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ABSTRACT 

 
Hybrid torsional damper for semi-active control of torsional vibrations 

in rotating machines 

 

Ehab Mohamed Said Abouobaia, Ph.D.  

Concordia University, 2014. 

Rotating machinery systems experience torsional vibrations with varying frequencies to 

some degree during normal operation. These vibrations if not controlled properly may 

cause severe system performance limitation and reduction of the fatigue life.   Attenuation 

of torsional vibrations in these systems is a challenging engineering problem and raises 

several important issues in industrial applications.  

The present research aims at developing a novel hybrid torsional vibration damper 

incorporating a conventional Centrifugal Pendulum Vibration Absorber (CPVA) with the 

Magnetorheological (MR) damper capable of suppressing torsional vibrations at different 

excitation frequencies. In fact, CPVA and torsional MR damper have been investigated 

separately in previous research, however, there has been no study reported on integrating 

the two systems for the attenuation of torsional vibration. 

In this research study, first, the governing equations of motion for both horizontal and 

vertical CPVA have been derived using Lagrange’s principle to investigate the effect of 

gravity on the dynamics and performance of CPVA. Moreover, softening nonlinear 

behavior of the pendulum absorber and its effect on the natural frequency of the system 

has been investigated. 
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Next, a rotary MR damper prototype was optimally designed, manufactured and tested. 

The design process of the rotary MR damper included several critical factors, particularly, 

analysis and design of the magnetic circuit of the MR damper.  In order to ensure efficient 

design of the proposed damper, a finite element (FE) model of the rotary MR damper was 

developed to accurately evaluate the magnetic field distribution in the MR fluid and 

electromagnet core generated by the built-in electromagnet. The developed FE model 

enables to verify the effectiveness of the proposed design configuration as well as the 

selected material for the MR damper components.  In addition, the equation of transmitted 

torque has been derived and utilized to evaluate the MR damper performance. In order to 

obtain the optimum geometric dimensions of the designed MR damper, an optimization 

problem has been formulated. The combined Genetic Algorithm (GA) and Sequential 

Quadratic Programming (SQP) have been employed to accurately capture the global 

optimum solution.  

An experimental test set up has been designed to evaluate the fabricated rotary MR damper 

performance by measuring the generated damping torque and to validate simulation results 

obtained from the model. 

Subsequently, the hybrid torsional MR damper incorporating both conventional CPVA and 

rotary MR damper has been proposed. The CPVA has been connected to the cylindrical 

housing of the MR damper. The governing equations of motion of the system consisting of 

a rotor with attached hybrid torsional dampers have been derived to evaluate the 

performance of the system under current off and maximum current applied to the MR 

damper’s electromagnet. The results are also compared with those obtained from rotor 

systems with only attached CPVA and rotary MR damper.    
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Finally, a feedback control system using the semi-active skyhook control algorithm has 

been developed to adaptively control the proposed hybrid torsional damper under varying 

external excitations.  It has been shown that the suggested closed-loop feedback control 

algorithm can significantly improve the damper performance compared with the open-loop 

(current off and on) system.  
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Chapter 1  
Introduction 

1.1 Background 

Torsional vibration is an important issue in many mechanical systems with rotating 

mechanical components. Excessive torsional vibrations may result in noise, excessive 

stresses or even fatigue failure if not controlled immediately. Consequently, it should be 

suppressed to a proper desired level to ensure system’s reliability. Some measures have 

been introduced to reduce torsional vibrations in rotating machinery such as addition of 

flywheels and tuned vibration dampers [1-6]. However, these methods have some 

deficiencies. The flywheels increase the system inertia, and results in reduction in system 

responsiveness, while torsional dampers are effective at only a single frequency [7]. 

Centrifugal Pendulum Vibration Absorber (CPVA) is also one of the effective passive 

devices used for reducing torsional vibrations and are widely used in rotating and 

reciprocating machines to suppress torsional vibrations. These absorbers consist of a 

pendulum constrained to move in a plane normal to the rotational axis of the machine. 

CPVAs are simple and reliable torsional vibration absorbers that are expected to be 

efficient under steady state conditions. However, for unpredictable environmental 

conditions such as an internal combustion engine where the load, speed, acceleration, 

braking and road conditions are highly unpredictable, the CPVAs have shown performance 

limitations.  

Recently, MR based torsional absorbers have been considered as of one the most promising 

new energy absorption devices for semi-active control of torsional vibrations due to their 
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inherent fail-safe feature, low power requirement and capability to attenuate vibration 

under unpredictable environmental conditions.  

It is noteworthy that the use of active or semi-active vibration control systems overcomes 

the limitations inherent in the conventional passive systems. However, active control 

systems are expensive, complicated to design and need large power. Thus, semi-active 

control systems have emerged as a good compromise between active and passive systems. 

Compared with conventional semi-active devices, MR based semi-active devices have less 

moveable parts (thus less wear) and faster response time, thus ideal for real-time vibration 

control applications.  

While application of linear MR dampers have been widely investigated over the past three 

decades, to the best of our knowledge, relatively fewer research studies have been 

conducted on rotary MR damper applications which is the main subject of the present 

research work. 

1.2 Aims and objectives  

The main goal of this research study is to develop a novel hybrid MR based torsional 

vibration damper combining conventional CPVA with the rotary MR damper and compare 

its performance with conventional CPVA and rotary MR damper alone.  

To achieve this, the following objectives have been identified: 

 Develop an analytical model of the CPVA in both vertical and horizontal planes 

and investigate the torsional vibration response of the system with and without 

CPVA and also the effect of gravity on the CPVA’s performance.   
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 Develop a phenomenological based model for the rotary MR damper. Also 

formulate a design optimization formulation to identify the optimal geometrical 

parameters of the rotary MR damper to maximize its damping torque capacity.  

 Fabricate a proof-of-concept rotary MR damper and design an experimental set up 

to validate the developed MR damper model. 

 Develop an analytical model for the proposed hybrid MR based torsional vibration 

damper and investigate the torsional vibration response of the system with and 

without proposed damper in an open-loop current off and on modes. Also compare 

the performance of the proposed hybrid damper that of CPVA and rotary MR 

damper alone.    

 Develop an efficient semi-active control algorithm for the proposed hybrid 

torsional vibration damper to suppress vibration effectively in broadband frequency 

range. 

1.3 Thesis organization 

The present research dissertation consists of the following seven chapters. 

Chapter 1 presents an introduction to the research conducted in this thesis. The research 

aims and objectives are outlined in this chapter.  A summary of the thesis organization is 

then presented at the end of this chapter. 

Chapter 2 presents state of the art of the torsional vibration problems using both CPVA and 

MR dampers. In addition, some fundamental concepts on CPVA and MR damper 

technology are presented as well as the semi-active control strategies used for torsional 

vibration reduction using MR Dampers. 
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Chapter 3 provides the development of mathematical model for the CPVA. In addition, the 

effect of gravity on the amplitude of torsional vibration and the softening nonlinear 

behavior of CPVA are also discussed in this chapter.  

Chapter 4 demonstrates modeling and design optimization formulation for the rotary MR 

damper. The fabricating procedures of the designed MR damper is also discussed. 

Moreover, experimental test setup as well as steps for measuring the generated damping 

torque are presented.    

Chapter 5 presents the mathematical model of the proposed hybrid torsional damper and 

the governing equations of motion. The semi-active control algorithm proposed for the 

hybrid damper is then described. 

Chapter 6 provides results and detailed discussions on the torsional vibration response of 

the system with the proposed hybrid torsional damper in open loop (current off and on 

modes) and closed-loop (proposed semi-active control algorithm). 

Finally, chapter 7 outlines conclusions and contributions as well as future work 

recommendations.  

 

 

 

 

 

 



5 

Chapter 2  
Literature Review 

This chapter provides a comprehensive literature review summarizing the previous work 

and contributions relevant to the aims and objectives of the present research. There have 

been a number of research studies in the field of torsional vibration control. Reported 

studies on CPVA will be presented in the first section, followed by research studies on MR 

damper and its application in torsional vibration control. 

2.1 History and background of CPVAs 

CPVAs have been in use for over half a century and they are widely used in rotating and 

reciprocating machines to suppress torsional vibrations. As shown in Figure 2-1, these 

absorbers consist of a pendulum constrained to move in a plane normal to the rotational 

axis of the machine. 

 

Figure 2-1 Schematic view of CPVA attached to a rotor 
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CPVAs are tuned absorbers with their natural frequencies varying proportional to the 

rotational speed of the rotating shaft. Pendulum absorbers have some attractive features for 

applications; they can be tuned to a given order of rotation rather than to a set frequency 

and therefore they are effective over a continuous range of rotating speeds [7]. CPVAs 

were first introduced in 1929 by Ker Wilson [1]. 

 Further, Den Hartog in 1956 [8] presented the linear analysis of the dynamic response of 

the CPVA and explained briefly the characteristics of its large amplitude nonlinear motion. 

According to small amplitude vibration theory, the linear tuning order of the CPVA is given 

by: 

𝑛 =  √
𝑅

𝑙
 (2-1) 

 where R is the rotor radius and l is the pendulum length as shown in Figure 2-1.  

By proper selection of the optimum suspension point and pendulum effective length, the 

absorber can be tuned to absorb any desired order of excitation torque. For constant rotor 

speed, Ω, the linearized natural frequency of the tuned absorber is given by: 

𝜔𝑛 = Ω √
𝑅

𝑙
 

(2-2) 

It is clear from Eq. (2-2) that the CPVA’s natural frequency is directly proportional to the 

rotor speed, which allows CPVA to suppress torsional vibration over the entire operational 

range of rotor speed [9]. CPVA could be overtuned (undertuned) when the desired order is 

adjusted to a value greater (smaller) than the absorber order n.  
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CPVAs have been used for several decades in light engines and helicopter rotors [10]. In 

1991, Borowski et al. [11] have proven their effectiveness to be feasible for automotive 

applications for vibration suppression. These absorbers not only dissipate very little energy, 

but they also can often be designed without adding any  mass or rotating inertia  to the 

crank shaft as achieved by Nester et al. [12] in automotive applications by replacing 

existing counterweights by CPVAs, which then serve for both balancing and torsional 

vibration reduction. 

 

The operating envelope of CPVA depends on the amount of the mass of the absorber. Often 

in some applications, the mass must be minimized as in aerospace applications. Haddow 

and Shaw [13] established a rigid rotor fitted with several point mass absorbers that move 

along prescribed paths relative to the rotor. An external excitation torque is applied to the 

rotor that fluctuates at a given order of rotation and the absorber’s paths are selected such 

that their motion counteracts the applied torque. 

 

It is noteworthy that until around 1980 all designs related to CPVA employed simple 

circular paths for the absorbers [7]. Absorbers with circular paths work fine at small 

amplitudes; however, their nonlinear behavior due to amplitude dependent frequency limits 

their effectiveness. Absorbers with circular paths exhibit softening nonlinear behavior in 

which rate of change of their natural frequency decreases as the amplitude increases. To 

overcome this shortcoming in the circular path absorbers, a small mistuning should be 

intentionally used to ensure stable and reliable operation of the CPVA. 
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Subsequently, various kinds of pendulum with non-circular path have been designed. In 

1992, Denman [14] introduced other paths that offer improved performance for the 

absorbers at large amplitudes. Cycloidal path absorbers exhibit hardening nonlinear 

behavior; that is, the absorber natural frequency increases as the amplitude increases. 

Accordingly, cycloidal absorbers offer improved performance at large amplitudes than that 

of a circular path absorber. Another special absorber path is the epicycloidal path, since it 

maintains a constant frequency for the absorber over all amplitudes, thus keeping the 

absorber as linear as possible over a large operating range; this type is typically used in 

automotive engines [15]. 

Ryan and Shaw [16] studied the transient response characteristics of a single absorber 

mounted on a rotor which is subjected to engine order torsional excitation. Two types of 

absorbers have been considered: Circular path and Tautochronic absorber. An approximate 

analytical method was developed for predicting the transient overshoot of CPVA when the 

rotor is subjected to near resonant torsional excitation.  

In order to overcome limitation of passive vibration absorbers, Chen et al. [17] developed 

an active dynamic absorber to retain the advantages of the conventional CPVA. The active 

pendulum absorber is simply a CPVA connected to a torque motor that acts as an actuator 

to drive the pendulum at adequate oscillatory amplitude. It has very wide range of operating 

frequencies. This active absorber can be tuned according to the system characteristics to 

meet desired requirements. Genetic Algorithm controller for the active pendulum absorber 

was presented by Liang and Tung [18]. The proposed algorithm estimates an appropriate 

value for the torque of the active pendulum that is capable of suppressing the torsional 

vibration of the carrier. 
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 Although significant research work has been done in CPVA, previous works have mainly 

focused on analysis of CPVA operating in horizontal plane in which the gravity effect has 

not been considered. In this research study, the rotor system integrated with the pendulum 

absorber has been investigated in both vertical and horizontal planes in order to assess the 

effect of gravity. 

2.2 Magnetorheological (MR) dampers  

2.2.1 Magnetorheological fluids 

MR fluids are suspensions of non-colloidal (0.05-10 μm) and magnetically soft particles in 

organic or aqueous liquid with low viscosity [19]. The discovery of MR fluids is credited 

to Jacob Rabinow in 1949 [20]. Magnetorheology is a branch of rheology that deals with 

the flow and deformation of the MR fluids (elasticity, plasticity, or viscosity).  

MR fluids respond to an applied Magnetic field, instantly, with a drastic change in 

rheological behavior and thus consequently in the damping and stiffness properties. In their 

off state, MR fluids behave like Newtonian fluids. The most fundamental characteristic of 

these fluids is their ability to reversibly change from free-flowing, linear, viscous liquids 

to semisolids having controllable yield strength in milliseconds when exposed to a 

magnetic field. This is basically associated with the formation of chains of polarizable 

particles in the direction of the applied field as shown in Figure 2-2, which causes resistance 

to the movement of the fluids and consequently development of the yield stress [21].  
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                     (a) Off -state       (b) After applying magnetic field 

Figure 2-2 Effect of applied magnetic field on MR fluid Particles 

MR fluid develops a yield stress based on the amount of mechanical energy required to 

establish the ferrous dipole chains. MR fluids demonstrate a much greater increase in 

viscosity (and thus yield strength) than their Electrorheological (ER) fluid counterparts 

(20-50 times) when the field is induced. An yield stress of  nearly 100 kPa can be obtained 

in MR fluids with magnetic suspensions containing carbonyl iron powder [22]. Moreover 

compared with ER fluids, MR fluids can operate under wide variations in temperature 

ranges from -40°C to 150°C with slight change in yield stress and have the ability to use 

low voltage power supply 12 volt [23]. 

In the off state, the apparent viscosity of the MR fluids is found to be (0.1 to 1 Pa.s at low 

shear rates). However, when the magnetic field is applied the apparent viscosity of the MR 

fluids increase significantly (105 – 106 times) within a few milliseconds [19]. This rapid 

increase in the viscosity is completely reversed as soon as the magnetic field is removed. 

For this reason, MR fluids play a key role for various semi-active damping control 

applications. Although ER/MR fluids are considered as smart controllable fluids, ER fluids 

have some drawbacks compared with MR fluids, since they have low yield strength, need 
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high voltage power supplies (5000 volts), high sensitivity to common impurities and they 

often lose their strength as their temperature increases [23]. Some properties of typical 

ER/MR fluids are provided in Table 2-1. 

Table 2-1 Typical properties of MR and ER fluids  

Property MR Fluid ER Fluid 

Response time milliseconds milliseconds 

Plastic Viscosity 0.1 to 1.0 Pa.s 0.1 to 1.0 Pa.s 

Temperature Range -40 to 150 o C +10 to 90 o C 

Stability Unaffected by most impurities Cannot tolerate impurities 

Max. field ̴ 250 kA/m ̴ 4 kV/mm 

Max. yield stress 50 – 100 kPa 2 – 5 kPa 

Density  3 – 4 g/cm3 1 – 2 g/cm3 

Max. energy density 0.1 J/cm3 0.001 J/cm3 

Power supply 2 to 25 V & 1 to 2 A 2 to 5 kV & 1 to 10 mA 

 

2.2.2 Operating modes of MR fluid  

In various semi-active vibration control applications, MR fluids can be used in three 

principal modes of operation as shown in Figure 2-3, namely, flow mode, shear mode, their 

combination and squeeze film mode [22].  

(a) Flow Mode                        (b) Shear Mode               (c) Squeeze-film Mode 

Figure 2-3 Basic operating modes for MR fluids [24]  
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In flow mode, a pressurized flow of MR fluid moves between two stationary plates 

while the magnetic field direction is perpendicular to the direction of the fluid motion. Flow 

mode is typically used for developing a controllable damping force in shock absorbers as 

in vehicle suspensions [25]. In shear mode, the two plates containing the MR fluid move 

relative to each other causing the MR fluid to shear. Here also magnetic field direction is 

perpendicular the relative motion of the plates or the shear direction. Shear mode is 

commonly used in clutches and brakes in which resistance to rotational motion is required 

[26]. Squeeze-film mode involves a layer of MR fluid, which is squeezed between the two 

plates. In this mode, the direction of the magnetic field is along the relative motion of the 

plates. Squeeze-film mode is used for introducing support flexibility and damping in the 

bearing/support structure [27]. 

2.2.3 Mathematical models of MR fluids. 

In order to effectively utilize MR fluids in MR based devices, their rheology behavior 

should be properly characterized. The MR fluid characteristics have been described based 

on measured shear stress-strain properties in two regions, pre-yield and post-yield. MR 

fluid displays viscoelastic behavior in the pre-yield region. Further, the shear stress and 

shear strain are proportional in terms of the complex modulus G* [28] described as: 

G*= G´ + i G″ (2-3) 

where G´ is the storage modulus of the MR fluid, which is related to the energy stored per 

unit volume of the material during a deformation cycle and G″ is the loss modulus, which 

is a measure of the energy dissipated per unit volume of the material over a deformation 

cycle. Hence, the shear stress-strain relationship in pre-yield region can be expressed as: 
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τ = G* γ (2-4) 

where τ is the shear stress and γ is the shear strain.  

Post-yield region is considered as the dominant mode of operation in most devices such as 

dampers, brakes and clutches. Bingham plastic model developed by Phillips in 1969 [29] 

is the most popular model to characterize  the post-yield behavior  of MR fluids. According 

to this model, MR fluid behaves as a rigid body at stresses below the yield shear strength 

of the material (pre-yield region) and flows like a Newtonian fluid with constant viscosity 

at shear stresses above the  shear yield strength (post-yield region).  The relation for shear 

stress-strain rate for this model can be described as:  

        𝜏 = 𝜏𝑦(𝐻) + 𝜂𝛾 ̇         𝜏 ≥ 𝜏𝑦 (2-5) 

       𝜏 = 0                            𝜏 ≤ 𝜏𝑦 (2-6) 

where τy is the apparent yield shear strength which depends on the applied magnetic field 

(H), η is the Newtonian post-yield viscosity independent of the applied magnetic field and 

𝛾̇ is the shear strain rate.  

It should be noted that in the post-yield region, under high shear strain rate, MR fluids may 

undergo shear thinning or shear thickening and thus behave in nonlinear fashion as shown 

in Figure 2-4. Shear thinning refers to the reduction of the apparent viscosity of the MR 

fluid at high shear strain rates while shear thickening is the increase in dynamic viscosity 

corresponding to the increment of the shear strain rate.  To address this behavior, Herschel-

Bulkley model has been developed which can be described as [30, 31] :  

𝜏 = (𝜏𝑦(𝐻) + 𝐾|𝛾̇|
1
𝑚) 𝑠𝑔𝑛(𝛾̇) (2-7) 
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where K is the fluid plastic viscosity and m is the flow behavior index. For m > 1, Eq. (2-7) 

represents a shear thinning fluid, while shear-thickening fluids are described by m < 1. It 

is noted that for m = 1 and K= η the Herschel–Bulkley model reduces to the Bingham 

plastic model as shown in Figure 2-4. 

 

 

Figure 2-4 Viscoplastic models describe MR fluid [31] 

Several phenomenological models have been developed to accurately describe the dynamic 

behaviors of MR dampers such as simple Bouc-Wen model as shown in Figure 2-5 [32], 

modified Bouc-Wen as shown in Figure 2-6 [32], equivalent viscous damping model [33], 

nonlinear bi-viscous model [34] and nonlinear hysteretic bi-viscous [33]. 

It is noted that MR fluid dampers experience hysteresis behavior in which the output 

(damping force or torque) depends on not only instantaneous value of the input (velocity 

or electrical current), but also on the history of the output [35]. 
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The above-mentioned phenomenological models have shown to properly characterize the 

hysteresis behavior of MR dampers.   

 

 

 

Figure 2-5 Simple Bouc–Wen model [32] 

 

 

 

Figure 2-6 Modified Bouc–Wen model [32]  
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2.3 MR fluid dampers 

MR dampers are semi-active adaptive devices that have received considerable interest of 

designers and researchers due to their variable damping feature, mechanical simplicity, 

high dynamic range, low power consumption, large force capacity, fast response and 

robustness. MR dampers are categorized in two main types: Linear MR dampers and 

Rotary MR dampers. 

2.3.1 Linear MR dampers 

MR fluid has been used in shock absorbers as a working fluid rather than the conventional 

fluid due to its adjustable viscosity property that makes it ideal for adaptive vibration 

control. A typical linear MR damper, which operates in flow mode, is shown in Figure 2-7 

 

Figure 2-7 Cross-section of typical linear MR fluid damper [36] 

  

As the piston rod enters the housing, the MR fluid flows from the high-pressure chamber 

to the low-pressure chamber through orifices in the piston head. The accumulator contains 

a compressed gas (usually nitrogen) and its piston provides a slightly moveable barrier 

between the MR fluid and the gas.  



17 

The accumulator provides a degree of softening by providing an extra allowance for the 

volume changes that occur when the piston rod enters the housing; in addition, it prevents 

the creation of vacuum in the housing and cavitation of the damper. The magnetic coil is 

built in the piston or on the housing. When a current is supplied to the coil, polarizable 

chains will be developed and the fluid changes from the liquid state to the semi-solid state 

within milliseconds. Consequently, a controllable damping force is produced. Thus, linear 

MR damper, in contrast to conventional linear hydraulic damper, has the capability to 

change its damping force by varying the magnetic field strength inside the damper. This 

provides a unique opportunity for adaptive vibration control applications.  

2.3.2 Rotary MR dampers 

While the development of the rotary MR dampers are not as extensive as the linear MR 

dampers, many types and classes of rotary MR dampers have been developed for different 

purposes. The term MR brake was more commonly used than rotary MR damper since the 

early intentions of the device development were only as a braking device [37].  

 

Figure 2-8 Configuration of MR damper 
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As shown in Figure 2-8, MR brake consists of a disc placed inside the cylindrical cavity 

filled with MR fluid and allowed freely to rotate relative to the housing. This provides a 

controllable damping torque capable of reducing the torsional vibration of the system. The 

housing of the MR damper is typically fixed to the shaft and rotating together with the 

same speed. The vibration energy of the shaft system is then absorbed by the disc, i.e., it is 

converted into vibration energy of the disc through the frictional torque of the damper. The 

controllable friction torque of the damper is achieved by the current applied to the coil that 

is wound circumferentially inside damper housing. 

MR brake operates in shear mode and its damping torque depends on several parameters 

in the effective area, such as magnetic field strength, clearance gap and working speed. 

Since normally the clearance gap and working speed are part of the design constraints, 

manipulating magnetic field strength in the effective area is the only way to operate and 

control the MR brake [37]. According to the location where the shear mode occurs, MR 

brake can be divided into two basic types: drum type and disc type MR brake. The basic 

configuration of both types is shown in Figure 2-9. 
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                   Disc Type          Drum Type  

Figure 2-9 Typical structure configuration of MR Brake [37] 

 

As can be seen from Figure 2-9 (a), in disc type MR brake, the magnetic field effective 

area is the end face gaps of rotor at which the shear mode takes place and magnetic flux is 

perpendicular to the shear direction. While in the drum type MR brake, shown in Figure 2-9 

(b), the effective area of the magnetic field is the radial gap of rotor at which the shear 

mode takes place.   

2.4 Semi-active control techniques for MR damper 

This section presents a brief review of the control strategy used in both damper and system 

controllers for semi-active vibration control of rotating shaft systems.  

A semi-active or active system controls the system dynamics to achieve optimized 

conditions. Semi-active control system incorporating MR dampers needs two controllers, 

a system controller and a damper controller. The system controller generates the desired 

damping torque according to the dynamic responses of the system while the damper 

controller is used to regulate the command voltage to the current driver to track the desired 
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damping torque determined by the system controller based on the desired and the actual 

damping torque. The damping torque of the MR fluid damper should be monitored and fed 

to the damper controller to generate the command voltage according to the desired damping 

torque generated by the system controller [31]. In the following subsections, both damper 

controller and system controller are described in some detail.  

2.4.1 MR damper controller 

In semi-active systems incorporating MR dampers, a damper controller is used to allow the 

MR fluid damper track the desired damping torque determined by the system controller. 

There are two key factors have great influence in controlling the damping force or torque 

when designing the damper controller: (1) tracking ability of damping force or torque, and 

(2) energy requirement for MR damper. The term tracking ability can be defined as the 

ability of the controlled damping force or torque to follow the desired force or torque 

produced by the system controller. The tracking ability can be evaluated by the damping 

force or torque error between the controlled and the desired damping forces. However, the 

term energy requirement defines the amount of energy required for powering the MR fluid 

damper. Although the MR damper requires low voltage source, energy consumption by 

MR fluid damper on moving carriers, like automobiles or railway vehicles, is an issue of 

concern for MR based semi-active systems. Furthermore, less energy consumption will 

extend the effective life of the power supply and hence extend the lifetime of the MR 

damper.  
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Having discussed the functioning of MR damper controller, now types of MR damper 

controllers used in MR based semi-active systems will be discussed. Various damper 

controllers for MR based semi-active systems have been developed.  

Heaviside Step Function (HSF) controller has been widely used in semi-active systems 

[38-41]. HSF was introduced by Dyke et al. in 1996 [42], and it is identified as “ on-off ” 

controller, where the applied voltage is either zero value or maximum. In [40], a half car 

suspension model is developed and the  HSF is utilized to control two MR dampers in the 

proposed two degrees of freedom system. The applied voltage is altered between zero and 

maximum (2 volts) depending on the value of the desired damping force.  

In the modified HSF algorithm known as Signum Function (SF), the applied voltage is 

altered in a discrete way as described in [41, 43]. In this approach, the command voltage 

under certain conditions varies to a certain value between zero and maximum. A 

comparison of the two approaches reveals that the SF has a better tracking ability and  less 

energy requirement than that for the HSF [41]. However, in both controllers, the command 

voltage is still displayed in discrete values.  

Unlike previous controllers, the continuous state (CS) algorithm operates in different 

manner. In this approach, the command voltage varies continuously between zero and 

maximum. CS algorithm was introduced in [44] with ER based semi-active system and 

applied also in [38, 45] as MR based semi-active system.  

Non-parametric control algorithms such as polynomial function control algorithm [46] and 

recurrent neural network (RNN) algorithm [47] are used as MR damper controller. In the 

polynomial approach, a polynomial function is used to express the damping force as a 
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function of relative velocity and thus hysteresis behavior of MR damper. The polynomial 

coefficients in this approach are linearized with respect to the input current. One of the 

benefits of this approach is that it is an invertible model, i.e., it is possible to obtain the 

input current for a given velocity and a desired damping force.  

RNN algorithm is another controller approach that is commanding a continuous voltage 

signal to the MR damper. Due to the inherent nonlinear behavior of MR dampers, the RNN 

is used to match the nonlinearity in controlling the damping force through learning methods 

of the dynamic neural network models for MR damper [48].  

2.4.2  System controller 

Unlike the damper controller, the system controller generates the desired damping torque 

according to the dynamic response of the system to achieve optimized operation condition.  

Various types of system controllers have been introduced among which Skyhook controller 

has been widely used. Skyhook control is a popular and effective vibration control method 

because it can dissipate system energy at a high rate. Several studies were presented with 

a comprehensive analysis of semi-active systems incorporating skyhook scheme control 

[49-52]. The name skyhook is due to the fact that the controllable damper is hooked 

between the body (sprung) mass and the sky, as illustrated in Figure 2-10.  The basic 

concept of skyhook control is to reduce the transmissibility of the sprung mass.    
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Figure 2-10 Skyhook control scheme [53] 

In [50] a skyhook controller was designed and incorporated with the hardware-in-the-loop 

simulation for controlling a full car suspension system featuring four MR dampers. The 

results obtained through experimental tests showed that the intended skyhook control 

substantially improves both ride comfort and steering stability for the proposed semi-active 

suspension system.  

H-infinity control is another system controller that has been successfully implemented [54-

59]. In this method, the control problem is expressed as a mathematical optimization 

problem to find the optimal controller’s gain. A quarter car suspension system model with 

a MR damper is considered in [59] and a semi-active static feedback H-infinity control has 

been considered. The intended control scheme utilized the measurable suspension 

deflection and sprung mass velocity as feedback signals for active vehicle suspension. The 

proposed scheme is validated by numerical simulation under random excitation in the time 

domain and simulation results showed a significant improvement in suspension 

performance.  
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Linear Quadratic Regulator (LQR) control has also been used for vehicle suspension 

system with MR damper [60, 61]. LQR control is employed in [60] to study an active 

vibration control scheme for controlling torsional vibration of a rotor shaft due to 

electromagnetic disturbances or unsteady flow in large steam turbine generator sets. The 

proposed optimal LQR control scheme solved for each time interval with the weighting 

matrices, through the Ricatti equation to obtain the time varying gain matrices. Simulation 

results showed good reduction in torsional vibration response.   

Another robust system controller is the sliding mode controller that has been recently used 

in MR based systems [38, 45, 62, 63]. In addition to the fact that the system can be designed 

to be robust with respect to modelling imprecision, sliding mode control can be synthesized 

for the nonlinear semi-active system adequately [45]. This control scheme is effectively 

used in [45] for considering loading uncertainties for an automotive suspension system 

with MR damper. For evaluation of the controller performance, two kinds of excitation 

(bump and random) were created through a computer simulation in both time and 

frequency domains. The planned control policy showed its ability to reduce both peak and 

root mean square responses in comparison with the passive suspension system. In [63], 

Wereley and Choi demonstrated the feasibility and effectiveness of ER and MR Fluid-based 

landing gear systems on attenuating dynamic load and vibration due to the landing impact. 

A theoretical model of ER/MR landing gear system was constructed, and its governing 

equation was derived.  In this study, a sliding mode controller is formulated to attenuate 

the acceleration and displacement of the landing gear system during touchdown of the 

aircraft. It was shown that the acceleration and the displacement are attenuated regardless 

of parameter variations such as upper vehicle mass, viscous damping, etc. 
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2.5 Semi-active torsional vibration control systems 

From the available literature, unlike the MR brakes, the linear MR damper are among the 

most popular MR fluid devices. Although there have been a number of reported studies in 

automotive suspension system utilizing linear MR dampers, there are fewer studies in semi-

active control strategies with the application of MR brake, due to complexity in design, 

difficulties in measuring torque signals and difficulties in dealing with the torsional 

vibration response of a given system. This section gives an overview of the highlights on 

the relevant research in semi-active torsional vibration control strategies. 

One of the early studies in torsional vibration control was introduced by Den Hartog & 

Ormondroyd [64]. They related the constant optimal friction torque to the excitation torque 

applied to the main system, thus providing the optimum damping required for controlling 

the torsional vibration of the primary system. Based on this theory, Ye and Williams [65] 

developed an exact form of steady-state solution for a rotational friction damper, and a 

numerical method was used to determine the optimum friction torque.  

Subsequently, analytical and experimental investigations were carried out by Ye and 

Williams [66, 67] on the use of MR brake absorber for controlling torsional vibrations in 

rotating systems. In [51] two different strategies were examined for controlling the braking 

torque of the MR absorber. First, MR brake was implemented as an open-loop passive 

friction damper with variable friction torque by applying a constant current to the coil of 

the MR brake absorber. In the second strategy, the MR brake was implemented in a closed 

loop feedback control using skyhook damping control approach. In this approach, the 

damping torque in the MR absorber was adjusted by comparing the sign of the absolute 
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angular velocity of the primary system and that of the relative angular velocity between the 

MR brake and the primary system in order to apply the effective damping to the system. 

Experimental results in both control implementations showed a significant reduction in 

torsional vibration amplitude of the primary system. However, a high cost control system 

is required since both the absolute velocity of the primary system and the velocity of the 

floating disc inside the MR brake housing are required. 

More recently, Nguyen and Choi [68, 69] presented an optimal design of a MR 

absorber for torsional vibration control of a rotating shaft system. A configuration of a MR 

brake absorber for torsional vibration control of a rotor system was proposed and the 

braking torque of the MR brake absorber was derived based on the constitutive Bingham 

plastic model of the MR fluid [69].  

2.6 Summary 

This chapter provides a literature review of the recent research studies showing the most 

important and relevant studies that are closely related to the field of torsional vibration 

control. Reported studies on both CPVA and MR damper have been presented as well as 

their various applications in reducing torsional vibrations. In the next chapter, 

mathematical modeling of CPVA will be addressed. In addition, the effect of gravity on 

the torsional response amplitude of the rotor system at different operating speeds will be 

investigated and obtained results for different cases will be illustrated. 
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Chapter 3  
Modeling and Analysis of CPVA Considering Gravity Effect 

Investigations 
3.1 Introduction 

In this chapter, the mathematical model for the rotor system attached to CPVA is developed 

based on the differential equations that describe its physical behavior. Although much work 

has been done in this field, past research has focused mainly on analysis of absorbers 

operating in horizontal plane, which does not experience the gravity effect. In the present 

study, the rotor system integrated with the pendulum absorber has been investigated in both 

vertical and horizontal planes in order to assess the effect of gravity, using an appropriate 

term in the potential energy.  In this research, a CPVA with circular path is considered, in 

order to demonstrate the dynamical features of interest.  

The system under investigation is modeled as a rotating disk attached with CPVA in which 

the disk is subjected to an external harmonic torque. Mathematical modeling of a CPVA 

has been formulated using Lagrange’s principle, resulting in two coupled nonlinear 

differential equations of motion for both rotor and the pendulum. Then, the Simulink 

toolbox within the MATLAB environment is used to formulate the block diagrams of the 

model equations. Three different cases have been investigated in this chapter. First case 

considers the absorber operating in vertical plane where the gravity effect is considered, 

the second case considers the absorber operating in horizontal plane in which there is no 

contribution of the potential energy due to gravity except for the torsional stiffness of the 

rotor, and in the third case the rotor system is operated without absorber.  
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The results obtained from numerical analysis for both rotor and absorber responses are 

illustrated for each case and compared against one another. In addition, softening nonlinear 

behavior of the pendulum and its effect on the natural frequency of the system has been 

investigated. 

3.2 Mathematical modelling of rotor/absorber system 

A schematic of the rotor system with a pendulum absorber of length l and point mass m 

attached to it is shown in Figure 3-1. The pendulum is fixed to the rotor at point A, θ is the 

rotor angle and ϕ is the pendulum angle. The rotor has a rotary inertia J about the point O.  

 

Figure 3-1 Schematic view of CPVAs attached to a rotor of inertia J 

Lagrangian formulation is used to model the rotor integrated with CPVA in which two 

coupled nonlinear equations are derived for the rotor and the pendulum.  

First step is to develop expressions for both kinetic and potential energy. The kinetic energy 

for the rotor and CPVA system shown in Figure 3-1 is given by: 

A 
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𝑇 =  
1

2
𝑚 𝑣𝑚

2 + 
1

2
 𝐽 𝜃̇2 (3-1) 

where vm is the velocity of the pendulum and J is the mass moment of inertia of the rotor. 

The total potential energy due to the gravity and shaft strain energy can be written as: 

𝑉 =  𝑚𝑔 [𝑅 sin 𝜃 +  𝑙 sin (𝜃 +  𝜙)] +
1

2
𝑘𝑠𝜓

2 (3-2) 

where ks is the shaft torsional stiffness, ψ  is the torsional displacement of the shaft. The 

total velocity of the pendulum with respect to the point O is obtained as: 

𝑣𝑚
2 = 2 𝑙 (𝑅 cos𝜙 + 𝑙)𝜃̇𝜙̇ + (𝑅2 + 𝑙2 + 2 𝑅 𝑙 cos 𝜙)𝜃̇2 + 𝑙2 𝜙̇2 (3-3) 

Substituting Eq. (3-3) into Eq. (3-1) yields: 

𝑇 =  
1

2
𝑚[2𝑙(𝑅 cos𝜙 + 𝑙)𝜃̇𝜙̇  + (𝑅2 + 𝑙2 + 2𝑅𝑙 cos𝜙)𝜃̇2 + 𝑙2𝜙̇2] +

1

2
𝐽𝜃̇2 (3-4) 

The total rotation (θ) of the rotor system consists of two parts, a steady rotation (Ω t) due 

to rotation at a constant angular speed (Ω), and a small torsional oscillation ψ (t) 

superimposed over this rotation and is given by: 

𝜃 =  𝛺 𝑡 +  𝜓 (𝑡) (3-5) 

Substituting the value of (θ) from Eq. (3-5) into Eq. (3-4), the kinetic energy becomes: 

𝑇 = 
1

2
𝑚[2𝑙(𝑅 cos𝜙 + 𝑙)(𝛺 + 𝜓̇)𝜙̇  + (𝑅2 + 𝑙2 + 2𝑅𝑙 cos𝜙)(𝛺 + 𝜓̇)2

+ 𝑙2𝜙̇2] +
1

2
𝐽(𝛺 + 𝜓̇)2  (3-6) 

Now substituting Eq. (3-5) into Eq. (3-2), the total potential energy becomes: 

𝑉 =  𝑚𝑔 [𝑅 sin (𝛺𝑡 + 𝜓)  +  𝑙 sin (𝛺𝑡 + 𝜓  +  𝜙)] +
1

2
𝑘𝑠𝜓

2 (3-7) 
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The Lagrangian [ L = T – V ] in terms of the two generalized coordinates ψ and ϕ can now 

be described as: 

𝐿 =
1

2
𝐽(𝛺 + 𝜓̇)

2
+

1

2
𝑚 [2𝑙(𝑅 cos𝜙 + 𝑙)(𝛺 + 𝜓̇)𝜙̇ + (𝑅2 + 𝑙2 + 2𝑅𝑙 cos𝜙)(𝛺 +

𝜓̇)
2
+ 𝑙2𝜙̇2] − 𝑚𝑔 [𝑅 sin (𝛺𝑡 + 𝜓) + 𝑙 sin (𝛺𝑡 + 𝜓 +  𝜙)] −

1

2
𝑘𝑠𝜓

2  (3-8) 

The equations of motion are given by: 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜓̇
) −

𝜕𝐿

𝜕𝜓
= 𝑇𝑒 − 𝑐𝑟𝜓̇ (3-9) 

  

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜙̇
) −

𝜕𝐿

𝜕𝜙
= − 𝑐𝑎𝜙̇ (3-10) 

 

where Te is the excitation torque, Cr and Ca are viscous damping coefficients for shaft 

system and absorber, respectively. 

Substituting Eq. (3-8) into Eqs. (3-9) and (3-10) results in the following governing 

equations of motion: 

(𝐽 + 𝑚𝑙2 + 𝑚𝑅2 + 2𝑚𝑅𝑙 cos𝜙)𝜓̈ + (𝑚𝑙2 + 𝑚𝑅𝑙 cos𝜙)𝜙̈ − (2𝑚𝑅𝑙𝑠𝑖𝑛𝜙)(𝜓̇ + 𝛺)𝜙̇ 

−(𝑚𝑅𝑙 sin𝜙)𝜙̇2 + 𝑚𝑔[𝑅𝑐𝑜𝑠 (𝜓 + 𝛺𝑡) + 𝑙 cos(𝜓 + 𝛺𝑡 + 𝜙)] + 𝑘𝑠𝜓 = 𝑇𝑒 − 𝐶𝑟𝜓̇ 

 

(3-11) 

 

(𝑚𝑙2 + 𝑚𝑅𝑙 cos𝜙)𝜓̈ + 𝑚𝑙2𝜙̈ + 𝑚𝑅𝑙 sin𝜙 (𝜓̇ + 𝛺)2

+ 𝑚𝑔𝑙 cos(𝜓 + 𝛺𝑡 + 𝜙) = −𝐶𝑎𝜙̇ (3-12) 

It should be noted that when the absorber operates in the horizontal plane, there is no 

gravity effect. Hence, the potential energy in Eq. (3-7) will be due to the shaft strain energy 

alone as follows: 
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𝑉 =   
1

2
𝑘𝑠𝜓

2 (3-13) 

The Lagrangian [ L = T – V ] for the two generalized coordinate ψ and ϕ will then become: 

𝐿 =
1

2
𝐽(𝛺 + 𝜓̇)

2
+

1

2
𝑚 [2𝑙(𝑅 cos𝜙 + 𝑙)(𝛺 + 𝜓̇)𝜙̇  + (𝑅2 + 𝑙2 + 2𝑅𝑙 cos𝜙)(𝛺 +

𝜓̇)
2
+ 𝑙2𝜙̇2] −

1

2
𝑘𝑠𝜓

2   (3-14) 

Substituting Eq. (3-14) into Eqs. (3-9) and (3-10) results in two governing equations of 

motion, similar to Eqs. (3-11) and (3-12) without the terms containing (g) which are valid 

when the absorber operates in the horizontal plane.  

Neglecting the coupling terms between the shaft and the pendulum, and assuming small 

oscillations of the pendulum ( sin ϕ ≈ ϕ, cos ϕ ≈ 1 ), the undamped free vibration equations 

for the shaft and pendulum can be described as [9]: 

Shaft:                                                 𝐽𝜓̈ + 𝑘 𝜓 = 0 (3-15) 

 

Absorber:                                        𝜙̈ + (
𝑅

𝑙
 𝛺2)𝜙 = 0  (3-16) 

Using Eqs. (3-15) and (3-16), shaft system natural frequency (ωrn) and absorber natural 

frequency (ωn) can be written as: 

𝜔𝑟𝑛  = √
𝑘

𝐽
 (3-17) 
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𝜔𝑛  = 𝛺 √ 
𝑅

𝑙
    (3-18) 

It is important to investigate the rotor system behavior when operating at the critical speed 

at which the rotor speed coincides with the system natural frequency. At this condition, the 

system has the maximum vibration amplitude. Hence, numerical simulation of the rotor 

system should be modeled such that 

𝛺 = √
𝑘 

𝐽
   (3-19) 

Also the shaft system is set to be excited with an excitation frequency equal to the system 

natural frequency: 

𝜔 = √
𝑘 

𝐽
  (3-20) 

Applying the resonance tuning condition in order to achieve the best effective inertia of the 

pendulum, the pendulum design parameters must meet the following requirement [9]: 

𝜔2 = 𝜔𝑛
2 = 𝛺2

𝑅

𝑙
 (3-21) 

From Eqs. (3-19) - (3-21), the absorber should be designed such that: 

R =  𝑙 (3-22) 
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3.3 Solution of the nonlinear equations for the 2 DOF systems 

In this section, rotor system’s natural frequencies are obtained for each case discussed in 

Section 3.1 and then compared against one another. 

Required data related to the shaft, disk, pendulum and excitation torque are provided in 

Table 3-1. It should be noted that the pendulum length is obtained based on the resonance 

tuning condition given in Eq. (3-22) in order to achieve the best effective inertia of the 

pendulum. Also, the excitation torque for all considered cases was assumed to be: 

𝑇𝑒 = 𝑇𝑜 sinω𝑡 (3-23) 

Table 3-1 Specific values used in the analysis 

Name Parameter Unit Value 

Disk radius R cm 17 

Pendulum mass m kg 1.0 

Pendulum length l cm 17 

Rotor mass moment of inertia J kg.cm2 500 

Shaft damping ratio ζ - 0.01 

Shaft diameter d cm 3.5 

Amplitude of the excitation torque To N.m 50 

Shaft torsional stiffness ks kN.m/rad 23.57 

Shaft system natural frequency 𝜔𝑟𝑛   Hz 109 
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3.3.1 Absorber operating in vertical plane 

Eqs. (3-11) and (3-12) corresponding to the absorber operating in the vertical plane with 

Te = 0 (free vibration) are solved numerically considering an initial angular velocity for the 

shaft system as 𝜓̇ = 15  rad/s. Table 3-1 provides the numerical values assigned to the 

other parameters. The FFT of the rotor response shown in Figure 3-2, clearly illustrates the 

two damped natural frequencies of the system, ω1 = 19 Hz and ω2 = 113 Hz, as the absorber 

operates in the vertical plane. 

 

 

Figure 3-2 Rotor FFT response when CPVA is operating in vertical plane 
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3.3.2 Absorber operating in horizontal plane 

Eqs. (3-11) and (3-12) without (g) terms corresponding to the absorber operating in the 

horizontal plane with Te = 0 (free vibration) are also solved numerically. The FFT of rotor 

response shown in Figure 3-3 also illustrates the two damped natural frequencies, ω1 = 20 

Hz and ω2 = 112 Hz, as the absorber operates in the horizontal plane. By comparing the 

results obtained for the rotor system natural frequencies in both vertical and horizontal 

planes, it can be realized that the effect of the gravity has a small contribution on the system 

natural frequencies. 

 

 

Figure 3-3 Rotor FFT response when CPVA is operating in horizontal plane 
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3.4 Investigating rotor torsional response 

In this section, rotor torsional response is investigated in three different cases. First, when 

the absorber is operating in the vertical plane at which the gravity effect is considered. 

Second, when the absorber is operating in horizontal plane with no contribution of the 

gravity effect. Third case considers the rotor system when it is operating without absorber.  

3.4.1 Rotor system with absorber operating in vertical plane 

Solving the two nonlinear differential Eqs. (3-11) and (3-12) numerically using Matlab 

Simulink, the shaft system torsional response when absorber is operating in the vertical 

plane is obtained and is shown in Figure 3-4. To have a close look at the response 

amplitude, Figure 3-5 shows a zoom for the steady state response illustrated in Figure 3-4. 

  

Figure 3-4 Torsional response of the rotor when CPVA is operating in vertical plane 

 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
-1.5

-1

-0.5

0

0.5

1

1.5
x 10

-3

Time (s)

T
o

r
si

o
n

a
l 

d
is

p
la

c
e
m

e
n

t 
[r

a
d

]



37 

 

Figure 3-5 Steady state response of the rotor when CPVA is operating in vertical plane 

The angular displacement response of the pendulum for this case is also shown in 

Figure 3-6. 

 

Figure 3-6 Pendulum angular displacement when it is operating in vertical plane 

3.5 3.6 3.7 3.8 3.9 4 4.1 4.2 4.3 4.4 4.5
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
x 10

-4

Time (s)

T
o

rs
io

n
a

l 
d

is
p

la
ce

m
en

t 
[r

a
d

]

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
-3

-2

-1

0

1

2

3
x 10

-3

Time (s)

A
n

g
u

la
r 

d
is

p
la

ce
m

en
t 

[r
a

d
]



38 

3.4.2 Rotor system with absorber operating in horizontal plane 

Now consider the rotor system with the absorber operating in the horizontal plane. By 

solving Eqs. (3-11) and (3-12) without (g) terms, the system torsional response can be 

obtained as shown in Figure 3-7 when absorber is operating in the horizontal plane. 

  

 

Figure 3-7 Torsional response of the rotor when CPVA is operating in horizontal plane 

As in the previous illustration, Figure 3-8 shows a zoom of the steady state response region 

in order to have a close look at the response amplitude. 
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Figure 3-8 Steady state response of the rotor when CPVA is operating in horizontal plane 

The pendulum angular displacement response when absorber is operating in horizontal 

plane is also shown in Figure 3-9. 

 

Figure 3-9 Pendulum angular displacement when it is operating in horizontal plane 
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3.4.3 Rotor system without absorber 

In the case of the shaft system operating without the absorber, the equation of motion will 

be as follows: 

𝐽𝜓̈ + 𝑐𝑟𝜓̇ + 𝑘 𝜓 = 𝑇𝑒 (3-24) 

In Figure 3-10, the shaft system torsional vibration responses in both time and frequency 

domains when operating without absorber are illustrated.  

 

Figure 3-10 Rotor torsional response operating without absorber 

Figure 3-4, 3-7 and 3-10 show the shaft torsional response when the rotor system operates 

in vertical plane, horizontal plane and operates without absorber, respectively. The shaft 

steady state response amplitude shown in Figure 3-5 is (5×10-5 rad) as the absorber operates 

in vertical plane while as shown in Figure 3-8, it is (2×10-5 rad) when the absorber operates 

in the horizontal plane.  
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The large difference (almost 60%) in the shaft torsional responses in the two cases is due 

to the gravity effect when the absorber operates in vertical plane; hence, the pendulum 

weight contributes to the potential energy term, and results in an additional torsional load 

on the rotor, which appears clearly in the shaft steady state response in Figure 3-5. 

Consequently, gravity effect is an important consideration in defining the operational 

reliability in some important applications such as in aerospace applications.  

In contrast, pendulum angular displacement amplitude when operating in both vertical and 

horizontal planes illustrated in Figure 3-6 and Figure 3-9, show that there is no change in 

both amplitudes when the absorber is operating either in vertical or horizontal plane. 

 As shown in Figure 3-10, the rotor steady state torsional response amplitude approaches 

nearly 0.1 rad as the shaft system operates without absorber. When the absorber is attached 

to the rotor system, the amplitude is significantly reduced to 2×10-5 rad when operating in 

horizontal plane and 5×10-5 rad when operating in vertical plane. This clearly shows that 

the absorber can effectively reduce large torsional vibrations of the shaft system especially 

when the absorber is tuned correctly to the resonance tuning condition. 
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3.5 Rotor torsional amplitudes at different operating speeds  

Here, rotor torsional response is investigated over the normal operating speed range of (0 

- 120 Hz) in both vertical and horizontal planes. As shown in Figure 3-11, at low operating 

speed range (0 - 30 Hz), the shaft system operating in vertical plane has torsional vibration 

amplitude much larger than that when operating in horizontal plane.  

 

Figure 3-11 Rotor torsional response variation with rotor speed  
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decreases. In automotive applications, the obtained results serve as important guidelines at 
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3.6 Softening behavior of the nonlinear pendulum 

As discussed before, for the optimal vibration control, the excitation frequency, 𝜔,   should 

be equal to the natural frequency of the absorber.  This requirement results in equal rotor 

radius, R, and pendulum length, l, when the excitation frequency coincides with the rotation 

speed, 𝛺, which is one of the concern here.  Figure 3-12 clearly shows that for the rotor 

speed of 10 Hz, the pendulum natural frequency is also 10 Hz.  

 

Figure 3-12 Pendulum natural frequency at rotor speed 10 Hz 
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This phenomenon is attributed to the softening nonlinear behavior of the pendulum 

absorber with circular path [7]. 

 

Figure 3-13 Pendulum natural frequency at rotor speed 50 Hz 

 

 

Figure 3-14 Pendulum natural frequency variation with rotor speed 
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Hence, absorbers with circular paths exhibit softening nonlinear behavior in which their 

frequency decreases as the amplitude increases. To overcome this shortcoming in the 

circular path absorbers, a small mistuning must be intentionally introduced to ensure stable 

and reliable operation of the CPVA. 

3.7 Summary  

In this chapter, a mathematical model for the rotor system with the pendulum absorber has 

been developed and the governing equations of motion for the whole system have been 

derived. Unlike in the past research, the rotor system with pendulum absorber was 

investigated in both vertical and horizontal planes in this study, in order to assess the effect 

of gravity. The pendulum absorber with circular path has been considered in this analysis. 

Three different cases have been investigated. The rotor system torsional responses have 

been illustrated when the absorber is operating in vertical plane, horizontal plane and when 

the system is operating without absorber. Results obtained from each case have been 

illustrated and compared against one another. Moreover, the softening nonlinear behavior 

of the pendulum with circular path has been investigated over the range of the operating 

speed.  
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Chapter 4  
Modeling, Design Optimization and Fabrication of Torsional MR 

Damper 
4.1 Introduction  

Magnetorheological (MR) fluid based dampers have been considered as one of the most 

promising devices for semi-active control of torsional vibration due to their variable 

damping feature, fast response, low power consumption and capability to attenuate 

vibration under unpredictable environmental conditions [70-72]. Furthermore, MR 

dampers are inherently fail-safe devices in view of the inherent viscosity of the MR fluid. 

This implies that when there is a fault within the system, the MR damper could operate as 

a passive damping device within certain performance parameters. Over the past few 

decades, there have been many experimental and analytical studies that demonstrated the 

enhanced potentials of MR dampers in realizing variable damping with desired response 

time [73, 74].  

Potential applications of MR dampers extend to Automotive and Aerospace industries, 

train suspensions, seismic protection of bridges and buildings [75-79]. Since MR fluids 

demonstrate highly nonlinear behavior due to the applied magnetic field, a great effort is 

spent in characterizing the nonlinear properties of MR dampers as well as developing 

accurate models featuring dynamic behavior of such devices. 

In this chapter, a mathematical modelling of the rotary MR damper is carried out to predict 

its dynamic performance. MR fluids are modeled based on the constitutive Bingham plastic 

model that is suitable in the initial design phase.  
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Furthermore, a design optimization methodology is proposed to identify the optimal 

dimensions of the rotary MR damper in order to maximize the generated damping torque 

while minimizing damper size and weight.   

4.2 Mathematical model of rotary MR damper 

A large number of  analytical models have evolved in recent years to describe the nonlinear 

characteristics of MR fluids, including the Bingham plastic model [29, 80], the biviscous 

model [34] and the Herschel-Bulkley model [30, 81]. For accurate modeling of rotary MR 

damper with a given specification, one must establish a governing relationship between the 

critical geometrical parameters of the damper, MR fluids rheological properties, magnetic 

field density and generated damping torque. 

4.2.1 Classification of rotary MR damper  

Several types of rotary MR dampers have been introduced in the past decade. Rotary MR 

dampers can generally be divided into two main types, depending on the location where 

the shear mode occurs, and a combination of them. First is the disk type MR damper, in 

which the effective area of shear mode takes place in the end face gaps of the rotating shaft, 

as shown in Figure 4-1. Thus, the performance of disc type damper can be improved by 

increasing the effective area of shear mode.  Two approaches have been considered in order 

to achieve such an increase in the effective area such as by increasing the radius of the 

rotating disc or by using multiple discs. Obviously, it was shown that multiplying the 

number of discs in MR dampers is better than implementation of large rotating disc, which 

significantly increases the size of MR damper [37]. 
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Figure 4-1 Disc type rotary MR damper [37] 

Second type is the drum type damper, in which the effective area of shear mode takes place 

in the circumferential gap of rotating shaft as shown in Figure 4-2. These types can offer 

very large torques especially in the case where the damper diameter is limited, since their 

effective surface area is larger than that in disc type dampers. Their design and advantages 

make them more suitable for braking applications rather than damping [82]. There are 

several structural designs and magnetic circuit configurations that have been proposed to 

improve the damper performance by increasing the effective surface area or by optimizing 

the strength of the magnetic field density [83-86]. 
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Figure 4-2 Drum type rotary MR damper [37] 

Another type of rotary MR damper is the T-shaped design, which is a combination of both 

disk and drum types but more complex, in which a T-shaped rotor is spinning instead of a 

simple disk, as shown in Figure 4-3.  

 

Figure 4-3 T-shaped rotary MR damper [87] 

Circumferential Gap  
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T-shaped configuration, as shown in Figure 4-3, is more effective than other designs, since 

it has multiple effective areas; hence, the generated damping torque is multiplied. However, 

they are more complicated in their design and manufacturing [87]. 

Taking into consideration time for cost and simplicity of manufacturing, disk type damper 

has been selected as the preferred configuration for the proposed MR damper. 

4.2.2 Characteristic equations of a rotary MR damper 

MR damper is operated in the shear mode in which the disc is rotating relative to the 

housing and the MR fluid fills the gap between disc and the housing. Since the MR fluid 

gaps are very small, the essential magnetic field dependent fluid characteristics of MR 

fluids can be described by the constitutive Bingham plastic model [88] which is suitable in 

the initial design phase [70]. The Bingham plastic model is also widely used as a basis in 

linear and rotary MR damper modelling [37]. In the Bingham plastic model the rheological 

behavior of MR fluid is described in pre-yield region as rigid while in post-yield region as 

Newtonian [81].  

In order to model the MR damper, the behavior of the MR fluid under magnetic field 

application has to be modeled. The Lord Corporation’s MRF-132DG is used as the working 

fluid in this research study. The stress-shear strain rate behavior of this fluid in the absence 

of magnetic field is provided by the Lord Corporation and is shown in Figure 4-4 [89]. As 

it can be realized, the behavior of the fluid can be well approximated by the Bingham 

plastic model.  
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Figure 4-4 Shear stress as a function of shear-strain rate at zero-field for MRF-132DG 

 

As discussed in Chapter 2, the total shear stress using Bingham plastic model can be 

described as: 

𝜏 = 𝜏𝑦(𝐻) + 𝜂𝛾̇ (4-1) 

where 𝜏𝑦 is the induced yield stress controlled by the applied magnetic field H, η is the 

post yield viscosity of the MR fluid that is assumed to be independent of the applied 

magnetic field and 𝛾̇ is the shear strain rate. As shown in Figure 4-4, the post yield viscosity 

is defined as the slope between the shear stress and shear-strain rate. The variation of the 

yield stress versus applied magnetic field intensity for MRF-132DG obtained 

experimentally, provided by Lord Corporation, is shown as solid squares in Figure 4-5 

[89].   As it can be seen, the MR fluid saturates at high applied magnetic field intensity.  

Based on Figure 4-5, a mathematical relation can be easily constructed to describe the 

η 
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variation of the yield stress versus applied magnetic field intensity.  Here, the following 

cubic polynomial function has been suggested [69]: 

𝜏𝑦 = 𝑥0 + 𝑥1𝐻 + 𝑥2𝐻
2 + 𝑥3𝐻

3 (4-2) 

It is noted that, the unit of the yield stress is kPa while that of the magnetic field intensity 

is kAm-1. The coefficients x0, x1, x2 and x3 have been determined from least square method 

to minimize the error between the function and experimental values and  they are found to 

be x0 = - 0.3641, x1 = 0.3766, x2 = - 8E-04 and x3 = 4E-07. The variation of yield stress 

versus applied magnetic field intensity using Eq. (4-2) is shown as a solid curve in 

Figure 4-5 as well. It can be seen that the predicted yield stresses using Eq. (4-2) agree very 

well with those experimental values. 

 

Figure 4-5 Yield stress of MR fluid as a function of magnetic field intensity [89] 
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 Figure 4-5 shows that when the magnetic field intensity is nearly above 275 kA m-1, the 

MR fluid reaches to a saturation state and the saturated yield stress is almost 48 kPa. 

Here, disk type rotary MR damper has been selected to derive the damping torque. A simple 

sketch of configuration of disk type rotary MR damper mounted on a rotating shaft is 

shown in Figure 4-6.  

 

 

Figure 4-6 Configuration of MR damper 

The damping torque generated within the rotary MR damper at end faces can be defined as 

follows: 

𝑇𝑑1
= 2 ∫ 𝜏

𝐴

𝑟𝑑𝐴 = 4𝜋 ∫ 𝜏 𝑟2𝑑𝑟

𝑅𝑑

0

 (4-3) 

where A is the working surface area where the fluid is activated by the applied magnetic 

field, Rd  is the disk radius and r is the radial distance from the center of the disk. Since the 

MR fluid gap is very small, it is reasonable to assume a linear shear rate distribution of the 

MR fluid in the gaps. Thus, the shear rate can be obtained by: 

 

𝝓𝒅 
𝝍𝒔 

𝒓 

𝑹𝒅 
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𝛾̇ =
𝑟𝜔

𝑑
 (4-4) 

where ω is the angular velocity of the disk and d is the thickness of the MR fluid gap at 

end faces of the disk. By substituting Eq. (4-4) into Eq. (4-1) and then Eq. (4-1) into Eq. 

(4-3), the field dependent damping torque can be expressed as: 

𝑇𝑑1
= 4𝜋 ∫ (𝜏𝑦(𝐻) + 𝜂

𝑟𝜔

𝑑
)

𝑅𝑑

0

𝑟2𝑑𝑟 (4-5) 

Therefore, 

𝑇𝑑1
=

4

3
𝜋𝜏𝑦𝑅𝑑

3 +
𝜋𝜂𝜔

𝑑
𝑅𝑑

4 (4-6) 

It should be noted that the first term in Eq. (4-6) represents the damping torque due to field 

dependent yield stress (Tye) while the second term represents damping torque due to fluid 

viscosity (Tvis). The MR fluid located in gap, at the circumferential surface of the disk is 

not exposed intensely to the magnetic flux and thus the damping torque generated on this 

surface due to friction can be described as: 

𝑇𝑑2
= (2𝜋𝑅𝑑𝑏𝑑)𝑅𝑑𝜏𝑜 = 2𝜋𝑅𝑑

2𝑏𝑑 (𝜏𝑦𝑜 + 𝜂𝑜

𝜔𝑅𝑑

𝑑0
) (4-7) 

where bd is the thickness of the disc and do is the thickness of the annular duct encapsulating 

the MR fluid. τo is the shear stress experienced in the MR fluid in the absence of magnetic 

field and subsequently ηo and 𝜏𝑦𝑜 are, respectively, the post-yield viscosity and yield stress 

of the MR fluid when no magnetic field is applied.  
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Thus, total damping torque developed in the rotary MR damper, shown in Figure 4-6, can 

be expressed as: 

𝑇𝑑 = 𝑇𝑑1+𝑇𝑑2
= 

4

3
𝜋𝜏𝑦𝑅𝑑

3 +
𝜋𝜂𝜔

𝑑
𝑅𝑑

4 +  2𝜋𝑅𝑑
2𝑏𝑑 (𝜏𝑦𝑜 + 𝜂𝑜

𝜔𝑅𝑑

𝑑0
) (4-8) 

 Applying Newton’s second law, the dynamics of the system with a rotary MR damper can 

be mathematically expressed as follows: 

 𝐽𝑠𝜓̈𝑠 + 𝑇𝑑 + 𝑘𝑠𝜓𝑠 = 𝑇𝑒 (4-9) 
 

𝐽𝑑𝜙̈𝑑 = 𝑇𝑑  (4-10) 

such that, the shaft spins through an angle 𝜓𝑠 with torsional stiffness ks and inertia Js. The 

rotating disk with inertia Jd spins through an angle ϕd. The shaft system is driven by an 

external harmonic torque Te, and 𝑇𝑑 is the total damping torque generated in MR damper 

as expressed in Eq. (4-8). 

4.2.3 MR magnetostatic modeling 

In order to calculate the damping torque, it is necessary to obtain the yield stress of the MR 

fluid. As can be seen from Eq. (4-2), the MR fluid yield stress in the active areas, at which 

the magnetic flux crosses MR fluid depends on applied magnetic field intensity, H, which 

can be subsequently obtained by solving the magnetic circuit of the damper.  

The electromagnetic coil of the magnetic circuit in the MR damper is the main generating 

source for the magnetic flux through the damper. The magnetic circuit can be analytically 

expressed by using Ampere’s law, in which the relationship between the current (I) and the 

magnetic field strength (A/m) could be formulated as: 
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 ∮𝐻 ∙ 𝑑𝑙 = 𝑁 ∙ 𝐼 (4-11) 

 where H is the magnetic field intensity, l is the length of the conductor enclosing the 

current and  I is the applied current flowing through the coil wire. In addition, the magnetic 

flux can be written in terms of the magnetic flux density following the rule of magnetic 

flux conservation in the given circuit as: 

Φ =∮𝐵⃗ ∙ 𝑑𝐴 (4-12) 

 where Ф is the magnetic flux of the circuit, A and B are the cross sectional area and the 

magnetic flux density, respectively. Magnetic flux density and magnetic field intensity are 

also related by the following relation: 

𝐵 =  𝜇𝑜 ∙ 𝜇𝑟 ∙ 𝐻   (4-13) 

where µo is the magnetic permeability of vacuum (4π10-7 T.m/A) and µr is the relative 

permeability of materials. From Eqs. (4-12) and (4-13), it is clear that the magnetic flux 

depends on cross sectional area, magnetic field intensity and the core material. 

As the magnetic field becomes large, saturation state of the material can be reached, and 

hence the material becomes magnetically saturated. Typically, different materials have 

different saturation levels; the nonlinear magnetization B-H curve shows the magnetic 

property of a material.  

The B-H behavior of the structural steel used for damper housing and the rotating disk, 

also that of the MR fluid (MRF-132DG) are shown in Figure 4-7 and Figure 4-8, 

respectively.  
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Figure 4-7 B-H curve of ferromagnetic material SS 400 

 

 

Figure 4-8 B-H curve of MRF 132 DG [89] 
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Since it is very difficult and complicated to find the exact analytical solution for the 

magnetic field intensity, H, generated in the magnetic circuit,  typically  simplified 

assumptions are made to find approximate solution for H [90]. Figure 4-9 shows the 

approximate magnetic circuit and flux lines in the typical rotary MR damper. 

 

Figure 4-9 Approximate magnetic circuit of MR damper 

Thus, the integration in Eq. (4-11) can be approximated by the summation along the 

approximated magnetic flux lines shown in Figure 4-9 as: 

∑𝐻𝑖𝑙𝑖 = 𝑁 ∙ 𝐼

4

𝑖=1

 (4-14) 

 while the magnetic flux is given by 

𝛷 = 𝐵𝑖 ∙ 𝐴𝑖  ;              i = 1 to 4. (4-15) 

 Now assuming that there is no magnetic flux leakage, Eqs. (4-14) and (4-15) may be 

expanded as: 

d 

R1 

l1 

l2 

l1, A1 

l2, A2 l3, A3 

lmr, Amr 

t 

to 
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2𝐻1𝑙1 + 𝐻2𝑙2 + 𝐻3𝑙3 + 𝐻𝑚𝑟𝑙𝑚𝑟 = 𝑁 ∙ 𝐼 (4-16) 
 

𝛷 = 𝐵1 𝐴1 = 𝐵2 𝐴2 = 𝐵3 𝐴3 = 𝐵𝑚𝑟 𝐴𝑚𝑟               (4-17) 

 where Hmr and Bmr are the effective magnetic field intensity and the magnetic flux density 

in the MR fluid region where the magnetic field crosses the MR fluid, respectively. 

Furthermore, Amr and lmr are the effective cross sectional area and the length of the MR 

fluid link, respectively, and are given by 

𝑙𝑚𝑟 =  2 𝑑              (4-18) 
 

 𝐴𝑚𝑟 =  𝜋 𝑅1
2              (4-19) 

 

𝐴1 = 2𝜋(𝑅1 + 𝑙1/2) 𝑡              (4-20) 
 

𝐴2 = 2𝜋(𝑅1 + 𝑙1) 𝑡𝑜 (4-21) 
 

𝐴3 = 𝜋 𝑅1
2   (4-22) 

Therefore, by substituting Eqs. (4-18), (4-19), (4-20), (4-21) and (4-22) into Eqs. (4-16) 

and (4-17), and using the B-H curves of the MR fluid and damper structure material, the 

magnetic circuit can be solved to find magnetic field intensity in the MR fluids gap area. 

In general, for common magnetic materials, the magnetic flux density shows a nonlinear 

relationship with the applied magnetic induction. At low magnetic field, this relationship 

behaves linearly, i.e. below the saturation state of the magnetic material. Consequently, at 

low magnetic field, the approximated magnetic field intensity over the MR fluid link can 

be expressed as  

𝐻𝑚𝑟 =
𝑁 𝐼

2 𝑑 + 
2𝑙1𝜇𝑚𝑟𝐴𝑚𝑟

𝜇𝐴1
 + 

𝑙2𝜇𝑚𝑟𝐴𝑚𝑟

𝜇𝐴2
+

𝑙3𝜇𝑚𝑟𝐴𝑚𝑟

𝜇𝐴3

 
(4-23) 
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 where µmr and µ are the relative permeability of the MR fluid and the damper structure 

material, respectively. The permeability can be calculated from the slopes of the B-H 

curves for the MR fluid and structural Steel materials. Therefore, magnetic saturation 

characteristics of the MR fluid and the structure material should be taken into consideration 

in the design and analysis of the MR damper.  

4.2.4 Finite element analysis 

In order to ensure efficient design of the proposed damper and to improve the accuracy of 

the magnetic circuit solution, a finite element (FE) model of the rotary MR damper has 

also been developed. Considering the intensity and the required nonmagnetic characteristic 

of the damper components, aluminum has been selected as the material for the bobbin. All 

the other components of the damper are made of steel, which is rigid enough to support the 

whole structure of the damper and can be magnetized as well. Since MR damper consists 

of several parts with different material properties, ferromagnetic and paramagnetic 

materials, the magnetic field distribution has to be calculated within the MR damper in 

order to evaluate the generated yield stress in MR fluids for analysis and design purposes. 

A FE model of MR damper is developed using commercial ANSYS software in order to 

obtain an accurate estimation of the magnetic field distribution within MR damper. The FE 

model is a quasi-static model, which investigates the relation between the magnetic field 

density in the MR fluid gap and the input current of the electromagnetic coil within the 

defined MR damper geometry.  

First, a three-dimension model of the proposed damper is developed using Solidworks 

software and then imported into ANSYS workbench environment for FE analysis. Due to 
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the symmetrical structure of the rotary damper, a 2D axisymmetric model can be 

effectively used to reduce computational cost for the magnetostatic analysis. In this study, 

the PLANE13 element is used which has 2-D magnetic, thermal, electrical, piezoelectric, 

and structural field capabilities. The element is defined by four nodes having four degrees 

of freedom per node. For the finite element used in this study, the total number of elements 

is 60090 and number of nodes is 226621. The FE model showing the simulation results for 

the magnetic field distribution is shown in Figure 4-10. The characteristic B-H curve for 

the MR fluid is obtained from Lord Corporation [89] as shown in Figure 4-8, while that for 

steel assigned for housing and disc material is available in ANSYS material library as 

shown in Figure 4-7.  

 

Figure 4-10 FE model of the rotary MR damper 

After material properties were defined, an external air region surrounding the entire 

geometry of MR damper is created, and following that a suitable mesh is generated. It is 

obvious that the finer the mesh size, the more accurate solution can be obtained. However, 

small mesh size results in high computation time. Thus, the number of elements used in 

the analysis provides a fine mesh size at which the solution converges in reasonable 

computational time. 

Disc 

Housing  

Coil 
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Using the FE model, the magnetic field distribution within the entire geometry is obtained. 

Figure 4-10 shows the magnetic flux density and distribution of magnetic field within MR 

damper. The magnetic field has been generated in the FE model based on 400 coil turns 

and an applied current of 1.6 A. The magnetostatic finite element analysis shows that the 

magnetic flux density value is around 1.33 - 1.52 T, near the electromagnetic coil which is 

an optimal desired value since it is lower than the saturation limit (~1.6T) of the chosen 

structural steel (SS-400) for the housing and disk of the MR damper [91]. Hence, the 

obtained results show a considerable agreement in the initial design phase of the rotary MR 

damper with a specified maximum applied current and unsaturated magnetic flux density. 

4.3 Design optimization of rotary MR damper 

In this section, a design optimization methodology is proposed to identify the optimum 

geometric dimensions of the MR damper. An optimization process is carried out with the 

main objective to maximize the generated damping torque subject to size and volume (or 

weight) constraints. The rotary MR damper is constrained in a specific volume considering 

an appropriate space and allowable weight for the MR damper.   

A hybrid optimization technique has been used in this research, which combines the 

Genetic Algorithm (GA) with a Sequential Quadratic Programming (SQP) technique. GA 

algorithm is considered as a popular stochastic based optimization algorithm capable of 

locating the near global optimum point. Here GA is initially used to determine the near 

global optimum solution. The optimal results from GA are then used as initial values for 

the SQP technique to accurately capture the true global optimum point.  
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It is noted that SQP is a powerful gradient-based nonlinear programming technique capable 

of capturing the local optimum point accurately.  

4.3.1 Optimization problem formulation 

The optimization problem is to find the optimal value of significant geometrical 

dimensions of the rotary MR damper with the objective to maximizing the generated 

damping torque for a given volume. The MR damper has been constrained in a specific 

volume through axial and radial constrained dimensions. Basic configuration of MR 

damper is shown in Figure 4-11. The effective design parameters that significantly affect 

the performance of MR damper are considered as design variables and they are identified 

as follows: 

a- The outer radius of the disc (Rd) 

b- The bore radius (Rb) 

c- The width of the disc (bd) 

The considered design variables contribute to both radial and axial dimensions of the MR 

damper subjected to geometry, inertia and torque constraints, where the geometry 

constraints are the spatial limits in radial and axial directions. The inertia constraints are 

the ratio of moments of inertia of the disc to that of the shaft system.  
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Figure 4-11 MR Brake basic configuration 
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It has been shown that in the design of the vibration dampers, the typical range of the value 

of this inertia ratio is from 0.25 to 0.5 [69]. In addition, it is recommended for fabrication 

convenience that the gap size of the MR fluid duct, d and do to be designed for 1 mm. 

It should be noted that the smaller the size of the MR fluid gap, the greater is the generated 

damping torque. However, small gap size results in large zero-field damping torque that 

reduces the damper performance since it causes high-dissipated energy, overheating and 

smaller dynamic range of the damper [87].  

The dynamic range of the MR damper is defined as the ratio of the peak torque with 

maximum current input and the zero-field torque at zero current input, as expressed in Eq. 

(4-24). Moreover, it is noteworthy that the dynamic range of the damper is a significant 

parameter in evaluating the overall performance of the damper, whereas a large value of 

the dynamic range is capable of providing a wide control range of the MR damper.   

𝜆 =  
𝑇𝑑 𝑚𝑎𝑥

𝑇𝑑𝑜
 (4-24) 

where Td max represents the maximum generated torque at maximum applied current, while 

Tdo represents the zero-field damping torque at zero current input. 

Therefore, in order to provide large dynamic range for the designed MR damper, the torque 

ratio should be large enough. Thus, taking into account the recommended value of 

considerable dynamic range, the torque ratio is constrained to be greater than 50 [87]. The 

constraints of the optimization problem can be categorized into three types: geometric 

constraints, inertia constraint and torque ratio constraint. Considering above the 

optimization problem has been formally formulated as: 

Find design variables Rd , Rb and bd to: 
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Maximize the Generated damping torque 𝑇𝑑 subject to the following constraints  

Geometric constraints 

Rd + do + hc + to ≤ Rh  

Rs  ≤ Rb ≤ Rd 

bd + 2 t +  2d  ≤ Lh 

Inertia constraint                      𝜇𝐿 ≤ 𝜇𝐽 = 
𝐽𝑑

𝐽ℎ
 ≤ 𝜇𝑈 

where 𝐽𝑑 is the inertia of the disc while 𝐽ℎ is the inertia of the housing of the MR brake. 

Torque ratio constraint 

𝜆 =   
𝑇𝑑 𝑚𝑎𝑥

𝑇𝑑𝑜
 ≥ 𝜆𝑑 (4-25) 

where 𝜆 is the torque ratio of the MR damper and 𝜆𝑑 is the critical value of the torque 

ratio. 

4.3.2 Optimization techniques 

The solution of an optimization problem depends on the proper definition and the 

formulation of the problem, which takes about 50 percent of the total effort needed to solve 

it [92]. Some other factors affecting the successful closure to the optimum solution are the 

proper selection of the most suitable optimization technique that is best fit with the defined 

objective function and a good understanding of the given system. In this research, a hybrid 

optimization technique that combines stochastic based GA with gradient based SQP has 

been used to accomplish the optimization problem. GA is one of the popular non-gradient 

based optimization method that is capable of  catching near global optimal solution [93, 

94].  
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As the GA is mainly based on function evaluations not their gradients, the continuity or 

differentiability of the problem functions are not required which make it ideal for 

optimization problems with discrete design variables.  On the other hand, SQP algorithm 

is a powerful robust gradient-based optimization algorithm, which can solve nonlinear 

mathematical problems with great accuracy.  The main drawback of SQP similar to other 

gradient-based optimization algorithms is that it can only capture one of the local optimum 

point based on the selected initial value [95, 96].  

Here both algorithms have been combined in order to accurately capture the true global 

optimum solution. First, the GA has been used to obtain the near global optimum point. 

Then optimum results obtained from GA has been used as initial values for the SQP 

algorithm to accurately capture the global optimum solution. 

4.3.3 Genetic Algorithm 

The name Genetic originates from the analogy between the complex structure of a given 

system that is represented by means of vector of zeroes and ones, and the idea, familiar to 

biologists, of the gene structure of a chromosome [97]. Charles Darwin, the famous 

naturalist, stated the theory of evolution in the origin of species. Among several 

generations, individuals evolve based on the principle of natural selection, known as  

“survival of the fittest” [98]. As a result, the genes of those individuals become adapted 

and then transmitted to their descendants with new and better characteristics. Later on, John 

H. Holland developed a technique known as reproductive plans that allowed computer 

program to imitate the natural algorithm of the evolution entirely [99]. Further, GA is 

considered as a powerful tool for solving search and optimization problems. 
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GA is a parallel mathematical algorithm, starts with a set of designs, randomly generated 

within the allowable design space. Each design is assigned a fitness value, which is  used 

to estimate the sample quality with regard to the rest of the population [100]. The higher 

the estimated quality value, the higher is the probability of survival. Consequently, this 

leads to the reproduction operation with the generation of new designs, such that the good 

designs have more copies than bad ones [101]. A describing flowchart of the general 

procedures used for GA, is outlined in Figure 4-12. 
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Figure 4-12 Flowchart illustrating GA operation 
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There are three main reproduction operations to create a new population (offspring): 

Elite individual: some individuals in the current population with higher fitness value have 

chosen to survive and they are automatically transferred to the next generation. This 

operation is called reproduction. 

Crossover: in this operation, the reproduced offspring are randomly mated together by 

combining two different designs (chromosomes) into the population, as shown in 

Figure 4-13. Usually the crossover is applied with high probability that represents what 

percentage of chromosomes cross over. 

 

 

Figure 4-13 Crossover operation scheme [102] 

 

Mutation: this operation is performed by applying changes to a gene of a single individual 

(chromosome) in the population. Usually mutation is applied with low probability. The 

algorithm replaces the current population with the new individuals to form the new 

generation.  
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As a result, this leads to reproduction of several generations with better fitness value. Each 

generation is evaluated and tested according to stopping criteria. Once the cumulative 

change in the fitness function value is less than ‘function tolerance’, the iterative process 

stops, otherwise, the population is iteratively processed until the termination criterion is 

reached [103]. 

4.3.4 Sequential Quadratic Programing (SQP) algorithm  

SQP is a powerful gradient-based algorithm that is an extremely effective method in 

finding a local stationary point near the initial starting point. SQP has been effectively used 

for the solution of constrained nonlinear optimization problems. The method is based on 

sequence of quadratic programming (QP) sub problems in which a quadratic approximation 

is made to the Lagrangian and linear approximations are made to the nonlinear constraints 

[104]. 

The reason for using the SQP method is that it converges faster and can obtain optimum 

solution with higher accuracy compared to stochastic approaches in searching for local 

minima of a function [105]. However, the gradient-based methods often rely on the initial 

starting point. As a result, it is better to provide a good starting point for these methods to 

execute successfully.   

To overcome the drawbacks of the gradient-based methods such as the SQP method in the 

optimization problem, good starting points near global optimum have been obtained from 

GA algorithm and transferred as initial points to the SQP technique to fine-tune the results 

of GA and in order to evaluate an accurate global optimum solution.  
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4.3.5 Optimization results 

As discussed in section 4.3.1, the objective function is to maximize the damping torque 

generated in rotary MR damper subject to geometrical and torque ratio constraints. Using 

Eq. (4-8), we can write the following relations for damping torque in the presence and 

absence of the applied magnetic field considering Figure 4-11:    

𝑇𝑑 = 
4

3
𝜋𝜏𝑦∆𝑅3 +

𝜋𝜂𝜔

𝑑
∆𝑅4  + 2𝜋𝑅𝑑

2𝑏𝑑 [𝜏𝑦𝑜 + 𝜂0 (
𝜔𝑅𝑑

𝑑0
)] (4-26) 

 

𝑇𝑑𝑜 = 
4

3
𝜋𝜏𝑦𝑜∆𝑅3 +

𝜋𝜂𝑜𝜔

𝑑
∆𝑅4  + 2𝜋𝑅𝑑

2𝑏𝑑 [𝜏𝑦𝑜 + 𝜂0 (
𝜔𝑅𝑑

𝑑0
)] (4-27) 

 

∆R =  𝑅𝑑 − 𝑅𝑖 (4-28) 

 

where 𝜏𝑦 is the induced yield stress controlled by the applied magnetic field H, η is the 

post yield viscosity of the MR fluid, Rd and bd are the radius and thickness of the disk, 

respectively. Ri is the inner radius of the active area of the MR fluid which in this case is 

equal to Rs. d and do are the gap at end faces of the disk and the gap of  annular duct , filled 

with MR fluid respectively and τyo and ηo are, respectively, the yield stress and post yield 

viscosity of MR fluid. Further, ω is the angular velocity of the disk. It is noted that under 

maximum current Td will be Td max, which is required for the torque ratio constraint. 

The parameters Rd, Rb and bd are considered as the design variables and their lower and 

upper bounds are provided in Table 4-1.   
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Table 4-1 Allowable values for the design variables 

Design variables Allowable values [mm] 

Rd 30 - 75 

Rb 10 - 20 

bd 3 - 30 

 

Other input parameters required to define objective and constraint functions are provided 

in Table 4-2.  

Table 4-2 Values of fixed input parameters [68] 

Parameters Reference value Units  

η 3.8 Pa.s 

ηo 0.1 Pa.s 

τy 40000 Pa  

τyo 15 Pa  

ω 45 rad/s 

d 1.0 mm 

do 1.0 mm  

 

For solving the optimization problem in this study, Matlab optimization toolbox is utilized 

for both GA and SQP optimization techniques. As mentioned before, the GA optimization 

problem is run first, and then the obtained results are used as initial values for SQP 

optimization problem in order to fine-tune the global optimum solution. 
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The optimum values of the design variables obtained by GA algorithm are presented in 

Table 4-3.  

Table 4-3 Optimum values obtained from GA algorithm 

Design variables Optimum values [mm] 

Rd 60 

Rb 12 

bd 10 

 

Figure 4-14  illustrates the convergence of the fitness function (objective function) with the 

number of generations. Note that the GA stops when the terminating criterion (function 

tolerance) is met. 

 

Figure 4-14 GA Variation of fitness value with number of generations 

 

 

0 10 20 30 40 50 60
-145

-144

-143

-142

-141

-140

-139

-138

-137

-136

Generation

F
it

n
es

s 
v

a
lu

e

Best: -144.692 Mean: -144.692

 

 

Best fitness

Mean fitness

 

 

 

 

 

 

 

 

 

 

-37 

-36 

-35 

-34 

-33 

-32 

-31 

-30 

-29 

-28 

Best: -36.692 Mean: -36.692 



75 

The optimum values of the design variables obtained by SQP algorithm are presented in 

Table 4-4. 

Table 4-4 Optimum values obtained from SQP algorithm 

Design variables Optimum values [mm] 

Rd 62 

Rb 11 

bd 12 

 

Figure 4-15 shows the historical values of the objective function versus number of 

iterations for the optimal value problem using SQP algorithm.  

 

Figure 4-15 SQP number of iterations to optimum value 

  

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
-40

-35

-30

-25

-20

-15

-10

-5

0

Iterations

O
b

je
c
ti

v
e
 f

u
n

c
ti

o
n



76 

4.4 Fabrication of the rotary MR damper 

In previous sections, analysis and optimum design of the rotary MR damper have been 

accomplished, and the optimal design parameters have been identified so as to maximize 

the damping torque subject to the size and volume or weight constraints.  

 A prototype of the proposed MR damper is manufactured according to the optimal 

dimensions obtained from design optimization analysis. A three-dimensional model of 

rotary MR damper is generated using Solidworks software package as shown in 

Figure 4-16. In addition, a detailed drawing for each part is created as well as assembly 

drawing for the whole damper as illustrated in Appendix A [106]. There are several 

significant issues considered during fabricating and assembly processes of the designed 

MR damper. All these design issues are listed in the following subsections. 

4.4.1  Assembly overview 

There are seven main parts that make up the damper assembly, that are illustrated in 

Appendix A. For assembly purposes, the housing is made of two halves that are bolted 

together after all components of the damper have been assembled inside the housing. The 

male housing represents the input side of the damper while the female housing represents 

the output side that was designed with a central hole to allow the output shaft of the disc to 

protrude. The rotating disc is located inside the housing with a small clearance on each side 

filled with MR fluid. The disc is fixed to the rotor shaft that is supported on a pair of roller-

element bearings such that the disc can freely rotate independent to the housing. These 

bearings are lightly press-fitted to the shaft and the housing, making it possible for the 

damper to be disassembled for maintenance.   
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Figure 4-16 Three Dimensional MR damper CAD model 
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The outer race of the bearing on the side of output shaft is supported by a small cap fitted 

to the female housing, while a retaining ring ensures that the inner race is supported. 

However, a proper fixture is fitted on the input side of the damper so that the damper can 

be directly connected to the excitation source through a standard chuck. This fixture also 

acts as a support for the outer race of the bearing. A pair of dynamic seals have been chosen 

carefully such that they are fitted properly to either side of the disk to ensure that the MR 

fluid does not leak out of its cavity. Considering the design parameters of the magnetic 

circuit configuration, an aluminum bobbin is considered as a core element of the 

electromagnet. A coil coated with enamel is wrapped around the bobbin in which the 

magnetic flux is generated perpendicular to the disk’s surface when current is applied. A 

pair of O-ring is added on either side of the bobbin, thus constraining the MR fluid in its 

cavity. To better visualize the involved components, an illustrative exploded assembly has 

been created using Solidworks and is shown in Figure 4-17. 

 

Figure 4-17 Exploded assembly view for the designed MR damper 
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4.4.2 Rotating disk 

The disk ( Appendix A, part #1) is designed to leave the longer shaft side to come out of 

the female housing for either capturing the angular velocity measurement of the disk inside 

the housing or driving the disk with an input torque, depending on the way in which the 

damper is used.  

The machining process of the disk is performed on a conventional lathe. Concentricity and 

perpendicularity are two main design issues that have been considered during fabricating 

processes in order to ensure accurate design of the rotary disc. In order to ensure that the 

disk is always kept properly aligned within the housings with a clearance of 1 mm on either 

side, two important features were machined on the shaft of the disk.  

First is the groove on the long shaft side to mate an external retaining ring which prevents 

the bearing from moving along the shaft. The specifications of this retaining ring are 

presented in Appendix B. On the other side, a tapered hole was machined on the end of the 

shaft to embed a screw and a washer. Since the bearing is flush with the end of the shaft, 

the washer supports the inner race of the bearing and prevents it from sliding on the shaft 

much like the retaining ring does on the other side. The shaft diameter is machined perfectly 

on the long shaft side up to the retaining groove in order to facilitate the bearing installation. 

The dimensions of the disk itself are determined using optimal values obtained in 

section 4.3.  
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4.4.3 Damper housing 

The housing is the heaviest part of the damper. Its weight represents 77% of total weight 

of the damper. Its grooves and features make it the most expensive produced part in terms 

of machining time plus material cost. The housing is designed in two mating parts: male 

housing and female housing as shown in Figure 4-18. The two housing parts are presented 

in Appendix A part #2 and #4.   

The bearing bore tolerance are specified to obtain a transitional fit with the bearings. This 

way, the bearing assembly can be done by lightly tapping the bearing in its bore and it 

allows the damper to be easily disassembled. A small shoulder is designed to support the 

outer race of the bearing internally. A bore with standard diameter is machined on the inner 

face of both housing parts to fit the lip seals. Furthermore, a tiny groove is machined inside 

the housing hub to embed an internal retaining ring, ensuring the seals will stay in place 

and avoid contact with the disk during operation. The specifications of these retaining rings 

are presented in Appendix C.  

Two grooves are machined on the inner faces of the housing for proper sealing of the 

bobbin and are further discussed in section 4.4.6. There are eight holes drilled on the 

circumference of the housing and eight bolts and nuts are used to mount the two housing 

parts together, as shown in Figure 4-18. 
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Figure 4-18 Male and Female housing 

The two external shoulders mating the two parts together are designed for the male housing 

to be slotted in the female housing in order to constrain the axial motion, as illustrated in 

Figure 4-19.  

On the female housing, two tapered holes are drilled to fix a cap covering the bearing and 

also supporting its outer race as illustrated in Appendix A. On the male housing, four 

tapered holes are drilled on the same diameter circle to screw the fixture part. Both housings 

have one hole drilled in order to fill the magneto-rheological fluid after the assembly, prior 

to operation.  
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Figure 4-19 Grooves at the bobbin location 

The fluid filling process and design is further described in section 4.4.7. While assembling, 

it is important to make sure that these two holes are aligned to facilitate filling operations.  

4.4.4 Mounting fixture 

To connect the damper with the input driving shaft, a mounting fixture is designed to link 

the input excitation from the shaker to the damper assembly, as illustrated in Appendix A. 

The mounting fixture is a single piece, base and shaft, which can be bolted to the damper’s 

male housing through its axis via screws. The shaft is designed with appropriate diameter 

such that it can fit with a standard size chuck. The inner diameter of the base, facing the 

damper’s housing, is created in such a way as to support the outer race of the bearing 

preventing the disk and bearing from drifting, which would violate the 1mm fluid gap 

condition.  

Coil  

Oil ring groove 

Bobbin’s groove 

Disc 

Male housing 
Female housing 

Bobbin 

Mating shoulder  
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4.4.5 Bobbin design 

The bobbin is the only part of the damper made of aluminum. The bobbin can be viewed 

in Appendix A part # 3. Aluminum is chosen because a non-magnetic material is needed 

for an optimal magnetic field generation; in addition, it is easy to be machined. All 

machining operations are performed on a conventional lathe. There was a slight difficulty 

in fabricating the slot hosting the copper wire, since it is only 13 mm thick with 13 mm 

depth. Another important feature is the side shoulders that are designed to mate with the 

housing grooves in order to provide a complete sealing of the oil chamber.  

On the other hand, the coil winding is also performed on a lathe by clamping the bobbin 

on the lathe chuck and precisely placing the first few turns. After wiring is done, the 

resistance of the wire is tested to make sure that no current shorting happened during wiring 

due to wire damage. Before assembling the prototype, the bobbin is tested under a current 

source to investigate the heat generation, and it is found that the heat generated within the 

specified standard range corresponding to the allowable temperature the coil can bear. 

4.4.6 Sealing  

Sealing is one of the critical features in the design considerations of the MR damper 

prototype, since MR fluid has to be sealed properly against leakage which otherwise will 

cause loss of damping and subsequently decrease the damper’s efficiency. For this 

prototype, two locations are identified where the fluid might escape: the bearings and the 

junction where the bobbin and the housing mate. 
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 Double sealed bearings are chosen for this design. The specifications of these bearings are 

presented in Appendix D. They are found to be slightly leaking during testing. That is why 

the initial design is composed of lip seals located before the bearings to reduce their 

exposure to MR fluid. However, during assembly, it was found that the torque due to 

friction between the seals and the disk’s shaft were higher than expected. Since the torque 

ratio is critical in torsional vibration dampers, these seals were removed to decrease the 

torque due to friction. In future designs, a polished shaft could mitigate the problem. 

On the other hand, in order to seal the bobbin and avoid the fluid escaping from the oil 

chamber and infiltrating the coil wire, two grooves are machined in the housing. The first 

groove is to mate the bobbin shoulder and the second groove is to host a static O-ring, as 

can be seen in Figure 4-20. 

 

Figure 4-20 Dynamic seal and static O-ring 

Tiny hole  
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The groove size of the O-ring was determined in order to insure optimal sealing. This 

combination proved to be very effective since no leakage was observed at this location. 

4.4.7 MR fluid injection 

The filling of the MR fluid damper is an issue that was considered in the initial design but 

only decided in the final stages of fabrication and assembly. Since the MR fluid exhibits 

high viscosity due to the colloidal mixture of silicon oil and iron particles, filling the MR 

fluid into narrow cavity of the assembled damper is difficult.  Two tiny holes are made on 

either side of the housing located just below the wall of the bobbin, at smaller radius than 

the inner radius of the bobbin. This hole can be seen in Figure 4-20.  

Gravity filling of the fluid might result in non-uniform distribution of the fluid and unfilled 

volume. The aim is to inject the fluid from one side and allow the displaced air to exit from 

the other hole so that the MR fluid fills the cavity completely. After the cavity is completely 

filled both the holes are sealed.  

In order to fill the damper, it was carefully clamped in a vice grip and fluid injected using 

special syringe with a modified tip to fit into the intake hole. Before injection, the volume 

of the cavity is calculated in order to estimate the number of times the syringe needs to be 

filled and emptied into the cavity.  When injection began, a problem was encountered 

during injection process, in which the fluid started coming out of the hole where it was 

being injected. In order to solve this issue, the output shaft of the inner disk was turned 

while fluid was injected, which moved it downwards into the cavity. 
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4.5 Experimental work 

As described in previous section, a prototype rotary MR Damper was fabricated that can 

be used as a variable friction damper. In order to validate the proposed MR damper model, 

the damping torque generated from MR damper should be measured. To do so, an 

experimental test rig was designed to link the input rotating shaft from the shaker directly 

to the housing of the MR damper and the whole test setup is illustrated in Figure 4-21. 

 

Figure 4-21 Test rig setup to measure the generated damping torque 

4.5.1 Test rig setup 

As can be seen from Figure 4-21 the test rig consists of the following devices, a torsional 

vibration apparatus, a function generator, an amplifier, a shaker (vibration exciter), two 

potentiometers, an oscilloscope, and a PC machine.  

MR damper 

Potentiometers 

Shaker 

Chuck 

Func. Generator Oscilloscope Amplifier Power supply 

Torsion shaft  
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The torsional vibration apparatus includes a 70 cm mild steel torsion shaft of ¼-inch 

(6.35mm) diameter clamped in between two bearing housings provided with chucks for 

clamping the torsion shaft that are mounted on a base frame. A potentiometer is provided 

at the two ends of the shaft to measure the relative angular displacement as well as relative 

angular velocity across the shaft ends. These potentiometers are spring loaded to avoid 

slipping between the potentiometer and the flange of the rotor. The electromagnetic shaker 

is used for generation of oscillatory excitation. Thus, the translational motion from the 

shaker is converted into rotational motion through a linkage mechanism as illustrated in 

Figure 4-21. The shaker is driven by a function generator and a power amplifier by which 

the type and amplitude of excitation are selected through the function generator. The 

function generator and oscilloscope are set prior to the experiment. 

In order to calculate the damping torque as a function of the applied current, tests were 

carried out at different currents from 0 – 2 Amps with increment 0.5 Amps. In each case, 

readings from both angular displacement potentiometers at the two ends of the input shaft 

were recorded, in order to calculate the difference in shaft twist angle for each case. 

A steel shaft of diameter 6.35 mm (d1), 0.7 m length (L1) and modulus of rigidity (G) 80 

GPa has been used in this experiment. 

Two different methods have been utilized for calculation of the generated damping torque. 

The logarithmic decrement method is used for torque calculation when the damping ratio 

is less than 0.5. Another convenient method has been used for calculating the generated 

torque when the damping ratio exceeds 0.5, which is the half power bandwidth method. 
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4.5.2 Logarithmic decrement method  

This method is commonly used for determining the amount of damping present in a system 

by measuring the rate of decay of free oscillations [107]. A free damped vibration response 

is shown in Figure 4-22. 

The ratio of the amplitude of successive peaks is given by 

𝜃n+2

𝜃n
= 𝑒

−(
2𝜋𝜁

√1−𝜁2
)

 (4-29) 

 

 

Figure 4-22 Damped oscillation  

Thus, the amplitude ratio of successive peaks is a constant for a given damping ratio ζ. The 

expression for the logarithmic decrement (δ) is then given by: 

𝛿 =  ln
𝜃n+2

𝜃n
= ln

𝜃3

𝜃1
= −

2𝜋𝜁

√1 − 𝜁2
 (4-30) 

Thus, by measuring the ratio between two successive amplitudes, one can find the damping 

ratio from the following equation: 

θ2 

θ3 
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θ4 
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𝜁 =  
𝛿

√4𝜋2 + 𝛿2
 (4-31) 

However, the relationship between the size of first overshoot θ1 and the second θ2 is useful 

for cases where the number of oscillations is small (ζ > 0.3). In this case 

𝜃2

𝜃1
= 𝑒

−(
𝜋𝜁

√1−𝜁2
)

 (4-32) 

Once the damping ratio ζ is obtained for each case, assuming constant velocity and linear 

shear rate in the MR fluid gaps, the damping torque can easily be calculated, since  

𝐶𝑀𝑅 = 𝜁 𝐶𝐶𝑟 =  2𝜁√𝑘 𝐽 (4-33) 

By analyzing the captured free damped response signals via oscilloscope, the calculated 

damping ratios based on this method are presented in Table 4-5 and 4-6. 

Table 4-5 Calculated data using logarithmic decrement approach for ζ < 0.3 

No. I θ1 θ3 δ ζ CMR 

1 0.00 -220 -84 -0.9628 0.1515 0.1344 

2 0.25 -195 -29 -1.9057 0.2902 0.2576 

 

Table 4-6 Calculated data using logarithmic decrement approach for ζ ≥ 0.3 

No. I θ1 θ2 δ ζ CMR 

3 0.50 -151 -34 -1.4909 0.4287 0.3804 

 

4.5.3 Half power bandwidth method 

As the logarithmic decrement approach is difficult to apply when the damping ratio is 

greater than 0.5, half-power bandwidth is more conveniently used for determining the 

damping ratio ζ under current above 0.5. This method makes use of the width of the peak 

value of the frequency response function of the structure, as illustrated in Figure 4-23. 
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Figure 4-23 Half power bandwidth  

 

Let us consider the two frequencies on either side of the resonance (sidebands) where 

amplitude, A is 1/√2 𝐴𝑚𝑎𝑥. These points are typically known as the half-power points and 

the distance between them is referred to as half-power bandwidth as shown in Figure 4-23.   

These frequencies are related to the damping and natural frequency of the system according 

to the following relations:  

𝑓2
2 − 𝑓1

2

𝑓𝑛2
= 4 𝜁        𝑜𝑟      

 𝑓2 − 𝑓1
𝑓𝑛

= 2 𝜁  (4-34) 

Thus, the damping ratio can be easily obtained by evaluating bandwidth points and natural 

frequency of the system. Thus, the generated damping torque can be described as:  

𝑇𝑑  =  𝐶𝑀𝑅 (𝜔𝑠ℎ𝑎𝑓𝑡  −  𝜔𝑑𝑖𝑠𝑘) (4-35) 

1

2𝜁
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4.5.4 Experimental procedure and test results 

The rotary MR damper is installed into the experimental setup as shown in Figure 4-21.  

The logarithmic decrement method is used to obtain the damping of the system at low 

current values (0.0, 0.25 and 0.5 A). An initial angular displacement is given to the damper 

and the free damped oscillations are captured by oscilloscope via angular transducer, and 

the damping ratio is calculated. For higher values of the applied current, the damping in 

the system is increased, and the half power bandwidth method will be more convenient for 

determining the damping in the system. The function generator is adjusted for a suitable 

sweep excitation frequency in the range 1 Hz to 20 Hz. Since the function generator 

capacity is relatively low, an amplifier is used for an appropriate gain that is to be fed to 

electromagnetic shaker. The electromagnetic shaker is connected to one end of the torsional 

shaft through a lever mechanism while the damper is fixed at the other end. In addition, 

two angular transducers installed at both ends of the torsional shaft near the chucks to 

measure the angular displacement at each end. The MR damper is connected to the power 

supply to provide the required current value. 

For calculating the damping of the system at higher current values (1.0, 1.5 and 2.0 A), 

half power bandwidth approach has been applied. The response amplitude versus the 

excitation frequency have been measured at different current values and the damping ratio 

is calculated for each case. Figure 4-24 shows the response amplitude against the excitation 

frequency at I = 1.0 A, from which the damping ratio is calculated.  
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Frequency [Hz] 

Figure 4-24 Response amplitude versus excitation frequency at I=1.0 A.  

Evaluating the half-power points from Figure 4-24 and then substituting in Eq. (4-34), the 

damping ratio can be calculated as follows: 

𝑓2
2−𝑓1

2

𝑓𝑛
2 = 4 𝜁     or         

𝑓2−𝑓1

𝑓𝑛
= 2𝜁 

 

(6.16)2−(6.09)2

(6.11)2
= 4𝜁          Therefore       𝜁 = 0.57 

The damping ratio is calculated at different current values and it is presented in Table 4-7 

Table 4-7 Damping ratios at different current values  

I 1.0 1.5 2.0 

ξ 0.57 0.7485 0.8685 

A
m

p
li

tu
d
e 
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Further investigations are carried out for the damping torque at different operating speeds 

and different current values. First, the generated torque is measured at different operating 

speeds when there is no magnetic field applied, i.e. at zero current value. After that, the 

experiment is repeated at different applied current values. The results are provided in 

Table 4-8. 

Table 4-8 Corresponding torque values at different applied current and rotation speeds 

Applied 

Current (A) 

Generated damping torque (N.m) 

ω = 10 rad/s ω = 20 rad/s ω = 30 rad/s ω = 40 rad/s 

0.00 1.344 2.688 4.032 5.376 

0.50 3.802 7.603 11.405 15.207 

1.00 5.030 10.059 15.089 20.119 

1.50 6.642 13.284 19.926 26.568 

2.00 7.707 15.414 23.121 30.827 

Figure 4-25 and Figure 4-26 also show the variation of damping torque versus rotation 

velocity at different applied current and also versus applied current at different rotation 

velocity, respectively.  
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Figure 4-25 Measured damping torque vs velocity at different applied current 

 

 

Figure 4-26 Measured damping torque vs applied current at different speeds 
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Examination of results reveal that the rate of increase in damping torque versus rotation 

velocity is higher for higher applied current as shown in Figure 4-25. Also for the given 

rotation velocity, the rate of increase in damping torque decreases as the applied current 

increases reaching to the saturation at high applied current as shown in Figure 4-26.  

4.5.5 Validation of the MR damper 

In order to validate the MR damper model, a comparison between the simulation model 

and the experimental results is carried out. Figure 4-27 shows the damping torque as a 

function of the applied current at rotation speed of 20 rad/s obtained from experiment and 

model.   

 

Figure 4-27 Damping torque values versus applied current at ω=20 rad/s   

   

In addition, Figure 4-28 shows the damping torque as a function of the applied current at 

speed of 30 rad/s. Figure 4-29 illustrates the values of the damping torque corresponding 

to specified values of applied current at average operating speed of 30 rad/s.  
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Generally, good agreement exists between the experimental and simulation results, 

although some deviation exists.  

 

Figure 4-28 Damping torque values versus applied current at ω=30 rad/s   

 

Figure 4-29 Simulation and experimental damping torque at different applied current 

 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

5

10

15

20

25

Applied Current [A]

D
a

m
p

in
g

 T
o

rq
u

e 
[N

.m
]

 

 

Simulation

Experiment

0.5 1 1.5 2
0

5

10

15

20

25

Applied Current [A]

D
a

m
p

in
g

 T
o

rq
u

e 
[N

.m
]

 

 

Simulation

Experimental



97 

The reason for this deviation might be due to the following considerations: 

a. The non-homogenous distribution of the magnetic field through MR fluid gap. 

Since the winding coil has been assembled manually, as a result, the magnetic flux 

path might not be uniformly distributed as assumed in the FE model. Since the FE 

simulation model is generated assuming a uniform distribution of the magnetic flux 

density as well as magnetic field intensity, naturally any deviation from this 

condition in the experimental model will affect the generated damping torque. 

 

b.  Heating of the prototype during experimental measurements. Heating generated 

due to the friction was not taken into account in the FE model.  High temperature 

has an effect on both the magnetic field density and the MR fluid viscosity. It has 

been observed that, during experiment between every two consecutive readings, 

the temperature of the MR fluid and the MR damper has increased due to applied 

current and shear friction generation in the MR damper. This may be avoided in 

future study, by incorporating proper coolant to avoid temperature rise. 

    

c. Leakage of MR fluid. Possible leakage might also affect the experimental 

measurements. Due to low surface finish quality of the sealing surface, the sealing 

generates large torque due to friction, which might affect the measured damping 

torque. Although a double sealed bearing is  used,  there still exists a small leakage 

amount of MR fluid during the experiment, which in turn might affect the magnetic 

field density through MR fluid due to lack of  sufficient amount of MR fluid in the 

cavity.    
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4.6 Summary  

This chapter initially introduced constitutive Bingham modeling approach for a rotary type 

MR damper along with a classification of rotary MR damper.  The characteristic equation 

for the proposed MR damper model was derived and the magnetostatic analysis for the 

magnetic circuit of the rotary MR damper has been carried out. The FE model of the MR 

damper is developed using finite element software package in order to simulate the 

magnetic field distribution through the MR fluid and test the effectiveness of the proposed 

design configuration as well as the selected material for the MR damper components.  

In addition, an optimization problem formulation was carried out to obtain the optimal 

dimensions for the designed MR damper. Two optimization techniques have been used for 

accurate optimum solution. Moreover, the fabricating procedures of the MR damper 

regarding the assembly overview and design consideration of each component have been 

presented.  

Finally, the chapter ends with the experimental procedure for calculation of the generated 

damping torque and a brief description for the methods used, and then an experimental 

validation for the experimental results with the simulation model has been presented.     

The next chapter will present the hybrid damper that includes CPVA with a MR damper 

and the corresponding control considerations.    

  



99 

Chapter 5  
Modeling and Control of Hybrid Torsional MR Damper 

 

5.1 Introduction  

In chapter three, a mathematical model for pendulum absorber has been presented. It has 

been shown that CPVAs are considered as tuned absorbers with their natural frequencies 

directly proportional to the rotational speed of the shaft and therefore they are effective 

over a continuous range of rotating speeds. While CPVAs are expected to be efficient 

absorbers under steady state conditions, the MR damper would be efficient under 

essentially unpredictable operating conditions. Over the past few decades, there have been 

several investigations on MR dampers as well as CPVAs; however, there has been no study 

reported on integrating the two systems for attenuating torsional vibration. In this chapter, 

the dynamic model of a novel hybrid torsional vibration damper has been developed. The 

proposed hybrid rotary damper combines the conventional CPVA with the MR rotary 

damper in which the conventional centrifugal pendulum is attached to the cylindrical 

housing of the MR damper. The performance of the proposed hybrid rotary damper in 

open-loop passive on, constant current, and off, zero current, modes is then investigated 

and compared with that of CPVA and MR rotary damper alone. Furthermore, a Skyhook 

control algorithm has been employed to evaluate the performance of the proposed hybrid 

damper in the closed-loop control system and its capability to reduce torsional vibration of 

the shaft system.    
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5.2 Modelling of hybrid torsional damper 

The proposed hybrid rotary damper consists of a driving shaft that is directly connected to 

the damper housing and they are rotating together, while the disc inside the housing is free 

to rotate relative to the housing. The centrifugal pendulum with length l is attached to the 

cylindrical housing of the MR rotary damper by a guided pin that is free to rotate in a plane 

perpendicular to the axis of rotation. Figure 5-1 shows the schematic drawing of the 

proposed hybrid torsional damper. The shaft system is driven by an excitation torque Te. 

The mass moment of inertia and the torsional stiffness of the shaft system are represented 

by Js and ks, respectively. 

 

Figure 5-1 Schematic of hybrid torsional damper  

Proper selection of pendulum effective length provides an optimum reduction in torsional 

vibration amplitude as discussed in Chapter 3. Mathematical modeling of the whole system 

has been accomplished using Lagrange’s principle, resulting in three coupled nonlinear 

Pendulum 

MR Damper 
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differential equations of motion. First, the kinetic and potential energies for the whole 

system are determined, and then Lagrangian formulation has been carried out. By referring 

to Eqs. (3-1) and (3-5), and considering the inertia of the rotating disc, the kinetic energy 

expression for the hybrid rotary can be written as: 

𝑇 =  
1

2
𝑚 𝑣𝑚

2 + 
1

2
 𝐽 (𝛺 + 𝜓̇)2 + 

1

2
𝐽𝑑𝜙̇𝑑

2 (5-1) 

Substituting the expression for vm from Eq. (3-3) into Eq. (5-1) yields: 

𝑇 =  
1

2
𝑚[2𝑙(𝑅 cos𝜙 + 𝑙)(𝛺 + 𝜓̇)𝜙̇  + (𝑅2 + 𝑙2 + 2𝑅𝑙 cos𝜙)(𝛺 + 𝜓̇)2

+ 𝑙2𝜙̇2] +
1

2
𝐽(𝛺 + 𝜓̇)2 + 

1

2
𝐽𝑑𝜙̇𝑑

2 (5-2) 

 where Jd and ϕd  represent the mass moment of inertia and the angular displacement of the 

rotating disc inside the MR damper. 

Referring to Eqs. (3-2) and (3-5) the potential energy of the system can be expressed as: 

𝑉 =  𝑚𝑔 [𝑅 sin (𝛺𝑡 + 𝜓)  +  𝑙 sin (𝛺𝑡 + 𝜓  +  𝜙)] +
1

2
𝑘𝜓2 (5-3) 

Therefore, the Lagrangian (L = T – V) can be written in terms of the three independent 

generalized coordinates ψ, ϕ and ϕd as follows: 

𝐿 =
1

2
𝐽(𝛺 + 𝜓̇)

2
+

1

2
𝑚 [2𝑙(𝑅 cos𝜙 + 𝑙)(𝛺 + 𝜓̇)𝜙̇ + (𝑅2 + 𝑙2 + 2𝑅𝑙 cos𝜙)(𝛺 +

𝜓̇)
2
+ 𝑙2𝜙̇2] + 

1

2
𝐽𝑑𝜙̇𝑑

2
− 𝑚𝑔 [𝑅 sin (𝛺𝑡 + 𝜓) + 𝑙 sin (𝛺𝑡 + 𝜓 +  𝜙)] −

1

2
𝑘𝜓2  (5-4) 
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The Lagrangian equations of motion are given by  

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜓̇
) −

𝜕𝐿

𝜕𝜓
= 𝑇𝑒 − 𝑇𝑑 −  𝑐𝑟𝜓̇ (5-5) 

 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜙̇
) −

𝜕𝐿

𝜕𝜙
= − 𝑐𝑎𝜙̇ (5-6) 

 

𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝜙̇𝑑

) −
𝜕𝐿

𝜕𝜙𝑑
= 𝑇𝑑 (5-7) 

 

where 𝑇𝑑 is the total damping torque generated in MR rotary damper where its value is 

given by Eq. (4-8) in Chapter 4. 

Now, substituting Eq. (5-4) into Eqs. (5-5), (5-6) and (5-7) results in the final governing 

equations of motion of the proposed hybrid rotary damper as follows: 

(𝐽 + 𝑚𝑙2 + 𝑚𝑅2 + 2𝑚𝑅𝑙 cos𝜙)𝜓̈ + (𝑚𝑙2 + 𝑚𝑅𝑙 cos𝜙)𝜙̈ − (2𝑚𝑅𝑙𝑠𝑖𝑛𝜙)(𝜓̇ + 𝛺)𝜙̇ 

−(𝑚𝑅𝑙 sin𝜙)𝜙̇2 + 𝑚𝑔[𝑅𝑐𝑜𝑠 (𝜓 + 𝛺𝑡) + 𝑙 cos(𝜓 + 𝛺𝑡 + 𝜙)] + 𝑘𝜓

= 𝑇𝑒 − 𝑇𝑑 − 𝐶𝑟𝜓̇ 

 

(5-8) 

 

(𝑚𝑙2 + 𝑚𝑅𝑙 cos𝜙)𝜓̈ + 𝑚𝑙2𝜙̈ + 𝑚𝑅𝑙 sin𝜙 (𝜓̇ + 𝛺)2

+ 𝑚𝑔𝑙 cos(𝜓 + 𝛺𝑡 + 𝜙) = −𝐶𝑎𝜙̇ (5-9) 

 

𝐽𝑑𝜙̈𝑑 = 𝑇𝑑 (5-10) 
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5.3 Semi-active control of hybrid torsional damper 

In order to evaluate the effectiveness of the proposed hybrid torsional damper in attenuation 

of torsional vibrations adaptively, a semi-active control algorithm has been implemented.  

In addition, the dynamic performance of the semi-active control system with the hybrid 

torsional damper is investigated and presented in the subsequent sections. 

The schematic of the proposed semi-active control system is illustrated in Figure 5-2. As 

it can be seen, the MR based semi-active control system consists of two nested controllers: 

system controller and damper controller.  

MR Damper Plant

Damper 

Controller

System

Controller

Sensor

Output 

Controlled 

damping 

torque 

Desired damping 

torque

Command 

Voltage v

Current I 

Current 

driver

Torque 

Sensor

Tdes

Td

 

Figure 5-2 Schematic of the semi-active control system [41] 

 

The system controller generates the desired damping torque according to the measured 

dynamic response of the system. However, the damper controller is used to regulate the 

command voltage to the current driver to track the desired damping torque, determined by 

the system controller, based on the desired and the actual damping torque.  The system 

controller used in this study is the Skyhook controller while the damper controller is 

represented by the Heaviside step function.  
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5.3.1 Skyhook controller 

As mentioned in Chapter 2, although various system controller policies have been proposed 

in the last two decades, the most widely used semi-active control policy is the Skyhook 

control [49]. Here in this study the Skyhook controller has been employed. The Skyhook 

control algorithm can be simply described as: 

{

(𝜓̇ − 𝜙̇𝑑)𝜓̇  ≥ 0         𝑇𝑑𝑒𝑠 = 𝑇𝑚𝑎𝑥

(𝜓̇ − 𝜙̇𝑑)𝜓̇  < 0             𝑇𝑑𝑒𝑠 = 0

 (5-11) 

     

where Tdes is the desired semi-active torque. The basic Skyhook semi-active control logic 

can be described as follows. The controller should generate a damping torque only when 

the sign of the relative velocity (𝜓̇ − 𝜙̇𝑑) and the absolute velocity 𝜓̇ is the same. This 

combination can be better understood by considering the situation when the sign of 𝜓̇ is 

positive. In this case, if sign (𝜓̇ − 𝜙̇𝑑) is also positive, then the disc is either rotating in 

positive direction with smaller velocity than the shaft system torsional velocity or the disc 

is rotating with negative velocity. In either case, the effect of increasing the damping torque 

will decelerate the torsional vibration of the shaft system.  

In the alternate case, the sign of (𝜓̇ − 𝜙̇𝑑) is negative. This indicates that the disc is 

rotating in positive direction with a faster velocity than the shaft system and thus applying 

further damping torque will accelerate the shaft system. Similar results would be obtained 

when considering the case that the sign of absolute velocity 𝜓̇ is negative. Eq. (5-11) can 

be represented by Simulink model as shown in Figure 5-3.    
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Figure 5-3 Simulink model of Skyhook logic 

 

5.3.2 Damper controller 

The Heaviside Step Function (HSF) damper controller is presented in this part. The applied 

voltage to MR damper is either turned on (Maximum voltage) or turned off (no applied 

voltage); and no intermediate voltage value will be applied. The Heaviside control 

algorithm can be simply described as [38]: 

𝑣 =  𝑣𝑚𝑎𝑥  𝐻 [(𝑇𝑑𝑒𝑠 − 𝑇𝑑). 𝑇𝑑 ] (5-12) 

 where vmax is the maximum voltage applied to the current driver of the MR damper while 

H (.) is the Heaviside Step Function.  

When the torque generated by the MR damper is similar to the desired torque, then the 

voltage applied to the MR damper should remain at the same level. If the magnitude of the 
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torque generated by the MR damper is smaller than that of the desired torque and the two 

torques have the same sign, the voltage applied to the current driver is increased to the 

maximum level to increase the torque generated by the damper to match the desired control 

torque. Otherwise, the applied voltage is set to zero. Eq. (5-12) can be represented by 

Simulink model as shown in Figure 5-4.   

 

Figure 5-4 Simulink model of Heaviside Function 
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5.4 Test rig Simulink model  

In order to evaluate the closed loop system response of the hybrid torsional vibration 

damper integrated with proposed system and damper controllers, a simulation model 

employing the whole components of the system is developed in Matlab/Simulink 

environment.   

 

Figure 5-5 The proposed semi-active control system Simulink model  

 

The Simulink model has been developed based on governing differential equations stated 

in Section 5.2. Required parameters used in the simulation are provided in Table 5-1. 
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Table 5-1 Specific values used in the analysis 

Name Unit Value 

Housing outer radius mm 80 

Housing inner radius mm 74 

Disc radius mm 60 

Disc width mm 10 

Shaft radius mm 17.5 

Coil width mm 13 

Coil height mm 13 

MR fluid film thickness at end-faces of disc mm 1.0 

Width of the annular duct of MR fluid mm 1.0 

Pendulum length mm 80 

Pendulum mass kg 1.0 

Torsional stiffness of the shaft kN.m/rad 23.57 
 

5.5 Summary 

In this chapter, mathematical modelling of the new hybrid torsional vibration damper has 

been developed. The governing coupled nonlinear equations of motion have been derived 

based on Lagrange’s principle. In addition, an appropriate semi-active control algorithm 

has been adopted for controlling the MR damper. The scheme for the complete semi-active 

control system has been shown in illustrative block diagram. The commonly used Skyhook 

control was employed for the system controller and its control logic has been described.  

The Heaviside Step Function is assigned for the damper controller and the function’s logic 

has been described as well. A Simulink model for the shaft system with the hybrid torsional 

damper has been developed. In the next chapter, different cases for the system with 

different types of absorbers that are attached to the system will be investigated. Results 

obtained for each case will be illustrated and discussed. 
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Chapter 6  
Results and Discussion 

6.1 Introduction  

In this chapter, results obtained from six different cases have been presented in order to 

evaluate the performance of proposed passive and the semi-active hybrid torsional 

dampers. In case 1, the rotor system without any dampers has been investigated at 

resonance condition. In case 2, the rotor system torsional response is illustrated when it is 

attached to only CPVA at the same condition. In case 3, response of the shaft system 

attached with only MR damper has been investigated at resonance condition under 

maximum applied current (passive mode on). In case 4, the proposed hybrid torsional 

damper is attached to the shaft system with zero current applied to the electromagnetic coil 

and the system torsional response is studied in the absence of the magnetic field (Passive 

mode off). In case 5, is similar to the case 4, except the system response has been studied 

under maximum applied current (passive mode on). Finally, the torsional vibration 

response of the system integrated with the semi-active hybrid torsional vibration damper 

has been investigated in the case 6. 

6.2 Case 1- Rotor system without absorber    

In this section, results obtained from numerical simulation of the rotor system without 

absorber has been illustrated. Figure 6-1 shows the system torsional response when it is 

operating without absorber, which can be obtained by solving Eq. (3-19) numerically with 

design parameters provided in Table 5-1. 
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Figure 6-1 System torsional response when it is operating without absorber 

As it can be realized, the torsional response of the rotor system operating without absorber 

is considerably high (0.01 rad) when the system is operating at its resonant frequency. 

6.3 Case 2– Rotor system attached with CPVA  

In this section, the centrifugal pendulum absorber is attached to the rotor system and the 

system torsional response is investigated. The system is modeled as a rotating shaft-disc 

system with CPVA attached to the disc and subjected to an external harmonic torque. 

Specific values used in the analysis are provided in Table 5-1. In order to achieve the best 

effective inertia of the pendulum absorber, the pendulum length is selected based on the 

resonance tuning condition. Solving the two coupled nonlinear differential Eqs. (3-11) and 

(3-12)  numerically in Matlab environment using ode45 solver based on Runge-Kutta 

method, the rotor system torsional response is obtained as shown in Figure 6-2.  
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Figure 6-2 System torsional response when it is operating with CPVA 

It is observed from Figure 6-2 that the amplitude of the torsional response of the rotor 

system operating with tuned CPVA is limited to around 1.2×10-4 rad, which is considerably 

lower than that of the system without absorber. 

6.4 Case 3– Rotor system with MR damper 

Here the rotor system with MR damper has been investigated. The system shown in 

Figure 4-6 consists of a shaft that is connected to the housing of the MR damper such that 

they are rotating together with the same rotational speed. All design parameters used in the 

developed model are illustrated in Table 5-1. The response of the rotor system integrated 

with MR damper is investigated at critical resonance condition in which excitation 

frequency coincides with natural frequency of the system under maximum applied current 

of 1.6 A (passive mode on).  
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Solving Eqs. (4-9) and (4-10)  numerically, the torsional response of the system can be 

obtained. The results are shown in Figure 6-3. 

 

Figure 6-3 System torsional response when it is operating with MR damper 

It is observed from Figure 6-3, that the steady state torsional response amplitude of the 

shaft system when it is operating with MR damper is reduced to a value of 4×10-4 rad, 

which is again considerably lower than that of the system without absorber (1×10-2 rad). 

As discussed before, the vibration energy of the shaft system can be effectively absorbed 

by the inertia disc inside the MR damper through the friction damping torque of the MR 

damper.  
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6.5 Rotor system with hybrid damper 

In order to evaluate the performance of the proposed hybrid torsional damper, the 

developed model of the hybrid damper comprising the CPVA integrated with MR damper 

is investigated. First, the rotor system with the hybrid torsional damper is investigated when 

no current (zero current) is applied to the electromagnetic coil inside the damper (passive 

mode off). In this case, the generated damping torque is mainly due to the viscous effect 

as well as pendulum absorber. Second, a constant current value is applied to the damper 

coil in order to evaluate the passive mode on of the damper. Finally, the shaft system with 

semi-active control algorithm is investigated and results obtained in each case compared 

against one another. The torsional response of the shaft system for each case have been 

presented and discussed. 

6.5.1 Case 4- Hybrid torsional damper with no current applied (passive mode off) 

The rotor system with hybrid torsional damper is now investigated when no current is 

applied to the electromagnetic coil of the damper under resonance condition. Thus, by 

solving Eqs. (5-8), (5-9) and (5-10) numerically, the system output response for the three 

generalized coordinates related to angular displacement of shaft, pendulum and disk can 

be obtained. The results are shown in Figure 6-4. In addition, the amplitude of angular 

velocities for the shaft, disc and pendulum are presented in Figure 6-5, Figure 6-6 and 

Figure 6-7, respectively. 
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Figure 6-4 Shaft system response at zero current 

 

 

Figure 6-5 Angular velocity of the shaft torsional oscillation at zero current 
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Figure 6-6 Angular velocity of the rotating disc at zero current 

 

 

Figure 6-7 Pendulum angular velocity at zero current 
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6.5.2 Case 5- Hybrid torsional damper with applied constant current (passive mode on)  

Here in this case, a constant current value of 1.6 Ampere (maximum value) is applied to 

the electromagnetic coil of the proposed hybrid torsional damper. The system output 

response for this case is illustrated in Figure 6-8. 

 

Figure 6-8 Shaft system response at maximum current 

Moreover, the amplitude of angular velocities for the shaft, disc and pendulum for this case 

are also presented in Figure 6-9, Figure 6-10 and Figure 6-11, respectively. As can be 

observed from Figure 6-8, after applying maximum current value, the shaft torsional 

response and the rotating disc coincide with each other. In addition, it can be seen from 

Figure 6-9 and Figure 6-10 that the angular velocities for both shaft torsional response and 

the rotating disc are almost the same. That can be attributed to the generated friction torque 

due to the applied magnetic field and the induced shear stress through the MR fluid in the 

gaps causing the relative motion between the rotating disc and the damper’s housing to be 

reduced.  
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Figure 6-9 Angular velocity of the shaft torsional oscillation at maximum current 

 

 

Figure 6-10 Angular velocity of the rotating disc at maximum current 
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Figure 6-11 Pendulum angular velocity at maximum current 

To better compare results for the cases with passive off and on modes (Cases 4 and 5), the 

steady state angular displacements and angular velocities of the system for both cases are 

presented in Table 6-1 and Table 6-2, respectively. 

Table 6-1 Angular displacements of the shaft system [rad] 

 Zero current Maximum current 

Shaft torsional response “|𝜓|” 2 × 10-5 1.25 × 10-5 

Disc angular displacement “|𝜙𝑑 |” 1.5 × 10-7 1.25 × 10-5 

Pendulum angular displacement “|𝜙|” 1.3 × 10-4 1.25 × 10-4 

It can be observed that the amplitude of the shaft torsional response is reduced by 37 % 

when the maximum current is applied. That is because of the effect of the generated 

damping torque when the magnetic field is activated.  
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In contrast, the disc angular displacement is increased when the maximum current is 

applied, since the activation of the magnetic field causes generation of the friction torque 

that helps in contribution of the disc’s inertia in the vibration energy dissipation; hence the 

disc vibration amplitude has been increased. 

Table 6-2 Angular velocities of the shaft system 

 Zero current Maximum current 

Angular velocity of the shaft torsional 

response “|𝜓̇|” 
0.035 0.023 

Disc angular velocity “|𝜙̇𝑑 |” 0.0003 0.023 

Pendulum angular velocity “|𝜙̇|” 0.22 0.22 

Examination of results in Table 6-2 also reveals that the angular velocity of the shaft is 

significantly decreased when the maximum current is applied while the disc angular 

velocity is increased. However, the pendulum angular velocities are almost the same in 

both cases. 

6.6 Case 6- Hybrid damper with semi-active control system 

In this section, the developed model of the hybrid torsional damper comprising the CPVA 

integrated with MR damper is investigated at resonant frequency. The semi-active control 

algorithm as discussed in chapter 5 is applied. The hybrid torsional damper is attached to 

the driving shaft, which is under external excitation torque. Results of angular 

displacements for the shaft, disc and pendulum are illustrated in Figure 6-12, Figure 6-13 

and Figure 6-14, respectively. Similar results for angular velocities are shown in 

Figure 6-15, Figure 6-16 and Figure 6-17. 
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Figure 6-12 Shaft torsional response with semi-active control system 

 

 

Figure 6-13 Disc angular displacement with semi-active control system 
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Figure 6-14 Pendulum angular displacement with semi-active control system 

 

As discussed before, the Skyhook controller continuously specifies the desired damping 

torque based on the control logic strategy. As a result, the damper controller specifies the 

MR power supply to adjust the output current to the MR damper. Thus, the damper 

generates a damping torque that closely tracks the desired torque. It can be seen from 

Figure 6-12 that the torsional amplitude of the shaft system is reduced to a better value (≈ 

1×10-5 rad) as compared with those of passive modes in Table 6-1.  The angular velocities 

of the shaft, disc and pendulum as shown in Figure 6-15, Figure 6-16 and Figure 6-17, 

respectively, are also reduced, since the semi-active control system adjusts the desired 

damping torque required for better performance of the MR damper. Hence, as the damping 

is increased, the angular velocities decreased.  
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Figure 6-15 Angular velocity of the shaft torsional response with semi-active control system 

 

 

Figure 6-16 Disc angular velocity with semi-active control system 
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Figure 6-17 Pendulum angular velocity with semi-active control system 

The time histories of the controlled damping torque and its corresponding applied current 

are also shown in Figure 6-18 and Figure 6-19, respectively. It is shown in Figure 6-19 that 

the applied current varies from zero to maximum value that is 1.6 Ampere. 

As can be seen from Figure 6-19, the current applied to the MR damper varies between 

zero and 1.6 A according to the sign of the product of the two velocities (the absolute and 

the relative velocities). When their product is positive, the controller generates maximum 

torque and consequently the damper controller increases the current to the MR damper to 

increase the damper torque that closely matches the controller torque. Otherwise, the 

current is set to zero thus generating minimum damping torque.   
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Figure 6-18 Time history of the controlled damping torque 

 

 

 

Figure 6-19 Time history of the applied current from the current driver 
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Moreover, it should be noted that the controlled system requires much less power, 

compared with the system with constant current applied to the MR damper. That 

particularly demonstrates the advantage of the semi-active system such that less power is 

needed while achieving better performance for vibration suppression. Furthermore, the 

semi-active controlled system generates less heat within the MR fluid as compared with 

passive mode with constant applied current. 

6.7 Summary 

In this chapter, torsional vibration response of the shaft system has been investigated for 

different cases. First, the response of the rotor system is investigated without any absorber 

and with then attached CPVA. This is followed by analysis of the rotor system integrated 

with only rotary MR. Subsequently, the rotor system with the proposed hybrid torsional 

vibration damper, which incorporates both CPVA, and rotary MR damper has been 

investigated. The dynamic performance of the hybrid torsional vibration damper has been 

evaluated for three control strategies. First, the performance of the system under passive 

control strategies in which the applied current is set to minimum (zero) and constant 

maximum values are investigated. Then, the semi-active Skyhook control strategy with 

variable applied current is considered. The semi-active control method offers an effective 

and reliable way to increase the system performance and to decrease the torsional vibration 

amplitude of the shaft system. 
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Chapter 7  
Conclusion, Contributions and Future Recommendation 

7.1 Conclusions 

Attenuation of torsional vibrations in many mechanical systems with rotating 

components have become very challenging in recent years. Centrifugal Pendulum 

Vibration Absorber (CPVA) is a simple and reliable passive vibration absorber that has 

been widely used in rotary system to attenuate torsional vibration. Past research has 

focused mainly on the analysis of CPVAs operating in horizontal plane in which the effect 

of gravity has not been considered. In this study, the rotor system integrated with the 

pendulum absorber has been investigated in both vertical and horizontal planes in order to 

assess the effect of gravity.  

It was determined that it is important to consider the effects of gravity at low 

operating speed where the torsional response amplitude of the shaft system is found to be 

considerably larger than that obtained when the absorber is operating in horizontal plane 

at which no gravity effect acted on the entire system. In automotive applications, the 

obtained results could serve as important guidelines in design stage since at low operating 

speed, torsional vibrations transmitted from cylinders to the crank at every power stroke 

could be quite high which may affect fatigue life of the crankshaft and system performance 

if not controlled properly. Consequently, it is important to take into account the gravity 

effect especially when the rotor system is operating at low speeds.  
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Also, it has been shown that there is no change in pendulum angular displacement 

amplitude when the absorber is operating either in vertical or horizontal plane. Moreover, 

the softening nonlinear behavior of CPVA is investigated over the operating speed range 

and it has been shown that the natural frequency of the pendulum decreases when the rotor 

speed increases. Hence, absorbers with circular paths exhibit softening nonlinear behavior 

in which their frequency decreases as the amplitude increases. To overcome this 

shortcoming in the circular path absorbers, a slight mistuning should be intentionally 

introduced to ensure stable and reliable operation of the CPVA. 

Although CPVA is one of the effective passive devices used for reducing torsional 

vibrations, semi-active control systems are becoming more popular because they offer both 

the reliability of passive systems and the versatility and adaptability systems of active 

control systems without requiring high power demands. It has been found that 

Magnetorheological (MR) fluid dampers can be very effectively used for adaptive vibration 

damping under essentially unpredictable environmental conditions as in an internal 

combustion engine where the load, speed, acceleration, braking and road conditions are 

highly unpredictable.  

This research presented the development of a novel hybrid torsional vibration 

damper combining conventional CPVA with the MR damper in which the conventional 

centrifugal pendulum is attached to the cylindrical housing of the MR damper. In order to 

develop an accurate model of hybrid torsional damper, the characteristic equations of the 

transmitted torque is derived to provide the theoretical basis for the design of the rotary 

MR damper using Bingham plastic model. Subsequently, the magnetostatic analysis for the 

magnetic circuit of the rotary MR damper has been carried out.  
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In addition, a FE model of the MR damper is developed in ANSYS in order to 

accurately simulate the magnetic field distribution through the MR fluid and test the 

effectiveness of the proposed design configuration as well as the selected material for the 

MR damper components.    

Moreover, a design optimization methodology has been developed to identify the 

optimal dimensions of the designed rotary MR damper (disc radius, bore diameter and disc 

width) in order to maximize the generated damping torque under size and volume 

constraints. Genetic algorithm optimization technique has been used first to obtain 

approximately the near global optimum point. Then the obtained results from GA are used 

as initial values for SQP algorithm. It has been shown that GA and SQP can be effectively 

combined together to capture the global optimum solutions accurately than if they are used 

independently. Optimization results showed considerable improvement in the damper 

dynamic range as well as large amplitude of the generated torque. 

A proof-of-concept of the optimally designed rotary MR damper has also been 

fabricated and experimentally tested to validate the simulation results. The experimental 

results showed that the damping torque increases when the applied current increases, 

reaching 20 N.m at 1.6 A, showing good agreement with the simulation predictions. 

Therefore it was concluded that the Bingham plastic model could satisfactory predict the 

operational torque range of the proposed damper.  
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Finally, a comprehensive evaluation of the dynamic performance of the proposed 

hybrid torsional vibration damper has been carried out. Both passive control and semi-

active control based on Skyhook algorithm have been investigated. It has been shown that 

the semi-active control offers an effective and reliable approach that increases the system 

performance and decreases the torsional vibration amplitude in the shaft system. 

Consequently, the proposed hybrid damper has proved to be one of the promising 

effective devices for semi-active control of torsional vibration due to the inherent fail-safe 

feature, low power requirement and capability to attenuate vibration under unpredictable 

environmental conditions.   

7.2 Contributions 

The major contributions of this dissertation research are summarized as follows: 

a. Developing an accurate theoretical model of CPVA investigating the torsional 

vibration amplitude in both vertical and horizontal planes in order to assess the 

effect of gravity, using an appropriate term in the potential energy. 

b. Investigating the torsional vibration amplitude of the rotor system at different 

operating speeds when the pendulum absorber is operating in both vertical and 

horizontal plane. 

c. Developing an accurate model of the MR damper based on the Bingham 

constitutive plastic model to provide the theoretical basis in the design of the hybrid 

torsional damper. 
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d. Developing an efficient and accurate design optimization algorithm to improve the 

performance of the designed hybrid torsional damper as well as maximizing the 

generated damping torque. 

e. Combining Genetic Algorithm (GA) and Sequential Quadratic Programming (SQP) 

optimization techniques to accurately capture the optimal geometric dimensions of 

the proposed hybrid damper. 

f. Developing a FE model to conduct magnetostatic analysis for the magnetic circuit 

of the rotary MR damper; thus, a rotary MR damper is designed successfully with 

a specified damping torque capacity and unsaturated magnetic flux density. 

g. Designing and fabricating a proof-of-concept rotary MR damper with the optimal 

dimensions. 

h. Designing an experimental test rig set up to validate the experimental model.   

i. Developing an effective control strategy that enhance the hybrid torsional damper 

dynamic behavior and minimizes the MR damper power requirements. 

j. Investigating the passive control approach for the hybrid torsional damper. 

k. Evaluating the semi-active Skyhook control algorithm with variable applied current 

applied to the system with hybrid torsional damper.  

Furthermore, this research has advanced the state of the art in the semi-active torsional 

vibration control and nonlinear dynamics, since new contributions have been accomplished 

by introducing the new proposed hybrid torsional damper. 
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7.4 Recommendations and future work 

The present research was comprehensive enough in bringing out some useful 

conclusions; however, further interesting studies are needed in order to understand 

the advantages and effectiveness of the hybrid damper in practical applications. The 

following is a list of research studies that can enhance the understanding of the 

behavior of the hybrid damper: 

 

1. Developing an experimental model of the proposed hybrid torsional damper. 

2. Design and development of different models of pendulum absorbers such as 

cycloidal and epicycloidal path with hybrid damper and evaluation of the dynamic 

performance for each case. 

3. Design and development of a drum type or T-shaped rotary MR damper and seek 

the torsional amplitude of the shaft system for each type.  

4. Investigating of other advanced semi-active control algorithm for controlling the 

magnetic field in the MR damper. 
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