8N|4+ {e}o +{2e}p)® | (16N|4+{e}o +{2e}p)E | (16N[4+{e}o +{2¢}p)"
sV 8N|2 + {e}o + {8¢e}o 8N|4 + {e,2¢}o 8N + {e}o 8N|2+{e}o
T T T
s (8N + {e}o + {8e}p) 2 (AN[2 + {e,2e}0) % (8N|2+ {e}o + {4e}p)d | (8N|2+ {e}o + {4e}p)d
£2v2 AN + {e}o + {4e} g AN|2 + {e,2e}o AN + {e}o AN +{e}o
T T T
ik AN + {e}o (2N + {e,2e}0)2 (AN + {e}o + {4e}p) 2 (AN + {e}o + {4e}p)2
sz 2N + {e}o N +{e}o 2N + {e}o + {2¢}p 2N + {e}o + {2¢}p
£18] 2N + {e,2e}0o 2N + {e, 2e}o 2N + {e,2e} 0 2N + {e, 2e} 0
B2 ON + {e,2e}o 2N 1+ {e,2¢}o ON + {e,2e}o ON 4 {e,2¢}o
! (16N]4 + {e}o + {4e}p) ®
sV 8N|4+ {e}o
/2 (BN2 + {e}o + {4} ) T
F2V2 4N[2 + {c}o
s (AN + {e}o + {4e}p) 2
f14v2 2N + {e}o + {2¢}E
£18 2N + {e, 2¢}o
2N + {e,2¢e}o

Table 2.2: 2A-replicates of Hauptmoduls (continued)
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2.3 Complete 2A-replicability and generalized
Mahler recurrence relations

This section is mutatis mutandis what we can find in [43].
We consider £ a field extension of @Q containing all roots of unity, the ring

K==”L[.. x%],...],meN,neNU\/ﬁN, the series

Wiy =1+ Z S
for r € N U V2N, and the polynomials Py, (t) defined inductively by P ,.(t) = t and

k—
Pkm(t)ztpk,l?« Zﬂj ]Pk s— lr kl’kz 1°
s=1

We fix r € NU /2N and consider the set of equations indexed by &k > 1

> nbel (eigh) 4 30 Al (i) = B (0 (g) (23.1)

ad=k ad=k
0§b<d d even
0<b<d

These equations give an infinite set of identities in K by equating the coefficiens of equal
powers of ¢ in both sides of the each equation. We denote by IU'! the ideal in K generated
by them and write [ = U I,

reNUV2N
If f(q) = é Z arq” is completely 2A-replicable with replicates fI"(q) = é + Z ay’ q~,
k=1

n € NUV2N then they satisfy equations 2.3.1 with hl"(¢q) and hlV2"l(¢) replaced by f ( ) and
f [ﬁ"](q), respectively. This means that every completely 2A-replicable function f induces a
non-trivial homomorphism E; : K — C with £ f(xzﬂ) = aé"], whose kernel contains I.

For u € NUV2N we define a £-algebra endomorphism 1, of K letting it fix every element
of £ and mapping 2! to 2" Since the equations defining I and I have the same form,

it is clear that 1, (1) = I'"™l for any r. Consequently, v, (I) C I and we think of v, as an

L-algebra endomorphism of the quotient K/1.
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For each M > 1 we set Ry = K/I[[q#7]] and also

a b V2a b/\/§
A = la,b,d € N » U la,b,d € N

0 d 0 V2d

We define an action of A in Ry, in the following way. For @ € A we set e || a = e,
2l | a = QZJU(LL’?[;;]) = 20" and qar | o = ¢*™ gy, Then we extend this map to an

L-homomorphism from K[[g]] to K [[qﬁy]]
Remark 2.3.1. The ideal I of K is stable under || « for every a € A.

Remark 2.3.2. For every o, 5 € A and h(q) € Ry we have

(h(g) I a) || B = h(q) || aB.
a b QiZ U
Remark 2.3.3. Ifa = € A then hl'(q) | a = Al (e*™vgv)
0 d

Remark 2.3.4. For every positive integer j, (W' (q))7 || o = (R (q) || @)’ as || « is a ring

homomorphism.

Definition 2.3.1. Let n be a positive integer and h(q) € Ry. We define T,, by

V2u

T, (h = h ‘ol h
(@)= hia) | +Z @l

d=n 0 y
O<v<y 0<v<2y

and call T, a generalized Hecke Operator. Both sums are over positive integer numbers which

makes the second sum be zero if n is odd.

With this definition equation 2.3.1 becomes

Tw(h"(q)) = Prr (b (q)) (2.3.2)
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Definition 2.3.2. Let n € NUV2N and h(q) € R,. We denote by U,, the mapping ¥, h(q) =

n 0
h(q) ||
0 n

Proposition 2.3.1. Let [y and ly be relatively prime positive integers and h(q) € Ry. Then
Tl1leh(Q) = TlllQh(q)
In particular, Ty, and Ty, commute.

Proof. This comes from the fact that

! U/

luy =11, u'y =150 <v<y,0<v <y, (yy even) p =
/

0 vy 0 y

", 1
(%

= [u"v" = 111l5,0 < 0" <y (y" even)

Proposition 2.3.2. If p is an odd prime then
Ty Ty (h(q)) = Tprsr (h(q)) + PTpn1 ¥, (h(q))-
If p =2 then
Ty T ((g)) = Tanis(A(g)) + 2T W s5(h(q)) + 2T 1T (h(g)).

Proof. The case where p is odd is true as the operators Tp» agree with the Hecke operator

for SLy(Z). For the case p = 2 we note that TonT9(h(q)) equals

2171 b V2 L PAS
Mol | > AEDY v > T
i=0,1 0o 2 0<b<2 0 V2 ; n
0<b<2? 0<b<2?
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ol—i b ﬁ b 2n717i\@ b
OIS AR v > V2
i=0,1 0o 2 o<b<2 | 0 V2 i=0,...,n—1 0 214/2
0<b<2? 0<b<2it!
2n+1 i 9 2n—i\/§ \/7)

—h@) | Sy

i=0,...,n 0 2 i=0,...,n 0 2Z\/§

0<b<2? 0<b<2?

+ D R RIS o
i=0,...,n 0 2\/2 i=0,...,n 0 2ttt i=0,...,n 0o 2ttt
0<b<2? 0<b<2? 0<b<2?

M=i\/2 \/2h =i on—i 42 |

+ D DR EEDY DY e
i=0,..n—1 0 2\/2 i=0,..n—1 0 2t i=0,...,n—1 0 2ttt
0<b<2it1 0<b< 2ttt 0<b<2it1 -

2n—1—i\/§ b on— l—z\/> +2z i
+ > MDY
i=0,..n—1 0 2i+1/2 i=0,..n—1 0 22+1\f
0<bh<2it! 0<b< 2ttt -
ontl=i 9p 2ni/2 \/2b
=h@) | > + D |
1=0,...,n 0 2! 1=0,...,n 0 2Z\/§
0<b<2? 0<b<2?
m=i\/2 /2 + 2L on=i
+ > S EEDY e
i=0,...,n 0 21\5 1=0,...,n 0 22+1
0<b<2? 0<b<2it!
2"i/2 /2 n—i o p
r2 ¥ SEED> e
i=0,...,n—1 0 21\/2 i=0,...m—1 0 2!
0<b<2? 0<b<2it1
n—1—1 b
S0 Sl R
i=0,..n—1 0 2it1,/2

0<b<2i+2
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Now, the first and fourth summands equal

2n+1—i b 2n—z‘ 2h
Mol > NEEEDY
1=0,...,n+1 0 2! 1=0,...,n—1 0 2°
0<b<2? 0<b<2?

the second, third and last summands equal

2n—i\/§ b 2n—2—i \/§b
UONNEDS o2 Y |
i=0,...,n 0 21\/2 i=0,...,n—2 0 211,/
0§b<2i+1 0§b<2i+1
and this shows that
2n+17i b 2”*1\/5 b
Ty Ts(h(g) = h(g) | | + > V2o +
i=0,...,n+1 2 i=0,...,n 0 21\/5
0<b<2i 0<b<2it?
2"/2 V/2b 2" b
SHDS P EEED Sl M
i=0,...n—1 0 21/2 i=0,..n—1 0 2if!
0<b<2ttt 0<b<2it!
on—i 9}, on—2—i \/ib
>l M FET > -
i=0,...,n—1 0 2ift i=0,..n—2 0 2i+1,/9

and the theorem is proven.

Corollary 2.3.1. The algebra generated by the operators T,,, for n € N, is commutative.

Let [ be a fixed prime. We set Q; = T;(h(q)*) for k > 1, and for b € £ we use b to
[ 2041, ifl=2
denote b || . We set also @y = and define T'x as the operator
0 * I4+1, ifl+#2 l
that sends R; to zero if [ does not divide k. We use the same notation to denote both Py ,.(t)
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and its image in £[t].

Proposition 2.3.3. For k € N write Py, (t) = =tk 4+ Z biit" "t e —Tt]. Ifl is odd then

Qr + Z br,iQr—i + Z (b — i) B (¢))F " = P(h(q)) + kT Wi(h(q))

and if | = 2 we have

Qr + Z biiQr—i + Z DY (@) 4+ BV (— )R )+ ST (07 — b ) WP (gP)

Po1(h(q)), if 21k
Por1(h(q)) + 2Tk ¥ 5(h(q)) + 2T Wa(h(q)), if 2|k

Proof. The case where [ is odd can be found in [43]. When [ = 2 we apply T to both sides

of equation 2.3.2
k
T, Ti(h(q)) = Ty <h(q)'c +) bk,ih(Q)kZ)
i=1

and the following manipulation

T (br,ih(q)* ") = brih(q)" " | [ 2! ] + beih(q)* " || [ V2o ] +
0 1 0 V2

, V2 L , 1 4 11
+ b ih(9)" " || V2 bgih(g)F ) + b ih(9)" || =
0 2 0 0 2
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= (O = b)) 4 0 = i) (A2 (@) V(=) 1) 4 Qi
shows that TyTy(h(q)) equals

k k
Qr + Z br,iQr—i + Z ((bl[f]z — b )W (*)F + (b%ﬁ] — by,i) (h[ﬁ] (" + h[ﬁ}(—Q)k_i»
i—1 i—1

If (2,k) =1 then ToTx(h(q)) = Taor(h(q)) = Par1(h(q)) and if 2" is the exact power of 2
that divides k we have that

T2Ti(h(q)) = T Ty Ty = T & (Tor+1(h(q)) + 2T2 ¥ 5(h(q)) + 2To-1W2(h(q))) =

= Ta(h(q)) + 2TV 5(h(q)) + 2T £ U5(h(q))
This proves the assertion of the theorem.

When [ = 2 the Q; are simply the power sum symmetric functions on hl2(¢2), AlV2(qg),
h[\/i](—q)7 h(q), h(—q). By induction, using the previous result, one shows that every @, is a
polynomial in rP(q), Rl (%), hv2(q), hV2 (—g) and h(q).

Let 0, = E Ty ... T;, be the elementary symmetric functions in the indetermi-
1<i1 <ig<...<in <5
nates xy, To, T3, 4, r5. We know that the elementary symmetric function are polynomials in

the power sum symmetric functions and from this we conclude that the elementary symmet-

ric functions on hl2(¢2), hV2(q), V3 (—q), h(q), h(—q) are polynomials in A2 (q), hi2(4?),

hV2(q), BV (—¢) and h(q). We use these facts in the proof of the following proposition.

Proposition 2.3.4. If f(q) = %%—Z arq® is completely 2A-replicable with replicates f™(q) =
k=1

% + ZaLn]qk, for n € NU V2N, then
k=1

o2 (F2(22), SV(=), SV (2 ), £ (3) . F (32)) =



= 205 f(2) — () + 2 as — ar) + 2087 — (FV(2))

Proof. We take hI"l(¢), for n € NU /2N as before and start by noticing that

oz (h2(22), VD) BV (2 4 5) 0 (5) b () = 3 (@3 = Qu)

Then we use Proposition 2.3.3 to express @; and Q) as polynomials in h?(q), h?(¢?),
K2 (q), hV?)(=q) and h(q).
Now,

Q1 = T1(h(q)) = Pi(h(q)) = h*(q) — 2z,

and from Proposition 2.3.3
Q2 = Py(h(q)) + 2Py (A (q)) + 202 (q) — (=102, + 2(—22Y2 4 221) + (=22 + 22))

because by = b[z\f] = 19[22]1 = 0 and by; = —2xy, b%ﬂ = —21‘[1\&}, b[22]1 = —230[12], and

1 (QF — Q2) becomes

1
§(h4(q) — a1 h*(q) + 427 — (h*(q) — 4a1h*(q) — 4moh(q) — das + 227+
+ 20V ()2 — 42 4 202 (q) + 102y + 42V — 4wy + 22 — 2;1;1)) _

2
= 202h(q) = (WV(g))" = h2(q) + a? + 205 — 20y — o)

Applying the homomorphism E defined at the beginning of this section we get

oy <f[2](22)7f[\/§](z),f[ﬂ] (z + %) f (g) S <Z;1>> -
2

= 2axf(q) — (f[ﬁ](QD - f[Q](Q) + af + 2a3 — 2a; — a[f]
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Equating the coefficient of ¢ in both sides of the equation

[N
N

FA(@®) + Y2(q) + FYI(—q) + F(a2) + f(—q2) = Pa(f(q))

(V2]

we see that a? + 2a3 — a[l} = 2a4 + 2a, ' and this concludes the proof.

Proposition 2.3.5. From the following two identities

<o (fE22), (=), SV (2 4 1) () (5)) = Pl F(2))

o (182, V), PV (24 ), £ (3) (35 =

=20, /(2) — fP(2) + 2 (s — 1) + 2057 — (f3(2)

we obtain the recurrence relations:

k—1
Lo 1 %
1) ag, = agp1 + ;aja%j + B < Ay, — Qy, ) — Qg
— NG ~ NG
2) A4k+1 = 243 — A209E -+ Z aja2k+2 j —+ Z a[2 a[Qk ]2] —+ 2 Z a4ja[2ki]2j+
7j=1 7=1 7j=1
2%k—1

2 V3 1
+Za4ja£€]] Z ) aja +Za[2] ]%k 2; T 5 (ai—f—l Ew]rl +ajy, +a[ ]>

k
3) Gapro = g AjA2k41—j + A2k 42
j=1
2%
_ 1( 2 2] j V2]
4) Qays = Qoiis — Q20041 — 5 <a2k+1 Aopy ) + E (=1) ajaupqo—5 + agy s
j=1

k+1

[\f]
+ Z (aj— 2ak‘+1—j + Z jok43—5 + 2 Z a2ja2k’+1 —j Z 21<:+1 —j
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2.4 The Baby-Monster Lie Algebra
and 2A-replication

The moonshine module V* was constructed in [28] by Frenkel, Lepwosky and Meurman.
This is a vertex operator algebra that has M, the Monster group, as symmetry group. A
vertex operator algebra is an intricate algebraic structure and we refer to [40] for the definition

and the basics of its theory. The moonshine module has a grading V¢ = EB V(El) and

n>—1

its graded dimension Z <dim V(un)> q" is the J-function. Borcherds ([7]) uses this vertex
n>—1
operator algebra to prove the Moonshine Conjectures in the following way. First, he shows

that the McKay-Thompson series for V¥ ie. T, = Z T?"(g|V(hn))q" are completely replicable
n>—1
functions. To do this, he builds a generalized Kac-Moody algebra, the Monster Lie algebra,

whose denominator identity is essentialy the statement that the n-th replicate of a T}, is Tyn.
Knowing that Hauptmoduls for genus-zero congruence groups are also completely replicable
functions and that completely replicable functions satisfy some recurrence relations that
determine a function from the first 5 coefficients of the function and its replicates, he was
able to show that every McKay-Thompson series is indeed a Hauptmodul for some genus-zero
congruence groups by just comparing the first few coefficients of the functions involved.

In [34], Hohn shows that there is a vertex operator algebra W that has 2-B as symmetry
group. This group is a central extension of B, the Baby Monster group, and it arises as the
centralizer of an element of class 2A in M. This vertex operator algebra plays for 2-B the role
that V? plays for the M and it was used to prove the generalized Moonshine conjectures for
the case of the Baby Monster, i.e., when g (see introduction to this chapter) is an involution
of type 2A in M. In this section, we use ¢ to represent a (fixed) element in class 2A in M.

More precisely, what Hohn states in [34] is the following. If

Vi) = @ Vi)

n>—1

is the t-twisted module and h is an element in the centralizer of ¢t in M then the McKay-
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Thompson series

Z Tr gWu (t)q"

n>—1

is the Hauptmodul for some genus zero congruence subgroup.

We give a very brief sketch of the results from [34]. From the decompositions of V# =
VOP VO and VE(E) = VIOP VI of +1 and —1 eigenspaces for ¢, Hohn builds the vertex
algebra W mentioned above on which 2-B acts. Using this vertex algebra W a Lie algebra g]%,
the Baby Monster vertex algebra, is constructed too. This is a %Z X %Z—graded Lie algebra

that has an action of 2 - B in it that respects the grading and its (%, %) piece is isomorphic
to V[;;Z] ([-,-] represents reduction mod 2). Hohn also shows that this is a generalized

Kac-Moody algebra with twisted denominator formula:

in

> T (9IV([§§’)”> p% =Y Tr (gv([};’s”> F=ptep| -3 Y T <g v ”]) G IR

meZ nez >0 ezt
nez

We can now state our main result.

Theorem 2.4.1. The McKay-Thompson series T, ,(z), for g € 2-B, are completely 2A-
replicable with replicates T, t[:;] =T, and ﬂ[v\g/in] =T gny.

Proof. From the twisted denominator identity for the Baby Monster Lie algebra, 2.4.1, we

have, after substituting p% for p and q% for ¢:

=S () o =t | <0 3 e (o V) P

neZ i>0 mezt
nez

> T (glV([m)”>

meZ

The right hand side of this equation is

im . in

Lexp | — Z Z TY(Q |V([}n;nn) il +Z Z Tr (g t‘V(’"")>p iq

i>0 ezt i>0 meZt
nez nez
m or n odd m and 1 even
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o [1,mn] imqin
=p &Xp |- Z Z Tr{g ‘V( mn) i +
>0 m€Z+

nez
m or n odd

m in

+> (Tr (gitlv(”%n» Tr (g t|V(M)))p iq

>0 mezZt
ner

m and 1 even

plexp | — Z Z Tr (g |V([1m)"]) T—’—
>0 mEZ+

nez
m or n odd

m in

5D () )

>0 mezZt
ne’

m and 1 even

2im 2in
zp_lexp — Z Z Tr (g |V il:m> + Z Z Tr (g t| (2mn)) 7q
i>0 ezt >0 mezt
nez nez
ooy
=ptexp |~ | Y | D d- ZTr(g |v“’“d> ¢+ > d- ZTr( “chkd)> 2ak | pr
1 " \eizn  kez ad=n  kE€Z 2
d even
—1 =1 ar +b T+b "
=p  exp —Z* Zth ( ) Zqu“t( ) D
n:ln ad=n ad=n
0<b<d d even
0<b<d
Since
400 1
Tig(p) — Tig(q) =p 'exp | — ~Pu(Tig(0))p"
n=1
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we conclude that, for all n € N,

ad=n ad=n
0<b<d d even
0<b<d

and we get that T}, is 2A-replicable with 2A-replicates given as stated in the theorem.

m
L= Ty gmn =

By substituting g by ¢g" we see that T} j» is 2A-replicable with replicates Tt[,gn
m mn n m V2nm
)[ ] _ T;t[,g ] and (T;:[,g])[\/i ] — T;t[,g }. To

ﬂ[j; " and ﬂ[ﬁm] = Ty gmny = ﬂ[,fnm}’ < (E[Z}

complete the proof it remains to see that 7}[7\9/5"] = T gn¢ is 2A-replicable with replicates

(Tt[‘g/i"])[m] = Ty gnmy and (ﬂ[’f"])[‘/im] = T, gonm, for m € N. Equivalently, what we need to

prove is that, for every m € N,

at +b 2at + b
Z Ty gmay ( d ) + Z T} goma ( d ) = Po(Tgme(q))

ad=n ad=n
0<b<d d even
0<b<d

But since T} 4m¢ is a monstrous function we know that

at +b
5 T (0) = RulTigma)

ad=n
0<b<d

But now,

at +b 1 ma
Z Tl,gm“t< d ) = nz ETT (g t’V<urL§)) qk

Oafdb:<nd keN \ a|(n,k)
2a7 + b 1 mate 128
Z T} y2ma ( y > = nz ETT’ <g2 |V(;7,;;2) **
ad=n keN |\ a|(n,k) “
d even 2 even
0<b<d a
ar +b 1 o
Z TL(gmt)a < d ) = nz ETT ((g t) ’V(unéc)) qk
ad=n keN \ a|(n,k) ¢
0<b<d

76



and what we have to show is

]' ma 1 ma [1’m}
S S e (v ) o+ S| X b () | -
keN \ a|(n,k) keN |\ a|(n,k)

n
—even
a

This means that for k& odd we have to show that

> éﬂ( mat|v(h )) =y éTr ((gmt)aw(”ﬁ))

al(n,k) al(n.k)

W

which is true because t and g commute and every a in the sum, being a divisor of k, is
odd too.

For k = 2K’ even we have to show that

1 ma 1 ma [1 1 m
E , =Tr ( t’Vthk’ ) + E =Tr (92 | nk(’L2 ) = E , =Tr (( t) ’Vhan’ )
/ a ( a? ) / a ( ) / a ( )
al(n,2k’) al(n,k") al(n,2k")

n
—even
a

This identity is clearly true for n odd and for n = 2n’ even it becomes

1
Z gTT (gm“t]VEJW)) +

al2(n’,k")

l 2ma|y1/01 _ 1 myya|y/
al(%’:k’) “Tr( " ;k/>> - az<§n;kf> o’ <(g t) V(zlfkl))

2n
———even
a

and this is now easy to prove

1 1

—T mat Vh 1.0 —T 2ma V 1.0 -
E 4 7’(9 | (47;2k))+ E, a T( | ('nk))
al2(n’ k") a\(?ln K

2n
——even
a
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1
Z —Tr <gm“t|V<u4n,2k,)) + Z ETT (g2ma|v<°in,k,)) =
")

al2(n’ .k’ ‘ al(n’ k (2a)

= > lTT gt Ve - ) 21y gV ) =
a (47;2k> a (4Z2k)

al2(n’ k") alg(géf’)

§ 1 ma E 1 ma
gT’I" < t|V(4n/k/)) ETT ( t’V 4n’k’ ) =+
al2(n/ a\g(g{;r’f’)
+ lTT mat‘V 4 ’k’ ETT mat’V anl k!
Z, @ (%2 Z a (*2)
o o

Z i < (g™t) II/(4n/k/))+ > %Tr (( e |V(4n,k,)>Jr

a

al2(n’ al2(n’ k)
1
+ > —Tr( (g™) \V(M,)): > “Tr( (g (( mt)a |V(”4n,k,)>
a\?l(ndf’ al2(n’,k’)

And the theorem is proven.

At this point we know that the McKay-Thompson series T} , are 2A-completely replicable

and consequently satisfy the recurrence relations from Proposition 2.3.5. We know that

tg = Tt is a Monstrous function and therefore its coefficients are known once we

know in what class in the Monster the element tg is, for every g € 2 -B. This can be done
in GAP. Hence, the first five coefficients of every T} , determine the coefficients of all T ,
completely. From subsection 2.2.2 we also have some completely 2A-replicability results for
some Hauptmoduls and thus these Hauptmoduls satisfy the same recurrence relations from
Proposition 2.3.5. To prove that every McKay-Thompson series is a Hauptmodul it is enough
to compare, for every g € 2 - B, the first five coefficients of T} ;, 114, T} g2, 11442, ... With
those of f, fIV4, fl V2 respectively, for some Hauptmodul f in tables 2.1 and 2.2.

This is analogous to Borcherds proof of the original Moonshine Conjectures.
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The decomposition of the first five head characters is given in [34]:
- Hi=x1+x2

- Hy = xis3

- Hy =2x1 4+ X2 + X3+ Xa

- Hy = 2x185 + Xaso

- Hs = 3x1 4 3x2 + 2X3 + X4 + X6 + X7

However, this works well for all 247 classes in 2-B but 13 of them. This happens because
the Hauptmodul associated to each of these 13 classes is neither a completely replicable
function nor a dash (see [26] for the definition of the dash operator) of a completely replicable
function and our tables 2.1 and 2.2 only contain such functions. The names of these 13 classes
are, using GAP notation: 12h, 127, 20h, 20¢, 247, 24m, 24n, 36d, 36e, 40f, 40g, 60d and 60e.
To solve this problem we use again the same recurrence relations from Proposition 2.3.5
to find the first 23 coefficients. Since we know that a replicable function (we recall from
remark 2.2.4 that a 2A-replicable function is replicable) is completely determined by its first
23 coefficients, a simple check among the power series expansions of the 616 Hauptmoduls
for genus zero groups with rational integer coefficients allows us to match every such class
with some Hauptmodul.

The correspondence is given in table 2.3.
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Class (Square) | Function | Sq. R. Func. || Class (Square) | Function | Sq. R. Func.
la (1a) 24 24 2a (la) 4~b 1A
2b (la) 2a 2A 2¢ (la) 4A 2B
2d (1a) 2B 2A 2e (la) AC 2B
3a (3a) 6A 6A 35 (3) 6D 6D
1a (2a) S~ iB 15 (2d) 1a A
dc (2d) iB 1A 4d (2d) iC iC
de (2¢) 8a 4B 4f (2e) 8A 4C
19 (2¢) S~d 1A 1h (2d) 1D iC
4i (20) B 1B 1j (2e) SE iC
4% (2e) 8D iD 5a (5a) 10A 10A
56 (5b) 10C 10C 6a (3a) 12~d 34
6b (30) 2~ f 3B 6¢ (3a) 6a 6A
6d (3a) 6b 64 6e (3a) 124 6C
6/ (3a) 6C 6A 69 (30) 6c 6D
6h (3a) 12¢ 6C 6i (3b) 12B 6E
67 (30) 6E 6D 6k (3a) 12E 6C
61 (30) 120 6E 6m (30) 12~ h 6B
6n (30) 121 6E 7a (7a) 144 14A
8a (4a) 16 ~a 8C 8b (4d) 8a 8A
8¢ (4c) 8b 8B 8d (4c) 8¢ 8B
8e (4d) 8B 84 8f (dc) 8C SB
8¢ (4d) 8D 8E 8h (4g) 16 ~ d 8D
8i (4d) 8E 8E 8j (4h) 8F 8D
8k (4f) 164 B 81 (4)) 16C SE
8m (47) 16 ~ e 8A 8n (41) 16a 8C
80 (4)) 168 SE 8p (4%) 16d ST
9a (9a) 184 184 9b (90) 18B 8B
10a (5a) 20 ~ ¢ 5A 106 (5b) 20 ~ d 5B
10c¢ (5a) 10a 10A 10d (5a) 20A 10B
10e (5a) 10B 104 10f (5b) 20C 10E
10g (50) 10E 10C 104 (5a) 20d 108
104 (5b) 20F 10E 10; (5b) 20 ~ g 10D

11a (11a) 224 224 12a (6a) 24 ~ f 12C
120 (6) 24 ~ h 12G 12¢ (61) 12a 124
12d (65) 12G 12B 12¢ (6f) 12b 124
121 (6f) 12C 124 129 (6e) 24a 12C
125 (6m) 24~ j 12H 12i (6m) 24 ~ k 12B
127 (61) 12E 12E 12% (Ge) 24b 12C
12 (61) 12d 12F 12m (6k) 248 12F
12n (6k) 24 ~m 124 120 (6i) 24c 12G
12p (6e) 24E 12C 124 (65) 121 121
127 (6n) 24C 121 125 (6n) 24 ~ 0 12B

80




Class (Square) | Function | Sq. R. Func. || Class (Square) | Function | Sq. R. Func.
12t (65) 12F 12H 12u (6k) 24h 12F
120 (6m) 24 ~ g 121 12w (61) 24H 12F
122 (6n) 241 121 12y (6n) 24 ~r 12H
13a (13a) 26A 26A 14a (7a) 28~ ¢ TA
14b (7a) 14a 14A 14c (7a) 14c 14A
14d (7a) 98B 14B lde (7a) 14B 144
147 (7a) 23C 14B 15a (15a) 308 308
150 (15b) 30F 30F 16a (8e) 160 16A
160 (8e) 16¢ 16 A 16¢ (8i 16B 16B
16d (87 16A 16C 16e (8e) 16a 16A
167 (30) 164 16C 169 (31) 328 164
16h (80) 32A 168 167 (80) 32 ~e 16C
17a (17a) 314 314 18a (9a) 36 ~ h 0B
18 (9) 36 ~ ¢ A 18¢ (95) 18¢ 8B
184 (9b) 18¢ 18B 13¢ (9b) 364 18C
187 (9b) 18C 188 189 (90) 36/ 18C
18h (9a) 36D 18D 18 (9a) 36 ~ g I8E
19a (19a) 384 384 20a (10a) 10~ c 208
200 (10e) 20a 20A 20c¢ (10g) 20c 20C
20d (10¢) 200 204 20¢ (10¢) 208 204
201 (10d) 10a 208 20g (10d) 108 208
20h (107) 40 ~ h 20F 20: (10y) 40 ~ 1 20C
205 (10g) 20E 20F 20k (10i) 40C 20E
21a (21a) 124 124 22a (11a) 4 ~b 114
225 (11a) 224 224 22¢ (11a) 22a 224
22d (11a) 144 228 22¢ (11a) 228 224
23a (23a) 46C 46C 23b (23b) 46C 46C
24a (120) 8~c 24G 24b (12f) 24d 244
24c (12f) 2de 244 24d (12f) 24g 24A
24e (12f) 24f 244 241 (125) 24b 248
24g (12q) 24c 24C 24h (127) 244 248
24i (12i) S~ h 24H 245 (12n) 18~ 24D
24k (12m) 184 244 241 (12q) 241 247
24m (12v) 48 ~ 7 241 24n (12v0) 48 ~ k 24C
240 (12t) 24F 24H 24p (12w) 48h 2UF
25a (25a) 50A 50A 26a (13a) 92 ~ ¢ 13A
26b (13a) 26a 264 27a (27a) 544 54A
28a (14a) 56 ~ d 28A 28b (14e) 28A 28B
28¢ (14e) 28C 28C 28d (14e) 28a 28B
98¢ (14d) 564 284 28 f (14]) 564 28C
28g (147) 56~ g 238 30a (150) 60 ~ ¢ 154
300 (15b) 60 ~ [ 15C 30c (15a) 30a 308
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Class (Square) | Function | Sq. R. Func. || Class (Square) | Function | Sq. R. Func.
30d (15a) 30d 308 30e (15a) 605 30C
30f (15a) 30C 30B 30g (15a) 60a 30C
30h (15b) 60D 30G 30i (15b) 60 ~m 30A
307 (150) 60C 30G 30k (150) 30G 30F
300 (15) 60C 30G 30m (150) 30G 30F
31a (31a) 624 624 310 (310) 624 624
32a (16¢) 32B 32A 32b (16¢) 32B 32A
32¢ (16d) 32b 32B 32d (16d) 32b 328
33a (33a) 66A 66A 34a (17a) 68 ~ b 17A
34b (17a) 3da 34A 34c (17a) 3da 34A
354 (35a) 704 704 36a (180) T2~ 36C
360 (18f) 36C 36A 36¢ (18e) T2a 36C
36d (18i) 72 ~p 36D 36e (187) 72 ~q 365
38a (19a) 76 ~ b 19A 38b (19a) 38a 38A
38¢ (19a) 38a 38A 39a (39a) T8A 78A
40a (20a) 80 ~ a 40A 400 (20e) 400 408
40¢ (20¢) 10¢ 10B 10d (20¢) 104 108
10¢ (209) 80¢ 104 107 (20) 80 ~ ¢ 100
10g (201) 80 ~ ¢ 100 12a (21a) 81~ e 214
42b (21a) 12a 124 42¢ (21a) 20 124
44a (22¢) 44c 44A 44b (22¢) 44c 44 A
46a (23a) 92 ~ b 23A 46b (23b) 92 ~ b 23A
16¢ (230) 924 164 16d (23a) 164 160
46e (23b) 92A 46 A 46 f (23b) 46 A 46C
17a (47a) 014 014 76 (470) 914 914
48a (24h) 18a 184 480 (24h) 48D 184
50a (25a) 100 ~ ¢ 25A 52a (26a) 104 ~ ¢ 52A
bda (27a) 108 ~ g 27TA b5a (5ba) 110A 110A
56a (28¢) 56a 56A 56b (28¢) 56a 56A
60a (30a) | 120~d 60A 606 (307) 60D 60B
60¢ (30¢) 120a 60A 60d (30i) | 120~g 60D
60e (30) | 120~ h 60C 62a (31a) | 124~ b 314
620 (310) 124~ b 314 66a (33a) | 132~ c 338
660 (33a) 66a 66A 66¢ (33a) 66a 66A
68a (34a) 136 ~ b 68A 70a (35a) 140 ~ b 35A
700 (35a) 70a 70A 70¢ (35a) 70a 70A
78a (39a) 156 ~ d 39A 84a (42a) 168 ~ ¢ 84A
94a (47a) 188 ~ b 47A 94b (47a 188 ~ b 47TA
104a (52a) 208 ~ a 104A 104b (52a) 208 ~ a 104A
110a (55a) | 220 ~ b 55A

Table 2.3: Classes in 2 - B and corresponding McKay-Thompson series together with their

ﬁ—replicates
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2.5 Conclusion

In this chapter we have proved that the McKay-Thompson series for V() are the Haupt-
moduls given in [34]. The approach taken here resembles Borcherds proof of the Moonshine
conjectures except for the last part where we had to compute the first 23 coefficients of certain
13 functions that are neither completely replicable nor the dash of a completely replicable
function. For those classes we applied the same strategy Hohn used in [34] to identify the
McKay-Thompson series. However, the computations are now much simpler because we have
generalized Mahler recurrence relations coming from 2A-replication. It also shows that the
action of the Hecke Operators for I'g(2)+ are, through 2A-replication, somehow reflected in
the structure of the vertex algebra W. As it happens for the Monster group and ordinary
replication, 2A-replication respects the power map structure in 2 - B.

It is also interesting to see that some Hauptmoduls that are not completely replicable, are
completely 2A-replicable. This gives an expression for their 2-replicates using remark 2.2.4.

A natural question to ask is whether we can extend these ideas to other groups arising

from centralizers of Fricke elements in M. This is the subject of the next chapter.
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Chapter 3

3A-replication and 3 - F3,

3.1 Introduction

In this chapter we apply the ideas from the preceding chapter, namely defining 3A-
replicability, and we show that in this case it is possible to associate to every conjugacy
class of 3 - F3,, the centralizer of an element of class 3A in M, a Hauptmodul for some
genus-zero congruence subgroup of PSLy(R). This correspondence has the property that

3 A-replicability respects the power map structure of 3 - F3,.

3.2 3A-replicability

As in the previous section we define 3A replicability by looking at the algebra of Hecke
Operators for I'g(3)4. It is easy to see that most of the results from subsection 2.2.1 carry

over to this situation and we make the following definition:

Definition 3.2.1. A function f is 3A-replicable if there are f" and f["‘/g], forn € N, such

that

Pos(f) =Y 1 (m; b) + 3 gl (BGTTM) (3.2.1)

ad=n ad=n
0<b<d 3|d
0<b<d

As in the case of 2A-replication we can make the following remarks.
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Remark 3.2.1. Given a 3A-replicable function f, its 3A-replicates are not uniquely deter-

mined. For example, for m = 3, equation 3.2.1 becomes

F9(En) + 0 + 0 () 4 19 (4 2)
+f(§)+f(7§1>+f(7;2)=P3,f(f)

and we can see that f% is known when f and f[‘/g] are known.

Remark 3.2.2. If a function is 3A-replicable then it is replicable with

7l (2 n
f™(z) = ), } . } 31 (3.2.2)
)+ @) + A ER) + (), 3

Also, if f is replicable then f is 3A-replicable by taking, for example, f[m/g] = 0. Conwversely,
we can also say that if f is replicable and if, for every n multiple of 3, we can write f™(z) =
f(z )+f%( )+ f f](z“) f[%](%), for some fI", {55 then f is 3A-replicable. For

n not multiple of 3 we obvioulsy have fI"l = f0.
Definition 3.2.2. We say that a function f is completely 3A-replicable if
- it is replicable, with replicates f™, n € NU V3N, and

- for every n € NU V3N the function f" is replicable with replicates (f[”])[m] = flmn]
for any m € NU v/3N.

To prove 3A-replication formulas for Hauptmodul we need an analog of Theorem 2.2.1
when the prime p does not divide any of the Atkin-Lehner involutions.

We believe the following is true:

Conjecture 3.2.1. Let f be the Hauptmodul for some group n|lh + ey, ey ... with p 4 h and

p1e; for anyi

I plln, JWe) + F(2) + o+ £ (222) =0



i pr2|n,f<§)+...+f(z+§*1):o

We use the same notation as in the previous Chapter to make a distinction between those
Atkin-Lehner involutions that are divisible by three and those that are not. For example,
now the group 30+6, 10,15 = 30+ {e}o + {3e} g with O = {10} and £ = {2,5}. Combining

Theorems 2.2.1 and Conjecture 3.2.1 we obtain an analog of Lemma 2.2.1.

Lemma 3.2.1. We have the following identities:

2
240
(1) Tantfeyo(2) = Tanreero (2) + Z Tsniero ( )

b=0 3
if 3,N)=1
2 z+0b
(2) Trige)o(2) = Tavigesero(2) + Y Tanfesero ( 3 )
b=0
if (3,N) = 1.

2
z+0b
(3) Tntieorirers(2) = Tnatero (2) + O Taniiejor (316} (T)
e

if 3¥ || N, k> 1 and E is not empty.

Theorem 3.2.1. Every function of type as given in table 3.1 is 3A-replicable with f["ﬁ],
n € N, as given in the tables. The replicates f[ﬁm], for n a non-negative integer and m not

n n_\ (M)
a multiple of 3 are given by the formula fB°7(z) = (f[?’s]) (2).

Proof. The proof is similar to that Theorem 2.2.2. We use Conjecture 3.2.1 and Lemma 3.2.1

in this case.
Corollary 3.2.1. The functions in table 3.1 are completely 3A-replicable.

Proof. Same argument as in Corollary 2.2.1.
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f N +{elo +{3¢}E 3N +{e}o + {3¢}r 9N + {e}o +{9}r 9N + {e}o +{9}r
Flv3l 3N + {e,3e}o 3N + {e,3¢e}o 3N + {e}o 9N + {e}o
£l 3N + {e, 3e}o 3N + {e, 3e}o 3N + {e, 3e}o 3N + {e}o
rBV3El 3N + {e,3¢}o 3N + {e,3¢}o
£191 3N + {e, 3¢}

f 27N +{eto +{27e}p | 27N +{e}o +{27e}E 3N|3 + {e}o INI[3 +{eto + {3e}p
Flval 27N + {e}o IN + {e}o 3N + {e,3e}o IN + {e}o + {9e} &
s 9N +{c}o 9N + {e}o 3N +{e,3¢}o 3N + {e}o
£V 9N + {e}o 3N + {e}o 3N + {e,3¢e}o
£ 3N + {e}o 3N + {e,3e}o 3N + {e,3e}o
rlov3l 3N + {e,3¢e}o 3N + {e,3e}o
1271 3N + {e, 3¢} o

f IN|3 + {e,3e}o 27N |3+ {e}o + {%e}r 27N[3+ {e}o + {9e}r
sV 3N[3+ {e}o 27N +{e}o +{27e}m | 9INI3+{c}o +{3¢}m
131 3N + {e,3¢e}o 9N + {e}o ON + {e}o + {9¢} &
flBval 3N + {e,3e}o 9N + {e}o 3N + {e}o
£ 3N + {e}o 3N + {e, 3¢}

V3] 3N + {e, 3¢} 3N + {e,3e}o
72T 3N + {e,3¢}o

Table 3.1: 3A-replicates of Hauptmoduls.

3.3 3A-replication and 3 - Fj,

In this section we will be using GAP notation for the names of classes and characters of
3. Fs,.

We make a few observations about the classes and characters of 3 - F3,. The characters
Xi, for 1 <7 < 108 are characters of F5, and characters y;, for 109 < ¢ < 256 are characters
of 3- F3, that are not characters of F5,. The last ones occur as algebraic conjugate pairs. If
a class has at least one non-zero character value for some y; for 109 < i < 256 then there are
two other distinct classes whose corresponding character values are obtained from the first
ones by multiplication by cube roots of unity, in an obvious way. We will refer to the first
ones as the “essential“ classes, as the Hauptmoduls for the other two classes are obtained by
translations z — 2z + % and z — 2z + % Considering only the essencial classes reduces the
number of classes from 256 to 108. Now, we try to find the Hauptmoduls for these essential
classes.

From the fact that the function associated to the identity element in 3 - Fj, should be
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T35, and its power series expansions starts off:
1 ) .
Ts(q) = =+ 783-q+8672-¢* + 65367 -¢°. ..
q

we conclude that the decomposition of the first Head character should be:

H_y=x1/ Hi = xw09 0r X110 / Ha = x1 + X2

This decomposition determines the Hauptmodul we should associate to some other classes
in 3-F3,. The more classes we have identified the more decompositions of the Head characters
we can determine accurately.

We can attach to every class a Hauptmodul with rational integer coefficients except for
classes 18m and 18p. Their functions have coefficients in the field Q(v/5) and seem to
correspond to 54 ~ ¢ and 54 ~ b (see [50]), respectively, if we consider H; = yi09. Choosing
Hi = x110 instead only has the effect of switching these two essential classes, the other
essential ones remaining unchanged.

For this choice of H; the decomposition of the Head characters is:

Hy =x1/ H = x10 / H = x1+x2/ H3 = x110 + x112 / Hi = X100 + x111 + X115
Hs = 3x1 + 2x2 + x3 + xs / He = 2x110 + 2Xx112 + X116 + X118

H7 = 3x109 + 3X111 + X113 + X115 + X117 + X119 / Hs = 4x1 +4x2 + 2X3 + X5 + 2X8 + X9 + X10 + X13
Hii = 9x1 +10x2 + 6x3 + 3x5 + 6x7 + 2X8 + 2x9 + 2x10 + 4X12 + X16 + X18 + X24

This decomposition of the Head characters doesn’t determine what Hauptmodul we should
attach to classes 247 and 245 since there are two possibilities: 72b and 216 ~ ¢. We would
have to find the decomposition of H7 to distinguish between those two functions. However,
not only the more natural choice is 72b because 72 = 3 - 24 but also this choice makes
3A-replicability respect the power map structure in 3 - F3, .

In fact, we have made computations that show that 3A-replicability respects the power
map structure in 3 - F5, for all the essential classes except 18m and 18p. It is a curious fact
that these are the only essential classes whose cubes are not essential. The cubes of 18m and

18p are 6y and 6z, respectively, which are the translates of the essential class 6.
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Below are the diagrams showing the power map structure of 3 - F3, and 3A-replicability
for all essential classes except 18m and 18p. Every ellipse contains at least one class in 3- F3
and the corresponding Hauptmodul between brackets. An arrow represents v/3-replication
so that a square box represents the v/3-replicate of the McKay-Thompson series above it in

the diagram. As we can see, every v/3-replicate is again a Monstrous function.
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Figure 3.1: 3A-replicability of essential classes in 3 - F3
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3.4 Conclusion

In this chapter we applied the ideas from the previous chapter to an element of class
3A instead of class 2A. We found that 3A-replication respects the power map structure of
3 - F3, but only for those classes whose Hauptmodul is rational. In the previous chapter
we saw that the 2A-replication formulas for the McKay-Thompson series came from the
denominator identity for the Baby Monster Lie algebra. We would like to build analogs of
the vertex operator algebra W and the Baby Monster Lie algebra for 3 - F3,.. We believe
that from the denominator identity for that Lie algebra it will be possible to deduce how
3 A-replication should work in the irrational cases. Work of Carnahan ([10]) might be relevant
for this.

Two directions of future research could be, firstly, to find how 3 A-replication should work
for the irrational functions and, secondly, how to extend these ideas to other groups that are

not of the form I'y(p)+.
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